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Abstract 

This study focuses on developing an energy management strategy and an optimal load-handling 

trajectory for port cranes, specifically Ship-to-Shore (STS) cranes. The objective is to minimise 

load cycle time, optimise the crane’s energy consumption, and reduce its reliance on the grid. 

This is achieved by applying a battery-supercapacitor hybrid energy storage system (H-ESS), 

and a combination of filtering and Pontryagin’s Minimum Principle (PMP) energy 

management strategies (EMSs). The port crane system model is developed using the graphical 

energetic macroscopic formalism (EMR). The filtering-based EMS manages the power split 

between the grid and the H-ESS, while the PMP-based EMS manages the power split between 

the battery and supercapacitor within the H-ESS. Overall, the proposed EMS for this study has 

a simple analytical cost function, is computationally fast, and is easy to implement while 

producing optimal and effective results. The EMR-based port crane model is comprised of 

mathematical equations describing the crane systems, the cranes’ local control system, and a 

MATLAB Simulink simulation model.  

The experimental validation of the EMR-based port crane model is conducted by comparing 

the MATLAB Simulink simulations with real-world crane data. The results show that 

implementing the EMS reduces the port crane energy consumption from the utility grid by 29% 

and decreases peak power consumption by 29.6%. During the crane load handling cycle, the 

supercapacitor and the battery discharge and recharge by 26% and 8%, respectively. 

Simulations also show that the developed optimal crane load trajectory is 38% faster and more 

productive than the non-optimal crane load trajectory. Additionally, the results show that the 

optimal trajectory reduces the cranes' peak power and energy consumption by 36% compared 

to the non-optimal trajectory. Furthermore, the EMS enhances the performance of the H-ESS 

by boosting efficiency, improving reliability, and extending its lifespan, making H-ESS more 

dependable and cost-efficient. Given that STS cranes are the largest port cranes, with power 

demands of about 2 MW, and share a common drivetrain with many types of port and industry 

cranes, the EMS developed in this study can be applied to other types of cranes. Lastly, the 

study presents a generalised port crane H-ESS sizing framework that uses the optimal EMS 

and particle swarm optimisation (PSO) algorithm to determine the optimal sizes for the battery 

and supercapacitor packs in the H-ESS.  
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1. Introduction  

This study focuses on transportation systems, specifically the energy management of port 

cranes. More than 80% of global trade is seaborne [1], with at least 50% transported in shipping 

containers; these containers are loaded and unloaded at ports using port cranes [2]. Figure 1.1 

illustrates the context of this study with an overview of a container port terminal, which 

includes ships, port cranes, trucks, and smaller yard cranes. Port cranes, also known as ship-to-

shore (STS) cranes, are the largest energy consumers within the port, accounting for up to 40% 

of the port’s energy consumption [3]. Port cranes regenerate more than 50% of the energy used 

to lift containers when lowering them [2][4], and reusing this regenerative braking energy 

improves energy efficiency. The European Council has endorsed targets for European ports to 

achieve 30% energy efficiency and 27% renewable energy penetration by 2030 [3]. It is shown 

in [3] that peak energy consumption accounts for 25-30% of the port’s monthly electricity bill; 

port cranes are the most significant contributors to peak energy consumption. As such, they are 

well-suited for peak-shaving to improve energy efficiency. Consequently, port cranes were 

selected as the subject of this study due to the significance of the port industry in global trade 

and the critical role of port cranes in port operations. Furthermore, they offer the greatest 

potential for improving energy efficiency, peak-shaving, and renewable energy penetration 

within the port.  

 

Figure 1.1: Port terminal overview
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It has been shown that faster port cranes can reduce shipping vessel energy costs by up to 25% 

[3]. The reduction of the time ships spend in the port depends on the rate at which port cranes 

load/unload shipping containers; furthermore, this rate is used in the port industry to measure 

port productivity [5]. Full crane automation has been shown to result in faster crane loading 

speed and increased productivity [5]. Furthermore, [5] shows the desired trajectory of a crane 

transferring a container between ship and shore, noting that further research is required to 

develop an optimal trajectory for automated cranes. In [6], it is demonstrated that optimal 

trajectories for overhead cranes improve both productivity and energy efficiency. Given these 

research gaps, this study will develop an optimal trajectory for port cranes as a solution to the 

energy management problem for port cranes.  
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2. Background 

2.1 Scientific Context of This Study 

This study falls under efficient transportation systems with hybrid energy storage systems (H-

ESS), as shown in Figure 2.1. There is a growing trend in the application of multiple energy 

sources and energy storage across various transportation systems, such as electric vehicles 

(EVs), trains, electric buses, elevators, and port cranes, leading to an increasing need for energy 

management strategies (EMSs) [7], [8], [9], [10]. The review in [3] highlights the rising number 

of research papers on energy efficiency in ports, however, significant research gaps remain to 

be addressed. The focus of this study is on EMSs for port cranes.  

This study uses the energetic macroscopic representation (EMR) formalism [11] to develop the 

system model for the port crane, its local control system, and the EMS. This formalism has 

been widely used in EMS studies for transportation systems [12]. The study also includes the 

development of optimal trajectories as part of the EMSs, given its contribution to energy 

efficiency, as shown in [13]. Another key research area addressed in this study is energy storage 

and the reuse of regenerative braking energy [14].  

 

Figure 2.1: Scientific context of this study 
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2.2 Thesis Objective and Approach 

2.2.1 Research Objectives 

The main objective of this study is to develop an energy management strategy to reduce port 

crane energy consumption from the grid. The strategy combines two energy management 

techniques, which are: 

• Optimal crane load handling trajectory  

• Optimal energy management algorithm  

The anticipated outcome of the two energy management techniques is to reduce both the 

crane’s overall and dynamic energy consumption. The optimal energy management algorithm 

manages the storage and reuse of the crane’s regenerative braking energy in the H-ESS.  

2.2.2 Research Questions 

This study aims to answer the following main research question: 

1. What is the optimal energy management strategy for port cranes? 

The main research question is further divided into the following sub-questions: 

1.1. What is the optimal energy management algorithm for storage and reuse of 

regenerative braking energy for port cranes?   

1.2. What is the optimal load handling trajectory for port cranes?  

2.2.3 Methodology 

This thesis aims to develop an energy management strategy that combines the optimal crane 

trajectory with an optimal energy management algorithm. The methodology of the thesis is 

shown in Figure 2.2. The approach uses the energetic macroscopic representation (EMR) 



 

5 

formalism to develop the port crane model used for simulations. EMR is a graphical tool for 

modelling, control, and energy management for complex multi-physical energetic systems. It 

organises the interaction between subsystems in terms of power flows, ensuring adherence to 

the principles of physical interaction and causality, thereby breaking down the studied system 

into naturally interconnected elements [15]. EMR is used for this study due to its proven 

suitability in similar studies as an effective tool for model organisation and control design of 

complex energy conversion systems [16]. The thesis methodology consists of six steps.  

 

Figure 2.2: Thesis methodology 

This thesis first develops the port crane’s electromechanical system model. The system model 

is then transformed into an EMR-based model. Based on the EMR model, mathematical models 

are derived to develop the cranes’ energy management algorithm. The system model will be 

tested and verified through MATLAB/Simulink simulations by comparing the system model 

results with actual crane data. Optimal control theories and calculus of variations methods are 

then applied to develop the port crane’s energy management strategies. Finally, simulations for 

the optimal energy management strategy are performed in MATLAB/Simulink using the EMR 

library, and results are obtained. 
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2.3 Chapter Summary 

This chapter provides the scientific context for energy management in efficient transportation 

systems with hybrid energy storage systems (H-ESS), specifically focusing on port cranes. It 

highlights the increasing adoption of multiple energy sources and storage systems in 

transportation sectors such as EVs, trains, buses, and elevators, emphasising the need for 

energy management strategies (EMSs).  

Despite growing research in port energy efficiency, gaps remain in optimising crane energy 

consumption. This study employs the Energetic Macroscopic Representation (EMR) formalism 

to model port crane systems, local control mechanisms, and EMSs. The research objective is 

to develop an optimal energy management strategy that minimises port crane energy 

consumption from the grid. This is achieved through two key techniques: an optimal crane load 

handling trajectory and an optimal energy management algorithm for storing and reusing 

regenerative braking energy. Using MATLAB/Simulink simulations, the study applies optimal 

control theories and calculus of variations to refine energy management strategies, ensuring 

improved energy efficiency in port crane operations.  
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3. Literature Review 

3.1 Literature Review 

3.1.1 Studied Port Crane System  

First, the port crane system model is presented to provide further context to the study. Figure 

3.1 illustrates the details of the studied port crane system. Figure 3.1a shows the crane motions, 

which include lifting (1&4), trolley (2&5), and lowering (3&6). Port crane sizes vary according 

to the size of ships they can handle. There are three main port crane sizes: the Panamax crane, 

the Port Panamax crane and the Super Post Panamax crane [17].  

Figure 3.1b shows the crane’s drivetrain which consists of hoist motors, a gearbox, a cable 

drum, wire ropes, a spreader, a trolley, and trolley motors.  Figure 3.2 shows the crane’s 

powertrain which consists of the utility grid supply, rectifier, braking resistor, inverters and the 

crane load hoisting system/drivetrain. In this study, a battery-supercapacitor H-ESS is 

introduced to the port crane. The crane load consists of the standard 20 ft or 40 ft long shipping 

container [18], with a maximum gross weight of 30 480 kg. 

                 

(a)                                                                               (b) 

 

Figure 3.1: Port crane motions (a), port crane drivetrain (b) 
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Figure 3.2: Port crane powertrain 

3.1.2 Gaps in Literature  

This section summarises the research gaps that this study addresses. The gaps in the literature 

are presented in Table 3.1. 

Table 3.1: Gaps in literature 

Research Area Research Gaps Key References 

Port cranes • Literature lacks studies that explain the economic 

contribution, viability, applicability and best 

practices regarding the use of clean and renewable 

energy for ports. 

• There are no detailed studies in energy 

management strategies for port cranes; previous 

research focuses on small yard cranes. 

• Automation of port cranes is in the early stages of 

implementation and dealing with the crane’s 

dynamic behaviour is largely reliant on skilled 

crane drivers. 

• The contribution of crane automation to resolving 

the energy management problem has not been well 

studied. 

[3], [17], and 

[19] 
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Research Area Research Gaps Key References 

Hybrid energy 

storage 

systems and 

multiple 

energy sources 

• Previous port crane studies mostly apply one ESS; 

this study includes a battery and supercapacitor 

ESS, along with a grid connection. 

• Previous studies focused on high power density 

ESS (supercapacitors & flywheels) for peak 

shaving and not on high energy density ESS 

(batteries). 

• There is therefore a need to develop a generalised 

energy storage sizing guideline for port cranes. 

[14], [19], and 

[20] 

EMR 

modelling of 

port cranes 

• Modelling of port cranes using EMR formalisms 

has not been researched in the past. 

• Validation of EMR models using real-world data 

has not been done for port cranes. 

• The use of EMR formalism/models in hardware in 

the loop validation has not been done for port crane 

energy management strategies. 

• The use of the EMR formalism allows for a 

standardised and generalised approach to solving 

the energy management problem for port cranes. 

The EMR formalism provides a generalised 

methodology for system modelling, local control 

system development, and energy management 

strategy development. EMR formalism also 

provides a MATLAB/Simulink library for 

simulations and validation of the developed port 

crane system and its energy management strategy. 

[15] and [12] 
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Research Area Research Gaps Key References 

Energy 

management 

strategies for 

port cranes 

• There are no previous studies that address the 

energy management problem for port cranes using 

an optimal load-handling trajectory.  

• Rule-based energy management strategies based 

on port crane operating modes have not been 

researched. 

• Optimisation-based energy management strategies 

for port cranes are in the early research stages.  

• One of the most advanced studies on port cranes is 

in [14], however, only optimal powertrain sizing is 

addressed and not energy management. 

• Previous optimal trajectory studies only consider 

the load sway problem and not a combination of 

horizontal and vertical movement of the load 

between ship and shore. 

[12], [21], [22], 

[23], and [24] 

3.2 Review of Energy Management Strategies  

There has been a growing trend in the electrification of traction systems in port terminals to 

decrease energy consumption, increase energy efficiency, and support system decarbonisation 

[25]. A key aspect of electrifying traction systems is the application of energy storage systems 

such as batteries, supercapacitors (SCs), fuel cells, and flywheels [14], [25], [26]. When used 

individually, energy storage systems such as batteries and supercapacitors have limited power 

or energy density, but they are complementary when combined into a hybrid energy storage 

system (H-ESS) [26]. In addition to the energy storage systems listed above, traction 

applications such as port cranes regenerate energy during braking to slow the load down. The 

storage and reuse of regenerative braking energy can improve the crane’s energy efficiency 

[25].  
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The use of multiple energy storage system (ESS) in a H-ESS requires an energy management 

strategy (EMS) to control the power split between the ESSs. EMSs are categorised into 

optimisation-based or rule-based type strategies [16] as shown in Figure 3.3.  

 

Figure 3.3: Classification of energy management methods [21]  

Rule-based EMSs produce non-optimal results, whereas global optimal EMSs yield optimal 

results but are computationally costly and complex [12]. Research on EMS for port crane 

applications is in the early stages [27]. However, port cranes share the same type of electric 

powertrain as other well-researched transportation systems, such as electric vehicles (EVs), 
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electric buses, lifts, and electric trains [28]. A lack of optimisation-based EMS usage for port 

cranes is highlighted in [27], and studies in [29] and [30] have shown that rule-based EMSs, 

based on proportional-integral (PI) and set-point controllers, have been widely implemented 

for port cranes. In [31] a particle swarm optimisation (PSO) algorithm is used to size a 

supercapacitor energy storage system (ESS) with the aim of reducing crane peak power demand 

through storing and reusing regenerative braking energy. In [32] it is proposed that port cranes 

can become “near-zero energy load systems” by using regenerative energy (RE) stored in 

supercapacitors as the primary energy source, consuming minimal energy from the grid only 

for system losses and RE shortfall. However, this is not currently feasible due to the low energy 

density of SCs. It has been shown in [33] that ports can become “near-zero energy load 

systems” by using hydrogen energy storage systems resulting in up to a 51.8% reduction in 

their Levelized Cost of Energy. A port-level flywheel energy storage system is simulated in 

[34] for a group of port cranes to reduce the group’s maximum power demand (peak shaving). 

