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Abstract }

The stress ruacentration factors around recungullr holes in uxbomﬁhm reiaforced’
epoxy piates, subject to uniaxial tensile loads, were investigated experimentally and
theorstically.

To obtain theoretical solutions, two approachss were adopted ; the finite clemeat
method and the theory of elssticity using the method of complex variable functions.

Rcﬂedivc-i:hoanchstieity was used as the experimental method.
The determination of the siress conceniration factor arcund a rectangular hole in 8
glass-fibre reiuforced plate was aticmpied using transmissive pholoelasticity, but no

meaningful results were obtained,

For the analysis using refiective photoelasticity, orthotropic carbon-fibre plates with
lay-ups of 0°, 0°90° and £45° were considered. The correlation botweea the .

o experimentally and theoretically derived siress concentration faclors was good excepi

for the 0° plate which was suscepiible to localised buckling.

It was concluded that reflective photoclastidity can be employed effectively 1o solve -
plane stress problems involving composite inaterials, :
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1 Iigntrodﬁcﬁon

bl
il

Throughcut history, the technological development of 2 nation depended on the
advances made in the ficld of materials. The link has af times been so fundamental that
~ periods in history have been reforred to by the predominant material of the time, for
example the Stone Aze or Iron Age. '

With the dawning of the Iron Age in the seventeenth and eightcenth centuries the
metal, cast iron kad become plentiful for the first tiine in history. After 1860, the Iron
Age gave way 1o the Steel Age with the discovery of new processes to extract more
carbon from iron. During the industrial revolution of the nincteenth century, the
development of machines and power generators was closely interrciated with the
production of gredt quantitics of snctals, esprcially iron and stecl. There were however
serious drawbacks o the use of iron and steel in certain applicstions. Theso
shericomings were overcome with the developmoent of a'loying in which forrous alloys
were produced, cach possessing some special characteristic which qualificd it for a
particular duty. Enginecring possibilities increased drazaatically.

The requircment of strength combined with lightness in the selection of structural
material for an eircrafl cannot be easily met by steel. This lcad to the development of
aluminium ailoys and [rom 1939 onwards airframe construction has relicd to a large
extent on these atloys. '

Since the early 1960°s there has been an increasing dumand for materials which are
stilfer and stronger, yet lighter. The demands mads on maicrials for cven better overall
performance are so great and diverse that no one material is ablc to salisfy them -
hence the combination of different materials into an intogral composite material. Such
compaosite materiale systcms result in performance unaitainable by the individual
components. The ferm "composite materiai® is being used increasingly as a gcndric
term to describe fibre teinforced plastic,

Composile matcrials have several advantages over monplithic matcrials, for example
high strength/weight and high stifiness/weight ratios, high fatigue endurance and low
density. They also offer the great advantage of a flexible design in that the malcrial
may be tailor made for an optimum desiga. Compositc materials represent a giant sicp
in the constant attempis of materiai optimization.

Designing for high strength/weight or stiffness/weight ratio is of increasing importance
in many fields, and unless the design is improved cosvespondingly, there will be an -
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increased poasibility of faflure, Thus the maximem stress in particular, but also the
stress distributions, tond to becotne vital, and it is no longer sufficient to consider just
the nominal stresses, The introduciion of a hole on a stressed elastic plate causes &
., redistribation of the stross field. This effet Is the greatest on the'boundary of a hole

" and diminishes with distance unill, in regions remote from the hole %t is ncgl:gible

' T‘hncffcctmuﬂadmmuon

The bebaviour of compoaite laminates with stress concentrations is of great importance
in design because of the resultant strength reduction and life reduction due to damage
growih around these stress cuncentraiions.

The design and analysis of composite structures relies hesvily on experimental data. A
variety of experimental methodz. are used, most of which are applicable to isotropic
materials and sre adapicd to suit compositc materinls,

Photoslasticity is an experimental stress analysis technique which employs polarised
light passing through a stressed photcelastic material to determine the stress or strain
distribution in the material. Photoclasticity provides a full-field picture of the siress
. distribution in a component, allowing design modifications to be undertaken to achieve
'a minimum mass, fimctionally adequate part i.e. an optimum design. Photoclasticity
" also allows the accurale measurement of tha stress magnitudes in aomponems with
complex geomelry or loading conditions.

Photoslasticity bas the advantage over sirain gauges in doiermining the stress
distribution around an opeaing, in that it clearly Hlustrates the position of maximum

** stress. Readings can thereforo be made in the relevant arcas being considercd. To
obtain the stress distribution sround an opening using sirain gauges, the cntire
circumferencs necds to be strain gauged. This still does not guaranice that the position
of a strain gauge will lie on the point of maximum stress. This problem is Turther
compounded it wac case of a steep stress gradient where the size and aocurate
alignment of the strain gavge are of prime impoﬂance

"This report deals with an experimental investigation into the stress distribution around
a rectangular hole in a [ibre reinforced composite plate under uniaxial loading.

The composite plalcs’ properties were restricted to being orthotropic i.c. having
material propertics diffevent in three mutually peipendicular dlrccuons and with three
mutually perpendicular planes of matcrial symmetry



It was plananed to investigate tho effeck of varying the fibre orientation, and hence the
dmeofaﬁo&opyofﬁephiu,m&es&mﬂs&kuhmmd&emﬁ:mhr
hole, ’ :

The experimental program would involve the assessment of the accuracy and
applicability of photo-orthotropic-clasticity and photoclastic coatings to determine the-
stresy distribution sround the opening in tb%\plata. The expevimental deta could then be
compared with snalytical resulis. The analysis methods used are the classics! theory of
piane claslicity and the finite clement wiethod.

. Hwas anticipatod that the investigaticn would serve to verify the analytical methods,
allowing similar analyscs wbcuaedupmdmontoolsudﬂaoutrmortmg toan
_ a:pe:mmm! invesﬁgatim

The report is structurcd 5o that the analytical and experimental investigations and
results are prosented sepanicly. The results pbtam id from the different investigstions
are the compared. and finally conclusions are mads.



2 Review
Very little work, il any, has been done on the stress disiribution around & rectangular
" hole in an orthotropic plate under uniaxial tensile loading,

The stress conceniration factor used in dealing with plaies having holes i= defined as
K=_==
o

where K - siress concentration factor
i © MAXimum siress, at edge of hole
o - applied siress, distant from hole
The siress concentration factor takes into account two effects
-  increased stress due to loss in sectivi
«  incressed stress duc to geometry.

The only available theoretical solution for the eutire class of stress concenlrations in
anisotropic materials is for a cirzular or elliptical hole in an infinite anisolropic plane.
Solutions for any other shaped openings are only approximate due to the high degree
of mathematice] complexity and mapping difficufies intr. ‘uced by the anisotropic :
nature of the material. -

‘The stress distribution around rounded rectangular boles in an infinite isotrcpic plate
 has becn numerically ‘esiimaled by Sobey™ . The stress concentration [actors for
reclangular hol -, " different shapes under various states of siress have been listed by
Peterson®. | '

Numerous investigators have investigated the problem of a rectanguiar opening in an
anisotropic platc**$, £avin® has produced a com,+chensive collection of approximate
solutions lo many problems of stress conceniration. Solutions to problems involving

the plane theory of clasticity using the methods of complex variabic function theory

have been provided in relatively simple formulae to calculate the siresses.

Numerical methods such as the finitc clement meihod can readily be applicd to obtain
the siress distribution around a hule of any shape in an anisotropic plate of finite
width,

Transmissive photoclastic techniques have been applied to glass-fitre reinforced
composite materials, Considerable work was performed in the 1960°s and 1970s on



the dovelopment of orthotropic/ ~  ~‘sstic material and the development of siress-

optic laws which characterize the suauions between the optical and mechanicsl

responses of the material. Valusble conteibutions. were made by Sampson’, who

proposed the concept of 8 Mohr's circle of birefringence, and by Dally and _

Prabhakaran®, A limitation on the technique of photo-orihotropic-clasticity is the

difficulty in procurirg the modcl material. Numerous fabrication methods have been
| ] “' . i ' .

Some plane stress elasticity problems were solved wilk photo-oritiotropic

material't, but these problems have been more or less of a demonstration nature,

desigted io show the extent to which orthotropic photoclasticity works. The problems

investigated have been the compresiion of & ortholropic disk examining a vaicely of

. loading directions relative 1o the akes of oﬂhotropmly and the investigation of stresses
"around a bolted joint in tension.

Owing 1o the difficultics in fabriciting photoclastic models of appropriate anisotropy, -
bisefringent coatings are particularly advantageous for analyzing non-isotropic
materials, It is often mare convenient 10 bond a birefringent coating to the surface of
the structure to determine the surface sirains of the component by photoclastically
analyzing the coating. The first apolication of birefringent coatings to fibre reinforced
composites appears to have been by Dally and Alfirevich” in the late 1960°s. They
noted the incressod fringe densisy availahle when coatings were bonded to'glass
compaosites, rather than meial, because G lugher strength anu compliance of the former
- maierial, Tuefﬁeclofammwh;npomsmbbﬂwmthcspmmmml
and ceatag was 8!s0 examined and a simple formula derived 1o calculate the stress on
a free boundary. Pipes and Dally', used classical lamination theory to show that
appreciable shesi siraing may exist af the free bourdarics of & laminate, thercby
complicating the dircet approach of Dally and Alfirevich. They also showed that sub-
surface sirains at the cdge of a discontinuity can.be quile different 1o thosc on the -
surfice and this could inhibit analyzing such cases by the coating technique. Scveral
works employed birefringent costings to study the boundary siresses and strains
assosisted with various shaped discontinuities 1a loaded reinforced

mpnsitu"""".



3 Photoelasticity

The unique properties of high strength, low density and adapiability iu design and
fabrication make composite materlals strong candidates for important structural
applications. A complete stross analysis of the structure is essential, The
inhomogeneity, anisotropy and inelasticity of many composites make the use of
experimental techniques for stress analysis indispensable. .

Photoelasticity is an experimental tochnique for stress and strain analysis that is
particularly useful for memmbers having cowplicated geomelry, loading conditions or
both, For such cases, analytical methods (strictly mathematical mothods) may be
cumbersome or impossible and analysis by an experimental approsch may be more
appropriate. Being an optical method, photoelasticity has the advantage of yiciding
fuli-field visual as well as quaniitative information.

3.1 Fundamentals of polarised light

Light rays arc electromagnetic vibrations similar to radio waves. The vibration
associated with light is perpeadiculer to the divection of propagation. A light source
emits a train of waves containing vibrations in il perpondicular planes. However, by
the introduction of & polarising filter, only on: component of these vibrations will be
tranemitiod and such an orgunised beam is called polariscu light.

* Light propagates in a vacuum or fn ais at a speed, C, of 3x10° m/s, In other transparent
bodies, the apeed, V, is lower and the ratio C/V is caflod the index of relraction. In a
homogeneous body, tHis index Is constant regardless of the direction of propagation or
plane of vibration. Hoever, in aystals the index depends upon the orientation of
vibration with reapecl 1o its axis,



3.2 The polariscope [18,19]

A polariscope is an instrument that measvres the relative retardations or phase
differences that occur when polarised light passes through a stressed photoclastic
mxdel. For experimental stress-analysis work, two types are employed :

- the plane polariscope

- the circular poleriscope
The polariscopes ‘corsist of a aumber of optical elements which will be brieliy
discussed,

Polarisers :- A plane polariser resolves the light wave into two mutually perpendicular
components, The component paraliel to the axis of polarisation is transmitted while the
component pespendicular to the axis is abscrbed.

