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Abstract

Let a graph with n vertices be G. A leaf of G is a vertex of degree 1 in G. The leaf number
of G, denoted L(G), is the number of leaves in a spanning tree of G that contains the
maximum number of leaves possible. The Wiener index of G, denoted W (G), is defined
to be the sum of the distances between all unordered pairs of vertices in G. When the
Wiener index of G, of order n, is divided by (72’), the average distance, denoted u(G),
is obtained. We are concerned with bounds on W(G) and L(G). Also, we attempt to
model the biological activity of some compounds using these two Graph Theory concepts.
The output of the model is analysed using statistical methods and the suitability of the
parameters is determined.
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Chapter 1

Introduction

1.1 Introduction

This dissertation presents an examination of two graph concepts and analyses their suit-
ability as model parameters for predicting the cytotoxicity activity of certain flavonoids,
defined on page 79. The concepts are the connected domination number, defined on page
13, and the average distance. In particular, the lower bound and the upper bound of the
connected domination number, when the minimum degree and order are given, is investi-
gated through the leaf number, defined on page 14. The lower bound and the upper bound

to the average distance of unicyclic graphs and tricyclic graphs are investigated.

Ahmed, Moawad, Owis, Abouzid and Ahmed in [1], provide the data set that is used
later on in an attempt to develop a model that predicts compounds’ cytotoxicity towards

human hepatocarcinoma (HepG2).

In this chapter basic concepts from Graph Theory and Chemistry are presented. This

chapter is concluded by a presentation of the breakdown of the dissertation.

1.2 Graph Theory

A graph G is an ordered pair (V, E) where the elements of V' are the vertices of G and

FE is a possibly empty set of 2-element subsets of V' whose elements are called edges. It



is standard to use the notation V(G) and E(G). The graph is depicted visually by repre-
senting elements of V(G) by points and elements of E(G) by lines connecting these points
determined by which two elements of V(G) are used to form the edge. The order of G is
the number of vertices in G given by |V (G)| = n, and the size of G is the number of edges

in G given by |E(G)| = m. The edge {u, v} is also denoted by uv.

If vertices, say v and v, of a graph G are joined by the edge wv in G, then uw and v
are adjacent or are neighbours in G. The open neighborhood of a vertex v, denoted N (v),
is the set of all neighbours of v. The closed neighbourhood of a vertex v, denoted N[v], is
Nv] = N(v)U{v}. Let A C V(G). The closed and open neighbourhoods of A are defined

as N[A] = UyeaN[v] and N(A) = UyeaN(v), respectively.

Example 1.2.1. Vertex set, edge set and neighbourhoods.

Us

U3 V4

) U1

Figure 1.1: Graph G.

The graph G presented in Figure 1.1 has vertex set V(G) = {v1, v2, v3,v4, v5} and edge set
E(G) = {viva, v103,01U5, o0y, V304, V405 }. Thus, G has order n = 5 and size m = 6. The
vertex v is adjacent to all vertices except vg, and N (vs) = {v1,v4}. For A = {v1,v4}, note

that N[A] = {v1,ve,v3,v4,v5} = V(G). -

For a vertex v in G the degree of v is dege(v) = |N(v)|, and ¢ denotes the minimum degree
among all vertices in G. If degg(v) = § for all vertices in G, then we call G a -regular
graph. A vertex v having degg(v) = 1 is called a leaf, also known as an end vertex. When

the graph is understood deg(v) is used.



Example 1.2.2. Degrees and minimum degree.

Considering Figure 1.1,
e deg(v1) = deg(vg) = 3, and
e deg(vz) = deg(vs) = deg(vs) = 2.
No vertex is a leaf and it is clear that § = 2. The graph is not regular. O

For vertices, say u, v € V(G), not necessarily distinct, a u—v walk W in G is a sequence of
vertices and edges in G which starts at u and ends at v such that the consecutive vertices
in W are adjacent. A walk whereby each vertex appears only once in the sequence is
called a path. Join the first and last vertices of a path to obtain a cycle. The length of
a walk W is |WW| — 1. Similarly, the length of a path and cycle is defined. Note that a
cycle (vi,vg,+ -+ ,vp,v1) is an ordered (n+1)-tuple. This dissertation, however, considers
two cycles the same, when the ordering of the vertices present in the cycles are shifted.

Cycle (vg,v1,v3,v4) and cycle (vs, vy, v2,v1) in Figure 1.2 below are the same.

Example 1.2.3. Walks, paths, cycles and length.

Us U5
V3 (7 v3 U4
()] U1 () U1
Figure 1.2: A walk of G. Figure 1.3: A path of G.

Figure 1.2 depicts a walk, W, of G given by W = (vs, v4,v2,v1,v3,v4). The length of W is
5. Removing the final vertex, v4, from the sequence of the walk results in a path of length
4. This path is depicted in Figure 1.3. Due to the vertex vy appearing twice in W, a cycle

is contained in W. Further, this cycle is of length 4. U



Two common sets of graphs that are mentioned throughout the dissertation is a path
graph and a cycle graph. The path graph on n vertices, denoted P,, is defined to have
V(P,) = {vi,v2,-- ,vn} and E(P,) = {viviy1|1 < i < n —1}. The cycle graph on n
vertices, denoted C,, is defined similarly to P,,, but the edge v,v; is added. The graph Py

and the graph Cy are shown in Figure 1.4.

U3 Vg

o— @ L d ®
U1 V2 v3 U4 V2 U1

Figure 1.4: Graph Py and graph Cjy.

If G contains a u — v path then the vertices v and v are connected in G. If all pairs of
vertices of G are connected then G is connected. A graph that is not connected is discon-
nected. The graph obtained from G by removing a vertex u, and all the edges joined to u,
is denoted by G — {u}. If the graph G is connected and G — {v} is disconnected, then v is

called a cut-vertex. A connected graph containing no cut-vertices is called non-seperable.

A connected graph T containing no cycles is called a tree. For any tree T, |E(T)| =
\V(T)| — 1. Let Ty,---,T) be pairwise disconnected trees. Then, the graph F' having
\V(F)| = U, V(T;) and |E(F)| = UF_, E(T;) is called a forest.

Example 1.2.4. Forest and tree.

T : 1> :

Figure 1.5: Graph F.



Forest F' in Figure 1.5 consists of the 2 disconnected trees, 17 and 7. The trees 77 and

T contains 3 and 2 leaves, respectively. Il

Let a tree T have V(T) = {v,u1, - ,up—1}. If degr(v) = n — 1 and degr(u;) = 1 for
1 <i<n—1, then T is called the star graph and is denoted K1 ,—1. Shown in Figure 1.6

is the star graph on 7 vertices.

Figure 1.6: The graph K.

If H is a graph such that V(H) C V(G) and E(H) C E(G), then H is called a subgraph
of G. A subgraph H of G having V(H) = V(G) is said to be a spanning subgraph. If a
spanning subgraph H of a graph G is a tree, then H is called a spanning tree of G. Figure

1.7 depicts a spanning tree of graph G in Figure 1.1.

V2

U4 v3 U1
Us

Figure 1.7: A spanning tree.

For a nonempty subset S of V(G), (S) is used to denote the subgraph of G induced by
S where V((S)) = S and two vertices u, v € V((S)) are adjacent in (S) if and only if
wv € E(G). A subgraph H of a graph G is called an induced subgraph of G if there is
a nonempty set S of V(G) such that H = (S). If G contains vertices vg, vy, - , vy such

that:

10



the path (vg,v1,--+ ,vy,) is a subgraph of G,

e degi(vo) > 3,

degg(v1) =2 =degg(ve) =2 = -+ = degg(vn—1) = 2, and
o degg(vy) =1,

then the subgraph induced by {vg, v1,- - ,v,} is called a pendant path. A block of a graph
G is a maximal nonseperable subgraph of G. The symbol, C, used to denote subsets is

extened for graph inclusion. For example, G; C G2 means G is a subset of Gs.

Example 1.2.5. Graph connectivity, cut-vertex and block.

V2 Vg

U5

U1 U3 Ve

Figure 1.8: A graph B.

Figure 1.8 a depicts graph B having V(B) = {vi,v2, -+ ,v6} and E(B) = {viv2,v1vs,
V93, V34, V3Us5, U3V6, V4V5, UsVg . Clearly every pair of vertices are joined by some path,
and so B is connected. Removing vertex vs disconnects B making vs a cut-vertex of B.
Further, v is the only cut-vertex of B. The subgraph ({vs, v4, v5,vg}) is nonseperable and

maximal, and is therefore a block. ]

Two graphs G and H are said to be ¢somorphic, denoted G = H, if there exists a bijective
function ¢ : V(G) — V(H) such that two vertices, say u and v, are adjacent in G if and
only if ¢(u) and ¢(v) are adjacent in H. If no such function ¢ exists, then G and H are

said to be non-isomorphic.

11



Example 1.2.6. Subgraphs and isomorphism.

H1 : H2 :
U5

V3 V4 V3 V4

U1 V2 U1

Figure 1.9: Two induced subgraphs.

Figure 1.9 shows two subgraphs of a graph G shown in Figure 1.1. Here, H; = ({v1,v3, v4, v5})

and Hy = ({v1,v2,v3,v4}). These two subgraphs are isomorphic under the isomorphism

§Z5 V1 V3 V4 Vs
“\vivavgv3)’

¢ :V(Hy) — V(Hs) defined by

g

The relationship between a tree’s order and size is used to form a new definition of
connected graphs containing an arbitrary number of cycles. Recall that for a tree T,
|E(T)| = |V(T)|—1. A connected graph of order n and size n is called a unicyclic graph. In
general, a connected graph G of order n and size (n—1)+t is called a t-cyclic graph. Hence,
a 1-cyclic graph is a unicyclic graph, a 2-cyclic graph is a bicyclic graph and a 3-cyclic
graph is a tricyclic graph. A t-cyclic graph may contain more than ¢ cycles. This property
is shown in Example 1.2.7. The notation G, ; := {Order n graphs G| G is t-cyclic} is used

here on.

Example 1.2.7. Cycles in a graph.
Figure 1.10 depicts a 2-cyclic graph containing 3 cycles given by the walks: (uq, ug, us, u1),

(u2,us, uq,uz) and (ui, ug, w4, us, uy).

12



Ul U3

us U4

Figure 1.10: A bicyclic graph with 3 cycles.

V3 U4

Figure 1.11: A tricyclic graph with 5 cycles.

Figure 1.11 depicts a 3-cyclic graph containing 5 cycles given by: (v1, ve, vs,v1), (v1,v3, vy,
v1), (v1,v2,v4,v1), (V2,v3,v4,v2) and (v1, ve,v3,v4,v1). Recall, that due to the four vertices,
v1, V2, v3 and vy, being present across every possible cycle of length 4, these cycles are

considered the same. O
A well known Graph Theory result, as found in [5], is stated without proof.

Theorem 1.1. [5] (The Handshaking Lemma) If G is a graph of size m, then

Z deg(u) = 2m.

ueV(Q)

For all other notation and terms not presented here, see [5].

1.3 Graph Domination and Leaf Number

Consider a connected graph G and a set S C V(G). If every vertex v € V(G) — S is
a neighbour of some vertex in S, then S is called a dominating set of G. Let S be a
dominating set of G. We call S a connected dominating set of G if (S) is connected. Note
that a graph may have multiple connected dominating sets. The minimum cardinality

across all connected dominating sets of G is called the connected domination number of G

13



and is denoted by 7.(G). The leaf number of G, denoted L(G), is defined as the number

of leaves in a spanning tree of G containing the maximum number of leaves possible.

Example 1.3.1. Dominating sets and leaf number.

U1 V2 V1 V2
o— @ o— @ L
(%3 V3 V4 V6 Vs V3 V4 Ve
Figure 1.12: A graph G. Figure 1.13: A spanning tree T of G.

Shown above in Figure 1.12 is the graph G having V(G) = {v1,v2, -+ ,v6} and E(G) =
{v1v2, V103, V23, VoV, V3V4, V3U5, V4v6 }. Figure 1.13 depicts a spanning tree formed by re-
moving edges v1ve and vovg from G. In both figures, sets {vs, v1,v2,v6} and {vs, vg} are
disconnected dominating sets. Further, {vs, vo, v4}, {v1,v2,v3,v4}, {vs,v1,v4} and {vs,v4}
are connected dominating sets. It is clear that {vs,vs4} is a connected dominating set of G

having minimum cardinality, thus

Ye(G) = {vs, va}| = 2.

The leaf number of G is equal to the number of leaves in T, as this is clearly a spanning

tree with the maximum number of leaves. This means L(G) = 4. O

Note that the vertices of T', in Figure 1.13, that are not leaves are vs and vy, and these
are vertices of a minimum cardinality connected dominating set of GG, in Figure 1.12. In

general,

n = L(G) +7.(G)

for all connected graphs G having |V (G)| = n. Due to this equality, 7.(G) is studied
through L(G).

