
i tin

Next, divide (5.17) by <pn(do,z) /  0 in |*| =  1 and (1-27) to get the

Lemma 5.5

Let dn be a finite, positive Borel measure on r with ft' >  0 a.e. (meas). We

define

=  ta fjlw j -

Then the following are true:

(5.18) | a j <  ^  V ( # )  -  l |dO <  2rin ]

»jn - »  0 as n - *  oo.

"ropf:

This is Lemma 1, 2 and 3 of [22l.
Hi m  H

Remarks:

(a) We note that 5.18 and 5.1© together yield an alternative proof o f (3.6),

(3.7) and Theorem 3.9 for Wn =  1.

(b) Let log n' e  L l (r) and define

n

6n --= inf I) it. -  D u,\
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"6n plays a  fundamental role in the theory of orthonormal polynomials

on r (see [5] p.21) Also notice by (2.36) 6n — 0(tin). Thus when

U* £ logL ‘ (r), t)n is its natural analogue.

Lemma 5-6

Let dji(e) -  p(t)da(z) be a finite Borel measure on r and 1 — e <  p(z) <

1 +  e, z e  t, e e  (0 ,1 /2). Then,

There exists Cl such that

(5.20) ( l  +  c ) " 1 ^  ^ 4 < ( l  +  €), "  =  0 ,1 ,2 ,. . .  .

<5-21) Iz r r ^ r \ " l \ *  c « ^ ( l  +

Proof:

By (1.20) if V. and V~ are two finite Borel measures such that V. < MV7 for 

some M  >  0, then

i . W )  >

Thus in our c&se as

<*m(*) <  (1 +

and

dn(z) <  (1 +  t)~'du(z),  t 6 (o ,

(5.20) follows by the above considerations. Now write

’ =  ( v w ) U ( r^ ( 4

Then if £ €  (r\r^ ,(*)), |* -  (| >  y/i, thus

SO
S



So that we have,

,5.22) |£ W z ^ i l |< |^ l' 1,)l <£ V M '
V iM -

Now use Lemma 5.4, together with (5.22) the Schwarz inequality, 3.14, or- 

thonormality of do and (5.20) to yield result.

We wish to define the Jackson Sum of a 2* periodic continuous function. For 

this purpose we need the following two lemmas whose proofs can be found 

in ([21] pp.79-82).

Lemma 5.7

4

(5.23)

( * ( f ) ( ■ * • ( § ) )  ' )
In —2

L +  ^  tk co b  kt, some L, £k, 1 <  k < 2n — 2; 
k=1

(5.24) =  ^ S ^ ± i l i
Jo v '  6

.\ 4

(5.25)
t * v 4 w*n?

J  t ((s in (n t))(s in *)-‘ )  dt <

Lemma 5.8 (Tho Jackson Sum)

Let /  be 2* periodic and continuous with modulus of continuity w ^  j ) .  Set

« » (* )
3

2*n{2nJT i j  C  n t )  [ ( " "  " V - )  H ^ H ) )  ] dt

then un(z) =  Jn( z , f )  is called the Jackson Sum of /  and

=  2»n (2»» +  1) [ " “ • ( V )  ( “ " ( V ) )
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the corresponding Jackson Kernel satisfying

C7*

Jo

Using Lemma 5.7 we can then prove:

(a) un is a trigonometric polynomial of degree 2n -  2

(5.26) | ..(« )  -  /( i)|  <  C 1» / (-b- )  <  C g ( - )

where the last inequality holds if /  satisfies a Lipschitz condition o f older

X •

Remark:

In our sotting let n be an even positive integer and set m =  1 +  x . Then

-
•U *) =

\Zm  -  1|<

2*m(2ma +  l )  I * -  1 I

are the Jackson Sum and corresponding Kernel of a 2x periodic continuous 

p. If z =  e’#, Jn(cx,,p) is a trigonometric polynomial of degree n. Also if

P n (*) =  « U * .P )

1 ‘k t * ) - / > W l < c , » , ( - ) s c , ( - )

with the second inequality holding when p satisfies a Lipschitz condition of 

order 1.

Lemma JL9

A

Let p be continuous and 2n periodic on r. Set pn(z) 

C(rn,z)  <  Ct £ (p ,z ), n =  2 ,4 ,6 , . . . ,  * €  r.

.7n(*,p). Then



■ft . I '

SlOfifc

If *0 €  t  is fixed and £(/>, z0) =  oo then we are done. So suppose without loss 

of generality thai C =  C [ p z 0) <  oo. Let u(*) =  \z -  *0|, i € r ,  continuous 

and 2 k  periodic. Further using ||aj — |6|j <  |a — 6|,

(5.27) ]«(*) -  u(()| =  ||» -  Sol -  |£ «ol| <  |« -  (|.