Quarier-wave plate :- A quarier-wave plate resolves polarised light into iwo orthogonal
components and it transmits these componcents at different velocitics. The axis along
which “4e light emerges at & larger volocity is called the fast axis and the other axis,
the slow axis. Slace the light components travel through ths quarter-wave plate at
differsnt velocities, they emerge with an angular retardation of 90° or a phase
difference of exactly & quarier of a wavelength,

3.2.1 The plane polariscope

The plane polariscope is the simplest pulariscope and consists of two linear po!srim
and a light source s illustrated in Figme 3.1

Prineipol strese |
diree

Principal stresy
diractisn oy

Figure 3.1 A stressed photoelastic mode] in a plane polariscope [reference 18]

The polaiiser closest to the light source i called the pojariser and the second polariser

7
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is called the analyzer. In the planc polariscope, the jwo axes of polnﬂgifiioq are

3. 2.2 The clrcular pohnscope

The circular polariscope consists_of two polarim, twc: qumemmc piates and a light
source. See Figure 32, :

T Fiest quarter-wove picte

i _ srmm medei

witr L lh!n

Axly
Jm HAtion : -

oo Aoatyier

 Figure 3.2 Aslreswdphotoehsticmodelinnchuularpm-mcope cdurk field

: arangement, {roforence 18] i
The first optical clement afier the light source is th polariser, followed by & quari -
wave plate set at 45° to the plane of polarisatim.’-'f;it_a quarter-wave plate converts the
plane polarised light to circularly polarised light. The light is said to be circularly
polatised since the quarter-wave plate fs at 45° to the polarised light, hence the two
componcats have the ssme magniwde but s 90° out of phase. Thus if the two
compotients are added vectorially, the tip of %the resultant light vector traces out # circle
85 it rotaies,
The sccond quartor-wave plate converts the urcnlarly polarised light to plane polarised
light which passes through the analyzer, If the analyzer and the polariser are crossed, a
dark field is produced j.e. the light is ::xiinguished and il the mnlyze: and polariser
are’ panllel, s light flcld [s pro nced, .
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33 The étr_esé-optic law [18,20]

Many iransparent, non-crysiailine materials that are optically isotropic when free of
stress become optically anisotropic when they arc stressed. These characteristics persist
while Joads on the material are maintained but disappear when the loads are removed.
This behaviour is known as iemporary double refraction and was first observed bj Sir
David Brewstur in 1816, Brewster’s Law esiablished that : “The relative change in the
index ¢ refraction is proportional to the dilference of principal strains”. In 1853,
Maxwell presented the theory which rclates changs in the indices of refraction of a

" material exhibiting temporary dbuble refraction 1o the statc of stross of the material,

For two dimensional or plane stress problems, the stress-optic law can be writien as

p-g= _fi{ R
where © pq - principal stresses
n - fringe order -
. f - siress {ringe value
h - model thickness

When a stress photovlastic model is in the path of a light ray, the incident light is
resolved into compinents having planes of vibration parallel to the directions of the
principal stresses and since these waves traverse the body with different velocilies, the
waves emerge with a new phasc relationship or relative retardation. The two waves are
brought together in the polariscope and permilicd to come into optical interference.

In 2 dark-ficld circular pelariscope, extinclion of the light occurs if the phase
difference, N, is 0,1,2,3.... cycles whilst constructive interference occurs if the phase
difference is 1/2, 3/2, 5/Z,... cycles. In a light-ficld circular polariscope, extinction
occurs for a phasc difierence of 1/2, 3/2, 5/2,.. cycles and constructive inierference for
a phase dilference of 0,1,2,3... cycles. :

Thus a photoclastic paltern is formed consisting of light and dark bands and is csllcd
an isochromatic paticrn. The bands are called iringes and the fringe order is definod as
the value of N along the band. The number of bands increase in p‘frop'brtion to the
applicd load and the isochtomatic fringe order N at a point is specifically defined as -
the number of fringes that pass through the point during the application of the cxternal
load. ' ' '= 5

If the stressed model is viewed with the aid of a plane polariscope; extinetion of the
light occurs when one of the principal-stress directions coincides with the axis of the

o 9



polasiser. The fringe patlern produced is known as sn isoclinic fringe patters,
Elsewhere in the model where the principal stress directions do not coincide with the
axes of the polariser, the isochromatic patiern is present. If the polariser and analyzer
are mainteined in the cyossed posilion and rotated together through 90° whilst the
loading remains constant, an isoclinic fringe will pass through every point in the
model. :

3.4 Reflective photoelasticity 21

The method of birefringent coatings represents an extension of the procedures of

s :nissive photoclasticity 1o the detcrmination of surface strains in opaque badies.
The coating is a thin sheel of birelringent material which is borded to the body being
analyzed. The coating is mirrorea at the interface to provide a reilecting surface for the
light, When the body is loaded, the displacements on its surface are transmiited to the
mirrored side of the coating, where they produce a sirain ficld through the thickness of
the coating. - '

Photositic

- Amiyer

Ouarter-wave plate
Figurc 3.3 A reficclion polariscope [reference 21)

The birefringent coating method has advantages over other methods of cxpcrinienhl '
siress analysis in that it provides full fictd data and the coating is applicd dircctly to
the prototype climinating the need for 3 model. The method is also usefi] in
converting complex siress-analysis problems into relatiyely simple elastic problems in
the coating. ¥or example, the anisolropic response of chmposite materials can be

10



examined in terms of an isotropic response of the costing,
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4 Transmissive photoelasticity

4.1 Photo-orthotropic-elasticity

Significant advances in {he development of composite mateiials have led to an
increascd use of these materials in high-performance siructures. As composite materials

are generally orthotropic, suitable methods of experimentai stress-analysis had to be
developed for structures fabricated from these odhotropic materials.

The use of transmissive photoclasticity applied to a transparent birefringent composite
mode] which has anisotropic elastic and optical properties was initiatcd by Pih and
Knight and Sampson’ in the late 60°s - carly 70s. Sampson formulated an orthotropic
siress-optic law on the analogy that & circle of birefringence is refated to Mohr’s circle
of stress. Sampece also introduced the concept of three photoelastic constants f,, f, and
f, to characterise the photoelaslic properties of the orthoiropic materials.

Dally and Prabbakaran® successfully applied the stzess-proportioning concept between
the fibres and the matrix to predict the three fundamental photnelastic constants. A
stress-optic law wus also derived on the basis of stress partitioning between the two
constituents in a unidirectionatly fibre reinforced lambiate and was verificd

" experimeatally. However it was stated ihat *The simplicily of Sampson’s theory,
coupled with its excellont agrecment with experimental result, strongly supports its
utilisetion over the more complex sﬁ'ess-oplic laws devcloped using stress-strain
models.” The streas-npiic law based on sircss proportioning can be considered as a-
fundamental theoretical proof of Sampson’s relation based on analogy oaly.

Cernosck™ later concluded that the two scomingly differeat theorics of photoelasticity

{Sampson’s phenomenological theory and Daliy and Prabhakaran’s siress pfoportlonmg
concept) are ldcnuul if the heterogencons nature of the oomposlte is respected.

12



4.1.1 Stress-optic law based on a Moht's circle relationship

A stregs-optic Isw was formulated by Sampson’ based on the cmcépi that the
birefringence components conlributed by each component of planc stress are combined
according to 8 Mohr c:rcle of bmefmgcnce.

The claseic derivation of the siress-optic law by Maxweli for phvsically isotropic
materials was based on consideration of the stress-induced changes of refractive index
for light polarised in the planes of the two prmcxpal siresses. In ns mast commonly .
used form, this law is

{p-h 4.1
| :l—h7—- | | CHY)
where 1 = fringe order.
~ p = major princigal stress (Pa)
g = minor principal siress (Pa)
k = gheet thickness (m)
f = stress-[ringe value (N/m fringe)

Ne (P‘;I) o ' (4.2)

where N = observed fringe order per unit thickness (fringe/m)

-l__' x {fiber)
7

~~/
T /
/5
Ty h

Figure 4.1 Strcas notation
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The equilibrium of forces on an element in plane stress provides a relationship among
the three siress components on the x, y-coordinate systen: and the two principal
siresscs. These are : -

o, = p cos’0 + g sin®@ (4.3)
a, = p sin®® + ¢ cos*® (4.4)
T, = .8_2:2 sin 28 _ B (4‘:5)

where o = normal stress
% = shear siress
8 = stress isoclinic parameter
x = fibre longitudinal axis
y = fibre lateral axis

These relationships arc the basis of the graphical method for the transfotmation of co-
ordinate sysiems, i.e., the well-known Mobr circle of siress, Using these relations, the
stress-optic law, cquation (4.2) can be rewritten in the form

e gy “9)
N J(f 77

Stated in these terms, it is scen that the stress-optic law states that the observed
hi:clrihgenoe is composed of two componcnis that are combined veclorially, i.e., a
component due o normal sizesses on the x and y surfaces of an element and a
component due to the shear stress. Furthezmore, the two orthogonal components of
normal siress each provide a bircfringence componcnt that must be combined
subtractively with the other before vectorial combination with the shear component of
birefringence. These components are defined here as

o a T,
N =% N=.2 N =.2% ' 4.7)
T 5T f i

In dealing with isotropic materials, it is never necessary lo take note of the implication
inherent in equation (4.6) i.e. that the observed birefringence is composed of iwo
componerts that are combined vectorially, For orthotropic materials, on the other hand,
equation (4.6) provides an insight essential to the stress-optic law that is postulatcd
here. Consider an clement of material in which a unidirectional set of reinforcing fibres
is embedded In a matrix. The x and y-dircctions, Figure 4.1, coincide with the

14



longitudinal and lateral directions of the fibres, respectively, and the principal stress
directions p and q are inclined at an angle 8 to the fibre coordinate systeni. By analogy
to the isotropic stress-oplic law, equation (4.6), it is postulated that the orthotropic
material has three principal stress-fringe values f,, £, and [, and that the sircss sysiem
3, o, and 6 pfeé'.:tﬁcnhree components of birefringence

41

L o .
- : Nx - 7:’ N’ = T’_’ N-V = ?‘v_ o (4,.8)
x » xr .

By analogy to equation (4.6), the resultant bir ..i..gence in plane siress is
3 2
Ne il% -9, 21, (4.9)
L5\

This, the stress-optic law proposed here for orthotropic materials, aiso has a graphical
representation as a Mohr circle of birefringence.

[ Y
"{"xv

Figure 4.2 Mohr circic for bivefringence

It should be noted that the x, y-coordinate system used here is not the gencral one, but
is instead the fixed reference sysiem coincideat with ihe reinforcing fibre axes. It
should also be noted that the components of birefringence have algebraic sign, while
the resultant (observed) birefringence N does not.

The concept of component birefringences must be considered primarily as @ usclul
abstraction, since experimental messurement of each one individually is not possible in

the polariscope.
The proposed two-dimensional Mohr circle for birelringence, Figure 4.2, provides a

15



% ' !

visual representation of the relationship among the various birefringence components,
The diameter of Mohr’s circle of bireftingence is equal to the resuvilant birefringeace N.
Relationships analogous to those for stress are evident, o.g., '

Ni= (N,' - N + (2N A . (4.10)
W N, +N N
e/ (4.11)
N, = N, = Noos2¢/ “412)
amd
sin2¢/ = _2_;9_ (4.13)

where ©° = optical isoclinic parameter
' N,,, = fibre-axis-component birefringence (fringe/m)
N,, = principsi-axis-component birefringence (fringe/m)

The angle 87 betwoen the axis of the major principel component of bircfringence N,
and the x-direction obviously does not coincide with angle 6 between ihe p and x-
directions of Figure 4.1 unless f, = [, = f,,, the isotropic case.
From Cernosck®, for biaxial stress-ficlds, 6° is refatod to 6 by :

] -

| L -9sm2e
w20 * e P 7 (4.14)
£, [cos®® + .g.sin?a - }_i-(sin’ﬂ * :E.oos’ﬂ)l
© and hence for & uniaxial stross ficid,
tan 28’ = J; #in29 . (415)

£, (c0s?8 - L ane)
b

The isoclinic fringes in oribotropic birefringent models therefore indicate the dircctions
of principal components of bircfringence sccording to a Mohr’s circle of birefringence. -

16
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Residual birefringence

The differeaces in the thermoelastic propertics of the fibre and resin in the coti,..site
may result in residual siresses in the composite during the manufaciuring process.
These residusl stresscs result in @ residual hirefringence. '

The cause of residual birefringence is generaily due to the shrinkuge of the resin which
cannot be practically avoided. Hyer and Liu® included the residual birefringence inlo
the Mobr circle and represented the resultant birefringznce by :

N = (N, - N, + N,cos28) + (ZN* + N sin26 ) (4.16)

where N, = residual &mgcmdapﬂmmthichm
8, = orientation of the residual birafnngence fo the fibre coordinate syﬂm

The physical stress-isoclinic parameter 8° observed in the polanmope s

ZN + N 3in26, : -
.-'u' t- 4&1
ung' N - fﬁ' . '._( D

17



4.1.2 A comparison between Isotropic and orthotropic photoelasticity

-
i'-p

Figure 4.3 Plane-stress system

Consider a small element, otlented such t!ul the faces of the element are principal
plancs. Let the orieatition of the principal plamu be defined by the angle o.
Interpretations of isochromatic patterns B

The isochromatic paiterns of light end dark bands provide the value of ;‘F {the Ermge
order) throughout the model, The isochromatic fringe order it a point is defined
specifically as the number of fringes that pass through (he point during the application
of the exiemal loads, A change from & dark fringe to an adjacent light [ringe represents -
mmmordecrenem 'un the\ _eofN

For an isol.roplc model, Nis diredionally proportional to the difference in principal -
, . .