14



1.4 Distance Measures

The length of a shortest u — v path in G is the distance between a vertex u and a vertex v
in G, denoted dg(u,v), for any connected graph G. When it is clear what graph is being
worked with, d(u,v) is used. The distance between the two farthest vertices of G is called
the diameter of G, denoted by diam(G). Further, define the distance (also known as the
total distance) of a vertex v € V(G), denoted D¢ (v), to be the sum of all distances between

v and every other vertex of G. That is,
Dg(v)= Y da(u,v).
ueV(G)

When the graph is clear, D(v) is used. The Wiener index of a graph G, denoted W(G),
is given by

WG = > dg(u,v):% > Da(v).

{uw}CV(G) veV(G)

The average distance of graph G is given by

W& = 3 o= (3) @)

ueV(G)
where n is the order of G.
Example 1.4.1. Wiener index and average distance.

V3 V4

o V9 U5
Figure 1.14: Graph G.

Consider graph G in Figure 1.14. First, the distances for all vertices in G is determined as

follows:

15



D(v1) = d(v1,v2) + d(vi,v3) + d(v1,v4) + d(v1, v5)
—14+1+14+2=5,

D(vy) = d(va,v1) + d(ve,v3) + d(ve,v4) + d(va, v5)
—14+2+14+1=5,

D(v3) = d(vs,v1) + d(vs, v2) + d(vs, v4) + d(vs, v5)
—142+1+43=7,

D(vyq) = d(vg,v1) + d(vg,v2) + d(vg, v3) + d(v4,v5)
—141+1+2=5, and

D(v5) = d(vs,v1) + d(vs,v2) + d(vs, v3) + d(vs,v4)

—2+1+3+2=8.

Second, the Wiener index is determined as follows:

W(G) = %(D(’Ul) + D(Ug) + D(’Ug) + D(U4) + D(U5))

1
=5(B+5+7+5+8) =15

Last, the average distance:

u(G) = (Z) W(G)
— 2 (15)
= 1.5.

O

Needed for Chapter 4 is the Wiener index of a cycle which is stated here without proof as

Theorem 1.2.

16



Theorem 1.2. [19] The cycle graph C,,, where n > 3, has

3 . .
&, if n is even,

W(Cn) -
”%”, if n is odd.

1.5 Vertex Unions on Graphs

Let G be a graph with u; € V(G1) and G2 be a graph with uy € V(G2). The vertex union
of G; and (9, denoted G; U (o, is a new graph G such that u; and us become the
uL=uso

same vertex, say u, in G. Note that u is a cut-vertex in G, as defined on page 9. Example

1.5.1 depicts the union of graph G; and graph G» in Figure 1.15 and Figure 1.16.

Example 1.5.1. Vertex union on two graphs.

MAA N A

Figure 1.15: Graph G; and graph Gs. Figure 1.16: A vertex union of G; and Ga.

g

1.6 Organic Chemistry and Graph Theory

Flavonoids are a group of bioactive compounds that are extensively found in foodstuffs
of plant origin. Their regular consumption is associated with reduced risk of a number
of chronic diseases, including cancer, cardiovascular disease (CVD) and neurodegenerative
disorders, [12]. Figure 1.17 depicts the molecular form of Quercetin, a flavonoid useful in
the treatment of cancer, [20]. Graph Theory cannot readily be used on this compound’s

molecular form.

17



OH
OH

HO O

OH
OH O

Figure 1.17: The chemical compound Quercetin.

Figure 1.18: The molecular graph for Quercetin.

Therefore, how the molecule is depicted must be transformed so that Graph Theory tech-
niques can then be applied. This new graph, called the molecular graph, is obtained by
representing each atom by a vertex and each bond by an edge. The molecular graph for
Quercetin is shown in Figure 1.18. Note that this representation ignores the types of atoms
present in the molecule as well as the presence of triple bonds or double bonds, however,
the interested reader may look into use of vertex-weighted graphs or edge-weighted graphs

in this regard.

18



1.7 Overview of Dissertation

The dissertation is divided into 6 chapters of which Chapter 1 defined the necessary defi-

nitions and notations used from Graph Theory.

Chapter 2 presents some of the literature relevant to the leaf number, the average dis-

tance, and Graph Theory applications in Chemistry.

In Chapter 3, the bounds on the connected domination number of a graph is investi-
gated by studying the bounds on the leaf number. Section 3.2 establishes a lower bound
on the leaf number of a graph for general § while Section 3.3 establishes an upper bound
on the leaf number for general §. Section 3.4 transforms the results of Section 3.2 and

Section 3.3 to present bounds on the connected domination number of a graph for general

0.

In Chapter 4, the average distance of unicyclic graphs and tricyclic graphs are investi-
gated. This is done by studying the Wiener index. Section 4.2 presents a theorem that
allows us to express the Wiener index of a graph union in terms of the Wiener index of
the graphs making up the union. The result is used in various proofs throughout the
chapter. Section 4.3 establishes an upper bound and a lower bound on the Wiener index
for unicyclic graphs. Section 4.4 establishes an upper bound and a lower bound on the
Wiener index for tricyclic graphs. Section 4.5 presents an original result to the Wiener
index of t-cyclic graph for any ¢. Section 4.6 uses the results of Section 4.3 and Section

4.4 to provide bounds on the average distance for both unicyclic graphs and tricyclic graphs.

In Chapter 5, the applicability of modelling compounds’ cytotoxicity towards human hep-
atocarcinoma values using the connected domination number and the average distance of
the molecular graph is investigated. Section 5.2 is our hypothesis. Section 5.3 presents the

necessary data needed for the model. Section 5.4 presents the model and uses statistical
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methods to analyse the output.

Chapter 6 is the closing chapter and brings together all results obtained throughout the

dissertation.

1.8 Conclusion

This chapter presents the necessary definitions and notations needed to understand this
dissertation. The Graph Theory concepts, leaf number and average distance, described in
Section 1.3 and Section 1.4 have been given their own sections as they are the focus of
Chapter 3 and Chapter 4, respectively. The vertex union operation described in Section 1.5
is used heavily throughout the proofs of Chapter 4, some of which are original. Finally, the
molecular graph of a molecule, as shown in Section 1.6, enables us to use the leaf number
and the average distance in an attempt to model biological activity. The next chapter is

the literature review.

20



Chapter 2

Literature Review

2.1 Introduction

This chapter presents a history of the leaf number and the Wiener index of a graph.
Special attention is given to the results that build up to the theorems that are proved in

later chapters. The chapter is concluded by an overview of the next chapter.

2.2 Leaf Number

In 1979, Sampathkumar and Walikar published [23] following private communication be-
tween Walikar and Hedetnieme. This paper defines the connected domination number and
then calculates the connected domination number for some of the popular classes of graphs:
paths and cycle graphs. Sampathkumar and Walikar also established a few bounds on the
graph parameter. It is around this time that the term dominating set was popularised over
the other names used, such as “absorbant set”, “externally stable set” and “point-point

covering set”.
Let G be a graph of order n. A result of [23] states that
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Thus, the connected domination number of a graph can be investigated by studying the leaf
number of the graph. The problem of determining L(G) in graphs of a certain minimum
degree was considered independently by several authors. Lovasz and Saks considered this
problem in 1987 through a private communication, as mentioned in [11]. Payan, Tchuente,

and Xuong in [18] showed that for G a 3-regular graph,
L(G) > %. (2.1)

Independently, Storer, motivated by complexity concerns in [26], showed that for any 3-
regular graph G,

L(G) > = +2. (2.2)

n
4
The bound of Equation (2.2) was shown, later, to hold for all graphs having minimum
degree 3 by Linial and Sturtevant through a private communication, as mentioned in [11].
These previous results were achieved by constructing a spanning tree such that the desired
bound was met. The constructions, however, could not be generalised for graphs whose
maximum degree does not equal its minimum degree. Kleitman and West in [11] introduced
a method of constructing spanning trees known as the dead leaves method. This method
of spanning tree construction, thoroughly explained in Chapter 3, consists of building a
spanning tree from a specially chosen initial subtree. The dead leaves method was used by
Kleitman and West in [11] to achieve the same bound as Storer in [26]. The dead leaves
method can be generalised to graphs of greater minimum degree. This was implemented in
[11] to find two lower bounds on the leaf number given minimum degree. The first result

shows that for a graph G having |V (G)| =n and 6 = 4,
8
L(G)> — + —. (2.3)

The second result shows that any graph G of order n and minimum degree § has
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L(G) > [1 - bl”g‘)} n (2.4)

where b > 2.5 is a constant. Rather than using a set construction method, Inequality (2.4)
is proved by showing that some algorithm for the construction of such a tree achieving the
bound exists. Griggs and Wu in [7] also obtained the bound in Inequality (2.3), and found

that for a graph of order n and § = 5,

LG) > = +2. (2.5)

n
2
The bounds of Inequality (2.1), Inequality (2.2), Inequality (2.3), Inequality (2.4) and
Inequality (2.5) all align with Linial’s Conjecture, as mentioned in [7]. The conjecture
states that for a graph G having |V(G)| = n and minimum degree 0,

L(G) > (g:i) n+ s (2.6)

where ¢s is a constant that depends on §. By the bounds of Inequality (2.2), Inequality
(2.3) and Inequality (2.5), Linial’s conjecture is true for graphs with § < 5. Alon in [2],
however, proved by studying hypergraphs that for n large enough there exists a graph with

minimum degree § and no dominating set of size less than

1+In(6+1)

(1+0s() =515

(2.7)

Since all connected dominating sets are themselves dominating sets, Inequality (2.7) dis-
proves Linial’s Conjecture for sufficiently large §. The same result was obtained later by
Caro, West and Yuster in [4]. Our research would indicate that proving Linial’s Conjecture
false for § > 6 is a difficult problem. Work has been done in proving Linial-like bounds as
well as bounds on the leaf number of graphs with forbidden subgraphs. Mukwembi, Mun-

yira and Mafuta in a private communication showed that for a graph G with |V(G)| =n
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and and minimum degree ¢ > 3,

L s D2, 204D

o1 -1 (2:8)

Showing the bound in Inequality (2.8) to be sharp would be sufficient to disprove Linial’s
conjecture for larger values of §. Inequality (2.8) was proved by constructing a spanning

tree using the packing method.

The packing method for constructing spanning trees was presented by Dankelmann and
Entringer in [6], in an attempt to find spanning trees with the smallest average distance.
An upper bound on the leaf number of a graph G having |V(G)| = n was found by Kleitman

and West in [11] to be

L(G)<n—3LSZIJ+2. (2.9)

The proof of Inequality (2.9) considers the set of graphs that have the largest L(G) across
all graphs G of minimum degree §. The authors denote these graphs by G, 5. The proof
fails, however, because L(Gy, s) is calculated without showing that such graphs do indeed

have the largest leaf number.

A slightly weaker version of the bound in Inequality (2.2) is proved making use of the
dead leaves method and is presented in Chapter 3. The bound of Inequality (2.8) is also
proved. The proofs of these two results provide a detailed description of both the dead
leaves method and the packing method, and shows off their applicability. A counter ex-
ample to Inequality (2.9) is presented and we put forward an alternative upper bound on

the leaf number is also presented in Chapter 3.

2.3 Wiener Index

In 1947, Harold Wiener introduced the topological graph index in [28] known as the Wiener

index for the purpose of determining the approximation formula of the boiling point of
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paraffin. This parameter has been shown to have various applications in Chemistry, see for
example [3], [21] and [22]. Considerable work has been done to find bounds on the Wiener
index of different classes of graphs. Of interest to this dissertation is an upper bound on
the Wiener index given the t-cyclic nature of the graph. Wang, Tan and Zhu in [27] showed
that the star graph on n vertices with ¢ edges added between any t non-adjacent pairs of

vertices has

W(G) > (n—1)%—t. (2.10)

This is best possible for any t-cyclic graph. The upper bound for a unicyclic graph has
been found in [30] by Yu and Feng to be

W(G) < =(n® —Tn +12). (2.11)

D=

Xhanti in [29] found the upper bound for a special class of bicyclic graphs, specifically,

cactus graphs. A bicyclic cactus graph G has

n3

W(G) < g(n3 —13n+24) — %Sn + 4. (2.12)

The cactus graph is a special set of connected graphs defined by the nature of their cycles,
that is, a connected graph such that any of the contained cycles shares at most one vertex.
A t-cyclic cactus graph contains exactly ¢ cycles. Gutman, Lie and Wei in [9] showed a
cactus graph G with |V(G)| =n > 7 containing ¢ > 0 cycles has

%k3—2nk2—%k+%—% for t = 2k,

W(G) < (2.13)

SE® —2nk? + 6k% — 2nk + 0k + % — 2 for t =2k + 1,

for some non-negative integer k. Wang, Tan and Zhu in [27] have found the upper bound

on the Wiener index of tricyclic graphs, that is,

W(G) < =(n® — 19n + 48). (2.14)

[ I
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Soltes in [25] showed that any ¢-cyclic graph G of order n has

D—-1

W(G) < (Z) + [(Z) —m— |S{(PEam)l| , (2.15)

i=1
where PK,, ,, is specified in the paper as the path complete graph of size m, order n and
having a diameter of D. Further, Si(G) is defined to be the set of all unordered pairs of

non-adjacent vertices in G such that the distance between these vertices does not exceed

k. Figure 2.1 depicts the path complete graph on 6 vertices with size 8.

