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Abstract

Solar cells are a great source of renewable energy, but they are yet to reach their
thermodynamic efficiency limits. Common commercial solar cells run at approximately
20% power conversion efficiency, and almost all efficiency loss comes from thermalisa-
tion. Ab initio simulations can reduce the need for physical experiments to quantify
these losses while also providing insights into the quantum mechanical properties of ma-
terials. Note that density functional theory reformulates the expression for the ground-
state energy of a many particle system such that it is a functional of the electron density,
thereby allowing the electronic energy to be solved for numerically. But the underlying
mechanism behind thermalisation is the electron-phonon interaction. Using the theory
of Green’s functions, the electron-phonon interaction self-energy and charge-carrier life-
times can be calculated. A method of approximating the charge-carrier lifetimes using
the hydrostatic deformation potential interaction, which is only valid for longitudinal
acoustic phonons, is presented. Deformation potentials of -10.125eV for Silicon and
-18.663eV for Gallium Arsenide, commonly used solar cell materials, are calculated
in good agreement with literature. Furthermore, the electron-phonon interaction life-
times were calculated to be in the order of 2.0 × 10−15s for Si and 4.0 × 10−16s for
GaAs, which could have indications that the optimal thickness of a GaAs absorption
layer is much thinner than for Si. Thus the deformation potential method provides a
satisfactory approximation for the electron-phonon quasiparticle lifetimes based on ab
initio methods.
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1. Introduction

Solar energy is a promising source of sustainable power, but it is yet to reach its maximum
potential. Various factors limit a solar panel’s efficiency, often leading to thermalisation.
Computer simulations, including ab initio simulations can lead to a deeper understanding of
these factors, and can alleviate the need invest a lot of resources into experiments.

1.1. Background

A solar cell (SC) is a device that converts the energy of photons from sunlight into electricity
[1]. Solar cell technology is continually advancing and Solar Photovoltaic (PV) power is
a great source of renewable energy in an age of climate change and excessive fossil fuel
consumption. Currently most solar cells that are used commercially have approximately
15% to 20% conversion efficiency [2].

One may often find seemingly conflicting information about the efficiency and cost of So-
lar Photovoltaic (PV) cells. It is not that these sources are incorrect, but that over the
last few years, solar cell cost per kilowatt-hour has declined so rapidly that information
becomes quickly outdated. According to a press release by the International Renewable En-
ergy Agency (IRENA) on 22 June 2021, the cost of Solar PV power dropped from just under
400USD per MWh in 2010 to almost 50USD per MWh in 2020 [3]. Hence Solar PV went
from being one of the most expensive energy sources in 2010 to one of the cheapest sources
of renewable energy in just 10 years. In some cases, renewable energy sources such as wind
and Solar PV are already cheaper than non-renewable coal power, at the utility scale [4].

With continuing research, the cost of solar PV power may continue its exponential decline,
but given the current prices, the cost is no longer the issue but rather the efficiency and
the reliability of solar PV cells (although an even lower cost is always an advantage). For
countries with a relatively high amount of cloudy days and longer nights, the current solar
cells are still not cost effective. Here in South Africa, there is the advantage of sunny days
for most of the year, putting it in a position to make good use of solar PV power. South
Africa averages about 220W/m2 of solar radiation per 24 hours, over double the average of
Europe and more than the 150W/m2 in parts of the USA [5].

Although the majority of current solar cells in use are made of a simple bulk crystalline
Silicon p-n junction, functioning solar cells made in other ways or from other materials
are still being researched and developed. We should not assume by default that Si has
the highest efficiency and lowest cost. To improve on the efficiency, production cost, and
production by-products of Silicon SCs, a so-called ”second generation” of SCs began its
development. Amorphous Silicon (a-Si), microcrystalline Si and polycrystalline Si will also
work as SCs [6]. Apart from the Si containing variants, there are also multicomponent SCs
which are made from GaAs, CdTe, CuInS2 (also called a CIS Solar Cell), (Cu(In,Ga)(Se,S)2)
(CIGS) (Cu2ZnSn(S,Se)4) (CZTS) and other materials. Although the a-Si:H (hydrogenated
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amorphous Silicon), CIGS and CdTe SCs have low efficiency and can be unstable when
exposed to environmental conditions outside of a lab, they have relatively low cost as little
material is needed to make them. In general, however, multicomponent SCs have a high
efficiency but are currently expensive to make and/or have high production toxicity [6]. A
lot of second generation SCs have their function deteriorate from environmental factors such
as dirt and snow. Interestingly, many of them are thin and flexible and can be used on
irregular surfaces, unlike the conventional flat and rigid solar panel [6].

There is yet even a third generation of solar cells. Some of these cells involve conducting poly-
mers, pigments and organic dyes, quantum dots, and hot electron SCs [6]. These currently
have low efficiency, and/or a low service life and/or are unstable in real-world environmental
conditions, although research on them is progressing rapidly. Organic SCs and SCs that
combine organic and inorganic semiconductors fall under third generation as well. These
include perovskites and Grätzel cells [6]. Perovskites are also often combined with or layered
onto other cells such as Grätzel cells to improve efficiency. SCs with Solar spectrum splitting
currently produce highest efficiencies. ”Solar spectrum splitting” is done by a multi-junction
solar cell - a collection of thin solar cells from different materials, all which are suited for
a different radiation range, and these SCs are then serially layered onto each other. They
have record efficiencies of 45% to 46%, however they are extremely expensive to manufacture
and are reserved mainly for spacecraft rather than commercial and residential use. The thin
SCs in the multi-junction cell can be placed in ”parallel”, where small cells are laid out in
a plane [6]. This lowers the production cost, but the efficiency is also considerably lowered.
To achieve efficiency of 43%, optics are used to split the solar light spectrum when radiation
is incident on the cell, but this increases the cost again to almost as much as the series
multi-junction SC [6]. A detailed review of third generation SCs can be found in [7].

Despite the many advancements in SC technology, SCs have not been able to reach even 50%
solar-to-electrical power conversion efficiency. There are a wide variety of factors that lead
to efficiency loss. These can be broken down into intrinsic and extrinsic losses [8]. Intrinsic
losses are linked to the SC material and structure itself, and require the SC to be modified
for the losses to be minimised. These losses include the following:

• Optical loss occurs due to materials having some amount of reflectance and transmit-
tance, and energy is lost due to any photons that are not absorbed.

• Loss due to incoming light having energy below the band gap (Eg) of the SC mate-
rial, meaning these photons are unable to excite the electrons in the SC and simply
contribute to the heating of the SC.

• Thermalisation loss is caused from all the photons in the incoming light spectrum
with energy higher than Eg. Only energy equal to the band gap is needed to excite
the electrons, and any surplus energy contributes to heat in the SC.

• Emission loss occurs from radiative recombination of electron-hole pairs in the SC.

• Work needs to be done to transfer energy from the hot Sun and the cold SC, resulting
in the Carnot loss.
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• The difference in the incident angle of light on the SC and the angle of emission of
photons from radiative recombination results in angle mismatch loss.

The above constitute the intrinsic losses [8]. Aside from these, the extrinsic losses in a SC can
also cause significant decrease in efficiency, in particular in single bandgap SCs (as opposed
to multi junction SCs or Tandem SCs). These losses are considered more avoidable as they
may be caused by the production process or by defects in the SC. Extrinsic losses include
the following [8]:

• Structural defects and impurities in the SC can lead to non-radiative electron-hole
recombination, causing charge carriers to recombine in the SC before reaching the
electrical contacts.

• Series resistance loss occurs due to resistance in the SC and of the metal contacts,
which also leads to thermalisation.

• Shunt resistance also leads to heat increase and recombination.

Out of all the losses mentioned, more than half of all power lost is due to the thermalisation
loss and the loss due to incident light being below the band gap of the SC material. In other
words, more than half of losses are due to the spectral mismatch between the band gap and
the incoming photons. Angle mismatch loss also plays a large role [8]. Furthermore, below
band gap and angle mismatch loss also contribute to increased thermalisation of the SC,
causing a further decrease in efficiency. These are intrinsic losses that will happen to some
degree no matter the material used, and so in order to minimise them it may be necessary to
augment existing SC types as opposed to replacing the SC material. Some ways to augment
SCs are as follows:

• Augumentation features could be used to reduce angle mismatch. When electrons
and holes recombine in the solar cell, a photon may be released. This photon can be
released at a solid angle of up to 4π steradians, in other other words, in any direction.
However, light from the Sun is incident at a solid angle of 6 × 10−5 steradians. This
angle mismatch means that there is an increase in entropy (thermal energy that cannot
do useful work) which reduces efficiency. A nanophotonic structure could reduce the
emission angle and thus reduce the entropy increase [9].

• Up-conversion is the process where light of low frequency is converted to light of a
higher frequency. For example a material with a low bandgap may be used to, for
every two infra-red photons absorbed, emit one photon in the visible spectrum. These
photons are then used by the SC, ensuring that photons which previously had energy
below the bandgap are not wasted. Materials that can be used include polycyclic
aromatic hydrocarbons, as well as ions of Ln3+, Ti2+ and other f-block and d-block
elements [7]. Thermal up-conversion can also be done through heating low energy
photons and re-emitting them [7].
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• Down-conversion is the reverse of up-conversion, where for every UV photon absorbed,
two visible-spectrum photons may be released. Down-shifting is a similar process,
but instead one high energy photon is converted to one lower-energy photon, and the
extra energy is lost to thermalisation. This may reduce efficiency losses due to surface
recombination [7].

• Plasmonic nanoparticles can also be used to increase SC efficiency. Metal nanoparticles
in perovskite SCs can increase photon flux and the generation of electron-hole pairs [10].
A good review of the use of plasmonic nanostructures in photovoltaics can be found in
[11].

Due to the many loss processes, even the types of SCs currently in use still have not reached
the thermodynamic limits of their efficiencies. It is possible that systematic changes to the
engineering of SCs that use nanostructures for better light trapping can lead to current SCs
reaching their thermodynamic efficiency limits [9].

One of the many reasons for the rapid decline of the cost of Solar PV power over the years is
also the use of computer simulations. Using knowledge of material properties and interactions
between light and matter, we can predict the characteristics and performance of a solar cell
or a solar cell candidate. This allows us to rapidly ’test’ many kinds of potential solar cell
materials’ configurations before investing into constructing them physically. Although we
can take the properties of key materials from experiment, we can also use ’ab-initio’ (”from
the beginning”) methods to accurately predict these properties and how the resulting solar
cell system will function, starting from the atomic structure of bulk materials. Ab initio
methods can be used to simulate and analyse all of the key aspects of a working solar
cell [1]. With the new understanding gained from these simulations, better, more efficient
and cost-effective solar power can be developed.

As discussed above, one of the largest factors that cause SC efficiency loss is thermalisation,
that is, energy lost to the SC heating up. This thesis aims to gain insights into thermalisa-
tion by carrying out calculations to determine how quick an individual electron thermalises
(referred to as the electron-phonon interaction lifetime) in various materials. The speed of
this process would also affect the diffusion length for a p-n junction (the distance an electron
can travel in the p-n junction before losing enough energy to heat that it recombines with
a hole instead of being collected at the metal contacts). Hence when we find the lifetime
for this process, we may gain insight into the manner in which a material as well as its
thickness influence SC efficiency, and going forward, have real numbers we can put to use
when predicting the efficiency of a particular SC.

This thesis will present numerical simulation results for bulk Silicon and Gallium Arsenide,
where the problem of thermalisation is worked out using first principles quantum mechanical
simulation methods - also known as ab initio methods.

7
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1.2. Overview

The aim of this thesis is to study the theory behind ab initio simulations based on density
functional theory (DFT), and to propose an approximate electron-phonon interaction lifetime
by means of the deformation potential interaction between electrons and longitudinal acoustic
phonons. This is done for Silicon and Gallium Arsenide, materials commonly used in solar
PV cells.

Section 2 contains some fundamentals of semiconductor and p-n junction SC physics. We
define conduction and valence bands, and p-type, n-type and intrinsic semiconductors, the
Fermi level and the Fermi function. Next we introduce the p-n junction, the depletion
region, and how the J-V characteristics of a p-n junction are governed by the Diode equation.
Applying the discussion of p-n junctions to SCs, the light current density of an SC can be
simulated by defining the charge-carrier generation rate. We then discuss the equations to
model the power loss in an SC due to spectral mismatch, the loss due to photons with energy
higher or lower than the band gap of the SC material.

Section 3 is an overview of the theory underlying DFT, DFPT (Density functional perturba-
tion theory) and the electron-phonon interaction Hamiltonian. First we define the electron
density, and show how it can be reduced to a sum of single-particle spin orbitals for a
many-particle wavefunction that is written as a Slater determinant. We state and prove
the two Hohenberg-Kohn theorems, the pillars of DFT. We discuss the Born-Oppenheimer
approximation, dividing the many-body problem into a nuclear system and an electronic
system, the latter of which forms a potential energy surface (PES) for the nuclear system.
We discuss how the phonon frequencies are the eigenvalues of the matrix of interatomic force
constants (IFC), the second derivative of the PES. The PES is the ground state energy of
the electronic system, and to solve it, the Kohn-Sham equations are introduced. The Fourier
transform of the IFC matrix is called the Dynamical matrix, which is used to calculate the
phonon frequencies numerically (to that end it also allows for use of the plane-wave basis
set). LDA, GGA, and hybrid exchange-correlation functionals are introduced. First order
perturbation theory is used to determine the linear response of the electron density, and this
approach is known as DFPT. Finally, this section discussed how the electron-phonon inter-
action Hamiltonian is determined from the external potential that arises in the Kohn-Sham
equations.

Section 4 describes how electron-phonon self-energy is derived by means of Green’s functions,
followed by deriving an expression for the longitudinal-acoustic (LA) phonon matrix element
using the concept of a deformation potential. We define the fermionic and bosonic Green’s
functions for both a system of coupled and non-coupled electrons and phonons. We use
the Dyson equation to define the electron-phonon self-energy. The imaginary part of the
retarded electron-phonon self-energy yields the electron-phonon interaction lifetime. To find
the matrix element corresponding to LA phonons, we derive the deformation potential using
fluid dynamics. The electron-acoustic phonon interaction Hamiltonian is then written in
terms of the deformation potential, allowing us to find the LA phonon matrix element.

8
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Section 5 presents the results of this thesis, that is the electron-phonon interaction lifetimes
for Si and GaAs. Using the DFT software packages Quantum Espresso and GPAW, we
determine the phonon dispersion relations and group velocities for both Si and GaAs, as
well as their deformation potentials using the Lowest Unoccupied Molecular Orbital (LUMO)
energy. The expression for the electron-phonon interaction lifetime is drastically simplified
to be expressed in terms of the deformation potential and phonon group velocity. The
numerical results are compared to those found in other sources, followed by a discussion of
possible inaccuracies in the result.

Finally, Section 6 summarises the results and motivations of this thesis, as well as closing
thoughts on ab initio simulations of SCs.

2. Solar Cell Basics

Before we discuss how Solar Cells can be simulated using quantum mechanical methods,
which is the main focus of this thesis, the following section aims to first introduce the general
concepts governing a typical p-n junction solar cell, and the history of its development. Once
we have an overview of the semiconductor and p-n junction physics and SC loss processes,
we can motivate for modelling thermalisation using ab initio methods.

2.1. Literature: Solar cells and ab initio methods

The first Silicon solar cell was patented by R. S. Ohl in 1946 [12]. While studying resistance
properties of high purity Silicon ingots, it was found that light from a desk lamp affected the
current (in one direction) as seen on an oscilloscope. Ohl determined that the photovoltaic
properties of Silicon were comparable to those of other photovoltaic materials known at the
time. The P-N junction of Ohl’s photovoltaic cell had two zones made of Silicon, but of
different structure. For the n-zone, powdered Silicon grains were used to form a uniform
structure, and for the p-side, they formed a columnar structure. This p-side did develop a
positive potential and Ohl noted that the boundary between the n and p-sides seemed to be
where the ”photo-EMF” effect occurred [12].

In 1953 and 1954, using doped Silicon, Bell Laboratories achieved a 4.5% and 6% efficiency
solar cell respectively after developing diffused junctions. Since then, cell efficiencies be-
gan to increase rapidly reaching 14.5% in 1961, by fabricating cells on a phosphorus-doped
substrate [13]. Cells with a boron-doped substrate, which were needed for use in space due
to their resistance to radiation, also reached 14.5% efficiency in the 1970s [13].

In 1961 William Shockley and Hans J. Queisser argued that the accepted theoretical effi-
ciency limit for p-n junction solar cells at the time was not theoretically justified [14]. They
named this limit the ’semiempirical limit’ and presented a more justifiable limit which they
termed the ’detailed balance limit’. The detailed balance limit assumes that all electron-

9
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hole recombination in the cell is radiative, and thus amount of photons absorbed in the cell
corresponds to the total photons and electrons emitted by the cell. It should be noted that
detailed balance gives a rough, upper limit for the efficiency of a flat, planar solar cell, and
the authors note that a solar cell that is able to concentrate solar radiation using reflectors or
other means could theoretically have an efficiency up to the thermodynamic limit (Ts−Tc)/Tc
(here Ts denotes the Sun’s temperature, and Tc is the solar cell’s temperature) [14], implying
we are modelling the solar cell as an ideal Carnot Engine. At the time the paper was writ-
ten, the maximum experimental efficiency of the SC was about 14% [14]. The semi-empirical
limit would limit solar cell efficiency to 21.7% and the detailed balance limit sets the max
efficiency at about 30%, assuming the cell is a blackbody. Shockley and Queisser note that
the true maximum efficiency for a Silicon p-n junction cell would be somewhere between
those two numbers, as Silicon is guaranteed to have some nonradiative transitions [14].

In ”The Path to 25% Silicon Solar Cell Efficiency: History of Silicon Cell Evolution” [13],
Martin A. Green briefly recounts major milestones in solar cell development. In this arti-
cle, published in 2009, Green reports the achievement of a 25% efficiency Silicon solar cell.
Known as a passivated emitter, rear locally diffused (PERL) cell, the solar cell’s high effi-
ciency comes from its very strong response at red and blue wavelengths. A lot of factors
contribute to the PERL cell’s high efficiency, most notably the top oxide layer moulded
into an inverted pyramid ”tiler’s” pattern for better light trapping, which contributes to the
strong red response of the cell. The strong blue response is a result of a combination of
a double layer antireflective coating, a thin annealed oxide layer and a lightly p-doped top
surface [13].

In ”A detailed study on loss processes in solar cells” [8] by Ao Wang and Yimin Xuan,
2018, the authors give a detailed review of all the factors that decrease power conversion
efficiency (PCE) in an SC (as discussed in Section 1.1). Losses can be broken down into
intrinsic (optical loss, below bandgap, thermalisation, emission, Carnot and angle mismatch
loss) and extrinsic (non-radiative recombination loss, series resistance loss, shunt resistance
loss, and parasitic absorption loss). The intrinsic losses depend on the type of SC used,
while the extrinsic losses may be mitigated by improving the production process or reducing
the amount of structural defects in the SC. The authors modelled the intrinsic losses for a
crystalline Silicon (c-Si) SC and a perovskite SC, at concentration ratios (ratio of sunlight
intensity) of both n=1 and n=5 Suns. For c-Si at n=1 they determine a maximum efficiency
of 33.52%, which is in good agreement with Shockley and Queisser’s detailed balance limit.
Specifically, for the c-Si solar cell at n=1 and an incident power of 1000.37W/m2, below
bandgap loss accounted for 194.60W/m2, thermalisation loss 315.16W/m2 - already this is
half of the power lost due to spectral mismatch - and angle mismatch loss 113.54W/m2. All
of these processes result in SC thermalisation, and the authors find that in total, the SC lost
649.63W/m2 to heat. i.e. almost all of the PCE loss resulted in heat.

