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Abstract

In this thesis we study some Diophantine equations involving Fibonacci numbers, Catalan
numbers, Ramanujan 7-function and Factorials. Since there is no generic method or
algorithm that can be used in solving all Diophantine equations, the arithmetic properties
of Ramanujan 7-function, Catalan numbers and Fibonacci numbers will play an important
role. For some Diophantine equations, we will compare the order at which some small
prime, say 2, divides the left and right-hand side of the equation. In some cases, we
will use lower bound for nonzero linear forms in logarithms due to Laurent Mignotte and
Nesterenko.

Firstly, we solve some Diophantine equations of the form |r(x)| = y, where 7 is the
Ramanujan 7—function and z,y are integer variables restricted to values of factorials,
Fibonacci numbers and Catalan numbers.

Our study in this thesis also includes an analysis of the Diophantine equation of the
form F,, = £7(my!) £ --- £ 7(my!), where F}, is the nth Fibonacci number and 7 is the
Ramanujan 7—function. We find some bounds for k, m; and show that when k = 2, the
only positive integer solution of the Diophantine equation F,, = +7(my!) & 7(my!), where
my < myis (1,1,3).

Lastly, we do an analysis on the iterates of the Ramanujan 7—function and come up with
some lemmas and propositions with respect to greatest prime factors and counting the

number of solutions of some equations involving them.
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Chapter 1

Introduction

1.1 Historical background and recent innovation on
Diophantine equations

A Diophantine equation is an algebraic equation for which integer solutions are sought.
An algebraic equation is one that involves only polynomial expressions in one or more
variables. The coefficients of the polynomial should be integers. Diophantine equations get
their name from Diophantus of Alexandria. Diophantus was a well-known mathematician
of the 3rd century. He wrote a highly regarded treatise called the Arithmetica. The
mathematical study of Diophantine problems he initiated is called 'Diophantine Analysis’.

The questions in Diophantine analysis we ask about a Diophantine equation include:
e are there any solutions?
e are there finitely or infinitely many solutions?
e can all the solutions be found in theory?
e can we find lower or upper bounds for the solutions?

These are some of the questions we will consider when we analyze or solve some Diophan-

tine equations in the next chapters.



The number theory enthusiasts celebrated the news recently that: On September 6, 2019,
Andrew R. Booker from Bristol and Andrew Sutherland from the Massachusetts In-
stitute of Technology, found a sum of three cubes for 42 : (-80538738812075974)% +
(80435758145817515)% + (12602123297335631)% and it said that this leaves 114 as the

lowest unsolved case.

1.2 Motivation for studying some Diophantine equa-
tions with Catalan numbers, Fibonacci Numbers
and Ramanujan numbers

We became fascinated with arithmetic properties of Ramanujan numbers (numbers which
are in the image of the Ramanujan 7-function), Fibonacci numbers and Catalan numbers
and the rate at which their absolute values increase and we had an interest to see where
a Ramanujan number meets a Fibonacci number or a Catalan number or the absolute

value of a Ramanujan 7—function of some other number.

1.3 Organisation of the Thesis

In this section, we give a mathematical introduction to various topics in the thesis. This
thesis consists of five chapters. The material presented in this thesis covers the results

that were published by the author and his supervisor in the following journal papers:

[LuMa | F. Luca, S. Mabaso, “Diophantine equations with the Ramanujan 7-function of
factorials, Fibonacci numbers, and Catalan numbers”, The Fibonacci Quart., 57

(2019), 255-259.

[FLAS ] F. Luca, S. Mabaso and P. Stanica , “On the prime factors of the iterates of
the Ramanujan 7-function”, Proceedings of the Edinburgh Mathematical Society, 63
(2020), 1031-1047.



Chapter 2 lays down the foundation for this thesis. It covers all the definitions, conjectures
lemmas and theorems which will be applied in the next chapters and some of them may

be restated as we deem it necessary to do so.

The work in Chapter 3 appears as a result in [LuMal. In this chapter, we solve some
Diophantine equations of the form |7(z)| = y, where 7 is the Ramanujan 7-function and
x,y are integer variables restricted to values of factorials, Fibonacci numbers and Catalan

numbers.

In Chapter 4, we study a Diophantine equation of the form F,, = £7(my!) +--- £ 7(my!),
where F), is the nth Fibonacci number and 7 is the Ramanujan 7-function. We start
by finding the lower bound for some k and upper bound for my;. Lastly, we solve this
Diophantine equation when k£ = 2. We apply a linear form in 2-adic logarithms and we
develop Lemma 4.10 (on the 5-adic valuation of the Fibonacci numbers) as computational

methods for reducing upper bounds for our solutions.

In concluding this thesis, Chapter 5 studies the iterates of the Ramanujan 7-function
and from this we come up with some interesting results on the greatest prime factor of
the Ramanujan 7—function and counting the numbers of solutions of some Diophantine
equations involving the Ramanujan 7—function. The idea of primitive prime factor on

Lucas sequence plays an important role here. The work in this chapter appears in [FLAS].



Chapter 2

Some Preliminary Results

In this chapter, we give some definitions and concepts which will be useful in the subse-
quent chapters. In Section 2.1, we define the Ramanujan 7-function which possesses many
arithmetic properties and list some of them which will be used as we find it convenient to
do so. In Section 2.2, we define Fibonacci sequence, Lucas sequence and Lehmer numbers
and we state an inequality and an equation that relates Fibonacci numbers and Lucas
numbers. We also recall the general definition of the primitive prime divisor in Section
2.3. In Section 2.4, we define a Catalan number and state and prove some inequalities
involving a Catalan number. We conclude this chapter by defining when are the two
algebraic numbers multiplicatively independent, stating without proof in Section 2.5 the-
orems on linear forms in p-adic algorithms and the ABC-conjecture which will help us in

finding and reducing bounds for our solutions.

2.1 The Ramanujan 7-function

Definition 2.1 The Ramanujan function 7(n), is defined as the coefficient of ¢" of the

following series:

q (H(l - qk)> = ZT(n)q” = A for |q| < 1. (2.1)

k>1 n>1

Some well-known properties of the Ramanujan 7-function are summarized in the lemma



below. They were conjectured by Ramanujan in 1916 in [44]. The first two were proved

by Mordell in 1917 in [40]. The last was proved by Deligne in 1974 in [11].
Lemma 2.2 (i) If m,n are coprime positive integers, then T(mn) = 7(m)7(n).

(i1) For a prime p, the sequence {T(p")}n>0 satisfies

(") =r(p)r (") = p'' (") n>1.

(11i) By the famous result of Deligne we have:

[7(p)] < 20"/,

More generally, for every positive integer n we have
[7(n)| < d(n)n"'2,
where d(n) is the number of divisors of n.

Further, we will use the elementary fact that

d(n) < 2y/n. (2.2)

For the proof, we note that every divisor k of n either satisfies that k& < /n, or its
complimentary divisor n/k satisfies that n/k < /n so there can be at most 2/n divisors

of n altogether.

2.2 The Fibonacci sequence, Lucas sequence and nth

Lehmer number

Let {F,}n>0 be the Fibonacci sequence given by Fy =0, Fy =1 and Fj,10 = F,j1 + F,
for all n > 0 and let @ = (14+/5)/2 and 8 = (1 —+/5)/2 be the roots of the characteristic

polynomial 22 — 2 — 1 = 0. It is well known that the Binet formula

r =2 — 8" L olds for all > 0.
a—f




The sequence of Lucas numbers {L, },>¢ starts with Ly = 2, L; = 1 and satisfies L, o =
L1+ L, for all n > 0. From the Binet formula for F;,, we can by induction on n, deduce
the fact that

R (2.3)

There are many formulas relating Fibonacci numbers and Lucas numbers, but the one we

will use is

L2 —5F? = 4(—1)" valid for all n > 0. (2.4)

Conversely, it is well-known that if (x,y) are positive integers such that z? — 5y? = +4,
then (z,y) = (Ln, F,,) for some positive integer n. See section 10.14 in [22] for these are

other properties of Fibonacci and Lucas numbers. The following is Lemma 2 in [37].

Lemma 2.3 Let m > n be two nonnegative integers such that m = n (mod 2). Let

§ = (=1)m="/2 Then, F,, — F, = Flon—sn)/2Lim-+on) /-

Definition 2.4 If o and § are algebraic integers such that (o + 6)2 and af are coprime,
non-zero rational integers and o/ is not a root of unity then the nth Lehmer number
with respect to a, B is defined to be

o — Bn
Hn = o — ﬁ(gn

where 0, = 1 if n is odd and 6, = 2 if n is even.

2.3 Primitive Prime Divisor

Definition 2.5 Let (p,,) be a sequence of integers. A prime p is said to be a primitive

n>o

divisor of y if plin, but p does not divide pypis . . . fin_1-

For a positive real number x, we denote the number of primes p < z by 7(z) and for a
prime number p and a positive integer m, we let v,(m) denote the exponent of p in the

factorisation of m.



2.4 The Catalan Numbers

1 /2
Definition 2.6 A Catalan number is a number in the form C, = T ( n) for some
n n

mteger n > 0.

We observe that a Catalan number is an integer since it can also be written in the form

C, = (2:) — (ffl), which is a difference of two integers. Hence a Catalan number is an

integer.

Lemma 2.7 The inequalities

2n
2" < O, <

hold Il 3. 2.5
- old for all n > (2.5)

Proof The upper bound is easy since

()3 () -

For the lower bound we prove by induction that

2n 22n
>
n/)  n+1l

holds for all n > 0. We check it for n = 0 and n = 1. Assuming that it holds for n we get

(1) - Eopemen ) 2

It suffices to check that

(2n + 1)22n+1
(n+1)2

v

22n+1(2n+ 1) - 22n+2
(n+1)? ~n+2’

which is equivalent to

(2n+1)(n+2) > 2(n+1)%

so 2n? + 5n + 2 > 2n? + 4n + 2, which obviously holds. To get the desired lower bound
C, > 2", we still need to show, via the lower bound we just proved, that 2" > (n + 1)
This holds by induction on n for all n > 6. One can also check that Oy = 21 > 2% = 16
and C5 = 42 > 32 = 2°.

We also recall (and it is easy to see from the definition) that C,, is divisible exactly once

by all primes p such that n +1 < p < 2n.



2.5 The p-adic algorithm

Definition 2.8 Two algebraic numbers k and | are said to be multiplicatively dependent
if there exist two integers m and n not both zero such that k™ = 1". Otherwise k and [

are multiplicatively independent.
For an algebraic number 7 with minimal polynomial
f(X)=ao X+, X+ +ag € Z[X] with ged(ag, ay, ..., aq) = 1,

we put H(n) := max{|a;| : ¢ = 0,1,...,d}. For example, if  := m/n is a rational
number written in reduced form; i.e., with coprime integers m and n > 0, then H(n) =
max{|m|,n}. Given a number field K, a prime ideal 7 of its ring of algebraic integers Ok,
and n € K*, we write v,(n) for the exponent with which 7 appears in the prime ideal
factorization of the principal fractional ideal nOg generated by 7 inside K. The following

result is due to Kunrui Yu [55].

Lemma 2.9 Let K be an algebraic number field, © be a prime ideal of Ok, n1, 12 € K*.
Let Hy, Hy be real numbers, H; > max{H (n;),3}, i = 1,2. Let my, my be integers and
put M = max{|my|, |ms|,3}. Assume ni"ny* —1%#0. Then

Ue(ni"ny? — 1) < ¢ log Hy log Hy log M,
where ¢1 1= ¢1(K, ) is a positive constant depending on K and 7.
Bugeaud and Laurent proved the following result (see Corollary 1 of Theorem 3 in [10]).

Lemma 2.10 Let p be a prime number. Let oy and as be two algebraic numbers which
are p-adic units. Denote by f the residual degree of the extension Q, — Q,(aq,a2) and

put D = [Q(ay, ) : Q]/f. Let by and by be two positive integers and put
A= o/{l — 0/52.

Denote by Ay > 1 and Ay > 1 two real numbers such that

1
log A; > max{h(oz,;), Of)p} ., i=1,2,

10



and put
by by

- Dlog A, + Dlog A,

If ay and oy are multiplicatively independent, then we have the upper bound

18p(p! — 1)
(p —1)(logp)*

x D* (max {log v +loglogp + 0.4,

b/

1%

p(A) <

15logp

2
D 10}) log A log As.

2.6 The ABC-conjecture

For a nonzero integer m, let

N(m):=]]»
plm

be the algebraic radical of m.

