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Using either method te calculate S, the approximate standard
normal distribution of Z = (T-8)/S provides approximate (l-p) confidence
limits T + k%ps for 6, where kq denotes the q quantile of the standard

normal distribution. In many applications, the effect of bias, skewness

and so on can lead to the normal approximation not being very accurate.

Hence, the use of Edgeworth expansions can be applied, primarily in
the case of the I.J.E., to improve the situation.

Hinkley and Wei obtained an Edgewerth expansion for the distribution
of Z = (T-Q)/§ where § is the I.J.E. of the standa.d error given by
(1.15.6). The results of the expansion are simply stated in this section
rather than all the steps that were used in the paper.

Let ayy and a, correspond respectively to the standardised first-
order biases of T and V(i) ; while 062 and 043 are measures of skewness

and kurtosis of the linear approximation n-lx IT(Xj.F) for T-6.
The studentized quantity Z can be expressed in the form:
z = Jnw(F,F), (1.15.7)

where w(G,F) = {¥(G) - (P} / yv(E),

and 2 then has the Edgeworth expansion:

2
pr(z gz) = a(z) - &2) § n W xj(2) + ota™D), (1.15.8)
=i

where ¢ and ¢ are the standard normal distribution 2nd density functions
respectively.

(F) and a + Op(n-%). then (1.15.9) becomes

%k kT %k

Now, if &“‘

Pr(Z «2) = o) (@, + 1 a5, (22-D}¢ (2) + Op(a-1)
6
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By adjusting kq to

* ';i = - 2 - \

kg “ A {°1x+%°3z(kq Dy (1.15.10)
% * bx

leads to Pr (Z ¢ kq ) =q+ 0(n ")

Hence, the pair of limits

T-k¥_ 5, T-k* § (1.15.11)

1-3p 1P

ignoring terms of order n-1, give ~overage frequency of 1l-p for the
parameter 6.

Applying Edgeworth expansions to the standard jackknife as far
as the first-order correction is concerned, leads to a4 simple analogue
of the corrected quantile (1.15.10).

Firstly, the standard jackknife quantities ij defined in (1.15.4)
can be expressed as ;J = ij - 4n-1 Qt(Xj.Xj.i) + op(n'l)

(see Hinkley and Wang; 1980).
The standard jackknife estimator and the I.J.E. for the standard

error therefore satisfy:

a1 §2 = §7 - a"2u(F) + op(n"2)
n

where u(F) = £ {I7(X,F) Qp(X,X,F) }
1f r(F) is set to u(F)/v(F), and since r(i) = r(F) + op(l), then,

7ar-g=2{1-%1{c@®-1}}""+ oD
S

As there is a constant factor in the square brackeis above, the Edgeworth

expansion (1.15.9) applies to Z with modification of the 1'1.1 term.
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Hence, the corrected confidence limits analogous to (1.15.11) can be

and «

obtained by using consistent jackknife replacements for 511 32

in (1.15.10).

ij
estimate Qt(Xj.xk.F)

Let

Hirkley and Wei then estimated the jackknife first-order bias of T
and the skewness of the linear approximation T th(xj,r) for T-6

as follows:

&,,=-T14vV -%(n-12i§+2n-2 ) ijikajk)/\?’/z (1.15.13)
14k

R 8 e RS S T

aq,==(2n ZIJ+3n Jzk IjIijk)/V/ (1.15.14)

where V = nSy.

The corrected confidence limits will now be:

T ek 8 *-k' 8
1-3p~" - p

where K** . K

_,55 ~ 1 2 e
: q*n {an + £ 93 (kq 1)}

If T is replaced by T + 1 and the first term is removed from
(1.15.13), the limits (1.15.15) can then be expressed in terms ~f the
bias corrected estimate. The results of Hinkley and Wei (1984), are
very interesting, although the application of these results through

Monte Carlo simulation studies, based on large sample data for normal

approximations, may however be limited, due to the considerable computation

time required.

=n{ nT=(n=-1)(T, 5 + Tj) + (0=2)T (5,k) (i¥k) (1.15.12)
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1.16 Open questions for further research

Where should research on the jackknife go from here? What worthwhile

questions on the jackknife still remain unanswered? The following

list includes scauc thoughts on the matter but they are by no means

all-inclusive.

(i3

(ii)

(iii)

(iv)

(v)

A problem which arises in applying the jackknife method is

the determination of the minimum number of random variables

which are required in order for Tukey's asymptotic result to

hold. Monte Carlo studies could be performed using different
model distributions in order to throw some light into the solution
of this problem.

Ie there any connection between the jackknife method and the
Bayesian theory®: Suppose there is a sample of n i.i.d. random
variables with distribution F(8,x). After splitting the sample
into n grouos to find the jackknife estimator of 8, the n pseudovalues
61. 62......8n are derived. Tukey suggested that the pseudovalues
are approximately distributed as a random sample from a normal
distribution with mean 6 and variauce 02. Sup .0ose that the

prior distribution of O, given 02, is G. An open question

which requires additional research is to find in this case

the jackknife estimator of 6.

Let Xj, Xp....,X, be n random variables which are not independent
but there is a small correlation between them. Suppose they

are distributed acunsrding to F(8,x). How can the parameter

@ be estimated by the jackknife method?

Can a lower bound for Tukey's variance of the jackknife be
established?

Suppose the jackknif~ pseudovalues are developed by adding

and not subtracting & new observation at a time. Is the new
estimator as efficient as the original jackknife and do these

new 'pseudovalues' sat 'sfy Tukey's conjecture?
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(vi) In the application of the jackknife method, the reduction of
the mean square error should play an iuportant role besides
the reduction of bias and variance.

(vii) The influence curve for the parameter B in the linear model
Y=8x+ a where e~ N(O.oz). behaves like a residual. Therefore
it can be used to discover possible discrepancies in the sample.

(viii) The jackknife method could be used in the linear model where
the errors are non-homogeneous. This could be done by theoretical
as well as by Monte Carlo studies for various models.
(ix) Estimators based on single order statistics such as the median
do not behave properly under jackknifing. Smooth functions
of the order statistics such as 0 = XJ(i/n) Y(i)/n, where
J is a continuous function, could be considered.
(x) Most researchers of the jackknife technique would suggest using a variance
stabilizing transformation on the estimator in conjunction
with the jackknife. Transformations are needed to keep the
jackknife on scale and thus prevent a distortion of the results.
The connection between transformations and the jackknife is
worth more exploration. 1Is there an optimal way to sclect
a transformation for use with the jackknife?
(xi) The jackknife is not a device for correcting outliers. How
do outliers perturb the jackknife estimator? 1Is the examination
and correction of pseudovalues a good way of handling outliers?

(xii) How should the jackknife method be applied in a multi-sample
problem. For example, consider a two-sample problem. One
way to jackknife ie to compute an estimate of the unknown parameter
from the two samples and then jackknife by successively deleting
each observation in the first sample with the second sample
intact and then deleting observations in the second sample
with the first intact. Alternatively, each sample could be
jackknifed separately and the results combined. Both methods

are valid asymptotically, but which one gives the better results?



o
~1i?) The efficiency of the jackknife could be examined when the

sample is split according to a prescribed structure of the

data or when the groups are unequal.
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CHAPTER 2

CRITICAL REVIEW OF THE BOOTSTRAP METHOD

2.1 Derivation and description of the bootstrap estimator

The bootstrap, (as mentioned i Section 1.13), is a member of
the fami'y of general resampling methods, which are feasible .oday
because of the availability of high speed computers. This 'computer
intensive' method whicl. allows freedom from the assumption of normality,
was developed by B.Efron in a series of papers (see Efron 197%9a, 1979b,
198la, 1981b, 1982). Efron gave the term 'bootstrap' to the method
because the estimator is derived from the treatment of the original
sample, which is analogous to boots which one straps in order to tie
them.

