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Abstract

This research report presents an across-the-board comparative analysis on algo-
rithms for linearly unmixing hyperspectral image data cubes. Convex geometry
based endmember extraction algorithms (EEAs) such as the pixel purity index (PPI)
algorithm and N-FINDR have been commonly used to derive the material spectral
signatures called endmembers from the hyperspectral images. The estimation of
their corresponding fractional abundances is done by solving the related inverse
problem in a least squares sense. Semi-supervised sparse regression algorithms such
as orthogonal matching pursuit (OMP) and sparse unmixing algorithm via variable
splitting and augmented Lagrangian (SUnSAL) bypass the endmember extraction
process by employing widely available spectral libraries a priori, automatically re-
turning the fractional abundances and sparsity estimates.

The main contribution of this work is to serve as a rich resource on hyperspectral
image unmixing, providing end-to-end evaluation of a wide variety of algorithms

using different artificial data sets.
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Chapter 1

Introduction

Remotely sensed hyperspectral imaging, also known as imaging spectroscopy, has
become a significant research tool in areas such as earth observation, geological
studies, to name a few, due to advances in hyperspectral cameras technology, an
increased focus on the development of sparse unmizing algorithms, and due to widely
available spectral libraries from agencies such as the United States Geological Survey
(USGS) and the National Aeronautics and Space Administration (NASA) agency.

The volume of remotely sensed hyperspectral data cubes is enormous due to
modern hyperspectral sensors’s improved spectral resolution now covering several
hundred bands spanning the visible and infrared ranges of the electromagnetic spec-
trum, compared to conventional photographic cameras capturing only three bands
in the visible electromagnetic spectrum. The immensity of these “big data” cubes
creates great difficulty in storing, transmitting, processing and analysing this data.
Hence sparse unmixing, closely related to compressed sensing, is absolutely neces-
sary in reducing the large data volumes, and characterising it in terms of a very
small number of active material spectral signatures called endmembers, thus dealing

with the large amount of redundancy.

The hyperspectral data can be visualised as a three-dimensional (3D) cube, which
is simply a stack of two-dimensional (2D) images. At each layer the spatially ar-
ranged pixel in that 2D image represents the intensity value at a location for a
particular spectral band. It is standard practice to reshape the 3D cube into a 2D
array with the first dimension as the number of spectral bands and the second as the
total number of pixels. Note that we lose the spatial structure after this transfor-
mation, however and more importantly, we preserve the realistic abundances critical

to identifying materials.

Sparse spectral unmixing is achieved by applying the linear transformation to

each pixel’s spectral vector:
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y=Mao (1.1)

where the observed spectral vector y € RP, with B as the number of spectral
channels, can be represented as a linear mixture of p endmembers organized as col-
umn vectors of the materials matrix M = [m;, ma, ..., m,|. In signal processing,
we would have basis vectors or wavelets instead of the endmembers. These compo-
nent vectors are also called atoms in the literature. Their corresponding coefficients
vector & = [ag, ag, ..., ap)T represents the endmembers’ contributions in each pixel

called abundance fractions.

Linearity is often assumed in spectral unmixing. The sparse nature of real-world
scenes guarantees that a very small number of contingent materials is present in

each pixel, usually 4 or 5 endmembers, [9].

The hyperspectral unmixing process starts with the pre-processing of the raw ra-
diance data cubes, correcting it for atmospheric effects and measurement instrument
errors, thus obtaining the reflectance data cubes. The second step of dimensionality
reduction is optional, however it has tremendous benefits in terms of computation
efficiency. This step entails projecting the observed data onto a lower dimensional
subspace. The third step is the classic endmember extraction from the image data
based either on convex geometry or Bayesian statistical methods. This step is now
bypassed by the use of widely available spectral libraries from USGS, NASA and
other agencies. However these libraries are large and contain mutually coherent sig-
natures, thus requiring pruning. Dictionary learning is also an active research area
receiving a lot of attention lately, [10], [11], [12], [13], [14], [15].

In the context of this paper, the focus is limited to the geometric endmember

extraction algorithms and the spares regression algorithms.