Y ;-g%g T (4.18)

For an orthotropic model, the stress-oplic law is considerably more complex, however
the isochromatic fringes can still be Interpreted in terms of principal stresses. '

N = {,J {(cos’® +.g;sin’9) ~ (sin®0 +:g-005’9)%]’ * [;:(1 ":-g-)‘iﬂzalll -
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Interpretations of isoclinic patterns

The directions of principal stresses vary continuously from point to point and points at
which the principal stresses bave s common Jivection lie along a continuous curve. For
any orientation of an isotropic model, the locus of points at which @=0° forms a
continudus black cusve is calicd an isoclinic.

Pipes and Datley® concluded that the isoclinics in orthotropic models give neither the
composite principsi siress direciions nor the principal strain direction. According to
Mohr's circle of birefringence, the relationship between the optical-isoclinic parameter,
8, and the physical siress-isoclinic parameter, 8, is given for biaxial stress-fickds by

£, (1~3) sin 20
an2¢’ = P 7 o (4.20)
£, fcos’0 + .g.sin’e - 7:.(szn=e + .g.cos’e)]

The isoclinic fringes in an orthotropic bircfrisgence model indicate the direction of the
principal components of birefringence according to a Mohr circle of birclringence,

so-

0~

40

———— fgoiropic Theory

P A — - WA

/ / — - Fib."

» -~ Principal $troin )
Direclions For Composite

©  Experimeniol

30

20

Opfical Isocknic Peramater, & (degrees)
8

I S WUV Sy NSO WP S |
10 20 30 40 30 61 1 8 %0

Physicot Isoclinic Parometer, § (degrees)
Figure 4.4 Isoclinic paramsters in uniaxial stress-fields. {reference 25]
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4.2 'Specimens o
4.2.1 The manufacture of photo-orthotropic model material

The matdaing of the refractive indices of thr.-. reinforcement and the vesi. ™ a fibre
reintorced photoclastic material, and the elimination of the cnirapped air have been
recognised 8s the two most important rﬁq_uircmenls for transparency. o
While a very close matching of the refractive indices is not csscatial o produce
identifisble fringe patierns, 2 mismatch in the refractive indices causcs the reinforcing
material to behave as a lens causing a blurring of the higher-order isoc.hromallc fringes
thus making I.he measurement of thcsc (ringes difficult.

T reinforcement used was a 450 g/m? woven roving supplied by AFI. The roving
used is the p356 glass roving. NCS resins provided a high quality casling resin N7036
PA used to make iransparent castings. A blend of this resin containing 15 percent
methyl mehacrylate snd cured with two percent methyl cthy! kefone peroxide was
determined to have a relractive index which closely meiched tha: of the glass

roving®,

The metkod of laying up the plaics wes similar 1o that suggesied by Prabhakaran'®, The
four layers of woven roving were laid-up on a 0.5m x 0.5m glass plate coated with a
- relcase agent. The laminate was rolled carefully to remove sli the entrapped air. A
layer of non-petous plastic (flm was placed over the wet lay-up to prevent air from re-
entering. A second glass plate was lowcred on top of the laminate with specers |
belweon the plates 1o ensure & uniform laminato thickness. The plates wero clamped
together and the faminate was allowed to cv/e for 24 hours.



422 Calibration

The mechanical and optical charscieristics of the manufactured plate were required for

the finite clement =nalysis.

Specimens ‘were cul along the 0°, 45° and 90° oricatations to the major reinforcement

directions. The mechanical propertics were determined according to BS 2782 : Part

10: Method 1003. ‘The in-plane shear moduius G,y was evaluated using the cxpression
1 _ 4 _ 1%, 1 ('4.21)'

G,y Es E E
Poisson’s ratio was detcfmmod by placnng strain gauges at 6* and 90° to the {ibre
orientation which was parallel to the axis of a tensile specimen. :

. The optical characteristics were determined qsing bow—t;io shaped tensiie specimens. A
4 point bending test was unsucooss{ul duo to the out-of-plane deformation of the
specimens. The tensile specimens were cot at 0% 45° and 90° to the major ~
reinforcement direction to measurc the stross-fringe vatucs [, £ and l'.,. respcclwcly
‘The siress-fringe value f;; could be mlculawd rmm

fir Ly _f:.z
- (,;}(—,-;] -

Sinee & woven roving was used, {, = f, hence (;; is equal 10 g

The specimcns were lnaded in tension and the loads recordod for cach l'ringa Only two
{ringes wete recorded before the Tlbre de-bonding in the laminalc lcad to a progressive
 loss of transparency and cvcntuai faifure.

- A plot was tha'da of the fringé- value vs the load. It was assumed there was no residual
birefringence and hence the fine passed through the origin. The slope was determined
using the method of lcast squarcs. The slope of the line divided by the width of the
specimen gave the required stress-fringe value in N!melre fringe. Thus the stress-fringe
value is normalised to unit thickness,

Due to the limitcd matorinf available, only four s“pe_cimens wrere tested to obtain each

mechanical snd optical property. The average of the two valucs were taken to be
representalive of the matetisl.
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Table 4.1 Malerial properties of transparent composite plate.

Properly Value . Units
E, 12909 GPa
E, 12.509 GPa
Gy 1.6805 GP2
Vir _ 0.218 '
. 172.3 N/mm.fringe
£y - 1723 N/mm.fringe
fir 49.32 ~ Njmm.fringe |
Thickness 22 s mm
Glass mass fraction 459 %
 E—— - cwrami

423  Description of plate

A 240mm x 200mm plate with an opening in tHe centre, was machined from the
photo-orthotropic material. The specimen allowed for the position of the clamp, leaving
a specimen with e final dimension of 200mm x 200mm. The opening was a square
with corner radii of 6.5mm.

4.2.4 Defects

Compietc wet-out of the fibres, together with the removal of the entrapped air was not
possible. As a resull, the plate were not completely transpareni with the fibres being
visible ‘due to their opaguencss.

Since a considerable amount of monomer was added to the solution, there was a large
shrinkage of the resin during the curc, This resulted in & wavy surface {inish on one
side of the plate.



4.3 Exp;arimental equipment

A 241-22 series polariscope manufuctured by Photolastic Inc. was used as the test rig.
The collimated light source was removed and replaced by 8 OSRAM SLG 1000W
photographic spotlight mounted behind a ground glass plate which acted as a diffusing
screen 1o create a diffuse while iight source.

The polariscope has an eight inch diameter vicwing ficld with the polariser and
analyzer mechanically coupled for commion rotation during measurcment of the
isoclinic angle, which is indicated ont a dial, The quarier-wave plate could be set in
either of two pre-indexed positions within the optical ficld 1o create a plane or circular
polariscope. The analyzer is independently rotatabie 1o create & light or dark feld or to
provide for_Tardy compensation. ; ' '
The plate was clamped beiween two stect jaws mounted in a loading frame. "l‘hg jaws
hud knurled grip faces measuring 300mm x 20mm. The loading frame incorporated &
screw-operated loading device. An Ametek CA 5000-Ibs capacily loadeell was used to
record the load. The loadeell was powered with SV DC using an HBM KWS 906.D
amplifier which also displayed the output of the loadoell. The loadcell was calibrated
to have a resoliition of 23N, | "

A Pentax singlo roficx 35mm camera with a S0mm lens was used 1o obtain a
photographic r(l_icwd of the isaclinic and isochromatic ficlds. A monochremator, 2
nagrow band hjterferemial fliter, was used to convert white light into monochromatic

light.

To determine the mechanical propertics of the composite plate, tonsile specimens were
tesied in 8 Lioyds MX100K tensile tosting machine using a SkN Joadecll. A
Rocl+Korthaus KG extensometer with a gauge length of 50mm was used fe mcasure
the extension of the specimen. The load vs the extension of the specimen was recorded
on a Houston instruments X-Y plotior.

To deiermine Poisson’s Retio, Kyowa KFG-5-120-C1-23 strain gauges were comented
on the specimens using OC-33A adhesive. The sirain gauge bridge was powered with
2.5V DC using the HBM KWS 906.D amplificr which also dispiayed the output
voitage. Spccimens were clamped In the grigs of the Lloyds tensile testing machine
and loaded using frec weights.



- 4.4 Experimental prncedufe

44.1 Determining mechanical properties

Elastic modulus :-

Six test specimens were cut for cach direclion of the material tested i.e. at 0%, 45° and
90° to the fibre-reinforcement orientation. The specimens were machined to the bow-tie
shaped Type 1 specimen specificd in BS 2782:Part 10:Method 1003. The width and
thickness at the midpoint of cach specimen was recorded before placing the specimens
in the grips of the Lloyds teusilc testing machine. The extensometer was attached to
the central portion of the specimen. The tests were conducted with the testing specd
(rate of separation of the grips) set to 2mm/min. The elongation and corresponding
force was recorded on the X-Y plotier. The tesis were stopped once an adequale graph
ol force vs extension was oblained to determine the slope of the line and hence the
‘elastic modulus of the maicrial.

Poisson’s ratio :- _

Thres 200mm x 25mm: specimens were machined with their axes parallel to the 0°
fibrs oricntation. The surfaces were lightly sanded with a [ine sandpaper and then
cleaned with acotone. Two litics were drawn on cach specimen, one parallel and one
perpendicular to the 0° fibre orientatisn, A strain gauge was cemented on the specimen
parallel to each of the lines. The gauges of two specimens were connected to form two
half bridges. A hall bridge was formed between the two gauges parallel to the fibre
oricntation on the two scparstc specimens, and the other bridge formed beiween the
remaining two gauges perpendicuiar to the fibre oricalation. In this way, cach half
bridge had one aclive and one passive gauge for lemperatute compensation. Whilst one
specimen was being tested, the second specimen provided temperature compensation.
The specimens were gripped In the Lloyds testing machines® grips. The gauges were
excited with 2.5 volis [rom the amplificr. The output voliage readouts were zeroed, A
load was applicd using free weighis. The output vollages were recorded and Poisson’s
ratio delermined from the ratio of the oulput voitages of the two half bridges.

4.4.2 Calibration procedure [26]

Four bow-tie shaped 1ensiie specimens were used o calibrate the material ¢ two
specimens cut at 0° and two specimens cul at 45° 1o the major reinforcement direction.
The width and the thickness was mceasured at the midpoint of cach specimen before
placing the specimens in the clamps of the polariscopc’s loading frame. A uniaxial
load was then applicd. The fringe order was observed as the Joad varied,
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443 Testing procedure [26] e

The plate was clamped in the polariscope’s loading frame énsuring the plaic was not
twisted, The polariscope was converted to & plane polariscope and a foad of 300N was
applied to the plate. The polariscr-analyzer assembly was rotated through the angular
positions 0° to 90° in steps of 10°. A photograph was taken of the isoclinics at cvery

angular position.