Conjecture 2.11 (The ABC-conjecture) For every e > 0, there exists a constant C' :=

C. such that for all nonzero coprime integers a,b, c with a + b = ¢, we have
max{|al, |b], |c|} < C-N(abc)'*e.
In fact, we will use the following consequence of it which is Theorem 5 in [18].

Theorem 2.12 Assume that the ABC'-conjecture is true. Suppose that f(x,y) € Z[z,y]

s homogeneous without repeated factors. Fix e > 0. Then for any coprime integers n,m
N(f(m,n)) > ¢ max{|m|, |n|}de)—2-2,

The constant cy. depends on f and ¢.

2.7 Counting the solutions of a Thue—Mahler equa-
tion

We will use the following corollary, from [13], for bounding the number of solutions to a

Thue-Mabhler equation.

11



Corollary 2.13 Let F (x,y) € Z|x,y] be a binary form of degree n > 3 which is divis-
ible by at least three pairwise linearly independent forms in some number field and let

{p1,p2,D3,-- -, e} be a (possibly empty) set of distinct prime numbers. Then the equation

|F (z,y)] = ;™ - po™ - ps™ - p™ inayy ke, ke € Z with (z,y) = 1

has at most

2 x 7 (2t+3)
solutions.

Definition 2.14 Let K be an algebraic number field and let I(K) be the group of nonzero
fractional ideal of Ox. Let P(K) be the subgroup of principal ideals of I(K). Then the
factor group 1(K)/P(K) is called the ideal class group of K and is denoted by H (K).

Definition 2.15 Let K be an algebraic number field. The order of the ideal class group
H(K) is called the class number of K and is denoted by h(K).

2.8 Binary Recurrence Sequences
Let {u,}n>0 be the binary recurrent sequence of integers given by
Upio = TUps1 + Su, forall n >0,
where ug,u; € Z and r, s are nonzero integers with r? 4+ 4s # 0. It is well-known that
U, = ca” +dp" (2.6)
where «a, 8 are the two roots of the characteristic equation 22 — rz — s = 0 and ¢, d can

be computed in terms of «, 3, ug, u1. In fact,

Uy — upf UgQy — U
c= —+— and d= ———.

a—p a—p
When labelling the roots we make the convention that |a| > |8|. The sequence {uy}n>0
is called non-degenerate if cda5 # 0 and a/3 is not a root of 1. A famous example is the

Fibonacci sequence {F, },>o for which » = s = 1 (which has been defined in Section 2.2

12



above). In [21], it was shown that if & > 1 and A > 1 are fixed, then the Diophantine

equation
lun] = aymq!l 4+ -+ -+ agmy! with a; €2, |a;| €A, (i=1,...,k)

has only finitely many positive integer solutions (n,myq,...,my) with 1 <m; <--- < my
and they are all effectively computable. When A =1, k = 2 and {u, }»>¢ is the sequence
of Fibonacci numbers, all such solutions are Fy = F, = 1! = =11+ 2l Fy =21 [} =
W+2l Fy=—-11+43l Fg=2!4+3!, Fio =445

In [36], the authors replaced the sequence of factorials by the sequence of the number of
divisors of the factorials; that is, the sequence of general term d(n!), where d(n) is the
number of positive divisors of the positive integer n. They showed that d((n + 1)!) <
2d(n!). Thus, by the greedy algorithm, for any positive integer N, there are 1 < m; <
my < --- < my such that

N =d(my) + - - + d(my)).

It was also shown that if {u,},>0 is a non-degenerate binary recurrent sequence with
ged(r, s) = 1, then the number £ in the above representation for N = |u,| with n > nyg
satisfies k > cplogn/loglogn, where ¢g, ny are positive constants which are computable
in terms of the sequence {u,},>0. They also found all such solutions with k = 2 for the
case when {u,},>0 is the Fibonacci sequence. The largest one is Fy = 34 = 4 + 30 =
d(3!) + d(6!).

Some authors use 7(n) instead of d(n) for the number of divisors of n. With that notation,

the results from [36] address the diophantine equation
Up = T(ma!) + -+ -+ 7(mg!). (2.7)

But there is another important function denoted 7(n), namely the Ramanujan 7-function

which has been defined in Section 2.1 above.

13



Chapter 3

Some Diophantine Equations with
Ramanujan 7-Function of Factorials,
Fibonacci Numbers and Catalan

Numbers

The work in this chapter has been published by the author and his supervisor, see [32].
In this chapter, we solve various Diophantine equations of the type |7(x)| = y, where 7 is
the Ramanujan 7—function and z,y are integer variables restricted to values of factorials,

Fibonacci numbers and Catalan numbers.

3.1 Introduction

Various Diophantine equations of the form f(x) = y have been solved in the literature,
where f is some function defined on the set of positive integers, like the Euler function
or the sum of divisors function, see for example, [30], [25], [31], [34]. We now prove the

following theorem.

Theorem 3.1 (1) The only positive integer solutions (m,n) of the Diophantine equa-
tion

|7(m!)| = F,

14



are (1,1) and (1,2).
(2) The only positive integer solution (m,n) of the Diophantine equation
rmt)| = C,
is (1,1).

(8) The only positive integer solutions (m,n) of the Diophantine equation

are (1,1) and (1,2).

(4) The only positive integer solution (m,n) of the Diophantine equation

is (1,1).

In proving Theorem 3.1, we will mostly use the results in Sections 2.1 and 2.4 together
with Lemma 3.2 below. Considering the 2-adic valuation, we come up with the following

results:
Lemma 3.2 The following properties hold:
(1) vo(m!) >m/2 for all m > 4.
(11) vo(7(2%)) > 3a for all a > 0.
(1it) vo(T(m!)) > 3m/2 for all m > 2.
(1) va(Fy,) <log(4n/3)/log?2 for alln > 1.
(v) vo(Cr) <log(2m)/log?2 for allm > 1.

(vi) m(2m) — w(m + 1) > m/(2logm) holds for all m > 19.

15



Proof Part (i) follows from the well-known fact that

o = 3]+ 5] ++-2 (3] 4123

for m > 4. Part (ii) follows by induction on a via the fact that 7(1) =1, 7(2) = —24 and
7(297?) = —247(2°T") — 20487(2%) for all a > 0.

Part (iii) follows immediately from (i) and (ii) for m > 4 and one checks that it also holds
for m = 2,3 because 7(2) = —23- 3 and 7(6) = —2°- 3% - 7. For part (iv), one checks by
induction on k, that for k > 3, we have that 2% | F), if and only if 3 x 2¥72 | n. Thus,
if k = 1n(F,) and k > 3, then 3 x 2872 < n, so k < log(4n/3)/log2. One checks that
the inequality (iv) also holds for £ < 3 by noting that k can never be 2, while for k = 1,

inequality (iv) follows because in this case 3 | n, so n > 3. Part (v) follows because

A (3 ) (3 T R () o

Furthermore, each of the above parentheses is in {0, 1} and the largest k for which the
parentheses is non-zero satisfies 28 < 2n, so k < log(2n)/log 2. For part (v), recall from

[46] that the following estimates hold

i e

_ —— forall > 67.
10g:1:—0.5<7r($)<10g:c—1.5 oratl w=

In particular,

2m m+1

T(@m) —wlm 1) > e =05 Tog(m+ 1) =15

The right-hand side exceeds m/(2logm) for all m > 160. Now a quick computation
shows that, in fact, 7(2m) — w(m + 1) > m/(2logm) for all m € [19, 160].

3.2 The proofs of Theorem 3.1

We start with part (1). First, we show that n < 1000. Assume n > 1000. Clearly, m > 1.
Then
oy 1172
a" 2 < F, = |r(m!)| < d(m!)(m)"/? < 2v/m! (7> < m®"

16



by inequality (2.2), Lemma 2.2 (iii) and inequality (2.3). Suppose m < n/(18logn).

then get

n

"% < m5 < exp(6mlogm) < exp(n/3),
which gives
61
(3loga)(n —2) < n, SO n<310g0%<7,

a contradiction. Thus, m > n/(18logn). Since n > 438, it follows that

> >4
m
18logn
and so
(ml) > m__n

ve(m!) > —

2 2 36logn
by Lemma 3.2 (i). Thus,

log(4n/3) n

> 1y(F,) = va(r(m!)) > 3ve(m!) >

log 2 12logn

by Lemma 3.2 (i), (iii) and (iv). This gives n < 809, contradicting the fact that n > 1000.

Thus, n < 1000. It then follows that

log(4n/3
w(Fy) < 28U/3) 0y
log 2

so va(|T(m!)|) < 10, which shows that v5(m!) < 3. Thus, m € {1,2,3,4,5}, so

F, € {1,24,6048, 21288960, 102825676800},

and the only Fibonacci number in the above set is 1 = F} = Fb.

For part (2), assume n > 1000. Note that

Q" <a < 2" < C, = |T(m!)| < m™

(see Lemma 2.7 for the middle inequality), and now the previous argument shows that

m > n/(18logn). We thus get that

log(2n) - n

log 2

17



by Lemma 3.2 (i), (iii) and (v). This gives n < 876, contradicting the fact that n > 1000.
Thus, n < 1000. It then follows that

log(2n)
) < <1097,
a(Cy) < g2 = 0.97

so va(|7(m!)|) < 10, which shows that vo(m!) < 3. Thus, m € {1,2,3,4,5}, so
C, € {1,24,6048,21288960, 102825676800},

and the only Catalan number in the above set is 1 = C}.

For part (3), we use Lemma 2.7 to deduce that assuming m > 4,

22m 6
IT(Cp)| < 2C5 < 2 < ) < otam=2,
m—+1

Thus,

4
oi2m=2 - p > a”’Q, so 22m > (—2> a > a”
o

giving
1
> (log @)n >
12log 2 18

By Lemma 3.2 (vi), for m > 19, the interval (m + 1,2m) contains at least m/(2logm)
primes. For each one of such primes p, we have that p||C,, and 7(p) is even. Hence, by

multiplicativity and Lemma 3.2 (vi),

log(4n/3) > 1y(Fy) = 1a(r(Chn)) > 7(2m) — w(m +1) > ——— -

>
log 2 — 2logm = 36logn’

so n < 4000. This shows that

log(4n/3)
va(7(Cm)) < valfn) < = 70—

<124

Y

so v5(7(C)) < 12. Thus, there are at most 12 primes in the interval (m + 1,2m), which
gives m < 63. We now list all values of |7(C,,)| for m € [1,63] and all values of F,, for
n € [1,4000] and intersect these two sets and get the conclusion.

The same argument applies to part (4). Namely, assuming n > 1000, we have

212m=2 5 |7(Cp)| = C,, > 2" therefore m > %
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We then get that

log(2n) m n
> 1(C,) = Cn)) > ;
= V5(Cn) = 12(7(Cn)) 2logm ” 241ogn

log 2

giving n < 2500. Thus,

log(2n)
< < 12.
vo(1(Cr)) < g2 = 12.3,

so again vo(7(C,y,)) < 12, which implies that m < 63. We now list all values of |7(C,,)|
for m € [1,63] and all values of C,, for n € [1,2500] and intersect these two sets and get

the conclusion.

3.3 Conclusion

We did not get any interesting solutions for the equations studied in our main result. Al-

lowing |7(m!)| to be a product of more Fibonacci numbers, we got the following solutions:

[T = F;

T2 = FuFs;

T3] = F:?Fst;

[r(4)] = F'F{FFo;
[T(5Y)| = FyF,F5F3FioF.

We suggest the following problem.

Problem 3.3 Find all solutions of the equation

|T(m|>| :Fannan

k

1 positive integers m, Ny < ng < - < N

Without the Ramanujan 7-function, the largest solution of the equation m! = F,, --- F},

is 11! = F1F2F3F4F5F6F8F10F12 (see [35])

k
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Chapter 4

Some Diophantine Equations
Involving Fibonacci Numbers and

Ramanujan 7-Function of Factorials

4.1 Introduction

In this chapter, we look at the Diophantine equation F,, = +7(my!) & --- £+ 7(my!),
where F, is the nth Fibonacci number and 7 is the Ramanujan 7-function. We study the
same problem as before with the Ramanujan 7-function, which is equation (2.7). Since 7

changes signs, we study in fact a slightly more general equation namely
Uy = £7(my!) £ - £ 7(my!). (4.1)

Our results apply equally to the case where the signs + are replaced by arbitrary coef-
ficients a; for i = 1,... k with |a;| < A, where A is fixed beforehand. We ignore such
slight generalisation in order to simplify the presentation.