Figure 2.1: Graph PKgg.

Polansky and Bonchev in [19], with the intention of using distance based measures for
chemical applications, studied the changes to the Wiener indices of graphs that have had a
graph operation applied to them. One of these results is a theorem about the Wiener index
of a graph that can be written as a graph union. This result states that if G = G; U Go

ulL=ug

with [V(G1)| = n1 and |V(G3)| = ng, then

W(G) = W(Gl) + W(Gg) + (n1 — 1)DG2 (UQ) + (TLQ — l)Dgl (’U,l) (2.16)

Equation (2.16) is useful to us as this result is used to provide original results to various
proofs throughout Chapter 4. Inequality (2.10), Inequality (2.11) as well as Inequality
(2.14) are thoroughly examined in Chapter 4 too. An original alternative form to Inequality

(2.15) is presented in Section 4.5 and is shown to coincide with the other results.

2.4 Graph Theory and Chemistry

There are problems present in identifying compounds suitable for drug design. Two such

obstacles are the large cost to test chemical compounds in the laboratory as well as decid-
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ing which compound, from the many possibilities, can be taken to the laboratory for tests.

We believe the second issue posed may be simplified through the modelling of compounds
using graphs and Graph Theory techniques to make predictions on the best chemical com-
pounds to test. This approach has been used in papers, such as “Model for prediction
of carbonic anhydrase inhibitory activity of sulfonamides”, [13]. Various parameters have
been used in these models, including the Zagreb Group Parameter, Wiener index and the
eccentric connectivity index. To the best of our knowledge, no work has focused on us-
ing the connected domination number in a model and we will initiate this study in this

dissertation.

2.5 Conclusion

We have seen how the history of the leaf number and the Wiener index developed. In
the next chapter we use both the dead leaves method as well as the packing construction
method to find lower bounds on the leaf number. This chapter also presents a counterex-
ample to the upper bound on the leaf number presented by Kleitman and West, followed

by our own bound that is now best possible.
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Chapter 3

Connected Domination Number of

Graphs

3.1 Introduction

This chapter establishes bounds on the leaf number of a graph when the order as well as
the minimum degree are given. The lower bound on the leaf number is proved for the
specific case of § = 3 and then for the general case of § using two different methods of
forming spanning trees, namely the dead leaves method proposed by Kleitman and West

in [11] and the packing method developed by Dankelmann and Entringer [6].

Our result on the upper bound of the leaf number given the minimum degree of the graph
closes a non-trivial gap in Theorem 1 of [11]. All graphs used throughout the chapter are

necessarily connected.

3.2 Lower Bounds

Recall that for a connected graph G, L(G) denotes the leaf number of G. In this section,
lower bounds on L(G), where |V (G)| = n and for various minimum degrees of graph G,

is proved. In this regard, first consider 6 = 3. The following lemma is a statement about
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3-regular graphs. In [11] the following result is stated without proof; our own proof is

provided here.

Lemma 3.1. [11] Let a 3-regular graph, where every edge is on the boundary of a triangle,

be G. Then, G = Ky4.

Proof. Let G be a 3-regular graph having every e € E(G) being a boundary of a triangle.
Let zy € E(G). By assumption, xy is a boundary of a triangle. Let z be the vertex such
that z, y and z form a triangle. Since degg(z) = 3, vertex x has another neighbor, say z7.
The edge xx1 must also be on the boundary of a triangle. Next, it is shown that z; can

only be adjacent to x, y or z.

Suppose, to the contrary, that x; has a neighbour xs # y and zo # z. The edge ziz9
must lie on a triangle, say (x1,x2,u,z1). Note that u # y and u # z since G is 3-regular.
It follows that the edge xzx; cannot be in any other triangle, otherwise x has degree at
least 4, a contradiction. Thus, from deg(x1) = 3, 1 must be joined to both y and z. Since
G is 3-regular, V(H) = {z,y,z,21} and E(G) = {zx1,zy,xz,21y,212,y2}. Therefore,
G = Ky. O

Before proceeding to Theorem 3.1, a few terms are defined.

The next theorem uses a special method for constructing spanning trees known as the dead
leaves method, proposed by Kleitman and West in [11]. The dead leaves method is now
defined.

Let G be a graph. To construct a spanning tree of G with the desired number of leaves,
start with a small subtree of G and then expand the tree step-by-step. Let T denote a
subtree with n vertices and [ leaves. If x is a leaf of T', then the number of neighbours x has
in G — T, denoted d'(z), is the out-degree of x. Next, expand T by adding the d'(x) edges
from x to all the neighbours in G — T'. This expansion is called an operation of expansion

at . A leaf x of T is “dead” if d'(z) = 0, that is, no expansion is possible at this leaf.
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Hence, z is a leaf in the spanning tree of G.

Let L, D, and N be the number of leaves gained, the number of dead leaves gained
and the number of new vertices added respectively. The value of these variables needs to

be tracked throughout the construction. To this end, let f(L, D, N) denote a cost function.

Identify an initial subtree Tj that meets the requirements of Theorem 3.1 below. There-
after, expand Tp into a tree of larger order eventually forming the tree T" that is a spanning
tree. This is achieved by growing the current tree, say T;_1, to T; ensuring that f(l,d,n) > 0
for each expansion of T;_1, where [, d and n are calculated when T;_1 is expanded to T;.
An expansion satisfying f(I,d,n) > 0 is called admissible. All dead leaves of T;_; are also
dead leaves in any subsequent tree. This means that the number of dead leaves gained
at stage ¢ are the dead leaves of the tree T; created by expanding T;_1 to T;. Expanding
To using admissible operations results in the final tree being a spanning tree of G, say T,

and all leaves are necessarily dead. That is, L(G) = D and the result, Theorem 3.1, follows.

The dead leaves method is now used to prove a lower bound on L(G) for a minimum

degree 6 = 3 graph G where |V (G)| = n as a result of [11].

Theorem 3.1. [11] For a graph G of order n and 6 = 3,

L(G) > — +

~1 3
| W

Proof. Let G be a graph of order n and minimum degree § = 3. Note that L(G) > n/4+3/2
if and only if
AL(G) —n > 6. (3.1)

Choose the cost function to be f = f(L,D,N) = 3L+ D — N. Inequality (3.1) will hold

if and only if G contains a spanning tree having f(L,D,N) > 6.
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In this regard, construct a tree Ty that satisfies f > 6. Expand Ty together with sub-
sequent trees to a spanning tree 1" by a series of expansions where An vertices are added
such that the number of leaves gained and the number of dead leaves gained are given by
Al and An, respectively, at each expansion. Further, f(Al, Ad,An) > 0 must be satis-
fied. The final tree T is a spanning tree having all its leaves dead. By definition of L(G),
it follows that 3L(G) + L(G) —n > 6. Hence, f(L,D,N) = 3L+ D — N > 6 giving
3L(G) + L(G) = 4L(G) > n + 6, as desired.

Consider now three cases of G whereby a suitable subtree, Ty, is found for each case.

Thereafter, admissible operations of expansion is defined to expand T to a spanning tree

T of G.

Case 1: There is a v € V(G) with deg(v) > 3.
Let deg(v) > 3 and let {v1,v2,v3,v4} C N(v). Choose Ty to be the tree with V(Ty) =

{v,v1,v9,v3,v4} and E(Ty) = {vv1, vva, vvs,vvs}. Then Ty is a star with

.l0:47
e dyp >0 and
e ng=>.

Hence, f(lo,do,no) = 3lo+do —no > 3(4) +do — 5 > 7 and so f(ly, do,no) > 6.

Case 2: (G is 3-regular and every edge is a boundary of a triangle.

By Lemma 3.1, G = K4, and so,

~ 3
+
oo

The result then follows.

Case 3: G is 3-regular and at least one of its edges, say e, is not on the boundary of
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a triangle.

Let e = uv be one of the edges in G which is not on the boundary of a triangle. Then,
N(u) N N(v) = @. Further, let u;, us € N(u) and v1, v2 € N(v). Choose Ty to be the
tree having V(Tp) = {usg, u1, u,v,v1,v2} and E(Ty) = {e, ugu, uju, vvi,vvy} as depicted in

Figure 3.1. Then,

L4 l0:47
e dyp >0 and
on0:6.

Hence, f(ly,do,no) = 3lo + do —np = 3(4) + do — 6 = 6 + dy > 6, as required.

Uug V2

(5] U v (%]

Figure 3.1: Initial subtree of Theorem 3.1, Case 3.

We now introduce three admissible expansions, denoted O1 and O2, which are sufficient

Z1 Z9 z
.‘\
\
I
L
x X hﬁ\i\\
8] a2

Figure 3.2: Operation O1 and Operation O2.

to grow T into T'.

Recall that for x to be a leaf in a tree T, d'(z) is the number of neighbours of = that are
not yet a part of T'. Start off with our initial subtree Ty. Let T7 be the tree obtained after
performing an expansion operation that incorporated more vertices into Ty. After some ¢
expansions there is no more available vertices to add to T;, that is T; = T a spanning tree
of G. The admissible expansions O1 and O2 are defined and then shown to be sufficient

to build such a tree T;.
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O1: Expansion of two or more leaves.
For some current leaf x in T;—; with d'(z) > 2, let z; and 29 be two of the d'(z)
neighbors of x. Expand T;_; at z by joining = to each of z; and z3. Both z; and
29 become leaves but leaf x is lost, so Al = 2 —1 = 1. Note that Ad > 0 and
An = |{z1, 22}| = 2. Therefore, f(Al,Ad, An) = 3(Al)+Ad—An >3(1)+0—-2 =1,

and so O1 is admissible. The expansion is depicted as O1 in Figure 3.2.

02: Expansion of a single leaf.
Every current leaf x in T;_; has d'(z) < 1 and some vertex, say z, outside T;_1 has
at least 2 neighbours inside 7T;_;. Expand at x by joining = to z by an edge. Since
d'(z) = 1, one leaf is added and x is lost as a leaf, Al = 0. After expanding at z
the two neighbours of z in T; = T;_; U {z} become dead giving Ad > 2. Note that
An = |{z}| = 1. Thus, have f(Al,Ad,An) = 3(Al) + Ad — An > 3(0)+2—1 > 0,

and so O2 is admissible.

As ¢ = 3, any neighbour of a leaf in T;_; that are not in 7;_; has either two neighbours in
T;—1 or two neighbours not in 7;_1. Thus, the admissible operations O1 and O2 is always
available until 7" is spanning. Using expansions O1 and O2, the initial tree Tj is expanded
to T, with f(Al, Ad, An) > 0 for each operation. Therefore, the final tree has all of its
leaves dead, that is, D = L(G) and f(L,D,n) = 3L(G) + L(G) —n = 4L(G) —n > 6,

completing the proof. O

The proof of Theorem 3.2 can be extended for the case of 6 = 4. This is done by choosing a
suitable cost function and defining sufficient operations such that a spanning tree with the
desired number of leaves may be built. This gives, for a graph G of order n and minimum
degree 6 = 4,

L(G) > —n+

(SN
o] 0o

The lower bound for general ¢ is found by the work of Mafuta, Mukwembi and Munyira in
[15]. First, the following lemma in [15] is stated without proof. Recall the graph inclusion

notation defined on page 11.
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Lemma 3.2. [15] Let T' C G be a subgraph of G that is a tree. There exists a spanning

tree T of G such that T" CT and L(T) > L(T").

Next, the definition of a packing set and how to construct one is presented for a graph
G. A k-packing set A is a subset of V(G) such that dg(x,y) > k+ 1 for any z,y € A.
A k-packing set B such that for any other k-packing set C' where B C C implies C = B
is said to be mazimal. First, let A = {v} for a vertex v of G. Add all vertices u such
that d(u,z) > 3 where x € A to A. Note that all vertices in G not in A will be within a
distance of 2 from A. The following theorem presents the bound on the leaf number given

minimum degree and order through the construction of a packing set.

Theorem 3.2 below is of the same nature as Linial’s conjecture for the number of leaves in
spanning trees. The bound presented below, if sharp, would disprove Linial’s conjecture.
Theorem 3.2, however, does not examine the sharpness of its bound and this is left as an

area of further research.

Theorem 3.2. [15] Let G be a graph of order n and 6 > 3. Then,

-2  20+1)
> .
LG) z o5+ 55

Proof. Let G be a graph of order n and minimum degree §. Further, suppose there is a

maximal 2-packing set, say A, of G. Label each vertex of A by a; for i =1,--- |A|.

Let T be the forest where each component C; has V(C;) = NJa;] and edge set of T”

consists of all edges incident to a;. Let [(T") be the number of leaves in T”. It follows that

UT") = 3 dega(v).

vEA

There are |A| — 1 edges in G such that each of these edges join two distinct vertices of A

by the construction of A. Add these edges to T” to obtain tree T”. Since all |A| — 1 edges
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are joining two leaves of T”,

L(T") > L(T") — 2(|A| = 1)

= dega(v) — 2|Al + 2. (3.2)

vEA

Let the vertices of G—T" be B. Then, each v € B is a distance of one from some u € N[A].

