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A B S T R A C T

Higher-order chemical reactions significantly enhance the concentration of the fluid indicating its vital role in 
processes involving radiative species. Therefore, the observation shows its important practical applications in 
industrial processes such as polymer extrusion, in which heat transfer properties are useful in the production of 
quality products. The proposed study emphases on the free convection of a third-grade fluid via an inclined 
expanding sheet for the influence of radiative heat and higher-order chemical reactions. However, the analysis 
incorporates the influence of viscous dissipation that is significant in determining the thermal behavior of the 
fluid. Further, the proposed flow phenomena governed by the set of partial differential equations are transformed 
into ordinary ones by the operating of suitable similarity rules. The transformed equations equipped with 
characterizing parameters are handled by a numerical technique known as the over lapping grid spectral qua
silinearization method. The quantitative behavior of the factors intricate in it is deployed graphically and 
described briefly. However, the important outcomes of the study are; Richardson number is useful in enhancing 
the fluid momentum whereas the impact is reversed for the temperature and concentration distribution. Further, 
increasing heavier species i.e., Schmidt number attenuates the concentration profile.

1. Introduction

Since fluid dynamics has so many applications in so many different 
industries and technical domains, studying fluid flow across expanding 
surfaces is important. In metal forming, where it helps produce com
ponents with precise dimensions and properties necessary for the 
automotive, aerospace, and construction industries, as well as in poly
mer extrusion, where controlling material behaviour as it exits the die 
ensures product uniformity and quality, this phenomenon is critical. 
Designing efficient medical equipment and drug delivery systems is 
essential to improve patient outcomes in biomedical engineering. This 
requires a solid grasp of fluid flow. Fluid dynamics insights improve 
sustainability and efficiency in environmental engineering applications 
such as wastewater treatment and pollution management. This research 
helps the automotive and aerospace industries by improving the 

aerodynamic vehicle designs that increase performance and fuel effi
ciency. Moreover, fluid flow studies are essential to chemical and pro
cess engineering because they help optimise heat exchangers, reactors, 
and separation units, which in turn results in more productive industrial 
processes. Fundamentally, advances in our knowledge of fluid flow 
across expanding surfaces are what propel technological innovation, 
economic efficiency, and the creation of long-term solutions to today’s 
problems. Sandeep and Sulochana1 analyzed heat transference phe
nomena in non-Newtonian fluids over an expanding surface. In their 
concluding remark, they proposed that Jeffrey nanofluids exhibited 
superior thermal transmission performance compared to Maxwell as 
well as Oldroyd-B nanofluids. An analytical approach is exhibited by 
Abolbashari et al.2 focusing on a situation involving an elastic sheet 
under a momentum slip constraints. Shit et al.3 proposed an enquiry on 
the imposition of external heat source/sink on the magnetohydrody
namic unsteady flow within a boundary layer.
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The movement of a fluid-solid particle mixture is inherently complex 
and affected by numerous factors. To gain a clearer understanding of 
these intricate flows, the mixture is frequently modeled as a non- 
Newtonian fluid. Extensive research has been devoted to analyzing 
diversified flow properties considering different non-Newtonian fluids, 
such as coal slurries. Thermal transportation, in particular, is crucial for 
the efficient management and processing of these fluids. Ariel4 explored 
the circukation stability of a 3rd grade liquid via a permeable flat 
channel, while Ellahi and Riaz5 examined with variable viscosity, 
including an analysis of the fluid’s heat diffusion properties. Mahan
thesh and Joseph6 considered the stable flow charecteristic of a 3rd 
grade liquid via a pressure-type die while nanoparticles were present. 
The fluid was treated as dissipative, maintaining constant properties 
throughout the study. For further exploration of non-Newtonian 
(third-grade) fluids, recent and pioneering literature can be referred to 
in Refs. .7–11 An interesting work examined by Reddy et al.12 that the 
role of the Prandtl number on the gravitational flow around a uniformly 
heated, rotating cylinder placed vertically. Baithalu et al.13 deliberated 
the movement of a magneto-polar hybrid nanomaterial on an enlarging 
surface. The work highlighted the importance of couple stresses and 
shear rates in determining flow behavior.

In industries where high temperatures are essential, such metallurgy, 
glass manufacture, and ceramics, thermal radiation is often used. In 
these domains, radiant heat transfer is the means by which heaters, 
kilns, and furnaces reach and hold the temperatures necessary for ma
terial processing. Mishra and Upreti14 have considered the behavior of 
the dissipative heat along with the insertion of heat source/sink by 
considering various hybrid nanofluid. They proposed hybrid nanofluids 
are silver-Magnesium oxide/water and Magnetite-Cobalt ferrite/wa
ter–ethylene glycol for the interpretation of chemical reactions related 
to the Buongiorno model. Moreover, the numerical simulation is then 
attained via the shooting method combined with “Runge–Kutta–Fehlberg 
(RKF45)” algorithm in MATLAB. Mishra and Kumar15 studied the mo
mentum and thermal ability of MHD Ag/H₂O nanofluid influenced by 
incorporating dissipative heat combined with Joule and viscous over an 
expanding cylinder, considering suction/injection and slip surface con
ditions. Finally, the subsequent nonlinear equations are solved via the 
“Runge–Kutta–Fehlberg (RKF) fourth–fifth order” numerical method 
through the shooting algorithm. The study of Mishra16 examined the 
momentum of a tri nanoliquid, influenced by buoyancy effects across 
distinct geometries. Also, incorporates the association of quadratic 
radiating heat and an irregular heat source/sink. The model develop
ment is based on the “CattaneoChristov theory”. Aly et al17 explored 
convective heat transmission utilizing a hybrid nanomaterial on a sur
face undergoing nonlinear elastic sheet, taking radiative effects into 