The bootstrap method consists of approximating the distribution
of the statistic of interest, by what Efron calls the bootstrap distribution
of this statistic. This distribution is obtained by replacing the
unknown distribution of the statistic by the empirical distributien
of the observations, and then resampling the data to obtain a Monte
Carlo distribution for the resulting random variable.

A detailed description of the method is as follows:

Consider a real-valued statistic é(xl.xz.....xn) which is a function

of n i.i.d. obs:rvations:

X1oXg, o oXy SRS P (2.1.1)

where F is an unknown protab.ility distribucion.

The standard error of 6 is a fuac:tion of F and the form of t%e .tatistic

8.

f.e0 O(P,0,0(e,.y0eey.))=a(F) (2.1.2)
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The bootstrap estimate of the standard error, &B , evaluated at F-i.
is simply

ag=a(F), (2.1.3)
where F is the empirical probability distribution which places mass

1/n at each point Xp,X2,...,%,.

The function o(F) cannot usually be expressed in a simple form, and

&, must be calculated using a Monte Carlo algorithm. The algorithm

B

consists of the following steps:

-~

Step 1 : Construct F as defined above
Step 2 : Draw a random 'bootstrap sample' from F, with replacement,

* * *
and denote the new sample by xl.xz.....xn

¥ 1.4.d4, 2

*
i.e. X ...X N F.

lile
This process can be carried out as followr
(a) Set the observed values to be X(1)0%(2) 0 0 X ()
(b) Draw a pseudo-random variable from the discrete uniform
dlstribution in .he range {l,n}, and let r be the number
+
(e) Put X1%% 00y
(d) Repeat steps a, b and ¢, n times to obtain the bcotstrap

sample

WX

1.xz.... o

Then, after steps a, b, ¢ and d, calculate the statistic

~%

8 =0(x" %, *)
1 XX (2.1.4)
Step 3 : Repeat step 2, independently, a large number B cf times,
g ag -
to obtain the 'bootstrap replications' 6 (1),8 (2),..., 0*(3).

Then calculate

3 {z @®* )-8 (.1 4"
Op® L) — (2.1.5)
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B

where 8 (.) = J @ (b)/B (2.1.6)
b=1

As B+« , o, converges to o(F). In practice Efron has found

B in the range 200 to 500 adequate for estimating standard errors.

2:2 Double bootstrap and smoothed bootstrap methods :

As in the case of the second order jackknife estimate, there

is a double bootstrap estimator of the standard error of a statistic.
Efron (1982) has shown that the bootstrap estimate, ah, is usually
an under-estimate of the true standard error. The double bootstrap
method can be considered as 'bootstrapping the bootstrap' and consists
of the following steps:
Step 1 : Construct F as before
Step 2 : Draw a 'bootstrap sample' from F

x'l'.x;.....x: 1.4.9 §,

and calculate the statistic é*-é(x:.....x:).
Step 3 : Repeat step 2, independently, B times obtaining the 'bootstrap

ak ade
replications' 8 (1),...,8 (B).

Then, calculate

™ " i
G {7 (8w -8} *
B=] B-1

* *
Step 4 : Each bootstrap sample xl""'xn is considered as the original

sample, and is then used to repeat, independently, steps

1, 2 and 3. Hence, for each bootstrap sample, the B 'double
bootstrap' samples are calculated. From each set of 'double
bootstrap' samples, the bootstrap standard error estimates
ek Atk

d (1),..., o (B). are calculated. The double bootstrap

standard error estimate is then

- -
0y (Double) = %- ) af*(b) (2.2.1)

b=1
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The smcothed bootstrap method introduces an amount of 'emoothness'
to F. In drawing the boutstrap sample, instead of choosing randomly
% %
each xi from the set (x1,x2,...,%,), a continuous variable Xi is considered,

such that
+ TN
X, =X+C {in - X+ 024 } {2¢2:2)

where the I; are chosen independently and randomly from the set {1,2,...,n}
and the Zj is a random variable from a given distribution, having mean

0 and variance ci. The normal distribution is the most obvious choice

for the Zj. The quantities X, 0 and C are the sample mean, standard
deviation and (1+o:)%, respectively, so that x: has mean ¥ and variance

32 under the bootstrap sampling procedure.

2.3 An example of a bootstrap estimator :

Efron (1979b) applied the bootstrap method in linear discriminant
analys.s. He considered the case of 20 random numbers, 10 of which
were drawn from an x bivariate ncvmal population with mean vector
(-%,0)' and 10 from a y bivariate normal population with mean vector
(%,0)', such that the common covariance matrix is equal to 1. The

straight line AB is the linear discriminant boundary.

REGION A

e
P

-

REGION B



- 81 =

The linear discriminant function (L.D.F.) is defined as:
{wi(g-0)'s™ w- Ey=o} (2.3.1)
where

g= XL, g LYi
10 y 10

and
' '
= ) (x4-%)(x4-%) + ) (yi-9)(yi-9)

The line AB divides the plane into two regions, A and B, such that
an unlabelled future point w can be classified as being either an x
or y, depending on whether it falls into A or B. The probability that

a future » random number will be misclassified, is defined as:
err © Prob {xeB | (2:3:2)

An estimate of err is thus:

é¢}x _ number of {x;j B }

(2:3:3)
10
Of interest would be to then estimate
bias_ = E {err -é?r_ (2.3.4)
x X X

The bootstrap estimate of biasx can be calculated as follows:

(i) rraw a random bootstrap sample, with replac:ment, from the original

ks
"x10'

*

* %
Similarly, create a bootstrap sample yi, y2,....y1g from the

%k
sample XpaXgr et aXo and denote tie new sample by X{1Xgyeo

10 y points.



(ii) Using equation (2.3.1), substitute &*, 3* and §%, fcr x, y and

S respectively. Construct the L.D.F. line and denote the bootstrap

v e
discriminant regions as A and B .

* * %
(i1i) Let biaa* - no. of {x; €B} _ no. of {xi eB |} (2.3.5)
X 10 10
(iv) Repeat steps (i), (ii) and (iii), a large number B of times,

to obtain independent values
* * *
bias_(1), bias_(2),..., bias_(B)
x x x

Then, the ! otstrap estimate of bias is:

B
bias (bootstrap) = 1 7
x B s

bill:(b) (2.3.6)
b=1

2.4  Bootstrapping regression models :
The bootstrap method is valid (see Friedman,l981), for the regression
model:

Yi - fi(B) + € i=1,2,...4n (2.4.1)

where f(.) is a known function of the unknown parameter vector B&.
The eis are independent and identically distributed random variables
with common distribution function F, such that Ep(c)-O.

From the observed data X=x, the least squares estimate B is defined

. n
P+ ming, 121 {xi-£1( B} . (2.4.2)

The bootstrap distribution of @ is calculated as follows:

(1) Comstruct F such that

Fimass % at € = y; - £4(8), i=1,2,...,n



(ii)

(iii)

2.