1.1 Research Problem and Motivation

Comparative analysis in published literature either focuses on geometric endmem-
ber extraction methods, or on algorithms solving the inverse problem using sparse
regression approaches. Very few publications present the whole picture, the most

notable comparative work has been presented by Jose Bioucas-Dias [5].

The main motive for writing this research report is to present an “across-the-

board” analysis of the classic endmember extraction methods, currently still in use
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in geological core analysis, and the more recent sparse unmixing methods of es-
timating fractional abundances. The later methods and advances thereof, such as
hyperspectral data fusion, image classification, are becoming more popular in the re-
mote spectroscopy field in Europe and China, [16], [17], [3], [18], [19], [20], [21], [22],
[23], [24], [25]. The common practice in the published literature is to test algorithms
on simulated data as the “ground truth” is known in advance, i.e. the researcher
knows which materials are mixed. Few papers in the literature attempt to verify
the algorithms on real data, as for remotely sensed data the ground truth is hard to
obtain for every scene. However, the |Cuprite scene in Nevada, U.S.A. is commonly

used for experimenting on real data, as mineral maps are available on the USGS site.

To demonstrate that the unmixing algorithms work, published researchers not
only experiment on simulated hyperspectral data, but they mainly run algorithms
on “toy data”, i.e. each pixel’s reflectance is composed of the same small number of
sparse endmembers. This is not very realistic, as Iordache [9] states that the number
of materials in a given scene is less than 20, and the number of endmembers present
in a mixed pixel are usually 4 or 5. This means no same 5 materials are present
in all the pixels, and there usually has to be some spatial correlation between the
pixels. Out of say 20 materials in a scene, 4 or 5 different materials will participate
in various locations of the image. Thus devising more “realistic” simulated data was

the byproduct of this work.

1.2 Contribution of this Report

My main contribution of this work is to serve as rich resource, providing a compre-
hensive end-to-end comparative analysis of various methodologies and algorithms
used to unmix hyperspectral image data. The unmixing process of hyperspectral
images is very similar to blind source separation for audio signals, however the higher
dimensionality of hyperspectral data makes it more challenging. Unmixing method-
ology makes plentiful use from various mathematical fields such as linear algebra,
geometry, optimization, probability theory, and more recently from machine learning
and parallel computing. As computation power is increasing, hypersepectral sensor
technology is improving, and data is more abundantly available, so does research on
new unmixing methods has to keep growing. As Bioucas-Dias states in [30], pub-
lications on Hyperspectral topics have grown comparably to publications on Radar
topics. The growing interest in this topic and the combination of mathematical and
computational techniques make unmixing hyperspectral images such a fascinating

topic.


https://speclab.cr.usgs.gov/cuprite.html
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The secondary contribution, as a byproduct of the main contribution, is to gen-
erate realistic artificially simulated data, where say 5 sparse materials are selected
at random from the 10 or more endmembers from a library, and to test the unmix-
ing algorithms on these data. This is not to be confused with nonlinear mixtures,
as the artificial data is still mixed linearly. This should distribute the number of
different materials randomly across the pixels in the simulated scene. In addition,
as suggested by my supervisors, I have generated artificial images from real Cuprite
images, but selecting only a small number materials in the image, and synthesising
the image back thereby eliminating some of the endmembers present. This creates
an artificial image where we know in advance the materials present, and the mixed

pixels are spatially correlated as they are based on real images.

1.3 Research Statement and Objective

The primary Research Questions in this comparative analysis are:

e Which endmember extraction algorithm identifies the active sparse endmem-

bers the best? Is there a tradeoff in performance versus complexity?

e Do available spectral dictionaries perform better than image-extracted dictio-
naries in reconstructing the image? What is the optimal sparsity of signals
which are recoverable using hyperspectral libraries versus image-extracted dic-

tionaries?

e Which sparse unmixing algorithm achieves the most accurate reconstruction
on artificial toy data, realistic toy data, and on artificial images generated from

real images? What is the probability of success?

Thus based on the research questions the Problem Statement aims to address

the following concepts:
i Endmember extraction algorithms accuracy;
ii Available spectral dictionaries versus image-extracted dictionaries;

iii Experimental data simulation methods.

