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ABSTRACT ARTICLE HISTORY
The design and optimization of magnetic fluid-based processes, such as Received 28 July 2023
magnetohydrodynamic power generation and magnetic drug targeting, Revised 31 October 2023

have become significant in recent times. To understand the magnetic and ~ Accepted 17 November 2023

radiation features, as well as the sensitivity of engineering physical quanti-

ties to each dimensionless parameter in fluid flow, the Reiner-Philippoff B .
A . R L . L . X oundary layer flow;

(RP) fluid is best suited in this instance, as it exhibits shear-thickening, magnetic; radiation;

shear-thinning, and Newtonian behavior. The non-similar transformation is Reiner—Philippoff fluid

used to transform the partial differential equations that describe the flow

into two-variable differential equations. The transformed dynamical equa-

tions are solved numerically using a spectral-based numerical technique;

namely, the bivariate simple iteration method (BSIM). The effects of mag-

netic field strength and radiation parameter on the stretching and shrink-

ing sheets are examined. The investigation reveals that both the magnetic

field strength and radiation parameter have a significant impact on the

flow behavior and rate of heat transfer. For the radiation parameter R €

[0,0.5], the skin friction coefficient and Nusselt number increase by 22.6%

and 5.98%, respectively. Additionally, an 100% increment in Prandtl param-

eter reduces the Nusselt number by 287.36%. Regression analysis is per-

formed to identify the most significant parameter affecting the

engineering quantities. The results show that the Bingham constant, 7, is

the only parameter that is not significant on the skin friction coefficient,

while all the parameters have significant impact on the Nusselt number.

The findings in this study have important implications in the biomedical

industry, the design of machines, and the fourth industrial revolution.

KEYWORDS

1. Introduction

The Reiner-Philippoff fluid is a class of non-Newtonian fluids that exhibit intriguing rheological
behaviors. This class of fluid is typically characterized by its shear-thinning and viscoelastic prop-
erties. Shear-thinning refers to the property that the fluid’s viscosity decreases with increasing
shear rate. In other words, the fluid becomes less resistant to flowing as it is sheared more vigor-
ously. Viscoelasticity, on the other hand, means that the fluid exhibits both viscous (fluid-like)
and elastic (solid-like) behavior under deformation or stress. One way to understand the behavior
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Nomenclature
a stretching parameter Y Bingham constant
c distance 0 transformed dependent variable
Cr skin friction coefficient K thermal conductivity
oS specific heat capacity A Reiner-Philippoff parameter
transformed dependent variable P density
g transformed dependent variable v kinematic viscosity
ky mean absorption coefficient u dynamic viscosity
L length a* Stefan-Boltzmann constant
M magnetic parameter T shearing stress
Nu Nusselt number 4 transformed independent variable
Pr Prandtl number n transformed independent variable
P(() generalized main stream velocity function stream function
qr radiative term
w heat flux .
;IQ radiation parameter Subscripts
Re Reynolds number 00 condition at infinity in the y-axis
temperature of the fluid 0 reference condition
u velocity component in the x-axis x local
U, mainstream velocity w wall
v velocity component in the y-axis
X, y Cartesian coordinates

of Reiner-Philippoff fluids is through the concept of “anomalous flow”. For Newtonian fluids, the
relationship between shear stress and shear rate is linear (according to the equation 7 = ,ug—;,
where 7 is shear stress, p is viscosity, and % is shear rate). However, for Reiner-Philippoff fluids,
the relationship is nonlinear, with the fluid’s viscosity depending on both the rate and history of
deformation express nonlinearly as [1]

Ju ou T
Oy Oy iy + ay

Another notable feature of Reiner-Philippoff fluids is their thixotropic behavior. Thixotropy
refers to the ability of a fluid to exhibit time-dependent changes in viscosity when subjected to
deformation or stress. In other words, the viscosity of the fluid decreases over time after being
subjected to shear stress, and slowly returns to its original value when the stress is removed. This
property is desirable in applications such as coatings, adhesives, and lubricants, where the fluid
should have a high viscosity at rest but be easy to apply or dispense when needed. Reiner-
Philippoft fluids have a wide range of applications in various fields. For example, they are used as
thickening agents in paints, inks, and cosmetics, as well as in drilling fluids and hydraulic fractur-
ing fluids in petroleum engineering. They are also used in food processing, where they can be
added to sauces, dressings, and spreads to improve stability and texture. Tijani et al. [2] investi-
gated the impact of the magnetic dipole on the Reiner-Philippoff fluid. The heat transfer analysis
over a Darcy-Forchheimer medium for a Reiner-Philippoft flow was studied by Kumar et al. [3].
Tijani et al [4] analyzed the impact of carbon nanotubes on Reiner-Philippoff boundary layer
flow. To this end, the Reiner-Philippoff fluid is an important class of non-Newtonian fluids that
exhibit unique rheological characteristics. Understanding their flow mechanics is crucial in many
practical applications where viscosity and flow properties are important.