The article ”Solar cell simulations based on ab initio methods” [1] by Alexander Quandt
and Robert Warmbier, 2021, gives an overview of several ways in which SC’s are simulated
on a computer, but the article also describes the concept of ”ab initio” simulation. To
illustrate how standard SC device simulations are carried out, the authors divide a typical
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p-n junction SC into three regions: region I is the depletion region, where the p-type and
n-type semiconductors meet and free charge carriers are generated; region II is the portion of
the semiconductors that the charge carriers travel through to reach the contacts; region III
is at the metal contacts on either side of the SC where charge carriers are extracted, leading
to a current. The processes in region I can be modelled using the diode equation, augmented
by subtracting the SC light current (current generated under light illumination) density. For
region II, the current density is modelled using Beer’s law and decays exponentially as we
move further away from the depletion region. The extraction of charge carriers in region
III is modelled by relating the transmitted current density to the incoming current density,
which depends on the absorption coefficient and the width of the barrier. The electrostatic
potential of the device and the current densities in the p- and n-type regions can also be
determined using the Poisson and continuity equations, however the authors point out that
to solve these differential equations, boundary conditions need to be specified. Typically, this
is the point where the metal contacts are, and this implies that carrier extraction also needs
to be modelled. These models may lead to inaccurate results, and the authors propose ab
initio simulation as a viable alternative. Quantum mechanical ”ab initio” simulations would
allow researchers to calculate many of the parameters that are used by the other models,
but ab initio models can also be used as an alternative to the standard models. The article
then gives a very brief overview of the fundamental theory and equations used for Density
Functional Theory (DFT), the basis of ab initio simulation. DFT reformulates the many-
body Schrödinger equation to be a functional of the electron density at a point, rather than
a function of many electron coordinates. This allows for the quantum mechanical problem
to be feasibly modelled on a computer. These ab initio methods can help reduce the need
for physical experiments, however they often rely on many simplifications, such as assuming
ideal structures and approximating the exchange-correlation functional (a functional that
represents any energy effects on the system unaccounted for by other, more explicit terms).
Also, since DFT relies on the electron density, the results are much more trustworthy for
ground-state densities and energies, rather than excited states, since unoccupied states do not
contribute to the electron density. This leads to the common problem of ab initio simulations
inaccurately predicting the band gap of materials. Aside from that, DFT is often used for
simulating elastic and surface properties of materials. The authors reinstate that ab initio
methods are still not suitable for modelling many macroscopic properties of SCs, but could
be used in conjunction with device simulations.

A detailed discussion on electron-phonon interactions and how they are modelled with ab
initio methods can be found in ”Electron-phonon interactions from first principles” [15] by
Feliciano Giustino, 2017. In semiconductors, the electron-phonon interaction governs charge
carrier mobility. The article cautions that using DFT to study electron-phonon interactions
may result in inaccuracies, as the theory relies on both an approximate exchange-correlation
functional as well as the Born-Oppenheimer approximation. The article covers a broad range
of theory related to electron-phonon interactions, including calculating electron-phonon ma-
trix elements using Density Functional Perturbation Theory to determine electron-phonon
interaction self-energy, electron and phonon Green’s functions, and calculating the Fan-
Midgal and Debye-Waller terms for electron self energy. While many current difficulties
with ab initio calculations are outlined, the author concludes that ab initio calculations of
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electron-phonon interactions have an extremely wide variety of applications in condensed
matter physics.

Ab initio simulations are typically carried out using one of the several software packages
currently available. One of these packages is Quantum ESPRESSO, discussed in ”QUAN-
TUM ESPRESSO: a modular and open-source software project for quantum simulations of
materials” [16] by Paolo Giannozzi et al. This software performs DFT calculations using
the plane-wave basis set and pseudopotentials. The Quantum Espresso project aims to be
an open distribution, allowing for auxiliary components to be implemented by a wider user
community. It has a great advantage in that it is open source and thus freely available.
Another freely available DFT software package is GPAW, discussed in ”Electronic struc-
ture calculations with GPAW: a real-space implementation of the projector augmented-wave
method” [17] by J Enkovaara et al. GPAW performs electronic structure calculations using
the Projector Augmented Wave (PAW) method, which the authors of [17] note has advan-
tages in terms of scalability and convergence properties. GPAW also allows for the use of the
Local Combination of Atomic Orbitals (LCAO) basis set. Another ab initio software package
is yambo, discussed in ”yambo: an ab initio tool for excited state calculations” [18] by A.
Marini et al. Like Quantum Espresso, yambo also uses the plane-wave method. Yambo car-
ries out excited state calculations using many body perturbation theory and time-dependent
DFT. The authors state that the software is both user-friendly and that the numerical meth-
ods are implemented efficiently.

2.2. Semiconductors

When a crystal is formed, the energy levels of the individual atoms overlap and form what
are known as energy bands. Electrons of the crystal atoms essentially move freely within
these energy bands. At 0K, the energy bands which are filled are called valence bands.
Empty bands with higher energy are called the conduction bands. The energy difference
between the lowest conduction band and highest valence band is known as the band gap
of a material. A material is an intrinsic semiconductor if at room temperature some
of its valence band electrons can transition to the conduction band. More electrons gain
energy and are promoted as temperature is increased further. We can add an impurity to an
intrinsic semiconductor, thereby ”doping” it. If the element used as the impurity has more
valence electrons than the semiconductor, the excess electrons are weakly bound and may
be promoted to the conduction band with less thermal energy. We call the resulting product
an n-type semiconductor. Similarly, when we dope with an element with fewer valence
electrons, the product is a p-type semiconductor.

The Fermi level of electrons in a solid is the amount of work needed to add an electron to
the solid. It is visualised as a hypothetical energy ”level” that lies between the conduction
and valence bands. At 0K, the states below the Fermi Level are filled and the states above
it are empty and the material’s Fermi level is called the Fermi Energy. If the value of
the Fermi level is near the conduction band (as is the case with n-type semiconductors, the
opposite being true for p-type), then at temperatures slightly above 0K, there is already
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a higher probability of finding some electrons in the conduction band. This probability is
given by the Fermi Function (from Fermi-Dirac statistics) [19]:

f(E) =
1

1 + e(E−EF )/kBT ))
(1)

Where kB is the Boltzmann constant. We see that the probability of a state E = EF being
occupied is 50%, with energies below the Fermi Level having a higher probability of being
occupied, and energies above it having a lower probability.

As thermal energy is applied to an intrinsic semiconductor, it produces an equal number
of electrons in the conduction band and holes in the valence band, with the probability of
generating an electron-hole pair being:

P (T ) = e−EB/kBT (2)

Where EB is the band gap of the semiconductor.

At this stage, the number of electrons (n0) is equal to the number of holes (p0) which is
equal to the quantity ni, which we call the intrinsic density of carriers. Then, ni at
a temperature T is proportional to the probability P (T ), and trivially p0n0 = n2

i . The
relation p0n0 = n2

i always holds at equilibrium for a semiconductor (where ni is fixed for a
temperature for the non-doped semiconductor), even a doped one.

2.3. p-n Junctions and Solar Cells

When an n-type and p-type semiconductor are placed side by side to form one system, this
is called a p-n junction, and it allows us to separate charge carriers. Hence it is one way
to make a solar cell more efficiently than using a pristine semiconductor (and the most
common kind). Although the p-type and n-type semiconductors can have different Fermi
levels, when they are joined, that system can only have one common Fermi level. However,
”band bending” occurs, where the p-doped region will have a conduction band bent to be
higher and further away from the Fermi level than the n-doped region, and the opposite
is true of the valence band (see Figure 1). Hence, in a p-n junction, there is one constant
Fermi Level, but the levels of the conduction and valence bands are not constant within the
system. The area in the centre of the junctions where the n-type and p-type semiconductors
meet is called the Depletion region [19]. The depletion region is where the conduction and
valence bands are transitioning from one value to another, and so neither band is close to
the Fermi level in this area. The depletion region contains very few charge carriers as holes
diffuse toward the n-side and electrons towards the p-side, leaving a kind of ’gap’ with few
carriers but a strong electric field, as the p-side becomes negatively charged and vice-versa.

A positive voltage develops on the n-doped side of the p-n junction (and vice versa on the
p-side). This is the built-in potential of the p-n junction, here denoted Vbi. However no
potential difference will be measured across the p-n junction. Potential difference is the work
per charge needed to move a charge between two points. Hence we see that the potential

13
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Figure 1: An energy band diagram of a p-n junction. On the left side is the n-doped
semiconductor and the p-doped semiconductor is on the right. Label A shows the depletion
region, B the conduction band, C the Fermi Level, and D the valence band. The gradient
of the bands in the depletion region is directly proportional to the magnitude of the electric
field.

difference across the p-n junction will be zero as there is no difference in Fermi level across
it.

Even though the electrons and holes are separated by a strong electric field in the depletion
region, at equilibrium there is still a small probability of an electron moving to the n-side,
or a hole jumping to the p-side. This probability is given by:

Peq(T ) = e−Eb/kBT (3)

Where Eb = qVbi is the change in energy band level across the depletion region, and q is the
charge of an electron. Vbi is determined using the donor and acceptor impurity concentrations
of the p- and n-doped regions respectively [19].

Vbi =
kBT

q
ln

(
NaNd

n2
i

)
(4)

Na is the acceptor impurity concentration and Nd is the concentration of donor impurities.
In physical p-n junctions at room temperature for typical impurity concentrations, Vbi ∼ 1V .
This leads to Peq ∼ e−40, which is minuscule. However, one could increase this probability by
applying a positive voltage Vapp to the p-side. This is known as a forward bias. This would
lower both the energy bands and the Fermi level, and effectively ”narrow” the depletion
region. The new probability of charges overcoming the potential barrier of the depletion
region becomes:

Pfb(T ) = e−q(Vbi−Vapp)/kBT (5)
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If Vapp is high enough, this would allow for movement of charge carriers and a current through
the p-n junction. The current density is given by the ideal Diode equation:

J = Js(e
qVapp
nkBT − 1) (6)

where n is the diode ideality factor. For an ideal diode, n = 1. Js is typically called the
saturation current density, and represents the density of the charge carriers generated
by the forward bias.

When electrons reach the p-side, they recombine with holes. The average distance that they
travel before they recombine is called the diffusion length of the p-n junction. To maintain
equilibrium, another electron is separated from a hole on the p-side, which eventually recom-
bines, and the process continues. This creates a flow of electrons from the n-side towards
the junction, and a flow of holes from the p-side towards the junction.

We can now apply the above discussion of p-n junctions to determine J-V characteristics
in the context of (p-n junction-type) solar cells. A solar cell of this type would typically
have p-type and n-type semiconductor layers sandwiched between two metal contacts. In a
real SC, there is typically series resistance which, with applied voltage, would cause for a
small current called the dark current to be present even when not under light illumination.
When light is incident on the SC, it excites electrons in the valence band, causing them to
transition to the conduction band thereby creating an electron-hole pair in the p-n junction.
Electrons travel through the metal contact on the n-side (to create a current that powers a
lamp or resistor, etc.), called the light current of the solar cell. But this results in a positive
potential difference Vp on the p-side, which creates a forward bias. As discussed before, this
decreases the potential barrier in the p-n junction, allowing electrons to cross over to the
p-side giving rise to some current in the opposite direction. Hence, the net current flowing
through the diode (the solar cell) is given by the current due to the forward bias, minus the
light current density Jl:

J = Js(e
qVp

nkBT − 1) − Jl (7)

For an SC, Js represents minority charge carriers while the electron-hole pairs generated
by light are majority carriers. Js ∼ 10−8A/m2, approximately twelve orders of magnitude
less than the typically expected value for Jl [1]. Note, however, that at higher temperatures
excess thermal energy will excite the valence electrons in the p-n junction, giving them a
higher probability of overcoming the band gap. This will increase the saturation current
density, and lower the current output of the SC. This causes SCs to be less efficient in hot
weather, or as the SC itself heats up due to the various efficiency loss processes.

Equation 7 would result in an overall negative current. Since the voltage in the solar cell
is positive, this results in a negative power value - this implies that the diode is generating
power. To simulate the J-V characteristics of an SC, we can write the light current density
in terms of the charge-carrier generation rate G(ω, z) [1]:

Jl = q · G(ω, z) · d
Where:

G(ω, z) = α(ω)Φ(ω)e−α(ω)z
(8)
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Where d is the depletion region width, ω is the frequency of the incident photons, z is the
vertical distance from the top, light-facing layer of the SC, α(ω) is the attenuation coefficient
for the bulk semiconductor material, and Φ(ω) is the photon flux density [1]. With all of
these quantities, one can model the J-V characteristics of the SC.

It is necessary for the absorption layer of an SC not to be too thick, because if it is significantly
thicker than the diffusion length for the SC, electrons may recombine with holes before
reaching the p-n junction. The energy lost as electrons shift from the conduction band to
the valence band may then be converted to heat. These electrons then cannot contribute to
the current given by the SC, and this lowers the SC efficiency. The charge-carrier collection
efficiency in a solar cell is simply the ratio of current produced to the amount of current
possible when the maximum number of electron-hole pairs that can be generated.

2.4. Losses and Thermalisation

As described in Sections 1.1 and 2.1 there are many factors that lead to Power Conversion
Efficiency (PCE) loss in an SC, but the majority of losses occur from intrinsic losses due
to spectral mismatch. Furthermore, almost all the power lost from all factors results in
thermalisation of the SC.

The band gap Eg of a semiconductor is the difference between the energy of the valence band
and the conduction band. Hence it represents how much energy a valence band electron must
gain in order to be promoted to the conduction band and contribute to a current. In a solar
cell, this energy is provided by solar radiation. However, some photons incident on the SC
will have energy E > Eg. When these photons excite charge carriers, those charge carriers
will have an excess energy Eex = E − Eg, which will be transmitted to phonons (atomic
vibrations) in the SC, which will result in heat. Hence the energy Eex carried by the photons
is wasted and not used to generate current. The power lost due to this thermalisation loss
is given by [8]:

Pth = n

∫ ∞

Eg

(1 −Rc − Tc)ΦAM1.5(E)(E − Eg)dE (9)

Where n is concentration ratio, that is ratio of sunlight intensity measured in number of suns
(for the surface of the Earth, this is simply equal to 1), Rc and Tc are the reflectance and
transmittance of the solar cell respectively, and ΦAM1.5(E) is the photon flux density under
standard conditions (AM1.5 stands for Air Mass 1.5) in terms of the photon energy E [8].
In other words, the above equation integrates over all photon energies higher than Eg: the
term (1 −Rc − Tc) ensures only the fraction of photons absorbed by the SC are considered,
not those reflected or transmitted; we multiply this by the photon flux density, the total
number of photons with energy E per unit area per unit time; finally this is multiplied by
the excess energy. This yields the total power lost due to excess photon energy.

Just as photons with energy higher than the band gap are incident on the solar cell, so too
are photons with lower energy than the band gap. However, in the latter case since the
photon has insufficient energy to generate an electron-hole pair, all of its energy is wasted.
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The equation for the power lost [8] reads similarly as before, but now for all photon energies
below Eg:

Plow = n

∫ Eg

0

(1 −Rc − Tc)ΦAM1.5(E)EdE (10)

Both Pth and Plow contribute to thermalisation in the SC. All the different loss processes
described in Section 1.1 contribute to PCE loss: optical loss, loss from below band gap photon
energy, emission loss, thermalisation loss, emission loss, Carnot loss, angle mismatch loss,
non-radiative recombination, series resistance, shunt resistance, and parasitic absorption loss.
Of these below band gap loss, thermalisation loss, Carnot loss, non-radiative recombination,
series resistance and shunt resistance contribute to heat generation in the SC [8]. But, among
them Pth and Plow are the largest sources of loss.

So, clearly thermalisation of the SC is a crucial process involved in efficiency loss. If we
wish to understand this process and how it arises, quantum mechanical ab initio simulations
can provide insight into thermalisation at a more fundamental level. These simulations can
reveal more complex and poorly understood dynamics of electron-phonon interactions that
lead to thermalisation, and once we have a deep understanding of thermalisation in SCs, we
may be able to find new ways to optimise them.

2.5. Summary

In this section we introduced some literature showing the history of solar cells and how their
efficiency has improved over the years, as well as the detailed balance limit and loss processes
that limit an SC’s efficiency. Included also was literature about modern day DFT based ab
initio simulations, their use on modelling electron-phonon interactions which are crucial for
thermalisation, and the assorted software that can be used for such simulations.

Following that was a discussion of semiconductors and p-n junctions: the Fermi function of
a material shows the probability of certain electronic states being occupied. When a p-type
and n-type semiconductor are joined, a p-n junction is formed. The centre of a p-n junction
forms a strong electric field, called the depletion region, and one can increase the probability
of charge carriers crossing over the depletion region by applying a positive voltage to the
p-side - this is called forward bias. We can find the forward-biased current density using
the diode equation. For a solar cell, a light current is formed under illumination, and we
can subtract that from the diode equation to find the current produced by the SC. Writing
the light current density in terms of the charge-carrier generation rate allows one to model
the J-V characteristics of the SC. When electrons cross the p-n junction to the p-side, they
travel an average distance equal to the diffusion length before recombining with holes. The
diffusion length thus affects the optimal thickness of an SC absorption layer.

Lastly, we reviewed the two most relevant causes of PCE loss in an SC: incident photons
having energy below the band gap, and incident photons having energy higher than the
band gap. Any energy that is not used to excite electrons to cross the band gap is essen-
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tially wasted. The amount of power lost depends on the difference between photon energy
and the band gap, the reflectance and transmittance of the solar cell, and the photon flux
density of the incoming photons. Both of these loss processes result in thermalisation of the
SC. Therefore, studying the quantum mechanical process that causes thermalisation (the
electron-phonon interaction) could provide great insight into SC efficiency loss.

3. Ab Initio Methods Theory

The aim of ab initio methods is to predict macroscopic properties of materials from basic
principles, i.e. that of quantum mechanics. Knowing only the quantum mechanical nature of
electrons and ions and microscopic properties such as atomic positions, ab initio simulations
intend to predict macroscopic, observable properties of materials.

Concepts such as Density Functional Theory provide an exciting practical application of
quantum mechanics. When only the quantum properties of a material are required to sim-
ulate it, a researcher could theoretically be free to explore any possible scenario governed
by the laws of physics. Furthermore, the following section on Density Functional Theory
assumes no particularly advanced knowledge of quantum mechanics, only familiarity with
the Schrödinger equation and mathematical principles related to the many-electron wave-
function.

3.1. Fundamentals of Density Functional Theory

Density Functional Theory is a reformulation of Quantum Mechanics which aims to make
using quantum mechanical principles more computationally feasible for many-body systems.

