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ABSTRACT
This paper designs and studies a numerically fast proximal point algorithm
to solve the monotone inclusion problem in Hilbert spaces. Our first pro-
posed algorithm combines the proximal point algorithm, inertial term, and
two correction terms. The addition of two correction terms is considered to
further numerically accelerate the convergence speed of the inertial prox-
imal point algorithm already studied in the literature. In our convergence
results, we obtain both weak and linear convergence of the first proposed
algorithm under some standard assumptions. Furthermore, we modify the
first algorithm to obtain a strongly convergent algorithm. Applications of
our proposed algorithm to mixed variational inequalities, strongly quasi-
convex minimization problems, and Douglas–Rachford splitting algorithm
aregiven.Numerical results show that ourproposedalgorithmoutperforms
other related algorithms in the literature.
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1. Introduction

SupposeH is a Hilbert space that is equipped with inner product 〈·, ·〉 and induced norm ‖ · ‖. Given
a maximal monotone set-valued operator A : H→ 2H , consider the monotone inclusion problem

find x∗ ∈ H such that 0 ∈ A(x∗). (1)

We shall denote the set of solutions to themonotone inclusion problem (1) byA−1(0). It is known that
variational inequality problem, minimization of closed proper convex functions, and their variants
and extensions can be formulated as monotone inclusion problem (1) above.

The proximal point algorithm (PPA) (see, for example, [1–5]) is a popular algorithm deployed to
solve inclusion problem (1). Given x0 ∈ H, the PPA is generated by

yk+1 = JAλ (yk), (2)

where the operator JAλ := (I + λA)−1, λ > 0, is the single-valued resolvent operator ofA (see [3]). The
classical augmented Lagrangian method [6,7], the Douglas-Rachford splitting method [8,9] and the
alternating direction method of multipliers [10,11] are seen as special cases of PPA (2). Equivalently,
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PPA (2) is

0 ∈ yk+1 − yk
λ

+ A(yk+1), (3)

which is an implicit discretization of the evolution differential inclusion problem

0 ∈ dy
dt
+ A(y(t)), (4)

for which convergence of its solution trajectory to a solution of (1) has been established (see, for
example, [12]). Over-relaxation version of PPA (2) has also been studied extensively in the literature
(see, for example, [1,13–16]). Proximal point algorithm (2) with inertial term:

yk+1 = JAλ (yk + αk(yk − yk−1)), (5)

withαk ∈ [0, 1)has been studied in [17–25] andweak convergence results obtained under appropriate
conditions.

Recently, Kim [26] studied accelerated proximal point algorithm, which is a combination of proxi-
mal point algorithm, inertial term and correction term. Kim [26, Theorem 4.1] proved the worst-case
convergence rate, using performance estimation problem (PEP) approach of Drori–Teboulle [27], for
the following algorithm:⎧⎪⎨

⎪⎩
wk =yk + k− 1

k+ 1
(yk − yk−1)+ k− 1

k+ 1
(wk−2 − yk−1),

yk+1 =JAλ (wk)

(6)

and obtained worst-case convergence rate ‖yk − wk−1‖ = O(1/k) in [26, Theorem 4.1]. However, no
weak convergence of the sequence of iterates {wk} and {yk} generated by (6) is given. It should be noted
that the results of Kim [26, Theorem 4.1] extend the results of Güler [28] from convex minimization
to monotone inclusions.

Maingé in [29] further studied the followingPPAwith inertial term, relaxation termand correction
term to solve the monotone inclusion problem (1):⎧⎪⎨

⎪⎩
wk =yk + αk(yk − yk−1)+ δk(wk−1 − yk)

yk+1 = 1
1+ ak

wk + ak
1+ ak

JAλ(1+ak)(wk),
(7)

whereαk and δk are given recursively in [29, (1.23) and (1.24)].Maingé [29, Theorem1] obtainedweak
convergence results of {yk} generated by (7) with the fast rate ‖yk+1 − yk‖ = o(1/k) and ak

1+ak ∈ (0, 1)
but no linear rate convergence results given.

1.1. Our contributions

Motivated by the results in [26,29], we first propose a proximal point algorithm with a combina-
tion of one inertial term and two correction terms to solve the monotone inclusion problem (1).
Weak and linear convergence results are obtained under standard conditions. In addition, we design
a viscosity-type algorithm from the first algorithm and obtain strong convergence results. We also
give applications tomixed variational inequalities, strongly quasi-convexminimization problems and
Douglas–Rachford splitting algorithm. Numerical tests are carried out on our proposed algorithm,
and comparisons with related algorithms show that our proposed algorithm is more efficient and
performs better, in terms of number of iterations and CPU time, than other related algorithms in the
literature.
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1.2. Outline

Basic definitions and some needed results are given in Section 2. In Section 3, we introduce our pro-
posed algorithmand obtainweak convergence, linear convergence rate and strong convergence. Some
applications are given in Section 4 and numerical results are discussed in Section 5 with concluding
remarks given in Section 6.

2. Preliminaries

In this section, we give some definitions and basic results that we will need in our analysis.

Definition 2.1: A mapping T : H→ H is called

(i) nonexpansive if ‖Tx− Ty‖ ≤ ‖x− y‖, for all x, y ∈ H;
(ii) firmly nonexpansive if ‖Tx− Ty‖2 ≤ ‖x− y‖2 − ‖(I − T)x− (I − T)y‖2 for all x, y ∈ H.

Equivalently, T is firmly nonexpansive if ‖Tx− Ty‖2 ≤ 〈x− y,Tx− Ty〉 for all x, y ∈ H;
(iii) averaged if T can be expressed as the averaged of the identity mapping I and a nonexpansive

mapping S, i.e. T = (1− α)I + αS with α ∈ (0, 1). Alternatively, T is α-averaged if

‖Tx− Ty‖2 ≤ ‖x− y‖2 − 1− α

α
‖(I − T)x− (I − T)y‖2, ∀ x, y ∈ H.

Definition 2.2: An operator A : H→ 2H is said to be monotone if for any x, y ∈ H,

〈x− y, f − g〉 ≥ 0,

where f ∈ Ax and g ∈ Ay. The Graph of A is defined by

Gr (A) := {(x, f ) ∈ H ×H : f ∈ Ax}.
If Gr (A) is not properly contained in the graph of any other monotone operator, then A is maximal
monotone operator. It is well-known that for each x ∈ H, and λ > 0, there is a unique z ∈ H such
that x ∈ (I + λA)z.