Magnetohydrodynamics (MHD) has been widely investigated by researchers due to its ubiqui-
tous applications. Several MHD applications have their roots in physiology, such as the magnetic
resonance imaging (MRI), magnetic devices in medication transferors, and the production of
blood (biomagnetic fluid) due to the presence of hemoglobin molecules [5]. Mechanical and
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electronic devices/systems such as dielectric grease, turbines, power station, missiles have para-
mount dependency on the study of magnetohydrodynamics. Hayat et al. [6] analyzed flow of a
non-Newtonian fluid with non-orthogonal magnetic effect and non-constant thermal conductiv-
ity. Mabood et al. [7] probed the importance of magnetohydrodynamics on a nonlinearly radiat-
ing fluid flowing over an expanding surface. The study reported that the magnetic parameter has
a linear relation with the skin drag force. Thammanna et al. [8] conducted a study on the
unsteady stretching surface with chemical reaction involving a three-dimensional magnetohydro-
dynamic (MHD) flow of a couple stress Casson fluid. Prakasha et al. [9] discussed the thermal
enhancement of aluminum nano-alloys in swirling aqueous MHD viscous nanofluid flow around
a deformable cylinder. Several studies have been conducted to determine the significance of
MHD in flow over an expanding or contracting surfaces, see [10-13]. Moreover, efforts on under-
standing the magneto-hydrodynamics effect on fluid flow in different geometry and medium have
been investigated by various researchers, see [9, 14-16].

Regression analysis is a statistical technique employed to identify and understand the relation-
ship between a dependent variable and one or more independent variables. This statistical meth-
odology has practicable application in boundary layer flows by considering the relationship
between the flow variables and the position within the boundary layer. The flow variables within
the boundary layer, such as magnetic field, pressure or shear stress, as a function of distance
from the expanding surface can be analyzed using regression technique. It helps mathematical
modelers, researchers and engineers better understand the relationships between two or more
interconnected variables. This importance cannot be overemphasized in the design of more effi-
cient systems in machines, power turbines and electronic devices.

Researchers in the fields of science and engineering are increasingly turning to numerical ana-
lysis for solving differential equations. This trend is driven by the challenging nature of determinis-
tic or stochastic differential equations, which might not be amenable to closed-form solutions due
to their nonlinear nature. These methods include the finite difference method, the finite volume
method, the spectral method, the homotopy analysis method, among many others. Employing sev-
eral spectral-based methods for solving both differential and integral equations has significantly
enhanced the efficiency with which a range of problems in science and engineering can be
addressed. Through their research, Motsa et al. introduced several spectral-based numerical meth-
ods, including the spectral quasilinearization method, the spectral local linearization method
(SLLM), and the spectral relaxation method (SRM) [17-20]. Ogunseye et al. [21] applied the SLLM
in investigate the flow of an Eyring-Powell nanofluid in a channel with squeezing effect. Akolade
and Tijani [22] comparatively studied the Casson and Williamson flow over an expanding Riga
plate using the spectral quasilinearization method. Various research studies, as compiled here, have
used the (bivariate) spectral local, quasi, and relaxation technique [23-26] to address several dynam-
ical systems. For a thorough review of spectral-based methods applied to boundary layer problems,
refer to the study conducted by Rai and Mondal [27]. To address the truncation error associated
with Taylor series expansion, Otegbeye et al. [28] used a relaxation approach known as the bivariate
simple iteration method. Their investigation focused on the unsteady flow of a Jeffrey fluid. The
authors observed that the spectral-based method exhibited linear convergence and yielded highly
accurate approximations even with a limited number of grid points.

To the authors’ knowledge, no scientific research has explored the sensitivity and importance
of individual parameters in the context of Reiner-Philippoff fluid flow over an expanding and/or
contracting surface influenced by magnetic polarization and thermal radiation, using multivariable
differential equations. The study aims to achieve several objectives: (i) modeling the 2D Reiner-
Philippoff fluid over a contracting/expanding surface, (ii) transforming the governing dimensional
PDEs into dimensionless systems through a non-similar group of transformations, (iii) applying
the bivariate simple iteration method (BSIM) to the deterministic dynamical model, (iv)
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investigating the behavior of relevant flow parameters through graphical analysis, and (v) using
regression analysis to identify parameters influencing important engineering quantities.