So u satisfies a Lipschitz condition of order 1, thus if ult(z) =  Jn{z,v.) we 

have by Lemma 5.8 that,

(5.28)

Then

|pn(*) ~Pn(*o)|

< f o ’ j . (£ ) j» (£ * ) -W e « » 5 | «
-2w f 2w

<Jo •U£)|»(£*)-*(«b)|* + jf> -U£)|/>(£*o)-*(*o)|<»

<  C (u n(«) +  Hn(z0)\ =  z  (u „(* ) -  u(*) +  UB ( * 0 )  -  u(*0) +  !»(*) +  u(*0) )  /  V )

=  £ ( « « (* )  -  « (* ) +  «n(*o) -  «(*o) +  «(* ) -  « (s0) )  (“  «(*c) =  0)

< £ ( l * - * o l ■ f * & )  n /

by (5.27) and (5.28). So we have shown that,

(5.29) , /
/>n(*) ~Pn(*o)j <  £ ( l * “ ‘eo l+  ~^1 )-

Now let



- 'P ] r

Then using (5.29), 

(5.30) ,.< * ) £  C‘ ( 1 +
2 C , \»

n\z -  r .
* € r.

So (5.30) implies th&t

(5.31) 0 <  ( ,„ ( « )  i  C\C\  * e  r\r1/4. K ) ,  C< =  1 + 9C ,.

Now suppooe for nie n =  2 ,4 ,6 ,. . .  we have

3 .̂3
#€r

Then we may choose s, €  rl/ 4n( i 0) such that M r ~  * 3 n (* l)  and consequently
,  :

a point £ €  r , /4n(r0) »«ch that

(5.32)

Next, t2n(e ) u a positive trigonometric polynomial of degree < 2n, so by 

Bernstein’s inequality (see [2] p.91) |fjn(*)| < 2nAfn for all s € r. Thus with

(5.32), we mu'ft have Afn < 2£}C\  and so we have shown that

. . .

(5.33) C[pn,z)  <  C4£ (o ,z ), * €

So (5.33) with (5.31) »**ii yield the result.

Leriisa 5,10

H H
Let p > 0 be continuous and 2jt periodic on r uuch that l (i>,z) <  C6, r €

'Hi • »: f y .
<7 C r where -7 is an arbitrary r  bsct rf r. Let />„(*) =  Jn(z,p).  Then,

(5.34) Jira^ D(pn, *, e*) =  D(p, *, e*)

uniformly for * 6 Tf.
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Proof;

Using (5.26) we can

*(*) =  log [/>„(*)(p (* ))_1J - » 0  as n 00.

Use the definition D,  Lemma 2.8, Lemma 2.0, and \t’ \ =  exp(Re(z))  to 

deduce that |iJ(pn,* , ex) | -♦ | D {p,s  , ex) j uniformly for * €  r and that to 

show convergence o f the arguments merely requires that we show (using 

Lemma 2.0 again that)

(5.36) 2^(*) — ~  f  — " T 0 as n -♦ oo, * 6 r .
* J  o IC -*|

Now by Lemma 5.0 as C(p,z)  <  C h we have

--Ss

Moreover |/m(£*)| =  |/m (l — £*)| < |£ — z\t £ ,z  €  f .  So if we choose

6 €  (0, jt) then,

~ f  [  / , «
*  Ju(w) *  Jr\u(a)

< i /  n a „ , . ) d o + ( « ) - * /  k w - • . ( * ) ! «
*  Ju (m) J r\Ti (»)

-  “  n 00 ^  5̂  35^  

< C 76 (by (5.37)).

Let 6 - »  0 and the result is proved. H 

We can now give the p r o o f  o f  T h eorem  f t . l l .



(5.38)
< P n (^ z )

-  D(pktx, ex) )  +  {Dph -  D p).

Let € G (0 ,1 /2 ) be arbitrary. Ther by Lemma 5.10 we may fix k such that

(5.39) 1 -  £ <  pk[ z ) (/» (* ))"  <  1 +  c, * G r,

(5.40) ID(pkt *) -  D(p, x) I <  «, * 6  r.

Using Lemma E.9, C ( — , x J <  C% and C(p,*)  <  Cft, * G 7 . So by Lemma 

5.6,

U m  S Up l — -  l |  <  C l 0 y /e
« — > H l  1P „  ( < * # * . , * )  '  1 0  V

uniformly for * G 7 . Also by Lemma 5.3

(5.42)

uniformly for x G 7

n
lim =  D (p r)
1—00 <pt (ilot x)

Thus from (5.38), (5.40), (5.41), (5.42) we get

(5.43) ~  ° ( * « ) |  £  C llV «

uniformly for 1 6  r. As e > 0 is arbitrary in (5.43) we have the result 

uniformly for x G 7 C r. ■

We now proceed to prove the last theorem in this chaptei, Theorem 5.13 

which is the comparative mean enalogue of (2.58), (2.59) f«nd (3.11). We need
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a lemma first whose proof is not difficult but long so we give the reference 

([15], Lemma 1.1).