We start by finding the upper bound and lower bound of my in terms of n and k. We
also show that k > c¢ologn/loglogn for n > ngy. In the previous chapter and also [32], we
solved F,, = +7(my), which is the case k = 1.

Here, we will be treating the case k = 2, namely solving the Diophantine equation
F, = £7(my!) & 7(my!). (4.2)
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We also come up with the following main results:

Theorem 4.1 Assume that {u,}n>0 is non-degenerate. Then there are computable posi-
tive constants ng, ¢y depending on {u,}n>o0 such that for n > ng, any solution of equation

(4.1) with 1 <my < mg < -+- < my has k > ¢ylogn/loglogn.

Theorem 4.2 The only positive integer solution (my,ma,n) of the equation (4.2) with

my < my is (my,me,n) = (1,1,3).

In proving Theorem 4.2, we look at a case m; = 1 and my > 4 and show that n < 1000 for
this case. The other case we consider is when m; > 2 and n > 1000. In this case applying
a linear form in 2-adic logarithms, we find that n < 1.2 x 10'2. Using Mathematica,
properties of the divisors of F;, and theory of 5-adic numbers, we eliminate some n and
show that the given solutions are the only solutions.

In preparing to prove Lemmas 4.4 and 4.5, we first define the following:

For every prime ¢, let

P,={pprime:p=1 (mod q), 7(p) =2 (mod q)}.

For a subset A of positive integers and a positive real number z, we put A(z) = AN[1, z).

We also need the following two results before proving Lemma 4.5:

Lemma 4.3 For each prime q there is a computable positive constant ¢1 := ¢1(q) depend-

g on q such that for every e > 0, we have
#P,(z) = (c1 + O)m(z)  with |¢|<e for x> x4,
where x4, is also effectively computable.

Proof We mimic the hint for the solution of Exercise 6.9 on pages 227-260 in [47]. Let G,
be the image subgroup of the g-adic representation attached to A, which is the modular
form corresponding to 7. Then P, is just the set of primes whose Frobenius with respect
to the above representation corresponds to the identity element of G;. Thus, by the
Chebotarev density theorem, ¢; = 1/#G;. Serre’s open mapping theorem says that
Gy = GLy(F,) for large enough ¢, so #G1 = (¢* — 1)(¢* — q) for such ¢. In fact, this is
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so for all ¢ & {2,3,5,7,23,691} by a result of Swinnerton-Dyer [51]. For ¢ = 2, we have
c1 = 1 because 7(p) is always even. At any rate, 1/c; is an integer smaller than ¢* for
all ¢ > 2. The fact that z,. is computable in terms of ¢ and ¢ follows from the effective

version of the Chebotarev density theorem due to Lagarias and Odlyzko [28].
Lemma 4.4 If q is prime and p € P,, then q | T(p7™").

Proof This is clear if ¢ = 2 since 7(n) is even unless n is a perfect square. So, we

may assume that ¢ > 3. Let «,,a, be the two roots of the quadratic equation 0 =

22 —7(p)x + p** := 2> — rz — 5. Then

2 _ il
7(p) + 7'2(p) P _T +2\/Z where A :=1r? + 4s.

O{p:

Since p € P,, we have r =2 (mod ¢) and s = —1 (mod ¢), so A =0 (mod ¢). Now

Y = O‘g_?g (#Y\/_Z(#)q

(Z) -k A (h=1)/2.

Qq_lT(pq_l) _ Z (Z) ra—k A (k=1)/2

1<k<q
k=1 (mod 2)

Thus,

The right—hand side above is an integer which is a multiple of ¢ since for £ = 1, we have

(4) = ¢, while for & > 3 and odd, q | A*=D/2. Thus, ¢ | 7(p?7!), as desired.

We will now apply the above results in proving Lemma 4.5.

Lemma 4.5 Let q be a prime. There exist positive constants ¢y, c3 depending on q such

that for m > co,

vg(T(ml)) > c3 m

logm’
Proof For m > ¢?, consider primes p € P, in the interval (m/q, m/(q — 1)]. For such a
prime p, we have that p > m/q, so p? > (m/q)* > m. Thus,

m

vp(m!) = {EJ =q— 1L
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It thus follows that p?~!|m! and by multiplicativity, we get that 7(p?~') | 7(m!). By

Lemma 4.4, ¢ | 7(p?~!) for each such p, so
ve(r(ml)) = # (P, (m/q,m/(q—1)])
= #Py(m/(q—1)) — #Py(m/q)
= (a+a)r(m/(¢—1)) = (a + G)m(m/q),

with max{|(1],[(2|} < € if m > qx,., where ¢; := ¢1(¢) is the one from Lemma 4.3.

Choosing ¢ := 1/(4¢°), we get, by the prime number theorem, that

(5] C1 m m
) > -—=3 >
Vo(r(ml)) (q -1 ¢ 8) logm ~ logm’

where we can take c3 := 1/(4¢%) and the above inequality holds in the range m > cy,

where ¢y depends on q.

4.1.1 Proof of Theorem 4.1

In proving Theorem 4.1, we follow the proof of the main result in [36]. We need a result
from the theory of linear forms in p-adic logarithms (see Section 2.9) and also Lemma
4.6 which is due to Stewart [49]. Throughout this section, we label positive constants
C1,Ca, ... in increasing order as they appear in our arguments. Recall that {u,},>o is a

binary recurrent sequence of integers of roots o, 3 such that |a| > |3].
Lemma 4.6 There exist computable constants nyg and cy such that
up| > |a|"728"  for all n > ny.

Proof of Theorem 4.1 :

Throughout this proof, ng and my are large numbers not necessarily the same at each
occurrence. Consider the equation (4.1). Assume that n > ng so that w, # 0. We
may assume that k < logn otherwise we are done. Lemma 2.2 implies that 7(m) <
d(m)m5® < mb for m > my. Thus, 7(m!) < m!% < m%" for m > mg. So, by Lemma 4.6

and introducing log on both sides, we have

csn —cylogn < log|u,| < log(k 112332{‘7—(7”")’})

< loglogn + 6my, log my, for my > mo, (4.3)
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where ¢3 := log|a| and where ¢4 := cocg. It thus follows that

< my holds whenever n > ny, (4.4)

= logn
where we can take ¢5 := ¢3/7. It remains to find an upper bound on my in terms of n and
k, and then use (4.4) to extract a lower bound for k in terms of n.
Let ¢ be the smallest prime exceeding s and let 7 be a prime ideal dividing ¢ in K := Q(«).
Note that since ¢ 1 s, it follows that 7 divides neither a nor 5. Then

Vg(tun) < vrlca™ +dB") = ve(dB") + va((—c/d)(a/B)" — 1)

< c¢glogn + cr,

where ¢; := max{v,(d),1} and for the right-most inequality above we used Lemma 2.9
with m := —c¢/d and 7, := «/f. Lemma 4.5 implies that v,(7(m!)) > cgm/logm for
m > cg. Here, cg := ¢1(q), where ¢1(q) is the constant from Lemma 4.5. Thus, assuming

that my, > mg, we have

cologn e 2 vy(un) = vy(Er(md) &+ & m(mel)) > min {v(r(mi1)}

> Cgml/ log mq,

giving

my < cip(logn)? for n > ng. (4.5)
We assume that c;p > mg so that the above inequality includes also the case when
my < my. Comparing (4.4) with (4.5), it follows that k > 2 once n > ny, for if not,
we would get that csn/logn < m; < cio(logn)?, so n < ny. We also assume that

ci0(logn)? < n for n > ny.

We will show, recursively, that the following holds:

Claim. There exists a constant cy1 > 1 such that if 7 < k and both inequalities
m; < (ciilogn)® and (cyilogn)¥™3 < n, (4.6)

hold, then

mjp1 < (11 logn)* T3, (4.7)
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Let us see that once we have proved the above implication, we are through. Indeed, let

J < k be maximal such that inequality (4.6) holds. If j = k, then, by (4.4),

< my, < (c11 logn)®*. (4.8)

“ logn

If j < k, then inequality (4.7) holds. By the maximality of j, we must have
(c11logn)®* > (c11logn)* ™3 > n. (4.9)

Both inequalities (4.8) and (4.9) show that k& > ¢qlogn/loglogn for n > ng, which is the
desired conclusion.

To prove the claim, notice that we have already proved it with ¢y := 0%3 for the case
when j = 1. Assume now that (4.6) holds for some j < k with some ¢1; to be determined
later. We distinguish three cases.

Case 1. ged(r,s) > 1.

Let ¢ | ged(r, s). Then, by induction on n, we have v,(u,) > n/2. We rewrite equation

(4.1) as
Uup — Nj = u, — (£7(mq!) £ - £7(my!)) = £7(my!) £ - £ 7(my!) (4.10)

and study the exponent of ¢ on both sides. On the right-hand side, it is at least

m.
i 1) > g 4.11
Smin vy(r(mil)) 2 e (4.11)
Here c15 := ¢1(q), where ¢;(q) is the one from Lemma 4.5. In the second term on the

left-hand side is at most

0|V, log((r{mal + -+ [r(m,)])
logqg — log q
< Tog 2 (log k + 6m;logm;)
< o3 (loglogn + 6(c11 log n)* (37)(log c11 + loglog n))
og
< 12 (c11logn)¥ (loglogn)?
log 2 H
< 613(011 IOg n)?’j“ (412)
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where ¢13 := 42/log 2 and in the above chain of inequalities, we assume that n > exp(ci;)

and logn > (loglogn)?. We assume that cj; > 2¢;3, and further that

n > (c111logn)¥ 3 > 2¢13(cpy logn) ¥,

In this case,

Vg(un) > n/2 > c13(c1n logn)?’j+1 > v,(N;),

SO

Vy(tn — Nj) = vy(N;) < ci3(cip logn)® ™,
Comparing this upper bound on the exponent of ¢ on the left—-hand side of (4.10) with
the lower—bound from (4.11), we get

Mmj+1

3j+1
logm+1

< c14(c11 logn) where C14 = C13/C12.

The inequality z/logx < y implies z < 2ylogy for y > e. Hence,

mjy1 < 2ci4(cir log n)** 1 (log cyy + (35 + 1)(log cy1 + loglogn))
< 2(65 + 3)cia(ciy logn)*loglogn
3j+1(

< 20c14(cq1 logn) log log n)?

< (11 log n)3j+3.

In the above chain of inequalities, we assumed that n > max{exp(ci1, exp(ci4)} and for
the last inequality it suffices to assume that c;; > 20cy4. This is the induction step for

this case.
Case 2. ged(r,s) =1 and s # +1.

In this case, there exists a prime ideal 7 € Ok dividing «, where K := Q(«). Indeed,
this is true since if it were not, then « would be a unit. Since |a| > 1, this unit cannot
be rational because the only rational units are +1. Hence, « is a quadratic unit, § is its
conjugate, and s = —qaff = +1, which is not the case we are treating. Further, since 7
divides o and r and s are coprime, it follows that = does not divide 5. Further, it is clear

that 7 sits above a rational prime ¢ dividing s. We write again
Nj = x7(mq!) £ --- £ 7(my!). (4.13)
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Rewrite again equation (4.1) as in (4.10),
ca” + (df" — Nj) = £7(mj!) £ - £ 7(my!). (4.14)

Suppose that
dp"™ — N; # 0. (4.15)

We then compute an upper bound for the 7m-adic order of the above nonzero number using

Lemma 4.6. Thus,

ve(dB® — Nj) = ve(dB™) + v (87 (NydY) — 1)

IA

c15 + c16log | Nj|
< (2c13log q)(ciylogn)® (4.16)
for n > ng, where we applied Lemma 4.6 with
m =: 5, N2 = deil, myp = —n, Mo = 1,
and we also used the calculation (4.12) for an upper bound on log |N;|. Then, inequality
(4.16) implies that
Ve (dB" — Nj) < (c11logn)?*2 < n — c17 < vg(ca™)
for n > ng, where ¢;7 := max{1, —v,(c)}, which shows that
Ve(un — N;j) = ve(ca™ 4 (df" — N;))

= ve(df" — N;)

< (c11logn)®t2, (4.17)
Comparing this with the lower bound on the exponent of g on the right—hand side of (5.6)

estimated in (4.11), we get

Myj+1

C12 < (c11logn)*+2,
log mj+1

SO

IA

(2/c12)(cnr log n) 2 (log(1/c12) + (37 + 2)(log 11 + log log n))

< (2/c12)(65 + 5) loglog n(cyy logn)»*?