To obiain the stress distribution across the plste, the polariscope was transformed from
a plane to a circular polariscope. The load on the plate was increased to 12.7kN, A
colour and a monochromatic photographic record of the isochromatics was mads.

4.5 Problems encountered

Fot the aptical caiibration of the material lensile spndmens were sobject 1o uniaxisl
tosd. For tensile specimen, st a given lowd, the entirc spocimen should have becn in
the same state of birefringence since beading effects were judged to be negligible. Yet,
dusing the uniaxial tonsile tests, it was not possible to achieve a uniform state of
birefringence over the entire specimen. 1t was slightly lightor or darker toward he one
end of the specimen, and it bad » distinctive paichy appearance due 1o the woven

- rovings. It wouid appesr that the fibres were at a different level of birefringence than
the resin. Coupled with this was fibro debonding which occurred in the laminate at
higher loads. Thin Jead o a progressive loss of tranasparency and oventuzl failure. As &
result, oaly two fringe orders could be identified, and the loads at which they occurred
wero difficuft to determine. Hence, the socurate optical calibration of the material was
difficult to achieve, '



46  Results

Due to the optical insensitivity of the fibro-resin combination coupled with the sireaky
and patchy sppearance of the ispchromatic, no clear isochromatic could be observed in
order 1o make accurate siress magnitnde prodictions.

Figure 4.5 . The lsochromatics for the composite plato.

The finite clement saalysis of 1he stressed plate predicied 8 maximum stross
concenirslion of 3.13. The siresses calculated at cach node of the finite elemont model
- were used to predict the fringe order, and a contour plot of these values which
represent the isochromatics is presented in Figure 4.6,



Figure 4.6 The isockromatics predicied using finits clemonts.

The finite cloment model predicted the first and second isochromatic fringes. In the
experimental results, the zero fringe occurred at the midpoint of the wpper and lower
end of the rectangle, and the first fringe was visible around the comers of the
reciangic. An atiempt to oblain fringe multiplication by superimposing a photograph of
4 light and dark field of the isochromatics was unsuccess{ul.



4.7 ‘Discussion

‘The attempt {0 use photo-orthotropic-clasticity to dotermine the stress d;stnbuuon
around the rectangular hole was unsuccessful.

Compared to isotropic photoclaaticity, photo-orthotropic-elasticity does not scem to be
as accurate due to the lack of good fringe resolution. The patchy appearance of the
isochromatics could be partly atiributod to the woven roving employed in the model
material. By eliminating the woven roving, and replacing it with unidirectional fibres,
it might be possible o improve the appearance of the isochromatics, but it was felt that
the fringe resolution and optical sensitivity of the material wuuld still be inadequate for
sires: magnitude calculations.

‘The emphasis on research into photo-orthotropic-clasticity, has been on the
development of basic techniques of stress analysis rather than on the application of
these techniques. The orthoiropic stress laws appear to be vsiid and model materials
need o be improved (o allow photo-orthotropic-giasticity to play a useful role in siress
aualysis of composiic siructures, '



5 Reflectivs photoelasticity

.81 Photoelastic or birefringent coatings
Thé ...».0a1 bebaviour of transmission photoelasticity cannot be applied o most
compcsite materials since suitable anisotropic, transpetent birefringent materials are not
readily available. It is possible however, to employ birefringent coatings bonded to the
surface of anisotropic bodies to analyze the stress ficld in the material. :

The strain ficld in the loaded anisotropic body produces s photoclastic response in the
isotropic birefringent coating which can be interpreted to csiablish the strains in the:_ |
specimens. The stress-strain relations for anisotropic medis are employed io esiablish
the associated stress ficld. Thus the bircfringent costing is cssentially employed to
convert an anisolropic problem to an isotropic problem. Observation of the coating by
inegns of a reflective polariscope gives a fringe paltern which is related to the surface
strains of the specimen.

The strain-optic law for photoelsstic coatings is similar (o the siress-optic law for -
iransmissive photoslasticity except the path longth is now 2h raﬂtq,_tban h.

6 -8 =Nf= NE%“.E. L G

where  ey,e, Principal sirsins

N Fringe order

f Fringe vaiue or caating seasitivity (m/m per fringe)
A Wavelengih of light

h Thickness of coating i

K  Sirain-opiic cocfficicnt for the coating -



5.1.1 Reinfqzting effect [27,16,28]

When & part is coated with 8 layér of plastic and subjected 10 & load, the plastic
coating catries a fraction of the load, and the sirain on the pert is thereby reduced. The
extent of the reinforcement depends on the relaiive elsstic propertics and thicknesses of
{he coating snd structure. For plane siress structures, the principal sirain difference,
(s,-¢,), in the uncoated structure rolative to that in the coated structure(s'y-2",), is
given by ' ’

-y = ci.osi ) (52)

| tE 1+v _
R A Yl N
cl .- ‘tEﬂ 1"'\"

thickness of the coating

thickness of the specimen '
modulus of clasticity of the costing '
Poisson’s matio of the coating

* modulus of elasticity of the material in the 8 direction
Poisson’s ratio of the materis! in the v direction,

izfn;c fo i

If the principal materinl directions of the major fibre reinforcement directions of an
orthoiropic laminate are the X and y axes, v, and E,, are givea by :

“
,EI

Figure 5.1 Co-crdinate systom on a curved boundary.



?.(sm‘ﬂ + cos'0). + (.._.._ _E}... ..!.)sm’ﬁcn)s’e

V- _

3 oot + .._.sin‘e + (__..-_u__)sm"ems‘a
E, E, ¢, F,

T e s sin® (L -.E__z"‘*)sinmmsze
= v E- G-r »

where E,E,  Modulus of clasticily in the x and y directions
Shesr modulus in the x-y plane

(54)

S5

A Poissoa’s ratio for transverse suain when strossed in l.hc X and

¥ dirbttions

e
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5.1.2 Effect of Polsson’s ratio mismatch [29,13]

The directional dependence of the elastic propertics of anisotropic media can produce
an appreciablc mismatch in Poisson’s ratio between the coating and the specimen.
Diflerent fibre-matrix combinations, {ibre orientations and variations in the laminate
slacking sequence can alfecl the Poisson’s ratic of a composite and thereby aggravate
the mismaich. By varying the (ibre oricntution in & composile material, the Poisson’s
ratio is varicd which could result in extremely low values. As a rescit of this, Iarge
mismalches in Poisson’s ratic van occur between the coating and the specimen.

]
L . w4
— e L
e - N
| Eu’cm.
Fn w.ﬁﬂlﬂl
Sestion Ml Y

F‘ igure 5.2 Distorl.lon of displacement ficld lhrough the thicknc.ss ot‘ lhc coaling duc
1o Poisaon’s ratio mismatch. [reference 13]

This diffcrence in Poiston’s contraction produces a distortion of the displacement ficld
through the thickness of the ooating, whlch is particulariy pronounced at the
boundarics.

I the coaling is bonded, the sirains in the siruciure and the coating will be identical at
the inteeface. However, there will be & tendency for the upper Iayers of the coaling to
assume the state of deformation of the cquivalent unbonded coating, and a transition
between conditions of bonded and unbonded coatings will develop shrough the coating
thickness,

The principal strains tangential 1o the boundary are assumed to remain constant
throughout the coating thickness and cqust to ¢, i.c. .

e} =& (55)

The distortion of the strain ficld occurs primarily in the transverse direction due fo the
dilference in Poisson’s contraction. ’
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At the Interface, the transverse. strain in the coating «,* is controlled by the specimen
and .

g; - g; - ...\r'g; - o (5.7)

because of the bond. However, st the free surface, the transverse sirain in the coaling
is entirely due to tho Poisson contraciion with

g = -v'g} = -v's] | (5.8)
The average value of ¢,° thmﬁgh the thickness of the coating.is bounded by the two-

valucé given by equations (5.7) and (5.8). Thus the fringe-order response of the cnalmg
is bounded by: '

Ay, e9e 69
I —?—

where [ is the mling scnaitivity accounting for the thickness of the coatilg. Since N is
boundcd, it is convenicnt 1o write the equation for N in tcrms of the sirain ¢, as

N [1 v +C;':(V‘ *\")]': | ‘ (5.10)

where C, i is & correction l'actnr to be determined for the inﬂumce of mismatch at the
boundary.

It is clear (rom equation {5.9) that the msgnitude of the drswrdon is oontmlled by the
mismatch psramcter -

Jowe (8.11)
Tov -.

Post and Zandman® indicated that the fringe order on the boundary is given by

N = (1*"’)5; | (5.12)

and the fritge order at interior points in a tension specimen is given by

- (1 )c, - 513
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513 Stress analysis [13]

On the free boundarics of a geometric discontinuity, the normal and the shear stroases
vanish. The tangential stress is therefore given by '

o= E: e, ’ (5.14)
where F, is the modulus tangent to the boundary at the point of inietest.

From equations (5.10) and '(5.12), the tangeantial stress st the boundary of ihe
discontinuity in an anisoiropic material becomes

w2l L) S,
E(IM)N (5.15)

- Since both N and B, czn vary as a function of the position around a discontinuity in an
anisotropic maierial, the maximum tangeutiai stress need not neccessarily coincide with
the position of the maximum fringe order. o

514  Coating material {3031

Por blrefringmt coaling analysis, it is desirable that the coating be adequately scnsitiva,
while sufficiently thin and compliant to minimise any reinforcing effect. The sensitivity
of the coaling 15 exprossed by the fringe value, f, The {ringe value roprescnis the
difference in principal sirains required to produce cne fringe. The lower this parameter
is, the more sensitive the coating. The vaius of { can be reduced by increasing the
thickness of ﬁic coaling or employing & more scnsitive hsrctringcnl coating.

Poisson’s ratio should also be as closc to that of the struclﬁ}al material &8 possible,

I

34



5.2 Specimens

521 Description

Three carbon fibre reinforced cpoxy plates were manufactured. Each plate measured
240mm x 200mm with a squarc opening in the centre. The opening was 50mm long
with a radius in each comer of Smm. The plates allowed for the positioning of the
testing machine’s clamps, leaving a specimen with & final dimension of 200mm x
200min. Aluminiem tabs were bonded along the edges of the plate to be cianped to
ensure a good grip.

The specimens were mardo [rom 12 layers of Brochier Vinotex NCHR 913/35%/135
HTA svpplicd by Ciba Geigy. This js an cpoxy based pr -lmpncgnatcd ‘sminale with
unidirectional carbon fibres. The rosic content is claimed 1o be 35% and the nominal
thickness per layer is 0.13mm ““he threc orthotropic laminates chosen e O" 9°/90°
and £45°. The plates had a nominai wickicss of 1.6mm.

522 Manufacture

Three 250mm square plates were laid up with the desired {ibre oricntations. The plates
were then vacuum bagged on s flat aluminium table which was placed iv an sutoclave.
The faminutc was cured for 2% hours at 120°C and 5.5 bar in accomdance with the
manulacturers recoimmended cure cycle for the material. Once cured the plates were
machined 1o size and the square opening was cut into the plate. The aluminium Labs
were then bonded ie the plaie using an epoxy adhesive.

5.23 Preparation [32]

For the reflective photoclastic analysis, a photoclastic coaling necds to be bonded to
the surface of the plate. PS-1 sheéting, supplicd by Photolastic Inc., was uscd because
ol its high sensitivity and a reflcctive surface was provided on the one surface of the
Mat sheeting. Two different thicknesses of sheeting were ased {o oblain the required
opiical scnsitivity, 2mm thick PS-1B was applicd to the 0° and 0°/90° carbon pilates,
whilst & 0.5mm thick PS-1D was applicd to tho £45° carbon plate. The sheeting was
bonded to the carbon platcs using a cold sciting, slow curing epoxy adhesive Araldite
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AY103 and hardener HY991.