Further, A, N[A] and B form a partition of V(G). Therefore,
n=[A[+|N[A]| + |B| = |A] + ) _ deg(v) + | B|.
vEA
It follows that
n—|Al = |B| =) dega(v),
vEA
and so, from inequality (3.2),

L(T") =) dega(v) — 2| Al + 2
vEA

=n— |A| - |B| - 2|A| +2

=n—3|A|— |B| + 2. (3.3)
First, consider |A|. Due to ¢ being the minimum degree of all vertices in G,

S dega(v) > 64|
vEA
and so,

n=1Al+ 3 dega(v) + |B|
vEA

> |A| + d|A| + | B]

=(0+1)|A| +|B|.
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Hence,

By inequality (3.3),

L(T) >n—3|A| —|B|+2

n — |B|
>n_3 1B +2
>n =3 — B+
5—2  5-2

n—2"2|B|+2

>
T o+1 0+1
Next, the possible values for |B| in terms of ¢ are determined. If

0—2 n d+1
26 -1 26 — 1’

[Bl <n

then,
§—2  2064+1)
!
> .
LT) 2 g5+ 551

Apply Lemma 3.2 to B, to obtain a spanning tree of GG that satisfies the desired bound. If

instead
6—2 20 +1

B| >
Bl> o5 1t 55— 1

then 7" can be extended to a spanning tree T having a larger leaf number. Since for every

vertex v of B there is a vertex v’ of N(A) such that v is adjacent to v/, let T' have

E(T")U{v'|ve B,v' € N(A)}.

It follows that

completing the proof. O
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3.3 Upper Bound

The lower bounds on the leaf number given the order and the minimum degree of a graph
is found in Section 3.2. This section, for completeness, presents the upper bound on L(G)
given |V(G)| = n as well as the minimum degree of graph G. Theorem 3.3 presents an
upper bound on L(G) for G given its order and minimum degree of graph G. The result

is found in [11].
Theorem 3.3. [11] Let G be a graph of order n and minimum degree 6. Then,

n

0+1

L(G)gn—?{ J+2.

As mentioned is Chapter 2, the authors of [11] have not considered all possible graphs in

their proof. Example 3.3.1 presents a counterexample to Theorem 3.3.

Example 3.3.1. Counter example to Theorem 3.3.
Consider the set of graphs of order 10 and minimum degree 2 graphs. By Theorem 3.3,
any such G with |[V(G)| =10 and 6 = 2 has

2+1

Let G’ be the graph that is formed by joining a new vertex v to any two vertices, say u
and y, of Kg. Then, G’ has |[V(G’)] = 10 and 6 = 2 so that the above bound in Theorem
3.3 should hold. Form a spanning tree T of G’ by removing the edge vy and within Ky,
remove all edges not incident to u. Then, T has 9 leaves and so L(G') > L(T) = 9, a

contradiction to the bound stated in Theorem 3.3. O]
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The coming theorem is a statement of the upper bound on leaf number given order. It is

our own result and is now best possible.

Theorem 3.4. A graph G having order n > 3 has

L(G) <n-1.

Moreover, the bound is best possible for any §.

Proof. Let a graph G have |V(G)| =n > 3. As L(G) is defined as the largest leaf number

across all spanning trees of G, due to |E(T')| = |[V(T)|—1 for any tree T', thus L(G) < n—1.

The bound’s sharpness is now proved. Let H be the graph obtained by joining a new
vertex v to 0 vertices of K,,_1. H has order n and minimum degree ¢. Let u be an arbi-
trary vertex of K,,_; that is connected to v. Then, the subgraph T" of H with V(T") = V(H)
and edge set {vv;| v; € N(v)}, for i = 1 to ¢, is a spanning tree of H with n — 1 leaves.

This gives L(H) > n — 1, and so, L(H) = n — 1 from the bound above. O

3.4 Bounds on the Connected Domination Number

Recall that the connected domination number, v.(G), of graph G is defined as the minimum

cardinality across all connected dominating sets of graph GG, and

%(G) + L(G) =n.

The following corollary gives bounds to v.(G) using this relationship, Theorem 3.2 and
Theorem 3.4.

Corollary 3.1. A graph of order n, G, has
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In comparison to Corollary 3.1 the following theorem is presented. According to [10], and
the best of our knowledge, Theorem 3.5 is the best known upper bound on the connected

domination number given order and minimum degree.

Theorem 3.5. [10] Let a connected graph, G, have order n and minimum degree 6 > k.

Then,

145 +0.5/In((k + 1) + In(k + 1)
n :

<

3.5 Conclusion

This chapter established lower bounds and upper bounds on the leaf number. The lower

bound on the leaf number was found to be

L(G) > — +

~3
NN GV

for the specific case of § = 3, and

2-6  2(1+96)

>
L&)z —55n = o5

for general §. A counterexample to Theorem 3.3 in [11] is presented with a correct upper

bound on the leaf number given minimum degree, namely

L(G) <n-1.

The lower bound and upper bound on the Wiener index for both unicyclic graphs and

tricyclic graphs is established next in Chapter 4.
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Chapter 4

Average Distance in Graphs

4.1 Introduction

This chapter investigates the average distance in unicyclic graphs and tricyclic graphs by
studying their Wiener indices. The results of [14] and [9] are used to find the upper bound
on W(G) for G € Gp1 and G € Gy, 3, respectively. Recall that G, ; denotes the set of
t-cyclic graphs of order n. These bounds are then transformed into bounds on the average
distance for unicyclic graphs and tricyclic graphs. First, a theorem presented by Polansky
and Bonchev in [19] that is used to obtain alternative proofs to some of the following results

is presented.

The Wiener index bounds for general bicyclic graphs are not studied as no literature
has been found on this topic. We present an original proof of a result for the upper bound
on average distance for general t-cyclic graphs and we show that the result implies the

specific cases of t = 1 and ¢ = 3, found in [9] and [27], respectively.

4.2 Vertex Unions in Graphs

A result on the Wiener index of a graph, that can be written as a vertex union of two

graphs, proved in [19], is presented.
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Theorem 4.1. [19] Let graph G1 have |V (G1)| = n1 with uy € V(G1), and let graph G
have |V (G32)| = ng with ug € V(G2). Further, assume that G1 and Go are disjoint and
G=Gy U Ga. Then, W(Q) is given by

u1=ug

W(G) = W(G1) + W(G2) + Dg,(u2)(n1 — 1) + D, (u1)(ne — 1).

Proof. By definition,

W(G)= > dwvu)

{vu}CV(G)
= Z d(v,u) + Z d(v,u) + Z d(v,u)
{v,u}CV(G1) {v,u}CV(G2) u€V (G1)\{u1}
veV (G2)\{u2}
=W(G)+W(G)+ Y [d(u,u) +d(uz, v)]
ueV(G1)\{u1}
veV(G2)\{uz}
=W(G)+W(G)+ > duw)+ > d(ugv)
weV(G1)\{u1} u€V(G1)\{u1}
veV (G2)\{uz2} veV(G2)\{uz2}
=W(G)+W(G)+(n2—1) Y dww)+m—1) > dug,v)
weV(G1)\{u1} veV(G2)\{uz2}

:W(Gl) + W(Gg) + DGl (ul)(ng — 1) + DG2 (U,Q)(nl - 1).

This completes the proof. O

4.3 Bounds on the Wiener Index for Unicyclic Graphs

4.3.1 The Lower Bound

The lower bound on W(G) for G € Gy, 1 is established here. Presented next are two trans-
formations of graphs, stated as processes, and corresponding lemmas about the changes to

the Wiener index of these transformed graphs.
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Process 4.1. Consider graph X having v' € V(X), graph Y having v’ € V(Y) and graph
H having u, v € V(H), all three graphs being pairwise disjoint. Identify u with v’ and v
with v’ to obtain graph G. Identify vertices v, v" and u to obtain the graph G7j. Identify

vertices u, v' and «’ to obtain the graph G§. These graphs are shown in Figure 4.1. O

2\

™
.
)

Figure 4.1: Process 4.1 graphs.

Lemma 4.1. [14] Let the graphs obtained as a result of Process 4.1 be G} and G%. Then,
W(GT) < W(G) or W(G3) < W(G).

Proof. Assume that |V(X)| =nx, [V(Y)|=ny and |V(H)|=ng. Let Z=X U H and

v'=v

notice that G =2 U Y=(X U H) U Y).
—a! _u/

u=u v'=v u=

By Theorem 4.1,

W(Z) = W(X) +W(H)+ Dy(v)(nx —1) + Dx (v')(ng — 1)
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and

W(G)=W(Z) +W(Y) + Dz(u)(ny — 1) + Dy (u)(nz — 1)
—W(X)+W(H) +W(Y)+ D) (nx — 1) + Dx (') (ng — 1)

+ Dy (') (nx +ny — 2) + Dz(u)(ny — 1).

Similarly,

W(GH)=W(X)+W(H)+W( )+ Dy(v)(nx — 1)

+ Dx(vl)(nH -1+ Dy(u/)(nx +ng —2)+ Dz(v)(ny —1).

Therefore,
W(G) = W(G7) = (ny — 1)[Dz(u) — Dz(v)].
Now,
Dz(v)= > dz(z,v)+ Y dz(x,v)
zeV(X) z€V(H)
and

Dy(u) = Z dz(z,u) + Z [dx(z,v) + di(v,u)].

z€V (H) zeV(X)
Hence, Dz(u) > Dz(v) and so W(G) > W(G7). It similarly holds that W(G) > W(G%).

This completes the proof. ]

Process 4.2. Let a graph which is non-isomorphic to a path having v € V(H) be H.
Consider Cy = ug,u1, - ,uq—1,up for ¢ > 4. Identify ug with u to obtain graph G. Let

G =G — {ug_1uqg—2} + {uug_2}. Figure 4.2 depicts graph G and graph G’ below. O
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*ug\ —~ Ua-1y,

7 N
. Cyl u Coi
RV < i

Figure 4.2: Process 4.2 graphs.

Lemma 4.2. [14] Let the graphs obtained from Process 4.2 be G and G'. Then,
W(G") < W(G).
Proof. The Wiener index of G is given by

-1
W@ = > D de(w,a)+ Y deluju)+ Y da(z,y)

z€V(H)\{ug} i=0 0<i<j<i-1 {zy}CV(H)

and similarly,

-1
W@ = > D dew,a)+ Y de(wuw)+ Y del(zy).

€V (H)\{ug} i=0 0<i<j<i-1 {24}V (H)

Clearly,

Z Clg(ﬂf,y) = Z dG’(xvy)'

{zy}CV(H) {zy}CV(H)

Thus, taking W(G) — W(G') gives,

-1
= Z Z[d@(ui, x) — der(ug, z)] + Z [dg(u]', u;) — dgr (u]‘, u;)]- (4.1)

zeV (H)\{uo} =0 0<i<j<l—1

Case 1: | > 4 is even.
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The second term of Equation (4.1) is expressible, using Theorem 1.2, as

3 _1\3 _ (] _
DD .

Note that

dG’ ul 1 ZdG/ ul 1,u]

:1+2<2+3+---+%)

CPP+20-4
N 4

Thus, (4.2) becomes
(-1 PP+20-4

Bo(1-1)7°—

8 8 4
The first term of Equation (4.1) is equivalent to
— der (uo, )] + > lde(ui, uo) —

2eV (H)\{uo} i=0

> Z de(uo,

zeV (H \{UO}”L =0

- Z Z[dc(ui,uo) — dgr (ui, uo))-

ze€V (H)\{uo} =0

(4.2)

(4.3)

der (ui, uo)]

-2

Now,
0if 0<i<E2Zori=I-1,
de (ui, uo) — der (i, uo) =
lif L<i<i-2,
and so, Equation (4.4) becomes
-2
[de(ui, uo) — dar(uis uo)] =1 —2 — ——
zeV(H)\{uo} i=1L
-2
-
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Combining Equation (4.3) and Equation (4.5), Equation (4.1) becomes

l—2+§_(1—1)3—(1—1)_l2+2l—4
2 8 8 4
2 -2]

-8

> 0.

Hence, W(G) > W(G').

Case 2: | > 5 is odd.