account. Akram et al18 elaborated the heat temmision capabilities of Ag 
nanofluids flowing through a microchannel under electroosmotic 
pumping, as well as water-based hybrid nanomaterial. Alhussain et al19

examined blood-based thin-film variable viscosity Casson hybrid nano
fluid flow system. Wang et al20 analyzed a tri-hybridized blend in 
ethylene glycol with varying thermal conductivity and diffusion, 
employing the non-Fourier’s theory technique. Singh et al.21 explored 
the flow and thermal behavior of a tri-hybrid nanofluid (TiO₂-Al₂O₃-
MoS₂/kerosene oil) around a circular cylinder with a sinusoidal radius, 
highlighting its superior heat conduction performance compared to 
conventional hybrid nanofluids. The governing partial differential 
equations are solved using the bvp4c solver. The findings emphasize the 
significant influence of nanoparticle shape on heat transfer efficiency. 
Maheswari et al.22 srudied a models for the bioconvective flow of a 
Casson nanofluid over a stretching sheet, where the nanofluid contains 
aerobic microorganisms and has a nanoparticle concentration below 
1%. The surface of the sheet is subjected to thermal radiation and suc
tion effects. To analyze the flow dynamics, the bvp4c solver is applied to 
the governing equations. A comparative analysis is conducted between 
Newtonian and Casson nanofluid flows, examining the impact of various 
active parameters on flow behavior. Singh et al.23 studied the nonlinear 
convective flow characteristics (velocity and temperature profiles) of a 
Casson hybrid nanofluid (HNF) in the vicinity of a wedge and cone 
embedded within a porous medium. A strong, uniform magnetic field is 
applied to the object’s surface, and the CattaneoChristov model is 
employed to incorporate the time lag factor in the heat transfer process. 
The energy equation formulation takes into account several key in
fluences, including viscous dissipation, a nonuniform heat source/sink, 
thermal radiation, and Ohmic heating induced by the magnetic field. 
The governing equations are solved using the bvp4c solver.

1.1. Focus point of the proposed investigation

• The literature survey on the relating subject lead to find the fol
lowings as the measure objective of the study to;

• Analyze the free convection effect on the motion of third-grade non- 
Newtonian fluid via an inclined elastic surface.

• Examine the effectiveness of the inclusion of radiating heat affecting 
the energy transport phenomena of third grade fluid.

• Evaluate the ipact of dissipative heat as well as the higher-order 
chemical reaction on the flow characteristic.

• Execute the governing transfored model problem by using a suitable 
numerical technique called the quasilinearization method.

Nomenclature

Uw stretching velocity (m/s)
Tw temperature of the sheet (K)
Cw concentration of surface
α1,α2,β3 material moduli
K0 chemical reaction
Q0 heat source (J)
δelectrical conductivity electrical conductivity(S/m)
Cp specific heat capability (J/Kg.K)
μ dynamic viscosity (N.s/m2)
Pr Prandtl number
ν kinematic viscosity (m2/s)
N buoyancy ratio term
Dm thermal diffusivity(m2/s)
αm mass diffusivity(m2/s)
qr radiative heat flux

α Inclined angle
Ri Richardson number
M magnetic term
Sc Schmidt number
K cross viscous term
R Chemical reaction parameter
Hs heat source term
Re Reynolds number
Gr Grashof number
L viscoelastic parameter
Nr Radiation parameter
Cf drag force (N)
Sh Sherwood number
Nu Nusselt number
qw heat flux
qm mass flux
τw shear stress
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1.2. Novel characteristic of the study

The following approach shows the proposed work is novel; 

• The proposed investigation explores the interaction between thermal 
radiation and higher-order chemical reactions in a third grade fluid.

• Dissipative heat along with thermal raiation provides significant 
characteristics in various industrial processes.

• The use of similarity transformations to renovate the governing PDEs 
into ODEs, followed by numerical solutions using the spectral qua
silinearization method.

2. Description of the model

Let us assume a time independent movement of third grade fluid via 
an inclined permeable expanding surface. The free convective flow 
equipped with both the buoyant forces such as the solutal and thermal 
buoyancy effects enriches the flow phenomena. The main flow direction 
is act on the vertical x-axis and the normal direction is y. The variable 
magnetic field B(x) with magnetic strength is executed towards the 
transverse direction of the main flow. The sheet temperature and con
centration are proposed to be Tw(x)andCw(x)correspondingly and 
consequently the ambient state constraints are T∞ and C∞ (Fig. 1).

Let assume the following assumptions: 

v Steady flow
v Incompressible flow
v 3rd grade 2-Dimensional flow
v Viscous flow
v Lorentz force
v Chemical reactions effect on the mass transmission.