Due to the symmetry of the problem, anly one quarter of the plate was covered wil'
the photoclastic coating. Once the adhesive had cured for 24 hours, the sheeting was
trimmed to fit the opening using a fret saw and filed for en securate finish,

524  Calibration [33]

The elastic modulus and Poisson’s ratio of the pht\toelutic cualing were taken from
the literature available. N ,

The mechanical properties of the carbon fibre prepreg were required for the finite ——
element analysis. The mechanical propertics were determined awordmg lc BS 2782 :
Part 10: Method 1003, _

Two pletes were Iaid up. The one plate had a unidirectional lly-np and ﬁvc ‘bow-tie
specimens were cut at 0° and another five specimen cut at 90° to the (ibre oriontation,
The second plate liad & 0°90° lay-up and [ive spocimens were cut at 45° to the major |
fibre reinforcement directions. ‘The in-plane shcar modulus G, , was cvaluated using
the classical lamination theory and the moduli B, B; and B .~

Poisson's ratio was determined by placing sirain gauges at 0° and 90° to the [ibre
orientation on a specimen in which the fibre oricatation was paralicl o the axis of the'

specimen.

In ordor to translate the mcasured fringe orders In a photoelsstic coating into strains or
siresses in tho coatod plete, it i necessary to determine the (ringe value, I, of the
coating. The [ringo valuc accounts for the thickness of the coating and the nature ut'
the light source,

To calibraic the coating, a SUmm x 11mm strip of the material was bonded to 8
150mm x 1imm x 6.25mm rectangular alumipium rod. This aluminium rod was
subjoctad 1o a foui point bending moment. The [ringe order of the coating was =
recordod for 'a specilicd load. The fringe value was calculated, compensating for the
beoding #ifocts, - -



Figure 5.3 Four point bending moment applied to the calibration rod.

Table 5.1 Material propertics for the carbon fibre prepreg.

Propesty ' Value Units
B, 129933 | GPa
E, - 8.836 GPa
Gy 4.527 Pa

¥ ¥ i
Yor . 03 : ]

— 1

¢

Tihle 52 Properties for the photoclastic coatings.

{ 918 m/m per fiinge
thickness 2 mm ..
PS-ID | E 25 - GPa
v 0,38 |
f 3781 n/m per (ringe
i chiclmcss 0.5 ©omm

e T

37



The elastic properties of the composito plates were determined using classical
famination theory and the four elastic constants of the carbon prepreg.

Table 53 Apparent elastic propertics of the composite plates”

5.25 Defects

[ T SRR IR B R W
Construction En En Gn Y2 YV
" (GPs) | (GPa) | (GPw)
| SRS "y
[6°1 129.933 8.836 4.527 03 0.0204
[0°90%), | 69693 | 69693 | 4527 | 00382 | 00382
- {£45%), 15.097 16.097 33564 077 | 0.7T

‘The cured carbon prepreg plates had rip;ﬁes on the side which were not cured up -

against the aluminium (able. This resulted in slight v

piates.

ariations in the thickness of the



53 Experlmental eﬁuipment

A made! 031 refloction poleriscope was used, The instrument consists of two primary

* componenis:- an optical bead assembly and a high intensity light source, Included in
the optical head and integrated by a commeon frame are two polarizer / quarterwave
plaic sssemblies. By sciting the quarterwavo plates into cither of the two preindexed
positions, the principal strain directions or the diffcrence in principal strains at a point
ia the coating can be measured. The analyzer is indepondently rotatable to create 2
light or dark field or to provide for Turdy compensation.

A model 232 usiform-field digital compemtorw also employed to allow pccurate
fringe-order measuroment. The compenssior was a Babinet-Soleil null-balance
compensalor.

A model 137 telemicroscope consisting of a nﬁu-osmpe barrel with a 6X objective
lens and a 10X eyeplece linked to & [/3.5, 43-86mm zoom lens was used. This aliowed
 for closv-up exeminations of ibe friage orders arouad the siress concontrations in the

- A Pentax singls reflex 35mm camera with a 50mm lens was used io obtain a
photographic record of the isoclinic and isochromatic ficids.

To determine the machanical propostics of the composite plate, tensile specimens were
_ tested in 2 Lioyds MX100K temsile icsting machine using a 100kN loadcell. A
Roe!l-l-l@urthaus KG extensometer with a gauge lzngth of 50mm was used to measure
the extension of the specimen. The load versus the extension of the specimen \vas
recorded on 3 Houston Tastrumonts X-Y plotler: The Lloyds tensils testing mackine
was also used to apply 8 consient load on the plate whilst the {ringe ordors were bcing
measured,

To determine Poisson’s ratio, Kyowa KFG-5-120-C1-23 sirain gauges were cemetiied |
on the specimens using CC-33A adhesive, The strain gauge bridge was powered with
2.5V DC using ths HBM KWS.905.D amplificr which. also displayed the output
voltnaa Specimens were clamped in the grips of the Lloyds tehsile ws;mg machine
and loaded using free wen;hts.

Y



54 ~ Experimental procedure.
54.1 Mnn#facturihg procedure

To manufacture a singie carbon plate, twelve 250mm square pieces were cut from he
roll of uncured carbon fibre prepreg. The layers were lald-up with the correct fibre
orientailon ensuring the laminate was symmeirical about its middle plane, The iaminate
was placed on release film on a flat aluminium table. This was done to achieve a
smooth surface finish. The laminale was then .covered with peel ply, release film,
breather cloth and finally & non-porous bag. A vacuum was applied and the aluminium
table piaced in an cutoclave. The laminato was thea cured for 234 hours at 120°C and
5.5 bar. Once cured, the r'ate was machined to its final dimensions and the hole was
machined in the plate. Aiuminium tabs were then bonded 1o the edges of the plate to

be clamped.

A 110mm square piece of photoolastic caating was.cut and bonded 10 the one quarter
" of the smooth side of the plate. Once curcd, the mhngwaa cut to the same dimension
as the hole.

5.4._2 Detemming mecbanhl pmpertles

Elastic modulus::~

Fivetes!lpadmmmcutfmuddlmcuonoﬁhamm:} tested Lo, at 0° and 90° |
fo the fibre-reinforcement oricatstion and five apeclmm witk a [ibre-reinforcement
orientation of £45°, The specimens were machined to the bow-tic shaped Typs 1
specitnen specified in BS 2782:Part 10:Mcthod 1003. The width and thickness at the
midpoint of cach specimen was recorded before piacing the specimens in the grips of
the Lioyds tensife testing machine, The extensometer was attached to Lae contral
portion of the specimen. The tests were conducted with the testing speed {rate of
separation of the grips) sct (o 2mm/mia. The clongation and corresponding force was
_recorded on the X-Y plotler. The tosts were stoppod once an adequate graph of force
~ vs extension was oblained to dotermine the slope of the line aad hcnce the elaslic
modulus of the material,



Poisson’s ratip :- .
Three 200mm X 25mm specimens wers machined with their axes pareliel to the 0°
fibre orientation. The surfaces were lightly sanded with a fine sandpaper and then
cleaned with scetone. Two lines were drawn on each specimen, one paralict snd one
perpendicular to the 0° fibre oricntation. A strain gauge was cemented to the specimen
paraflel to each of the lines. The gauges of two specimens were connected to form two
half bridges. A half bridge was formed between the two gauges parallel to the fibre
orientation on (he two separaie specimens, and the other bridge formed between the
remaining two gauges perpendicutar to the fibre orientation. In thix way, each half
bridge had oae active and one i:agsive gauge for tcmperature compensation. Whilst one
specinmien was being tested, the second specimen provided temperature compensation.
The specimens were gripped in the Lloyds testing niachines’ grips. The gauges were
excited with'2.5 volts from the amplifier. The output voltage readouts were zeroed. .
——~Lead was applicd using frec weights. The output voltages were recorded and Poisson’s
ratio determined from the ratic of the outpui voltages of the two half bridges,

543  Calibration procedure [34]

“The fringe valuc, £, for each of the photoelastic coatings was determined. A thin strip
of the coating, 50mm x 11mm, was bonded to & reclangular sluminium rod, 150mm x

. 11mm x 6.25mm. The exact dimensions of the rod were recorded before it was loaded
with a four point bending motment to weate a uniform strain throughout the whole
coaling. The fringe order of the coating was recorded [or a specific bending momenl.
The siress and hence the sirain on the surface of the sluminium beam was calculated,
and the fringe valucs were compensated for the bending cffects. The fringe value was
determined since the sirain in the coating logether with the obscrved fringe ordet was
known. - : .
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544 Testing proéédure [35,36]

The plats was clamped in the Lloyds tonsile testing machine, ensuring the plate was
pot twisted, and the positions where {ringe measurements were o be made were
marked on the perimeter of the opening. A teesile load was applied to the plate until
approximately two isochromatic {ringes were visible around the edge of the hole, At
each test polat, the polarisation axes of the polariser and smalyzer were aligued with
the direction of principal stfain. The control knob on the compensator was then rotated
counterclockwise until a black zero-order fringe crossed the test point. The counter
reading on the compensator was recorded and converted o fringe order.

if residual birefringence cxisied in the coating before the tensile load was applicd, the
residual siresses were recorded and the final teadinge adjusted to compensate for them.
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55  Problems encountered

Holes had been drilled through the aluminium tabs to allow the grips to be brlted

closed. The presence of these holes resuited in considerable stresses being mmsured by

the photoclastic coatings.

5.6 Results

listed in table Table 5.4

Table 5.4 Reflective photosiasticity resuits

" The maximum and minimum stress concentrations determined using photoclasticny are

Maximum siress Minimum stress
Plate concentration and position concentration and position
Value X y Vilue x ¥y l
0° 3304 20 15 -0.155 o 20
345 § 5439 1883 | 1821 ~1,000 o 20
0790 f 3.025 ( 1998 | 1544 ¥ -1.367 2 |

The figures on the following page are a photographic record of the isochromatics for

the three piates.



Figure 5.6 Isoct.romatics for the 0°/90° plate



6 Analytical methods

6.1 Theory of élasticity [4,51

‘The analysis of the stress disiribution in an anisotropic plate with various shaped
openings was studied by the Russians Lekhnitskii* and Savin® in the carly 1940’s.
Green® also studied openings in orthotropic plaics during the same period. The problem
involved the stress distribution in wooden siructures - wood, especiaily plywood, being
used in aircraft structures.

An anisotropic, homogenous plate we.kened by an opening was considered. When the .
opening is smail in comparison with the plate size and not iocated af The plate edge,
the. problem can be simplified by assuming the plate to be infinitz and the cffect of the
é}.‘tcmal edge can be disregarded.

An cxact solulion of problems cencerning the stress distribution in an anisotropic plate

. with an opening is known only for an’clliptic or circular opening. There are no

accurate solutions for any other openings due to the mathematical difficulties invelved,
For the casc where the opening diffcrs from that of an ellipse or circle, it is possible to
find an approximaie solution for such a plate by introduction of a parameter which will
characterise the deviation of the opening from an cllipse or circle.

The contour of such an opening can be sopresented by the equations:

X - a[cose * s'f:(a,oosnﬂ + b.sinne)]
" (6.1)

X .
y= a[csinﬂ +e Y, (-asinnb + b‘oosnﬁ]

awl

Wien e=0, we obtain an cllipse with scmi-axcs @ and ac. In the case of smail ¢, we
obtain a ligure which will differ slightly {rom that of an cllipse.

Forces X, and Y, are disiributed along the opening sdge (per unit arca) and their
resultant is equal to zero. .

The stress distribution of o, necds Lo be determined along the opening edge. The
solution of the probiem can be obtained by niaking two transformations:
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Figure 6,1 An infinite anisolropic platc with an opening. [referenie 4]

1 - An infinite plate with an opening is cnnfomially transformed into & finite plate in
the shape ptf the opening. -

A.numing m- forces X, and Y, depcnd on ¢, they are expanded into Fourier series o
according to this parameicr 10 oblain Lo

:[Y_ds ver =Yk o, + i(ahd" + "'a':a"')]

{6.2)

'-‘!'X,a‘s +e2 = }: et %;__f i(ﬁh"’ + B:o"‘)]
= -t

whers a.,_,, B are known coefficients whdt depend ot the force distribution at the
opening edge.

2 - An infinite plate with an opening is conformally transformed to an infinite plate in’

the &-plane with an1 opening in the shipe of a unil circle.

