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Abstract

One of the key goals of string theory is to provide a unification of general relativity and quantum field
theory. In the pursuit of this goal it has become clear that the different string theories that have been
discovered so far are all in fact, partial descriptions of a single theory. At strong coupling a new theory,
called M-theory, is the correct description. M-theory includes gravitons, M2-branes and M5-branes. Up
to now, the correct description of the M5-brane is outstanding. In this project some proposals for this
theory are studied.

In particular, there is a proposal that D=5 maximally supersymmetric Yang-Mills theory can be used to
provide a description of the world volume physics of the M5-brane. According to this proposal, instantons
in D=5 maximally supersymmetric Yang-Mills theory are graviton excitations of the M theory. In this
M.Sc dissertation the instanton solutions of D=5 maximally supersymmetric Yang-Mills theory are
explored, with the goal of testing the above proposal. The dissertation begins with a review of the uses
of instantons in quantum mechanics. In particular, instantons are used to account for tunneling effects
within a path integral approach to quantum mechanics. The lifting of ground state degeneracies as well
as the estimation of the lifetime of unstable states using instantons is developed. The quantization of
gauge theories is reviewed in detail. The relevance of instantons for a semi-classical study of Yang-Mills
theory is explained. Finally, the relevance of instantons for D = 5 maximally supersymmetric Yang-Mills
theory is considered.
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1. Introduction

Unification has been a remarkably fruitful idea. Indeed, ever since Maxwell first synthesized electricity
and magnetism into a single theory of electromagnetism and, in the process, explained that light is
an electromagnetic wave, unification has been an important guiding principle. Currently, unification
is driving the search for a single framework uniting the classical theory of gravity, described in the
framework of Einstein’s General Relativity, and the remaining forces, described using the framework of
quantum field theory. This unified description, dubbed quantum gravity, still appears to be far from
completed.

String theory is a promising candidate theory of quantum gravity. Perturbative string theory is obtained
through the quantization of a two dimensional superconformal quantum field theory living on the world-
sheet of the (one dimensional) fundamental string. This theory has a rich spectrum of spacetime states,
rich enough to capture the physics of the all known interactions we see in nature. There are at least five
different supersymmetric string theories in ten dimensions. The specific theory one constructs depends
on the possible choices we make about the topology and field content of the fundamental string.

Open strings are described by worldsheets that have a boundary. A consequence of this boundary is
that the left- and right-moving fields in the worldsheet quantum field theory are identified due to the
boundary conditions of the worldsheet. The resulting theory is known as type I string theory. The
bosonic spacetime states arising from the open string include a massless spacetime vector field, Aµ,
with an SO(32) gauge group.

If the string is closed the worldsheet has no boundary. In this case the left and right moving fields
are essentially independent. There are two possible closed string theories known as type IIA and type
IIB. These theories differ in the chirality of the left and right moving fields. The spectrum of the type
IIA and type IIB string theories both include the massless spacetime states for a scalar field (called
the dilaton), an antisymmetric field with two indices (called the Kalb-Ramond 2-form) and a traceless
symmetric field with two indices (the graviton). The graviton is the quantum of the gravitational field
and its appearance in the spectrum is why string theory is a quantum theory of gravity. There are other
massless states that are not shared by type IIA and type IIB string theory. Type IIA contains a 1-form
and a 3-form field, and type IIB containing a 0-form, a 2-form and selfdual 4-form field.

The interaction of open strings in type I string theory will create closed strings. These closed strings are
in fact those of type IIB theory projected so that they are unoriented. This projected string gives rise
to a spacetime dilaton, graviton and 2-form field, so that the type I theory is also a theory of quantum
gravity.

The remaining two string theories come from the peculiar choice of taking the left moving fields to
be purely bosonic while the right moving fields are supersymmetric. To obtain a consistent theory,
we have to set things up so that the left moving and right moving fields live in a different number of
spacetime dimensions. To obtain a consistent theory with a sensible interpretation, the bosonic fields are
compactified on a 16-dimensional manifold. There are two consistent choices for this compactification
which gives rise to the E8 × E8 and SO(32) heterotic string theories.

If string theory is to be our theory of everything, then it is a little puzzling that there are five consistent
string theories. It would be much more attractive if there was a single unique theory. This difficulty may
be resolved by the discovery that the five string theories can be related by a web of dualities. The type
IIA and type IIB theories are related under T-duality. What this means is, if the IIA and IIB theories are
studied on a spacetime that includes a circle, then the physics of IIA string theory on a small circle is
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identical to the physics of IIB string theory on a big circle and vice versa. T-duality is a “big circle-small
circle” equivalence. The heterotic string theories are also related under T-duality. Type I string theory
at small string coupling is related to the SO(32) heterotic string theory at large coupling. This is known
as S-duality. These connections between the different string theories strongly suggests that they share
a common origin and hence that there is a more fundamental underlying theory.

The conjectured theory that links these five string theories has been dubbed M-theory. It is an eleven
dimensional theory. We do not yet have a fundamental description of M-theory (as we do with string
theory in terms of the fundamental string). We can, however, infer a lot about the objects that must arise
in M-theory knowing that it must contain the five string theories and eleven dimensional supergravity.
Indeed, the field content of eleven dimensional supergravity, implies that the massless bosonic fields in
M-theory must be a graviton and a 3-form. Eleven dimensional supergravity also contains stable 2-brane
and 5-brane solutions, suggesting that M-theory contains appropriate M2-branes and M5-branes.

The M5-brane has defied description. Recent speculative conjectures suggest that the M5-brane theory
on a circle is dual to the five dimensional super-Yang-Mills theory that arises as the low energy action
of multiple D4-branes. This is a 4 + 1-dimensional theory. The M5-brane theory should be a 5 + 1-
dimensional theory. How does the missing dimension emerge from the five dimensional super-Yang-Mills
theory? Instantons play an important role in this conjecture [1]. Indeed, they are supposed to encode
momentum modes of the emergent dimension. Instantons are solutions in four dimensional Euclidean
Yang-Mills theory which are characterized by a selfdual field strength. They were discovered 35 years ago
and have played an important role in understanding quantum tunnelling in four dimensional Yang-Mills,
and in understanding supersymmetric gauge theories. For our present application to five dimensional
Yang-Mills theory, instantons are solutions in the four spatial dimensions and can evolve in the time
direction. Very little is known about the dynamics of instantons, in this setting.

Notice that although string theory has played a prominent role is the specific motivation for our problem,
we could easily motivate our study as an exercise in quantum field theory, or in dualities. We do not
know whether string theory will ultimately give a useful or sensible description of anything in physics,
so it is important to bear this comment in mind.

The instantons we study have a slow roll instability in the soliton size. If the static soliton is given a
small perturbation, it will either shrink or expand at a constant rate until it hits zero size or expands
indefinitely. This pathological behaviour seems to conflict with the purported role of instantons as
momentum modes for an emergent dimension. However, instantons can be stabilized with the addition
of a potential. In this case, the solutions must also be given an appropriate rotation to stabilize against
collapse from the potential, and in doing so they gain an electric charge. These charged solitons, known
as dyonic instantons in five dimensional Yang-Mills, are stable to perturbations.

The space of all physically different instanton solutions is known as the moduli space. The low energy
dynamics of topological solitons can generally be approximated by geodesic motion through the moduli
space. Intuitively, the static solitons are the lowest energy configurations in each topological sector,
and giving them a small velocity will only increase their energy slightly. These configurations will then
always stay close to the minimum energy configurations by energy conservation. The moduli space can
be thought of as the floor of a potential valley in the space of all solutions to the Yang-Mills equations
of motion, and the evolution of slow moving solitons must stay near the bottom of this potential valley.
So long as the evolution does not ascend too far up the valley, the motion can be approximated by
motion exactly along the valley floor, or as the evolution through snapshots of the static solitons in
the moduli space. For dyonic instantons, each solution has a different electric charge, which induces a
potential on the moduli space. So long as this potential is shallow compared to the surrounding valley,
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the moduli space approximation is still valid [2]. Instanton solutions can be found using a technique
known as the ADHM construction which recasts the problem of solving the selfdual field equation into
a set of non-linear algebraic equations [3]. This technique is used repeatedly in calculations involving
instantons, as it generally allows us to turn all expressions involving derivatives and integrals into purely
algebraic expressions. The ADHM construction also provides a natural coordinate system on the moduli
space of instantons, at least when an explicit parameterization of the ADHM data is known.

In chapter 2 we introduce instantons in the simplest possible setting: quantum mechanics. We explain
how instantons dominate the semiclassical limit after the path integral has been continued to imaginary
time. We also explain how the analytically continued path integral is in fact computing properties of the
ground state. In chapter 3 we review the quantization of Yang-Mills theories. Although this chapter is
not strictly needed to understand the instanton physics we will explore, it is included for completeness.
Chapter 4 then considers Euclidean Yang-Mills theory. This chapter develops instantons in a quantum
field theory setting. Chapter 5 is concerned with reviewing material relevant to the conjectured link to
the physics of the M5-brane. Conclusions are collected in chapter 6.

This dissertation reviews a large amount of material. For that reason we recommend some further
sources in the vast available literature. The mathematical techniques used to study instantons as well
as further applications can be found in [4]. For further background on quantum field theory the textbook
[5] is a modern and detailed introduction. Finally, worldsheet string theory as well as a few modern
topics are treated in detail in [6, 7].



2. Instantons in Quantum Mechanics

2.1 Transition amplitudes and path integrals

We will develop the basic approach in the simple setting of quantum mechanics. We focus on the ground
state wavefunction and ground state energy of the system. A key ingredient is quantum tunnelling [8].
Quantum tunnelling is a non classical physics phenomenon. It only occurs in quantum mechanics and
allows a particle to tunnel through a potential barrier. To illustrate this idea, consider the following
figure.

Figure 2.1: Particles located at the minima of the potential. The wavefunctions of the particles are
indicated by striped functions.

In the above figure, the particles are represented by the small blue balls. The particles were placed at
their most probable positions in the ground state. The arrows represent the possible quantum tunnelling
events.

To study properties of the ground states we will see that it is useful to start by considering the transition
amplitude for a particle to move from xi at time ti to xf at time tf (tf > ti), [9, 5]. The path integral
evaluates this transition amplitude by summing over all possible paths the particle could have used to
make this transition.

Figure 2.2: A spacetime diagram showing one possible path that could be followed by a particle. The
path integral performs a sum over all possible paths.

4



Section 2.1. Transition amplitudes and path integrals Page 5

The transition amplitude is
〈xf , tf |xi, ti〉, (2.1.1)

which can be written as
〈xf |e−iHT/~|xi〉, where T = tf − ti. (2.1.2)

In terms of a path integral

〈xf |e−iHT/~|xi〉 = N

∫
[dx]eiS/~ (2.1.3)

where H is the Hamiltonian of the system, N is a normalisation constant, S is the classical action of
our system and the integral runs over all possible paths. To be concrete we consider a particle moving
under the influence of an external potential V (x). The classical action takes the form

S =

∫ tf

ti

dt

[
1

2

(
dx

dt

)2

− V (x)

]
=

∫ T
2

−T
2

dt

[
1

2

(
dx

dt

)2

− V (x)

]
. (2.1.4)

To study the ground state we will that that it is useful to consider the change of variable

t = −itE ⇒ T = −iTE ; (2.1.5)

under which

S = i

∫ TE
2

−TE
2

dtE

[
1

2

(
dx

dtE

)2

+ V (x)

]
, (2.1.6)

= iSE . (2.1.7)

SE is called the Euclidean action. The Euclidean action is the analytic continuation of the original real
time action. Equation (2.1.3) can be rewritten in terms of the Euclidean action and the Euclidean time
tE as

〈xf |e−HTE/~|xi〉 = N

∫
[dx]e−SE/~. (2.1.8)

Consider the left hand side of equation (2.1.8). Inserting a complete set of energy eigenstates, we have

〈xf |e−HT/~|xi〉 = e−EoT/~
[
〈xf |0〉〈0|xi〉+ 〈xf |1〉〈1|xi〉e−(E1−Eo)T/~ + . . .

]
. (2.1.9)

In the limit T →∞, this last expression for the transition amplitude can, with exponential accuracy, be
approximated as

〈xf |e−HT/~|xi〉 = e−EoT/~〈xf |0〉〈0|xi〉. (2.1.10)

Combining this last equation with the equation (2.1.8), we have

〈xf |e−HT/~|xi〉 = N

∫
[dx]e−SE/~, (2.1.11)

=
T→∞

e−EoT/~〈xf |0〉〈0|xi〉, (2.1.12)

where we integrate over paths that obey the boundary conditions

x[−T/2] = xi and x[T/2] = xf .

This is a key result since it shows very directly how properties of the ground state can be computed
using a path integral.



Section 2.2. Steepest descent saddle point approximation Page 6

2.2 Steepest descent saddle point approximation

Figure 2.3: Profile of functions e−t[
1

2.52 (x2−3.5)2−0.2]

Steepest descent is a method used to approximate the value of an integral. The fundamental idea is
that the value of the integral should be dominated by contributions from the neighborhoods of points
where the integrand peaks, [10, 11]. The integral we consider is

I =

∫
ζ
dzeth(z), (2.2.1)

where z = x+ iy, t� 0 and h(z) is a complex valued function

h(z) = φ(x, y) + iψ(x, y).

Note that we require t is large which ensures that the integral is dominated by the peaks of the integrand.
See Figure 2.3 for an illustration of the impact of small and large values of t. The function h(z) is
assumed to be analytic (holomorphic), which implies the Cauchy-Riemann equations are satisfied{

∂φ
∂x = ∂ψ

∂y ,
∂φ
∂y = −∂ψ

∂x

.

Start by choosing a path ζo such that ψ(x, y) is a constant along ζo. Since the integrand is not wiggling
along this path, the dominant contribution is from the peak of etφ which is given by the peak of φ(x, y).
If φ changes rapidly along this path, steepest descent will give an accurate answer. This is indeed the
case. Noting that φ changes most rapidly along the path with tangent given by ~∇φ, and that if

~X2 = ~X1 + δ ~X = ~X1 + ε~∇φ,
⇒ ψ( ~X2) = ψ( ~X1 + ε~∇φ),

= ψ( ~X1) + ε~∇φ · ~∇ψ,
= ψ( ~X1).

Thus ψ is constant along the path for which φ varies most rapidly. Note that the passage to the last
line above used the Cauchy-Riemann equations. Finally, we can summarize our discussion by saying
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that the tangent of the path ζo at a certain point, is parallel to ~∇φ at that point and the approximated
value of the integral (2.2.1) along the path ζo for large t is

I =

∫
ζo

dXetφ(X), (2.2.2)

≈
∫
ζo

dX exp

(
tφmax + tφ′′(Xmax)

X2

2

)
, (2.2.3)

=

∫
dX exp

(
tφmax − t|φ′′|

X2

2

)
, (2.2.4)

= etφmax

√
2π

tφ′′(Xmax)
. (2.2.5)

Figure 2.4: a) An example of a path ζo in the complex plane, b) the profile of φ along the path ζo and
c) the profile of ψ along ζo.

Now use steepest descent to evaluate the path integral in (2.1.11). Steepest descent will be valid in the
~→ 0 limit. The first step is to find an extremum of the action SE . Variations around this path vanish
to first order. Thus

SE =

∫ T
2

T
2

dt

[
1

2

(
dx

dt

)2

+ V (x)

]
,

⇒ δSE = 0 ⇔ 0 =

∫ T
2

T
2

dt

[(
dx

dt

)
δ

(
dx

dt

)
+
dV (x)

dx
δx

]
,

0 =

���
����

[(
dx

dt

)
δx

]xf
xi

+

∫ T
2

T
2

dt

[
−
(
d2x

dt2

)
+
dV (x)

dx

]
δx.

The first term in the last equation vanishes because the end points (xi and xf ) are fixed for all possible
paths x+ δx which implies that δx vanishes at the endpoints. Finally, we have

d2x

dt2
=
dV (x)

dx
. (2.2.6)
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The equation (2.2.6) is called the Euler-Lagrange equation. This equation is the equation of motion for
a particle moving in the inverted potential −V (x).

For simplicity, assume that SE has only one extremum, given by the path x̃(t). For a general path x(t),
we write

x(t) = x̃(t) +
∑
n

Cnxn(t), (2.2.7)

where {xn}n∈N is a complete set of orthonormal functions,∫ T/2

−T/2
dtxn(t)xm(t) = δnm. (2.2.8)

To ensure that x(t) satisfies the correct boundary conditions, we require

xn(−T/2) = xn(T/2) = 0, so that (2.2.9)

x(−T/2) = x̃(−T/2) = xi, and x(T/2) = x̃(T/2) = xf . (2.2.10)

Thus the integral over all possible paths becomes an integral over Cn. The integral measure is now
defined as

[dx] =
∏
n

dCn√
2π~

. (2.2.11)

The factor 1√
2π~

is chosen to simplify our calculation. Note that we still have not specified the normal-

ization N in (2.1.11).

In the following we will expand SE up to the second order in Cn, which is good enough for us to
evaluate the path integral using the method of steepest descent. Indeed the ~ → 0 limit will suppress
the contribution of higher orders in Cn in the path integral and enhance the peak at x̃(t). Expanding
SE to second order in Cn yields

SE [x] = SE [x̃+
∑

nCnxn],

=

∫ T/2

−T/2
dt

1

2

[
dx̃

dt
+
∑
n

Cn
dxn
dt

]2

+ V [x̃+
∑

nCnxn]

 ,

= SE [x̃] +

∫ T/2

−T/2
dt

{
dx̃

dt

∑
n

Cn
dxn
dt

+
1

2

∑
n,m

CnCm
dxm
dt

dxn
dt

+
dV

dx

∣∣∣∣
x̃

∑
n

Cnxn

+
d2V

dx2

∣∣∣∣
x̃

∑
n,m

CnCm
2

xnxm + o(C3
n)

}
,

= SE [x̃] +

∫ T/2

−T/2
dt

{∑
n

Cn

[
dx̃

dt

dxn
dt

+ V ′(x̃)xn

]
+
∑
n,m

CnCm
2

[
dxn
dt

dxm
dt

+ V ′′(x̃)xnxm

]}
.

Note that∫ T/2

−T/2
dt
∑
n

Cn

[
dx̃

dt

dxn
dt

+ V ′(x̃)xn

]
=

[∑
n

Cn
dx̃

dt
xn

]T/2
−T/2

+

∫ T/2

−T/2
dt
∑
n

Cn

[
−d

2x̃

dt2
+ V ′(x̃)

]
xn,

= 0.
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This integral vanishes after using the Euler-Lagrange equation in (2.2.6) and the boundary conditions
in (2.2.9).

In what follows we will use the boundary conditions in (2.2.9), the orthogonality condition in (2.2.8)
and have chosen the xn to obey [

− d2

dt2
+ V ′′(x̃)

]
xm = λmxm.

λn are the eigenvalues of the operator
[
− d2

dt2
+ V ′′(x̃)

]
. First consider∫ T/2

−T/2
dt
∑
n,m

CnCm
2

[
dxn
dt

dxm
dt

+ V ′′(x̃)xnxm

]
=

[∑
n,m

CnCm
2

dxn
dt

xm

]T/2
−T/2

+

∫ T/2

−T/2
dt
∑
n,m

CnCm
2

xn

[
− d2

dt2
+ V ′′(x̃)

]
xm,

=

∫ T/2

−T/2
dt
∑
n,m

CnCm
2

xnλnxm.

Thus, using orthogonality of the xn(t), we have∫ T/2

−T/2
dt
∑
n,m

CnCm
2

[
dxn
dt

dxm
dt

+ V ′′(x̃)xnxm

]
=
∑
n

C2
n

2
λn.

We can now write, correct up to second order in Cn

SE [x(t)] = SE [x̃(t)] +
∑
n

C2
n

2
λn +O(C3

n). (2.2.12)

The path integral we are computing reduces to a Gaussian integral. This is easily performed to obtain

N

∫
[dx]e−SE/~ = Ne−SE [ ˜x(t)]/~

∫ ∏
n

dCn√
2π~

e−
C2
n

2~ λn , (2.2.13)

=
Ne−SE [x̃]/~√∏

n λn
, (2.2.14)

=
Ne−SE [x̃]/~√

det
(
− d2

dt2
+ V ′′(x̃)

) . (2.2.15)

This final result is a non-perturbative answer because e−SE [x̃(t)]/~ can’t be expanded in a series using
positive powers of ~. Working to higher order in Cn will generate corrections that come with positive
powers of ~.

2.2.1 Remarks.

• Our result is obtained assuming there is only one peak of the Euclidean action. However we can
generalize our result when there is more than one peak. We simply sum the contribution of each
of the additional peaks.

• The second remark is that our result in (2.2.15) holds for any V (x). Thus it is natural to check
the validity of our calculations by testing (2.2.15) for the simple harmonic oscillator. Of course, we
perform this check because we already know the energy spectrum for a simple harmonic oscillator.
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2.3 Example 1: Harmonic oscillator

The aim of this section is to recover the ground state energy of the harmonic oscillator, by using path
integral techniques. The potential for the harmonic oscillator is

V =
1

2
ω2x2. (2.3.1)

Thus, the corresponding Euclidean action is

SE =

∫ T/2

−T/2
dtLE =

∫ T/2

−T/2
dt

[
1

2

(
dx

dt

)2

+
1

2
ω2x2

]
. (2.3.2)

Our first step is to find the path x̃(t) that extremizes SE , by solving the equation of motion. We need
to solve

d2x

dt2
= −

[
−dV
dx

]
= ω2x. (2.3.3)

The general solution is
x̃(t) = Aeωt +Be−ωt, (2.3.4)

where A,B are constants of integration. To find these constants, use the boundary conditions

x̃(−T/2) = 0 ⇒ Ae−ωT/2 +BeωT/2 = 0, (2.3.5)

x̃(T/2) = 0 ⇒ AeωT/2 +Be−ωT/2 = 0. (2.3.6)

Hence, equations (2.3.5) and (2.3.6) yield

A = B = 0 ⇒ x̃(t) = 0. (2.3.7)

For this solution
SE [x̃(t)] = 0, (2.3.8)

and (2.1.11) and (2.1.12) become

〈xf |0〉〈0|xi〉e−EoT/~ =
N√

det(−∂2
t + ω2)

. (2.3.9)

Now, we want to compute the determinant under the square root of (2.3.9). Towards this end, consider

(−∂2
t + ω2)xn = λnxn, (2.3.10)

with the boundary conditions xn(±T/2) = 0. We will see that it is useful to study

D =
det[−∂2

t + V (1) − λ]

det[−∂2
t + V (2) − λ]

=

∏
i(λ− λ

(1)
i )∏

j(λ− λ
(2)
j )

, (2.3.11)

=
ψ

(1)
λ (T/2)

ψ
(2)
λ (T/2)

. (2.3.12)

The equality shown in (2.3.12) is highly nontrivial and needs to be proved. First, notice that whenever

λ is an eigenvalue, so that ψ
(1)
λ (t) and ψ

(2)
λ (t) solve (2.3.10), it follows that ψ

(1)
λ (T/2) and ψ

(2)
λ (T/2)
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have a zero. Thus, (2.3.11) and (2.3.12) have the same poles and zeros in λ, implying that the two can
differ at most by a constant factor. This is a consequence of a well known theorem in complex analysis
that says that a meromorphic is determined, up to an overall constant factor, by the positions of its
zeros and poles. We now argue that this constant factor is 1. We can rewrite (2.3.11) and (2.3.12) as

det[−∂2
t + V (1) − λ]

ψ
(1)
λ (T/2)

=
det[−∂2

t + V (2) − λ]

ψ
(2)
λ (T/2)

, (2.3.13)

= g(λ). (2.3.14)

The left hand side of (2.3.13) depends only on V (1) and not on V (2) while the right hand side depends
on V (2) and not on V (1). Obviously, both sides depend on λ but are independent of V (1) and V (2).
The above statements can be summarized by writing

det[−∂2
t + V (1) − λ] = g(λ)ψ

(1)
λ (T/2). (2.3.15)

To determine ψ
(i)
λ (t)

∣∣∣
i=1,2

, we need to solve

(−∂2
t + V (i) − λ)ψ

(i)
λ (t) = 0, (2.3.16)

such that


ψ

(i)
λ (−T/2) = 0,

∂ψ
(i)
λ
∂t

∣∣∣∣
−T/2

= 1
. (2.3.17)

The last condition above sets an arbitrary normalization. For the simple harmonic oscillator we have

V (1) = ω2. (2.3.18)

Hence, we find from equation (2.3.15) that

N√
det(−∂2

t + ω2)
=

N√
g(0)ψ

(1)
0 (T/2)

. (2.3.19)

We will now choose the normalization constant N to get a simple final expression. Choose the normal-
ization constant N such that

π~N2 = g(0) =
det(−∂2

t + ω2)

ψ
(2)
0 (T/2)

. (2.3.20)

It then follows that equation (2.3.9) can be written as

〈xf |0〉〈0|xi〉e−EoT/~ =
1√

π~ψ(1)
0 (T/2)

. (2.3.21)

(2.3.21) tells us that our problem of finding det (−∂2
t + ω2) is reduced to finding the analytic form of

ψ
(1)
0 (t) and then the value ψ

(1)
0 (T/2). ψ

(1)
0 (t) satisfies the equation

(−∂2
t + ω2)ψ

(1)
0 (t) = 0, (2.3.22)

(2.3.22) is a second order linear differential equation which has general solution

ψ
(1)
0 (t) = αeωt + βe−ωt, (2.3.23)
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where α and β are arbitrary constants. Using the boundary conditions in (2.3.17) we find the unique
solution

ψ
(1)
0 (t) =

1

2ω

(
eω(t+T/2) − e−ω(t+T/2)

)
. (2.3.24)

Thus

ψ
(1)
0 (T/2) =

sinh(ωT )

ω
, (2.3.25)

ψ
(1)
0 (T/2) =

T→∞

eωT

2ω
. (2.3.26)

This last equation implies
1√

π~ψ(1)
0 (T/2)

=

√
2ω

π~
e−ωT/2. (2.3.27)

Equations (2.3.21) and (2.3.27) plus the identification of the argument of the exponential factors yield

ωT

2
=
EoT

~
; ⇒ Eo =

~ω
2
, (2.3.28)

which is the correct ground state energy for a simple harmonic oscillator. We can recover further energy
eigenvalues En of the harmonic oscillator by noting

1√
π~ψ(1)

0 (T/2)

=
1√

π~
2ωe

ωT (1− e−2ωT )
, (2.3.29)

=

√
2ω

π~
e−

ωT
2 [1− e−2ωT ]−

1
2 , (2.3.30)

=

√
2ω

π~
e−

ωT
2

1 +
∑
n≥1

ane
−2nωT

 . (2.3.31)

Above we did not specify the explicit expression of the factors an. In fact they only need to be non-zero
since we read energies from the argument of the exponential. The coefficient of the exponential, an, is
proportional to the value of the wavefunction at x = 0. Consequently, the formula (2.3.31) will receive
contributions from all energy eigenstates whose position space wave functions are non-zero at x = 0.
Hence, after identifying the arguments of the exponential factors as we did above, the relevant energy
eigenvalues which belong to wave functions that are non-zero at x = 0, are

E2n = (2n+
1

2
)~ω. (2.3.32)

The first eight wavefunctions of the simple harmonic oscillator have the form



Section 2.4. Example 2: Double well potential Page 13

Figure 2.5: Wavefunctions of the harmonic oscillator.

Figure 2.5 tells us that the wavefunctions Ψ1,Ψ3,Ψ5,Ψ7 are odd and they vanish at x = 0. Furthermore
the remaining wavefunctions are even and do not vanish at x = 0. The answer (2.3.32) beautifully
reproduce the energy eigenvalues of the contributing energy eigenstates.

2.4 Example 2: Double well potential

Figure 2.6: V (x) = x4 − αx2 + β where α, β > 0.

In this example we are going to consider a potential which has the form given in Figure 2.6 and satisfies
V ′′(±a) = ω2. Since this potential has two extrema at x1 = −a and x2 = a, we expect to have many
extrema of the Euclidean action. Consider x̃j(t), the paths which extremize the action, where j labels
distinct extrema. In this case we have

〈xf |0〉〈0|xi〉e−EoT/~ =
∑
j

Ne−SE [x̃j ]√
det(−∂2

t + V ′′[x̃j ])
. (2.4.1)

The four possible boundary conditions for xi and xf are
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1) xi = a and xf = a,

2) xi = −a and xf = −a,

3) xi = a and xf = −a and

4) xi = −a and xf = a .

In order to find the paths x̃j(t) that extremize the Euclidean action, we need to solve the equation of
motion

d2x

dt2
= V ′(x). (2.4.2)

This differential equation is tough to solve analytically for general potentials V (x). Thus, we will develop
another way of finding the paths which yield the extrema of SE . We can solve the problem if we focus
on the “conserved energy” of the particle. The conserved energy is given by

E =
1

2

(
dx

dt

)2

− V (x). (2.4.3)

Indeed

dE

dt
=
dx

dt

d2x

dt2
− dV

dt
=
dx

dt

(
d2x

dt2
− dV

dx

)
,

which vanishes by the Euclidean equation of motion. The solutions we study have

E = 0. (2.4.4)

To see this, note that we start from a configuration with

dx(t)

dt

∣∣∣∣
t=ti

= 0,

and the position of the particle is at x(ti) = a (or −a) for which V (±a) = 0. Hence the total energy
vanishes at this initial time, and consequently the energy of the particle vanishes at any time.

Figure 2.7: Particle located at the position x = a. The blue empty circles represent the “motions” of
the particles which reproduces tunnelling.
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Consider first the case of boundary conditions where xi = a and xf = a. Most of the time the particle
is at rest and at the lowest potential V (a) = 0 at x = a. Hence the total energy vanishes. Consider
equation (2.4.4)

E =
1

2

(
dx

dt

)2

− V (x) = 0⇔ dx

dt
= ±

√
2V (x). (2.4.5)

Thus, we can write

dx

dt
= −

√
2V (x), (2.4.6)

⇒ dt = − dx√
2V (x)

, (2.4.7)

⇒ t = t1 −
∫ x

0

dy√
2V (y)

(2.4.8)

where we only focus on the negative root. In Figure 2.8 we sketch the solution given by (2.4.8). Figure
2.8 is most easily understood from equation (2.4.6). We start at t = −∞ from x = a + ε. At x = a
V (a) = 0 so that, according to (2.4.6) our function has an infinitesimally small and negative derivative
with respect to t. After an infinite time x(t) decreases and passes through the origin x = 0 at t = t1.
At this point dx

dt is minimum. It then start to increase and approaches 0 at t → ∞ and x → −a.
By convention, this solution is called an anti-instanton. We describe the figure as an anti-instanton of
size d at the time t1. The name instanton is reserved for the opposite solution which interpolates from
xi = −a to xf = a.

Figure 2.8: Diagram of x(t) showing one anti-instanton for the case xi = a and xf = −a.

The figure which corresponds to an instanton of size d at a time t2 is shown in Figure 2.9. The equation
describing the instanton is

dx

dt
=
√

2V (x). (2.4.9)

Note that we can rederive the equation of motion (2.4.2) by differentiating the equation of the instanton,
(2.4.9). Indeed, we have

dx

dt
=
√

2V (x)⇒ d2x

dt2
=

d

dt
(
√

2V (x)),

=
dx

dt

V ′(x)√
2V (x)

,

= V ′(x).
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Figure 2.9: Diagram of x(t) showing one instanton for the case xi = −a and xf = a.

As mentioned above, the physical interpretation of the instanton and the anti-instanton are clear. The
anti-instanton path reproduces the effect of a particle which is tunnelling through potential barrier from
xi = a to xf = −a. The instanton also corresponds to tunnelling through the potential barrier, but
now from xi = −a to xf = a. The transition occurs in a small time d so that the particle spends most
of the time at rest at the minima of the potential.

The profile of the Euclidean Lagrangian LE for the complete path comprising of an anti-instanton
followed by an instanton is shown in Figure 2.10. The total area in this figure gives the total Euclidean
action for the instanton and anti-instanton configuration.

Figure 2.10: Profile of LE for anti-instanton followed by instanton configuration

Since the action of the instanton and the anti-istanton are equal, the Euclidean action for an instanton
plus an anti-instanton is double the Euclidean action for a single instanton (or single anti-instanton). If
we denote the action for a single instanton by So, the total action in Figure 2.10 is

SE = S2 = 2So. (2.4.10)

In general we can have many instantons and anti-instantons for the boundary condition xi = xf = a.
The only condition is that the Euclidean motion should begin with an anti-instanton and end with an
instanton and it is alternating sequence of instantons and anti-instantons. The total action for n pairs
of instantons and anti-instantons is

Sn = 2nSo. (2.4.11)

For the three other boundary conditions the construction of instanton and anti-instanton configurations
proceeds as for the case we have considered. The Euclidean action can start with either an instanton or
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an anti-instanton and can terminate with either an instanton or an anti-instanton. The precise details
in each case will be different because of the boundary conditions. Our analysis has assumed that our
Euclidean motion is made up from a sequence of well separated instanton and anti-instanton motions.
This is known as the dilute instanton gas approximation. The dilute instanton gas approximation can
be invoked if

d

|t2 − t1|
� 1 (2.4.12)

is satisfied. In this last formula d is the size of the instanton (or anti-instanton) and |t2 − t1| is the
difference between time of adjacent instantons and anti-instantons in the Euclidean motion.

2.5 n-instantons

To compute the contribution from n instanton/anti-instanton configurations we need to compute

N√
det
(
−∂2

t + V ′′
)
∣∣∣∣∣∣
n−instantons

. (2.5.1)

It turns out that

N√
det
(
−∂2

t + V ′′
)
∣∣∣∣∣∣
n−instantons

=

√
2ω

π~
e−ωT/2Kn. (2.5.2)

To determine the number K, we will compare (2.5.2) to our previous results. Notice that each instanton
introduces a well in V ′′(x̃). We can think of K as the inverse square root of the product of the energies
of any boundstates of the well times the effect of the well on the continuum eigenvalues. In Figure 2.11
we only illustrate the boundstate eigenvalues. This interpretation for K was developed in detail in [12].

Figure 2.11: Configurations of intantons/anti-instantons and the corresponding profile of V ′′.

Now consider

〈xf |0〉〈0|xi〉e−EoT/~ =
∑
n

∫ T/2

−T/2
dt1

∫ T/2

t1

dt2 . . .

∫ T/2

tn−1

dtne
−nSo/~

√
2ω

π~
e−

ωT
2 Kn. (2.5.3)
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This expression sums all possible instanton configurations. For example, the first instanton centered at
t1 can be anywhere between −T/2 and T/2. The next instanton centered at t2 should placed between
t1 and T/2. Repeating this process will give us the integrals in (2.5.3). Note that if we permute the
integral bounded by ti with those of tj , i 6= j final answer doesn’t change. Generally, under the n!
possible permutations, the sum remains the same. We will now argue that∫ T/2

−T/2
dt1

∫ T/2

t1

dt2 . . .

∫ T/2

tn−1

dtn =
Tn

n!
. (2.5.4)

The proof of (2.5.4) can be constructed by thinking of the left hand side as a fraction of the volume of
an n−cube in n dimensions.

Proof. For n = 1, 2 and 3 respectively we have∫ T

0
dt1 =

T 1

1!
, (2.5.5)∫ T

0
dt1

∫ T

t1

dt2 =

∫ T

0
dt1

[
Tt1 −

t21
2

]T
T

=
T 2

2!
, (2.5.6)∫ T

0
dt1

∫ T

t1

dt2

∫ T

t2

dt3 =

∫ T

0
dt1

(
T 2

2
− Tt1 +

t21
2

)
=
T 3

3!
. (2.5.7)

In fact we can think of (2.5.5), (2.5.6) and (2.5.7) as respectively the length of the segment a), the
hatched surface of the square b) and the portion of the cube c) in the Figure 2.12. Note that for
simplicity we shifted the integration region from −T/2 to T/2 to integration from 0 to T .

Figure 2.12: Figures of the first three n−cube volumes.

In general (2.5.4) is a portion of the n-cube with edge length T . The portion of the n-cube is delimited
by (n + 1) vertices among the 2n vertices of the n−cube. These n + 1 vertices are diagonally linked
as we can see above in Figure a), b) and c) for n = 1, 2 and 3. The total volume of the n−cube is
Tn. There are n! such portions inside the n-cube, which follows by counting the possibilities of joining
(n+1) vertices diagonally. In fact, our previous argument counting the number of possible permutations
is related to the number of the portions of the volume that we consider. Finally a single portion of the
n−cube has exactly the volume v = Tn

n! .
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As a consequence we can now rewrite (2.5.3) as

〈xf |0〉〈0|xi〉e−EoT/~ =

√
2ω

π~
e−ωT/2

∑
n

(KTe−So/~)n

n!
. (2.5.8)

Having this expression, we can check the validity of the dilute instanton gas approximation by confirming
that n is small. Consider ∑

n

Xn

n!
=
∑
n

en log(X)−log(n!),

=
∑
n

en log(X)−n logn+n.

The summand is maximized when

⇒ d

dn
(n log(X)− n log n+ n) = 0,

which implies

⇔ X = n.

If we substitute X by KTe−So/~, this last equation implies the terms that dominate the sum have

n ≤ 100X = 100KTe−So/~,

which for ~ → 0 is small. Hence the dilute instanton gas approximation is valid because the sum is
dominated by small n. Recall that we always require ~→ 0 to guarantee validity of the steepest method
approximation for the path integral. In fact, all our expressions were derived in this limit.