The energy storage systems used in the studies above only include high-power density 

supercapacitors or flywheels, which achieve peak power shaving. However, they do not 

incorporate a high energy density device such as a battery, to achieve energy savings and 

efficiency by reusing regenerative braking energy.  

In [14] a comprehensive HESS optimal sizing strategy is presented for hybrid rubber tyre 

gantry (RTG) crane with batteries and SCs as its two energy sources. However, the energy 

management problem is not addressed. It is shown that, compared with the traditional diesel 

engine RTG crane, the battery-SC hybrid RTG crane, has great potential for regenerative 

energy recovery, which leads to a reduction in fuel costs and carbon emissions. The RTG crane 

is smaller but handles the same size shipping containers as the ship-to-shore (STS) crane in this 

study. The findings in [14] confirm that a battery-SC HESS is potentially suitable for port crane 

applications. To the best of the author’s knowledge, there are no studies on EMS development 

for port cranes powered by batteries-supercapacitors H-ESS and the grid. This represents a 

unique contribution of this work. 

The main research on the development of optimal trajectories for port cranes is summarised by 

five overhead crane load handling trajectories in [13]. These five trajectories focus only on the 

horizontal trolley motion of the port crane and do not consider the effects of hoisting the load. 

The trajectories show that overhead cranes generally have an initial acceleration period, 



 

13 

followed by a period of constant velocity, and finally, a deceleration period when the load 

reaches its destination. The crane motions described results in a trapezoidal shaped non-optimal 

trajectory. Therefore, this study develops an optimal crane load handling trajectory that 

considers both horizontal and vertical crane load motions. Further research on trajectory 

development for other types of cranes, other than port cranes, is shown in [35] and [36]. The 

development of the optimal load handling trajectory for port cranes intuitively leads to 

automation, which is necessary to eliminate human error in port crane load handling motions. 

Advancements in port crane automation, for both horizontal and vertical motions are shown in 

[17]. The review in [17] shows that port crane productivity is directly related to the time it takes 

to transfer the shipping container between ship and shore. Therefore, the optimal trajectory for 

port cranes to be developed in this study will consider crane automation to minimise load 

handling time. The study in [23] evaluates fast trajectories for handling port crane loads; 

however, this study uses a non-optimal trajectory.  

The most advanced studies on powertrain optimisation for traction applications are for electric 

vehicles (EVs). These studies solve the energy management problem using various rule-based 

and optimisation-based methods, including dynamic programming (DP) algorithms, filtration-

based controllers (FBC), model predictive controllers (MPC), rule-based controllers (RBC), 

fuzzy logic controllers (FLC), Pontryagin's minimum principle (PMP), and particle swarm 

optimisation (PSO) algorithms [37],[38],[39]. Advanced research conducted on EV 

applications, therefore, highlights the existing gaps in energy management systems (EMSs) 

and hybridisation of ESSs for port crane applications. 

The studies mentioned above have developed solutions to the energy management challenge 

in electric vehicle powertrains, utilising computational techniques including optimisation and 

rule-based algorithms. Unlike EV applications, port cranes have a utility grid connection in 

addition to the H-ESS in their powertrain. Port cranes also have a different power demand 

profile to that of EVs. This study aims to develop an optimal EMS for port cranes, combining 

optimisation-based Potryagin’s Minimum Principle (PMP), rule-based filtering EMS 

development approaches, and the crane’s optimal load handling trajectory. Studies in [40] and 

[12] show that PMP produces global optimal results close to those of DP, which is the 

benchmark for global optimisation strategies. PMP has also been demonstrated to save up to 

77% of computational time compared to DP [40]. Furthermore, PMP produces analytical 
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solutions that are easier to implement [40] whereas DP requires special software toolboxes 

[41]. The selection of PMP for this study is based on these advantages. Conversely, the rule-

based EMS was selected because it is categorised under the most classical EMSs and produces 

near-optimal results, as shown in [12]. To the best of the author’s knowledge, there are no 

studies on port cranes where the energy management problem is solved by using a combination 

of optimisation algorithms and the crane’s optimal load-handling trajectory. 

Furthermore, studying port cranes requires an appropriate system modelling technique. Port 

cranes can be classified under multi-converter multi-machine systems as described in [42]. It 

has been shown in [42] and [15] that the graphical Energetic Macroscopic Representation 

(EMR) formalism can be used to model multi-converter multi-machine systems. The EMR 

formalism is used to develop system models, local control, and EMS for complex multi-

physical energetic systems [15]. EMR is a divide-and-conquer approach to system modelling 

that represents subsystem interaction using power flows whilst respecting the three principles 

of integral causality, interaction, and inversion [12]. Integral causality means that the output to 

the energetic system is a functional integral of the input; the interaction principle means that 

subsystems interact using action and reaction variables and the product of the variables is the 

instantaneous power exchange between subsystems; lastly, the inversion principle applies 

direct and indirect mathematic inversion of each subsystem to develop the system’s local 

control scheme [15]. To the best of the author’s knowledge, there are no studies on the 

development of EMR-based port crane models.  

3.3 Chapter Summary 

The literature review explores the growing trend of electrification and hybrid energy storage 

systems (H-ESS) in port terminals, emphasising the need for energy management strategies 

(EMSs) to improve efficiency. It highlights that while rule-based EMSs are commonly used 

for port cranes, they are non-optimal, whereas optimisation-based methods provide superior 

results but are computationally demanding. The study identifies a research gap in port crane 

EMSs, as existing studies primarily focus on electric vehicles (EVs), buses, and trains. Several 

approaches to energy recovery, such as regenerative braking storage in supercapacitors (SCs) 

and flywheels, have been explored, but lack integration with high-energy-density batteries for 

optimal efficiency.  
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The review also discusses optimal load handling trajectories, which improve automation and 

reduce energy consumption, yet most existing methods neglect vertical load motion. 

Additionally, it evaluates optimisation algorithms such as Pontryagin's Minimum Principle 

(PMP), which balances computational efficiency with near-global optimal results. The 

Energetic Macroscopic Representation (EMR) formalism is identified as a promising system 

modelling technique for multi-converter, multi-machine systems, though its application to port 

cranes remains unexplored. This study aims to bridge these gaps by developing an EMS that 

integrates optimisation techniques, load handling trajectory optimisation, and EMR-based 

system modelling to enhance port crane energy consumption.  
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4. Port Crane System Modelling 

4.1 Port Crane Electromechanical System Description 

Figure 4.1 illustrates the studied port crane system, focusing on the load-handling mechanism 

of a ship-to-shore (STS) crane, which is the largest type of port crane. Currently, most port 

cranes operate with a grid connection as their sole energy source. A three-phase AC/DC bi-

directional inverter links the DC bus to the crane motors, which provide the energy for lifting 

and moving loads through the hoisting and trolley systems. These systems include components 

such as gearboxes, drums, ropes, pulleys, and spreaders.  

 
Figure 4.1: Studied port crane system 

The load-handling mechanism encompasses all the mechanical dynamics of the crane, while 

external factors like braking, gravitational, and wind forces impact the container load. This 

crane model was developed with an emphasis on energy management. To transport the load 

between the ship and the shore, the hoisting system generates vertical lifting force, and the 

trolley system produces horizontal force. Table 4.1 provides the parameters of a real-world port 
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crane located at the Cape Town Container Terminal in South Africa, which was utilised for 

MATLAB-Simulink simulations in this research. The crane is capable of handling loads up to 

65 tons, with lifting heights reaching 57 meters on the landside and 73 meters aboard shipping 

vessels. Its energy is supplied by a 1.6 MVA on-board three-phase transformer that steps down 

an 11 kV grid input to 650 V.  

The crane achieves hoist speeds of 90 meters per minute when loaded and 180 meters per 

minute when unloaded, with acceleration taking approximately 2.5 seconds and steady-state 

operation lasting around 15 seconds. Typically, a port crane demands between 1 MW and 2 

MW of power, consuming 8 to 16 kWh per 30-second load cycle while regenerating 5 to 10 

kWh per cycle. In real-world operation, the crane dissipates most of the regenerated energy 

from its hoist motors through a braking resistor on the DC bus. The crane has bi-directional 

inverters, which allow it to redirect the regenerated energy back to the grid or auxiliary systems, 

like the cabin air conditioner. Operating 24 hours a day and processing an average of 30 

containers per hour [20], a port crane uses around 17 MWh daily, equating to roughly 6 GWh 

annually. 

Table 4.1: Port crane main parameters 

Hoist System Parameters 

Load mass 65 t with shipping container 

18 t empty spreader   

Hoisting Speed 1.5 m/s full-load speed 

3 m/s no-load speed 

Electric drive 2 x 500 kW induction machines 

Efficiency 90% 

Gearbox Ratio 21.389 

Efficiency 85% 

Cable drum diameter 1.365 m 

Trolley System Parameters 

Trolley Speed 3.83 m/s - maximum 

Electric drive 4 x 55 kW induction machines 

Efficiency 90% 

Gearbox Ratio 21.389 

Efficiency 85% 

Trolley wheels diameter 710 mm 

Coefficient of friction rail-to-wheel 0.02 



 

18 

4.2 Port Crane Energetic Macroscopic Representation 

Figure 4.2 illustrates the EMR-based model of the port crane system, including the local control 

and energy management strategy (EMS). The EMR formalism enables the decoupling of the 

crane’s mathematical model into distinct layers for the EMS and local control systems. The 

EMS operates at a supervisory level, positioned above the local control layer, with each layer 

requiring separate treatment due to differences in their dynamics. While dynamic models are 

used for the load and DC-bus capacitor, static models represent the other components of the 

port crane. This approach is justified, as faster dynamic subsystems can be simplified into 

equivalent static models by assuming perfect control with instantaneous responses to input 

references, as demonstrated in [43] and [44]. 

 

Figure 4.2: Port crane EMR and inversion-based local control 
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4.3 Port Crane Mathematical Modelling  

Table 4.2 outlines the equations used to represent the port crane model depicted in Figure 4.2. 

The mathematical model for electric vehicles (EV) from [12] serves as the foundation for 

developing the port crane model, due to the drivetrain similarities between the two systems. 

The electrical drive introduces the current 𝑖𝑡𝑟𝑎𝑐   in equation (4.3), which is processed by the 

induction machine to generate the output torque 𝑇𝐺𝐵  as expressed in equation (4.4). The 

gearbox dynamics, including the input speed 𝜔𝑚, output speed 𝜔𝑑𝑟𝑢𝑚, and torque 𝑇𝐺𝐵 , are 

described by equations (4.4) and (4.5). Rotational motion in the cable drum is converted to 

linear motion in the hoist ropes through equations (4.6) and (4.7). The hoisting speed 𝑉ℎ𝑜𝑖𝑠𝑡 

and force 𝐹ℎ𝑜𝑖𝑠𝑡 in the hoist wires are modelled using equations (4.8) and (4.9). The hoisting 

speed of the container, 𝑉𝐿𝑜𝑎𝑑, is defined in equation (4.8). Similarly, equations (4.13) through 

(4.18) describe the crane trolley system's electrical drive, gearbox, trolley wheel, and load 

dynamics in a manner analogous to the crane hoisting system outlined in equations (4.1) to 

(4.11). All equations are presented in scalar form, as this study primarily focuses on energy 

management. 

4.4 System Disturbances 

The total force, 𝐹𝐿 , required by the crane to lift the load is described in equation (4.10). The 

frictional force, 𝐹𝑟𝑒𝑠, between the cable drum and the wire ropes is considered negligible due 

to the significant 65-ton load, which exerts a gravitational force of 637 kN. Equation (4.12) 

quantifies the gravitational and air drag resistance forces acting on the shipping container. The 

environmental forces affecting the trolley and hoist loads, as expressed in equations (4.12) and 

(4.19), include rolling resistance, gravitational forces, air drag, and wind forces. Among these, 

wind, rolling resistance, and air drag are identified as the primary disturbances in the crane's 

load-handling process. This study specifically accounts for the  influence of wind on the crane 

load, assuming it acts in the direction of the trolley's movement between the ship and the shore. 
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Table 4.2: Port crane mathematical modelling equations 

 Hoist System Modelling  

Electrical Drive 

𝑀@𝑚𝑜𝑡𝑜𝑟_𝑠ℎ𝑎𝑓𝑡 = 𝑀𝐿𝑜𝑎𝑑/4 (4.1) 

𝑇𝑚 = 𝑇𝑚_𝑟𝑒𝑓 (4.2) 

𝑖𝑡𝑟𝑎𝑐 =
(𝑇𝑚𝜔𝑚)

2(𝑈𝑑𝑐𝜂𝑒𝑑
𝛾

)
{ 

𝛾 = 1      𝑇𝑚𝜔𝑚  ≥ 0   
  𝛾 = −1   𝑇𝑚𝜔𝑚 < 0    

 (4.3) 

Gearbox 

𝑇𝐺𝐵 =
(𝑇𝑚𝑖𝑔𝑏)

𝜂𝑔𝑏
𝛾 { 

𝛾 = 1           𝑇𝑚𝜔𝑚  ≥ 0        
  𝛾 = −1       𝑇𝑚𝜔𝑚 < 0     

 (4.4) 

𝜔𝑚 = 𝐼𝑔𝑏 × 𝜔𝑑𝑟𝑢𝑚 (4.5) 

Cable drum 
𝜔𝑑𝑟𝑢𝑚 = 4𝑉𝐿 𝐷𝑖𝑎𝑑𝑟𝑢𝑚⁄  (4.6) 

𝐹ℎ𝑜𝑖𝑠𝑡 = 𝑇𝐺𝐵/𝑅𝑑𝑟𝑢𝑚 (4.7) 

Spreader System 
𝑉𝐿𝑜𝑎𝑑 = 𝑉ℎ𝑜𝑖𝑠𝑡/2 (4.8) 