Tl_:c tran-formation 1s

z-alif. .+..1..'2:£%+8\P@) | 63
where .
o) = X, + i) ” (64)

vl

The siress function and heace the componcnts of stress can now be cxpressed in terms
of functions of compicx variables @,(z;") and py(z,") of variablcs z,* and z,".



The boundary conditions for these fenctions for given external forces will bo

2Relq(el) + wde)] = [V + el

N . (6.5)
ZRe 9, () + Mool = - [Xds + 2
Functions ¢, and ¢, are represented in a form of scries ordered according to the
powers of parameter e. :
q; @y v EP, * el Pra + sinies (6.6)

Py * Py ""‘Pn

Substituting boundary values @, and @, [equation (6.2)] into boundary conditions
[equation (6.5)] and comparing coc(ficicnts of the same power of ¢, 2 solution is
obtained for @, and gy,

o, can now be obtained from .
g, = 2Re {[cos(no') #,m(ﬂ#\]’ Pz) " (6.7)
+ [pos(ny) = ieos(n ) wadz)}

where

cos(hz) » L, conlny) = 25 (68)

Savin presented the above theory for an infinile homogenous anisolropic plate
weakened by a hole, the contour of which is given by

_ .
x = R(cos8 « Y a,coskd)
) {6.9)

3
y = R(~csin® + ¢ ¥, a,sink0)
1)

The solution presenied is limited to the second approximation and a mapping function
1hat consists of six terms. To juwprdve these limitations is extremely difficuit, 1t was
atienipted but [aer abandoned.

A compuler program was writlen to calcul“te the mapping function and then 1o
calculate the stresk zonecnirali 1 arcund the rectangular hole. The materisl propertics,
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the sspect ratio and the radii of the comnss of the roctangle and the loading (uniaxial
or biaxial) can be sitored in the program.

The mapping procedure used is elabomted on in Appendix A and the solution .
presented by Savin, and that v iich was used in the computer program iy preseatcd in
Appendix B.



6.2 The finite element method 1:;7,33,391

The finite clement method is 2 computer-nided mathomatizal technique for obtaining
approximate solutions to & wide varicty of engineering problems. -

In the finite element method, the solution region or structure is built up of many smatl,
interconnecling subregions or elements. These elemenis are intcrconnected at a finite
number of poinis calted the nodal poinis. If the force-displacement relationships for the
individual elements are known, it is possible to derive the properties and study the
behaviour of the structure,

The relationships between Ioad, displacemont, atress and strain are briefly outlined with
spcufic reference to the quadretic isGparametric quadrilateral clement. This is aa eight-
noded quadrilaters] élement with two degrees of freedom at each node,

. et
4 7 /n i 8
- ) TR
8
gy
§==1f
1 “__1/ 5 2

Flgure 62 An elght-nods quadratic isoperametric clement frefercnce 37]

A shape function is chosen that defines the displacement at any point {n the element in
terms of the nodal displacecments. The shape function for the element is quadratic since
the thres nodes on each side uniquely determine a quadratic, however; inside the

element the shape function may vary cubically in some directions. The shape functions '
for the corner and midside nodes may be mprescnlod by those for node 1 and §

respechvely
#.65m) = Z(1-M) (1 -B(-n-§-1)

X (6.10)
bs(EM) = -5(1 -1 -n)

The shape funclion autlomatically guarantees continuity of displacements wiih adjnoen:
slements. .
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The term “isoparametric® in the description of the element refers to the fuct that the
order of both the geometry and the shape functions are the same. The geometry |
function is the function which determines the shape an edge of an element may iake in
modelling a curved boundary in a model. _ ;

The strain at wiy point in the clement may be obtained by differentiation of the
displacments, The form of differentiation will depend upon the ¢ of problem since
in plane elisticity, the strains are given by the first derivative whilst for bending ’
problems, the sirain is obtained fromn the curvature - the second derivative, Hencz the
sireins may be related to the nodai displacements.

o -3} - e

The infernal stresses {0} at any point are now rclated fo the sirains {&) at that point .
by the elagticity metrix [D]. The terms in [D] are uifferent for each class of element,
and whether the problem is plane siress or plane strain in plane clasticity preblems, but
in general [D] contains the material stilfness terms.

Wbl 6w

- Thus for sach element, the stats of stress is given in terms of the node displncemems
which are yet unknown.

o - it} 613

A zolulion for tie displacoments ariscs from a considcration of the virtual work _
produced by the forces at the element aodes and the strain-cnergy experienced by the

" element - the internal stresses {o} being replaced by statically equivalent nodal loads
{F}. The total strain energy for the climent is obtained Trom:

el
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: w-L{e}’{o}dv _

r (6.14)
- [1e B olisi v |
where ¥V .is the volume of the element.
For the viriual work
oW = i(ﬂz"i + Fyv) .
#l - : (6.15)

S

Equating the strafn energy to the virlual work resulis in

Hlpremal

-

Hence ihe clement stiflniess mau_'iv :is

]~ fv[B]'[b][s]dV | (6.17)

To oblain a complete sclution the two conditions of displacement comipatibility and
equilibrium bave (o be satisfied throughout. Any system of nodal displacements for the
whole structure in which all the elemenis participate aulomatically satisfies the [irst
condition. As the conditions of overall equilibrium have already been satislied within

~ an clement all that is necessary is to establish equilibrium conditions at the nodes of

the structure. The resuliing cquations will contain the displacements as unknowns, and
once these hava been solved the structural problem is detcrmined.

For a quadratlc isoparametric quadnlaterai equation (6.16) consislt: of a set of 16

finear equations in which the displacements are the unknowns. The siructural stiffness
matrix can be oblained by the summation of all the element stiffncss matrices in the
structure. A loading system of applied forces and displacement constraints are placed at
certain of the nodes, ’
Thus & sysiem of equations is .3 Fsu =ty #t: antire region in terms of the unknown
node displacements. This lincur system o: suations is solved for the displacements.
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For each clement, the node dlsplaoements are thcn used with equation (6.13) to obiain
the state of slrm

L

The creation of & finite element model can be grouped into three distinct phases : -
preprocessing, sciution and postprocessing.

Preprocessing phase - The dala used to describe the physical problem is used to
create data which is ther uscd as input to the solulion phase. The geometric details of
the physical problem are entesed 1o create a domain over which a mesh is generated.
The material and physical properties are cnlcred together with the loading and

~ boundary conditions. -

Solution phase - This entails extensive computation solvlng the systein equations wnth
data catered from the prcpmccssmg phasc,

Pmlmamhg phass - The posiprocessor is used to [ilter out only the important data,
“and present and display il to the user in a concise manner.

The finite clement package used was NISA. NISA (Numerically Integrated clements
for System Analysis) is a gencral purpose finitc cicment program developed by EMRC.
A comprehensive library of lincar and higher order isoparametric clements arc
available which inciude 3-D laminated cornpasite shell clements. Linear isotropic and
orthoiropic elastic maiterial models aro also available.

A computationally elficicnt mesh would be onc that achicves a desired accuracy in the
area of inleresl, whilst using a minimum number of degrecs-ol-lrecdom (DOF)
th.oughout the rest of the domain, This generally implies a greater DOF densily in the
arcas of i :rest and lesser DOF densitics clsewhere. Concave sections of a boundary
with & small radius of curvaturc will produce locally, sharp increascs in the stress
solution. Since the maximum is expected o occur in the radius of the recisngle, a

- greater DOF density is necessary in order to maistain a given level of accuracy i.c. the
mesh must be focally refined. This can be achieved by decreasing the size of the
clements and not the order. Elements in a mesh should not be locally refined so much
that the size of the smaliest clement is tiny in comparison with the largest clement, ag
this tends to produce an ill-conditioned stiffness matrix. Abrupt chaages in mesh
refinement from fine {o very coarse should generally be avoided; a gradual transition is
gencrally more efficient. '
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Modelling errors may arise in an aticmpt to model curved boundaries. These errors are
known as geomelric errors. Non-polynomial curves for boundarics are impossitle to
malch exactly using polynomial elemenis, These boundary mismatches change the
domain of the problem since, in cffect, the domain is defined by the outer boundary of
the mesh elexaents. The most common non-polynomist curve is a circular arc. It is
therefore recommended that curved boundaries be modelled with curve-sided elements
(eg guadratics or higher order) whenover a solution is sought in the vicinity of the
-curved boundary, ‘ '

621  The finite element model

Due to the S&mmctry of the probiem, only one quarter of the plate was modelled.

11777 '
11777 (]
AN A
a5
Z258
==y

Figure 6.3 A typival finitc clement mesh of a plate with a rectangular ﬁole.

A two dimensionai, plane stress, quadratic, isoparametric, quadrilateral clement was
used and the size of the element was varied w obiain local mesh refinerient around the
reciangular opening, Material properiies were entered as would be for an orthotropic
materiel, A single force was applied to the midpoint of the upper edge of (ke piate, and
all the nodes along the upper edge were constrsined to have the same displacement as
the-joaded node to model the clamped cdges. The model consists of 480 clements and
1537 nodcs which results in 8 model with 3042 degrees of frecdom.
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6.3 Results
‘The results obtained from the theory of elasticity sre preseatod in Table 6.1,

Table 6.1 ~“Thsory of clasticity results o T

Minimum stress
concentration
and position

Maximum siress
concentration
and position

00°9G° § 3393 | 1007 14.26 I L7735 | 9.14 20.06
T T A ' N

No results aro presented for the £45° platc dus to limitations of the theory presentod
by Savin. These limitations are discussed in the following seciion.

The results obtained from the finite element method ars presented in Table 6.2.

Table 6.2 Finite elemeat method results

Minimum siress

: concentration
and position and position

___L_Value. x J ' Value x
- mnihr=gy

Q° 2.98% 19.02 1 17.98 -3.381 0

I‘W:!:-EIS"' 5978 19.78 16.45 £.617 Q

1]

0°90° | 3585 | 1998 | 1549 | -0.657
[ N cu—

Igsslw
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64  Discussion- B

Due to the high degree of mathematical complexity and mapping'dJit‘ﬁculﬁes iatroduced

by the anisotropic nature of the composite material, Savin® made three major

assumptions in an atlempt 1o o™ain an approximation of the stress concentration

_ arptnd an rectangular opuning. ' '

- . the mapping function was limited to six ierms.

- the stress solutirn was limited o the second approximation.

- the roots of the characteristic equation for an orthotropic material were assumed
to be purely imaginary.

The function that maps the interior of the unit circle to an infinite plate which contains
the opening was assumed to consist of only six terms. A praclical mapping procedure |
must be capable of a close approximation, uot only to the profile but to its curvature of
the opening. Savin® limited the mapping terms 1o six whilst Sobey! recommended that
30 10 40 mapping terms be taken to avoid crrors in curvature which produce significant
errors in the stress distribution around an opuning in an isotropic piate.

A comparison belween the maximum strogs cou. ntration factor arouad a rectangular
hole of the same shape but in an isotropic plate deiermined using Savin’s solution and
that presenied by Peterson® using Sobey’s method is useful, The solution computed
using six mapping terms, 3.10, is significantly lower than Sobey’s 3.57. The finite
element method gave a siress concentration of 3.49, but one must remember that the
finite clement model is a platc with finite dimensions.

If the resuits _fo:': a circular hole in an orthotropic plaic arc compared between Savin's
solution and the exact solution presented by Lekhnitskii’, no discrepancy is found, This
stems [rom the fact that the mapping function of a circular hole consists of a single
term.

