
Haochen Sun1
College of Aerospace Engineering,

Nanjing University of Aeronautics and

Astronautics,

Nanjing 210016, China

e-mail: 1284908358@qq.com

Michael David Atkins
School of Mechanical, Industrial, and

Aeronautical Engineering,

University of the Witwatersrand,

Johannesburg 2000, South Africa

e-mail: michael.atkins@wits.ac.za

Kiju Kang
Department of Mechanical Engineering,

Chonnam National University,

Gwangju 61186, South Korea

e-mail: kjkang@chonnam.ac.kr

Tian Jian Lu
College of Aerospace Engineering,

Nanjing University of Aeronautics and

Astronautics,

Nanjing 210016, China

e-mail: tjlu@nuaa.edu.cn

Tongbeum Kim1

College of Aerospace Engineering,

Nanjing University of Aeronautics and

Astronautics,

Nanjing 210016, China

e-mail: tongbeum.kim@nuaa.edu.cn

Extended Neumann’s Solution
Accounting for Rayleigh–B�enard
Convection in the Melt Layer of a
Phase Change Material
Neumann’s solution has been perceived to be inapplicable for the Stefan problem when
Rayleigh–B�enard (R–B) convection exists. Yet, this article challenges this perception by
demonstrating the applicability of Neumann’s solution in the context of R–B convection. The
temporal, countergravitational progression of a liquid–solid interface is distinctively
attributed by R–B convection, sequentially transforming fromdiffusive to convective state as
the melt phase thickens. We thus incorporate a lumped parameter, “convective
conductivity” that accounts for the distinctive temporal thickening of the melt phase and
replaces “stagnant thermal conductivity” in Neumann’s solution. Thus, the extended
Neumann’s solution that includes R–B convection, enables the temporal progression of the
liquid–solid interface to be precisely determined for quasi-steady phase transition.
[DOI: 10.1115/1.4065351]

1 Introduction

Phase transition is a key process in thermal energy storage that
utilizes latent heat conversion [1]. The charge and discharge of
thermal energy occurs during phase transition of a phase change
material (PCM) from solid to liquid (melting) and from liquid to
solid (solidification), respectively. The temporal and spatial
progression of a phase interface determines the total time of the
thermal energy storage process. Mathematically, this type of a
moving boundary problem referred to as the Stefan problem
postulated in 1891 with the only known exact solution of
“Neumann’s solution,” based on the unpublished work by Franz
Neumann [2] in 1860 in which the phase transition is initiated and
forced particularly by a constant temperature boundary.
Consideration of the melting phase transition as illustrated in

Fig. 1(a) (bottom), a planar wall boundary at a constant temperature,
Tw, drives the liquid–solid phase interface downward (�y). Since the
constant temperature wall is situated above the PCM, the melting

occurs from above and the interface moves along the gravitational
axis (g-axis). Initially, the solid PCM is at constant temperature, T0
and thereafter the heated wall at constant temperature (Tw) causes
themelting of the solid phase. The temporal progression of the phase
interface can be analytically expressed by Neumann’s solution,
separately in the dimensional and dimensionless forms [5]
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where n¼ S(t)/H and s¼ alt/H
2 are the dimensionlessmelt thickness

and time, respectively, H is the total thickness along the y-axis of a
given PCM, k is the positive root of the transcendental equation
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Here,Nk andNa are the solid-to-liquid ratios of thermal conductivity
(ks/kl) and diffusivity (as/al), respectively, a¼ k/qcp is the thermal
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diffusivity with k, q, and cp being the thermal conductivity, density,
and thermal capacity, separately. The subscripts, s and l denote the
solid and liquid phases of a phase change material. Ste is the Stefan
number that quantifies the ratio of sensible heat-to-latent heat,
defined as Ste¼ cpl(Tw� Tm)/Lh, where Tm is the phase-change (or
melting) temperature and Lh is the latent heat.
Neumann’s solution (Eq. (1)) has been known to precisely predict

the phase interface location as a function of time, which traverses
away from an isothermal boundary as depicted in Fig. 1(a) (bottom).
Immediately after the onset of phase transition, the phase interface
moves at a high rate and then the progression rate decreases steeply,
eventually until full melting or solidification (see Fig. 1(b)). As
further indicated in Fig. 1(b), the Stefan number that measures the
driving magnitude determines a specific rate of phase transition.
Now, we consider phase transition initiated and driven by the

isothermal boundary of Tw against the gravitational axis, where
typically the constant temperature wall is situated below the phase
change material, as shown in Fig. 1(a) (top) and the phase interface
moves upward (þy). Initially, a planar liquid–solid interface forms.
Within a melt layer, a continuous density gradient exists, driving
convective flow and forming a counter-rotating vortical structure—
convection cells with discrete cold and hot plumes. As themelt layer
becomes thicker, the initial planar phase interface transforms into a
wavy pattern. The schematic illustration in Fig. 1(a) (top) shows that
hot plumes rise and bifurcate horizontally after stagnation on the
phase interface. The horizontally drifted hot plumes collide with
those from neighboring plumes, forming cusps where cold plumes
develop and sink. As a result, the large convection cells are formed
with either cusp-to-cusp or bifurcation-to-bifurcation spacing
configuring a unit cell of such vortical structures. The counter-
rotating vortices are almost symmetrical with respect to both cusp
and bifurcation points with the head-on collision at the cusp point,
leading to destabilization of the vortices [6]. In particular, cold
plumes are generated by the collision of two boundary layers
developed from the phase interface descending, leading to the
formation of a high curvature cusp sustained by the continuous
supply of cold fluid descending. This natural convective phenom-
enon is conventionally termed “Rayleigh–B�enard (R–B)
convection.”
With R–B convection, the liquid–solid interface, often termed a

“melting front” moves upward against the gravitational axis away
from the isothermal (bottom) planar surface. When the melting is
caused due to the constant temperature wall heating the PCM from

below, the melting front initially follows Neumann’s solution
(Fig. 1(b)) for s< s1. However, after a certain period greater than,
i.e., s> s1, the upward movement of the melting front suddenly
accelerates due to strengthening R–B convection. Thus, the melting
front progresses faster than the predicted rate by Neumann’s
solution [3,7–10]. Here, the deviation r between the experimental
melting front and Neumann’s solution increases, which demon-
strates the inapplicability of Neumann’s solution when there is R–B
convection. The deviation becomes substantial as the phase
transition progresses further. The extent of such acceleration (or
deviation) depends on phase changematerial’s properties andStefan
number [8].
Several analytical studies were conducted to grasp the under-