Mjt1

A

(22/012) (Cll log n)3j+3
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for n > max{exp(c11), exp(2/c12)} and logn > (loglogn)?. The right-hand side above is
smaller than (ci; logn)373 if ¢;; > 22/c¢;5. This is the induction step in this case,

This was however under the assumption (4.15). Let us see what happens if on the contrary

N; =dp". Then d € Q" and f§ € Z. If |3] > 2, we then have that
nlog2 + log|d| < log|dB"| = log|N;| < ci3(c1y logn)™.

This implies n < (c11logn)®*3 for n > ng, which implies the desired lower bound on k.
Thus, we may assume that § = +1. Treating separately the cases when n is even and
when n is odd; i.e., replacing the sequence {u,},>o by the two sequences {ug,},>o and
{u2n+1}n>0, which has as effect of replacing the pair of roots (a, #) by the pair of roots
(a?, 3%), we may assume that § = 1. Then d = N;, and so j = jo < c¢15. We fix jo and
work with the relation
aa” = £7(mjo41!) £ - £ 7(my!).

Relabelling the indices in the right-hand side above, we may assume that they are 1 <
my; < -+ < myg. We let ¢ be the smallest prime not dividing a. Then m; < c¢9. We

rewrite our equation as
aa” £ 7(my!) = £r(ma!) £ - -+ £ 7(my!).

We apply Lemma 4.6 to bound the g-adic valuation of the the left—hand side above getting
vy(aa™ £71(my!)) < cg9logn. This implies, by an argument similar to the one used before,
that ms < c91logn. From now on, the proof proceeds in the same way as before and

yields that (4.6) implies (4.7) with some appropriate constant ¢;; > co1.
Case 3. s = +1.

Here, o and [ are quadratic units. As we already mentioned before, treating separately
the cases n even and n odd amounts to replacing {u, },>o by the two sequences {ua, }n>0
and {ug,11}n>0- Thus, we replace («, 3) by (a?, 3%), and therefore we may assume that
s=—1,and 8 = a~!. We write
u, —N; = ca" +dp" — N;
= f" (™ — ¢ 'Nja" + dc)
= f"(a" = z5)(@" — zy),
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where

¢TINj % [e?N? — dde!
2
are the roots of the quadratic equation 2? — ¢ ™' Nz +dc™! = 0. We let LL; := K(z; ;) and

for i=1,2

Ziyj =

7 be some prime ideal of LL; sitting above the prime 2 (which is the smallest prime that

does not divide s = 1). Then, by Lemma 4.6, we have
vo(un — N;) < vp(uy — Nj) = vp(ca”) + ve (" — 21 5) + vp (" — 225).

Since L; is of degree at most 4 and « is a unit, v;(ca™) = v, (c) < co2, where we can take

o9 = 4dmax{v,(c),1}. The other two quantities can be bounded as

max{vz(a” — z;)} < caslog H(z5) logn < ea(en logn) ™,
Z: b

where we used (4.12), as well as the fact that
log H(z; ;) < coslog N; for i=1,2
Hence,
Va(ty, — Nj) < cag + 2c24(c1alog n)¥ ™ < 3cgs(logn)®* for n > ny. (4.18)

From now on, the argument continues as in the preceding case, by writing a lower bound
for vo(u, — N;j) = vo(£7(mjpq!) £+ - - £7(my!)) as in (4.11) then comparing it with (4.18)

to get
mjt+1

3j+1
log m; 11

< 3egp(crp logn)

This leads to

mjr1 < 6c6(c1rlog n)* 1 (log(3cg6) + (35 + 1)(log(c11) + loglogn))

< 6e26(65 + 3)(c11logn) T loglogn

< 60cys(c1y logn)® T3

assuming n > max{exp(ci1), exp(3cas}. This is the induction step for this case assuming

c11 > 60cg6. The claim, and hence the theorem, is therefore proved.
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4.2 The proof of Theorem 4.2

In proving Theorem 4.2, we use some information from Lemma 3.2.

Lemma 4.7 Assume that n > 1000. We have

(i) (n—2)loga < 6mslogms;

(ii) my > n/(18logn);
(11i) my < 2log(4n/3)/(3log2).
Proof Clearly, mo > 2. Then

Q"% < F, < Jr(myD)] + [7(ma))| < 2max{|7(m1!)|, |7(ma!)|} < 4(my!)°
(see page 182 in [10]). Hence,
a2 < 4(my!)® < 4mSmTY = (%) m§™ < exp(6mg logms).

In particular,

(n —2)log v < 6my logma, (4.19)

which is (i). Suppose that my < n/(18logn). We then get
(n —2)loga < 6mglogms < n/3,

which gives
6 log v

31 -2)< d < /<
(Bloga)(n—2) <n and so n SToga 1

7,

a contradiction. Thus, ms > n/(18logn). This proves (ii).
For (iii), assume that m; > 4, otherwise the stated inequality clearly holds because

n > 1000. We then have my > m4, and so

my

e > )23 (B2 (2] ++) 233 +1) - 22

and similarly
3m1
vo(T(ma!)) > 3ua(ma!) > 3ve(my!) > —
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Hence,

va(F) = va(E7(my)) £ 7(my!)) > min{we(r(ma!)), va(r(ma!)} > %

The right-hand side above is at least 6 since we are assuming that m; > 4. Since for k > 3,
we have 2% | F), if and only if 3 x 2¥72 | n, it follows that k < 1,(F,) < log(4n/3)log 2.

Putting these together, we have that

M < (F)

which implies the desired inequality (ii).

< log(4n/3)
- log2

In proving Theorem 4.2, we now consider the following cases:

4.2.1 The case m; =1

We assume my > 4. In this case, the given equation is

F,+1=|7(my)!|. (4.20)
On the left-hand side, we use the fact that F,, £ 1 = F,15)/2L(n—s)/2, for some suitable
d € {£1,£2} which depends on the residue-class of n modulo 4 and on the sign of +1
(see, for example, [8]). Here, { Ly, }m>0 is the Lucas companion of the Fibonacci sequence

given by Lo =2, L1 =1 and L,,40 = Ly,11 + Ly, for all m > 0. It thus follows, from the

previous arguments, that for ms > 2, we have

3m
72 < Buv(me!) < va(T(mya!)) = va(Flurs)2Ln-6)/2)
< va(Flnts) 2) + v2(Ln-s)/2)
log(4(n+2)/3) log(16(n +2)/3)
< y2— .
log 2 log 2

It thus follows that
< 2log(16(n +2)/3)
- 3log2 ’

my (4.21)

so, using Lemma 4.7 (i),

(n— 2)log & < Gmy logmy < 108160 +£2)/3) | (210g(16(n + 2)/3)) |

log 2 3log 2
which implies that n < 160, a contradiction with the fact that n > 1000. Let us record

what we have proved.

Lemma 4.8 If my; =1, then n < 1000.

31



4.2.2 The case m; > 2

For this case we apply a linear form in two 2-adic logarithms. We follow the proof of Case

3 of Theorem 4.1 by making all the estimates there explicit. The given equation is
t7(me!) = F, F7(my!) = F, — N, where N = +7(my!). (4.22)

Writing
an_ﬁn a® —eq "
E, = = , e=(—1)" e {1},
V5 V5 et

equation (4.22) becomes

n

7

—-n

+7(my!) =

aQ”—\/gNa"—a?) .

NG (a" = z1)(a" — z), (4.23)

where

N5 £ V5BN2 + 4e
5 .

21,2 =

We take a look at the number under the second square-root, namely A = 5N? + 4¢
and we indicate it by [ if it is a perfect square. It is coprime to 5 and not a square.
Indeed if 5N? + 4e = [, it follows that [0 — 5N? = +4. Associating this with identity
L? — 5F? = 44 implies that N = F} for some k (see identity (2.4) and the remarks
following it). However, in our previous paper [32] and also Chapter 3 of this thesis, we
showed that the only solution of the Diophantine equation Fj, = |r(m;!)| has m; = 1
and in our case m; > 2. Thus, indeed 5N? + 4¢ = d[J, where d ¢ {1,5}. Note that d
is positive. Further, write N = 2°N; for some odd integer N;. Clearly, a > 3. Hence
S5N? +4e = 4(5 - 22972 N? + ¢), showing that, in fact 5-2272N? + ¢ = d0. Tt follows that
d=+1 (mod 8).

Let us write A = dl.

We now prove that o and z; 5 are multiplicatively independent. On the contrary suppose
a and one of z; or z; are multiplicatively dependent. Then by Definition 2.8, there exist
integers u and v not both 0 such that a* = 2} for some i = 1, 2. Replacing the pair (u,v)

by the pair (2u,2v) if needed, we may assume that v is even. Note that

) (5N2+A2112N\/Z6Q[\/3]'

12 =
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Thus 2 = (22)"? = o € Q[v/5] N Q[V/d]. Since d # 1 and coprime to 5 and squarefree,
the above intersection is Q. Thus a* € Q which implies that v = 0. Thus 2! = 1, which
implies v = 0, yielding a contradiction.

We next look at the biquadratic field K = Q[v/5, v/d]. It contains o as well as 22, 22. The
prime 2 is inert in Q[v/5], whereas the prime 2 is either the square of a prime or product
of two distinct primes in Q[v/d] according to whether d = —1 (mod 8) or d =1 (mod 8).

This shows that in K, we have

20k = 7T8 or Ty,

where in all cases Og/m; for i = 0,1,2 has 2% elements. Thus, in classical notation,
any prime ideal 7 of K sitting over 2 has f = 2 and hence putting D := [K : Q]/f,
we have D = 2. Furthermore, taking |z|, = 27 where v(z) is the exponent of 2 in
the unique extension to K of the 2-adic valuation such that |2], = 271, it follows easily
that v(z) = vg,(x)/2 or (v, (z) + vry(x))/2, according to whether 20x = 72 or m 7,

respectively. Note now that

S5N? + (5N? + 4e) £ 2N /5(5N2 + 4e)
Rl2 =
' 4

= 5.2%72N} + (5.2 % +¢) + 2°N, \/ 5(5 - 2202 N2 4 ¢)

= 1 (mod ).

Furthermore,

a*=a’+a=2a+1=1 (mod ).

It thus follows that if we take g := 3, then o = (2{,)? = 1 (mod 7). Equation (4.23)

together with the fact that « is a unit shows that
T(mal) | (a" —z1)(a" = 22) | (™ = 2) (@™ — z3).

It thus follows that

ve(r(mal)) < ve((@™ = 2)(a™ = 23)).

On the left, we have that

Vr(T(ma!)) > va(T(ma!)) > 3va(mse!) > 3my/2.
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On the right, we have

ve((@™ = 20)(a™ = 23)) = max{v-(a™ — 2),vx(a”" — %)}

2

4+ min{v,(a® — 22), v (a® — 23)} (4.24)
<

2max{vy(a®" — 22);i = 1,2} + v (2} — 23).

Note that 22 — 22 = 29+ N\ /5(5 - 2202 N} + ¢), so

Ue(22 — 23) < v (27T = v (27(my))) < 2u5(27(my))).

Now
) 4 )
27(my!) < 4my 1% < 4mSm0 = (—6) m$™ < mim
my
SO
6m4 log my
2 < —-
vo(27(my!)) < log 2
and

2 _ 2 12m; logmy

Vn(2] — 25 < 24m; log m;. (4.25)

log 2
It remains to find an upper bound on vs(a®® — 27). Since we have proved that « and 2 o
are multiplicatively independent, we can use Lemma 2.10. In the notation of that lemma,
we have

24-2.3
~ (log2)*

vy (" — 27) D*max{log b’ + loglog 2 + 0.4, 10}* log A; log As,

where log A; > max{h(c;),log2/D}, for j = 1,2, where a; := a and as := z (and
i = 1 or 2). Here, D = 2. Furthermore, for j = 1, we can take log A; = 0.35 >
max{h(a),log2/2). As for j = 2, considering z; to be such that 2z} > 1 (and 25 = 1/z}),

we then have

< 5N? +4 < 9N? < 9(2m,!%)?

2 _
Zl_

(N\/B 4 BNTE 45) ’
5

12(my—1 36
< 9-4mPmY = (_m12> my?™ < myt™
1

showing that

1
h(z}) = §log(2f) < 6my log my.
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So, we can take log Ay := 6mq logm;. Finally,

v

B 2n n 1 B 2n n 1
" DlogA, DlogA;  12mylogm, )

o
72

where we used the fact that m; > 2 and n > 1000. In particular,
log b’ +loglog2 + 0.4 < log(n/2) + loglog2 + 0.4 < logn.