Similar to Equation (4.2), the second term of Equation (4.1) is expressible as

Bl (-1
8 8

—dgr(u-1) (4.6)

where

=
der(wi—1) =Y der(uj,u1)
=0

I-1 1+1
:1+2<2+3+-~+ 5 )+( 5 )

P+20-3
=0

Thus, Equation (4.6) becomes

B-1 (-17% 1P+20-3
8 8 4

(4.7)

Next, examine the first term of Equation (4.1) which is Equation (4.4):

0 0<i<Zandi=1-1,
da(ui, uo) — dar(ui, uo) =
1 Hl<i<i-1,
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and so, Equation (4.4) becomes

-2 1

Z [da(ui, o) — dar(ui,ug)] =1—2 — =1

2€V(H)\{uo} i=L51 ’

S (4.8)

Combining Equation (4.7) and Equation (4.8), Equation (4.1) then becomes

-3 PB—1 (1-13 1?>+20-3
5 T8 T s 4
2—41-5

8

>0

with equality when [ = 5. For the next case, where C} denotes the modified C5, by

Theorem 4.1,

W(G) = W(H) + W(C5) + D05 (uo)(nH — 1) + DH(U())(Z — 1)

and
W(G') = W(H) + W(Cs5) + Dy (uo)(nmr — 1) + Drr(ug) (I — 1).
Hence,
W(G) = W(G") = W(Cs5) = W(C5) + [Dcs (uo) — Dey (o)l (nu — 1)

= W(C5) = (W(C4) + Dy (ua)) + [6 — 5](ng — 1)
=15—-16+ (ng — 1)
=ng — 2
> 0.

Since ny > 3, the result holds. O
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To better understand the next lemma some notation is introduced. We define G°(n,t) to
be a star graph on n vertices, with central vertex v, where ¢t edges have been added such

that v is contained in ¢ pair-wise disjoint triangles. This graph is displayed in Figure 4.3.

1 — M — ] vertices

A e

triangles

Figure 4.3: Graph G°(n,t).

Lemma 4.3. [14] The graph G°(n,t) has

W(G (n,t)) = (n—1)? —t.

Proof. Consider the graph G°(n,t). For x, a vertex having deg(r) = 2, the distance of =

is given by

D(z) =2+4(t—1)+2(n—2t—1)

=2n — 4.

For u, a vertex having deg(u) = 1, the distance of u is given by

D(u) =144t +2(n — 2t — 2)

=2n—3

and, for a vertex v having deg(v) = n — 1, the distance is given by

D(v) =n-—1.
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The Wiener index of G°(n,t) is then

WG (n, 1)) = %[(211 ) (n—2— 1)+ 2(2n —4) + (n—1)]
= %(2712 —4n 42— 2t)

=(n—1?2—t

This finishes the proof. O

Let Gy, denote the set of all t-cyclic graphs of order n. A graph in the set
Gnt = {G € G, 4| every block is isomorphic to a path or cycle} is a cactus graph. Figure

4.4 shows a cactus graph on 6 vertices. Note that the graph contains 2 cycles.

Figure 4.4: A graph in Gg .

Consider graph G containing b blocks. The graph B having |V (B)| = b where two vertices
share an edge given that the corresponding blocks contain a common cut vertex is called

the block graph of G. The graph B is also a connected graph.

Fact 4.1. Let a graph containing at least 2 cut-vertices be G. Then G has a pair of

cut-vertices in one of its blocks.

Proof. Assume a graph G contains b blocks and at least 2 cut-vertices. Further, let B be
the block graph of G. Now, |V(B)| = b and let |E(B)| = mp. Note that mp > b — 1, due
to B being connected. We prove the result by contradiction. Suppose for all v € V(B)

that degp(v) < 1. Then,

b> Z deg(v).

veV(B)
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By the Handshaking Lemma [5],

2mp = Z deg(v).
)

veV (B

Then,
2b—1)<2mp<b

resulting in

b<2,

a contradiction since G has at least 2 cut-vertices implying that b > 3. The result then

follows. [

Theorem 4.2. [14] If G € G,,; has order n > 4, then
(n—1)? —t <W(G).

Proof. Let V. be the set of all cut-vertices of G. Pick the graph G' € G, ; having the

minimum W(G). Two properties are proved next.

Property 1. |V, = 1.

Proof. To the contrary, suppose that |V.| > 1. Let the two vertices in the same block of G,
say H, be u and v (Fact 4.1). Denote the component of G—(V(H)—{u,v}) by X or Y that
contains u or v, respectively. The graphs G7 and G35, both cactus graphs, are obtained
by applying Process 4.1 to G. By Lemma 4.1, W(G7) < W(G) or W(G3) < W(G), a

contradiction. Hence, |V.| = 1. <

Property 2. G = G%(n,t).

Proof. Assume to the contrary that G 2 G%(n,t). All cycles contain a common cut-vertex,
say u, by Property 1. By repeated applications of Process 4.1, all leaves in GG are joined
to u. Since G 2 G%(n,t), a cycle Cy = u,u1,u1, Uz, ..., ug—1,u With ¢ > 4 exists. Let the

graph obtained by applying Process 4.2 to G be G’ = G — {ujus} + {uuz}. By Lemma
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4.2, W(G") < W(G), a contradiction and so all cycles must be of length 3. By repeatedly

applying Process 4.2, G = G°(n, t). O

As a result of Property 1 and Property 2, W(G%(n,t)) < W(G). Finally, due to Lemma
4.3,
W(G)>(n—-1)>%*—t

is obtained with equality if and only if G = G%(n, t). O

Corollary 4.1. If G € G, 1 has n > 4, then
W(G) > n? — 2n.

Proof. Let G be a unicyclic graph of order n > 1 with ¢ = 1. By Theorem 4.2,

This completes the proof. O

4.3.2 The Upper Bound

An upper bound on W(G) for G € Gy, 1 is established in this subsection. The 5 trans-
formation lemmas of [9] are used to prove the result. Each transformation is stated as a

process.

Process 4.3. Let the graphs H;, where |V (H;)| = n; for i = 1,2, ...,1, have x; € V(H;).
Further, let the cycle graph C) = vy, vs, -+ ,v_1, 05,01 for [ > 4 and let G} = C; — {vv1}+
{vv;_2}. The graph G is obtained by identifying z; with v; from C; and Hy, Ho, ..., H;.

Similarly, G’ is obtained. Figure 4.5 depicts graph G and graph G’. O

In the lemma that follows, our own proof is used to prove part (ii).
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Figure 4.5: Process 4.3 graphs.

Lemma 4.4. [9] Let the graphs obtained from Process 4.3 be G and G', with each n; defined

as in Process 4.35.
(i) If l = 4, then W(G) < W(G') with equality if and only if n1 = na.
(i1) If 1 > 5, then W(G) < W(G").

Proof. Part (i) is proved by direct calculation. Consider the sum of the distance of each
vertex within each component H; and then the sum of the distances between each of these

components, resulting in

W(G) — W(G)
4
= Z Z [dG’ (xa y) - dG(‘T’ y)] + Z Z [dG’ (:U, y) - dG(xv y)] (49)
i=1 {z,y}CV (H;) 1<i<j<4 zeV(H;)

yEV (Hj)

Examining the first term of Equation (4.9), note that dg(z,y) reduces to dg,(z,y) and

der(x,y) reduces to dy,(x,y). It follows that

W(G") — W(G)

I
M) =

Z [dG'(xvy) - dG(LU,y)]

=1 {z,y}CV(H,)

Z [dHi(x7y) - dHi(x7y)]

1 {2y} CV(Hi)

I
M) =

%

=0.
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Thus, Equation (4.9) becomes

W(G') — = > D lde(ay) —dalz,y)]
1<i<j<4 zeV(H;)
yGV( 5)

Since

dG(xa y) = de(xa Ui) + dG(Ui/Uj) + de (Uj,y),

and similarly for dg(z,y), it follows that

W(G') - W(G)
S Y du(wv) + der(viyv;) + day (v, y) = da, (2,05) — da(vi, v5) — i, (v, )]

1<i<j<4 zeV (H;)
yeV (Hj)

Yo > dar(viyvy) — da(vi, v))]

1<i<j<4 zeV(H,)
yeV(H;)

= Z ninglder (vi, vj) — da(vs, v;)].

1<i<j<4

By the construction of G', dg/(vi,vj) — dg(vi,v;) = 0 for all 1 <4 < j < 4, except for

the cases of (i =1, j =4) and (i = 2, j = 4). Figure 4.6 illustrates how the distances are

obtained. Thus,

W(G/) — W(G):n1n4[d@(vl, U4) — dg(Ul, U4)] + n2n4[dG/(v2, 1}4) - d(;(U4, UQ)]
:7”L17”L4[2 — 1] + n2n4[1 — 2]
= n4(n1 - n2)

>0

with equality if and only if nqy = no.
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Vg U1 Vg U1

V3 () V3 ()

Figure 4.6: Graphs of Case (i).

Next, Part (ii) is proved. To obtain the Wiener index, consider when Hj is attached to C?
and then applying Theorem 4.1 to obtain the Wiener index. Then attach Hs and apply
Theorem 4.1 again. Repeat this process until all H/s are attached and the desired graph is
obtained. The notation Cl/ ™ to denote the graph Cl/ with Hy up to H,, attached is used.
By this notation, C’l’ 0is just C’l/. Similarly, C;"" is C; with Hy up to H,, attached. Apply

Theorem 4.1 to C% and H; to obtain
W(Cll) = W(C[O) + W(Hl) + DClo(vl)(nHl —1)+ Dy, (Ul)(nclo —1).
Apply Theorem 4.1 to Cl1 and Hy to obtain

W(C})=W(C}) + W (Hz) + Dea (v2) (ng, — 1) + Dy (v2) (e — 1)
= W(Clo) + W(Hl) + W(HQ) + DCZO(’Ul)(nHl — 1)

+ (TLH2 - 1)DCZ1 (’02) + DH1 (’Ul)(’nclo — 1) + Z)H2 (’Ug)(ncl1 — 1).

Apply Theorem 4.1 once more to Cf and Hj to obtain
3 3 3
3y 0 , . . 4 .
W(CH) = W(CO) + 3 WH) + 3 Does ), — 1) + D Dig (wi) (g1 — 1),

=1 i=1 i=1

A similar formula holds for W (C;?). An inductive argument is used to obtain the following

Wiener indices:
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and

l l l
W(G") = W(C)) + Y W(H) + D Deyis(vi)(nar, = 1) + D Dy (v3) (ngyioa — ).

i=1 i=1 i=1
Subtracting W(G) from W(G') gives

l
W(G') = W(G) = W(C]) = W(C1) + 3 [Dess (0) — Do (w0)) s, — 1).(4.10)
=1

Consider the sigma term of Equation (4.10). Since (ng, — 1) > 0 for all i, it follows that

M-

@
I
—

[Dgrios (06) = Dgios (v3)] (g, — 1)

-

s
Il
i

[Dyics (0) = Do ()]

-

@
I
—

l i—1
(Z[dq/ll(w, vj) = dei-1 (v, v5)] + Z[dcﬁ—l (vi,v5) = dgi=1 (vi, v7)] D, (Uj)) :

j=i J=1
Since Dy, (v;) is positive for all values of j, it follows that

i—1

l
(Z orim1 (0,07) = dgimt (03, 0)] + D ld i1 (v3,07) = dei1 (03, 97)] D, (05)

||M~

Jj=1

1—1
Z cri-1 (Vi vj) = dgim1(vi, v5)] +Z[dcl/i_1(vi,vj) dc;l(viavj)])

Jj=1

l
Z Cz 1 Uz,’l)] dcli—l(vivvj)]

=2(W(C)') = W(CY)).

The graph ¢, is C3 U Pp_s. Apply Theorem 4.1, where any vertex of C3 is identified with
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one of the two leaves of P,_5 to obtain

W(C\') = W(Ps) + W(Cs) + D, (vi—2)(l — 3) + Dp,_, (v-2)(2)
-3
= é(z —2)[(1 =22 1]+ 34 (2)(l - 3) +22;i

1
= 6(13 — 7l +12).

Recall that

g if [ is even,
W(C) =
ZST_Z if [ is odd.
Note that
1 3

(=T +12) > —
6( +12) 8

for all [ > 4. Thus, W(C;') > W(C}) holds true for Part (ii). Therefore,

l
W(G) —W(G)=W(C)) = W(C) + D [Dgyrioa(v3) = D1 ()] (na, — 1)
=1

> 0.

This concludes the proof. ]

Process 4.4. Let a graph G; with u; € V(G;) have order n; where n; > 2 for i = 1,2,3.
Denote a vertex farthest from vertex u; in G1 by v, and a vertex farthest from vertex wus
in G2 by w. Identify u; with us as the new vertex w to obtain graph Gy. The graphs G,
G’ and G” are obtained from Gy and G3 by identifying ug with u, v and w, respectively.

These graphs are shown in Figure 4.7. O
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Figure 4.7: Process 4.4 graphs.
Lemma 4.5. [9] Let the graphs obtained from Process 4.4 be G, G' and G". Then, either
W(G) < W(G) or W(G)<W(G").