lining physics of the phase transition behavior that was exper-
imentally observed [3,7–10]. Boger andWestwater [7] investigated
the phase interface velocity by solving the energy balance equation
via a numerical discretization scheme with assumed temperature
distributions in both liquid and solid phases. However, they could
not predict the interfacial velocity with R–B convection from the
onset ofmelting since theirmethod required the co-existence of both
liquid and solid phases. A series of notable subsequent works by
Hale and Viskanta [9] and Gau and Viskanta [3,10] also
solved the energy balance equation via a numerical scheme to
predict the temporal progression of a liquid–solid interface.
However, due to the nonlinearity associated with the moving
boundary, the energy balance equation could not be in a closed form.
Therefore, the solution was approximated by the integrationmethod
[3] whose results are included in Fig. 1(b) where the melting front
movement is upward. In summary, the approximate analytical
solutions for the temporal phase transition based on the energy
balance equation can offer arguably good agreement for R–B
convection [3,9].
In addition to the analytical approaches, numerical simulation

schemes have also been employed, such as finite element method
[11], finite volume method [4,12–15] (e.g., OpenFOAM [4,13] and
ANSYS FLUENT [14,15]). These works have predicted the phase
transition process focusing particularly on (i) phase transition in a
finite enclosure [4,11–15]; (ii) distinctive phase transition regimes
[4,13]; and (iii) parametric effects of enclosures [14] and Prandtl
number [15]. The numerical data were compiled into correlations
[15] based on the transition time (t) and melt thickness (S(t)), yet the
physical interplay among relevant geometric and thermophysical
parameters were concealed.

Fig. 1 StefanproblemwithoutandwithR–Bconvection. (a) Schematicofphase transition fromsolid to liquidwith respect
to the gravitational axis. (b) Solving Stefan problem with Rayleigh–B�enard (R–B) convection with comparisons between
experimental data and energy balance equation for Ste50.113 where r denotes the deviation between the experimental
data [3] and Neumann’s solution and between experimental and numerical simulation data for Ste50.65 [4].
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The exact solutions provide physical insights into the mecha-
nisms of phase transition and the melting front propagation albeit
acceptable prediction accuracy can be obtained from well-defined
full-scale numerical calculations including computational fluid
dynamics (CFD). However, the inapplicability of Neumann’s
solution to the Stefan problem with the presence of any apparent
convective flow within the melt layer such as R–B convection has
been widely perceived [16]. Thus, alternative methods were
implemented such as solving the energy balance equation via
numerical schemes and CFD programs. In this article, we challenge
the perception by demonstrating the applicability of Neumann’s
solution with R–B convection, created by the isothermal (constant
temperature) wall situated below the phase change material. To this
end, we extend the original Neumann’s solution by introducing a
lumped parameter, “convective conductivity” that reflects the
distinctive temporal thickening of the melt layer due to convection
and implicitly replaces “stagnant thermal” conductivity for the
assumed quasi-steady-state phase transition.

2 Experimental Details

2.1 Test Rig and Measurement Setup. To visualize and
quantify the temporal progression of a liquid–solid interface, a

purposely built test rig was used as shown in Fig. 2. The test rig
consisted of a thermostaticwater tank (urn), pump, flowmeter, three-
way valve, thermocouples, and a test section as illustrated in
Fig. 2(a), with the manufacturer and uncertainty details given in
Table 1. The total volume of the 2 kW thermostatic water tank was
27 l with an operating temperature range from 25 �C up to 100 �C.
The water circulation was implemented by a radial pump. Down-
stream of which, a turbine flowmeter equipped with a Hall effect
sensor was connected with the operating range of 0.03–0.15 L/min
and maximum operating pressure and temperature being 1.75MPa
and 85 �C (358.15K), respectively. A three-way automatic ball
valve controlled the water circulation route denoted as (1) and (2) in
Fig. 2(a). To monitor water temperatures, three T-type thermocou-
ples (TC#1, TC#2, and TC#3) were connected to a data acquisition
system (Keysight Technologies 34972A module).
The test section was an enclosure for the PCM, e.g., paraffin wax,

made of 10mm thick transparent acrylic sheets for optical access.
The length L andwidthW of the rectangular enclosure were 280mm
and 8mm, respectively, with the depth of H¼ 50mm (Fig. 2(a)). A
thin-walled square stainless-steel channel with 0.05mm thickness
was placed at the bottom of the enclosure to provide an isothermal
boundary condition, by the temperature-controlled hot water flow in
the channel (see Fig. 2(a)).

Fig. 2 Experimental setup. (a) A water circulation system with a test section (narrow rectangular enclosure).
(b)Wall temperature (Tw) distribution along the rectangular hotwater channel surfacemeasuredbyan infrared (IR)
camera at ReDh5 230.

Table 1 Details of the test apparatus (or sensor)

Apparatus (or sensor) Manufacturer Uncertainty/resolution

Thermostatic water tank Changzhou Yuexin Instrument Manufacturing Co., Changzhou, Ltd., China 60.70% in uniformity
Pump Chengdu Haixun Fluid Technology Co., Ltd., Chengdu, China N/A
Volume flowrate meter Zhongjiang Energy Saving Electronics Co., Ltd., Foshan, China 61.00% full scale
Three-way valve Shanghai Lelong Valve Co., Ltd., Shanghai, China N/A
T-type thermocouples OMEGA Engineering (TTSS-116G-2), Norwalk, USA 61.0 �C
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The temperature of water in the urn was set at 75 �C (348.15K).
After it reached the set value, the pump began to circulate hot water
through a closed route (1) in Fig. 2(a). The volume flowrate was set
to be 0.048 L/min to make the mean flow velocity in the channel of
the test section reach 0.013m/s,which corresponded to theReynolds
number of ReDh¼ 230, defined as, ReDh¼ qUmDh/l, where q and l
are the density and dynamic viscosity of the heat transfer fluid (hot
water), Um is the mean velocity and Dh¼ 7.9mm, is the hydraulic
diameter of the hot water (square stainless-steel) channel. When the
water temperature measured by TC#3 in (1) reached the set value,
the three-way valve switched the water circulation route to (2) and
subsequently hot water entered circuit (2). Thus, phase transition of
the paraffin wax was initiated. The two thermocouples (TC#1 and
TC#2) measured the temperatures of hot water at both inlet and
outlet of the hot water channel.
An infrared (IR) camera was used to measure the surface

temperature along the hot water channel. The outer side of the
rectangular stainless-steel channel located below the enclosure was
coated with a thin layer of “matte black” paint with high emissivity,
thereby improving the accuracy of temperature measurement [17].
The emissivity (e) of the IR camera was set according to
measurement of local temperatures on the channel surface using
T-Type thermocouples, where the IR camera emissivity (e¼ 0.98)
was adjusted iteratively to ensure the IR camera temperature
matches the thermocouple measurement. The surface temperature
distribution along the x-axis (Fig. 2(b)) shows that at x/L¼ 0 the
temperature was about 74.4 �C (347.55K), decreasing to 71.5 �C
(344.65K). At the inlet of the channel, the water flow underwent its
development (developing flow regime) until its full development
(fully developed flow regime) as convecting further downstream.
The water flow was laminar. Thus, the length of the developing
regime was estimated to be Le¼ 0.06ReDhDh� 0.109m, which
corresponded to Le/L� 0.39. As consistently shown by the
measured temperature data, the surface temperature decreased
from the inlet until x/L¼ 0.39. After which, the hot water channel’s
surface temperature became uniform being 71.5 �C (344.65K) as

indicated in Fig. 2(b). Therefore, our visual measurement was
carried out at x/L¼ 0.39–0.8 where fully developed hot water flow
transferred heat to the rectangular enclosure, so in the following
studies, constant temperature wall is at 71.5 �C (344.65K). After
x/L¼ 0.8, the surface temperature was observed to increase slightly
near the outlet.