For the boundary condition xi = xf = ±a, n should be even because the motion always includes pairs
of instantons and anti-instantons. And for the case xi = −xf = ±a, n should be odd because the
motion always includes either a single instanton or anti-instanton which is not paired. Furthermore, if
n is even or odd, the summation factor in (2.5.8) can be written respectively as

∑
n

(KTe−So/~)n

n!
=
eKTe

−So/~
+ e−KTe

−So/~

2
⇔ n even, (2.5.9)

∑
n

(KTe−So/~)n

n!
=
eKTe

−So/~ − e−KTe−So/~

2
⇔ n odd. (2.5.10)

Thus, we have

+∑
j=−
〈±a|j〉〈j| ± a〉e−EjT/~ =

√
2ω

π~
e−ωT/2

[
eKTe

−So/~
+ e−KTe

−So/~

2

]
, (2.5.11)

+∑
j=−
〈±a|j〉〈j| ∓ a〉e−EjT/~ =

√
2ω

π~
e−ωT/2

[
eKTe

−So/~ − e−KTe−So/~

2

]
. (2.5.12)

Finally the energy of the ground state can be read from (2.5.11) and (2.5.12) as

E∓ =
~ω
2
±K~e−So/~. (2.5.13)



Section 2.5. n-instantons Page 20

The associated wavefunctions obey

〈a|+〉 = 〈−a|+〉 〈a|−〉 = −〈−a|−〉, (2.5.14)

suggesting that they have a definite parity. The second term in the equation (2.5.13) is related to a
single instanton because of the term So in the argument of the exponential. Note that it does not admit
a power series expansion in ~. This is therefore a non-perturbative correction. We see that the ground
state degeneracy is lifted by instantons, that is, because of quantum tunnelling. This simple example
suggests that instantons will modify the vacuum structure of QFT. If we write

E∓ =
∑
p≥0

ap~p ±K~e−So/~,

it is clear that the non-perturbative correction gives a negligible contribution to the value of the energy.
It does however give the total value of the splitting

∆E = E+ − E−.

Before continuing with the computation of K we need to explain a subtle point. Recall the equation of
motion for the instanton

d2x

dt2
= V ′(x). (2.5.15)

The equation of motion is invariant under time translation. Under time translation, the position of the
instanton is shifted but its shape doesn’t change. The equation of motion remains the same at t + ε
and thus

d2x(t+ ε)

dt2
= V ′

[
x(t+ ε)

]
. (2.5.16)

Figure 2.13: Profile of instanton under time translation.

After expanding (2.5.16) we recover the equation of motion at order O(1)

d2x

dt2
= V ′(x). (2.5.17)

At order O(ε), we have

d2

dt2

(
dx

dt

)
= V ′′(x)

dx

dt
; (2.5.18)

⇒
(
−∂2

t + V ′′
∣∣
1-instanton

)(dx
dt

)
= 0. (2.5.19)
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This last equation tells us that the eigenfunction x1 = N dx
dt has the eigenvalue “0”. The normalization

constant N can be found by requiring that our eigenfunctions xn are orthonormal. When n = 1, we
have ∫ T/2

−T/2
dt
(
x1(t)

)2
= 1. (2.5.20)

Hence, the normalization constant N should satisfy N 2So = 1, i.e.

x1(t) =
1√
So

dx

dt
. (2.5.21)

x1 is called a zero-mode because it corresponds to eigenvalue λ = 0. Note that (2.4.5) and (2.5.21)
together yield

1 =

∫ T/2

−T/2
dt
(
x1(t)

)2
=

∫ T/2

−T/2
dt

1

So

(
dx

dt

)2

; (2.5.22)

So =

∫ T/2

−T/2
dt

(
1

2

(
dx

dt

)2

+ V (x)

)
. (2.5.23)

The last equation is nothing but the definition of So, which is the Euclidean action for a single instanton
(or anti-instanton). Using the equality of dx

dt and
√

2V , we can also write

So =

∫ a

−a
dx
√

2V (x). (2.5.24)

2.5.1 Remark. In the previous calculations we have used time translation symmetry and, as a conse-
quence of invariance of the system, we obtained the zero-mode x1(t). In general it is straightforward to
see that there should be a zero-mode associated to each symmetry.

Recall that for a general path, we had

x(t) = x̃(t) + C1x1(t) +
∑
n≥2

Cnxn(t); so that dx(t) = dC1x1(t) + . . . .

If x(t) is a solution for 1-instanton it should satisfy (2.5.21), so that

x(t+ dt1) = x(t) + dt1
dx

dt
.

Comparing the previous two equations gives

dC1 =
√
Sodt1,⇒

dC1√
2π~

=

√
So

2π~
dt1. (2.5.25)

As a consequence we have

Ne−S[x̃]/~√
det(−∂2

t + V ′′[x̃])
=

√
So

2π~
Ne−S[x̃]/~√

det′(−∂2
t + V ′′[x̃])

. (2.5.26)

The det(. . .) becomes det′(. . .) because we have to exclude the zero mode. Indeed, the integration over
the zero mode was already accounted for when we integrated over the center of the instanton. However,
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the measure for integration over the center of the instanton and integration over the zero mode are

related as in (2.5.25) so to keep the whole expression consistent we included the factor
√

So
2π~ in the

expression with det′(. . .).

Note that we only have time translation invariance (and hence the zero mode) in the limit T → ∞.
If we study the system for finite T , we don’t have time translation invariance for our system and λ1

doesn’t vanish.

2.6 Computation of K

To avoid the zero-mode, we will work with a finite time T . We will compute det(−∂2
t + V ′′[x̃]). We

are not going to redo all of the details of this calculation. The computation we perform now is a minor
change of the computation of section 2.3, reflecting the fact that the potential of the system is no
longer that of the harmonic oscillator. Recall that

〈a|e−HT/~| − a〉1−instanton =
NTe−So/~√

det′(−∂2
t + V ′′|1−instanton)

√
So

2π~
, (2.6.1)

=
NTe−So/~√

det(−∂2
t + ω2)

K; (2.6.2)

⇒ K =

√
So

2π~

√
det(−∂2

t + ω2)

det′(−∂2
t + V ′′|1−insanton)

. (2.6.3)

The determinant is expressed in terms of the function

(−∂2
t + V ′′)ψ0(t) = 0, (2.6.4)

which is exactly what we had in our discussion of the harmonic oscillator. In addition, we already have
a solution of this equation, in (2.5.19). Hence, we identify

ψ0(t) =
1√
So

dx

dt
. (2.6.5)

For one instanton we have

(−∂2
t + ω2)ψ0(t) = 0⇒ ψ0(t) =

1√
So

dx̃

dt
→ Ae−ωt, in the large t limit. (2.6.6)

We can also check that if y1 is a second solution we have

d

dt

(
x1
dy1

dt
− y1

dx1

dt

)
= 0, (2.6.7)

⇔
(
x1
dy1

dt
− y1

dx1

dt

)
= C (constant). (2.6.8)

Knowing the form of x1(t) (2.6.8) will allow us to determine the form of y1(t). (2.6.8) is known as the
Wronskian of the two solutions. Choose the constant C

C = 2Aω, (2.6.9)
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so that y1(t) is
y1(t) = Aeωt.

Note that this expression for y1(t) is only valid for large values of t because the expression we used for
x1(t), assumes large t. Having the two solutions x1(t) and y1(t), the general solution to (2.6.4) is

ψ0(t) = b1x1(t) + b2y2(t), (2.6.10)

where {bi}i=1,2 are real constants. Use the boundary conditions to fix the values of bi. The boundary
conditions that ψ0(t) satisfies are

ψ0(−T/2) = 0 and
dψ0(t)

dt

∣∣∣∣
t=−T/2

= 1. (2.6.11)

Substituting (2.6.10) into (2.6.11) leads to

b1 =
1

2Aω
eωT/2 b2 =

1

2Aω
e−ωT/2.

Our final solution is now

ψ0(t) =
1

2Aω
(eωT/2x1(t) + e−ωT/2y1(t)). (2.6.12)

This last expression for ψ0(t) yields

ψ0(T/2) =
1

ω
. (2.6.13)

Note that we have
det(−∂2

t + ω2)

λ0 det′(−∂2
t + V ′′)

=
det(−∂2

t + ω2)

det(−∂2
t + V ′′)

(2.6.14)

In the case of the simple harmonic oscillator we know that

ψh.o(t) =
1

ω
sinh

(
(
T

2
+ t)ω

)
; (2.6.15)

⇒ ψh.o(
T

2
) =

T→∞

1

2ω
eωT . (2.6.16)

Thus by use of (2.6.13), (2.6.14) and (2.6.16) the expression for K in (2.6.3) becomes

K =

√
So

2π~
eωT/2

√
λ0

2
. (2.6.17)

To determine λ0 solve
(−∂2

t + V ′′)ψλ(t) = λψλ(t), (2.6.18)

using the Green’s function G(t, t′) [13]. As usual, we write

ψλ(t) = ψ0(t) + λ

∫ T/2

−T/2
dt′G(t, t′)ψλ(t′). (2.6.19)

The Green’s function obeys
(−∂2

t + V ′′)G(t, t′) = δ(t− t′); (2.6.20)
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where δ(t− t′) is the Dirac delta distribution. In addition, ψ0(t) obeys

(−∂2
t + V ′′)ψ0(t) = 0.

The boundary conditions for our problem are

ψ0(−T/2) = 0 and
dψ0(t)

dt

∣∣∣∣
t=−T/2

= 1.

The second condition above again determines the otherwise arbitrary normalization of our solution. Now
if we define θ(t− t′), to be the Heaviside step function

θ(t− t′) =

{
0 if t′ ≥ t
1 if t′ < t

,

the Green’s function is given by

G(t, t′) = N
[
θ(t− t′)y1(t)x1(t′) + θ(t′ − t)x1(t)y1(t′)

]
. (2.6.21)

Integrating the equation (2.6.20), using the Green’s function (2.6.21), leads us to∫ t′+ε

t′−ε
dt(−∂2

t + V ′′)G(t, t′) =

∫ t′+ε

t′−ε
dtδ(t− t′) = 1; (2.6.22)

= − dG

dt

∣∣∣∣t′+ε
t′−ε

= −N [x1ẏ1 − ẋ1y1] = −2NωA = 1, (2.6.23)

⇒ N = − 1

2ωA
. (2.6.24)

Note that we have used (2.6.9) to obtain (2.6.23). Now, returning to (2.6.21), and using the above
results, we find

G(t, t′) = − 1

2ωA

[
θ(t− t′)y1(t)x1(t′) + θ(t′ − t)x1(t)y1(t′)

]
. (2.6.25)

Thus, for eigenvalue λ0 we have

ψλ0(t) = ψ0(t) + λ0

∫ T/2

−T/2
dt′G(t, t′)ψλ0(t′). (2.6.26)

Evaluating at T/2 we find

ψλ0(T/2) = 0 =
1

ω
+ λ0

∫ T/2

−T/2
dt′G(t, t′)ψ0(t′), (2.6.27)

=
1

ω
+ λ0

(
− 1

2ωA

)∫ T/2

−T/2
dt′y1(T/2)x1(t′)

[
1

2Aω

(
eωT/2x1(t′) + e−ωT/2y1(t′)

)]
(t > t′),

(2.6.28)

=
1

ω
+ λ0

(
−eωT

4A2ω2

)∫ T/2

−T/2
dt′x2

1(t′), (2.6.29)

=
1

ω
+ λ0e

ωT

(
− 1

4A2ω2

)
; (2.6.30)

⇔ λ0 = 4ωA2e−ωT ⇔ λ0 → 0, when T →∞. (2.6.31)



Section 2.7. A concrete computation Page 25

The passage to the third and fourth lines has used the orthogonality of x1 and y1. At this stage if we
plug this last expression into (2.6.17) we obtain the value

K =

√
So
π~ω

A. (2.6.32)

This completes the computation of ground state energies using instantons.

2.7 A concrete computation

In this section we will consider a specific potential and carry out the explicit calculation of the number
K. We have mentioned previously that the number K can be interpreted as the inverse square root of
the product of the energies of any boundstates of a well in V ′′ times the zero mode measure and a factor
measuring the effect of the well on the continuum eigenvalues. Here we demonstrate this statement by
direct calculation. We study the following potential

V (x) = gx4 − x2 +
1

4g
, (2.7.1)

where g is positive real parameter. Clearly this potential is an example of a double well potential. Note
that the potential V (x) can be written as

V (x) = g

(
x2 − 1

2g

)2

. (2.7.2)

Consider the equation for the instanton obtained in (2.4.9),

dx

dt
= ±

√
2V (x). (2.7.3)

Inserting the expression for V in (2.7.2) into this equation yields

dx

dt
= ±

(
(
√

2gx)2 − 1√
2g

)
. (2.7.4)

Now integrate this equation to get a solution x̃(t), which is an extremum of the Euclidean action. We
find

±
√

2gdx

(
√

2gx)2 − 1
= dt, (2.7.5)

±
∫ x̃

0

√
2gdx′

(
√

2gx′)2 − 1
=

∫ t

t2

dt = (t− t2). (2.7.6)

The admissible boundary conditions are xi = ±1√
2g

, xf = ±1√
2g

. Furthermore, for our Euclidean motions

we always have
−1√
2g

< x̃(t) <
1√
2g
. (2.7.7)

Hence,

±
∫ √2gx̃

0

dx′

1− (x′)2
= (t− t2), (2.7.8)

±atanh(
√

2gx̃) = (t− t2), (2.7.9)

⇒ x̃ = ±tanh(t− t2)√
2g

. (2.7.10)
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The profile of x̃(t) matches what we sketched in Figure 2.9. Having the above expression for x̃, we can
now compute V ′′[x̃]. We find

V ′′(x) = 12gx2 − 2, (2.7.11)

⇒ V ′′(x̃) = 6 tanh2(t− t2)− 2. (2.7.12)

We also need to evaluate So since the expression for K in (2.6.32) depends on it. Recall that

So =

∫ 1√
2g

−1√
2g

dx
√

2V (x). (2.7.13)

Inserting the expression for V (x) obtained in (2.7.2), we find

So =

∫ 1√
2g

−1√
2g

dx

√
2g

(
1

2g
− x2

)2

, (2.7.14)

= 2
√

2g

∫ −1√
2g

0

(
1

2g
− x2

)
, (2.7.15)

= 2
√

2g

(
x

2g

∣∣∣∣1/
√

2g

0

− x3

3

∣∣∣∣1/
√

2g

0

)
, (2.7.16)

⇒ So =
2

3g
. (2.7.17)

A quick calculation shows
ω2 = V ′′(±1/

√
2g) = 4 = 22;⇒ ω = 2. (2.7.18)

To find the value of A, we proceed as follows. From (2.6.6) we know that for large t we have

1√
So

dx̃

dt
= Ae−ωt. (2.7.19)

Substituting the values of x̃(t), ω and So we find

Ae−2t =
1√

2
3g

1√
2g

1

cosh2(t)
=

√
3

2

1

cosh2(t)
(2.7.20)

For large t, cosh2(t) is approximatively e2t. Hence, the value of A in this limit is

Ae−2t =

√
3

2
e−2t; (2.7.21)

⇒ A =

√
3

2
. (2.7.22)

Now, substitute the above values into the expression for K found in (2.6.32) to obtain

K =

√
So
π~ω

A =

√
2
3g

2π~

√
3

2
. (2.7.23)

Finally, the value of K is

K =

√
1

πg~
. (2.7.24)
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We want to show that K is equal to the product of the zero mode measure
√

So
2π~ with the inverse square

root of the product of the energies of any boundstates of a well in V ′′ and a factor
√

Φ−1 measuring
the effect of the well on the continuum eigenvalues of the following equation(

− d2

dt2
+ V ′′(x̃)

)
ψλ = λψλ (2.7.25)

with the boundary condition

ψλ(±T/2) = 0.

Concretely we want to prove that

K =

√
1

πg~
=

√∏
i

λ−1
i

√
Φ−1

√
So

2π~
(2.7.26)

where i runs over the boundstates and Φ is the total contribution from the continuum eigenvalues of
(2.7.25). In this section we will not compute Φ because a very detailed and complete calculation of
Φ can be found at [12, p. 220-222], thus we just give the result found in this source Φ = 1

9 . For our
problem (2.7.25) is given by (

− d2

dt2
+ 6 tanh2(t− t2)− 2

)
ψλ = λψλ. (2.7.27)

Our discussion makes use of [14, p. 72-73]. Choosing t2 = 0, (2.7.27) can be written as

d2

dt2
Ψ +

(
λ+ 2− 6 tanh2(t)

)
Ψ = 0. (2.7.28)

Use the new variable
ξ = tanh(t).

Using

dξ

dt
= 1− tanh2(t) = 1− ξ2, (2.7.29)

d2ξ

dt2
=

d

dt
[1− tanh2(t)] = −2[1− tanh2(t)] tanh(t) = −2(1− ξ2)ξ, (2.7.30)

and the chain rule property of the differentiation, we have

d2Ψ

dt2
=

d

dt

dΨ

dt
=

d

dt

(
dξ

dt

dΨ

dξ

)
, (2.7.31)

=
d2ξ

dt2
dΨ

dξ
+

(
dξ

dt

)2 d2Ψ

dξ2
, (2.7.32)

= −2(1− ξ2)ξ
dΨ

dξ
+ (1− ξ2)2d

2Ψ

dξ2
. (2.7.33)

(2.7.28) now becomes

− 2(1− ξ2)ξ
dΨ

dξ
+ (1− ξ2)2d

2Ψ

dξ2
+ [λ− 4 + 6(1− ξ2)]Ψ = 0, (2.7.34)
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which can be written as

d

dξ

(
(1− ξ2)

dΨ

dξ

)
+

(
2(2 + 1)− 4− λ

1− ξ2

)
Ψ = 0. (2.7.35)

It turns out that (2.7.35) is solved by associated Legendre polynomials of degree l = 2 and order
m =

√
4− λ. In fact, the associated Legendre polynomials of degree l and order m are defined by

d

dx

(
(1− x2)

dΦm
l (x)

dx

)
+

(
l(l + 1)− m2

1− x2

)
Φm
l (x) = 0, (2.7.36)

where l and m are integers and x ∈ [−1, 1] ⊂ R. In addition, only pairs of integers l and m satisfying
0 ≤ m ≤ l yield a unique non trivial solution defined by

Φm
l (x) = (−1)m(1− x2)

m
2
dl+m

dxl+m
(x2 − 1)l. (2.7.37)

Hence (2.7.35) has two normalizable solutions for l = 2 if and only if

m =
√

4− λ ∈ N ∪ {0} ⇔ λ =

{
λo = 0 ⇒ m = 2 ≤ l = 2,

λ1 = 3 ⇒ m = 1 < l = 2.
(2.7.38)

Note that λ = 4 also yields a Legendre polynomial, but its associated eigenfunction Φ0
2(ξ) is not

normalizable. Thus, (2.7.25) has exactly two eigenvalues

λo = 0, (2.7.39)

λ1 = 3. (2.7.40)

Another way of finding these values is to numerically solve the partial differential equation (2.7.25). In
the appendix Chapter A.1 we carry out this exercise and show that the only normalizable eigenfunctions
for (2.7.25) indeed correspond to the above eigenvalues. λo = 0 is the eigenvalue associated to the zero
mode and we should have expected its presence. Now, we have

K =

√
So

2π~
1√
3

√
Φ−1 =

√
2
3g

2π~
1√
3

√
9, (2.7.41)

=

√
1

πg~
. (2.7.42)

Hence, there is complete agreement between (2.7.24) and (2.7.42). This shows that K is indeed the
product of the zero mode measure with the inverse square root of the product of the energies of any
boundstates of a well in V ′′ times the effect of the well on the continuum eigenvalues of(

−∂2
t + V ′′

)
ψλi(t) = λiψλi(t). (2.7.43)

For a single instanton, i.e. a single dip of the potential V ′′, the potential is plotted in the following
figure.
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Figure 2.14: Boundstate eigenvalues of the potential V ′′.

2.8 Band energy and instantons

In this section our discussion follows [15]. Our starting point was the simple harmonic oscillator. In
this case the Euclidean action has only one extremum. Next we considered a double well potential.
Since this potential has two minima, we showed that the Euclidean action has an infinite number of
extrema. These extrema were a succession of instantons and anti-instantons chosen to be consistent
with the boundary conditions. We are now going to consider a potential that is a one dimensional
periodic function of position. In this case any collection of instantons and/or anti-instantons gives an
extremum of the Euclidean action. We consider the potential

V (x) =
1

2
− cos(2πx)

2
.

Figure 2.15: Profile of V (x) together with a particle tunnelling through the barriers of potential from
minima to minima

As seen in Figure 2.15, the allowed tunnelling transitions has dramatically increased. For example the
number of instantons can considerably exceed the number of anti-instantons. To see what is going on
we draw an example of a configuration of instantons and anti-instantons in Figure 2.16.
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Figure 2.16: Example of a configuration for particle tunnelling from x = 2 to x = −2

For simplicity denote {
ñ numbers of anti-instantons

n numbers of instantons.

We can easily see from Figure 2.16 that n and ñ satisfy

nf − ni = ñ− n, (2.8.1)

where ni and nf are respectively the initial and final position of the particle. As usual, we want to
compute

〈nf |0〉〈0|ni〉e−EoT/~.

In our semiclassical approximation we have

〈nf |0〉〈0|ni〉e−EoT/~ =
∑
n≥0

∑
ñ≥0

δnf−ni+n−ñe
−(n+ñ)So~

(√
2ω

π~
e−ωT/2Kn+ñ

)
Tn+ñ

n!ñ!
. (2.8.2)

Now, note that

δnf−ni+n−ñ =

∫ 2π

0
dθei2π(nf−ni+n−ñ)θ. (2.8.3)
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Thus (2.8.2) can be rewritten as two unconstrained sums

〈nf |0〉〈0|ni〉e−EoT/~ =
∑
n≥0

∑
ñ≥0

∫ 2π

0
dθei2π(nf−ni+n−ñ)θe−(n+ñ)So~

(√
2ω

π~
e−ωT/2Kn+ñ

)
Tn+ñ

n!ñ!
,

(2.8.4)

=

∫ 2π

0
dθ

√
2ω

π~
e−

ωT
2

+i2π(nf−ni)θ
∑

n≥0,ñ≥0

(
KTe−

So
~ ei2πθ

)n
n!

(
KTe−

So
~ e−i2πθ

)ñ
ñ!

,

(2.8.5)

=

∫ 2π

0
dθ

√
2ω

π~
e−

ωT
2

+i2π(nf−ni)θ exp
(
KTe−

So
~ ei2πθ

)
exp

(
KTe−

So
~ e−i2πθ

)
,

(2.8.6)

=

∫ 2π

0
dθ

√
2ω

π~
e−

ωT
2

+i2π(nf−ni)θ exp
(

2KTe−
So
~ cos(2πθ)

)
, (2.8.7)

=

∫ 2π

0
dθ

√
2ω

π~
ei2π(nf−ni)θe[− ~ω

2
+2~Ke−

So
~ cos(2πθ)]T~ (2.8.8)

Clearly, (2.8.8) permits us to identify the energy

Eo =
~ω
2
− 2~Ke−So/~ cos(2πθ), (2.8.9)

and the wavefunction

〈nf |0〉〈0|ni〉 =

√
2ω

π~
ei2π(nf−ni)θ. (2.8.10)

So the single infinitely degenerate ground state has been replaced by a continuous energy spectrum,
parametrized by θ. These results are familiar from solid-state physics. The degenerate ground state
energy has been replaced by a band of allowed energy levels. In solid state physics these bands and
(and the gaps between bands, called band gaps) are derived by examining the allowed quantum me-
chanical wavefunctions for an electron in a large, periodic lattice of atoms or molecules. Band theory
explains many physical properties of solids, including electrical resistivity and optical absorption. Here
we have obtained the lowest band of allowed energies by summing over instanton and anti-instanton
configurations.

2.9 Schrödinger equation description of the double well potential

In this section we want to recover the expression for the ground state energy found in (2.5.13)

E∓ =
~
2
±
√
~So
π
Ae−So/~. (2.9.1)

Note that above we set ω = 1 and use the expression for K found in (2.6.32). To recover this result
we are going to solve the Schrödinger equation using the WKB approximation. Our motivation is to
verify that the instanton calculation is in perfect agreement with standard quantum mechanics. The
time independent Schrödinger equation in one dimension is

HΨ(x) =

(
−~2

2m

d2

dx2
+ V (x)

)
Ψ(x) = EΨ(x). (2.9.2)
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When the potential V (x) is constant, Ψ(x) is a plane wave. It is straightforward to see that the plane
wave solution, in the case of a constant potential, has the form

Ψ(x) = Ψoe
i
~px, p = ±

√
2m(E − V ).

Of course, p is constant because we assumed that V is constant. Lets continue to use this formula,
even when we have a position dependent potential. We write

Ψ(x) = e
i
~

∫ x
0 dyp(y) where (p(y))2 = 2m[E − V (y)], (2.9.3)

This is not a solution. However, if we set

Ψ(x) = e
i
~

∫ x
0
dyp(y)+

∑
i≥1 ~i−1φi(x), (2.9.4)

and plug it into the Schrödinger equation,(
− ~

2

2m

d2

dx2
+ V (x)

)
e
i
~

∫ x
0
dyp(y)+iφ1(x)+i~φ2(x)+O(~2) = Ee

i
~

∫ x
0
dyp(y)+iφ1(x)+i~φ2(x)+O(~2) (2.9.5)

we have

−~2

2m

d

dx
Ψ(x) =

−~2

2m

(
i

~
p(x) + iφ′1(x) +O(~)

)
Ψ(x), (2.9.6)

⇒ −~
2

2m

d2

dx2
Ψ(x) =

−~2

2m

(
i

~
p′(x) + iφ′′1(x) +O(~)

)
Ψ(x)− ~2

2m

(
i

~
p(x) + iφ′1(x) +O(~)

)2

Ψ(x).

(2.9.7)

Hence we get

for O(~0) :
p2(x)

2m
+ V (x) = E, (2.9.8)

for O(~1) :
−i~
2m

p′(x) +
~
m
p(x)φ′1(x) = 0. (2.9.9)

Clearly at first order in ~, which is given in equation (2.9.8) we recover the definition of p(x) itself. At
the second order given in equation (2.9.9) we can obtain φ1(x) by solving this an ordinary differential
equation. We find

−i
2
p′(x) + p(x)φ′1(x) = 0⇔ φ′1(x) =

i

2

p′(x)

p(x)
, (2.9.10)

⇒ φ1(x) =
d

dx

(
i log

(√
p(x)

))
. (2.9.11)

Finally, by choosing the constant of integration to be zero, the WKB wavefunction is

ΨWKB =
e
i
~

∫ x
0
dyp(y)√
p(x)

. (2.9.12)

We need to know where the WKB wavefunction provides a valid description. ΨWKB is only valid away
from the turning points of the classical motion. Since we are considering particles of very small energy,
the turning points of the classical motion are near the bottom of each well. To solve our problem, we
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will use the WKB approximation far from the bottom of each well and the harmonic oscillator solution
near the bottom of each well. To obtain the complete wavefunction we will match these two descriptions
in the region in which they overlap. This is illustrated in Figure 2.17.

Figure 2.17: Figure illustrating our description.

Thus far from the wells, we transform p(x)→ ik(x) so that our WKB wavefunction becomes

ΨWKB(x) =
1√
k(x)

e
−1
~

∫ x
0
dyk(y), k(y) =

√
2m(E − V (y)). (2.9.13)

Far from the minima of the potential
E � V (x).

In this case,

k(x) =
√

2(V (x)− E), (2.9.14)

=
√

2V (x)

√
1− E

V (x)
=
√

2V (x)

(
1− E

2V (x)

)
+ · · · , (2.9.15)

=
√

2V (x)− E√
2V (x)

+ · · · . (2.9.16)

Integrating the above expression yields∫ x

0
dyk(y) =

∫ x

0
dy
√

2V (y)−
∫ x

0
dy

E√
2V (y)

+ · · · . (2.9.17)

It turns out that we can relate the integral of k(x) to the Euclidean action So of a single instanton. In
fact, the first term can be rewritten as∫ x

0
dy
√

2V (y) =

∫ a

0
dy
√

2V (y) +

∫ x

a
dy
√

2V (y). (2.9.18)

Since V (x) is an even function, we have∫ a

0
dy
√

2V (y) =
1

2

∫ a

−a
dy
√

2V (y) =
So
2
. (2.9.19)
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Close to the bottom of the well we can replace V (x) by (a−x)2

2 . Hence,∫ x

a
dy
√

2V (y) =

∫ x

a
dy(a− y) = −(a− x)2

2
. (2.9.20)

Thus, we have ∫ x

0
dy
√

2V (y) =
So
2
− 1

2
(a− x)2. (2.9.21)

Recall that dx
dt =

√
2V (x). Thus ∫ x

0
dy

E√
2V (y)

= E

∫ x

0
dy

1
dy
dt

, (2.9.22)

= E

∫ t

0
dt = Et. (2.9.23)

Note that in the last line we choose t = 0 when x = 0, for simplicity. We are always free to choose the
time t = 0 in any convenient way. The energy E is a small perturbation of the ground state energy of
the oscillator

E =
~
2

+ ε. (2.9.24)

Recall that for large t, x̃ is close to a and we have

Ae−t =
1√
So

√
2V (x) =

a− x√
So

. (2.9.25)

Thus, we have

t = log

(
A
√
So

a− x

)
. (2.9.26)

Consequently,

Et =

(
~
2

+ ε

)
log

(
A
√
So

a− x

)
. (2.9.27)

Finally, combining the above results, we have a complete analytic expression for the integral∫ x

0
dyk(y) =

So
2
− 1

2
(a− x)2 −

(
~
2

+ ε

)
log

(
A
√
So

a− x

)
, (2.9.28)

in the region close to x = a.

The WKB wavefunction of definite parity is

Ψ±(x) =
1√
k(x)

[
e

1
~
∫ x
0 dyk(y) ± e−

1
~
∫ x
0 dyk(y)

]
(2.9.29)

which, after using (2.9.28) becomes

Ψ±(x) =
1√
k(x)

eSo2~−
(a−x)2

2~

√
a− x
A
√
So
± e−

So
2~ +

(a−x)2

2~

√
A
√
So

a− x

 , (2.9.30)
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Further, if we make the approximation√
k(x) =

√
2V (x)− E√

2V (x)
≈
√

2V (x), (2.9.31)

=
√
a− x, (2.9.32)

the final expression for the wavefunction is

Ψ±(x) =
1√
a− x

eSo2~−
(a−x)2

2~

√
a− x
A
√
So
± e−

So
2~ +

(a−x)2

2~

√
A
√
So

a− x

 . (2.9.33)

This wavefunction is clearly not normalizable. This is an artifact of our approximation and for very
large x we know this wavefunction will receive further corrections that ultimately do give a normalizable
wavefunction. Now consider the regions near the bottom of the potential. These regions are treated as
a simple harmonic oscillator. Thus, the ground state wavefunction is

ψ1(x) = e−
(a−x)2

2~ . (2.9.34)

Since the Schrödinger equation is a second order differential equation we know there is a second solution
φ1. To obtain φ1 we will again use the Wronskian equation

φ1(x)
dψ(x)

dx
− ψ1(x)

dφ(x)

dx
= C, (2.9.35)

where C is a constant. In fact, choosing φ1(x) = e
(a−x)2

2~
a−x , and assuming

1

(a− x)2
� 1

~
(2.9.36)

we find C = 2
~ . The proof is by direct calculation.

Proof.

φ1(x)
dψ1(x)

dx
− ψ1(x)

dφ(x)

dx
=
e

(a−x)2

2~

a− x

(
(a− x)

2~
e−

(a−x)2

~

)
+ e−

(a−x)2

2~

e (a−x)2

2~

~
− e

(a−x)2

2~

(a− x)2

 ,

=
2

~
− 1

(a− x)2
.

Clearly the last line gives C = 2
~ , after use of the assumption in (2.9.36).

Our wavefunction should be a small perturbation of the harmonic oscillator wavefunction. The time
independent Schrödinger equation is(

−~2

2

d2

dx
+

(a− x)2

2

)
Ψ =

(
~
2

+ ε

)
Ψ. (2.9.37)

Introduce Ψo(x) which satisfies (
−~

2

2

d2

dx
+

(a− x)2

2
− ~

2

)
Ψo = 0. (2.9.38)
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In terms of the Green’s function G(x, x′), we have

Ψ(x) = Ψo(x) + ε

∫
dx′G(x, x′)Ψ(x′). (2.9.39)

The Green’s function G(x, x′) obeys(
−~

2

2

d2

dx2
+

(a− x)2

2
− ~

2

)
G(x, x′) = δ(x− x′). (2.9.40)

To see that (2.9.39) is a solution, note that(
−~

2

d2

dx2
+

(a− x)2

2
− ~

2

2

)
Ψ(x) =

(
H − ~

2

)
Ψ(x) = εΨ(x), (2.9.41)

⇔
(
H − ~

2

)(
Ψo(x) + ε

∫
dx′G(x, x′)Ψ(x′)

)
= εΨ(x), (2.9.42)

⇒
(
H − ~

2

)
G(x, x′) = δ(x− x′). (2.9.43)

It is not difficult to see that

G(x, x′) = N [θ(x− x′)φ1(x)ψ1(x′) + θ(x′ − x)φ1(x′)ψ1(x)]. (2.9.44)

This is indeed how we proceeded when we were working out the analytic expression for K in section
2.6. Integration of (2.9.43) yields

−~
2

2

dG

dx

∣∣∣∣x=x′+ ε
2

x=x′− ε2

=
~2

2
N(φ1

dψ1

dx
− ψ1

dφ1

dx
) = ~N = 1. (2.9.45)

Hence, we have N = 1
~ . Therefore in the region close to a such that x′ < x, we have the following

expression for Ψ.

Ψ(x) = e−
(a−x)2

2~ +
ε

~

∫
dx′φ1(x)ψ2

1(x′). (2.9.46)

Using the integral ∫
dx′ψ2

1(x′) =

∫
dx′e−

(a−x)2

~ =
√
π~, (2.9.47)

we obtain the final expression for Ψ at the bottom of the potential

Ψ(x) = e−
(a−x)2

2~ + ε
e−

(a−x)2

2~

a− x

√
π

~
. (2.9.48)

Matching the two wavefunctions (2.9.33) and (2.9.48), we can identify

Ae−So/~
√
So = ε

√
π

~
⇒ ε = e−

So
~

√
~So
π
A. (2.9.49)

This is our final result for the value of the small perturbation of energy. This reproduces the level
splitting computation using instantons perfectly.



Section 2.10. Bounces Page 37

2.10 Bounces

Bounces are another type of solution that extremize the Euclidean action. We could say that bounces
are cousins of instantons. One example where bounces play a role is for the potential plotted in Figure
2.18 below

Figure 2.18: A particle tunnels from x = 0 through the potential barrier.

The state in which the particle sits at the bottom of the potential is unstable due to tunneling. Using
the bounce we will be able to give a semiclassical description of this instability.

Figure 2.19: The Euclidean action has potential −V (x). One possible Euclidean motion corresponds to
a particle “bouncing” as shown.

From the Figure 2.21 we see that there is a motion in which the particle starts from x = 0, it rolls in
the positive x direction, up the hill and then reverses direction to again come to rest at x = 0. This
gives the bounce solution. The bounce is plotted in Figure 2.20 below.

Figure 2.20: Spacetime diagram of the bounce.
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The Euclidean action for a single bounce is

So =

∫
dt

(
1

2

(
dx

dt

)2

+ V

)
=

∫ √
2V (x). (2.10.1)

Using the techniques we developed in previous sections, we have

〈0|e−HT/~|0〉 =
∑
i

NeS[x̃i/~]√
det(−∂2

t + V ′′)
(2.10.2)

In a dilute bounce gas approximation we have

〈0|e−HT/~|0〉 =
∑
n

e−nSo/~
√

2ω

π~
e−ωT/2KnT

n

n!
,

=

√
2ω

π~
e−ωT/2eKTe

−So/~
.

Hence the expression for the energy is

E =
~ω
2
− ~Ke−So/~. (2.10.3)

There are a few comments that we can make about this formula. First, note that the bounce has
corrected the energy E of the state. The correction is exponentially small in ~, which is much smaller
than perturbative corrections would be. Why should we keep this correction when we have dropped
perturbative corrections? Next, consider the value of K. Recall that K is given by

K =

√∏
i

λi =
√

det(−∂2
t + V ′′). (2.10.4)

We know that we have a zero mode eigenstate x1 ∝ dx̃
dt due to time translation invariance. Given the

profile of x̃(t) in Figure 2.20, the profile of the zero mode eigenstate is given in the following figure.

Figure 2.21: Profile of the zero mode associated to the time translation invariance. The node in the
Euclidean wavefunction at t = 0 is shown.
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This eigenfunction has a single node. Thus, there will be another eigenmode whose eigenfunction has no
nodes. This eigenmode will have an even lower value of λ. Thus for the lowest mode we have λ0 < 0.
Since λ0 is the only negative eigenvalue

∏
i λi is negative. As a consequence K is pure imaginary. In

total the small term which perturbs the energy in (2.10.3) is a pure imaginary. This observation is good
news! Indeed, it explains why we keep the minute correction due to the bounce: this small correction
is the leading contribution to the imaginary part of the energy of the state. Moreover, since we are
getting a complex energy we know that we are not studying an energy eigenstate of the Hamiltonian.
Indeed we know that our state is unstable so it is not an eigenstate of the full Hamiltonian. Finally, the
imaginary contribution to the energy sets the lifetime of our particle. Indeed, note that

e−iEt/~ = e−iωt/2−|Ke
−So/~|t.