Proof. Suppose that |V (Go)| = ng. By Theorem 4.1,

W(G") = W(Go) + W(G3) + Dg,4(us)(ng — 1) + D¢, (v)(ng — 1)
and

W(G) = W(Go) + W(G3) + Dy (uz)(no — 1) + Day (u)(n3 — 1).
Subtracting W(G) from W(G'), gives

W(G') = W(G) = (n3 — 1)[Dgy (v) — Dy (u))

=(n3—1) Z da,(z,v) — Z da,(z,u)

z€V(Go) eV (Go)

Now,

Z da, (z,v) Z da, (z,v) Z da, (z,v)

z€V(Go) z€V(G1) atGV(G’g)\{u}
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which is similar for the distance of v in Gy. Thus, since z € V(G>),

da, (z,u) + dg, (u,v) = dg,(x,v)

resulting in

W(@) -W(G)=(ns—1) | Y dg,(a,v) > day(w,v)
z€V(G1) er(Gz)\{u}
— Z da,(z,u) Z dGO(m,u)]
zeV( G1) zeV(G2)\{u}
=(ng—1) Z da,(z,v) Z da,(z,u) Z dG’o(“»”):|
| z€V(G1) z€V(G1) er(GZ)\{u}

=z —1) | > ldgy(z,0) —day(z,u)] + > dGO(v,u)].

| 2€V(G1) €V (G2)\{u}

For any graph G, dg(z,u) + dg(u,v) > dg(x,v), and so

W(G") —W(G) > (ng—1) ! Z dg, (v, u) Z dGO(v,u)]

z€V(G1) weV(Gz)\{u}

> (n3 —1) [ Yoo dgywuw)+ Y dGO(v,u)]

zeV(G1)\{u,v} eV (G2)\{u}
2 (n3 - 1)[—(77,1 - Q)dGo (U7u) + (nQ - 1)dGo (U7u)]

= (n3 — 1)(n2 — n1 + 1)dg, (u,v). (4.11)
By a similar argument for G”, obtain
W(G") = W(G) > (n3 — 1)(n1 — ng + 1)dg, (u,v). (4.12)

If ng > nq, then W(G") > W(G) by Equation (4.11) and if ny > ng, then W(G") > W(GQG)

58



by Equation (4.12). Therefore, either W(G’) > W(G) or W(G") > W(G), which completes

the proof. 0

Process 4.5. For i = 1,2,3, let G; be a graph with an arbitrarily selected vertex x; €
V(G;) and |V(G;)] = n; > 2. Denote a vertex farthest from vertex xo in Go by us.
Similarly, 3 denotes a vertex farthest from ug in G3. The graph G is obtained from Go,
G3 and C3 = vy, v9,v3,v1 by identifying x; with v; for i = 2,3. Then, the graphs obtained
from Gy and Gy by identifying x1 with v; and us with ug, respectively, are G, G’ and G”,
respectively. Figure 4.8 shows the graphs G, G2, G3 and Gy. Figure 4.9 depicts the final
graphs G, G’ and G” below. O

U1
G1 . Gg : G3 . GO . .

Figure 4.8: Process 4.5 initial graphs.

Figure 4.9: Process 4.5 final graphs.

Lemma 4.6. [9] Let G, G’ and G" be the graphs obtained from Process 4.5. Then, either

W(G) < W(G) or WI(G)<W(G").
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Proof. By a similar argument to Lemma 4.5, obtain
W(G') = W(G) = (m — 1)[Dg, (u2) — Dy (v1)]. (4.13)

Note that since V(Gy) = V(G2) UV (G3) U {v1},

D¢, (UQ) = erV(Gg) da, (337 UQ) + ZIEV(G3) da, (33, UQ) +dg, (Ula UQ)

> day(wug) + Y [day(w,03) + 1+ day (v, u2)] + [1+ day (v2, u2)].
z€V(G2) z€V(G3)

Similarly, we obtain
D¢, (n) = Z [da, (z,v2) + 1] + Z [day(x,v3) + 1].
€V (G2) z€V(G3)

Hence, Equation (4.13) becomes

(np —1) Z da, (z,u2) Z [day(x,v3) + 1+ da, (v2, u2)] + [1 + da, (v2, u2)]
z€V(G2) z€V(G3)

= > ldey(zvg) +11— > [dGS(x,vg)ﬂ]]

z€V(G2) zeV(G3)

=(n1 —1) { Z da, (T, u2) Z da, (v2,u2) + 1+ da, (v2, uz)]

€V (Ga) z€V(Gs)

— Z [dG2 (x,’l)z) + 1]]

IEV(G?,)

=(n1 — 1) |: Z da, (z,u2) + (n3 + 1)dg, (va, uz) — (ng — 1) Z da, (z,v2) ] .

z€V(G2) z€V(G2)

Making use of the facts that dg,(x,us) > 1 for any vertex = in V/(G2)\{u2}, and
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da,(z,v2) < dg, (v, u2). If ng > ng, then

DGO (u2) - DGO (vl)

> Y day(muz) — (n2 — 1) + (n2 + 1)da, (va,u2) — Y da, (7, 02)

€V (G2) z€V(G2)

= Z [dGz (,u2) — 1] + Z [dGQ (v2,u2) — das, (@, v2)] + das, (v2, uz)
xEV(Gg)\{uz} zeV(G2)

> 0.

Thus, D¢, (u2) > Dg,(v1), and so, W(G') > W(G). By a similar argument,

DGO (U3) - DGO (vl)

> Z [dG3 (:L’,’ng) - 1] Z [dG3 (Ug,Ug) - dG3($aU3)] +dG3(U37u3)
€V (G3)\{u2} z€V(Gs)

> 0.

This implies that W(G") > W(G). Thus, either W(G') > W(G) or W(G") > W(G). O

Process 4.6. Consider any two graphs G; and Ga with u; € V(G1). Let |V(G1)| =n1 > 2,
|[V(G2)| = n2 > 3 and assume that G9 is not a path. Let u and v be the end-vertices of
a longest path of Go. Let G be the graph obtained from G, G2 and a path of order s,
say P; = p1,po, -+ ,ps, by identifying u; with u and v with p1, respectively. Further, let
G’ be the graph obtained from Gi, G5 and Py, by identifying u; with ps and v with pq,
respectively. Finally, let G” be the graph obtained from Gy, Gy and Ps by identifying u

with ps and w with pq, respectively. These graphs are illustrated in Figure 4.10. U
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Figure 4.10: Process 4.6 graphs.

Lemma 4.7. [9] Let the graphs obtained from Process 4.6 be G, G' and G”.
(i) If Dg,(u) < Dg,(v), then W(G) < W(G").

(ii) If Dg,(u) > Dg,(v), then W(G) < W(G").
Proof. Let Go = G — V(G1)\{u}, G = G' = V(G1)\{ps} and G = G”" — V(G1)\{ps}-
Note that Gy = Gf, and |V (Go)| = |V(G})| = |V (Gf)| =: no. By Theorem 4.1,

W(G) = W(Go) + W(Gl) + DG1 (ul)(no — 1) + DGO (u)(n1 - 1),

W(G') = W(Go) + W(G1) + Dg, (u1)(no — 1) + Dgy (ps)(n1 — 1)

and
W(G") = W(G}) + W(G1) + D¢, (u1)(ng — 1) + Dey (ps)(ny —1).

Consider Part (i) first. Subtracting W(G) from W(G') gives

W(G') = W(G) = (1 = 1)[Dg, (ps) — Do ()]

= (nl - 1) Z dGo(x7pS) - Z dGo('rvu)

€V (Go) z€V(Go)

(4.14)

Consider the first sigma of Equation (4.14). Write the distance of ps in Gg as the distance
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from ps to any vertex in GG plus the distance to any vertex in the path excluding v. This

is written formally as

Z dgy (2, v) = Z [de, (z,v) + dp, (v, ps)] + Z dp, (Pi, ps)]
=2

eV (Go) €V (G2)\{v}

= D, (v) + (n2 — 1)(s — 1) + Dp, (ps).

Consider the second sigma of Equation (4.14). Write the distance of u in Gy as the distance
from u to any vertex in G2 plus the distance of u to any vertex in the path graph excluding

v. Hence,
S

Z dGo (JI, u) = Z dGo (J}, u) + Z[dps (pi7 U) + dG2 (U, u)]

wGV(Go) l’EV(Gz)\{u} 1=2

= Dg, (u) + DPS(U) + (3 - 2)d02(v7u)'
Now,

W(G') - W(G)
= Dg,(v) + (n2 = 1)(s — 1) + Dp,(ps) — Day (u) — Dp, (v) = (s = 2)da, (v, u)
= [DGQ (1)) —Dg, (u)] + [DPS (ps) — Dp, (’U)] + (nQ - 1)(3 - 1) - (S - Q)dGz (Uvu)

>(ng—1)(s—1) = (s — 2)dg,(v,u).

By the fact that Dp, (ps) = Dp,(v), the assumption of Dg,(u) < Dg,(v) and due to G2

being non-isomorphic to a path, dg, (v,u) < ng — 1. Hence,
W(G") —W(G) > (n1 —1)[(na — 1)(s — 1) — (s — 2)dg, (v,u)] > 0.

This completes the proof for Part (i).
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Consider now Part (ii). Subtracting W (G) from W (G") gives
W(G") = W(G) = [W(Gg) — W(Go)] + (m1 — 1)[Dgy (ps) — Dy (w))]-

By Theorem 4.1,

W (Go) = W(G2) + W (Ps) + Dp,(p1)(n2 — 1) + Dg,(v)(s — 1)
and

W(GG) = W(G2) + W(P;) + Dp,(p1)(n2 — 1) + D, (u) (s — 1).
Next, consider W (G{j) — W(Gy). By the hypothesis in Part (ii),

W(Gg) — W(Go) = (s — 1)[Da, (u) — Da,(v)] > 0.

Consider now Dgr (ps) — Dg,(u) which gives

Z dcg(fﬂ,ps)— Z dGo(x>u)

zeV(GY) zeV (Go)

s—1
= des(pivps) + Z [dPs(pS7u) +ng(u7 .’E)]
=1 zeV(G2)\{u}

s

_ Z da, (z,u) — Z[dGZ (u,v) + dp, (v, p;)]

z€V(G2)\{u} =2
=Dp,(ps) + (s = 1)(n2 = 1) + Dg,(u) — Da, (u) — (s — 1)da, (v, u) — Dp,(ps)

=(s—1)(ng —1—dg,(v,u)).
It follows that
W(G") —=W(G) > (n1 —1)(s — 1)(n2 — 1 — dg, (v, u)).
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Since G is non-isomorphic to a path, dg, (v,u) < ng—1. Thus W(G") > W(G) as required
for Part (ii). O

To prove Theorem 4.3 of this subsection, the extremal graph is presented. This graph is
called the saw graph and is denoted by Sy, +,. Take P; and replace each edge with a
triangle called a triangle chain of length ¢. To obtain S, ¢, +, connect two triangle chains
of lengths t; and t2 with the graph P, 4, ¢,. In what follows it is shown that S, |¢/2] ¢/27 18
the unique graph that has the maximum Wiener index across all unicyclic graphs, when

t = 1. This graph is shown in Figure 4.11.

U f 2 U 2]

Figure 4.11: Graph S, |¢).11]-
Lemma 4.8. The saw graph Sy,1 has

W (Sno1) = %(n?’ —Tn+12).
Proof. Use Theorem 4.1 to obtain

W(G) = W(Po2) + W(C3) + (Dos (v))(n =2 = 1) + (Dp, ,(p1))(3 — 1)

= %(n— 2)[(n —2)* = 1]+ (2)(n — 3) +2§¢
= %(n =2)[(n—2* =1+ (2)(n = 3) + (n = 3)(n - 2)
= %(n?’ —Tn+ 12).
This completes the proof. O

Figure 4.12 depicts an example of the saw graph on 7 vertices.
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Figure 4.12: S701.

Theorem 4.3. [9] Let G € Gy1 be of order n > 4. Then,

W(G) < =(n® —Tn+12).

=

Equality is met if and only if G = Sy 01.

Proof. Assume that G is a unicyclic graph of order n which maximises the Wiener index.

Three properties of G which show that G = 5,, .1 are proved.

Property 1. All cycles have a length of 3.

Proof. Graph G contains cycles of length [ > 5, otherwise Lemma 4.4 is applied to construct
a unicyclic graph H where W(H) > W(G), a contradiction. Suppose G contains the cycle
Cy = v1,v9,v3,v4. Let the components of G — Cy, containing vg, v1, vo and vs, be denoted
by Hy, Hi, Hy and Hs with |Hy| > |H;| for i = 1,2,3. If |Hy| # |H1|, Lemma 4.4
is used to construct a unicyclic graph G’ where W(G') > W(G), a contradiction. If
|Ho| = |H1| = 1, then G is the graph C4. Apply Lemma 4.4 to obtain a unicyclic graph
G" where W(G") > W(QG), a contradiction. Therefore, |Ho| = |H1| > 2. Now, G is of the
form of the graph in Figure 4.7, and so applying Lemma 4.5 gives another unicyclic graph
G" where W(G") > W(G), another contradiction. Therefore, G contains cycles of length

3 only. <o

Property 2. Each block contains up to two cut-vertices. Further, each cut-vertex is con-
tained in at most 2 blocks.