5
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Draw with replacement f.om cthe observed residuals €

*
and construct the bootstrap residuals € =

Calculate the new random variable,

and consider the model

* Kk
Xi-gi(ﬁ)+ei RS 3 D e

(Elneees®n

1P

s

€

n

(2.4.3)

(2.4.4)

T'rom this model, calculate by the least squares method, the

estimamré* of B

Repeat independently the previous steps a large number B of

times to obtain the bootstrap replications:

£701), B%(2),...,E%(B).

Then calculate the bootstrapestimator of B, a*(.). as follows:

A* 1 B ".‘.
B*.)= § 7 B%(b)
b=1

with corresponding standard error estimator,

B . .
g, = { § (R*(b)-8*(.))2 4
B
b=1 B-1

Bootstrapping the mean :

asymptotic validity of bootstrapping the mean.

(2.4,5)

(2.4.6)

In a paper by Bickel and Freedman (1981), they considered the
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Consider X, ,X.,...,X to be independent random variables with
) s - n
common distribution function F. Assume that the mean g and the variance

62 of F, are finite but unknown. The standard estimates for p and

62 are calculated by the sample average p,, and the sample standard

S, respectively.

1 n
fe.pn== I X4 (2.5.1)
i=1
n
and 8% «d ) (x.-p )2
L P ifn

Also, the distribution of the pivotal quantity

Q, = JAlpa=p)/Sq (2.5.2)

tends weakly to N(0,1) from the Central Limit theorem. Although the
asymptotics are known in this case, Bickel and Friedman investigated
how the bootstrap would perform.

Let Fn be the empirical distribution of xl,....xn. putting mass
/a2 on each X,. Given (xl.....xn). resample the data in the usual

8

* -
manner to obtain the bootstrap replications x1.....xm. where the resample
i

size m may differ from the number n of data points, to e timate the

* - *
distribution of the bootstrap pivotal quantity Qm= JE(Pm-pn)/Sm. where

» a ® * m *_ % 2
Pm =(1/m). 1£1 X, and S (1/m) 151 (Xi pm) .

In the case of m=n, the distribution of Q could be computed from
the data and used to approximate the unknown sampling distribution
of Qn' Alternatively, the bootstrap distribution of Jﬁ(p:-pn) could
be used to approximate the s~.pling distribution of JETpn-p). Confidence
intervais for p could be derived from either approach, and the bootstrap
method would therefore be useful if the Central Limit theorem were

not available.

LAY

A R W

—
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In the case of m#¥n, Bickel and Friecman used the following theorem:
Suppose xl.xz.... are independent, identically distributed, and have
finite positive variance az. Along almost all sample sequences xl.xz....,

given (xl....,xn). as n and m tend to =:

-
(a) The conditional distribution of /&(p -p ) converges weakly to
N(0,0%).

-
(b) Sm* o in conditional probability: that is, for epo:citive,
*
P {|sm-c|>elx1.....xn}+o a.s. €2.5.1)

Consider the situation where m and n are free to vary separately.
The conditional law of Jl(p;-pn) tends to normal, with mean 0 and variance
Si, if m goes to infinity first. As n tends to infinity, this converges
if and only if Si does.

For the simple case m=n, the parameter p is replaced by p, when
comparing the classical M(p,-p) with the bootstrap Jﬂ(p:-pn). This

1/JE. Also, the X's have been

change represents an order of magnitude
replaced by x*;s. resulting in a second error. Bickel and Freedman
proved that the two errors almost cancel each other out, by showing
that the distribution of the pivot does not change much when the empirical
distribution F, is replaced by the theoretical F. Ttey showed that

the bootstrap works for means as well as for pivotal quantities of

the familiar 't-statistic' sort.

2.6 Bayesian bootstrap :

Rubin (1981), considers the Bayesian bootstrap (B.B.) as the Bayesian
analogue of the bootstrap. The HEyesian bootstrap simulate: the poste:
distribution of the parameter, instead of simulating the sampling distr
of a statistic estimating a parameter. Rubin illustrates the B.B. in
two simple examples, namely dichotomous X and bivariate X, as described

by Efron (1979b).

Jn



- 56 -

2.7 Bootstrap selection procedures :

In an interesting paper by Swanepoel (1983), a new bootstrap
procedure based on robust estimators is formulated which, in the small
sample case, is shown through Monte Carlo experiments, to improve on
_he existing methods.

Many practical situations involve the problem of comparing several
competing populations, treatments or processes. GCupta (1956), outlired
one of the basic formulations of the selection problem, namely the
subset selection formulation, which selects a rzadom sized non-empty,
(small),subset of the populations, at the same time controlling the
probability of including the 'best' population in the selection subset
(the term 'best' population is defined by Swanepoel in his paper). Prior
knovl;dge of the parameter values is, however, usually not available.

Other basic goals such as the problem of selecting a subset to
contain only §-optimal populations or all populations better than a
control have been well documented by Fabian (1962), Desu (1970), Carroll,
Gupta and Huang (1975), Santer (1976), Panchapakesan and Santer (1977),
Chen (1980), amongst otlers.Most of the research is based on parametric methods
which assume, mainly either normal, binomial or multinomial distribution
forms of the underlying observations. Bootstrap methods are free from
this constraint and Swanepoel used these methods to obtain distribution-

free selection prccedures based on given robust estimators.

2.8 Bootstrap and censored data :

In Efron's earlier paper (1979b), a series of examples were considered,
to show the applicability of the bootstrap method under a variety of situacicns.
In a later paper (Efron, 198la), a further example is considered involving
right-censored data, which is used to derive the Kaplan-Meier (product
limit) estimated survival curve (Kaplan and Meier, 1958). In particular,
the bootstrap method is used to calculate the standard error of the

Kaplan-Meier curve and to derive the standard error of a lccation estimate
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such as the trimmed mean with the appropriate confidence limits. Computer
simulations to investigate the validity of the bootstrap method, are
based on real data, namely the 'Channing House' data, which considered
the survival curve of ninety seven men who lived iu Channing House,
a Palo Alto retirement centre, from its opening in 1964 to the data
collection day, July 1, 1975.

Consider right-censored data of the form {(x),d),(x2,d2),...,(xq,dn)}

where X3 is the jth observation, censored or not, and

¥ it xj is uncensored
dJ = (2-8-1)

0 if x4 is censored
under the assumpticn X) <Xg... <Xp.
The bootstrap estimate of accuracy, ahOOT - a(ﬁ), where F is the
empirical d.f.. is calculated as follows:
* ok * _* * %
iraw a bootstrap sample (X,,D.),(X,,D,),..., (X ,D ) by independent
: K | RO n’ n
sampling n times with replacement from %. the distribution putting
mass ./n at each points (xj.dj). Then, letting data® represent this

artificial da-a set, calculate 8*=8(data®), where 6 is an estimated

functional such as the median. Next, repeat the previous steps N times,

Ad] A%D *N i
obtaining & ",6 ",...,8 = and calculate 00T by the sample standard
deviation formula:
N g § %
> - | L @*H2- (] D2
BOOT j=1 i=1 (2.8.2)

N-1

Efron considers statistics of the form é-e(éo). where §°(t) is
the Kaplan-Meier curve. It is possible to write S,=0(F), where ¢ is
a certain mapping, from distributions on R x {0.1} to distributions

on R', as described in Peterson (1977).
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Consider the random censorship model (Efron 1967), Gilbert (1962))
o
%, = min {xi.wi} (2.8.3)

where X: is the variable of interest and W; is some independent censoring
variable. The observed quantity is the pair (X;,D;) such that D; equals
1 or 0 as Xj equals X: or Wi, respectively.