𝐹𝐿𝑜𝑎𝑑 = 4𝐹ℎ𝑜𝑖𝑠𝑡 (4.9) 

Load 
𝐹𝐿𝑜𝑎𝑑 =  𝑀𝐿

𝑑

𝑑𝑡
𝑉𝐿𝑜𝑎𝑑 + 𝐹𝑒𝑛𝑣 (4.10) 

𝑀𝐿 = 𝑀𝐿/4 (4.11) 

Environment 𝐹𝑒𝑛𝑣 = 𝑀𝐿𝑔 +  0.5𝜌𝑐𝑥𝐴(𝑉𝐿 + 𝑉𝑤)2 (4.12) 

 Trolley System Modelling  

Electrical Drive 𝑖𝑡𝑟𝑜𝑙𝑙𝑒𝑦 =
(𝑇𝑚_𝑡𝜔𝑚_𝑡)

2(𝑈𝑑𝑐𝜂𝑒𝑑_𝑡
𝛾

)
{ 

𝛾 = 1      𝑇𝑚_𝑡𝜔𝑚_𝑡  ≥ 0   

  𝛾 = −1   𝑇𝑚_𝑡𝜔𝑚_𝑡 < 0    
 (4.13) 

Gearbox 

𝑇𝐺𝐵_𝑡 =
(𝑇𝑀_𝑡𝑖𝐺𝐵_𝑡)

𝜂𝐺𝐵_𝑡
𝛾 { 

𝛾 = 1        𝑇𝑚_𝑡𝜔𝑚_𝑡  ≥ 0

  𝛾 = −1       𝑇𝑚_𝑡𝜔𝑚_𝑡 < 0
 (4.14) 

𝜔𝑚_𝑡 = 𝐼𝐺𝐵_𝑡 × 𝜔𝑤ℎ𝑒𝑒𝑙  (4.15) 

Trolley Wheels 

𝑤𝑤ℎ𝑒𝑒𝑙 = 𝑉𝑡𝑟𝑜𝑙𝑙𝑒𝑦 𝑅𝑤ℎ𝑒𝑒𝑙⁄  (4.16) 

𝐹𝑤ℎ𝑒𝑒𝑙 = 𝑇𝐺𝐵_𝑡/𝑅𝑤ℎ𝑒𝑒𝑙 (4.17) 

Load 𝐹𝐿𝑜𝑎𝑑_𝑡 =  𝑀𝐿+𝑡𝑟

𝑑

𝑑𝑡
𝑉𝑡𝑟𝑜𝑙𝑙𝑒𝑦 + 𝐹𝑒𝑛𝑣_𝑡 (4.18) 

Environment 𝐹𝑒𝑛𝑣_𝑡𝑟 = 𝑀𝐿+𝑡𝑟(𝑔 +  𝑓𝑔) +  0.5𝜌𝑐𝑥𝐴(𝑉𝑡𝑟 + 𝑉𝑤)2 (4.19) 
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4.5 Port Crane Local Control System  

The EMR-based local control system for the traction component of the crane is depicted in the 

blue blocks of Figure 4.3. The EMR formalism is utilised to determine the tuning and control 

pathways necessary for developing the traction system's local control scheme, as illustrated in 

Figure 4.3. In this context, a tuning path links the tuning variable to the objective variable, 

which is the parameter being controlled [26]. The control path mirrors the tuning path. For this 

study, the tuning path begins with the tuning variable, which is the electrical drive torque 

(𝑇𝑚_𝑟𝑒𝑓), and progresses to the control variable, which is the load speed (𝑉𝐿𝑜𝑎𝑑). The local 

control system for the crane hoist system is then methodically derived by inverting each 

subsystem, as explained in [45]. 

 
Figure 4.3: Port crane local control system 

Similarly, the local control system for the crane trolley system is derived by following the 

tuning path from the tuning variable 𝑇𝑚_𝑡_𝑟𝑒𝑓  to the control variable 𝑉𝐿𝑜𝑎𝑑_𝑡. Table 4.3 lists the 

mathematical equations used to model the port crane control system. For all mechanical 

transmission components except the load, the local control system is derived through direct 

inversion of the corresponding mathematical equations, as shown in equations (4.20) to (4.22), 

(4.24), and (4.25). For the load, an indirect inversion approach is applied, as modelled in 

equations (4.23) and (4.26). This involves a closed-loop proportional-integral (PI) controller, 

𝐶𝑙𝑜𝑎𝑑(𝑠), which operates in a feedback loop. The PI controller produces the output 𝐹𝐿_𝑟𝑒𝑓, while 

its inputs include the measured load speed 𝑉𝐿, the disturbance 𝐹𝑟𝑒𝑠 , and a reference hoist speed 

profile 𝑉𝐿_𝑟𝑒𝑓. 
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Table 4.3: Modelling the port crane local control system 

 Hoist Local Control System  

Gearbox 𝑇𝑚_𝑟𝑒𝑓 =
𝑇𝐺𝐵_𝑟𝑒𝑓

𝑖𝑔𝑏𝜂𝑔𝑏
𝛾 { 

𝛾 = 1      𝑇𝑚𝜔𝑚  ≥ 0
  𝛾 = −1    𝑇𝑚𝜔𝑚  ≥ 0

 (4.20) 

Cable drum 𝑇𝐺𝐵_𝑟𝑒𝑓 = 𝐹ℎ𝑜𝑖𝑠𝑡_𝑟𝑒𝑓 × 𝑟𝑑𝑟𝑢𝑚 (4.21) 

Spreader  𝐹ℎ𝑜𝑖𝑠𝑡_𝑟𝑒𝑓 = 𝐹𝐿_𝑟𝑒𝑓/4 (4.22) 

Load 𝐹𝐿_𝑟𝑒𝑓 = 𝐶𝑙𝑜𝑎𝑑(𝑠)(𝑉𝐿_𝑟𝑒𝑓 − 𝑉𝐿) + 𝐹𝑟𝑒𝑠 (4.23) 

 Trolley Local Control System  

Gearbox 𝑇𝑚_𝑡_𝑟𝑒𝑓 =
𝑇𝐺𝐵_𝑡_𝑟𝑒𝑓

𝑖𝑔𝑏_𝑡𝜂𝑔𝑏_𝑡
𝛾 { 

𝛾 = 1      𝑇𝑚_𝑡𝜔𝑚_𝑡  ≥ 0

 𝛾 = −1    𝑇𝑚_𝑡𝜔𝑚_𝑡  ≥ 0
 (4.24) 

Wheel 𝑇𝐺𝐵_𝑡_𝑟𝑒𝑓 = 𝐹𝑙𝑜𝑎𝑑_𝑡_𝑟𝑒𝑓 × 𝑅𝑤ℎ𝑒𝑒𝑙 (4.25) 

Load 𝐹𝐿_𝑟𝑒𝑓 = 𝐶𝑙𝑜𝑎𝑑(𝑠)(𝑉𝐿_𝑟𝑒𝑓 − 𝑉𝐿) + 𝐹𝑟𝑒𝑠 (4.26) 

4.6 Port Crane System Model Experimental Validation 

4.6.1 Experimental Setup 

The validation of the crane’s EMR model was performed using power consumption and hoist 

motor speed data collected from an actual STS crane at the Cape Town Container Terminal. 

The experimental setup, depicted in Figure 4.4, utilised a Fluke 1736 power logger to measure 

the crane’s power consumption during container loading and unloading operations. Power data 

was recorded at the 500 kW hoist motors, which are the primary consumers of energy, and at 

the low-voltage (LV) panel supplying the crane. A Hall effect sensor, mounted near a magnet 

on the hoist motor shaft, captured the motor shaft speed. The sensor output was processed using 

an Arduino Uno board and a laptop running MATLAB/Simulink. During the experiment, the 

crane handled a 20-ton load. 
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(a) 

 

(b) 

Figure 4.4: Experimental setup (a) and (b): (1) Hoist motor (2) Fluke 1736 power logger (3) 

Cable drum (4) Gearbox (5) Mechanical brakes (6) PC, Arduino UNO board, and hall effect 

sensor (7) Low voltage panel 

Real-world cranes are operated according to a predefined speed reference curve, as shown in 

Figure 4.5a. This trapezoidal-shaped speed profile includes an initial acceleration phase for 

lifting the load, a constant-speed phase, and a deceleration phase upon approaching the 

destination. The final stage involves lowering the load into its designated position, during 

which the hoist motors generate regenerative braking energy that is dissipated in the braking 

resistor. The use of this trapezoidal speed setpoint curve for the crane motors results in a non-

optimal, trapezoidal power consumption trajectory. For validation purposes, the recorded 

motor speed from the real crane was used as the input speed (𝑉𝐿𝑜𝑎𝑑_𝑟𝑒𝑓) in the 

MATLAB/Simulink simulation. The simulated hoist motor power consumption was then 

compared with the actual power consumption data recorded from the crane. 
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4.6.2 Experimental Results 

Figure 4.5b demonstrates that the simulated load hoisting speed corresponds to that of the real-

world crane. Figure 4.5c illustrates the load hoisting trajectory, which is non-optimal due to 

the trapezoidal-shaped reference speed curve. This trajectory was derived from the real-world 

speed data, but it is inverted since the load-handling spreader was initially suspended at height 

when the crane started operating—a typical resting position for crane operators.  

Figure 4.5d indicates that the power consumption curve from the crane’s EMR simulation 

model closely aligns with that of the real-world crane. However, the real-world power 

consumption curve exhibits greater dynamical variations compared to the simulation. Studies 

in [43] and [44] validate the use of static models for fast dynamical crane components in energy 

management studies, as energy management strategies operate above the crane’s control 

system, which demands fast dynamic responses. The highly dynamic nature of the real-world 

crane’s power consumption curve is attributed to human operators and the crane’s control 

system. To minimise these dynamical variations, automation of port cranes and the 

implementation of optimal sinusoidal speed setpoint curves are proposed. Based on these 

findings, it is confirmed that the EMR-based simulation model accurately reflects the actual 

crane's power consumption.  
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(b) 

 

(c) 

 

(d) 

Figure 4.5: Port crane (a) hoist motor reference speed profile (b) simulated vs. actual speed (c) 

non-optimal trajectory (d) simulated vs. actual power consumption 

4.7 Chapter Summary 

This chapter used the EMR formalism to develop the port crane system model, which consists 

of the crane’s EMR model, its local control system, and the mathematical equations governing 

the energy flow between the crane’s subsystems. The crane’s EMR model was validated using 

real-world crane data, confirming its accuracy in reflecting the actual crane's power 

consumption. 
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5. Development of The Optimal Port Crane Trajectory 

This chapter focuses on developing an optimal load-handling trajectory for port cranes with 

the objective of minimising load cycle time and reducing energy consumption. The port crane 

EMR-based system model developed in Chapter 4 is used for simulations. The particle swarm 

optimisation algorithm is used to determine the set of Pareto optimal crane trajectories, taking 

into account variations in crane size, ship size, and wind speed. 

5.1 Description of The Port Crane Load Handling Mechanism 

Figure 5.1a illustrates the load-handling mechanism of the port crane, which comprises the load 

hoisting system and the trolley. When handling shipping container loads, the crane performs 

two main motions, as shown in Figure 5.1b: the horizontal trolley motion and the vertical 

hoisting and lowering motions. Additionally, the crane can execute a gantry motion, which 

involves moving sideways along the ship. However, this motion is performed without a load 

and does not involve the trolley, hoisting, or lowering motions. Therefore, the load-handling 

trajectory of the port crane primarily includes the trolley and hoisting motions. As depicted in 

Figure 5.1a, the load is suspended beneath the trolley, which moves back and forth between 

the ship and the shore. Steel wire ropes are employed to hoist and lower the load beneath the 

trolley, which is attached to the crane's spreader. The combination of the hoisting and trolley 

motions defines the path along which the load is transported between the ship and the shore. 
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Figure 5.1: Port crane hoist and trolley mechanisms layout, (a) port crane motions, hoisting 

(1&4), lowering (6&3) and trolley (2&5) (b), port crane trajectories and constraints (c), and 

optimal port crane trajectory (d) 

5.2 Optimal Port Crane Trajectory  

The hoisting motions and mechanism of the crane, depicted in Figure 5.1b, are represented by 

three potential trajectories in Figure 5.1c. These trajectories, along with any paths in between, 

define the space within which the crane’s optimal trajectory lies. The crane’s load movement 

is constrained by the physical limits of the boom and bottom structure as it transfers containers 

between the ship and the shore. Port productivity is typically measured by the number of 

containers a crane handles per hour, referred to as moves per hour [17]. Therefore, the optimal 

trajectory for the crane is the one that minimises the time required to move a container between 

the ship and the shore. 

                                          

(a)                                                                                                    (b) 

  

(c)                                                                                                   (d) 
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The problem of determining the optimal trajectory for the port crane is analogous to a 

combination of the cart-pendulum and brachistochrone problems, both of which can be 

approached using Lagrangian mechanics. The brachistochrone problem, first solved in the 

1600s by Bernoulli, Newton, and others [46], involves finding the fastest path for a bead to 

travel along a frictionless wire between two points under the influence of gravity. In the case 

of the port crane, the brachistochrone curve is inverted, and the forces acting on the load result 

from both gravitational forces and the crane motor’s acceleration forces. The brachistochrone 

curve, a segment of a cycloid, represents the fastest path. For the port crane, the load (as 

analogous to the bead) follows this cycloidal trajectory for optimal travel between the ship and 

the shore, as shown in Figure 5.1d. 

In [47], it is demonstrated that the brachistochrone curve adheres to the principle of stationary 

action, which also applies to the port crane’s motion since it starts and ends at stationary points. 

Figure 5.1d presents a classical mechanics model of the port crane. The cart-pendulum 

representation is used for the trolley and suspended load, which is useful for addressing the 

load sway problem. However, this study does not focus on load sway which has been well 

researched [48], and is typically minimal in practice due to anti-sway control systems and the 

significant weight of the crane load, resulting in a very small 𝜃.  