For instance, in a bulk crystal, there are many atoms arranged in a lattice. If the lattice has
N electrons, and each of these has a position in 3-dimensional space, then the many-body
Schrödinger equation is a function of 3N variables. To solve this problem, Hohenberg and
Kohn proposed in [20] that the energy of a quantum mechanical system of electrons can be
written as a functional of the electron density, which is a function of position (that is,
3 variables) instead of a wavefunction of N electrons. Below, this thesis will go over this
method of reformulating the many body problem using functionals of the electron density.

3.1.1. Defining the Electron Density

The necessary first step in formulating Density Functional Theory is to define the electron
density n(r) of a many-particle wavefunction.

The electron density n(r) can be treated as an observable quantity in quantum mechanics, i.e
as the expectation value of some density operator n̂. For some many-electron wavefunction
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Ψ(r1, s1, r2, s2, ...rN , sN), where ri and si denote the position and spin of the i’th electron
respectively, the electron density is given by:

n(r) = ⟨Ψ|n̂|Ψ⟩ (11)

The electron density operator, to yield an electron density as a function of r, must find the
probability for each electron position ri to be at r. Hence n̂ is defined as:

n̂ =
N∑
i=1

δ(r− ri) (12)

The Dirac Delta function in the operator ensures that to contribute to the density at r, the
i’th electron must have ri = r. We can now derive the electron density for the multi-electron
wavefunction:

n(r) =

∫
...

∫
Ψ∗(r1, s1, ...rN , sN)

N∑
i=1

δ(r− ri)Ψ(r1, s1, ...rN , sN)dr1...drN

=

∫
...

∫ [ N∑
i=1

δ(r− ri)

]
|Ψ(r1, s1, ...rN , sN)|2dr1...drN

=

∫
...

∫
|Ψ(r, s1, ...rN , sN)|2dr2...drN

+

∫
...

∫ [ N∑
i=2

δ(r− ri)

]
|Ψ(r1, s1, ...rN , sN)|2dr1...drN

(13)

The equation becomes a sum of N integrals, each containing a delta function. However,
electrons are indistinguishable particles, and so the labels r1, r2 etc are arbitrary and inter-
changeable. Hence every integral in the sum will yield the same result as the first. As a final
answer, we can write:

n(r) = N

∫
...

∫
|Ψ(r, s1, r2, s2...rN , sN)|2dr2...drN (14)

Now, in Density Functional Theory, the electrons of a many-electron system are modelled
as single electrons inside an external potential (these are the Kohn-Sham equations that are
discussed further on in this section). Because of this, it is necessary to express the many-
electron wavefunction (and hence the density) in terms of single-electron states. To that end,
we write the many-particle wavefunction Ψ as a Slater determinant. This formulation was
derived by Slater in 1929 in [21]. In DFT, this approximation is known as the Hartree-Fock
approximation [22]. A wavefunction expressed as a Slater determinant reads:

Ψ ≈ Φ =
1√
N !

∣∣∣∣∣∣∣∣∣
ϕ1(r1, s1) ϕ2(r1, s1) · · · ϕN(r1, s1)
ϕ1(r2, s2) ϕ2(r2, s2) · · · ϕN(r2, s2)

...
...

. . .
...

ϕ1(rN , sN) ϕ2(rN , sN) · · · ϕN(rN , sN)

∣∣∣∣∣∣∣∣∣ (15)
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The functions ψi are called spin-orbitals. If we assume there is no spin-orbit interaction, the
spin-orbitals can be written as products of a spatial function and a spin-dependent function.

The Slater determinant formulation will allow us to not only simplify the expression for elec-
tron density, but also to easily work out expectation values for any many-particle Hermitian
operators that are a sum of single particle operators (such as the Coulomb interactions which
will be encountered further in this section). We will illustrate this for the case N = 3 below,
but the same argument can be applied for arbitrary N .

Suppose we have a Hermitian operator that is a sum of single particle operators, Ĥ =
∑N

i ĥ
- the operator n̂ defined earlier would fit into this category. We consider N = 3, with 3
single particle states α(r1), β(r2) and γ(r3) such that a many particle wavefunction can be
expressed as the Slater determinant:

Ψ(r1, r2, r3) ≈
1√
6

[α(r)1β(r2)γ(r3) − α(r1)β(r3)γ(r2)

− α(r2)β(r1)γ(r3) + α(r2)β(r3)γ(r1)

+ α(r3)β(r1)γ(r2) − α(r3)β(r2)γ(r1)]

=
1√
6

det(α, β, γ)

(16)

Where det(α, β, γ) is a shorthand notation for the determinant expressed above. Now, we
can evaluate the expectation value:

⟨Ψ|Ĥ|Ψ⟩ =
1

6

∫ ∫ ∫
det(α, β, γ)∗Ĥdet(α, β, γ)dr1dr2dr3 (17)

Due to orthonormality, this integral yields N ! times the first term. This is shown explicitly
in Appendix A in the case of two states for simplicity. Hence, we are left with two simple
products in the integral:

⟨Ψ|Ĥ|Ψ⟩ =

∫ ∫ ∫
(α(r1)β(r2)γ(r3))

∗ Ĥ (α(r1)β(r2)γ(r3)) dr1dr2dr3 (18)

We now have an expectation value with a product of single particle wavefunctions, and an
operator which is a sum of single particle operators, which can be expressed as a trace over
single-particle operators, ⟨Ψ|Ĥ|Ψ⟩ =

∑N
i ⟨ψi|ĥ|ψi⟩.

We now return to the electron density. It can now be expressed as:

n(r) = ⟨Ψ|n̂|Ψ⟩

=

〈
α(r1)β(r2)γ(r3)

∣∣∣∣∣
3∑
i=1

δ(r− ri)

∣∣∣∣∣α(r1)β(r2)γ(r3)

〉
= ⟨α(rs)|δ(r− rs)|α(rs)⟩ + ⟨β(rs)|δ(r− rs)|β(rs)⟩ + ⟨γ(rs)|δ(r− rs)|γ(rs)⟩

=

∫
δ(r− rs)|α(rs)|2drs +

∫
δ(r− rs)|β(rs)|2drs +

∫
δ(r− rs)|γ(rs)|2drs

= |α(r)|2 + |β(r)|2 + |γ(r)|2

(19)
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When the integral was separated into a sum of 3 integrals, the labels r1, r2, r3 became arbi-
trary - electrons are indistinguishable and each of those labels represent electronic position
- hence they were replaced with a single variable rs.

Similarly, for the case of an arbitraryN , if we express a multi-particle wavefunction Ψ(r1, r2, ...rN)
as a Slater determinant of single particle states ψ1, ψ2...ψN , the electron density is given by:

n(r) =
N∑
i=1

|ψi(r)|2 (20)

The expression above will be the most relevant in this thesis’ discussion of DFT. If the
single-electron wavefunctions ψi(r) are normalised, we can see that:∫

n(r)dr = N (21)

Intuitively, this makes sense - if density of particles is the number of particles per unit
volume, then the total number of particles over the entire volume should be N , the total
number of electrons in the system.

We can also use the definition of the electron density in Equation 20 to express integrals
over all the electronic variables as integrals of the electron density. If we consider a potential
V (r) =

∑
i v(ri), the expectation value is:

⟨Ψ|V (r)|Ψ⟩ =
N∑
i

⟨ψi|v(r)|ψi⟩

=
N∑
i

∫
ψ∗
i v(r)ψidr

=

∫ N∑
i

|ψi|2v(r)dr

=

∫
n(r)v(r)dr

(22)

The property above, as well as the definitions of electron density will be vital in the formu-
lation of DFT that is presented in the following sections.

3.1.2. The Hohenberg-Kohn Theorems and their Proofs

In order to reformulate the many-body problem in terms of the electron density, it must first
be proven that this is a valid and unique approach.

1. Suppose we have an electronic many-particle Hamiltonian:

Ĥ = T̂ + Ŵ + Vext(r) (23)
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Where Ŵ represents any additional potential terms that are not a part of the external
potential. Define r = {ri} = r1, r2, ...rN . The first Hohenberg-Kohn theorem states
that [20] no two different external potentials Vext(r) (except by an additive constant)
can yield the same ground state electron density, n(r). There is a one-to-one corre-
spondence between the set of all n(r) and the set of all Vext(r). This theorem can be
proven by contradiction. For ease of notation, let Ψ0(r) = Ψ0 and Ψ′

0(r) = Ψ′
0, where

Ψ0 and Ψ′
0 represent ground state many particle wavefunctions. The electron density

is defined according to Equation 14. Suppose we have two different external potentials
such that:

Ĥ|Ψ0⟩ =
(
T̂ + Ŵ + Vext(r)

)
|Ψ0⟩ = E0|Ψ0⟩

Ĥ ′|Ψ′
0⟩ =

(
T̂ + Ŵ + V ′

ext(r)
)
|Ψ′

0⟩ = E ′
0|Ψ′

0⟩
(24)

That is, the Hamiltonian Ĥ yields the ground state energy E0 and the ground state
electron wavefunction |Ψ0⟩, and similarly, the Hamiltonian Ĥ ′ yields the ground state
energy E ′

0 and the ground state electron wavefunction |Ψ′
0⟩. We are also assuming that

for any constant C,
V ′
ext(r) ̸= Vext(r) + C (25)

Also,

Vext(r) =
∑
i

vext(ri) (26)

For our proof, assume that the first Hohenberg-Kohn theorem is wrong and that both
potentials, that is both Hamiltonians yield ground state wavefunctions with the same
electron density. The electron density is defined as the squared modulus of the wave-
function, so we assume that

n(r) = N

∫
|Ψ0(r, r2...rN)|2dr2...drN = N

∫
|Ψ′

0(r, r2...rN)|2dr2...drN (27)

We know that for a given Hamiltonian, assuming non-degenerate ground states, the
ground state energy given by a ground state wavefunction will always be less than the
energy given by some other, trial wavefunction ΨT ̸= Ψ0 (the variational principle of
quantum mechanics - the ground state energy is the minimum energy of the system).
Hence:

E0 = ⟨Ψ0|Ĥ|Ψ0⟩ < ⟨ΨT |Ĥ|ΨT ⟩
=⇒ E0 < ⟨Ψ′

0|Ĥ|Ψ′
0⟩

Similarly:

E ′
0 < ⟨Ψ0|Ĥ ′|Ψ0⟩

(28)
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We can now expand the inequalities:

E0 < ⟨Ψ′
0|Ĥ|Ψ′

0⟩

E0 < ⟨Ψ′
0|
(
T̂ + Ŵ + Vext(r)

)
|Ψ′

0⟩

E0 < ⟨Ψ′
0|
(
T̂ + Ŵ + Vext(r) + V ′

ext(r) − V ′
ext(r)

)
|Ψ′

0⟩

E0 < ⟨Ψ′
0|Ĥ ′|Ψ′

0⟩ + ⟨Ψ′
0| (Vext(r) − V ′

ext(r)) |Ψ′
0⟩

E0 < E ′
0 +

∫
[Ψ′∗

0 (Vext(r) − V ′
ext(r)) Ψ′

0] dr1dr2...drN

E0 < E ′
0 +

∫
n(r) (vext(r) − v′ext(r)) dr (See Eq.22)

Similarly:

E ′
0 < E0 +

∫
n(r) (v′ext(r) − vext(r)) dr

(29)

If we sum the two inequalities for E0 and E ′
0, we get:

E0 + E ′
0 < E ′

0 + E0 (30)

This is a contradiction. Hence our assumption that the potentials yield the same
electron density is wrong, that is the two integrals in Equation 27 are infact not equal.
The ground state electron density uniquely determines the external potential.

2. The second Hohenberg-Kohn theorem states that [20] the energy of a system is a unique
functional of the electron density, it can be written as E[n(r)]. There exists a ”universal
functional” F [n(r)] such that for the ground state electron density, E[n(r)] is minimised
and yields the ground state energy. E[n(r)] is the defined in the form:

E[n(r)] = F [n(r)] +

∫
n(r)vext(r)dr (31)

To derive the definition of E[n(r)], we write out the expression for the energy of a many-
body system, with T̂ representing the kinetic energy operator and Û representing the
potential experienced from particles interacting with each other:

E[n(r)] =
〈

Ψ
∣∣∣T̂ + Û + Vext(r)

∣∣∣Ψ〉
E[n(r)] =

〈
Ψ
∣∣∣T̂ + Û

∣∣∣Ψ〉+

∫
n(r)vext(r)dr

E[n(r)] =F [n(r)] +

∫
n(r)vext(r)dr

(32)

The functional F [n(r)] does not depend on a system’s unique external potential and
so is the same for any many-electron system.

Now, to prove that the ground-state electron density minimises the energy functional:
consider a ground-state wavefunction Ψ0 that yields a ground state electron density n,
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and a trial wavefuction ΨT that yields a different electron density nT . Because of the
variational principle,

E[n] =
〈

Ψ0

∣∣∣T̂ + Û + Vext(r)
∣∣∣Ψ0

〉
E[nT ] =

〈
ΨT

∣∣∣T̂ + Û + Vext(r)
∣∣∣ΨT

〉
=⇒ E[n] <E[nT ]

(33)

Hence, the energy functional is minimised by the ground-state electron density.

The two theorems above form the foundation of DFT. In practice, for many-body systems,
F [n(r)] is approximated with the Kohn-Sham equations, which will be discussed further on
in this section. The ground state electron density in the variational principle is typically
characterised by imposing normalisation using the Lagrange Multiplier method [23].

3.1.3. The Dynamical Matrix and the Kohn-Sham Equations

We wish to model a crystal lattice, a system of many interacting nuclei and electrons in
order to study the lattice dynamical and electronic properties of the system. The general
first step taken is the adiabatic or Born-Oppenheimer (BO) approximation, initially
outlined by by Born and Oppenheimer in [24]. The approximation assumes that, since nuclei
have much higher mass and move at much lower velocities than electrons, electrons respond
to changes in their environment much more quickly and can be modeled as moving in a
field where the nuclei are at fixed positions. First we solve the many-electron Schrödinger
equation for specific nuclear configurations, then the electronic energies contribute to a fixed
potential energy surface (PES) for the nuclei. Then the nuclear Schrödinger equation can
be solved and analysed for the (global) minimum of the PES, which allows one to calculate
the vibrational properties of the system.

One should note that the BO approximation would be highly inaccurate in systems where
the nuclear and electronic motion is strongly coupled. An example of this would be in certain
chemical reactions [23], or systems containing light elements such as H, He, or Li.

Suppose we have a system where the BO approximation is valid, such as a crystal lattice. Let
R = {R1,R2, ...RNA

} = {RI} be the set of all nuclear positions, or the nuclear configuration
(with NA the total number of nuclei), and RI represents the position of nucleus I. The
nuclear Schrödinger equation reads:(

−
∑
I

ℏ2

2MI

∂2

∂R2
I

+ E(R)

)
Φ(R) = EΦ(R) (34)

Where MI is the mass of the I’th nucleus. E(R) is the external potential that arises from
the field of electrons surrounding the nuclei. It is called the Born-Oppenheimer (BO)
energy surface or the clamped-ion energy [23]. E(R) is in fact the ground state energy
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for the system of electrons moving in the field of ”fixed” nuclei. The electronic Schrödinger
equation reads:

ĤBO
R (r)ΨR(r) = E(R)ΨR(r) (35)

The electronic wavefunction ΨR(r) is a function of the electronic positions r = {ri}, for some
fixed nuclear configuration R, that is it depends parametrically on R. The same is true for
the Hamiltonian ĤBO, which represents the net energy of the system of electrons. It is called
the Born-Oppenheimer Hamiltonian, and has the form:

ĤBO = − ℏ2

2m

∑
i

∂2

∂r2i
+

1

2

e2

4πε0

∑
i

∑
j ̸=i

1

|ri − rj|
+
∑
i

VR(ri) + EN(R)

Where:

VR(ri) = − 1

4πε0

∑
I

ZIe
2

|ri −RI |

EN(R) =
1

2

e2

4πε0

∑
I

∑
J ̸=I

ZIZJ
|RI −RJ |

(36)

The terms in the above Hamiltonian simply represent the kinetic energy and the electrostatic
interaction energy that result from the electrons. The last two terms are labelled for ease of
notation later on. To be consistent with other sources and for ease of notation, we will use
atomic units such that the Coulomb constant 1/4πε0 = 1. ZI is the atomic number of the
I’th nucleus, and ri is the position of the i’th electron.

The system of nuclei will be at its equilibrium geometry when the net force FI acting on
each nucleus I is zero. Hence, at equilibrium,

FI ≡ −∂E(R)

∂RI

= 0 (37)

Since E(R) is a scalar function of multiple variables, its second derivative is a matrix, called
the Hessian.

H =
∂2E(R)

∂RI∂RJ

(38)

This Hessian describes the dynamical behaviour and the interatomic forces of the system. It
is called the matrix of Interatomic Force Constants (IFCs), while its Fourier transform
(used in the discussion for crystal lattices later on in this thesis) is called the Dynamical
Matrix. The eigenvalues of the (scaled) matrix of IFCs are the phonon frequencies,
denoted ω. A phonon is a collective atomic vibration, that can be modeled as a bosonic
particle in Quantum Mechanics. It has an energy, momentum/wavevector, and polarization.
Phonons are classified into phonon modes, which are given by the different eigenvectors of
the matrix of IFCs. Hence to determine the phonon frequencies, we need to solve:

det

(
1√

MIMJ

∂2E(R)

∂RIRJ

− ω2δIJ

)
= 0 (39)
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Figure 2: A schematic diagram of a phonon dispersion relation. The different phonon modes
are labelled. Phonon frequency is depicted on the vertical axis, while the horizontal axis
depicts wavevector. The labels Γ, X, L indicate specific points in the lattice, with Γ being
q = (0, 0, 0). This format of the diagram allows us to visualise the magnitude of the phonon
frequency along different paths, for example Γ → X → Γ → L. It is worth noting that at Γ,
acoustic phonon frequency vanishes.

Where δIJ is the identity matrix, and the matrix of IFCs is scaled by dividing it by the
square roots of the nuclear masses.

When the phonon frequencies for a periodic crystal lattice are calculated numerically, they
are typically plotted as a function of reciprocal space wavevectors q. This is because working
in reciprocal space (the Fourier transform of real space) is more convenient numerically as it
coincides with the application of Bloch’s theorem on the electronic wave function and on the
lattice vibrations. The plot of ω(q) for each phonon mode is called the Phonon Dispersion
Relation and typically looks like Fig 2. Points Γ, X and L are points on the first Brillouin
Zone (BZ) (a primitive unit cell of a crystal defined in reciprocal space) of a cubic lattice.

Phonon modes which have zero frequency at the point Γ are called acoustic modes. Acoustic
phonons which have a polarisation parallel to their wavevector q are called Longitudinal
Acoustic (LA) phonons, and if their polarisation is perpendicular to the wavevector, they
are called Transverse Acoustic (TA) phonons. Phonon modes which have non-zero frequency
at the Γ point are called optical, and can be further split in semiconductors to Transverse
Optical (TO) and Longitudinal Optical (LO) [25].

We now return to the task of finding the first and second derivatives of the BO energy surface,
E(R). The derivative can be found by using the Hellmann-Feynman (HF) Theorem. The
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HF theorem has in fact been derived and proven independently by several physicists [26],
including Wolfgang Pauli in 1922 in [27], however it is named after Hans Hellmann who
proved it in 1937 in [28] and Richard Feynman who proved it in 1939 in [29].