The Kaplan-Meier curve estimate §’(t) of the true survival curve

for X°, say S (t)=prob {X°>t} y is nearly unbiased, and is given

by the formula:

— ke a- dj
$°(t) = jl[l (—-’—n_jﬂ)

where k _ is the value of k such that te [xk'xk+1)'
* x
Consider drawing a single bootstrap sample (XI.DI).(XZ.D;).....

*
(x*.n ) and define
n'n

m; =#of times (xj.dj) (2.8.4)

appears in the bootstrap sample. Then m*-(mt.m;.....m:) is an n-category

multinomial, n draws, probability 1/n for each category:

m*~mult(n, i/n).

Also define

* 1 »
M, = Z m N J.llzl"'ln (2-8.5)
j i
i=}
3 * B
such that Ml-n. Mz'n-m1 and so forth.

* ok
The Konlin-Meier curve based on the bootstrap data {(xl,dl).

* ok
(x;.d;),.... (xn.dn)} is
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*
~ ok ke mj dj
)= -2 (2.8.6)
j=1 M*

J

Hence, the bootstrap estimate of standard deviation for %o(t), t fixed,

is

ahOOT = ’var* 80%(¢) (2.8.7)

where 'var®' denotes the variance of (2.8.6) with the observed data

(x1,d1), (x2,d2),.. y(%Xn,dpn) | fixed and the vector m*

varying according
to the multinomial distribution mult(n,1/n).
The usual formula for the standard deviation of §0(t), is given

by the "Greenwood formula".

ke
~ ~ d
OcREEN " so(t) }-lm (2.8.8)

(see Kaplan and Meier (1958)).

Using the Channing House data, a comparison between GCREEN and 33°°T
was made at nine different values of t: x109,X20,...,%X90. The values

of Jpgor were derived by Monte Carlo simulation, with N=400. The results
indicated an excellent agreement between GCREEN and 83001.

Using the bootstrap method, seven location estimates for the
Channing House data were calculated. These included, for the estimated
biases and standard deviations, the median, the mean, and various trimmed
and Winsorized means. The estimated bias and variance bath decreased
as the amount of trimming or Winsorizing decreased, the worst case
being the median anJ best being the mean. It is interesting to note
that, althourh the median is often favoured as a location estimate
in censored data problems, in this example, th: superiority of the

sample median as & point estimator, was not demonstrated.
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A simple method for constructing confidence intervals based on
the bootstrap distribution, known as the percentile method (see Section
2.9), was used to calculate 90% central confidence intervals for the
mean, in the Channing House data. Also, using the percentile method,

several Moate-Carlo experiments were run to calculate the actual coverage

o
i

had exponential distributions, prob {X:>t} = et and prob {W;>t} = e't/c. t»0.

probabilities for the median. In these experiments, both X, and Wi
The probability of X;=min {xz.wi} being uncensored,

that is, Dj=1, equals C/(c+1). In che eight Monte Carlo experiments
carried out, there was generally good agreement between th: nominal

and actual coverage probabilities for the median.

2.9 Improved bootstrap confidence limits :

In an interesting paper by Efron (1981b), the bootstrap is used
to determine non-parametric standard errors to a real-valued statist’c,
in the case of small sample situations. Under the assumption of approximate
normality, estimated standard errors provide rough confidence intervals:
§+za& , where zy is the a-point of a standard normal distribution.
However, ior small sample situations, confidence intervals are frequently
highly asymmetric about the best point estimate 6. The correction
made by replacing normal quantiles with Student t 7‘uantiles (replacing
atza& by Gita& , with t  the a-point of an appropriate t-distribution)
is of magnitude 06%). whereas the actual magnitude of the asymmetry
is OS%). Efron considered two non-parametric methods, the percentile
and the bias corrected percentile method, which attempts to capture
the correct degree of asymmetry when assigning confidence intervals.

In Efron's paper (1981b), a simple correlation example
is considered consisting of n=15 pairs of points. Having calculated
the Pearson correlation coefficient f in the normal manner,
a histogram of B = 1000 boctstrap replications ¥ , was constructed
with the abscissa plotted in terms of d-p. Also plotted was the normal-

theory density curve f;(3*) for the given value of §, against p*-5.
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There was a close similarity between the histogram and fJ(B*). suggesting
that a simple method for constructing non-parametric confidence intervals
was possible.

2\
Let CDF(t) denote ..i.e cumulative bootstrap distributioa for some

real-valued functional statistic 6’6(?):

C/ﬁ'(t)-Prob* {6* <t}h= #] 8" (b) < t} (2.9.1)
B

where ’Prob*' relates to the bootstrap probability, calculated by obtaining

bootstrap repiications in the normal manner.
- Vo
Define 6(x) = CDF "(a) (2.9.2)

for a given value of a between O and 1, as a putative (1-2a) central

confidence interval for the parameter 8=8(F). Efron called this approach

the percentile method and used the method in the corrazlation example.

Witha = 0.16, 1000 bootstrap replica .ons gave pe{0.654,0.908} = {5-0.12,5 + 0.13}
as a central 68% interval for p, compared to the standard normal-theory

interval {0~ 0.16, o+ 0.09}, obtained by inverting

0 1
¢80+ BD ¢ D
The bias~corracted percentile method considers

Z\ -
6 E[ég}-l(@(220+za)). CDF 1(¢(2z°+zl_u\)} (2.9.3)

where

NG z
2o=0” YD (8) and #(2)= (1/fFW) | e 522 ds (2.9.4)

For the correlatior example, the bias-corrected central 68% interval

was
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L g L 4
oef{€¥ Ly(-1.34), éoF Ys(0.66)} = {5- 0.17, o+ 0.10}

which is almost the same as the normal theory interval.

Efron also investigated the results from 10 Monte-Carlo trials
with X1,X2,...,X15 bivariate normal, true correlation 0=0.5, using
normal theory, the percentile method and the bias-corrected percentile
method. The bias-corrected intervals gave an excellent representation
of the correct left~right asymmetry in the normal theory intervals
although the percentile method did not do this on a consistent basis.

In a recent paper by Efron (1987), the problem of setting approximate
confidence intervals for a single parameter 6 in a multi-parameter
family, was further investigated using bootstrap intervals.

Approximate confidence intervals for 6 are usually based on the
maximum likelihood estimate

~

0 + 52 (2.9.5)

where 6 is the maximum likelihood estimate of 8, & an estimate of its
standard deviation, usually based on the Fisher iniformation matrix,

and z(u) the o point of a standard normal variate. Improvement in
convergence to normality and constancy of o can, in certain cases,

be improved by considering a monotone transformation s-g(é) and ¢=g(8),
instead of 8 and 6. Efron's bias correcte’ percentile method assumes

that normality and constant standard error :« '~ be achieved by some

transformation £-g(6). t=g(0), say

8'¢‘ ~N('zo»1) (2.9.6)

T

where t is the constant siandard error of ¢ and zo is *the bias constant.
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In this latter paper, Efron i: ' ‘oduces the improved bootstrap

method, termed BCa. which assumes that for esome monotone transformation
g, some bias constant z, and some 'acceleration constant' a, the transformation

5-3(5). ¢=g(8), leads to

-0 N(-2004,03) , op=l+ad (2.9.7)

T

When a=0, (2.9.7) reduces to the bias corrected percentile method.
Firstly, consider the simple case é'er » whare fe(é) is a one-

parameter family of densities for the real valued statistic 6.

