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1 Introduction

Collective field theory [1, 2] provides a constructive approach to gauge theory/gravity
dualities [3-5]. By expressing the gauge theory in terms of invariant collective fields, the
original loop expansion parameter of the field theory (h) is replaced by % [1, 2]. The theory
of the collective fields is the gravitational theory — see [6-10] for some compelling examples.
The collective field theory description of the singlet sector of a free hermitian massless
scalar matrix theory in 241 dimensions was initiated in [11]. The action of the theory is

1
S = /d3x§rﬁ(6ﬂ¢8“¢) (1.1)

The free matrix is expected to be dual to the tensionless limit of a string theory [12]. In this
setting, the collective fields are k-local operators obtained by tracing a product of k-matrices.
Following [8] we work in an equal ™ description so the k-local operator

O'k(fl)‘+,$1_,ﬂfl,$2_,l'2, e 7$];7xk) :TI'((,ZS(I+,$I,$1)¢($+,$Q_7$2) B '¢(x+7l‘];axk)> (12)



is a function of 2k + 1 coordinates. This represents a challenge to the collective field theory
construction of holography: since the gravitational theory is defined in an asymptotically
AdS, spacetime, it is clear that 4 coordinates are needed to describe the dual spacetime.
What is the interpretation of the remaining 2k — 3 coordinates? If the collective field theory
does indeed reconstruct the gravity theory, these additional coordinates must also have a
natural gravity interpretation. This is a remarkable claim. It is precisely this question
that is considered in this paper.

To construct the mapping between the conformal field theory and the dual gravity
theory,! it is helpful to perform a Fourier transform on both sides of the duality, replacing
x~ by pT in the conformal field theory, and X~ by P in AdS,. In terms of these conformal
field theory coordinates, the coordinates of the bulk AdS, spacetime are [11, 13]

k + 2
X—ZZ WP g VP S pi : Zp+X+—x (1.3)
Z] 1pj (Z"? +)§

j=1Pj

where

v = pf (e — ) (14)

To understand the role of the additional 2k — 3 coordinates, note that the k-local collective
field is a product of scalars, each of which transforms in the dimension A = % and spin
s = 0 representation® of SO(2,3). The collective field is therefore in a highly reducible
representation, given by taking the tensor product of k£ copies of the ( ,0) representation
with cyclic symmetry (from the cyclicity of the trace) imposed. The reducible representation
of a given collective field decomposes into a direct sum of an infinite number of irreducible
representations. Each irreducible representation corresponds to a unique primary operator
and the collective field packages this infinite collection of primaries. For a detailed explanation
of what primaries can be recovered from the k-local collective field the reader can consult [11].
The extra coordinates present in the collective field theory description are needed to collect
these primary operators in a systematic way.

Fach primary operator contained in the collective field is dual to a bulk field. The
beautiful series of papers [14-19] has developed the description of these spinning fields in
light front AdS. In particular, each field corresponds to a representation (A, s) of SO(2,3)
and the bulk equation of motion for each such field is known. Using the relation between the
coordinates (1.3), this infinite set of bulk equations of motion can be translated into equations
in the collective field theory. In the collective field theory they become equations which set
the second quadratic Casimir of SO(2,3) to the correct value for the (A, s) representation,
i.e. they extract the correct primary operator from the multilocal collective field [11]. This
demonstrates that the infinite number of bulk equations of motion are obeyed in the collective
field theory description. This is almost a solution to the bulk reconstruction problem for
the complete set of excitations of this tensionless string theory. All that is missing is a

'We use little letters to refer to the coordinates of spacetime of the conformal field theory and capital
letters to refer to the coordinates of AdSy.
*We label irreducible representations of SO(2,3) using the dimension and spin as (A, s).



demonstration that the reconstructed bulk field obeys the correct boundary condition, i.e.
that it obeys the so called GKPW rule [4, 5]. This is the problem we address in this article. We
will see that it is intimately related to the interpretation of the additional 2k — 3 coordinates
of the collective field theory description.

Our intuition comes from the bilocal collective field which has k = 2. In this case, the
problem we consider has already been solved [8]. For the bilocal

oo(zt 2], 21,15, ) = Tr(¢(x+,x1_, x1)p(at, x;,mg)) (1.5)

where 2k — 3 = 1 there is a single extra coordinate and it is an angle. This bilocal field can be
written as the sum of a large N expectation value of the field, denoted o8 (z ", x7, 71, 25, 72),
plus a fluctuation no(z™, 27, 21,75, 72) as follows?
_ _ _ _ 1

oo(zT 2] 21,15, 20) = 08(x+,x1 , L1, Ty ,T2) + Nng(ac L, L], X1, Ty, X2) (1.6)
It is the fluctuation ne(z™, 27, 21,25, z2) that is identified with the dynamical higher spin
gravity fields. The mapping between the coordinates of the collective field theory and those
of the bulk gravity is given by

+ + [t (pe —
P L P 7 p1 Py (21 — 22) X+t

P +p3 Pl +p3
p+
Pt =pf +ps 6 =2tan"" | \|== (1.7)
Py

A Fourier expansion of the bilocal collective field with respect to this angle gives the different
bulk fields as the Fourier modes

o0 AXX-XX(x+ pt X. 7 AXX-XZ(x+ pt X. 7
o = Z (cos(239) ( 7 PT, X, 2) + sin(2s6) ( 7 — )>
5=0

0 0 0 0
=2rP"sinf (X T, Pt cos? i’X + Z tan 3 P sin? i’X — Zcot 5)
Here AXXXX(X+ P+ X 7) and AXX~XZ(X+ P* X, Z) are the two independent and
physical components of the spin 2s gauge field in light cone gauge [14]. If one takes the
limit that Z — 0, using the above identification of the bulk field in terms of the fluctuation

7, one finds a close connection to all of the conserved spinning currents (for s > 0) and to

(1.8)

the scalar field Tr(¢?). This is the complete set of primary operators of the conformal field
theory packaged in the bilocal collective field. The basis of this connection comes from the
identity obtained by evaluating cos(2sf) with the angle defined in (1.3)

+
(pf +p3 ) cos (2s61) = (p{ +p3)** cos (43tan_1 Z_)

2s 2s— +\2s—k
1) (Pl ) (p3)
2 4 N 1.9
s)!(4s §§M%k2kmm4mm (1.9)

3The coefficient of 72 ensures that it has an order 1 two point function as we take N — co. Here 12 is the
normal ordered trace of a product of two matrices.



There is an obvious connection to the formula for the primary current

2s 2s—k k a+k +2s—k
1)k gtk o+2s—hg
et (24)](4s — 1)) (= 1.1
O (25)!(4s kz% 125 k(25 — k)![(2k — 1)!I(4s — 2k — 1)!! (1.10)

This connection was used in [9] to argue that the bilocal collective field theory correctly
reproduces the GKPW rule, after changing from de Donder to light cone gauge. In this
way, the change to collective bilocal fields and the subsequent change of coordinates (1.3)
provides a detailed and exact identification between independent degrees of freedom in the
conformal field theory and physical and independent degrees of freedom in the higher spin
gravity [20]. The collective field theory of the bilocals explicitly realizes [21] entanglement
wedge reconstruction [22] and it is manifestly [23] consistent with the principle of the
holography of information [24]. This discussion makes it clear that the extra coordinate 6,
in the case of the bilocal collective fields, is responsible for a systematic organization of the
primary operators contained in the collective field.

It is natural to guess that for other values of k something similar will happen and the
extra coordinates are again responsible for a systematic accounting of the primaries captured
in the collective fields. Exploring this expectation is the key goal of this article.

In section 2 we derive a set of 2k + 1 bulk coordinates for the k-local collective field.
The AdS bulk coordinates given in (1.3) are 4 of these coordinates. The remaining 2k — 3
coordinates are determined by requiring that they are independent? of these 4 bulk AdS
coordinates. In section 3 we argue that the complete set of coordinates of the k-local collective
field parametrizes the AdSy;xS¥~2xS*~1 spacetime. The modes of a harmonic expansion
on the S¥=2xSF~1 factor of the geometry are the bulk fields of the dual gravity theory. In
section 4, we show in detail for the trilocal collective field, that the GKPW rule does indeed
hold. Finally, we present our conclusions in section 5.

