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ABSTRACT: We define the computational task of detecting projectors in finite dimensional
associative algebras with a combinatorial basis, labelled by representation theory data,
using combinatorial central elements in the algebra. In the first example, the projectors
belong to the centre of a symmetric group algebra and are labelled by Young diagrams
with a fixed number of boxes n. We describe a quantum algorithm for the task based on
quantum phase estimation (QPE) and obtain estimates of the complexity as a function of n.
We compare to a classical algorithm related to the projector identification problem by the
AdS/CFT correspondence. This gives a concrete proof of concept for classical/quantum
comparisons of the complexity of a detection task, based in holographic correspondences.
A second example involves projectors labelled by triples of Young diagrams, all having n
boxes, with non-vanishing Kronecker coefficient. The task takes as input the projector,
and consists of identifying the triple of Young diagrams. In both of the above cases the
standard QPE complexities are polynomial in n. A third example of quantum projector
detection involves projectors labelled by a triple of Young diagrams, with m,n and m +n
boxes respectively, such that the associated Littlewood-Richardson coefficient is non-zero.
The projector detection task is to identify the triple of Young diagrams associated with the
projector which is given as input. This is motivated by a two-matrix model, related via
the AdS/CFT correspondence, to systems of strings attached to giant gravitons. The QPE
complexity in this case is polynomial in m and n.
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1 Introduction and outlook

With motivations from the holographic AdS/CFT correspondence [1-3] and other gauge-
string dualities (e.g. [4, 5]), we consider the quantum computational task of detecting
projectors in finite dimensional associative algebras. These algebras we consider are semi-
simple and have a Wedderburn-Artin (WA) decomposition as a direct sum of matrix
algebras (see a general exposition of the WA decomposition in, e.g. [6]). They are related
to symmetric groups S, of all permutations of n objects. The WA decompositions can be
constructed using representation theory data from symmetric groups, such as characters of
irreducible representations (irreps), matrix elements of permutations in these irreps and
branching or Clebsch-Gordan coefficients. The projectors of interest act as the identity in a
fixed matrix block of the WA decomposition and zero elsewhere. They are thus labelled
by the representation theory data specifying the matrix blocks. Given their relation to
symmetric groups, the algebras also have combinatorial bases related to equivalence classes
of permutations. These combinatorial bases are used to construct central elements in the
algebras of interest. They are exponentiated to give unitary operators in Hilbert spaces
formed by the algebras themselves. Our detection task proceeds with the standard technique
of quantum phase estimation (QPE) [7], using these unitary operators as quantum gates
which are applied to query the projectors. The set-up is usefully viewed in the context of a
quantum communication between Bob, who builds the projector and sends it to Alice, who
identifies the projector using QPE. Combining results on query complexities from quantum
information theory and facts from the representation theory of S,, we arrive at complexity
estimates which are bounded by polynomials in n.

The AdS/CFT correspondence gives a conjectured equivalence between string theoretic
quantum gravity in AdSsx S® space-time and the non-gravitational quantum theory of N' = 4
SYM theory in four dimensions with U (V) gauge group. There are numerous successful tests
of the correspondence for interactions of perturbative gravitons (see [8] and the review [9]).
Further interesting tests of AdS/CFT involve the quantum states associated with half-BPS
giant gravitons [10] and those associated with half-BPS supergravity geometries (LLM
geometries) [11]. The labelling of half-BPS CFT operators using Young diagrams and the
computation of their correlators [12, 13] plays an important role in the tests involving
the interactions of giant graviton branes [14-21] and the dynamics of strings in LLM
geometries [22]. The construction of the CFT operators labelled by Young diagrams and the
computation of their correlators for CF'T operators of scaling dimension n uses projection
operators in the centre of the group algebra C(S5,,) of the symmetric group S,,. The N-
dependence of the correlators is controlled by the structure constants of the centre Z(C(.S,,))
of the group algebra C(S,) [12]. Recent work [23] has shown that by introducing witness
fields in matrix models (matrix couplings in the action or classical unintegrated fields in
the observables) the structure constants can be exactly reconstructed.

The correspondence between Young-diagram operators with n ~ N? and half-BPS bulk
geometries motivated the formulation of a toy model of information loss [24]. It was observed
that the multi-pole moments of the space-time fields correspond to Casimirs of U(N). It
was argued that the ten-dimensional Planck scale bounds the observable multipoles. This



discussion motivated the consideration in [25] of the problem of detecting general Young
diagrams with n boxes using a limited number of Casimirs. The problem was formulated,
using Schur-Weyl duality, purely in terms of the centre of the symmetric group algebra
C(Sp), denoted Z(C(Sy)).

The simplest and very interesting Young diagram detection problem in Z(C(S,)),
inspired by the holographic physics of half-BPS states in N' = 4 SYM, is independent
of N and concerns the detection of Young diagrams with n boxes. As we explain in
section 2, C(S,) and Z(C(S,)) are Hilbert spaces. It is convenient to use language
familiar to quantum information theorists and complexity theorists to describe the detection
problem. Bob prepares a quantum state which is a projector Pr in Z(C(S,)). He sends
the projector Pr to Alice. We will also review the technique of quantum phase estimation
for estimating eigenvalues of unitary operators in section 2. Alice applies QPE with a set
of unitary operators {Us, Us, -+ ,Up(,)} to determine the label R of the projector. These
unitary operators are exponentials of certain Hermitian operators {7, T3,- -+, Tx(,)} which
multiplicatively generate Z(C(S,)). We will refer to these as cycle central elements. As we
explain in section 2.1 choosing the cut-off A(n) = n suffices to determine R, but we expect
that a smaller cut-off will suffice. The cut-off is determined by mathematical properties of
Z(C(Sy)) and is equal to the function k.(n) identified in [25], as we review in section 2.

The symmetric group S,, acts on n-fold tensor product V5" of the fundamental rep-
resentation of U(N) by permuting the tensor factors. This has been used to construct
a basis of half-BPS gauge-invariant operators in U(N) SYM [12] which is orthogonal in
the CFT inner product defined by SYM. These Young diagram operators are related by
the AdS/CFT holographic dictionary to half-BPS supergravity geometries with AdSs x S°
asymptotics [11]. The symmetric group algebra operators T} are related to Casimirs in
the U(N) theory, by Schur-Weyl duality, and these have in turn been identified [24] with
asymptotic charges of the space-time geometries. The problem of quantum detection of
projectors Ppr labelled by one Young diagram of S, is thus related by holography to a
problem of identifying half-BPS geometries with AdS5 x S° asymptotics from their asymp-
totic multipole moments. We derive estimates of the complexity of this classical detection
in section 4. It has been recognised that quantum gravity and AdS/CFT present new
questions of interest in computational complexity and quantum gravitational physics which
can have implications for fundamental questions in computational complexity, such as
the extended Church-Turing hypothesis [26, 27]. The half-BPS sector of AdS5/CFT4
and its connection to centres of symmetric group algebras presents a concrete problem of
comparison of complexities for a detection task. The estimates we arrive at in section 4
involve A(n) as well as some intrinsic complexities of gravitational measurements which we
leave for future investigation. A more complete treatment of his holographic comparison of
complexities should be useful for other instances of holographic CFT-quantum-state/AdS-
gravitational-geometry correspondences (see the recent reference for a detailed discussion
involving AdSs spacetimes e.g. [28]). To get some additional perspective on the quan-
tum detection of the projectors Pgr, we describe a randomized classical algorithm, of the
kind used in [29], for the same task in section 5 and give the corresponding complex-
ity estimates.



Section 6 considers the problem of detecting projectors in a Kronecker algebra KC(n) [30—
32] which is a sub-algebra of C(S,) ® C(S,). This algebra is an example of a Permutation
Centralizer Algebra (PCA) as defined in [30]. The algebra IC(n) is isomorphic to a direct sum
of matrix algebras labelled by triples of Young diagrams (R, S, T") with n boxes, where these
triples have a non-vanishing Kronecker coefficient C'(R, .S, T). This is the multiplicity of the
trivial representation in the tensor product of S;, irreducible representations Vg " ®VSS n ®V1§ ",
The matrix algebras have dimension C(R, S, T)?. These algebras control the combinatorics
and correlators of invariant observables and correlators of tensor models [31]. We imagine
a scenario where Bob constructs the projector and sends it to Alice. Alice can use QPE
to identify the triple of Young diagrams in time which is polynomial in n. If the triple
(R, S,T) has vanishing Kronecker coefficient, there is no projector for Bob to send to Alice.
For this reason the projector detection problem falls short of being a quantum algorithm
for determining whether or not a triple of Young diagrams has a non-vanishing Kronecker
coefficient. We outline another algorithm, involving communication from Bob to Alice of a
simple combinatorial-basis state in /C(n), which has an expansion in projectors associated
with all triples (R, S,T") having non-vanishing Kronecker coefficients. Determining whether
or not a given triple of Young diagrams appears in this expansion would be a quantum
algorithm which determines whether or not the Kronecker coefficient for that triple is zero.
We leave the problem of estimating the complexity of this algorithm for future research.