This wavefunction tell us that at large t the probability of finding the particle goes to zero, which is
what we expect for an unstable state.

This concludes our discussion of instantons in quantum mechanics and provides the background for our
study of instantons in Yang-Mills theories. Before we take this next step, we will review the quantization
of Yang-Mills theories, in the next chapter.



3. Quantization of Gauge Theories

3.1 Why do we need “gauge symmetry”?

The success of Quantum Mechanics (QM) and Special Relativity (SR) are not only based on the beauty
of the theories but also on their perfect agreement with experiment. At the time of writing, we know
that theories of physics are necessarily quantum mechanical at very small length scales. Similarly, when
the speed of particles become comparable to the speed of light, we need to use SR. Hence, both QM and
SR have their own different domains of applicability in nature. These two domains can overlap, in which
case our description must be both quantum mechanical and special relativistic. Examples of phenomena
which need both QM and SR are the scattering experiments carried out at particle accelerators. As
we will see, in constructing descriptions for particles with spin, there is a tension between QM and SR.
Ultimately this tension is resolved by gauge symmetry.

3.2 The trouble with Canonical Quantization

In this section we will demonstrate the tension present between QM and SR by quantizing a free vector
field. As a starting point, consider the following Lagrangian density of a free scalar

L =
1

2
∂µφ∂

µφ− 1

2
m2φ2. (3.2.1)

The scalar field can be thought of as a real valued function, φ(~x, t) attached to each point of the
4-dimensional Minkowski spacetime. The mode expansion for φ can be written as

φ(~x, t) =

∫
d3k

(2π)3

1

2ω~k

(
a~ke
−ik·x + a?~ke

ik·x
)
, (3.2.2)

where

k · x =

(√
~k2 +m2

)
t− ~k · ~x = ω~kt− ~k · ~x.

Note that up to this point our treatment is classical. In canonical quantization one needs to compute
the canonical momentum

Π(~x, t) =
∂L
∂φ̇

=
∂φ(~x, t)

∂t
, (3.2.3)

=

∫
d3k

(2π)3

1

2ω~k
(−iω~k)

(
a~ke
−ik·x − a?~ke

ik·x
)

(3.2.4)

and impose the commutation relation

[φ(~y, t),Π(~x, t)] = iδ(~x− ~y). (3.2.5)

Of course Π and φ become operators in the quantization process. Hence, a?~k
, a~k become respectively

a†(k), a(k) and obey the commutation relation

[a~k, a
†
~p] = (2π)32ω~kδ(

~k − ~p). (3.2.6)

40
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Hence the energy of a single mode is proportional to |a~k|
2 or more precisely, to the number operator

N ∝ a†~ka~k.

In the case of a free vector field, by analogy to the scalar field, we should have

Aµ(~x, t) =

∫
d3k

(2π)3

1

2ω~k
[aµ(~k)e−ik·x + a?µ(~k)eik·x], (3.2.7)

where each component Aµ of the vector field is treated as a single scalar field. After the process of
quantization we expect

[aµ(~k), a†ν(~p)] = (2π)32ω~kδ(
~k − ~p)δµν . (3.2.8)

Consider now a quantum state such as

|Ψ〉 =

∫
d3k

(2π)3
fµ(~k)a†µ(~k)|0〉.

According to quantum mechanics, the norm of the state |Ψ〉 represents a probability. Thus, we should
have ∣∣|Ψ〉∣∣2 = 〈0|

∫
d3kd3k′

(2π)6
fµ(~k)?fν(~k′)aµ(~k)a†ν(~k′)|0〉, (3.2.9)

=

∫
d3kd3k′

(2π)6
fµ(~k)?fν(~k′)〈0|[aµ(~k), a†ν(~k′)]|0〉, (3.2.10)

=

∫
d3k

(2π)3
2ω~kδµνf

µ?(~k)fν(~k) ≥ 0. (3.2.11)

Clearly the positivity of norms of states required by QM is obeyed by the relation (3.2.11). However,
SR is spoiled, because δµν is not a Lorentz invariant. It is clear that, replacing δµν with −ηµν gives an
equation that is consistent with SR. However doing so leads to a conflict with QM. In fact, since ηµν ,
has signature (+,−,−,−), the norm of |Ψ〉 is no longer a probability because∫

d3k

(2π)3
2ω~kηµνf

µ?(~k)fν(~k) ≥ 0 (3.2.12)

is no longer guaranteed. Indeed, we have

−
∫

d3k

(2π)3
2ω~kη00|f0(~k)|2 < 0. (3.2.13)

Resolution.

We have exhibited the tension between QM and SR in the case of a free vector field. We now want to
argue that gauge invariance resolves this tension. Recall that the Lagrangian density associated to the
free vector field is

L = −1
4FµνF

µν , where Fµν = ∂µAν − ∂νAµ. (3.2.14)

The field strength Fµν is invariant under the following transformation:

Aµ → A′µ = Aµ + ∂µχ. (3.2.15)

This transformation is known as an Abelian gauge transformation (it is an example of local symmetry)
of the field Aµ. The two fields A′µ and Aµ describe the same physical state. Thus the number of degrees
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of freedom is decreased. As a consequence the states with negative norm are removed, and the tension
between QM and SR is resolved. In general in QFT, “gauge symmetry” is always introduced to remove
negative norm states.

Return to the action

S =

∫
d4xL =

∫
d4x

(
−1

4FµνF
µν
)
. (3.2.16)

The conjugate momentum are

Πµ =
∂L
∂Ȧµ

= −1
2F

αβ ∂Fαβ
∂(∂0Aµ)

, (3.2.17)

= −1
2F

αβ ∂(∂αAβ − ∂βAα)

∂(∂0Aµ)
, (3.2.18)

= −1
2F

αβ(δ0
αδ

µ
β − δ

0
βδ
µ
α) (3.2.19)

= −1
2F

0µ + 1
2F

µ0, (3.2.20)

Πµ = Fµ0. (3.2.21)

Clearly, from the definition of Fµν , we have Π0 = 0.

3.3 Quantization of a constrained system

In the quantization of the free vector field, we require the following commutations relations

[Π0(t, ~x), A0(t, ~y)] = iδ(~x− ~y); (3.3.1)

[Πi(t, ~x), Aj(t, ~y)] = −iδijδ(~x− ~y). (3.3.2)

Note that (3.3.1) is not consistent with Π0 = 0. One way out of this contradiction is to change our
method of quantization. Systems like the free vector field are known as “constrained systems”. The
constraint is the relation Π0 = 0. In the next paragraphs we will see how quantization is carried out for
a constrained system. Dirac was the first to propose a method of quantizing constrained systems, [16].

We will work in the Heisenberg picture. For a constrained system, which has Hamiltonian H, the
equations of motion are

i
dO

dt
= [O,H], (3.3.3)

χi = 0. (3.3.4)

(3.3.3) is just the usual Heisenberg equation for an operator O and (3.3.4) are the constraints for our
system. Now, the rules according to Dirac are the following:

Step 1 Determine the conditions implied by the time evolution of the constraints, i.e.

0 = i
dχi
dt

= [χi, H]. (3.3.5)

(3.3.5) will lead to one of the following cases:

i) The set of equations (3.3.5) is nonsense. Hence the problem is not sensible.
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ii) The set of equations (3.3.5) is consistent and obeyed when χi = 0.

iii) The set of equations (3.3.5) are consistent but even when (3.3.5) is obeyed they imply some new
constraints φj |j=1,2,... = 0. The new constraints are known as secondary constraints.

Step 2 Repeat step 1 but replacing (3.3.5) by the following equations{
[χi, H] = 0

[φj , H] = 0.
(3.3.6)

Step 3 Keep repeating the step 1 until we have a complete set of constraints

ϕk = {χi, φj} . (3.3.7)

• Step A. Divide the constraints into 2 classes, 1st class and 2nd class. If ϕk is a second class
constraint, then [ϕj , ϕk]|∀ϕl=0

6= 0. If a constraint is not 2nd class, it is 1st class. Denoting second
class constraints ηi and first class constraints τi we have

[τi, ϕk]ϕk=0 = 0 ← no obstacle to setting τi = 0,

[ηi, ηj ]ϕk=0 6= 0 → can’t set ηi = 0.

• Step B. Set
τi = 0,

and change the method of quantization by changing the commutation relations to

[A,B]→ [A,B]D = [A,B]−
∑
i,j

[A, ηi]Mij [ηj , B], with (M−1)ij = [ηi, ηj ].

Under the new commutation relation, (3.3.3) is not changed

i
dO

dt

∣∣∣∣
∀ϕl=0

= [O,H]D|∀ϕl=0
=

[O,H]−
∑
i,j

[O, ηi]Mij [ηj , H]

∣∣∣∣∣∣
∀ϕl=0

= [O,H]. (3.3.8)

The third equality above follows because we know that [ηj , H|∀ϕl=0 = 0. Also, we have

[ηk, ηl]D = [ηk, ηl]−
∑
i,j

[ηk, ηi]Mij [ηj , ηl],

= [ηk, ηl]− δkj [ηj , ηl],
= [ηk, ηl]− [ηk, ηl] = 0.

At this stage Dirac’s algorithm of quantizing a constrained system can be considered as a set of arbitrary
but self consistent rules. However, if we use this algorithm in quantizing the free vector field described
previously, we will see that all these steps are sensible and reproduce what we observe in experiment.

Now let us return to the problem of the quantization of the vector field Aµ, armed with Dirac’s algorithm.
Recall that the first step is to ensure the constraints χi = 0 are preserved in time. This implies

[χi, H] = 0.
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Our first constraint is
χ1 = Π0 = 0. (3.3.9)

Next, we can choose
χ2 = A0 = 0. (3.3.10)

That is because Π0 does not appear in H so that [A0, H] = 0 implying A0 is a constant. We will choose
Aµ so that

χ3 = ~∇ · ~A = 0. (3.3.11)

(3.3.11) can be satisfied by making use of the gauge transformation (3.2.15), and (3.3.10). This is
achieved if we choose χ so that

~∇ · ~A′ = ~∇ · ~A− ~∇ · ~∇χ = 0. (3.3.12)

We must ensure that ∂0χ = 0 so that we don’t disturb A0 = 0. Indeed, under the above gauge
transformation

A′0 = A0 + ∂0χ. (3.3.13)

Note that, since there is no matter, Maxwell’s equations imply

~∇ · ~E = −~∇ · ~∇A0 − ~∇ · ~̇A = 0. (3.3.14)

In our A0 = 0 gauge we have

~∇ · ~E = −~∇ · ∂
~A

∂t
= − ∂

∂t
~∇ · ~A = 0. (3.3.15)

From (3.3.12) we see that χ will indeed be independent of time. Our choice A0 = 0 and ~∇ · ~A = 0 is
known as Coulomb gauge. Thus we have three constraints (3.3.9), (3.3.10) and (3.3.11). We need to
compute the commutator of these constraints with the Hamiltonian H. Consider the Hamiltonian H,

H =

∫
d3x

(
ΠµȦµ − L

)
, (3.3.16)

=

∫
d3x

[
Fµ0(∂0Aµ − ∂µA0) + 1

4FµνF
µν + Fµ0∂µA0

]
, (3.3.17)

=

∫
d3x

(
1
2F

i0F i0 + 1
2F

ijF ij + F i0∂iA
0
)
, (3.3.18)

=

∫
d3x

(
1
2
~Π · ~Π + 1

2F
ijF ij + ~Π · ~∇A0

)
, (3.3.19)

=

∫
d3x

(
1
2
~E · ~E + 1

2
~B · ~B + ~Π · ~∇A0

)
. (3.3.20)

In the last line we have used the equation (3.2.21) which implies

F i0 = ~Π = ∂iA0 − ∂0Ai,

= −~∇A0 − d ~A

dt
,

= ~E
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and F ij = εijkBk. Now compute the time evolution of the χi, which is determined by the commutator
of χi with H.

[χ1(~x, t), H] = [Π0(~x, t), H], (3.3.21)

[Π0(~x, t), H] =

[
Π0(~x, t),

∫
d3y~Π(~y, t) · ~∇~yA

0(~y, t)

]
, (3.3.22)

=

∫
d3y~Π(~y, t) · ~∇~y

[
Π0(~x, t), A0(~y, t)

]
, (3.3.23)

= −i
∫
d3y~Π(~y, t) · ~∇~yδ(~x− ~y) (3.3.24)

= i~∇~y · ~Π(~y, t) = 0⇔ ~∇ · ~E = 0. (3.3.25)

Above the passage from the third equation to the fourth equation used (3.3.1). Hence ~∇ · ~Π = 0 is a
secondary constraint.

Next we have

[χ2, H] = [A0(~x, t), H], (3.3.26)

= 0. (3.3.27)

A0 commutes with H because Π0 does not appear in H, (3.3.20).

Finally we have

[χ3, H] = [~∇~x · ~A(~x, t), H], (3.3.28)

=

∫
d3y 1

2

[
∂xiA

i(~x, t),
(
Πj(~y, t)

)2]
+

∫
d3y

[
∂xiA

i(~x, t),Πj(~y, t)∂yjA
0(~y, t)

]
, (3.3.29)

= −i
∫
d3yδijΠj(~y, t)∂xiδ(~x− ~y)−

∫
d3yδij∂xi∂yjA

0(~y, t)δ(~x− ~y), (3.3.30)

= ~∇ · ~Π + ~∇ · ~∇A0 = 0. (3.3.31)

The passage from the second equation to the third equation used (3.3.2). The last equation is obeyed
because of the primary constraints and the secondary constraint. In summary, the complete set of
constraints is

χ1 = Π0 = 0,

χ2 = A0 = 0,

χ3 = ~∇ · ~A = 0,

χ4 = ~∇ · ~Π = 0.

We now need to classify the constraints into two classes. Recall that ϕi is a second class constraint if
[ϕi, χj ]ϕi=0 6= 0. Hence all our constraints χi|i=1,2,3,4

are 2nd class. In fact we have

[χ1(~x, t), χ2(~y, t)] = −iδ(~x− ~y), (3.3.32)

[χ3(~x, t), χ4(~y, t)] = −i~∇~x · ~∇~yδ(~x− ~y). (3.3.33)

By following our algorithm carefully, we are now ready to compute the matrix M defined by

(M−1)ij = [χi, χj ]
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We have

M−1 =


0 [χ1, χ2] 0 0

[χ2, χ1] 0 0 0
0 0 0 [χ3, χ4]
0 0 [χ4, χ3] 0

 , (3.3.34)

=


0 −iδ(~x−~y) 0 0

iδ(~x−~y) 0 0 0
0 0 0 −i~∇~x ~∇~yδ(~x−~y)

0 0 i~∇~x ~∇~yδ(~x−~y) 0

 . (3.3.35)

M is determined by ∫
d3y

∑
j

[M(~x1, ~y)]ij [M
−1(~y, ~x2)]jk = δikδ(~x1 − ~x2). (3.3.36)

It is straightforward to see that

M =


0 −iδ(~x− ~y) 0 0

iδ(~x− ~y) 0 0 0
0 0 0 if(~x, ~y)
0 0 −if(~x, ~y) 0

 ; (3.3.37)

where the function f is defined as

f(~x, ~y) =

∫
d3k

(2π)3

ei
~k·(~x−~y)

~k · ~k
. (3.3.38)

To verify this expression for M , focus on a single matrix element of equation (3.3.36), since the rest
are very similar.

Proof. ∫
d3y[M(~x1, ~y)]3a[M

−1(~y, ~x2)]a3 =

∫
d3y[M(~x1, ~y)]34[M−1(~y, ~x2)]43,

= −
∫
d3yf(~x1, ~y)~∇~x2

~∇~yδ( ~x2 − ~y),

= ~∇~x2
~∇~x1

f(~x1, ~x2),

= ~∇~x2
~∇~x1

f(~x1, ~x2) = ~∇~x2
~∇~x1

∫
d3k

(2π)3

ei
~k·(~x1−~x2)

~k · ~k
;

= δ( ~x1 − ~x2).

We can now set A0 = Π0 = 0. Finally, we will compute the new commutators[
~Π(~x, t), ~A(~y, t)

]
D

=
[
~Π(~x, t), ~A(~y, t)

]
−
∫ ∫

dz1dz2

∑
k,l

[Πi(~x, t), χk(~z1, t)]Mkl(z1, z2)[χl(~z2, t),Π
i(~y, t)].



Section 3.3. Quantization of a constrained system Page 47

Due to the relations (3.3.32) and (3.3.33), it is not difficult to see that the non-zero component of the
second term in Dirac’s commutator has k = 3 and l = 4. Hence[

Πi(~x, t), Aj(~y, t)
]
D

= −iδijδ(~x− ~y)−
∫∫

d3z1d
3z2[Πi(~x, t), χ3(~z1, t)]M34[χ4(~z2, t), A

j(~y, t)],

(3.3.39)

= −iδijδ(~x− ~y)−
∫∫

d3z1d
3z2(i)∂zi1δ(~x− ~z1)(i)f(~z1, ~z2)(i)∂

z
j
2
δ(~y − ~z2),

(3.3.40)

= −iδijδ(~x− ~y) + i∂xi∂yif(~x, ~y), (3.3.41)

= −i
∫

d3k

(2π)3
ei
~k·(~x−~y)

(
δij − kikj

~k · ~k

)
. (3.3.42)

Introduce

δijtr =

(
δij − kikj

~k · ~k

)
.

Construct two vectors ~n1 6= 0 and ~n2 6= 0 such that

~k · ~n1 = ~k · ~n2 = ~n1 · ~n2 = 0. (3.3.43)

It is easy to see that

δijtr k
i =

(
δij − kikj

~k · ~k

)
ki = ki − ki = 0; (3.3.44)

δijtrn
j
l =

(
δij − kikj

~k · ~k

)
njl

∣∣∣∣
l=1,2

= njl . (3.3.45)

These two equations tell us about the polarization of the free vector field. We have exactly two
polarizations, both perpendicular to the momentum of the particle. This is indeed what we expect.

Recall the commutation relation we obtained above

[Πi(~x, t), Aj(~y, t)]D = −i
∫

d3k

(2π)3
ei
~k·(~x−~y)δijtr . (3.3.46)

This equation can be used to determine the commutation relation between the electric field and the
magnetic field. Concretely, we have

[Ei(~x, t), Bj(~y, t)]D = [Ei(~x, t), εjkl∇kAl(~y, t)]D, (3.3.47)

= −iεjkl∂yk
∫

d3k

(2π)3
ei
~k·(~x−~y)

(
δil − kjkl

~k · ~k

)
, (3.3.48)

= −iεjki∂ykδ(~x− ~y)−
∫

d3k

(2π)3
ei
~k·(~x−~y)

(
kjkiklεikl

~k · ~k

)
, (3.3.49)

= −iεjki∂ykδ(~x− ~y). (3.3.50)

The passage to the last equation has used the antisymmetric property of εjki and the symmetric property
of the product kjkikl. Finally we have shown that Ei and Bi do not commute with each other. By
analogy to the Heisenberg uncertainty relation, we have

|∆ ~E~k||∆ ~B~k| ≥ |
~k

2
|. (3.3.51)
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This inequality is very important because it is the only explanation of why atoms in excited states decay.
It implies that there are always small fluctuations in the electric and magnetic fields and these small
fluctuations perturb excited states into making transition to the ground state. The fluctuations are
often interpreted as virtual particles popping in and out of the quantum vacuum.

3.4 Second example of Dirac quantization

Figure 3.1: Electron immersed in an uniform magnetic field perpendicular to the (x, y)−plane.

In this section, as illustrated above, we will study the quantization of an electron moving in the
(x, y)−plane and immersed in a uniform magnetic field perpendicular to the plane. Our goal is to
obtain a deeper understanding of Dirac’s constrained quantization. Clearly if the electron is not coupled
to the vector field ~B the Hamiltonian of the system is just the Hamiltonian of a free particle

Ho =
~p · ~p
2m

=
1

2m
(p2
x + p2

y).

The new Hamiltonian after coupling the electron and the magnetic vector potential ~A is given by

H =
1

2m
(~p− e ~A) · (~p− e ~A). (3.4.1)

Note that this Hamiltonian is determined so that it is consistent with Newton’s equation d~ptotal
dt = ed~xdt× ~B.

For a uniform field
~B = B~ez = ~∇× ~A,

we take

~A =

 −B
2
y

B
2
x

0

 . (3.4.2)

Substituting the expression for ~A in (3.4.1) with its expression in (3.4.2) yields

H =
1

2m

[(
px +

eBy

2

)2

+

(
py −

eBx

2

)2
]
. (3.4.3)
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This Hamiltonian looks like the Hamiltonian of a simple harmonic oscillator. Thus, by analogy with the
harmonic oscillator, (3.4.3) can be rewritten in terms of the following operators.

a =

(
px +

eBy

2

)
+ i

(
py −

eBx

2

)
, (3.4.4)

a† =

(
px +

eBy

2

)
− i
(
py −

eBx

2

)
. (3.4.5)

These particular choices imply

H =
a†a+ aa†

4m
. (3.4.6)

Direct calculation shows that

aa† =

[(
px +

eBy

2

)
+ i

(
py −

eBx

2

)][(
px +

eBy

2

)
− i
(
py −

eBx

2

)]
, (3.4.7)

= 2mH − ieB
2

(
[px, x] + [py, y]

)
, (3.4.8)

= 2mH + eB~; (3.4.9)

a†a =

[(
px +

eBy

2

)
− i
(
py −

eBx

2

)][(
px +

eBy

2

)
+ i

(
py −

eBx

2

)]
, (3.4.10)

= 2mH + i
eB

2

(
[px, x] + [py, y]

)
, (3.4.11)

= 2mH − eB~. (3.4.12)

Above, we have used the usual commutation relations [x, px] = [y, py] = i~. Thus, (3.4.6) can be
obtained after summing (3.4.12) and (3.4.9). The advantage of computing the above expressions
separately is that we can read the commutation relation between a and a† directly from (3.4.12) and
(3.4.9). We find

[a, a†] = 2eB~. (3.4.13)

Thus, the spectrum of the system turns out to be the spectrum of the 1-dimensional harmonic oscillator.
Indeed, defining the number operator N = a†a

2eB~ and using the commutation relation (3.4.13), we can
rewrite the Hamiltonian as

H =
1

4m

(
aa† + a†a

)
= ~ωc(N +

1

2
), (3.4.14)

where ωc = eB
m . Hence for any quantum state |n〉 for which N |n〉 = n|n〉, we have

H|n〉 = ~ωc(n+
1

2
)|n〉. (3.4.15)

Clearly the energy spectrum of the system is

En = ~ωc(n+
1

2
). (3.4.16)

Our system is a two dimension system. However (3.4.16) seems to match the spectrum of a one
dimensional system. Indeed, (3.4.16) is the energy spectrum for the 1-D harmonic oscillator. There is
no real puzzle though because it turns out that each level in our system has an infinite degeneracy. For
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a given quantum number “n”, the energy En = ~ωc(n+ 1
2) is associated to the wavefunction ψn,l, with

l a degeneracy label. In particular, the wavefunction of the ground state is given by

ψ0,l =

√(
eB

2~

)l+1
√

1

l!π
(x+ iy)le−

eB
4~ (x2+y2). (3.4.17)

The gap between two successive energy levels En is given by ~ωc = ~eBm . En are known as the Landau
energy levels.

We now imagine that B is very big. We will only study the ground states. For large B the amount of
energy require to go from the ground state to an excited state is so large that any small perturbations
leave us in the ground state. Concretely our system is in a state |φ〉, satisfying the following equation

a|φ〉 = 0. (3.4.18)

Hence, we can take as our first constraint

χ1 = a = 0. (3.4.19)

By daggering, the second constraint is easily obtained from this

χ2 = a† = 0. (3.4.20)

We will now carry out Dirac’s algorithm of quantization. Hence, we want to compute [χi, H]. We have

[χ1, H] = [a,
aa† + a†a

4m
], (3.4.21)

=
1

4m

(
a[a, a†] + [a, a]a† + a†[a, a] + [a, a†]a

)
, (3.4.22)

= ~ωca. (3.4.23)

Similarly
[χ2, H] = [a†, H] = −~ωca†. (3.4.24)

Equations (3.4.23) and (3.4.24) tell us that the only constraints are

χ1 = a = 0,

χ2 = a† = 0.

It is straightforward to see that these constraints are 2nd class. Indeed, because of the relation (3.4.13),
we have

[χ1, χ2] = 2eB~ 6= 0. (3.4.25)

The elements of the matrix M−1
ij = [χi, χj ] can also be derived from (3.4.13). Thus, we have

M−1 =

(
0 [χ1, χ2]

[χ2, χ1] 0

)
=

(
0 2eB~

−2eB~ 0

)
. (3.4.26)

The inverse of this matrix is not difficult to find. Indeed, we easily find

M =

(
0 −1

2eB~
1

2eB~ 0

)
. (3.4.27)
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Now we have all the ingredients that we need to compute the Dirac commutator. It will be convenient
to consider the following operators

z = x+ iy;

z̄ = x− iy.

Using the definition of the Dirac commutator, the commutation relation between these new operators
is given by

[z, z̄]D = [z, z̄]−
∑
i,j

[z, χi]Mij [χj , z̄], (3.4.28)

= 0− [(x+ iy), a]
( −1

2eB~
)
[a†, (x− iy)]− [(x+ iy), a†]

(
1

2eB~
)
[a, (x− iy)], (3.4.29)

= − 1
2eB~

[
x+ iy, (px + eBy

2 ) + i
(
py − eBx

2

)] [
(px + eBy

2 )− i
(
py − eBx

2

)
, x− iy

]
− 1

2eB~

[
x+ iy, (px + eBy

2 )− i
(
py − eBx

2

)] [
(px + eBy

2 ) + i
(
py − eBx

2

)
, x− iy

]
, (3.4.30)

= − 1

2eB~
([x, px] + [y, py]) ([px, x] + [py, y]) , (3.4.31)

= − 2~
eB

. (3.4.32)

We will reproduce this result in a second way that will clarify how Dirac’s method is working. Towards
this goal, study how z and z̄ act on the ground state ψ0,l. Recall that

ψ0,l =

√(
eB

2~

)l+1
√

1

l!π
(x+ iy)le−

eB
4~ (x2+y2). (3.4.33)

In terms of z and z̄, we have

ψ0,l =

√(
eB

2~

)l+1
√

1

l!π
zle−

eB
4~ zz̄. (3.4.34)

Hence, we read from this equation that the operator z acts on ψ0,l to give

zψ0,l =

√
2~(l + 1)

eB
ψ0,l+1. (3.4.35)

Equation (3.4.35) tells us that the operator z acting on ψ0,l increases l by one. This suggests that the
operator z̄ decreases l by one.

Define
∂

∂z
=

1

2

(
∂

∂x
− i ∂

∂y

)
, (3.4.36)

it follows that

∂z

∂z
= 1,

∂z̄

∂z
= 0.

As a consequence, we have (
∂

∂z
+

eBz̄

4~

)
ψ0,l =

√
eBl

2~
ψ0,l−1. (3.4.37)
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Clearly the operator
(
∂
∂z + eBz̄

4~
)

is acting on ψ0,l to lower l by one. Next, consider the following integral∫
R

dx

∫
R

dyψ?0,kz̄ψ0,l =
(
eB
2~
) k+l

2
+1 1√

k!l!π

∫
R

dx

∫
R

dyz̄k+1zle−
eB
2~ zz̄, (3.4.38)

=
(
eB
2~
) k+l

2
+1 1√

k!l!π

∫ 2π

0
dθei(l−k−1)θ 2

2

∫ ∞
0

drr2
(k+l+3)

2
−1e−

eB
2~ r

2

, (3.4.39)

=
(
eB
2~
) k+l

2
+1 1√

k!l!π

∫ 2π

0
dθei(l−k−1)θ

(√
2~
eB

)(l+k+3)
Γ( k+l+3

2
)

2 , (3.4.40)

=

√
2~
eB

Γ(k+l+3
2 )

2π
√
k!l!

∫ 2π

0
dθei(l−k−1)θ. (3.4.41)

Above we used the change of variable z = x + iy = reiθ and the definition of the Euler Γ function.
Equation (3.4.41) tells us that the only value for k which gives a non-zero result is k = l+ 1. Hence in
the case where k = l + 1, (3.4.41) becomes∫

R

dx

∫
R

dyψ?0,l−1z̄ψ0,l =

√
2~
eB

l!2π

2π(l − 1)!
√
l

=

√
2~l
eB

. (3.4.42)

We can read from this last equation that

z̄ψ0,l =

√
2~l
eB

ψ0,l−1. (3.4.43)

Hence comparing equations (3.4.37) and (3.4.43) we can relate z̄ and ∂
∂z + eBz̄

4~ as√
eB

2~l
z̄ =

√
2~
eBl

(
∂

∂z
+

eBz̄

4~

)
; (3.4.44)

z̄ =
2~
eB

(
∂

∂z
+

eBz̄

4~

)
. (3.4.45)

Regarding equation (3.4.45), z̄ and 2~
eB

(
∂
∂z + eBz̄

4~
)

have the same matrix elements between lowest
Landau level states, but the second operator additionally also leaves the lowest Landau level invariant,
whereas the first doesn’t. From this equation we have the commutation relation

[z, z̄] = − 2~
eB

. (3.4.46)

This is precisely the answer we found from Dirac’s constrained quantization method. This is the
understanding we were after.

In terms of x and y we have

[x+ iy, x− iy] = − 2~
eB

; (3.4.47)

[x, y] =
~
ieB

. (3.4.48)

The Heisenberg uncertainty relation that can be derived from this commutator implies that

∆x∆y ≥ ~
2eB

. (3.4.49)
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The physics behind this relation is illustrated in the following figure and explained below.

Figure 3.2: An electron in a background magnetic field occupies finite area.

Applying Newton’s second law to an electron gives

mv2

r
= evB. (3.4.50)

The left hand side of (3.4.50) is the mass times the radial acceleration, while the right hand side is the
Lorentz force. It is straightforward to see that (3.4.50) can be rewritten such that

2πmvr

~
=

2eBπr2

~
; S = πr2 (3.4.51)

⇔
mvr

h
= l =

2eBS

~
. (3.4.52)

Above S is the area of the disc delimited by the trajectory of the electron and l is the total angular
momentum quantum number of the electron. At the quantum level, the lowest possible value for a
spinning electron is l = 1. Thus, we have

S =
~

2eB
. (3.4.53)

Finally (3.4.49) can be rewritten as
∆x∆y ≥ S = πr2. (3.4.54)

We can not measure x and y precisely because our circulating electron effectively takes up an area S.

In this section we have illustrated constrained quantization on a very simple system. This discussion has
explained how constrained quantization works and has given some insight into what the Dirac brackets
achieve. This sets the foundations for the system of interest to us, the free vector field, which is studied
in the next section.

3.5 Coulomb gauge quantization

In this section we return to the free vector field in Coulomb gauge. The aim of this section is to perform
in detail the calculation of the photon propagator in the Coulomb gauge. Indeed we will show that the
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photon propagator in the Coulomb gauge is given by the following expression

iDµν(x′, x) ≡ 〈0|T
(
Aµ(x′)Aν(x)

)
|0〉 =

∫
d4k

(2π)4

e−ik·(x
′−x)

k2 + iε

2∑
λ=1

ξµ(~k, λ)ξν(~k, λ). (3.5.1)

Recall that the Coulomb gauge is obtained by imposing the following conditions on the vector potential
Aµ,

A0 = 0;

~∇ · ~A = 0.

In this gauge, Maxwell’s equations are reduced to

∂µ∂
µ ~A = 0. (3.5.2)

We showed in (3.3.45) that the solutions ~A have only two polarization vectors lying in the plane
perpendicular to the momentum ~k of the field. A general initial condition for (3.5.2) is given by

~A(~x) ≡ ~A(~x, t = 0) =

∫
d3k

(2π)3

1

2ω

2∑
λ=1

~ξ(~k, λ)
[
α(~k, λ)ei

~k·~x + α†(~k, λ)e−i
~k·~x]. (3.5.3)

It is not difficult to show that the time dependence of the vector field can be derived from the relation

~A(~x, t) = eiHt ~A(~x)e−iHt (3.5.4)

to yield

~A(~x, t) ≡ ~A(x) =

∫
d3k

(2π)3

1

2ω

2∑
λ=1

~ξ(~k, λ)
[
α(~k, λ)e−ik·x + α†(~k, λ)eik·x

]
. (3.5.5)

Above, λ is not a parameter but an index running from 1 to 2, indicating the two polarizations.
k is the four-momentum vector in the Minkowski spacetime. For a photon, we have the relation
k2 = 0⇒ ω = k0 = |~k|. A simple calculation shows that indeed

~∇ · ~A = 0⇒ ~k · ~ξ(~k, λ) = 0.

Note that the choice for the two polarization vectors found in (3.3.43) can be written as

~ξ(~k, λ) · ~ξ(~k, λ′) = δλλ′ . (3.5.6)

Since α and α† respectively play the role of a and a†, they satisfy the commutation relations

[α(~k, λ), α†(~k′, λ′)] = (2π)32ωδ(~k − ~k′)δλλ′ ; (3.5.7)

[α(~k, λ), α(~k′, λ′)] = [α†(~k, λ), α†(~k′, λ′)] = 0. (3.5.8)

These can be derived from (3.3.46). Now we want to express the Hamiltonian H in terms of the
operators α and α†. In the Coulomb gauge, the Hamiltonian is

H =

∫
d3x

(
1

2
(∂0Ai)2 +

1

2
(∂iAj − ∂jAi)2

)
. (3.5.9)
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Substituting Ai with its expression in (3.5.5), we have

H =
2∑

λ=1

∫
d3k

(2π)3

1

2
α†(~k, λ)α(~k, λ). (3.5.10)

We are now going to compute the photon propagator in Coulomb gauge. Towards this end, consider

〈0|Aµ(x′)Aν(x)|0〉 = 〈0|
∑
λ,λ′

∫
d3k

(2π)3

1

2ω′
ξµ(~k, λ′)e−ik·x

′
α(~k, λ)

∫
d3p

(2π)3

1

2ω
ξν(~p, λ)eip·xα†(~p, λ)|0〉,

(3.5.11)

=
∑
λ,λ′

∫
d3kd3p

(2π)6

1

4ωω′
ξµ(~k, λ′)ξν(~p, λ)e−ik·x

′+ip·x〈0|α(~k, λ′)α†(~p, λ)|0〉. (3.5.12)

Above we used the relation 〈0|Aµ(x′)Aν(x)|0〉 ∝ 〈0|αα†|0〉. Indeed this follows from

α(~p, λ)|0〉 = 0,

〈0|α†(~k, λ′) = 0.

Next, note that (3.5.12) can be rewritten using the commutator [α(~k, λ′), α†(~p, λ)], again because of
the above two equations. Thus,

〈0|Aµ(x′)Aν(x)|0〉 =
∑
λ,λ′

∫
d3kd3p

(2π)6

1

4ωω′
ξµ(~k, λ′)ξν(~p, λ)e−ik·x

′+ip·x〈0|
[
α(~k, λ′), α†(~p, λ)

]
|0〉.

(3.5.13)

Using (3.5.7) we find

〈0|Aµ(x′)Aν(x)|0〉 =

2∑
λ=1

∫
d3k

(2π)3

1

2ω
ξµ(~k, λ)ξν(~k, λ)e−ik·(x

′−x). (3.5.14)

A very similar calculation shows that

〈0|Aν(x)Aµ(x′)|0〉 =
2∑

λ=1

∫
d3k

(2π)3

1

2ω
ξµ(~k, λ)ξν(~k, λ)eik·(x

′−x). (3.5.15)

We define the time-ordered product of Heisenberg operators as

T
(
Aµ(x′)Aν(x)

)
= θ(x0′ − x0)Aµ(x′)Aν(x) + θ(x0 − x0′)Aν(x)Aµ(x′). (3.5.16)

The vacuum expectation value of T (Aµ(x′)Aν(x)) with the help of (3.5.14) and (3.5.15), is

〈0|T
(
Aµ(x′)Aν(x)

)
|0〉 =

2∑
λ=1

∫
d3k

(2π)3

1

2ω
ξµ(~k, λ)ξν(~k, λ)

(
θ(x0′ − x0)e−ik·(x

′−x)+

θ(x0 − x0′)eik·(x
′−x)
)∣∣∣
k0=ω

(3.5.17)

Consider now the integral∫
d4k

(2π)4

e−ik·(x
′−x)

k2 + iε
=

∫
d3k

(2π)3

∫
dk0

2π

e−ik·(x
′−x)

(k0 − ω + i ε2ω )(k0 + ω − i ε2ω )
. (3.5.18)
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The right hand side of this equation used the identity (k0)2 − ω2 + iε = (k0 − ω+ i ε2ω )(k0 + ω− i ε2ω ),
accurate up to terms of O(ε2). The integral over k0 can be performed using the residue theorem. By
noting that

k0 = k0
r + ik0

im, we have

⇒ −ik0(x0′ − x0) = −ik0
r(x

0′ − x0) + k0
im(x0′ − x0).

From this last equation we see that, if the exponential in the integrand of (3.5.18) is to vanish, we need{
k0
im > 0 ⇒ x0′ < x0;

k0
im < 0 ⇒ x0′ > x0

.

Thus, if x0′ − x0 > 0 the integral over k0 in (3.5.18) is performed along the following closed path.