Let h : R
n→ R ∪ {±∞} be a proper, lsc convex function. The proximal operator proxh for h is

defined as proxh(z) := argmin x{h(x)+ 1
2‖x− z‖2}. Using the notions in [30,31], we say that a func-

tion h : R
n→ R ∪ {±∞} with a convex domain is strongly quasiconvex if there exists γ ∈ (0,+∞)

such that for all x, y ∈ dom h and all λ ∈ [0, 1], we have

h(λy+ (1− λ)x) ≤ max{h(y), h(x)} − λ(1− λ)
γ

2
‖x− y‖2.

Let K be a closed set in R
n and h : R

n→ R ∪ {±∞} be a proper function such that K ∩ dom h �= ∅.
We say that h is prox-convex onK [32] if there existsα > 0 such that for every z ∈ K, proxh(K, z) �= ∅,
(where we write proxh(K, z) := prox(h+δK )(z) with δK being the indicator function on K) and

x̄ ∈ proxh(K, z)⇒ h(x̄)− h(x) ≤ α〈x̄− z, x− x̄〉, ∀ x ∈ K.

If K = R
n, then we say that h is prox-convex. As stated in [32, Remark 3.6], the classes of strongly

quasiconvex functions and prox-convex functions intersect without being included in one another.
The lemma below is quite well known, which plays an important role in proving weak convergence

of sequences in a Hilbert space (see, [33]).

Lemma 2.3: Let K be a nonempty subset of a Hilbert space H and let {xn} be a bounded sequence in H.
Assume the following two conditions are satisfied:
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• limn→∞ ‖xn − x‖ exists for each x ∈ K,
• every weak cluster point of {xn} belongs to K.

Then {xn} converges weakly to a point in K.

Lemma 2.4 ([34]): Suppose that {tp} is a sequence of nonnegative real numbers, {σk} is a sequence of
real numbers in (0, 1) satisfying

∑∞
k=1 σk = ∞, and {hk} is a sequence of real numbers such that

tk+1 ≤ (1− σk)tk + σkhk, k ≥ 1.

If lim supi→∞ hki ≤ 0 for each subsequence {tki} of {tk} satisfying lim inf i→∞(tki+1 − tki) ≥ 0, then
limk→∞ tk = 0.

Lemma 2.5 ([35, Lemma 3.1]): Suppose that {tk} and {rk} are sequences of nonnegative real numbers
such that

tk+1 ≤ (1− σk)tk + sk + rk,

where {σk} is a sequence in (0, 1) and {sk} is a real sequence. Let∑∞k=1 rk <∞ and sk ≤ σkM for some
M ≥ 0. Then {tk} is bounded.

3. Proposedmethods & convergence

Assumption 3.1: In our convergence analysis, we assume that for some ε > 0,

0 ≤ α <
ε

1+ ε
,

(1+ ε)α

1+ αε
< δ < 1.

We now present our proposed method as follows:

Algorithm 1 (Accelerated PPA)
1: Choose α and δ with Assumption 3.1 satisfied. Pick w−1 = w−2, y0, y−1 ∈ H arbitrarily, λ > 0

and set k = 0.
2: Given wk−1, wk−2, yk−1 and yk, compute⎧⎪⎪⎨

⎪⎪⎩
wk = yk + α(yk − yk−1)+ δ(1+ α)(wk−1 − yk)

− αδ(wk−2 − yk−1),

yk+1 = JAλ (wk).

(8)

3: Set k← k+ 1, and go to Step 2.

Remark 3.2: When α = 0 = δ in proposed Algorithm 1, we recover the proximal point algorithm.
Also, if δ = 0, our Algorithm 1 reduces to the inertial proximal point algorithm, for which weak con-
vergence analysis has been established in [17–19]. We do not pursue the case of δ = 0 in Algorithm 1
for our convergence analysis since the weak convergence for the case δ = 0 in Algorithm 1 has been
established in [17–19].

Remark 3.3: The proximal point algorithm in [17–25] contains inertial extrapolation step while our
Algorithm 1 contains inertial extrapolation term (i.e. α(yk − yk−1)) and two correction terms (i.e.
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δ(1+ α)(wk−1 − yk) and αδ(wk−2 − yk−1)). Both the inertial extrapolation term and the two cor-
rection terms are added to the original PPA in order to improve on the numerical convergence speed
of the PPA. Another interesting feature of our Algorithm 1 is that the inertial parameter α is not
restricted to [0, 13 ) as done in [17] and other related papers.

3.1. Weak convergence

Lemma 3.4: Suppose A : H→ 2H is a maximal monotone operator with A−1(0) �= ∅. Let {yk} be
generated by Algorithm 1 with Assumption 3.1 fulfilled. Then {wk} and {yk} are bounded.

Proof: Take x∗ ∈ A−1(0). Noting that JAλ is firmly nonexpansive, we have

‖yk+1 − x∗‖2 ≤ ‖wk − x∗‖2 − ‖yk+1 − wk‖2. (9)

For the rest of this proof, we define, for simplicity, xk = yk + δ(wk−1 − yk). Then wk = xk + α(xk −
xk−1) in Algorithm 1. Consequently,

yk = 1
1− δ

xk − δ

1− δ
wk−1

and thus

yk+1 = 1
1− δ

xk+1 − δ

1− δ
wk.

Hence, we get

‖yk+1 − x∗‖2 =
∥∥∥∥ 1
1− δ

(xk+1 − x∗)− δ

1− δ
(wk − x∗)

∥∥∥∥
2

= 1
1− δ

‖xk+1 − x∗‖2 − δ

1− δ
‖wk − x∗‖2

+ δ

(1− δ)2
‖xk+1 − wk‖2. (10)

If we combine (10) and (9), we have

1
1− δ

‖xk+1 − x∗‖2 − δ

1− δ
‖wk − x∗‖2 + δ

(1− δ)2
‖xk+1 − wk‖2 ≤ ‖wk − x∗‖2 − ‖yk+1 − wk‖2.

Thus,

1
1− δ

‖xk+1 − x∗‖2 ≤ 1
1− δ

‖wk − x∗‖2 − δ

(1− δ)2
‖xk+1 − wk‖2

− ‖yk+1 − wk‖2. (11)

Now,

‖wk − x∗‖2 =‖(1+ α)(xk − x∗)− α(xk−1 − x∗)‖2
=(1+ α)‖xk − x∗‖2 − α‖xk−1 − x∗‖2 + α(1+ α)‖xk − xk−1‖2. (12)
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If we put (12) in (11), we obtain

1
1− δ

‖xk+1 − x∗‖2 ≤ 1
1− δ

[
(1+ α)‖xk − x∗‖2 − α‖xk−1 − x∗‖2

+ α(1+ α)‖xk − xk−1‖2
]− δ

(1− δ)2
‖xk+1 − wk‖2 − ‖yk+1 − wk‖2.