The parametric bootstrap distribution is

0 A-fé (2.9.8)

which is the distribution of the statistic of interest when the unknown
parameter 6 is equated to the cvoserved point estimate 8. The cumulative
distribution function (c.d.f) of the bootstrap distribution is defined

8 -~ "~
G(8) = | £5(8")d6* = Proby { 8% s | (2.9.9)

Assuming there exists a monotone incrcasing transformation g

and constants z, and a such that

d=g(8), d=g(8) (2.9.10)
satisfying
b=dta, (2-25) (2 ~N(0,1)) (2.9.11)

and T=1
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with
o, =l+ad

then, under these conditions, Efron showed L .at the correct central

confidence interval of level 1-2a for 0 is
el elz{a})), ¢ olz{1-a} N} (2.9.12)

where

(z +z(°))

= + -.._JL_.___S__
2{o}*2o 1-a(zq+z(a)) (2.9.13)

and likewise for z{l-u}

If z, and a equal 0 , then (2.9.13) refers to the percentile method
discussed previously.
To calculate the 'acceleration constant' a, Efron considers the

empiricel influence function Uj,i=1,...,n of 8-:(?). defined as

U mlim cC(L4A)F + 864) - t(F) (1%1,2,...,n) (2.9.14)
2+0 %

Here §; is a point mass of xj such that Uj is the derivative of the
estimate © with respect to the mass on point x;. Efror gives the following

approximation for the constant a.

.Y (2.9.15)

o, 3
() uf) 2
i=1

where the Uj's can be evaluated using finite differences in (2.9.14).

As an example, consider the linear model
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Y=XB+e (2.9.1¢)

where 8 is the least squares estimate of B, and U; is the influence
function for B at the point xj. Then a finite sample version of Uy
at the point xj is

U= (n-1)(B-B_)) (2.9.17)

i
where é-l is the least squares estimate of £ when the point (xi,yi)
is omitted from the sample.

Using the 'correlation' example from Efron's earlier paper (1981b)
100 000 bootstrap replications resulted in the central 90% non-parametric
Bfa internal {.43..92}. where 5'0.776.

Finally, it should be noted that (2.9.15) is invariant under
monotone changes of the parameter of interest, thus the Bca intervals

have the correct transformation properties.

2.10 Future trends in bootstrapping methods :

Efron (1987), as dascribed in the previous section, introduces
a new procedure for improving bootstrap confidence intervals using
ar. 'acceleration' constant. Two approaches for further improvements
of the coverage of the bootstrap confidence intervals are firstly,
Beran's orepivoting bootstrap method (see Beran, 1987) and secondly,
the use of studentized pivotal quantities (see Frangos and Schucany,
1987). A description of each method is as follows:
(i) the method of prepivoting is an iterated bootstrap method which
relies entirely on nested bootstrapping. Suppose that 6 is real valued
and the asymptotic distribution of n%(é-e) is normal, where 8 is an
estimate of 6. Let H,(+,8) denote the c.d.f. of n'%(6-8). The estimated
c.d.f. Hn('.é) is called the parametric bootstrap estimate of Hn('.e).
Th»n, Hn(x.é) converges in probability, uniformly in x, to the same

rormal c.d.f. as does Hn(x,e). Moreover, the limiting distribution
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Y=XB+e (2.9.16)

where B is the least squares estimate of 8, and Uj is the influence
function for B at the point x;. Then a finite sample version of U;
at the point x; is

Ui= (n-1)(B-B_

i) (2.9.17)

where é_ is the least squares estimate of B when the point (xi,yi)

i
is omitted from the sample.

Using the 'correlation' example from Efron's earlier paper (1981b)
100 000 bootsitrap replications resulted in the central 907% non-parametric
BC_ internal {.43,.92}, where 0=0.776.

Finally, it should be noted that (2.9.15) is invariant under

monotone changes of the parameter of interest, thus the BCa intervals

have the correct transformation properties.

2.10 Future trends in bootstrapping methods :

Efron (1987), as described in the previous section, introduces
a new procedure for improving bootstrap confidence intervals using
an 'acceleration' constant. Two approaches fcr further improvements
of the coverage of the bootstrap confidence intervals are firstly,
Beran's prepivoting bootstrap method (see Beran, 1937) and secondly,
the use of studentized pivotal quantities (see Frangos and Schucany,
1987). A description of each method is as follows:
(i) the method of prepivoting is an iterated bootstrap method which,
relies entirely on nested bootstrapping. Suppose that & is real valued

%

and the asymptotic distribution of n (6-9) is normal, where 6 is an

1 -~
estimate of 8. Let H,(:,8) denote the c.d.f. of n?(8-8). The estimated
c.d.f. Hn('.é) is called the parametric bootstrap estimate of Hn('.ﬁ).

Then, Hn(x.ﬁ) converges in probability, uniformly in x, to the same

normal c.d.f. as does H“(x.e). Moreover, the limiting distribution
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of Hn{n%(é-e).é} is considered uniform on (0,1), thus motivating the

bootstrap confidence interval
Co= {810 1, [n*(8-0),8} <1-a} (2.10.1)

which nas asymptotic coverage probability 1-2a for 6.
Reduction in the coverage probrbility error of C, due to the

assumption that

nn.l(én.e) = un{n*(é-e).é} (2.10.2)

is exactly uniform (C,1), can be achieved by starting with Rn 1(8.9)

in place of n*(é-e). Consequently, let Hn 1('.6) denote the ..d.f.
’

of Rn 1(8.6) and define the new bootstrap confidence interval
’
& 1" {6:a< 51 {Rn.l(e.e).e}< 1-a }
= (0:6-cy(1-0)<B<B-2p(a)} (2.10.3)

where cn(t)'n-%ﬂ;l {H;ll(t.ﬁ).e}. For some models, the calculation
’

of Cn 1 may require Monte Carlo approximations to Hn(°.§) and Hn (+,8).
»

1
’
For the second of these cdf's, the natural Monte Carlo algorithm involves
nested double parametric bootstrapping. 'Prepivoting' is the term used

b3 ~
to describe the step involving the transformation of n(8-9) by its

estimated cdf. in the definition of C The distribution of the

517
original n%(8-8) is often more dependent of O than is the distribution
of the transformed quantity nn.l(é,e). Consequently, the prepivoted
bootstrap confidence set Cnll often has smaller coverage probability
error than does C,.

Another property of prepivoting is that it may be repeated to

achieve higher order corrections automatically. For i1, let
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Rn.1+1(°'°)'“n,1{nn,1(9'9)'°n} (2.10.4)

where Hn i('.6) is the cdf. of Rn i(0.6). Then, the i-times prepivoted
» ’

boctstrap confidence interval for 6 is defined to be

. .= {B:a< H_

{R_.(8,0),8} <1-a} (2.10.5)
n, n,i

i

To consider an example of prepivoting, let the estimat: 6-(1'!-11-1

)in.
where Rn is the mean of a random sample of size n drawn from the N(0,1)
model. The coverage probability error of the once prepivoted bootstrap
confidence set cn 1 is O(n-z). The .wice prepivoted bootstrap confidence
’

interval (.Tn.2 is exact, as it coincides with the classical confidence
interval based on n%(in-e).