Figure 3.3: Picking up the pole under the real line

Thus, we have ∫
d4k

(2π)4

e−ik·(x
′−x)

k2 + iε
=

∫
d3k

(2π)4

∮
ζ̃

dk0

2π

e−ik·(x
′−x)

(k0 − ω + i ε2ω )(k0 + ω − i ε2ω )
, (3.5.19)

=

∫
d3k

(2π)3
(−i)e

−iω(x0′−x0)+i~k·(~x′−~x)

−ω − ω
. (3.5.20)

Similarly, if x0′ − x0 < 0 we must close in the upper half of the complex plane.

Figure 3.4: Picking up the pole above the real line
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Now, we have ∫
d4k

(2π)4

e−ik·(x
′−x)

k2 + iε
=

∫
d3k

(2π)4

∮
ζ

dk0

2π

e−ik·(x
′−x)

(k0 − ω + i ε2ω )(k0 + ω − i ε2ω )
, (3.5.21)

=

∫
d3k

(2π)3
(i)
e−iω(x0′−x0)+i~k·(~x′−~x)

−ω − ω
, (3.5.22)

=

∫
d3k

(2π)3
(−i)e

iω(x0′−x0)−i~k·(~x′−~x)

2ω
. (3.5.23)

Combining (3.5.20) and (3.5.23), we have∫
d4k

(2π)4

e−ik·(x
′−x)

k2 + iε
= θ(x0′ − x0)

∫
d3k

(2π)3

(−i)
2ω

e−iω(x0′−x0)+i~k·(~x′−~x)+

θ(x0 − x0′)

∫
d3k

(2π)3

(−i)
2ω

eiω(x0′−x0)−i~k·(~x′−~x) (3.5.24)

Finally, the photon propagator is easily derived from this equation and thus

iDµν(x′, x) =

∫
d4k

(2π)4

e−ik·(x
′−x)

k2 + iε

2∑
λ=1

ξµ(~k, λ)ξν(~k, λ). (3.5.25)

3.6 Lorentz Gauge Quantization: Gupta-Bleuler Formalism

Dirac’s constrained quantization is not manifestly Lorentz invariant. The Gupta-Bleuler formalism
attempts to make Lorentz covariance manifest. As a starting point, consider a Lorentz invariant gauge
fixing condition

∂µA
µ = 0. (3.6.1)

Under a gauge transformation
A′
µ

= Aµ + ∂µχ, (3.6.2)

we find that we remain in Lorentz gauge

∂µA
′µ = ∂µA

µ = 0 + ∂µ∂
µχ = 0 (3.6.3)

if

∂µ∂
µχ = 0.

Thus the Lorentz gauge is only a partial gauge fixing. Recall that in the quantum mechanical theory of
the vector field, the commutation relation between Aµ(~x, t) and Πν(~y, t) is

[Aµ(~x, t),Πν(~y, t)] = −iηµνδ(~x− ~y). (3.6.4)

Now, if we replace the original Lagrangian density L = −1
4F

µνFµν by

L = −1

4
FµνFµν → L = −1

4
FµνFµν −

α

2
(∂µA

µ)2 (3.6.5)
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in the Lorentz gauge the physics of the system does not change. It is straightforward to see that the
equations of motion become

∂µFµν + ∂µ∂νAµ = ∂µ∂µAν − (1− α)∂ν∂
µAµ = 0. (3.6.6)

We still have to impose the gauge condition, (3.6.1). Consider

∂µA
µ = 0, (3.6.7)

which imposes the gauge condition as an operator equation. If we act with the operator ∂
∂xµ on the

commutation relation (3.6.4) the resulting equation contradicts (3.6.7). In an attempt to avoid this
tension, we try to impose the gauge fixing as the weaker state vector equation

∂µA
µ|ψphys〉 = 0. (3.6.8)

Acting with the operator ∂
∂xµ on the commutation relation (3.6.4) and taking the expectation value

in state |ψphys〉, we again find an inconsistency. Finally, imposing the gauge through the even weaker
condition

〈ψphys|∂µAµ|ψphys〉 = 0, (3.6.9)

there is no obvious contradiction with (3.6.4). For a specific value α = 1, which is known as the
Feynman gauge, the simplified version of the Lagrangian density is

L = −1

2
∂νAµ∂

νAµ. (3.6.10)

Now the conjugate momentum Πµ are easily obtained

Πµ =
∂L

∂(∂0Aµ)
= −∂0Aµ. (3.6.11)

The equations of motion (3.6.6), in the Feynman gauge are

∂µ∂µAν = 0. (3.6.12)

The Hamiltonian density of the vector field is computed by analogy with the calculations that we did
to get (3.3.20). We find

H = Πµ∂0Aµ − L,

= −1

2
(Π0)2 − 1

2
(~∇A0)2 +

1

2
~Π · ~Π +

1

2
~∇Ai · ~∇Ai.

Note that this Hamiltonian density is indeed the Hamiltonian density of a collection of harmonic oscil-
lators except that we have four oscillators and one of them has the wrong sign.

We now need to enforce (3.6.9). Recall that the commutation relation and the equations of motion are
respectively:

[Aµ(~x, t),Πν(~y, t)] = −iηµνδ(~x− ~y),

∂µ∂µAν = 0.

Hence, the solution Aµ(x) can be written in terms of Fourier modes as

Aµ(x) =

∫
d3k

(2π)3

1

2ω

3∑
λ=1

(
α(~k, λ)ξµ(~k, λ)e−ik·x + α†(~k, λ)ξ?µ(~k, λ)eik·x

)
, (3.6.13)

= A+
µ (α, x, λ) +A−µ (α†, x, λ). (3.6.14)
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We have introduced A±µ because they will simplify our calculations.

From the commutation relations that Aµ and Πν satisfy, we can argue that the following equations
must be satisfied

ξ(~k, λ) · ξ?(~k, λ′) = ηµνξµ(~k, λ)ξν(~k, λ′), (3.6.15)

= ηλλ′ ; (3.6.16)[
α(~k, λ), α†(~p, λ′)

]
= −2ω(2π)3δ(~k − ~p)ηλλ′ . (3.6.17)

It is not difficult to see that the vectors ξ(~k, λ) can be chosen to be the canonical basis vectors of R4.
Thus we have

ξ(~k, λ = 0) =


1
0
0
0

 , ξ(~k, λ = 1) =


0
1
0
0

 , ξ(~k, λ = 2) =


0
0
1
0

 , ξ(~k, λ = 3) =


0
0
0
1

 .

Now, if we use the relation (3.6.14) in the constraint 〈ψphys|∂µAµ|ψphys〉 = 0, we have

〈ψphys|∂µAµ|ψphys〉 = 〈ψphys|∂µA+
µ + ∂µA−µ |ψphys〉, (3.6.18)

= 〈ψphys|∂µA+
µ |ψphys〉+ 〈ψphys|∂µA−µ |ψphys〉 = 0. (3.6.19)

Clearly this equation can be separated into two conditions for physical states. It is enough to require{
∂µA+

µ |ψphys〉 = 0,

〈ψphys|∂µA−µ = 0
. (3.6.20)

These equations are the conditions that determine the physical state |ψphys〉. Now consider a photon
propagating in the positive z direction. The four vector momentum of such propagation is given by

k =


ω
0
0
ω

 . (3.6.21)

Hence the first of (3.6.20) with the previous choices of ξ(~k, λ) and k yields

− i
∫

d3k

(2π)3

1

2ω

(
ωα(~k, 0)− ωα(~k, 3)

)
e−ik·x|ψphys〉 = 0, (3.6.22)

⇒
(
α(~k, 0)− α(~k, 3)

)
|ψphys〉 = 0. (3.6.23)

Daggering this last equation, we immediately have

〈ψphys|
(
α†(~k, 0)− α†(~k, 3)

)
= 0. (3.6.24)

Introduce the number operators N̂µ (the − sign on the right hand side of (3.6.26) is to ensure that N̂0

has positive eigenvalues)

N̂i =

∫
d3k

(2π)3

1

2ω
α†(~k, i)α(~k, i), (3.6.25)

N̂0 = −
∫

d3k

(2π)3

1

2ω
α†(~k, 0)α(~k, 0). (3.6.26)
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If we combine the equations (3.6.22) and (3.6.23) in the correct way, it is straightforward to see that

〈ψphys|[α†(~k, 0) + α†(~k, 3)][α(~k, 0)− α(~k, 3)]|ψphys〉 +

〈ψphys|[α†(~k, 0)− α†(~k, 3)][α(~k, 0) + α(~k, 3)]|ψphys〉

= 2
(
〈ψphys|

[
α†(~k, 0)α(~k, 0)− α†(~k, 3)α(~k, 3)

]
|ψphys〉

)
= 0.

Thus, in the basis of Hilbert space spanned by the eigenvectors of the number operators N̂µ, this
equation implies

0 =

∫
d3k

(2π)3

1

2ω
〈ψphys|α†(~k, 0)α(~k, 0)− α†(~k, 3)α(~k, 3)|ψphys〉, (3.6.27)

= −(n0 + n3)〈ψphys|ψphys〉. (3.6.28)

(3.6.28) requires the following. First, if 〈ψphys|ψphys〉 6= 0 the number operator eigenvalues n0 and n3

must be zero. Thus, these physical states only contain polarizations which are transverse to the direction
of propagation of photons. The last possibility is that n0 +n3 6= 0, in which case |ψphys〉 must be a null
vector state, i.e. 〈ψphys|ψphys〉 = 0.

The presence of the null state as a physical state is a signature that the theory enjoys a gauge symmetry.
The final expression for the Hamiltonian in terms of the number operator is

H =

∫
d3k

(2π)3

ω

2ω

−α†(~k, 0)α(~k, 0) +
3∑
j=1

α†(~k, j)α(~k, j)

 . (3.6.29)

Thus,

〈ψphys|H|ψphys〉 =

∫
d3k

(2π)3

1

2

2∑
j=1

〈ψphys|α†(~k, j)α(~k, j)|ψphys〉. (3.6.30)

Clearly only transverse polarized photons contribute.

3.7 Path Integral Quantization and the Faddeev-Popov formula

In the first chapter we introduced the path integral method and used instantons to develop a semi-
classical approximation that can be applied in quantum field theory. In this section we develop the path
integral further, by explaining how to quantize theories with a local (gauge) symmetry. We will again
see an advantage of path integral quantization: it is much easier to formulate than Dirac’s constrained
quantization or Gupta-Bleuler quantization. Consider the quantization of the free vector field:

Z[Jµ] =

∫
DAµeiS , where S = −

∫
d4x

(
1
4F

µνFµν − J µAµ
)
. (3.7.1)

Z[Jµ] is known as the generating functional of Aµ(x) correlation functions. The integral is over all
possible field configurations Aµ(x) since we are now dealing with a field theory.

The physical interpretation of Z[Jµ] is that it is the transition amplitude between a starting field
configuration and a final configuration. Note that (3.7.1) is a formal statement. There is no guarantee
that the integral is convergent. We know that the physical states are gauge invariant i.e. that Aµ and
A′µ with

A′µ = Aµ + ∂µχ, (3.7.2)
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both describe the same physical state. Therefore the direct calculation of the integral in (3.7.1) sums
infinitely many gauge transformations of each physical configuration. That will surely lead us to a
divergent factor in the value of the path integral. In general, direct computation of the path integral
always lead us to either an inconsistency or a divergence, if the theory enjoys a gauge symmetry.

To avoid this problem there are two equivalent ways to proceed:

1. We only integrate over physical states. In this approach we will use a gauge fixing condition to
select one physical state from the set of all gauge equivalent ones.

2. We integrate over all possible field configurations but divide by the volume of the gauge group.

We will develop the ideas we need with a simple zero dimensional toy model.

Example: Consider a theory with two fields x and y such that only the difference between x and y is
physically meaningful.

Pxy ≡ x− y. (3.7.3)

Suppose that the action is given by S =
(
Pxy
)2

= (x − y)2. This theory is invariant under the gauge
transformation {

x→ x+ a,

y → y + a
.

A sample of the field configuration is given in the following figure.

Figure 3.5: Field configuration and a gauge fixing condition. Each line of slope 1 is a physical state.
Different points on a line are related by a gauge transformation. The dark curve is the line f(x, y) = 0.

Now, the path integral is written

Z =

∫
R2

dxdye−(x−y)2

. (3.7.4)

Change variables from x, y to u, v with

u = (x− y),

v =
x+ y

2
.
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the Jacobian J is defined by

dxdy = Jdudv =

∣∣∣∣ ∂u
∂x

∂v
∂x

∂u
∂y

∂v
∂y

∣∣∣∣ dudv = dudv,

where the last equality follows by explicit calculation. Thus, the path integral (3.7.4) becomes

Z =

∫
R2

dudve−u
2

, (3.7.5)

=
√
π

∫
R

dv. (3.7.6)

Clearly, (3.7.6) tells us that Z is divergent. Indeed, it is not difficult to see that the divergent factor
in (3.7.6) is the volume of the gauge group, which is the group of translations. Integrating over v
is equivalent to integrating over all possible gauge equivalent copies of our physical states. Thus the
divergent factor in (3.7.6) is expected. If we don’t integrate over the extra copies we get Z =

√
π which

we take as the correct value for (3.7.4).

We will now describe an elegant way of removing the volume of the gauge group. To this end, consider
a gauge fixing condition f(x, y) = 0. The function f must have the following properties.

1. The line f = 0 must intersect every physical state once and only once.

2. Another condition is that the line f = 0 is not tangent to the line representing a physical state,
since this selects the state more than once.

We illustrate in the figures below, examples of forbidden gauge fixing conditions f(x, y) = 0.

Figure 3.6: Forbidden gauge fixing conditions.

Now, for a gauge fixing condition f , insert the relation
∫
dfδ(f) = 1 in the integral defined in (3.7.4).

We have

Z =

∫
R2

dxdy

∫
dfδ(f)e−S , (3.7.7)

=

∫
R2

dxdy

∫
da

∣∣∣∣ dfda
∣∣∣∣
f=0

δ(f)e−S . (3.7.8)
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It is straightforward to see that δ(f) is independent of a. Also df
da

∣∣∣
f=0

is independent of a. Indeed,

the graph of f = 0 is unchanged by a gauge transformation since it defines what we mean by a = 0.
Therefore (3.7.8) can be rewritten as

Z =

∫
R2

dxdy

∣∣∣∣ dfda
∣∣∣∣
f=0

δ(f)e−S
∫
da (3.7.9)

The last factor in the above integral is the volume of our gauge group. We can normalize Z by dividing
it by the volume of the gauge group. Thus we have

Ẑ =

∫
R2

dxdy

∣∣∣∣ dfda
∣∣∣∣
f=0

δ(f)e−S . (3.7.10)

As a concrete example, for a gauge fixing condition use

f : y = kx, k 6= 1.

⇒ f → f + a(1− k).

We have

df

da
= 1− k.

Inserting this value into the above integral yields

Ẑ =

∫
R

dx

∫
R

dy(1− k)δ(y − kx)e−(x−y)2

, (3.7.11)

=

∫
R

dx(1− k)e−(1−k)2x2

=
√
π. (3.7.12)

We have shown that Ẑ is indeed the correct value for the integral (3.7.4) after the volume of the gauge
group has been removed.

Similarly, it is straightforward to see that after removing the volume of the gauge group defined in
(3.7.2) the generating functional in (3.7.1) becomes

ẐFP =

∫
DAµ det

[
δF [Aµ(x)]

δχ(y)

]
F=0

∏
δ
(
F (Aµ)

)
eiS . (3.7.13)

(3.7.13) is known as the Faddeev-Popov ansatz. F (Aµ) = 0 is the gauge fixing condition, and the
functional derivative is defined as follows

δF [X(x)]

δX(y)
=
ε→0

F [X(x) + εδ(x− y)]−F [X(x)]

ε
. (3.7.14)

Now, armed with this formula, the study of quantum electrodynamics in the Coulomb gauge can be
carried out using the path integral formalism. Recall that the conditions for the Coulomb gauge are

F1 = A0(~x, t) = 0,

F2 = ~∇ · ~A(~x, t) = 0.
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Hence we have

δF1

δχ(y)
=
δ (A0(~x, t) + ∂0χ(x))

δχ(y)
= ∂0δ

4(x− y), (3.7.15)

δF2

δχ(y)
=
δ
(
~∇ · ~A(~x, t) + ~∇ · ~∇χ(x)

)
δχ(y)

= ~∇2δ4(x− y) (3.7.16)

We can now rewrite (3.7.13) using these equations. We find

ẐFP =

∫
DA0D ~A

∣∣det
(
∂0
)∣∣ ∣∣∣det

(
~∇2
)∣∣∣∏ δ

(
F (Aµ)

)
eiS . (3.7.17)

The Faddeev-Popov determinants det
(
∂F1
δχ

)
and det

(
∂F2
δχ

)
are independent of Aµ so that they can be

absorbed into the measure of the path integral. The delta functions δ(F1) and δ(F2) set the temporal
and longitudinal polarizations to zero. Thus, we only quantize the transverse photon polarization so
that we have recovered our previous result from Dirac’s constrained quantization.

3.8 Why do we need a “covariant derivative”?

The principle of general covariance requires that the laws of physics must not depend on our choice of
coordinates. Note that this principle is very similar to the gauge principle. We write our equations using
tensors to satisfy the principle of general covariance. The quantity ∂µV

ρ, where V ρ is a vector, is not
a tensor. Indeed, under the coordinate transformation xµ → x̃µ, we have

Ṽ σ =
∂x̃σ

∂xρ
V ρ.

⇒ ∂

∂x̃ν
Ṽ ν =

∂xµ

∂x̃ν
∂

∂xµ

(
∂x̃ν

∂xρ
V ρ

)
,

=
∂xµ

∂x̃ν
∂x̃ν

∂xρ
∂

∂xµ
V ρ +

∂xµ

∂x̃ν
∂2x̃ν

∂xµ∂xρ
V ρ.

This last equation tells us that the quantity ∂µV
ρ doesn’t transform like a tensor under a change of

coordinate. It is the last term above that spoils the transformation. The derivative of a general tensor of
higher order is also not a tensor. Hence, we must change how we differentiate tensors in order to obtain
a new tensor. This concept of differentiation is called covariant differentiation. This new concept is
required to satisfy the principle of general covariance. The ideas developed in this section will be crucial
to develop non-Abelian gauge theory, as we will explain below.

3.8.1 Lie derivative. In general relativity one possible covariant derivative is given by the Lie derivative
of a vector field. The Lie derivative of a vector field Aα along a curve with tangent vector uβ is defined
by

LuAα = uβ∂βA
α −Aβ∂βuα. (3.8.1)

The Lie derivative of a vector (tensor) field is an extension of the derivative of a vector (tensor) field
defined in flat space (or spacetime) to a curved space (or spacetime). Indeed, the flat space formula
needs to be revised because on a general curved manifold, vectors (tensors) defined at different points
do not belong to the same vector space.
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Figure 3.7: The fluid shown is flowing on the surface of the sphere.

This figure is an illustration of the flow of fluid directed perpendicularly from a certain point P on a
sphere. The dashed line represents the streamlines followed by particles of the fluid. The plane (P)
is the tangent plane at the point P , where the flow starts. The vector ~V can be thought of as the
velocity of a particle of the fluid. Consider the situation shown in Figure 3.7. If we follow the motion
of a particle of the fluid along its streamline, we can precisely calculate the rate change of the velocity
vector ~V , along this streamline. The Lie derivative defined in (3.8.1) gives exactly this rate change of
~V . In general if ~u is a tangent vector along a line defined on a manifold, the Lie derivative of ~V along
that line is given by

L~u~V = ui∂iV
j − V i∂iu

j . (3.8.2)

We now develop the mathematical construction of the Lie derivative. Consider a vector field denoted
by Aα(x) and a set of curves parameterized by τ, σ, as illustrated in Figure 3.8. Note that this time
we work in a 4-dimensional curved spacetime manifold in order to obtain a Lorentzian form of the Lie
derivative. The mathematical definition of the Lie derivative of a vector field Aµ along the curve of
tangent uα = ∂xα

∂τ

∣∣
σ

at a point P is

LuAα = lim
dτ→0

Aα(Q)−AαL(P )

dτ
. (3.8.3)

AαL(P ) is the vector image of Aα(P ) transported by a differential map defined along the curve Cσ1 of
constant σ to the point Q as illustrated in Figure 3.8. The curves Cσi are members of a family of curves
that are given. Their tangents vectors are uα. Sτ1 is defined so that its tangent at P is Aµ(P ). the
curve Sτ1 passes through one point on each curve Cσi . Call this point τ1 = 0. Start from τ1 = 0 on
each curve and flow to τ2 = dτ using the tangent vectors uα. Join τ2 on each curve to get Sτ2 . The
tangent vector to Sτ2 at τ2 = dτ (this is the point Q) is AµL(P ). This is how we use the family of curves
to move Aµ from P to Q.
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Figure 3.8: Illustration of the Lie derivative. The curve Sτ , links points on the curves Cσi with τ = 0.
The curve Sτ2 links points on the curves Cσi with τ = dτ . Sτ1 is constructed by declaring that Aµ(P )
is tangent to Sτ1 . Sτ2 is constructed by using the tangents uα to flow to dτ from 0.

Points along each curve are labeled by τ . Each curve is labeled by a value of σ. Any point in spacetime
that we consider is at a specific point on a specific curve, i.e. we can write xµ(σ, τ). We have two
tangent vectors

uα =
∂xα

∂τ

∣∣∣∣
σ

nα =
∂xα

∂σ

∣∣∣∣
τ

At P

Aα(P ) = nα(P ) =
∂xα

∂σ

∣∣∣∣
P

.

At Q

AαL(P ) = nα(Q) =
∂xα

∂σ

∣∣∣∣
Q

.

Note that AαL(P ) is located at Q. Now,

Aµ(Q) = Aµ(P ) + uν∂νA
µ|P dτ, (3.8.4)

AµL(P ) = Aµ(P ) + Aν∂νu
µ|P dτ. (3.8.5)

To obtain (3.8.5) note that

∂Aµ(P )

∂xν
uν =

∂Aµ(P )

∂xν
∂xν

∂τ
=
∂Aµ(P )

∂τ
,

=
∂nµ(P )

∂τ
=

∂2xµ

∂τ∂σ

∣∣∣∣
P

,

=
∂2xµ

∂σ∂τ

∣∣∣∣
P

=
∂

∂σ
uµ(P ),

=
∂xν

∂σ

∂uµ

∂xν

∣∣∣∣
P

= Aν
∂uµ

∂xν

∣∣∣∣
P

.

Hence, subtracting (3.8.4) from (3.8.5) and using (3.8.3) yields

LuAµ = uν∂νA
µ −Aν∂νuµ. (3.8.6)
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3.8.2 Covariant Derivative from a Connection. A second way to obtain a covariant derivative, is by
using a connection Γµνρ. The covariant derivative of a vector V ρ on a curved spacetime is defined by

∇µV ρ = ∂µV
ρ + ΓρµλV

λ, (3.8.7)

where Γρµλ is known as the Christoffel symbol. It is symmetric under the swap of the two subscripts µ
and λ. The Christoffel symbol is not a tensor, but its presence in the covariant derivative is required
so that the quantity ∇µV ρ is a tensor. It is now extremely simple to show that the Lie derivative is
covariant

Aµ∇µV ρ − V µ∇µAρ = Aµ
(
∂µV

ρ + ΓρµλV
λ
)
− V µ

(
∂µA

ρ + ΓρµλA
λ
)
, (3.8.8)

= Aµ∂µV
ρ − V µ∂µA

ρ. (3.8.9)

Given a metric gµν on a curved spacetime, if the covariant derivative ∇ρgµν is equal to zero we say
that the connection is metric compatible. This condition ensures, for example, that the inner product
of two non null vectors is invariant after parallel transporting them. The Christoffel symbol is metric
compatible. The Christoffel symbol can be related to the metric tensor as follows

Γρµν =
1

2
gρσ(∂µgσν + ∂νgµσ − ∂σgµν). (3.8.10)

3.8.3 Interpretation of Γρµν . Consider the two dimensional Euclidean space R2. The metric of this
space, using the polar coordinates, is given by

ds2 = dr2 + r2dθ2. (3.8.11)

The matrices representing the tensor metric gab, a, b ∈ {r, θ} and its inverse gab are respectively

gab =

(
1 0
0 r2

)
ab

, gab =

(
1 0
0 r−2

)
ab

.

Using the formula (3.8.10), the relevant components of the Christoffel symbol are those where the
partial derivative with respect to r is not zero. Hence, we have

Γrθθ = −r, Γθθr = Γθrθ =
1

r
, (3.8.12)

Γθθθ = Γrrr = 0, Γθθr = Γθrθ = 0. (3.8.13)

From the equation (3.8.11) we can define two vectors such that{
~er · ~er = 1 ⇒ ~er = r̂

~eθ · ~eθ = r2 ⇒ ~eθ = rθ̂.

Figure 3.9: The change in the vectors ~eθ and ~er under a small displacement dθ.



Section 3.9. Covariant derivative in non-Abelian gauge theory Page 68

The small displacement vectors ~δa in the above figure directly determines the coefficient Γabc calculated
in (3.8.12). Indeed, from the figure we read

~eθ
′ − ~eθ = ~δr = −rdθr̂ = −rdθ~er = dθΓrθθ ~er,

~er
′ − ~er = ~δθ = dθθ̂ = dθ

~eθ
r

= dθΓθrθ ~eθ.

These equations tell us that the Christoffel symbols relate the vector spaces defined at different points
on the manifold. Indeed, for the above example, the map is explicitly defined by the vectors translation
~δr and ~δθ. If we now compare the definition of the covariant derivative and the above equations it is
not difficult to see that

∇θ ~eθ = Γrθθ ~er = −r~er ∇r ~eθ = Γθrθ ~eθ =
1

r
~eθ,

∇r ~er = Γrrr ~er = 0 ∇θ ~er = Γθθr ~eθ =
1

r
~eθ.

3.9 Covariant derivative in non-Abelian gauge theory

Consider a collection of massive complex scalar fields φa(x)|a=1,··· ,N described by a Lagrangian density
given by

L = ∂µφ
a?∂µφa −m2φa?φa; (3.9.1)

= ∂µ~φ
†∂µ~φ−m2~φ†~φ. (3.9.2)

Clearly this theory is invariant under the global U(N) group, the unitary group of N × N matrices.
Indeed, for a transformation U ∈ U(N) we have U †U = 1 and the transformation of the field is defined
by {

~φ→ U~φ
~φ† → ~φ†U †

.

Thus, the Lagrangian becomes

L′ = ∂µ(~φ†U †)∂µ(U~φ)−m2~φ†U †U~φ,

= ∂µ~φ
†∂µ~φ−m2~φ†~φ,

⇒ L′ = L.

Above we used the fact that the transformation U is a global transformation so ∂µ does not act on U .

We now derive the conserved Noether current associated to this global symmetry. Consider an element
U = eiα

j(x)T j of the group, where αj(x) and T j are respectively the real transformation parameters and
the generators of the group. The set {T j} is known as the basis of the vector space of the Lie algebra
u(N). Note that we allow the parameter αj to depend on the spacetime coordinate x even though we
study a global transformation. This is necessary for us to obtain the current density associated to the
global symmetry. The dimension of the Lie algebra is N2. Indeed, expanding the condition U †U = 1

up to the first order in the parameter αj(x) yields

(1− iαjT j†)(1+ iαj(x)T j) = 1− iαjT j† + iαjT j = 1,

⇒ T j = T j
†
.
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This last equation implies that all the T j are Hermitian. There are precisely N(N − 1) real degrees of
freedom in the strict upper-half plus the N real degrees of freedom on the diagonal giving a total of N2

different generators T j of the group. Hence the dimension of the Lie algebra is N2.

An infinitesimal gauge transformation of the field is now written as

~φ→ (1+ iαjT j +O(|α|2))~φ ~φ† → ~φ†(1− iαjT j +O(|α|2)),

∂µ~φ→ i∂µα
jT j~φ+ (1+ iαjT j)∂µ~φ+O(|α|2) ∂µ~φ

† → ∂µ~φ
† − i∂µ~φ†αjT j − i~φ†∂µαjT j +O(|α|2).

Under these transformation the change in the Lagrangian density, up to the first order in αj , is given by

L → L′ = ∂µ

[
~φ†(1− iαjT j)

]
∂µ
[
~φ(1 + iαjT j)

]
−m2

[
~φ†(1− iαjT j)

] [
~φ(1 + iαjT j)

]
, (3.9.3)

= ∂µ~φ
†∂µ~φ−m2~φ†~φ+ i∂µα

j
(
∂µ~φ†T j~φ− ~φ†T j∂µ~φ

)
. (3.9.4)

The last term Jkµ = ∂µ~φ
†T k~φ − ~φ†T k∂µ~φ is the current density associated to the global symmetry

U(N). Indeed, this must be true since the total action of the theory must remain the same to first order
when perturbed around a solution to the equation of motion. In fact, for a global symmetry we must
have (this follows because the change δS must be first order in α and must vanish for constant α)

δS =

∫
d4xJkµ∂

µαk ⇒ δS = −
∫
d4x∂µJkµα

k.

Around any solution to the equation of motion we have

δS =

∫
d4x∂µJkµα

k = 0⇒

{
∂µJkµ = 0

∀αk 6= 0.

Now we want to build a theory that is invariant under a local U(N) (gauge) symmetry. This time
we must include the notion of the covariant derivative, since ∂µ~φ doesn’t transform to U∂µ~φ. In the
spacetime manifold, the covariant derivative of a vector is expressed as ∇µV ν = (δνλ∂µ + Γνµλ)V λ.
By analogy with ∇µ, a covariant derivative in the space spanned by the field φa(x) has the form
Dµ = ∂µ − igAµ. We want to have the transformation law

~φ→ ~φ′ = U~φ, (3.9.5)

Dµ
~φ→ (Dµ

~φ)′ = U(Dµ
~φ). (3.9.6)

To find the transformation law that Aµ satisfies, we need to manipulate the following identity

D′µ
~φ′ ≡ (∂µ − igA′µ)U~φ = U(∂µ − igAµ)~φ. (3.9.7)

Developing the left hand side of (3.9.7), we have

D′µ
~φ′ = (∂µ − igA′µ)U~φ, (3.9.8)

= (U∂µ + ∂µU − igA′µU)~φ, (3.9.9)

= U(∂µ + U †∂µU − igU †A′µU)~φ. (3.9.10)

Comparing (3.9.7) and (3.9.10) we identify

U †∂µU − igU †A′µU = −igAµ. (3.9.11)
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Using the identity ∂µ(U †U) = (∂µU
†)U + U †∂µU = 0, equation (3.9.11) can be written as

A′µ = UAµU † + i
gU∂µU

†. (3.9.12)

The transformation law Dµ → D′µ can also be derived from D′µ
~φ′ = UDµ

~φ. Indeed, we have

D′µ
~φ′ = D′µU

~φ, (3.9.13)

= UDµ
~φ = UDµU

†(U~φ); (3.9.14)

⇒ D′µ = UDµU
†. (3.9.15)

Now define gFµν ≡ i[Dµ, Dν ]. By acting on an arbitrary ~φ we have

i [(∂µ − igAµ), (∂ν − igAν)] ~φ =
(
i∂µ∂ν + g∂µAν + gAν∂µ + gAµ∂ν − ig2AµAν

)
~φ −(

i∂ν∂µ + g∂νAµ + gAµ∂ν + gAν∂µ − ig2AνAµ
)
~φ.

After simplifications the explicit form of Fµν is given by

Fµν = ∂µAν − ∂νAµ − ig[Aµ,Aν ]. (3.9.16)

The transformation law Fµν → F ′µν can be obtained directly from the transformation law of Dµ → D′µ.
Indeed, we have

gF ′µν = i[UDµU
†, UDνU

†] = iU [Dµ, Dν ]U † = gUFµνU †. (3.9.17)

Armed with the above results, a general form of the action for a theory invariant under both Lorentz
and gauge transformations is

S =

∫
d4x

[
(Dµ

~φ)†Dµ~φ−m2~φ†~φ− 1

4
tr(FµνFµν)

]
, (3.9.18)

where the operator trace runs over the gauge group indices. The Lorentz invariance of this theory is
ensured as usual by the proper contraction of Greek indices such as µ, ν, . . . while the gauge invariance
requires the trace. Indeed, using the cyclicity property of “tr”, we have

tr(F ′µνFµν
′) = tr

(
UFµνFµνU †

)
= tr

(
U †UFµνFµν

)
,

= tr(FµνFµν).

In the next paragraph we will show that the fields Aµ as well as Fµν are elements of the Lie algebra.
To do this we need to work with the transformation law

A′µ = UAµU † +
i

g
U∂U †.

For an element U = eiα
a(x)Ta where T a ∈ u(N), we have

U∂µU
† = eiα

a(x)Ta∂µe
−iαa(x)Ta ,

= eiα
a(x)Tae−iα

a(x)Ta(−i)∂µαaT a = −i∂µαaT a,

which is Lie algebra valued. Hence Aµ must take values in the Lie algebra. Since Fµν is constructed
from Aµ, Fµν must also take values in the Lie algebra u(N). Recall that the Lie algebra u(N) of the
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Lie group U(N) is of dimension N2. Thus, we define {T j}j=1,...,N2 to be the set of basis vectors of
u(N) such that

T j = T j
†
∣∣∣
j=1,...,N2

, (3.9.19)

tr(T aT b) = δab, (3.9.20)∑
a

T a†ijT
a
kl = δikδjl =

∑
a

T ajiT
a
kl. (3.9.21)

The first identity is required by the definition UU † = 1 while the second one is a normalization condition
for the basis {T j}. After normalizing the T j , the last equation is nothing but the completeness relation
of the Lie algebra. In addition to the above properties of T j , we can also define the structure constants,
fabc, of the Lie algebra

[T a, T b] = ifabcT c. (3.9.22)

It is straightforward to see that fabc are real numbers. Indeed, by daggering this relation we have

[T a, T b]† = −ifabc?T c† = −ifabc?T c,
= −[T a, T b] = −ifabcT c;

⇒ fabc
?

= fabc.

It is already clear that the fabc are antisymmetric with respect to the first and second indices. It is
not difficult to see that fabc is completely antisymmetric. To see this, use the orthonormal condition in
(3.9.20) and use the linearity plus cyclicity properties of the trace, to obtain

1

i
tr(T c[T a, T b]) = fabdtr(T cT d) = fabc,

=
1

i
tr(T cT aT b − T cT bT a) =

1

i
tr(T bT cT a − T aT cT b),

=
1

i
tr([T b, T c]T a).

These equations prove that fabc is indeed completely antisymmetric. Now we can expand Aµ and Fµν
in the Lie algebra as

Aµ = AaµT
a, (3.9.23)

Fµν = F aµνT
a =

∑
a

(∂µA
a
ν − ∂νAaµ + gfabcAbµA

c
ν)T a. (3.9.24)

It will be useful to work with the transformation law that Aµ satisfies in terms of the components Aaµ.
Consider

A′µ = UAµU † + i
gU∂µU

†,

= (1+ iαaT a)Aµ(1− iαaT a) + i
g (1+ iαaT a)(−i∂µαc)T c,

= AcµT
c + iαa[T a,Aµ] + 1

g∂µα
cT c,

⇒ Acµ
′T c =

(
Acµ − iαaAbµfabc + 1

g∂µα
c
)
T c.

This equation holds for all T c so that

Aaµ
′ = Aaµ − f bcaαbAcµ + 1

g∂µα
a, (3.9.25)

= Aaµ − fabcαbAcµ + 1
g∂µα

a. (3.9.26)
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The field F aµν is interpreted as the field strengths of N2 interacting “photons”. The interaction is a
consequence of the commutator between the different fields Aµ. Hence the action found in (3.9.18) is
not a free theory. This theory is closely related to Quantum Chromodynamics (QCD), in the case where
the gauge group is SU(3).

We have constructed a theory which is simultaneously Lorentz and gauge invariant. We are now
interested in the quantization of the theory. We will again adopt the path integral quantization formalism.
The gauge fixing condition that we are going to consider is the following

F a[Aµ] = ∂µA
aµ = 0.

Note that these are the generalization of the Lorentz gauge fixing condition defined in the case where
the gauge group is U(1). The Faddeev-Popov determinant det

(
δFa

δαb

)
is no longer constant but depends

on Aµ. Indeed, with the help of (3.9.26) we have

δF a[A(x)]

δαc(y)
= ∂µ

[(
gfabcAbµ + ∂µδac

)
δ4(x− y)

]
.