Le mma 5 l.12
t M ' i

Assume u' >  0 a.e. (meae) in [0,2*rj, ( > 0 6  L l (rf/*)(r) such that 

Qg±l  €  X°°(d/i)(r) for a suitable polynomial Q. Let /  be 2ir periodic such 

that /  G X»°°(rf/i)(r). Then, for u =  e'*,

/  /(0v?n(^M ,«)<Pn+/(“ )V p (0 M '(0 ^■'O

(5.44) =  f * W f , *)u~tD(g,u)  (v /f f (0 )  *<!<

for all integers / .

Proof o f Theorem 5.13

Profit 

pair,
/  lv > n (^ M ,u )D (^ iJ -^ n(u )| V (0 ^

/ o  1 1

= Jo |p„(»<fc*.«)|,|D(»,«)|VM<* + jf |«>.(«)I 

- * * « I "  y ( « (0 ) , / V ( 0 *

<  2* +  2* -  2 * .  r  « ) ^ J ( » ( I ) ) 1/V ( I ) »
A) (fllfl)t o ' ) ) 1

by orlhonormality and (2.36). Also by (2.36)

___

So by Lemma 5.12 as »  —» oo with /  =  0 the last integral becomes

h  ( ( » ( 0 ) !/>)



So the result follows.

We conclude this chapter with some op en  questions:

(a) Recall that [15] gives a comparative analogue to Theorem 2.10 (b) which
■

is stronger than (5.2) and (5.3) in the sense that weaker conditions are 

imposed on o. It is worth asking whether an analogue of this type exists 

for Theorem 5.11 in this setting? Further, we saw that for the result 

in [15l uniform boundedness was required of <pn in a neighbourhood 

of 9 which was not required in Theorem 2.19 (b) of Freud. Can this 

boundedness be weakened or removed here?

(b) What form would Theorem 2.19 (c) take in the setting o f non Szego 

weights, that is, are there mean, ratio or comparative analogues? What

form would the strong analogue take if any? 

or (c) ol(c) Also for (c) of the Remarks after Theorem 5.13, does there exist an 

analogue for Theorem 5.111

(d) In Theorem .i.ll o was (a) continuous and positive on r and (b) £(p,  *) < 

C ,. Can (a) be weakend?

(e) Let ft and a be finite Borel measures on r. Lc*t C r and suppose 

/*L =  o\_. Then is it trae that
1

{Pfx(da ẑ )
lim

for every closed V  C 7?

V/e note that (d) and (e) are raised in [22].



C hapter 6

Notation

Throughout n will denote a positive, Borel measure 

w =  p' >  0 a.e. (meas). <pn{dn,z)  =  <fin(z) will be the corresponding 

orthonormal polynomials with respect to dp, suppldp) is infinite. Let 7  C r 

be an arc on r and let ,J( / , 6 )('y) denote the modulus of continuity of a func­

tion /  on 7 . Define D L(i )  =  { / :  /  continuous such that — g  L ^ r )}  

that is, D L h )  is the set of functions that satisfy a Dini-Lipsch'tz condition 

on 7  C r. w will as usual denote the conjugate function of w and C X,C 7, . . . 

will denote constants independent of n,

We can now state the main resulta to be proved in this chapter.

Theorem 6.6

T,et u  € D L ( t ), also on the open arc 7  C r, let to' exist and sr.tisfy to' €

l‘ / 3
I?L(7 ). Then

00

unitormly on each closed 7 '  C 7 . Note here that we write

dp{0) •= w[0)d8 .

Theorem 6.8

Let to G DL(t) .  Then

- i / a



uniformly for all arbitrary subsets 7  C r for which

m =  inf u/(*) >  0 .
*€*7

The mrin tool used in the proofs above is the concept of polynomials of the 

Second Kind, hence we begin with the following definition.

(Polynomials of the Second Kiud)
m m }} ' ■ ■ ■ ■  W ttM

Let n be a finite Borel measure on r and write dn(t'3) w(6jdf>. Now we

can define

reia

as in Lemma 2.0.

Let Mo -  jV f o "  =  ^ ( ° )  <  00 and define a 

follows:

new measure n ' o n  r as

m  "  r r (>  , “ Wyi" 8 w  ■ F« w  -  ^  w  < *•. ,111
(c) We can also define orthonormal polynomials ^n(dn*,x) with respect to 

dp* as follows:

Lemma 6.3

Let w e  DL(r). Then

(a) is absolutely continuous on Ixl <  1 , further if w and tv have no zeros in 

common then n* is absolutely continuous with respect to dn on |z| =  1 ,■■■Ml tA
- .  Athat is, dn*lz)

I W I
exists a.e. (d/i), (r <  1 ).

^dAi(»), |*| =  1 where F’ (*) =  l im ,. , , .  FM(rz)



(b) Fu(z) • F J z )  — ul,  \z\ — 1 if w, ii have no zeros in common.