Thus, the optimal trajectory for the crane is determined by solving the brachistochrone 

problem. This problem involves determining the shape of the curve along which a bead, starting 

from rest and influenced only by gravitational acceleration, travels between two points, 𝑃1and 

𝑃2, in the shortest possible time without the influence of friction. The time required to travel 

between these two points is represented by the integral: 

𝑡12 = ∫
𝑑𝑠

𝑣

𝑃1

𝑃2

 
(5.1) 

Here, 𝑠 represents the arc length, and 𝑣 denotes the speed. The speed at any point along the 

curve is determined using the principle of conservation of energy, equating the kinetic energy 

to the gravitational potential energy as follows: 



 

29 

1

2
𝑚𝑣2 = 𝑚𝑔𝑦 

(5.2) 

Which gives: 

v = √2gy (5.3) 

Substituting (5.3) into (5.1) together with the identity: 

𝑑𝑠 =  √𝑑𝑥2 + 𝑑𝑦2 = √1 + 𝑦′2𝑑𝑥 
(5.4) 

This leads to the functional of the brachistochrone as follows: 

𝑡12 = ∫ √
1 + 𝑦′2

2𝑔𝑦

𝑃1

𝑃2

𝑑𝑥 

(5.5) 

Given the rolling bead starts from rest in an 𝑥𝑦 −plane, the coordinates of the two points are 

then 𝑃1 = (0,0) and 𝑃2 = (𝑏, 𝐵). The functional for the brachistochrone, along with its 

boundary conditions, is then expressed as: 

𝑇[𝑦] =
1

√2𝑔
∫ √

1 + (𝑦′)2

𝑦

𝑏

0

𝑑𝑥,   𝑦(0) = 0,  𝑦(𝑏) = 𝐵 

(5.6) 

The function to be varied is therefore given by: 

𝑓 =  √
1 + (𝑦′)2

2𝑔𝑦
 

(5.7) 
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Since the function 𝑓(𝑦, 𝑦′) does not depend on x, we have 
𝜕𝑓

𝜕𝑥
= 0. Therefore, the Beltrami 

identity, which is a specific case of the Euler-Lagrange method, is applied to find the 

extremum: 

𝑦′ 
𝜕𝑓

𝜕𝑦′
 − 𝑓 = 𝐶  

(5.8) 

Then: 

𝜕𝑓

𝜕𝑦′
= 𝑦′ (1 + (𝑦′)2)−1/2(2𝑔𝑦)−1/2 

(5.9) 

Substituting equations (5.9) and (5.7) into (5.8) gives: 

1

√2𝑔𝑦√1 + (𝑦′)2
= 𝐶 

(5.10) 

Squaring and rearranging equation (5.10) yields: 

(1 + (
𝑑𝑦

𝑑𝑥
)
2

)𝑦 =
1

2𝑔𝐶2
 

(5.11) 

(1 + (
𝑑𝑦

𝑑𝑥
)
2

)𝑦 = 𝑘2 
(5.12) 

The new positive constant 𝑘2, in equation (5.12), is used to express the square of the old 

constant 𝐶. The following parametric equations then represent the solution to this equation: 

𝑥 =  
1

2
𝑘2(2𝛼 − 𝑠𝑖𝑛 2𝛼) 

(5.13) 
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𝑦 =  
1

2
𝑘2(1 − 𝑐𝑜𝑠 2𝛼)  

(5.14) 

Equations (5.13) and (5.14) represent the equations of a cycloid. Additionally, it has been 

demonstrated in [49] that the brachistochrone problem can be extended to account for friction, 

resulting in the following parametric solutions: 

𝑥 =
1

2
𝑘2[(𝛼 − 𝑠𝑖𝑛 𝛼) + 𝜇(𝛼 − 𝑐𝑜𝑠 𝛼)] 

(5.15) 

𝑦 =
1

2
𝑘2[(1 − 𝑐𝑜𝑠 𝛼) + 𝜇(𝛼 + 𝑠𝑖𝑛 𝛼)]  

(5.16) 

In the context of a port crane energy management study, the frictional force is negligible when 

compared to the crane motor's acceleration and gravitational forces. Consequently, the optimal 

trajectory for port cranes is a cycloid, described by equations (5.17) and (5.18) as follows: 

𝑥 = 𝑟(𝛼 − 𝑠𝑖𝑛 𝛼) (5.17) 

𝑦 = 𝑟(1 − 𝑐𝑜𝑠 𝛼)  (5.18) 

The constant 
1

2
𝑘2 has been replaced using trigonometry with the radius 𝑟 of the rolling circle 

that generates the cycloid curve. The optimal vertical (hoist) and horizontal (trolley) speed 

profiles for the crane are derived by taking the derivatives of equations (5.17) and (5.18), as 

shown below: 

𝑉𝑥 =  𝑉_𝑡𝑟𝑜𝑙𝑙𝑒𝑦 = 𝑟(1 − 𝑐𝑜𝑠 𝛼)           (5.19) 

𝑉𝑦 =  𝑉_ℎ𝑜𝑖𝑠𝑡 = 𝑟 𝑠𝑖𝑛 𝛼           (5.20) 
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The radius of the rolling circle r is determined based on the crane's height, the size of the ship, 

and the container's loading position. The parameter α represents the rotational angle of the 

rolling circle as the crane trolley moves horizontally between the ship and the shore.  Based on 

the brachistochrone problem, the time required for the shipping container to travel along the 

cycloidal path from the ship to the shore is given by equation (5.21). In the classical 

brachistochrone problem, where a frictionless surface is assumed, the acceleration 𝑎 equals 

gravitational acceleration. However, in the crane application, the resultant acceleration is 

derived from the crane motor’s design parameters, accounting for the forces needed to hoist 

the shipping container. The relationship between the rotational angle α and the travel time is 

described by equation (5.10) [36]. 

𝑡 = 2𝜋√𝑟/𝑎  (5.21) 

𝛼(𝑡) = 𝑡√𝑎/𝑟 (5.22) 

The relationship in equation (5.22) indicates that as α increases from 0 to 2π, the optimal time 

required for the crane to move a shipping container between the ship and the shore depends on 

the radius of the rolling circle. This radius is determined by the height to which the load must 

be hoisted to clear the crane beams and the horizontal distance from the truck on shore to the 

loading position on the ship. Variations in crane height and ship-to-shore distance arise due to 

differences in ship sizes and port crane dimensions. Additionally, the container loading position 

varies because of multiple loading slots on the ship and multiple truck lanes on the shore.  

The performance and energy consumption of port cranes are significantly influenced by wind, 

with 90 km/h being the maximum operational wind speed. Variations in container loading 

positions, crane height, ship dimensions, and wind speed lead to multiple optimal cycloidal 

load trajectories for port cranes, as shown in Figure 5.2. These multiple optimal trajectories 

result in corresponding variations in optimal power consumption curves. The particle swarm 

optimisation (PSO) technique is employed to identify the set of optimal crane trajectories and 

their associated energy consumption. PSO is chosen for its effectiveness in solving 

optimisation problems with multiple objectives and parameters. 
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Figure 5.2: Port crane multiple optimal cycloid load trajectories 

5.3 Port Crane Optimal Power Consumption  

This section employs the PSO algorithm and the optimal trajectory to determine the optimal 

power and energy consumption for port cranes. 

The PSO algorithm primarily relies on algorithm-specific hyperparameters as its inputs. User 

inputs include the objective function, also referred to as the fitness function. In PSO, the fitness 

or objective function is the criterion used to evaluate performance. This criterion is typically 

defined through a mathematical formula, and it quantifies system performance using a 

performance index [50]. 

For the port crane power optimisation problem, the fitness function of the PSO algorithm is 

formulated in equations (5.23) to (5.30). The power consumed by the port crane is described 

in equation (5.23), which accounts for the power used by the crane motors during hoisting and 

trolley operations. Equation (5.24) further expresses this power consumption in terms of the 

speeds and forces required for the hoisting and trolley motions.  
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𝑃𝑔𝑟𝑖𝑑 = 𝑃𝑐𝑟𝑎𝑛𝑒_𝑙𝑜𝑎𝑑 = 𝑃ℎ𝑜𝑖𝑠𝑡𝑖𝑛𝑔_𝑚𝑜𝑡𝑖𝑜𝑛 + 𝑃𝑡𝑟𝑜𝑙𝑙𝑒𝑦_𝑚𝑜𝑡𝑖𝑜𝑛 (5.23) 

𝑃𝑔𝑟𝑖𝑑 = 𝐹ℎ𝑜𝑖𝑠𝑡𝑉ℎ𝑜𝑖𝑠𝑡 + 𝐹𝑡𝑟𝑜𝑙𝑙𝑒𝑦𝑉𝑡𝑟𝑜𝑙𝑙𝑒𝑦  (5.24) 

The complete grid power consumption equation is derived by substituting equations (4.12) and 

(4.19) into equation (5.24) as follows: 

𝑃𝑔𝑟𝑖𝑑 =  
(𝑀𝐿𝑔 +  0.5𝜌𝑐𝑥𝐴(𝑉ℎ𝑜𝑖𝑠𝑡 + 𝑉𝑤𝑖𝑛𝑑)

2)𝑉ℎ𝑜𝑖𝑠𝑡

𝜂𝐸𝐷𝜂𝐺𝐵

+
(𝑀𝐿+𝑡𝑟(𝑔 +  𝑓𝑔) +  0.5𝜌𝑐𝑥𝐴(𝑉𝑡𝑟𝑜𝑙𝑙𝑒𝑦 + 𝑉𝑤𝑖𝑛𝑑)

2)𝑉𝑡𝑟𝑜𝑙𝑙𝑒𝑦

𝜂𝐸𝐷_𝑡𝑟𝜂𝐺𝐵_𝑡𝑟
 

(5.25) 

Equation (5.26), which represents the port crane’s energy consumption, is utilised as the fitness 

function in the PSO algorithm and serves as the objective function for the optimisation 

problem.  

𝐸𝑔𝑟𝑖𝑑(𝑉𝑡𝑟𝑜𝑙𝑙𝑒𝑦 , 𝑉ℎ𝑜𝑖𝑠𝑡 , 𝑉𝑤𝑖𝑛𝑑) = 𝑃𝑔𝑟𝑖𝑑(𝑉𝑡𝑟𝑜𝑙𝑙𝑒𝑦 , 𝑉ℎ𝑜𝑖𝑠𝑡 , 𝑉𝑤𝑖𝑛𝑑) × 𝑡 (5.26) 

The fitness function of the PSO algorithm, as defined in equation (5.26), is subject to the 

following constraints: 

0 ≤ 𝑉ℎ𝑜𝑖𝑠𝑡 ≤ 𝑉ℎ𝑜𝑖𝑠𝑡_𝑚𝑎𝑥 (5.27) 

0 ≤ 𝑉𝑡𝑟𝑜𝑙𝑙𝑒𝑦 ≤ 𝑉𝑡𝑟𝑜𝑙𝑙𝑒𝑦_𝑚𝑎𝑥 (5.28) 

0 ≤ 𝑉𝑤𝑖𝑛𝑑 ≤ 𝑉𝑤𝑖𝑛𝑑_𝑚𝑎𝑥 (5.29) 

0 ≤ 𝑃𝑔𝑟𝑖𝑑 ≤ 𝑃𝑔𝑟𝑖𝑑_𝑚𝑎𝑥 (5.30) 
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The optimisation parameters for the PSO simulation include wind speed, the horizontal speed 

of the crane load, and the vertical speed of the crane load. The crane load’s velocities, 𝑉ℎ𝑜𝑖𝑠𝑡 

and 𝑉𝑡𝑟𝑜𝑙𝑙𝑒𝑦, are derived from equations (5.19) and (5.20). These equations depend on two 

variables: the load acceleration 𝑎 and the radius 𝑟, which represents the crane lifting height and 

the ship-to-shore distance. Practical constraints for these optimisation parameters were 

incorporated into the simulations. These constraints include a maximum crane lifting height of 

35 m, a wind speed limit of 25 m/s, a maximum horizontal load speed of 4 m/s, and a maximum 

vertical load speed of 3 m/s. The PSO algorithm simulation produces a set of optimal power 

consumption curves. The PSO algorithm is best understood through its mathematical model, 

which consists of the current particle position and its velocity vector. The current particle 

position is determined by: 

𝑋𝑖
𝑡+1⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  ⃗ = 𝑋𝑖

𝑡⃗⃗⃗⃗ + 𝑉𝑖𝑡+1⃗⃗ ⃗⃗⃗⃗ ⃗⃗  ⃗ (5.31) 

The velocity of this particle’s position is determined by: 

𝑉𝑖𝑡+1⃗⃗ ⃗⃗⃗⃗ ⃗⃗  ⃗ = 𝑤𝑉𝑖𝑡⃗⃗⃗⃗ + 𝑐1𝑟1 (𝑃𝑖
𝑡⃗⃗⃗⃗ − 𝑋𝑖

𝑡⃗⃗⃗⃗ ) + 𝑐2𝑟2 (𝐺𝑡⃗⃗⃗⃗ − 𝑋𝑖
𝑡⃗⃗⃗⃗ ) (5.32) 

The pseudocode for the PSO algorithm is presented below [51]: 

Algorithm 5.1: Optimal Crane Energy Consumption PSO Pseudo-Code  

Initialise the optimisation problem parameters (𝑉ℎ𝑜𝑖𝑠𝑡, 𝑉𝑡𝑟𝑜𝑙𝑙𝑒𝑦, 𝑉𝑤𝑖𝑛𝑑) 

Initialise the limits of the optimisation parameters from equations (5.27) to (5.29) 

0 ≤ 𝑉ℎ𝑜𝑖𝑠𝑡 ≤ 3 𝑚/𝑠 ,       

0 ≤ 𝑉𝑡𝑟𝑜𝑙𝑙𝑒𝑦 ≤ 4 𝑚/𝑠          

0 ≤ 𝑉𝑤𝑖𝑛𝑑 ≤ 25 𝑚/𝑠          

Initialise the PSO hyper-parameters (N, c1, c2, Wmin, Wmax, Vmax, and MaxIter)  

Initialise the population of N particles  

do 

for each particle  

calculate the objective or fitness of the particle using equation (5.26)  

Update PBEST if required 

Update GBEST if required  

end for  

Update the inertia weight  
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for each particle  

       Update the velocity (V) 

       Update the position (X) 

end for 

while the end condition is not satisfied 

Return GBEST as the best estimation of the global optimum 

 

 

5.4 Optimal vs. Non-Optimal Trajectory 

This section compares the optimal cycloidal trajectory of the port crane with the conventional 

trapezoidal-shaped, non-optimal load trajectory. As previously mentioned, port productivity is 

measured by the number of containers a crane lifts per hour, denoted as frequency f [17]. 