2. Model formulation

Consider Reiner-Philippoff fluid depicted by a nonlinear shear-stress deformation function. The
model is a three-parameter model which describes pseudoplasticity, dilatant and Newtonian char-
acteristic, defined in Na [1] as

ou T 2)
T
3)/ Moo + 1+(%)2

where 7 is the shear stress, u. is the limiting viscosity, 7, stands for reference shear stress and u,
is the zero shear viscosity.

This model delves into the two-dimensional flow of Reiner-Philippoff fluid over a sheet, con-
sidering the influence of magnetic effects and thermal radiation. The fluid’s motion is influenced
by the dynamics of the stretching and shrinking surface in the flow direction, with an arbitrary
mainstream velocity u,. Both the fluid and its medium are non-electrically conducting. A nonuni-
form, transverse magnetic field with strength B(x) = B,x™3 acts in the flow direction. The tem-
perature of the sheet, denoted as T, is lower than the ambient temperature T, of the sheet, see
Figure 1. The mass, momentum and energy conservation equations are similar to those outlined
in a previous study by Na et al. [1].

ov  Ou
Ty, 3
oy Ox 3)
(/2]
I g 7]
\>‘ Radiation < SK 3,
” ” 1 =
1 =,
Reiner-Philipoff Fluid & = @
1, Dilatant 3 \ 2 2
<1, Dilatan =
s 2 b e
U] P
A =1, Newtonian © E“ = <:|
e} © 1 [T)
e g 8
3 5, g
>1, Pseudo-plastic @ & N
= T !
t E !
Q ) 1
5 = B(z)
E 1
3 \ 1

Figure 1. Flow configuration.
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du, 10t oBu Ou  Ou

(AT —a = = a_ a0 4
. dx+p8y p u8x+vé9y )
x 82_T _L@q,_ @4_ g (5)
pcy \ 0y? pcy Oy > V@y'

The flow conditions at the wall and in the far-field are

u(x,y) =Qu,, v(x,y)=v., Ty)=T, a y=0, ©)
u(x,y) =0, T(xy) — To, as y— oo.

Here, u and v are the velocity components in x and y axes respectively, T represent the tem-
perature of the fluid, p is the fluid density, c, stands for the specific heat capacity of the fluid, x

is the thermal conductivity and u, is the mainstream velocity. The linear radiative heat flux
resulting from the Rosseland approximation is defined as

40" OT* 160* 0
= —————— = — . 7

Here, g, represents the radiative term, k; denotes the mean absorption coefficient, and ¢* is
the Stefan-Boltzmann constant.

2.1. Non-similar transformation

The following non-similar group of transformation, as outlined by Na [1], is used to transform
Egs. (3)-(5):

& T-Tx
(=5 1=\ 0= =S 0= ©

where
X = %, u=uf'(n,{) and ©)]
d\/u, . VU, VX Ue
= =00 (Vi -2 — s - Y ) - L )

Applying this transformation to the model in Eqs. (3)-(5) and the boundary conditions in
Eq. (6), we derive the following set of differential equations:

g _ ug + L

8 _ & T 1

f// uggz +VZC ( 0)
14+ P(¢ ,Of' 0 ,
¢+ r0 -2 = o L T )
4 1+ P(() 00 of

1+-R|)0" = ————>Prf0 + Pr{{f -0 = 12
(1+38) P mgor vori(y 50 %), 12
Here, P({) ::B "fi‘:”,y = avay 1?3” is the Bingham constant and )L::l—:c represents the Reiner—
Philippoff fluid parameter, Pr = 2% is the Prandtl number and R = 4‘2?‘ stands for radiation

B
parameter and M = >
becomes
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of(n,
ﬂmo=—&l%9=9,ﬂmo=& 0, )=1, at n=0, (13)

f(i,0) =0, 00,0) =0, as 15— oo.

Note that Q =0, Q > 0 and Q < 0 implies constant surface, stretching surface and contract-
ing surface respectively. H is the constant mass flux, which takes three regional value of H =
0, H >0 and H < 0 implies impermeable sheet, suction and injection, respectively.

The engineering physical parameters of interest, namely the surface drag (skin friction) coeffi-
cient and Nusselt number, are defined as follows:

Tw Xqw

05 N T T - T (o
where the shear stress and surface heat flux, 7,, and g, are, respectively, defined as
vy = pVarvg(n), quw= —K?)—; lymo — qr- (15)
In dimensionless form, Eq. (14) using the definition defined in Eq. (15) becomes
1 1 1 4 ,
ERe;cf =g(0,{), Rey’Nu, = —(1 + 3R)6 (0,0), (16)

u.L
v

where Re, = *= is the Reynolds number.