2.2 Image Processing. A digital camera mounted on a tripod
was placed perpendicular to the transparent sidewall of the
rectangular enclosure to capture a series of still images of the
paraffin wax being melt from the bottom. Images were taken every
5 s for 18.3min (1100 s). Thus, in total, 210 still images were stored.
Figure 3 shows the experimental melting process with visualized
phase transition at t0¼ 0 s, t1¼ 50 s, t2¼ 300 s, t4¼ 650 s.
Using an image process software, the position of a liquid–solid

interface along the z-axis (Fig. 4(a)) was determined. After the onset
of phase transition, the liquid–solid interface were planar. As the
melt layer thickened, the initial planar phase interface transformed
into awavy pattern as depicted in Fig. 4(b). The lowest position S0min

from the bottom surface corresponded to the cusp and the highest
position S0max corresponded to the bifurcation.
As seen from the side view (y–z plane), the actual highest position

of themelt front existed at the central width (W/2) resulting from the
three-dimensional nature of R–B convection illustrated in Fig. 4(a)
and possible heat loss through the side walls. This region marked in
gray in the y–z plane underestimated the location of the melting as
much as d being estimated via the postimage process based on the
images taken in the y–z plane. Thus, the actual mean melt thickness
was corrected and calculated by S¼ (S0minþ S0max)/2þ d. The
mapping of the melt thickness propagation was determined via
calibration of the digital camera images pixel dimensions to the
physical dimensions of the test enclosure. For example, the bolt hole
centers used to seal the Perspex sheets of the enclosure were
employed to determine the scaling factor (233.665 lm/pixel)
between the object and the images plane.

Fig. 3 Experimental melting process showing visualized phase transition. (a) t050 s, (b) t1550s (with a planar phase interface),
(c) t25300s (with a wavy phase interface), and (d) t35650s.

Fig. 4 Imageprocess for estimating the temporal progressionof a liquid–solid interface. (a) 3DR–Bconvectiondiagram
and x–z plane experimental visualization. (b) Schematics for R–B convection with shaded area.
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2.3 Thermophysical Properties of Phase-Change Material.
A paraffin wax was employed as a phase-change material in this
study. Prior to measurements, thermophysical parameters of both
water and paraffin wax were quantified at ambient conditions and
assumed to be constant in the analysis. Relevant thermophysical
parameters include melting temperature (Tm), latent heat (Lh), heat
capacity (cp), density (q), thermal conductivity (k), dynamic
viscosity (l), and the coefficient of thermal expansion (b).
The melting temperature, latent heat, and heat capacity were

measured using a thermal gravimetric analyzer and a differential
scanning calorimetry by TGA/DSC 3þ (METTLER TOLEDO,
Shanghai, China). The uncertainties were within61% for respec-
tive parameters. The density was measured using a gradient density
meter, DGA3/DGA6 (Ray Ran, Birmingham, UK). The instrument
used a linear displacement transducer to calibrate the density
gradient of the column of a specimen. The associated uncertainty
was reported to be60.12%. The thermal conductivity was
quantified using a laser thermal conductivity analyzer, LFA457
(NETZSCH, Selb, Germany). Based on one-dimensional thermal
conduction, an infrared detector continuously measured the
temperature rise at the center of a specimen surface. A correlation
curve between temperature rise (detector signal) and time was

obtained by measuring the half heating time, t1/2 (defined as time
taken for the surface temperature of the specimen to rise to half its
maximum value after receiving the light pulse irradiation). The
uncertainty was reported to be63%. The dynamic viscosity was
measured using a viscometer (Ubbelohde) that calculated time for a
liquid of interest flowing out of the capillary viscometer with the
associated uncertainty being63%. The coefficient of thermal
expansion was characterized by means of a thermal dilatometer
(PZY vertical thermal dilatometer). The uncertainty was reported to
be60.1%. The measured thermophysical properties of the paraffin
wax used in this study are listed inTable 2where l and s denote liquid
and solid phase, respectively.

2.4 Measurement Uncertainties. Error and uncertainty
associated with relevant parameters, liquid–solid interface position
(S(t)), total melt thickness (H), infrared camera temperature (Tw),
and thermal physical properties (Tm, Lh, cp, q, and k) were estimated
as follows. The root sum square method [26] was employed for
estimating errors. If y¼ f (x1, x2,…, xn), then the error propagated by
xi in the variable, y is given by

Dy ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
@y

@x1
Dx1

� �2

þ @y

@x2
Dx2

� �2

þ � � � þ @y

@xn
Dxn

� �2
s

(3)

where Dxi is the error (absolute uncertainty) in xi. Based on Eq. (3),
the error of Stefan number, dimensionless melt thickness and time
were separately estimated as follows:
For Stefan number (Ste¼ cpl(Tw� Tm)/Lh), DSte can be calcu-

lated as

Table 2 Thermophysical properties (water at 289.15K, solid paraffin wax at 310.65K, liquid paraffin wax at 333.15K)

Properties Water Paraffin wax, CAS: 8002-74-2 Uncertainty Typical range of paraffin

Tm (K) 273.15 323.65 61.00% 323.15–343.15
Lh (J/kg) N/A 204,550 61.00% 168,000–180,000 [18,19]
cpl (J/kg K) 4060.126 4751 61.00% 2100–2150 [18,19]
cps (J/kg K) N/A 3367 61.00% 2000 [19]
ql (kg/m

3) 998.97 841 60.12% 760–840 [18,19]
qs (kg/m

3) N/A 881 60.12% 880–910 [18,19]
kl (W/m K) 0.58 0.825 63.00% 0.2 [18,20]
ks (W/m K) N/A 0.338 63.00% 0.24 [18]
l (Pa�s) 0.0010989 0.0051 63.00% 0.005–0.204 [18,21–25]
bl (1/K) 0.000143 0.000364 60.10% 0.00011–0.00061 [18,19]

Table 3 Errors of measured parameters

Parameters Error

Liquid–solid interface location refers to S(t) DS(t)¼60.6mm
Total melt thickness refers to H DH ¼60.6mm
Infrared camera temperature refers to Tw DTw¼60.1 �C