To deal with the Faddeev-Popov determinant which now depends on the field Abµ, we introduce ghost
fields C and C̄ which are complex Grassman numbers. Recall that the determinant of an n× n matrix
O can be expressed as a Gaussian integral with the help of complex Grassman numbers as follows

det(O) =

∫
dθ?1dθ1 . . . dθ

?
ndθne

−
∑
i,j θ

?
iOijθj . (3.9.27)

The Faddeev-Popov determinant can be computed in the same way. Hence we have

det

(
δF a

δαc

)
=

∫
DC̄DCeiSg , (3.9.28)

where C, C̄ and Sg are defined by


C = CaT a

C̄ = C̄aT a

Sg =
∫
d4xC̄a[−∂µ∂µδac−gfabc∂µAbµ]Cc

(3.9.28) is a path integral over the configurations of the ghost fields. The path integral of the theory,
after removing the volume of the gauge group, takes the form

ZFP[Jµ] =

∫
DAν

∣∣∣∣det

(
δF a

δαc

)∣∣∣∣ δ (∂µAµ) e
−i

∫
tr( 1

4g2
FρσFρσ+JµAµ)

. (3.9.29)

Using (3.9.28), this expression can also be written as

ZFP[Jµ] =

∫
DAνDC̄DCδ (∂µAµ) eiS+i

∫
dx4tr(JµAµ), (3.9.30)

where S is given by

S =

∫
d4x

{
tr
(
− 1

4g2FµνFµν
)

+ C̄
a[−∂µ∂µδac − gfabc∂µAbµ]Cc} . (3.9.31)

In general it is much more convenient to use a Gaussian averaged gauge. To this end, consider an
element ξ ∈ u(N) and a gauge fixing condition such as

∂µAµ − ξ = 0 (3.9.32)
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transform the action and path integral in the following manner

ZFP[Jµ] =

∫
DAνDC̄DCDξδ (∂µAµ − ξ) eiS+itr(JµAµ), where

S =

∫
d4x

{
tr
(
− 1

4g2FµνFµν
)

+ C̄
a[−∂µ∂µδac − gfabc∂µAbµ]Cc + α

2 tr(ξ2)
}

The additional Gaussian integral over ξ simply contributes a constant factor that can be absorbed into
the measure. Here again, by setting α = 1 we will have the Feynman gauge fixing condition, familiar
from what we have seen in the Gupta-Bleuler formalism. In fact we showed that the Feynman gauge
adds extra terms such as −1

2(∂µA
µa)2 to the Lagrangian density. These terms are also evident in the

Lagrangian density we obtain here

L = −1

4
(∂µA

a
ν − ∂νAaµ)(∂µAνa − ∂νAµa)− 1

2
(∂µA

µa)2 − C̄a∂µ∂µCa

− gfabc(∂µAaν)AµbAνc − 1

4
g2fabcfadeAbµA

c
νA

µdAνe − gC̄afabc∂µ(AbµC
c)

The final simplified version of the Lagrangian density using the Feynman gauge fixing condition is

L = −1

2
∂νA

a
µ∂

νAµa − C̄a∂µ∂µCa − gfabc(∂µAaν)AµbAνc

− 1

4
g2fabcfadeAbµA

c
νA

µdAνe − gC̄afabc∂µ(AbµC
c). (3.9.33)

The parameters that appear in the Lagrangian are not directly the parameters we measure in the lab. It
is useful to split the parameters appearing in the Lagrangian into a physical coupling plus an extra piece
known as a counterterm. For a more complete discussion, the reader is referred to [5, p. 325]. If we
now take account of all possible counterterms consisting of either relevant or marginal terms consistent
with the symmetries of the theory, the total action is

S =

∫
d4x (Lren + Lc.t) , (3.9.34)

where

Lren = −1

2
∂νA

a
µ∂

νAµa − C̄a∂µ∂µCa − gfabc(∂µAaν)AµbAνc

− 1

4
g2fabcfadeAbµA

c
νA

µdAνe − gC̄afabc∂µ(AbµC
c); (3.9.35)

Lc.t = −1

2
δ1∂νA

a
µ∂

νAµa − δ(C)

2 C̄
a
∂µ∂

µCa − gδ(3g)

1 fabc(∂µA
a
ν)AµbAνc

− 1

4
δ(4g)

1 g2fabcfadeAbµA
c
νA

µdAνe − gδ(C̄)

1 C̄
a
fabc∂µ(AbµC

c). (3.9.36)

3.10 Feynman rules of the gauge theory

Having the above Lagrangian in hand, we can carry out the calculation of the Feynman rules. Recall
that for any field theory the Feynman propagator is determined by the two point function of the field.
Thus, our first task is to compute the two point function of the gauge fields Aµ and of the ghost fields
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C. Since these fields do not mix at quadratic order we can compute their two point functions, separately.
For the gauge fields, we have

〈0|T
(
Aaµ(x1)Abν(x2)

)
|0〉 =

δ

δJaµ(x1)

δ

δJbν(x2)

∫
DAdρeiS2+

∫
d4xJaµA

aµ

∣∣∣∣
Jaµ=0

. (3.10.1)

Above S2 is the action of quadratic terms in the Lagrangian Lren which are the only terms needed
in the evaluation the two point function. The only quadratic gauge field term in (3.9.35) is the term
− 1

2
∂νAaµ∂

νAµa. Thus, (3.10.1) becomes

〈0|T
(
Aaµ(x1)Abν(x2)

)
|0〉 =

δ

δJaµ(x1)

δ

δJbν(x2)

∫
DAdρe

∫
d4x(−i 1

2
∂µAaν∂

µAaν+JaµA
aµ)
∣∣∣∣
Jaµ=0

, (3.10.2)

=
δ

δJaµ(x1)

δ

δJbν(x2)

∫
DAdρe

∫
d4x(i 1

2
Aaν∂µ∂

µAaν+JaµA
aµ)
∣∣∣∣
Jaµ=0

. (3.10.3)

The passage to the last line has used an integration by parts. This is a Gaussian integral which is most
easily performed by completing the square. Towards this end we set

i∂µ∂
µAao

ν + Jaν = 0. (3.10.4)

To solve this, introduce the Green’s function G(x− y), which obeys

∂µ∂
µG(x− y) = δ(x− y). (3.10.5)

Using the Green’s function, to construct Aaνo , shift

Aaµ(x) −→ Aaµ
′ = Aaµ +Aaoµ(x) = Aaµ(x) + i

∫
d4yG(x− y)Ja(y). (3.10.6)

Noting that the integral measure DAdρ is invariant under the translation of the the gauge field in (3.10.6),
(3.10.3) can be rewritten as

〈0|T
(
Aaµ(x1)Abν(x2)

)
|0〉 =

δ

δJaµ(x1)

δ

δJbν(x2)

∫
DAdρe

∫
d4x(i 1

2
Aa′ν∂µ∂

µAa′ν+JaµAa′µ)
∣∣∣∣
Jaµ=0

. (3.10.7)

We can simplify this expression if we substitute the explicit expression for the fields A′σ into the argument
of the exponential. Consider the argument of the exponential

I =

∫
d4x

[
i
1

2

(
Aaν(x) + i

∫
d4yG(x− y)Jaν (y)

)
∂µ∂

µ

(
Aaν(x) + i

∫
d4yG(x− y)Jaν(y)

)
+Jaµ(x)

(
Aaµ(x) + i

∫
d4yG(x− y)Jaµ(y)

)]
,

=
i

2

∫
d4xAaν(x)∂µ∂

µAaν(x)− 1

2

∫∫
d4xd4yAaν(x)∂xµ∂

xµG(x− y)Jaν(y)

− 1

2

∫∫
d4xd4yG(x− y)Jaµ(y)∂xν∂

xµAaν(x) + i

∫∫
d4xd4yJaν (x)G(x− y)Jaν(y)

− i

2

∫∫
d4xd4y

(∫
d4z∂xµ∂

xµG(x− z)Jaν(z)

)
G(x− y)Jaν(y) +

∫
d4xJaν (x)Aaν(x).
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Two successive integration by parts can be carried out to cancel the second, the third and the last terms
of this equation. We need to use the equation (3.10.5) to finally obtain

I =

∫
d4x

(
i

2

)
Aaν(x)∂µ∂

µAaν(x) +
i

2

∫∫
d4xd4yJaν (x)G(x− y)Jaν(y). (3.10.8)

Thus, the expression for the two point function becomes

〈0|T
(
Aaµ(x1)Abν(x2)

)
|0〉 =

δ

δJaµ(x1)

δ

δJbν(x2)

∫
DAdρe

i
2

∫
d4xAaν(x)∂µ∂µAaν(x)+ i

2

∫∫
d4xd4yJaν (x)G(x−y)Jaν(y)

∣∣∣∣
Jaµ=0

(3.10.9)
We can simplify this expression further by recalling the normalization∫

DAdρe
−i
2

∫
d4xAaν(x)(−1)∂µ∂µAaν(x) = 1,

so that the final expression for the two point function is

〈0|T
(
Aaµ(x1)Abν(x2)

)
|0〉 =

δ

δJaµ(x1)

δ

δJbν(x2)
exp

(
i

2

∫∫
d4xd4yJaν (x)G(x− y)Jaν(y)

)∣∣∣∣
Jaµ=0

,

(3.10.10)

= iδabηµνG(x1 − x2). (3.10.11)

This last equation, together with the equation (3.10.5), allows us to express the Feynman propagator,
as

Dab
µν(x1, x2) =

∫
d4k

(2π)4

−ieik·(x1−x2)

k2 + iε
ηµνδ

ab. (3.10.12)

The corresponding Feynman diagram for this propagator, in momentum space, is

−i ηµν
k2 + iε

δab : a, µ

k
→

b, ν.

Very similar calculations can be carried out in the evaluation of the Feynman propagator for the ghost
fields. Indeed the two point function is

〈0|T
(
Ca(x1)C̄

b
(x2)

)
|0〉 =

δ

δη̄a(x1)

δ

δηb(x2)

∫
DCcDC̄deiS̃2+

∫
d4x(η̄aCa+ηaC̄a)

∣∣∣∣
η=η̄=0

. (3.10.13)

Again, S̃2 is the action consisting of the quadratic terms in the ghost field appearing in Lren. The only
quadratic term in the Lagrangian is the term −C̄a∂µ∂µCa. Recall that the ghost fields are Grassman
numbers. Thus the source fields ηa and η̄a have to be Grassman. The analog of (3.10.4) is{

−i∂µ∂µCa − ηa = 0,

i∂µ∂
µC̄a − η̄a = 0.

(3.10.14)

These equations share the same Green’s function since the second equation is the complex conjugate of
the first. Let G̃(x− y) be the Green’s function associated to (3.10.14). It satisfies

∂µ∂
µG̃(x− y) = δ(x− y). (3.10.15)
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Accordingly, the shifted fields are expressed as{
Ca′(x) = Ca(x) + i

∫
d4xG̃(x− y)η(y),

C̄a′(x) = C̄a(x)− i
∫
d4xG̃(x− y)η̄(y).

Now, use equation (3.10.15), two successive integration by parts and the anticommutativity of the
Grassman numbers to obtain

I = −i
∫
d4x

(
C̄a(x)− i

∫
d4yG̃(x− y)η̄a(y)

)
∂µ∂

µ

(
Ca(x) + i

∫
d4yG̃(x− y)ηa(y)

)
+

∫
d4x

{
ηa(x)

(
C̄a(x)− i

∫
d4xG̃(x− y)η̄(y)

)
+ η̄a(x)

(
C̄a(x)− i

∫
d4xG̃(x− y)η̄(y)

)}
,

= −i
∫
d4xC̄a(x)∂µ∂

µCa(x) +

∫
d4xC̄a(x)ηa(x)−

∫
d4xη̄a(x)Ca(x)− i

∫∫
d4xd4yG̃(x− y)η̄a(y)ηa(x)

+

∫
d4xηa(x)C̄a(x) +

∫
d4xη̄a(x)Ca(x)− i

∫∫
d4xd4y

(
ηa(x)G̃(x− y)η̄a(y)− η̄a(x)G̃(x− y)ηa(y)

)
,

= −i
∫
d4xC̄a(x)∂µ∂

µCa(x) + i

∫∫
d4xd4yη̄a(x)G̃(x− y)ηa(y).

Again the first term of this last equation can be dropped because the path integral is normalized∫
DCcDC̄de−i

∫
d4xC̄a(x)∂µ∂µCa(x) = 1. (3.10.16)

We now obtain

〈0|T
(
Ca(x1)C̄

b
(x2)

)
|0〉 =

δ

δη̄a(x1)

δ

δηb(x2)
exp

(
i

∫∫
d4xd4yη̄a(x)G̃(x− y)ηa(y)

)∣∣∣∣
η=η̄=0

,

(3.10.17)

= −iδabG̃(x1 − x2). (3.10.18)

The Feynman propagator of the ghost field is thus

Dab(x1, x2) =

∫
d4p

(2π)4

ieip·(x1−x2)

p2 + iε
δab. (3.10.19)

The corresponding Feynman diagram is

We now turn to the interaction terms in the Lagrangian Lren. The computation of the three point
vertex of the gauge field is carried out by expanding the exponential of cubic terms in the Lagrangian
and keeping the quadratic term in the exponential. The only cubic term in Lren is the term S3 ∝
−gfabc∂µAaνAbµAcν . Thus, at first order we have

Dabc
µνρ(x1, x2, x3) = 〈0|T

(
Aaµ(x1)Abν(x2)Acρ(x3)

)
|0〉 =

δ3

δJaµ(x1)δJb
ν
(x2)δJcρ(x3)

∫
DAdσS3e

iS2+
∫
d4xJeµA

fµ
∣∣∣∣
Jeµ=0

.

(3.10.20)
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It is much easier to write this expression in terms of the possible Wick contractions. One example of
the contractions of the fields is

D1 =

∫
DAdσ

∫
d4z(−ig)f ijkAaµ(x1)∂τA

i
α(z)Abν(x2)Aj

τ
(z)Acρ(x3)Ak

α
(z)eiS2 .

Now we can use the two point function for the gauge fields to obtain

D1 = −igf ijk
∫
d4z(i) (∂zτG(x1 − z)) δaiηµα(i)G(x2 − z)δbjδτν (i)G(x3 − z)δckδαρ , (3.10.21)

= −igfabc
∫
d4z

(
∂zν

∫
d4k

(2π)4

ieik·(x1−z)

k2 + iε

)∫
d4p

(2π)4

ieip·(x2−z)

p2 + iε

∫
d4q

(2π)4

ieiq·(x3−z)

q2 + iε
, (3.10.22)

= −gfabcηµρ
∫∫∫

d4k

(2π)4

d4p

(2π)4

d4q

(2π)4
kν

i

k2 + iε

i

p2 + iε

i

q2 + iε
(2π)4δ(k + p+ q)ei(k·x1+p·x2+q·x3).

(3.10.23)

There are five possible contractions of the remaining fields. It is straightforward to see that the sum of
these six contractions yields the following coefficient associated to the vertex in the Feynman diagram
for the interaction of the gauge fields,

The total momentum flowing into the vertex is zero. The four point vertex of the gauge fields is
evaluated by computing

Dabcd
µνργ(x1, x2, x3, x4) =

δ4

δJaµ(x1)δJb
ν
(x2)δJcρ(x3)δJd

γ
(x4)

∫
DAlσS4e

iS2+
∫
d4xJeµA

fµ
∣∣∣∣
Jeµ=0

(3.10.24)

Noting that in S4 ∝ −1
4g

2fmntfmrsAnµ1
Atν1

Aµ1rAν1s there are two lower Lorentz indices and no deriva-
tive, it is clear that our result will involve a tensor of the form ηµµ1ηνν1δ

µ1
ρ δ

ν1
γ

= ηµρηνγ . Indeed, the
contributions of all the contractions of the gauge fields is summarized in the following diagram.
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The total momentum flowing into the vertex is again zero. The last interaction term in the Lagrangian
Lren is S̃3 ∝ −gfabcC̄a∂µ(Ab

µ
Cc). The expression that we want to compute is

〈0|T
(
C̄a(x1)Abµ(x2)Cc(x3)

)
|0〉 =

δ3

δηa(x1)δJb
µ

(x2)δη̄c(x3)

∫
DC̄iDAjρDCkS̃3e

iS2+
∫
d4y(JeµA

eµ+ηeC̄e+η̄eCe)

∣∣∣∣Jeµ=0

ηe=η̄e=0

.

(3.10.25)
Arguing as we did above we find

where the total momentum flowing into the vertex is again zero.

3.11 Renormalized perturbation theory

In this section we will develop the renormalized perturbation theory for our theory. We will develop the
discussion in the context of an interacting scalar field. In this way, the ideas we need are developed in
the simplest possible setting. Consider a field theory described by the Lagrangian

L =
1

2
Z∂µφ∂

µφ− 1

2
Zm2φ2 − gZ2φ4.

Here g and m are two parameters appearing in the Lagrangian. We have no careful argument relating
g to the interaction strength and m to the mass of the particle. Further, the field φ appearing in the
Lagrangian might not represent the physical field strength that we measure. For that reason we have
included a scaling Z which relates the field we actually measure to the field appearing in the Lagrangian.
Renormalizing a theory amounts to eliminating Z, g and m for the physical mass mp and the physical
coupling gphys.

Computations in QFT are plagued with divergences. We will see that renormalization will remove
divergences, for a special class of theories know as renormalizable QFTs. Note however that this is a
“side effect”: the goal of renormalization is not to remove infinities, but to replace theory parameters
with parameters we would measure in the laboratory. We will start with a discussion of the parameter
Z. Towards this end, consider the free Klein-Gordon theory with the well known Lagrangian density

L =
1

2
∂µφ∂

µφ− 1

2
m2φ2.

At the quantum level, we require that

[φ(~x, t), φ̇(~y, t)] = iδ(~x− ~y)⇔ [a(~k), a†(~p)] = δ(~k − ~p).
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Thus, a one particle state of this theory is

|ψ〉 =

∫
d3kf(~k)a†(~k)|0〉.

To obtain a correctly normalized state, we require

〈ψ|ψ〉 =

∫
d3k|f(~k)|2 = 1.

We usually interpret this last equation as the probability of creating a single particle state. For an
interacting scalar field, the probability of creating single particle state is not equal to one. Indeed,
since we consider an interacting theory, the scalar field creates not only a single particle piece but also
multiparticle garbage. Thus, the field must be renormalized if we want it to create a single particle
state with probability equal to 1. The scaling number Z implements this field renormalization. To see
this, note that the Feynman propagator becomes

=
iZ

p2 −m2
.

This propagator is also obtained by quantizing

L = Z−1

(
1

2
(∂µφ

′)2 − 1

2
m2φ′

2
)
.

Canonical quantization of this Lagrangian gives

[φ′(~x, t), π′(~y, t)] = [φ′(~x, t), Z−1φ̇′(~y, t)] = iδ(~x− ~y)

⇔ [φ′(~x, t), φ̇′(~y, t)] = iZδ(~x− ~y)

⇒ [a′(~k), a′
†
(~p)] = Zδ(~k − ~p);

|Ψ〉 =

∫
d3kf(~k)a′

†
(~k)|0〉 〈Ψ|Ψ〉 = Z

∫
d3k|f(~k)|2 ≤ 1.

Now it is clear that our interacting field creates a single particle state with probability Z ≤ 1.

The Lagrangian of the φ4 theory given has three parameters m, g, Z. In 4 dimensions g is dimension-
less. Renormalization, the process of eliminating Z, g,m for mp, gphys, is achieved through matching
conditions (or renormalization conditions) given below.

- The pole of the two point function must be at m2
p, where mp is the physical mass that we measure

during an experiment.

- The residue of the pole mp must be equal to “i” to ensure that field creates single particle states
with probability one. This condition sets the parameter Z.

- The prime in the following diagram means remove the external legs
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gphys is defined to be the magnitude of the scattering amplitude at the specified momentum. The
variables s, t and u are known as the Mandelstam variables. These variables are conventionally
useful to express scattering amplitude in a simple way. In the above diagram they are defined by

s = (p1 + p2)2 = (p3 + p4)2,

t = (p3 − p1)2 = (p4 − p2)2,

u = (p4 − p1)2 = (p3 − p2)2.

For more complete discussion, the reader is referred to [5, p. 156, 325-327].

Renormalization is always preceded by some regularization of the theory. A regularization of the theory
is a deformation of the theory so that the original infinities only appear when the deformation parameter
goes to zero. Some property of the theory is always spoiled by the regularization method. We summarize
in the following table some methods of regularization and the properties of the theory they spoil.

Method Summary Spoils

Cut off pµ = (p0, ~p)⇒ |~p| < Λ
Scale invariance &
Lorentz invariance

Pauli-Villars
add new mass M particle
with “ wrong statistics”

Scale invariance & Hermiticity

Dimension regularization continue to 2ω dimensions scale invariance

Note that the covariant cut off condition p2 = (p0)
2−|~p|2 < Λ2 is ineffective as a regularization method.

We will now consider a detailed study of our renormalization conditions. Start from the third condition
above. The diagrams corresponding to the scattering amplitude M(p1p2 → p3p4) at one loop are

Our renormalization condition is

−igphys = −igZ2 + (ig)2

2

∫
d4p

(2π)4
i

p2−m2

[
i

(p+ p3 − p1)2 −m2

∣∣∣∣
p1=p3

+
i

(p+ p1 + p2)−m2

∣∣∣∣
p1+p2=4m2

p

+
i

(p+ p4 − p1)2 −m2

∣∣∣∣
p1=p4

]
4!Z2

(3.11.1)

Introducing the quantity

iV (k2) =

∫
d4p

(2π)4

i

p2 −m2

i

(p+ k)2 −m2
, where k = p1 + p2, (3.11.2)

we can write our third renormalization condition as

− igphys = −igZ2 +
(ig)2

2
[i V (s)|s=4m2 + i V (t)|t=0 + i V (u)|u=0]4!Z2. (3.11.3)
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Consider now the first two renormalization conditions which both involve the two point function. At
one loop we have

For small coupling g and after some algebra, this can be written as

Hence, according to the renormalization condition above, the physical mass of the scalar field is

m2
p = m2 − 12

∫
d4k

(2π)4

ig

k2 −m2
. (3.11.4)

The renormalization conditions also imply Z = 1.

There is a general method, known as power counting, that enables us to estimate what divergences
we expect in a QFT. The method is basically a clever application of dimensional analysis. Indeed, in
d−dimensional spacetime any Feynman diagram has the algebraic form

I =

∫
ddp1 . . .

∫
ddpL

i

q2
1 −m2

. . .
i

q2
I −m2

, (3.11.5)

where L is counting the number of loops while I is counting the number of internal propagators in
the diagram. If we consider the contribution to these integrals coming from very large momenta, the
masses may be set to zero. In this case the only dimensionfull parameter is the large momentum cut
off Λ. Since this is the only dimensionfull parameter in the problem we can estimate how I depends on
Λ using nothing but dimensional analysis.

In this way, it is straightforward to see that the convergence of the diagram is controlled by the quantity

D = dL− 2I. (3.11.6)

Indeed, each loop in a Feynman diagram brings a potentially divergent d-momentum integral in the
numerator. In contrast, each propagator aids the convergence of the integral by putting two powers
of the momentum in the denominator. The quantity D is called the superficial degree of divergence
because although it is a useful guide, it sometimes estimates the divergence incorrectly. Note that this
argument must be modified when we include fermionic propagators, since a fermion propagator has a
different momentum dependence

If D < 0 it can be shown that for a diagram without a divergent subdiagram, the integral (3.11.5) is
convergent. In contrast, if D = 0 the divergence of (3.11.5) is logarithmic (log Λ) and finally if D > 0,
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the ultra-violet divergence is proportional to ΛD. Now in general, the formula for the superficial degree
of divergence is

D = d−
(
d

2
− 1

)
E + n

[r
2

(d− 2)− d
]
, (3.11.7)

where n counts the number of vertices in the diagram, E counts the external legs and r is the power of
the field appearing in the interaction term as

LI =

∫
ddxgrφ

r. (3.11.8)

To derive (3.11.7) start by noting that the number of momenta we integrate over is given by the number
of loops L. We also know that we need to integrate over a momentum for each internal line, that each
vertex has a momentum conserving delta function collapsing one of the integrals except for one delta
function which expresses the overall energy-momentum conservation of the diagram. Thus,

L = I − n+ 1.

Next there are E + 2I propagators ends that must connect to rn points on the vertices, so that

rn = E + 2I.

Using these two identities in (3.11.6) gives (3.11.7). From the interaction term, as in (3.11.8), we can
argue that the dimension of the coupling gr is the coefficient of the number n of vertices in the formula
(3.11.7). In other words, we have

[gr] = [Length]r(
d−2

2 )−d.

Looking at (3.11.7) it is clear that any theory with a coupling of dimension [g] = La with a > 0, has
an infinite number of Feynman diagrams which diverge. These can’t be removed by a finite number of
renormalization conditions. Thus, these theories are not renormalizable.

Since the mass dimension is the inverse of the length dimension, the above statement can be rephrased
as follows.

- A theory is renormalizable if the dimensions of all the coupling constants are either dimensionless
or have positive mass dimension.

- A theory is non-renormalizable if the dimension of any of the coupling constants has a strictly
negative power of the mass dimension.

The expressions relevant or marginal terms, refer respectively to couplings that have a positive power
of the mass dimension or are dimensionless.

Now, returning to the φ4 theory, the above argument implies that this theory is renormalizable in d = 4
dimensions. Recall that the Lagrangian density of this theory is

L =
1

2
Z∂µφ∂

µφ− 1

2
m2Zφ2 − Z2gφ4

=
1

2
(1 + Z − 1)∂µφ∂

µφ− 1

2
m2(1 + Z − 1)φ2 − (1 + Z2 − 1)gφ4

=
1

2
∂µφ∂

µφ− 1

2
m2φ2 − gφ4︸ ︷︷ ︸

renormalized terms

+ δZ∂µφ∂
µφ− δm2φ2 − δgφ4︸ ︷︷ ︸
counterterms

.
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The counterterms [5, p. 325], in the Lagrangian introduce new Feynman diagrams with coefficients
chosen to ensure that we can satisfy the renormalization conditions order by order in perturbation
theory. Thus, using the renormalization conditions we solve for the values of the counterterms order by
oder by order in perturbation theory. As an example, the term δgφ

4 introduces the new diagram



4. Euclidean Yang-Mills theory

4.1 Finite action field configurations

One of our aims in this chapter is to study the Yang-Mills field configurations that have a finite Euclidean
action. Recall that the solutions to the Euclidean equations of motion are called instantons. This
chapter is a generalization of our study of instantons in quantum mechanics. From now on we will work
in Euclidean space and any action that we use is an Euclidean action. The metric in Euclidean space
is the Kronecker symbol δµν . Naively the statement finite action i.e. S <∞ seems to be required so
that the path integral weight e−S/~ is non-zero. Indeed, after a Wick rotation of the time coordinate,
the path integral of a scalar field

Z[J ] =

∫
Dφe−

S[φ,J ]
~ (4.1.1)

seems to be dominated by the minimum of the action. Field configurations with S = ∞ do not seem
to contribute to the path integral.

However, this is not true. As an illustration, go back to the quantum mechanical path integral of the

harmonic oscillator, with Hamiltonian H = 1
2

(
dx
dt

)2
+ ω2

2 x
2. We showed that a general path x(t) can

be expanded around any solution x̃(t) as

x(t) = x̃(t) +
∑
n

Cnxn(t),

∫ T/2

−T/2
dtxnxm = δnm,(

− d2

dt2
+ ω2

)
xn = λnxn.

Evaluating the action, S =
∫
dtH of this path, up to the second order in Cn, yields

S[x(t)] =
1

2

∑
n

b2n, where bn = Cn
√
λn. (4.1.2)

We normalize the path integral measure as

N ′[dx(t)] =
∏
n

dbn√
2π~

so that

N ′
∫

[dx]e−S/~ =
∏
n

∫ +∞

−∞

dbn√
2π~

e−
b2n
2~ = 1 (4.1.3)

Now, every finite action motion requires that [bn] lies inside some hypercube, −L ≤ bn ≤ L. Under this
condition it is straightforward to see that (4.1.3) becomes

N ′
∫

[dx]e−S/~ = lim
n→∞

∏
n

[∫ +L

−L

dbn√
2π~

e−
b2n
2~

]
︸ ︷︷ ︸

<1

→ 0. (4.1.4)

84
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Hence, leaving out the finite action motions does not affect the value of the path integral. The reason
why we consider finite action configurations is because they lead to a non-zero answer when we use
them as a starting point for a semi-classical expansion.

Consider the Yang-Mills action

S =
1

4λ2

∫
d4xtr(FµνFµν), (4.1.5)

where λ is a coupling constant and we adopt the following conventions

Dµ = ∂µ + λAµ, Fµν = [Dµ, Dν ],

⇒ 1

λ
Fµν = ∂µAν − ∂νAµ + λ[Aµ,Aν ],

A†µ = −Aµ.

With these conventions the fields are anti-Hermitian as are the generators of the gauge group. In
4-dimensional space, the integral measure d4x is d4x = r3drdΩ3 where r =

√
δµνxµxν and Ω3 are

respectively the radius and the solid angle of a 3-dimensional sphere S3. In general it is straightforward

to show that the total solid angle of an (n − 1)-dimensional sphere (Sn−1) is Ωn−1 = 2
π
n
2

Γ(n2 )
. Thus,

for our case here we have Ω3 = 2π2. Hence equation (4.1.5) becomes

S =
1

4λ2

∫ Ω3

0
dΩ3

∫ +∞

0
drr3tr(FµνFµν). (4.1.6)

For a finite action tr(FµνFµν) must fall off for large r at least as fast as 1
r4+ε

∣∣
ε>0

. An equivalent
statement of this condition is to say

1

λ
Fµν = ∂µAν − ∂νAµ + λ[Aµ, Aν ] ∝ 1

r2+ε
⇒ Aµ ∝

1

r1+ε
. (4.1.7)

This is a condition on the behaviour of the field for large r, that is on a three dimensional sphere S3.
As a consequence of gauge invariance, we can relax (4.1.7). Indeed, it is enough to require

Aµ =
1

λ
g∂µg

† +O

(
1

r1+ε

)
. (4.1.8)

Above we have g ∈ G, where G = U(N) is the gauge group. Clearly all elements of the gauge group
G yielding a non zero field configuration on S3

∞ must be maps from S3
∞ to G. It is not difficult to

see that the physical fields Fµν are always zero on S3
∞. Even though our gauge field does not vanish

as r −→ ∞, it still gives a finite action solution. We can summarize our discussion with the following
corollary

Corollary: For every finite action field configuration on R
4, there exists a map from S3

∞ to the gauge
group G defined by

g : S3
∞ −→ G. (4.1.9)

Let SG be the set of maps from S3
∞ to G, giving a finite action field configuration. Consider a non zero

field configuration Aµ|S3
∞

= 1
λg∂µg

†; it is not difficult to show that an element g, giving a configuration
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of a finite action, is not unique. Towards this end, pick an element of the gauge group h ∈ G and
perform the gauge transformation

Aµ → A′µ = hAµh† +
1

λ
h∂µh

† +O
(

1
r1+ε

)
.

We can rewrite this as

A′µ = h(
1

λ
g∂µg

−1)h−1 +
1

λ
h∂µh

−1 +O
(

1
r1+ε

)
, (4.1.10)

=
1

λ
hg(∂µg

−1h−1 + g−1∂µh
−1) +O

(
1

r1+ε

)
, (4.1.11)

=
1

λ
hg∂µ(hg)−1 +O

(
1

r1+ε

)
, (4.1.12)

=
1

λ
hg∂µ(hg)† +O

(
1

r1+ε

)
. (4.1.13)

A′µ is the same physical state as Aµ. Note that in general we can not choose hg to be the identity of
the gauge group. In fact the gauge transformation h is defined on R

4 while g is only defined on S3
∞.

Thus, h must always be a smooth function and must not depend on the angles of the three sphere at
radius r = 0. We can always choose h = 1G at r = 0.

Figure 4.1: Figure illustrating how h and g are defined geometrically.

Accordingly if we can choose hg to be the identity, it follows that we must be able to continuously
deform g to the identity. However we have no proof that we can do this. We will see later that we can’t
pick h = g−1 in general. Note that the fact that we were working in 4-dimensional Euclidean space
leads us to the manifold S3 at r =∞.

4.2 Some geometry and topology background.

Now we are interested in classifying the set of finite action field configurations. Recall that we denote
the set of these configurations SG. It turns out that this classification can be performed by a simple
set of rules. For any g1, g2 ∈ SG if there exists h ∈ G such that g1 = hg2 then the configurations
corresponding to g1 and g2 are counted as the same physical configuration. Indeed, this must be true
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since h ∈ G is a gauge transformation implying that the configurations corresponding to g1 and g2 are
the same physical state. Hence, two physical configurations are different if they can not be continuously
deformed into each other by a gauge transformation, in other words @h ∈ G such that g1 = hg2. In order
to carry out this classification, start with a simple toy model problem. Obviously the simplest version
of this problem is to choose G = U(1) and the Euclidean space R2. We start with some definitions.

• Path. Given a topological space X and an interval I = [0, 1], a continuous map α : I → X is
called a path with initial point α(0) = x0 and final point α(1) = x1.

• Loop. A path is called a loop at the base point x0 if α(0) = α(1) = x0.

• Constant path. A constant path cx0 is a surjective map from I to a single point {x0} ⊂ X.
Automatically, by definition, a constant path cx0 is also a loop at the base point x0.

• Inverse path. Given a path α(s) such that α(0) = x0 and α(1) = x1 , the inverse path is defined
by α−1(s) = α(1− s). Thus, we have α−1(0) = x1 and α−1(1) = x0.

• Product of two paths. The product of two paths α and β is a path denoted α ∗ β and can be
defined as follows.

α ∗ β(s) =

{
α(2s) 0 ≤ s ≤ 1

2 ,

β(2s− 1) 1
2 ≤ s ≤ 1.

The following figure illustrates this products of two paths.

SG

Figure 4.2: Figure illustrating the product of two paths.

An extension of the above definitions are also valid for loops. It is straightforward to see that the inverse
of the product given above is defined by

(α ∗ β)−1(s) = β−1 ∗ α−1(s) =

{
β(1− 2s) 0 ≤ s ≤ 1

2 ,

α(2− 2s) 1
2 ≤ s ≤ 1.

Now we are ready to define homotopy. Given two loops α and β at the same base point x0, we write
α ∼ β and say they are homotopic if there is a continuous map F such that

F : I × I → X

(s, t) 7−→ F (s, t) =

{
F (s, 0) = α(s), F (s, 1) = β(s) ∀s ∈ I
F (0, t) = F (1, t) = x0 ∀t ∈ I.

The map F is called a homotopy. We say that α is homotopic to β if α ∼ β. If α is not homotopic to
β we write α � β. The following figures illustrate homotopic and non-homotopic loops.
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Figure 4.3: a) We have α � β on the torus T 2. The paths shown can not be deformed continuously
into each other on the torus. b) We have γ ∼ σ but γ � ρ and σ � ρ because of the hole in the
2-dimensional plane. Note that all these loops are homotopic to each other if they were embedded in
3-dimensional space and we can move past the hole by lifting the curves out of the page.

With the help of these figures, the notion of homotopic loops is clearly strongly related to the topology
of the embedding space. It is also useful to define the connectedness of a topological space.

4.2.1 Definition. A topological space X is said to be arcwise connected or connected if we can define
a path from I to X between any pair of points in X. Moreover X is said to be simply connected if
any loop defined on X can be shrunk to a single point. As an example, the torus in figure a) 4.3 is
connected but not simply connected.

“Homotopic to” is an equivalence relation. Indeed, it is straightforward to show reflexivity α ∼ α . The
continuous map for this is defined by{

F (s, t) = α(s) ∀t ∈ I
F (s, 0) = F (s, 1) = α(0)

.

Consider three loops α, β, γ on a topological space X. F is the homotopy map such that α ∼ β. The
symmetric relation β ∼ α follow from the homotopy map F (s, 1 − t). It is also straightforward to see
the transitivity is defined by the homotopy map H such that

H(s, t) =

{
F (s, 2t) 0 ≤ t ≤ 1

2

G(s, 1− 2t) 1
2 ≤ t ≤ 1

where β ∼ γ has homotopy G(s, t).

On a topological space X, the set of loops homotopic to α is called the “homotopy class” of α and
denoted by [α]. Naturally the set of homotopy classes partition the set of loops at a point on X into
disjoint subsets. The set of homotopy classes of loops at x0 on X is denoted by π1(X,x0) and is called
the fundamental group of the topological space X. If the topological space X is connected then there
is no need to specify the base point of the loops, so the fundamental group is simply written as π1(X).
The group operation is defined as follow. Given a topological space X, two loops α, β on X, the group
product is defined by

[α] ∗ [β] = [α ∗ β].

We must check that the right hand side does not depend on the representatives α and β. As an
illustration, consider F (s, t), G(s, t) which are respectively the homotopy between α1, α2 ∈ [α] and
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β1, β2 ∈ [β]. Thus, for a given t, the loop product α1 ∗ β1 can be defined by a continuous map H̃t(s)
such that

H̃t(s) = H(s, t) =

{
F (2s, t) 0 ≤ s ≤ 1

2 , ∀t ∈ I
G(2s− 1, t) 1

2 ≤ s ≤ 1, ∀t ∈ I;

where H(s, t) satisfies the conditions

H(0, t) = H(1, t) = (α1 ∗ β1)(0) = (α1 ∗ β1)(1) = x0, ∀t ∈ I.

But by definition we have α1 ∼ α2 and β1 ∼ β2 thus H(s, t) is promoted to the homotopy map ensuring
α1 ∗ β1 ∼ α2 ∗ β2. Hence, together α1 ∗ β1 ∼ α ∗ β and α2 ∗ β2 ∼ α ∗ β define a homotopy class of the
loop product between [α] and [β]. This last statement shows that the class [α ∗ β] of the product of
a loop in [α] with a loop in [β] is unique and doesn’t depend on the representative of the classes that
are multiplied. Thus, the class of the product of loops in X is the product of classes in π1(X,x0). The
unit element of the fundamental group π1(X,x0) is [cx0 ] the class of loops in X that can be shrunk to
the base point. The inverse of an element [α] is given by [α]−1 = [α−1]. Indeed, we have

[α] ∗ [cx0 ] = [cx0 ] ∗ [α] = [α ∗ cx0 ] = [α],

[α] ∗ [α]−1 = [α]−1 ∗ [α] = [α ∗ α−1] = [cx0 ].