3. Bivariate simple iteration method

In this section, we apply the bivariate simple iteration method to the system of Equations (10) - (12)
and the corresponding boundary condition (13). The bivariate simple iteration method (BSIM), as intro-
duced by Otegbeye et al. [28], leverages the underlying principle of fixed point methods in application
to solving nonlinear differential equations [29]. Recall, from the fixed point method, that given

fx) =0, (17)
we can derive an x such that another function g(x) is introduced, resulting in
fx) =x-g(x) =0, or f(x) = g(x) —x =0 (18)
Both forms presented in Eq. (18) lead to the recursive formula
Xrp1 = g(%r)- (19)

In this formulation, x,4; is determined using the solution at x, obtained from the function
g(x,). In a similar manner, given the equation

f// uggz + yzc >

we formulate a recursive scheme using a relaxation approach with the following rules:

(20)

e Express the nonlinear terms of g with an exponent greater than 1 at both the current and
previous iteration levels in the form

n o~ n—1
g =& &+

where subscripts r and r+ 1 represent the previous and current iteration levels, respectively.
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e Evaluate nonlinear terms of other functions at the previous iteration level.

Therefore, based on the set rules, the linear form of Eq. (20) is obtained
Aigr1 = By, (21)
where
Ar =g+~ wf g, Buy =

Typically, the BSIM (or Gauss-Seidel type methods in general) requires using the updated solu-
tion of g in subsequent equations. However, due to the absence of boundary conditions associated
with Eq. (20), we directly differentiate g to represent ¢’ in Eq. (11), resulting in the following line-
arized equation:

of., of
borlf "1 + (b1t + [B2rlf iy + [B3elfe1 — [bar] ggl [bs/] ](;21 =By, (22)
where terms in [...] represent vector quantities and
¥ 1+ P({) W1 | 2u78r:18,,, 8 (1 = 2)
. ) — e r+1
b=ttt an oy STy P T e )
8 , 1+ P(() , ,
b= 2P LM b= =,
1+ P( ) of, o

bsr ={f;,  Bayr= A7 = PQ) - POf2 - Cfragﬂ%ff

Likewise, the updated solutions to f and its corresponding derivatives are employed in the
relaxed form of Eq. (12), leading to the following equation

a0,
ol y ) + )00y — [c2r] agl =0, (23)
where
4R 1+P of,
cor=1 +?> = +2 © Prfrq + Pr{ 'gzl . G =Prify .

The decoupled system of linear Eqgs. (21)-(23) is solved using the Chebyshev spectral collocation
method. This numerical method approximates a function through a linear combination of the
Lagrange interpolating polynomials, and explicitly expressed the derivative of the function by dif-
ferentiating the Lagrange polynomials, evaluated at the Chebyshev-Gauss-Lobatto nodes [30]. It is
worth noting that an arbitrary domain [a,b] is mapped onto the computational domain [-1,1].
Trefethen [30] has provided in-depth details about the method. Consequently, to approximate the
solutions g(#,{),f(1,{), and 0(n,{) of Egs. (21)-(23), we assume the following forms:

Ny N

0= g4 LnLi0),
i=0 j=0
N, N

=D > f (1 G)Lim)Li(D), (24)

i=0 j—0

=35 0015 LN O),

i=0 j=0

where L; and L; are the Lagrange cardinal functions defined as
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ﬁ n— M ﬁ (=G
Li(n) = L) = ,
i=0, ik i ~ Mk J=0,j#k &= G

where

. fo0ifi#k oy s [oifj#k
Ll(nk)_élk_{ llfl:k) L]((k)_élk_{ llf]:k

We discretize the domain at the Chebyshev-Gauss-Lobatto points, #; and {;, and these points are
defined as follows:
i . Tj .
P = N =0,1,..,N,, P = -, =0,1,..,N;. 25
n; = cos N, i 0 {j = cos N; j ¢ (25)
The solutions of the flow model are approximated using Eq. (24); however, the derivatives of
the functions are represented differently. To illustrate, let us consider a simple case of using two
grid points in space, implying the points to be considered are {n, = —1,%, = 1}. We then have
an approximate solution in terms of first degree Lagrange polynomial

1M —"MNo

n—m
Pi(n) = f(n) = + : (26)
1(n) = f(n) - mf(%) - nof(m)
which reduces to
1 1
Pi(n) = f(n) = =5 (n=1)f (o) + 5 (n + 1)f (m)- (27)
To evaluate the first derivative of f, we differentiate Eq. (27) with respect to 1 to obtain
) 1 1
fn) = =51 (o) + 5 (m)» (28)
which is then represented in matrix-vector form as
1 1
D) 3 f(’?o) f’(ﬂo)
) ) = . (29)

Here, the coefficient matrix is the differentiation matrix. For a more in-depth understanding
of the development of the differentiation matrix, see Trefethen [30], which provides comprehen-
sive details on both the derivation and implementation. In a broad sense, differentiation matrices
(denoted as D in space and d in time) are used to evaluate the derivatives as

of ) " of M,

A — E. =L — F.