Thus,

1
1− δ

‖xk+1 − x∗‖2 − α

1− δ
‖xk − x∗‖2 ≤ 1

1− δ
‖xk − x∗‖2 − α

1− δ
‖xk−1 − x∗‖2

+ α(1+ α)

1− δ
‖xk − xk−1‖2 − δ

(1− δ)2
‖xk+1 − wk‖2

− ‖yk+1 − wk‖2. (13)

Also, we have that

‖xk+1 − wk‖2 =‖xk+1 − xk − α(xk − xk−1)‖2
=‖xk+1 − xk‖2 − 2α〈xk+1 − xk, xk − xk−1〉 + α2‖xk − xk−1‖2
≥‖xk+1 − xk‖2 − α

[‖xk+1 − xk‖2 + ‖xk − xk−1‖2
]+ α2‖xk − xk−1‖2

=(1− α)‖xk+1 − xk‖2 − α(1− α)‖xk − xk−1‖2. (14)

If we apply (14) in (13), we get

1
1− δ

‖xk+1 − x∗‖2 − α

1− δ
‖xk − x∗‖2 ≤ 1

1− δ
‖xk − x∗‖2 − α

1− δ
‖xk−1 − x∗‖2

+ α(1+ α)

1− δ
‖xk − xk−1‖2 + αδ(1− α)

(1− δ)2
‖xk − xk−1‖2

− δ(1− α)

(1− δ)2
‖xk+1 − xk‖2 − ‖yk+1 − wk‖2. (15)

Similar to (14), we obtain

‖yk+1 − wk‖2 =‖yk+1 − xk − α(xk − xk−1)‖2
≥(1− α)‖yk+1 − xk‖2 − α(1− α)‖xk − xk−1‖2.

Hence, we have from (15) that

1
1− δ

‖xk+1 − x∗‖2 − α

1− δ
‖xk − x∗‖2 + δ(1− α)

(1− δ)2
‖xk+1 − xk‖2

≤ 1
1− δ

‖xk − x∗‖2 − α

1− δ
‖xk−1 − x∗‖2 +

[
α(1+ α)

1− δ
+ αδ(1− α)

(1− δ)2
+ α(1− α)

]∥∥∥∥ xk − xk−1‖2

− (1− α)‖yk+1 − xk‖2

= 1
1− δ

‖xk − x∗‖2 − α

1− δ
‖xk−1 − x∗‖2 + δ(1− α)

(1− δ)2
‖xk − xk−1‖2 − (1− α)‖yk+1 − xk‖2

+
[
α(1+ α)

1− δ
+ αδ(1− α)

(1− δ)2
+ α(1− α)

]
‖xk − xk−1‖2 − δ(1− α)

(1− δ)2
‖xk − xk−1‖2. (16)
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Define for all k ∈ N,

ak := 1
1− δ

‖xk − x∗‖2 − α

1− δ
‖xk−1 − x∗‖2 + δ(1− α)

(1− δ)2
‖xk − xk−1‖2. (17)

Then,

ak+1 ≤ak − (1− α)‖yk+1 − xk‖2

+
[
α(1+ α)

1− δ
+ αδ(1− α)

(1− δ)2
+ α(1− α)− δ(1− α)

(1− δ)2

]
‖xk − xk−1‖2. (18)

We show that ak ≥ 0 ∀ k ∈ N. By Peter–Paul inequality, we have

ak = 1
1− δ

‖xk − x∗‖2 − α

1− δ
‖xk−1 − x∗‖2 + δ(1− α)

(1− δ)2
‖xk − xk−1‖2

≥ 1
1− δ

‖xk − x∗‖2 − α

1− δ
(1+ 1

ε
)‖xk − x∗‖2

− α(1+ ε)

1− δ
‖xk − xk−1‖2 + δ(1− α)

(1− δ)2
‖xk − xk−1‖2

= 1
1− δ

(
1− α

(
1+ 1

ε

))
‖xk − x∗‖2 + 1

1− δ

(
δ(1− α)

1− δ
− α(1+ ε)

)
‖xk − xk−1‖2

≥ 0,

by Assumption 3.1 that α < ε
1+ε and α(1+ε)

1+αε < δ.
Now, observe that

α(1+ α)

1− δ
+ αδ(1− α)

(1− δ)2
+ α(1− α)− δ(1− α)

(1− δ)2
< 0

if 2α+1−√−4α2+4α+1
2α < δ < 2α+1+√−4α2+4α+1

2α , 0 < α < 1 and if α = 0, 0 < δ < 1. If 0 < α < 1,
then

2α + 1−√−4α2 + 4α + 1
2α

<
α(1+ ε)

1+ αε

and

2α + 1+√−4α2 + 4α + 1
2α

> 1.

Therefore, we have from (18) that {ak} is nonincreasing and thus lim
k→∞

ak exists. Hence, {ak} is
bounded. Consequently, we have from (18) that

lim
k→∞
‖yk+1 − xk‖ = 0

and

lim
k→∞
‖xk − xk−1‖ = 0.

Since 1
1−δ

(
1− α

(
1+ 1

ε

)) ‖xk − x∗‖2 ≤ ak and {ak} is bounded, we obtain that {‖xk − x∗‖} is
bounded. Thus, {xk} is bounded. From wk = xk + α(xk − xk−1), we have that {wk} is bounded.
Therefore, {yk} is also bounded. �
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Theorem 3.5: Suppose A : H→ 2H is a maximal monotone operator with A−1(0) �= ∅. Let {yk} be
generated byAlgorithm 1withAssumption 3.1 fulfilled. Then {yk} converges weakly to a point in A−1(0).
Proof: From wk = xk + α(xk − xk−1), we get

lim
k→∞
‖wk − xk‖ = α lim

k→∞
‖xk − xk−1‖ = 0.

Also,

‖yk+1 − wk‖ ≤ ‖yk+1 − xk‖ + ‖wk − xk‖ → 0.

Hence

lim
k→∞
‖JAλ (wk)− wk‖ = lim

k→∞
‖yk+1 − wk‖ = 0. (19)

Assume that {ykj} ⊂ {yk} such that ykj ⇀ v, j→∞. We show that v ∈ A−1(0). From xk − yk =
δ(wk−1 − yk), we have that (xk − yk)→ 0. Thus,

‖yk − wk‖ ≤ ‖xk − yk‖ + ‖wk − xk‖ → 0.