DSte ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
@Ste

@cpl
Dcpl

 !2

þ @Ste

@Tw
DTw

� �2

þ @Ste

@Tm
DTm

� �2

þ @Ste

@Lh
DLh

� �2

vuut (4)

where @Ste
@cpl

¼ Tw�Tm
Lh

, @Ste
@Tw

¼ cpl
Lh
, @Ste
@Tm

¼ � cpl
Lh
, and @Ste

@Lh
¼ � cpl Tw�Tmð Þ

L2
h

to

beDSte¼60.0138 based on the errors in Tables 2 and 3. Therefore,
the uncertainty of Stefan number (Ste) was calculated to
be62.83%.
For dimensionless melt thickness (n¼ S(t)/H), Dn can be

calculated as

Dn ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

@n
@S tð ÞDS tð Þ
� �2

þ @n
@H

DH

� �2
s

(5)

where @n
@S tð Þ ¼ 1

H and @n
@H ¼ � S tð Þ

H2 which is related to the melt

thickness, S(t). Dn was estimated to be within60.0283 based on
the errors in Table 3. Therefore, the relative uncertainty of
dimensionless melt thickness (n) was estimated to be with-
in660.82%. At the beginning of melting, the dimensionless melt
thickness is small causing a large uncertainty (�660.82%). On the
other hand, as the melt layer thickens, the uncertainty becomes
substantially reduced to62.83%.
For dimensionless melt time (s¼ klt/qlcplH

2), Ds can be
calculated as
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Ds¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
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þ @s
@cpl

Dcpl
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where @s
@kl

¼ t
qlcplH

2,
@s
@ql

¼ � klt
q2
l
cp lH

2,
@s
@cpl

¼ � klt
qlc

2
pl
H2, and @s

@H ¼
� 2klt

qlcp lH
3 which is related to the melt time, t. Ds was estimated to

be within60.0129 based on the errors in Tables 2 and 3. The
uncertainty of dimensionless melt time (s) was estimated to be
within65.10%.

3 Numerical Details

3.1 Problem Statement. A series of numerical simulations
were performed to obtain the relationship between convective heat
transfer coefficient hc and melt thickness S(t), that are independent
of the present experimental data. The simulations applied a constant
wall temperature at the bottom wall to the melted phase to induce
Rayleigh–B�enard convection. The computational domain for a
rectangular enclosure of length of L and width ofW that was heated
from below is shown in Fig. 5(a). Based on the quasi-steady-state
assumption for the melt-front progression, a sequence of discrete
steady-state CFD simulations were performed. Here, the melt layer
thickness (S) of the PCMwas kept constant in each simulation run as
shown in Fig. 5(b). To determine the relationship between the
convective heat transfer coefficient (hc) and the thickness (S),
subsequent steady-state CFD simulations increased the melt layer
thickness (S); SS-CFD#1, SS-CFD#2, and SS-CFD#3, thereby
approximating of the melt layer thickness S(t) changes during the
melting process (Fig. 5(b)). The direction of the gravitational
acceleration (g) is opposite to the z-axis.

3.2 Governing Equations. All transport properties (e.g.,
melting temperature (Tm), latent heat (Lh), heat capacity (cp),
density (q), thermal conductivity (k), dynamic viscosity (l), and the
coefficient of thermal expansion (b)) were assumed to be constant in
the momentum equations except for the buoyancy term, which was
linearized—the Boussinesq fluid. The governing equations for the
Boussinesq fluid [27] are given as:

(a) Continuity equation

@u

@x
þ @v

@y
þ @w

@z
¼ 0 (7)

(b) Momentum equations

ql
@u

@t
þ u

@u

@x
þ v

@u

@y
þ w

@u

@z

� �
¼ � @p

@x
þ l

@2u

@x2
þ @2u

@y2
þ @2u

@z2

 !

(8)

ql
@v

@t
þ u

@v

@x
þ v

@v

@y
þ w

@v

@z

� �
¼ � @p

@y
þ l

@2v

@x2
þ @2v

@y2
þ @2v

@z2

 !

(9)

ql
@w

@t
þ u

@w

@x
þ v

@w

@y
þ w

@w

@z

� �
¼ � @p

@z

þ l
@2w

@x2
þ @2w

@y2
þ @2w

@z2

 !

þ qlgb T � Trð Þ
(10)

(c) Energy equation

qlcpl
@T

@t
þ u

@T

@x
þ v

@T

@y
þ w

@T

@z

� �
¼ kl

@2T

@x2
þ @2T

@y2
þ @2T

@z2

 !

(11)

where l, cpl, kl, and ql are the dynamic viscosity, thermal capacity,
thermal conductivity, and density of the liquid phase, respectively,
and Tr¼ (Twþ Tm)/2 is the reference temperature.

3.3 Boundary Conditions. The boundary conditions at each
wall (Fig. 5) in a dimensionless form are prescribed as follows:

(a) Bottom wall

u ¼ v ¼ w ¼ 0, T ¼ Tw at z ¼ 0; 0 � x � L;

0 � y � W
(12a)

(b) Top wall

Fig. 5 CFDmodels. (a) Geometry of the computational domain for the rectangular enclosure. (b) The idealization
of the melted phase thickness (S) for a sequence of steady-state (SS) CFD simulations, compared to the quasi-
steady melting process where the melt layer thickness S(t) varies with time.
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u¼ v¼ w¼ 0, T ¼ Tm at z¼ S; 0� x� L; 0� y�W

(12b)

(c) Side walls

u¼ v¼w¼ 0,
@T

@x
¼ 0 at x¼ 0,L; 0� y�W; 0� z� S

(13a)

u¼ v¼w¼ 0,
@T

@y
¼ 0 at y¼ 0,W; 0� x� L; 0� z� S

(13b)

The top and bottom walls are all under constant temperature
boundary conditions (Eq. (12)). The top wall temperature was set at
the melting temperature while the bottom wall temperature was at
the heating temperature. Four side walls were set to be adiabatic
(Eq. (13)) as shown in Fig. 5. Initially, the PCM is at a constant
temperature, T0.

3.4 Numerical Scheme. A commercial software, ANSYS FLUENT

2020 R2 was used with the finite volume method. To solve the
discrete formof the conservation equations, a coupling algorithm for
the velocity and pressure fieldswas used to the PRESTO! (PREssure
STaggering Option) scheme for the pressure term. The convection
terms of Eqs. (8)–(10) were discretized using the second-order
upwind scheme. The relaxation factors for pressure, momentum,
density, volumetric force, and energy were 0.5, 0.5, 0.5, 0.5, and
0.75, respectively. The convergence criterion was set where scale
residuals of the continuity equation were less than 10�7, the
momentum equations were less than 10�7, and the energy equation
was less than 10�7.