A generalization of a loop on a manifold X is called an n-loop on X at the base point x0. Given a
manifold X and an interval I = [0, 1], an n-loop on the manifold X is defined by a continuous map
from In = I × I · · · I︸ ︷︷ ︸

n

to X. Explicitly, an n-loop α at a base point x0 ∈ X is defined by

α : In −→ X

(t1, · · · , tn) 7→ α(t1, · · · , tn),

where
α( ti|i=1,··· ,n = 0) = α( ti|i=1,··· ,n = 1) = x0.

By analogy with the idea of the first homotopy group, we can consider the nth homotopy group of a
manifold X, denoted by πn(X,x0). Accordingly, πn(X,x0) is a set of homotopy classes of n-loops at
the base point x0. We will focus on an n-dimensional sphere Sn as our n-loop. Note that there is no
general algorithm to compute homotopy groups. Therefore, the computation of the homotopy groups
of topological spaces must in general be carried out case by case.

4.3 Toy model problem

As mentioned at the beginning of the previous section, for our toy model problem we want to classify field
configurations of finite action in 2-dimensional Euclidean space, where the gauge group is G = U(1).
As a starting point, we first want to define maps from S1

∞ to G. Recall that an element of G must
satisfy gg? = |g|2 = 1. Thus, there must be a real θ modulo 2π such that g = eiθ. As a consequence G
itself is isomorphic to S1. Thus, the maps that we are looking for are endomorphisms of S1 i.e. maps
from S1 to S1. Clearly, our problem is now equivalent to finding the first homotopy group which is
π1(S1).
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Consider the following maps

g(0)(θ) = 1 : the trivial map

g(1)(θ) = eiθ : the identity map

g(ν)(θ) = eiνθ, where ν ∈ Z called the winding number.

The trivial map is a constant map from S1 to S1, i.e. it maps S1 to a single point of coordinate θ = 0
on S1. From its definition, g(1) maps each point of coordinate θ to itself. In contrast g(ν) maps in such
a way that varying θ from 0 to 2π we find that the image S1 is traversed ν times.

Figure 4.4: Figures illustrating the three possible maps from S1 to S1.

It is intuitively clear that any endomorphism of S1 can be continuously deformed into one of the three
maps above. For example, the fact that S1 is connected implies that any constant map from S1 to
itself is homotopic to g(0). Consider now g ∈ π1(S1). The winding number is given by

ν =
i

2π

∫ 2π

0
dθg

(
dg−1

dθ

)
=

i

2π

∫ 2π

0
dθ
d log(g−1)

dθ
. (4.3.1)

To start off we will prove that (4.3.1) is invariant under continuous deformation of g (that is to say ν
is only a function of homotopy class). To this end, consider the following deformation

g → g + δg ⇒ g? → g? + δg?.

The requirements that gg? = 1 and (g + δg)(g? + δg?) = 1 implies that there must be some number
α ∈ R modulo 2π such that g + δg = eiαg. An infinitesimal deformation of g forces us to take a small
α. Now use (4.3.1) to compute the winding number of the deformed g.

We have

ν|
g+δg

=
i

2π

∫ 2π

0
dθ
d log(e−iαg−1)

dθ
,

=
i

2π

∫ 2π

0
dθ

(
d log(g−1)

dθ
− d(iα)

dθ

)
=

i

2π

∫ 2π

0
dθ
d log(g−1)

dθ
,

= ν|
g
.

This proves that the winding number is a homotopy invariant. Next we will prove that for two different
winding numbers ν1 and ν2 the product map g(ν1)g(ν2) has the winding number ν1 + ν2. We know that
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U(1) is an Abelian group. Thus, we have

ν|g(ν1)g(ν2) =
i

2π

∫ 2π

0
dθg(ν1)g(ν2) d

dθ

(
g(ν1)g(ν2)

)−1
,

=
i

2π

∫ 2π

0
dθg(ν1)g(ν2) d

dθ

(
g(ν2)−1

g(ν1)−1
)
,

=
i

2π

∫ 2π

0
dθg(ν1)dg

(ν1)−1

dθ
+

i

2π

∫ 2π

0
dθg(ν2)dg

(ν2)−1

dθ
,

= ν1 + ν2.

This is enough to prove that g(ν) has winding number ν. To conclude our study of this toy model problem
we will work out the relation between the winding number and the gauge field Aµ. Recall that we are in
2-dimensional Euclidean space. Thus, the index µ runs from 1 to 2. Consider a vector Gµ = i

2π εµνAν
where Aµ = g∂µg

−1 and ε12 = 1. The radial unit vector in two dimensions is r̂ = cos(θ)x̂1 + sin(θ)x̂2.
Thus, the inner product of the vectors Gµ and r̂µ is

r̂µGµ =
i

2π
(A2 cos(θ)−A1 sin(θ)) (4.3.2)

Replacing Aµ with its definition in terms of g ∈ U(1) yields

r̂µGµ =
i

2π

(
cos(θ)g

∂g−1

∂x2
− sin(θ)g

∂g−1

∂x1

)
. (4.3.3)

Next, it is also useful to recall the relations{
∂x1
∂θ = −r sin(θ),
∂x2
∂θ = r cos(θ).

Using these identities with the help of (4.3.3), we have

r̂µGµ =
i

2rπ

(
g
∂xa
∂θ

∂g−1

∂xa

)
=

i

2rπ
g
∂g−1

∂θ
. (4.3.4)

⇒ ν =

∮
∂Dr

dθrr̂µGµ =

∫
Dr

d2x∂µGµ, (4.3.5)

=
i

2π

∫
Dr

d2xεµν∂µAν , (4.3.6)

=
i

4π

∫
Dr

d2xεµνFµν . (4.3.7)

Above Dr is the 2-dimensional disk of radius r while ∂Dr is its boundary which is homotopic to a circle
S1. The divergence theorem was applied to obtain the last line of the above equation. Equation (4.3.7)
shows how the winding number is directly related to the field strength in the two dimensional Euclidean
space.

4.4 G = SU(2) in 4-dimensional Euclidean Yang-Mills Theory

Consider now the case of gauge group SU(2). This gauge group is isomorphic to the manifold S3.
Indeed, any element g ∈ SU(2) can be written in terms of the Pauli matrices σi as

g = b41+ i~b · ~σ, where (b4, b1, b2, b3) ∈ R4. (4.4.1)
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The Pauli matrices satisfy the following identities

σiσj + σjσi = 2δij1, (4.4.2)

σ†i = σi. (4.4.3)

Thus, we have

gg† = (b4 + i~b · ~σ)(b4 − i~b · ~σ) = 1, (4.4.4)

= (b24 +~b2)1, (4.4.5)

⇒ b24 + b21 + b22 + b23 = 1. (4.4.6)

This last equation shows that there is indeed an isomorphism between SU(2) and S3. In other words,
any point (b4,~b) on S3 defines an element g in SU(2) and vice-versa. Now we have transformed our
problem of classifying maps from S3

∞ to G = SU(2) into finding the homotopy group π3(S3). Recall
that the third homotopy group π3(S3) of the three sphere S3 is the set of classes of 3-loops on S3. A
simple example of a 3-loop is the sphere S3 itself. By analogy with the construction of π1(S1), it is not
difficult see that the classification of the maps can be made by counting how many times they wrap the
three sphere. The following figure shows a map from S2 to S2 with winding number 2.

Figure 4.5: Profile section of a sphere S2 wrapping itself twice.

Following our discussion of the elements of π1(S1), we introduce the following standard mappings

g(0)(x) = 1 the trivial map,

g(1)(x) = (x41+ i~x · ~σ), where |x|2 = x2
1 + x2

2 + x2
3 + x2

4 = 1

g(ν)(x) = [g(1)(x)]ν , where ν ∈ Z.
Note that x is always picked on the surface of S3. Thus it always satisfies |x|2 =

∑
i x

2
i = 1. This time

the case of ν negative is related to the orientation of the map wrapping the S3. ν negative corresponds
to the case that our map takes a left handed trio of tangent vectors into a right handed trio. Besides
the name winding number, the integer ν is also called the Pontryagin class. The physical interpretation
of |ν| is the same as the winding number found in the toy model problem. Indeed, regarding the maps
defined above, it refers to the number of times the mapping wraps the three sphere S3.

We will accept, without a proof, that every mapping S3 → S3 is homotopic to g(ν) for some integer ν.
The formula for the winding number is given by

ν =
1

24π2

∮
dθ1dθ2dθ3ε

ijktr

(
g
∂g−1

∂θi
g
∂g−1

∂θj
g
∂g−1

∂θk

)
. (4.4.7)
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Let us prove that this winding number formula is independent of the coordinates θ1, θ2 and θ3. To
this end, we need to consider a change in coordinates. Consider the new coordinate Xi(θj), where
i, j = 1, 2, 3. Thus, we have

ν =
1

24π2

∮
dθ1dθ2dθ3ε

ijktr

(
g
∂g−1

∂θi
g
∂g−1

∂θj
g
∂g−1

∂θk

)
, (4.4.8)

=
1

24π2

∮
dθ1dθ2dθ3ε

ijk ∂Xĩ

∂θi

∂Xj̃

∂θj

∂Xk̃

∂θk
tr

(
g
∂g−1

∂Xĩ

g
∂g−1

∂Xj̃

g
∂g−1

∂Xk̃

)
. (4.4.9)

Noting that

dθ1dθ2dθ3 =

[
det

(
∂X

∂θ

)]−1

dX1dX2dX3;

εijk
∂Xĩ

∂θi

∂Xj̃

∂θj

∂Xk̃

∂θk
=

[
det

(
∂X

∂θ

)]
εĩj̃k̃,

(4.4.9) becomes

ν =
1

24π2

∮
dX1dX2dX3ε

ĩj̃k̃tr

(
g
∂g−1

∂Xĩ

g
∂g−1

∂Xj̃

g
∂g−1

∂Xk̃

)
. (4.4.10)

Hence the winding number formula is indeed independent of the choice of coordinates. Next, we want
to show that the winding number is also homotopy invariant. Consider a small change of an element
g = eλ

aTa of the group. We have

g(1 + δλaT a) = g + gδT ⇒ δg = gδT. (4.4.11)

The variation of g together with the identity (g + δg)(g−1 + δg−1) = 1⇒ δg−1 = −g−1δgg−1 yield

δ(g∂kg
−1) = δg∂kg

−1 + g∂kδg
−1, (4.4.12)

= δg∂kg
−1 − g∂k(g−1δgg−1), (4.4.13)

= �����
δg∂kg

−1 − g∂kg−1δgg−1 − ∂kδgg−1 −�����
δg∂kg

−1, (4.4.14)

= −g∂kg−1δgg−1 − ∂kδgg−1. (4.4.15)

Plugging the relation ∂k(gg
−1) = 0⇒ ∂kgg

−1 = −g∂kg−1 into (4.4.15) and using (4.4.11) yields

δ(g∂kg
−1) = ∂kgδTg

−1 − ∂k(gδT )g−1, (4.4.16)

= �����
∂kgδTg

−1 −�����
∂kgδTg

−1 − g∂kδTg−1, (4.4.17)

= g∂kδTg
−1. (4.4.18)

Now, insert this variation into the winding number formula and use the cyclicity of the trace and the
identity ∂kgg

−1 = −g∂kg−1 to find

δν =
3

24π2

∮
dθ1dθ2dθ3ε

ijktr
(
g∂ig

−1g∂jg
−1δ(g∂kg

−1)
)
, (4.4.19)

=
−1

8π2

∮
dθ1dθ2dθ3ε

ijktr
(
g∂ig

−1g∂jg
−1g∂kδTg

−1
)
, (4.4.20)

=
−1

8π2

∮
dθ1dθ2dθ3ε

ijktr
(
∂ig
−1∂jg∂kδT

)
, (4.4.21)

=
−1

8π2

∮
dθ1dθ2dθ3ε

ijk∂ktr
(
∂ig
−1∂jgδT

)
. (4.4.22)
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The passage to the last line has used the fact that εijk is completely antisymmetric but ∂k∂i and ∂k∂j
are symmetric. Thus, their contraction must vanish. Finally, using the divergence theorem, (4.4.22) is
nothing but an integral on the boundary of the sphere S3

δν =
−1

8π2

∮
∂S3

dŜkε
ijktr

(
∂ig
−1∂jgδT

)
= 0 (4.4.23)

This integral is indeed zero because the three sphere S3 doesn’t have a boundary, i.e. ∂S3 = ∅. Hence
the variation of the winding number under a continuous deformation is zero. This statement can be
rephrased as “the winding number is a function of homotopy classes”.

Unlike the winding number formula for π1(S1), which could be guessed, the winding number formula
for π3(S3) is more complicated. However, the winding number formula must involve integration of
elements in the Lie algebra just as in π1(S1) problem. Indeed, for any element g of the Lie group,
g∂αg

−1 is an element of the Lie algebra of the group. This is due to the property that any element of a
Lie group is by definition the exponential of an element of the Lie algebra. In the following, instead of
proving the winding number formula in (4.4.7), we will check by direct calculations that it indeed gives
the expected result when evaluated on a standard mapping of S3. To see this, it is straightforward to
compute that the trivial map g(0)(x) = 1 has zero winding number. Consider now the identity map
g(1)(x) = x4 + i~x · ~σ, where we define x2

4 + x2
1 + x2

2 + x2
3 = x2

4 + ~x2 = 1 to be coordinates of the unit
three sphere S3. It is clear that from its definition that g(1) maps S3 uniformly onto itself. Thus, the
integrand appearing in the formula for the winding number, using the formula (4.4.7), will not depend
on the point on S3 where we evaluate it. We define the north pole of S3 to be the point with the
coordinates

xN = (x4, x1, x2, x3) = (1, 0, 0, 0).

Thus the variation of g(1)(x) at the north pole is only in the transverse space of x4. Consequently,
{θi}i=1,2,3 can be identified with the {xi}i=1,2,3, coordinates of S3 in the neighborhood of the north
pole. Thus, we have

g(1)(x)∂ig
(1)−1

(x)
∣∣∣
xN

= (x4 + i~x · ~σ)∂i(x4 − i~x · ~σ)|xN ,

= −iσi.

Now, insert these results into (4.4.7) to obtain

ν|g(1) =
1

24π2

∮
dθ1dθ2dθ3ε

ijktr[(−i)3σiσjσk],

= −i 1

24π2
6tr[σ1σ2σ3]

∮
d3Ω3,

= −i 1

4π2
tr

(
i 0
0 i

)
2π2,

⇒ ν|g(1) = 1.

This is indeed what we expect to get for the winding number of the identity map since it wraps the
sphere once. Now given two integers ν1, ν2 we want to evaluate the winding number of a general map
g = g(ν1)g(ν2). By a continuous deformation of the maps g(ν1), g(ν2) we can define g̃(ν1) and g̃(ν2) such
that

g̃(ν1)(x) =

{
g(ν1)(x) if x4 − ε > 0,

1 if x4 + ε < 0;
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g̃(ν2)(x) =

{
1 if x4 − ε > 0,

g(ν2)(x) if x4 + ε < 0.

The hemisphere defined by x4− ε > 0 can be chosen to be the northern hemisphere of S3 and denoted
by S3

N . In contrast x4 + ε < 0 is chosen to be the southern hemisphere and denoted S3
S . By definition

the map g̃ = g̃(ν1)g̃(ν2) is homotopic to g and since we showed that the winding number is homotopy
invariant, the winding numberν|g must be equal to ν|g̃. Using the above argument, we have

ν|g(ν1)g(ν2) =
1

24π2

∮
S3

d3Ω3ε
ijktr

[
g̃(ν1)g̃(ν2))∂i(g̃

(ν1)g̃(ν2))−1(g̃(ν1)g̃(ν2)) ×

∂j(g̃
(ν1)g̃(ν2))−1(g̃(ν1)g̃(ν2))∂k(g̃

(ν1)g̃(ν2))−1
]
,

=
1

24π2

∫
S3
N

d3Ω3ε
ijktr

(
g(ν1)∂ig

(ν1)−1
g(ν1)∂jg

(ν1)−1
g(ν1)∂kg

(ν1)−1)
+

1

24π2

∫
S3
S

d3Ω3ε
ijktr

(
g(ν2)∂ig

(ν2)−1
g(ν2)∂jg

(ν2)−1
g(ν2)∂kg

(ν2)−1)
,

⇒ ν|g(ν1)g(ν2) = ν1 + ν2.

This is sufficient to prove that g(ν) has winding number ν. Indeed, using this result iteratively, it is
straightforward to see that the map g(ν) = [g(1)]ν has a winding number ν. Now there is no doubt that
the winding number formula given in (4.4.7) is correct.

We are now interested in relating the winding number formula to the field strengths Fµν , as we did in
the toy model. To this end, define Gµ as

Gµ = 4εµνρσtr

(
Aν∂ρAσ +

2

3
λAνAρAσ

)
. (4.4.24)

Recall that we are working in Euclidean space so that repeated Greek indices are summed from 1 to 4.
In terms of the group element g, we note that Gµ can be expressed as

Gµ = − 4

3λ2
εµνρσtr

(
g∂νg

−1g∂ρg
−1g∂σg

−1
)
. (4.4.25)

Indeed, substituting the gauge field Aν in (4.4.24) by 1
λg∂νg

−1, we find

Gµ =
4

λ2
εµνρσtr

(
g∂νg

−1∂ρ(g∂σg
−1) +

2

3
g∂g−1g∂ρg

−1g∂σg
−1

)
,

=
4

λ2
εµνρσtr

(
g∂νg

−1∂ρg∂σg
−1 + g∂ρ∂σg

−1 +
2

3
g∂g−1g∂ρg

−1g∂σg
−1

)
,

= − 4

3λ2
εµνρσtr

(
g∂νg

−1g∂ρg
−1g∂σg

−1
)
.

The passage to the last line has used the fact that εµνρσ∂ρ∂σ = 0 and ∂ρg = −g(∂ρg
−1)g. It is also

useful to show that

Gµ = 2εµνρσtr

(
Aν

1

λ
Fρσ −

2

3
λAνAρAσ

)
. (4.4.26)
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Starting from the right hand side and recalling the definition 1
λFρσ = ∂ρAσ − ∂σAρ + λ[Aρ,Aσ] yields

2εµνρσtr

(
Aν

1

λ
Fρσ −

2

3
λAνAρAσ

)
= 2εµνρσtr

(
Aν∂ρAσ −Aν∂σAρ + λAν [Aρ,Aσ]− λ2

3
AνAρAσ

)
,

= 4εµνρσtr

(
Aν∂ρAσ + λAνAρAσ −

λ

3
AνAρAσ

)
,

= 4εµνρσtr

(
Aν∂ρAσ +

2

3
λAνAρAσ

)
,

= Gµ.

By analogy with (4.3.4) we introduce the unit vector r̂µ, normal to the surface of S3, so that

ν = N

∮
S3

d3Sr̂µGµ. (4.4.27)

If we return to the expression for Gµ in (4.4.25), and note that the product d3Sr̂µGµ is nothing but
an interior product between a vector and a 4-form, it becomes clear that the factor N in the previous
expression must be equal to − λ2

32π2 . Indeed, we have

ν = − λ2

32π2

∮
S3

d3Sr̂µGµ = − λ2

32π2

∮ (
− 4

3λ2

)
d3Sενρσtr

(
g∂νg

−1g∂ρg
−1∂σg

−1
)
,

=
1

24π2

∮
d3Sενρσtr

(
g∂νg

−1g∂ρg
−1∂σg

−1
)

Thus, we have an alternative expression for the winding number

ν = − λ2

32π2

∮
S3

d3Sr̂µGµ. (4.4.28)

This integral can be turned into a volume integral using Stoke’s theorem and thus

ν = − λ2

32π2

∫
d4x∂µGµ, (4.4.29)

= − λ2

32π2

∫
d4xεµνρσtr (4∂µAν∂ρAσ + 8λ∂µAνAρAσ) . (4.4.30)

The passage to the last line has used the expression for Gµ in (4.4.24). Consider the expansion of the
product εµνρσtr( 1

λ2FµνFρσ) in terms of the gauge fields.

εµνρσtr(
1

λ2
FµνFρσ) = εµνρσtr

(
(∂µAν − ∂νAµ + λ[Aµ,Aν ])(∂ρAσ − ∂σAρ + λ[Aρ,Aσ]

)
,

= εµνρσtr
(
4∂µAν∂ρAσ + 8λ∂µAνAρAσ + λ2AµAνAρAσ

)
.

The last term of this equation vanishes because of the cyclicity of the trace plus the antisymmetricity
of the tensor εµνρσ. Indeed, we have

εµνρσtr(AµAνAρAσ) = ενρσµtr(AνAρAσAµ),

= ενρσµtr(AµAνAρAσ),

= −ενρµσtr(AµAνAρAσ),

= ενµρσtr(AµAνAρAσ),

= −εµνρσtr(AµAνAρAσ),

= 0.
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The passage to the second line has used the cyclicity of the trace. We have also made use of the
fact that εµνρσ is completely antisymmetric. Finally, the winding number formula, in terms of the field
strengths is

ν = − 1

32π2

∫
d4xεµνρσtr(FµνFρσ). (4.4.31)

Note that field configurations with different winding numbers can not be deformed into each other while
keeping the action finite. Indeed, this follows because the winding number is invariant under any gauge
transformation of the field configuration on the sphere S3. Thus to change the winding number we
must perform a transformation that is not a gauge transformation, implying that Fµν no longer vanishes
as we go to infinity.

In the following discussion, we are interested in a general gauge group. We keep the space dimension
fixed to D = 4. Recall that in (4.1.9), an element g of the gauge group G yields a field configuration
on the surface of S3

∞, of the form

Aµ =
1

λ
g∂µg

−1

where g : S3 → G.

Thus, the homotopy class that we are interested in becomes π3(G). This is the homotopy group of
mappings from S3 into the Lie group G, which is by definition a manifold. It is useful to recall the
following definitions:

- A simple Lie group is a connected non-Abelian Lie group such that its only normal subgroup is
the trivial element {1G}.

- A simple Lie algebra is a non-Abelian Lie algebra whose only ideals are {0g} and itself. A direct
sum of simple Lie algebra is called a semi-simple Lie algebra.

- A general compact Lie group is the direct product of an Abelian group and simple groups. The
following group product is an example of a general simple Lie group: SU(2)⊗q ⊗ SU(5), where
q ∈ Z.

The results that we have derived for the gauge group G = SU(2) are valid for any simple Lie group G.
This is due to Bott’s proof that any continuous mapping : S3 → G can be deformed into : S3 → SU(2)
where SU(2) is a subgroup of G. In particular for SU(n), it is straightforward to see that the entries
of 2 × 2 blocks in su(n) are the elements of su(2). Thus, by embedding SU(2) in SU(n) the result
seems quite natural.

Now, π3(U(1)) = {1G}; this must be true because the only possible way of mapping a sphere S3 onto
a circle is by mapping all the points on S3 onto one point on the circle. Hence the contribution of
the Abelian factor of a compact Lie group always gives a winding number 0. However, due to Bott’s
result, each non-Abelian factor of a general simple Lie group must carry a non-trivial winding number.
For example the homotopy group π3

(
U(1)⊗p⊗SU(2)⊗q ⊗SU(5)

)
has winding number (ν1, . . . , νq, ν).

Consequently, π3

(
U(1)⊗p ⊗ SU(2)⊗q ⊗ SU(5)

)
is isomorphic to Zq+1.
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4.5 Evaluation of the path integral

We now want to carry out the semiclassical evaluation of∫
DAµe−

1
4λ2

∫
d4xFµνFµν .

Due to the gauge invariance of the theory, we have to choose a gauge fixing condition for the evaluation
of the path integral. We will use axial gauge defined by A3 = 0. This gauge fixing condition is chosen
because any non-singular field configuration can be put into axial gauge with a non-singular gauge
transformation. As a consequence of gauge fixing, we need to include the Faddeev-Popov determinant
in the path integral. Again we will evaluate this determinant by converting it into a path integral over
ghosts fields. For an element of the gauge group g ∈ G, we recall that the gauge transformation of the
field is

A′µ = gAµg−1 +
1

λ
g∂µg

−1.

Thus, using the axial gauge fixing condition, we have

δF (A′µ)

δχ
=
δg

δχ
A3g

−1 +
1

λ
gA3

δg−1

δχ
+

1

λ

δ

δχ
(g∂3g

−1),

=
1

λ

δ

δχ
(g∂3g

−1).

This last line tells us that the Faddeev-Popov determinant is independent of the gauge fields Aµ. Thus,
in this gauge the integral over the ghost field in the path integral can be absorbed into the measure
DAµ.

Now, we want to show that any non-singular field configuration can indeed be put into axial gauge with
a non-singular gauge transformation. Since the computation which follows is quite intricate, it is useful
to summarize it in words. We will start by introducing a Wilson line. We show that the Wilson line
satisfies a simple differential equation and using this differential equation we find the transformation law
for a Wilson line under a gauge transformation. Armed with these results we write down a non-singular
gauge transformation that moves us into the axial gauge. To this end, consider the Wilson-line defined
by

U(x(s), y) = P

[
exp

(
−λ
∫ s

0
ds′

dxµ

ds′
Aaµ[x(s′)]T a

)]
,

where P is a path ordering notation defined as follows

P
(
O(s)Õ(s′)

)
=

{
O(s)Õ(s′) s > s′,

Õ(s′)O(s) s′ > s.
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This looks very similar to the time ordering notation of quantum mechanics. Accordingly, it is straight-
forward to see that the derivative with respect to s of the Wilson-line satisfies the differential equation

d

ds
U(x(s), y) = −λdx

µ

ds
Aaµ[x(s)]T aU(x(s), y), (4.5.1)

⇒ dxµ

ds

(
∂µ + λAµ[x(s)]

)
U(x(s), y) = 0. (4.5.2)

Noting that the operator in brackets in the last line above is the covariant derivative, Dµ = ∂µ + λAµ,
in Euclidean space, we have

dxµ

ds
Dµ(Aµ)U(x(s), y) = 0. (4.5.3)

The transformation law of the covariant derivative is

D′µ(A′µ) = g(x)Dµ(Aµ)g−1(x).

The gauge transformation of the Wilson-line is given by

U ′(x(s), y) = g(x)U(x(s), y)g−1(y). (4.5.4)

This can be proved by plugging the two last equations above in the differential equation that U satisfies.
Indeed, we have

dxµ

ds
D′µ(A′µ)U ′(x(s), y) =

dxµ

ds

(
g(x)Dµ(Aµ)g−1(x)

) (
g(x)U(x(s), y)g−1(y)

)
,

= g(x)

[
dxµ

ds
Dµ(Aµ)U(x(s), y)

]
g−1(y) = 0.

Thus, U ′(x(s), y) satisfies the correct differential equation; moreover for g = 1G we have the identity
U ′(x(s), y) = U(x(s), y). This prove that (4.5.4) is correct.

Now let Px be the path generated by the tangent vector in the x3 direction. Thus we have

dxµ

ds
=

{
0 µ 6= 3,
6= 0 µ = 3.

(4.5.5)

A Wilson-line can be defined as

g(Px) = P exp

(
−λ
∫ s

0
ds′

dxµ

ds′
Aµ(x(s′)

)
. (4.5.6)

From the definition of a Lie group, we note that g(Px) is an element of the gauge group G. Now,
perform a gauge transformation g(Px)−1 using (4.5.4) to obtain

g(Px)→ g′(Px) = g−1(Px)g(Px)g(P(x1,x2,0,x4)),

= 1G.
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The passage to the last line has used the fact that g−1(Px)g(Px) = 1G and the definition of g(Px)
evaluated at s = 0. In the new gauge

d

ds
g′(Px) = −λdx

µ

ds
A′µ(x(s))g′(Px) = 0 (4.5.7)

In other words, any non-singular field configuration can be indeed put into axial gauge with a non-singular
gauge transformation.

In order to complete the evaluation of the path integral, we also need to fix the boundary conditions.
We will work in a finite box of volume V T , where V is the three dimensional spacial volume and T is
the Euclidean time. We will take V, T → ∞ at the end. This will help us to understand how things
depend on the boundary condition in the limit V, T → ∞. The boundary conditions that we will use
are those for which the surface terms arising in the derivation of the equations of motion vanish. The
surface terms in the variation of the action are derived from

δS ∝
∫
d4xtr(∂µδAνFµν),

=

∫
d4x∂µtr(δAνFµν)−

∫
d4xtr(δAν∂µFµν).

The passage to the last line has used an integration by parts. Using the divergence theorem, the total
derivative term in the above equation is turned into a surface integral equal to∫

d3Snµtr(δAνFµν).

The normal components to the surface of Aν do not contribute because they are parallel to the vector
nµ, implying that nµAν is symmetric. The contraction of the antisymmetric Fµν with nµδAν must
then vanish. Accordingly, the only relevant components of the field Aµ are tangent to the surface.
These are indeed the only components of Aν that we need in the evaluation of the winding number.
The gauge fixing condition A3 = 0 must be satisfied by the tangential components and the boundary
condition must yield a finite action as the box goes to infinity. For finite action, the field on the walls
of the box is given by

Aµ =
1

λ
g∂µg

−1.

Using our gauge fixing condition, we must have

1

λ
g∂3g

−1 = 0.

This implies that ∂3g = 0, in other words g is only a function of x1, x2 and x4. Notice that we are still
free to perform x3 independent gauge transformations. To specify Aµ on the boundary of the box we
need to specify g(x1, x2, x4). Consider a gauge transformation which sets g|x3=0 = 1G.
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Because of the gauge condition, ∂3g = 0 so that we have g = 1G on all sides of the box except on the
side with x3 = L3. Thus, the full boundary condition is fixed by specifying g on the upper side of the
box at x3 = L3. The following theorem will help us to understand the field configuration inside the box.

Theorem 4.5.1. If boundary conditions g1 and g2 are in the same homotopy class, then any field
configuration with boundary condition g1 in an original box can be extended to a field configuration
with boundary condition g2 in a new box, consistent with the boundary conditions and A3 = 0 at the
cost of an increase in action of 1

∆ . For a definition of what we mean by the old box and the new box,
see Figure 4.6

Figure 4.6: g1 gives the boundary condition for the field configuration in the original box. g2 gives the
boundary condition for the field configuration in the bigger box. ∆ is the size of the increase of the
length of the side of the original box.

Proof. Let g1 and g2 be two mapping in the same homotopy class. The relevant homotopy obeys

g(x1, x2, s, x4) =

{
g1 s = 0,

g2 s = 1.

Since g1 and g2 are respectively defined on 0 ≤ x3 ≤ L3 and L3 ≤ x3 ≤ L3 + ∆, the argument s of
the homotopy g can be defined to be s = x3−L3

∆ , thus

g(x1, x2, s, x4) ≡ g(x1, x2,
x3 − L3

∆
, x4).

It is clear that the field configuration Aµ = 1
λg∂µg

−1 extends the configuration from the original box
into the new box. However, this extension does not preserve our gauge choice since A3 6= 0. To

overcome this define another field such that Aµ =

{
1
λg∂µg

−1 µ 6= 3,

0 µ = 3.
This extension has A3 = 0 but

is not pure gauge. Now, a perform a gauge transformation g−1. We have

A′µ =

{
g−1

(
1
λg∂µg

−1
)
g + 1

λg
−1∂µg = 0 µ 6= 3,

1
λg
−1∂µg µ = 3.

The vanishing of the first case uses the identity ∂µg
−1g = −g−1∂µg. Since the dependence in x3 of the

mapping g is of the form x3−L3
∆ , we know that A′3 = g−1∂3g(x1, x2,

x3−L3
∆ , x4) must be proportional to
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1
∆ . Accordingly, we have tr(FµνFµν) ∝ 1

∆2 . But the integral over the volume of the extra box produces
a factor of ∆ in the numerator. Thus, finally the total increase in the action has the form

S∆ =
1

4λ2

∫
extra vol

d4xtr(FµνFµν) ∝ ∆
1

∆2
=

1

∆
.

This proves that for a very large box, we can ignore the boundary conditions and simply integrate over
all configuration with winding number ν = n. For a given winding number, consider the transition
amplitude between some initial configuration and final configuration

F (V, T, n) = N

∫
DA1DA2DA4e

−Sδνn. (4.5.8)

Note that the initial and the final configuration are determined by the detailed boundary conditions that
we impose on the fields. In general this transition amplitude must satisfy the following identity

F (V, T1 + T2, n) =
∑

n1+n2=n

F (V, T1, n1)F (V, T2, n2). (4.5.9)

This formula is the discrete convolution of two transition amplitudes with different winding numbers. It
is clear that (4.5.9) is not a vacuum to vacuum amplitude. In fact, our analysis of instantons in quantum
mechanics in the first chapter showed that F is proportional to e−ET , where E is the vacuum energy
and T is the Euclidean time. Accordingly, the product of two transition amplitudes must be a product
and not a convolution as in formula (4.5.9). The only way to resolve this issue is to work in the Fourier
space dual to the winding number. Indeed, the Fourier image of the convolution of two functions is the
product of the Fourier images of each function. Now, the discrete Fourier transformation is written as

F (V, T, θ) =
∑
n

ei2πnθF (V, T, n). (4.5.10)

(4.5.9) now becomes
F (V, T1 + T2, θ) = F (V, T1, θ)F (V, T2, θ). (4.5.11)

This is now consistent with the expected structure F ∝ e−ET . One dramatic consequence of our
argument is that the theory has many vaccua, labeled by θ. Now, using the definition of the transition
amplitude and the above discussion, we have

F (V, T, θ) = 〈θ|e−HT |θ〉,

= N ′
∫
DAµe−Sei2πνθ,

= N ′
∫
DAµe−S+i2πθν .

From this last equation we see that the net effect of instantons is an additional term in the action

i2πθν = − iθ

16π

∫
d4xεµνρσFµνFρσ.
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We will now describe a dramatic simplification in the task of constructing instanton and anti-instanton
configurations. Let So be the action of an instanton. By definition, So is an extremum of the action.
Define the dual field strength F̃µν = 1

2εµνρσFρσ. In terms of the dual field strength we write

S =
1

4λ2

∫
d4xtr(FµνFµν) =

1

2λ2

(∫
d4xtr(FµνFµν)

∫
d4x′tr(F̃µνF̃µν)

) 1
2

, (4.5.12)

≥ 1

2λ2

∣∣∣∣∫ d4xtr(FµνF̃µν)

∣∣∣∣ =
1

4λ2

∣∣∣∣∫ d4xεµνρσtr(FµνFρσ)

∣∣∣∣ , (4.5.13)

⇒ S ≥ 8π2

λ2
|ν| ⇒ So =

8π2

λ2
. (4.5.14)

It is straightforward to see that field configurations with fixed winding number are an extremum of the
action if and only if the field strengths satisfy

Fµν = ±1

2
εµνρσFρσ. (4.5.15)

Fields obeying this equation are known as dual or anti-selfdual field configurations respectively. Note
that this is a first order partial differential equation. The equation of motions derived from Euler-
Lagrange formalism are second order partial differential equations. We know that solution to (4.5.15)
will solve the Euclidean equation of motion. The solutions with ν = 1 have the smallest action. Using
steepest-descent method, these are the only relevant solutions that we need in the semi-classical limit.

Now, we are interested in the evaluation of the transition amplitude for n instantons and ñ anti-
instantons by computing the path integral using the steepest descent method. In order to do this, we
will again assume a dilute instanton gas. In other words, we assume that there is no overlap between
field configurations of different winding numbers. Since we have already carried out this calculation in
quantum mechanics in chapter two, we simply give the result. We have

〈θ|e−HT |θ〉 ∝
∫ 2π

0
dθ
∑
n,ñ

(Ke−So)n+ñ (V T )n+ñ

n!ñ!
ei2π(n−ñ)θ, (4.5.16)

=

∫ 2π

0
dθ exp

(
2KV Te−So cos(2πθ)

)
(4.5.17)

Hence, after identifying the argument of the exponential the vacuum energy density is given by

E(θ)

V
= −2K cos(2πθ)e−So . (4.5.18)

By translation invariance the vacuum expectation value (VEV) satisfies

〈θ|εµνρσFµνFρσ|θ〉 =
1

V T

∫
d4x〈θ|εµνρσFµνFρσ|θ〉,

= −32π2

V T

ν
∫
DAµe−S+i2πνθ∫
DAµe−S+i2πνθ

,

=
i16π

V T

∂

∂θ
log

(∫
DAµe−S+i2πνθ

)
,

=
i16π

V T

∂

∂θ

(
−2KV Te−So cos(2πθ)

)
,

= −i64π2Ke−So sin(2πθ).
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The passage to the last line has used the result found in (4.5.17). The θ dependence in the VEV is firm
evidence that θ labels distinct vaccua. Note also that our result is independent of V, T as expected.
Finally, the VEV must be imaginary in Euclidean space so that after Wick rotation x4 → ix0 the VEV
is real in Minkowski space. Indeed, we have

x4 → ix0 ⇒ Fj4 = iFj0.

⇒ εµνρσFµνFρσ =
∑
σ∈S4

sign(σ)Fσ(1)σ(2)Fσ(3)σ(4),

= i
∑
σ∈S4

sign(σ)Fσ(1)σ(2)Fσ(3)σ(0).

Using the expression for the vacuum energy given in (4.5.18), it is straightforward to see that the ν > 1
solutions are not needed for our semiclassical calculation. Indeed, the dilute instanton gas approximation
implies that you know the ν > 1 solutions as well as needed. To see this, recall that the action of a
single instanton is

So =
8π2

λ2
. (4.5.19)

The bi-instanton action is at least double the value of So and thus

S′o = 2
8π2

λ2
. (4.5.20)

It follows that the vacuum energy density becomes

E(θ)

V
= −2K cos(2πθ)e−So − 2K ′ cos(4πθ)e−S

′
o .