Thus,
24-2-3
2n __ 2 < - -
va (e z7) < (log2)t

It thus follows, by (4.24) and (4.25), that

24(6my logm,) - 0.35 max{log n, 10}>.

24-2-3-2°-0.35-6
(log 2)*
+ 24(mylogm,).

ve((@® — 2D (e — 23)) < (m1 log my) max{logn, 10}

Since 24 -2-3-2°-0.35-6/(log 2)* < 41950, it follows that
V(0™ — 22) (o — 22)) < 50000m, log my (max{logn, 10})*.
If logn < 10, then n < 23000. So, assume logn > 10. It thus follows that
ve((@® — 21)(a® — 23)) < 50000m; log my (logn)?.
We thus get that
3ma/2 < 1 (3my!) < va(T(ma!)) < ve(T(my!)) < 50000m, log my (logn)?. (4.26)

Combining this with Lemma 4.7 (ii) and (iii), we get

2log(4n/3) log 2log(4n/3)
3log 2 3log 2

< 50000 < ) (logn)?,

12logn
which gives n < 1.2 x 10'2. Let us record what we have proved.

Lemma 4.9 For n > 1000, we have m; > 2 and n < 1.2 x 10'2.
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4.2.3 Final computations

Assume first that m; = 1. Then n < 1000 by Lemma 4.8. Inequality (4.21) tells us that
ms < 8. We now generated the list of numbers | £ 7(my!) £ 1| for all m; € {1,...,8} and
the only Fibonacci number F,, with positive n found in this list is 2 = F3.

Assume next that m; > 1. Then n < 1.2x10'%. By Lemma 4.7 (iii), we get that m; < 27.
Assume that my < 100. Then Lemma 4.7 (i) shows that n < 5500. We generated the list
of all numbers of the form £7(m4!) & 7(my!) for 1 < my; < my < 100 and intersected it
with the list of Fibonacci numbers F,, for n € [1,5500] obtaining only the solutions from
the statement of the theorem.

From now on, msy > 100. Assume m; > 10. We checked that in the range m € [10,27],

we have that

227 | 7(m!), 38 | 7(m!), 52 | 7(m!).

The above divisibilities persist even for m > 28. Indeed, for m > 28, we have that
vo(T(m!)) > 3ve(m!) > 3m/2 > m > 27.
Furthermore, since 3 | 7(3), one proves by induction that 3% | 7(3%) for all & > 1. Thus,
v3(T(m!)) > v3(m!) >m/3 > 8.
Similarly, since 5 | 7(5), we deduce that 5% | 7(5%) for all k > 1, so
vs(T(m!)) > vs(m!) > m/5 > 2.

Thus, for m; > 10, we have that 227 - 3% - 52 | £7(my!) + 7(my!), so 227 - 3% - 52 | F,,. This

implies that 2% - 3" - 52 | n. Hence,
n>2%.3".5" > 1.8 x 102

a contradiction. Thus, m; < 9.

Going to (4.26) and using Lemma 4.7 (iii), we get

n/(12logn) < 50000 - (91og 9)(log n)?,
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which gives n < 2.2 x 10!, If m; = 9, then 22°-3'0.52 | 7(9!). By the previous argument,
we have that for my > my > 9, we have 22°-38-52 | £7(my!)d7(my!). Thus, 2%.3%.52 | F,,,
so 222 .37.52 | n, giving n > 2% .37.5% > 4 x 10!, a contradiction. Thus, m; < 8.

If m; = 8, then 22°-3%.52.72 | 7(8!). Since 7 | 7(7), it follows that 7% | 7(7%) for all k > 1.
Thus, since my > 100, then v;(7(ms!)) > v7(my!) > 2. Thus, in this case 22° - 3% . 52 . 72 |
+7(my!) & 7(my!), so 2% - 36.52.72 | F,,. This leads ton >2%%.3%-.52.7 >3 x 10!!, a
contradiction. Thus, m, < 7.

For the remaining values of my, we use a 5-adic argument. It is based on the following

lemma.

Lemma 4.10 Let b > 0, k > 1, a > 1 be integers with 51 a. Put M = 4 - 5%a. The
map f: Z)5%Z — Z/5*Z given by f(n (mod 5%)) = Fy,,/5° (mod 5%) is well defined and

bijective.

Proof If n; = n + 5%m for some integer m, then Mn, = Mn + 4 - 5***(am). Therefore
Fyrny, = Fun (mod 55%°) because the Fibonacci sequence is periodic modulo 5% with
period 4-55+%. Since 5° | Fy,, because 5° | M, it follows that Fy,, /5° = Fyp,/5° (mod 5%),
showing that the map f(n (mod 5%)) is well-defined. To show that it is injective, assume
0 <n < ny <5%—1aresuch that Fy,, /5° = Fap,,/5° (mod 5%). Thus, 5" | Farn, — Farn.
It is well-known that if u,v are integers congruent modulo 4, then using Lemma 2.3, we
have F, — F, = Flu—v/2Lu+v)2. Thus, since 4 | M, it follows that Fum, — Fup =
Fartny—ny/2Lisi(ni+n)/2-  Hence, HE+b | Fatni—ny/2L(M(ny4n)/2-  Since the Lucas numbers
are never multiples of 5, we deduce that 5% | F M(ni—n)/2- It then follows that 50tk |

M (ny —n)/2, and since 5°|| M, it follows that 5 | n; — n, a contradiction.

We are now ready to treat the remaining values.

(i) Iy = 7.

Then 7(7!) = 2'%.35.5.72.13-23%-61-241. Since F,, = +7(my!) + 7(my!) and my > 100,
it follows that 2'7 - 3% . 510. 73 divides 7(my!). Hence, vy(F,) = 16, v3(F,) =5, vs(F,) =
1, v7(F,) = 2. Tt follows that n = M/, where M := 24 .3%.5.7. We apply Lemma 4.10
for k=2,3,...,9withb=1, a =2'2-3*.7. Then M = 4 -5%. That is, according to
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Lemma 4.10, the value of
5(Fae/5+€7(7)/5) =0 (mod 5%) (4.27)

determines uniquely the value of ¢ modulo 5*~'. This allows us to find the first few
“digits” of ¢ in base 5. For example, taking the sign — in (4.27) for 7(7!) and k = 2,
we get £ = 2 (mod 5). Taking k = 3, we get £ = 2 (mod 5?). Taking k = 4, we get
{=2+1-25 (mod 5%). Continuing in this way with k = 5,6,7, we get that

(=2-54+0-5"+1-524+4-54+1-5"+2-5° (mod 5%).

In particular, n = M{¢ > M(2+ 5%+ 4 x 5%+ 5* + 2 x 5°) > 3 x 10", a contradiction. On
the other hand, if we take the sign + in (4.27), then using the fact that F_pp = —Fap
(because M is even), we conclude that the residue class modulo 5° of the ¢ corresponding
to the sign + is the negative modulo 5° of the value of ¢ corresponding to the sign —,

namely

(=3-5"+4-5"+3-5240-5°4+3-5+2-5° (mod 5%).
In particular, n > M(3+4-5+3-52+3-51+2-5%) > 3 x 10", a contradiction.

(ii) If my = 6.

Then 7(6!) = —213.35.5.7-232.61-241. Since my > 100, it follows vy(F,) = 13, 15(F,) =
5, vs(F,) = 1. Thus, 21 -3%.5 | n. So, we take a := 2°-3* b:=1s0o M = 4-5%. We
write n = M{. Then, by Lemma 4.10,

5(Fae/5 £ |7(6D)]/5) =0 (mod 5%)

determines ¢ uniquely modulo 5! for k = 2,3, ..., 10. Exploiting the above congruences

for k =2,...,10, we get

¢ = 3+4-54+4-5240-5°+3-5"4+1-5°+4-554+3.5"4+3.5% (mod 5%);

¢ = 14+0-54+0-524+4-5+1-5*4+0-5°4+0-5°+1-5"4+1-5% (mod 5%),

according to whether the sign of |7(6!)| is — or +. In particular, £ > 5% son = M/{ >

3 - 10, a contradiction.
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(iii) If my = 5.
Then 7(5!) = 212-3%.5%.72.11-23. Thus, 2!9.3%.52.7% | n. We take b:=2, a:=2%.33.7,
so M := 4 -5%. We write n = M/ and exploit the relation

5%(Fape/5* £ 7(5)/5%) =0 (mod 5%) (4.28)
for k =3,...,10. We get

¢ = 1-5°4+2-54+0-52+3-5°+2-5*+2.5° +4-5°4+1.5" (mod 5°);

¢ = 4-5°+2.54+4-52+1-5°4+2-52+2.5°+0-5°+3-5" (mod 5%),

according to whether the sign in (4.28) is — or +. Hence, £ > 57, givingn = M{ > 3x 10!,
a contradiction.

(iv) If my = 4.

We have 7(4!) = 2!1.3%.5.7-11. Thus, 21 -3%-5| F,, so 2°-3%-5 | n. We take
a:=2"-32 b:=1and M =4-5%. We write n = M{. We exploit the congruences

5(Fae/5 £ 7(4))/5) =0  (mod 5%)
for k =2,3,...,13. We get, according to the sign in the above congruence,

(= 2+41-54+3-5°+4-5°+4-5"+4.5°+3.5°+5°
+ 4-5"" (mod 5'%);
(= 244-54+1-5241-554+4-5"4+3-554+4-5+4.5'° (mod 5'%).
Thus, ¢ > 4 - 5%, giving that n = M{ > 4-5°M >3- 10,
(v) If my = 3.
We first revisit inequality (4.26) together with m; < 3, and infer that n < 3'°. Next,
7(3!) = —2°.3%.7. Thus, 2°-3? | F,,, showing that 2%-3? | n. So, we take a := 232, b:=

0, M = 4a. We write n = M/ and exploit the congruence

Fue £ 730 =0 (mod 5%)
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for k=1,2,...,13. We get

( = 242.54524+43.534+2.554+554+4.5"4+4.58
+ 5425 (mod 5%);
¢( = 342-543-524534+4.5*+2.554+3.50644.5944.510

+ 3-5"4+2.52 (mod 5'),

again according to the sign of |7(3!)|. Thus, £ > 2-5'% givingn = M{ > 2-512M > 3-10'9,
a contradiction.

(vi) If my = 2.

The inequality (4.26) gives n < 1.1-10'. Now 7(2) = —24. Since 24 | F,, it follows
that 12 | n. So, we take a := 3, b := 0, so M = 12. We write n = M¢ and exploit the

congruences

Fue£ 72D =0 (mod 5%)
for k=1,2,...,14. We get
(= 1+4-54+4-5°+3-5°+5"+2.5°42.542.57+4.5% + 3.5
+ 50451 4+2.5%4+2.5%  (mod 5');
( = 4+54+3-5*+2-554+2.5°4+2.5" +5°+3.5'043.5"
+ 2-5242.5%  (mod 5),

again according to the sign of |7(2!)|. Thus, £ >2-5"% son=M(>2-53M > 2-10'9

a contradiction. The theorem is proved.
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Chapter 5

On the Prime Factors of the Iterates

of the Ramanujan 7-Function

The work in this chapter has been published by the author, his supervisor and P. Stanica,
see [33]. The main aim for this chapter is to look at the dynamical system obtained
by iteratively applying 7 to a positive integer n and this resulted in the lemmas and
propositions below. However, there are two obstructions to doing so. The first obvious
one is that 7(n) is negative for some n. For example, 7(2) = —24. To deal with this,
we extend 7 to negative numbers by putting 7(n) := 7(|n|) for any nonzero integer n. A
second more subtle obstruction appears if 7(n) = 0 for some n.

This work was inspired by [42], where the authors studied the set of positive integers n
such that n | 7(n) and on the way they derived congruences for the 7-function such as
7(1000n) = 0 (mod 64000) which holds for all positive integers n.

Independently, Balakrishnan, Craig and Ono showed in [1] that, for n > 1, 7(n) &
{1, 43, £5,4+7,+£691}, which was further generalized in [2] (by the same authors along
with Tsai) to additionally exclude 7(n) ¢ {£13,+17, —19, £23,+37}. Under the Gener-

alized Riemann Hypothesis, it was also shown in [2] that
l
T(n) € {£l : 41 < <97, (g) = —1}u{-11,-29, —31, —41,—59, —61, —71, —79, —89},

where () is the Legendre symbol.
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5.1 Introduction

From the Definition 2.1 of the Ramanujan 7-function and its arithmetic properties stated
in Lemma 2.2, we have that if o, and 8, are the roots of the quadratic polynomial 2% —
7(p)z + p't, the discriminant (o, — 3,)% = 7(p)? — 4p'! is negative, since |7(p)| < 2p*1/2.