Section 7 concerns a third example of projector detection, based on the algebra A(m,n)
labelled by two integers m,n and defined using equivalence classes of permutations in Sy,
modulo conjugation by permutations in S,, X.5,,. These algebras arise in the study of 2-matrix
invariants relevant to fluctuations of half-BPS giant gravitons in AdS/CFT. The projectors
are labelled by a triple of Young diagrams such that the associated Littlewood-Richardson
coefficient is non-zero. The algebra was described in [30] along with its decomposition
into matrix algebras following earlier work on orthogonal bases for CFT4 correlators in
the 2-matrix sector [33-39]. A formulation of a dual classical computation in terms of
strings/branes or gravity configurations is an interesting problem for the future.

Additional future research directions are given at the end of most of the sections.
Appendix A gives the proofs of two lemmas of quantum inspired classical algorithms used
in the main text. Appendix B describes a change of basis in the space of Casimirs of U(N)
relevant to section 4. Appendix C proves a property of projectors relevant to section 6.

Note. As this paper was approaching completion, we became aware of [40] and an
associated talk at the Perimeter Institute on the “Quantum Complexity of Kronecker
coefficients”. This has some overlaps with section 6 in the use of QPE and projectors to
address the computational complexity of Kronecker coefficients.

2 Background

We review some background which will be used in this paper. We start with a review
of key properties of the group algebra C(S,,) of the symmetric group S,, and its centre
Z(C(Sy)) which is the subspace that commutes with all elements of C(.S,,). This is based



on standard textbooks in group theory e.g. [41] and the relevant formulae are also collected
in appendices of recent physics papers such as [32, 38]. This is followed by a review of
Quantum Phase Estimation (QPE) [7] algorithm from quantum computation.

2.1 The group algebra C(S,) and its centre Z(C(S,))

Let C(S,,) be the group algebra of the symmetric group Sy, i.e. the group algebra formed
by linear combinations }_,cs As0, Ay € C. Let Z(C(S,)) be the center of C(S,). There is
a basis of Z(C(S),)) formed by sums over group elements in conjugacy classes. Conjugacy
classes in S, are labelled by partitions p of n (denoted u F n). For a conjugacy class
C, C Sp we have a central element

L-3Y o (2.1)

oeCy

obeying yTlﬂ_l =T}, for any v € S,,. We are interested, in particular, in conjugacy classes
p = [k,1"7*] defined by a single cycle of length k and all remaining cycles of length 1.

These central elements have the form

ngé > (ivd2) = (12) + (13) + ...
1<ii#ia<n

ngé > ((igk) + (ikj)) = (123) + (132) + (124) + (142) + . ..
1<ij#k<n

i1 Ein-ix

where the cycles of length 1 are not shown. We will refer to the T} as cycle central elements
The product of two general central elements for p, v F n yields

T,T, =Y C),Th (2.3)
A
where the integer structure constants C’;}V can be organized as a matrix €, with matrix
elements:
A A
(C/—L)l/ = Cuy . (24)
R
It is known that the eigenvalues of (C},)} are the normalized characters ¥*(7T),) := X dg")

in the irrep labelled by the Young diagram R+ n of dimension dp.
Another basis for Z(C(S,,)) is given by the projectors Pr labelled by irreducible

representations R (corresponding to Young diagrams with n boxes, i.e. R F n):
dr
Pr="2 3" \"(o)o (25)

: UGSn

The multiplication of the conjugacy class elements with the projectors gives

T,Pr = X"(T,.)Pr (2.6)



where )ZR(TM) is the normalized character obtained by dividing the trace of the matrix
DE(T),) representing T}, in the irrep R by the dimension dg
XM (T,) _ tr (D(T,))

T, = PP i (2.7)

Therefore, the linear operator of multiplication by 7}, in Z(C(S,,), with matrix elements
(C);, has eigenvectors Pr associated with the eigenvalue Y(7),). We will consider

X = max (T,,) (2.8)

max

H associated with

as a normalization factor such that the magnitude of eigenvalue of T},/x
Pr is bounded by 1, as required by the QPE procedure.

The set of central elements {75, T3, - ,T),,} multiplicatively generate the centre, i.e.
linear combinations of these and their powers linearly span the centre Z(C(S,)), while
in fact subsets {713, , T}, (n)} With k«(n) < n generically form multiplicative sets of
generators [25]. This is related to the fact that the ordered list of normalized characters
(XP(T), XB(T3), - -+, X*(T, (n))) uniquely identifies the Young diagram R. The connection
between such ordered lists and sets of multiplicative generators is reviewed and extended
to general groups in [42]. The sequence k,.(n) was explicitly computed, with the help of

character formulae in [43, 44]. Here are some values of k,(n) for lower values of n up to 79:

(n) =2 forne€{2,3,4,5,7}
ki(n) =3 forn € {6,8,9---,14}
ko(n) =4 for n € {15,16,--- ,23,25,26)
k«(n) =5 forn e {24,27,--- 41}
ko(n) =6 forn e {42, .- ,78,79,81} (2.9)

2.1.1 A heuristic argument for the asymptotics of k.(n) at large n

A necessary condition for the eigenvalues of {75, T3, -+ ,T}} to be able to distinguish all
Young diagrams is that the number of distinct lists of eigenvalues exceeds the number of
Young diagrams. The maximum eigenvalue of Ty is n(n — 1)/2 ~ n2. These eigenvalues
are integers. The number of possible eigenvalues is order n?. For T3 we have order n?, and
T}, order n* as long as k < n, see subsection 3.2.1 for a justification. The total number of
distinct eigenvalue lists is approximately

n?xnd .. xnf ~ kD2 (2.10)

A heuristic estimate for k.(n) is given by equating the number of distinct eigenvalue lists
and the number of Young diagrams (number of partitions of n) in the large n limit. Thus,

we have:
nks(ket1)/2  gevn (2.11)

for a constant ¢, where the growth of number of partitions is given by Hardy-Ramanujan
formula [45]. Then
ki«(n)(ke(n) +1)/2logn ~ /n (2.12)



Approximately at large n,

nl/4

k() e nl/4 (2.13)

- logn

Based on this heuristic argument, we conjecture that k.(n) € O(n'/*). For our main claim
of a polynomial complexity of the QPE-based algorithms we describe subsequently the
precise exponent is not important. It suffices that k. (n) € O(n®) with a < 1/2.

Notation: asymptotic behaviours. In the above and henceforth, we use the following
notation: for two positive functions f,g: N — RT, f € O(g), if it exists a constant ¢ > 0,
and an integer ng € N, such that Vn > ng, f(n) < cg(n). We will equally use, for that
relation, the shorthand notation f ~ g. Using a loose language, sometimes, we will say f

is O(g).

2.1.2 k.(n), Casimirs of U(IN) and multipole moments

This problem of identifying a multiplicatively generating set of cycle central elements of the
form {T%, T3, -+, Tj, ()} in Z(C(Sy)) is related to the problem of identifying Young diagrams
with n boxes. There is a transformation giving a sequence of Casimirs of U (V) of the form
{Cy,Cs, -+ ,Cr} and in terms of a set of cycle central operators {1, T3, - ,T;}. This
transformation has been described in the literature on large N 2d Yang Mills theory [5, 46]
and has been used to show that elements in the list {C3,C3,--- ,Ck} can be expressed in
terms of cycle operators with a cut-off at k [25]. The work [24] relates the Casimirs of
U(N) to multi-pole moments of LLM geometries. Therefore the task of distinguishing LLM
geometries corresponding to Young diagrams with n boxes can formally be accomplished
with a cut-off A(n) on the Casimirs with A(n) = k«(n). We are assuming N > n where the
Young diagram detection problem involves all Young diagrams with n boxes: the U(N)
constraint that the first column has length no greater than N is irrelevant. This equality
A(n) = ki(n) will be used in section 4 where we describe a classical gravity analog of the
projector detection task. There is a potential issue in that strictly speaking the validity
of the semi-classical super-gravity solution in AdS5/CFT4 requires n ~ N2. It is possible
that this is not an issue for the identification of the highly supersymmetric LLM geometry
itself, but only in questions related to fluctuations of the LLM geometry. Another possible
scenario for physically justifying the semi-classical LLM calculation in section 4 is that the
LLM plane may be relevant to a dimensionally reduced model of AdS/CFT, e.g. of the kind
considered in the context of spin matrix theory [47].

2.1.3 Unitary operators

We introduce the following operators on C(S,). Consider the linear conjugation operator
S : C(S,) — C(S,) maps a linear combination A = 7, ¢;o; € C(S,,) to S(A) := 3, cio; .
We easily check that S? = id and call S an involution. Let § : C(S,)*? — C be the
symmetric bilinear pairing that acts on two group algebra elements A = >, ¢c;o; and
B=3%,c0j, as
(5(A,B) = Zcicg»é(amj) (2.14)
i,



with 0(s) = 1 if 0 = id and 0 otherwise. Note that ¢ is also extended by linearity to C(S,,)
in the following. We then define a sesquilinear form on C(S,,)*? by

g(A,B) :5(m73)7 (2‘15)

where x € C stands for the complex conjugation. One checks that g is nondegenerate and
therefore induces an inner product on C(S,,).
We recall a useful proposition and its proof from [32].

Proposition 1. For any ptn, T, is a Hermitian operator acting on C(S,) endowed with
its inner product g.