3.5 Grid Independence and Experimental Validation. The
numerical simulations investigated howdifferingmelt thickness S(t)
affects the convective heat transfer coefficient hc, which was
accomplished by varying the fluid domain height of the melted
phase. The domain discretization had a fixed node density (the
number of elements in the z-axis divided by themelt thickness in the
z-axis) and an inflation layer was implemented on each side of the
walls with the cell growth rate of 1.1. The parameters of distilled
water (289.15K) [28] and paraffin (333.15K) used for experimental
validation are given in Table 3.
The experimental validation and grid independence analysis were

based on the comparison with the experimental results for distilled

water at the reference temperature of Tr¼ 16 �C (289.15K) [28].
The tested grid numbers were 190,608, 401,128, 796,290, and
1,356,030 with the corresponding grid sizes of 152� 57� 22,
203� 76� 26, 254� 95� 33, and 305� 114� 39, respectively.
F igure 6 shows the conve rgence fo r the case of
DT¼ Tw� Tm¼ 1.46K. With the cell number of 190,608 (i), the
total heat flux of the simulation results deviates significantly from
the experimental value, from (ii) to (iv), the total heat flux value
remains unchanged, being in good agreement with the experimental
data [28]. Therefore, the grid density equal to the grid size of
203� 76� 26 was adopted for subsequent numerical simulations.
To validate the present numerical setup, three differingDT values

were comparedwith the results of a previous study [28] in Fig. 6. The
simulation results are in good agreement (�2.24%�þ2.86%) with
the experimental data. After validation, paraffinwaxwas used as the
working fluid, replacing distilled water to obtain the relationship
between the convective heat transfer coefficient hc and the thickness
S of the melt layer. The paraffin wax was initially at a constant
temperature of T0¼ 25 �C (298.15K). The topwall temperature was
set at the melting temperature of Tm¼ 50.5 �C (323.65K) while the
bottom wall temperature was at the isothermal wall temperature of
Tw¼ 71.5 �C (344.65K).

4 Results and Discussion

4.1 The Implicit, Semi-Analytical Extension. We aimed to
implicitly and semi-analytically extend Neumann’s solution to
estimate the temporal progression of a liquid–solid interface with
the presence of laminar R–B convection [29] in the melt layer. The
key idea was conceptualized based on prior observations [6,30,31]
as follows. In steady-state natural convection, the heat transfer
varies with the depth (or thickness) of a liquid layer. However, the
variation has two distinctive characteristics as (i) heat transfer
through a very thin liquid layer is dominated by “diffusion” and (ii)
heat transfer across the thickened liquid layer is increased by large
scale counter-rotating vortices (i.e., R–B convection), indicating the
dominance of “advection.”
For a typical PCM in thermal energy storage applications, e.g.,

paraffin, phase transition occurs quasi-steadily due to intrinsically
low stagnant thermal conductivity [32]. Despite the melt front
progression varying with time, the movement is also slow enough
for it to be analyzed as a sequence of steady-state processes,whereby
the convective heat transfer from the R–B cells, behaves similarly to
a steady-state melted layer of thickness (S). Hence, we incorporated
a lumped parameter that accounted for heat transfer across the melt
(or liquid) layer solely via equivalent conduction, newly termed

Fig. 6 Grid independence and experimental validation. (a) Grid independence for DT5Tw2Tm51.46 K.
(b) Experimental validation with Ref. [28] for total heat flux changing with temperature difference (DT5Tw2Tm).
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“convective conductivity.” The convective conductivity (kc,S(t)) was
defined as

kc,S tð Þ ¼ hc,S tð ÞS tð Þ (14)

where hc,S(t) is the convective heat transfer coefficient that is a
quantitative measure of R–B convection, varying with the time
dependent melt layer thickness, S(t). We further assumed the
thermophysical properties of the PCM to be both thermally and
temporally invariant for the two distinct phases and the thermal
expansion of the two phases to be negligible [33].
In previous studies [6,29,30], the steady-state dependence of

convective heat transfer, hc,S tð Þ ¼ q00Conv= Tw � Tmð Þ on the thick-
ness of a liquid layer, S(t) has already been evaluated in a
nondimensional form as Nus(t)/Ra

1/3 versus Ra1/3 as plotted in Fig.
7(a). Here, q00Conv is the total net input (convective) heat flux,
NuS(t)¼ hc,S(t)S(t)/kl andRa¼ qlgcplbl(Tw� Tm)S

3(t)/�lkl, where g is
the gravitational acceleration, ql, cpl, bl, and �l are the density,
thermal capacity, thermal expansion coefficient, and kinematic
viscosity of a liquid PCM, respectively.
Referring to Fig. 7(a), the parameter Ra1/3 represents the

thickness of the liquid layer (i.e., �S(t)) with other parameters
invariant. When Ra1/3 initially increases (Ra1/3< 12), the parameter
Nus(t)/Ra

1/3 decreases steeply as the liquid layer thickens, which
indicates that heat transfer from the planar isothermal boundary (i.e.,
�hc,S(t)), Nus(t)/Ra

1/3� 1/Ra1/3 (i.e., hc,S(t)� 1/S(t)). Based on
Fourier’s law (kl=S tð Þ ¼ q00Cond= Tw � Tmð Þ) and energy balance,

(q00Conv ¼ q00Cond), hc,S(t)¼ kl/S(t) can be obtained to represent the
variation of the convective heat transfer coefficient with the liquid
layer’s thickness. This indicates that diffusion dominates within
Ra1/3 � 12.
After R–B convection becomes significant (Ra1/3> 12), the

convective heat transfer coefficient contributed by diffusion
continues to decrease while advection becomes apparent. For the
co-existence of diffusion and advection, the overall convective heat
transfer coefficient increases and yet turns to gradually decreases
(Fig. 7(a)) [6,28,30,31]. For confirmation, a series of independent
numerical simulations were performed using identical conditions to
the present experiments with a paraffin wax (Sec. 3). Results are
compared in Fig. 7(a), showing excellent agreement with existing
steady-state CFD simulations [6,28,30,31] and with existing
experimental data with water [28].
The convective heat transfer coefficient (hc,S(t)) can now be

expressed as a function of the melt thickness, S(t), by a piecewise
function as

hc,S tð Þ ¼

kl
S tð Þ , 0 � S tð Þ � S1

kl
S tð Þ þ ha,S tð Þ, S1 < S tð Þ

8>>><
>>>:

(15)

This formulation implies that for any arbitrary S(t), more heat is
transferred across themelt layer byR–Bconvection (i.e., advection).