(ii) the second approach is to use studentized pivetal quantites to
produce second-order accurate bootstrap confidence intervals. The

use of Edgeworth expansions to approximate the distribution of pivotal
statistics of the form T-(S-e)/a(e) was congidered by Abramovitch and

Singh (1985). They showed that bootstrapping statistics of the form

T improves the normal approximation. Frangos and Schucany (1987), considered
two different ways of refining second order correct confidence intervals

by estimating higher-order terms of an Edgeworch expansion of the Zistribution
of a statistic and also Ly estimating higher order terms of the von

Mises expansion for the statistic itself. They examined the performance

of confidence intervals of the form:
{6-1"1(1-a)S.E.(8),0-H *(a)S.E.(8)} (2.10.6)

where H(s) is the empirical distribution T=(8-8)/5.5.(8). The distribution

of T is approximated by the bootstrap distribution of

T . é&éﬁ%a) (2.10.7)
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e A
7{T ¢s}/B. The standard error of 6 is estimated by

(2.10.8)

where Ii=(n-1)(é-é-i)

and

8=t (Xq,. .. Xp)

6.4 't(xl,...,xi+1.--..xn)

The confidence intervals (2.10.6) have been called bootstrap-t (BST)

confidence intervals, and the simulation studies carried out by Frangos

and Schucany, for the variance and the correlation coefficient with

various distributions supported the general improvement afforded to

studentization.

2.11 Open questions for further research :

method?

What further research should be carried out on the bootstrap

The following list includes some thoughts which are by no

means exhaustive on the matter.

(i)

(ii)

(iii)

an important question which one can investigate is the application
of the prepivoting method of Beran (1987), in areas where the
conventional bootstrap methods of Efron dc not produce good
results.

Another question which concerns the importance of the bootstrap
techniques is the incorporation of pivatal studentized guantities
for non-parametric confidence intervals based on the paper of
Abramovitz and Singh (1985).

The bootstrap method is established as a worthy non-parametric
tool in statistics although further enhancement of the method
could be achieved with more theoretical results. For example,

one could investigate whether the Bayesian bootstrap methods

(see Rubin, 1981) provide robust non-parametric confidence intervals

for various parameter: using different probability distributions.




(iv)

(vi)

(v

(v)

2
L

i)
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a very important task could be tu undertake a Monte Carlo comparison
of all the different versions of the bootstrap procedures using
different probability distributions and in different areas of
statistics. This simulatioq study ~ould be modelled on the Princeton
Robustness study (1972).

the employment of Edgeworth expansions in approximating the
bootstrap distributicn for certain statistics.

in the case of asymptotic expansions, one could not underestimate

the von Mises expansions using influence functions for important
bootstrap non-parametric confidence intervals. In this thesis,

the construction of non-parametric confidence intervals nas

be2n investigated using conventional bootstrap methods. One

could determine the influence funct’on of, for example, the
availability ratio (see Chapter 3), and estimate by jackknifing

the variance of the statistic and then compare this estimator
with the corresponding bootstrapestimator of the variance. Certainly,
the importance of non-parametric bootstrap confidence intervals
will necessitate t“he use of pivotal studentized quantites. In

this respect, one musi investigate the coverage and length of

these non-parametric confidence intervals for the parameter

8, and also the ratio Pr(8<L)/Pr(6>H), where L and H are the

lower and higher confidence limits respectively.

one could alsc determine the best transformation, logarithmic

or otherwise, for transforming a statistic which has a non-

normal probability distribution into a statistic which has

a normal probability distribution. The Johnson system of transformation

(see Johnson, 1978) could be used for this purpose.
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CTAPTER 3

NON-PARAMETRIC ESTIMATION OF COMPONENT AND SYSTEM AVAILABILITY

3.1 Introduction :

In the process of determining the worth of equipment to perform
a given task, there are usually three quantities of primary concern,
namely, reliability, maintainability and availability. These quantities
form the cornerstones of reliability theory which grew out of the demands
of modern technology. Khintchine (1932), and Palm (1947), investigated
the area of machine maintenance which was one of the first areas of
reliability to be approached with any mathematical sophistication. Parametric
families of distributions that could be used as lifetime models in engineering
contexts were also developed. Some of these such as the extreme value
distributions (Gumbel, 1935) and the Weibull distribution (Weibull,
1939), appeared first in connection with the strength or fatigue life
of materials. The attraction of the Weibull distribution was that it
could describe increasing as weil as decreasing failure rates.

Altman and Goor (1946) introduced non-parametric methods to the
statistical analyses of lifetime data. There also coincided with the
general increase of attention to reliability probleme by engineers an
increased interest in the statistical treatment of reliability data.
This work marked the begiuning of the widespread assumption of the exponential
distribution in life-testing research. Davis (1952) presented the results
of several goodness-of-fit tests for various competing failure distributionms
using some failure data. This data seemed to give a distinct edge to
the exponential distribution and with a further paper by Epstein and
Sobel (1953), the exponential distribution acquired a unique position
in life testing. Reliability theory had now established itself as a
major area in enginecring. The exponential '7as well established as
the distribution on which much statistical analysis and modelling of

lifetimes was based. Although other distributions, such as the Weibull,

Whlagad
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were starting to gain use, it was only the exponential distribution

where ctatistical methods were reasonably well developed. Two other
developments also took place. Firstly, the estimation of system reliability
was considered. Buehler (1957), and Steck (1957), for example, estimated

the reliability for a series system where each component either fails

or does not fail over some period ct time, based on test data on component
reliabilities. Secondly, more sophisticated models for systems were
considered and concepts like availability and maintainability (e.g. see
Shooman, 1968) were introduced. The reliability growth of systems under

devalopment was also studied and modelled.

3.2 Statistics) developments in reliability theory :

Numerous advances in statistical theory and methods relevant to
reliabiiity have been made over the last 25 years. A brief summary
of six of the main developments are as follows:
(i) the parametric inference for univariate life distributions: one
of the major areas of activity was in the provision of estimation and
hypothesis test procedures for various parametric life distribution
families. Previously, a considerable amount of work has been done on
inference procedures for the exponential distribution with censored
and uncensored data (e.g. Epstein and Sobel, 1953, 1954; Bartholomew,
1957) and for the normal and log normal distributions. Some of the
impetus for the great amount of activity in this area came from the
realisation that whereas the exponential distribution was easily handled
statistically, it gave non-robust methods (e.g. Zelen and Dannemiller,
1961) and was not an appropriate model in many situations. Other life
distributions such as the Weibull were becoming increasingly popular
and the Weibull distribution emerged later as the most widely used life
distribution. However, it should also be said that useful work on other
models, such as the gamma (e.g., Engelhardt and Bain, 1978), the generalised

gamma (e.g. Farewell and Prentice, 1977; Lawless, 1982), the lognormal
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(e.g. Nelson and schmee, 1979), and the inverse Gaussian (c.g. Chhikara
and Folks, 1977) has been done in recent years, as has work on goodness-
of-fit tests for various models. In addition, the understanding of
general large sample maximum likelihood methods for use with censored
data has improved considerably. Various papers by Blight (1970), Cox
(1975), Aalen (1978) and Kalbfleisch and Prentice (1980), some of them
motivated by biomedical lifetime problems, have established that standard
maximum likelihcod large sample methods can be used with many types

of censored data.