The Research Hypothesis formulated to predict the outcome of my research

questions is as follows:
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i Addressing endmember extraction accuarcy, the pixel purity-based algorithms

are expected to perform poorly due to pure pixel constraint not likely to hold in

most scenarios.

ii Unmixing with spectral dictionaries given a priori is expected to outperform

image-extracted dictionaries, simply due to endmember extraction algorithms

(EEAs) not always identifying all the correct endmembers in a scene.

iii Toy examples are expected to run smoothly due to low complexity. In initial

experiments, unmixing artificial images also ran smoothly, but took a longer time

to run due to large size. Unmixing struggles somewhat on “non-to” examples to

estimate the correct sparsity because the mixing of endmembers is more complex.

The Research Objectives for this research report are:

1.

Build a framework in MATLAB using existing code already implemented by
experts in the field that performs the dimensionality reduction, the endmem-
ber extraction algorithms, and sparse unmixing, keeping in mind that this a

comparative study.

. Implementing the proposed simulation methods for toy data, non-toy data,

and artificial images.

. Evaluating and comparing the accuracy of different endmember extraction

algorithms using root mean square error (RMSE) metric.

. Implementing performance measures such as Signal-to-Noise Ratio (SNR), Sig-

nal Reconstruction Error (SRE), and probability of success (ps).

. Evaluating and comparing the reconstruction of original images on dictionaries

vs image-extracted dictionaries.

. Evaluating and comparing the reconstruction of toy, non-toy and artificial

images.

1.4 Delimitations

This report will focus on unmixing artificial images only, as unmixing real images is

usually challenging. The reason being that it is difficult to know the ground truth,

thus we cannot be certain of the accuracy of our estimations. The Linear Mixing

Model will be the basis of this paper, since we can generate the mixtures in artificial

images linearly.
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1.5 Research Methodologies

Diagram [I.]illustrates the road map presenting the processes followed. The method-
ology is a straightforward cascading approach. Once the required library is loaded
in MATLAB and the desired parameters are set, we simulate the artificial data sets
as per linear mixing model. Various endmember extraction algorithms are then run,
compared, and the best performer is chosen. If the original library is used to unmix
the data, then there is no further use of the materials matrix extracted from the
image. Otherwise, we use the image-extracted materials matrix as the dictionary
for unmixing the data. In this step we need to select which algorithm is to be used
for unmixing. Then results are analysed to give us the signal-reconstruction error,

and other metrics.

1.6 Notation

The convention used is to write scalars in lower-case letters, vectors in bold lower-
case letters, matrices in bold upper-case letters. Estimates will usually have a tri-

angular hat above the letter. Norms are represented with double vertical bars.

1.7 Report Organisation

The rest of this research report is organized as follows. Chapter [2| provides a the-
oretical background on image spectroscopy emphasising the important concepts for
spectral unmixing. A brief overview of hyperspectral imaging processing techniques
is given next, followed by the all important mathematical modelling ideas. An in-
troduction to linear unmixing is given next, presenting the important stages of the
unmixing process flow. Lastly, this chapter discusses the sparse representation of

the spectral unmixing problem, offering explanations of /, norms regularization.

Chapter [3| provides our method of simulating toy hyperspectral data. Next it
provides an extensive look at the pseudo-code for the dimension reduction algo-
rithms, endmember extraction algortihms, and sparse regression algorithms, with

the main focus on the alternating direction method of Lagrangian multipliers.

In chapter 4] we present experiment results which aim at answering the research
questions. Chapter [5| contains the conclusion of this paper and further research

recommendations.
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Fig. 1.1: Overview of Methodology



Chapter 2

Review of Related Literature -

Theoretical Background

Remote sensing is the science concerned
with the measurement, analysis and in-
terpretation of spectra acquired from a
given scene, which is observable but not
This

inaccessible scenes must be

available to direct exploration, [26].
means that
surveyed from far away distances using
airborne or satellite sensors, and mineral
rich terrains require core samples to be
drilled out and examined in a labora-

tory.