Fig. 7 Quasi-steady-state variations. (a) Nondimensional comparisons of the convective constituent (Nu/Ra1/3) with
respect to themelt layer thickness inRa1/3. (b) Nondimensional comparisons of the advective constituent ((Nu21)/Ra1/3)
with respect to themelt layer thickness in Ra. (c) Numerical melting process at different times (1) t550s, (2) t5250s, (3)
t5300s, and (4) t5650s for the temperature field. (d) Correlated “convective conductivity” (kc,S(t)) and Nusselt number
(NuS(t)) as a function of the melt’s depth (S(t)) in Eq. (17).
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The critical depth at which Rayleigh–B�enard convection becomes
significant was found to be S(t) ¼ S1¼ 3.17mm based on our CFD
simulations. Here, we define the advective heat transfer coefficient
(ha,S(t)) as a function of themelt layer thickness being fitted based on
the present CFD data as

ha,S tð Þ ¼
S tð Þ � S1

C1 þ C2 S tð Þ � S1½ � þ C3 S tð Þ � S1½ �2 (16)

whereC1,C2, andC3 are constants depending onmaterial properties
and experimental conditions [34]. These constants were determined
as C1¼ 7.54� 10�6 m3K/W, C2¼ 3.22� 10�3 m2K/W, and
C3¼ 6.03� 10�2 mK/W.
Referring to Fig. 7(b), the parameter (Nus(t)� 1)/Ra1/3 represents

the nondimensional advective heat transfer coefficient, four
distinguishable states are shown in Fig. 7(b) as follows: [i] diffusive
state, [ii] enhanced advective state, [iii] reduced advective state, and
[iv] turbulent state.
As claimed before, in the diffusive state, conduction dominates

(Ra< 1728)with no apparent advectivemotion in themelt (Fig. 7(c)
(1)). The advective heat transfer coefficient remains 0. After R–B
convection becomes significant (Ra> 1728), it changes to the
convective statewhich contains the enhanced advective state and the
reduced advective state. In the enhanced advective state, the plumes
lengthen vertically and the horizontal width of the B�enard cells is
fixed while the average fluid thickness continues to increase with
time and a clearly nonplanar interface is formed (Fig. 7(c) (2, 3)) [6].
The advective heat transfer coefficient increases as the melt layer
thickens, and this state ends at Ra¼ 105 [13]. As the melting

progresses further, the B�enard cells become vertically elongated
until they become stable again, and then a new set of cells is
generated by the instability, with a larger horizontal cell width
(Fig. 7(c) (4)) [6]. As the width of the B�enard cell increases, the cell
number decreases and the heat exchange decreases [36]. Therefore,
the advective heat transfer coefficient decreases as the melt
thickness increases after the peak as depicted in Fig. 7(b).
Substitution of Eqs. (15) and (16) into Eq. (14) yields the

“convective conductivity” in a piecewise function

kc,S tð Þ ¼
kl, 0� S tð Þ� S1

klþ S tð Þ�S1½ �S tð Þ
C1þC2 S tð Þ�S1½ �þC3 S tð Þ�S1½ �2 , S1 < S tð Þ

8><
>:

(17)

Subsequently, the nondimensional heat transfer coefficient, Nusselt
number was expressed as

NuS tð Þ ¼
hc,S tð ÞS tð Þ

kl
¼ kc,S tð Þ

kl

¼
1, 0� S tð Þ� S1

1þ S tð Þ�S1½ �S tð Þ
kl C1þC2 S tð Þ�S1½ �þC3 S tð Þ�S1½ �2
n o , S1 < S tð Þ

8>><
>>:

(18)

Two distinctive states by R–B convection are indicated in Fig. 7(d).
At the diffusive state (S(t)< S1), diffusion dominates, i.e., kc,S(t)¼ kl.
Thus, the Nusselt number is equal to 1.0. At S(t)	 S1, advection by
R–B cells becomes dominant as shown by Fig. 7(d), termed
“convective state.” Thus, more heat is transferred causing the
convective conductivity and the Nusselt number to increase.
Now, the terms of kl and k in the original Neumann’s solution of

Eq. (1a) are replaced by “convective conductivity” kc,S(t) and kkc,S tð Þ
where the corresponding kkc,S tð Þ can be solved from the transcen-
dental equation (Eq. (2)). Finally, our extended Neumann’s solution
that implicitly includes R–B convection’s effect is expressed in the
dimensional form as

S tð Þ ¼ 2kkc,S tð Þ

ffiffiffiffiffiffiffiffiffiffiffiffi
kc,S tð Þt
qlcpl

s
¼ 2kkc,S tð Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
kc,S tð Þklt
klqlcpl

s
¼ 2kkc,S tð Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
NuS tð Þklt
qlcpl

s

(19a)

Similar to Neumann’s solution (Eq. (1b)), the extended Neumann’s
solution has a dimensionless form as

n sð Þ ¼ 2kkc,n sð Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Nun sð Þs

q
(19b)

where

Fig. 8 The temporal progression of the melting front with
Rayleigh–B�enard convection predicted by our extended Neu-
mann’s solution, Eq. (19) compared with our experimental data
for Ste5 0.488

Nun sð Þ ¼

1, 0 � n sð Þ � n1

1þ n sð Þ � n1½ �n sð Þ
kl C1=H2 þ C2 n sð Þ � n1½ �=H þ C3 n sð Þ � n1½ �2
n o , n1 < n sð Þ

8>>>><
>>>>:
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n1 ¼ S1/H, and kkc,n sð Þ is the positive root of the transcendental
equation (Eq. (2)) with the nondimensional thickness
(Appendices A).

4.2 The Extended Neumann’s Solution. By solving our
extended Neumann’s solution (Eq. (19)), the temporal progression
of the liquid–solid interface (or melting front) can be estimated.
Results in Fig. 8 show that the melting front initially moves away
from the isothermal planar surface as predicted by Neumann’s
solution. In this diffusive state (s � s1), diffusion dominates albeit
R–B cells are present. Our experimental data points follow
Neumann’s solution perfectly. After the critical time s1 (or thickness
n1) beginning the convective state, R–B convection becomes
dominant—the co-existence of diffusion and advection. Therefore,
themeasuredmelting frontmoves faster thanNeumann’s solution as
expected. As time elapses, the deviation becomes significant, which
proves the inapplicability of Neumann’s solution with R–B
convection.
Our extended Neumann’s solution, which is based on a series of

the numerical simulations that are independent of the present
experiments shows good agreement with subtle yet acceptable
differences. These differences include the critical melting time
predicted by our CFD simulation occurring earlier than that in the
experiments. This may be because at the precise of moment of the
R–B convection dominance, the velocity of the melting front
increases steeply and thus it cannot be accurately captured
experimentally. Further, the full melting time measured is slightly
slower due to the heat loss near the top boundary of the container
used in the experiment.
Nonetheless, the good prediction by the extended Neumann’s

solution suggests that nondiffusion dominant constituents like R–B
convection in the melt layer alter only the melt layer’s equivalent
thermal conductivity as a sole mechanism for transferring heat
across the stratified liquid–solid material. Thus, the “stagnant
thermal” conductivity in Neumann’s solution is replaced with
lumped “convective conductivity.” Now the distinctive temporal
thickening contribution of the melt layer is incorporated into
Neumann’s solution that addresses the presently perceived inapplic-
ability. With the new semi-analytically extended Neumann’s
solution, it is possible to now estimate the temporal, countergravita-
tional progression of a liquid–solid interfacewithR–Bconvection in
a typical phase change material.