2 Bulk coordinates

The mapping between the coordinates of the collective field theory and those of the dual
AdS, spacetime are given in (1.3) above. Derivatives with respect to the AdS coordinates
are given by

i_ii 0 _ 1Xiivipy
0X Oz oz Z Z”‘ lp]
k 0
o zlpzap o 0 2.1)
oPt vk pr OXt  Oxt

2.1 Trilocal collective field

We start with a study of the trilocal collective field. For this case 2k — 3 = 3 so the collective
field theory has 3 coordinates in addition to those associated with the AdS, bulk. With
these three additional coordinates the mapping between the coordinates of the collective
field theory and those of the bulk AdS theory exchanges

{x+,$1,1’2,1’3,p1,p2,p3} <~ {X+,P+,X,Z,’U,1,’LL2,’U,3} (22>

4The derivative of these 2k — 3 coordinates with respect to the bulk coordinates vanishes.



Our first task is to determine suitable coordinates w1, us and us. First, we require that

0

Sprti=0 i=123 (2.3)

which restricts how the u; depend on pf, p; , p3+: they depend on these three coordinates
+ +
through the two ratios % and i—i. There is some arbitrariness in the choice of exactly
2 3
which two ratios to take, but all choices are simply reparametrisations of each other. We
also require that
0 0 i =1,2,3 (2.4)
—Uu; = 1=1,2, .
ox
which restricts how the u; depend on x1,x9,z3: they only depend on the two differences
T12 = 1 — 22 and x13 = x1 — x3. There is again some arbitrariness in this choice. Other
choices are again simply reparametrisations of this one. Finally, we must also require that
0 .
87Ui =0 1= 1, 2,3 (25)
which restricts how the u; depend on the differences x15 and x13: they only depend on the
ratio 712. The conclusion is that the three constraints (2.3), (2.4) and (2.5) have constrained

the dependence on the six coordinates xl,xg,wg,pf,p;,pg to a dependence on the three

coordinates
+ +
_ M2 _ b _ b
Uy = ) Uz = T usz = T (26)
13 P2 Ps3

To check this argument we can test whether the change of coordinates between
:Ul,xg,azg,pf,p;,pgr and X, Z, P",uj,up,u3 is a valid change of coordinates i.e. if it is
invertible. It is indeed invertible, with the result

n ¥ ¥
_ pix1+p3we + pg s g \/p1 v} + py V3 + p3 v3

X
T T 3
Py + Py +p3 (p1++p;+p§r)2

Pt=pf+ps+p5 XT=2"

+ +
Z12 p p
Uy = — U = % us = ffr (27)
13 Do D3
where v; is defined in (1.4) and the inverse transformation is
Pt
n=X+2 s pr = PTusus
\/ung(u%U3 + u% —2u; +us+1) Ugu3 + Uz + u3
JIQZX—Z ~u2(U1U3+U1—1) pg_:ﬂ
\/U3(U%U3+u% —2uy +ug +1) Ugu3 + Uz + U3
uz(uy —ug — 1 Pt
r3=X+7 Vil —us — 1) p:;f:—uQ (2.8)
\/ug(u%u;g—l—u% —2uy +ug + 1) Ugu3 + Uz + U3



Given the connection between (1.9) and (1.10), the appearance of us and us as bulk
coordinates is rather natural. These two variables are needed to produce a polynomial in the
pj that reproduces the combination of derivatives needed to construct a primary operator,
exactly as in (1.10) for the bilocal case. The variable u; at first appears much less natural.
What is the role of this coordinate? Recall that we make contact with primary operators
in the conformal field theory in the Z — 0 limit of the bulk theory. Since the light cone
momenta p; are all positive, the formula for Z in (2.7) implies that we must send each of
the v; — 0. It is simple to verify that

Uy — Uy

o
S e ]

(2.9)
Thus, sending all of the v; — 0 implies that we must take x1, o and x3 to be coincident.
There are many different ways we can do this. For example, we might first take x12 — 0
by computing the OPE between the fields at z; and x2. We could follow this by taking
the OPE of the result of this first OPE with the field at x3. Alternatively, we could have
started with the OPE between the fields at 1 and x3, and as a second step take the OPE
with the field at 5. The OPE channel we use is dictated by the locations of the operators.
The rule is that we must take the product of operators that are closest first. The specific
linear combination of primaries we obtain depends on which OPE channel we use, and so
on how we take the coincident limit. Lets focus on the case that ;1 > x9 and x7 > x3, for
example. In this case, to obtain the coincident limit we can set

_da
-

and take e = 0. If 0 < u; < % and if the OPE is to converge, we must first take the OPE
between the fields at 1 and z9, and then take the OPE with the field at xg. If % <u <1
and if the OPE is to converge, we must first take the OPE between the fields at x2 and z3, and
then take the OPE with the field at 7. Thus, one role of the variable u; is to keep track of
what OPE must be performed to take the coincident limit and extract local primary operators.

12 = (5,46 Ir13 = 536 (75} (2.10)

2.2 Quadlocal collective field

Next, consider the quadlocal collective field. In this case there are 2k — 3 = 5 coordinates in
addition to the 4 coordinates of the AdS4 bulk. The mapping between the coordinates of
the collective field theory and those of the bulk AdS theory exchanges

{:IZ+,x1,xg,%g,&?;;,pii_,p;,p;_,pi} e {X+7P+7X7Z7u17u27u37u47u5} (211)

Working exactly as above we find

+ + + +
¥ _ pi w1+ pyxe + pd s + plra P \/p1 vi +p3 V3 + pyv3 + pivg
- pi +ps +p5 +pp N b )

(Pl +py +p3 +P4)
Pt =pl +p3 +p5 +pi Xt =gt
+ + +
12 13 p p p
14 14 ) D3 Dy



and the inverse transformation
(ugugus + us(ugus + uq))
V f(u1, u2, u3, ug, us)
uz(us(uy — ug) + ug(urus +uy — 1))

.’E1:X—Z

ro=X+72
i \/f(ul7u2,u3,U4,U5)
rg =X+ Zu4(u5(u2 —u1) + ug(ugus + up — 1))
\/f(ul’u2au3,u4,U5)
va= X + Zus(—u1U4 + uz(—ug 4+ ug + 1) + uyg)
\/f(u17u2,u3,U4,U5)
p+ — U3’U/4’U,5P+
! uz(uqus + ug + us) + ugug
= ugus P
2 uz(ugus + ug + us) + ugus
+ ugus Pt
p3 =
ug(ugus + ug + us) + ugus
U3U4P+
hi= (2.13)

ug(uaus + ug + us) + uqus

where

f(u1, ug, us, uq, us) = uguqus (u5(u1 — u2)? + uyug(urus +ug — 2)

+ U3(u2(u2u5 +uz —2) +uq + 1) + U4) (2.14)

The interpretation of the extra coordinates u; is clear: one role of the pair of variables uy
and wuse is to track what OPE channel is used when taking Z — 0, while the variables ug, uq4
and us are needed to build the polynomials in the pf that provide the correct combination
of derivatives to produce the primaries.

2.3 k-local collective field

The results given above suggest a natural generalization. The k-local collective field has a
total of 2k + 1 coordinates. The corresponding bulk coordinates are

k koo ko2
Pr=%"pf X= LimiPili 7\/7 Xt =zt (2.15)
=1

N

kot N 3
=1F; ( 1 Pj) ’
as well as the additional & — 2 coordinates of the form
UJ:M =12 ,k—2 (2.16)
Tr1 — Tk
and the k — 1 coordinates of the form
p+
Up—oyj = —7—  j=1,2,-k—1 (2.17)
Pjt1
One role of the extra coordinates u; with ¢ = 1,2,--- |k — 2 is to keep track of what OPE

channel is used when taking Z — 0, while the variables ug_o4; with ¢ = 1,2,---k — 1 are
needed to build the polynomials in the pf that provide the combination of derivatives which
produce the primaries.