Hence, wkj ⇀ v, j→∞. Thus, JAλ (wkj) ⇀ v, j→∞ by (19). By JAλ (wk) = (I + λA)−1wk, we obtain

1
λ

(
wkj − JAλ (wkj)

)
∈ A(JAλ (wkj)).

Monotonicity property of A implies

〈x− JAλ (wkj),w−
1
λ

(
wkj − JAλ (wkj)

)
〉 ≥ 0, ∀ x, w satisfying w ∈ A(x), ∀ kj. (20)

Using (19) in (20), we have 〈x− v,w〉 ≥ 0, ∀ x, w satisfying w ∈ A(x). Then, A being maximal
monotone gives v ∈ A−1(0) (see, for example, [5]).

Now, let us set

b∗k = 2〈xk−1 − xk, xk − x∗〉 + ‖xk−1 − xk‖2,

d∗k = −
δ(1− α)

(1− δ)2
‖xk − xk−1‖2.

Notice that

‖xk−1 − x∗‖2 = ‖xk−1 − xk‖2 + 2〈xk−1 − xk, xk − x∗〉 + ‖xk − x∗‖2.
Consequently, we have that

(1− α)

1− δ
‖xk − x∗‖2 = ak + d∗k +

α

1− δ
b∗k . (21)

Since limk→∞ ‖xk−1 − xk‖ = 0, and {xk} is bounded, we have that d∗k → 0, and b∗k → 0. Also, since
limk→∞ ak exists, it follows from (21) that

lim
k→∞
‖xk − x∗‖ exists for each x∗ ∈ A−1(0). (22)

We then obtain from

‖yk − x∗‖2 = ‖yk − xk‖2 + 2〈yk − xk, xk − x∗〉 + ‖xk − x∗‖2
that

lim
k→∞
‖yk − x∗‖ exists for each x∗ ∈ A−1(0). (23)

By Lemma 2.3, we conclude that {yk} converges weakly to a point in A−1(0). The proof is complete.
�



1740 C. IZUCHUKWU ET AL.

3.2. Linear convergence

In this subsection, we study the linear rate of convergence of the proposed Algorithm 1. To this end,
we give the following assumption (please see [36] for more details about this assumption).

Assumption 3.6 ([36, Section 3.2]): Assume that A−1 is Lipschitz continuous at 0 with modulus
a> 0, i.e. (i) A−1(0) = {x∗} is a singleton, where x∗ ∈ H and (ii) for some τ > 0, it holds that

‖x− x∗‖ ≤ a‖w‖
whenever x ∈ A−1(w) and ‖w‖ ≤ τ .

Theorem 3.7: Suppose A : H→ 2H is a maximal monotone operator with A−1(0) �= ∅ and Assump-
tion 3.6 is fulfilled. Let {yk} be generated by Algorithm 1. Then {yk} converges R-linearly to a point
x∗ ∈ A−1(0) when α = 0 and 0 < δ < 1.

Proof: By [36, Theorem 3.5], we have, under Assumption 3.6, that

‖yk+1 − x∗‖2 ≤
(
1− λ2

a2 + λ2

)
‖wk − x∗‖2

=μ1‖wk − x∗‖2, (24)

where μ1 := 1− λ2

a2+λ2
∈ (0, 1). Since yk+1 = 1

1−δ xk+1 − δ
1−δwk, we obtain from (10) that

‖yk+1 − x∗‖2 = 1
1− δ

‖xk+1 − x∗‖2 − δ

1− δ
‖wk − x∗‖2

+ δ

(1− δ)2
‖xk+1 − wk‖2

= 1
1− δ

‖xk+1 − x∗‖2 − δ

1− δ
‖wk − x∗‖2 + δ‖yk+1 − wk‖2. (25)

If we combine (24) and (25), we have

1
1− δ

‖xk+1 − x∗‖2 − δ

1− δ
‖wk − x∗‖2 + δ‖yk+1 − wk‖2 ≤ μ1‖wk − x∗‖2.

Thus (noting that α = 0), we obtain

1
1− δ

‖wk+1 − x∗‖2 = 1
1− δ

‖xk+1 − x∗‖2 ≤
(

μ1 + δ

1− δ

)
‖wk − x∗‖2 − δ‖yk+1 − wk‖2

≤(μ1(1− δ)+ δ)

(
1

1− δ
‖wk − x∗‖2

)
. (26)

Therefore, {wk} converges R-linearly to x∗. Also, it is easily seen that {yk} converges R-linearly to x∗.
This completes the proof. �

Remark 3.8: It is worthy of note that the results in this section can easily be carried over to the over-
relaxation case. Thus, we can obtain similar theorems to Theorems 3.5 and 3.7 when we replace
yk+1 = JAλ (wk) in (8) of Algorithm 1 with yk+1 = (1− φ)wk + φJAλ (wk),φ ∈ (0, 2). Consequently,
we will have a replacement of (9) as

‖yk+1 − x∗‖2 ≤ ‖wk − x∗‖2 − (2− φ)

φ
‖yk+1 − wk‖2.

Then the rest of the proof of Lemma 3.4 follows.
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3.3. Strong convergence

We now design a strongly convergent version of Algorithm 1. To this end, a mapping g : H→ H is a
strict contraction if there exists μ ∈ [0, 1) such that ‖g(x)− g(y)‖ ≤ μ‖x− y‖, ∀ x, y ∈ H.

We now propose our second algorithm below.

Algorithm 2 (Strongly Convergent Accelerated PPA)
1: Choose δ ∈ (0, 1),βk ∈ (0, 1) and pick w−1 = y0 ∈ H arbitrarily, λ > 0 and set k = 0.
2: Given wk−1 and yk, compute{

wk = yk + δ(βk−1g(wk−1)+ (1− βk−1)wk−1 − yk),

yk+1 = JAλ (βkg(wk)+ (1− βk)wk).
(27)

3: Set k← k+ 1, and go to Step 2.

Remark 3.9: Algorithm 2 involves a viscosity approximation and correction term. As far as we know,
this is the first time a strongly convergent PPA with viscosity approximation and correction term is
designed for monotone inclusion problem (1).

We show that the sequences {wk} and {yk} generated by Algorithm 2 are bounded.