(ii) non-parametric and graphical procedures with censored data: Kaplan
and Meier (1958),developed the product-limit estimate of the survivor
function $(t)=Pr/I3t), for a lifetime random variable T. The product
limit estimate is defined as follows: suppose that t1<t2...<tk are

the observed lifetimes in a sample of k lifetimes and n-k censoring
times. Let n(t) denote the number of iudividuals known to be still

alive (i.e. alive and uncensored) just prior to time t. Then the product-

limit estimzte of S(t) is :

. (tg)-1
s(t) = kot W
1:[1: n(ty) (3.2.1)

*
with the proviso that if there happens to be a censoring time t larger

~ *
than t, , then S(t) is undefined past t . Nelson (1972a), developed a

k!

nonparametric estimate of the cumulative hazard function H(t)=-logS(t)
as follows:
g 1

R(e) = § e I RN
itty<t Rty

(3.2.2)

which yields another estimate é(t)'exp.{-ﬁ(t)} of S(t). Besides giving
nonparametric estimates of a life distribution's survivor function from
censored data, equations (3.2.1) and (3.2.2) are extremely useful for
providing plots from which one can carry out model assessment or rough

parameter estimation for parametric families of models.



. e

- 73 -

In another direction, nonparametric tests for the quality of two
or more distributions we~ .vtended to handle censoring. The best known
examples are perhaps the ex :: ions of the Wilcoxon test (e.g., Efron,
1967; Prentice, 1278) and tae »xponential ordered scores test (e.g.
Peto and Peto 1972; Prentice 1978).

(iii) regression analysis of lifetime data: maximum likelihood large
sample theory or linear es”ima-ion methods are typically used to handle
regression problems where lifetime, or some transform thereof, is the
response variable. Such methods have been developed and applied in numerous
papers; Nelson and Hahn (1972), Nelson (1972b), Lawless and Singhal
(1980), and Zelen (1959), provide examples in the life testing area.

The regression models used most with lifetime data fall into two
categories. Firstly, most of the common parametric models are of the

form:
Y=u(x;8) +oZ, -m < Z <w 0323

where Y=logl wepr=sents log lifetime, p(x) is a function of a vector
of regressor wariables x-(xl,...,xp). o is a positive scale parameter,
and 7 has a known distribution. The second category of models, much
used in the rep ession analysis of biomedical lifetime data, is the
so-called proportional hazards family. Here, the effect of regressor
variables is assumed to be mulriplicative on the hazard function for

T, which is given by h(t)=f(t)/S(t), where £(t) is the p.d.f. of a life
distribution. The hazard function of T given x is assumed to be of the

foim:
h(t/x)'ho(:;e)g(xxe) (3.2.4)

Here, ho(:;e) can be thought of as the baseline hazard function for

an item with g(x;8)=1.
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Regression models hased on binary response models, are frequently
used when one considers only the failure or non-failure of equipment
over a specified time period. One can of course adapt the models (3.2.3)
or (3.2.4) to this situation, although, in practice, most of the models
used are adaptions of (3.2.3). In particular, (3.2.3) gives, for a

specified time, to the probability cf failure by time t, as

Y-p(x;8) log to=p(x;8)
PO © I L b )
\ o

= p (108 tomp(xi8) t0;"("‘3)) (3.2.5)

where F is th~ cumulative distribution function (cdf) of Z. Frequently,
p(x;ﬁ) is taken to be a linear function ; in the case of a single regressor

variable this would be p(x;B)=8,+ Bz, and (3.2.5) would become:

Pr (failure by ty,) = F(a+Bx) (3.2.6)
where a = (log t, -B,)/o and £=-81/4. The most frequently used models

are those for which F is the cdf of a standard logistic, standard normal,
or standard extreme value distribution.

(iv) multiple failure mode problems: many problems dealing with equipment
involve more than one type of failure. The main approach to this problem
has been through the classical theory of competing risks (e.g. David

and Moeschberger, 1978; Nelson, 1982). In this formulati.n, one supposes
that there is associated with each of k possible failure causes (i=l...,k)
a random variable T; that represents time to failure from that cause.

The time to failure for the item is then given by T=min(Ty,...,Ty) and

Ce {l:Ti-min(Tl.....Tk)} is the observed failure cause. Most competing
risk analysis assumes that T;,...,T are independent. I[n this case

the survivor function for T is S(t)=S7(t)...Si(t), where
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S;(t) is the survivor function for Tj.
A main protlem with the classical approach is that the concept
of Ty, time to failure from cause i, is often without any physical basis.
In addition, even when the T;'s are physically meaningful, they are
often non independent. An alternative formulation of multiple failure
mode problems is given by Altschuler (1970), Prentice et al, (1978),
and others. Briefly, this models the joint distribution of (T,C) directly,

in terms of cause-specific hazard functions:

hj(t)-lim Pr(t<T<t+At,C=j/T>t)
At (3.2.7)
At >0

or subsurvivor functions Sj(t)-Pr(T>t.C-j). j=l,...,k. With this approach,
both parametric and non-parametric inference procedures are easily developed.
Also, in cases where the classical competing-risks framework is physically
meaningful and Ty,...,Ti are independent, the formulation just given

is equivalent to the competing-risks framework and so yields the same
statistical proceduies.

(v) Methods for repeated failure analysis: an important reliability
problem is the trecatment of repeated failures on the same piece of equipment
or system. For example, consider the repeated fa.lure of a piece of
equipment over time, with repair time for simplicity being ignored.

One way to model this is in terms of a point process with intensity

function:

Pr {failure in (t,t+at)|H(t),x]
At ; (3.2.8)

AMtH(E) ,x)=1lim
A0

where H(t) represents the past history of failures for the equipment,
and x represents concomitant variables that might be related to failure.

The key problem is to develop models and statistical methods for (3.2.8).

Y IV T S
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1o models that are widely used in reliability are the time dependent
Poisson process for a homogeneous population, where A (t;H(t),x)=i(t),
and the renewal process wera A (t;H(t),x)=A(t-v(t)), with v(t) the time
of the most recent failure. However, models of the form (3.2.8) generally
require a quite different point of view than do models for the life
distribution (or time to a single failure) of a piece of equipment. Generally,
there n-eds to be more done in developing these models and in discriminating
among alternative models.
(vi) estimation cf system reliability: the determination of system
reliability from reliability information on components of the system
has been well documented (e.g. Barlow and Proschan, 1975), but statistical
methods have played a fairly minor role. A iypical statistical problem

is the following: suppose that a system has components CI""'C connected

k
in some configuration. Given data from independent tests on the various
components, estimate the reliability of the system. A lot of work has
gone into developing estimation procedures for systems in which the
components Cl""’ck operaiLe independently of one another. Also, the
methods which are available, are essentially for -xponentially failure
time distributions, or binary (fail/no-fail) treatments of components
and systems.

The assumption of component independence is of course critical
to this work, and this limits its applicability. Consequently, besides
the extensior of existing approaches to wider ranges of life distributions,
there is a need for models that capture more of the physical realities

of system reliability problems.