Given this set of bulk coordinates, we can ask how they are to be interpreted. We turn
to this question in the next section.



3 Interpretation of the extra coordinates

In light cone gauge a complete gauge fixing of the gravity has been carried out in [14]. The
massless fields (corresponding to the bilocal collective field) of the higher spin gravity theory
are a scalar field plus an infinite collection of spinning gauge fields. In light cone gauge the
choice of gauge eliminates all 4+ polarizations of the spinning gauge fields, while solving the
associated gauge constraints removes the — polarizations. Thus, the completely gauge fixed
description involves only the X and Z components of tensors. The spin part of rotations,
denoted M*Z  is related to the single angle @ that participates in the bilocal map as follows

0

Xz - 9
00

(3.1)
This provides a nice interpretation of the extra angle 6 of the bilocal collective field and it
suggests that a study of MXZ will be useful for the study of multilocal collective fields.

3.1 Trilocal collective field

In what follows, we focus on the trilocal collective field. Notice that all of the primaries
collected in the trilocal collective field are dual to massive fields in the AdS, gravity. In
the case of the trilocal, it is possible to express M*Z in terms of the conformal field theory
coordinates [11]. The result is

<z Z?,j:l p;r(f’?z - xj)Q% -2 lepjvia%
M2 = : (3.2)
2\/Zz>] lpz pj _‘T])Z
A tedious but otherwise straight forward computation shows that
UaU3 +Ugy+U3 (1—U1) 0 0 0
MXZ = < —— — 3.3
2 (9 (75} 2 8U2 s 8U3 ( )

\ /UQU3\/U%+U%U3 —2ui+us+1

The fact that M*Z is expressed entirely in terms of u1,us and us is an encouraging sign.
At this point it is useful to recall some of the features of the light cone description of
the gravity theory developed in [14-19]. The equation of motion is given by

<Qa+a— +0% + 0% — ;) o) =0 (3.4)

where A is called the AdS mass operator. It can be written as

5 1
A=k — 1 (3.5)
M*XZ together with the operator x above and their commutator (which we call 7) close an
su(2) algebra. Bulk AdS, fields in a definite SU(2) representation, with a definite value for ,
are in a definite conformal representation and hence they correspond to a particular primary
operator in the conformal field theory. This follows because, as we explain below, the SU(2)
Casimir is related to the SO(2,3) Casimir. Since we expect that the extra coordinates u; are



organizing primary operators, it is a useful exercise to study this su(2) algebra. Towards this
end note that the operator , written in terms of the coordinates of the collective field, is [11]

_ pfp;pg_ Ty —x3 0O x3—x1 O 1 —x9 O
k= + + + + + T 5+ T o (3.6)
Py + Py +Pp3 pi  On ps  Om py Oxs

Kk can also be expressed in terms of ui, us and uz as follows

ﬁ_u%(u;),+1)72u1+u2+1i (37)
VU2u3 + ug + us ouq '

The operator 7 in terms of the coordinates of the collective field is

\/pipspd

T =
Vot + 05 + 0P pE (1 — 22)? + pi pf (21 — w3)?2 + pd pif (w2 — 73)2

<<p1+ + 5t +}) (<x2 - x3>§+ . x1>j+ T (e - ma)

Ipy Ip3 ap:;r
_ 1)1(.%'2 — $3)£ _ ’1)2(.%3 — l‘l)i _ ’1)3(1'1 — .’I]Q)i (3 8)
2]9;r 8351 2p; 81‘2 Qp?T 8953 )

It also has an expression in terms of u, us and ug, but since the formula is not enlightening
and we do not need it for any computations below, we will not quote it. The three generators

Gl = —K G2 =27 Gg = —2MXZ (39)
close the usual su(2) algebra
[G1,G2] = G3 [Go,G3] = Gy [Gs,G1] = G2 (3.10)

It is useful to change from wuj, ue and ug to the three angles a1, as and ag

1—wu; —ujus

tan(ay) =
(a1) Vugug + ug + ug
V4 1,/
tan(as) = _vus + Lyugug

u3
tan(as) = us (3.11)
of a three sphere S? =S'xS2. The inverse coordinate transformation is
u1 = cos?(a3) (1 — tan(ay) sec(as) tan(az))
uy = tan®(az) sin?(as)
uz = tan®(az) (3.12)
In terms of these angles, the mapping between bulk and boundary becomes

cos(aq) cot(asg) —cos(ag)sin(a;)

rn=X-7Z py = PTsin’(ag)sin’(az)

sin(ag)
x9 =X —Zsin(ay)tan(ae) py = P cos?(aw)

cos(aq ) tan(ag)+cos(ag) sin(ay)

x3=X—-Z py = PTsin*(ag)cos®(a3)  (3.13)

sin(ag)



A significant advantage of this change of variables is that it takes the generators defined
in (3.9) to the standard form of the su(2) Killing vectors on S3, which are

0

Gy =—

! ooy
. ‘ ) o N 0 sinay 0

= —sinaq cotag — + cos «
2 1 2 day 1 Oag sin aig Jacg
9 0 cosa; O

o - . B 3.14

3 = Cosay cotag day tsina OJay  sinag das 40

It is well known that the eigenfunctions of these Killing vectors are the Wigner functions

Dfnu = eimo‘3df7nbu(cos ) ethon (3.15)
where
1 . (l - m)'(l + m)' mtp —mop o (—m—p,—m+p)
Ay (T) = \/ I (l—z) 2 (1+z) 2 Py, (x) (3.16)
Pl(_:_l;i) (x) is a Jacobi polynomial
2 m
(a,b) _ (_1) o\ —a 7bd7 _\a+n b+n
Pie(@) = (1 —a) (1) (1= 2) (1 4 2)"+] (3.17)
and [ runs over the non-negative integers while m,u = -1, —l+1,---,0,1,--- ,I. The Wigner

functions, evaluated on our angles, can be simplified to

m
¥ ./ F
Dl _ ( P3 +Z\/101) J ( 2] )
mp = S mu \ Al F o F o F
pl+ +p; P1 +p2 +p3

I
| VPPt + 05 +pd) +iypE(F — mf +p) .

\/(pl+ +p§) (ol (pfut +pf) +pipf (m —1)?)

We immediately have (u is an eigenvalue while k and G; are operators)
G\D.,, = —kD.,, = pDl,, (3.19)

Thus, the Wigner functions are eigenfunctions of x and hence of the AdS mass operator.
They therefore correspond to a definite fall off behaviour of the bulk field as we take Z — 0
as explained in appendix F. Two more important properties of the Wigner functions are
that they obey an orthogonality relation (i.e. the Dﬁn“(ai) form a set of orthogonal functions
of the angles «;)

872

m(sm/méuluél/lr

(3.20)
and, by the Peter-Weyl theorem, they form a complete set [25]. Consequently, we can use

2w T 2
. 14 * 7l
/0 dag/o dog sin g ; doy Dm,w(al,ag,ag) me(al,og,ozg):

them as a basis in terms of which we can expand the trilocal collective field. It is natural to
expect that the coefficients of this harmonic expansion will reproduce the primary operators
in the limit that Z — 0. We develop this expectation in the next section.

,10,



Finally, we will argue in section 3.3 that the trilocal field has a natrual interpretation as
a field on AdS;xS!xS?, where the S! has coordinate o; and the S? has coordinates oo, 3.
One might have expected that the basis provided by cos(na;) and sin(naq), as well as the
spherical harmonics YTfl(ag, ag) would provide a suitable basis for a harmonic expansion. In
addition, this basis seems to be simpler than the basis provided by the Wigner functions.
The Wigner functions have a clear advantage. The Wigner functions span irreducible SU(2)
representations of the Killing vectors. For a given value of [, the Wigner functions Dﬁnu have
a definite value for the SU(2) Casimir of the Killing vectors

Casu(zy = (G1)* + (G2)* + (G3)? (3.21)

This Casimir has a simple relation to the quadratic Casimir of SO(2,3) (M, N are summed
over —1,0,1,2,3)

1
Cas0(23) = ELMNLNM (3.22)
where we write Ly;ny = —Lyas in terms of the conformal generators as

1
Ly = Juw Ly1= §(Pu + Ku)

1
Las=-D  Lu=(P—Kpy) (3.23)

The indices M and N are raised and lowered with the metric n = diag(—1,—1,1,1,1) as
usual. The relation between the two Casimirs is

3 2
7p+)02,SU(2)M($iap;r) =—2 <C2,SO(2,3) + (2> ) (3.24)

where®
(i, i) = /i P3PV PTZ (3.25)

This relation has been determined by direct computation, using mathematica. Thus, the
Wigner functions, for a definite value of [, span a definite SO(2,3) representation. See
appendix A for further discussion and uses of (3.24).