It then follows that oy, and 3, are complex conjugates. In particular, we have

Oéa—H _ Qa+l
T(p*) = P holds for all a > 1.
Qp — ﬁp

It is a conjecture of Lehmer that 7(n) # 0 for all n. This has not yet been proved. If it

is false, then there exists a prime p such that 7(p) = 0 and we have the following lemma.

Lemma 5.1 Assume that the Lehmer conjecture is false, namely that T(n) = 0 for some

integer n. Then for every prime q, there exist a, such that 7(7(q%)) = 0.

To deal with this situation, we can also put, by definition 7(0) := 0. One obvious question
to ask is what happens with 7®)(n) = 7(7(---(7(n))---)) (the composition of 7 with

itself, k times) for positive integers k and n. We conjecture that the set
Orb,(n) :== {7®(n) : k > 0} (5.1)

is infinite for all n > 1. In what follows, we give some support to this conjecture. For a

positive integer m, let P(m) be the largest prime factor of m.

Proposition 5.2 Assume the Lehmer conjecture holds. Then for integers k > 1 and n

even, we have P(t®)(n)) > 3k 4 2.

In particular, if the set Orb,(n) contains an even element and the Lehmer conjecture
holds, then Orb,(n) is infinite. It remains to look at the situation when Orb,(n) contains
only odd numbers. The smallest odd number (in absolute value) is 1. We have the

following proposition.

Proposition 5.3 If |7(n)| =1, then n = 1.
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From now on, we assume that n > 1, so |[7(n)| > 1 and that 7(n) is odd. It is then
well-known that n is a perfect square. Computations suggest that, in this case, |7(n)]| is
much larger than n. If this was true for all perfect squares n > 1, then in case Orb,(n)

contains only odd numbers, the numbers
nl, [r@), [*P )], ...,

would form a strictly increasing sequence, so in particular Orb.(n) would also be infinite.
We cannot prove that this is indeed so, but we can almost prove it (up to finitely many

putative exceptions) under the ABC-conjecture.

Proposition 5.4 Assume the ABC-conjecture and the Lehmer conjecture. There exists
no such that if n > ng is a perfect square, then |T(n)| > n. In particular, if Orb,(n)

contains only odd numbers, then Orb,(n) is infinite.

Further, let n be such that Orb,(n) has at least cardinality k£ + 1 and assume the Lehmer

conjecture. Put

Orb(n, k) == {[n|, |r(n)],.... |r® ()]},

and assume that the elements in the above set are all distinct and nonzero. We ask

whether we can say something about the prime factors of the above numbers. Let
P(Orb,(n, k)) := max{P(m), m € Orb.(n,k)}.
We have the following result.

Proposition 5.5 Assume k > 1 is an integer. If the Lehmer conjecture holds and

Orb,(n, k) has cardinality k + 1, then
P(Orb,(n,k)) > log(k/2). (5.2)

Next, let S = {p1,...,ps} be a finite set of odd primes arranged increasingly and let
P = p, be the largest. We ask whether it is possible to compute the cardinality of the set
of n such that

T(n) = £pj*---p% for some integer exponents ay,...,as. (5.3)
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By the multiplicativity of the function 7, it suffices to compute the number of solutions of
the form p® for some odd prime p and even positive integer a. If this number is denoted

by €, then clearly the total number of solutions of (5.3) is at most 2.

Proposition 5.6 The number of solutions n = p® with a prime p and a positive even

integer a to the equation (5.3) is at most max{P, 11}6°00(s+4)

Taking S = {3,5, 7}, we have s = 3, P = 7 so equation (5.3) has at most 11455% solutions
of the form n = p® for an odd prime p and a positive even integer a. We end up with a

computational result showing that in fact there is no such solution.
Proposition 5.7 There is no n > 1 such that 7(n) is odd and P(7(n)) < 10.

This last result shows that in Proposition 5.6, the bound max{P, 11} can be replaced by
P. Indeed, either P > 11, in which case the maximum is P, or P < 10, in which case
there is no solution to equation (5.3) so the stated inequality holds anyway.

We now prove the stated lemma and propositions above.

5.1.1 Proof of Lemma 5.1

Assume 7(n) = 0 for some n. Then there is a prime p with 7(p) = 0. For ¢ = p, we take
a, = 2. Then 7(p?) = (7(p))* — p** = —p'!. Since 11 is odd, 7(p"!) is an integer multiple
of 7(p), so it is zero. Hence, 7(7(p?)) = 0. Assume next that ¢ # p. In particular, we
may assume that 7(¢) # 0. The sequence {7(¢%)}a>0 is the shift of a Lucas sequence. To
see this, recall that by putting «,, 3, for the roots of the quadratic

2? — 7(q)r + q', (5.4)

we have
a+l _ Qa+l
@y 6q

g — By

Using Definition 2.4, we show that (7(¢%)),s, is a Lehmer sequence by showing that the

7(q") =

ratio a,/f, is not a root of unity. Indeed, assume it is. Then since it is also a quadratic

number, it follows that it is a root of unity of orders one of 1,2, 3,4,6. It is not possible
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that «o,/8, = 1, since the discriminant 7(q)* — 4¢'! of the quadratic (5.4) is negative
so a, and f3, are complex non-real and they are conjugates. It is also not possible that

ay/B, = —1, since we have assumed that 7(¢) = oy + B, # 0. Thus, the order is one of

3,4,6. Since
aa—l—l _ 6(1—4—1
T(¢") = —7—,
g — B
it follows that 7(¢*) = 0 for some a € {2,3,5}. However,
043 _ 53
T<q2) = - = 042 + agfy + 53 = T(Q)Z —q'h
g — By
054 _ ﬁ4
7(¢®) = L=t =(ag+ By} +52) = 7(q)(7(q)* = 2¢'");
g — fg
ag — By 2 2\/ 2 2
T(q5) = aq _ 6(1 = (aq + Bq)(aq + agfy + Bq)(aq — agfls + Bq)
q ~ Pq

= 7(q)(7(9)* — ¢"")(7(q)* — 3¢""),

so we see that if one of the above expressions is zero but 7(q) # 0, it follows that one of
7(q)? — bg*! is zero for some b € {1,2,3}, this is impossible for b = 1 and for b € {2, 3},
and hence it implies that ¢ = b. So, ¢ € {2,3}. However, one checks that as/fs is not a
root of unity of order 4 and that ay//f3 is not a root of unity of order 6. Hence, {7(¢%)}a>0
is almost a Lucas sequence, except that it might be that 7(¢) and ¢'* are not coprime.
Put d := ged(7(q),¢") > 1. Thus, d = ¢*. For ¢ = 2, we have 7(2) = —24, so d = 8
and A = 3. For ¢ = 3, we have 7(3) = 252 =22-32-.7, 50 d =9 and A = 2. For ¢ > 5,
since |7(q)| < 2¢'/2, it follows that ¢* < |7(q)| < 2¢'"/? < ¢%, so A € {1,2,3,4,5}. Then

writing (7, 6,) := (qu/qk, 5q/q)‘), we have

,ya-i-l _ 5a+1
T(qa) — q)\a ( q q )
Ay — 0,

Further, (\,,d,) are the roots of the quadratic z? — (7(q)/¢*)x + ¢*'7** and 7(q)/¢" and

¢~} are coprime and ~,/d, = «,/f3, is not a root of unity. Thus,

7(¢") = ¢ *ug(a + 1),

where {u,(m)}m>0 is the Lucas sequence of roots (7, dy)-
Now let again p be such that 7(p) = 0. Let b, be the order of appearance of p in the

sequence {uy(m)}m>o. This is the smallest positive integer k such that p | u,(k), which
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exists since p and ¢ are coprime so the last coefficient of the characteristic equation for

{ug(m) }m>o which is ¢!~} is coprime to p. It is known that b, divides p — e, where

2 _ gyl
e= (T(p)_p) and <:) is the Legendre symbol. Write
q q

uq(bp) = p*rmy,
where v, > 1 and m,, is coprime to p. Let

b, if v,=1 (mod 2);
pb, if v, =0 (mod 2).

Cp =

Since
ugy(pby) = pypHm;?
for some integer m;, coprime to p, it follows that the exponent of p in u,(c,) is exactly

tp = 2[vp/2] + 1 so it is odd. Now compute
T(qcp_l) — q)‘(cp_l)uq(cp) — qk(cp—l)pHlen
where M, € {m,,, m,} is coprime to p. Thus, by multiplicativity,

T(r(g ™)) = T(p)7 (M| M,))

and 7(p"r) is a multiple of 7(p) since p, is odd, so in particular 7(7(¢*~*) = 0. This

proves the lemma with a, := ¢, — 1. |

5.1.2 Proof of Proposition 5.2

Recall that for a prime p, we put v,(m) for the exponent of p in the factorization of m.
We use the fact that v5(7(n)) > 3vs(n) (see Lemma 2.1 in [32]) and this also follows
from Lemma 3.2 (ii). Thus, if vp(n) > 1, then vy(7(n)) > 3 and by induction on k,
we get that vp(7*~V(n)) > 381 Write |[7*~D(n)| = 2%, where a > 3¥! and b is
odd. We look at the sequence {7(2")},,>0. With the notation from the proof of Lemma
5.1, we have (ag, f2) = 4 (=34 +/—119,3 —/=119). Next, d = ged(7(2),2") = 23, so
(72,02) = ((=3 + v/—119)/2, (=3 — v/=119)/2). Further,

,ym+1 o 5m+1
7(2™) = 22™uy(m + 1),  where ug(m + 1) = 2 2

Y2 — 02
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So for us, since 7 is multiplicative, we have
7® () = 7(|7* D (n)]) = 7(2%) = 23%s(a + 1)7(b),

where a + 1 > 3" + 1. The sequence {us(m)},,>0 is a Lucas sequence. Thus, by a
celebrated result of Bilu, Hanrot and Voutier [5], us(m) has a primitive prime factor for
m > 31. This is a prime p which does not divide uy(¢) for any positive integer ¢ < m and
does not divide the discriminant —119 = —7 x 17 either. This prime p has the property
that p = £1 (mod m). In particular, p > m — 1. Applying this to our situation, we
get that us(a + 1) is divisible by a prime p > a > 37! provided a + 1 > 31. This last
inequality holds for k > 5 since a > 371, For smaller values of k, we list uy(m) for all
m € {2,...,30} and check that us(m) has a primitive prime factor for all such values of
m (note that uy(m) is odd for all m > 1). Thus, 7%)(n) is indeed divisible by a prime
p > 31 for all k> 1. If k£ > 3, neither 3*~! nor 3*~! 4+ 1 can be primes so p > 3*~1 4 2.
Thus, it suffices to prove that the inequality p > 3*~! + 2 also holds for k = 1,2. For
k =1, 2, since n is even (so, a > 1), it follows that the desired inequalities hold if
P(1(2%)) > 3 for all @ > 1 and P(7(2%)) > 5 for all @ > 3. But these are equivalent to
the fact that P(uz(a+ 1)) > 3 for all @ > 1 and P(ug(a+ 1)) > 5 for all a > 3, which are
consequences of the fact that the odd number uy(m) has primitive divisors for all m > 2

together with the fact that us(2) = —3. |

Remark. Stewart [50] showed that P(uz(n)) > nexp(logn/(104loglogn)) holds once
n > ng. With this result, we get that the inequality P(7*)(n)) > 3"~ exp(k/(104logk))
holds under the same assumptions (that n is even and that the Lehmer conjecture holds)

once k > ky is sufficiently large.