(c) D(p,z ,ex )  =  (m0) l ^ ( ( * ) ~ *), |*| >  t where p(z) =  t - - 9- -, .
IM *)|

'

©

Proof:

We note first that the existence of the boundary values a.e. (dp) follows from

a similar argument used in Lemma 2.15 when defining D  for I*I =  1. Now if
! 12u>, u> have no zeros in common by (2.21) we have, |/ (̂4t)| > C :  * €  r. 

Thus p(z) is continuous and positive on \z\ <  1 and so by the 1 em of F  

and M  Riesz ([5] p.220) p.* is absolutely continuous with respect to dp on 

|*| =  1 and dfi* =  p(r)dp(z).  Next

* « (  w * i r ‘ ) = * < ( ^ ( | f , w i r ’ )

> o

in j*l <  1 . Thus iJe^(FM(*)) 1 j  is a positive harmonic function in |*| < 1 . 

So letting r <  1, we may write by the famou* Poisson representation theorem 

(see [1] p.107)

r t f c M I -  = < *o£  f  1*1 =  i .  r <  i
"

which implies that

1*1 St 1, f  <  1.(6.i)

(6.2) |F„.(r*)|J =  -L y J '/> (r,«)| F 1..(«)|, d9, |.| =  1, r <  1.

Also we have

So by (6.1) and (6.2) =  | /;.(* )|a, |*l =  1 when* this is

understood to mi an the points where F  (z) exists on |*| =  1 that is a.e. (dp). 

lally by definition of D(p,z,ex)  and (2.45) we note that a*
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=  />(*). * =  =  1 and

( M o ) - ^ ( W - 1) “  *n»ly^»c in \z\ >  1. We can choose »n exterior Scego 

function D(p,z ,cx)  =  (Mo)_ l ^ ( ( * ) “ l )» 1*1 >  1 extend the definition to

\z\ >  1.

The following result* also hold and the proofs can be found in ([5] pp. 10-11).

Lemma 6.4

lM<*M,*) =  V?n(dM*,*), *?„(*) =  V»n(JM*.*), |*| <  I.

Lemma 6,5

Let J e  DL(r),  J >  0 a.e. (meas) on r. Then there exists g 6 C'(r)  =  

{h : h : r -*  C , h’ continuous}, pouitive and a 6 > 0 such that if / 0 — fg  

then / „  satisfies ( /£  -I- /* )  >  S7, * 6  r that »  /o , fo have no common zeros.

groofc

Since / (* )  >  0 a.e. (meas) on r, there exists z £ r such that / ( * )  > 0  

and / ( - * )  >  0. Suppose without loss of generality that r — 1. Since /  is 

continuous there exists 6 >  0 such that / ( * )  >  6, z €  r4( l )  and z 6  r $ ( - l ) .  

Now choose a function S(z) € Ce(r ) such that &(*) >  0 for z €  r4(l)  and 

h[z) =  0 for r  r\ r,(l).

AUo let

* Jo
„

be the conjugate function of /  (see Lemma 2.0) Now Iml£z)  changes sign 

at £ =  * and £ =  - z .  Hence the zero* of Jm{£z) cancel with one of the zeros
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of j£ — *|a so that we obtain

(6.5) \ f h ( z ) \ > m > 0 ,  * 6 r \ (r , ( l )U r | ( - l ) ) .

.

continuous and M  =  maxr j/| <  o j . So  we define 

A — (M  +  £)(m )- 1 , / 0 =  / ( I  +  Ah) and then by the linearity of /  and 

by (6.5), we have for z €  r\ (f#(l) U r ,( -1 ) ) ,

l/ol =  | /+  M /* ) l  > Ai/S| -  l /l  > > m - M  =  6.

Also we have, |/0| >  € on rd( l)  U rt (—1) to / }  +  /J  >  6* on r and so letting 

g — 1 +  AA we are done.

We can now give the p ro o f o f  T h eorem  0.6.

Proof:

si m
We first prove the result assuming w, w have no zeros in common. Then wc 

have, |FM(*)|2 >  0 , z 6 r, p(z) =  /x2jFtt(j:)| 2 is continuous and positive 

on ~ (see Lemma 6.3), and has a continuous derivative on i  C r i o  that on 

every cloeed Y  C 7  we have C{p,z)  <  C „  1 €  7 '  C  7 . Also by absolute 

continuity c f  we may write dft*(z) -  p(z)dn(z), |*| < 1. We can now 

»pply Theorem 5.J 1 and (6.4) to deduce

(8.M u »  2^44 =  Um

uniformly for * 6 7 '. Also by (6.3) we have that

<6 - 7 > * e  ' •

Thus taking the real part ot (6.6), using Lemma 6.3 (c), (6.7) and Lemma
o n  u2.9 we have,

fl—*00 =  li0Re{D{p,Mtez) }  =  K e{FM(* )} =  u/(*) 
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uniformly for * €  7 '. Now .suppose the general ease. Define f Q =  wg&s in 

Lemma 6.5 such that f 0 and / 0 have no common zeros. Write da =  f 0dO ao

that by (C.8) we have that

lim \ipJdatx)\ 3 =  f 0(z) uniformly for * €  V
n—oo' 1» —*00'

but do =  f 0d$ =  wgd$ — gdft and g is continuous. So by Theorem 5.11

s i l i l i l l E
(6 .10)

So we have by (6.8) and (6.10) 

(6 .11) =  ( /o W “ ‘ ) M  =  / ( * )

uniformly for 2 €  V . ■

We can now turn to the proof o f Theorem 6.8. However we need one lemma.