5 Conclusions

Neumann’s solution accurately predicts the melting front
propagation, for diffusion dominated heat transfer through the
PCM, which occurs when the constant temperature wall is located
above the PCM and the liquid–solid interface moves downward
along the gravitational axis. On the other hand, placement of the
constant temperature wall below the PCM, results in the melting
front moving in the direction opposed to the gravitational axis. This
condition is associated with the onset of R–B convection and the
classical Neumann’s solution is inapplicable. We proposed a semi-
analytical model that extended Neumann’s solution to predict the
temporal, countergravitational progression of a liquid–solid inter-
face with R–B convection in a typical phase change material. The
model incorporated a lumped parameter, “time-dependent con-
vective conductivity” with Neumann’s solution. The extension was
implicit and semi-analytical. The precise prediction by the extended
Neumann’s solution clearly demonstrated that nondiffusion dom-
inant constituents like R–B convection in themelt layer alter only its
equivalent thermal conductivity as a sole mechanism for trans-
ferring heat across the stratified liquid–solid material.
Despite demonstrating the applicability of the extended Neu-

mann’s solution when there is R–B convection, the following
limitations of the approach need to be noted:

(1) The thermal-physical properties of phase change materials
should not vary dramatically with temperature, as constant
thermal-physical properties were assumed in the analysis.

(2) The thermal expansion should be relatively small, since the
thermal expansion of the two phases was assumed to be
negligible.

(3) The thermal conductivity of phase change materials should
be relatively small, since the melting process was assumed to
be quasi-steady.

(4) Laminar Rayleigh–Bernard convection was assumed. Thus,
the present extended semi-analyticalmodel is only applicable
for the Rayleigh numbers lower than, e.g., Ra¼ 1.0� 106.

The extended Neumann’s solution can be applied to predict the
variation of the liquid–solid interface over time under the influence
of Rayleigh–Bernard convection, and thus used to design and
optimize phase change energy storage systems.
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Nomenclature

cp ¼ thermal capacity, J/kg K
Dh ¼ hydraulic diameter, m
g ¼ gravitational acceleration, m/s2

H ¼ total thickness of the melt layer, m
ha ¼ advective heat transfer coefficient, W/m2 K
hc ¼ convective heat transfer coefficient, W/m2 K
k ¼ thermal conductivity, W/m K

kc,S(t) ¼ convective conductivity, W/m K
L ¼ length of the test section, m
Le ¼ length of the developing regime, m
Lh ¼ latent heat, J/kg
N ¼ solid-to-liquid ratio

Nu ¼ Nusselt number
q00 ¼ heat flux, W/m2

Ra ¼ Rayleigh number
ReDh ¼ Reynolds number

S ¼ melt layer thickness, m
Ste ¼ Stefan number
t ¼ melt time, s

Tm ¼ melting temperature, K
Tr ¼ reference temperature, K
Tw ¼ isothermal wall temperature, K
T0 ¼ initial temperature, K
Um ¼ mean velocity, m/s

Umax, R–B ¼ maximum velocity magnitude of the R–B convection,
m/s

W ¼ width of the test section, m

Greek Symbols

a ¼ thermal diffusivity, m2/s
b ¼ coefficient of thermal expansion, 1/K
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d ¼ thickness of the shaded area, m
k ¼ positive root of the transcendental equation
l ¼ dynamic viscosity, Pa�s
� ¼ kinematic viscosity, m2/s
n ¼ dimensionless melt thickness
q ¼ density, kg/m3

r ¼ deviation
s ¼ dimensionless melt time

Subscripts

cond ¼ conduction
conv ¼ convection

l ¼ liquid
max ¼ maximum
min ¼ minimum

s ¼ solid

Abbreviations

PCM ¼ phase change material
R–B ¼ Rayleigh–B�enard

AppendixA:Derivation of ExtendedNeumann’s Solution

for Quasi-Steady State Phase Transition

Here, we present a full derivation of our extension for Neumann’s
solution. For a typical PCM in thermal energy storage applications,
e.g., paraffin, the phase transition occurs quasi-steadily due to the
intrinsically low stagnant thermal conductivity [32]. We incorpo-
rated a lumped parameter that accounted for heat transfer across the
melt (or liquid) layer solely via equivalent conduction, newly termed
“convective conductivity.”
The convective conductivity (kc,S(t)) was defined as

kc,S tð Þ ¼ hc,S tð ÞS tð Þ (A1)

where hc,S(t) is the convective heat transfer coefficient that varies
with the time dependent melt layer thickness, S(t). We further
assumed the thermal and temporal invariances in the physical
properties of the two distinct phases and ignored thermal expansion
of the two phases, i.e., invariant density and volume [33].
By assuming very slow phase transition (i.e., quasi-steady-state

phase transition), a series of steady-state numerical simulationswere
carried out using a commercial program, where the melted layer
thickness (S) was varied, and the convective heat transfer coefficient
determined. Thus, the convective heat transfer coefficient (hc,S(t))
can be fitted by a piecewise function as

hc,S tð Þ ¼
kl
S tð Þ , 0 � S tð Þ � S1

kl
S tð Þ þ ha,S tð Þ, S1 < S tð Þ

8>><
>>: (A2)

This formulation implies that for any arbitrary S(t), more heat is
transferred across themelt layer byR–Bconvection (i.e., advection).
The critical depth at which Rayleigh–B�enard convection becomes
significant was found to be S(t) ¼ S1¼ 3.17mm based on our CFD
simulations. Here, we define the advective heat transfer coefficient
(ha,S(t)) as a function of the quasi-steadymelt layer thickness, being
fitted based on the present CFD data as

ha,S tð Þ ¼
S tð Þ � S1

C1 þ C2 S tð Þ � S1½ � þ C3 S tð Þ � S1½ �2 (A3)

whereC1,C2, andC3 are constants depending onmaterial properties
and experimental conditions [33]. These constants were determined
as C1¼ 7.54� 10�6 m3K/W, C2¼ 3.22� 10�3 m2K/W, and
C3¼ 6.03� 10�2 mK/W. Here, we use a commercial software
Origin 2018 to fit with the Rational-Nelder model [36] for a
confidence interval of 0.974.
Substitution of Eqs. (A2) and (A3) into Eq. (A1) yields the

“convective conductivity” in a piecewise function

kc,S tð Þ ¼
kl, 0� S tð Þ � S1

kl þ S tð Þ� S1½ �S tð Þ
C1 þC2 S tð Þ� S1½ � þC3 S tð Þ� S1½ �2 , S1 < S tð Þ

8><
>:

(A4)