5.1.3 Proof of Proposition 5.3

Since 7(n) is odd, we may assume that n is an odd square. By the multiplicative property
of 7, it follows that we can reduce the problem at a prime power p*||n. Then 7(p®*) = £1
and a is even. If @ = 2, then 7(p?) = 7(p)? — p''. Thus, we get 22 — y!! = 41 with
(x,y) := (7(p),p), and this has no positive integer solutions (z, y) since, from the solution

of Catalan’s problem by Mihailescu [38] we know that 3% and 2% are the only consecutive
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perfect powers. Thus, a > 4. Further, p and 7(p) are coprime for if not then p | 7(p®) for

all @ > 1, which is impossible. Thus,

angl _ ﬂngl B

— = +1.
o — Py

Since 7(p) and p are coprime, it follows that the above equation signals u,(a + 1) as a

(") = upla +1) =

member of a Lucas sequence without primitive divisors. Note that a +1 > 5 is odd.
These are classified in Table 1 in [5]. If (ap, 5,) = e((u + v)/2, (u — /v)/2), where
e € {£1} and u, = (o) — B})/(c, — B,) does not have a primitive divisor for some
n > 5, which is odd, then n € {5,7,13}. Further, if b < 0, then for n = 5, we have
(a,b) € {(1,=7), (2,—40), (1,—11), (1,—15), (12, —76), (12,—1364)}, while if n = 7,13
then (a,b) € {(1,-7), (1,—19)}. However, for us, a = +7(p) and b = 7(p)? — 4p'!. Thus,
we get a certain number of equations for p*! which we check that they have no convenient
solution. For example, (a,b) = (1, —7) gives 7(p) = £1, =7 = 7(p)? — 4p't = 1 — 4p", so

4p' = 8, a contradiction. |

5.1.4 Proof of Proposition 5.4

Before proving Proposition 5.4, we start by analysing 7(p®) for odd primes p and even
exponents a. It turns out that if a is sufficiently large, then |7(p®)| > p?**. In proving this,
we will consider the cases where a > 10'6 and a € [2,10'%]. To prove that this inequality
holds for a > 10, amongst our arguments, we will use Lemma 2.9 and for a € [2,10']

will use the ABC—conjecture.
Lemma 5.8 If a > 10'° is even, then |7(p?)| > p**.

Proof We look again at the sequence {7(p)}4>0. Let d := ged(7(p), p'!). In the proof
of Lemma 5.1, we saw that if d > 1, then d = p* for some \ € {1,2,3,4,5}. Then it is

easy to prove by induction on a, via the recurrence formula
7(p**?) = 7(p)7(p**t) — p*r(p®), wvalid for all a >0,

that p* | 7(p®). Thus, if X > 3, then |7(p®)| > p3® > p® holds for all positive integers a.
If A =2, then p** | 7(p®) for all @ > 1. Further, putting (y,,d,) := (a,/p?, B,/p?), we get

7(p*) = p*up(a+1) forall a>1,
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where 1, is the Lucas sequence as in Lemma 5.1. Thus, |7(p®)| = p*® leads to uy(a+1) =

+1. If a = 2, we get

+1 = up(B) = ’72 =+ ’Ypép + 5;2) = ('Yp + 510)2 - 7p5p = (T(p)/p2)2 - p7,

which leads to the integer solution (z,y) := (7(p)/p?, p) to the Diophantine equation

which does not exist by Mihailescu’s result [38]. If a > 4, we get again that u,(a + 1) is
a member of a Lucas sequence without primitive divisors and an investigation of Table 1
in [5], as in the proof of Proposition 5.3, does not lead to any solutions. Thus, we may

assume that A € {0,1}. Write again (7,,,) := (o, /p, 3,/p*). Then we have

a+1 a+1
Tp _5p )

a A\a Aa
T(p") =puyla+1)=p (
() = Pupa+ 1) —

Thus introducing logs on both sides yields:
log [7(p*)| = Aalogp + (a + 1) log [d,] + log |(7p/5p)a+1 — 1| —log |7, — dp|-
We need a lower bound for log |7(p®)|. Since |y, — &, < 2|5, = 2p'/2~*, we get

log |7(p*)] > Aalogp+ alog|d,| —log?2 + log|(v,/5,)* " — 1]

> 5.5alogp —log?2 + log [t — 1],

where 7 := ~,/5,. We need a lower bound for |n*™' — 1|. Corollary 4.2 in [6] shows that
if we write D and h(n) for the degree and logarithmic height of 7, respectively, then the
inequality

log [n*tt — 1] > =102 D*(h(n) + 1) log(a + 2)
holds (since || = 1). A better (sharper) inequality can be found in Lemma 5 in [52]. For

us, D = 2 and the minimal polynomial of 7,/d, is

'Ypép(x - '7p/5p)(x - 5p/7p) = (’7p5p)x2 - (’VZ + 5§)$ + (’7195;0)’

and both n and its conjugate 77 = n~! have absolute value 1, so

11 -2\

1
h(n) = B} log(7p5p) = ( > logp < 5.5logp.
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Thus,
log [n*t — 1] > =10 x 2*(5.51logp + 1) log(a + 2) > —6.5 x 2* x 10" logplog(a + 2).
Hence,

log 2
log |7(p*)| = logp <5.5a — 6.5 x 2* x 10" log(a + 2) — log > > 2alog p,
ogp

where the last inequality holds for all a > 10'6.

So, we got that |7(p®)| > p*® holds for all primes p > 3 and all a > 10'®. Here, we did
not need the ABC-conjecture. We use the ABC-conjecture to deal with the low range

a € [2,10'] to prove the following lemma.

Lemma 5.9 The ABC'-conjecture implies that for all even a € [2,10'] except for a = 6,
the inequality |T(p®)| > p** holds for p > P, sufficiently large. For a = 6, the ABC-

congecture implies that |T(p°)| > p° holds for all p > Py sufficiently large.

Proof We start with a = 2. Then 7(p®) = 7(p)? — p*' = p**(2? — p''=2*), where we
put again p* = ged(7(p),p*), and x; := 7(p)/p*. Recall that we only consider the case
A € {0,1}. If |7(p?)] < p*, we then get that |22 — p''=2* < p*=?A. Consider the abc-
equation a + b = ¢, where a := 22, b := —p"=2* Then |c| < p*™*, a, b, ¢ are coprime

and max{|al, |b], |c|} = [b] = p''7**. We get
p11—2)\ <. N<abc)1+s <. (]1’1|p4_2>‘)1+5 <. (2]910'5_3)\)1+€,

where we used the fact that |z,| = |7(p)|/p* < 2p>5~*. Choosing € := 0.01, we get that
p < 1. Thus, p < P is bounded for a = 2.

Assume next that a € [4,10%] is even. Then

(0" = P up(a + 1) = p**Fo(p, 3p),

where

Xa+1 - Ya+1
Fi(X,Y) = S = X XY o XY Y

The polynomial F,(X,Y) is symmetric in X and Y so it is of the form G, (S, P) for some
polynomial G, € Z|x,y], where we put S := X+Y, P := XY In addition, as a polynomial
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in S, it is concentrated only in even monomials. This can be seen by simultaneously
changing the signs of X and Y (so, replacing (X,Y) by (—X,—Y)). This does not
change F,(X,Y’) since a is even and does not change P but changes the sign of S. Thus,
Go(S, P) = Go(=S, P) so G,(S,P) = H,(S?, P) for some polynomial H,(z,y) € Z[z,y].
The polynomial H, is homogenous of degree a/2. Let a = 4. Then one checks that

Hy(S?, P) = S*—3PS? + P> = (S* — 3P/2)* — (5/4) P2
So, assume that |7(p?)| < p®. Then putting again x, := 7(p)/p*, we get
)] = PP Fil )] = (2] = 52 = 20 = (540,

We thus get that
’(21,% o 3p1172)\)2 o 5p2(1172)\)’ S 4p874)\.

We apply the ABC-conjecture to the equation a + b = ¢, where a := (222 — 3ptl=2*)2
and b := —5p?(11=2Y " The greatest common divisor D of these two numbers is either 1
or 5 because p does not divide a since p does not divide x;. Thus, applying the ABC-

conjecture to the equation a; + by = ¢y, where a; :=a/D, by :=b/D, we get

p2(11—2>\) < maX{|a1|, |bl‘7 |Cl|}
<. p(2073,\)(1+6)

Y

and taking € := 0.01, we get again that p < P, (both when A =0 and A = 1).
Now assume that a > 6. Then H,(z,y) has degree a/2 > 3. We apply Theorem 2.12 to
it to infer that

e = PMIFu(. )l = P Ha(ad, p
> p/\a<p1172)\)a/27275
ae

>>a,£ p5.5a—11(2+a)+2)\(2+a)

We want that |7(p®)| > p*>*. This will be so if

5.5a—11(24¢)+2A(1+¢ 2
CH,ep”™ (Bre)izalire) > pe
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where cp, . is the constant that comes from Theorem 2.12. This works for a > 8 since we

can take € := 0.01, and we see that it is enough that

—1/(3.5a—(2.01x11) _
P> Ch 001 = P,

and the denominator of the exponent of cp, (.01 is positive for a > 8. It also works for a = 6
and A\ = 1, but it fails for a = 6 and A = 0, since then 3.5a 4+ 2A\(2 4+ ¢) =21 < 11(2 +¢).
However, for a = 6, we can replace the lower bound |7(p®)| > p** by |7(p®)| > p'**. This
works if 4a > 11(2 4 ¢) and this is satisfied with @ = 6 and € = 0.01. Thus, for a = 6, we
get

—1/(24-2.01x11) ___
P > Chg0.01 = B,

which is what we wanted.

We are now ready to finish the proof of Proposition 5.4.

Proof of Proposition 5.4. For each a € [2,10%], we let P, be such that if |7(p®)| > p'®®
then p < P,. Let

Ng ‘= H P;.

2<a<1016
2|a

Let n > ng be an odd square. Write n = nyny where ged(ny,ny) = 1, and n; is built
up of prime powers p® such that |7(p®)| < p'®%. Then a, < 10' and p < P,. In
particular, n; < ng < n'/3, so ny > n?/3. Thus, since |7(p®)| > p'*® for all prime powers

p® dividing ny, we get
()| = [r(ng)] > nk® > (/)15 =,

which completes the proof. |}

5.1.5 Proof of Proposition 5.5

We may assume that k£ > 10, otherwise the left-hand side of (5.2) is smaller than 2 and

the inequality trivially holds by Proposition 5.3. If among the elements of
L:={n,7(n),...,7*2D(n)}, (5.5)
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there is an even number, then with m = 7(¥/ 2J)(n), we have that m is even and Propo-

sition 5.2 shows that
P(r®(n)) = P(r*= 2D () > 3k=F2=1 9 > gR/271 4 9 5 Jog(k/2) for k> 10,

and therefore P(Orb,(n,k)) > P(m) > log(k/2). Thus, we may assume that all numbers
in list L given at (5.5) are odd. We look at prime powers p®, where p®||s for some number
s from list (5.5). Let w be the number of such primes p and P be the largest. Then p’s
are odd, a’s are even. Further, by the primitive divisor theorem and Table 1 in [5], each
of uy(a+1) for a > 4, contains a primitive prime factor ¢ which does not divide u,(b+ 1)
for any even b < a. This together with the fact that |7(p?)| = p**u,(3) and |u,(3)] > 1
is coprime to p, shows that for a fixed p, there can be at most w values of a. This shows
that

1 y P
/2 <H#HL < w” = 8% <l < e,

where we use p; < py < --- for the sequence of all prime numbers and the fact that

P> p, > wlogw (see (3.12) in [46]). Hence, P > log(k/2), as we wanted. ||

5.1.6 Proof of Proposition 5.6

For technical reasons, we enlarge S and adjoin the primes 2,5, 11 to it. So, we work with

s but in the final answer we need to replace s by s + 3. We write
Ly =A{Ep1* 05 a; € L}

We want to count the solutions (p,a) where p is an odd prime and a is an even integer
to 7(p®) € Z%. Since 7(p?) = p*u,(a + 1) and u,(m) has primitive divisors for all even
m >4 (and |u,(2)| > 1 is coprime to p), it follows that a can take at most s values and
the largest one satisfies a +1 < P—1,s0a+ 1 < P — 2, since a is even and P is odd.
Thus, there are at most P* values of the form 7(p®) with p € S. From now on, we assume
that p ¢ S. In particular, p{ 7(p). Observe that

ag-ﬁ-l _ Bg-i—l

ap — Bp

(1) = wat 1) =
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Let ¢ := P(a+ 1) and then

. (@(a+1)/Q)q _ (5(a+1)/Q)q
T(p):< pa(a+1)/q wrg | welle+1D/9).