Proof. We want to verify the identity g(A,7,B) = g(T,A,B) for A = 3>, cjo; and B =
>_; ¢joj. We have

9(A,T,B) ZCZC 3(S(04)Ty05) ZCZC (S (Tyoj)04) chc 8(S(05)S(Ty)o4)

= Zczc 3(S(0j)Tyo4) ZCZC 3(S(Tyo4)05) —g(T A, B) (2.16)

where at an intermediate stage we use S(AB) = S(B)S(A), S(T,,) =T, and §(S(A)) =
i(A).

O
STy
T}, as a hermitian operator, determines a unitary operator U, = e*» " with phases
e T, s X (T, .
given by the normalized characters X%(T},)/ X Uy = eXn "Pr=eXu A ”)PR. It is

therefore natural to use QPE to estimate the phases of such unitaries. The next task uses
QPE with C-U,,-gates to identify the corresponding normalized characters QR(TM) and from
that addresses new questions.

2.2 Quantum phase estimation

We review in this section the QPE algorithm and its run time complexity. We use Nielsen
and Chuang’s notation, see section 5.2 in [7]. Readers with a background in quantum
information theory may wish to skip this section and simply glance at the last paragraph
of this section. Those with an AdS/CFT and mathematical physics background but little
quantum information, like ourselves at the start of this project, will hopefully find it useful.

Consider a unitary operator U with an eigenstate [1)) of eigenvalue e?™**, for an unknown
A. QPE is a quantum algorithm that aims at approximating the value of A. It uses oracles
(black boxes) giving access to controlled-U? (C'—U? or shortly CU) operations, for some
j, and capable of preparing an initial state |¢). As in many quantum algorithms, the fast
Fourier transform defines a key subroutine of QPE. Finally the last important step in
the procedure is a measurement that will deliver an approximation of the phase with a
defined error rate (tolerance). Figure 1 gives the standard quantum circuit that provides
the different phases of the QPE. In the following we use a register space of ¢t gbits, i.e. the
dimension of that space is 2t. Without loss of generality, the eigenvalue ) is chosen such
that A € [0,1]. For our applications of QPE in the upcoming sections, it will be the case



1st register 4 ’ QFT—
t-gbits ’0> — H @

,71
,71

0) — H T

2nd register { ‘¢> _— U20 | U21 ... — U2t71

Figure 1. Quantum phase estimation by a quantum circuit acting on the initial state |0)®* ® [¢):
H-boxes are Hadamard gates, U2 -boxes stand for CU-operators, i =0,...,t — 1, QFT ! for the
inverse quantum Fourier transform, and the last stage involves a measurement on the first register.

i) {HHRof - ARy H R
[j2) @RQ = A R H R

je1) @ Ry ——
i) [

Figure 2. A circuit for quantum Fourier transform |jijs...j:): H-boxes are Hadamard gates,
Ry-boxes stand for C-Rg-operators, k = 2,...,t.

that A has an exact t-bit expansion, in which case, as we see shortly, the exact eigenvalue
can be determined by QPE with probability 1
QPE algorithm goes through the following steps:

(1) Initialize a state |0)®' @ |¢)), apply the Hadamard-gates (H-gates) on the first register
to get
2t—1

90 = 575(10) + 1)) = qu ) (2.17)

where |j) is (the computational basis) written in binary representation as [jij2 . .. ji)
and j = Y0_; 287", Recall that the Hadamard operator is expressed by H =

[+){0] + [=)(1] where |&) = (1/v/2)(|0) £ [1)).
(2) Apply the CU-gates (evolution operator):

2t—1

1) = [®C UT}W - 215/2 Z 627”])\’] M) (2.18)
i=1

where each CU-gate is defined by C—UZ ([0) + [1))[) = |0)[¢)) + [1)UZ|¢)).



(3) Apply the inverse quantum Fourier transform (QFT™!) to the first register of |¢1),
with C-Rg-operators defined by

1 0

1
ot

and obtain

[12) = Z Z 0y y) (2.20)
1=0 j=0

Two cases may occur:

(a) suppose that A has an exact t-bit expansion, there exists an [* such that [* /2!

coincides with A\. The above expression takes the form

201 201 ,
|th2) = [I%) oY > m3 030 |1y )
z 0|l£l* j=0
1 2t—1 1— 627ri(2t)\—l)
=) + o [ D))
2t lozu;él* 1 — e2mi(A—3r)
. 1 201 1— 627r7§(l*—l)
= |I")|y) + o Z lwz) 11)|%) (2.21)
=0l L1 —e 2
the second term identically vanishes and we obtain
|tha) = [I")|) (2.22)

(4) Perform measurements of the t-bits in the first register. This yields A = [* in binary
form with probability 1.

(b) If XA does not have an exact t-bit expansion, then consider the best ¢-bit estimate b
of \: b € [0,2°—1] is the largest integer such that b/2! = b127 1 +b9272 4. . +5,27F < \.
We define ( = \ — b/2t, 0 < ¢ <27 and write

2t—12t-1

—_

1 &= oni 1 2 .
TR 355 > UUTRE S 55 s g Ut
1=0 j=0 =0 =0
1 2 e2mi(28C—(1-b))
53 l 5 ] DY)
2t_1—b 1— e27rz(2tC*l) ’l b>|1f}> (2 23)
2t = 1 - exmile)

Nielsen and Chuang mapped the amplitude of |l + b)[1)) to a; € C defined in the
following way:
oy is the amplitude of the state |l +b) labelled by I = 0,1,...,2" =1 —b (2.24)
agt g is the amplitude of the state |l + b) labelled by | = —b,—b+1,...,—1



It is shown that [oy| < 1/[2!1(¢— )] that will be useful to achieve the next probability
bound.

(4') Perform measurements of the ¢-bits in the first register. It is proved (see section 5.2
n [7]) that the probability of getting b after a measurement m obeys the probability
bound P(Jm—b| >e) < e=1/(2(e—1)), for a parameter e = 28"P —1 = 2ty —1. Thus,
if p is much smaller than ¢, e becomes large and induces a probability P(|m — b| <
e) > 1 — e close to 1.

Remarks. Although our present work solves a task that takes as input the eigenvectors
of an evolution operator (which are projectors in an algebra), similar quantum algorithms
to what we will present hereafter address other important questions and take superpositions
of states as input (see discussion of the first future direction in section 6). Then, QPE can
be implemented with any linear combination of eigenstates such as |¥) = >"}_; Sk|¢x), for
the eigenbasis {1} of a Hermitian operator, and for coefficients 8y € C. Following step by
step the previous algorithm, the end result takes the form

2t—1

1 n
) = 5 2 2B
1=0 k=1

Consider a given eigenvalue )\ approximated by the fraction by /2. After measurement, we
obtain a probability P(|m — by| > €) < |Bx|?¢ that remains small, for constant £j,. Thus,
the procedures which follow here will adapt in this case and will remain accurate.

297 |1) ) (2.25)

M |

0

[
Il

Complexity. The runtime complexities of QPE has been also discussed in [7]. The query
complexity is O(t), as one requires ¢ queries of the CU-operators. On the other hand, the
gate complexity, that enumerates the number of gates used to deliver an output, is O(t?)
(t Hadamard gates, ¢ CU-operators, the inverse QFT requires t + (¢t —1)+---+2+1 H
and C-Ry gates, and therefore asymptotically leads to O(t?) gates). Here and after, we
summarize these statements as:

Query complexity € O(t);
Gate complexity € O(t?).

In the projector detector tasks for algebras related to S,, which we consider in the following
sections, where we will use unitary operators for QPE, which are exponentials of the cycle
central operators discussed in section 2.1, we will be choosing the number of bits ¢ to allow
exact determination of the relevant eigenvalues which have known integrality properties. As
a result this will translate into n-dependent complexities which are bounded by polynomials
in n, subject to the assumption that k.(n) € O(n®) with a < 1/2 which we described in
section 2.1.1.

3 Quantum Phase Estimation for projectors in the centre of C(S,,)

In this section, we focus on a quantum algorithm for detecting projectors in the centre
Z(C(Sy,)) of the group algebra C(S,,) of the symmetric group S,,. Bob prepares a projector
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Pr as a quantum state in the Hilbert space Z(C(S,)). Alice is tasked with identifying
the projector, i.e identifying the Young diagram R. Her procedure uses QPE to obtain
the eigenvalues of appropriate Hermitian operators (the cycle central elements described
in section 2.1) acting on the Hilbert space. These eigenvalues are expressible in terms of
normalized characters of irreducible representations of S,. We estimate the query and gate
complexities of the algorithm using their standard definitions.

We are interested in particular in the cycle central elements Ty, k € [1, n], corresponding
to partitions p = [k, 1""*] with one cycle of length k and remaining cycles of length 1,
described in more detail in section 2.1. Consider U = e"%%Tk and U, Pr = e%xR(Tk)PR,
using the definition (2.8) for x;"**. Alice’s undertaking is the following:

TASK. Given the set of unitaries Us, Us, ..., Uy, k € [2,n], and state Pg with unknown
R n, determine which Pr we have.

We may imagine that Bob prepares the state Pr in Z(C(S,)) and sends it to Alice who is
tasked with the identification.

To answer this question, we will use QPE with C — Ug-gates. We will subsequently
compare with standard complexities of classical algorithms.