O

Lemma 6.7

/  e  DL(r).  Define nr =  =  { e * : |0| < r0} ,  r0 € (0 ,» ). Now

since /  is continuous choose r8 G (r0,ir) such that f ( z )  >  m/'i >  0,

* €  r, =  r (1) =  {e*#: |*| <  r , }  where m =  in f^  / ( * )  >  0 (as in the

Statement of Theorem 6.8).

k(r. -  r«)
Set rk =  r0 +  - ■ * ■  ■ , k =  0 , . . . ,  5 such that 7 C r0 C r , . . .  C r,. Then5
there exist two functions / . ,  / -  on r such that

(6 .12)

(613) / ,  =  /  on f ,i

(6 1< !  — « < / •  ( / i ) ~ l <  l +  «, * € r ;



(6.15)

(6.16)

A  e  C'(r); 

l - « < / i ( / a) -1  < l  +  <, * e r ;

(6.17) u '(/3, f )  <  C4w(/, ,6 ) <  Csw(/,6) some 6 6  (0,w).

Choose 6 e  (0, *) and let fl denote the Steklov smoother function of / ,  that

n(«'“) = (< )- £ 7  /(«“ )*•

Then 0  6 C '(r). Also

n  V )  =  [ /  * (*  +  £ ) )  "  / *  (*  *  £ ) ) ]  (*; 1

which implies ||0'||t «. <  u '( /,£ )(* )-1 »o that

(6.13) w (n , 6) < m LS < w ( f , 6).

Now write r, =  rt U r3 U (r,\ (fi U r3)). Let A U B =  r3\rx. Let A ,, 0 ,  be 

th? endpoints of r3 and r\r3 and A3, B 2 the endpoints of r, and A U (rB\r3) 

aad B  U (r6\r2) where r3 =  rt U A U B. Choose a polynomial ir3 j f  degree 3
j

such that jt3 agrees with fi and O' at A ,, B i and with /  at A 3 and B 2, and
*

non zero in A U B\[A,  U B l U A 3 U f l3). Define

=  n  * €  r\r3 

=  1T, «  e  A U fl

Then / ,  € C '(rg\fj). Also there exists C3 such that w(ir3,6) <  <?s *"(/.*)• 

Thus by (0.18) we have w { f x, 6) <  C9v>(f,S). To prove (6.14) note if
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w f f l s m  M m m B W m b w
/ ,  (2) =  0. Then by definition c f  / t and n3 (6.14) holds. If 
f  f  — f——  1 =  — -—-  and j /  -  f x\ <  vt.(6) - »  0 as 6 —* 0 by uniform continuity 

f t  11
of /  0.1 r. So (6.18) holds. Next define

and procecd as before. ■

The p r o o f  o f  T h eorem  6.8:

Proof:

We note first that it is sufficient to prove he result for ev jry doped arc

1 C r. To see this we assume that the theorem fails for a general set 7 C r.
_

Then there exists c >  0, a sequence of positive integers n and a sequence of 

points C n 6  f  such that j|v>n( 0 |  “  « '(*n)~ l/ a| > ( , 1 1 6 (1. By 

compactness we can find O' C 0  such that *_ -»  *n 6  r, n 6  fl#. Now 

*„ € 7 , |w (O l -  m - Thus by continuity of / ,  then exists a > 0 

that |w(*n)| > — * € r*(*0). Thus for large enough n €  fl' C
—7—r0 , *„ £  r6(zn) and so the theorem fails for this closer! arc as veil. Thus 

we may suppose without loss of generality that this ar: is -7 with centre 1. 

Write i  =  rfo( l )  =  rc =  {e<#: jf| <  r0} ,  r0 € (0, » ) .  Now as m > 0, by 

continuity of /  tliere exists r , 6  (r0, » )  such that u/(s) >  ^  >  0 for x € r,.