P — Mp

Thus, putting (ay, 1) := (afgaﬂ)/q, 6},““)/"), we have that
T(p") = Fy-a(on, Br)up((a +1)/q),
so we deduce that F,_;(ay, 51) € Z§. If ¢ = 3, then
Fy(ay, f1) = ai + a1fy + 5 = S; — P,

where S; = oy + 1 and P, := a1;. Since P, = p'l@tV/a we get with (z,y) =
(Sy, plat/a) that
v -yt € 7%, (5.6)

If g =5, then
F4(Oz1,51) = (041 + 51)4 - 3(04151)(% + 51)2 +a1 b = (512 - 3P1/2)2 - 5P12/4~
Multiplying both sides above by 4 x 510 we get
4 x 5'%Fy(aq, B1) = (5°(25? — 3P,))* — 51 P2
Since P, = p'@+D/4 we can take (z,y) := (5° x (25% — 3P;), 5p*@*1/9) and get that
4 x 50 Fy(ay, By) = 2* —y't € Z. (5.7)
Next, we assume that ¢ > 7. We then have
Fq71<041751) = Hq—1(5127 Pl)u

and H,_1(x,y) is a homogeneous polynomial of degree (¢ — 1)/2 > 3 which is irreducible
(the polynomial H, ;(z,1) is of degree ¢(q)/2 = (¢ — 1)/2 and any of its roots spans the

maximal real subfield of the cyclotomic field Q(e?7/9)). Thus, we get
Hyr(2.y) € T3 (53)
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Any solution (z,y) of (5.6) or (5.8) which is convenient for us must have y = pla+/a,
which a power of a prime p. Since ¢ is known, so is a. Any solution (z,y) of (5.7) which

2(a+1)

is convenient for us must have y = 5p /1, s0 again p and then a are known. Thus, it

suffices to count the number of such solutions. For (5.6) and (5.7), we write
2? =y + A,

where A = £pi*---p2. In the case of (5.7), we must also allow factors of 4 x 51°, which
is why we enlarged S to contain 2 and 5. We may reduce a; modulo 22 such as to write
them as a; = 22b; + r; where r; € {0,1,...,21}. Then we get that putting z := Hlepi’",

A =11, pi" and o/ == /2", v :=y/2?, we have
le — ylll +AI (59>

The number of choices of A’ is at most 2 x 22%. Note that (2/,y") € Z%. Further, knowing
y' we determine y uniquely since p is not in S. For each one of these, by Theorem 1 in [12]

or Corollary 2.13, the number of solutions is at most
7112(4+95)h(L)2

where LL is some extension of Q containing three of the roots of fa(y) := y*' + A" and
h(LL) is its class number. The above bound is valid provided that all primes dividing the
discriminant of fa/(y) are in S, which is why we incorporated 11 into S. We can take
L to be the field Q(A™"/1 e2™/11) where A'Y/!! is the real 11th root of A’. The absolute
values of the discriminant of K; := Q(A"/11) is at most (11|4’|)** and of the discriminant
of Ky := Q(e?™/M) is at most 11!, and the degrees of both fields are at most 11. So, the
discriminant Ay, of I (which is the compositum of K;, for i = 1,2) is in absolute value at

most

(11A')112 « 11112 < (112A')112 < (P225+2)112 _ P2><112(115+1)‘

Thus,
|AL| < P2><112(115+1)' (5'1())

From inequalities (3.6) and (3.7) in [4], we have that
h(L) < 5| ALY (log | Ap )M D72,
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We show that the right-hand side above is smaller than the right-hand side of (5.10).
Indeed, for that all we have to show is that

5(2 x 11%(11s 4 1) log P)117-D/2 < pl(ils+1),
Since 5 < (112)Y/2, we have that
5(2 x 11%(11s 4 1) log P)M*D/2 < (2 x 112(11s + 1) log P)'"",
so taking 112 roots, it suffices to show that
2 x 112(11s + 1) log P < P!t

Since P > 2log P, it suffices to show that P¢ > 112(11s + 1), which is implied by
P? > (x +1)% with x = 11s, and further by, 2% > (z + 1)3, and this does indeed hold for
all x > 11. Thus,

h(IL) < P2><112(1ls+1)

so the number of solutions of (5.9) is at most
7112(4+9s) « P4x112(11s+1) < P112(4+93+4+44s) _ P112(53s+8)
where we use the fact that P > 7 (because 11 has been incorporated into S). This is for

a fixed A’ and there are at most 2 x 22% = 2571 x 11% < (1/2)P? such equations for each

of a = 2,4, which gives us a number of possibilities for p at most

p2stl P112(53s+8) _ p64155+969

Now, we fix ¢ > 7. In this case, we have the equation
qul(l’,y) S Zg

This is a Thue-Mahler equation of degree (¢—1)/2 > 3 and H,_1(z,y) is irreducible. The
number of equivalence classes of solutions (z,y) € (Z%)? (where by equivalence classes we
mean that (z,y) = (2/,y) iff (x,y) = A(2/,y') for some X € ZY) is, by a result of Evertse
[13], at most

(5 x 10%(q — 1)/2)* < (10"P)* < P*.
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Our solutions for which y is a power of a prime p not in S are in inequivalent classes.
Thus, the above bound bounds the acceptable number of primes p. This is for a ¢ fixed
and ¢ < P. Each of these determines p and then we need to multiply by another factor

of P to account for the number of possibilities for a. Thus, the total number is at most
P(PBstl 4 poi3sst969) 4 ps - pB500(s+1)

We replace s by s+ 4 (we need to add 3 for the primes 2,5, 11 and another 1 for the place
at infinity which is always incorporated in both the results from [13] and [12]), and we

get the desired result. |}

5.1.7 Proof of Proposition 5.7

By the multiplicativity of 7, it suffices to show that there is no prime odd p and even

positive integer a such that P(7(p®)) < 7. We write again d := ged(7(p), p*') = p* and
7(p") = pMup(a +1).

Then {u,(m)}m>1 is a Lucas sequence. If a > 8, then, since P(uy(a + 1)) < 7, we
conclude that u,(a+ 1) has no primitive divisors. As we saw, there are only finitely many
possibilities for (a,7,,d,) and they can all be read from Table 1 in [5]. This gives no
solutions. Assume next that a = 6. Then P(u,(7)) < 7. Hence, the largest prime factor
of u,(7) is either at most 5 (smaller than 7 and incongruent to £1 modulo 7), or 7. But
if 7 | u,y(7), then 7 must divide the discriminant of the sequence (which is the same as the
discriminant (7, — d,)? of the characteristic polynomial) and such primes do not qualify
as primitive primes, so these instances also appear in Table 1 in [5]. Similarly, if a = 4,
then u,(a+1) = u,(5). The only primes which can divide u,(q), with a prime ¢ are either
q itself (if ¢ divides the discriminant of the sequence) or primes which are congruent to
+1 modulo ¢. Thus, the only possibility is that u,(5) is a power of 5, so again u,(5) has
no primitive prime factors and the possibilities can be read off from Table 1 in [5]. Tt
remains to consider the case a = 2. Since each of 7(3%), 7(5?), 7(7?) has a prime factor

larger than 7, it follows that p > 11. Further, p { 7(p). Now
() = 7(p)* = p't = £35"7"
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We use congruences with the Ramanujan function to get information on the exponents
a,b, c. Here are the congruences that we use. In what follows, o4 (n) is the sum of the kth

powers of the divisors of n.
(i) 7(n) =nog(n) if n=0,1,2,4 (mod 7);
(i) 7(n) =n"%7(n) (mod 53) if n # 0 (mod 5);

(iii) 7(n) =n % 93;(n) (mod 3%) if n =1 (mod 3).

Assume now that ¢ > 1. In particular, p'* = 7(p)? (mod 7), so p is a quadratic residue

modulo 7. Thus, we can apply congruence (i) above to n = p? to get that
0=7(p?) (mod 7)=p?oe(p?) (mod7)=p*(1+p’+p'®) (mod7)=3p* (mod7),

since p®> =1 (mod 7). Hence, p = 7, a contradiction. Thus, ¢ = 0.
Assume next that b > 1. We use the congruence (ii) above for n = p*. Note also that
since p'' = 7(p)? (mod 5), we get that p is a quadratic residue modulo 5. Thus, p* =

(mod 5). By (ii) above for n = p?, we get
0=p %) (mod5)=1+p™ +p* (mod5)=2+p (mod}5),

so p = 3 (mod 5), which contradicts the fact that p is a quadratic residue modulo 5.
Thus, b = 0.
Thus, the only possibility is

7(p)? — p't = +3°,
and a # 0 since, otherwise we get again the Catalan equation. Hence, a > 1. Next, since
pt = 7(p)? (mod 3), it follows that p =1 (mod 3) so p*> =1 (mod 9) and p* +p+1=3
(mod 9). We now apply (iii) to n = p® to get that

+3¢ T(pQ) (mod 36) = p712200'1231 (p2> (IIlOd 36>

= p71220<1 +p1231 +p2432) (mod 36)

Since p* = 1 (mod 9), we get that 1+ p'#! + p*32 =1 4+ p + p? (mod 9) = 3 (mod 9).

So, in the above congruence, we get
+3% =3p %  (mod 9),
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which shows that a = 1 and +1 = p~'?? (mod 3). Since p =1 (mod 3), we deduce that

the sign is 4. Hence, we get the equation

With (z,y) := (7(p),p), we get
r? -3 =y (5.11)
This can be reduced to one of several Thue equations. Indeed, the left—-hand side factors

in the Euclidean ring Z[v/3] as (v —v/3)(x 4+ v/3), and the two factors z + /3 and x — /3
are coprime since x is even. Thus, y = (a + bv/3)(a — bv/3) for some integers a, b and

(a+ b\/§)11 is associated to one of z + v/3. Up to changing b to —b, we may assume that
(a4 bv/3)' is associated to = + v/3. Thus,

z+ V3= (a+b/3)"C,

where ( is a unit. All units in Z[v/3] are of the form (2 + v/3)* for some integer k. We
may reduce k modulo 11, so replace k by 11kq + r, where r € {0,1,...,10} and replace
a+bv3 by (a+ b\/g)(Q + \/g)ko Thus, we get

t4+V3==x(a+b/3)""(2+V3)" forsome re{0,1,...,10}.

Conjugating and eliminating x, we get

(a+bv3)"(2+v3)" — (a—bv3)"(2 - V3)
2V/3

These are the Thue equations. For example, for r = 2, we get

= +£3.

+3 = 4a + 77a'°b + 660a°b? + 3465a®b® + 11880a"b* + 29106a°H° + 49896a°b°

+ 62370a*0" + 53460a°b® + 31185a2b° + 10692ab™® + 17010

At any rate, equation (5.11) (and several others of the type 2> — D = y" for various
D € [1,100] and various exponents n > 3) have been solved in Carlos Barros’ PhD.
dissertation [3]. The only integer solutions are (x,y) = (£2, 1), which are not convenient

for us. This completes the proof. |
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5.1.8 Comments

One may wonder what happens if the Lehmer conjecture is false. Then we believe that for
most n, 73 (n) = 0, and we provide some heuristics below. Indeed, it is known that there
is a constant ¢ > 0 such that on a set of n of asymptotic density 1, 7(n) is a multiple
of all prime powers p* < ¢;logn/loglogn. This was done in Proposition 1 in [19] for
the nth coefficient of the modular form associated to an elliptic curve over Q without
complex multiplication and the same argument works with the Ramanujan function 7(n).
Let p be such that 7(p) = 0 and for each prime g, let a, be the minimal positive integer
such that 7(¢%) is divisible by p and the exponent v,(7(¢%)) is odd. By the arguments
from Lemma 5.1, we have that a, + 1 is either the order of appearance of p in the Lucas
sequence {ug(m)}m>0, which we denote by ¢,(¢q), or pl,(q). Note that £,(¢q) is at most
g+ 1. Let a4(n) be the exponent of ¢ in the factorization of 7(n). From what we have
said, this is at least as large as | (1/log ¢) log(cy logn/loglogn)| for most n. If a,(n)+1 is
an odd multiple of a, + 1, then 7(¢% ™) is an integer multiple of 7(q%), so it is zero. So,
we need to look at the situation when a,(n) + 1 is not an odd multiple of a, + 1. Assume
that a,(n) behaves like a random large number with respect to being in a certain residue
class modulo 2(a, + 1). Thus, let us assume that the probability that a,(n) + 1 is not
an odd multiple of a, + 1is 1 —1/(2(a, + 1)) and let us assume that these probabilities
are independent as ¢ ranges over small primes different than p. Then the probability that

7(7(n)) is not zero would therefore be at most

11 (1 — m) , (5.12)

2<g<clogn/loglogn
2#p

and since the sum
1 1 1 1 1
2piz ) ~patl

is divergent, it follows that the product shown at (5.12) tends to 0 with n.
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