The HF Theorem states that for a Hamiltonian that depends on a parameter λ, the partial
derivative of the expectation value is the expectation value of the partial derivative of the
Hamiltonian. So,

Given:

Eλ =
〈

Ψλ

∣∣∣Ĥλ

∣∣∣Ψλ

〉
Then:

∂Eλ
∂λ

=

〈
Ψλ

∣∣∣∣∣∂Ĥλ

∂λ

∣∣∣∣∣Ψλ

〉 (40)

Where Ψλ is an eigenfunction of the Hamiltonian corresponding to the eigenvalue Eλ. A
proof of this theorem is as follows:

∂Eλ
∂λ

=
∂

∂λ

〈
Ψλ

∣∣∣Ĥλ

∣∣∣Ψλ

〉
=

〈
∂Ψλ

∂λ

∣∣∣Ĥλ

∣∣∣Ψλ

〉
+

〈
Ψλ

∣∣∣∣∣∂Ĥλ

∂λ

∣∣∣∣∣Ψλ

〉
+

〈
Ψλ

∣∣∣Ĥλ

∣∣∣ ∂Ψλ

∂λ

〉

=

〈
∂Ψλ

∂λ

∣∣∣∣EλΨλ

〉
+

〈
Ψλ

∣∣∣∣∣∂Ĥλ

∂λ

∣∣∣∣∣Ψλ

〉
+

〈
ΨλEλ

∣∣∣∣ ∂Ψλ

∂λ

〉

= Eλ

[〈
∂Ψλ

∂λ

∣∣∣∣Ψλ

〉
+

〈
Ψλ

∣∣∣∣∂Ψλ

∂λ

〉]
+

〈
Ψλ

∣∣∣∣∣∂Ĥλ

∂λ

∣∣∣∣∣Ψλ

〉

= Eλ
∂

∂λ

〈
Ψλ

∣∣∣∣Ψλ

〉
+

〈
Ψλ

∣∣∣∣∣∂Ĥλ

∂λ

∣∣∣∣∣Ψλ

〉

=

〈
Ψλ

∣∣∣∣∣∂Ĥλ

∂λ

∣∣∣∣∣Ψλ

〉

(41)

This occurs because we assume Ψλ is normalised, hence ⟨Ψλ|Ψλ⟩ = 1 and so its partial
derivative yields zero.

Using the Hellman-Feynman Theorem we can now calculate the first derivative of the BO
energy surface, the negative of which yields the force on each nucleus. Only the terms
containing VR(r) and EN(R) depend on R, so only those terms are left when the partial
derivative with respect to RI is taken. Assuming that the wavefunction and electron density
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are normalised:

FI ≡ −∂E(R)

∂RI

= −

〈
ΨR(r)

∣∣∣∣∣∂ĤBO
R (r)

∂RI

∣∣∣∣∣ΨR(r)

〉

= −

〈
ΨR(r)

∣∣∣∣∣∑
i

∂VR(ri)

∂RI

+
∂EN(R)

∂RI

∣∣∣∣∣ΨR(r)

〉

= −

〈
ΨR(r)

∣∣∣∣∣∑
i

∂VR(ri)

∂RI

∣∣∣∣∣ΨR(r)

〉
−
〈

ΨR(r)

∣∣∣∣∂EN(R)

∂RI

∣∣∣∣ΨR(r)

〉
= −

∫
Ψ∗

R(r)
∑
i

∂VR(ri)

∂RI

ΨR(r)dr1...drN −
∫

Ψ∗
R(r)

∂EN(R)

∂RI

ΨR(r)dr1...drN

= −
∫
nR(r)

∂VR(r)

∂RI

dr− ∂EN(R)

∂RI

(42)

Next, we compute the second derivative, given simply by the product rule for derivatives:

∂2E(R)

∂RI∂RJ

=

∫
∂nR(r)

∂RJ

∂VR(r)

∂RI

dr +

∫
nR(r)

∂2VR(r)

∂RI∂RJ

dr +
∂EN(R)

∂RI∂RJ

(43)

This shows that the matrix of IFCs can be computed using the electron density, as opposed
to the electronic wavefunction. This is in fact a special case of the second Hohenberg-Kohn
theorem described earlier. In particular, the matrix of IFCs requires both the ground-state
electron density nR(r) and the partial derivative ∂nR(r)/∂RJ , the linear response of the
density due to a change in nuclear configuration. The problem now remains to calculate
these quantities.

This problem to determine nR(r) is addressed by the theory of Walter Kohn and Leu Jeu
Sham in [30], where they described a set of self-consistent equations to solve the Schrödinger
equation for a system of interacting electrons. This is anologous to the Hartree-Fock method,
first described by Douglas Rayner Hartree in [31] and [32].

Consider the system of interacting electrons. According to the Hohenberg-Kohn theorems,
the system’s ground state energy can be expressed as:

E[n(r)] = F [n(r)] +

∫
n(r)V (r)dr (44)

Where the universal functional F [n(r)] accounts for energy resulting from the electron’s
interacting amongst themselves, and V (r) here denotes the external potential that interacts
with the electron density (abbreviated from nR(r) to n(r) for ease of notation). In the case
of our system of many nuclei and electrons (in a crystal lattice), the external potential acting
on the electrons arises from the Coulomb forces due to the nuclei, which are assumed frozen
in place in the BO approximation. The universal functional then includes the kinetic energy
term as well as the electron-electron interaction. The electron-electron interaction can be
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expressed as an integral over the electron density, however in doing so the term will now
include an interaction of the electron with itself. This term is called the Hartree term, EH .

F [n(r)] = T0[n(r)] + EH [n(r)] + Exc[n(r)] (45)

A term Exc[n(r)], called the exchange-correlation functional, is also added to the univer-
sal functional. It is simply a place-holder term that represents any other possible effects on
the energy that have been unaccounted for, because their explicit form as functionals of n(r)
is not known. However, it is named the exchange-correlation functional because in practice,
it represents electron ”exchange” and ”correlation” effects: ”exchange” is a quantum me-
chanical effect that can cause two electrons to swap (exchange) wavefunctions, which causes
a decrease in electron-electron repulsion; ”correlation” refers to how an electron’s motion
may be influenced by other electrons.

We can now express the ground state energy, with the Hartree term written out explicitly:

E[n(r)] = T0[n(r)] +
e2

2

∫ ∫
n(r)n(r′)

|r− r′|
drdr′ + Exc[n(r)] +

∫
n(r)V (r)dr (46)

In the above equation, r can be thought of as ri and r′ can be thought of as rj written

in the definition of ĤBO, Equation 36. In numerical simulations, Exc[n(r)] needs to be
approximated.

It was discussed in Section 3.1.1 that if the wavefunction ΨR(r) of N electrons is approxi-
mated as a Slater determinant of many single particle spin-orbitals ψn(r), we can write the
electron density as a sum of the moduli of the single-particle states.

n(r) =
N∑
n

|ψn(r)|2 (47)

Hence we can determine the approximate electron density by determining these single-
particle states.

Let us a consider one single electron, with wavefunction ψn(r) in our original system of
interacting electrons that was expressed with ΨR(r). The concept proposed by Kohn and
Sham is to treat the electron-electron interaction term as part of the ”external” potential
acting on a single electron in the non-interacting reference system. The single electron
Schrödinger equation can be written as:(

− ℏ2

2m

∂2

∂r2
+ VSCF (r)

)
ψn(r) = εnψn(r) (48)

For a single electron with wavefunction ψn(r) in our original system of many electrons and
many nuclei, the potential term VSCF (r) now incorporates the effects of other electrons,
nuclei, and exchange and correlation.

VSCF (r) = V (r) + e2
∫

n(r′)

|r− r′|
dr′ + vxc(r)

Where:

vxc(r) =
δExc[n(r)]

δn(r)

(49)
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The term vxc(r) is called the exchange-correlation potential and is the functional deriva-
tive of the exchange-correlation energy.

The form of VSCF is very similar to the functional derivative of Equation 46. We can write

T0[n(r)] =
∑

n

〈
ψn(r)

∣∣∣− ℏ2
2m

∂2

∂r

∣∣∣ψn(r)
〉

, and shift all possible corrections into Exc. Then:

δE[n(r)]

δn(r)
= VSCF (r) +

e2

2

∫
n(r′)

|r− r′|
dr′ (50)

In practice, the extra term containing the double integral can be incorporated into Exc, such
that δE[(r)]/δn(r) = VSCF .

Hence, we have modelled the electrons in the many electron system as single electrons under
an external potential, VSCF , which represents the same effects a single electron would expe-
rience if it were in a many-electron system. The one-electron Schrödinger equation can be
solved for the wavefunctions ψn(r), which are called the auxilliary Kohn-Sham orbitals,
and their corresponding eigenvalues are given by εn (see Equation 48).

Equations 47, 48, and 49 form what are known as the Kohn-Sham equations. When these
equations are solved numerically, one starts with an initial estimate for the electron density.
That is then used to solve for VSCF , which in turn is used to solve for the orbitals ψn(r).
The orbitals are then used to calculate a new value for the density. This process is repeated
iteratively until the value for the density converges (becomes self-consistent). This is often
referred to as Self-Consistent Field (SCF) calculation.

We can also find the relation between the single electron ground state energies, and the
energy functional E[n(r)], the BO energy surface. Note that the sum over all the single
electron states n can also be taken as double the sum from states 1 to N/2, accounting for
electrons of different spins occupying the same state. Otherwise, one can simply define εn in
such a way that it is implied that each value arises twice, as opposed to each state and each
εn being unique.

N∑
n

εn = 2

N/2∑
n=1

εn = 2

N/2∑
n=1

〈
ψn(r)

∣∣∣∣(− ℏ2

2m

∂2

∂r
+ VSCF (r)

)∣∣∣∣ψn(r)

〉

= 2

N/2∑
n=1

∫
ψ∗
n(r)

(
− ℏ2

2m

∂2

∂r

)
ψn(r)dr + 2

N/2∑
n=1

∫
ψ∗
n(r)ψn(r)VSCF (r)dr

= T0[n(r)] +

∫
n(r)VSCF (r)dr

= T0[n(r)] +

∫
n(r)V (r)dr +

∫
n(r)

(
e2
∫

n(r′)

|r− r′|
dr′
)

dr +

∫
n(r)vxc(r)dr

(51)

So the energy functional in terms of the Kohn-Sham orbital energies is:

E[n(r)] = 2

N/2∑
n=1

εn −
e2

2

∫ ∫
n(r)n(r′)

|r− r′|
dr′dr + Exc[n(r)] −

∫
n(r)vxcdr (52)
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3.1.4. Application to crystals

Most Ab Initio software for crystalline systems such as Quantum Espresso use a Plane-Wave
basis set [33] where the single electron wave function is expanded into Plane Waves using
Bloch’s theorem. Since the calculations in this thesis are presented for bulk crystalline silicon
and Gallium Arsenide, the nuclei are arranged periodically, hence the potential which acts
on the single electrons in the Kohn-Sham Schrödinger equation, VSCF is periodic. Hence, the
single electron wavefunctions can be expressed as plain waves multiplied by a lattice periodic
amplitude function, as according to Bloch’s Theorem, shown by Felix Bloch in [34].

ψn(r) = eik·run(r) (53)

Here k indicates a point in reciprocal space, also called the wavevector, and un(r) is a periodic
function with the same periodicity as VSCF and the bulk crystal. Recall that the electron
wavefunction and hence the periodic function un(r) depends parametrically on R.

It was shown that the matrix of IFC’s is given by ∂2E(R)
∂RI∂RJ

and we can solve for the phonon
frequencies using Equation 39, and the the IFC matrix can be found with Equation 43. We
can break up Equation 43 into an electronic contribution (the first two terms), and an ionic
contribution (the third term). Next, we wish to convert Equations 39 and 43 to reciprocal
coordinate space for the numerical calculation. The following theory to carry out these steps
can be found in [23]. We define the position of the I-th atom in terms of the the unit cell l
and atom s within a unit cell.

RI ≡ Rl + ps + zs(l) (54)

Where Rl indicates the position of the l-th unit cell, ps is the position of the s-th nucleus in
said unit cell at equilibrium, and zs(l) is the deviation from equilibrium of the s-th nucleus.
Similarly, we can define RJ ≡ Rm + pt + zt(m). We can see that ∂RI = ∂zs, hence the
matrix of IFCs can be written, with respect to the components of zs(l) and zt(m):

Cαβ
st (l,m) ≡ ∂2E

∂zαs (l)∂zβt (m)
(55)

Where α, β are the row and column indices of the matrix respectively. If we write the total
number of unit cells in the lattice as Nc, the Fourier transform of Cαβ

st (l,m) is given by:

C̃αβ
st (q) ≡

∑
RI

e−iq·RICαβ
st (l,m)

=
1

Nc

∂2E

∂z∗αs (q)∂zβt (q)

(56)

The term zs(q) comes from the following expression for the position vector (or ”distortion
pattern”) RI :

RI [zs(q)] = Rl + ps + zs(q)eiq·Rl (57)
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Now we can use the transformed matrix of IFCs to obtain the phonon frequencies (as a
function of coordinates in reciprocal space) using the same determinant as before.

det

(
1√
MsMt

C̃αβ
st (q) − ω2(q)

)
= 0 (58)

Similarly to how ∂2E(R)
∂RI∂RJ

was derived, we can calculate for C̃αβ
st (q)

C̃αβ
st (q) =

1

Nc

[∫
∂nR(r)

∂zβt (q)

∂VR(r)

∂zαs (q)
dr +

∫
nR(r)

∂2VR(r)

∂zαs (q)∂zβt (q)
dr +

∂2EN(R)

∂zαs (q)∂zβt (q)

]
C̃αβ
st (q) =

1

Nc

[∫
∂nR(r)

∂zβt (q)

∂VR(r)

∂zαs (q)
dr +

∫
nR(r)

∂2VR(r)

∂zαs (q)∂zβt (q)
dr

]
+ ionC̃

αβ

st (q)

(59)

The term ionC̃
αβ

st (q) is calculated from the nuclei-nuclei interaction energy and is independent
of the electron density. An explicit derivation of the term in reciprocal space coordinates
can be found in [23].

All that is needed now to calculate the remainder of the matrix of IFCs is the derivative
of VR(r) and of the electron density. The derivative of the electron density is given by the
variation of the electron density, which needs to be determined using Density Functional
Perturbation theory. This prodecure is carried out in Section 3.2. The term VR(r) is the
electron-nucleus interaction energy. It is often approximated by defining some ”pseudopo-
tential”, vs, such that [23]:

VR(r) =
∑
I

vs(r−RI)

VR(r) =
∑
l

∑
s

vs(r−Rl − ps − zs(l))
(60)

A pseudopotential is an approximation for the true electron-ion interaction energy. The
pseudopotential assumes that the inner electrons of the atom are fixed, and accounts for
their contribution as part of a potential that acts only on the valence electrons.

The final obstacle that remains to solving the Kohn-Sham system is finding suitable approx-
imations for the exchange correlation functional.

3.1.5. Exchange-Correlation Functionals

An in-depth discussion of various exchange-correlation functionals is beyond the scope of
this thesis, but we will indroduce the main types that are most commonly used.

The Local Density Approximation (LDA) was initially introduced by Kohn and Sham in
1965 in [30]. The system is divided into several small, equal volumes which are each assumed
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to contribute the same exchange-correlation energy. Each volume is small enough such that
the electron density within is approximated to be constant. Then at each coordinate r,
the constant density contributes an exchange-correlation energy εxc(n). The total exchange-
correlation energy is given by:

ELDA
xc =

∫
εxc(n)n(r)dr (61)

The energy εxc(n) is calculated numerically, and is typically written as a sum of exchange
and correlation parts εxc(n) = εx(n) + εc(n) Clearly in the case of the uniform electron
gas, where the electron density is constant everywhere, the LDA is exact and no longer an
approximation. However even for more complex systems, it has proven to be surprisingly
accurate when calculating some properties (structure, phonon frequency, bulk modulus, bond
length) for materials with weak correlation [23].

The LDA approximation can also be written as a function of densities for spin-up and spin-
down electrons explicitly, where it is called the Local Spin Density Approximation (LDSA).

The Generalized Gradient Approximation was introduced by Axel D. Becke in 1988 [35],
Perdew et al in 1993 [36] and Langreth and Mehl in 1984 [37]. It supposes that the exchange-
correlation energy for a coordinate r is a function of both the electron density as well as the
gradient of the electron density, in order to account for a system with non-uniform electron
density.

EGGA
xc =

∫
εxc(n,∇n)n(r)dr (62)

The energy εxc(n,∇n)n(r) also needs to be calculated numerically. One type of GGA func-
tional that is used later in this thesis is the ”Perdew-Burke-Ernzerhof” (PBE) functional,
introduced in [38].

GGA functionals generally have more accurate correlation energies than LDA functionals [23].

The third most common type of exchange-correlation functionals are Hybrid Functionals.
These were presented and analysed by Axel D. Becke in 1993 in [39]. To construct the
hybrid functional, we first define an exchange-correlation potential Uλ

xc, where λ represents
electron-electron coupling strength. The exchange correlation energy is the integral of the
potential, and this integral is then approximated by linear interpolation:

EHy
xc =

∫ 1

0

Uλ
xcdλ

≈ 1

2
U0
xc +

1

2
U1
xc

(63)

But, at λ = 0, there is no electron-electron coupling. Hence U0
xc represents exchange energy

only, and can be represented exactly by the Hartree-Fock exchange energy functional:

EHF
x = −1

2

∫ ∫
ψi(r)

∗ψj(r
′)∗ψj(r)ψi(r

′)∗

|r− r′|
drdr′ (64)
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Ex needs to be solved for numerically. Next, the term U1
xc is approximated by any other

approximations for the exchange-correlation energy. In [39], Becke proposes using the LSDA
functional. For increased accuracy, the factors of 1/2 can be replaced with some parameters
C0 and C1 which are adjusted according to whichever gives the best accuracy when compared
to experiment. Hence, the hybrid functional reads:

EH
xc = C0E

HF
x + C1E

LSDA
xc (65)

The hybrid functional has been shown to give very accurate results for the exchange corre-
lation energy when compared to experiment [39].

A type of hybrid functional that is be used later in this thesis is the Heyd–Scuseria–Ernzerhof
(HSE) functional, presented by Jochen Heyd, Gustavo E. Scuseria and Matthias Ernzer-
hof in 2003 in [40]. In 2006 some corrections were made to parameters used by the HSE
functional [41, 42], and this new version is labelled as HSE06.

3.2. DFPT and the Variation of the Electron Density

The procedure to calculate the matrix of IFCs using DFT is called Density Functional
Perturbation Theory (DFPT) [23]. The process of combining the Hartree-Fock method
with the Perturbation Theory of Quantum Mechanics was first done by R. M. Sternheimer
in 1954 in [43] to calculate electronic polarizabilities.

In Equation 43 it was seen that the matrix of IFCs requires both the electron density, and
the linear response of the electron density, ∂n(r)/∂RJ . To find the derivative of the electron
density, the Kohn-Sham equations must be linearised. In order to do this, we must first
define the ”finite-difference operator”: suppose we have a function F(x) which depends
parametrically on λ, we define a finite-difference operator ∆λ as [23]:

∆λFλ(x) =
∑
i

∂Fλ

∂λi
∆λλi (66)

Using the operator, we can linearise Equation 47, the electron density. Applying the finite-
difference operator to the electron density will yield the change in the density at each r, due
to variations in nuclear configuration R.