Define rk, 0 <  k <  5 as in Lemma 6.7. Let e0 =  mm< ------—  }  and
* 25 1

choose < 6 (0, £0) arbitrary. Let w., w2 be chosen as in Lemma 6.7 with

6 e  (0,ir). Also let =  / *  -  dt. Then as w 6 DL(r),  there exists
’ t '

C"# such that J ( f , 6) <  C5 and lim|_0+ J { f , 6) =  0. Let <pn(dnit *) be the 

orthonormal polynomials corresponding to wit * =  1,2. Now note that by 

the assumptions on 11/ , ,  w2 we have by Theorem 6.6

(e.19) n —>00' 1 '  * '
HmJlPll(4ft|.*)| =  K ( x ) )  1/2



uniformly for * G f^Va

lim \(pn(du»u)\ =  (u>2[* ) )~ l/AI—*00

uniformly for * €  r4. Hence we can assume that 

(6.JI) < £ ? . , * €  f j\ r „  n 6  N

and that

(6 .22)

We s’ .ow that there exists C u  such that

(6.23)

|*n(4*a,*)| <  C7, i 6 ? J , n e N .

n e N .|<Pn(^i»*)| < C U , 4»

m r =  m a*k>»(<*M i,*)| =  \<Pn (d u  „ * J |

say. Let N =  +  fla where n G iff *n G Tj\r3 and n 6 f l ,  i f f * „ 6 r , C  f j.  

Well if n €  0| choose C l4 =  C6 by (6.21). Now let n € f l ,  and define 

6(x) -  (u /j(*))(u> j(z)''1) , * G rs £  *4- No»» by Lemma 5.4 we have,

!¥>»(<*Ma,*) 7«(<*Ma)l 

< ( > « ( * ) ) '■ [ /  +
ip ( 0  — p(*)

V ?  w * ) 1 1

p i
x |v>n(^ M ,,O lk n (^ a .O |  X /a(0<tf. t  =

v  notice that r j > (r4 -  r0)> =  M fe g a C  >  i a j f J l  > t i j p C  > 

Thus r4 >  y  f0, and therefore

(6.25) TV« —  r t  -  ^7 ‘



we have, u/(p, f )  <  C%. So 

(G.26) J{P,S) < C 9, J {p ,6).

So by (6.24), (6.25), (6.26) we have that J, <  C ,0A/nJ ( / ,  v ? ) .  Now using 

(5.20) and the Schwarz inequality we have J2 <  C nV/7, so putting * =  *n, 

n G n 3 and uf.ing (6.22) with (r.22) we get M n <

Also as J ( /,\ /e )  0 as c -»  0, J  (p, ^/i) <  \Cxi, n g f i ,  which says that 

M n <  2C 13, n €  n 2. So we have |v?w(dMt»^)| <  n €  fla. Thus using

(6.23), (6.24) and (5.20) we have that,

P
H N W(6.27) lim sup _  l| <  £7 J l f j n

uniformly for 1 6 7 , Also by (5.21), (6.13), (6.14) we have that

d(6.28) lim sup _____< C ieV*
n-.oo \<pn{dnl tx) I

uniformly for * €  T  Now from (6.14) and (6.16) we get

(6.29)» ) |u;(z) 1/2 -  *wa(jr)-1 /2 | <  C l7e, x € r.
< *

So by (6.29), (6.28), (6.27), (6.19) and (6.20) that we get

(6.30) limsupl\<pn{dn,*)| -  (u>(*))
n — e o o  1

-*/a|

uniformly for z €  7 . As < € (0, <0) is arbitrary the result holds. ■

We end this chapter with some open questions raised in ([20] and [22]).

( 1) Let w > 0 a e. (meas) be a weight on r and sup ose tu(*)ose tu(*) =

open 7 C r. Then it is true that liran_ 00|v?n(*)| =  1 uniforruly for every 

closed V  C 7? We note that the above is true when log ui € L l (r) (uee 

[5] pp.201-203).

< c„j(r.s<)

(2) Is it possible to extend Sseg&’s theory to measures supported on a finite 

number of Jordan curves in the complex plane? If so how?

(3) Is it possible to extend Szegd’s theory to the case where the derivative 

of the measure might vanish on sets of positive measure? If so how?
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C h a p t e r  7

Trftnglt.l9.B_tP_i-L.il

In this dissertation we have dealt up to now with the unit circle, however

there exists naturally an equally vest and rich theory for the real line. We 

shall not delve too deeply into this area except for one particular weight 

which arises in a very natural way. It is well known that the map *  - »  cos x 

maps the interval f—1, ll onto r. So given a positive Bore! measure on r we 

consider its equivalent form on (-1 ,1 ] and it will be the*e measures that we 

will deal with in this last chapter.

gysilen .TA
■

Definition L l

Let da be a finite positive Borel measure on [—1, l] with aupp(da) C [—1,1] 

infinite. Let pn(da,M) =  0n(da)x"  +  •••, n =  0 ,1 ,2 , . . . ,  0 n >  0 be the 

corresponding system of orthonormal polyvomials uniquely determined by

f i
J pH{da,g)pm(datx)  =  Smn, >  0.

We now define the associated measure 011 r as follows:

«(* ) -  /  “  a (C08*)* 0 < # < x ,
\ a  (cos 9) -  o ( l ) ,  - k <  9 <  0.