3.2 Quadlocal collective field

In appendix B we match the generators of the conformal group for the case of the quadlocal
collective field. This allows us to determine the AdS mass operator which plays a central
role in the analysis of this section. The AdS mass operator can be written as

A=Yk (3.26)

a=1

5The su(2) generators act in the bulk AdS4 theory. The C3 4o(2,3) Casimir acts in the conformal field theory.
The factor pu defines the usual similarity transformation that must be performed when switching between
bulk and boundary. See [11] for more details. The specific form of the conformal generators used are given in
appendix B.1 of [11].
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where

4 4 4 pa Py (za — xp) 0
Ky = Z Z E : €abed (3.27)
[+ [ ¥, +, .+, . +0x
a=1b=1c=1 24/pe \/p1 +py +p3 +py ¢

The x operators close an interesting algebra

4 €abe j
[Kay ke = > ’ d\/; (3.28)

Kd
caZi /Pl + 93 + i + i

These operators are not all independent. They obey the relation
\/Em + \/p3 K2+ \/P3 K3+ \/pf e =0 (3.29)
It is possible to express MXZ in terms of the conformal field theory coordinates as
Zijzl pj(xz — xj)Qa%i -2 Z?:l pzﬂ’i%
2\/2?&;’:1 pi P} (i — x5)?

The AdS mass operator A as well as M*XZ should be independent of the bulk AdS coordinates.
Using the coordinate transformation defined in (2.13) we can verify that both the x, and

MXZ —

(3.30)

M*XZ can be expressed entirely in terms of the w; variables. For example, the result for s is

Ky — U1U5(U1 — UQ) — Ugu3z + us3 i U2U5(U1 — UQ> + (u1 — 1)71,4 ﬂ (3 31)
Vus(ugus + ug + us) + ugus Our  \J/us(ugus + ug + us) + ugus Ouz '
and MXZ is given by

M7 _ (us(ugus+ug+us)+ugus)
Vusugus (us(ug —ug)2 +ugug (uyus +ug —2) +ug(ug (ugus +ug —2) +ug+1) +ug)

! 3aU3 2 ! 18u1 2 48”&4 2 2 2(9112 5811,5

(3.32)

The u; coordinates can be used to define five angles. The necessary formulas, which are
rather complicated, have been collected in appendix C. Using these formulas, we find the
following form the generators x;

K1 = — Cos(ag)%

ko = (tan(aq ) sin(ag) cos(ay) + sin(ag) sin(oz4))i + cos(ag) cos(ay) e

80[2

kg = (tan(aq)(cos(ag) cos(as) — sin(ag) sin(ay) sin(as)) + sin(as) cos(ay) Sin(a‘r’))@

— (cos(ag) sin(ay) sin(as) + sin(ag) cos(as))

day
kg = (sin(ag) cos(ay) cos(as) — tan(ay)(sin(ae) sin(ay) cos(as) + cos(az) sin(a5)))832
+ (sin(aw) sin(as) — cos(ag) sin(ay) COS(O&5))® (3.33)
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as well as the map between the original coordinates x; and pj of the quadlocal collective
field and the bulk coordinates is given by

o :X+COS(C¥3)SIH(061) P

sin(as)

_ sin(ag)sin(aq)sin(a;) —cos(ay) cos(au) sin(as) 7

=X
2 cos(as) sin(ay)

y— X sin(ag) cos(ay)sin(as) sin(ay ) +sin(ay) sin(as) cos(aq ) sin(az) —cos(as) cos(aq ) cos(az) P

cos(ag) cos(ay) sin(as

(cua)s )
2a=X— osiag,)cos(al)sin(ag)—i-sin(ag))cos(al) cos(az) 7

(as)
sin(ag) cos(ay) cos(as) sin(ay ) +sin(ay) ¢
cos(as) cos(ay) cos(as)
pf = PTsin?(a3)
py = P T cos?(a3)sin?(ay)
p3 = P cos?(az) cos? () sin?(as)
pi = P cos?(a3)cos?(ayq) cos®(as)

(3.34)

These are remarkably simple relations, particularly given the awkward intermediate results
summarized in appendix C.
3.3 k-local collective field

The structure we have found above explains how angles are to be identified in general. There
is a geometrical construction that starts with the observation that the mapping between
bulk and boundary can be written as

koo+
2= X+, Zl;ipl@-z (3.35)

+
\/ D; Vi
pi=—"—"—= (3.36)
Z(Shant)’
Although it is not manifest from this formula, the 3; are functions only of the bulk variables u;

i.e. they are independent of X, Z and PT. To see this one must write the right hand side of this
last equation entirely in terms of bulk coordinates. The (; define components of a unit vector

where

k

> =1 (3.37)

i=1

Now introduce k — 1 angles, defined entirely in terms of the light cone momenta as follows

Py

_t i=1,2,--- Jk—1 (3.38)
Z;C:i-i-lp?_

tan(og—24:) =
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In terms of these angles we now define a set of k — 1 vectors #i;, which we call the composite
vectors, because they describe how the composite collective field is constructed from the &
free scalar fields. These vectors are orthonormal

fi - hj = 0y (3.39)

They are also all orthogonal to the unit vector fi,+ which, by definition, has its ith entry

equal to y/p; /P+. The first i — 1 entries of f; are zero and the ith entry is cos(ag_24;). We
then complete the vectors to obtain an orthonormal set. See appendix D for examples of the
composite vectors for the quadlocal and quintlocal collective fields. From these examples
there is an obvious pattern which can be followed to construct the composite vectors for
k-local collective fields. We now define the final £ — 2 angles with the identification

—

B = sin(aq)ny + cos(aq ) sin(ag)ng + cos(aq) cos(ag) sin(as)ng
k—2
+ -+ [ cos(a) g1 (3.40)
i=1
The angles «; define the complete set of 2k — 3 additional bulk coordinates. Together
with Z, P*, X and X this completely accounts for the 2k + 1 coordinates of the k-local
collective field.

The geometrical structure we have uncovered here is intimately related to the structure
of the k algebra (3.28) as we now explain. For concreteness we focus on the case of the
quadlocal collective field. However, the argument revolves around the structure of the x
operators, and as we explain in appendix E, this has a natural generalization for any k-local
collective field. For the quadlocal collective field the form of f; is

B = sin(ay)f1 + cos(aq) sin(az)fg + cos(ay ) cos(az)fs (3.41)
The unit vectors 71, iia and 7i are functions only of the light cone momenta p;” so that
ki(fj) =0 1=1,2,3,4 j=1,2,3 (3.42)

It is simple to prove that the action of x on E is given by

4 4
ki(B5) = DD iR+ )iy (3.43)

k=11=1

Now, make the ansatz

Ki = 9z(041,042)821 + filax, 042)8 o (3.44)
By taking a dot product between 77 and 3 in (3.43) we obtain
ki(A1 - B) = gicos(ay) = €ijr1(1); (Mt )k (cos(ar) cos(ar) (3.45)

Next, using the easy to verify result

4 4 4 4
D20 2D €ima(R2)i(); (e Jr(Rg)y = 1 (3.46)
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it is a simple exercise to obtain
fig - § = cos(az) N3 - § = —sin(a2) n-g=0="n,+-§g (3.47)

which implies that

cos(ay) cos(az)

g = cos(ae)ng — sin(ag)iig = (3.48)