∆RnR(r) = ∆R

2

N/2∑
n=1

|ψn(r)|2


= 2

N/2∑
n=1

∑
I

[
∂

∂RI

(ψ∗
n(r)ψn(r))∆RRI

]

= 2

N/2∑
n=1

∑
I

[(
ψ∗
n(r)

∂ψn(r)

∂RI

+ ψn(r)
∂ψ∗

n(r)

∂RI

)
∆RRI

]
(67)
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We can see above that the two terms in the round brackets are complex conjugates of each

other, that is ψ∗
n(r)∂ψn(r)

∂RI
=
(
ψn(r)∂ψ

∗
n(r)

∂RI

)∗
. Now we can use the fact that for an arbitrary

complex number ϕ = a+ ib, the sum of it and its complex conjugate ϕ+ ϕ∗ = 2a = 2Re(ϕ).
Hence:

∆RnR(r) = 2

N/2∑
n=1

∑
I

[
2Re

(
ψ∗
n(r)

∂ψn(r)

∂RI

)
∆RRI

]

= 4

N/2∑
n=1

[
Re

(
ψ∗
n(r)

∑
I

∂ψn(r)

∂RI

)
∆RRI

] (68)

Finally, the variation in the electron density can be expressed as:

∆RnR(r) = 4Re

N/2∑
n=1

ψ∗
n(r)∆Rψn(r)

 (69)

This means that to find the variation in the electron density, we need ∆Rψn(r), the variation
of the auxiliary KS orbitals. This is solved by writing the problem in terms of first order
Quantum Mechanical perturbation theory.

Suppose we have a ground state Hamiltonian Ĥ0, state |n0⟩ and energy E0
n. Then sup-

pose that the Hamiltonian is perturbed by a potential, or perturbation V̂ , which yields the
eigenvectors |n⟩ and eigenvalues En. The first order perturbation theory equation reads [44]:

Ĥ0

∣∣n(1)
〉

+ V̂
∣∣n0
〉

= E0
n

∣∣n(1)
〉

+ E(1)
n

∣∣n(0)
〉

(70)

Where
∣∣n(1)

〉
and E

(1)
n are the first order variations of

∣∣n(0)
〉

and E0
n respectively. Higher

order terms have been neglected.

In the notation used for our Kohn-Sham system, the ground state
∣∣n(0)

〉
is written as the KS

orbital ψn, and its first order variation is represented by ∆Rψn. The orbital’s corresponding
eigenvalue is εn and its variation can be expressed as ∆Rεn. The Kohn-Sham Hamiltonian,
ĤKS is given by Equation 48. Suppose that the Kohn-Sham system is perturbed by some
variation V̂ = ∆RVSCF . Then:

ĤKS

∣∣∆Rψn
〉

+ ∆RVSCF |ψn⟩ = εn
∣∣∆Rψn

〉
+ ∆Rεn |ψn⟩(

ĤKS − ε0

) ∣∣∆Rψn
〉

= −
(
∆RVSCF − ∆Rεn

)
|ψn⟩ (71)

Equation 71 above is the first order perturbation theory equation for the Kohn-Sham system [23].
This equation is analogous to the Sternheimer Equation used in atomic physics, derived by
Sternheimer in [43].

The variation (first order correction) of the ground state energy εn is also given by first-order
perturbation theory.

∆Rεn =
〈
ψn
∣∣∆RVSCF

∣∣ψn〉 (72)
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The variation in the SCF potential is simply the sum of the variation of all the terms:

∆RVSCF =∆RV (r) + e2
∫

∆Rn(r′)

|r− r′|
dr′ + ∆Rvxc(n(r))

=∆RV (r) + e2
∫

∆Rn(r′)

|r− r′|
dr′ +

∑
I

∂vxc[n(r)]

∂RI

∆RRI

=∆RV (r) + e2
∫

∆Rn(r′)

|r− r′|
dr′ +

dvxc
d (n(r))

∑
I

∂n(r)

∂RI

∆RRI

=∆RV (r) + e2
∫

∆Rn(r′)

|r− r′|
dr′ +

dvxc
d (n(r))

∆Rn(r)

(73)

So:

∆RVSCF = ∆RV (r) + e2
∫

∆Rn(r′)

|r− r′|
dr′ +

dvxc
dn

∣∣∣∣
n=n(r)

∆Rn(r) (74)

Equations 69, 71 and 74 can be solved iteratively/self-consistently to find the variation of
the electron density, in the same way that the Kohn-Sham equations can be solved to find
the electron density.

The equations above are the approach used to calculate the phonon dispersion in Section
5. However, using perturbation theory, it is possible to derive further expressions for the
variation of the wavefunction, and by extension for the variation of the density. Suppose we
have some state ψm(r), m ̸= n. Then from first order perturbation theory, it is given that:

∆Rψn(r) =
∑
m̸=n

ψm
⟨ψm|∆RVSCF |ψn⟩

εn − εm
(75)

It follows with Equation 69:

∆Rn(r) = 4Re

N/2∑
n=1

∑
m̸=n

ψ∗
nψm

⟨ψm|∆RVSCF |ψn⟩
εn − εm

(76)

The sum above can be simplified since for all m which correspond to occupied states (the
same states that are denoted by n), the states will cancel out. Let us denote the values of
m and n as n = 1, 2, 3, ...i, ...j, ...N and m = 1, 2, 3...i, ...j, ...N,N + 1, ...M . The states ψn
denote ground states and hence all occupied or valence states. The states ψm denote all
possible states, so for m ≥ N + 1, ψm denotes a conduction, or unoccupied state. Consider
the case where m represents a valence state, that is consider the case where n = i and m = j,
and vice versa. We can see that, since ∆RVSCF is Hermitian (since it is simply real-valued):

ψ∗
iψj

⟨ψj|∆RVSCF |ψi⟩
εi − εj

= −
(
ψ∗
jψi

⟨ψi|∆RVSCF |ψj⟩
εj − εi

)∗

(77)

And for any complex number, the difference between it and its complex conjugate yields
twice the imaginary part of the complex number, that is:

ψ∗
iψj

⟨ψj|∆RVSCF |ψi⟩
εi − εj

+ ψ∗
jψi

⟨ψi|∆RVSCF |ψj⟩
εj − εi

= 2Im

(
ψ∗
iψj

⟨ψj|∆RVSCF |ψi⟩
εi − εj

)
(78)
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But Equation 76 takes only the real part of the summation, which means that the imaginary
part above is equal to zero. Hence, for all m which denote a valence state, ψm will cancel
out in the sum. Therefore we can shorten the sum by setting ψm to represent conduction
states only, that is m = N + 1, ...M .

This method of determining the electron density variation given by Equation 76 requires
knowing both the conduction and valence states of a system, which is significantly more
computationally expensive than determining only the valence states, so it is used less in
practice [23].

3.3. The Electron-Phonon Interaction

As mentioned before, we can model collective atomic vibrations as particles, and these parti-
cles are named phonons. In a crystalline semiconductor, electrons will lose energy through
inelastic scattering with phonons. The phonons will then transfer energy to the lowest energy
phonons (these are the acoustic phonons) which leads to thermalisation. It is well known
that thermalisation of the solar cell lowers the conversion efficiency of the PV device [45]. In
order to study how phonons affect the conductivity of a PV device, we study the electron-
phonon interaction. It is complicated to simulate the dissipation to lower-energy phonons,
so this thesis will assume that this process is very fast compared to the lifetimes related to
electron-phonon interactions.

Phonons arise from variations in atomic positions, ∆RRI . To study them, first we define the
position of the I-th atom in terms of the the unit cell l and atom s within a unit cell.

RI ≡ Rl + ps + zs(l) (79)

Here, Rl indicates the position of the l-th unit cell, ps is the equilibrium position of the s-th
nucleus in each unit cell, and zs(l) is the deviation from equilibrium of the s-th nucleus in
the l-th unit cell, that is zs(l) is the displacement of the I-th nucleus. The index I can be
defined as I = {l, s}. Let R0

I be the equilibrium position of the I-th atom, where zs(l) = 0.

The Fourier Transform of the displacement is:

f(q) =
1√
Nl

∑
I

zs(l)e
−q·R0

I (80)

So the inverse Fourier Transform is:

zs(l) =
1√
Nl

∑
q

f(q)eq·R
0
I (81)

Where Nl is the number of unit cells, and q signifies points in the reciprocal lattice.

In order to proceed, we need to make one crucial approximation - that is that the atomic
vibrations can be modelled as harmonic oscillators. For some vibration with wavevector q,
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we indicate a vibration with the same magnitude but opposite direction with wavevector -q.
Then, the Fourier Transform of the displacement is written simply the same way a position
operation is written in terms of the creation and annihilation operators of the quantum
harmonic oscillator (in reciprocal space) [44, 46].

f(q) =

√
ℏ

2Mωη(q)
eη(q)(a†−q,η + aq,η) (82)

Where eη(q) is the eigenvector along the direction of q for phonon mode η, M is the mass
contained in the unit cell, and ωη(q) is the frequency of the atomic vibration. There are
several types of phonon modes η, so we consequently take an additional sum over η, and the
final expression for the atomic displacements is then:

zs(l) =
∑
q,η

√
ℏ

2Mωη(q)Nl

eη(q)eq·R
0
I (a†−q,η + aq,η) (83)

The atomic displacement zs(l) is synonymous with the variation in atomic positions ∆RRI .

We can now see that the expression for the atomic displacement contains information about
phonons, such as their wavevectors and frequencies. In order to determine the electron-
phonon interaction, we can look at how atomic displacement affects electronic energies.

First, we must recall the Hamiltonian for our electronic system, the Kohn-Sham Schrödinger
equation shown in Equation 48. The potential VSCF represents all interactions of electrons
with each other as well as with nuclei. The next step is to expand VSCF as a Taylor series
about the equilibrium nuclear configuration, R0 [15]. Note that previously, we treated VSCF
as a function of the electronic positions r, and it only depended parametrically on the nuclear
configuration R. In the discussion below, the dependence of VSCF on R is what is relevant,
and so it is written as a function of R.

VSCF (R) = VSCF (R0) + ∆RVSCF +
1

2

∂2VSCF

∂R2
I

(
∆RRI

)2
+ ... (84)

The first term, VSCF (R0) does not contain any phonon-inducing effects, as no phonons are
created when the atoms are simply fixed at their equilibrium positions. This term also
contains the electron-electron interaction, while the other terms do not as the electron-
electron interaction does not depend explicitly on R (within the context of the adiabatic
approximation). Hence, the electron-phonon interaction contained within VSCF is a result
of the first order and higher order terms. We will yet again approximate and consider only
the first order term. Hence we can write:

Ĥep ≈ ∆RVSCF (85)

Where Ĥep is defined as an electron-phonon interaction Hamiltonian. To derive the expres-
sion for the electron-phonon interaction potential, we model an electron interacting with a
phonon as single particle, or quasiparticle, often called a ”polaron”.
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Suppose an electron is in state |k, σ⟩, where k is its wavevector and its band index is denoted
by σ. The electron scatters a phonon of some phonon mode η = LA, TA, TO or LO with
wave vector q. This causes the electron to change momentum (it may or may not change
band index well) to |k + q, σ⟩. The electron-phonon interaction for this process is:

Vep =
∑
k

〈
k + q, σ

∣∣∣Ĥep

∣∣∣k, σ〉 c†k+q,σck,σ (86)

We can now evaluate:

Vep =
∑
k

〈
k + q, σ

∣∣∆RVSCF
∣∣k, σ〉 c†k+q,σck,σ

=
∑
k

〈
k + q, σ

∣∣∣∣∣∑
I

∂VSCF (R)

∂RI

zs(l)

∣∣∣∣∣ukσ
〉
c†k+q,σck,σ

(87)

Hence the final expression for the electron-phonon interaction potential, Vep, is defined to
have the form [47]:

Vep =
∑
ηkq

Mη(k + q,k)
(
aq,η + a†-q,η

)
c†k+q,σck,σ (88)

The matrix element Mη(k + q,k) (from now on abbreviated as Mη) is the matrix element
for some phonon mode η, and it given by:

Mη = Aη(q)
〈
uk+q
σ |∆q,ηvqSCF |u

k
σ

〉
(89)

Where vqSCF is the periodic part of the Fourier Series expansion of VSCF , and uk+q
σ ukσ a the

periodic function that arises when an electron state is written as a Bloch State,

|k, σ⟩ = ukσe
ik·r (90)

The representation of the matrix element shown in Equation 89 is relevant when attempting
to calculate the electron-phonon matrix elements numerically using the plane-wave basis set
in DFT software, though this is not the approach used to calculate the matrix element in
the practical implementation portion of this thesis. The factor Aη(q) is:

Aη(q) =

√
ℏ

2NlMωη(q)
eη(q) (91)

3.4. Summary

In this Section we first discussed Density Functional Theory, a way to make quantum me-
chanical simulations of many body systems computationally feasible by reformulating the
problem in terms of an electron density at a point, instead of using functions of many elec-
tronic positions. The foundation of DFT are the two Hohenberg-Kohn theorems: the first
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theorem states that for a many body system, the external potential will correspond to a
unique electron density; the second theorem states that the total energy of the system is a
unique functional of the electron density, and there exists a universal functional such that
the ground state density minimises the total energy. Both of these theorems can be proved
using the variational principle. We also showed that when a many particle wavefunction is
approximated as a Slater determinant, the electron density for the many particle system can
be written as the sum of the moduli of single particle spin-orbitals.

Next, to determine the lattice dynamical properties of a many electron system such as a
bulk crystalline semiconductor, we employed the Born-Oppenheimer approximation. In this
approximation, it is assumed that electrons respond much more quickly to changes in the
environment than nuclei. Hence the problem can be separated into two: solving a system
of many, interacting electrons in a field of fixed nuclei, followed by solving a system of
nuclei where the potential is a fixed Potential Energy Surface due to the electrons. The
PES, or BO energy surface is the ground state energy of the electron system. The second
derivative of this energy surface yields the matrix of Interatomic Force Constants, and the
eigenvalues of the scaled matrix yield the phonon (collective atomic vibration) frequencies
for the nuclear system. The eigenvectors are labelled as different phonon modes - transverse
optical, longitudinal optical, transverse acoustic and longitudinal acoustic. A plot of phonon
frequencies vs wavevector is called a phonon dispersion relation. Using the Hellman-Feynman
theorem, the second derivative of the BO energy surface can be written in terms of the
electron density, the derivative of the density, and the electron-electron and electron-nucleus
Coulomb interactions.

To find the matrix of IFCs, the electron density is needed - this can be expressed as a sum
of single electron wavefunction moduli. The Kohn-Sham equations model the many-electron
system as a collection of single electrons under an external potential which includes all the
effects due to other electrons and fixed nuclei. The single electron wavefunctions are called
the auxiliary Kohn-Sham orbitals. By solving these single electron Schrödinger equations,
we can find the electron density of the many-body system. The energy of the many electron
system is written as a sum of the universal functional and any external potential acting on the
system. The universal functional also contains an exchange-correlation energy term, which
accounts for effects that aren’t yet explicitly known as functionals of the electron density, and
so the exchange-correlation energy needs to be approximated. The most common types of
exchange correlation functions are the Local Density Approximation, Generalised Gradient
Approximations, and hybrid functionals.

Ab initio software often uses the plane-wave basis set to determine the electronic energies and
phonon frequencies numerically. This means that the electronic wavefunctions are written as
Bloch states. The Fourier transform of the matrix of IFCs is taken and the electron-nucleus
interaction is approximated with a pseudopotential. The Dynamical matrix (the Fourier
transform of the IFC matrix) also requires the variation of the electron density, which is
calculated using Density Functional Perturbation Theory. The variation of the density is
written in terms of the variations in the electron wavefunctions, which can be determined
using quantum mechanical first order perturbation theory.
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Lastly, this section gave an overview of the electron-phonon interaction, the process which
leads to thermalisation of the bulk material. First, the atomic displacements are expressed
in terms of the creation and annihilation operators. Next, when we expand the Kohn-Sham
potential about the equilibrium nuclear configuration, we see that only its first and higher
order derivatives contain phonon effects. Approximating to the first order gives the electron-
phonon interaction Hamiltonian. Next, we consider an electron in one state which shifts
to another state by scattering a phonon. We find the expectation value of the interaction
Hamiltonian for an electron going from one state to the other, which leads us to an expression
for the electron-phonon interaction potential. Contained within this expression is the electron
phonon matrix element, a key quantity for determining electron-phonon self energy and thus
electron-phonon interaction lifetimes.

4. Self-Energy and the LA Phonon Matrix Element

As mentioned, we have modelled the electrons interacting with phonons as quasiparticles. If
we want to find meaningful information, such as the duration of the interaction - or in other
words, the lifetime of the quasiparticle, we need to first derive the quasiparticle self-energy.
The self-energy of a particle is defined as the energy that the particle gains due to the changes
it causes in its own environment, and the resulting interactions with its environment. The
next step then in studying the electron-phonon interaction is to determine its contribution
to the electron’s self energy.

4.1. Green’s Functions and Electron-Phonon Self-Energy

The quantity of self-energy arises within the theory of Green’s Functions [48]. This thesis will
briefly discuss how Green’s Functions and the Dyson Equation are used to derive a self-energy
term for a specific potential. In particular, the theory of Matsubara Green’s Functions and
representing the statistical mechanics of quantum systems in terms of imaginary time and
frequency are presented in detail by Takeo Matsubara in [49]. A comprehensive explanation
of Green’s Functions and electron-phonon interactions can also be found in [46] and [15].

First, we suppose that the electronic creation and annihilation operators are dependant on
some imaginary time variable, τ , and can be written as ck,σ(τ). Writing quantum mechanical
operators with dependencies on time is also known as the Heisenberg representation [50].
Suppose we start at τ = 0 and end at time τ . The time-dependent Green’s function for a
fermionic particle can be written as:

G(k, τ) = −⟨T̂W ck,σ(τ)c†k,σ(0)⟩ (92)

In words, the function above can simply be seen as the probability amplitude that an electron
with wavevector k and band σ is created at time = 0 and annihilated at time τ . The
equation has an additional operator, T̂W , called Wick’s time ordering operator [15]. T̂W
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orders the operators such that they have increasing time from left to right. The electronic
Green’s function represented above does not account for spin index as for the purposes of
our discussion, we assume we are dealing with non-magnetic states.

Consider the Hamiltonian for the electronic system - the Hamiltonian accounts for electronic
interactions as well as electron-nucleus interaction. We can express the Hamiltonian as
a sum of contributions from electrons, lattice vibrations (phonons), and electron-phonon
interactions.

Ĥ = Ĥe + Ĥp + Ĥep (93)

The term Ĥep is also interpreted as a perturbation imposed on a Hamiltonian Ĥ = Ĥe + Ĥp.

The time dependent annihilation/creation operators of the electrons are defined in the
Heisenberg picture as:

ck,σ(τ) = eiĤτ/ℏck,σe
−iĤτ/ℏ (94)

The imaginary time τ is varied from −β to β, where β = 1/T ; T is the (finite) temperature
of the system in Kelvin. This is a commonly used definition which allows for a broader
connection between a system’s statistical mechanics and thermodynamics. This means that
imaginary time is large for low temperatures and small for high temperatures.