The following fundamental equations have been established by using 
the aforementioned assumptions: 

∂xu + ∂yv = 0, (1) 

u∂xT + v∂yT = α∂yyT +
μ

ρcp

(
∂yu

)2
+

Q0

ρcp
(T − T∞) −

∂yqr

ρcp
, (3) 

u∂xC + v∂yC = Dm∂yyC − kr(C − C∞)
n
. (4) 

The surface restriction related to basic equations are:  

Fig. 1. Flow model.

u∂xu + v∂yu = ν∂yyu +
α1

ρ
(
u∂xyyu + ∂xu∂yyu + 3∂yu∂yyu + ν∂yyyu

)
+ 2

α1

ρ ∂yu∂yyu + 6
β3

ρ
(
∂yu

)(
∂yyu2)+ g(T − T∞)βTcosα + g(C − C∞)βccosα −

σB(x)2

ρ

⎫
⎪⎪⎪⎬

⎪⎪⎪⎭

(2) 

at y = 0 : [u, v,T,C] =
[
Uw = U0e

x
L,0,Tw(x) = T∞ + T0e

x
L,Cw(x) = C∞ + C0e

x
L
]

as y→∞ :

[

u,
∂u
∂y
,T,C

]

= [0,0,T∞,C∞]

⎫
⎪⎬

⎪⎭
(5) 
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Here qr = − 4σ∗

3k∗
∂T4

∂y is radiative heat flux, and B(x) = B0e
x
Lis the 

magnetic effect.
However, the plate velocityUw, Temperature Twand Concentration 

Cware considered as variable whereas the ambient velocity ceases to 
0 with ambient temperature T∞and C∞ respectively.

The following are the similarity variables used for the transformation 
as: 

u = U0e
x
Lfʹ(η), v =

̅̅̅̅̅̅̅̅
νU0

2L

√

(f(η)) + ηfʹ(η))e
x
L, η =

̅̅̅̅̅̅̅̅
U0

2Lν

√

ye
x
L,

T = T∞ + T0e
x
Lθ(η), Cw = C∞ + C0e

x
Lϕ(η).

⎫
⎪⎪⎬

⎪⎪⎭

(6) 

By implementing Eq. 6 in Eqs. (2-5) one can get, 

f ʹ́ʹ + f f ʹ́ − 2fʹ
2
+ 2Ri(θ + Nϕ)cosα + K

(
6fʹ f ʹ́ʹ − f f iv − 2ηf ʹ́ f ʹ́ʹ − 9f ʹ́ 2)

− L
(

3f ʹ́ 2
+ ηf ʹ́ f ʹ́ʹ

)
+ 3βRef ʹ́ 2

f ʹ́ʹ − Mfʹ = 0,

(7) 

(1+Nr)θʹ́ + Pr
(
fθʹ − fʹθ+Ecf ʹ́ 2

+Hsθ
)
= 0, (8) 

ϕʹ́ + Sc(fϕʹ − fʹϕ) − ScRϕn = 0, (9) 

renovated conditions: 

ϕ(η) = 1, θ(η) = 1, fʹ(η) = 1, f(η) = 0, at η = 0
ϕ(η)→0, θ(η)→0, f ʹ́ (η)→0, fʹ(η)→0 as η→∞

}

. (10) 

The dimension less parameters we obtained from modified equations 
are as follows:  

The important physical engineering coefficients i.e., drag force; 
Sherwood number and Nusselt number are described as: 

Cf =
τw

ρU2
w
, Sh =

qmx
Dm(C − C∞)

, Nu =
qwx

k(T − T∞)
. (11) 

Where 

qw = − k
(
∂yT

)
− qr, qm = − Dm

(
∂yC

)
at y = 0,

τw =

(

∂yu +
α1

μ
(
2∂xu∂yu + v∂yyu + u∂xyu

)
+

2β3

μ
(
∂yu

)2
)

.
(12) 

The non-dimensional form of engineering coefficients present in Eq. 
(11) is: 

CfL =
2̅̅̅
̅̅̅̅̅

ReL
√

(
f ʹ́ (0) + K(3f ʹ́ (0)fʹ(0) − f(0)f ʹ́ (0)) + 2βRexf ʹ́ 2

(0)
)
,

Re
−

1
2

L NuL = − (1 + Nr)θʹ(0), Re
−

1
2

L ShL = − ϕʹ(0).

Where Reis the Reynolds number.

3. Overlapping grid spectral Quasi-linearisation method

Overlapping Grid Spectral Quasi-linearisation (OSQLM) is utilized in 

this study to numerically solve a set of ODEs specified in Eqs. (7-9)
concern to the surface constraints specified in Eq. (10). This solution 
approach is iterative and involves dividing the domain into several sub- 
domain’s grids. It incorporates various techniques including quasili
nearization, “modified Chebyshev spectral collocation”, and “Lagrange 
interpolation” with “Gauss-Lobatto grid points”. By employing the con
ventional “Spectral Quasilinearisation Method (SQLM)”, superior stability 
is ensured with a reduced number of grid points, while maintaining 
appropriateness, correctness, and decreased computation time 
compared to traditional numerical techniques likely “shooting method”, 
“Runge-Kutta method”, and “Keller Box method” as reported by 
Mkhatshwa and Khumalo26 and Mkhatshwa.27 The utilization of SQLM 
on overlapping grids significantly expands its efficiency in terms of 
steadiness for larger sub-domains with lesser grid points, accurateness, 
and computational time. This enhancement is attributed to the sparse 
coefficient matrices involved in the overlapping grid spectral quasili
nearisation method, which leads to more efficient matrix inversion and 
vector multiplication.