Increasing the number of container moves per hour reduces vessel turnaround time at the port. 

According to [17], port cranes typically perform between 30 and 60 moves per hour. The time 

taken by a crane to lift and move a container between the ship and the shore is therefore 

expressed as: 

𝑇 = 1/𝑓  (5.33) 

Port cranes have a dwell time of 30 seconds [17], which accounts for the time required for 

starting and stopping motions, locating the correct position on the truck and vessel, and 

ensuring clearances. The total duration, T, therefore, includes this 30-second dwell time in 

addition to the actual container movement time. In this study, the real-world crane has an 

average container loading duration of 33 seconds, excluding the dwell time. When the 30-

second dwell time is added, the total loading duration becomes 63 seconds. 
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Table 5.1: Optimal Trajectory Load Cycle Duration 

Ship to shore distance (m) 
Minimum Average Maximum 

20 50 100 

Cycloid radius i.e half crane lifting height (m) 3.2 8.0 15.9 

Actual crane moving time (s) 9.8 15.5 21.9 

Dwell time (s) 30 30 30 

Total duration of crane move (s) 39.8 45.5 51.9 

Figure 5.3 presents the average moves per hour achieved by port cranes globally [52]. The 

highest average performance recorded was 24.2 moves per hour for ships carrying between 8 

501 and 135 000 shipping containers. Using equation (5.33), the optimal trajectory load cycle 

duration is calculated and summarised in Table 5.1. The real-world crane dimensions are 

utilised to determine the minimum, average, and maximum container loading distances 

between the ship and the truck on shore, which are 20 m, 50 m, and 100 m, respectively. 

 

Figure 5.3: Real-world crane loading frequency per ship size [52] 

The hoisting gear lifting height of the real-world crane is used to calculate the radius of the 

optimal cycloidal trajectory. The results indicate that a crane following the optimal load 

trajectory would have a load cycle duration ranging between 39.8 seconds and 51.9 seconds. 

Figure 5.4a compares the optimal and non-optimal crane load trajectories along the crane 

productivity curve, which was developed using typical crane performance data from [17]. 

Based on load cycle durations of 63 seconds for the non-optimal trajectory and 45.5 seconds 

for the optimal trajectory, the corresponding crane productivity rates are 57 moves per hour 

and 79 moves per hour, respectively, as calculated using equation (5.33).  
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(a)                                                                             (b) 

Figure 5.4: Optimal vs. non-optimal crane trajectories, (a) crane productivity curve-based 

comparison (b) trajectory-based comparison 

This represents a 38.59% improvement in speed and productivity for the optimal crane load 

trajectory. Figure 5.4b illustrates that, compared to the non-optimal trajectory, the optimal 

trajectory features a smoother shape, requires less time, and involves a lower lifting height to 

complete a crane move. 

5.5 Simulation Results 

This section presents the MATLAB simulation results. The particle swarm optimisation (PSO) 

algorithm was applied to identify the set of Pareto-optimal crane trajectories, accounting for 

variations in crane size, ship size, and wind speed. The crane’s optimal grid power 

consumption, described by equation (5.25), served as the objective function in the PSO 

simulation. The results include a set of Pareto-optimal crane trajectories, illustrated in Figure 

5.5a, where each of the 500 dots represents an optimal cycloidal trajectory as shown in Figure 

5.2. Figure 5.5b displays the corresponding optimal energy consumption for each of the 500 

Pareto-optimal trajectories. 

The Pareto-optimal solutions in Figure 5.5a provide a general guideline for crane designers. 

These guidelines allow designers to select a crane based on its energy consumption and 

determine its corresponding size and maximum wind speed limit. Conversely, designers can 

input crane size and wind speed parameters to obtain the crane's optimal energy consumption. 

The wind boundary condition in Figure 5.5a is based on port cranes not operating beyond 90 

km/h wind speeds (gale force). 
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(a)                                      (b) 

    

(c)                                                                                (d) 

Figure 5.5: Simulation results, (a) A set of pareto optimal solutions (b) Optimal power 

consumption trajectories (c) Comparing optimal and non-optimal crane trajectories power 

consumption (d) Comparing optimal and non-optimal crane trajectories energy consumption 

The maximum lifting height of 35 m corresponds to current maximum container ship sizes, 

though this parameter can be adjusted by designers. The mean energy consumption for the 

optimal trajectory is 2.25 kWh, with a maximum of 9.17 kWh. The MATLAB Simulink EMR 

library was used to simulate the port crane’s EMR-based model shown in Figure 4.2. This 

simulation compared a real-world crane with a crane following the optimal trajectory obtained 

using the real-world crane parameters in the PSO simulation. Figure 5.5c and Figure 5.5d 

present the simulation results.  

The optimal trajectory reduces the crane’s peak power consumption by 36.38% compared to 

the non-optimal trajectory. As shown in Figure 5.5d, a crane on the optimal trajectory consumes 
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1.98 kWh per load cycle, which represents a 26.67% reduction compared to the 2.70 kWh 

consumed by cranes using a non-optimal trajectory. Additionally, the optimal trajectory uses 

10.81% less energy than an experienced crane driver. The optimal trajectory also achieves a 

faster load handling time of 30 seconds compared to 35 seconds and 40 seconds for the non-

optimal simulated trajectories. Furthermore, the smooth sinusoidal power consumption curve 

of the optimal trajectory underscores the need for crane automation to reduce dynamic power 

fluctuations caused by non-optimal trajectories and human drivers. 

5.6 Chapter Summary 

This chapter focused on developing the optimal load trajectory for port cranes, which was 

identified as a cycloidal path. The key findings from this chapter are as follows: 

• The developed optimal crane load trajectory is 38.59% faster and more productive 

compared to the non-optimal trajectory. 

• The optimal trajectory reduces the crane’s peak power consumption by 36.38% relative to 

the non-optimal trajectory. 

• The optimal trajectory reduces the crane’s energy consumption by 26.67% compared to the 

non-optimal trajectory and by 10.81% compared to trajectories followed by experienced 

crane drivers. 

• The sinusoidal speed reference curves derived from the cycloid trajectory can serve as a 

guide for automating port crane systems. 

• The outcomes of this study provide guidelines for port crane designers, enabling the 

selection of cranes based on energy consumption requirements, maximum wind speed 

tolerance, crane lifting height, and the trolley distance between the ship and the shore. 
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6. Energy Consumption Optimization Strategy for Port Cranes 

Based on Pontryagin’s Minimum Principle and Filtering 

Strategies 

This chapter develops an energy management strategy for port cranes. The objective is to 

optimise the crane’s energy consumption and reduce its energy consumption from the grid. The 

objective is achieved by applying a battery-supercapacitor hybrid energy storage system (H-

ESS) and a combination of filtering and Pontryagin’s Minimum Principle (PMP) energy 

management strategies (EMSs) to the port crane. The filtering-based EMS manages the power 

split between the grid and the H-ESS, while the PMP-based EMS manages the power split 

between the battery and supercapacitor inside the H-ESS. Overall, the proposed EMS has a 

simple analytical cost function, is computationally fast, and is easier to implement while 

producing optimal and effective results.  

6.1 Port Crane System EMR-based Model  

This chapter extends the EMR-based port crane model developed in Chapter 4 by adding to it 

the battery-supercapacitor H-ESS. The parameters of the H-ESS are shown in Table 6.1 and 

are obtained from real-world battery and supercapacitor systems used in similar previous 

studies [12]. All other port crane subsystems are described and modelled in Chapter 4. Figure 

6.1 illustrates the port crane model based on EMR after adding the H-ESS. This model yields 

the system’s mathematical representation, separating the EMS and local control layers. The 

EMS operates at the supervisory level or a higher layer than the local control system, with each 

layer possessing distinct dynamics that require unique treatment. 

Table 6.1: H-ESS parameters 
Batteries - Lithium iron phosphate (LiFePO4) battery 

Battery bank capacity 

Battery bank rated energy 

Battery bank rated voltage 

1 600 Ah 

935.36 kWh 

584.6 V 

Supercapacitors 

SC rated energy 

SC rated voltage 

7.09 kWh 

756 V 



 

42 

SC rated capacity 89.29 Ah 

 

Figure 6.1: EMR model of the port crane and its inversion-based local control system  

6.2 H-ESS Mathematical Modelling  

Chapter 3 shows the mathematical models for all other port crane systems. This section presents 

the mathematical models for the additional battery-supercapacitor H-ESS. The mathematical 

equations used to model the port crane’s H-ESS are shown in Table 6.2. The battery pack is 

modelled by equation (6.1), where the output is the voltage 𝑈𝑏𝑎𝑡  and its input is the current ibat. 

The battery’s internal voltage drop occurs across 𝑟𝑏𝑎𝑡 which is the equivalent series resistance 

(ESR). Both ESR and open-circuit voltage (OCV), represented by 𝑈𝑂𝐶𝑏𝑎𝑡
 are non-linear 

functions of the battery’s state of charge (SoC). Look-up tables are used to obtain the 

relationships 𝑈𝑂𝐶𝑏𝑎𝑡
𝑆𝑜𝐶𝑏𝑎𝑡 and 𝑟𝑏𝑎𝑡𝑆𝑜𝐶𝑏𝑎𝑡. The battery SoC in equation (6.2) is calculated 

using the coulomb counting method.  

The supercapacitor pack is modelled by equation (6.3). The SoC and voltage of the SC are 

proportional. The current 𝑖𝑆𝐶 charges and discharges the SC with capacitance 𝐶𝑆𝐶 and output 
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voltage 𝑈𝑆𝐶. The internal resistance 𝑟𝑆𝐶 of the SC is obtained from the manufacturer’s 

datasheets. It causes a voltage drop, but does not depend on the supercapacitor SoC. The 

choppers for the SC and battery are modelled by equations (6.4) and (6.5), respectively. These 

choppers are perfectly controlled and modelled using static models with immediate response 

to current references provided by the EMS. The dc-bus is modelled by equation (6.6), showing 

that the hoist motor current is given by the current from the three energy sources, less the 

current consumed by the braking resistor and the DC-bus capacitor. The voltage on the DC-

bus 𝑈𝑑𝑐 is common. The port crane system disturbances and local control systems are shown 

in Chapter 3. 

Table 6.2: H-ESS mathematical modelling equations 

Battery 

𝑈𝑏𝑎𝑡 = 𝑈𝑂𝐶𝑏𝑎𝑡
𝑆𝑜𝐶𝑏𝑎𝑡 − 𝑟𝑏𝑎𝑡𝑆𝑜𝐶𝑏𝑎𝑡𝑖𝑏𝑎𝑡  (6.1) 

𝑆𝑜𝐶𝑏𝑎𝑡 = 𝑆𝑜𝐶𝑏𝑎𝑡 𝑖𝑛𝑖𝑡 −
100

3600𝐶𝑏𝑎𝑡
∫ 𝑖𝑏𝑎𝑡 𝑑𝑡 (6.2) 

SCs 𝑈𝑆𝐶 = 𝑈𝑆𝐶 𝑖𝑛𝑖𝑡 −
1

𝐶𝑆𝐶
∫ 𝑖𝑆𝐶 𝑑𝑡 − 𝑟𝑆𝐶𝑖𝑆𝐶 (6.3) 

Chopper 

𝑖𝑑𝑐𝑋
= 𝑖𝑋𝑟𝑒𝑓

 𝑤𝑖𝑡ℎ 𝑋 ∈ [𝑏𝑎𝑡, 𝑆𝐶] (6.4) 

𝑖𝑋 =
𝑈𝑑𝑐𝑖𝑑𝑐𝑋

𝜂𝑑𝑐𝑋

𝑘 𝑈𝑋

 { 
𝑘 = 1            𝑈𝑑𝑐𝑖𝑑𝑐𝑋

≥ 0

𝑘 = −1         𝑈𝑑𝑐𝑖𝑑𝑐𝑋
< 0

 (6.5) 

DC bus 𝑖𝑡𝑟𝑎𝑐1
= 𝑖𝑔𝑟𝑖𝑑 + 𝑖𝐻𝐸𝑆𝑆 − 𝐶𝑑𝑐

𝑑

𝑑𝑡
𝑈𝑑𝑐 − 𝑖𝑅𝑏 (6.6)  

6.3 Proposed PMP-based Energy Management Strategy 

The next two sections develop an energy management strategy for a port crane with an 

electrical powertrain connected to a grid supply and an H-ESS consisting of batteries and 

supercapacitors, as shown in Figure 6.2. The energy distribution between the battery and 

supercapacitor, as illustrated in Figure 6.3 is managed by a PMP strategy. The braking strategy 

directs excess regenerative energy in the DC-bus that the H-ESS does not consume, to the 

braking resistor. The H-ESS is primarily charged using the crane’s regenerative braking 

energy. The objective of this study is to minimise grid power 𝑃𝑔𝑟𝑖𝑑, which is given by equation 

(6.7). This is achieved using the battery and supercapacitor in the H-ESS, as shown in equations 

(6.7) and (6.8). Without the H-ESS, the crane’s grid power consumption is equal to its traction 

power. 
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𝑃𝑔𝑟𝑖𝑑 = 𝑃𝑡𝑟𝑎𝑐 − 𝑃𝐻𝐸𝑆𝑆   (6.7) 

𝑃𝐻𝐸𝑆𝑆 = 𝑃𝑏𝑎𝑡 + 𝑃𝑠𝑐 (6.8) 

 

Figure 6.2: Reduced port crane EMR model used for EMS development 

 

Figure 6.3: Port crane EMR model used for PMP strategy development 
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The DC-bus voltage 𝑈𝑑𝑐 is kept constant for system stability. Therefore, the objective of this 

study is to minimise of grid current 𝑖𝑔𝑟𝑖𝑑. This is achieved by maximizing the H-ESS current 

𝑖𝐻𝐸𝑆𝑆 as shown in equation (6.9). However, within the H-ESS, the characteristics of the battery 

and supercapacitor must be carefully considered. These characteristics include their energy 

densities, power densities, cycling times, and battery life, as can be observed in a Ragone plot 

[53].  