The human eye’s cone cells are sensi-
tive to the “visible light” ranges of wave-
lengths of the electromagnetic spectrum ap-
proximately corresponding to red, green and
blue (RGB), roughly between 400nm and
700nm. The three types of cone cells in-
teract with the incoming light reflected off
a scene, and filter the RGB components.
The brain then synthesizes these three RGB
components with the shape information to

interpret the scene, [18].
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Fig. 2.1: Electromagnetic spectrum,

Wikipedia.

Digital cameras also use RGB filters mimicking the human eye, to separate the

incoming light on the sensor into red, green and blue components, and directing


https://en.wikipedia.org/wiki/Electromagnetic_spectrum
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them to different charged coupled device (CCD) arrays for storage. The image is

then recombined in the computer by synthesizing the RGB components.

Remote sensing allows scientists to “see” what is, otherwise, invisible to the
human eye. Hyperspectral and multispectral cameras augment the spectral resolu-
tion capabilities of RGB cameras, by incorporating the visible and the near infrared
parts of the electromagnetic spectrum. These modern remote sensors acquire images
whose pixels represent the spectra of tens to hundreds of spectral bands. This type

of high-dimensional imaging is called Image Spectroscopy.

2.1 Image Spectroscopy

Image Spectroscopy is concerned with processing hyperspectral and multispectral
images, i.e. image processing beyond gray-level images and RGB images. Hyper-
spectral Imaging is defined as the acquisition of images in hundreds of contiguous
spectral bands such that for each pixel a radiance spectrum can be derived, [27]. On
the other hand, Multispectral Imaging measures light in a small number of spectral

bands, typically 3 to 15.

Hyperspectral imaging gives scientists the ability to identify and characterize
materials from the finer spectral resolution, which is much more difficult to do from
conventional RGB images or the naked human eye. The higher spectral resolution

is the reason why hyperspectral images are so popular in image spectroscopy.

Figure depicts the measured hyperspecrtal data, which is the signal acquired
at each pixel as a mixture of light scattered by the materials present in the field
of view of the camera. The recorded radiance responses at all pixels corresponding
to a spatial location are organized in planes, each representing a spectral channel

forming a hyperspectral data cube.

Slicing the hyperspectral cube at each spectral band, and processing the slice as
we would a gray-level image is one way of analyzing this data. However, in hyper-
spectral imaging, the preferred way is to “drill down” each pixel along all the bands
on the spectral axis. This gives us a spectral “signature” for each pixel, which allows

us to distinguish between pixels with different spectra.
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Fig. 2.2: Hyperspectral imaging concept, [1].

If we assume “pure pixels” as the idealistic image [2.2] we would be able to dis-
tinguish the “spectral signatures” of materials such as soil, water and vegetation,
as each material will respond differently in the visible and near infrared spectrum.

This motivates the usefulness of hyperspectral imaging.

2.1.1 Applications

The applications of hyperspectral imaging in remote sensing have a rich range of

uses in many industries, [5], [I8], such as the following:

e earth observation - monitoring natural landscapes, evaluating the damages of

natural disasters, e.g. earthquakes, tornadoes, wild fires and floods;

e man-induced hazards observation - damage evaluation of oil spills and chemical

contamination
e agricultural processes - crop monitoring, identifying overripe or damaged fruit;

e military surveillance - observing unaccessible remote areas, identifying defence

threats;
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e urban development - identifying resources available in an area considered for

urban planning;
e planetary exploration - satellites monitoring Mars have hyperspectral sensors;
e geological core examination - identifying chemical compositions of drilled core;

e and many more, such as climate change monitoring, ecology, forestry, marine,

astronomy, etc.

Image spectroscopy is also applied at laboratory scale as well as in forensics,
pathology, biometrics, biomedical control, medical diagnostics, pharmaceutical qual-
ity control, food safety and quality control, etc.

The main advantage of hyperspectral imaging is that high spectral resolution allows
for detection, identification and quantification of surface materials, as well as infer-

ring material properties.