The finite solution domain in this case is characterized by a truncated 
integration distance I = [0, η], which is subsequently segmented into p 
overlapping sub-domains deliberated as: 

Il =
[
ηl

0, ηl
Mη
]
, l = 1,2, 3, ...p.

Considering Mη + 1 collocation point for the subintervalsIl, the 
length of the domain is given by 

L =
η

p + (1 − p)

(

1− cos

(

π
Mη

))

z

. (13) 

The length of the domain, is determined via the “Gauss-Lobatto 

collocation points” given byzi = cos
(

πi
Mη

)

, I = 0,1,2,3, ...Mη,

=
L
2

(

1 − cos
(

πi

Mη

))

(1 − p) + pL, .

In the current study, where the problem is defined on an infinite 
domain, η = ∞.

Next, we solve Eqs. (6)–(10) in each sub-interval, Il as 

d3f (l)

dη3 + f ld2f (l)

dη2 − 2
df (l)

dη
df (l)

dη + 2Ri
(
θl + Nϕl)cos∝ + 6K

df (l)

dη
d3f (l)

dη3

− Kfld4f (l)

dη4 − 2Kη d2f (l)

dη2
d3f (l)

dη3 − 9K
d2f (l)

dη2
d2f (l)

dη2 − 3L
d2f (l)

dη2
d2f (l)

dη2

− ηL
d2f (l)

dη2
d3f (l)

dη3 + 3βRe
d2f (l)

dη2
d2f (l)

dη2
d3f (l)

dη3 − M
df (l)

dη = 0

(14) 

(1+Nr)
d2θ(l)

dη2 + Prf (l)
dθ(l)

dη − Pr
df (l)

dη θ(l) + PrEc
d2f (l)

dη2
d2f (l)

dη2 + PrHsθ(l) = 0,

(15) 

d2ϕ(l)

dη2 + Scf (l)
dϕ(l)

dη − Sc
df (l)

dη ϕ(l) − ScRϕn(l) = 0. (16) 

In tackling Eqs. (14)-(16), we need to linearize the nonlinear ODEs 

Ri =
Gr
Re2,N =

BcC0

Re2 , L =
α2U0e

x
L

2ρνL
,K =

α1U0e
x
L

Re2 , β =
β2U0e

x
L

ρνL
,M =

2σβ0
2

ρU0
,Pr =

ν
α, Sc =

ν
Dm

,R =
2k1L

U0e
x
L
,

Hs =
Q0

ρCpU0
,Re =

U0L
ν ,Gr =

gβT(Tw − T∞)L3

ν2 ,Nr =
16σ∗T3

∞

3k∗kf
.

,
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via the Quasilinearization Method (QLM). This method operates under 
the assumption that the disparity between approximate solutions in 
consecutive iterations is negligible. When applied to Eqs. (14)-(16), the 
QLM produces the subsequent iterative sequence of linear Ordinary 
Differential Equations (ODEs):

To achieve these solutions, we employ a linearization approach, 
utilizing the quasilinearization technique, as typically done in the con
ventional SQLM, that is; 

α0,rf iv
r+1 + α1,rf ʹ́ʹ

r+1 + α2,rf ʹ́
r+1 + α3,rfʹr+1 + α4,rfr+1 + α5,rθr+1 + α6,rϕr+1

= Rf ,

(17) 

ω0,rθʹ́
r+1 + ω1,rθʹ

r+1 + ω2,rθr+1 + ω3,rfʹ́r+1 + ω4,rfʹr+1 + ω5,rfr+1 = Rθ,

(18) 

Γ0,rϕʹ́
r+1 + Γ1,rϕʹ

r+1 + Γ2,rϕr+1 + Γ3,rf ŕ+1 + Γ4,rfr+1 = Rϕ, (19) 

Associate with the assumed variable coefficients specified as: 

α0,r = − Kfr, α1,r = 1 + 6Kfʹr − 2Kηf ʹ́
r − ηLf ʹ́

r + 3βRef ʹ́
r
2
,

α2,r = fr − 2Kηf ʹ́ʹ
r − 18Kf ʹ́

r − 6Lf ʹ́
r − ηLf ʹ́

rʹ+ 6βRef ʹ́
r f ʹ́

rʹ ,

α3,r = − 4fʹr + 6Kf ʹ́
rʹ − M, α4,r = f ʹ́

r − Kfiv
r ,α5,r = 2Ricos∝, α6,r

= 2NRicos∝.

ϖ0,r = 1 + Nr,ϖ1,r = Prfr,ϖ2,r = − Prfʹr + PrHs ,ϖ3,r = 2PrEcf ʹ́
r ,ϖ4,r

= − Prθr,ϖ5,r = Prθʹ
r.