—sin(ay) sin(as) cos(ag) — cos(as) sin(ag)
— sin(ay) cos(a) cos(a) + sin(as) sin(az)

This argument has correctly reproduced the coefficient of 0,, in the operator ;. A very
similar argument shows that

f = —n1 4 sin(ag) tan(o )hg 4 tan(ay) cos(ag)is (3.49)

which is the correct coefficient of 0,, in the operator x;. Finally, note that f -g=0.
It is natural to ask what space the coordinates c; describe. The statement that 7+ -

A

e = 1 1is the statement that

k

S (pH)? = P (3.50)

=1

This describes a k — 1 sphere S¥=1 in the space with coordinates® \/E . The k — 1 angles
defined in (3.38) are the coordinates of this sphere. See (3.13) and (3.34) for transparent
examples of these angles in the case of the trilocal and quadlocal collective fields. The ;
obey E -yt = 0 as well as (3.37). This implies that they describe a k — 2 sphere Sk=2 in
the space orthogonal to 7,+. The equation (3.40) describes exactly how the k — 2 angles a;
1=1,2,--- ,k — 2 parametrize this space. Consequently the 2k — 3 angles «; parametrize
the space S¥71xS*¥=2. Thus, the k-local collective field is defined on an AdS,xSF~1xSk—2
spacetime and the decomposition of the collective field into bulk fields of a definite spin would
exploit harmonic expansions on the product of spheres S¥72xS*~1. Based on experience
with the trilocal collective field, the correct basis for this expansion is probably not simply
spherical harmonics depending on «; ¢ = 1,2, .-k — 2 multiplied by spherical harmonics
depending on ag_o4; i =1,2,--- ,k — 1. For the trilocal we know that this basis does not
respect the SO(2,3) symmetry.

4 Boundary condition

Based on experience” with the bilocal, it is natural to expect that the Wigner functions (3.20)
will reproduce formulas for primary operators when expanded as a power series in the
momenta. The analogue of the expansion (1.8) is given by

¢ = Z Dinu(alaO‘2>a3)H£n,u(X+7P+aX7 Z)
Lm,p

=\/pipdpi Pt Zns(xt, pf, 21,03, w2, P, 3) (4.1)

5Since the p;-" are all positive they can naturally be interpreted as the square of a coordinate.
"See formulas (1.9) and (1.10).
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In the same way that the modes cos(2s6) and sin(2s6) appearing in (1.8) encode the structure
of the two field primary operators (see formula (1.9) and (1.10)), we will see that the Wigner
functions Dfnu(al, a, ag) encode the structure of primary operators constructed using three
fields. In order to test this expectation, we begin with a discussion of the relevant primary
operators. Primary operators O have the lowest dimension in their conformal multiplet so
they are annihilated by the special conformal generator K*. The primary operators packaged
in the trilocal collective field are constructed from three fields. We make the ansatz

s s—k

SE =3 D dka(P) o (P 6o (PF)T T o (4.2)

k=0 =0

for these primary operators. Here ¢ is the free scalar field, which in 2+1 dimensions has
dimension % We will determine the coefficients dj; by requiring that K#~; "+ =0. The
commutators from the complete conformal algebra that we need are

(K, P =-D+J" (KX, Pt = JgtX [KT,PT]=0
[Pt,D] = P* [P, I =0 [P, Jt"]=-P* (4.3)
The free scalar field ¢y obeys
Kf¢o=0 K ¢9=0 K ¢=0
JXpo=0  JT¢y=0 D¢y = —%gbo (4.4)

It is also useful to work out the analogous formulas for the level k descendant of ¢q, given
by (PT)*¢o

(2k—1)k
2

JTX(PM*pe=0 D(PT)rpy= —(k:+%)(P+)k¢o JE=(PT)Fpo=k(PT)F o

KT (PHkpy=0 KX(PH)*py=0 K= (PHkpy= (PH)F1g,

(4.5)

As a confidence building check of our formulas, note that requiring that K*7 "+ = 0 with

s

w2_+...+ _ Z Ck(P+)k¢0(P+)s_k¢0 (4.6)

k=0

we easily find

(=DF

% = T2k — )(s — F)(—2k + 25 — 1)1 (47)
which is the correct answer for the spinning conserved current [26]. We easily find
Ktyftt =0 =KXyt (4.8)
for any choice of the coefficients dj;, while
Kyttt =0 (4.9)
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leads to the condition

1

e
> dia(PH)rgo(PT) go(PT) g =0 (4.10)
k=0 1=0

—1s—

w

where
At = dgy10(2k+1) (k+1) +dg g1 (2L+1) (14 1) +dgy (25— 2k — 21— 1) (s — k1) (4.11)

The condition (4.10), when written in terms of the matrix valued fields, becomes

HMI

—k—
Z Ik Tr (0t Fp ot g ot=F1p) =0 (4.12)
=0

Taking the cyclicity of the trace into account, this implies that
deg+dis 1+ ds 1k =0 (4.13)

The condition (4.13) must be obeyed by the coefficients dj,; of any primary operator con-
structed from the trace of derivatives of three scalar fields. We are now in a position to
explore the connection between the Wigner functions and primary operators.

To start, consider the Wigner function

1 P;
Dho=p | P2 (4.14)
00 pi +p3 +p3

with Pj(z) a Legendre polynomial. Using the known expansion of these polynomials we
find that

1 & 25\ [4s — 2k .
(pf—}—p;r—i—p?))D _2252(_1)k<k>< 95 )(p;) k(p1++p2++p;)k

k=0
s s—k
= > D) (03) (7)™ (4.15)
k=0 1=0
where
. (—1)9(4s —2¢)!0(l + ¢ — s)

At = Z < 225k1(2s — @)!(2s — 2)!(1 + g — s)!(s — L — k)! (4.16)
and our convention for the Heaviside function is that #(x) = 1 for x > 0. With this formula
it is straight forward to check that dj,; = 0 so that (4.13) is indeed obeyed. This is our
first indication that the basis functions of our harmonic expansion, the Wigner functions,
do indeed produce primary operators.

Notice that (4.15), after translating the momenta into derivatives, has produced a primary
operator with all indices set to +. Working with the equal ™ bilocal provides a description
of the dynamics in which the — polarization indices have been eliminated [20]. The z
polarizations must still appear, which implies that we should we should obtain a polynomial
in p™ (supplying the 8, derivatives) and in p (supplying the 0, derivatives). A simple
example of a primary operator that does have z polarizations, is obtained by studying a
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mode with x = 1. In appendix F we argue that any normalizable solution behaves as Z!"l as
Z — 0. The primaries we have discussed up to this point have all had £ = 0 so that they
tend to a finite non-zero value as we go to the boundary Z — 0. The modes with k = 1
correspond to fields that vanish as Z. To obtain a non-zero boundary value for these fields,
we need to take a derivative with respect to Z. The derivative with respect to Z has been
given in (2.1). A simple manipulation shows that

9 _ pipdur+p3) + pa(pg (1 —wr) — pfur) + p3(p3 (w1 — 1) — py) (4.17)

0z Vpiphad + pips +ppd (1—w)?