Proof Suppose G has a block containing 3 cut-vertices. Then G is of the form where
applying Lemma 4.6 results in a unicyclic graph G’ such that W(G’) > W(G), a contra-
diction. Thus, each block contains at most 2 cut-vertices. Suppose a block of G contains

a cut-vertex that is shared by three or more blocks. Now, the graph is of the form of G in
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Figure 4.7, and so apply Lemma 4.5 to obtain a unicyclic graph G’ where W (G") > W (Q),

a contradiction. Therefore each cut-vertex is contained in at most 2 blocks. O

Property 3. Graph GG contains one pendant path.

Proof. If any block of G, besides the cycle, is not a pendant path, then repeatedly apply
Lemma 4.5 to obtain the contradiction that a unicyclic graph G’ where W (G') > W(QG)
exists. As the cycle is of length 3, G contains at most 3 pendant paths. By the repeated
application of Lemma 4.7, a unicyclic graph G” such that W(G”) > W(G) exists where
only one pendant path is contained in G”, a contradiction. Thus, G' contains one pendant

path only. &

By Property 1, Property 2 and Property 3, G = S,0,1. Apply Lemma 4.8 to obtain
W(G) = %(n3 — Tn 4 12). Therefore, for any unicyclic graph G’,

W(G) < =(n® —Tn +12),

[N

completing the proof. O

4.4 Bounds on the Wiener Index for Tricyclic Graphs

4.4.1 The Lower Bound

This subsection establishes a lower bound on W(G) for G € G, 3. Our proof is based on
the following transformation lemmas developed in [27]. A tricyclic graph may contain 3,
4, 6 or 7 cycles. It follows that G, 3 = 3Gn73 U 4Grn3 U GGn,g U 7Gn73, where "Gy, 3 is the set
of all G € G,, 3 containing r cycles, for r = 3,4,6,7. Shown in Figure 4.13 is an example of
a tricyclic graph containing 4 cycles. Note that a tricyclic graph cannot contain 5 cycles,

see [27].

67



NAA

Figure 4.13: A graph in 4Gn73.

Let M be the set {G € Gy, 3|diam(G) = 2}. This set contains the graphs M; to M2 and

are shown in Figure 4.14.

KERRIY

M 1 M. 2 M 3 M 4 _115 g

M; M M, Mg M M

Figure 4.14: The set M.

Theorem 4.4. [27] If G € G, 3, then

W(G)>(n—-1)*-3

with equality if and only if G € M.

Proof. Let G be a tricyclic graph having the minimum Wiener index. Consider the form
that G can take. By the definition of tricyclic graphs, |E(G)| = n + 2. Let the number of

pairs of vertices at least a distance of 2 apart be D. Then, since each edge of G connects
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vertices of a pair at a distance of 1,

D= (Z)—(n+2)

=-(n*—n)— (n+2).

N —

Hence,

W(G) > (n+2) +2D
=n+2)+(n*—n—2n—4)
=n?—2n—2

= (n—1)*-3.

Therefore, for any tricyclic G, W(G) > (n — 1)2 — 3 and equality is met if and only if
G € M, that is, diam(G) = 2. O

This method of proof is robust. The bound obtained through direct calculation in Theorem

4.2 is obtained by setting the size of G to n in the above proof.

4.4.2 The Upper Bound

An upper bound on W(G) for G € G, 3 is established in this subsection. The results
presented in [27] are used. Let a tricyclic graph that maximises the Wiener index be
denoted by J(n). This graph is formed by identifying one vertex of K, with one of the
leaves of the path graph on n — 3 vertices. This graph on 6 vertices is depicted in Figure

4.15.

Figure 4.15: J(6).
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Note that D j(,)(v) = 3(n? —n—6) where v is the only leaf of J(n). In the following lemma
an original proof to [27] is used. Let G be a graph containing a vertex v. The eccentricity

of v is the largest distance between v and any other vertex of G.

Lemma 4.9. [27] Let G € G, 3 and let v be a vertex in G. Then,

Dg(v) < =(n* —n — 6).

N =

Equality is met if and only if G = J(n), v is the only leaf in G, n > 6.

Proof. Let G € G, 3 for n > 6 and let u be a vertex of G having the largest eccentricity.

Now,

Du)=1-n1+2-na+---+e-ne,

where the eccentricity of w is e and n; denotes the number of vertices a distance of i from
vertex u for 1 < ¢ < e. The largest e can be is n — 3 since G is tricyclic. For D(u) to be as
large as possible, ny, no, - -+, n.—1 must be as small as possible. Due to G being connected,
the smallest this can be is 1, that is, take n1b =no =--- = n._1 = 1. This means n, = 3
since ny +ng + - -+ + ne—1 +ne = n — 1. Note that this occurs only for G = J(n) and u is

the unique leaf. Now,

Du)=1-nm+2-ny+--+e-ne

<1+42+---+3(n—3)

n—4

=> i+3(n-3)
i=1
1

= i(n —4)(n—3)+3(n—3)
1

= 5(712 —n—06).

Equality is met if and only if G = J(n) and u is the only leaf of G. O

Lemma 4.10. [27] W(J(n)) = £(n® — 19n + 48).
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Proof. By Theorem 4.1,

W(J(n)) = W(Kyq) +W(P,—3) +3Dp, 4(u) + (n —4) Dk, (u)
n—4
:6+é(n—?))[(n—3)2—1]+3;i—|—3n—12

1 1
= 8(n?’ —9n? 4+ 26n +12) + 5(3n2 — 150+ 12)

1
= 6(n3 — 19n + 48).

This completes the proof. ]
In the proof for the next theorem, an original proof to Case 1 is provided.

Theorem 4.5. [27] For any G € Gy 3 of order n > 5,
W(G) < W(J(n))

with equality if and only if G = J(n) and n > 6.

Proof. Let a tricyclic graph containing vertex v with neighbour u be G.
Case 1: v is a leaf

Proceed by induction. Note that since G contains a leaf, G = G’ U P,. For the base

ul1=ug

case of n =5, G € {M; : 3 <i<6,n=05}and J(5) = Ms. By direct calculation and
Lemma 2.4.2, W(M;) = 13 = W(J(5)) for i = 3,4,5,6. Suppose that W(G) < W(J(n))

for all n < k. Then, for n = k + 1, apply Theorem 4.1 to G and J(n) to obtain
W(G) =W(G")+W(P) + (k—1)Dp,(u) + (2 — 1) D¢ (u)
and
W(J(k+1))=W(J(k)) +W(P) + (k—1)Dp,(u) + (2 = 1) Dy (u).

Note that graph G’ is tricyclic and so W(G’) < W(J(k)) by the inductive assumption.
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Further, Dgr(u) < D j()(u) by Lemma 4.9. Thus, the result holds for Case 1.

Case 2: (G has no leaf

By Lemma 4.9, Dg(v) < (n? —n — 6) for all v € V(G). Then,

W(G) =5 > Dg(v)

veV(G)

(n>—n—6)xn

D= =

(n® — 19n + 48)

A

= W(J(n))

for all n > 1. Thus, the result holds for Case 2.

Note that for the case of n = 5, each graph in {M; : 3 < ¢ < 6,n = 5} has the maximum
Wiener index. Thus, the tricyclic graph having maximum Wiener index is isomorphic to

J(n) for n > 6, completing the proof. d

4.5 Bounds on the Wiener Index for ¢t-Cyclic Graphs

This section presents the extremal graph with regards to the Wiener index of a t-cyclic
graph given t in Conjecture 4.6. We show that Conjecture 4.6 implies the results of Theo-

rem 4.3 and Theorem 4.5 presented earlier in the chapter.

A method of construction to obtain the extremal graph on n vertices that is t-cyclic which

we denote by P, ; is described below.

The desired graph is constructed using a path P, = wvj,ve, -+ ,v, as a base to which
the desired number of ¢ edges is added. First, join vertex v; to vz by an edge. Next, join vg

to vy, followed by forming the edge v1v4. Repeatedly joining edges in this way gives graph
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having n — 1+t edges and is denoted P, ;. The 5 graphs across Figure 4.16 to Figure 4.20

depicts the formation of Fp 4.

U1 V2 U3 V4 Us Ve

Figure 4.16: Graph Fs.

Figure 4.17: Graph Fs 1.

V1 V9 (0K V4 Vs Ve

Figure 4.18: Graph Fg .

SN .,

U1 V2 U3 V4 Us Ve

Figure 4.19: Graph Fs 3.

U1 V2 U3 V4 Us Ve

Figure 4.20: Graph Fg 4.

Conjecture 4.6. A t-cyclic graph G on n vertices has

(% =) + 4G +1—n) — ~(j — 1)j(G +1),

W(G) < G

[N
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where j = [_H V2(1+8t)—‘ . Equality is met if and only if G = P, ;.

A unicyclic graph G has t = 1. Theorem 4.6 states that j = [—1-%(21%;(1))—‘ =1 and so,

1 O0x1x2
W(G)Sg(n3—n)+l(1—n+1)—%
1
Sg(n3—n)—n+2

1
= 6(n3 —Tn+12).

This is exactly the result obtained in Theorem 4.3. A tricyclic graph G has t = 3. Theorem

4.6 states that j = {_14_(214_8(3))-‘ = 2 and so,
1 1x2x3
W(Q) < 6(n3—n)+3(2—n+1)—%
1
Sg(n3—n)—3n—|—8
1
< 6(n3—19n+48).

Again, this is exactly the result obtained in Theorem 4.5.

4.6 Bounds on Average Distance

4.6.1 Unicyclic Graphs

From Corollary 4.1 and Theorem 4.3 the following corollary is obtained.
Corollary 4.7. For a unicyclic graph G of order n > 4,

n— 2 n3 — T+ 12

5 1
3 nn-1)

< <
S SHlG) =

Proof. By Corollary 4.1,

(n—1%-1=n%>-2n<W(Q).
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Thus, the average distance of this bound is

(n—1)2-1
(5)

n—2

wG) >

n—1

Similarly, by Theorem 4.5,

t(n3 —Tn+12)

(5)
1 P -Tn+12
3 nm-1) °

This completes the proof.

4.6.2 Tricyclic Graphs

From Theorem 4.4 and Theorem 4.5, the following corollary is obtained.

Corollary 4.8. For a tricyclic graph G of order n > 6,

n? —2n +2 1 n®—19n+ 43
2. — T Tt < @) <. — 7
n(n—1) = u )_3 n(n—1)
Proof By Theorem 4.4,
(n—1)2-3
wG) > (n)
2
n? —2n+2
72.
n(n —1)

Further, by Theorem 4.5,

+(n® — 19n + 48)

wWG) <

()
1 n’—19n+48
3 n(n —1)
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This completes the proof. O

4.7 Conclusion

We proved, in Theorem 4.1, that for a graph G =G; U Ga,

ul1=ug

W(G) = W(G1) + W(G2) + D, (u2)(|V(G1)| — 1) + Dg, (u1)([V(G2)| - 1).

This theorem is used throughout the chapter to prove the various Wiener index bounds,
some of which are our own proofs. The graph G°(n,t) is defined and shown to be the
graph having the smallest Wiener index across all t-cyclic graphs. Further, Theorem 4.2

shows that for a t-cyclic graph G where |V (G)| =n > 4,

W(G) > (n—1)*—t,

with equality if and only if G = G°(n,t). The extremal graph using graph transformations
is also specified. A combinatorial approach is used to identify G°(n, 3). Theorem 4.3 states

that a unicyclic graph G of order n > 4 has

W(G) < =(n® —Tn 4 12),

D=

with equality for G = S, 0,1. Theorem 4.5 states that, GG, a tricyclic graph of order n > 6,

W(G) < =(n® — 19n + 48),

| =

with equality for G = J(n).
The lower bound and upper bound on the Wiener index for both unicyclic graphs and

tricyclic graphs are then used to obtain bounds on the average distance for unicyclic graphs

and tricyclic graphs, respectively. We also present the t-cyclic graph having the largest
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Wiener index for a given order and ¢. In the next chapter the leaf number and the average

distance are used as model parameters and their suitability is tested.
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Chapter 5

Average Distance and Leaf
Number as Predictors for

Biological Properties

5.1 Introduction

In [28], Harold Wiener used the Wiener index as a single parameter to predict boiling
points of compounds. In [16], Mukwembi and Nyabadza used conduction of a graph as
a single parameter to predict boiling points of compounds while in [17] they used graph
activity as a single parameter to predict the efficacy of compounds in treating melanoma
cancer. In this chapter, we explore if leaf number or average distance can be useful as a
single parameter to predict the efficacy of compounds, specifically flavonoids, in treating

hepatocellular incarconoma.

The HepG2 cell line is a group of cells extracted from an individual suffering from hepa-
tocellular carcinoma (HCC), a common type of liver cancer. These cells can be used for
drug studies targeting liver cancer. This is what was done by Ahmed, Moawad, Owis,

Abouzid and Ahm in [1]. The authors extracted certain flavoinoids from the Calligonum
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polygonoides plant and effectiveness of the flavonoids in inhibiting the growth of the HepG2
cells were calculated and tabulated. The concentration of each compound required to in-
hibit the cell growth by 50% is defined to be the IC5g value and is the measure of compound
efficacy. It is these tabulated IC5g values for each compound that are then modelled using
the leaf number and the average distance for these compounds’ molecular graphs. The

output is then analysed.