We can already see that the bi-instaton term is exponentially damped. This implies that the effects of
all the higher instanton number (ν ≥ 2) configurations are negligible compared to the contribution of
the single instanton configurations.

4.6 Instanton solutions for Euclidean SU(2) Yang-Mills theory

In this section we will set the coupling constant to 1 in order to simplify our discussion. Start with the
basic solution for a single instanton i.e. winding number ν = 1. The solution for a single instanton for
the gauge group SU(2) in 4 dimensional Euclidean space has been found by Belavin, Polyakov, Schwartz
and Tyupkin [17]. The solution has the form

Aµ =
x2

x2 + 1
g(1)∂µ[g(1)]−1, g(1) =

x4 + i~x · ~σ
x

, x2 = x2
4 + ~x2. (4.6.1)

Note that this solution is consistent with the behaviour of the potential field as a pure gauge field on
the three sphere at infinity

Aµ −→
r→∞

g(1)∂µ[g(1)]−1.

The solution given in (4.6.1) gives an instanton configuration with size normalized to 1. It is straightfor-
ward to see that this solution is not invariant under translation. The translation transformation will give
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us another solution with the center of the instanton translated. In addition, (4.6.1) is not conformaly
invariant. Indeed, the scaling transformation xµ −→ xµ

ρ yields an inequivalent solution

Aµ =
x2

x2 + ρ2
g(1)∂µ[g(1)]−1. (4.6.2)

The size of the instanton has been rescaled to ρ. We have thus identified five parameters which label
different solutions. These parameters describe the center and the size of the instanton. We will now
argue that our solution is invariant under rotations. The x2 dependence is unchanged under a rotation.
Under a rotation g(1) transforms as

g(1) −→ gg(1)h−1, g, h ∈ SU(2) are constant matrices.

To understand this formula, recall that SO(4) ' SU(2) ⊗ SU(2). In summary, under a rotation our
field transforms as

A′µ =
x2

x2 + ρ2
gg(1)h−1∂µ

(
h[g(1)]−1g−1

)
,

=
x2

x2 + ρ2
g
(
g(1)∂µ[g(1)]−1

)
g−1.

Hence, a rotation is equivalent to a constant gauge transformation. Since the SU(2) gauge group has
3 parameters, constant gauge transformations generate 3 additional parameters which label different
solutions. The next transformation that we will discuss is inversion. Our discussion follows [18, 19].
The coordinate transformation implementing an inversion is given by

xµ −→ x̃µ =
xµ
x2
.

The transformation matrix Iµν associated with this transformation is

∂

∂xµ
=
∂x̃ν
∂xµ

∂

∂x̃ν
⇔ ∂µ = Iµν̃∂ν̃ .

Accordingly, we have

Iµν =
∂

∂xµ

(
xν
xρxρ

)
,

=
δµν
x2
− 2

xνδµρxρ
x4

,

=
1

x2

(
δµν − 2

xµxν
x2

)
.

Thus, under inversion

Aµ −→ A′µ = IµνAν , (4.6.3)

=
1

x2

(
δµν − 2

xµxν
x2

) x2

1 + x2
g(1)∂ν [g(1)]−1, (4.6.4)

=
1

1 + x2

(
g(1)∂µ[g(1)]−1 − 2

xµxν
x2

g(1)∂ν [g(1)]−1
)
, (4.6.5)

=
1

x2 + 1
g(1)∂ν [g(1)]−1. (4.6.6)
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The passage to the last line has used the fact that xν∂νg
(1) = 0. To see this, note that by dimensional

analysis we expect xν∂ν ∝ r ∂∂r , with r2 = x2
4 +~x ·~x. Indeed, the following example in two dimensions

is in agreement with this simple argument.

x = r cos(θ) y = r sin(θ),

⇒ ∂

∂r
=
∂x

∂r

∂

∂x
+
∂y

∂r

∂

∂y
,

= cos(θ)
∂

∂x
+ sin(θ)

∂

∂y
,

=
1

r
~x · ~∇ ⇒ ~x · ~∇ = r

∂

∂r
.

We can also say that xν∂ν is related to the directional derivative in the direction of xν which points
radially. Hence xν∂νg

(1) = 0 = xν∂ν [g(1)]−1. The gauge field found in (4.6.6) is the solution for an
anti-instanton of winding number ν = −1. It turns out that the behaviour of the anti-instanton on the
surface of the three sphere at infinity has been lost. However, if we perform a gauge transformation of
(4.6.6) by U = [g(1)]−1 we will correct this feature. Performing the transformation we find

A′µ −→
1

1 + x2
Ug(1)∂µ[g(1)]−1U−1 + U∂µU

−1,

=
1

1 + x2
∂µ[g(1)]−1g(1) + [g(1)]−1∂µg

(1),

=
x2

1 + x2
[g(1)]−1∂µg

(1).

This proves that there is no new parameter generated by inversion. Moreover, since the special conformal
transformation is a combination of translations and inversions, we will not find new parameters from the
special conformal transformation of our solution. We can therefore conclude that the total number of
parameters for a single (anti- or) instanton is 8. There are exactly 5 parameters for the center and size
of the instanton and 3 parameters associated to constant gauge transformations. Consequently there
will be 8 zero modes, one associated to each parameter.

We will now demonstrate in detail that single instanton and anti-instanton solutions are invariant under
rotations. A small generalization would extend the argument to special conformal transformations. To
start off, recall the ’t Hooft ansatz for the field strength

Fµν =
4i

(1 + x2)2
σµν ,

where σµν are defined to be antisymmetric and satisfy

σij = − i
4

[σi, σj ], σi are the Pauli matrices;

σi4 =
1

2
σi.

These field strengths are selfdual. Indeed, quick calculation shows that σµν = 1
2εµναβσαβ. By definition,

we have

σ12 ≡ −
i

4
[σ1, σ2] =

−i
4

[(
0 1
1 0

)(
0 −i
i 0

)
−
(

0 −i
i 0

)(
0 1
1 0

)]
,

=
−i
2

(
i 0
0 −i

)
=

1

2
σ3.
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Now, we compute

1

2
ε12αβσαβ =

1

2
(
1

2
ε1234σ34 +

1

2
ε1243σ43) =

1

2
σ3.

Proceeding in this manner we could verify that σµν is indeed selfdual. Starting from the selfdual solution,
it is straightforward to see that the anti-selfdual solutions are given by

Fµν =
4i

1 + x2
σ̄µν ,

σ̄ij = σij ,

σ̄i4 = −1

2
σi.

Recall that the above solutions for selfdual and anti-selfdual field strengths correspond, respectively, to
a single instanton and anti-instanton. For simplicity we consider gauge group O(4) ' SU(2)× SU(2)
which allows us to pair the instanton with the anti-instanton into a single configuration. To this end,
we define

Fµν =
4i

(1 + x2)2
Σµν , (4.6.7)

where Σµν is defined in terms of Dirac’s matrices as

Σµν =
−i
4

[αi, αj ] =

(
σµν 0
0 σ̄µν

)
,

αi =

(
0 σi
σi 0

)
, α4 = i

(
0 −1
1 0

)
.

Next, it is easy to see that (4.6.7) can be derived from the gauge field

Aµ =
−2i

1 + x2
Σµνxν . (4.6.8)

Under an infinitesimal rotation of parameter ωαβ, the change in the coordinates is xµ −→ xµ−ωµαxα.
Consequently, the net effect of the rotation on the field strength is given by

δFµν =
4i

(1 + x2)2

(
ωµαΣαν − ωνρΣρµ

)
. (4.6.9)

However, an O(4) gauge transformation U = e−iΘ, Θ = 1
2ωµνσµν transforms Fµν into UFµνU−1 and

thus the variation at first order in Θ of the field strengths is

δFµν = i[Θ,Fµν ], (4.6.10)

= − 4i

(1 + x2)2
[Θ,Σµν ]. (4.6.11)

For the equation (4.6.11), we must again pair the selfdual (instanton) and anti-selfdual (anti-instanton)
field strengths so that the gauge parameter Θ will be, after including σ̄µν , proportional to Σµν . After
doing so, it is trivial to show that (4.6.9) and (4.6.11) can cancel each other. In conclusion, for any
rotation of parameter ωµν there is some gauge transformation U ∈ O(4) such that the total net effect
of these two transformations in the field strength is zero. This is why rotations do not produce zero
modes of the instanton and anti-instanton. After a mild generalization one can show that for the special
conformal transformation, i.e. inversion plus translation, the invariance of the field configuration is also
accomplished by a gauge transformation.
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4.7 Degrees of freedom for n instantons

In this section we determine how many parameter label solutions describing n instantons. Naively, since
single instanton solutions are labeled by 8 parameters, we expect that there should be 8n parameters
labeling solutions for n instantons. Indeed, we will show that in general, there are 8n parameters labeling
the n instanton solutions. Towards this end, we recall the Witten and ’t Hooft solutions for any arbitrary
instanton number n for the SU(2) gauge group. The gauge field ansatz for a selfdual solution is

Aµ = iσµνa
ν , (4.7.1)

where the vector field aµ can be derived from a scalar potential ρ,

aµ = ∂µ ln ρ. (4.7.2)

Accordingly, the selfdual equation Fµν = 1
2εµναβF

αβ is reduced to

1

ρ
∂µ∂

µρ = 0. (4.7.3)

For a given winding number n, a general solution of (4.7.3) has the form

ρ =

n+1∑
i=1

λ2
i

|x− yi|2
. (4.7.4)

The right hand side of this equation seems to contain 5(n+ 1) parameters for the positions and sizes of
the n instantons. However a common rescaling of the size of instantons leaves aµ unchanged reducing
the number of parameters to 5n+ 4.

Now, consider a small variation for the gauge field

Aµ → Aµ + δAµ.

Based on the expression for the gauge field given in (4.7.1), the most general form for this variation is

δAµ = iσαβXµ
αβ, (4.7.5)

where Xµ
αβ must be antisymmetric and selfdual in the indices αβ. This requirement reflects the fact

that σαβ is selfdual and Aµ is antihermitian. Since Xµαβ is antisymmetric in αβ, for each value of the

index µ, there are 4(4−1)
2 = 6 independent components for each µ. The selfdual condition reduces this

number by a half. Thus, in total Xµαβ has twelve independent parameters. In addition, because of the
gauge invariance of the small variation of Aµ, we need to subtract the number of the generators of the
gauge group SU(2). Finally, there are nine independent components of the matrix Xµαβ. The explicit
form of the small variation of Aµ in terms of the superpotential is

δAµ = iσµν∂
ν δρ

ρ
. (4.7.6)

Putting (4.7.5) and (4.7.6) together, we can set

δAµ = iσµν∂
ν δρ

ρ
+ iρσαβ∂νYµ

ναβ , (4.7.7)
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where Yµναβ must inherit the properties of Xµαβ, must satisfy the selfdual condition in the µν indices
and is subject to the condition

Yµν
µν = 0. (4.7.8)

Together, (4.7.7) and (4.7.8) imply that the number of independent functions is nine. Next, decompose
Yµναβ into symmetric, traceless and antisymmetric part as follows.

Yµναβ = Sµναβ +Aµναβ ,

where

Sµναβ = Sαβµν ,

Aµναβ = −Aαβµν ,

It is straightforward to see that we can write

Aµναβ =
1

4
(δµαVνβ − δναVµβ − δµβVνα + gνβVµα),

where Vαβ is antisymmetric and selfdual. Following the arguments of Jackiw and Rebbi [20], one finds
that a small variation of the selfdual equation δFµν = 1

2εµναβδFαβ implies that the symmetric part of
Yµναβ satisfies

∂ρ∂
ρSµναβ = 0. (4.7.9)

All non-trivial solutions of this equation have singularities which cannot be removed by gauge trans-
formations. Indeed, there is no symmetric tensor among the possible parameters of the gauge group.
Thus, the only physically meaningful solution of (4.7.9) is Sµναβ = 0.

When the symmetric part of Yµναβ vanishes, it has been shown in detail in [20] that singularities that
arise from Vµν can be removed by gauge transformations. The self dual condition written in terms of
δρ and Vµν are

∂λ∂
λρVµν = 0,

∂λ∂
λδρ+ 2ρ∂µV

µ
ν∂

νρ = 0.

The solutions of these equations for n instantons are

Vµν =
1

ρ

n+1∑
i=1

kiµν
(x− yi)2

,

δρ(x) =

∫
d4x′

1

4π2(x− x′)2
(2ρ∂µV

µ
ν∂

νρ)(x′) + δρ̃(x),

where the kiµν ’s are constant antisymmetric and selfdual matrices and δρ̃ is the harmonic variation of
ρ(x). These solutions have 8(n+ 1)− 1− 10 = 8n− 3 physical parameters. Adding back 3 parameters
for global gauge transformations we finally obtain 8n parameters as we expected.
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4.8 Integration over the scaling zero mode

In this section we will focus on the single instanton solution and we will discuss the integration over
the zero mode corresponding to the size ρ of the instanton. To begin with, return to the number K in
(4.5.18) given by the square root of the product of eigenvalues of a certain partial differential equation.
We note by dimensional analysis that

E(θ)

V
= A cos(2πθ)e−

8π2

λ2
1

λ8

∫ ∞
0

dρ

ρ5
f(ρµ). (4.8.1)

The factor A is a constant of proportionality while cos(2πθ) reflects the θ dependence of the vacuum
energy density. The exponential factor is the action of the single instanton. The factor 1

λ8 arises because

the integration of each zero mode parameter is accompanied by a factor
√

So
2π~ , with So = 8π2

λ2 , where

λ is the coupling constant. Next, since the size ρ of the instanton has length dimension, the function
f in the integrand must be dimensionless. This is achieved by setting, the argument of the function f
to be proportional to ρµ, where µ is the (renormalization group) energy scale so that the product ρµ is
dimensionless. To continue, we need to determine the expression for the function f . From the running
coupling, the dependence on µ of the coupling is given by, [21],

dλ

d log(µ)
= −β1λ

3, where β1 =
11

12π2
. (4.8.2)

Integration of this equation is straightforward. The result is

λ2 =
λ2
o

1 + 2λ2
oβ1 log(µ)

, where λo is a constant of integration. (4.8.3)

Now, we compute

e−
8π2

λ2

λ8
=
e
− 8π2

λ2
o

(1+2λ2
oβ1 log(µ))

λ8
o

[1 + 2λ2
oβ1 log(µ)]4

,

=
e
− 8π2

λ2
o µ−16π2β1

λ8
o

(
1 + 2λ2

oβ1 log(µ)
)4
,

≈ e
− 8π2

λ2
o

λ8
o

µ−16π2β1 .

Since (4.5.18) and (4.8.1) must not depend on µ, we read from this result the form of the function f

f(ρµ) = (ρµ)16π2β1 . (4.8.4)

Hence the final expression of (4.5.18) must be of the form

E(θ)

V
= A

cos(2πθ)e−
8π2

λ2

λ8

∫ ∞
0

dρ

ρ5
(ρµ)16π2β1 . (4.8.5)

Now, if we plot the expression of the coupling given in (4.8.3), we will have the following profile.
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Figure 4.7: Profile of the coupling λ in terms of the energy scale µ.

We read from this figure that the theory becomes strongly coupled as we get closer to the IR. In contrast,
in the UV the strength of the coupling goes to zero.

Now return to the zero mode integral, (4.8.5). Since 16π2β1 > 5, the ρ integral does not converge.
The divergent contribution comes from large ρ portion of the integral corresponding to instantons of a
very large size. This is the IR regime of the theory. In this regime, the effective coupling is large and
consequently we can’t trust our semiclassical computation. This is often called the infrared problem.
This is disappointing, since it prevents us from completing our semi-classical computation.

4.9 ADHM construction

We have seen the ’t Hooft solution for the selfdual field strength equation, for one instanton, for the
SU(2) Yang-Mills theory. The clever insight in ’t Hooft’s ansatz is to form selfdual (or anti-selfdual)
tensors of order two, from the three Pauli matrices. Based on the one instaton solution, Witten and ’t
Hooft were able to obtain any higher instanton number solution for gauge group SU(2). Despite this
success, the construction of instantons in general, for a gauge group that is not SU(2), is not possible.
Accordingly, one needs to find another way of solving the selfdual field equations, preferably one that
does not rely heavily on the choice of the gauge group.

One method is the ADHM construction. The name ADHM stands for Atiyah, Hitchin, Drinfeld and
Manin. The power of the ADHM construction is that it obtains field configuration solutions to the
selfdual field equations from algebraic matrix relations plus some constraints attached to the matrices.
To begin, we will review the instanton solution for the SU(2) gauge group using the ADHM construction.
Then, we will discuss the ADHM construction for the orthogonal gauge group O(n). Following this, we
will use the ADHM construction for O(n) to extend the method to SU(n) and Sp(n) gauge groups.
Finally, we will also prove the completeness of the ADHM construction by reversing the argument i.e.
starting from a known selfdual field configuration we will reconstruct the matrix relations which are the
starting point of the ADHM construction.

4.9.1 ADHM construction for SU(2). The basic language of the ADHM construction relies on the
use of a mathematical object called a “quaternion”. In fact, we have already seen a quaternion when
we introduced the mapping g(1)(x) = x4 + i~x · ~σ as the standard mapping needed to obtain the higher
winding number maps. The quantity, x = x4 + i~x ·~σ, is known as a quaternion. More explicitly, for any
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(x1, x2, x3, x4) ∈ R4, in terms of the Pauli matrices plus the identity matrix

σ1 =

(
0 1
1 0

)
, σ2 =

(
0 −i
i 0

)
, σ3 =

(
1 0
0 −1

)
, σ4 =

(
1 0
0 1

)
, (4.9.1)

a quaternion x is by definition the following 2× 2 matrix

x = i~x · ~σ + x4σ4 =

(
x4 + ix3 x2 + ix1

−x2 + ix1 x4 − ix3

)
. (4.9.2)

A quaternion can be understood as an element of a four dimensional real vector space with basis vectors
{τµ}µ=1,...,4

, where ~τ = i~σ and τ4 = σ4 = 12×2. Thus, we have x = xµτµ.

Recall that the single instanton solution for the gauge field has the form

Aµ =
r2

1 + r2
g(1)∂µ[g(1)]−1, where r =

√∑4
i=1x

2
i . (4.9.3)

We also recall that all possible mappings with different winding numbers were obtained from powers of
the mapping g(1). Thus, it is clear that the mapping g(1) plays a central role in the ADHM construction.
We now show that finding the solutions of the selfdual equation

Fµν =
1

2
εµναβFαβ, where Fµν = ∂µAν − ∂νAµ + [Aµ,Aν ],

is equivalent to solving certain algebraic equations.

To begin with, define a (1 + k) × k matrix M(x) whose elements are quaternions. Concretely, all the
entries of the matrix M are decomposed into the basis {τµ} as

Mij = M4ijτ4 +M1ijτ1 +M2ijτ2 +M3ijτ3. (4.9.4)

The number k defining the dimension of the matrix M is the instanton number. The dependence of M
on the quaternion x is

Mij(x) = Bij − Cijx. (4.9.5)

The matrices B and C are defined to be constant quaternion matrices. In addition the extra condition
that we want the matrix M to satisfy is

M †M = R, (4.9.6)

where R is required to be a real and invertible k × k matrix. Knowing that the Pauli matrices are
Hermitian (so that τi|i=1,2,3 are anti-Hermitian), it is clear that the entries of the k×(1+k) dimensional

M † matrix are
M †ij = M4jiτ4 −M1jiτ1 −M2jiτ2 −M3jiτ3 (4.9.7)

To construct the selfdual gauge field Aµ(x) we also need a quaternionic matrix N(x) of dimension
(k + 1)× 1. N is a quaternion column vector of dimension k + 1. The constraints that we need N to
obey are the followings

N †(x)M(x) = 0, (4.9.8)

N †N = 12×2. (4.9.9)
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The constraint (4.9.6) implies that the rank of the matrix M must be at least k. Thus, the matrix
relation in (4.9.8) admits a definite non singular solution for N(x). (4.9.9) is the normalization of the
solution of (4.9.8). From the definitions above, we now define the gauge field as

Aµ = N †∂µN. (4.9.10)

This gauge field, a 2× 2 matrix, is an element of the su(2) Lie algebra. Consider for example the case
where k = 1. This is a single instanton solution. The vector N(x) turns out to be proportional to the
quaternion x = g(1). Thus, we have

Aµ ∝ g(1)∂µ[g(1)]−1.

It is also straightforward to verify that the gauge field defined in (4.9.10) is an anti-Hermitian 2 × 2
traceless matrix. This is indeed an element of su(2).

Now, plugging the expression for the gauge field in (4.9.10) into the definition of the field strengths, we
obtain

Fµν = ∂µ(N †∂νN)− ∂ν(N †∂µN) + [N †∂µN,N
†∂νN ], (4.9.11)

= ∂µN
†∂νN − ∂νN †∂µN +N †∂µNN

†∂νN −N †∂νNN †∂µN, (4.9.12)

= ∂µN
†
[
1(k+1)(k+1) −NN †

]
∂νN − ∂νN †

[
1(k+1)(k+1) −NN †

]
∂µN. (4.9.13)

The passage to the last line has used the normalization condition for N . It is straightforward to see that
the operator

[
1(k+1)(k+1) −NN †

]
is the projection operator projecting to the k-dimensional quaternion

subspace orthogonal to the vector N . Indeed, quick calculation shows that

P =
[
1(k+1)(k+1) −NN †

]
,

=
[
1(k+1)(k+1) − 2NN † +NN †NN †

]
, because N †N = 12×2;

=
[
1(k+1)(k+1) −NN †

] [
1(k+1)(k+1) −NN †

]
,

= P 2.

If we return to the relation (4.9.6) we can define the projection operator M †R−1M . Indeed, using the
associativity of the matrix product we verify that MR−1M † is a projector

(MR−1M †)2 = (MR−1M †)(MR−1M †) = MR−1(M †M)R−1M †,

= MR−1RR−1M † = MR−1M †.

Now, using the relation (4.9.8), it is straightforward to see that the two projectors defined previously
are equal. In other words

1(1+k)(1+k) −NN † = MR−1M †. (4.9.14)

Using this identity, the expression of the field strengths given by (4.9.13) becomes

Fµν = ∂µN
†
[
1(k+1)(k+1) −NN †

]
∂νN − ∂νN †

[
1(k+1)(k+1) −NN †

]
∂µN, (4.9.15)

= ∂µN
†MR−1M †∂νN − ∂νN †MR−1M †∂µN, (4.9.16)

= N †
(
∂µMR−1∂νM

† − ∂νMR−1∂µM
†
)
N, (4.9.17)

= N †C
(
τµR

−1τ †ν − τνR−1τ †µ

)
C†N. (4.9.18)
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The passage to the third line has used the identity ∂µN
†M = −N †∂µM while the passage to the last

line has used the alternative definition of M in (4.9.5). Recall that the matrix R is real, so that it
commutes with the unit quaternion τµ. Hence the final expression of the field strength is

Fµν = N †CR−1(τµτ
†
ν − τντ †µ)C†N. (4.9.19)

It is straightforward to check that (τµτ
†
ν − τντ †µ) is selfdual and satisfies the relation

τµτ
†
ν − τντ †µ = i4σµν ,

where

σµν =

{
− i

4 [σi, σj ] µ = i, ν = j
1
2σi µ = i, ν = 4

is the selfdual antisymmetric tensor defined in the ansatz of ’t Hooft single instanton solution for SU(2).
Accordingly, the final compact form of the selfdual field strength in terms of σµν is

Fµν = i4N †CR−1σµνC
†N. (4.9.20)

This proves that solving the selfdual field equation is equivalent to solving the matrix equation (4.9.8)
with constraints on the matrices N and M . Notice that the only gauge group dependence of the
matrices N and M appears in the dimension of the matrices. This observation will lead us to the
ADHM construction for O(n) gauge group.

4.9.2 ADHM construction for O(n). The central ingredients of the ADHM construction are the ma-
trices M(x) and N(x). For O(n) the matrix M(x) is defined to be a (2k+n)×k matrix with quaternion
entries. Again the number k appearing in the dimension of the matrix is the instanton number. The
definitions and constraints associated to the matrix M(x) that we gave above are unchanged. The only
change is that the dimension of the matrix is now (2k + n) × k. In particular, we still have the two
constant quaternion matrices B and C such that

[M(x)]ij = Bij − Cijx, where

{
1 ≤ i ≤ 2k + n,

1 ≤ j ≤ k.
(4.9.21)

We still require that the rank of the matrix M is k, so that the matrix R defined as

<

(
2k+n∑
l=1

M †liqMlj

)
≡ Rij , where q is a constant quaternion, (4.9.22)

is invertible for any quaternion q 6= 0. < denotes the real part of the complex number in the entries of
the matrix. By definition Rij is a real invertible matrix. Next, we define n real (2k + n)−dimensional
vectors Ni|1≤i≤n. In fact, we can visualize N as a (2k + n)× n matrix. The extension to O(n) of the
condition given in (4.9.9) is

NT
i Nj =

2k+n∑
l=1

NT
liNlj = δij . (4.9.23)

NT
i is the row vector transpose of the Ni column vector. The additional constraints we impose on M

and N are
2k+n∑
l=1

NT
liMlj = 0. (4.9.24)
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Again, this relation is the natural extension to O(n) of the condition (4.9.8). In summary, the above
equations can be written as

NTM = 0, (4.9.25)

NTN = 1n×n. (4.9.26)

The requirement that Ni is a real vector follows because the Lie algebra o(n) is a real vector space,
unlike the case of su(2). Ultimately this is also why we defined Rij to be a real matrix. Following the
same steps as above, we now define the gauge field

Aµ = NT∂µN. (4.9.27)

It is straightforward to see that Aµ is indeed an element of o(n). Arguing as we did above we find that
the expression for the field strength is

Fµν = ∂µN
T
(
1(2k+n)×(2k+n) −NNT

)
∂νN − ∂νNT

(
1(2k+n)×(2k+n) −NNT

)
∂µN. (4.9.28)

Again, we can use the condition (4.9.25) to show that

1(2k+n)×(2k+n) −NNT = <(M †R−1M).

Thus, we can carry out the same calculations as in (4.9.18) to end up with the following expression for
the field strengths

Fµν = NT<
[
CR−1

(
τµτ
†
ν − τντ †µ

)
C†
]
N, (4.9.29)

= 4NT<
(
iCR−1σµνC

†
)
N. (4.9.30)

This completes our discussion of the ADHM construction for O(n).

4.9.3 ADHM construction for SU(n) and Sp(n). The ADHM construction for gauge group SU(n)
and Sp(n) is easily constructed once we have carried out the construction for the orthogonal group
O(n). In fact, we can realize the SU(n) group as a subgroup of the orthogonal O(2n) group. Thus,
the solutions found for O(2n) can, with minor changes, yield solutions for SU(n). The case of Sp(n)
is very similar since it can also be realized as a subgroup of O(4n).

Since we have already set up all the ingredients of the ADHM construction for O(n), we will skip common
calculations in the next paragraphs. We begin with the SU(n) construction. The extra constraint that
we need to impose is that the real 2n × 2n matrix Aµ ∈ o(2n) acts as an n × n anti-Hermitian
Ãµ ∈ su(n) when acting on an n−dimensional complex plane. Thus the 2n real dimensions where Aµ
acts, are identified as the real and imaginary parts of Ãµ. Accordingly, the dimension of the quaternionic
matrix M(x) must be (4k + 2n)× k. In addition, for the group SU(n), we require

JM(x) = τ11(4k+2n)×(4k+2n)M(x), where J =

(
0 1(2k+n)×(2k+n)

−1(2k+n)×(2k+n) 0

)
. (4.9.31)

This extra condition for SU(n) is equivalent to choosing M(x) such that

M(x) =

(
M̃(x)

τ1M̃(x)

)
, (4.9.32)
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where M̃ is a (2k + n)× k quaternionic matrix. We now recover the same conditions as for the O(n)
construction. Consequently the reality and invertibility condition is written as

<
[
M̃ †(q − τ1qτ1)M̃

]
ij

= Rij . (4.9.33)

Note that the matrix R on the left hand side must be a square k × k invertible matrix. Next, the
appropriate dimension for the n vectors Ni is (4k+ 2n). If we work with the tilde vectors, we also need
to split each Ni vector into two blocks of column vectors Ñi of size (2k + n). It is straightforward to
show that the relation between the components of tilde vectors and the original vector must satisfy

Ñij = Nij −N(i+2k+n)j ,

{
1 ≤ i ≤ 2k + n

≤ j ≤ n.
(4.9.34)

Now, the algebraic constraints are

Ñ †M̃ = 0, (4.9.35)

Ñ †Ñ = 1n×n, (4.9.36)

and the gauge field is
Ãµ = Ñ †∂µÑ . (4.9.37)

The computation of the projector operator and the field strengths in terms of the matrix M̃ are easy to
derive using the above matrix relations.

The ADHM construction for the Sp(n) group basically uses the same trick as for SU(n). The difference
is that for Sp(n) we introduce three (4k + 4n)× (4k + 4n) matrices Ji|i=1,2,3 such that

J2
i = −1(4k+4n)×(4k+4n), J1J2 = J3. (4.9.38)

Hence, we define the matrix M(x) of (4k + 4n)× k dimensions satisfying

J1M = τ1M, J2M = τ2M. (4.9.39)

If we write the Ji matrices in terms of (k+n)×(k+n) blocks, we can check that the following matrices
satisfy the algebra given in (4.9.38)

J1 =


0 1(n+k)×(n+k) 0 0

−1(n+k)×(n+k) 0 0 0
0 0 0 1(n+k)×(n+k)

0 0 −1(n+k)×(n+k) 0

 ,

J2 =


0 0 1(n+k)×(n+k) 0
0 0 0 −1(n+k)×(n+k)

−1(n+k)×(n+k) 0 0 0
0 1(n+k)×(n+k) 0 0

 ,

J3 =


0 0 0 −1(n+k)×(n+k)

0 0 −1(n+k)×(n+k) 0
0 1(n+k)×(n+k) 0 0

1(n+k)×(n+k) 0 0 0

 .
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Hence the matrix M can be written in terms of a single (k + n)× k matrix M̃ as

M(x) =


M̃

τ1M̃

τ2M̃

τ3M̃

 (4.9.40)

The reality and invertibility conditions become

<
[
M̃ †(q − qτ1q − qτ2q − qτ3q)M̃

]
ij

= Rij . (4.9.41)

Again, we need to split the vectors Ni into blocks of four n + k columns vectors Ñi. Thus, with the
ADHM constraints imposed on Ni and M , the gauge field solution to the selfdual field equation is

Ãµ = Ñ †∂µÑ . (4.9.42)

The derivation of the projectors and the fields strengths are straightforward. In fact, based on our
previous detailed calculations, the field strengths will always have the following form

Fµν = i4Ñ †C̃R−1σµνC̃
†Ñ . (4.9.43)

There is a gap in the logic of our discussion: it is not clear that the number k appearing in the dimension
of the ADHM matrices is the instanton number. To complete our discussion we will prove that k is
indeed the winding number for the ADHM construction of the selfdual field. To begin with, recall that
the formula for the winding number in terms of the field strength is

k = − 1

32π2

∫
d4xtr (εµναβFµνFαβ) . (4.9.44)

Next, consider the expression of the selfdual field strength given by the ADHM construction.

Fµν ∝ Ñ †C̃R−1σµνC̃
†Ñ ,

where (for example for the case of the Sp(n) group) the dimension of the matrices Ñ , C̃ and R̃ are
respectively (n+ k)×n, (n+ k)× k and k× k. To simplify our calculation we discuss the Sp(n) gauge
group for concreteness. The main idea of the proof is the same for the other gauge groups except that
we need to account for the appropriate dimensions of the above three matrices. The dimension of the
matrix R is always fixed to k × k in our case.

Proof. We start by recalling one of the most important constraints on the matrix M of the ADHM
construction: it must be of rank k. Therefore, there must be some orthogonal matrices S ∈ O(n+ k)
and T ∈ O(k) transforming

M̃ −→ M̃ ′ = B̃′ + C̃ ′x = SM̃T,

Ñ −→ Ñ ′ = SÑ,

R −→ R′ = T TRT,

without changing the selfdual field solution. The expression for the field strength in terms of these new
matrices becomes

Fµν −→ F ′µν = i4Ñ ′†C̃ ′R′
−1
σµνC̃

′†Ñ ′,

= i4Ñ †STSC̃TT TR−1TσµνT
T C̃†STSÑ,

= i4Ñ †C̃R−1σµνC̃
†Ñ ,

= Fµν .
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The passage to the last line has used the above three transformation laws and the fact that S and T are
orthogonal matrices. This last equation shows that the ADHM construction is indeed invariant under
these transformations. It is straightforward to see that there exist matrices S and T , keeping the rank
of M̃ ′ to be k, such that

C̃ ′ =




k︷ ︸︸ ︷

0 · · · · · · 0
0 · · · · · · 0


 n


c(n+1)1 c(n+1)2 · · · c(n+1)k

0 c(n+2)2

. . .
...

...
. . .

. . .
...

0 · · · 0 c(n+k)k︸ ︷︷ ︸
k




k


,

where the k constant and quaternionic column vectors cj|j=1,··· ,k = cij|j=1,··· ,k; n+1≤i≤n+k
are linearly

independent. Now, we can see from the matrix product Ñ ′†C̃ ′ that the only relevant components of the
vector Ñ ′ and thus of Ñ are those below the nth lines. Thus, there are exactly n+ k− n = k copies of
the quaternion x (because N is the only matrix depending on x) distributed among the diagonal entries
of the matrix Fµν . A detailed computation now shows, [22]

tr (FµνFµν) = −16tr
[
(Ñ †C̃R−1σµνC̃

†Ñ)(Ñ †C̃R−1σµνC̃
†Ñ)

]
, (4.9.45)

= α(xµ)k. (4.9.46)

From the explicit form for α(xµ) it is possible to show that∫
d4xα(xµ) = −16π2. (4.9.47)

Hence, the number k appearing in the ADHM construction matrices is indeed the instanton number.

4.10 The completeness of the ADHM construction

To prove that all possible instanton solutions are obtained from the ADHM construction, we need to
show that:

• Given any selfdual (or anti-selfdual) gauge potential Aµ, we can always construct (up to gauge
transformations) the matrices appearing in the ADHM construction.

• Given these matrices, we can reproduce the original potential we started with.

The proof is rather technical so we will only summarize the logic of the arguments presented by Corrigan
and Goddard [23]. They pointed out that massless Dirac fields are sensitive to the presence of instantons.
They carry information about the instanton field itself and this is the reason why we are studying these
fields. To this end, it is natural to find the solution of the massless Dirac equation in the background of
the instanton field. Indeed, by finding the solution of the massless Dirac equation in the background of



Section 4.10. The completeness of the ADHM construction Page 119

the vector potential one can show that a given selfdual field configuration implies some algebraic matrix
equations. The matrix relations are the algebraic constraints that one needs to set up the ADHM
construction.

Recall that the covariant derivative in Euclidean space and the Dirac matrices are respectively

Dα = ∂α +Aα, γα =

(
0 τα
τ †α 0

)
. (4.10.1)

It is straightforward to check that the Dirac matrices satisfy the anticommutation relation

{γµ, γν} = 2δµν14×4. (4.10.2)

The massless Dirac equation is now defined by

γµDµΨ = 0, (4.10.3)

where Ψ is a four component massless spinor. Defining the projectors

P+ =
1

2
(14×4 + γ5) ,

P− =
1

2
(14×4 − γ5) , where γ5 = γ1γ2γ3γ4 =

(
−12×2 0

0 12×2

)
,

we can split the spinor Ψ in two spinors Ψ+ and Ψ− containing the components of the positive and
negative chirality

Ψ =

(
Ψ−
Ψ+

)
Accordingly Dirac’s equation becomes

τ †µDµΨ− = 0, τνDνΨ+ = 0. (4.10.4)

Now, it is straightforward to show by direct calculation that

τ †µτν = δµν + i2σ̄µν , (4.10.5)

τµτ
†
ν = δµν + i2σµν . (4.10.6)

where

σ̄µν =

{
σ̄ij = σij ,

σ̄i4 = −σi4
is the anti-selfdual tensor defined in ’t Hooft’s single instanton solution. Accordingly, we can use the
above results and compute

τ †µDµτνDν = τ †µτνDµDν , (4.10.7)

= (δµν + i2σ̄µν)DµDν , (4.10.8)

= D2 + iσ̄µν [Dµ, Dν ], (4.10.9)

= D2 + iσ̄µνFµν . (4.10.10)
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The passage to the last line has used the fact that σ̄µν is antisymmetric under swapping µ↔ ν. Since
Fµν is selfdual and σ̄µν is anti-selfdual, the combination σ̄µνFµν has to satisfy

σ̄µνFµν = 0. (4.10.11)

Now, we use the equation (4.10.4) to obtain

D2Ψ+ = 0. (4.10.12)

This equation involves only the positive chirality component of the spinor. This equation does not
admit a normalizable solution. Hence the massless Dirac equation has no normalizable positive chirality
solutions. However, an application of an index theorem, [24, 25], shows that it has k linearly independent
normalizable negative chirality solutions, Ψ−. Accordingly, the solution Ψ− can be put into the form
of a 2n + k dimensional matrix ψ with the elements ψiaI , where 1 ≤ i ≤ k, 1 ≤ a ≤ n, I = 1, 2.
Following the argument of Corrigan and Goddard, we take the transpose of ψiaI in the two-dimensional
label and then multiply it by

ε =

(
0 1
−1 0

)
, (4.10.13)

to obtain an n× 2k dimensional matrix ψ̃ = ψT ε. In order to obtain the ADHM matrices, we need to
integrate the formula [26]

ψ†ψ = −1

4
∂2R−1, (4.10.14)

where R is a k×k real and invertible matrix. After integration and performing the above change ψ → ψ̃,
we obtain the solution, [23, 27],

ψ̃ = N †CR, (4.10.15)

where N, C are (2k + n) × n, (2k + n) × k dimensional matrices respectively. In the solution above
N , C and R are the ADHM matrices. Details of the previous calculation can be found in [23, 27]. The
only matrix left to complete the ADHM construction is the matrix B. One way of finding the matrix B
is to study the large x behaviour of ψ. Since M(x) −→

|x|→∞
Cx it is shown in [23] that the solution for

ψ̃ has the following form for large |x|

ψ̃ = −gN †B x†

|x|4
, where g ∈ SU(n). (4.10.16)

Finally, we conclude that, starting from the SU(n) selfdual instanton solutions, one can show that
M = B + Cx and N(x) can be reconstructed, up to gauge transformation. The trick in finding these
matrices strongly relies on the massless Dirac equation in the background of the field Aµ.