3.3 Definition of reliability concepts :

In considering the various types of reliability problems discussed
in the previous section, it is usually desired to analyze and calculate
certain quantities of interest, .esignated in “he literature by a variety

of labels: reliabili*y, availability, interval availability, efficiency,



effectiveness, etc. It is therefore necessary to define clearly and
concisely the basic quantities arising in reliability theory.
Consider a system whose state at *time t is described by
X(t)’(xl(t),....xn(t)). a vector-valued random variable. For example,
X(t) may be a vector of system parameter values, with each component
X;(t) ranging over an interval of real numbers. X(t), being a random

variable, will be defined by a distribution function,

F(xl,...,xn;t);

i.e. F(xl.....xn;t) equals the probability that

a7 )
Xl(t) <x ,xn(t S

; fal
Now, for any state x=(x1.....xn). there is a gain or payoff, g(x). For
a two state system where x=0 or 1, the gain accruing from being in the
functioning state (x=1) might be one unit of value, so that g(1)=1,
and the gain from being in the failed state (x=0) might be 0, so that

g(0)=0. The expected gain G(t) at time t may be calculated from
c(t) = Efg(x,(e))} = ois fg(xl,....xn)dF(xl....,xn;t) (3.3.1)

Also, the expected gain G(t) may be averaged over some interval of time,
astgb, with respect to some weight function W(t) to obtain
b
H(a,b)= [ G(t).dw(t) (3.3:2)
a
Equations (3.3.1) and (3.3.2) can then be used to define the various
reliability quantities as follows:
(i) 'Reliability' is the probability of a device psrforming its purpose
adequa ~", for the period of time intended under the operating conditions

encountered.
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Let X(u)=1 if the device is performing adequately at time u, 0

otherwise ; then

G(t)= Elg(x(t))} = P {x(t)=1} = probability that the device performs

adequately over {O.t}

Thus, G(t) is the reliability of the device as defined above.
(ii) 'Pointwise availability' is the probability that the system will
be able to operate within the tolerances at a given instant of time.

As before, let X(t)=1 if the system is operating within tolerances
at time t, 0 otherwise. Also, as before g(l)=1, g(0)=0. Given that
the possibility of repair or replacement before time t, is not excluded,

Lthen

G(t)'E{g(X(t))} = p{x(t)=1} ie the probability that the system is operating

within tolerances at time t.

Thus, G(t) now defines the pointwise availability at the time point
t.
(iii) 'Interval availability' is the expected fraction of a given
interval of time that the system will be able to operate within the
tolerances, whereby repair and/or replacement is permitted.

For a given time interval {a.b}, where W(t)=(t-a)/(b-a), then H(a,b),

as defined in (3.3.2), can be computed as
g " -
H(a,b)= Tt L G(t).dt = s L E{g(x(t))} dt

so that under suitable regularity conditions

b
S g(x(t))dt
H(a,b)=E & ______
(b-a)
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which is the expected fraction of the time interval {a,b} that the system
is operating within tolerances. Thus H(a,b) is the interval availability
for the interval {a,bl.
(iv) 'Limiting interval availability' is the expected fraction of
cime in the long run that the system operates satisfactorily. The term
lim H(0,T), as defined previously, is simply computed, to obtain the
I;:;ting interval availability.
(v) 'Interval reliability' is che probability that at a specified
time, che system is operating and will continue to operate for an interval
of duration, say 'x'. Repair and/or replacement is permitted and the
continued operation during the interval is to ce achieved without the
benefit of repair or replacement.

Let X(t)=1 if the system is operating at time t, 0 otherwise. Then
the interval reliability R(x,T) for an interval of duration x starting

at time T is given by
R(x,T)=P{X(t)=1,Tst T+x}

'Limiting interval reliability', often known as 'strategic reliability',
is simply the limit of R(x,T) as T*= ’
3.4 Parametric Methods used in setting confidence limits for system

availability :

A paper by Thompson (1966), describes techniques for determining a
lower confidence limit on system availabilty A, and for testing the
null hypothesis that A=A, against the alternative hypothesis that A<A, when
the time-to-failure and time-to-repair are independent, exponentially
distributed variables. The pointwise availability estimate is the statistic

calculated for this purpose, and is expressed mathematically as

A= 5 = TS (3.4.1)

where 6 = system mean-time-to-failure

$ = gsystem mean-time-to-repair



- 80 -

A random sampie of o, times-to-failure and n, times-to-repair

-

are drawn from exponential distributions with sample means 6 and ® respectively.

Given that 2n1§/8 and 2n2$/¢ will be chi-aquare distributed variables
with 2n1 and 2n2 degrees of freedom, since they are independent due
to the independence of the veriables t and tys it is therefore possible

to define two new variables

2n16/0y,,2n;6/4y _ 69
- b7 e ) = 22
Iny ny b8 (3.4.2)

*

which is F-distributed with 2n1. 2n, degrees of freedom, and

2
Zy= -;-1 =28 (3.4.3)
8¢

which is F-distributed with 2np, 2n; degrees of freedom.
Using the variable Z; , a lower confidence limit for 4 can be

derived as follows:
pr{-iq (2n,,20,) = 1-a

which simplif’:: to:

6 = | -
{Farl_a(zn.zﬂ <al =1 (3.4.4)

Given the special case when ny=nj=n, then equation (3.4.4) becomes:

Pr{ 8 < A } =]l-a
1

8+ 6F, (2n,2n)

a

and the (1-a) lower confidence limit is found from

D>

= ..-—r-—-_ x >
LCL o Q(Zn 70) (3.4.5)

P ——
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A two-sided (l-a) confidence interval, derived in a similar manner,

is given by:
LCL = = 9 (3.4.6)
0+0F1_a/2)2n.2n)
oF (2n,2n)
1-0 /9" <P
UCL = = / " (3.4.7)

OFI_G/Z(Zn.Zn)+¢
vhere LCL and UCL are the lower and upper confidence levels respectively.

A test of the null hypothesis HO:A-AO against the alternative
hypothesis Hy:A<A, at thea level of significance can be derived using
Zp as the decision statistic and Fl_u(an.an) as the decision criteria.

To perform a test of H, vs Hy, it is necessary to find some k such that:
Pr{A <k I8} = a,

which is equivalent to

Pr{T:%7E <k | Hy } = a

This simplifies to:

pr {z,>F,_ (2np,201) } =a (3.4.8)

The power function of Hy vs. Hy is as follows:

o8
Pr {3;2—’1'1-«(2“2'2“1) /By« AwA, <A} = 1-B (3.4.9)
o

where B is the consumer's risk of a Type II error.

A paper by Gray and Lewis (1967), investigated a confidence interval
for system availability under slightly differing assumptions to Thompson,
namely that the time between failures and the *time to repair are independent,

exponential and lognormal random variables respectively.



The following notation was used to define system availability:

1
Aw oM i (3.4.10)
uy + uy -
i 4

where uy = mean time between failures of the equipment
and uy = mean time to repair the equipment

The problem was to establich a confidence interval for the ratio
of the mean of a lognormal distribution to the mean of an exponential
distrihution. Gray and Lewis's paper proposed a method by which, under
the assumption of known variance of the lognormal dittribution, an exact
confidence interval for ux/uy can be derived. A description of their

method is as follows:

Given 82. the variance of a lognormal distribution X is known, denote

X by 4*;(&.62). Then for a random sample of size n,

n 1
(Trxg) '™ :
e MR,
e® e
where §G is the geometric mean.

2
Let U~ X2(k) and v~Z\0,58/n)

Then, if U and V are independent

. - - 2
Eluw) = w2t Y2 SN2 VBT geyca (3.4.11)

k ®
(/2322 & 7w cinkt”

= (0 elsewhere

By letting W=U/V and Z=V and proceeding by standard methods, one obtains
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