Port cranes have a power demand profile with a peak of about 2 MW and load cycle time well 

below 60 s [2]. The result of considering the ESS characteristics against the crane power 

demand profile is that the supercapacitor in the H-ESS is used to support the battery life, which 

means that 𝑖𝑠𝑐  in equation (6.10) is maximized, while 𝑖𝑏𝑎𝑡  needs to be minimized. In summary, 

the objective of this study is to minimize the crane’s grid power consumption, with the sub-

objective of maximizing battery life.  

𝑖𝑔𝑟𝑖𝑑 = 𝑖𝑡𝑟𝑎𝑐 − 𝑖𝐻𝐸𝑆𝑆   (6.9)  

𝑖𝐻𝐸𝑆𝑆 = 𝑖𝑏𝑎𝑡 + 𝑖𝑠𝑐     (6.10)  

First, this chapter uses the PMP approach to develop an EMS for current distribution between 

the battery 𝑖𝑏𝑎𝑡  and supercapacitor 𝑖𝑠𝑐  within the H-ESS, as shown in equation (6.10). The next 

chapter uses the filtering strategy to determine the current distribution between the grid 𝑖𝑔𝑟𝑖𝑑 

and H-ESS 𝑖𝐻𝐸𝑆𝑆 as shown in equation (6.9). The EMS model was selected to achieve optimal 

results using EMSs that are computationally fast and easier to implement. 

6.3.1 Problem Formulation 

6.3.1.1 Mathematical System Dynamics  

To apply optimal control theory effectively, it is essential to formulate the energy management 

issue as an optimal control problem. This involves representing the system's dynamic model as 

a set of equality constraints, while the boundaries on state and control variables act as inequality 

constraints. In this research, these constraints are managed using the traditional approach 

detailed in [54]. Consequently, only the equality constraint, which represents the system's 
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dynamic model, needs to be specified. Utilizing the simplified illustration in Figure 6.3, based 

on equations (6.3) and (6.5), and assuming that the series resistance 𝑟𝑠𝑐  of the SCs is negligible, 

and the SCs start in a discharged state, the reduced mathematical model of the system can be 

deduced as shown in equation (6.11): 

𝑑

𝑑𝑡
𝑢𝑠𝑐 = −𝑢𝑏𝑎𝑡

𝜂𝑐𝑜𝑛𝑣
𝑘

𝐶𝑠𝑐

𝑖𝑠𝑐 𝑟𝑒𝑓

𝑢𝑠𝑐
   

(6.11)  

where 𝑢𝑠𝑐 is the state variable, 𝑖𝑠𝑐 𝑟𝑒𝑓 is the control variable, and 𝑢𝑏𝑎𝑡 is the disturbance input. 

The effect of resistance is not considered. 

6.3.1.2 Cost Function – Performance Criterion  

Since the objective of adding the supercapacitor to the H-ESS is to extend battery life, the root 

mean square (RMS) value of the battery current serves as the applicable performance criterion: 

𝐼𝑏𝑎𝑡 𝑟𝑚𝑠 = √
1

𝑡𝑓−𝑡0
∫ 𝑖𝑏𝑎𝑡

2 𝑑𝑡
𝑡𝑓
𝑡0

   
(6.12)   

where 𝑡0 and 𝑡𝑓 denote the initial and final times, respectively. Additionally, quadratic 

functions hold significance in many optimisation strategies [55]. Therefore, the cost function 

for the studied energy management problem of the port crane is formulated as follows: 

𝐽 =  ∫ 𝑖𝑏𝑎𝑡
2 𝑑𝑡

𝑡𝑓
𝑡0

    (6.13) 

The PMP-based EMS in this study formulates the optimal control problem of energy 

management for the H-ESS by determining the optimal control law for the 

battery/supercapacitor H-ESS using the dynamic model shown in equation (6.12) to minimise 

the cost function given in equation (6.13). 
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6.3.2 EMS Development Using PMP  

6.3.2.1 Methodology 

First, a concise overview of the general background concerning Pontryagin's Minimum 

Principle (PMP) is provided. This pertains to a dynamical system:  

𝑑

𝑑𝑡
𝑥 = 𝑓(𝑥, 𝑤, 𝑡) 

(6.14) 

where x represents the state variable and 𝑤 denotes the control variable, with the cost function 

defined as:  

𝐽 = ℎ(𝑥(𝑡𝑓), 𝑡𝑓) + ∫ 𝑔(𝑥, 𝑤, 𝑡)𝑑𝑡
𝑡𝑓

𝑡0

 
(6.15) 

where the function ℎ represents the cost associated with the final state 𝑥(𝑡𝑓), and the function 

𝑔 denotes the integral cost of progression. Subsequently, a Hamiltonian function is established 

as follows: 

𝐻 = 𝑔(𝑥, 𝑤, 𝑡) +  𝜆𝑓(𝑥, 𝑤, 𝑡)  (6.16) 

where λ represents the co-state variable. According to PMP, if an optimal control law 𝑤 ∗ 

exists, it must adhere to the following three conditions: 

𝑑

𝑑𝑡
𝑥∗ =

𝜕𝐻(𝑥∗, 𝑤∗, 𝜆∗, 𝑡)

𝜕𝜆
 

(6.17) 

 

 
𝑑

𝑑𝑡
𝜆∗ =

𝜕𝐻(𝑥∗, 𝑤∗, 𝜆∗, 𝑡)

𝜕𝑥
 

(6.18) 

 

 

𝐻(𝑥∗, 𝑤∗, 𝜆∗, 𝑡) ≤ 𝐻(𝑥∗, 𝑤, 𝜆∗, 𝑡) (6.19) 
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6.3.2.2 EMS Development 

Taking into account the system model (6.11) and the cost function (6.12), the Hamiltonian is 

expressed with the co-state variable λ as follows: 

𝐻 = 𝑖𝑏𝑎𝑡
2 − 𝜆

𝑢𝑏𝑎𝑡

𝐶𝑠𝑐

𝑖𝑠𝑐 𝑟𝑒𝑓

𝑢𝑠𝑐
 

(6.20) 

The necessary condition (6.19) of the Hamiltonian minimisation is realised by: 

𝜕𝐻

𝜕𝑖𝑠𝑐 𝑟𝑒𝑓
= 0 

(6.21) 

The left-hand side of equation (6.21)is derived from: 

𝑖𝑏𝑎𝑡 = 𝑖ℎ𝑒𝑠𝑠 − 𝑖𝑑𝑐𝑠𝑐 (6.22) 

Given that  𝑖ℎ𝑒𝑠𝑠 is the disturbance that does not depend on the control variable 𝑖𝑠𝑐 𝑟𝑒𝑓  and 

assuming a perfectly controlled supercapacitor chopper with a perfect response and without 

delay, that leads to: 

𝜕(𝑖𝑏𝑎𝑡
2 )

𝜕𝑖𝑠𝑐 𝑟𝑒𝑓
=  −2𝑖𝑏𝑎𝑡 

(6.23) 

The partial derivative to be calculated therefore becomes: 

𝜕𝐻

𝜕𝑖𝑠𝑐 𝑟𝑒𝑓
= −2𝑖𝑏𝑎𝑡 − 𝜆

𝑢𝑏𝑎𝑡

𝐶𝑠𝑐

𝑖𝑠𝑐 𝑟𝑒𝑓
𝜕𝑢𝑠𝑐

𝜕𝑖𝑠𝑐 𝑟𝑒𝑓
− 𝑢𝑠𝑐

𝑢𝑠𝑐
2

 

(6.24) 

The partial derivative of 𝑢𝑠𝑐 with respect to 𝑖𝑠𝑐 𝑟𝑒𝑓 is computed by: 
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𝜕𝑢𝑠𝑐

𝜕𝑖𝑠𝑐 𝑟𝑒𝑓
=  

1

𝜕
𝑢𝑠𝑐
𝑢𝑏𝑎𝑡

𝑖𝑠𝑐

𝜕𝑢𝑠𝑐

= 
1

𝑖𝑠𝑐
𝑢𝑏𝑎𝑡

+
𝑢𝑠𝑐
𝑢𝑏𝑎𝑡

𝜕𝑖𝑠𝑐
𝜕𝑢𝑠𝑐

 
(6.25) 

The partial derivative of 𝑖𝑠𝑐  with respect to 𝑢𝑠𝑐 was derived in [54] and is expressed as follows: 

𝜕𝑖𝑠𝑐
𝜕𝑢𝑠𝑐

=  −
𝑖𝑠𝑐

√𝑢𝑠𝑐
2 − 4𝑟𝑠𝑐𝑃𝑠𝑐

 
(6.26) 

Applying equation (6.26) to equation (6.25) leads to: 

𝜕𝑢𝑠𝑐

𝜕𝑖𝑠𝑐 𝑟𝑒𝑓
=  

𝑢𝑏𝑎𝑡√𝑢𝑠𝑐
2 − 4𝑟𝑠𝑐𝑃𝑠𝑐

𝑖𝑠𝑐√𝑢𝑠𝑐
2 − 4𝑟𝑠𝑐𝑃𝑠𝑐 − 𝑃𝑠𝑐

 
(6.27) 

The partial derivative of the Hamiltonian then becomes: 

𝜕𝐻

𝜕𝑖𝑠𝑐 𝑟𝑒𝑓
= −2𝑖𝑏𝑎𝑡 − 𝜆

𝑢𝑏𝑎𝑡

𝐶𝑠𝑐

𝑖𝑠𝑐 𝑟𝑒𝑓
𝑢𝑏𝑎𝑡√𝑢𝑠𝑐

2 − 4𝑟𝑠𝑐𝑃𝑠𝑐

𝑖𝑠𝑐√𝑢𝑠𝑐
2 − 4𝑟𝑠𝑐𝑃𝑠𝑐 − 𝑃𝑠𝑐

− 𝑢𝑠𝑐

𝑢𝑠𝑐
2

 

(6.28) 

Given the control setup illustrated in Figure 6.3, the EMS determines the current reference for 

the batteries, denoted as 𝑖𝑏𝑎𝑡 𝑟𝑒𝑓. Subsequently, 𝑖𝑠𝑐 𝑟𝑒𝑓 is acquired by compensating for the 

measured traction current as follows: 

𝑖𝑠𝑐𝑟𝑒𝑓
=  𝑖ℎ𝑒𝑠𝑠𝑚𝑒𝑎𝑠

− 𝑖𝑏𝑎𝑡𝑟𝑒𝑓
 (6.29) 

Thus, the control law should be: 

𝑖𝑏𝑎𝑡𝑟𝑒𝑓
= −𝜆

𝑢𝑏𝑎𝑡

2𝐶𝑠𝑐

𝑖𝑑𝑐𝑠𝑐𝑢𝑏𝑎𝑡√𝑢𝑠𝑐
2 − 4𝑟𝑠𝑐𝑢𝑠𝑐𝑖𝑠𝑐

𝑖𝑠𝑐√𝑢𝑠𝑐
2 − 4𝑟𝑠𝑐𝑢𝑠𝑐𝑖𝑠𝑐 − 𝑢𝑠𝑐𝑖𝑠𝑐

− 𝑢𝑠𝑐

𝑢𝑠𝑐
2

 

(6.30) 
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However: 

𝑖𝑑𝑐 𝑠𝑐

𝑖𝑠𝑐
=

𝑢𝑠𝑐

𝑢𝑏𝑎𝑡
 

(6.31) 

Assuming ideal conversion, the control law (6.30) is then defined by: 

𝑖𝑏𝑎𝑡𝑟𝑒𝑓
= 𝜆

𝑢𝑏𝑎𝑡

2𝐶𝑠𝑐

𝑢𝑠𝑐 −
𝑢𝑠𝑐√𝑢𝑠𝑐

2 − 4𝑟𝑠𝑐𝑢𝑠𝑐𝑖𝑠𝑐

√𝑢𝑠𝑐
2 − 4𝑟𝑠𝑐𝑢𝑠𝑐𝑖𝑠𝑐 − 𝑢𝑠𝑐𝑖𝑠𝑐

𝑢𝑠𝑐
2

 

(6.32) 

The co-state variable λ is required to complete the control law in equation (6.32).  Previous 

studies in [12] and [54] have shown that 𝜆 is determined as: 

𝜆 =  𝐶𝑠𝑐𝑖ℎ𝑒𝑠𝑠𝑟𝑚𝑠
 (6.33) 

where, 𝑖ℎ𝑒𝑠𝑠𝑟𝑚𝑠
 is contingent upon the driving modes and is determined in advance through the 

utilisation of the standard crane cycle. 

6.3.3 PMP EMS Implementation  

The energy management strategy based on PMP described above is presented in an analytical 

format, involving straightforward mathematical computations. This simplicity facilitates its 

integration, as illustrated in Figure 6.4, where it fits into the current distribution strategy block 

depicted in Figure 6.3. Three sensors are required for the measurement of the supercapacitor 

voltage (𝑢𝑠𝑐), battery voltage (𝑢𝑏𝑎𝑡), and supercapacitor current (𝑖𝑠𝑐), enabling the computation 

of the control variable 𝑖𝑏𝑎𝑡 𝑟𝑒𝑓 𝑐𝑎𝑙𝑐 using equations (6.28) and (6.29). An additional sensor for 

ihess meas is only engaged when the supercapacitor voltage reaches its limits. Under such 

circumstances, 𝑖𝑏𝑎𝑡 𝑟𝑒𝑓 transitions from 𝑖𝑏𝑎𝑡 𝑟𝑒𝑓 𝑐𝑎𝑙𝑐 to the measured value of 𝑖ℎ𝑒𝑠𝑠𝑚𝑒𝑎𝑠
. 
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6.4 Proposed Filtering-based Grid/H-ESS Energy Management Strategy 

The filtering-based EMS was selected for this study because it is among the most classical 

deterministic rule-based EMSs [56], [57]. It is not complex and can be easily implemented 

whilst delivering effective near-optimal results [56], [57]. The filter smooths out the output of 

the H-ESS, reducing stress on the H-ESS components [58]. Additionally, the filter reduces the 

noise and disturbances in the H-ESS output, which can otherwise lead to inefficient operation 

[58]. It serves as an effective control strategy that enhances the performance of the H-ESS by 

decreasing peak power demands, boosting efficiency, and improving reliability [58]. 