Lemma 3.10: Suppose A : H→ 2H is a maximal monotone operator with A−1(0) �= ∅. Let {yk} be
generated by Algorithm 2 with 0 < δ < 1. Then {wk} and {yk} are bounded if g is a strict contraction
with constant μ ∈ [0, 12 ) and limk→∞ βk = 0.

Proof: Let uk := βkg(wk)+ (1− βk)wk. Pick x∗ ∈ A−1(0). If we use similar arguments to estab-
lish (9), we have

‖yk+1 − x∗‖2 ≤ ‖uk − x∗‖2 − ‖yk+1 − uk‖2. (28)

We have from wk = yk + δ(uk−1 − yk) that

yk+1 = 1
1− δ

wk+1 − δ

1− δ
uk. (29)

From (29), we obtain that

‖yk+1 − x∗‖2 =‖ 1
1− δ

wk+1 − δ

1− δ
uk − x∗‖2

=‖ 1
1− δ

(wk+1 − x∗)− δ

1− δ
(uk − x∗)‖2

= 1
1− δ

‖wk+1 − x∗‖2 − δ

1− δ
‖uk − x∗‖2 + δ

(1− δ)2
‖wk+1 − uk‖2

= 1
1− δ

‖wk+1 − x∗‖2 − δ

1− δ
‖uk − x∗‖2 + δ‖yk+1 − uk‖2. (30)

Plugging (30) in (28) gives

1
1− δ

‖wk+1 − x∗‖2 − δ

1− δ
‖uk − x∗‖2 + δ‖yk+1 − uk‖2
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≤ ‖uk − x∗‖2 − ‖yk+1 − uk‖2. (31)

Also, we get

‖uk − x∗‖2 =‖βkg(wk)+ (1− βk)wk − x∗‖2 = ‖(wk − x∗)− βk(wk − g(wk)‖2
=‖wk − x∗‖2 + β2

k‖wk − g(wk)‖2 − 2βk〈wk − x∗,wk − g(wk)〉
=‖wk − x∗‖2 + β2

k‖wk − g(wk)‖2 − βk‖wk − g(wk)‖2
− βk‖wk − x∗‖2 + βk‖g(wk)− x∗‖2
=(1− βk)‖wk − x∗‖2 + β2

k‖wk − g(wk)‖2 − βk‖wk − g(wk)‖2
+ βk‖g(wk)− x∗‖2. (32)

By replacing x∗ with yk+1, we have from (32) that

‖yk+1 − uk‖2 =‖uk − yk+1‖2
=(1− βk)‖wk − yk+1‖2 + β2

k‖wk − g(wk)‖2 − βk‖wk − g(wk)‖2
+ βk‖yk+1 − g(wk)‖2. (33)

Plugging (32) and (33) into (31) gives (noting that g is a strict contraction)

1
1− δ

‖wk+1 − x∗‖2 ≤ 1
1− δ

‖uk − x∗‖2 − (1+ δ)‖yk+1 − uk‖2

= 1
1− δ

(
(1− βk)‖wk − x∗‖2 + β2

k‖wk − g(wk)‖2 − βk‖wk − g(wk)‖2

+ βk‖g(wk)− x∗‖2)− (1+ δ)
(
(1− βk)‖wk − yk+1‖2 + β2

k‖wk − g(wk)‖2
− βk‖wk − g(wk)‖2 + βk‖yk+1 − g(wk)‖2

)
≤ 1

1− δ

(
(1− βk)‖wk − x∗‖2 + β2

k‖wk − g(wk)‖2 − βk‖wk − g(wk)‖2

+ 2 βk‖g(wk)− g(x∗)‖2 + 2βk‖g(x∗)− x∗‖2)
− (1+ δ)

(
(1− βk)‖wk − yk+1‖2 + β2

k‖wk − g(wk)‖2 − βk‖wk − g(wk)‖2
+ βk‖yk+1 − g(wk)‖2

)
≤ (1− βk(1− 2μ))

1− δ
‖wk − x∗‖2 − (1+ δ)(1− βk)‖wk − yk+1‖2

− (1+ δ)βk‖yk+1 − g(wk)‖2 − δ2βk(1− βk)

1− δ
‖wk − g(wk)‖2

+ βk(1− 2μ)

1− δ

2‖g(x∗)− x∗‖2
(1− 2μ)

. (34)

Therefore,

1
1− δ

‖wk+1 − x∗‖2 ≤ (1− βk(1− 2μ)

1− δ
‖wk − x∗‖2

+ βk(1− 2μ)

1− δ

2‖g(x∗)− x∗‖2
(1− 2μ)

. (35)
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Take

tk := 1
1− δ

‖wk − x∗‖2 ≥ 0.

Then

tk+1 ≤ (1− βk(1− 2μ))tk + βk(1− 2μ)

1− δ

2‖g(x∗)− x∗‖2
(1− 2μ)

.

By Lemma 2.5 we have that {tk} is bounded. It then follows that both {wk} and {sk} are bounded. �

We now give the following strong convergence result.

Theorem 3.11: Suppose A : H→ 2H is a maximal monotone operator with A−1(0) �= ∅ with g is a
strict contraction with constant k ∈ [0, 12 ), limk→∞ βk = 0,

∑∞
k=1 βk = ∞. Then the sequences {wk}

and {sk} generated by Algorithm 2 converge strongly to x∗ = PA−1(0)g(x∗), where PA−1(0) is the metric
projection onto A−1(0).

Proof: First observe that there exists a unique x∗ such that x∗ = PA−1(0)g(x∗) due to contraction
property of PA−1(0)g. Thus, we have

‖uk − x∗‖2 =‖βkg(wk)+ (1− βk)wk − x∗‖2
=‖βk(g(wk)− x∗)+ (1− βk)(wk − x∗)‖2
=β2

k‖g(wk)− x∗‖2 + (1− βk)
2‖wk − x∗‖2

+ 2βk(1− βk)〈g(wk)− x∗,wk − x∗〉
=(1− βk)

2‖wk − x∗‖2 + β2
k‖g(wk)− x∗‖2

+ 2βk(1− βk)〈g(wk)− g(x∗),wk − x∗〉
+ 2βk(1− βk)〈g(x∗)− x∗,wk − x∗〉
≤(1− βk)

2‖wk − x∗‖2 + β2
k‖g(wk)− x∗‖2

+ 2βk(1− βk)μ‖wk − x∗‖2 + 2βk(1− βk)〈g(x∗)− x∗,wk − x∗〉
≤(1− βk(1− 2μ))‖wk − x∗‖2 + β2

k‖g(wk)− x∗‖2
+ β2

k‖wk − x∗‖2 + 2βk(1− βk)〈g(x∗)− x∗,wk − x∗〉. (36)