3.1 QPE for T»

We restrict to this simplest (and non-trivial) case for a warm-up. We will use the known
fact that [48]

) = X 5 o). (3.1)
O€eERrR

The sum is over boxes in the Young diagram R, weighted by the content of the box. The
content is the column number minus the row number. The maximum value of the normalised
character occurs for R = [n], the Young diagram with a single row of n boxes. Then we

have

n

Si—-1)= n{n=1) (3.2)

i=1 2
The lowest value is —n(n — 1)/2 and corresponds to R = [1"]. Take for example n = 6, then
R = [6] gives X®(T) = 6 % 5/2 = 15; for R = [3,2,1], one has %RT?) =0. For R=[2,2,2]
it is —3, for R = [3,3] it is 3; for R = [4,2] it is 5. For simplicity, considering the value of
XB(T»), let us allow for all the integers between the bounds —n(n — 1)/2 and n(n — 1)/2.

The register must have enough bits to be able to store in binary all the numbers from

—n(n —1)/2 to n(n — 1)/2. This means the register has to be able to store n(n — 1) + 1
possible integers. The number of bits needed is given by

t = [logy(n(n — 1) +2)] € O(logn) (3.3)
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Thus, according to [7] (see chapter 5.2), the QPE has complexities:
Query complexity € O(t) = O(log(n));

Gate complexity € O(t2) = O((log(n))?).

We now give an algorithm that will detect with probability 1, the projector Pr with a
register of ¢ = logn bits. QPE(Us) stands for the QPE with C' — Us-operators. The query
and gate complexities are the same as above.

3.2 General procedure for arbitrary n

From our previous discussion (particularly equation (2.2) and the associated remark (4), we
know that QPE can be done with certainty provided the eigenvalue can be exactly expressed
with a ¢-bits. For instance, if n € {2,3,4,5,7}, T, determines the projector Pg. However,
for higher n, characterizing Pr will require access to more operators Tj’s as generating the
centre Z(C(S,,)) requires more of these operators, see the discussion in subsection 2.1.
For n € {6,8,...,14}, we need T»,T3. Given a single copy of Pr, we can separately
estimate the eigenvalues of T3 and T5. To measure the eigenvalue of 75, in the exact way as

273

mT N o). . . .
above, Alice applies QPE for Uy = e*2 : using conditional unitaries C-Usy. Using (2.2) the
output of the first stage is Pg, tensored with some ancillary bits which are measured to give

271
the eigenvalue Y*(T3) of Tb. Then we apply QPE, using Uz = engTS and corresponding
conditional unitaries C-Us-gates. The measure will give with certainty Y?(73) of T5. The
data pair (Yf(T3), X®(T3)) determines in a unique way Pg by searching R in a table of size
2 % |partitions(n)|.

For larger n, we simply iterate the procedure, enlarging the dimension of the register
space and introducing a larger number of T}, k € [2,n], that surely determine Pgr. We need

to perform the analysis at generic T}, for k € [2,n].

3.2.1 Dimension of the register space for eigenvalues of general T}

A first task is to collect the dimension of the register space associated with the calculation
of the projector eigenvalues. We use a result on character bounds by Feray and Sniady [49].
They tell us that

T R R |l
|XR( H)‘ < a]TM| [max <T( )’ C( )7|M|>:| (34)
dgr n non
where a is a constant a > 0; |u| is the minimum number of factors needed to write a
permutation in 7}, as a product of transpositions; 7(R) is the number of rows; c¢(R) is the

number of columns in R. We observe that
R R
X(M7C<)’|M|> < max <n’n"'u‘> <1 (3'5)
n non nmn n
using the fact that the number of rows and number of columns cannot exceed n. Thus, we

have a bound

Xr(Ty)
’#’ < a|T}| (3.6)

- 12 —



Dealing with p = [k, 1"7¥], i.e. the case of interest associated with the cycle central elements
Ty, we obtain the asymptotic behavior, for fixed k,

i) ¢ =)o ha ) ent g Ly (5 2) (B

dgr n n n
an® 1y
< — (1= Z — + terms vanishing at large n
k = n
& k(k—1
< % <1 - (2) + terms vanishing at large n ) (3.7)
n

We are assuming that the cut-off k.(n) on the range of k£ needed obeys k. (n) < n, which
is certainly compatible with the conjecture k. (n) € O(n'/*) explained in section 2.1.1 but
ki(n) € O(n®) for a < 1/2 suffices to ensure that the second and higher terms in the
expansion above are sub-leading at large n.

We also know [50] that %Z“) (for any partition p) is an integer. So this means that
the range of possible values of these eigenvalues is 2an® and the smallest difference between
eigenvalues is 1. Thus, on very general grounds, we can conclude that an upper bound on

the number of bits requires to encode all eigenvalues of the C-Uy operators is given by

k
Bits required to store eigenvalues of T}, ~ log, (26”;) (3.8)

~ log,(n¥) —logy k ~ klogn — logk

3.2.2 Query and gate complexities at general n

We will need to add the complexities for the measurements of 75, T3, -+ , Ty, (). The total
query complexity is estimated as
k«(n)
* * 1
klog(n) = <k (n)(k=(n) +1) _ 1) log(n)
k=2 2
ki(n)(ki(n)+1
3 (kog(n) — log(k)) = P I o) togih, (my)
k=2
k(1) (ks 1
LI 2(n) +1) log(n) — k«(n) log(k«(n)) (3.9)

If k.(n) < n® holds at large n, we have
k) (k) + 1)
2

Thus, we obtain the

t/\./

log(n) — ky(n)log(k«(n)) ~ n*(n® — a)logn ~ n**logn  (3.10)

Query complexity € O(t) ~ O(n?*logn). For the gate complexity, we sum the
number of gates required for each step and estimate

> K (log(n)? ~ PMECIE DEE LD o, )2 (3.11)
k=2

If we use ki(n) =n® at large n, we obtain

~13 -



Gate complexity € O(n3*(logn)?). According to the heuristic conjecture in sec-
tion 2.1.1, a = 1/4, but for any a < 1/2, the above gate and query complexities hold.

4 Classical algorithm related to quantum projector identification by holo-
graphic duality

Projectors in symmetric group algebras C(S,,) are used to construct half-BPS operators
in A = 4 super-Yang Mills theory with U(NN) gauge group, which is dual to string theory
on AdSs x S°. These are composite operators built from n copies of a complex matrix Z.
First we define

On(2)= 3. Z, 4,

to(1)

) (4.1)

11, in

This definition can be extended, by linearity, to include operators labelled by group algebra

elements:
OS5 o =2 0s(Z) (4.2)
It then follows that for projectors
Pp= TR R 4
=25 (o) (43)
we have operators
dr
Or=" > X (0)0,(2) (4.4)

Up to an unimportant normalization these are the standard Schur polynomial operators of
the half-BPS Sector, which form an orthogonal basis for the free field inner product [12].
These states can be realized as holomorphic operators created by complex matrix oscillators
arising from the U(N) N' = 4 SYM theory reduced on S x R. The dynamics of the
reduced matrix model is isomorphic to that of a many-body system of N fermions in a
one-dimensional harmonic oscillator potential [12, 51, 52]. Lin, Lunin and Maldacena [11]
classified the half-BPS super-gravity solutions with AdSs x S°® asymptotics, which take
the form:

2 2 2

ds® = —h~? (dt +> V;da:i> +h? (dy2 +> da:l-d:ni> + R*dQ® + R*dO)? (4.5)
i=1 i=1

The functions Vi, Vs, h, R appearing above are all functions of (z,z9,y), and are all

determined by one function u(x1,x2,y). The function obeys a harmonic equation in y and

is determined by its value on the y = 0 plane.

In the papers [24, 53], the function u(z1,x2) on the LLM plane is determined by using a
Wigner phase space distribution associated to the quantum many-body fermion state. This
Wigner distribution arises from a reduced one-particle density matrix obtained from the
many-body state by tracing out the states of N — 1 particles. The upshot of this discussion
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is eq. (25) from [24] which gives an expression for u that allows the determination of the
conserved charges from the semi-classical geometry:
AY(
u(p, ) = 2 cos? 92 Zfe’;m ) DY+ 1) oF1 (—1,1 4 1;1;sin%6) (4.6)
Here p € [0,00], 0 € [0, §], F = {f1, f2,..., fn} a set of increasing integers related to the
individual Fermion energies E; = h(f; + ) i=1,2,...,N. In such an expansion, A'(f) is

a polynomial of order [ in f (its explicit form can be found in [24]).
The relation between Jacobi polynomials and hypergeometrics will be useful (see [54])

1—
PP (z) = (“g”) o Fy (—n,a+,8+n+1;a+1; 29”) (4.7)

Observe that we can match the hyper-geometric to the Jacobi polynomials by using

a=20, 68=0, n=1
11—z

—— = sin?@ = = cos(26) (4.8)

Then, under such a restriction, u(p, 6) (4.6) becomes

l
u(p,0) = 2 cos® azzfegﬁ ) — 1)1+ 1) P (cos 20) (4.9)

Further useful information on Jacobi polynomials, including orthogonality relations, are
given in [54].