Γ0,r = 1, Γ1,r = Scfr,Γ2,r = − Scfʹr − ScnRϕn− 1
r ,Γ3,r = − Scϕr,Γ4,r

= Scϕ́ r 

The right-hand side of Eqs. (17-19) are defined as: 

Rf = α0,rf iv
r + α1,rf ʹ́

rʹ+ α2,rf ʹ́
r + α3,rfʹr + α4,rfr + α5,rθr + α6,rϕr − Vf ,

Rθ = ϖ0,rθʹ́
r + ϖ1,rθʹ

r + ϖ2,rθr + ϖ3,rf ʹ́
r + ϖ4,rfʹr + ϖ5,rfr − Vθ,

Rϕ = Γ0,rϕʹ́
r + Γ1,rϕʹ

r + Γ2,rϕr + Γ3,rfʹr + Γ4,rfr − Vϕ,

where,   

Vθ = (1+Nr)θʹ́
r+Pr(frθʹ

r − fʹrθr + Ecfʹŕ
2 + Hsθr,

Vϕ = ϕʹ́
r + Sc

(
frϕʹ

r − fʹrϕr − Rϕn
r
)
.

The current problem is defined in the domain[0, ∞], then each in
terval Il =

[
ηl

0, ηl
Mη
]

is altered into zε[ − 1, 1] via the linear trans

formationηl
i = L

2 (zi + 1), zi = cos
(

πi
Mη

)

. Before applying the “spectral 

collocation method” to the sub-intervals, we first estimate the first de
rivative given as: 

dHl

dx
=

∑Mη

j=0
Dl

i,jH
l( zj

)
,

where, Dl
i,j =

2
ηl

Mη − η0
D
⌣

i,j, i = 0,1, 2, ...Mη. and Hl(zj) = [fl(zj), 

gl(zj),θl(zj),ϕl(zj)].

The term D
∨

i,j signifies the 1st order differential operator in a single 
domain [ − 1, 1]. Likewise, the qth order derivative at the sub-interval Il 
is obtained as: 

dqHl

dzq =
∑Mη

j=0

[
D(l)

i,j

]q
Hl( zj

)
, i = 0,1, 2, ...Mη. (20) 

Next, we derive the derivatives of the undetermined functions in a 
system of equations, which have the following definitions: 

Δ11 f
⌣

r+1 + + Δ12 θ
⌣

r+1 + Δ13ϕr+1 = Rl
f ,

Δ21 f
⌣

r+1 + + Δ22 θ
⌣

r+1 + Δ23ϕr+1 = Rl
θ,

Δ31 f
⌣

r+1 + + Δ32 θ
⌣

r+1 + Δ33ϕr+1 = Rl
ϕ

⎫
⎪⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎪⎭

(21) 

Each matrix Δζ,σ(ζ = 1, 2, 3; σ = 1, 2, 3) is of size (Mη + 1) × (Mη + 1) 
and Rl

f ,Rl
g,Rl

θ, and Rl
ϕare vectors each of size (Mη + 1) × 1.

A less dense matrix system is obtained after implementing the surface 
constraints as defined in Oluwaseun et al. .28 After then, the system is 
solved with suitable initially guesses meeting the boundary constraints. 
The initial guesses for the current model are: 

f0(η) = 1 − e− η, θ0(η) = e− η,ϕ0(η) = e− η.

4. Parametric analysis

This study scrutinizes the free convection flow of a third-grade fluid 
via an inclined stretched sheet while taking higher-order chemical 
processes and radiating heat into account. The study also incorporates 
the substantial influence of viscous dissipation on the thermal behavior 
of the fluid. The basic PDEs describing the flow phenomena are trans
formed into a set of ODEs via appropriate similarity transformations. 
These transformed equations, characterized by various parameters, are 
solved numerically via the “spectral quasilinearization method”.

In this section of the study, we present the numerical results obtained 
using the “Overlapping Spectral Quasilinearization Method (OSQLM)”. 
These findings are generated through MATLAB codes, showcasing flow 
profiles under varying physical parameters. The specific value chosen 

for the boundary at η∞ = 10 and the number of collocation points, set at 
Mη = 30, are consistent throughout unless explicitly stated otherwise. 
The main domain is divided into 5 overlapping subintervals. To validate 
the current methodology and confirm the accurateness of the 

Table 1 
Comparison of the computational values of Nusselt Number (ReL)− 1/2NuL against 
outputs from Ref.24 for different values of PrasRi = 0, β = 0, K = 0, Sc = 0, Hs = 0, 
Nr = 0, R = 0, Ec = 0, M = 0.

Pr − θ′(0)

Abbas et al.24 Magyari and Keller25 Current Result

1.0 0.9551 0.9547 0.954783
3.0 1.8121 1.8691 1.869073
5.0 2.5577 2.5001 2.500132
10.0 3.6868 3.6604 3.660372

Vf = fʹrʹ́ + frf ʹ́
r − 2fʹr

2
+ 2Ri(θr + ϕr)cosα + K

(
6fʹrf

ʹ́ʹ
r − frfr

iv
− 2ηfʹŕ f ʹ́ʹ

r − 9fʹŕ
2
)

− L
(
3f ʹ́

r
2
+ ηf ʹ́

r f ʹ́ʹ
r
)
+ 3βRefʹ

ŕ
2f ʹ́ʹ

r − Mfʹr
,
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computational code, numerical results obtainable in Table-1 are 
compared with those reported by Abbas et al. ,24 and Magyari and 
Keller.25 The consistency between our findings and those from previous 
studies affirms the reliability of our numerical approach and the validity 
of our code.