Applications of Hyperspectral Imaging
REFLECTIVE

Red

400 nm t 500 nm t 600 nm t 700 nm t 1100 nm

llluminates materials Penetrates water for Partially penetrates water  Detects camouflage/netting

in shadows bathymetry for bathymetry Maps shorelines

Penetrates water for Discriminates oil on Differentiates vegetation Identifies vegetation

bathymetry surface from water Detects watercraft on ocean

Identifies vegetation Man-made object queing
=z > EMISSIVE >
14000 nm
ongwave

nfrared

10

Dicriminates targets at night
Differentiates ocean temperatures
Detects smoke

Identification of gases
Thermometry

Discrimates oil from water
Determines moisture content
Detects plumes

Discriminates camouflage/netting
Detects explosions

Identification of minerals

Detection and identification of gases
Supports thermal analysis
Differentiates vegetation density and
canopy cover

Discriminates mineral and soil types

Fig. 2.3: Applications of Hyperspectral and Multispectral Imaging, [1].

Elowitz’s diagram depicts clearly the applications of images acquired at var-

ious ranges of the electromagnetic spectrum.
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2.1.2 Hyperspectral Imaging Processing Techniques

We have emphasised that hyperspectral image data contains very fine spectral infor-
mation. It also brings the challenge of redundancy with very high volumes of data.
Thus efficient signal and image processing techniques have been necessary to be de-
veloped by academics and industry. The following is not an exhaustive list by any

means, however it presents the most important techniques in image spectroscopy.

Compression

Hyperspectral image data cannot be compressed in the same manner as two dimen-
sional images, i.e. spatial compression. The most important information lies in the
spectral dimension, and thus more emphasis has to be put on spectral compression.
The latest methodology applies sparse representation in the lossy hyperspectral im-

age compression framework, improving classification performance [2§].

Target Detection

Target detection refers to the techniques applied in surveilllance for identifying
whether materials with known spectral signatures are present in an observed scene,
[29]. This process consists of two stages: (i) identifying anomalies, i.e. detecting
spectral vectors with significant spectral differences from their surrounding back-
ground pixels, and (ii) identifying whether the anomaly is in fact a target or just

natural clutter, [30].

Classification

Feature mining is the important first step of hyperspectral image classification, i.e.
separating the image into objects of interest. However some features of the original
image may not be as effective at separating objects of interest, due to the high spec-
tral redundancy in the data. Thus dimension reduction methods are necessary, [30].
Hyperspectral Image Segmentation is a supervised classification problem, which par-
titions the data into spatially-connected regions according to some predetermined

criteria, such as spectral homogeneity, [31].

Resolution Enhancement

Resolution Enhancement, also known as Hyperspectral Data Fusion, combines the
hyperspectral and multispectral images of the same scene. The aim is to fuse the high
spectral resolution of hyperspectral images with the high spatial resolution of mul-

tispectral images, to achieve the best possible of both worlds, [30]. Super-resolution
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techniques are related to pan-sharpening techniques in digital image processing.

Spectral Unmixing

Figure portrays the ideal spectral unmixing problem where every pixel is as-
sumed to be the “pure” spectral signature of a material. In reality, most pixels in
a scene cannot account for the spectral signature of one material, due to the lim-
ited spatial resolution of hyperspectral images. Thus mized pizels are the common
occurrence in hyperspectral images, where each pixel’s acquired spectral signature
is a mixture of different materials with various contributions. Therefore spectral
unmixing algorithms aim to identify and characterize the different materials mixed
in a pixel, hence the term unmizing [5]. Spectral Unmixing is the main focus of this

paper, and will be discussed in further detail in this paper.

2.1.3 Acquisition Modes and Scanners

Modern hyperspectral sensors are capable of sampling the electromagnetic spectrum
into hundreds of spectral bands, i.e. specifically the visible, near-infrared, shortwave
infrared, and mid-wave infrared spectral bands by measuring the radiance of the
scattered electromagnetic energy in their field of view via hundreds of channels
[32]. Hyperspectral imaging usually collects radiance in the range of wavelengths
0.4 —2.5um. There are very few hyperspectral scanners that also collect data in the
thermal infrared (TIR) range of 8 — 15um.

Figure depicts the multispectral acquisition ranges. Even though multispec-
tral scanners cover a wider spectral range (including TIR), they usually collect 3
to 15 very specific spectral bands. Each band is acquired using a remote sensing

radiometer, which makes multispectral imaging very expensive.