Shown in Figure 5.1, on the next page, are the 14 compounds that were extracted in
[1]. Each oxygen atom is represented by an O, an H represents a hydrogen atom and a
C represents a carbon atom. Each cycle of length 6 has a carbon atom present but these
are omitted for clarity. These carbons exist at each angle in the cycles. A line between
two atoms represents a single bond and a double line a double bond. The bolder lines and

dashed lines are to be interpreted as a single bond.

When two or more atoms are written next to each other, for example COOC4Hg, this
means that the molecule specified by these atoms is bonded. There are hydrogen atoms
that are not shown but are known to be present as the valence of the atoms need to be
met. When a C is bonded to an OH and there is a neighbour to another C also bonded to

a OH, we call this neighbouring Hydrozyls.

5.2 Hypothesis

The null hypothesis is that a model using average distance as a parameter is better at
replicating the dataset compared to the leaf number. This is believed due to the application

of the Wiener index in Chemistry.
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: R, = H, Ry= COOC,H,
. R| = OH, R2= CGDC4HQ
'R, = H. R,= COOCHj;

: R, = OH, R, = COOCH;
:R; = OH, R,= COOH
:R, =H,R,=COOH

:R; =H, Ry = CH,0OH

- R, = OH, R, =CH,0H

OH
i OH
0w

e b =

—OH

=T~ - T — LV T =

OH

HO

11

Ry
OH
HO 0

OH
OH O

13:R, =OH
14:R, =H

Figure 5.1: The molecular form of each compound.
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5.3 Methodology

A dataset of the extracted flavonoids as well as some of the current cancer treatment

compounds are shown in Table 5.1.

’ ‘ Compounds ‘ IC5¢ Value
1 | Kaempferol-3-O-3-D-(6"-n-butyl glucuronide) 17.44
2 | Kaempferol-3-O-3-D-(6"-methyl glucuronide) 125.54
3 | Quercetin 3-O-6-D-(6”-n-butyl glucuronide) 60.46
4 | Quercetin 3-O-3-D-(6”-n-methyl glucuronide) 42.31
5 | Quercetin-3-O-glucuronide 35.73
6 | Kaempferol-3-O-glucuronide 64.87
7 | Quercetin-3-O-rhamnopyranoside 84.17
8 | Kaempferol-3-O-glucopyranoside 9.21
9 | Quercetin-3-O-glucopyranoside 66.09
10 | Taxifolin 21.25
11 | Catechin 20.83
12 | Dehydrodicatechin A 131.20
13 | Quercetin 4.88
14 | Kaempferol 46.18

Table 5.1: Table of compounds and their 1C5q values.

Each compound is transformed into its molecular graph form to be able to calculate the
leaf number and average distance. Figure 5.2 shows the molecular graph for the compound
Quercetin (Compound 13 in Table 5.1). The full list of molecular graphs for each compound
is found in Appendix A. A vertex u has been chosen in Figure 5.2 to allow for the illustration

of how the Wiener index is calculated for Quercetin.
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Figure 5.2: The molecular graph of Quercetin.

Letting the molecular graph of Quercetin be G. The Wiener index is calculated by consid-

ering G =G; U Gy having been identified at u. Theorem 4.1 is applied to give

W(G) =W(G1) + W(G2) + (14 — 1) D¢, (u2) + (19 — 1) D¢, (u)-

Graph G; has a Wiener index of W(G1) = 271, G2 has a Wiener index of W(G3) = 618,
uy has Dg, (u1) = 45, and ug has Dg, (u2) = 65. Thus, G has a Wiener index of

W(G) = 271 + 618 + (14 — 1)65 + (19 — 1)45
= 2544.
To obtain the average distance, divide W(G) = 2544 by (322) which results in
1
2

= 5.1290.

Similarly, the average distance is calculated for every compound’s molecular graph and
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these values are tabulated in Column 2 of Table 5.2. The leaf number is harder to calculate.
It requires constructing all possible spanning trees of each molecule followed by checking
which one has the largest number of leaves. The leaf number for each molecular graph is
calculated using the SageMaths software package and the results are tabulated in column

3 of Table 5.2.

’ Compound | Leaf Number ‘ Average Distance ‘

1 30 7.4669
2 30 7.5320
3 26 7.0494
4 26 7.1153
5 22 6.6101
6 22 6.5396
7 24 6.5008
8 24 6.5000
9 24 6.5718
10 15 5.0642
11 16 5.0487
12 33 7.1010
13 13 5.1290
14 13 5.0280

Table 5.2: Table of compounds with calculated leaf number and average distance.

5.4 Results

Shown in Table 5.3 is the relationship between the IC5y value and the leaf number. Ta-
ble 5.4 shows the relationship between the IC5y value and the average distance as well
as the relationship between the ICsq value and the transformed average distance. The
transformed average distance is the average distance multiplied by the constant 0.5, all
raised to the natural number e. This choice of transformation of the data aligns with the

methodology of the papers [24] and [8].
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’ Compound | Predicted IC5y Value ‘ Actual IC5y Value ‘ Leaf Number

1 80.3520 17.44 30
2 80.3520 125.54 30
3 64.8712 60.46 26
4 64.8712 42.31 26
) 49.3904 35.73 22
6 49.3904 64.87 22
7 57.1308 84.17 24
8 57.1308 9.21 24
9 57.1308 66.09 24
10 22.2990 21.25 15
11 26.1692 20.83 16
12 91.9626 131.20 33
13 14.5586 4.88 13
14 14.5586 46.18 13

Table 5.3: Relationship of 1C5g value and leaf number.

Shown in Table 5.4 is the relationship between leaf number and 1C5q value.

Compound | Predicted Actual ICyg | Average Distance | Transformed Average
1C50 Value | Value Distance
1 75.9871 17.44 8.3517 88.2470
2 78.2398 125.54 8.4071 91.7622
3 67.1979 60.46 7.9591 68.6925
4 69.4581 42.31 8.0508 71.4630
5 58.3546 35.73 7.6003 52.7762
6 56.0082 64.87 7.5051 50.5903
7 55.6607 84.17 7.4910 49.4262
8 54.7487 9.21 7.4540 49.4024
9 57.1346 66.09 7.5508 51.5772
10 20.5387 21.25 6.0660 20.8743
11 18.2071 20.83 5.9714 20.6811
12 67.6367 131.2 7.9769 70.8525
13 26.9124 4.88 6.3246 21.7019
14 24.1593 46.18 6.2129 20.4258

Table 5.4: Relationship of I1C5g value, average distance and transformed average distance.

Two regression models were used to fit the IC5¢ data, one using only the leaf number
as a parameter and one using the transformed average distance. Calculating Pearson’s

correlation coefficient between the leaf number and the transformed average distance, a
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value of 95.10% is obtained. This is evidence that the leaf number and the transformed
average distance are highly correlated with one another and a model that incorporates
both is redundant. Table 5.5 displays the linear equation for each regression model along

with its Pearson’s correlation coefficient.

’ Graph Parameter \ Model Equation ‘ Correlation (%) ‘
‘ Transformed Average Distance ‘ 7.73050 + 0.8543¢€0-5% 27.45 ‘
| Leaf Number | —35.7540 + 3.8702z | 38.54

Table 5.5: Models for predicting the IC5q value.

Figure 5.3 displays the scatterplot of the IC5y values against the transformed average

distances. Figure 5.4 displays the scatterplot of the IC5 values against the leaf number.
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Figure 5.3: Scatterplot of ICsg value against the transformed average distance.

In Table 5.3, many compounds have the same leaf number but significantly different IC5q
values. This shows that leaf number is insufficient, as a single parameter, for modelling

IC'5 value. This is reflected in the poor correlation of 38.54%.
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Figure 5.4: Scatterplot of ICsg value against the leaf number.

From Table 5.4 we see that compounds one and two have very different 1C5q values but
almost identical transformed average distance. This already tells us that the transformed
average distance is a poor predictor, which is reflected by the low correlation of 27.45%.
Figure 5.3 displays the scatterplot of the IC5y values against the transformed average dis-
tances and Figure 5.4 displays the scatterplot of the ICsg values against the leaf number.
Included in both Figure 5.3 and Figure 5.4 is the line of best fit given by the linear models
in Table 5.5.

There are groupings present across both scatterplots. These groupings could be due to
the presence of certain structures in the molecule, such as types of elements, that the av-
erage distance does not capture. A point raised in [1] is that it appears that compounds
containing neighbouring hydroxyls have a lower IC5g value. The compounds with this
structure present are 2, 4, 5, 7, 9, 10, 11, 12 and 13. Another model, this time using the
transformed average distances for these compounds containing the neighbouring hydroxyls,

is created and named the refined model. The results of this refined model are shown in
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Table 5.6.

Refined Model Equation | Correlation (%)
—24.1950 + 1.5522€"57 59.64

Table 5.6: Refined transformed average distance model.

The refined model has a correlation 59.64%, larger than the 27.45% correlation of the
transformed average distance model. Thus, the refined model predicts the data better
than the transformed average distance model. There are other structures identified in [1]
to have an affect on 1Cxg value, however, there is no evidence of correlation when comparing

the transformed average distance for compounds containing these structures.

5.5 Conclusion

Due to the poor correlations for the leaf number and the average distance we conclude
that these graph parameters are insufficient as parameters in models that predict the 1C5g
values present in the dataset. Together with the scatterplot of Figure 5.3 and the model of
Table 5.6, we conclude that the average distance could be a viable predictor for the dataset
in conjunction with other parameters that can incorporate the structural elements found

in [1] as well as the groupings present in the scatterplot.

Another point is that our models did not incorporate the double bonds present in any
way. The average distance can incorporate these type of bonds through the use of a
weighted graph having an edge weight of two for double bonds and 1 for single bonds. We
did this but did not show the results in Section 5.4 as there was no significant difference

to either the transformed average distance nor the refined average distance.

We conclude that the null hypothesis is correct and reject the alternative hypothesis.

Following is the closing chapter for the dissertation.
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Chapter 6

Conclusion

In this chapter, we conclude with a summary of the previous findings in this dissertation.

Chapter 1 presents some fundamental Graph Theory concepts, through the use of defini-
tions and examples, needed to understand the proceeding chapters. Some basic Chemistry

concepts are also introduced.

Chapter 2 introduces the literature that presents the background to the problems investi-

gated for both the leaf number and the Wiener index.

Chapter 3 puts forward the upper bound and the lower bound on the leaf number. The

lower bound on the leaf number, found in Theorem 3.1, is shown to be

n 3
L > — 4 =
G275+,
for the specific case of § = 3 and,
0—2 204+ 1)
>
LG z 5=+ 553
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for general §, found in Theorem 3.2. A counterexample to the work of [11], concerning
the upper bound on the leaf number, was presented. A correct upper bound on the leaf

number,

L(G)<n-1,

was given, in Theorem 3.4, and shown to be sharp for any minimum degree §.

Chapter 4 examines the lower bound and the upper bound for unicyclic graphs and tricyclic

graphs,respectively. It is shown, in Theorem 4.1, that for a graph G =G; U Go,

uL=u2

W(G) = W(G1) + W(Ga) + ([V(G1)| = 1) Da, (uz) + (|V(Ga)| = 1) Da, (u1)-

This result is used throughout the chapter to prove the various Wiener index bounds, some
of which are our original proofs. The graph G%(n,t) is defined and shown to be the graph
having the smallest Wiener index across all ¢-cyclic graphs. It is shown, in Theorem 4.2,

that for a t-unicyclic graph G, where |V (G)| =n > 4,

W(G) > (n—1)*—t.

Equality is met if and only if G = G°(n,t). The extremal graph using graph transfor-
mations is specified. A combinatorial approach is used to identify G°(n,3). Theorem 4.3

proves that a unicyclic graph G of order n > 4 has

W(G) < =(n® —Tn+12)

[N

with equality for G = S, 1. Theorem 4.5 shows that for G a tricyclic graph of order
n > 5,

W(G) < =(n® — 19n + 48)

1
6

with equality for G = J(n).
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The lower bound and upper bound on the Wiener index for both unicyclic graphs and
tricyclic graphs, respectively, is found and then transformed into bounds for the average
distance. We also put forward a t-cyclic set of graphs having the largest Wiener index for

any given order.

Chapter 5 sets up three models to predict the IC5y values of compounds presented in
[1]. We conclude that the leaf number is a poor indicator due to the leaf number not
being unique across the dataset. The model using the transformed average distance had
even worse predicted capabilities. However, refining this model to those compounds that
contain neighbouring hydroxyls showed sufficient predictive capabilities such that further

research is warranted.
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Appendix A

Presented here is the molecular graphs of compounds in Table 5.1 by [1].

Compound 1. Compound 2.
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Compound 3. Compound 4.

Compound 5. Compound 6.

92



Compound 7. Compound 8.

Compound 9. Compound 10.
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Compound 11. Compound 12.

Compound 13. Compound 14.
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