To establish the convergence of the solution technique, the solution 
errors that highlight differences between estimated function values 

across iterations are examined. Convergence is illustrated using the in
finity norm, as shown in Table 2. Clearly demonstrated in Table 1, are 
convergence errors that are consistently decreasing in a monotonic 
fashion as the number of iterations upsurges, serving as confirmation of 
the convergence of the numerical scheme. Additionally, we assess the 
accuracy of our solution approach by evaluating residual errors of the 
functions after a specified number of iterations. This involves 
substituting the approximate solutions into Eqs. (14-16) and computing 
the infinity norm of the residual error, as obtainable in Table 3. 
Inspecting the table, it is detected that a monotonic decrease in the re
sidual errors for velocity, temperature, and concentration as the number 
of iterations rises. The magnitudes of the residual error values provide 
insights into the accuracy of the numerical solution. Lower error norms 
correspond to a more accurate solution. In this case, all the error norms 
are relatively small even at the first iteration, suggesting a good initial 
guess and rapid convergence. By the 10th iteration, the error norms have 
further decreased by an order of magnitude, reaching the 10− 13,10− 14, 
and 10− 15 range for momentum, temperature, and concentration pro
files correspondingly. This specifies a high degree of accuracy in the 
solution profiles for momentum, temperature, and concentration.

4.1. Variation of Richardson number

Fig. 2 deliberates the interpretation of the Richardson number on the 
momentum profile f′(η) of the third-grade liquid. The dimensionless 
number Richardson number Ri symbolizes the relative importance of 
buoyancy to shear forces within the fluid of the grade fluid flow via an 
inclined elastic sheet. The behavior is deployed for the consideration of 
the profile within the range 0.1 < Ri < 7.At Low Richardson number it is 
observed that the shear forces dominate over the buoyancy forces which 
lead to a higher fluid velocity closer to the stretching sheet. However, 
with increasingRi, buoyancy effects became more significant and that 
enhances the fluid momentum in comparison to the lower value of Ri. 
Further, for the high values ofRi, the buoyancy forces dominate and 
leading to a substantial augmentation in the fluid momentum for which 

Table 2 
Convergence Error.

Iterations Ef Eθ Eϕ

1 6.009 × 10− 1 1.798 × 10− 1 4.575 × 10− 1

2 1.420 × 10− 1 1.752 × 10− 1 1.406 × 10− 1

3 9.979 × 10− 3 5.313 × 10− 2 1.568 × 10− 2

4 3.343 × 10− 5 1.429 × 10− 2 8.832 × 10− 3

5 8.518 × 10− 9 1.105 × 10− 3 8.910 × 10− 4

6 2.797 × 10− 10 6.058 × 10− 6 1.621 × 10− 6

7 9.542 × 10− 10 2.934 × 10− 11 9.574 × 10− 12

8 5.063 × 10− 11 3.410 × 10− 13 2.776 × 10− 13

9 6.644 × 10− 11 8.134 × 10− 13 8.986 × 10− 13

10 1.606 × 10− 11 4.144 × 10− 13 6.275 × 10− 13

Table 3 
Residual error.

Iterations ‖ Res(f) ‖∞ ‖ Res(θ) ‖∞ ‖ Res(ϕ) ‖∞

1 3.333 × 10− 1 4.243 × 10− 2 1.076 × 10− 2

2 1.634 × 10− 2 3.699 × 10− 3 1.361 × 10− 1

3 7.602 × 10− 6 2.486 × 10− 6 1.969 × 10− 4

4 1.239 × 10− 12 2.487 × 10− 13 1.073 × 10− 7

5 2.285 × 10− 5 8.127 × 10− 14 2.477 × 10− 14

6 5.049 × 10− 13 6.350 × 10− 14 1.985 × 10− 14

7 5.089 × 10− 13 7.416 × 10− 14 3.077 × 10− 14

8 4.710 × 10− 13 6.972 × 10− 14 1.783 × 10− 14

9 4.654 × 10− 13 9.015 × 10− 14 7.119 × 10− 15

10 6.388 × 10− 13 5.862 × 10− 13 7.296 × 10− 15

Fig. 2. f′(η) varied against ηfor miscellaneous values of Ri.
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the bounding surface thickness increases significantly. Fig. 3 illustrates 
the insertion of Ri on the fluid temperature profile θ(η) of the non- 
Newtonian fluid. The minimal buoyancy effect for the low value of the 
Rigive rise to maximum temperature within the domain but with 

increasing Riwhere the high value of Ri the buoyancy dominates over 
the shear force. This causes a noteworthy retardation in the fluid tem
perature θ(η) throughout. Irrespective to the variation of the Richardson 
parameter the profile is asymptotic in nature to meet the requisite 

Fig. 3. θ(η) varied against ηfor miscellaneous values of Ri.

Fig. 4. ϕ(η) varied against η for miscellaneous values ofRi.
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surface limitations. Fig. 4 illustrates the variation of Ri on the profiles of 
fluid concentration ϕ(η). The concentration profiles are more pro
nounced and influenced by the molecular diffusion with reaction rate for 
the lower values of the Richardson number. Further increasing Rishows 

the greater impact of the buoyancy on the mass tranportation. This lead 
to a lower concentration gradient as buoyant forces aid in the dispersion 
of reactants. Therefore, high values of Ri resulting in a significantly 
reduced concentration gradient near the surface region.

Fig. 5. f′(η)varied against ηfor miscellaneous values ofβ.