 
Figure 6.4: PMP-based EMS for power split management in the batt-SC H-ESS 

6.4.1 H-ESS Model Reduction 

To develop the strategy for the power split between the H-ESS and the grid, the H-ESS is first 

reduced to an equivalent ESS. As depicted in Figure 6.5, the H-ESS model is simplified to an 

equivalent ESS, where the capacitance 𝐶𝐸𝑆𝑆 𝑒𝑞 is expressed in Farads. Since the capacitance of 

the supercapacitors (in Farads) is notably smaller than that of the batteries (in kilo-Farads), the 

equivalent ESS capacitance 𝐶𝐸𝑆𝑆 𝑒𝑞 can be regarded as equivalent to that of the batteries, given 

by: 

𝐶𝐸𝑆𝑆𝑒𝑞
= 𝐶𝑏𝑎𝑡𝑒𝑞

= 3600𝐶𝑏𝑎𝑡  (6.34) 
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Figure 6.5: H-ESS reduction to an equivalent ESS given the battery's dominant capacitance  

6.4.2 Filtering EMS development 

Reducing the H-ESS to an equivalent capacitance 𝐶𝐸𝑆𝑆 𝑒𝑞 results in the reduced port crane 

model shown in Figure 6.5. The filtering strategy is developed based on the fact that energy 

storage devices have different frequency characteristics [59]. 

This can be achieved through the implementation of a low-pass filter (LPF) as follows: 

𝑖ℎ𝑒𝑠𝑠𝑟𝑒𝑓
=

1

𝜏𝐿𝑃𝐹𝑠 + 1
𝑖𝑡𝑟𝑎𝑐𝑚𝑒𝑎𝑠

 
(6.35) 

where 𝜏𝐿𝑃𝐹 is the LPF time constant given by: 

𝜏𝐿𝑃𝐹 = 1
2𝜋𝑓𝐿𝑃𝐹

⁄  (6.36) 

The LPF cut-off frequency 𝑓𝐿𝑃𝐹 can be determined using the Ragone plot [60], iterative 

examinations [43], or adaptive studies [61]. Figure 6.6 shows a Ragone plot depicting various 

energy storage systems. The Ragone plot illustrates that batteries have high energy density but 

low power density, whereas supercapacitors exhibit characteristics of low energy density but 

high-power density. Using the Ragone plot, the cut-off frequency is determined as follows: 
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𝑓𝐿𝑃𝐹 =  
𝜌𝑝𝑜𝑤𝑒𝑟 [

𝑊
𝑘𝑔

]

𝜌𝑒𝑛𝑒𝑟𝑔𝑦 [
𝐽

𝑘𝑔
]
 

(6.37) 

where 𝑓𝐿𝑃𝐹 represents the cut-off frequency derived from the Ragone plot, and 𝜌𝑝𝑜𝑤𝑒𝑟  and 

𝜌𝑒𝑛𝑒𝑟𝑔𝑦  denote the power density and energy density, respectively [53]. Considering previous 

studies [43] with similar drivetrains, the cut-off frequency of 𝑓𝐿𝑃𝐹 = 48 𝑚𝑖𝑙𝑖𝐻𝑧 is used in this 

study. The LPF time constant is given by equation (6.36) and it is therefore 3.316 s.   

 

Figure 6.6: Ragone Plot showing the ESS power and energy densities [53] 

6.4.3 Braking Strategy  

The aim of the braking strategy is to maximise energy regeneration. During crane’s 

regenerative mode, where 𝑖𝑔𝑟𝑖𝑑 equals zero, the excess regenerative energy that is not absorbed 

by the H-ESS is burnt in the braking resistor as shown in equation (6.38). 

𝑖𝑅𝑏 = 𝑖𝑡𝑟𝑎𝑐 − 𝑖ℎ𝑒𝑠𝑠  (6.38) 
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6.4.4 Filtering And Braking Strategies Implementation 

Figure 6.7 shows the resultant reduced crane EMR used for the filtering strategy 

implementation. Figure 6.8, shows the details of the filtering strategy block in Figure 6.7. 

Equation (6.38) is calculated in the EMS block in Figure 6.1.  and the braking resistor current 

is supplied to the breaking resistor block with 𝑖𝑅𝑏  being equal to 𝑖𝑟𝑏𝑟𝑒𝑓
. The resultant 𝑖ℎ𝑒𝑠𝑠 from 

the filtering strategy is used in the PMP strategy in the previous chapter to determine the power 

split between the battery and supercapacitor.  

 

Figure 6.7: Reduced port crane EMR model showing the filtering strategy development 

implementation  

 

Figure 6.8: Implementation of the filtering strategy to manage the power split between the grid 

and the H-ESS  

Figure 6.9 summarises the implementation of the combined filtering and PMP energy 

management strategy for port cranes. The two steps to implementing the EMS for port cranes 

are as shown in Figure 6.9. First the current distribution between the grid and the H-ESS is 
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determined using the filtering strategy, then the current distribution between the battery and 

the supercapacitor is determined using the PMP strategy. Furthermore, the EMS enhances the 

performance of the H-ESS by decreasing peak power demands, boosting efficiency, improving 

reliability, and extending its lifespan, making H-ESS more dependable and cost-efficient. 

 

 

Figure 6.9: Step-by-step implementation of the combined EMS comprising of the filtering and 

the PMP-based sub-EMSs  
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6.5 EMS Strategy Implementation 

Given the validated EMR model and the two energy management strategies developed in the 

sections above, this section uses the EMR-based crane model to implement the combined 

energy consumption optimisation strategy. The EMR port crane model shown in Figure 6.1. 

was used for Matlab Simulink simulations. The energy management strategies were applied in 

the Matlab simulations as described above. Figure 6.10. shows that by including an H-ESS 

with the EMS developed above in the port crane power train, the port crane’s energy 

consumption from the utility grid has decreased by 29%.  

 

Figure 6.10: Port crane energy consumption for one load cycle 

Figure 6.11 shows that the crane’s peak power consumption from the utility grid has decreased 

by 29.6%. Figure 6.12 shows the battery and supercapacitor states of charge. The 

supercapacitor gets discharged and recharged by 26%, while the battery gets discharged and 

recharged by 8%. The battery and supercapacitor SoC results confirm that the EMS is 

preserving battery life by maximising the supercapacitor utilisation. The recharging of the 

battery and supercapacitor, which occurs from 18 s onwards, confirms the capturing of the 

cranes’ regenerative energy by the H-ESS. Lastly, since STS cranes are the largest port cranes 

with about 2 MW power demand and use a common drivetrain found in many types of port and 

industry cranes, the EMS developed in this study is applicable to other types of cranes. 

0

0.5

1

1.5

2

2.5

3

Total Battery Grid SC

E
n

e
r
g
y
 (

k
W

h
)



 

57 

 

Figure 6.11: Port crane simulated power consumption 

 

Figure 6.12: One load cycle battery and supercapacitor SOCs 

6.6 Chapter Summary 

This chapter presents an energy management strategy for port cranes, with the objective of 

managing the energy distribution between the grid and an H-ESS comprised of both a battery 

and a supercapacitor. The sub-objective of the EMS is to extend battery life. The developed 

energy management strategy combines filtering and Pontryagin Minimum Principle strategies. 

The results of applying the EMS and H-ESS to the port crane powertrain are as follows: 

• The port crane’s energy consumption from the utility grid decreased by 29%.  

• The peak power consumption from the utility grid decreased by 29.6%. 
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• During the crane load handling cycle, the supercapacitor and the battery were discharged 

and recharged by 26% and 8%, respectively. The recharge was due to regenerative braking 

energy. 

• Given that STS cranes are the largest port cranes, with about 2 MW power demand and 

share a common drivetrain with many types of port and industry cranes, the EMS developed 

in this study is applicable to other types of cranes. 

Overall, the proposed EMS model for this study has a simple analytical cost function, is 

computationally fast, and is easier to implement while producing optimal and effective results. 

Furthermore, the EMS enhances the performance of the H-ESS by boosting efficiency, 

improving reliability, and extending its lifespan, making H-ESS more dependable and cost-

efficient.  
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7. Optimal Sizing of the Port Crane’s Battery/Supercapacitor H-

ESS  

The previous chapters developed an in-depth model of the port crane system, including the H-

ESS comprising the battery and supercapacitor and the associated EMSs as shown in Figure 

7.1. This chapter focuses on developing a generalised optimal sizing technique for these two 

energy storage devices.  

 

Figure 7.1: Reduced port crane EMR model 

7.1 Battery and Supercapacitor Models 

Figure 7.2 shows the equivalent circuit of the supercapacitor pack, which consists of series-

connected modules (𝑛𝑆𝐶_𝑠) and parallel-connected branches (𝑛𝑆𝐶_𝑝).  

The supercapacitor electrical model is described by: 

𝑈𝑚𝑜𝑑𝑢𝑙𝑒 = 𝑈𝑚𝑜𝑑𝑢𝑙𝑒_0 − 𝑖𝑚𝑜𝑑𝑢𝑙𝑒𝑟𝑒𝑠𝑟 − 
1

𝐶𝑟𝑎𝑡𝑒𝑑
∫ 𝑖𝑚𝑜𝑑𝑢𝑙𝑒 𝑑𝑡                 (7.1) 

𝑈𝑠𝑐 = 𝑈𝑚𝑜𝑑𝑢𝑙𝑒𝑛𝑠𝑐_𝑠                     (7.2) 

𝑖𝑚𝑜𝑑𝑢𝑙𝑒 = 𝑖𝑠𝑐/𝑛𝑠𝑐_𝑝                     (7.3) 
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Figure 7.2: Supercapacitor pack equivalent circuit [62] 

Similarly, Figure 7.3 shows the equivalent circuit of the battery pack, which consists of series-

connected modules (𝑛𝑏𝑎𝑡_𝑠) and parallel-connected branches (𝑛𝑏𝑎𝑡_𝑝).  

The battery electrical model is described by: 

𝑈𝑐𝑒𝑙𝑙 = 𝑈𝑂𝐶𝑉(𝑆𝑜𝐶) − 𝑖𝑐𝑒𝑙𝑙𝑟𝑐𝑒𝑙𝑙         (7.4) 

𝑆𝑜𝐶 = 𝑆𝑜𝐶0 − 
100%

3600 𝑄𝑟𝑎𝑡𝑒𝑑
∫ 𝑖𝑐𝑒𝑙𝑙 𝑑𝑡          (7.5) 

𝑈𝑏𝑎𝑡 = 𝑈𝑐𝑒𝑙𝑙𝑛𝑏𝑎𝑡_𝑠           (7.6) 

𝑖𝑐𝑒𝑙𝑙 = 𝑖𝑏𝑎𝑡/𝑛𝑏𝑎𝑡_𝑝           (7.7) 
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Figure 7.3: Battery pack equivalent circuit [62] 

7.2 Generalised Port Crane H-ESS Sizing Framework 

To find the optimal size of the battery and supercapacitor packs for the port crane, a generalised 

port crane H-ESS sizing framework is developed and is shown in Figure 7.4.  The sizing 

framework inputs the crane’s load speed profile into the port crane EMR model, which has an 

optimal EMS. The optimal EMS outputs the optimal battery and supercapacitor current 

profiles, which are taken as inputs into the PSO-based H-ESS sizing algorithm. The 

optimisation-based particle swarm algorithm (PSO) is used to determine the optimal battery 

and supercapacitor sizes. The port crane H-ESS sizing framework shown in Figure 7.4 

produces an optimally sized battery/supercapacitor H-ESS for port cranes by using 

optimisation-based methods in both the framework's energy management and sizing layers. 

Furthermore, this framework is a generalised framework that can be applied to other types of 

cranes by using the particular crane load profile and parameters in the equations. 
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Figure 7.4: Generalised port crane H-ESS sizing framework 

7.3 Generalised H-ESS Sizing Problem Formulation 

The generalised sizing framework aims to find the optimal size of the battery and 

supercapacitor packs that simultaneously optimise energy consumption and HESS cost. Figure 

7.2 shows that the battery size is determined by the parameters 𝑛𝑏𝑎𝑡_𝑠 and 𝑛𝑏𝑎𝑡_𝑝. Similarly, 

Figure 7.3 shows that the size of the supercapacitor pack is determined by the parameters 𝑛𝑆𝐶_𝑠 

and 𝑛𝑆𝐶_𝑝. These four parameters are, therefore, the main focus of the optimal sizing H-ESS 

problem as they are the variables related to the port crane energy system performance and 

operation. 

Figure 7.4 shows the main components required for implementing the generalised port crane 

H-ESS sizing framework. The input crane load speed profile is determined from the crane 

design. In chapter 6, the optimal battery and supercapacitor currents are determined using the 

PMP algorithm in equation (6.32). The work done in Chapter 6 completes the first objective of 

this chapter which is to optimize the crane’s energy consumption. The results of the optimal 

currents from Chapter 6 are used as input into the H-ESS sizing algorithm in this chapter.  
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To complete the main components of the generalised port crane H-ESS sizing framework, this 

chapter develops the PSO-based H-ESS sizing algorithm. The PSO algorithm is used to solve 

the second objective in the generalised H-ESS sizing framework which is to minimise the cost 

of the H-ESS. In transportation systems, and particularly the port industry, minimising 

investment costs is crucial for reducing product prices and increasing profits. Therefore, the H-

ESS cost should be kept as low as possible. The HESS cost which includes only the battery 

and supercapacitor costs, is calculated by equation (7.8), with the goal of minimising this 

economic function. Minimizing this cost function leads to finding the optimal values of the 

variables 𝑛𝑏𝑎𝑡_𝑠 ,𝑛𝑏𝑎𝑡_𝑝, 𝑛𝑆𝐶_𝑠, and 𝑛𝑆𝐶_𝑝, these four variables determine the optimal size of the 

battery and supercapacitor packs.  