\ _We often write d(i(9) =  | da (cos #)(. Also note if a '( t )  =  w(x) then dji is 

also absolutely continuous with weight f (9)  =  u>(cos0)|sin fl|. The following 

lemma is tiue and the proof can be found in ((4] p.6, 7, 189, 190).



Lemma 7.2

(a) The coefficients of tpH(diitt )  are real and 

(7.1) 1 <  »* (0 ) <  1, k >  1.

(b) Let i  — cos 9, m =  ei$ then we have

P» (<*<*.*)

(7.3) x p j x )  =  an+1pB+I(x) + 6 nF„(* ) +<*„P„_i(*). n * 0 , i , . . .

i
P0 =  60> P-k =  °» a »  =  an(<*«) =  *“ <* *« =  K i da) =  / 2 ,  *P^ (*)<*<*(*)•

Statement 7.3 

We now state the main theorems in this section.

Theorem 7.4

Let da be such that suppfda) C [—1,1 infinite and let df* be its associatedv i ’ j

measure on r as in Definition 7.1. Then we have,

lim an(da) *  1/2 iff lim Qn(dp,0) — 0;

lim an(da) = 1/2 implies lim bn(da) =  0.
>—»oo » —»oo

If a ' > 0 a.e. (meas) in [-1 ,1 ], then w* have,

lim an(<fa) =  1/2, lim 6„(da) =  0.
n—*oo n—»ou
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Let supp(da) C [-1 ,1 ] and let g be a non negative dpi integrable function. 

Assume there exists a polynomial H such that either

Theorem 7.5

(1) l im ,, .^  an(da) =  i /2  and R j ±l  la Riemann integrable on [-1 ,1 ], or

(2) a ' >  0 a.e. (meas) on (—1,11 and Rg±l  6  L°°(dn). Then

(7.7) lim an(gda) -  1/2, lim bn(gda) — 0.»l—*00 “ 'n -+oo

Write g(0) — g (c o n $ )  then, 

If 0 < r <  1 then

( "# )

(7-9) t S  -  D " (»•*)•1 - * / * ( •  +  W )n—oo p^da.X j

uniformly for 0 <  |*| <  r.

Remarks:

(1) We note that these results are partial analogues to the Ratio Asymptotic

lim * n(0) =  0 in Chapter 3 and the comparative Asymptotics in Chapter 

4 and 5.

(2) From 2.56 we dcduce the following mean result.

Let dfi(O) be a non negative Borel measure on (0,2ir] satisfying Szegos 

condition. Then,

j s . r k - (■"'•*) -  = ° ' «—

We can now give the correaponding result for (-1 ,1 ] (see [5] p.177). 

Define Sign (*) =  A ,  i  € C \{0}. Then if da{x) is a maaa distributio: on

I—1,1J satisfying Szego’s condition on ( -1 , l]
j

J lo g a '(x )(l -  x*)~l/2dx >  -

f l#
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n'($) =  a'(cos0)|sin0|

lim I  Ip, (da, « * * ) / ( * ) 1/S “n—OO J0 I

- ( 2 ) ,/>* e { y s ^ ( z > o . ' , . ) ) } | , d* =  o.

i  e  [0,2jt], then for * =  et#,

S ection TB In trodu ction  and N otation

We generalize Section 7.1 ( i ) u w e  did in Chapter 3.

Ds5niiion_L5

Let {u>:n } ne]^ be a sequence of polynomials with real coefficients such that

for each n €  N , degu>9n =  i „ ,  0 <  *„ < 2n and wJn >  0 on [—1,1]. If 

»n > 0 then (*3n,), 2n — »' +  1 <  t <  2n denote the zeros of wJn. For
-

in =  2n, (*ani,), 1 < * <  2n is the set of zeros of w3n. Also let all the zeros 

of wJn 6  C \ ( - l , l ] .  Now let da7n =  (w3n) _xda. Then for each n €  N , if 

\\daj < oo, construct pn r l( i )  =  Pn,m{x)m +  . . . .  0 n>m >  C to be the mth 

orthonormal poly non. ial with respect to da3n, that is

J  i Pn,k(*)Pn,mi*)<ia »(* ) =  **,,

Also let Pn m =  y^P n .m  (he corresponding mth monic orthogonal poly­

nomial with respect to da2n.

Remark

Notice that u>3n(cos0) > 0 ,  0 <E /2, so by Lemma 2.3 there cxis'4 an &!gebr»k 

polynomial VVJn(u;) of degree »n with zeros in |u>| < I such lhat « ;J(t»'cc5 9) 

l^ 3n(e'*)| • * G (0,2*1. Now consider the conlormal map J :  £  \|—1, l|
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w| > 1, given by J (s) -  +  V * 2 -  l ) .  Then the seros of ^ 2n_ i are 

precisely the points [ '/(x ail|t-)] *» 2n — iw +  1 < » <  2n such that J(oo) =  oo

and J '(oo) >  0. Let W2n =  (w )a" “ **^2f,- Then the degree of Wln =  2n 

and u>2n((costf)) =  jW’a^e**)) • Now define

dnJn($) =  <ian(cos*) =  |tVaf,(*)|“ 2<fa(cosO. (* =  «’ *):

that is, d^Jn(E) =  dan([coa$’,9 €  £ ])  whenever E  C [0,w] or E  C [*,2ff]. 