Introducing, X = cos(26), and a cut off A in [, we write an approximation of u(p, ) at
large enough A as

A
u(p, X,A) = (1+X) > Ul p) P (X) (4.10)
=0
where U(l, p) given by
Y rer ALS)
U(l, p) = fepgT(_nl(z +1) (4.11)

The cut-off A(n) is the cut-off on U(N) Casimirs (for N > n) needed to ensure that the
Young diagrams can be distinguished. As explained in section 2.1.2 it can be identified with
k.(n) which is defined intrinsically in terms of the symmetric group algebras C(.S,) and
their centres Z(C(S,,)). The Casimirs of interest are given by

Ul(l
ZAI lp2l+2 5(4_?) (4.12)
fer

and therefore can be extracted once we know U(l, p). We define a reduced form of the
function u by the equation

u(p, X, A) A

ZA:U )P0 (X) (4.13)
=

and this will be used in place of w.
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Fast Fourier Transform (FFT) for u(p,0,A). We use a well-established method, the
FFT, to extract the coefficients U(, p) of u(p,d,A). Our first task is to put u(p,0,A) in a
convenient form to apply the FFT algorithm.

We use the expansion of the Jacobi polynomial where p?’,g is the coefficient in the
expansion defined by the series (4.7), see [54]:

P0 0 (cos 20) Z P, (cos 29

k k
1 0(25 1 k )
0,0 2i0(25—k 0,0 2360
:Zpl,k %Z()e“’ )= Zpk oF > (k—&—m)ezm
k=0 j=0 J m:—k:| m+k even 2
l l 0,0
P [k 0 0
=2 2 ok (k—i—m) e = Zplmezlm
m=—1 | k=|m|| m+k even 2 m=—1
1 0,0
~ Py k
Plm = > o <k+m> (4.14)
k=|m|| m+k even 2

In the following, we will require access to the coefficients p; ,,, of the Jacobi polynomial PZO’O.
Thus we use as input data table {p;,, | =0,1,...,A, m=—I,—1+1,...,1}.
Using (4.14), we reorganise the sum u(p, 6, A) in the following fashion

A l
Wp,0,M) =>"Ul,p) > Pim ™
=0 m=—
A A A
— Z Z U(l,p) ﬁl,m] 622'9m — Z Cm(p, A) 62i9m
m=—A |l=|m| m=—A
_ A
Cm(pv A) = Z U(l,p) ﬁl,m (4'15)
I=|ml|

One can easily show that Cy,(p, A) = C_n(p, A) which allows to return to a real expansion
in cos(2m#). We focus on the values of Cy,(p,A), for m =0,..., A. Suppose that we only

have access to a finite number A + 1 of values of u(p, §; = A) 1=0,...,A

A+17
Then, the discrete Fourier transform (DFT) of u(p,0,A) delivers the coefficients
Cn(p; A):
f: (.52 ) (c380)”
U e
1= A1
A A
_ 1 Z Z ,0 A) e2zA+1(m —m)
A+l =0 m'=—A
1 A A o
=112 [Cne M)+ X Culp) S
=0 '=—Alm'#m
_ 1 A 1— 621'77(A+1)(m m)
=Cn(p,A) + —— Co (p, A
(p, A) + A+1 m’:%:m’;ém (0, A) 1— 32’A+1(m —m)
— Coulpr M) (4.16)
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The DFT has computational complexity O(A?): we have order A coefficients to extract
and order A multiplications (and additions of smaller complexity) to perform. Rather than
doing a DFT, we perform a FFT to extract the coefficients Cy,(p, A) of @(p, 0, A). This is
a classical algorithm, based on decimation-in-time, with A = 2" points, see e.g. [55], FFT
decomposes the DFT in r = logy A steps, each of which generating A/2 basic computations
called butterflies. In the end, FFT costs O(Alog A) basic operations.

The FFT delivers a table of values of ém(p, A), m=0,...,A. We can then invert a
linear system to obtain the U(l, p):

Cra(pN) = UA p)ian U(Aip) = ——Cap, A)

PAA
A
CacilpA) = > Ul p)pia—1 = UA —1,p)Pa-1,0-1 + U(A, p)Paa—1
I=A-1
1 ~ ~
UA=1,p) = =———[Ca1(p, A) = U(A, p)pan 1]
PA-1,A—1
~ A
U(]ap) = = Oj(pv A) - Z U(LP)ﬁl,j
Py I=j+1
j=A—1,A—2...,0 (4.17)

We use the fact that the kth coefficient p?’l? of the Jacobi polynomial Plo’0 expresses as
(expand equation (1.1) of [54]):

" m=k :

and thus the diagonal coeflicient p;; = % which is inverted in (4.17) does not vanish.
The above procedure accesses the table of values {p;,}, and depends on a parameter
A(n) which obeys A(n) € O(n%). We assume that the computational complexity of
measuring the u(p, 0 = § Jrl,A) 1 =0,...,A, is bounded from above by a certain function
c;(A), the complexity of measuring @ at separations of 2m /(A4 1). The estimation of ¢ (A)
will require a complexity analysis of measurements in classical gravity, which we leave for

future discussion and calculation.

Two procedures are involved above in the determination of the coefficients U(l, p): a
FFT and the resolution of the triangular linear system. The FFT has computational cost
O(Alog A) and inverting this system costs O(A?). Combining this yields a complexity f(A)
bounded from above by

F(A) <o A cz(A) +crAlog A + oA (4.19)
where ¢y, c1 and ¢y are constants. Hence, two sub cases could occur:

Case 1: if cz(A) € O(AP) with B < 1, for large enough A, then the overall cost is
f(A) € O(A?);
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Case 2: if cz(A) € O(AP) with B8 > 1 for large enough A and for some constant ¢y > 0,
then f(A) will be dominated by the cost of the measurement procedure O(A'*+7).

In first case 1.1, we have the FFT and linear system inversion that are combined to give
a complexity f(A) € O(A%) ~ O(n?*). Comparing to the QPE query and gate complexities
given by O(n?*logn), and O(n3*(logn)?), respectively, the classical holographic procedure
has a better efficiency at large n. In case 1.2, if 1 < § < 2, QPE query complexity is smaller
than the holographic complexity, but the QPE gate complexity is larger. If 5§ > 2, QPE
has both query and gate complexities smaller than the holographic complexity.

It would be interesting to see if a more refined analysis would distinguish concepts of
query and gate complexities during the determination of U in the holographic setting. There
is another subtlety which is worth mentioning. It concerns the inversion of the linear system
which may bring a limitation of the above conclusion. The coefficients p; ,,,, for some large [
and m, may have a size comparable to A", for some positive integer k. Therefore, we can use
the fast Schonhage-Strassen multiplication or division by p;,, that costs O(A"log A) [56]
whenever we perform U(l, p)p;; or divide by p;;. A more detailed analysis of £ would
be needed to improve the comparison between the complexity of detection of projector
quantum states and the complexity of detection of geometries in the holographic dual. We
leave these refinements for the future. The calculations in the present paper should be
viewed as a proof of concept for the existence of meaningful comparisons of complexity
between classical gravitational algorithms based on AdS and quantum algorithms based on
CFT which are made possible by known holographic dualities. This is broadly aligned with
the perspectives in [26, 27].

Note finally that one could be interested in solving the power sum moments M =

N fE. This can be also performed because of the relation 3 feF Al(f) = 22:0 ck My, for
some coeflicients cfk, see appendix B. These relations can be recast as a triangular linear
system that can be solved. For this reason, we take the view that knowing the 3 » ALF)
is equivalent to knowing the M.

Future direction: finite IN effects. In the above discussion, we have considered the
complexity of the problem of detecting a Young diagram with n boxes from the set of all
Young diagrams with n boxes. In N/ =4 SYM CFT this corresponds to considering the
Young diagram basis for operators of dimension n. We have been able to formulate well-
defined complexity estimation problems using the form of the function u(p, #) determining
the LLM solutions. An interesting extension of the complexity estimates given here is to
consider the space of Young diagrams with N? boxes, for a large integer N, restricted to
have the first column of length no greater than N. This is motivated by the condition of
validity of the super-gravity approximation in describing the physics of high dimension
CFT operators.
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5 Classical matrix algorithms for projector detection: randomised clas-
sical algorithm

In section 4 we described a classical algorithm which related by holography to the quantum
detection of projectors in section 3. A more conventional approach to classical/quantum
comparison of algorithms is to used quantum-inspired randomised classical algorithms [29].
In this section we will develop such an approach for the projector detection task.

5.1 Randomised classical algorithm

We can compare classical and quantum algorithms for this problem of detecting projector
states. In the classical problem, we are given a set of matrices of size D, one matrix
corresponding to every projector Pr. We can construct such matrices by taking the group
algebra elements

d
Pr=—13 x"(o)o (5.1)

in a reducible representation of dimension D. We need a reducible representation which, in
its decomposition into irreducibles, contain every irrep R at least once.
We will work with the regular representation.

TASK 1: The task of finding the T3 eigenvalue
The input

« We are given, as a black-box which we can query, a projector Pg as a matrix DV (Pg)
of size DimV x DimV'.