| = DVF,, | = ZO d;iF;
ni G G =

80" 0 &

—ly,  =DPO, =) dy®;
Nis € i> i C i

o) | © oc ™ = = 7

By applying these representations to the decoupled system of Eqs. (21)-(23), we obtain

{[Al,r,i]} Gry1,i = Byri, (30)
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M;—1 M—1
[bo,,i]D’ + [by,,i|D? + [by1,;]D + [bs,1,i] — [ba,. ] Z Dd;; + [bs,,i] Z dijj | Fri1,i = Ba,r,is
f= =
(31)
M-1
co,rD* + [e1,1,i]D — [€2,1.1] Z dij | Ort1,i = Bs,r,is (32)
=0

where

By = [byyidim (DFy) = [bs,,ildim, (Fam,) + B,
Bs i = [c2,r,i]dim.Onm +0.

To assess the accuracy and efficiency of the bivariate simple iteration method used in this study,
we present the norms of the residual and convergence errors at { = 0.5 and {=1. The residual
error measures how precisely the approximate solutions solves the system of nonlinear differential
equations subject to the provided boundary conditions. Conversely, the convergence error norm
quantifies how rapidly the iterative scheme converges. We define the convergence error norms
as follows: [|Gll,. = [Gri1 = Gilloco | Fll = [Pt — Fill, and @], = 0,11 — ©,|.. These
results are depicted in Figures 2 and 3. The convergence error norms reveal that the iterative
scheme exhibits a quadratic rate of convergence. In both sets of figures, the error norms fall

—$—(-05

) 10 15 20 25
iterations iterations

(@) (b)

1011 F

[[Res(©)]]oo

1042 F

iterations

()

Figure 2. Norms of the residual error for Eqs. (10)-(12).
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Figure 3. Norms of the convergence errors of the approximate solution G, F and @.

within the range of [107'4,10710] after the 25th iteration, confirming the accuracy and conver-
gence of the spectral-based iterative method used in this study.

4, Results and discussion

In this section, we present and discuss the results obtained using the bivariate simple iteration
scheme (30)-(32). The simulation used the parametric value of Pr =0.7, M =0.3, R=0.1, A=
1.0, y=0.5, H=0.1,Q = 1.0 (stretching sheet) and Q = —1.0 (shrinking sheet) as default
unless otherwise stated. Before discussing the importance of the flow parameter, it is worth men-
tioning that 4 < 1 represent shear-thickening fluid, A =1 is Newtonian fluid and 4 > 1 stands for
shear-thinning fluid. The Bingham constant y is a crucial parameter used to characterize the
behavior of specific non-Newtonian fluids. The Bingham constant signifies the slope of the shear
stress-shear rate relationship within the fluid flow region. In Figure 4, the behavior of the skin
friction and heat transfer coefficient against 4 is illustrated, considering three different slopes of
the shear stress-shear rate relationship denoted by 7. Notably, A=1 emerges as a turning point
for both the wall’s frictional force and heat transfer coefficient.

In Figure 5, the behavior of the skin friction and Nusselt number for the Reiner-Philippoff
fluid is depicted with y € [0.0,2.0] for three distinct 1 values. Notably, the surface’s wall frictional
force for shear-thickening fluid increases with the ascent of the Bingham constant. The
Newtonian fluid demonstrates a constant skin friction and Nusselt number across the range of y.
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Figure 5. Skin friction and Nusselt number against 7 for various values of 1.

As for the shear-thickening fluid, it exhibits an increasing rate of heat transfer until reaching a
turning point in the vicinity of y = 0.75, after which it decreases. Conversely, the behavior of the
shear-thinning fluid contrasts with that of the shear-thickening fluid. In Figure 6, the impact of
mass flux on friction drag coefficient and Nusselt number is elucidated. Suction is observed to
diminish the fluid velocity near the wall, creating a region with lower velocity gradients.
Consequently, the velocity gradient (shear) between the fluid near the wall and the rest of the
flow decreases. This reduction in velocity gradient results in a decrease in the wall shear stress as
the suction rate increases. Additionally, it is noted that the shear-thinning fluid exhibits the low-
est skin friction coefficient. The influence of H on the rate of heat transfer is relatively negligible.
This is unsurprising since H primarily affects the flow behavior through the wall boundary condi-
tion in the momentum equation.