Recall that the parameter u;, which tracks which OPE channel we are using, is given by

1 — 22

U1

- 4.18
pra—— (4.18)

Consider the channel in which we first take the product of the field at x; with the field at xo.
When taking the first OPE we have x1 = x2 # x3. This sets u; = 0 and we have

9
07

_ p3 (01 +p2) — ps(pf +p3)
w=0 ps (Pl +p3)

(4.19)

The momentum operators, for the composite field at 1 = xo, are given by p; + p2 and pf + p; .
The above formula thus looks rather natural. The appearance of square roots in the momenta
looks unnatural. We will see that all square roots cancel out of the final formulas. Next
consider the OPE channel in which we first take the product of the field at zo with the field
at x3. In this case, when taking the first OPE we have x5 = x # z1. This sets u; = 1 and

9
o7

_ pi(ps +p3) — (p2 + p3)py
u=1 Pl (ps +p3)

(4.20)

We see the appearance of the momentum operator for the composite field at zo = z3, as
well as the awkward square root factors. Finally, consider the OPE channel in which we
first take the product of the operators at 1 = x3. This time, when taking the first OPE
we have x1 = x3 # 2 which sets u; = oo and®

9
o7z

_ p3(p1+ps) —p2(p] +pf) (4.21)

ur=o0 ps (07 +p3)

It is this last channel that is relevant for our analysis. In this case, the OPE first produces a
composite from the fields at x; and x3. This matches how the angle as and as are defined.
The angle a3 is defined using all three fields (it is a function of pj for i = 1,2,3) but a3
is defined using only the fields at x; and x3. The composite that appears in the u; = oo

8Recall that there is a Zz symmetry as a result of cyclicity of the trace. It is interesting to note that under
this Z3 we have the orbit w1 — v} =1 —u7" = uf = (1 —u1)™* — u1. Consequently, u; = oo maps to uj = 1
and then to u} = 0 so that all three channels are related by Zs.
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channel is constructed from the fields at x; and x3. Now consider the Wigner function with
Il =4, m =0 and pu = 1 which is given by

D3y = ivV5(=3p] + 4pg — 3p3)\/ps (0 +p7)

(prfm(pf +p}) +iy/pi pEpE (0F + 93 +f) - p§p3+>
X

(4.22)

4\/1?3 (3 (i us +pf (1t = 1)) +p{pf (0 + 95 + 7))

As we explained above, we need to take a derivative of the mode this field multiplies, with
respect to Z. We also focus on the OPE channel specified by u; = 00.? After removing
an awkward overall constant we obtain

= p (5T 0 e+ (09)?)
2—pf (] +05)+(p4)?)
? 5)?) (4.23)

To interpret this mode, consider the energy momentum tensor of the conformal field theory

0
oot o2 pt 9
(p! +p3 +p3)” Doy 57
+p2 ((Pf)

+

1

+
2
+ps (12 =P (b +p3)+(p

Ty = Tr (amam - ”g”a%aaqs) + éTr (M0 0ad”(0%) = 0,0,(6%))  (4.24)

The second term above is the usual improvement needed to make 7}, traceless. This formula
defines a primary operator. Generalizing this formula we can construct the three field
primary operator!?

O = ST (60,00, -+ G0,006 — 1w 60 6000) + LT (1 000%(67) — 03,0,(6"))
From this formula we read off the components
O+ = —1 (609720 — 360+ 60%)
ot = —é (2060076 — 360% 6076 — 360" 60" ¢) (4.25)
These three field primary operators translate into the following polynomials

1
OFF = ~(pf? = 3pip3 +p37 = 3p3pi +p3” — 3pipT)

4
1
O** = 2(2pfp1 — 3p{p2 = 3p1pf + 220 — 3popi — 3p3 s
+ 2p3 p3 — 3pspl — 3p3p1) (4.26)

It is now simple to verify that

0 8 8
Dgy 5 = (1 +p2+p3)O" — Z(pf +p3 +p3)OF (4.27)
07 |yyoe 5 5
9In this channel we have oy = —7% so the non-trivial dependence on p is in dl,w.

This simple generalization is only sure to work in the free field theory where anomalous dimensions
are not generated and the generators of the conformal group are simply given by the coproduct with no
additional corrections.
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The two coefficients, which are sums of momenta, become total derivates when translated
back to position space. Consequently, after going back to position space, the x = 1 bulk
mode that we are studying becomes, in the Z — 0 limit, a sum of two descendants

o] co

(om0t —otomt) (4.28)

The fact that we only find operators belonging to a particular SO(2,3) representation is a
consequence of the fact that our harmonic expansion uses the Wigner functions, as explained
in section 3.1. To connect with that discussion, note that our primaries are built from three
fields, with two symmetric and traceless combinations of derivatives so that it has dimension
A = % and spin s = 2, leading to

C27so(273) = A(A - 3) + S(S + 1) = % (4.29)
With our conventions, the values of the SU(2) Casimir for the Wigner function Dfn“ is
—I(l + 1), which gives —20 for our example. Thus, (3.24) shows that we are matching the
correct primary to the Wigner function we study. The behaviour (4.27) of the asymptotic
bulk field closely matches the behaviour found in [9] for the bilocal collective field. There
two derivatives of the bulk field, (07)?h%* evaluated at the boundary, reproduces the sum
of descendants 0_j_, — 20,j__ of the primary conserved current. Together these results
are compelling evidence that the GKPW rule is reproduced.
The papers [27-30] have developed methods to construct primary operators in free field
theory. Above we have translated operators with derivatives into polynomials in momenta,
according to the rule

> T (0o 0t o ot 1) = 3 eu(pi) (0d) () (4.30)
k,l k,l

The papers [27-30] prove that if this polynomial in the momenta is translated into a polynomial
f(x1,x2,23) by replacing

(p)" — (20 — DI (w5)" (4.31)

then the resulting polynomial f(z1,x2,x3) is invariant under the action of Zs on x1, xo, z3
(by cyclicity of the trace) and they are harmonic (by the free Klein-Gordon equation). If
f(x1, 29, x3) is also translation invariant, then the corresponding operator is primary. Using
mathematica it is a straight forward exercise to evaluate the Wigner functions D,lnu for a
given choice of I, m, u and then to use the rule (4.31) to test if the resulting polynomial is
translation invariant. For u # 0 we also need to take |u| derivatives with respect to Z.

In appendix A we explicitly identify the Wigner functions associated to the primaries of
low dimension. This demonstrates that the primary operators of the conformal field theory
are indeed reproduced by the boundary behaviour of the collective field in precisely the
manner dictated by the GKPW rule.
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5 Discussion and conclusions

In this article we have studied the holography of a free matrix in 241 dimensions, using
collective field theory. The rearrangement of degrees of freedom performed by collective
field theory ensures that the original loop expansion parameter of the conformal field theory
(h) is replaced by loop expansion parameter 1/N. This is the loop expansion parameter of
the dual gravity theory. Collective field theory uses invariant variables as the basic degrees
of freedom. In our problem these are traces of a product of matrices, with each evaluated
at the same z* but at distinct #~ and x coordinates. Consequently, the collective field
constructed from k matrices is a k-local field, depending on 2™ and the z; ,z; coordinates of
each field. The central result of this study is the interpretation of the complete collection of
2k 4+ 1 coordinates. This is more compelling evidence that collective field theory provides
a construction of the AdS/CFT duality.

Our study has made use of recent progress related to understanding bulk locality in the
collective description [13] and to the description of multilocal operators [11]. Bulk locality
dictates how the AdS4 coordinates are constructed from those of the multi-local collective
fields. The equations of motion then map into the statement that the bulk field is dual to
a given primary and its descendants. Concretely, the bulk equation of motion amounts to
setting the quadratic Casimir of SO(2,3) to the value associated with the corresponding
primary operator [11]. In this article we have demonstrated that all 2k + 1 coordinates of the
collective field have an interpretation in the dual gravity theory: the 2k + 1 coordinates of the

Sk=2%SF~1 spacetime. The modes defined by a

k-local collective field parametrize the AdSy4x
harmonic expansion on S¥~2xS¥~! are the bulk fields of the dual gravity theory. Further we
have demonstrated that the orthogonal basis functions of the harmonic expansion are closely
related to primary operators. In particular we have demonstrated that the leading terms of
the bulk field in the Z — 0 limit reduces to three field primary operators, as dictated by the
GKPW rule. This is a very concrete extension of the proposals for holography of the vector
model first outlined in the prescient paper [7] and realized in detail in [8].

A number of directions in which this work can be extended immediately suggest themselves.
The fact that internal spheres S¥72xS*~1 collect the primary operators packaged into
the k-local collective field hints at new structures underlying the conformal field theory.
Understanding this structure in more detail as well as understanding its origin would be
extremely interesting. We have focused only on the trilocal (k = 3) collective fields. Higher
values of k should be studied. The connection between harmonic expansions on spheres and
the construction of primary operators that we have uncovered is a very natural extension
of the bilocal case studied in [31]. It would be instructive to establish this result for all
k. Even for kK = 3 important questions remain. We have outlined one interesting question
at the end of appendix A.