Fig. 6. θ(η)varied against ηfor miscellaneous values ofβ.
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4.2. Variation of third-grade parameter

The significant impact of third-grade factor on the fluid momentum 
profile f′(η) which is depicted through Fig. 5. The impact is depicted for 

the motion of non-Newtonian fluid over an expanding surface where the 
inclined surface also plays vital role on the profile behavior. The dis
tribution of the parameter is exhibited within the range described as1 ≤
β ≤ 9. Physically, the parameter b stands for the non-Newtonian features 

Fig. 7. ϕ(η)varied against ηfor miscellaneous values ofβ.

Fig. 8. f′(η) varied against ηfor miscellaneous values ofM.
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on the fluid profiles. Therefore, increasing b, the non-Newtonian char
acteristic of the fluid. The lower value of the β signifies the Newtonian 
property where the fluid velocity profile sees to βclose towards the sheet. 
Further, increasingβ, suggests an increase in the fluid resistance to 

enhanced deformation, which leading to a retarding fluid velocity. This 
is due to the enhanced nonlinear effects associated with higher-order 
fluid behavior. Fig. 6 describes the imposition of third grade factor on 
the fluid temperature θ(η) of the non-Newtonian fluid. The temperature 

Fig. 9. θ(η)varied against ηfor miscellaneous values ofM.

Fig. 10. f′(η) varied against η for miscellaneous values ofα.
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distribution within the fluid is influence by both viscous dissipation with 
thermal radiation. The lower value ofβ, the rise in temperature is 
observed for the viscous dissipation is less significant. The higher values 
of theβshow a greater retardation in the temperature profile. Fig. 7
portrays the characteristic of third-grade parameter on the fluid 

concentration ϕ(η). In similar to the fluid temperature, it is disclosed 
that greater enhancing in the non-Newtonian parameter opposes the 
profile therefore the fluid concentration decreases significantly.

Fig. 11. f′(η) varied against ηfor miscellaneous values ofN.

Fig. 12. f′(η) varied against ηfor miscellaneous values ofL.
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4.3. Variation of magnetic parameter

Fig. 8 contributes the insertion of magnetization on the flow profiles 
and in particular showing on the velocity profile f′(η) of the third-grade 
fluid. The imposition of magnetic factor which is projected due to the 

applied magnetic field acted along the transverse direction causes a 
resistive force. The variation is presented for the numeric values within 
the range 0.1 to 7. This significant characteristic is known as Lorentz 
force and the trend of this force is to resists the fluid momentum. It is 
seen that with the enhanced magnetization the profile strength retards. 

Fig. 13. f′(η) varied against ηfor miscellaneous values ofK.

Fig. 14. f′(η) varied against ηfor miscellaneous values ofRe.
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This causes a noteworthy retardation in the profile thickness with 
respect to the bounding surface. Fig. 9 elaborates the dissimilar effect of 
the magnetic factor on the profile of fluid temperature θ(η) of the grade 
fluid through the inclined stretching surface. The behavior of the 
magnetization reveals a significant retardation in the velocity and that 
give rise to storage of energy near to the surface region. The stored 
energy then overshoots the heat energy from the solid surface via the 
fluid region. This characteristic suggests an enhanced temperature 
throughout the domain.

4.4. Variation of inclined angle and buoyancy ratio

Fig. 10 depicts the role of inclined angle of the surface on the fluid 
momentum distributionf′(η). The range of the inclined angle (α)is 
restricted to [π/6 − π/2]. The sheet changes its position depending upon 
the variation of the inclined angle. Increasing inclined angle retards the 
fluid momentum. Therefore, the thickness of the bounding surface de
creases significantly and the profile converges asymptotically to meet 
the adequate surface constraints. Fig. 11 contributes the association of 
buoyancy ratio factor on the fluid velocityf′(η) with the presence of other 
characterizing factors involved in it. This impact is executed because of 
the nitration of both the thermal and solutal buoyancy on the fluid 
motion. The range of the parameter is suggested as 0.1 ≤ N ≤ 1. The 
physical description reveals that, the increasing buoyancy ratio is due to 
the increasing solutal difference between the layers corresponding to the 
retardation in the surface force. This causes a difference in the density 
which contributes significant enhancing in the fluid velocity 
throughout.

4.5. Variation of viscoelastic parameter and cross viscous term

The combined effect of relaxation and retardation tie suggests the 
performance of the viscoelastic factor on the fluid motion f′(η) which is 
depicted in Fig. 12. The low values of the viscoelastic factor indicate the 
behavior of the Newtonian case and the increasing values suggests the 

behavior is non-Newtonian. The graphical illustration displays that the 
growing elasticity attenuates the fluid momentum i.e., the Newtonian 
fluid dominates the behavior of the non-Newtonian irrespective to the 
variation of other characterizing factors. Fig. 13 illustrates the cross- 
viscosity factor on the fluid momentum f′(η) of the non-Newtonian 
fluid. The increase in the viscosity significantly enhances the fluid 
momentum.

4.6. Variation of Reynolds number

Fig. 14 describes the insertion of the Reynolds number on the fluid 
velocity profiles f′(η) of the non-Newtonian fluid past an inclined elon
gating surface. The dimensional parameter Re is the ratio of viscous an 
inertial force. The range of the factor is distributed within the range of 
1 ≤ Re ≤ 5due to the occurrence of the other characterizing factors. The 
enhanced values of Re is because of the lower in the inertial force and 
this causes a significant enhancement in the fluid momentum. In addi
tion to that the viscous force augments significantly showing an 
asymptotic nature of the profile to the requisite boundary conditions.