The influence of the magnetic parameter M is illustrated in Figure 7. The dotted lines repre-
sent the shrinking sheet (Q = —1.0), while the solid lines are for the stretching sheet (Q = 1.0).
It is evident that as the magnetic parameter increases, the fluid’s motion on the stretched sheet
diminishes. This reduction is attributed to the magnetic force acting as a constraint throughout
the fluid flow, leading to an increased frictional structure as M increases. However, the magnetic
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Figure 7. Velocity and temperature profiles against 7 for various values of M.

parameter enhances fluid flow over the shrinking sheet. As the shrinking sheet contracts, the
magnetic force, which opposes fluid movement on the stretched sheet, indirectly acts as a driving
force supporting fluid movement on the shrinking sheet. The impact of thermal radiation and the
Prandtl number is vividly illustrated in Figure 8 for both expanding and contracting sheets. It is
observed that an increase in Pr leads to a decrease in the temperature profile for the stretching
sheet, while an increase in Pr enhances the temperature distribution in the flow over the shrink-
ing sheet. This behavior is a result of the Prandtl number being strongly dependent on the ther-
mal diffusivity of the fluid, meaning that a larger Pr corresponds to a weaker thermal diffusivity.
The radiation parameter R supports the temperature profile in the stretching sheet by directly
influencing the energy exchange between the fluid and its surroundings. Nevertheless, it is evident
that an increase in the radiation number R diminishes the temperature distribution in the flow
on the shrinking sheet. Overall, an increase in the radiation parameter R induces alterations in
fluid properties and consequently influences the temperature gradient within the flow.

In Figure 9, the simultaneous impact of the radiation parameter R and the Prandtl number Pr
on Re,’Nu, is depicted. It can be inferred that increasing the radiation parameter enhances the
rate of heat transfer positively. Furthermore, fluids with higher Prandtl numbers exhibit an
enhanced heat transfer rate compared to fluids with lower Prandtl numbers. The impact of
streamwise location or point { and fluid parameter 4 on the skin drag force and Nusselt number
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Figure 9. Nusselt number against R for various values of Pr.

profile is presented in Figure 10. It is observed that a higher ( increases the friction drag force
and Nusselt number. For { =0, the skin drag force for shear-thinning, shear-thickening, and
Newtonian fluids is the same. However, at { = 1, it is noted that the skin friction of dilatant fluid
is greater compared to Newtonian fluid, while the shear-thinning fluid has the least skin drag
force. The implication is that the self-similar solution, which corresponds to { = 0, is not advis-
able to achieve the best heat transfer rate and wall shear stress. These are more effectively
attained at considerably high {. Hence, nonsimilar transformation is recommended for this kind
of problem. This is most preferable especially when dealing with flow problems that exhibit sig-
nificant variations in the flow field or boundary conditions. These variations may occur due to
factors such as changes in geometry, boundary conditions, or physical properties.

5. Regression analysis

Regression analysis finds applications in various fields, such as manufacturing industries, popula-
tion modeling, and forecasting. With this in mind, in this section, we develop a quadratic regres-
sion model to perform statistical analysis on the skin friction coefficient and Nusselt number. To
this end, a set of 200 values of Pr randomly selected in the interval [0.7,40.0], M € [0.2,5.0],R €
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Figure 10. Skin friction and Nusselt number against A and streamwise location (.

[0.1,4.0], H € [0.0,2.0], Q2 € [0.6,1.0] and 7y € [0.5,2.0] to estimate %Rein and Re;%Nux for various
Reiner-Philippoff fluid parameter A € [0.0,1.5]. The parameter range is more significant for 4 to
cover the range of both shear-thinning fluid and shear-thickening fluid. This is also corroborated
by the range of Pr, which covers fluids in this range. For example, the Pr for water is around 6.9,
while for gases it falls in the neighborhood of 0.7.

The regression estimation for the Nusselt and skin-friction follows the mathematical expres-
sion given as

1 1 1 1 .
S RexCy, ziReicf+ﬁ1y+ﬁ2M+ﬂ3R+ﬁ4Pr+ﬂ5Q+ﬂ6H+ﬁ7m

2 (33)
1 1
Rex’Nuy,, = Rex*Nuy + figy + oM + f1oR + B, Pr+ f1,Q + Bi3H + 4.
Here, i, B, B3, ..., Pis are the regression coefficients. It is immediate to see that when all

the parameters are zero, we obtain ;Re;Cy, = JReiCy and Re,’Nu,, = Re,’Nu,. Therefore, the
regression terms (representing unknown parameters) have a substantial impact on both response
parameters, i.e. Nusselt number and skin friction.

It is important to note that the process of finding a mathematical relationship for which this
study intends to achieve for the local Nusselt or the skin friction coefficient with all the seven
independent variables as expressed in Eq. (33) is in line with the theory of statistical inference
and as such, it is reasonable to construct a statistical procedure. This is consequent on defining a
null hypothesis Hy: that the parameters f3;’s expressed in Eq. (33) are equal and equal to zero. On
the alternative hypothesis H,: there is a contradiction of at least one of the f’s; that is one of
them is different and different from zero.