Microwave Infrared Visible Ultraviolet X-ray
NN N NN NNV
Band 4 5 112

Fig. 2.4: Multispectral acquisition range, 5 bands example, not drawn to scale,

source: \GIS Geography

In figure we see an example of the hyperspectral acquisition range, which is

not drawn to scale. Hyperspectral images can have hundreds to thousands of bands,


https://gisgeography.com/multispectral-vs-hyperspectral-imagery-explained/
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because they are much narrower than multispectral bands, typically 10 — 20nm.

Microwave

Infrared

Visible

Lifraviolet

X-ray

— N N N N N NNV
I

Fig. 2.5: Hyperspectral acquisition range example, not drawn to scale, source: |GIS

Geography

Table lists the imaging spectrometers mounted on aircraft and spacecraft

used to acquire hyperspectral image data. Here we can see that hyperspectral scan-

ners usually acquire over 200 spectral bands in the 0.4 — 2.5um wavelength range,

i.e. much finer spectral resolution than the multispectral scanners part of USGS’s

Landsat| program. Note that the altitudes in table are average specifications,

as the crafts do fly at different altitudes, which affect the spatial resolution. Also
AVIRIS refers to “AVIRIS Classic”, and not AVIRIS Next Generation.

Instrument | Type Org. | Alt. | Spatial | Spectral | Covers | Spec.
(km) | Reso. | Reso. (pm) Bands
(m) (nm)

HYDICE Airborne | NRL | 1.6 0.75 7-14 0.4-2.5 | 210
AVIRIS Airborne | NASA | 20 20 10 0.4-2.5 | 224
HYPERION | Space USGS | 705 30 10 0.4-2.5 | 220
PRISMA Space ASI 614 5-30 10 0.4-2.5 | 238
CHRIS Space ESA | 556 36 1.3-12 0.4-1.0 | 63
HyspIRI Space NASA| 626 | 60 4-12 0.38-12 | 217

Tab. 2.1: Imaging Spectrometers,

sentation

source: Jose Bioucas-Dias, GISTAM 2015 pre-

The Landsat 1-5 could only acquire 7 bands, and Landsat 7 collected 8 bands.

The new Landsat 8 can acquire 11 bands, as shown in the following table:



https://gisgeography.com/multispectral-vs-hyperspectral-imagery-explained/
https://gisgeography.com/multispectral-vs-hyperspectral-imagery-explained/
https://landsat.usgs.gov

2.1 Image Spectroscopy 15

Bands Wavelength Resolution(m)
(pm)

Band 1 - Ultra Blue (coastal/aerosol) 0.43 - 0.45 30
Band 2 - Blue 0.45 - 0.51 30
Band 3 - Green 0.53 - 0.59 30
Band 4 - Red 0.64 - 0.67 30
Band 5 - Near Infrared (NIR) 0.85 - 0.88 30
Band 6 - Shortwave Infrared (SWIR) 1 1.57 - 1.65 30
Band 7 - Shortwave Infrared (SWIR) 2 2.11-2.29 30
Band 8 - Panchromatic 0.50 - 0.68 15
Band 9 - Cirrus 1.36 - 1.38 30
Band 10 - Thermal Infrared (TIR) 1 10.60 - 11.19 100
Band 11 - Thermal Infrared (TIR) 2 11.50 - 12.51 100

Tab. 2.2: Landsat-8 band specifications, source: Landsat-8

The TIR bands in table are acquired at 100 meter resolution, but are resam-
pled to 30 meter in delivered data product.

Some of the afore mentioned instruments have been decommissioned, for example
the HYPERION in 2000. However their data is still available to download on the

internet. More information can be found at the following web addresses:
e HYDICE: http://rsd-www.nrl.navy.mil/hydice;
e AVIRIS: http://aviris.jpl.nasa.gov;
e HYPERION (EO-1): http://eol.usgs.gov;
e PRISMA: http://www.asi.it/en/flash en/observing/prisma;
e CHRIS: https://earth.esa.int /web/guest /missions/esa-operational-eo-missions/;
e HysplIRI: http://hyspiri.jpl.nasa.gov;
o TASI: http://smsc.cnes.fr/IASI;

e Landsat-8: https://www.usgs.gov/land-resources/nli/landsat /landsat-8.