Our study has all been carried out for the free field theory. It would be interesting to
turn on interactions. In that case too, collective field theory dictates that the dynamics
should be written in terms of invariant fields. One must again face the question of the
interpretation of the extra coordinates that the collective field depends on. In the free case we
studied here, the extra coordinates parametrize internal spheres that collect all the primaries
packaged into the invariant field. Does this rather remarkable structure continue unchanged
for interacting theories? If not, what replaces it?
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Finally, it would be interesting to obtain the holographic mapping relevant for equal time
collective fields. This collective field theory description would have a natural extension to
finite temperature [32-34] and has the potential to shed light on holography for spacetimes
with horizons.
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A Primary polynomials

Following the papers [27-30], polynomials corresponding to the primary operators packaged
in the trilocal collective field were written down in [11]. In this appendix we will identify some
of these polynomials in terms of Wigner functions. This gives additional evidence that we do
indeed reproduce the primary operators as Z — 0 in the collective field theory description.

According to [11] the polynomials corresponding to primary operators that can be
obtained from the trilocal collective field are given by

g1 95" n,m=0,1,2,--- (A1)

g1 gy €-v n,m=0,1,2,--- (A.2)

g1 95" Q1 n,m=0,1,2,--- (A.3)
and

g1 95" Q2 n,m=0,1,2,--- (A.4)

where the building blocks for these polynomials are

g1 = (- (21 —x2))* + (e (w2 — 23))” + (e (w3 — 21))”

g2 =¢€-(x1 +x2 — 2x3)€ - (X2 + x3 — 221 )€ - (T3 + 1 — 29) (A.5)

as well as
v = P (21 20, + T2uT3u + T3uT10) (A.6)
Qr=¢€-(xr1 —x2)€- (va —x3)e- (x3 — x1) (A.7)

Q2 =€ (x1 —x2) € (w2 —3) €+ (3 — 1) €, (X1, 2,y + T2, 23, + 3,4T1,0) (A.8)
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These should all be expressible in terms of Wigner functions. For low degrees we have
explicitly demonstrated that this is indeed the case. Here are some examples

8
g1= 5P ((0f +95 +0§)*Dik)

16
g2 = =P ((of +p5 +0§)° Do)
16

Q= _63\/ﬁp ((P;r +p3 +p3)° (DS + Dgzo))
gi = %7’ (o] +ps +p§)'Di)
9192 = —%7’ (o] + 5 +p§)° D)
G1Q1 = —% 17(25573 ((pir +p3 +p3)°(Dyg + Dl—%o)) (A.9)

where P(-) denotes the map from polynomials in momenta (p;) to polynomials in z; by
employing the rule (4.31). The primary polynomials reproduced above have not involved the
v? or Q2 structures. These both involve €,e#"? which generates anti-symmetric combinations
of p; and pj. We have seen that these are introduced by derivatives with respect to Z
(see formulas (4.17), (4.19), (4.20) and (4.21)), so that these primaries will be coded into
Wigner functions with « # 0.

To end this appendix, we use (3.24) to construct a dictionary between the Wigner functions
and the complete set of three field primary operators. By using character methods [11]
determined the spectrum of primary operators constructed using three fields. The computation
evaluates the tensor product of three copies of the representation of the free scalar field, while
imposing the Zs symmetry which arises from cyclicity of the trace. The result is

1 3 = 9 9
Cyc <(2,0)®3) = (5,0)69@ ((n+2) <2+3n,3n+3> @n(2+3n,3n+2> @
n=0
9 9
®(n+1) <2+3n—1,3n+2) ®(n+1) <2+3n—1,3n+1>@

®(n+1) <Z+3n+1,3n+4> ®((n+1) <Z—|—3n+1,3n—|—3>)
(A.10)

There are two types of primaries appearing on this list. We have primaries with dimension
A= % + s where s the spin takes the values s =0 or s = 2,3,4,---. The quadratic Casimir
of these primaries is given by

Cosos =A(A=3)+s(s+1) =25+ 5 — % (A.11)
Using the relation (3.24) this corresponds to
Cosue) = —25(2s +1) (A.12)
We also have primaries with dimension A = % + s + 1 where the spin now takes values
s =1,2,3,---. The quadratic Casimir of these primaries is given by
Cas0(2,3) = 252 + 35 — Z (A.13)
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Again using the relation (3.24) this second family of primaries correspond to
Casuz) = — (25 +1)(25 + 2) (A.14)

Now, using the explicit form of the su(2) generators (3.14), the definition of the Casimir (3.21)
and the known Wigner functions, we easily find

CZ,SU(Q)DfW = —I(l+ 1)wa (A.15)

Consequently, the primaries with dimension A = % + s correspond to bulk fields associated
with the Wigner functions D?jn while the primaries with dimension A = % + 541 correspond
to bulk fields associated with the Wigner functions D%f;rl.

This dictionary can be made more precise: each bulk field has a definite spin s. A
field with spin s is a totally symmetric and traceless rank-s tensor in AdSs. The number
of independent components of this field is given by

(s+1)(s+2)(s+3) (s—1)s(s+1)

c — c =(s+1)° (A.16)

The bulk field dual to primary operators with dimension A = % + s is associated with the
Wigner function Df,fu. Since m and p each take a total of 4s + 1 values, there are a total of
(4s + 1) distinct orthogonal functions collected in D,Q,fu. Clearly then, it is only a subset of
the functions defined by D?;fu that are used in defining the bulk fields. Recall that cyclicity
of the trace implies there is a Z3 symmetry that must be imposed. We should impose this
symmetry to determine which Wigner functions are admissible.'! Although we have described

a number of explicit examples of how primary operators correspond to specific D,%fw we have
not derived the general rule for the correspondence.
B Conformal transformations for the quadlocal collective field
The bulk higher spin fields are collected into a single field
O(X+, X", X, Z,al) = iah% ., AMZ"'IZS(X;X?X, 2) o) (B.1)
5=0

The index I on the oscillators runs over Z and X. The quadlocal collective field can be
decomposed as'?

1

where o is the large N expectation value of o4 and 7y is a fluctuation about this large
N value. It is n4 that is mapped to the bulk higher spin gravity field. The holographic
mapping between the fields in this case is

q)<X+7P+7X7 Z7 OZI> = ,U(Pj—v33i>774($+7pi|—7331>P;_71'27P§—7$3>P1_7x4) (B3>

"This is again parallel to the bilocal collective field treatment: in that case the bilocal is invariant under a
Zo symmetry and this reduces to even spins for the bulk gauge fields.

12The coefficient of 14 in the next formula is chosen to ensure it has a two point function of order 1
as N — oo.
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where u(pf, x;) is a factor needed to ensure that the conformal generators of the collective
field theory and those of the higher spin gravity map into each other under the change of
spacetime coordinates given in (2.13). Using Laqgs to denote a bulk generator and Lcpr to
denote the corresponding collective generator, we have

(B.4)

1
Laas = p(pf, zi) Lepr——F——
(pl ami)

By matching generators we learn that

ulpt x) = \/pipspint P2 (B.5)

with the expression for Z and P given in (1.3) with k = 4. The formula for the AdS mass
operator A is derived matching the P~ generator, while the formula for M*Z is obtained by
matching KX at 2+ = 0. These then determine the M X generator [14] by the formula

=" oz Tazpr

M= [MXZ A (B.6)

The expression for K~ also features the operator B which is given by
1
B= —§[MXZ,[MXZ,A]]+MXZMXZ (B.7)

For completeness we list the generators we used to verify (B.4). The generators Lcpr are

given by
4
Pt = Zp;"
i=1
4
0
P =
Z: Ox;
=1
4 2
1 0
P =- —_—
; ij 81'12
19
JTm=atPm+y —pf
; ap; "

4 o 4
Jte :$+Z BT —z:xip;-Ir
=1

=1
4 2
-z 8 8 €Ty 8
! _Z< opf D 2] 8%?)