𝐽𝑐𝑜𝑠𝑡 = 𝐶𝑜𝑠𝑡 =  𝐶𝑚𝑜𝑑𝑢𝑙𝑒𝑛𝑠𝑐_𝑠𝑛𝑠𝑐_𝑝 + 𝐶𝑐𝑒𝑙𝑙𝑛𝑏𝑎𝑡_𝑠𝑛𝑏𝑎𝑡_𝑝   (7.8) 

where 𝐶𝑚𝑜𝑑𝑢𝑙𝑒 and 𝐶𝑐𝑒𝑙𝑙  are the supercapacitor module and battery cell price, respectively. 

7.4 Constraints 

The constraints define the boundaries of the energy storage system and the user demands, 

ensuring that the proposed configurations remain within acceptable limits. Primarily, the H-

ESS design must meet the necessary power and energy demands of the powertrain system as 

follows: 

{

𝑃bat + 𝑃𝑆𝐶 = 𝑃𝐻𝐸𝑆𝑆

𝑑𝐸𝑆𝐶

𝑑𝑡
= −𝜂−𝑘𝑆𝐶(𝑃𝐻𝐸𝑆𝑆 − 𝑃𝑏𝑎𝑡)

 

(7.9) 

where 𝜂 and 𝐸𝑆𝐶 are the efficiency and energy capacity of the supercapacitor pack, respectively. 

When the supercapacitor is discharging 𝑘𝑆𝐶 equals 1 and when it is charging it equals -1. 𝑃𝐻𝐸𝑆𝑆 

is determined in Chapter 6 based on the optimal battery and supercapacitor currents. 

The battery and supercapacitor voltage limits are the second constraint as follows:  

𝑈𝑥_𝑚𝑖𝑛  ≤  𝑈𝑥_𝑛𝑜𝑚𝑖𝑛𝑎𝑙 ≤ 𝑈𝑥_𝑚𝑎𝑥   (7.10) 
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Where 𝑈𝑥_𝑛𝑜𝑚𝑖𝑛𝑎𝑙 is the nominal value, 𝑈𝑥_𝑚𝑖𝑛 and 𝑈𝑥_𝑚𝑎𝑥 are the limits of the supercapacitor 

and battery voltages, respectively. As shown in Chapter 6, the battery controls the dc-bus 

voltage, therefore, the supercapacitor voltage is bound by the battery voltage limits.  

In summary, the HESS optimal sizing problem is defined as follows: 

Algorithm 7.1: H-ESS Optimal Sizing Problem Summary 

Given optimal battery and supercapacitor currents 𝑖𝑏𝑎𝑡  and 𝑖𝑆𝐶 

min 𝑓(𝒛) =  𝐽𝑐𝑜𝑠𝑡 = 𝐶𝑚𝑜𝑑𝑢𝑙𝑒𝑛𝑠𝑐_𝑠𝑛𝑠𝑐_𝑝 + 𝐶𝑐𝑒𝑙𝑙𝑛𝑏𝑎𝑡_𝑠𝑛𝑏𝑎𝑡_𝑝 

s.t. 

z = (𝑛𝑏𝑎𝑡_𝑠 ,𝑛𝑏𝑎𝑡_𝑝, 𝑛𝑆𝐶_𝑠, 𝑛𝑆𝐶_𝑝) 

𝑛𝑏𝑎𝑡_𝑠 ,𝑛𝑏𝑎𝑡_𝑝, 𝑛𝑆𝐶_𝑠, 𝑛𝑆𝐶_𝑝  ∈  ℕ∗  

Equality constraint (7.9)  

Inequality constraint (7.10) 

 

7.5 PSO H-ESS Sizing Algorithm 

Given the optimal battery and supercapacitor currents as deduced in Chapter 6, the PSO 

algorithm is used to find the variables  𝑛𝑏𝑎𝑡_𝑠 ,𝑛𝑏𝑎𝑡_𝑝, 𝑛𝑆𝐶_𝑠, and 𝑛𝑆𝐶_𝑝 which determine the 

battery and supercapacitor sizes. The PSO algorithm is defined by its mathematical model, 

which includes the particle's current position and velocity vector, with the position determined 

by: 

𝑋𝑖
𝑡+1⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  ⃗ = 𝑋𝑖

𝑡⃗⃗ ⃗⃗ + 𝑉𝑖
𝑡+1⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  ⃗ (7.11) 

The velocity of this particle’s position is determined by: 

𝑉𝑖
𝑡+1⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  ⃗ = 𝑤𝑉𝑖

𝑡⃗⃗ ⃗⃗ + 𝑐1𝑟1 (𝑃𝑖
𝑡⃗⃗⃗⃗ − 𝑋𝑖

𝑡⃗⃗ ⃗⃗ ) + 𝑐2𝑟2 (𝐺𝑡⃗⃗⃗⃗ − 𝑋𝑖
𝑡⃗⃗ ⃗⃗ ) (7.12) 
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The following pseudocode outlines the PSO algorithm [51]: 

 

Algorithm 7.2: Generalised PSO H-ESS Sizing Algorithm 

Initialise the optimisation problem parameters 

 𝑓𝑜𝑏𝑗 = 𝑜𝑏𝑗𝑒𝑐𝑡𝑖𝑣𝑒 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛 - Equation (7.8)      

Initialise the PSO hyper-parameters (N, c1, c2, Wmin, Wmax, Vmax, and MaxIter)  

Initialise the population of N particles  

do 

for each particle  

calculate the fitness of the particle using objective function equation (7.8)  

Update PBEST if required 

Update GBEST if required  

end for  

Update the inertia weight  

for each particle  

       Update the velocity (V) 

       Update the position (X) 

end for 

while the end condition is not satisfied 

Return GBEST as the best estimation of the global optimum 

7.6 Simulation Results 

MATLAB simulations were conducted to determine the optimal port crane H-ESS size. The 

simulations followed the generalised port crane H-ESS sizing framework shown in Figure 7.4. 

The Panasonic battery cell NCR18650GA and the BCAP0350 E270 T11/13 supercapacitor 

module from [62] were selected for the H-ESS design, and their parameters are shown in Table 

7.1. The cost of the selected battery and supercapacitor cells are in line with the latest levelized 

costs shown in [63]. 
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Table 7.1: Supercapacitor module and battery cell parameters [62] 

Parameter Unit Battery Cell Supercapacitor Module 

Maximum discharge current A 10 170 

Maximum charging current A 3.45 170 

Price USD 2.7 30 

Weight g 48 60 

Width mm 18.5 33.3 

Length mm 18.5 33.3 

Height mm 65.3 61.5 

Nominal voltage V 3.6 2.7 

Nominal capacity Ah 3.3 – 

Rated capacitance F – 350 

First, the optimal crane energy consumption was determined, which led to the optimal battery 

and supercapacitor current requirements shown in Figure 7.5. The PMP-based EMS developed 

in Section 6.3 is used to deduce the optimal currents. The optimal current profiles are then used 

as inputs into the PSO H-ESS sizing algorithm to determine the battery and supercapacitor 

sizes.  

 

Figure 7.5: Optimal battery and supercapacitor currents 
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The second step was to determine the optimal port crane H-ESS size. Table 7.2 presents the 

simulated optimal battery and supercapacitor sizes and their associated H-ESS cost. Because 

the port crane is larger than 2 MW, the results indicate that very large battery and 

supercapacitor sizes can be used. Although the supercapacitor pack is smaller in size, it is more 

costly than the battery pack. The cost of H-ESS components corresponds to the optimized 

current profiles depicted in Figure 7.5 reflecting the characteristics of the energy storage 

devices. Specifically, the smaller supercapacitor predominantly manages energy during crane 

acceleration and deceleration phases, while the battery is responsible for energy supply and 

recovery during steady-state operation of the crane load profile. Figure 7.6 and Figure 7.7 

shows that, as expected, as the battery and supercapacitor sizes increase, so does the cost of the 

H-ESS, highlighting the trade-offs involved in sizing decisions.  

Table 7.2: Simulated battery and supercapacitor sizes 

Battery  Supercapacitor  
Battery 

Cost 

(USD) 

Supercapacitor 

Cost 

(USD) 

Total  

H-ESS 

Cost 

(USD) 

Series 

modules 

(𝑛𝑏𝑎𝑡_𝑠) 

Parallel 

branches 

(𝑛𝑏𝑎𝑡_𝑝) 

Series 

modules 

(𝑛𝑆𝐶_𝑠) 

Parallel 

branches 

(𝑛𝑆𝐶_𝑝) 

72 62 18 41 $12,032.08 $22,757.28 $34,789.36 

22 50 18 37 $2,929.21 $20,064.93 $22,994.14 

51 48 7 39 $6,548.96 $7,978.16 $14,527.12 

 
Figure 7.6: Supercapacitor size vs. H-ESS cost 
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Figure 7.7: Battery size vs. H-ESS cost 

Lastly, Figure 7.8 shows that the PSO H-ESS sizing algorithm convergences in a few iterations 

to find the H-ESS optimal cost. Therefore, the PSO H-ESS sizing algorithm is demonstrated to 

be computationally efficient and less complex, which is an advantageous feature given the 

variety of port cranes. The validity of the results in this chapter is supported by the fact that the 

optimal crane current profiles were generated using the crane model validated in Section 4.6. 

Additionally, the costs of H-ESS components are based on their levelized cost of energy values. 

Overall, this chapter has demonstrated the application of the generalised port crane H-ESS 

sizing framework.   

 

Figure 7.8: PSO H-ESS cost convergence plot 
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7.7 Chapter Summary 

This chapter presents the optimal sizing methodology for port cranes' hybrid energy storage 

system (H-ESS), focusing on the battery and supercapacitor components. Using an 

optimisation-based approach, specifically a particle swarm optimisation (PSO) algorithm, the 

chapter determines the optimal sizes of these energy storage devices based on the crane's 

energy consumption profile and energy management strategy (EMS). The equivalent circuit 

models of both the battery and supercapacitor are described, followed by the implementation 

of a generalised sizing framework applicable to different crane types. Simulation results show 

that as battery and supercapacitor sizes increase, so does the overall H-ESS cost, highlighting 

the trade-offs involved in sizing decisions. Ultimately, the chapter demonstrates the 

effectiveness of the proposed generalised port crane H-ESS sizing framework in determining 

an optimised battery-supercapacitor combination.  
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8. Conclusions and Future Works 

8.1 Conclusions 

This study investigates the application of hybrid energy storage systems (H-ESS), particularly 

combinations of batteries and supercapacitors, and their potential for improving energy 

efficiency in port cranes. A key focus is the lack of detailed research on energy management 

for port cranes, especially using optimisation-based methods and optimal trajectories for 

energy and productivity improvements. The study adopts the EMR formalism for modelling 

the crane system, enabling the structured development of control systems and energy 

management strategies. The crane’s EMR model was validated using real-world crane data and 

found to accurately reflect the crane's actual power consumption. The thesis combines an 

optimal load-handling trajectory with an optimisation-based EMS to manage energy usage 

effectively, validated through simulations in MATLAB/Simulink using real-world cranes.  

First, the optimal load trajectory for port cranes was identified as a cycloidal path. The 

implementation of the optimal trajectory to the port crane produced the following results: 

• The developed optimal crane load trajectory is 38.59% faster and more productive 

compared to the non-optimal trajectory. 

• The optimal trajectory reduces the crane’s peak power consumption by 36.38% relative to 

the non-optimal trajectory. 

• The optimal trajectory reduces the crane’s energy consumption by 26.67% compared to the 

non-optimal trajectory and by 10.81% compared to trajectories followed by experienced 

crane drivers. 

• The sinusoidal speed reference curves derived from the cycloid trajectory can serve as a 

guide for automating port crane systems. 

• The outcomes of this study provide guidelines for port crane designers, enabling the 

selection of cranes based on energy consumption requirements, maximum wind speed 

tolerance, crane lifting height, and the trolley distance between the ship and the shore. 



 

71 

Secondly, an energy management strategy for port cranes was developed. The objective of the 

EMS is to manage the energy distribution between the grid and an H-ESS which consists of 

both a battery and a supercapacitor. The sub-objective of the EMS is to extend battery life. The 

developed energy management strategy is a combination of filtering and Pontryagin Minimum 

Principle strategies. The results of applying the EMS and H-ESS to the port crane powertrain 

are as follows: 

• The port crane’s energy consumption from the utility grid decreased by 29%.  

• The peak power consumption from the utility grid decreased by 29.6%. 

• During the crane load handling cycle, the supercapacitor and the battery are discharged and 

recharged by 26% and 8%, respectively. The recharge is due to regenerative braking 

energy. 

• Given that STS cranes are the largest port cranes with about 2 MW power demand and 

share a common drivetrain with many types of port and industry cranes, the EMS developed 

in this study is applicable to other types of cranes. 

Overall, the proposed EMS model for this study has a simple analytical cost function, is 

computationally fast, and is easy to implement while producing optimal and effective results. 

Furthermore, the EMS enhances the performance of the H-ESS by boosting efficiency, 

improving reliability, and extending its lifespan, making H-ESS more dependable and cost-

efficient. Lastly, the study developed a generalised port crane H-ESS sizing framework that 

uses the optimal EMS and the particle swarm optimisation (PSO) algorithm to determine the 

optimal sizes of the battery and supercapacitor packs in the H-ESS. 

8.2 Recommendations for Future Works 

This thesis focused on optimal trajectories and energy management strategies for port cranes. 

Future studies could extend this study by exploring the application of other energy storage 

technologies beyond the batteries and supercapacitors considered in this study. Additionally, 

future studies could further explore the optimal sizing of energy storage systems.
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