Figure 11 is the regression analysis graph. It depicts the strength of relationship, residuals and
line of best fit. Table 1 presents the analysis of variance (ANOVA) to establish the relationship
between the Nusselt Number and skin friction with the independent variables in the flow equa-
tions. According to ANOVA results, the F-value serves as an indicator of the information result-
ing from the pivotal approximation between the model and other components embedded in it.
On the other hand, the p-value validates the reliability of the demonstration from a statistical
point of view. The F-value in itself can replace the p-value but in this sense, it would require the
F distribution table to do so. A high F-value indicates significance in the outcome, while a low p-
value strongly supports the significance claimed by the F-value. Consequently, we can say that
both the F-value and the p-value complement each other and play a crucial role in the analysis.

In details, definition of terms for the regression analysis is as follows, for the regression model,
there are two components; they are the deterministic and the stochastic components. The stochas-
tic component which is the error component has points which are not captured by regression
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Figure 11. Graph of the regression equation for skin friction and Nusselt number.
Table 1. Analysis of variance for the skin friction and Nusselt number.
Skin friction (SF) Nusselt number (NN)
Source DF Adj SS Adj MS F-Value p-Value DF Adj SS Adj MS F-Value p-Value
Regression 7 175159 25.023 1131431 0.000 7 136143 19449  12064.14 0.000
VY 1 0.002 0.002 1.030 0.311 1 0.32 0.32 19.63 0.000
M 1 129.097  129.097  58372.89 0.000 1 4.36 436 270.27 0.000
R 1 0.088 0.088 39.79 0.000 1 9.72 9.72 602.86 0.000
Pr 1 0.088 0.088 39.79 0.000 1 114464 114464  71001.63 0.000
Q 1 7173 7173 3243.19 0.000 1 091 091 56.41 0.000
H 1 8.188 8.188 3702.48 0.000 1 8.19 8.19 507.89 0.000
A 1 0.376 0.376 169.99 0.000 1 0.16 0.16 9.62 0.002
Error 1049 2320 0.002 1049 16.91 0.02
Lack of fit 1045 2.319 0.002 7.75 0.028 1045 16.91 0.02 7088.78 0.000
Pure error 4 0.001 0.000 4 0.00 0.00
Total 1056 177.478 1056 1378.35

line, and they are cumulative of the lack of fit and the pure error. The lack of fit tends to tell
how good the model is in relation to the data from the independent and response variable and
when the lack of fit is large, it tells that the model neglects the true picture of the functional con-
nectedness between the independent variable and its dependent variable.

Figure 12 shows a normal quantile-quantile residual plot for both the skin friction and the
Nusselt number, exhibiting a long and steep tail. The long and steep tail is displayed in the histo-
gram chart displayed in Figure 13.

Figure 12 shows a straight line for both normal probability plot of residual signifying the
errors are normally distributed and a staying end to opposite directions. By implication, the
regression model fits well but with a little effort based on the complexity of the model. The
regression coefficients for both responses (skin friction coefficient and the Nusselt Number) with
its related p-value for nonlinear polynomial model are shown in Table 3. It is good to note that a
p-value higher than the conventional p-value (of either 0.05 or 0.01; depending on which is con-
sidered) is regarded as statistically insignificant, by implication no relative change can be noted
on the output consequent from what might have happened in the input. On the other hand, one
might take extra care as to also consider the situation when p-value is less than or equal to the
level of significance so one does not commit the grave type II error. The mathematical represen-
tation for Table 1 and value for the corresponding regression coefficients in Eq. (33) is given as
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Figure 12. Normal probability plot of residual for skin friction and Nusselt number for analysis of variance.
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Figure 13. Histogram of residual for skin friction and Nusselt number.

1 1
EReinm = 0.7682 — 0.00514y — 0.39409M + 0.01230R + 0.001221Pr — 1.0831Q — 0.24816H — 0.104454.
(34)

1
Rex’Nu,,, = —0.0425 — 0.0607y — 0.07240M + 0.12930R + 0.139256Pr + 0.3856Q2 + 0.2482H + 0.0671/.
(35)

For skin friction coefficient only y (independent variable) is not significant and for Nusselt num-
ber all the parameters are significant according to Table 3. It is relevant to note that the values of
the coefficient of determination or regression coefficient R > and the adjusted R-squared (R*) for
both cases are in Table 2. This states clearly that the independent variables fostered a near perfect
relationship with the dependent variable SF and NN and the values are 98.69% and 98.76% confi-
dence respectively. Additionally, the variance inflation factor (VIF) is used to assess the strength
of correlation between the independent variables as listed in Table 1, both for the skin friction
and Nusselt number. However, there is no cause for concern since no multicollinearity or correl-
ation among the independent variables was found for either the skin friction or the Nusselt
number.
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Table 2. Model summary for skin friction and Nusselt number analysis.