The plane siress problem of the theory of elasticity can be reduced to the determination
of a siress (unction which satisfics a fourth order differential equation. The
characteristic equation for an ortholropic plaiz takes the: form relative (o the principal
directions! of clasticity of:

E E
+ (s = 2% 4 ot © )
R e P E "
Lekbnitskii proved that the characleristic equation could bave either complex or purely
imaginary roots, but could not have rcal roots in the case of an ideal slastic body.
Savin assumed the roots were purcly imaginary. This condition holds uue for an
isotropic material, the 0° and the 0°/90° plate but when the shear modulus term
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becomes large, as in the case of the +45° plate, the condition is no lo:;glsr met. For the
carbon prepreg used in this investigation the condition is met for symmetrical balanced
laminates with a luy-up of 28° where © varies from 0°-15° and from 75°-90°,

Both the finite element method and the theory of elasticity do not take material
nonlinearities and material strengths into consideration when calculating stresses.
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7 'C,prrelation of resulis

The stress distridution around the rectangular holes in the 0%, 0°/90° and £45° plaies
were calculated using the theory of elasticity, the finiwe clement method and the
method of reflective photoelasticity. The results are presented in the following figures.
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Figure 7.1 ‘The stress distribution arcund the 0° plate
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Figure 7.2 Thy suess distribution around the 0%90° plate.




--------------------------

LS B B S LA AN B B

lII‘III‘]IlIIII

Stress concenintion

-Z

0

Finite olemeni method  Pholoslasticlty

-

—————

Figure 7.3 The stress distribution around the £45° plate.
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The eircss distribution around the holes in the 0°/90° and +45° plate, calculated using

th finite ¢lement method and reflective pholoclasticity, are plotted against the -

circumfercnce of the hole. The x-axis on the plot begins at the interscction of the hols

w1 the x-axis and continues around 1o the intercept with the y-axis. The results are
 presenied in the following figures. ‘ )

20 30 "4

0" 0 |
: of hole (mem)

L, pe—

v,
e

Figure 74 The siress distibution sround the 0°90° plate plotied versus the
- tircumference of the hole
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Figure 7.5 The siress dlsm'bulion around lhe 45° plate plouap:l versus th.
circumference of the hole : , U

‘The correlation between the finite element reswits and those obtalned from the theory
of elasticity sre-good. ¥

The correlation between the finite clement and the photoclastic results are reasonably
good for the 0°/90° and +45° plate. The tensile stresses determined experimentally are
lower in magnitude than those predicled using finits elements, however the
compressive siresscs are Iarges. :

The corrclation of the photoelastic resuits with the snalytical for the 0° plate is poor as
iilustraled-in Figure 7.1.
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In an altempt to provide a possibie explanation for (he discrepancies in the finite
element method and the ph(bmclnstlc results, the plates were modelled in finite
elements wlth possible modif' cations, :

. CASE 1.

Initially, the plate w+s modclled using planc-siress orthotropic elemcents in order to
obtain a mesh resolution which was judged to be sufficiently refined aronnd the stress
concentration. The model had 480 clements. The siress distribution resulls calculated
usiag the finitc element method were gencrated vsing this model.

CASE 2:

The material properiics, B, B¢ and Gy determined for the carbon preimpregnated

. fibres were the average obtained for five test specimens. In order (o establish the cifect
a variation in the material propertics would have on the stress conceniration, the
matcrial properties wore altered. The standard deviation was added to B, to give
138.906 GPa, g standard deviation was subtracted from E, to give 7.954 GPa and Gy
was calouiated to be 4.384 GPa. The apparent clastic properties of the plates were now
determined 1o be:

Table 7.1 Modified clastic properties of carbon platcs.

.Conslmctit::l Ey E, - Gy, vy 1
(GPa) (GPa) (GPa)
[0%} : 138.906 7.964 4384 0.3
[0°/90°], 73.738 73.738 4384 0.0325
[£45°), 15;7271 15.727 35.707 0.7937

CASE 3:

The cdges of tio carbon plates which were clamped hed aluminium tabs to improve
the g:ib. Two holes werc drilled through the tab and plate to allow the grips to be
bolied firmly closzd. Under loading significant isochromatics were obscrved originating
from these positions. It was surmiscd that the applicd load was not adequately
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transferred at this point and the plate was beiag "left behind® resulting in sigaificant

 siresscs. This was very roticeable in the 0° and the 0°/90° plate but not the $45° plate.
A reason for this could be tke high ratio of the longitudinal modulus (E,;) to the shear

modulus (G,5) of the 0° and the 0°/90° plates. The load is transferred o the rest of the
plate over a greater distance than would occur in the +45° plate which has a large
shear modulys compared to the longiludinal modulus.

The upper row of todes in the model, where the pliie is clumped, are constrained io
have identical dispiacements in the y-direction. In the altempt to model the effocts of
the boltholes, the constraints on three nodes were removed, effectively removing load
from tliese nodes.

CASE 4 -

In order o used a 3-D general shell element, which has more degrees of [reedom
mpnredtoaplwemdamt,&emeshhldmbemplacudmthacoarsermﬁh
due to the limit of the number of degrees of freedom allowed in the Snite element
peckage. The new model had 340 clemeat. Any variation in the stress conoenh'ation
compared to case 1 is due to the coarser mesh.

Since 2 sheli clement was now being’ used, a 3-D laminated composite shell clement
could be empioyed since intorlaminar shear strosses would be socounted for in the
composite slement. A comparison between the stress resulis of the initial plane-siress

ortholropic elament used and the composile clomenta was judged 10 be unsuitable due

i the reduction in accuracy of the siresses resulting from the coarser mesh.
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The resuits of the three modifications to the finite element model are listed in
Table 7.1 ' '

Table 7.2 Tue results of a medified finite clement model

: 20 " . '—_l_n
I Case 1 Case 2 Case 3 Casc 4
Ou, | 2985 '
00
Oy, -3.381 0.155

O 3,585

0°/00*
L
T

45" -

m-r:;

The stress concentration. for the 0° and +45° piate is very seasitive to'variations in
maicrial properties. This is particalarly so for the 0° plate since a veristion in the
properties perpendicalar (o the fibre orfentation has a substantial cifect ou the
minimum streas concertration. :

The results for the 0°/90° and tho £45° plate are affectod by the resolution of the
mesh. The coarser (he mesh, the lower the calevlated maxirauny siress concenirations.

The load applied to the plate may not have becn symmetrically placed in the z-
direction due to the aluminium tabs and the manncr in which the plates were clamped
in the grips. This would result in & momeni about the x-axis (ikc axis parallel to the
aluminjwm tabs}. If the load was offset by 0.5mm, the stress concentration varies
beotween the middle of the plaie and the outer surfaces. These discrepancies arc listed
in Table 7.3. - : '




Table 73 Varistions in the.stress conceatration through the thi:kn&_s of the plate.

IR ~ 0.001
- 0.046

0.010

When a thin sheet containing an opening is subject to a unidirectional tensile loading,
the region adjacent so the edge of the opening, perpendicular to the direction of
loading, i1 in a state of compression. The presence of this compressive zone could
result in local buckling which produces cut of plane deﬂecl.iuns. :

In the cass of ‘the 0 plate, the teansverse modulus, B, is more than a {ador of 14
lower thal the longitudinai modulus, By, The finite element solution and; theory of
 elasticity, which do not consider material nonlincaritics, geometric imperfecmns or the
material strength, both predicied compressive stress concentrations greater than 3: The
load applied to the plato to obtain the photoclastic solution was 20 kN, i.c. a stress of
approximately 62 MPa. According o the formula for siress conceniration,ic. the =
muximum siress divided by the applied siress, the plate expericnced a stress of more
than 200 MPa in the transverse direclion. The compressive strengh of a unidirectional
carbon prepreg is in the region of 146 MPa, hence the plate was theoretically stressed |
fo fajfure. However, the plate did not fail and thercfore it is concluded that it must
have experienced out of plane deformations.

The 0° plate was modelled in finite clements in. Jer fo verify the buckiing
hypothesis. A coarse mesh was gcnefi’\_tcd consisling of only ¢ elemeats duc to a'
severo limitation in the degrees-of-frecdom of the finite clement package used, Using
this model, a static analysis was performed to oblain the siress distribution, The
maxinum “ompressive stress concentration predicted using this model was 2.677. A
buckling analysis was then performed to obigined a buckling load of 52 kN. The
buckiing mode is illustrated in Figure 7.6. ' '
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‘Figure 7.6 Buckling mode shape of the 0°plats



The finite element model has a coarse mesh resulting in lower siress coucentrations,
, and it can be surmised that a finer mesh would result in & lower buckling load. The
"-‘-f‘miw element snalysis does not take into account material noalinearitics and geometric
imperfections which would result in cut-of-plane defleciions of the plate. -

'To confirm the buckling hypothesis, the 0° platc was pisced in the iesting machine. A
straight cdge was used to judge the curvature of the plate, which initialiy was fiat. A

. load of 20 kN was applicd and there was significant out-of-plane distartion, to the
extent that the straight edge could now be "rocked” over the bulge.

The Zmm thick photoelastic coating would detect this out-of-plane distortion and this

could explsin the discrepancy between the analylical and expaigjienul results for the
07 plate. ’ '
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7.1 Synopsis

The use of transmissive pholo-onholropic—eizsumy as an effective design tool is
limiied by the photo-orthotropic material availablc. The material needs to be improved
in terms of its plmtoe!asuc scasitivily and Iringe resclution characteristics, in order to
oblain sul'f'aeht well -defined [ringes to make accurate sircss magnitude predictions
possible. To conduct a stress analysis of a structure, a model needs to be consiructed
from the photn-orthntmpic inaterial. The materiai propertics arc thercfore limited to
those of the model material. Thus, ransmissive photoelasticity is an arkward design
tool. :

Reflective photoelasticity is an effective experimental method capable of delermining
stress magnitudes at the boundary of aa orthotropic material. Since a reflective coating
can be applied directly to & prototype, no model needs to be built for the analysis,
mrking reflective photoelasticity a praclical design tool. Since no model needs to be
built, the method is independent of the maicrial of the struciure being anslysed,
however, the niaterial propertics need to be accurately delermined since the stresn
conceatration factors caiculated using analytical methods may be seasitive lo variations
in the metcrial propertics. This sensitivity was illustrated in the anaiysis ‘of the x45°
plate.

Care needs to be faken o ensure unexpecicd out-of-planc distortions do not occur in 2
plane-stress anslysis since these will be detected by the coaling and the results ruined,
as was the case for the lecalised buckling of the 0° platc.

The cotrelation of the siress concentrations caiculated analytically nsing the finite
clement method and the theory of clasticity were good. The solutien for the stress
concenirations around an opening in an orthotropic ma.trial using the theory of
elasticily presented by Savia’, is limitcd by the sssumptions made viz.:

- the mappir - ~ction is limited o six terms. :

- (he stress solution is Timited (o the second approximation,

- the tools of the characteristic equation for an ortholropic material were assumed

to be purcly imaginary.

The third approximation limiled the solution and no results coutd be obtained for the
*45° plate. Despile this, the solutions oblained for the other plates compared well with
the finite element solution. The limitations placed on the theory of elasticity solution
need to be climinaied since a rapid approximation o the stress concentrations around
any rectangular hole with rounded comers can be obtained using this method.




I must afways be remembered hwwer, that the malyual methods used assume
pexfechy finear elastic responses, The analyses do ot take any geometric -
impetfections or the moterial stren 8 into consideration, This bccame evident in the
0° plate, when ke maximum compressive siress calovlsted was greater than ths
compressive stiength of the material, resulling in localised buckling of the plate,
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8 Cénclusions; |

1

The experimental and theoreticaily dmved siress concentration . .actors were determined

andlhmmmhnongmrmllymgmd. ] . i

I

 Care must be taken 10 consider the theorotical results obtained since matorial

limitations and geomelric imaperfections arc useally not- considered. The feasibility of
the theoretical rosults should be investigated.

The use of transmissive photoclasticity is limited by the materials avaiiable and as a
mmmmm:ulymmnquwnmohmmm;m is
required.

Phoioelsstic coatings can be effectively employed as an experimental method to solve
numerous plane sircss-analysis probiems involving composile materiuls. A major
advantage of the birefringent coating is that since thie coatin~ cin be applied direcily to
& prototype, the noed for a mode! is eliminated. The variatiung in the elastic coristants
of an arlhdrapic fibre-reinforced material with direclion mnst be taken into account in
&n maiyus since these materials presont dmractcrisﬁm quite different to isolropic.
matsrials,



9 Recommendations

Savin’ made three major assumplions in an attemiit to ohtniﬁf an approximation of the |
stress concentration around an reclangular opening.