4.7. Variation of heat source

External heat sour is one of the factors which energies the fluid 
temperature profile of the viscoelastic fluid for the interaction of various 
characterizing factors. Fig. 15 demonstrations the significance of the 
contribution of heat source on the fluid temperature profile θ(η). The 
positive value of the factor signifies the external heat source applied on 
to the surface shows the energy flows outward from the lower region 
towards the fluid. This causes the energy transfer from the solid surface 
to liquid medium. Therefore, increasing heat source enhances the fluid 
temperature θ(η).

4.7.1. Variation of Eckert number and thermal radiation
Fig. 16 portrays the effect of coupling factor projected due to the 

insertion of Eckert number on the fluid temperature θ(η). The analysis of 

Fig. 15. θ(η)varied against η for miscellaneous values ofHs.
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the Eckert number is obtaining for the consideration of the dissipative 
heat in particular the viscous dissipation in the energy equation. The 
dimensionless quantity physically expressed as the ratio of the kinetic 
energy with respect to the enthalpy change. The change in the values of 

the Eckert number is due to the change in enthalpy. Particularly, 
increasing Ec suggests that the change in the temperature difference 
retards. This causes a greater fluid temperature which is overrides the 
fact of ambient temperature and the propos phenomenon reveals that 

Fig. 16. θ(η)varied against η for miscellaneous values ofEc.

Fig. 17. θ(η)varied against η for miscellaneous values ofNr.
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there is a flow of temperature from the surface region towards the fluid 
medium. This resulted in the fluid temperature increases significantly 
with a greater cooling of the surface. Further, Fig. 17 depicts the 
imposition of the radiant heat affecting the fluid temperature θ(η)of the 

non-Newtonian fluid. The factor Nr is the measure of the emission of the 
electromagnetic wave produced from the surface of the fluid increases. 
The transformation of the electromagnetic wave to the thermal radiation 
is obtained within the fluid medium and this causes a substantial change 

Fig. 18. ϕ(η)varied against ηfor miscellaneous values of n .

Fig. 19. ϕ(η)varied against η for miscellaneous values ofSc.
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in the fluid temperature. The increasing Nr enhances the fluid departure 
significantly.

4.8. Variation of different factors on concentration profile

Fig. 18 demonstrations the role of power index factor on the fluid 
concentrationϕ(η). Power index described as the exponent variation of 
the chemical ration. Increasing the value of n suggest the significant 
retardation in the nanofluid concentration. Fig. 19 portrays the behavior 
of the Scon the concentration profile. The Schmidt number is the ratio of 
the kinetic viscosity with respect to solutal diffusion. Therefore, 
increasing Sc retards the concentration due to the density of the heavier 
species. Fig. 20 illustrates the association of chemical reaction on ϕ(η) 
for the introduction of several gasses in to the system. The positive 
values of the chemical reaction show the destructive nature of the 
chemical reaction which also favors in decelerating concentration.

5. Conclusions

The free convection of a third-grade non-Newtonian fluid via an 
inclined elongating sheet is deployed in the current investigation. 
However, the flow phenomena became energies by integrating the in
fluences of radiating heat and higher-order chemical reactions. The 
analysis also accounts for the effect of viscous dissipation on the heat 
transport phenomenon. The standard PDEs are converted into ODEs 
through appropriate similarity rules. These resultant ODEs are numeri
cally unraveled utilizing the over lapping grid spectral quasilineariza
tion method. The measure outcomes are depicted as; 

• The quantitative result obtained for the particular case shows a good 
contract with the earlier work presenting the convergence analysis of 
the current methodology.

• A monotonic decrease in the residual errors for all the flow profiles is 
exhibited as the number of iterations increases.

• Richardson number which is conformed for the inclusion of thermal 
Grashof number exhibits a significant hike in the fluid momentum 
distribution but reverse impact is encountered for the temperature 
and concentration of the fluid.

• The third-grade parameter favors in enhancing the fluid velocity 
whereas the fluid temperature retards throughout with its increasing 
value.

• The resistive force that is generated from the imposition of uniform 
magnetic field significantly attenuates the fluid velocity but over
shoots the fluid temperature.

• The increasing buoyancy ratio is due to the increasing solutal dif
ference between the layers corresponding to the retardation in the 
surface force.

• Enhanced external heat source encourages the fluid temperature 
along with the increasing radiant heat and the Eckert number.

• Heavier species favorable in retarding the fluid concentration and 
the concentration profile is also controlled by the inclusion of 
reacting species.
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Fig. 20. ϕ(η)varied against ηfor miscellaneous values ofR.
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Appendix

Brief description of third grade fluid

The constitutive equation for a third-grade fluid is: 

τ = − pI + μ1A1 + α1A1
2 + α2tr(A1)A1 + β1A2 + β2A3,

Where τIs the Cauchy stress tensor,pis pressure, I is the identity tensor, μ1is the fluid viscosity, α1,α2,β1,β2are the material constants, A1,A2,A3are 
kinematic tensors of first, second and third grade fluids respectively.

Moreover, A1 = ∇v + (∇v)T 

A2 =
dA1

dt
+ A1⋅∇v + (∇v)T⋅A1 

A3 =
dA2

dt
+ A2⋅∇v + (∇v)T⋅A2 
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