« We are also given, as a black box, a matrix D" (T3).
Algorithm

« We query the DV (Pg) black box and ask for a pair of numbers (4,5) 1 < i,j < DimV
with a non-zero entry (DY (Pg));;.

e We consider the matrix equation

x(Th)

=DV (Pr)yy  (52)
R

(DY(T2)DY (Pr))ij = > (DY (T3))ir(DY (Pr))k;j =
k
We query the i’th row {(DV(T%))ix : k € {1,--- ,DimV}} of the matrix DV (7%) and
the j’th column {(DV(Pgr))kj : k € {1, ,DimV}} of DV (Pg).

o The sum over k in the equation (5.2) is computing a scalar product of two vectors.
The two vectors are real. We will do the calculation of this inner product using a
randomized classical algorithm (l2-norm sampling as in [29]). This will lead to a
complexity which is independent of DimV and instead depends on the admissible
error. This step is detailed below.

o By taking the ratio of (DY (T2)DV (Pg))ij over (DY (Pr));; we can get the eigenvalue.
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We now turn to the key computational step above is the multiplication of the ¢’th row
of DV (T3) with the j’th column (DY (Pg)). This is the computation of a dot-product of two
vectors in dimension dim V. We can immediately apply known results in quantum-inspired
classical algorithms. We use the result in Proposition 4.2 of [29], which gives the number of
queries required to calculate the inner product of two vectors < x,y > with error €||z||||y|],
and with success probability (1 —¢)). The number of queries needed is O(Z; log(})). Here
we are calculating (T2 Pg);; which is x®(T»)/dg times (DY (Pr))i;. We know the range
of the normalized characters extends within the interval [-n?,n?] and we know they are
integers. From this we extract an estimate for the biggest ¢ we can afford. This will lead to
query complexity which is polynomial in n, as we now show.

Let us consider the application of Proposition 4.2 of [29] to projectors in the regular
representation.

Some important lemmas (to be proved in appendix A):

Lemma 1. P
>_(DE(PR)? = & (5.3)
Lemma 2. )
S (ogEm) =" (5.4)

T

Useful to choose fixed o, 1 with the property that D;%(Pr) # 0. Then define vectors

of dimension n!

Xy = D3E(Pr)

Y, = DI5(T) (5.5)
The above lemmas are telling us
2
x| = %
n!
n(n —1)
v = = (5.6)

Also we have

(X,Y) = > _(DF(T2)(D5E (PR)

S
= Dy 2(T2PR)
R
X (1)
= DXe(P, 5.7
2D P 6:1)
Lemma 4.2 of [29] tells us that error
A({X,Y)) = el X][[[Y]] (5.8)

can be achieved with query complexity O(}2 log %), where ¢ is the failure probability to get
within e[| X|[||Y]| of (X,Y). In the following, we neglect log § as it is independent of n. In
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the present application, we are taking DgeE(PR) to be given to us by an oracle, so it is an
exactly known quantity. So we have

x(Ty)

A((X,Y)) = A (dR> D¢ (Pr) (5.9)

Equivalently, dividing by the known quantity Dg;$(Pr) we have

(X,Y) X(T)
> (ie) =2 (o) (510

We want this uncertainty to be less than 1: then we can use the integrality property of
the normalised characters to ensure that we can use the classical algorithm to detect the
normalized character. If we set

R
A<X£”>=4MHW|S1 (5.11)

1 n! 2 n!1
e<—— = . /rZ 5.12
XV~ V& a1~ &n (5.12)

Let us call the upper bound on € as €*. So we have

n! 1
N 1
€ ”d%%n (5.13)

This leads to a lower bound on the query complexity which we call Q*

we get

Q" (R) = =t (5.14)

This complexity is maximised for the largest dg. There are easily derived bounds on the

dR**
|G| - CL(G) max
(@) — a(G) < di < Y16l = alG), 19

as discussed in math-overflow [57]. Here |G| = n!, ¢(G) is the number of conjugacy classes
p(n). a(G) is the number of irreps of dimension 1. The only irreps having dimension 1 are
the trivial and the anti-symmetric, so a(G) = 2. So we get

n!—2 s
FORED) < (dF™)? < (n! —2) (5.16)

We conclude

Q" (Rmax) < n’. (n('an) ~n? (5.17)
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TASK 2: The task of finding the T} eigenvalue for general k € {2,3,::- ,k.(n)}
The input

« We are given, as black-box which we can query, a projector Pr as a matrix DY (Pg)
of size DimV x DimV'.

« We are also given, as black boxes, the matrices DV (1), DV (T3), ..., DV(T}, (n))

We apply the same previous algorithm successively for 15,73, - -, and Ty, ().
We use the matrix of T in the regular representation, i.e. D**&(T},) that should fulfil
the following relation.
Lemma 3. . Ll
(o) = M ] (518)

T

Proof. Use the same steps as in proof of Lemma 2 in appendix A, the above sum boils down
to 0(T7) = Y ewec, 0(0coe) = [Tk = n!/(k(n — k)!), where C, = {o € [k,1"7%]} contains
all permutation with cycle structure given by [k, 177*].

O
Using the regular representation, with Dg58(Pr) # 0, at step k, we define vectors of
dimension n!
X, = DNE(Pp), Y, = DIE(T) (5.19)
Lemmas 1 and 3 shows us that
d? —1)--(n—k+1
ixpp=2, e = 2z kr Y (5.20)
n! k
Computing the inner product, we obtain
reg reg reg XR(Tk) reg
(X,Y) =Y Dy8(T;)D2(Pr) = Dy¥(Ty.Pr) = D5 (Pr) (5.21)

v dr

Using again Lemma 4.2 of [29], then the error A((X,Y)) = €[|X||||Y|| can be achieved with
query complexity O(E%) (neglecting the failure probability 6). As Dg58(Pr) is queried by an
oracle, we have

A((X,Y)) =A (XRd(Tk)> D% (Pr) (5.22)
R

Dividing by Dg58(Pr), one gets

(X,Y) ) X"(T)
A < =A>— 5.23
DIE(Pr) n (52
We want this uncertainty to be less than 1: then, by the same routine that ensures us that
we can use the classical algorithm to detect the normalized character, we set

R
A (’ﬁ?) — XY < 1 (5.24)
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and obtain, for k < n

1 n! k n |k
ESMHWH:\/%'\/n(n—l)...(n—k—kl)N\/%\/n: (5.25)

Making use of the upper bound €* on €, we write a lower bound on the query complexity
which we call @,

1 n* d2
H(R) = =—.2 5.26
which holds for k = 2,3, ..., k«(n). Taking the worst case, this complexity is maximised for
the largest dg. Keeping in mind (d?)? < (n! —2) (5.15), we are led to

Q(Rmax) < (5.27)

This is the behavior of the largest query complexity for each k. The total query complexity
is obtained by summing them:

3

kx () ke(n) ko ke(n)

Q*(Rmax) = Q* (Rmax) = —-— > =n" ¢ (528)
,;2 K =k = k(n)

||
N

where we assume k.(n) = O(n®) at large n (for some 0 < o < 1/2, with a = 1/4 being
a conjecture as discussed in section 2.1). This shows that the query complexity of this
algorithm is much larger than that of the quantum algorithm with n?®logn, see (3.10).

5.2 Discussion and future directions

5.2.1 Interpretation

We are finding, for the Young diagram projector detection task, that the quantum phase
estimation methods perform exponentially better than the classical analog we have defined
using randomised algorithms (compare for example (3.3) with (5.17)). This may be
due to the intrinsically quantum nature of our task which may bring it closer to the
exponential quantum improvements envisioned in [58]. There is no computational cost
of converting classical vector data to quantum states in our discussion of section 3. In
practical recommendation tasks it has been found that the randomised algorithms only
differ polynomially in complexity from the quantum tasks [29, 59].

5.2.2 One dimensional representations

We have asserted, in arriving at (5.16), that the one-dimensional representations of the
symmetric groups are the trivial and the sign representations. That there are no further
one-dimensional irreps over C for S, (n > 2) is discussed in [60-62].

~ 93 -



5.2.3 More general choices of V

We have formulated the randomised classical algorithm in terms of the regular representation.
We could also use a more general reducible representation which contains all irreps R in its
decomposition into irreducibles. If V' contains every irrep R, then its dimension is at least

> dr (5.29)
R

It is known that this sum is equal to the number of permutations ¢ which square to 1. This
means that o only has one and two-cycles. Let k& be the number of 2-cycles.