4.11 The moduli space of an instanton

When we talk about the moduli space of an instanton, we mean the space of all inequivalent instanton
solutions. As a concrete example, the moduli space of an instanton, denoted M1,1 in one dimensional
quantum mechanics is the trivial topological space R. This is because different instanton solutions
correspond to different values of the center of the instanton parameter, and the instanton center can
vary in the real line. In general, instanton moduli spaces are manifolds with each point in the manifold
corresponding to a particular solution.
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When we come to discuss Yang-Mills theory, we can further refine the notion of the moduli space by
considering the space of all instanton configurations that share a given instanton number k. In the case
of SU(2) Euclidean Yang-Mills theory, the dimension of the manifold isomorphic to the moduli space
of instantons, denoted Mk,2, is D = 8k, where k is the instanton number. This follows because there
are 8k arbitrary parameters appearing in the k instanton solutions to the selfdual field equations. Since
all gauge transformations of the solutions are physically equivalent, the moduli space of instantons is
quotiented by local gauge transformations. Of course, as we described above the moduli space must
only include solutions that differ by a global gauge transformation not solutions that differ by a local
gauge transformation.

Since a moduli space is a manifold, it is possible to define intrinsic and geometrical properties of the
moduli space. Indeed, if we consider for example the U(N) gauge group, we know that the gauge field
Aµ is an element of the u(N) Lie algebra and thus we can generalize the inner product found in (3.9.20)
as follows

(δAµ, δA′ν) =

∫
d4xtr(δAµδAν)δµν . (4.11.1)

In this way we see that the moduli space denoted Mk,N for k instantons is endowed with a natural
metric. This metric written in (4.11.1) is not quite well defined, as we have not yet quotiented out by
local gauge transformations. Below we will return to this point and will define a metric for moduli space
that is gauge invariant.

Now, fix the instanton number to k and consider the moduli space for all selfdual field solutions. If Aµ
belongs to the moduli space Mk,N a gauge transformation of Aµ, Aµ + δAµ must also be a solution
and thus, it too belongs to Mk,N . The corresponding gauge transformation of the covariant derivative
is Dµ → ∂µ +Aµ + δAµ. The linearized selfdual field equations imply that

Dµ(δAν)−Dν(δAµ) = εµνρσDρ(δAσ). (4.11.2)

Indeed, a straightforward calculation shows that

[Dµ + δAµ, Dν + δAν ]φ = [Dµ, Dν ]φ+ [Dµ, δAν ]φ+ [δAµ, Dν ]φ+O(δA2),

= Fµνφ+Dµ(δAνφ)− δAνDµφ+Dν(δAµφ)− δAνDµφ,

= [Fµν +Dµ(δAν)−Dν(δAµ)]φ.

Now, use the selfdual condition Fµν = 1
2εµνρσFρσ for both the old and the gauge transformed field

strengths to obtain

Dµ(δAν)−Dν(δAµ) =
1

2
εµνρσ

(
Dρ(δAσ)−Dσ(δAρ)

)
,

= εµνρσ
(
Dρ(δAσ).

The passage to the last line has used the fact that the tensor εµνρσ is totally antisymmetric and we have
relabeled the contracted indices.

Now, in terms of the small displacement δAµ, we can define the metric on the moduli space as

g(δAµ, δA′ν) =

∫
d4xtr(δAµδA′ν)δµν . (4.11.3)

We must require that all gauge equivalent gauge fields are collinear with their representative. One way
in which we can accomplish this, is to use the metric (4.11.1) but with the extra input that the metric
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is applied to tangent vectors that are first projected to be orthogonal to gauge transformations. By
requiring this we are simply making a choice of representatives for tangent vectors in the moduli space
after we have quotiented by local gauge transformations. By definition, our representatives obey

g(δAµ, Dµη) =

∫
d4xtr(δAµDµη) = 0, (4.11.4)

= −
∫
d4xtr

(
Dµ(δAµ)η

)
= 0, (4.11.5)

for all η. The passage to the second line has used an integration by parts. This last equation is also
equivalent to

DµδAµ = 0. (4.11.6)

Zero modes for the k instantons are solutions of the equations (4.11.2) and (4.11.6). They form the
tangent space of the manifold Mk,N , which is the moduli space of instantons after gauge fixing. In
technical terms, the tangent bundle of the manifold Mk,N constitutes the space of the zero modes.

Now, return to the SU(2) gauge group. Our goal is to obtain the metric of M1,2. Our discussion will
follow the discussion given in [3]. Recall that there are 8k parameters appearing in the k instanton
solution. We can thus define collective coordinates ζα on the moduli space Mk,2 where α runs from 1
to 8k. Our logic should be familiar. Indeed, recall that in chapter 2 the zero mode for the double well
potential problem had the form dx̃

dt , where x̃ was the instanton solution. By analogy, the zero mode

solutions to (4.11.2) and (4.11.6) are δαAµ =
∂Aµ
∂ζα

. For k = 1, the solution written to include all 8
parameters is

Aµ =
ρ2(x−X)ν

(x−X)2[(x−X)2 + ρ2]
gσµνg

−1. (4.11.7)

We can read from the above equation that the collective coordinates are ζα = (X1, X2, X3, X4, ρ, θ1, θ2, θ3),
where Xµ, ρ and θi are respectively labeling translations, scaling and global gauge directions. The so-
lution given in (4.11.7) does not explicitly show that Aµ lives in u(2). However, use of the definition of
σµν shows that it can be written as σµν = ηiµν

σi
2 . Indeed

σµν =

{
− i

4
[σi, σj ] if µ = i, ν = j

1
2
σi if µ = i, ν = 4,

⇒ σµν =


0 1

2
σ3 − 1

2
σ2

1
2
σ1

− 1
2
σ3 0 1

2
σ1

1
2
σ2

1
2
σ2 − 1

2
σ1 0 1

2
σ3

− 1
2
σ1 − 1

2
σ2 − 1

2
σ3 0


µν

. (4.11.8)

Now, we read the u(2) components of σµν = ηiµν
σi
2 as

η1 =


0 0 0 1
0 0 1 0
0 −1 0 0
−1 0 0 0

 , η2 =


0 0 −1 0
0 0 0 1
1 0 0 0
0 −1 0 0

 , η3 =


0 1 0 0
−1 0 0 0
0 0 0 1
0 0 −1 0

 . (4.11.9)

Since only the fourth components (µ = i, ν = 4) pick up an extra minus sign in the definition of
the anti-selfdual tensor σ̄µν , it is straightforward to see that the u(2) components for the anti-selfdual
matrices are

η̄1 =


0 0 0 −1
0 0 1 0
0 −1 0 0
1 0 0 0

 , η̄2 =


0 0 −1 0
0 0 0 −1
1 0 0 0
0 1 0 0

 , η̄3 =


0 1 0 0
−1 0 0 0
0 0 0 −1
0 0 1 0

 . (4.11.10)
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Now, using the above matrices, (4.11.7) is rewritten as

Aµ =
1

2

ρ2(x−X)ν
(x−X)2[(x−X)2 + ρ2]

ηiµνgσig
−1. (4.11.11)

This expression explicitly demonstrates that Aµ is an element of u(2). The translation (zero) modes
up, to gauge transformation, are written as

δ(ν)Aµ =
∂Aµ
∂Xν

+DµΩν , (4.11.12)

where Ων must be chosen so that (4.11.6) is satisfied. Since ∂
∂xν

and ∂
∂Xν

act equivalently, it is
straightforward to see that the choice Ων = Aν is valid. Indeed, under this choice, the expression
(4.11.12) yields δ(ν)Aµ = Fµν . Moreover, (4.11.6) is automatically satisfied due to the equations
of motion DµFµν = ∂µAν − ∂νAµ + [Aµ,Aν ] = 0 in the background of the selfdual field config-
uration. Now, use (4.11.3) to obtain the component of the metric with respect to the directions
ζµ = (X1, X2, X3, X4, 0, 0, 0, 0) of the moduli space

gαβ|α,β∈{1,2,3,4} =

∫
d4xtr

[
δ(α)Aµδ(β)Aµ

]
, (4.11.13)

=

∫
d4xtr(FµαFµβ) = 4Soδαβ, (4.11.14)

= 32π2δαβ. (4.11.15)

Next, we want to find the components of the metric in the directions ζα = (0, 0, 0, 0, ρ, 0, 0, 0) and
ζβ = (0, 0, 0, 0, 0, θ1, θ2, θ3). These are easily obtained if we know the scaling zero mode and the global

gauge orientation zero modes. Thus, we need to find δAµ =
∂Aµ
∂ρ and δ(i)Aµ =

∂Aµ
∂θi

. However, since
Aµ given in (4.11.11) is by definition the solution of (4.11.6), one can show, [3], that the remaining
components of the metric are respectively

gαβ|α,β∈{5} =

∫
d4xtr(δAαδAβ) = 64π2δαβ, (4.11.16)

gαβ|α,β∈{6,7,8} =

∫
d4xtr(δAαδAβ) = 64π2δαβρ

2. (4.11.17)

Concretely the metric of the moduli space M1,2 is

gαβ = 32π2



1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 2 0 0 0
0 0 0 0 0 2ρ2 0 0
0 0 0 0 0 0 2ρ2 0
0 0 0 0 0 0 0 2ρ2


αβ

. (4.11.18)

Having this metric, we are tempted to write the isomorphism

M1,2 ∼ R
4 × R4. (4.11.19)
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However, this is not true because the fields Aµ are left invariant under the center of the gauge group
Z2. The metric obtained from the gauge rotation zero modes plus the scale zero mode is a metric on

R
+ × S3/Z2 ∼ R

4/Z2.

ρ2 belongs to R
+, which is the set of real positive numbers. The parameters θi of the gauge group

belong to the three sphere S3.

4.12 k = 1 instanton solution for Euclidean SU(3) Yang-Mills theory

In this section, the precise value of the coupling constant does not play any role so for simplicity we
will set it to one. The k = 1 instanton solution for the SU(3) gauge group in 4-dimensional Euclidean
Yang-Mills has not been studied as well as the k = 1 instanton solution for the SU(2) gauge group.
In this section we will construct the solution for the SU(3) gauge group by exploring the geometrical
structure of the S3 manifold embedded in SU(3). This geometrical structure is naturally reflected in the
algebraic structure of the Lie algebra. Our construction is novel. Once we had completed this analysis,
we discovered a closely related discussion in [28, p. 13-14]. Our construction emphasizes the geometry
more than [28, p. 13-14] does. The two discussions are in complete agreement.

Before entering into the details of our computation, it is useful to briefly recall the logic and main points
of our discussion of Yang-Mills instantons. We started by writing the Euclidean action for 4-dimensional
Yang-Mills theory. We then found that, to construct solutions of finite action, we need to find field
configurations that are pure gauge fields on S3

∞. Formulating the problem in this way, we were able to
recast it as the mathematical problem of finding maps that are classified by the the third fundamental
group π3(G) for the gauge group G which concretely amounts to classifying all the mappings: S3

∞ → G.
In this way homotopy classes make a natural appearance and we found that each such homotopy class
is equivalent to a given finite action configuration. We further simplified our problem and learned that
we only needed to find selfdual (or anti-selfdual) field configurations.

Our discussion for SU(3) will follow the same ideas. Consequently, we want to find π3(SU(3)), which
will then enable us to determine the set of selfdual field configurations that have finite action, So = 8π2.
It is these finite action configurations that will dominate the semi-classical limit. Our discussion for the
SU(2) gauge group showed that π3(SU(2)) ∼ Z. This is easily understood if we remember that the
geometrical structure of SU(2) is S3 itself. We are then studying mappings from spheres to spheres
which are classified by the winding number, which takes values in Z.

Geometrically SU(3) is a connected and compact 8-dimensional manifold M8. Bott has carefully
studied π3(SU(3)) and has concluded that π3(SU(3)) ∼ Z. Intuitively we can understand Bott’s result
by recalling that SU(2) is a subgroup of SU(3). This implies that S3 is a submanifold of M8. The
maps which are being classified by π3(SU(3)) are maps from S3 into precisely these S3 submanifolds.
The following figure illustrates the above argument.
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Figure 4.8: g̃ is a map from S3
∞ to M8. g̃ wraps a submanifold S3 ⊂M8 with S3

∞.

The above discussion is needed to demonstrate completeness of our construction for k = 1 instanton
solutions for SU(3).

It is useful at this point, to review the su(3) Lie algebra. Our k = 1 instanton solution will make use
of properties of su(3). In addition, the above geometrical arguments will become very concrete when
understood in terms of the properties of su(3). Recall that in general, for SU(n), there are n2 − 1 real
degrees of freedom. Accordingly, SU(3) has 8 degrees of freedom. This implies that the dimension of
the su(3) Lie algebra is 8. A convenient basis for su(3) is provided by the Gell-mann matrices. The
Gell-mann matrices are

λ1 =

 0 1 0
1 0 0
0 0 0

, λ2 =

 0 −i 0
i 0 0
0 0 0

, λ3 =

 1 0 0
0 −1 0
0 0 0

, λ4 =

 0 0 1
0 0 0
1 0 0

,
λ5 =

 0 0 −i
0 0 0
i 0 0

, λ6 =

 0 0 0
0 0 1
0 1 0

, λ7 =

 0 0 0
0 0 −i
0 i 0

, λ8 =
1√
3

 1 0 0
0 1 0
0 0 −2

.
It is straightforward to see that the above matrices satisfy the following defining properties of su(3)

λ†i = λi, where ∀i ∈ I8 ≡ {1, 2, 3, 4, 5, 6, 7, 8} ,
tr(λi)|∀i∈I8 = 0.

Often the factor 1√
3

is omitted. We include this factor to ensure the orthogonality tr(λiλj)|∀i∈I8 = 2δij .

Finally, it can been shown by direct calculation that these matrices satisfy the following algebra.

[λa, λb] = i
∑
k

fabcλc ∀a, b, c ∈ I8, (4.12.1)

where fabc, called the structure constants, are completely antisymmetric. The only non-zero structure
constants are

f123 = 2, (4.12.2)

f147 = −f156 = f246 = f257 = f345 = −f367 = 1, (4.12.3)

f458 = f678 =
√

3. (4.12.4)
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We call B = {λi}∀i∈I8 the canonical basis of su(3). B is an orthogonal basis. It is straightforward

to see that B′ = {λ1, λ2, λ+, λ4, λ5, λ6, λ7, λ−}, where λ± = ±λ3 +
√

3λ8, also forms an orthogonal
basis of su(3). Both of these bases B and B′ are relevant for the construction of k = 1 instantons for
SU(3). The sets {λ1, λ2, λ3} , {λ4, λ5, λ+} and {λ6, λ7, λ−} form three independent SU(2) subgroups
of SU(3). The abstract geometrical construction of an S3 submanifold of M8 becomes clear in terms
of the set of triplets λi’s. Indeed, the tangent directions of three different submanifolds S3 ⊂ M8 are
those triplets that we have just defined. Each triplet of λi’s forms a set of three different instanton
flavors.

To conclude our preparation for the construction of the k = 1 instanton, we need to review ’t Hooft
selfdual and antisymmetric ansatz σµν for SU(2). Towards this end, consider the following corollary.

Corollary: The only antisymmetric and selfdual 4× 4 matrix solution to Mµν = 1
2εµνρσMρσ is

Mµν =


0 a −b c
−a 0 c b
b −c 0 a
−c −b −a 0


µν

, (4.12.5)

where there is no restriction on the set that a, b and c belong to. Since there are three free parameters
this is the general form for a selfdual 4× 4 matrix.

Now, with the help of this corollary and the previous discussion plus specifically the properties of the
constant structure f123, it is trivial to see that

λµν =
1

2


0 λ3 −λ2 λ1

−λ3 0 λ1 λ2

λ2 −λ1 0 λ3

−λ1 −λ2 −λ3 0


µν

(4.12.6)

is a selfdual and antisymmetric 4×4 matrix which lives in su(3). The decomposition of λµν in the basis
B is given by λµν = 1

2(η1, η2, η3, 0, 0, 0, 0, 0), where ηi are defined in (4.11.9). Accordingly, by analogy
with (4.11.7), the k = 1 instanton solution in SU(2), we obtain the k = 1 instanton solution for SU(3)

Aµ =
ρ2(x−X)ν

(x−X)2[(x−X)2 + ρ2]
gλµνg

−1. (4.12.7)

ρ, X are respectively the size and center of instanton, g ∈ SU(3) is a global gauge transformation in
the directions λ1, λ2 and λ3. Now define λ′± = 1

2λ±. It follows that the k = 1 instanton solutions for
the other two independent triplets, associated to

{
λ4, λ5, λ

′
+

}
and

{
λ6, λ7, λ

′
−
}

, are respectively

A+
µ =

ρ2(x−X)ν
(x−X)2[(x−X)2 + ρ2]

g+λ
+
µνg
−1
+ , (4.12.8)

A−µ =
ρ2(x−X)ν

(x−X)2[(x−X)2 + ρ2]
g−λ

−
µνg
−1
− . (4.12.9)

The above λ±µν are defined as

λ+
µν =

1

2


0 λ′+ −λ5 λ4

−λ′+ 0 λ4 λ5

λ5 −λ4 0 λ′+
−λ4 −λ5 −λ′+ 0


µν

, λ−µν =
1

2


0 λ′− −λ7 λ6

−λ′+ 0 λ6 λ7

λ7 −λ6 0 λ′−
−λ6 −λ7 −λ′− 0


µν

. (4.12.10)
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The global gauge transformation g± are respectively performed in the directions
{
λ4, λ5, λ

′
+

}
and{

λ6, λ7, λ
′
−
}

. These results are simply explained by noting that the three triplets {λ1, λ2, λ3} ,
{
λ4, λ5, λ

′
+

}
and

{
λ6, λ7, λ

′
−
}

share the same algebra [λ1, λ2] = if123λ3. It is straightforward to see that the com-
ponents of λ±µν in the basis B are respectively

λ+
µν =

1

2
(0, 0,

η3

2
, η1, η2, 0, 0,

√
3

2
η3),

λ−µν =
1

2
(0, 0,−η3

2
, 0, 0, η1, η2,

√
3

2
η3).

The solutions given in (4.12.7), (4.12.8) and (4.12.9) are the solutions for a k = 1 instanton for gauge
group SU(3) in 4-dimensional Euclidean space. These solutions are inequivalent in the sense that the
zero modes coming from the global gauge transformations are different. Having these solutions, we can
extend our investigation of the moduli space of the k = 1 instanton solution. Indeed, with the help of
the collective coordinates χµ = (X1, X2, X3, X4, ρ, θ1, . . . , θ8) one can show that the dimension of the
moduli space for k = 1 instanton solution for SU(3) is D = 12. This is due to the fact that the relation
[λ4, λ5] − iλ3 = [λ6, λ7] + iλ3 relates the parameters θ3, . . . , θ8. The 12 zero modes are in perfect
agreement with the zero modes counting in [3]. The counting in [3] is based on the index theorem
and concludes that the number of zero modes for k instantons in SU(n) is 4kn. In our case we have
k = 1, n = 3 thus D = 12 is indeed the number of zero modes expected.

To conclude this section, note that we already have a clue for the construction of the k = 1 instanton
solution for SU(n). In fact, among the n2 − 1 basis vectors of su(n), the first three vectors of the Lie
algebra always have the form

T1 =


0 1 0 . . . 0
1 0 0 . . . 0
0 0 0 . . . 0
...

...
...

. . .
...

0 0 0 . . . 0

, T2 =


0 −i 0 . . . 0
i 0 0 . . . 0
0 0 0 . . . 0
...

...
...

. . .
...

0 0 0 . . . 0

, T3 =


1 0 0 . . . 0
0 −1 0 . . . 0
0 0 0 . . . 0
...

...
...

. . .
...

0 0 0 . . . 0

.

These matrices satisfy the commutation relation [T1, T2] = if123T3, where again f123 = 2 is completely
antisymmetric. Just like in the previous discussions, these matrices form a submanifold S3 of the
geometrical structure of SU(n). Thus, we find one type of k = 1 instanton solution

Aµ =
ρ2(x−X)ν

(x−X)2[(x−X)2 + ρ2]
gTµνg−1, (4.12.11)

where g ∈ SU(n) is a global gauge transformation along the directions T1, T2 and T3 while Tµν is
defined by

Tµν =


0 T3 −T2 T1

−T3 0 T1 T2

T2 −T1 0 T3

−T1 −T2 −T3 0

 . (4.12.12)

By noting that SU(3) is also a subgroup of SU(n) when n > 3, we can start by inserting in the left
upper corner of Ti the others λi to yield further k = 1 solutions for SU(n) in general.



5. D = 5 SU(2) Maximally Supersymmetric
Yang-Mills Theory (MSYM) and the N = (2, 0)
theory

In this chapter we will return to a general gauge coupling λ and we will return to Minkowski space.
We will explain the relevance of instanton solutions to the D = 4 dimensional Euclidean Yang-Mills
theory for the D = 5 Minkowski space Yang-Mills theory. Moreover, we will derive dyonic instantons
after adding to the pure bosonic Yang-Mills theory a complex scalar potential. D = 5 dimensional
super Yang-Mills theory arises as the low energy dynamics of open strings attached to D4−branes.
The D4−branes set up Dirichlet boundary conditions for the endpoints of the open strings in the
directions orthogonal to the D4−branes and Neumann boundary conditions in the directions parallel to
the D4−branes. The position of the open string endpoints in directions parallel to the D4−branes is
described by the Yang-Mills gauge field, while the position of the open string endpoints in the directions
orthogonal to the D4−branes are described by scalar fields transforming in the adjoint representation of
the gauge group. In this way, the spectrum of open string excitations for open strings stretched between
different D4−branes contain the U(N) gauge fields Aµ where µ runs from 0 up to 4, and five scalar
fields. In our study we consider a stack of two D4−branes so that the gauge group is SU(2).

As described earlier, due to the boundary of the worldsheet, the left- and right-moving fields are re-
lated. This breaks half of the allowed supersymmetries so that the theory in the presence of a stack
of D4−branes preserves half of the allowed supersymmetries of the full spacetime symmetry group.
Therefore this theory will enjoy an N = (2, 0) supersymmetry in 5 dimensions. The instantons are
1/2−BPS meaning that these solutions only enjoy half of the (2,0) supersymmetry. Finally, when the
scalar fields are excited to obtain dyonic instantons, the solutions preserve only one half of the supersym-
metry preserved by the instanton. We summarize this by saying that the dyonic instanton is a 1/4−BPS
object.

5.1 Instantons

In the previous chapter, we have seen that instantons are solutions to the pure bosonic Euclidean Yang-
Mills theory in four dimensions. Thus it is natural to consider only the bosonic fields of the D = 5
Yang-Mills theory. The bosonic action is

S = − 1

4λ2

∫
d5xtr(FµνFµν). (5.1.1)

We can see from this action that in 5 dimensions the dimension of the gauge coupling is [λ] = L−
1
2 . This

means that Yang-Mills interaction is irrelevant, or equivalently, that the theory is non-renormalizable.
Note that we are now in Minkowski space so that the contraction of the indices is with the usual
Minkowski metric. In addition, the covariant derivative, the gauge fields and the field strengths must
be Hermitian. Concretely, our conventions are

Dµ = ∂µ − iλAµ,
Fµν = ∂µAν − ∂νAµ − iλ[Aµ,Aν ].
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Having the above action, by analogy to the equation (3.3.20), it is straightforward to see that the energy
of the system is

E =
1

2λ2

∫
d4xtr(Fi0Fi0 + FijFij). (5.1.2)

Since tr(Fi0Fi0) > 0, a calculation using the ideas that give (4.5.14) can be performed to show that

E ≥ 4π2|k|
λ2

, (5.1.3)

where k is the instanton number

k =
−1

32π2

∫
d4xεijklFijFkl. (5.1.4)

The above inequality proves that instantons are solutions to the low energy dynamics of the D = 5
MSYM. Since the instanton numbers are integers these minima correspond to discrete energy values.

5.2 Dyonic instantons

As described above, dyonic instantons arise after adding complex scalar fields φa(x) to the Lagrangian
(5.1.1). The presence of a non-zero complex scalar field does not affect the instanton field configurations.
As a result dyonic instantons inherit the geometrical properties of instantons. Indeed, dyonic instantons
are also solutions to the selfdual field equation but now with a non-zero scalar potential. The scalar
potential φa encodes the separations of the D4−branes in the directions transverse to the D4−branes.
φa lives in su(2) so that [Aµ, φ] 6= 0. For simplicity, we will assume that the only non-zero VEV is in
the x4 direction so that the dyonic instanton action is

S =

∫
d5xtr

(
− 1

4λ2
FµνFµν +

1

2
Dµφ

?Dµφ

)
(5.2.1)

Using this action for the dyonic instantons, the corresponding energy is

E =
1

2

∫
d4xtr

(
1
λ2 (Fi0)2 + 1

λ2 (Fij)2 + (D0φ)2 + (Diφ)2
)
,

=
1

2

∫
d4xtr

(
( 1
λFi0 −Diφ)2 + 1

4λ2 (Fij − F̃ij)2 + (D0φ)2 + 1
2λ2FijF̃ij + 2 1

λFi0Diφ
)

In term of the dual of the field strength, F̃ij = 1
2εijklFkl, we can rewrite the energy as

E =
1

2

∫
d4xtr

(
( 1
λFi0 −Diφ)2 + 1

4λ2 (Fij − F̃ij)2 + (D0φ)2 + 1
2λ2FijF̃ij + 2 1

λFi0Diφ
)
. (5.2.2)

From this new expression of the energy, we see that the conditions

Fij = F̃ij , (5.2.3)

Fi0 = Diφ, (5.2.4)

D0 = 0; (5.2.5)

attain the lower bound of the energy, given by

E ≥ 8π2|k|
λ2

+ |QE |, (5.2.6)
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where k is the usual instanton number and QE is the electrical charge defined by

QE =

∫
d4xtr(Diφ)2. (5.2.7)

The inequality (5.2.6) tells us that dyonic instantons are solutions of minimum energy. (5.2.3) is the
condition for a selfdual field strength. Together the equations (5.2.3), (5.2.4) and (5.2.5) are the BPS
equations for the dyonic instanton. The second and third equations are satisfied when the spatial gauge
fields are static and A0 = φ. Indeed, we have{

Fi0 = Diφ
D0φ = 0

⇔
{
∂iA0 − ∂0Ai − iλ[Ai,A0] = ∂iφ− iλ[Ai, φ]

∂0φ− iλ[A0, φ] = 0
⇒
{
∂0Ai = 0
A0 = φ.

The equation of motion for the scalar field

DµD
µφ = 0 (5.2.8)

still needs to be solved. In cases where there is more than one VEV we need to solve for each of the
corresponding scalar fields. When the VEV of φ vanishes, φ itself vanishes everywhere and the dyonic
instantons reduce to the neutral particle-like instantons.

We know that the k > 1 instantons make an exponentially small contribution to the path integral (see
(4.5.20)), and hence their contributions are negligible. Similarly, it is enough, with exponential accuracy,
to consider only the single dyonic instanton. The k = 1 dyonic instanton solutions for SU(2) are [29]

Ai =
2
λρ

2xj

x2[x2 + ρ2]
ηaij

σa
2
, φ =

x2

x2 + ρ2

σ3

2
. (5.2.9)

The spatial components of the gauge field are the k = 1 instanton solution for SU(2) as we claimed.
This single instanton solution is centered at X = 0 and the gauge zero modes are not exhibited in the
solution. Using the above solution, one computes the field strength Fi0 = Diφ to find

Diφ = Fi0 =
2ρ2xi

(x2 + ρ2)2
η3jlηail

σa
2
. (5.2.10)

This expression for the temporal field strength allows us to evaluate the electric charge of the dyonic
instanton. Indeed, using the formula (5.2.7), one finds [29]

QE =

∫
d4xtr(Fi0Fi0) = 4π2ρ2. (5.2.11)

Finally, this equation demonstrates that an instanton of size ρ ≈
√
|QE | is stabilized by the electric

charge of the dyonic instanton. In other words the fact that we coupled the scalar potential field to the
pure instantonic field has produced a stable and static instanton.

5.3 Instantons in D = 5 MSYM and the N = (2, 0) theory

The N = (2, 0) theory is a 6-dimensional superconformal quantum field theory. It has been conjectured
that the compactification on a circle, (see Figure 5.1) of the N = (2, 0) theory gives a theory, that at
low energy is equivalent to D = 5 MSYM. The D = 5 MSYM contains 16 supercharges.
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Figure 5.1: Figure illustrating the compactification on a circle of a 6−dimensional Minkowski spacetime.

The above figure illustrates that the compactification is constructed by performing an identification in
the x5 direction. Given the coordinates (xo, x1, x2, x3, x4, x5)|P for a point P , for any integer k the
point with coordinates (xo, x1, x2, x3, x4, x5 + 2kπR) is identified as the same point P . In other words,
we simply write x5 ∼ x5 + 2kπR, where k ∈ Z and R is the radius of the circle in the figure above.

We demonstrated in the previous section that solutions to the low energy dynamics of the D = 5 MSYM
can be obtained from the the instanton solution to the four dimensional Euclidean Yang-Mills theory.
Accordingly, we will show that if D = 5 MSYM is equivalent to the compactification on a circle of the
N = (2, 0) theory, instantons in the lower dimensional theory must be identified with the Kaluza-Klein
modes of the compactified dimension. This statement suggests that instantons are lifted to real particles
embedded in the extra dimensions.

Now, return to the relation (5.1.3). It is straightforward to see that at the lowest energy scale of the
theory, the gauge coupling of the D = 5 MSYM is

λ2 =
4π2

E
≡ 4π2

Minst
. (5.3.1)

The Einstein equivalence between mass-energy has been used to identify that the quantity Minst as the
mass of a single instanton. Following the discussions in [30, 31, 32], it is known that the size of the
compactified dimension is given by R ∼ λ2 where R is the radius of the circle of compactification. Also,
it is known [3] that the Kaluza-Klein modes (KK-modes), corresponding to momentum modes around
the circle, have mass MKK = 1

R . Hence, in summary we find

MKK = Minst =
1

R
. (5.3.2)

Accordingly at very strong coupling λ2 →∞ the mass of the instanton goes to zero. Since an instanton
of arbitrary size is a stable particle in the presence of a scalar field the behaviour of instanton mass is
the basis for the claim that instantons are real particles in the extra dimension.



6. Conclusions

This work has achieved a rather broad review of the physical applications of instanton solutions. Indeed,
applications ranging from the simple example of a potential in one dimensional quantum mechanics to
complicated quantum field theories, including supersymmetric Yang-Mills theory have been described.
In all of these examples, the vacuum to vacuum transition amplitude has been computed using a
semi-classical expansion. These expansions are always dominated by the classical Euclidean instanton
solutions. In other words, instantons play an important role in determining the vacuum structure of the
theory.

This physical relevance of instantons may at first sight be surprising, given that the instantons are
solutions to the equations of motion derived from the Euclidean action, obtained after performing a
Wick rotation of the time direction. One might have expected that performing a Wick rotation of
the time will divorce us from the physics of the original theory. However, in the case of quantum
mechanics we were able to exactly recover the even part of the energy spectrum of the simple harmonic
oscillator, directly from the Euclidean space solutions. Moreover, our comparison of the WKB solution
to the Schrödinger equation for the double well potential and the instanton solution to the double well
potential are in complete accord. Further, we showed that instanton solutions for the periodic potential
correctly lead the continuum band of energy states predicted by electronic band theory of solid state
physics. Together, this is a convincing demonstration of the physical relevance of the Euclidean theory.

One technical detail that we used, is that the contribution to the transition amplitude of the small
fluctuations around a configuration of n well separated instantons is given by Kn, where K is the
contribution of the small fluctuations around a single instanton. Although this is a standard assumption,
there is no clear technical justification for it in the literature as far as we can see. We have demonstrated
this fact by showing that the number K is given by the zero mode measure times the inverse square
root of the product of the energies of any boundstates of a well in V ′′ and the effect of the well on
the continuum eigenvalues of a partial differential equation defining the instanton zero modes. Each
additional instanton in the multi-instanton configuration supplies an extra potential well and hence an
extra factor of the bound state eigenvalues.

Our study of instantons in quantum mechanics was primarily to prepare for a study of instantons in
quantum field theory. In the quantum field theory, a study of instantons leads not only to interesting
physics but also to fascinating mathematics. Indeed, we have learned that instantons are field config-
urations that are pure gauge on the surface of the three sphere at infinity, in 4-dimensional Euclidean
space. Based on this, we argued that instantons are classified by the third fundamental group π3(G) of
the gauge group G. Our results imply that we can realize π3(G) in terms of the selfdual solutions to
the field equations. With ’t Hoofts ansatz for the k = 1 instanton solution for SU(2) in hand and with
the help of the ADHM construction, which demonstrates the existence of the k > 1 instanton solutions
for any gauge group, we were able to construct completely the k = 1 instanton solution for SU(3).
Further, we have introduced a particular for k = 1 instanton solution for SU(n), for any n. The k = 1
instanton solution for SU(n) is easily constructed following our algorithm for SU(3).

Our conventional understanding is that instantons do not represent real particles, like for example, the
photons of QED. Indeed, they are solutions to the Euclidean theory obtained by analytic continuation
of the Minkowski theory. Instantons do however encode non-trivial information about the low lying
energy states of the theory. In contrast to this conventional wisdom, as we have reviewed, instantons
are solutions to the low energy dynamics of the D = 5 Minkowski MSYM theory. These instanton
solutions are not stable unless we add extra scalar potentials to the pure Yang-Mills action. The extra
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scalar potentials arise very naturally in the low energy theory of the open strings attached to D4−branes.
In this setting, the D = 5 Minkowski MSYM theory might provide a description of the dynamics of
a compactified six dimensional theory describing the physics of an M-theory fivebrane. In this setting,
the instantons behave like real particles of the six dimensional theory that have momentum along the
compactified dimension. Of course this proposal is very speculative. However, our review of this idea,
based on [30, 31, 32, 3], convinces us that this idea deserves further study.



Appendix A. Numerical Spectrum for the double
well potential

A.1 Numerical computation of K for the double well potential

Here our goal is to find the eigenvalues determined by the eigenproblem (2.7.27) and then compute K
using it expression given by (2.7.26). We start by choosing a suitable value for T , which defines the
domain of t. To this end, consider the analytic solution x̃(t) for a single instanton,

x̃(t) =
tanh(t− t2)√

2g
. (A.1.1)

T must be chosen large enough that

1√
2g

=
tanh(T2 − t2)
√

2g
⇔ 1 ≈ tanh(

T

2
− t2). (A.1.2)

If we choose T
2 = 10 and t2 = 0, the error between tanh(10) and 1 is already less than 4× 10−9. Thus,

setting T = 20 is a good approximation for our numerical computation. The eigenvalues are obtained
by searching for the values of λ at which the functions ψλ(t) obey the boundary conditions

ψλi(−10) = 0,
∂ψλi(t)

∂t

∣∣∣∣
t=−10

= 1; and ψλi(10) = 0. (A.1.3)

We use the first two boundary conditions above together with the ode113() function in matlab to
numerically construct the function ψλi(t). We then test the third condition above. Whenever it is
obeyed, we know that we have found an eigenvalue. The explicit form of the equation that we want to
solve is (

− d2

dt2
+ 6 tanh2(t− t2)− 2

)
ψλi = λiψλi . (A.1.4)

In order to implement the problem numerically, we need to convert it to first order form. This is easily
achieved as follows

dψλi
dt

= χ(t), (A.1.5)

dχ(t)

dt
= (6 tanh2(t− t2)− 2− λi)ψλi , (A.1.6)

which can also be written as

d

dt

(
ψλi(t)
χ(t)

)
=

(
0 1

6 tanh2(t− t2)− 2− λi 0

)(
ψλi(t)
χ(t)

)
. (A.1.7)

In the figure below we have plotted the numerical results for typical choices for the eigenvalue E.
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Figure A.1: Eigenfunctions which corresponds to the eigenvalues λ = Ei.

Figure A.1 shows that λo = 0 and λ1 = 3 are eigenvalues of (2.7.27). A careful search over λ shows
that these are the only eigenvalues. These results are in perfect agreement with the analytic solutions
of (2.7.27). Thus, we find

K =

√
So

2π~
1√
3

√
9 =

√
1

πg~
. (A.1.8)
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