Similarly,

‖uk − yk+1‖2 =β2
k‖g(wk)− yk+1‖2 + (1− βk)

2‖wk − yk+1‖2
+ 2βk(1− βk)〈g(wk)− yk+1,wk − yk+1〉
≥β2

k‖g(wk)− yk+1‖2 + (1− βk)
2‖wk − yk+1‖2

− 2βk(1− βk)‖g(wk)− yk+1‖‖wk − yk+1‖
≥β2

k‖g(wk)− yk+1‖2 + (1− βk)
2‖wk − yk+1‖2

− 2βk(1− βk)M‖wk − yk+1‖, (37)

where M := sup ‖g(wk)− yk+1‖ <∞, since {wk} and {sk} are bounded by Lemma 3.10. Plug-
ging (36) and (37) into (31), we have

1
1− δ

‖wk+1 − x∗‖2 ≤ 1
1− δ

‖uk − x∗‖2 − (1+ δ)‖yk+1 − uk‖2
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≤ (1− βk(1− 2μ))

1− δ
‖wk − x∗‖2 − (1+ δ)β2

k‖g(wk)− yk+1‖2

+ βk

(
βk

1− δ
‖wk − x∗‖2 + 2(1− βk)〈g(x∗)− x∗,wk − x∗〉

+ βk

1− δ
‖g(wk)− x∗‖2 + 2(1+ δ)(1− βk)M‖wk − yk+1‖

)

− (1− βk)
2(1+ δ)‖wk − yk+1‖2. (38)

Therefore,

tk+1 ≤(1− βk(1− 2μ))tk + βk(1− 2μ)hk − (1+ δ)β2
k‖g(wk)− yk+1‖2

− (1− βk)
2(1+ δ)‖wk − yk+1‖2, (39)

where

hk : = 1
1− 2μ

(
βk

1− δ
‖wk − x∗‖2 + 2(1− βk)〈g(x∗)− x∗,wk − x∗〉

+ βk

1− δ
‖g(wk)− x∗‖2 + 2(1+ δ)(1− βk)M‖wk − yk+1‖

)
.

To conclude the proof, it suffices to show in view of Lemma 2.4 that lim supi→∞ hki ≤ 0 for each
subsequence {tki} of {tk} such that lim inf i→∞(tki+1 − tki) ≥ 0. To this end, let {tki} be a subsequence
of {tk} such that lim inf i→∞(tki+1 − tki) ≥ 0. Then by (39), we have

lim sup
i→∞

(1− βki)
2(1+ δ)‖wki − yki+1‖2 ≤ lim sup

i→∞
[
(tki − tki+1)+ βki(hki − tki)

]
=− lim inf

i→∞ (tki+1 − tki) ≤ 0.

Since limi→∞(1− βki)
2(1+ δ) = 1+ δ > 0, we get

lim
i→∞‖wki − yki+1‖ = 0.

We have from (27) that

δ‖uki−1 − yki‖ = ‖wki − yki‖ → 0, i→∞
and from the definition of uk that

‖uki − wki‖ = βki‖g(wki)− wki‖ → 0, i→∞.

Consequently,

‖wki−1 − yki‖ ≤ ‖wki−1 − uki−1‖ + ‖uki−1 − yki‖ → 0, i→∞. (40)

By Lemma 3.10 that {wk} and {yk} are bounded, we can choose a subsequence {wkij } of {wki} which
converges weakly to some w∗ ∈ H such that

lim sup
i→∞

〈g(x∗)− x∗,wki − x∗〉 = lim
j→∞〈g(x

∗)− x∗,wkij − x∗〉 = 〈g(x∗)− x∗,w∗ − x∗〉. (41)

By similar arguments in Theorem 3.5, we can show that w∗ ∈ A−1(0).
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Since x∗ = PSg(x∗), it follows from (41) and the characterization of the metric projection that

lim sup
i→∞

〈g(x∗)− x∗,wki − x∗〉 = 〈g(x∗)− x∗,w∗ − x∗〉 ≤ 0. (42)

Using (40), (42) and the condition limi→∞ βki = 0, we find that lim supi→∞ hpi ≤ 0. Thus, in view
of the condition

∑∞
k=1 βk = ∞ and Lemma 2.4, it follows from (39) that limk→∞ tk = 0. By tk ≥ 0,

we conclude that {wk} converges strongly to x∗ = PA−1(0)g(x∗), as asserted. �

4. Applications

We give some applications of our results in Section 3 to mixed variational inequalities, quasi-
convexminimization problems and an adaptation of our proposedAlgorithm 1 toDouglas–Rachford
splitting algorithm in this section.

4.1. Application tomixed variational inequalities

Let us apply our Algorithm 1 to solve the mixed variational inequality problem in R
n. Let C ⊂ R

n be
a closed and convex set, θ : R

n→ R be a closed convex function, and F : R
n→ R

n be a monotone
mapping. Let us consider the following mixed variational inequality problem: find x∗ ∈ C such that

θ(x)− θ(x∗)+ 〈x− x∗, F(x∗)〉 ≥ 0, ∀ x ∈ C. (43)

The mixed variational inequality problem (43) was also studied in [37] (see also [38] for the noncon-
vex case).We takeG to be a symmetric positive semidefinite matrix of order n. A symmetric matrixG
(i.e.G = GT , whereGT means the transpose ofG) is positive semidefinite if and only if its eigenvalues
are nonnegative. Thus, to construct such a matrixG, it is easy to construct a matrix that is equal to its

transpose and whose eigenvalues are nonnegative. For instance, for n = 3, G =
⎛
⎝ 4 1 −1

1 2 1
−1 1 2

⎞
⎠ is a

symmetric positive semidefinite matrix since G = GT and its eigenvalues 4.5616, 0.4384, 3 are non-
negative. For computational implementation, suchmatrix can be generated randomly as described in
Appendix.

Under the fulfillment of Assumption 3.1, we propose the following version of Algorithm 1 to solve
the mixed variational inequality problem (43) above.

Algorithm 3 (Accelerated PPA for mixed variational inequality problem)
1: Choose α and δ with Assumption 3.1 satisfied. Pick w−1 = w−2, y0, y−1 ∈ R

n arbitrarily, λ > 0
and set k = 0.