Similarly, we can define the Green’s function for bosons - including bosonic quasiparticles
such as phonons. Since the displacement zs(l) is a function of q, we can write it as zs,q. The
Green’s function can be written in terms of the displacement vector zs,q, then reformulated
using 83 in terms of the phonon creation and annihilation operators as follows:

U(q, τ) = −⟨T̂Wzs,q(τ)zs,−q(0)⟩

=
∑
η

Aη(q)Aη(−q)D(q, η, τ) (95)

Where the Green’s function D(q, η, τ) is:

D(q, η, τ) = −⟨T̂W [a†−q,η(τ) + aq,η(τ)][a−q,η(0) + a†q,η(0)]⟩ (96)

Next, many-body perturbation theory is applied to the Hamiltonian (Eqn. 93). The inter-
acting Green’s functions G(k, τ) and D(q, η, τ) are expressed as an infinite series of Feynman
diagrams [46].

G(k, τ) = −
∞∑
n=0

(−1)n
∫ β

0

...

∫ β

0

⟨TW ck,σ(τ)Vep(τ1)...Vep(τn)c†k,σ(0)⟩dτ1...dτn (97)

And similarly for D(q, η, τ). G(k, τ) and D(q, η, τ) are by definition periodic functions such
that:

G(k, τ + β) = −G(k, τ)

D(q, η, τ + β) =D(q, η, τ)
(98)

42
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To express the Green’s functions in the frequency domain, their Fourier transforms are taken:

G(k, ipn) =

∫ β

0

G(k, τ)eipnτdτ

D(q, η, iνm) =

∫ β

0

D(q, η, τ)eiνmτdτ

(99)

The values ωn and νm are called Matsubara frequencies for fermions and bosons respec-
tively. They form a discrete set of imaginary frequencies, where n and m are integers. The
frequencies are:

pn = (2n+ 1)πT

νm = 2mπT
(100)

To proceed, we will also need the fermionic and bosonic time-dependent Green’s functions for
the unperturbed Hamiltonian Ĥ = Ĥe + Ĥp (i.e. without any electron-phonon interaction),
which read [46]:

G0(k, ipn) =
1

ipn − ε(k)

D0(q, η, iνm) =
1

iνm − ωη(q)
− 1

iνm + ωη(q)

(101)

Taking a partial sum of each of the series of Feynman diagrams yields what is known as
the Dyson equation [51]. For fermionic and bosonic Green’s functions, the Dyson equation
reads, respectively:

G(k, ipn) =
G0(k, ipn)

1 −G0(k, ipn)Σ(k, ipn)

D(q, η, iνm) =
D0(q, η, iνm)

1 −D0(q, η, iνm)Π(q, η, iνm)

(102)

Where Σ is the electron self-energy and Π is the phonon self-energy. Multiplying by the
denominator and dividing each term in the fermionic equation by GG0 (and DD0 for the
bosonic Green’s function), we can cast the Dyson equations into the form:

G(k, ipn)−1 = G0(k, ipn)−1 − Σ(k, ipn)

D(q, η, iνm)−1 = D0(q, η, iνm)−1 − Π(q, η, iνm)
(103)

The Dyson equation has allowed us to express the interacting Green’s function in terms of
the unperturbed Green’s function and particle self-energy. The self-energies are the sum of
all single-particle, irreducible Feynman diagrams and Σ includes the effects of both electron-
electron and electron-phonon interactions. Similarly, Π includes both electron-phonon and
phonon-phonon interactions.

In the Feynman diagram series for the electronic Green’s function, the lowest order diagram
represents an electron emitting and reabsorbing a phonon. More detail on how this evaluation
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Milica Zdravković SOLAR CELL SIMULATION USING AB INITIO METHODS

is done can be found in [46, 49]. We can hence write out the electron-phonon self-energy term
as:

Σep(k, ipn) = − 1

β

∑
q,η

∑
m′

|Mη(q)|2D0(q, iνm′)G0(k− q, ipn − iνm′) (104)

The summations over the frequency index for different combinations of unperturbed Mat-
subara Green’s Functions are known. In particular for the Green’s functions above [46]:

− 1

β

∑
m′

D0(q, iνm′)G0(p, ipn + iνm′) =
Nη(q) + nF (ε(p))

ipn − ε(p) + ℏωη(q)
+
Nη(q) + 1 − nF (ε(p))

ipn − ε(p) − ℏωη(q)

(105)

Hence, the contribution to the self-energy arising from the electron-phonon interaction is:

Σep(k, ipn) =
∑
q,η

|Mη(q)|2
{

Nη(q) + nF (ε(k + q))

ipn − ε(k + q) + ℏωη(q)
+
Nη(q) + 1 − nF (ε(k + q))

ipn − ε(k + q) − ℏωη(q)

}
(106)

The first term represents the emission of a phonon with wavevector q, and the second term
represents absorption of a phonon with wavevector q (not necessarily the same phonon that
was emitted). The values Nη(q) and nF (ε(k + q)) are the phonon and electron occupation
numbers given by the Bose-Einstein and Fermi-Dirac distributions respectively:

Nη(q) =
1

eℏωη(q)/kBT − 1
nF (ε(k + q)) =

1

e{ε(k+q)−µ}/kBT + 1
(107)

We have now arrived at an expression for the electron-phonon interaction self-energy. Visu-
ally, we can show the electronic and phonon self energies in a Feynman diagram, see Figure
3.

There is another method for deriving the quantity in Equation 106 which is to apply second
order perturbation theory to the Hamiltonian, Eqn. 93 [46]. From second order perturbation
theory, the second order correction for the eigenvalue E of the Hamiltonian is:

Σep = ∆E(2) =
∑
I

⟨I|Ĥep|in⟩
EI − Ein

(108)

Where |in⟩ represents the initial state of the system. This leads to the expression [47]:

Σep(k) =
∑
q,η

|Mη(q)|2
{
Nη(q) + 1 − nF (ε(k + q))

ε(k) − ε(k + q) − ℏωη(q)
+

Nη(q) − nF (ε(k + q))

ε(k) − ε(k + q) + ℏωη(q)

}
(109)

This representation is slightly different from the one that arose from Green’s function theory -
that is, the initial energy of the electron is represented as ε(k) instead of using the frequency,
ipn.

In the context of a solar cell: as photons are incident on the solar cell, they are absorbed
forming electron-hole pairs. The electron then proceeds to lose energy as some contributes
to atomic vibrations (which will cause the cell to thermalise) - i.e this is the electron-phonon
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Figure 3: Feynman diagram showing the electron self energy ( shown by the solid line) and
phonon self energy (shown by the dashed line). The area labelled A shows the electron with
wavevector k. Area B shows the electron-phonon interaction - the electron has wavevector
k + q after emitting a phonon with wavevector −q. In area C the electron has re-absorbed
the phonon and once again has the wavevector k.

interaction. We can consider the intermediate state in Figure 3 as a single quasiparticle, a
polaron. Once this interaction is over, and the polaron ceases to exist, the electron will be
reabsorbed into a hole and will no longer have the energy to reach the contacts of the solar
PV device and create current. Hence, the lifetime of the polaron determines the conductivity
of the solar cell (a similar procees exists for holes instead of electrons). When the lifetime
is known, along with the electronic velocity, we would have a crucial piece of information
needed to determine an optimal thickness for the absorption layer of a solar cell.

To determine quasiparticle properties and how they are affected by their interactions with
the environment, the ”advanced” and ”retarded” (i.e. delayed) Green’s functions need to
be defined. The retarded Green’s function describes particles propagating forward in time,
whereas the advanced Green’s Function describes particles propagating with time reversed -
it can be used to study the possible effects of future events on past events. All measurable
quantities (conductivity, susceptibility etc.) are in fact retarded response functions [47].

By the method of analytic continuation, we change ipn → p + iδ for the retarded Green’s
function, and ipn → p − iδ for the advanced Green’s function, where δ is the Dirac-delta
function. Note that the advanced function and retarded function are complex conjugates of
each other.

G(k, ipn)
∣∣
ipn→p+iδ

= Gret(k, p)

G(k, ipn)
∣∣
ipn→p−iδ = Gadv(k, p)

(110)

The spectral function is defined as:

A(k, p) = −2Im[Gret(k, p)] (111)
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The retarded Green’s function can be written as:

Gret(k, p) =
1

p+ En − En′ + iδ

= P
1

p+ En − En′
− iπδ(p+ En − En′)

(112)

The symbol P is used to denote the principal value and is used to separate the real and
imaginary parts of the retarded Green’s Function. Using the definition of the non-interacting
Green’s function in Equation 101, we can find the retarded function:

Gret
0 (k, p) =

1

p− iδ − ε(k)
(113)

Now, combining the Dyson Equation (Eqn 102) and the expression for G0 in Equation 101,
we can write the Green’s function as:

G(k, ipn) =
1

ipn − ε(k) − Σ(k, ipn)
(114)

We can apply the analytic continuation ipn → E + iδ on both the Dyson equation and the
self-energy Σ(k, ipn).

Σret(k, E) = ReΣret(k, E) + iImΣret(k, E) (115)

Gret(k, E) =
1

E + iδ − ε(k) − Σret(k, E)
(116)

Finally, we can determine the quasiparticle lifetime - the lifetime of the electron-phonon
interaction, τ(k).

− ℏ
2τ(k)

= ImΣret(k, E) (117)

In this case, E = ε(k). Hence, the duration of the electron-phonon interaction, that is the
lifetime τ(k) of the phonon scattering and absorption, is given by:

ℏ
τ(k)

= 2π
∑
q,η

|Mη(q)|2{[Nη(q) + 1 − nF (ε(k + q))]δ[ε(k) − ε(k− q) − ℏωη(q)]

+[Nη(q) + nF (ε(k + q))]δ[ε(k) − ε(k− q) + ℏωη(q)]}
(118)

For the purpose of this thesis, we wish to find the electron-phonon interaction lifetimes for
materials used for Solar PV cells, specifically GaAs and Si, which are semiconductors. In
semiconductors and insulators, the conduction band is typically unoccupied. So, should an
electron shift to the conduction band, its lifetime in the conduction band would be very
short. Because of this, for semiconductors and insulators we can approximate that the
electron occupation number nF (ε(k + q)) ≈ 0. This leads us to our final expression for the
electron-phonon interaction lifetime for semiconductors:

ℏ
τ(k)

= 2π
∑
q,η

|Mη(q)|2{[Nη(q) + 1]δ[ε(k) − ε(k− q) − ℏωη(q)]

+[Nη(q)]δ[ε(k) − ε(k− q) + ℏωη(q)]}
(119)
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4.2. Deformation Potential Theory and the LA Phonon Matrix
Element

In this section, we discuss how the concept of a ”deformation potential” can be used to
simplify the process of calculating an approximate lifetime of the electron-phonon interaction.
The deformation potential discussed here is also referred to as the ”hydrostatic deformation
potential” in some sources. The following argument is discussed in [47].

Semiconductors and insulators have a band gap, but most electrons will have an energy
close to the conduction band minimum while holes will have energy close to the valence
band maximum. When the particles gain heat, they gain kinetic energy. Hence the kinetic
energy of the particles is approximately equal to their thermal energy:

εK(k) =
ℏ2k2

2m∗ ≈ kBT (120)

Where k is the particle wavevector and m∗ is the particle’s effective mass.
Now, when an electron interacts with a phonon, it gains/loses kinetic energy equal to the
phonon energy ℏωη(q), where ωη(q) is the phonon frequency and η symbolises the phonon
mode (LA, TA, LO or TO). Hence,

εK(k + q) = εK(k) ± ℏωη(q) (121)

This symbolises an electron being scattered from wavevector k to wavevector k + q. Since
the wavevector is so small, we can approximate the energy of acoustical phonons using the
Debye model (ωη(q) = cηq, where cη is phonon group velocity), and optical phonons using
the Einstein model (ωη(q) = ωη(0) = ω0). For the scope of this thesis, only the electron-
phonon interaction involving the Longitudinal Acoustic (LA) phonons will be studied. This
approximation will be useful when deriving the LA phonon Matrix element.

An acoustical phonon corresponds to local lattice compression/dilations. If hydrostatic pres-
sure is applied to a solid such as a bulk crystal, the lattice constant decreases, also causing
the band energies to change. For very small pressures, the change in lattice constant (and
by extension cell volume) is directly proportional to the change in band energy. To find this
relationship, we begin with the continuity equation from fluid dynamics. Taking v as fluid
velocity and ρ as its density, the continuity equation reads:

0 =
∂ρ

∂t
+ ∇ · (vρ)

=
∂ρ

∂t
+ ρ∇ · v + v · ∇ρ

≈ ∂ρ

∂t
+ ρ∇ · v

(122)

We can neglect the term v · ∇ρ as it is very small.

Suppose that the atoms of the solid have the positions RI . We rewrite the velocity in terms
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of the derivative of the displacement:

∂ρ

∂t
= −ρ∇ · v

∂ρ

∂t
= −ρ∇ · ∂RI

∂t
δρ = −ρ∇ ·RI

(123)

Hence
δρ

ρ
= −∇ ·RI = −∆ (124)

In the above equation, the term ∆ is called the dilation [47], but it can also be written in
terms of the fractional change in volume. If we take the density as the number of particles
N per unit volume (the argument is the same if we define the density as mass per volume),

ρ =
N

V
δρ

δV
= − N

V 2

=⇒ δρ

ρ
= −N/V

2

N/V
δV

δρ

ρ
= −δV

V

=⇒ δV

V
= ∆ ·RI

(125)

The dilation or the fractional change in volume, as briefly mentioned before, is proportional
to the change in band energy. The constant of proportionality, denoted D, is called the
deformation potential constant [47]. Hence we write:

D
δV

V
= δEb (126)

Where Eb denotes the band energy. In a discrete form, it can be written:

Ei − E0 = D
Vi − V0
V0

(127)

Where Ei denotes the band energy of a band at some unit cell volume Vi, and E0 is the
energy of the same band at equilibrium cell volume V0.

Hence, if band energies and cell volumes are known, one should be able to plot a linear
relationship between the change in band energy and fractional change in cell volume, and
determine the deformation potential. This is the approach that is taken in the following
section of this thesis.

The deformation potential will allow us to approximate the LA phonon matrix element. The
electron-acoustic phonon interaction Hamiltonian can be written as follows:

Ĥac
ep = D∇ ·RI (128)
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However, we had already derived an expression for the atomic displacement ∇ ·RI = zs(l)
in Equation 83. In this following, η can only be used to represent an acoustic phonon mode.
Thus the Hamiltonian can be written as:

Ĥac
ep = D

∑
q,η

√
ℏ

2Msωη(q)Nl

q · eη(q)eq·R
0
I (a†−q,η + aq,η) (129)

Using Equation 86, we can derive the electron-LA phonon interaction potential as:

V ac
ep =

∑
kqη

D

√
ℏ

2Msωη(q)Nl

q · eη(q)
(
aq,η + a†-q,η

)
c†k+q,σck,σ (130)

Now, from the form of the interaction potential shown in Equation 88, we can deduce the
LA phonon matrix element from the above equation.

Mac
η (q) = D

√
ℏ

2Msωη(q)Nl

q · eη(q) (131)

This expression can be simplified further when we consider that acoustic phonons have long
wavelengths, and at long wavelength LA phonon displacements are parallel in direction to
the wavevector - eLA(q)||q, while TA phonon displacements are perpendicular. This would
cause the dot product in the matrix element to equal zero. Hence only the Longitudinal
Acoustic phonons experience the deformation potential interaction, while TA phonons do
not.

As discussed previously, we can use the Debye model for acoustic phonons such that ωLA(q) =
cLAq. We also consider one unit cell such that Nl = 1. We let Ms = M where M is the mass
of the unit cell in question. The final expression for the LA phonon matrix element is thus:

MLA(q) = D

√
ℏ

2McLA

√
q (132)

In the following section, this thesis will propose calculating an approximate electron-phonon
interaction lifetime by accounting only for the LA phonon contribution, as a way to make
the entire process of determining self-energy much cheaper computationally compared to
attempting to compute the various other matrix elements numerically.

4.3. Summary

In this section we wrote out the time-dependent fermionic Green’s function, using the time-
dependent electron creation and annihilation operators. The Green’s function represents the
probability amplitude that an electron is created at one time and annihilated at another. The
Hamiltonian for the many-electron system is then rewritten as a sum of electron, phonon,
and electron-phonon interaction terms, and we then define a bosonic Green’s function to
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represent the phonons. We apply many-body perturbation theory to the Hamiltonian, and
the interacting Green’s function is derived from an infinite series of Feynman diagrams.
Taking a partial sum of these series yields the Dyson equation which contains a term for
electron self-energy. Self-energy is the change in a particle’s energy due to it interacting
with its environment. The lowest order Feynman diagram represents an electron emitting
and reabsorbing a phonon. With all of this information, one can write out an expression for
the electron-phonon self energy as a summation of the non-interacting phonon and electron
Green’s functions, and the electron-phonon matrix element. The electron-phonon interac-
tion lifetime is determined by the inverse of the imaginary part of the retarded (delayed)
self energy. For semiconductors, we make the approximation that the electron occupation
number, given by the Fermi-Dirac distribution is zero.

We then argue that the electron-phonon interaction can be modelled as involving acoustic
phonons only, as they are the lowest energy phonons and higher energy phonons would
transition to lower energy. Since an acoustical phonon corresponds to lattice compression,
we treat the crystal lattice as if it is under hydrostatic pressure. Using the continuity
equation from fluid dynamics, we derive a relation between the density of the unit cell
and the atomic displacements. We find that the fractional change in unit cell volume is
proportional to the change in band energy, and the constant of proportionality is called the
deformation potential. In this case, the electron-phonon interaction Hamiltonian is simply
a product of the deformation potential and atomic displacements. From here we determine
the electron-acoustic phonon matrix element. However, due to TA phonon modes being
perpendicular to the wavevector, their contribution to the matrix element vanishes, leaving
only the LA phonon contribution. The final expression for the electron-LA phonon matrix
element depends only on the deformation potential, the LA phonon group velocity, and the
phonon wavenumber.

5. Implementation

In this Section, we will discuss how ab initio methods can be used to obtain an approximate
electron-phonon interaction lifetime using the Deformation Potential method. This is then
implemented for bulk Silicon and bulk Gallium Arsenide, typical materials used to construct
solar cells.

The theory of the previous sections will need to be written in a way that makes it possible
for DFT software to run calculations, that is it needs to be possible to run iterations using
discrete ”basis sets”. The calculations below were run using the software Quantum Espresso,
which uses the Plane-Wave (PW) basis set to calculate the phonon dispersion relation [33],
and the python package GPAW to calculate the electronic band energies.

The GPAW package is able to use both the Plane-Wave basis set and the Linear Combination
of Atomic Orbitals (LCAO) basis set, using the Projector Augmented Wave (PAW) method.
However, for the calculations presented below, PW mode was used. More information on
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the PAW method can be found in [17, 52, 53].

Below is a description of how DFT software was used to determine band energies and phonon
dispersions, followed by approximate electron-phonon interaction lifetimes for bulk Si and
GaAs using deformation potentials. The electron-phonon interaction lifetime is significant
in determining how long electrons in a solar cell take to thermalise, that is lose their energy
to heat, and can be used to determine an optimal thickness for a Solar PV material.

5.1. Outline of Methods

The following subsection describes the details of how the simulations were carried out, such
as which energy band, pseudopotential and exchange-correlation functionals were used. Fol-
lowing that is the derivation of a simplified expression for the electron-phonon interaction
lifetime using the deformation potential.