S d —%"! (5.30)
T L 9k (n — 2K)! '

k=0

The summand is maximum when k£ = (n/2). The value is then

n!
T (5.31)
A lower bound is therefore nl
An upper bound is
D, =(n/2)D_ (5.33)

6 Detection of the Kronecker projector in K(n)

Permutation centralizer algebras KC(n) related to C(S,,), which arise in the enumeration of
tensor model observables and the computation of their correlators [31, 63] have been used
to give constructive integer matrix algorithms for computing Kronecker coefficients [32, 64].
These algorithms are based on regarding /C(n) as Hilbert spaces. The dimensions of these
Hilbert spaces grow as n! at large n (see [65] for all orders asymptotic formulae for these
dimensions). An important motivation for this paper has been to take advantage of known
exponential improvements due to quantum algorithms [58] to formulae efficient algorithms
based on K(n) for Kronecker coefficients, since an important element of the interest in
Kronecker coefficients comes from computational complexity theory [66—69]. Our perspective
is that, while the intersection of representation theory in mathematics and computational
complexity in computer science is a fascinating interface with many interesting outcomes, the
mathematical question of combinatorial constructibility of representation theory quantities
is sometimes fruitfully kept distinct from the complexity theoretic questions associated with
the precise choice of computational task based on Kronecker coefficients and the efficiency
of algorithms for the chosen task. Informally speaking we would argue that construction
problems, such as making hay and manufacturing needles, are distinct from complexity
questions, such as the difficulty of finding a needle in a haystack. We review the basics
of £(n) from [31] and apply QPE to projector detection task in K(n). The projector is
labelled by a triple of Young diagrams with non-vanishing coefficient.
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Consider C(S,,) ®c C(Sy,), simply denoted C(S,,) @ C(S,,). Introduce the tensor product
elements 01 ® o9 and sum over all their diagonal conjugates as

o1®oy— Y o1y @0y (6.1)
YESH
Now, consider the C-vector subspace K(n) C C(S,)®C(S,) spanned by all - g y017 ' ®
yooy~ L, o1 and o9 € Sy
K(n) = Span(c{ Y oy @0yt o100 € Sn} (6.2)
YESH

The dimension of K(n) maps to the number of ribbon graphs with n edges, and equivalently
to a sum over triples R1, Ry, R3 of irreducible representations (irreps) of S, [31]:

[Rib(n)| = Dim(K(n)) = Y C(Ri, Rs, R3)? (6.3)
Ri1,R2,R3Fn

The Kronecker coefficient C'(R1, Ro, R3) is a non-negative-integer that yields the number of
times R3 appears in the tensor product decomposition 1 ® Ro. The Kronecker coefficient
is expressed in terms of characters as

C(R1, R, R3) = Z X1 (0)X R (0) X Ry (0) (6.4)
n! oESy
In an analogous way of section 3, there are operators that multiplicatively generate the

centre of K(n). At any n > 2, we define elements in C(.S,,) ® C(S,)

W=T01=> ool,

o€Cy,
W =10T=>Y 1o,

o€Cy
T(3):Za®a (6.5)
k . .

ogeCy,

The sum of products of the T,Ei)’s, k=1,...,n, generates the centre Z(K(n)) of (n). In
fact, one does not need the entire set k = 1,...,n to generate the centre, only a fewer
number of them is enough k£ =1,..., ki(n) < n.

K(n) has a matrix basis

C(R1,R2,R3)

dr,d
S D S Y >

01,02E€Sn 11,12,13,]1,]2

R1,R2;R3,m1 R17R2,R3,T2 Ry Ro
11,12513 le,]2713 Dll]l (Ul)D%QJ' (02) 01 Q02 (6'6)
obeying
QR1,R2,R3 QR Ry, Ry 5R1, 16R2, 25R3, 36 QRLR%RS (6 7)
T1,T2 71,7 T2,T] T1,Th '

Dﬁ(a) are the matrix elements of the linear operator Df¥(¢) in an orthonormal basis for the
irrep R. The index 7 runs over an orthonormal basis for the multiplicity space of dimension
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equals to the Kronecker coefficient C(R1, R2, R3). KR, R rs; 1S @ normalization factor.
CR17R2;R3771

11,12503
of [31] for the properties needed to prove that this expression gives a Wedderburn-Artin
basis for K(n)).

The centre Z(K(n)) is spanned by

are Clebsch-Gordan coefficients of the representations of S, (see the appendices

pBRi1R2,Rs Z Ri,R2,R3

T, T
T

This is equal to an expression in terms of characters

pRl,R%RS — A(PRg)(PRl ®PR2)

1 .
= deldmd}gg Z X (1) X2 (02)x ™ (03) 0301 @ 0307 (6.8)

01,02,03€5y

The equality PF-R2Hs — PhLR2Rs can be shown using the properties:

PRy pRiR2,Ry _ sRi,R) pR1,R2,R3
phy pRi,R2,Rs _ sRa,R; pR1,R2,R3
PR pRi,R2,Rs _ sR3,Ry pRi,Ra, Ry

PRiuR2,Rs pRY,Ry, Ry sR1,R| gRa, Ry sR3, Ry pR1,R2, R3 (6.9)

It is known that, as (R1, Ra, R3) range over triples of Young diagrams with non-vanishing
Kronecker coefficient, and 71, 75 each range over a basis for the Kronecker multiplicity space,
the elements QF1:72:55 form a basis for IC(n) [32]. The above equations imply that

1,72

PRuR2,Rs _ Z aTin,Rz,Rs (6.10)
- )

Further we show, in appendix C, that for any fixed 7,

PRl,RQ,RSQRl,Rz,RS — OFR1,R2,Rs3 (6.11)
T, T N

T, T

Along with the use of the inner product on K(n) (described in [32]) this equation implies
that PRiR2.Rs — pRiR2,Rs

SET-UP. Bob sends to Alice a non-vanishing projector PF-f2:13 agssociated with a triple
(R1, R2, R3) with non-vanishing Kronecker coefficient. Alice is asked to detect the triple of
Young diagrams labelling the projector.

2mi_ (i)
Alice uses successive phase estimations with Uy ; = ek fori e {1,2,3} and
ke {1,2,--- ,k«(n)}. For each k,i we have a certain number of black-box queries in

QPE (for the controlled U-gates) and a number of gates for inverse quantum Fourier
transformation. We add up all the gates to get the gate complexity and all the black box
queries to get the query complexity.
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TASK: Identify a triple (R;, Rz, R3) for a Kronecker projector PFi-R2.Rs

ST :
Consider the set of unitaries Uy ; = eXk , for any i and k, that satisfy Uk,iPRl’R%RS =
R X (T,
ek PFiR2,R3  The problem is formulated as follows:

“Given the set of unitaries Us;,Us;,...,Up;, @ = 1,2,3, k € [2,k.(n)], and
state PTLF2:13 with unknown R; - n, i = 1,2, 3, determine which P72 we

have.”

The reasoning is analogous of the previous section 3. The number of bits require to
store de top eigenvalue of T,gl) for any ¢ and k is known (7.8). The query complexity adds
the number of queries of all C-Uy, ;-operators

3 k«(n)

53" klog(n) =3 ( "’*(”)(k*;") +1) 1) log(n) (6.12)

i=1 k=2

Using again k.(n) = n®, we obtain

Query complexity € O(t) ~ O(n?**logn). In a similar way, the gate complexity
sums the number of gates required for each step and estimate

3
Z k?(log(n))? ~ k.(n)*(log(n))? (6.13)

If we use k.(n) =n® and at large n, this boils down to

Gate complexity € O(n3%*(logn)?).

Future directions

Generating list of triples with non-vanishing Kronecker coefficients. We have
presented complexity estimates for the detection of Kronecker projectors which exist for
every triple of Young diagrams having non-vanishing Kronecker coefficients. A natural
next step in understanding Kronecker coefficients in the context of ribbon graph quantum
mechanics is to consider the ribbon graph corresponding to state in K(n) corresponding to
the permutation pairs (01 = ¢, 02 = 0g) where oy is the identity permutation. When this is
expanded in the Fourier basis, we get a linear combination with non-vanishing coefficients of
the projector states Pf1:f2:5 for all the triples (Ry, R2, R3) having non-vanishing Kronecker
coefficients. The application of QPE with the operators Uy ; will be able to produce the list
of Young diagram triples with non-vanishing Kroneckers. We leave the complexity estimates
for this task to the future.

Detecting whether the Kronecker coefficient for a triple is greater than 1. By
focusing on the detection of the projector states PF1:f2:5s in kC(n) we have explained
algorithms for identifying/detecting specific triples from the set of all triples with non-
vanishing Kronecker coefficient. Making use of the more refined structure of C(n), notably its
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Wedderburn-Artin decomposition in terms of Qﬁ{;fQ’RS would allow access to generalisations
of this task. For example Bob could send Alice a pair of Q-states, both with the same
(R1, Ra, R3) and with Kronecker coefficient 1 or greater than 1, and Alice could be tasked
with determining the triple of Young diagrams and determining whether the two states
sent by Bob are linearly independent. If they are, then this would show that the Kronecker
coefficient for the triple is greater than 1. This would require using QPE to determine the
eigenvalues of elements in K(n) which are not necessarily central. The use of non-central
elements of a permutation centraliser algebra to construct distinct multiplicity states (71, 72)
has been used [37] in the context of multi-matrix invariants (related to the algebra A(m,n)

discussed in section 7).

Holography. Following the similarity between the projector detection in this section
and the detection in Z(C(S,)) from section 3 it is natural to ask if we can formulate
a holographically dual gravitational detection problem for IC(n). This algebra has been
studied [30, 31] in connection with invariant observables for tensor models. These in turn
have been related [70] to the SYK models [71, 72]. A holographic correspondence between
SYK and near-AdSs quantum gravity has been discussed (see the original papers [73-75]
and a recent review which discusses the correspondence and associated subtleties [76]). It
is an interesting question whether near-AdS2 gravity allows a classical gravity dual of the
projector detection in K(n) analogous to the classical gravity dual of projector detection in
Z(C(Sy)) based on LLM geometries [11] which we described in section 4.

7 Detection of the Littlewood-Richardson projector

Given two non negative integers m and n, there is a PCA A(m,n) which is relevant for
the counting of polynomial functions of two matrices X,Y invariant under adjoint action
by unitary matrices U : (X,Y) — (UXU',UYU'). We present a review of the background
from [30].