Subsequently, the nondimensional parameter, Nusselt number is
derived as

NuS tð Þ ¼
hc,S tð ÞS tð Þ

kl
¼ kc,S tð Þ

kl

¼
1, 0� S tð Þ� S1

1þ S tð Þ�S1½ �S tð Þ
kl C1þC2 S tð Þ�S1½ �þC3 S tð Þ�S1½ �2
n o , S1 < S tð Þ

8>><
>>:

(A5)

Now, the terms of kl and k in Neumann’s solution, Eq. (1a) is
replaced by “convective conductivity” kc,S(t) and kkc,S tð Þ where the
corresponding kkc,S tð Þ can be solved from the transcendental
equation (Eq. (2)). Finally, our extended Neumann’s solution that
implicitly includes R–B convection’s effect is expressed in the
dimensional form (Fig. 9(a)) as

S tð Þ ¼ 2kkc,S tð Þ

ffiffiffiffiffiffiffiffiffiffiffiffi
kc,S tð Þt
qlcpl

s
¼ 2kkc,S tð Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
kc,S tð Þklt
klqlcpl

s
¼ 2kkc,S tð Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
NuS tð Þklt
qlcpl

s

(A6)

where kkc,S tð Þ is the positive root of the following transcendental
equation (2), where Nk and Na are the solid-to-liquid with
“convective conductivity” ratios of conductivity to (ks/kc,S(t)) and
diffusivity (ksqlcpl/kc,S(t)qscps), respectively. Thus, the k is a function
of kc,S(t), i.e., kkc,S tð Þ, the corresponding kkc,S tð Þ can be solved from the
transcendental equation (Eq. (2)) under each kc within the range of
kc¼ 0.825–6.68, by fitting, we obtain a correlation

kkc,S tð Þ ¼ E0 þ E1kc,S tð Þ þ E2k
2
c,S tð Þ þ E3k

3
c,S tð Þ þ E4k

4
c,S tð Þ þ E5k

5
c,S tð Þ
(A7)

whe re E 0 ¼ 3 .1587 � 10�1 , E 1 ¼ 3 .712 � 10�2 mK/W,
E2¼�1.522 � 10�2 m2K2/W2, E3¼ 3.38 � 10�3 m3K3/W3,
E4¼�3.78514� 10�4 m4K4/W4, and E5¼ 1.67548� 10�5 m5K5/
W5.
Using the same nondimensionalization as Neumann’s solution,

n¼ S(t)/H and s¼ alt/H
2, the convective heat transfer coefficient,

“convective conductivity” and Nusselt number vary with non-
dimensional thickness and time have such forms

hc,n sð Þ ¼
kl

Hn tð Þ , 0 � n sð Þ � n1

kl
Hn tð Þ þ

n sð Þ � n1
C1=H þ C2 n sð Þ � n1½ � þ C3H n sð Þ � n1½ �2 , n1 < n sð Þ

8>><
>>: (A8)
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kc,n sð Þ ¼
kl, 0 � n sð Þ � n1

kl þ n sð Þ � n1½ �n sð Þ
C1=H2 þ C2 n sð Þ � n1½ �=H þ C3 n sð Þ � n1½ �2 , n1 < n sð Þ

8>>><
>>>:

(A9)

Nun sð Þ ¼

1, 0 � n sð Þ � n1

1þ n sð Þ � n1½ �n sð Þ
kl C1=H2 þ C2 n sð Þ � n1½ �=H þ C3 n sð Þ � n1½ �2
n o , n1 < n sð Þ

8>>>><
>>>>:

(A10)

where n1 ¼ S1/H.
Then, our extension for Neumann’s solution has a dimensionless form

n sð Þ ¼ 2kkc,n sð Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Nun sð Þs

q
(A11)

where

kkc,n sð Þ ¼ E0 þ E1kc,n sð Þ þ E2k
2
c,n sð Þ þ E3k

3
c,n sð Þ þ E4k

4
c,n sð Þ þ E5k

5
c,n sð Þ (A12)

Now, we justify the quasi-steady-state assumption which states that phase transition takes place at a slow rate. We obtain the melt front
velocity, which changes with melting time, and analyze whether the quasi-steady assumption can be used.
Equation (A6) can be changed to

t ¼ S2 tð Þqlcpl
4kc,S tð Þk

2
kc,S tð Þ

(A13)

The melt time, t is used to derive the melt thickness, S(t)

dt

dS tð Þ ¼
qlcpl
4

S tð Þ 2kc,S tð Þkkc,S tð Þ � S tð Þkkc,S tð Þ
dkc,S tð Þ
dS tð Þ � 2S tð Þkc,S tð Þ

dkkc,S tð Þ
dkc,S tð Þ

dkc,S tð Þ
dS tð Þ

 !

k2
c,S tð Þk

3
kc,S tð Þ

(A14)

where

dkkc,S tð Þ
dkc,S tð Þ

¼ E1 þ 2E2kc,S tð Þ þ 3E3k
2
c,S tð Þ þ 4E4k

3
c,S tð Þ þ 5E5k

4
c,S tð Þ (A15)

dkc,S tð Þ
dS tð Þ ¼

0, 0 � S tð Þ � S1

C1S1 þ 2C1 S tð Þ � S1½ � þ C2 � C3S1ð Þ S tð Þ � S1½ �2

C1 þ C2 S tð Þ � S1½ � þ C3 S tð Þ � S1½ �2
n o2

, S1 < S tð Þ

8>>><
>>>:

(A16)

Thus, the velocity of the melt front can be expressed as

dS tð Þ
dt

¼ 4

qlcpl

k2c,S tð Þk
3
kc,S tð Þ

S tð Þ 2kc,S tð Þkkc,S tð Þ � S tð Þkkc,S tð Þ
dkc,S tð Þ
dS tð Þ � 2S tð Þkc,S tð Þ

dkkc,S tð Þ
dkc,S tð Þ

dkc,S tð Þ
dS tð Þ

 ! (A17)

By solving Eq. (A17) and our extendedNeumann’s solution Eq. (A6), the relationship between themelt front velocity and time is obtained
(Fig. 9(b)). Although themelt thickness is time-dependent, themelt velocity is small enough less than 1.5� 10�4m/s. The quasi-steady-state
assumption can further be justified by the melting front velocity (dS/dt) with respect to the maximum velocity magnitude of the R–B
convection (i.e., fluid motion) (Umax, R–B) obtained from the present CFD simulations. The result depicted in Fig. 9(c) shows that overall the
phase transition takes place atmuch slower rates in comparison to the convective fluidmotion. The fastest phase transition occurs at the onset
of convective state being (dS/dt)/(Umax, R–B)� 0.031, followed by a dramatic decrease as the melt layer thickens. Consequently, the quasi-
steady-state phase transition may be justified. Therefore, the convective heat transfer coefficient can be considered as a function of the melt
thickness only, in turn, allowing the quasi-steady-state assumption in the analysis.
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Appendix B: Melting With R–B Convection
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