https://www.usgs.gov/land-resources/nli/landsat/landsat-8
http://rsd-www.nrl.navy.mil/hydice
http://aviris.jpl.nasa.gov
http://eo1.usgs.gov
http://www.asi.it/en/flash en/observing/prisma
https://earth.esa.int/web/guest/missions/esa-operational-eo-missions/
http://hyspiri.jpl.nasa.gov
http://smsc.cnes.fr/IASI
https://www.usgs.gov/land-resources/nli/landsat/landsat-8
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Table [2.3] illustrates the enormous sizes of each data cube acquired by these
spectrometers, assuming each raw data point requires 16-bits, i.e. 2 bytes storage.
These data quickly add up depending on the number of data cubes acquired in a

scanning session, and thus makes storage and transmission a tremendous challenge.

Acquisition Size (samples x | Size (raw data | Size
Instrument lines x bands) points) (Megabytes)
HYDICE 200 x 320 x 210 | 13,440,000.00 25.63

AVIRIS 512 x 614 x 224 70,418,432.00 134.31
HYPERION 660 x 256 x 220 | 37,171,200.00 70.90
PRISMA 400 x 880 x 238 | 83,776,000.00 159.79
CHRIS 748 x 748 x 63 35,248,752.00 67.23
HyspIRI 620 x 512 x 217 | 68,884,480.00 131.39

TASI 765 x 120 x 8461 | 776,719,800.00 1,481.48

Tab. 2.3: Data Cube size calculations based on a data point requiring 16 bits stor-
age in an ENVT file.

The number of samples, scanning lines and spectral bands in table depend

on the acquisition modes, of which there are two types mainly: along-track and

cross-track.

@

Ground pixel area=
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Fig. 2.6: Push broom scanner, source: Shaw 2003, [2]

Push broom scanners use the along-track acquisition mode, which works in
in a similar fashion to photocopiers, document scanner and facsimile machines. The
fixed line of sensors is arranged perpendicular to the flight direction of the aircraft

or spacecraft used, see figure [2.6] which collect data from very high altitudes. These
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scanners are the preferred acquisition mode and the specific campaign, [33]

Inside the hyperspectral camera there is a dispersing element used to “grate” the
optical signal into the 2004 spectral bands corresponding to different wavelengths

onto CCDs arrays, as explained in figure These modern sensors can acquire
hundreds of spectral bands.

Two-dimensional focal-plane
array with n, x K detectors
(b) X ¥y
Focusing
optics t
Collimating E
optics / 'S
Objective &
optics
— . —‘
Dispersing Spatial-spectral
Scan line _ ) element images from past
(n, pixels) Entrance slit ground positions

Fig. 2.7: Optical signal dispersion, source: Shaw 2003, [2]

Whisk broom scanners use the cross-track method, i.e. the sensor moves
across the track along the swath width of the instrument, as the spacecraft flies
forward. The detector can be stopped during the scan to focus on a particular sub-
section of the full swath, as shown in figure [2.8] This ability of the whisk broom
allows for high spatial resolution on a particular subsection. Whisk broom scanners
use bandpass filters to decompose the radiance in the corresponding spectral com-

ponents, thus poses lower spectral resolution. This acquisition method is popular in
multispectral imaging.
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Fig. 2.8: Whisk broom scanner, source: RF Wireless Fig. 2.9: IFOV and
GSD

The collection system determines the size of the smallest recognised object on
the ground. High spatial resolution allows for target detection, while high spectral

resolution makes the identification and classification of materials possible, [33].

Spatial resolution depends on the operational altitude and the optics system.
Scanners operating at very high altitudes, i.e. higher than 600 km above sea level,
in general tend to have wider swath widths, with some exceptions, see [2.10 The
high altitudes and wide swath widths collect cruder spatial information, resulting in
larger pixel sizes with lower spatial resolutions due to wider instantaneous field of
view (IFOV). The ground sample distance (GSD) gives us the distance between the
centres of adjacent pixels, and thus an indication of the spatial resolution, see the
calculations in table Shaw and Burke [2] quantify the coverage tradeoff between
spatial and spectral resolution in equation , as the area coverage rate (ACR)
in terms of the GSD, i.e. pixel size on ground, the signal-to-noise ratio (SNR)
associated with the error in the sensor, and the number of spectra channels B.