Skin friction (SF) Nusselt number (NN)
S R-sq R-sq (adj) R-sq (pred) S R-sq R-sq (adj) R-sq (pred)
0.0470276 98.69% 98.68% 98.67% 0.126970 98.77% 98.76% 98.76%

Table 3. Linear regression model and parameter estimates for skin friction (SF) and Nusselt number (NN).

Skin friction (SF) Nusselt number (NN)

Term Coef SE Coef T-Value p-Value VIF Coef SE Coef T-Value  p-Value VIF
Constant 0.7682 0.0220 34.85 0.000 —0.0425 0.0595 —0.71 0.475

y —0.00514 0.00507 —1.01 0.311 1.18 —0.0607 0.0137 —4.43 0.000 1.18
M —0.39409 0.00163 —241.60 0.000 1.18 —0.07240 0.00440 —16.44 0.000 1.18
R 0.01230 0.00195 6.31 0.000 1.18 0.12930 0.00527 24.55 0.000 1.18
Pr 0.001221 0.000194 6.31 0.000 1.18 0.139256  0.000523 266.46 0.000 1.18
Q —1.0831 0.0190 —56.95 0.000 1.18 0.3856 0.0513 7.51 0.000 1.18
H —0.24816 0.00408 —60.85 0.000 1.17 0.2482 0.0110 22.54 0.000 1.18
A 0.10445 0.00801 —13.04 0.000 117 0.0671 0.0216 3.10 0.002 1.17

6. Concluding remark

This study delved into the analysis of a non-similarity solution for the laminar boundary-thermal
layer flow problem over a stretching or shrinking sheet with magnetic features and a nonlinear
radiation term. The spectral-based numerical technique, particularly the bivariate simple iteration
method (BSIM) implemented in MATLAB, was used to solve the coupled multi-variable differen-
tial equations. Regression analysis for the skin friction and Nusselt number was conducted to
analyze the impact of the response variables. Notably, among the parameters investigated, only
the Bingham constant parameter y exhibited a negligible impact on the skin friction coefficient.
Furthermore, all the parameters had a more substantial influence on the Nusselt number. With o
set at 0.05, a clear explanation of Tables 1-3 can be provided. Firstly, it is worth noting that the
p-value for ANOVA for each of the independent variables corresponds with their counterpart val-
ues in the parameter estimates in Table 3. Additionally, if the p-value is less than the o signifi-
cance level, then the data provides sufficient evidence to conclude that the regression model with
the independent variable fits the data better than the model with no independent variable. This
implies that we do not have enough evidence to accept the H, based on six-parameter model for
the skin friction and the seven-parameter model for the Nusselt Number. Two other crucial
details are the goodness-of-fit, which is R?, and the mean square error, which are considerably
small (0.02) for both skin friction and Nusselt number. Moreover, graphical illustrations were
used to depict the effects of the fluid parameters of interest, and the results demonstrated that:

e Increasing the streamwise parameter { results in an increase in fluid velocity. The practical
implication here is that solving the model Eqs. (3)-(5) with its corresponding condition in
Eq. (6) in two variables, n and (, offers a significant advantage over using # only. The deci-
sion to employ the non-similarity transformation is well-justified.

e The magnetic parameter M has an opposing effect on flow over stretching and shrinking
sheets for both the velocity and temperature profiles. This implies that the magnetic parameter
can act either as an opposing force or a supporting force, depending on the nature of
the sheet.

e The radiation parameter R and Prandtl number Pr exhibit opposite behaviors on the velocity
and temperature profiles of both the stretching and shrinking sheets. Indeed, the Prandtl num-
ber plays a crucial role in influencing how heat is transferred within the fluid. A fluid with a
high Prandtl number will exhibit a different temperature profile compared to a fluid with a
low Prandtl number. This difference arises because the ratio of thermal to momentum
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diffusivity, inherent in the Prandtl number, influences the thermal boundary layer thickness
and heat transfer rates.

The Newtonian fluid serves as the turning point for both shear thickening and shear thinning
in terms of skin drag and Nusselt number. This indeed suggests that for a specific value of the
Reiner-Philippoft fluid parameter 4, the fluid exhibits behavior characteristic of shear-thicken-
ing, Newtonian, or shear-thinning fluid, respectively.

Exploring the potential of using spectral-based iterative numerical method to effectively handle
the nonlinearity arising from the shear stress-shear rate relationship in the Reiner-Philipoff fluid,
and investigating the existence of dual/multiple solutions through the introduction of nanopar-
ticles, could lead to valuable insights. We will investigate this in future studies.
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