D:x*P*Jrf: S B
Bpj ! Zal‘i

1 d
Kt=-= —21‘+7+p;~'— +apf | + 2D
i=1 Ip;

50 # 00 i
2 0pf Pi op; 2 ‘Oz Op  Ap] Ox?

i=1

,25,



4 2
1 0 0 o 1
+ sz <x+2 - —erj +xig— + ) (B.8)
. y 7
The generators Lagg are from [14]. They are given by

Pt =pP*

0% + 0% 1
2P+ 272 P+
D=X"P™ — P"0p:+ + X0x + Z0z

JtT=XTP  + P 0ps +1

JX = Xtox — XP*

J X = —0p:sdx — XP 4+ M ¥

P =- A

1
Kt = —§(X2 + 72 - 2X10p)PT + XD

1
KX = _§(X2 + 72 —2X10p)0x + XD+ MX2Z 4+ MX~XT

1 1
K = —§(X2 + 7% —2XT0p )P~ —0pi D+ 7 (X0z - Zox)M*?
X
~ 5/ [MZX| A] + FB (B.9)

C Angles for the quadlocal collective field

Define five angles by the relations

 (wrugus + ug(ugus + ua))
\/f(ula U2, U3, U4, U5)
cot(ay) cos(ay) sin(ag) — sin(ag)sin(ar)  uz(us(ur — ug) + ug(uius +uy — 1))

COS (3 \/f(Ul,UQ,U3,U4,U5)

tan(ag) = \/ Ustiatls

uUsug + usus + ugus

UqUus
tan(a4) = —_—
UzU4 + U3Us

tan(ag) = %i (C.1)

cot(as) sin(ay)

where the polynomial f(u1,ua,us,uq,us) is defined in equation (2.14). This transformation
is invertible with the result

cot(ay)(sin(aq ) csc(asz) — cos(ag
cos(aq)(cos(az) csc(ay) tan(as) + sin(as)

) sin(ae) cot(ay))
uy = )

+ sin(aq ) csc(ag) cot(ay)

sec(oy) cot(as)) + sin(aq) csc(az))
sec(ay)) + sin(aq ) csc(as) cot(as)

)
_ cot(as)(cos(aq)(sin(ag) tan(ay) — cos(as
cos(aq ) (sin(ag) tan(ay) cot(as) + cos(ae

)
)
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uz = tan?(a3) csc?(oy)
uy = tan? () sec? (o) csc? (o)

us = tan?(as) sec? (o) sec? (o) (C.2)

D Composite vectors for quadlocal and quintlocal collective fields

In this section we simply list the composite vectors for the quadlocal and quintlocal collective
fields. See section 3.3 for further explanation.

D.1 Composite vectors for quadlocal collective fields

The angles below are obtained by setting ¥ = 4 and then making use of (3.38).

cos(as) 0 0
fy = —sin(ag)sin(ay) fy — cos(ay) fig = 0
—sin(as) cos(ay) sin(as) —sin(ay)sin(as) cos(as)
—sin(as) cos(ay) cos(as) —sin(ay) cos(as) —sin(as)
(D.1)

Note that these vectors are all orthogonal to

sin(as)

cos(as) sin(ay)
P* 7 | cos(a) cos(au) sin(as)
cos(ag) cos(ay) cos(as)
Thus, these vectors furnish an orthonormal basis. The vectors 721 and 7,,+ are functions of the
lightcone momenta of all 4 particles. The vector 79 depends only on the lightcone momenta
of particles 2, 3 and 4. Finally, the vector ni3 depends only on the lightcone momenta of
particles 3 and 4. This summarizes which channel we should use for the OPE when taking
the bulk field to the boundary: we first take the product of the fields located at x3 and x4.
We then take the product of this result with the field located at 3. We then take the product

of this result with the field located at 1. This corresponds to setting u; = 1 = us.

D.2 Composite vectors for quintlocal collective fields

The angles below are obtained by setting & = 5 and then making use of (3.38).

cos(ay)
— sin(ay) sin(as)
ny = — sin(ay) cos(as) sin(ag)
—sin(ay) cos(as) cos(ag) sin(ay)
| —sin(ay) cos(a) cos(ag) cos(ar)

0 0 0
cos(as) 0 0
Ng = — sin(as) sin(ag) ng = cos(ag) fly = 0
— sin(a) cos(ag) sin(avr) — sin(ag) sin(ar) cos(ay)
| —sin(as) cos(ag) cos(ar) — sin(ag) cos(az) —sin(ay)
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Note that these vectors are all orthogonal to

sin(ay)
cos(ay) sin(a)

>

= cos(ay) cos(as) sin(ag) (D.4)
cos(ay) cos(as) cos(ag) sin(az)
cos(ay) cos(as) cos(ag) cos(ar)

Thus, these vectors again furnish an orthonormal basis. The angle oy depends only on p;
and p;r. The angle ag depends only on p}f, ps and p;. The angle a5 depends only on py,
pf{, ps and p;“. Finally the angle a4 depends on all of the Pf. This again summarizes
which channel we should use for the OPE when taking the bulk field to the boundary: we
first take the product of the fields located at x4 and z5. We then take the product of this
result with the field located at x3. We then take the product of this result with the field
located at xo. Finally, we take the product of this result with the field located at x;. This

corresponds to setting u; = us = uz = 1.

E Comment on the AdS mass operator

By matching the generators, using (B.4) as before, acting on the quintic collective field with
those of the dual gravity given in (B.8), we learn that

3
w(p; i) = \/pp3pipipd (PT2Z)2 (E.1)

Further we learn that the AdS mass operator can be written as

5 5
3
A= KRijKij — 1 (EZ)
=1 =1

DN | =

(2

1j

where

’iij =
k

5 > 25: ) VoD (e — ) 0 (£3)
ijklm :
Sistmst 2y/phF e+ ] +pf +pi) O

These results together with those of the trilocal and quadlocal collective fields lead us to
conjecture that for the k-local collective field we have

k=2
u(pf @) = \/pipspint v (PY2)" (E4)
It is also natural to conjecture that the AdS mass operator is given by
1 E K k
A= (k? — 3)' Z Z cee Z Kiyigeip_gRitin-ij_s T CcONstant (E5)

Yii=lig=1  ip_z=1

where

k k k Pi_opp_ 1 (Th2 — TK-1) 9
P | Z | Z Z c m (EG)

1192 g 1%k
ig_o=lip_1=1ip=1 2\/27;(171'— +p3_ T +p2_) O,
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The form of these operators plays an important role (as explained in section 3.3) in exhibiting
the geometrical structure associated to the extra angle coordinates. The fact that there is a
nice angle formula for any k is intimately related to the fact that the s operators defined
in this appendix have a nice generalization.

F Boundary behaviour of bulk fields

In this section we would like to determine the behaviour of the trilocal collective field as
Z — 0, from the behaviour of the dual bulk fields. Recall that the equations of motion
for the bulk fields are given by [14-19]

(2a+a— + 0% + 0% —

A
22) X, P X, Za")=0 (F.1)

where the AdS mass operator A can be written as

1
A=r?>-Z F.2
R = (F.2)
Assuming that the bulk field ®(X*+, P*, X, Z, o) behaves as Z% as Z — 0, the most singular

terms of (F.1) imply that
1
ala—1)—A=0 = a:§:t/<c (F.3)

Now, taking into account the relation between the trilocal collective field and the bulk
gravity field

¢(X+7P+7X7 Z7 aI) = \/ pi‘rp;p;_ V ZP+7]3(x+,pf,xl,p;,xg,p:}f,xg) (F4)

we learn that n3 behaves as Z** as Z — 0 so that s controls the boundary behaviour
of the different bulk fields packaged in the collective field. Since we are interested in the
normalizable solutions, it is clear that after translating to bulk coordinates, the component
of 13 corresponding to eigenvalue x vanishes as Z%. To extract this component from the
collective field we should take k derivatives with respect to Z before taking Z — 0.
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