2: Given wk−1, wk−2, yk−1 and yk, find yk+1 such that⎧⎪⎪⎪⎨
⎪⎪⎪⎩
wk =yk + α(yk − yk−1)+ δ(1+ α)(wk−1 − yk)

− αδ(wk−2 − yk−1),

θ(x)− θ(yk+1)+ 〈x− yk+1, F(yk+1)+ 1
λ
G(yk+1 − wk)〉 ≥ 0, ∀ x ∈ C.

(44)

3: Set k← k+ 1, and go to Step 2.

We shall denote the sets of symmetric, symmetric positive semidefinite, and symmetric positive
definite matrices of order n Sn, Sn+, and Sn++. Given matrix A ∈ Sn+ and vectors u, v ∈ R

n, we let
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〈u, v〉A := uTAv and ‖u‖A := √〈u, u〉A. We denote the Frobenius norm by ‖u‖F and the spectral
radius of a square matrix M by ρ(M).

Similar to what was given in [23], we assume the following.

Assumption 4.1: (B1) The set of solutions of (43), denoted by S, is nonempty;
(B2) The mapping F is H-monotone in the sense that

〈x− y, F(x)− F(y)〉 ≥ ‖x− y‖2H , ∀ x, y ∈ R
n (45)

where H ∈ Sn+. We observe that H = 0 if F is monotone, and H ∈ Sn++ if F F is strongly
monotone.

(B3) M := G+ H ∈ Sn++.

Remark 4.2: By Assumption 4.1(B2) and (B3), we have that yk+1 is uniquely determined in
Algorithm 3. Hence, (44) is well-defined. Furthermore, Algorithm 3 reduces to Algorithm 1 if
G ∈ Sn++.

Theorem 4.3: Suppose Assumption 3.1 and Assumption 4.1 hold. Then {yk} generated by Algorithm 3
converges to a point in S.

Proof: Following the same line of arguments in Lemma 3.4, Theorem 3.5 and [23, Theorem 2], we
can show that

lim
k→∞
‖yk − wk‖G = 0, lim

k→∞
‖yk+1 − wk‖G = 0.

The convergence of {yk} to a point in S follows from the same arguments in the proof of [23,
Theorem 1]. �

Remark 4.4: The convergence results in Theorem 4.3 are extensions of the results in [23]. In
Algorithm 3 has inertial term and correction termwhile [23, (2.2a)–(2.2b)] has only the inertial term.

4.2. Application to strongly quasi-convexminimization

Weadapt ourAlgorithm1 to solve an optimization problem involvingminimization of a strongly qua-
siconvex function in a finite dimensional linear subspace of R

n and a quasiconvex objective function
over closed and convex subset of R

n. Our results are motivated by the results in [39].
SupposeC is a closed and convex subset ofRn, and h : R

n→ R ∪ {±∞} is a proper function such
that C ∩ dom h �= ∅. Let us consider the constrained optimization problem

min
x∈C h(x). (46)

Similar to [39, Section 3], we give the following assumption.

Assumption 4.5: (D1) h : C→ R is a continuous and strongly quasiconvex functionwithmodulus
γ > 0;

(D2) h : R
n→ R ∪ {±∞} is a proper, continuous and quasiconvex function on C ⊆ dom h;

(D3) h is 2-weakly coercive on C, i.e.

lim inf
x∈C,‖x‖→∞

h(x)
‖x‖2 ≥ 0.

We give our algorithm to solve problem (46) as follows.
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Algorithm 4 (Accelerated PPA for Quasi-Convex)
1: Choose α and δ with Assumption 3.1 satisfied. Pick w−1 = w−2, y0, y−1 ∈ R

n arbitrarily, λ > 0
and set k = 0.

2: Given wk−1, wk−2, yk−1 and yk, find yk+1 such that
⎧⎪⎨
⎪⎩

wk =yk + α(yk − yk−1)+ δ(1+ α)(wk−1 − yk)

− αδ(wk−2 − yk−1),
yk+1 ∈proxλh(C,wk).

(47)

3: Set k← k+ 1, and go to Step 2.

By applying similar ideas in Lemma 3.4, Theorem 3.5 and [39, Sections 3 and 4], we can prove the
following theorems.

Theorem4.6: Let C ⊆ R
n be a linear subspace, h : R

n→ R ∪ {±∞} be a function such that h satisfies
Assumption 4.5(D1) and suppose Assumption 3.1 holds. Then {yk} generated by Algorithm 4 converges
to x∗ = argmin C h and limk→∞ h(yk) = minC h.

Remark 4.7: Under assumption (D1), argmin C h is singleton (see [30, Corollary 3], where the unique
minimizer x∗ of h is established).

Theorem4.8: Let C ⊆ R
n be a linear subspace, h : R

n→ R ∪ {±∞} be a function such that h satisfies
Assumption 4.5(D2)–(D3), � := {x ∈ C : h(x) ≤ h(yk), ∀ k ∈ N} �= ∅ and suppose Assumption 3.1
holds, h is bounded from below, and {yk} generated by Algorithm 4. Then the sequence {h(yk)} is
convergent.

Remark 4.9: The requirement for h to be bounded from below under assumptions (D2) and (D3)
was also discussed in [39, Remark 3.2(ii)].

4.3. Application to Douglas–Rachford splitting algorithm

This section presents an application of Algorithm 1 to the Douglas–Rachford splitting method for
finding zeros of an operator T such that T is the sum of two maximal monotone operators, i.e.
T = A+ BwithA,B : H→ 2H beingmaximal monotonemulti-functions on a Hilbert spaceH. The
method was originally introduced in [8] in a finite-dimensional setting, its extension to maximal
monotone mappings in Hilbert spaces can be found in [9].

The Douglas–Rachford splitting method [8,9] iteratively applies the operator

Gλ,A,B := JAλ o(2J
B
λ − I)+ (I − JBλ ) (48)

and has found to be effective in many applications including ADMM. In [1, Theorem 4], the
Douglas–Rachford operator (48) was found to be a resolvent JMλ,A,B of a maximal monotone operator

Mλ,A,B := G−1λ,A,B − I. (49)

Therefore, the Douglas–Rachford splitting method is a special case of the proximal point method
(with λ = 1), written as

yk+1 = JMλ,A,B(yk) = Gλ,A,B(yk). (50)

Hence, we can apply our Algorithm 1 to the Douglas–Rachford splitting method as given below:
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Algorithm 5 Accelerated Douglas–Rachford Splitting Algorithm
1: Choose α and δ with Assumption 3.1 satisfied. Pick w−1 = w−2, y0, y−1 ∈ H arbitrarily, λ > 0

and set k = 0.
2: Given wk−1, wk−2, yk−1 and yk, compute⎧⎨

⎩
wk = yk + α(yk − yk−1)+ δ(1+ α)(wk−1 − yk)

− αδ(wk−2 − yk−1),
yk+1 = Gλ,A,B(wk).