5.1.1. Phonon Dispersion and LA Phonon Group Velocity

One of the values required by the matrix element MLA(q) is the LA phonon group velocity,
cLA. This can be read off a material’s respective phonon dispersion relation. A phonon
dispersion relation of a system can be determined through ab initio numerical calculations.
First the Kohn-Sham equations of the system are solved numerically to determine the ground-
state configuration and orbital energies. Then, the phonon dispersion is determined through
Density Functional Perturbation Theory [54].

For the phonon data presented below for Silicon and Gallium Arsenide, pseudopotentials were
used for each element (Silicon, Gallium and Arsenic). Specifically, the pseudopotentials used
were Optimal Norm-Conserving Vanderbilt (ONCV) pseudopotentials were used, and they
were generated using the ”Perdew-Burke-Ernzerhof” (PBE) exchange-correlation functional,
an exchange-correlation functional based on the Generalised Gradient Approximation (GGA)
method [38]. Further discussion on ONCV pseudopotentials can be found in [55].

Another type of pseudopotential is the ultra-soft pseudopotential, first introduced by David
Vanderbilt in [56]. An ultra-soft pseudopotential involves writing the pseudopotential vs
as a product of a local and non-local potentials. It indroduces further approximations in
order for the Plane Wave expansions of the inner electrons to converge more rapidly. A
mathematical discussion of pseudopotentials and ultra-soft pseudopotentials is beyond the
scope of this thesis but can be found in more detail in [23, 56].

The last quantity that is needed for the overall calculation is a form for the exchange-
correlation functional for the original Kohn-Sham system. With that, the system can be
solved in order to ultimately calculate a ground state electron density, which is used to cal-
culate the matrix of IFCs. For this calculation, the exchange-correlation functional ”PBEsol”
is used, an improved version of PBE with slightly altered parameters [57].
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Once the matrix of IFCs is calculated, Equation 58 can be solved, and the eigenvalues ω(q)
are plotted for each phonon mode (eigenvector). The gradients of the lines ω(q) give the
phonon velocities. The deformation potential is calculated using only the group velocity cLA
of the Longitudinal Acoustic (LA) phonons. We consider the LA phonon dispersion around
the Γ point where the LA phonons have the lowest energy and q is very small - here the
phonon dispersion is essentially linear, and the gradient cLA is constant.

5.1.2. Deformation Potential Calculation

The deformation potential arises from:

Ei − E0 = D
Vi − V0
V0

(133)

Where D is the deformation potential, Ei represents the energy of an electronic band at
cell volume Vi, and E0 is the equilibrium energy of that same band, at equilibrium unit cell
volume V0

The band energies are given by the eigenvalues of the KS Hamiltonian - the ground state
energies from the single electron Schrödinger equation given in Equation 48. The ground
state single electron energy can now be calculated for each unit cell volume Vi. In principle,
any band can be used. For the discussion below, band energies are calculated for the Lowest
Unoccupied Molecular Orbital (LUMO), also known as the Conduction Band Minimum
(CBM), i.e. the lowest energy conduction state. LUMO energies gave the most consistent
results when compared to Highest Occupied Molecular Orbital (HOMO) energies for the
simulations in this thesis. The measurement is then taken at the wavevector k where the
energy of the band is the lowest (in the case of LUMO).

Ei = min
[
εiLUMO(k)

]
(134)

To calculate the energies, the KS equations need to be solved using the plane wave basis
set. To do so we simply write the state ψn as a Bloch State as in Equation 53, and take the
Fourier series expansion of VSCF :

VSCF (r) =
∑
G

vGSCF e
iG·r

Where:

VSCF (r + R) = VSCF (r)

G ·R = 2πδij

(135)

Here G denotes the reciprocal lattice vector. The primitive unit cell volume of the Silicon
and GaAs crystal lattices are 1/4 times the lattice constant cubed. As the lattice constant is
altered, the distance between atoms |RI −RJ | is altered, resulting in some unit cell volume
Vi. The resulting change in unit cell structure will affect the energy of the electronic bands,
resulting in some band energy Ei. The equilibrium cell volume is known from experimental
data, and can be determined in simulations as it is the volume V0 that corresponds to the
minimum total energy of the entire cell.

52
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5.1.3. Calculating self-energy and lifetime

In the following, I made use of unpublished notes by my supervisor, Prof. Alexander Quandt.
Starting with the Equation 119 for the electron-phonon interaction, we will now apply a series
of approximations to reduce the number of steps needed to calculate the lifetime:

• As it was already stated, the term nF (ε(k + q)) ≈ 0. This is the electron occupation
number and is effectively zero for semiconductors and insulators.

• The phonon occupation number Nη(q) can be approximated for high temperatures.
Using the approximation ex ≈ x + 1 for very small x, and T = 300K, we have that
ℏω(q)/kBT is very small. Hence Nη(q) becomes

Nη(q) =
1

eℏω(q)/kBT − 1

≈ 1
ℏω(q)
kBT

+ 1 − 1

=
kBT

ℏω(q)

(136)

Note that this term is much larger than 1, hence the +1 term in Equation 119 will also
be discarded.

• Since this thesis will approximate the electron-phonon interaction as arising due to
LA phonons only, η = LA. Hence the sum in Equation 119 is simplified to a sum
over just q. Consequently, ωη(q) = ωLA(q) = cLAq, using the Debye model, and

Mη(q) = MLA(q) = C
√
q where C = D

√
ℏ/2McLA. This was derived in Section 4.2.

For ease of notation, let δ− = δ[ε(k)−ε(k−q)−ℏωη(q)] and δ+ = δ[ε(k)−ε(k−q)+ℏωη(q)].
Now Equation 119 is simplified to:

ℏ
τ(k)

= 2π
∑
q

C2q

(
kBT

ℏcLAq
δ− +

kBT

ℏcLAq
δ+

)
ℏ

τ(k)
=

2πC2kBT

ℏcLA

∑
q

(δ− + δ+)

ℏ
τ(k)

=
πD2kBT

c2LAM

∑
q

(δ− + δ+)

(137)

Now all that is left to do is evaluate the sum. Firstly, the sum over the vector q can be
evaluated as a volume integral.

ℏ
τ(k)

=
πD2kBT

c2LAM

Ω0

(2π)3

∫
V

(δ− + δ+)d3q (138)
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Where Ω0 is the equilibrium volume of the unit cell. Next we want to rewrite δ+ and δ− as
functions of q, by rewriting the energies ε. The choice of whether to consider valence band
holes or conduction band electrons is arbitrary. In the following we consider the conduction
band electrons. The kinetic energy of an electron in the conduction band is ε(k) = ℏ2k2/2mc

where mc is the effective mass of the electron. Hence

δ− = δ[ε(k) − ε(k− q) − ℏωη(q)]

= δ

[
ℏ2k2

2mc

− ℏ2|k− q|2

2mc

− ℏcLAq
]

= δ

[
ℏ2k2

2mc

− ℏ2(k2 − 2k · q + q2)

2mc

− ℏcLAq
]

= δ

[
ℏ2

2mc

(2k · q− q2) − ℏcLAq
]

= δ

[
ℏ2

2mc

(2kq cos θ − q2) − ℏcLAq
]

= δ

[
ℏ2

2mc

(2kq cos θ − q2 − qsq)

]
= δ

[
ℏ2

2mc

f(q)

]

(139)

where θ is the angle between k and q, and is chosen to be the polar angle when evaluating our
volume integral d3q in spherical coordinates, qs = 2mccLA/ℏ, and f(q) = 2kq cos θ− q2− qsq.
Similarly for δ+,

δ+ = δ

[
ℏ2

2mc

(2kq cos θ − q2 + qsq)

]
= δ

[
ℏ2

2mc

g(q)

] (140)

where g(q) = 2kq cos θ − q2 + qsq. We can now use the following property of the delta
function,

δ(αx) =
1

|α|
δ(x) (141)

Also, since f(q) and g(q) are clearly continuously differentiable, we can use the definition of
the composition of δ(f(x))

δ(f(x)) =
∑
i

δ(x− xi)

|f ′(xi)|
(142)

Where xi are the roots of the continuously differentiable function f(x). For f(q), its roots
qi are at q1 = 0 and q2 = 2k cos θ − qs. Note that q is always ≥ 0. Then,

f ′(q) = 2k cos θ − 2q − qs

f ′(q2) = 2k cos θ − 2(2k cos θ − qs) − qs

= −(2k cos θ − qs)

= −q2
f ′(q1) = f ′(0) = 2k cos θ − qs = q2

(143)
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We can now simplify δ−:

δ− =
2mc

ℏ2
δ [f(q)]

=
2mc

ℏ2

[
δ(q)

|f ′(q1)|
+
δ(q − q2)

|f ′(q2)|

] (144)

Similarly, considering δ+, the roots q′i of g(q) are q′1 = 0 and q′2 = 2k cos θ + 2qs. Then,

δ+ =
2mc

ℏ2

[
δ(q)

|g′(q′1)|
+
δ(q − q′2)

|g′(q′2)|

]
(145)

Where g′(q′1) = 2k cos θ + qs = q′2. We can now begin to evaluate the integral in equation
138, substituting these expansions for δ+ and δ−, and converting to spherical co-ordinates:

ℏ
τ(k)

=
πD2kBT

c2LAM

2mc

ℏ2
Ω0

(2π)3

∫
V

(
δ(q)

|f ′(q1)|
+
δ(q − q2)

|f ′(q2)|
+

δ(q)

|g′(q′1)|
+
δ(q − q′2)

|g′(q′2)|

)
d3q

=
2mcπD

2kBT

ℏ2c2LAM
Ω0

(2π)3

∫ 2π

ϕ=0

∫ π

θ=0

∫ qmax

q=0

(
δ(q)

q2
+
δ(q − q2)

q2
+
δ(q)

q′2

+
δ(q − q′2)

q′2

)
q2 sin θ dq dθ dϕ

=
2mcπD

2kBT

ℏ2c2LAM
Ω0

(2π)3
2π

∫ π

θ=0

∫ qmax

q=0

(
δ(q)q2

q2
+
δ(q − q2)q

2

q2
+
δ(q)q2

q′2

+
δ(q − q′2)q

2

q′2

)
sin θ dq dθ

=
2mcπD

2kBT

ℏ2c2LAM
Ω0

(2π)3
2π

∫ π

0

(
0 +

q22
q2

+ 0 +
q′22
q′2

)
sin θ dθ

=
2mcπD

2kBT

ℏ2c2LAM
Ω0

(2π)3
2π

∫ π

0

(
q2 + q′2

)
sin θ dθ

(146)

Here we made use of the sampling property of the delta function, i.e for some function f(x):∫
f(x)δ(x− a) dx = f(a) (147)

For simplification, we make the substitution d(cos θ) = − sin θdθ. The upper and lower limit
of the integral change accordingly:

ℏ
τ(k)

=
2mcπD

2kBT

ℏ2c2LAM
Ω0

(2π)3
2π

∫ −1

1

−
(
q2 + q′2

)
d(cos θ)

=
2mcπD

2kBT

ℏ2c2LAM
Ω0

(2π)3
2π

∫ 1

−1

(
q2 + q′2

)
d(cos θ)

=
2mcπD

2kBT

ℏ2c2LAM
Ω0

(2π)3
2π

∫ 1

−1

(
(2k cos θ − qs) + (2k cos θ + qs)

)
d(cos θ)

=
2mcπD

2kBT

ℏ2c2LAM
Ω0

(2π)3
2π

∫ 1

−1

4k cos θ d(cos θ)

(148)
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Now, cos θ being negative is unphysical, as q ≥ 0 and qs is very small by assumption. Hence,

ℏ
τ(k)

=
2mcπD

2kBT

ℏ2c2LAM
Ω0

(2π)3
2π

∫ 1

0

4k cos θ d(cos θ)

=
2mcπD

2kBT

ℏ2c2LAM
Ω0

(2π)3
2π

4k

2

=
Ω0mcD

2kBT

ℏ2c2LAMπ
k

(149)

Hence, we have derived an expression for the lifetime of the electron-phonon interaction for
LA phonons in terms of the deformation potential D and the phonon velocity cLA:

ℏ
τ(k)

=
Ω0

π

[
D2mckBT

ℏ2c2LAM

]
k (150)

5.2. Bulk Silicon

In order to determine D from Equation 133 we must first determine the equilibrium cell
volume V0 and hence the corresponding equilibrium energy E0 for the conduction band. In
Figure 4 the volume of the primitive unit cell of Silicon is varied and plotted against the cell
potential energy. The minimum of the graph corresponds to V0. The cell potential energy
was calculated using the GPAW package [58].

Figure 4: Potential Energy vs Primitive unit cell volume for Silicon, calculated using the
GPAW package [58]. The minimum of the graph occurs at 40.25Å3. This corresponds to
a lattice constant of 5.44Å. In comparison, the known lattice constant for bulk Silicon is
5.431Å [59].

56
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In Figure 4 we find V0 for Si to be 40.25Å3. When calculating the band energy in GPAW,
the exchange-correlation functional HSE06 [40, 41, 42] was found to give the most consistent
results. At equilibrium volume we find the corresponding LUMO E0 for Si to be 8.23eV.
Varying the lattice constant by 1.5% in both directions, the relationship in Equation 133 is
plotted for Silicon in Figure 5.

Figure 5: Graph showing the change in LUMO (Lowest Unoccupied Molecular Orbital)
energy vs fractional change in volume for the Si. From the gradient we find that the defor-
mation potential D is -10.125 eV. This is comparable to the value -10.0eV found in [60]

From Figure 5 we find a deformation potential D for Si to be -10.125eV. This is in very good
agreement with the value of -10.0eV found by A. Blacha, H. Presting and M. Cardona in
[60], and this value is recorded in the datasheets of [61], but not many other measurements
of the Si deformation potential at the LUMO (CBM) can be found. The value of -10.0eV
found by Blacha, Presting and Cardona was calculated using the empirical pseudopotential
method, i.e through ab initio numerical simulations. One should note that in [60] the
authors record two values for the Si deformation potential calculated using conduction bands
- for s-like conduction bands (bands with spherical or near spherical symmetry) the authors
record a deformation potential of -15.3eV, while for p-like conduction bands (bands with
dumbbell/pear-like symmetry) the authors get the value of -10.0eV. Silicon is an indirect
band gap semiconductor, and hence its conduction band minimum would have both s-like
and p-like characteristics. It is therefore justifiable to compare the deformation potential
determined using LUMO energy to the deformation potential of a p-like conduction band.

Next, in Figure 6 we have the phonon dispersion relation for Silicon which was studied, as
well as the area around the second Γ point enlarged. In Figure 7 the gradient of the LA line
from Fig. 6b is calculated to find the LA phonon group velocity, cLA = 1389.7m · s−1. We
now have everything necessary to calculate the electron-phonon interaction lifetime, given
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(a) Silicon Phonon Dispersion relation (b) Silicon Phonon Dispersion zoomed in around
the Γ point, showing the acoustic phonon frequen-
cies. The highest gradient line represents the LA
phonons.

Figure 6: Figures showing the Phonon Dispersion relation for bulk Si, as calculated with
Quantum Espresso [62]. Figure 6a shows the full dispersion, while Figure 6b shows a small
area around the Γ point, where the acoustic phonon frequencies appear approximately linear.
The x-axis depicts the wavevector q in units of 2π/a, where a is the lattice constant of Silicon
in au (or Bohr), with a = 10.263au.

Figure 7: Close-up of the line representing the longitudinal acoustic (LA) phonon from the
Silicon phonon dispersion relation. We can read off the phonon group velocity from the
gradient, cLA = 1389.7 m·s−1.
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by equation:
ℏ

τ(k)
=

Ω0

π

[
D2mckBT

ℏ2c2LAM

]
k (151)

Where τ(k) is the electron-phonon interaction lifetime, Ω0 is the volume of the conventional
unit cell at equilibrium, D is the deformation potential, and cLA is the LA phonon group
velocity. mc is the effective electron mass assuming a parabolic conduction band. Here, it is
approximated with the free electron mass, me = 9.1094×10−31 kg. M is taken as the mass
of the conventional unit cell, given by equilibrium volume (40.247 Å3, the primitive unit cell
volume as given by Figure 4 multiplied by 4 to get the volume for the conventional unit cell),
multiplied by the density of Si, 2.329g·cm−3 [61]. The values used are summarised in a table
below.

Table 1: Calculated deformation potential, LA phonon group velocity, and other values used
for bulk Silicon

Label Value Reference

Ω0 1.6099 × 10−28 m3 Fig. 4

D -10.125 eV Fig. 5

cLA 1389.7 m/s Fig. 7

T 300 K -

M 3.7495×10−25 kg Fig. 4 and [61]

Using Equation 150 and the values in Table 1 we can get a simplified relation for τ(k):

τ(k) = 1.669 × 10−6s · m−1 · 1

k
(152)

Where the wavenumber k is in units of m−1. As a test value for k, we use the argument that
ℏ2k2/2m∗ ≈ kBT as discussed in Equation 120 in Section 5. We can simplify this to

k ≈
√

2kBTme

ℏ2
≈ 8.237 × 108m−1 (153)

We can now plot τ(k) vs k for Silicon, and vary k by ± 10% of the approximation above. This
can be seen in Figure 8. Hence we calculate that the electron-phonon interaction lifetime τ
in Si is of the order of 2.0×10−15 s. Recalling that −ℏ/2τ(k) = ImΣret

ep , in order to compare
the result to other literature, we approximate Σep ∼ ℏ/2τ . This yields an electron-phonon
self-energy in the order of 160meV. We compare this to the result calculated by A. Marini
in [63] of 20-50 meV for the Fan contribution of the e-p interaction in bulk Si, calculated
using the DFT software package Yambo [64].

Yambo uses the Plane-Wave SCF method similarly to Quantum Espresso. We wish to
compare ab initio results such as that of [63] to the simplified deformation potential approach
used in this thesis to calculate the phonon mediated electron self-energy. Our result of
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Figure 8: Graph showing the electron-phonon interaction lifetime τ vs the wavenumber k,
for bulk Silicon. We can see that τ is of the order of 2.0×10−15 s.

160meV compares relatively well within the scope of this thesis to the Fan self energy term
in [63]. One should note that to determine an accurate electron-phonon self energy, a DFT
software would need to be able to calculate both the Fan-Midgal and Debye-Waller(DW) e-p
matrix elements, however a detailed first principles implementation of the DW term is yet
to be realised [15]. The detailed theory of electron-phonon interactions including the Debye-
Waller matrix element is explained by Allen and Heine in [65] and by Feliciano Giustino in
[15].

It would be interesting to see how this result for the electron-phonon interaction lifetime
would compare to ab initio results which include the DW matrix element, as well as to
possible future experiments. The level of accuracy of the above result would give insight into
the extent of the LA phonon contribution to the total electron-phonon self energy.

5.3. Gallium Arsenide

Following the same process as for Silicon, below are figures indicating the equilibrium volume,
deformation potential and LA phonon group velocity for GaAs. The values are summarised
in Table 2. Once again, we will approximate mc using the free electron mass. The density
of Gallium Arsenide is taken to be 5.318 g·cm−3 [66].