A(m,n) is the subalgebra of C(.S,,1,) made of the elements that are invariant under
the adjoint action of S, x S,. There is a basis of A(m,n) labelled by multi-necklaces with
m beads of one colour and n beads of another colour. These are in 1-1 correspondence
with orbits in Sy,4, generated by the conjugation action of v € S;, X Sy, C Spypn. With 7
running over these necklaces,

E, = Z VU(T)V_Ia (71)
YESm X Sn

where o) € Sm+n is a representative of the r’th orbit. One shows that A(m,n) is a
semi-simple associative algebra and therefore admits a Wedderburn-Artin decomposition.
It is proved that
Dim(A(m,n)) = Z g(R1, Ry, R)? (7.2)
RFm4n,RiFm,Rabn
where g(R, R1, Rg) is the so-called Littlewood-Richardson (LR) coefficient.
There is a Wedderburn-Artin basis of .A(m,n) in the form Q%h Royuw With R, R, Ry
being Young diagrams with m + n, m,n boxes respectively. The Littlewood-Richardson
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coefficient determines the range of the indices p,v: 1 < u,v < g(Ri, Re, R). Explicit

formulae for le are known in terms of matrix elements of permutations in the

Ro;spv
irrep R of Sp,4+n along with branching coefficients for the reduction of the irrep R into
representations of the subgroup S,, x S,. The centre Z(.A(m,n)) is spanned by projectors
labelled by triples (Rj, R, R3) with non-vanishing g(Ri, Re, R). They can be written in

terms of characters:

dpdp, d
P}:Z,Rz:M Y Y Y xrO)xm(0)xRe(02) o(o1009)  (7.3)

il
(m +n)lm!n! 0ESmin 01ESm T2€5n

TASK: Identify a triple (R, Ry, R2) for a LR-projector PI%, R, We proceed again
by making explicit our set of unitaries that will serve in the QPE of this system. For all n,
we introduce the notation T, ,SS") which keeps its meaning of (2.1), but use the superscript
Sy, as we are dealing with different symmetric group in the present formalism. As usual
will be restricted to [k, 1"~*]. We also introduce

Sh,
o = max (1) (7.4)
and define the unitary operators
3t T
Ur(;)k —eXmk " ®1
9 LT
U( ) =1 ® eXnk
_2mi 7 (Sm+n)
U, g = e mine " (7.5)

There operators satisfy the eigenvalue equations

2mi TRy (T(Sm))

( ) ma R

U PR1R2_6 " PR17R2’

27i ARQ (T(Sn))

(2) Xmax R

U PR1R2_6 ok PRLRZ’
27 R T(Sn+m,))

3) R _  xmax— X (T R

Uern,kPRl,Rz =€ +nok PRl,RQ (76)

for any k. This will play an important role in the QPE formalism. We need to use the
values of

k1 €{2,3,--  k.(m)}
ko €{2,3, -  ki(n)}
ks € {2,3,-- ks(m+n)} (7.7)

to detect the Young diagrams Ry, R and R, respectively.
The problem of detecting LR-projectors is formulated as follows:

“Given the set of unitaries Ue(j)ki’ Ue(j)ki7 cee Uz(j)ki7 1=1,2,3, /1 = m, s = n,
ls =m+n, ki € [2,k.(¢;)], and state PJ%,RQ with unknown R; - n;, i = 1,2,
R F m + n, determine which P};?l, R, We have.
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To obtain the query and gate complexities it suffices to use the same reasoning as
previously. The difference in this setting is that they becomes function of the pair (m,n).
The number of bits required to store the different eigenvalues of the operators are listed
below:

Bits required to store eigenvalues of T]f’") ~t1 ~ kilogm
Bits required to store eigenvalues of T]gf") ~ tg ~ kologn

Bits required to store eigenvalues of T,gf"“”) ~ t3 ~ kslog(n +m) (7.8)

We add up the complexities for the measurements of in each sector and find its estimate:

Z k1 log(m) ~ ky(m)?log(m), Z kolog(n) ~ k.(n)?log(n)
k1=2 ko=2
k«(n+m)
> kglog(m+n) ~ ki(m+ n)*log(m +n) (7.9)
k3=2

If k.(p) < p* holds at large p, we have
t ~ (m +n)**log(m +n) (7.10)

and therefore

Query complexity € O(t) ~ O((m + n)2*log(m + n)).

The gate complexity is estimated in the same way:

Gate complexity € O((m + n)3*(log(m + n))?).
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A Representation theory lemmas used in quantum-inspired classical al-
gorithms

This appendix provides the proofs of two lemmas used in section 5 and further remarks.

Proof of Lemma 1. We start with the definition of the representation matrice element
of a projector

DIS(Pp) = Z dRXR(U)D;(Lg(U) _ Z dRXR(U)(S(,YAUM) (A1)

n! n!

Taking the sum of squares, we obtain

Z(D'l;(;g(PR))Q = Z (nl|)2 Z dRXR(J1)5(7_10'1,u) Z dRXR(O-Q)(S(’y_lUZM)

v v o1 o9
= Y dpx™(o1)x ™ (02)8(n " oy toa) )
, . ) )
= Z (n! )2X B(o1)x" (02)8(07 " o2)
SO SRS
d2
= (A.2)

Remark. This is independent of the choice of u and is the Plancherel probability weight
for the irrep R.

Proof of Lemma 2

Z(Dfﬁg(Tg))Z = Z(S(U*lTQT)é(a*lTQT)
= d(0 "' T30)
— () = " (A3)

B Solving the power sums M

The problem of solving the power sum moments M} = Zg\il fik can be sorted by a simple
resolution of a linear system that we now present.
We equate
l
YA =D My (B.1)
fer k=0
and expand the Lh.s. using equation (3.9) in [24]

d oA = %Al(fz Z“El: <i> <£>2

feFr i=1 i=1 r=0
27! o Lot (1 L §
= Z <T> D=3 <T> SN s(rk) (B.2)
=1 r=0 "~ =1 k=0
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where (fi)r = fi(fi —1)...(fi —r + 1) is the failing factorial, and s(k,r)’s are Stirling
numbers of the first kind. This expands further as

ZAl(f)=§l:l§l: (r 1) 20 <>] (ZL) i[}ljs Ry 2! (lﬂMks (B.3)

feF k=0 Lr=k k=0 Lr=k "

Thus the coefficient ¢, is

. = zl: s(r k) 2;!“ <l> (B.4)

Fixing I = 0,1,..., A, and having sorted U(l,p) = (—1)!(1 + 1) > fer AL(f)/p*+2, we can
invert the above triangular system (B.3) starting from [ = 0.

C Proof of a property of Kronecker projectors

This appendix proves the relation (6.11). Using Pf-f2.8 in (6.8), 5&’R2’R3 in (6.6), and
d /d RY)
introducing the notation kg gy = W’ we have

R!,R},R! dr dR dr
PR1,R2,R3Q 3 _ = fipgy py — 2 1 2 3 Z Z XRl 7_1 Rz(TQ)XRa(TS)

T1,72,73 01,02

R|Rly;Rypu R} Ry Ry
Z Dlljl( )DZ2J2 (02)021 iz, k C J1,J2, k T3T101 & T3T2072

11,02,71,J2,k

dp.dp.,d
=KRpR, D D Rl R2 T TS B () x B2 (o) x B3 ()

T1,72,73 G1,02

—1z D2 (-l ol Ralsn o RyiRgn ~
Z D11J1( )Dizjz (TQ U2)Ci1,i2,k Cj1,j27k 7301 ® T302
i17127.717.]27k

_ 6R1R15R2R21€31R2 Z Z dRsX (7—3)

T3 01,02
R (~ R R1,R2;R3,1t ~R1,R2;R3, ~ ~
Z D21;1 (UI)DZQZ( )0217112713 3 MCJlalm s “(’7‘30’1 X 7‘30‘2)
11,12,J1,J2,k
/ / dR XRS T3
— 5R1R1 5R2R2 KRy Ry Z Z 3n'<)
T3 01,02 :
R R1R2R3;u ~R1R2Rs;
Z D“;l( 01)D1232( UZ)C 111214:2 e 1,172162 ’ “O- ® 02

Z'17i27j17j27k

Ri1R" ¢RoR! R R R
=0T KR Ry Z Z Dnm )Dmljl(al)Dm??z( )Dp22jz( 2)

01,02 11,i2,J1,J2
CR1,R2,R3,uCRl,R2,R37M

irigk J1j2k 01 & 02
R1R RQR R3R! R1 2
=000 B K Ry Ry Z me(al)Dpzjz( 2)
01,02

d )
XCRlyRQ,RSDk,k( )5”‘“ R3X ( ) Ri1R2;R3,1

p1,p2,k n! Ji,J2,k 01 ® 02
_ SRiR}| sRoR, sR3R) Ry Ro Ry1,Ra;R3,p ~R1,Ro;R3,p
=000 KRiRy Z Dp1]1 (01>Dp212 (UQ)Cm 2.k CJ1 g2,k 01 & 02
01,02
7 / 7
_ 6R1,R1 (5R2’R2 (5R3’R3 Qﬁﬁ’RQ’Rs (C.l)
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