Thus, writing H2n(0) =  dn2n\0 ^  we have ■
G „(cos*) 0 < $ < n  
-G_(coe 0) * < $ < 2 x ,

where G „(* ) =  f * d i ' n(t), x  €  [—1, lj, at every point 0, where n2n is 

continuous and so a.e. (meas) in [0,2*]; furthermore we have

Hin{$) =  |iintf|Gn(cosff) =  |sin0||tVail(e,*)|~V(c<w0)

=  |sin^|a^(cos0),

I I I
whenever either side exists, that is a.e. (meas). Also n' >  0 a.e. (meas) if

— — ■ ■
a! > 0 a.e. (meas) where,

„ (* )  =  / “ <“ •'> o s < £ '  
a(coatf) jr <  V <  2 x.

*>»(<f/i,i) =  v?n(*), <p (dnn,z)  =  Pn{da,x) ■= pn( i) ,

C j , Ga, . . .  will denote constants independent of n, ( , « ,  x, w.

(a) The coefF:ients of pn m(dantx) are real.

(b) The following relations hold;

(7.10)

Pn,m(*) -  (2 jt)1/J( l  +  * 2H>2m(0)) ' !/2U;-m [vOjniamH  + <P7n.2mi )̂}



where * 2n>3m =  (72n,2m (^n))~  V 3n,2m Wld *  =  I  ( w +
it u

. 5 9

^ ( * )  -  2 - m[l +  *a»,am(0)]"l H " m [*a»,*m(w) +  * ^ < 4

(7.12)

x Pn,n+k(x ) an,Jk,oPn(n + l(* ) a n,fc — l^n.n+Jk — 1 (* ) '

Definition 7.8

Let ife be a fixed integer. Then (a, (u/3n),&) will be admissible on [—1,1] if 

(n, [W3n),k)  is admissible on (0,2*]. That is

(7.13) a1 >  0 a.e. (meas);

(7.14) ■ £ daB(*) < oo, n e  N ;

(7.15) /n i>- * (*2n,<) *1 lda{x) < m  < oo, * =  - 1 , - 2 ,
m i

where *(**,,<)“ * =  0 if xJn , =  oo.

2n
oo.

i - i

Statement .7.9

We now state the main theorems to be proved in this section. The first 

result is a ratio analogue of Siego’s classical strong asymptotic formula for 

non Szegr weights. We also give other forms of this result as proved by 

Ncvai ct al luing recurrence coefficients and Lubinsky et al using exponential 

weights. We also give generalizations of Theorem 7.4 in this setting and some 

strong and weak convergence analogues to Chapter 3.
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Remark

Recall that Tn the nth Chebyahev polynomial ia given by r n(co€ $) =  cos nQ. 

Also the Chebyshev polynomials become an orthonormal system with weight

function (1 -  x )~ 1̂ 2, x €  (—1.1) if we define

Po(*) =  (*) ,/3T0(*), Pi(*) =  (2K)- l , 2Ti(x),  1 < • < n 

(see [4] p.34).

Theorem 7-13

Let (fi,w7n,7k) be admissible on [-1 ,1 ! and let Tn be the nth Chebyahev 

polynomial as in the remark after Theorem 7.12. Then for each m e  N and 

for all bounded Borel measurable functions /  on [ -1 , li,

(7.17)

> -oo  J _ x
_______ m w * * .

n L i  (1 - x ' V ' 1 '
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(7.18)

lim i n—*00 J
f (* ) i

W2 nV
1 f '  f i x)Tm(x)dx
* J - ,

Theorem 7.14

Let (a,(u)2n) }2k) be admissible on [-1 ,1 ].

r i
Hn.kH  =  I  t Pn,* (* ) ( »  -

Then,

i- t **»(*)•

(7-,9 ) =  ( « 3 -  i ) l/a ;

(7.20) 
v '

lim ------
0n,n+hM

=  ( J H )

where in both (7.18) and (7.20) the 

subset of C \[—1,1).

Remarks

ib uniform in each compact

(a) Notice that

the analogue of Theorem 3.10. Finally Theorem 7.14 is the analogue of 

Theorem 3.13.

7.12 is the analogue of (3.6). Theorem 7.13 is

(b) Various stronger and weaker versions of Theorem 7.10 have been investi- 

and proved both for weights on [-1 ,1 ] and R . We highlight some

of these results.

(1) (Szego): Let w(x)  be a Szego weight function on [ - 1 ,1 ]  such that 

u/(coe0)| sin0| =  f ($).  Then for x *= | +  j  j ,  |*| >  R >  1,

|p ( a ) ----- 7= * n • 7 ./^ iv I 0 as n -*  oo.
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