- the mapping function was limited to six terms.
»  the siress solution was limited to the second appfoxlmauon
- the roots of (ke characicristic equation for an orthotropic material were assumed
fo be pu- ly imaginary.
The theoretical solution of an opening in an orthotropic mai:ial using the theory of
elasticity needs 1o be extended to eliminate the fimitations placed on the sclution.

The following problems coneerning the appliﬁi..;ion of bircfringent coatings need to be

investigated,
- the influence the interlaminar shear stresses on the boundary heave on thc i
. lsochromatics, :

«  the effect of Powson’,s ratio mismalich.
'The adhesive layer may influence the magnitude of :he edge isochromatic fringe order
since it provides 2 shear-lag region which may influcnce the stete of strain in the
coating. It has been determined™ that this cffect is not significant for most isctropic
applications. The elfect of the adhesive layer on a composite material needs to be
invostigated.
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Appendix A

A Mapping {1

Dilficulties arise in the mapping of -ontouts in accurately reproducing the profie and
curvature distribution 8t all poinis on the boundary. A practical mapp.ng procedure

" must be capable of a close approximation not only 10 the profile but to its curvature,
Exact agreement with the desired profilc may require an infinite number of terms in
ihe mapping funclion, as, fr cxamplc, whea a curvature discentinuity is present.
Generally it is found necessary to take 30 - 40 terms (o avoid errors in curvalure which
produce s;gmﬁmt of ¢ven serious ctrors in the siress. -

A.l The mapping problem

* For any given bole in an infinite shect there exists an unknown mapping function

z = m(§) which cxactly maps the boundary C of the hole onto the unit-circle in the §-
place. If we sesume the tangent to C s continuously trning st ajl points of the
boundary, the transformation is frze from singularitics on the boundary and the
mapping [unction m(%) can bo expressed in the form of a power series in §

M ) ' .
=B~ AD
or in parametric form
2(6) = x(6) + iy(8) = )"'_j b, elt=ie ” (A.2)
wul} - .

The profile C is assumcd symmetric about the x- and y-axes, so that sil the mapping
co-cfficients b, are real and for odd values of m they are zcro.

A2 Melentiev’s iterative procedure for finding the
mapping co-effients '

Using Melealiev's promdum ostlined in relerence 1, b, is computed from the
reduced varisble

Al



 Appendix A
o " ’
,z. = u(B) +iv(d) ~ b L™ (A3)
"
As goos aroun thetnt circle, w(8) and v(8) are given by

2(8) = i"b_ cosmB
el
(A9)

v{B) = —ib,_ sinm®
' el

e © B PUNE I

® .
Figure Al Co-ordinate system used in the Melenticv process

A2



| Appendix A _
If 2 set of (K+1) points Py, P,....Py is selecied on the unit circle in the {-plane. Under

.- the mapping, cach point P, ( k = 0 fo K) corresponds exactly with a point Q, of C. In.

order to obtain the mapping co-efficients b_ it is necessary to estimate the positions of
the poiits Q, on C. The procedure must allow for the initial ignorance of the points Q;
and only icntative estimates of Q,, say R,, can be made.

~ The (K+1) poiats P, are cﬁoscn 10 equally subdivide the first quadrant so

- Kn £=0,1,.K (A.5)

* 2K

The extreme value of u, namely vy and u, are known snd the remaining (K-1)
functions u, are initislly estimated. The gquations which determine b, are taken to be

N
K, = §b~ cosm8, (A.5)

. wheze there must be at least ss many b,’s as thers arc values of u,.

It M = 2K with 8, equally spaced, these equauons can be solved exactly without
mairix inversion fo give

b, -._.1...{3.+2u1+2¢, + +2:¢“+ux}

k-1 )
by = g {20+ 3 duors "';" » 2(-1yuy } (AT

b= “"zf {u - 2u1 + 28, o+ (F11220  + (1)K, }

with all by,,; = 0,

The v,’s can now be computed and R, found. Corrections of points R, to R/’ nearer to
C is now performed in order 1o establish a better estimate for u,.

The discrepancy between C and C al 22 reference points R, is measured by

3= Jg {(8r)? + () (a8)

If 8 is reduced (o about 10, further iterations will produce no significant changes in
the curvature variation of C'.
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Appendix A

A computer program was written which calculated the mapping function with s mm_f :
mapping coefficients as required. ) '
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Appendix B

B Theory of elasticity solution

The following'ah_extrad from Savin' pages 328 - 333,

contour of which is given by cquations

5 .
x = R{cosB + ¢ ) a,coskd)
§ .- (B.1)
= R{-cs5in® + ‘E a,sin k)

The function that conformally maps (he inlerior of the unit circle onjan infinite area
with the examined hole (B.1) consists of six ierms and has the form '

P O N L% I . 82
R R

i
L

The choics of the mpping"'function: (B.2) permits us to obta'in quite essily the
formulas for determining the stress state in a plane with various holes.

Let the contour of 2 hole be [ree of external forces, and let, at infinity, uniformly
distributed forces of tension p, parallel fo the Ox axis, and forces g, parallel to the Oy
aXis, act on the plate.

The sofution of the probiemn of the strcss statc of 4 p]atc is found by combining two
siress fields: :
1- the stress field that develops in a thick plate

al = p, cr," = g, t; = (B.3)

In this case the projections of the forces acting on the contour of the mumod
holo have the form '

2-  the siress ficld occurring in a plate with a holc, {0 the contour of which are
applied the l'orms : .

© B
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Figwe B0 Loading on the plate. -

x'= -ﬁ% R A q% (B.4)
X, = X, ! p-d;i P
%K = ‘ N -
Yn Y.t q'E

there being no forces &t infinity, -
We will determine the sfress state of a plate when forces X, Y, act ﬁn the coatgur.

The boundary valtes are represented in the form "

"'P:‘k +C = gf’u’i = P1§ + 8Py,

®4)
Ide+C Y. p, 2 =p, +ep,
kvl
where
N . s
Py = ”qf o * "1-'), Py = ""?'EE a,(c* + *-1—)
V' [+ Z ¥z ot (37)

_ PRI % pRz )
Py —i-c(o -&-)- Py ah(o* --—)

B.2
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In solving this problem we will confinc ourselves to the second approximation.
We will assume that the complex parameters for an orthotropic plate are putely
imaginary (s, = if,, 5 == iB;). We wiil confinc ourselves io the determinatior of the
functions g(z,) and y(z,) for the points of the contour of the given hole.

By using the theory outlined above, alter several transformations we obtain
o) = {VU+IE(N¢ +N_,o“)+¢’E(A,‘o* +A*d“) " (B8

Here we iﬁtroduoe thb- definitions:

1
N = "
n_ Bl"azl
' i
N, =~ b(a, + ¥, a)m
.-1 P;‘ﬁzxs !5)1
. 1
N, =~ dam
3 'ﬂ_—l_ﬁi-lil
1

N, =~ d.am
3 m:si

N,=N,=0

m L 28,800, + xadm, ~ (B, * B)B,(a, + Ka)m]
R A 2

Ny = m[zﬁzaﬂﬂ"z = (B, + Ppbam + (B, - ﬁ_;)“:’u]

N3 53)’ Ezﬁza‘z“s"‘: l + 53)61“5’”: + (ﬁ_t = ﬂ:_)aanl,l (BIO)
" Fl_ﬁf
Ny = B, iﬁz’ “s’il

B3



Appendix B

A4," c'l["-‘;“st - 2a.N, - (a; + x,a9N,
* ‘E:—ﬁ(“z: + 4y, a8, + 20,68+ Ty la,a, + axlal « 6y lal)m]

)
A, = b[-2aN, - aN, + 3—-_1-&-(2“:“3 + 4y, 0,05 + 5%,6,a, + 9%, a,a)m,]

1 1

5 . ) -
Ay = bfaN+ 'B—:LB_(zaﬁa‘ +al + Sy a0, + 3y,87 + 5xfalm]
1" Ps :

2

3 :
Ay~ .B__:E(Zaza, + 2a,a, + 6 a,a)m,
1

. 52
A = '5.1.7(2“3“5 +al + 3y, a')m,
1
2

8
Ay ™ 20 A M,

Bl - Bz
61’

A - Im, |
B - (B.11)

Ay i B)A, +28,8,] (k=17  (BI2)

Thus

m = -pe+qb, n =p+qp,

m, = -pe +qB, n,=p+aqp . (B.13)
1-ch, i~-8 '
el B = 2 (p=12
% 1 + o, ¥ 1 +ch, P )

The co-cilicients B, and B, arc found [rom A, and A, if, in the latser, we substitute
B, 8, x;, my and n, respeciivcly by §,, &, x,, m, and n,, and converscly.

The function ¢(o) is found from (B.8), if, in the cxpressions of coclficicnts (B.9) and
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(B 10) we perfonn drcular pennutatlon of the subscript i in B, 8, *p mi and o, (i =
1,2).

_ i; __
The expression for the normal bfress rcling on the areas norial {o the contour of the
hole. scauire the form ' '

-mﬂ-#wswwmuhwmwuam
pz) 3 ” - - )
* ‘”*——!- + -T-!A 'ﬁ;’(zﬁf_"_‘) *-Aiﬂz(zﬂ:z i ﬂl'zﬁ-zz) + BB

ﬁ’)B 'fﬂ% B.Av)}

' Hero we introduce the following de_finitiom

A » ~c cos + & Y ka,conk®
iv2

B o=sing + ¢ kg kasink8 (®.15)
i i . )

C‘i-gA’ﬂB‘
A8 + BYA'S} ~ B

g =B +(1+c)sin® .

_ﬁ;p’a_ ¢ i £(O,M, - &, B..p,,)smke - 0’2 k(& A, - bz.giﬂlgsinkﬁ]

wa s _2BC ; M'..'a.r k0 - 5'7 E(BIA. - B2
Y =4 rm['lg LCRN ;:: ,p,)cm ‘_‘Z_;; (alAu_ ozsu)mzse ).
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=-B + 'E""B‘ . i k(3 M, - bz‘p.)smkﬁ - S‘E k@A, - 6’8,)5ink8]

Y, =A + (1 +c)cosl

ZB: [ E K3, M, - ﬁj.ﬂ_p,)mkﬂ - 232 k(3 A, - 8 3%315)9;4&;1
Honce | |
M, =a, +%a
M, =a, . (B.18)

M, = a6

Ay a,’ v 4da.ay, + Zafxl + Ta,a,xf + 4031' * 6:3, ;g
3a,a, + 242::

+—cbi_+[2"‘ + 345 + (a, + %0 13—6-

- [2a) +3A¢ + (a5 + x,89(ay + xa“s)] B’ -;:-

24,0,

A, = Za;a', + 4*;“51’4 * Sa,a.%, + 9a4d,xf +

+ [28,0, + “4(“3 * x&“s)]-s—a- - [2a,aq + “4(‘3 * xz“s)]rﬁ(-%-
19).

A, = a, + 2::,::‘ + 5"3"5351 + Sa‘ %y +5a, xm + a,(a, + xla,)__..a_
| : O

11

- afa; « xzﬂs)
Ay, = 20,8, + 2a,a‘ + Ga,a.,
Ay =200, + 0] + 3%,
A, =2a,a

F4
Al? il -

B.6
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. 2 2 Sa,a, +2a.a,
Ay = A, ~2[2q; +3a5 +(a, + Xa)(a, + x:“s)]-s- ——-5-——(1 + ")

Ay = A, - 2[2a,a, + a,a, + x,a,)].gi ..z_a%_’.(l +¢)
1

An = Ay - 2aya, + x,a,).:.‘."

1

Aﬁ - Alﬁ (.k = 4,.....,7) . (B-ZO)

" The coefficients p,, By, By are found from the expressions for My, Ay, Ay by

subﬂimﬂm oisll ﬁb 61’ ab xi: K‘l ,by 52’ Bl: 62’ ah 'cb K.l r“pefﬁvcly"

!
i
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