In Figure 12 the deformation potential for GaAs is calculated to be −18.663eV. We compare
this to the value of -18.3eV found in [60]. Unlike for Si, many sources have attempted to
calculate the deformation potential of GaAs, but there appears to be more debate on what
that value should be. In [60], the authors report a value of -18.3eV for GaAs for an s-like
conduction band, and -7.3eV for a p-like conduction band. Since our data is for the LUMO
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Figure 9: Potential Energy vs Primitive unit cell volume for Gallium Arsenide, calculated
using the GPAW package [58]. The minimum of the graph occurs at V0 =46.69Å3 with a
corresponding LUMO energy of E0 = 5.195eV. This volume corresponds to a lattice constant
of 5.72Å. In comparison, the known lattice constant for Gallium Arsenide is 5.65Å [67].

(a) GaAs Phonon Dispersion relation (b) GaAs Phonon Dispersion zoomed in around
the acoustic phonons at the Γ point

Figure 10: Figures showing the Phonon Dispersion relation for Gallium Arsenide, as calcu-
lated with Quantum Espresso [62]. Figure 10a shows the full dispersion, while Figure 10b
shows a small area around the Γ point, where the acoustic phonon frequencies appear ap-
proximately linear. The wavevector q shown on the x-axis is in units of 2π/a, where a is the
lattice constant of GaAs in au (or Bohr), and a = 10.68au.
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Figure 11: Close-up of the line representing the longitudinal acoustic (LA) phonon from the
Gallium Arsenide phonon dispersion relation. We can read off the phonon group velocity
from the gradient, cLA = 751.64m · s−1.

Figure 12: Graph showing the change in LUMO (Lowest Unoccupied Molecular Orbital)
energy vs fractional change in volume for the GaAs. From the gradient we find the defor-
mation potential D is -18.663eV.
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Table 2: Calculated deformation potential, LA phonon group velocity, and other values used
for Gallium Arsenide

Label Value Reference

Ω0 1.8676 × 10−28 m3 Fig. 9

D -18.663 eV Fig. 12

cLA 751.64 m/s Fig. 11

T 300 K -

M 9.931×10−25 kg Fig. 9 and [66]

or CBM, and GaAs is a direct band gap semiconductor making its CBM s-like, it is justifiable
to compare our result to the one for the s-like band.

However, the current general consensus appears to be that the deformation potential of GaAs
should be between -7eV and -13.5eV [66, 68]. In [69] the authors determined experimentally
an (absolute value) deformation potential of 16.0eV±0.5eV using electrical transport mea-
surements, which is in good agreement with the result calculated in this thesis. In [70] using
the empirical pseudopotential method the authors calculated a value of -15.7eV for GaAs
using the CBM, which is also in good agreement with our value.

Furthermore, the article [70] argues that since the deformation potential determined using
shift in band gap Dconduction −Dvalence has been found experimentally to be between -8.2eV
and -9.9eV [70] (in the datasheets of [66] values between -8.3eV and -8.75eV can be found),
low values for Dconduction such as -7eV are unreliable, as it would lead to a positive value for
Dvalence, which would be unphysical (see also calculated deformation potential values for the
valence band in [66]).

Once again, using Equation 150 and the values in Table 2 we can get a simplified relation
for τ(k) for GaAs:

τ(k) = 3.281 × 10−7s.m−1 · 1

k
(154)

Following the same process as for Silicon, we plot τ(k) for GaAs in Figure 13.

From Figure 13 we find τ is of the order of 4.0×10−16 s, a fifth of the corresponding value
for Silicon. Using our estimation of the electron-phonon self energy as for Silicon, we get a
self energy of the order ∼ 800meV. This is much larger than the value found in this thesis
and in [63] for Si.

GaAs having a much shorter electron-phonon interaction lifetime than Si would mean that
for optimal efficiency, a GaAs SC would need to be much thinner than an Si SC, if there were
not other relevant factors such as electron mobility. In practice, GaAs SCs are manufactured
to be thinner than Si SCs, however this is more due to the manufacturing process being both
more expensive than for Si, and that GaAs has much higher electron mobility [71], which
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Figure 13: Graph showing the electron-phonon interaction lifetime τ vs the wavenumber
k, for Gallium Arsenide. We can see that τ is of the order of 4.0×10−16 s. A fifth of the
corresponding value for Silicon.

increases its efficiency to a satisfactory level even for a thinner solar cell.

5.4. Note on Band Gap

Materials are expected to become more conductive when compressed (i.e. the band gap
decreases). However, certain simulations carried out during the course of this thesis seemingly
yielded opposite results.

Initially an attempt was made to find the deformation potential by plotting the fractional
change in unit cell volume vs change in material band gap, as opposed to single band energy.
When doing this, using small changes in lattice constant as in the above sections, it was found
that the band gap would increase with decreasing cell volume. That is, under compression,
the material would be less conductive, and under expansion, the material would become more
conductive. This seemed counter-intuitive, as it has been widely observed that conductivity
increases under compression for various materials (for example in [72]). This leads one
to wonder whether there is some kind of emergent property that leads to a decrease in
band gap under compression, or whether the amount by which the lattice constant is varied
determines whether the band gap increases or decreases. Alternatively, the phenomenon
could be related to the Mott Transition [73], a metal-insulator transition that takes place
when electron density of free electrons in a material reaches a certain concentration relative
to the Bohr Radius.

This seemed to be explained by simulating changes in band gap using larger compressions.
Previously, this thesis only required very small changes in lattice constant to accurately
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determine the deformation potential, and these values were used when calculating band gap
as well. Hence there was a possibility that using larger changes in lattice constant might
cause the band gap to change behaviour. In Figure 14 are ab-initio simulated electronic
band structures for Gallium Arsenide with lattice constants of 5.684Å, and 5.5Å, and then
5.25Å, 5Å, and 4Å.

In Figure 14 we can see that decreasing the lattice constant by a small amount from equi-
librium does indeed appear to increase the band gap. However, as we continue to compress
the material, the lowest point of the conduction band shifts from the point Γ to X. At this
point, the nature of the band gap changes - it becomes indirect, and actually starts decreas-
ing with decreasing lattice constant, until eventually the bands overlap and the material
becomes metallic. Hence, the simulation does indeed confirm the known phenomenon that
conductivity of a material increases with compression, and the decrease in conductivity only
occurs for very small compression from equilibrium (and vice versa for expansion).

The band gap is also affected by the electron-phonon interaction. The retarded electron-
phonon self-energy is given by the retarded Green’s function in Equation 116. Only the
imaginary part of the self-energy is needed to find the electron-phonon interaction lifetime
(Equation 117), however, the real part of the self-energy corresponds to a shift in band
energy. This in turn would change the band gap. Hence, lattice deformation will have an
effect on the band gap, however calculating the real part of the self-energy was not related
to the main aims of this thesis.

It would be interesting to further study the process which causes the band gap to behave
this way (increasing for small compression from equilibrium, shifting position and decreasing
for larger compression), how accurately this reflects reality, and at what point exactly the
band gap starts decreasing instead of increasing. However that is beyond the scope of this
thesis.

5.5. Discussion

Many authors caution against placing too much trust in ab initio simulation results. This
thesis relied on numerous approximations and assumptions to arrive at a result for electron-
phonon interaction lifetime, all of which could lead to errors:

1. In Section 3.1.1 we write the many-electron wavefunction as a Slater determinant, al-
lowing for the electron density to be expressed in terms of single-particle spin-orbitals.
This fictitious system on non-interacting single particle spin-orbitals lays the founda-
tion for the Kohn-Sham equations.

2. We assumed the Born-Oppenheimer approximation for a many particle system in Sec-
tion 3.1.3. Electrons are assumed to respond to an external potential much faster that
nuclei, such that the nuclei are treated as fixed. Then the electrons are treated as a
PES for the nuclear system.
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(a) GaAs electronic band structure at a =
5.684Å.

(b) GaAs electronic band structure with a =
5.5Å.

(c) GaAs electronic band structure at a =
5.25Å.

(d) GaAs electronic band structure at a =
5Å.

(e) GaAs electronic band structure at a = 4Å.

Figure 14: The evolution of GaAs electronic band structure under compression as the lattice
constant is decreased from 5.684Å, to 4Å, calculated using ab initio simulation with GPAW.
In fig. 14b we can see that the distance between the conduction band minimum and the
valence band maximum has increased - band gap has increased, and so conductivity has
decreased even though a is smaller. Decreasing a even more, in fig. 14c the structure
of the conduction band has changed and the lowest point is no longer at Γ, but at X. The
compressed GaAs now has an indirect band gap. In fig 14d the indirect band gap established
in the previous image now begins to decrease as a decreases, i.e the GaAs is now becoming
more conductive under compression, as previously expected. Finally, in fig. 14e, a is at an
extreme 4Å, the conduction and valence bands overlap and the structure is metallic.
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3. To find the matrix of IFCs, we employ the Hellmann-Feynman theorem. The Hellmann-
Feynman theorem requires that the eigenfunctions Ψλ form a complete basis set for
orthogonality to hold (see Equation 41). However the many-electron wavefunction
ΨR(r) does not necessarily yield a complete basis set. This leads to an error known as
Pulay stress. The exclusion of these forces in calculations may not greatly affect the
value obtained for Kohn-Sham ground state energies, but it will increase the time it
takes for them to converge in numerical simulations [74].

4. The electron-electron interaction written in terms of the electron density (the Hartree
term in the expression for the ground state energy functional, Equation 46) contains a
self-interaction.

5. The exchange-correlation functional, which represents the electron exchange and corre-
lation effects, is approximated. The numerical results in this thesis use the HSE06 [40]
functional.

6. DFPT assumed quantum mechanical perturbation theory approximated to the first
order (Equations 70 and 71).

7. In Section 3.3 we assume that atomic vibrations can be modelled as quantum harmonic
oscillators.

8. When deriving the electron-phonon interaction Hamiltonian, we write out the Kohn-
Sham potential VSCF as a Taylor series about the equilibrium nuclear configuration
(Equation 84). We approximate the interaction Hamiltonian to only the first order
term of the series.

9. In Section 5.1.3 we approximate the electron occupation number as zero, and we also
make some approximations to simplify the form of the phonon occupation number.

10. By determining the electron-phonon matrix element using the deformation potential
method in Section 5, we assume that the electron-phonon interaction is only dependant
on LA phonons.

Most of these approximations would individually have minimal impact on the result. The
largest error in ab initio results likely comes from the approximate exchange-correlation func-
tional. Finding improved and more accurate exchange-correlation functionals is an important
topic in the field of DFT. Aside from that, the core assumption affecting the results in this
thesis is that only LA phonons were used in determining the electron-phonon interaction
lifetime.

To see what using only the LA phonon self-energy would mean for the value of the lifetime
τ , we can write the electron-phonon self energy as a sum of the self-energies for the different
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phonon modes.

− ℏ
2τ

= ImΣret

=⇒ τ = −ℏ
2

1

ImΣret

τ = −ℏ
2

1

Im [Σret
LA + Σret

TA + Σret
L0 + Σret

TO]

(155)

Since τ is positive, it implies the imaginary parts of the retarded self energies are all negative,
or that they add up to a negative number. Assuming they are all negative, we would expect
that taking only the LA contribution would yield a larger value for the lifetime than the true
value. This seems to be the case for the value found for Si in Section 5.2. From the interaction
lifetime for Si found in this thesis using the LA term only, we found an approximate self-
energy of ∼160meV, which is larger than the approximate electron-phonon self energy of
20-50meV found in [63]. The approximate electron-phonon self energy found for GaAs was
even larger at ∼ 800meV.

The values for the deformation potential found for GaAs and Si are in good agreement
with literature. However, due to the many approximations made it is difficult to draw
detailed conclusions on the importance of the electron-LA phonon interaction relative to the
interaction with other phonon modes. If one assumes the approximate self-energies in this
thesis are fairly accurate, then the LA phonon interaction would account for between one
third and one eighth of the total electron-phonon self-energy. Within the scope of this thesis,
the electron-phonon interaction lifetime found using only the LA phonon contribution is a
good approximation for the true lifetime.

Future works could focus on determining the contributions to the electron-phonon self energy
of other phonon modes (LO, TO and TA), and lead to determining a more accurate electron-
phonon interaction lifetime. Comparing the results for other phonon modes to the results of
this thesis could clarify whether the inaccuracies stemmed from the ab initio calculations or
if they stemmed from the assumption that one can use the electron-LA phonon interaction
only. It would also be interesting to compare the electron-phonon interaction lifetime of
different SC materials to their optimal thickness, and determine if there is an experimentally
observable correlation between the two values as expected.

6. Conclusion

Density Functional Theory based ab initio calculations are a promising application of Quan-
tum Mechanics. Yet DFT often fails to accurately predict some material properties, such
as band gaps, possibly on account of the fact that unoccupied conduction states do not
contribute to the electron density. The process to carry out an ab initio calculation involves
many approximations, and one would be right to question the validity of the result. How-
ever, constant advancements are being made with additions to DFT software and improved
exchange-correlation functionals and pseudopotentials.

68
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The process of thermalisation, the main result of efficiency loss in an SC, was studied. Phonon
frequencies can be determined by deriving a dynamical matrix using DFT and DFPT, and the
electron-phonon interaction self-energy is determined using the theory of Green’s functions.
The electron-phonon matrix element is approximated using a deformation potential, which
is only valid for the electronic interaction with LA phonons. Once the matrix element
is calculated, we determine the electron-phonon interaction lifetime, approximated by the
electron-LA phonon interaction only.

To determine the phonon dispersion relations for Si and GaAs in Quantum Espresso, the
ONCV pseudopotentials and HSE06 exchange-correlation functional were used. These re-
sulted in a phonon group velocity of 1389.7m·s−1 for Si and 751.64m·s−1 for GaAs. Using
the change in LUMO (or CBM) band energy in GPAW (using the plane-wave basis set),
the hydrostatic deformation potentials were found to be -10.125eV for Si and -18.663eV for
GaAs, in good agreement with literature [60, 69, 70]. This led to an electron-phonon inter-
action lifetime of τ ∼ 2.0 × 10−15s for Si and τ ∼ 4.0 × 10−16s for GaAs. This lifetime
for Si corresponded roughly to an electron-phonon self-energy of ∼160meV, which is 3 to
8 times larger than the value of 20-30meV indicated in [63]. This indicates that using the
LA phonon matrix element only when calculating the electron-phonon interaction lifetime
is a relatively good approximation for the true lifetime. Future works could determine the
self-energy contribution of other phonon modes for comparison.

Thermalisation is an important process that needs to be understood if the efficiency of SCs
is to be improved. Ab initio numerical simulations are an excellent tool for doing this. With
continuing research, the accuracy of ab initio simulations improves and they continue to
provide insight into the nature of many bulk materials used in photovoltaics.
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A. Reducing the Slater Determinant

We wish to show how orthornomality will reduce the determinant in Equation 17 to a simple
product of the three states as functions of their corresponding variables. For simplicity, we
will show this for the case where Ψ is written as a Slater determinant of two states. Then,
the operator Ĥ = ĥ1 + ĥ2

⟨Ψ|Ĥ|Ψ⟩ =
1

2!

∫ ∫
det(α, β)∗Ĥdet(α, β)dr1dr2

=
1

2

∫ ∫
(α(r1)β(r2) − α(r2)β(r1))

∗Ĥ(α(r1)β(r2)

− α(r2)β(r1))dr1dr2

=
1

2

∫ ∫ [
α(r1)

∗β(r2)
∗Ĥα(r1)β(r2) − α(r1)

∗β(r2)
∗Ĥα(r2)β(r1)

− α(r2)
∗β(r1)

∗Ĥ(α(r1)β(r2) + α(r2)
∗β(r1)

∗Ĥα(r2)β(r1)
]
dr1dr2

=
1

2

∫ ∫ [
α(r1)

∗β(r2)
∗ĥ1α(r1)β(r2) + α(r1)

∗β(r2)
∗ĥ2α(r1)β(r2)

− α(r1)
∗β(r2)

∗ĥ1α(r2)β(r1) − α(r1)
∗β(r2)

∗ĥ2α(r2)β(r1)

− α(r2)
∗β(r1)

∗ĥ1α(r1)β(r2) − α(r2)
∗β(r1)

∗ĥ2α(r1)β(r2)

+ α(r2)
∗β(r1)

∗ĥ1α(r2)β(r1) + α(r2)
∗β(r1)

∗ĥ2α(r2)β(r1)
]
dr1dr2

(156)

The operator ĥ1 only acts on functions of r1, and similarly for ĥ2. This means that for each
term where the operator is ĥ1, functions of r2 can be treated like constants and moved to
either side of the operator, and vice versa for terms with ĥ2.

⟨Ψ|Ĥ|Ψ⟩ =
1

2

∫ ∫ [
β(r2)

∗β(r2)α(r1)
∗ĥ1α(r1) + α(r1)

∗α(r1)β(r2)
∗ĥ2β(r2)

− β(r2)
∗α(r2)α(r1)

∗ĥ1β(r1) − α(r1)
∗β(r1)β(r2)

∗ĥ2α(r2)

− α(r2)
∗β(r2)β(r1)

∗ĥ1α(r1) − β(r1)
∗α(r1)α(r2)

∗ĥ2β(r2)

+ α(r2)
∗α(r2)β(r1)

∗ĥ1β(r1) + β(r1)
∗β(r1)α(r2)

∗ĥ2α(r2)
]
dr1dr2

=
1

2

[ ∫
α(r1)

∗ĥ1α(r1)dr1 +

∫
β(r2)

∗ĥ2β(r2)dr2

−
∫
β(r2)

∗α(r2)dr2

∫
α(r1)

∗ĥ1β(r1)dr1 −
∫
α(r1)

∗β(r1)dr1

∫
β(r2)

∗ĥ2α(r2)dr2

−
∫
α(r2)

∗β(r2)dr2

∫
β(r1)

∗ĥ1α(r1)dr1 −
∫
β(r1)

∗α(r1)dr1

∫
α(r2)

∗ĥ2β(r2)dr2

+

∫
β(r1)

∗ĥ1β(r1)dr1 +

∫
α(r2)

∗ĥ2α(r2)dr2

]
(157)
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Due to α and β being normalised states, the integrals of their products with their complex
conjugates yield 1, leading to the first two and last two terms in the equation above being
shortened. Due to orthogonality, any integrals of α∗β or β∗α vanish. Hence we are left with:

⟨Ψ|Ĥ|Ψ⟩ =
1

2

[ ∫
α(r1)

∗ĥ1α(r1)dr1 +

∫
β(r2)

∗ĥ2β(r2)dr2

+

∫
β(r1)

∗ĥ1β(r1)dr1 +

∫
α(r2)

∗ĥ2α(r2)dr2

] (158)

But, now that all the integrals have been separated, the labels r1 and r2 become arbitrary
since fermions are identical. Hence:

⟨Ψ|Ĥ|Ψ⟩ =
1

2

[ ∫
α(r1)

∗ĥ1α(r1)dr1 +

∫
β(r2)

∗ĥ2β(r2)dr2

+

∫
β(r2)

∗ĥ2β(r2)dr2 +

∫
α(r1)

∗ĥ1α(r1)dr1

]
=

∫
α(r1)

∗ĥ1α(r1)dr1 +

∫
β(r2)

∗ĥ2β(r2)dr2

=

∫ ∫
(α(r1)β(r2))

∗Ĥ(α(r1)β(r2))dr1dr2

(159)

Here we made use of the property that an operator which is a sum of single particle operators
can be expressed as a trace over single-particle operators, ⟨Ψ|Ĥ|Ψ⟩ =

∑N
i ⟨ψi|ĥ|ψi⟩, where

Ψ is a product of single particle states ψi.
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