(51)

3: Set k← k+ 1, and go to 2.

Table 1. Comparison of algorithms with ε = 10−5.

n = 20 n = 50 n = 100 n = 500

Algorithms CPU Iter CPU Iter CPU Iter CPU Iter

Algorithm 1 0.0120 119 0.0412 41 0.2921 34 0.8054 37
Maingé Alg. 0.0719 1583 0.0996 2280 1.4861 2650 50.9385 4390
Kim Alg. 0.0641 136 0.1513 144 0.9183 148 1.9598 157

Table 2. Comparison of algorithms with ε = 10−5.

n = 20 n = 50 n = 100 n = 500

Algorithms CPU Iter CPU Iter CPU Iter CPU Iter

Algorithm 1 0.0053 48 0.1258 51 0.1239 55 0.1869 77
Maingé Alg. 0.0217 1896 1.0987 2219 1.0341 2782 1.1756 5104
Kim Alg. 0.0139 122 1.0632 117 1.0347 111 1.1356 106
GLM1 Alg 1. 0.0120 53 1.0119 55 1.0339 57 1.1267 62
GLM2 Alg 1. 0.0101 50 0.0493 51 1.0309 53 1.1329 57

5. Numerical illustrations

Let us demonstrate the numerical implementations of Algorithm 1 studied in Section 3. In particular,
we give numerical comparisons with the algorithm in [29], denoted as Maingé Alg., the algorithm in
[26], denoted as Kim Alg., Algorithm 1 in [40], denoted as GLM1 Algorithm 1, and Algorithm 1 in
[39], denoted as GLM2 Algorithm 1. We write our codes in Matlab 2016 (b) which is running on a
personal computer with an Intel(R) Core(TM) i5-2600 CPU at 2.30GHz and 8.00Gb-RAM.

Example 5.1: Let B,D ∈ R
n×n be symmetric and positive definite matrices. Then, we consider the

mixed variational inequality problem (43), where θ(x) = xtBx and 〈x− x∗, F(x∗)〉 = xtD(x− x∗).
We denote the largest eigenvalue of D by ρ(D) and the smallest eigenvalues of B by μ(B). By the

positive definiteness assumption, we have that both ρ(D) and μ(B) are positive. Using this problem,
we carry out the numerical analysis of Algorithm 1 (or Algorithm 3) in comparison withMaingé Alg.
[29] andKimAlg. [26]. Numerical results for this example are displayed in Table 1 and Figure 1 below.

Example 5.2: This example is taken from [39, Example 5.1]. Suppose h : R
n→ R is defined by

h(x) := max{h1(x), h2(x)}, where h1(x) = √‖x‖ and h2(x) = ‖x‖2 − q, q ∈ N. Then h is continuous
and strongly quasiconvex, but not convex. Also, we have that argminRn h = {0}. Using this problem,
we carry out the numerical analysis of Algorithm 1 (or Algorithm 4) in comparison withMaingé Alg.
[29] and Kim Alg. [26]. Kindly see our numerical results in Table 2 and Figure 2 for this example.

During the computations, we randomly generate the starting points w−1, w−2, y0, y−1 for n = 20,
50, 100, and 500. We choose our parameters as follows:
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Figure 1. Thebehavior of TOLnwith ε = 10−5 for Example 5.1: Top Left:n = 20; TopRight:n = 50; Bottom left:n = 100; Bottom
Right: n = 500.

• Algorithm 1: α = 0.5, δ = 0.9 and λ = 0.99
2ρ(B) .

• Maingé Alg. [29]: a = 1, c = 2, b = 0.5, a1 = 0.5, a2 = 0.9, c̄ = 1 and λ = 0.99
2ρ(B) .

• Kim Alg. [26]: λ = 0.99
2ρ(B) .

• GLM1 Alg 1. [40]: θ = 0.3, θk = θ − 1
5(k+1)2 , ρ

′ = 0.6, ρ′′ = 1.4 and ρk = 1
kρ
′ + (

1− 1
k
)
ρ′′.

• GLM2 Alg 1. [39]: c1 = 1, ck+1 = 100
k2 + ck, ρ′ = 0.9, ρ′′ = 1.5, ρk = 1

kρ
′′ + (

1− 1
k
)
ρ′, αk+1 =

αk + 1
900(k+1)2 , α1 = 0.1.

We then use the stopping criterion; TOLn := ‖yk+1 − wk‖ < ε, where ε is the predetermined
error.

In the tables below, ‘Iter’ means the number of iterations. Also, in the tables and figures, Maingé
Alg., Kim Alg., GLM1 Alg 1. and GLM2 Alg 1. represent the algorithm in [29], the algorithm in [26],
Algorithm 1 in [40] and Algorithm 1 in [39], respectively.
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Figure 2. Thebehavior of TOLnwith ε = 10−5 for Example 5.2: Top Left:n = 20; TopRight:n = 50; Bottom left:n = 100; Bottom
Right: n = 500.

Remark 5.3: Wecan observe from the numerical results above that our proposedAlgorithm1 indeed
accelerates the proximal point algorithm (PPA) and outperform other versions of PPA in the lit-
erature. This is due to the constellations of parameters in Algorithm 1 that make our proposed
Algorithm 1 faster (in terms of the number of iterations and the CPU time) than the PPA versions in
[26,29,39,40].

6. Conclusion

In this paper, we introduced a numerically fast proximal point algorithm which contains one inertial
term and two correction terms. We obtained both weak and linear convergence of this proposed
algorithm under some standard assumptions. Then a modification of the algorithm is designed
and strong convergence results obtained. Applications of our proposed algorithm to mixed varia-
tional inequalities, strongly quasi-convex minimization problems and Douglas–Rachford splitting
algorithm are given. We analyze our results using some test examples, and the numerical tests show
that our proposed algorithm outperforms related state-of-the-art algorithms in the literature.
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We leave developing worst-case convergence rate of our proposed algorithm using the perfor-
mance estimation problem approach as future project.
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A.1 MATLAB notation for generating a symmetric positive semidefinitematrix of order n
function A = generateSPDmatrix(n)

A = rand (n, n);
A = 0.5 ∗ (A+ A′); OR
A = A ∗ A′;
A = A+ n ∗ eye(n);
end
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