ACR x Lﬂl (2.1)
SNR?2 x B2

We can interpret the spatial resolution as inversely proportional to the ACR given
in the relationship . Thus spatial resolution < SN R? x B2 /GS D* indicates that
the larger the pixel size on the ground, the poorer the spatial resolution.


http://www.rfwireless-world.com/Terminology/Whiskbroom-sensor-vs-Pushbroom-sensor.html
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Instrument

Specifications

GSD =2 x H x tan(IFOV/2)

LANDSAT7

Altitude H = 705 km, Swath
width = 185 km, Spatial Resolu-
tion = 30 m, IFOV = 42.5 urad,
Spectral bands = 8.

GSD = 2 x (705 x 1000) x
tan((42.5/1000000)/2) = 29.9630 m

HYDICE Altitude H = {1.6 km (operat- | GSD = 2 x (1.5 x 1000) x
ing), 6 km (designed for)}, Swath | tan((507/1000000)/2) = 0.7605m
width = 0.25 km, Spatial Resolu- | GSD = 2 x (1.6 x 1000) x
tion = 0.75 - 3 m, IFOV = 507 | tan((507/1000000)/2) = 0.8112m
prad, Spectral bands = 210. GSD = 2 x (6.0 x 1000) x

tan((507/1000000)/2) = 3.0420 m

AVIRIS Altitude H = 20 km, Swath width | GSD = 2 x (20 x 1000) x
= 11 km, Spatial Resolution = 20 | tan((1000/1000000)/2) = 20.0000 m
m, IFOV = 1000 prad, Spectral
bands = 224.

HYPERION | Altitude H = 705 km, Swath | GSD = 2 x (705 x 1000) x
width = 7.6 km, Spatial Resolu- | tan((42.55/1000000)/2) =
tion = 30 m, IFOV = 42.55 urad, | 29.9980m
Spectral bands = 220.

EnMAP Altitude H = 653 km, Swath | GSD = 2 x (653 x 1000) x
width = 30 km, Spatial Resolu- | tan((45/1000000)/2) = 29.3850m
tion = 30 m, IFOV = 45.00 urad,

Spectral bands = 220.

HyspIRI Altitude H = 626 km, Swath | GSD = 2 x (626 x 1000) x
width = 120 km, Spatial Resolu- | tan((96/1000000)/2) = 60.0960 m
tion = 60 m, IFOV = 96.00 urad,

Spectral bands = 217.
Prisma Altitude H = 614 km, Swath | GSD = 2 x (614 x 1000) x

width = 30 km, Spatial Resolu-
tion = 30 m, IFOV = 48.34 urad,
Spectral bands = 238.

tan((48.34/1000000)/2) =
29.6810m

Tab. 2.4: The sensor’s operational altitude and IFOV are both built into the GSD.

In general, push broom scanners have poor spatial resolution, however whisk

broom scanners have better spatial resolution because of the cross-track acquisition

method. It seems to capture the spatial variability on the ground better.
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For the optics system, the greater the number of CCDs in the sensor’s two-
dimensional arrays, the higher the spectral resolution. Push broom scanners posses
two-dimensional arrays with several hundreds of CCDs along swath and the along-
track dimensions. This allows push broom scanner longer exposure times on each
scene due to its along-track sweeping, thus capturing higher amplitude radiometric
signals. The whisk broom scanners have shorter residence times on a scene due
to their cross-track sweeping, and hence are only able to capture weaker radiance
energy. Also the whisk broom sensors have bandpass filters which limits the spectral
wavelengths they acquire. The push broom optical system disperses the captured
radiance on 200+ CCDs, thus higher number of spectral bands acquired. The wider
the IFOV means the higher amplitude radiometric energy detected by the sensors.
Greater number of CCDs on the sensor’s arrays, longer exposure times and wider
IFOV, in general imply higher spectral resolution. The issue with push brooms is
that they scan different points on the ground at the same time, and due to the

complex optics can cause spectral “smiles”, [34], [35], [36].

Landsat-7 Less than 1 minute

ALI multispectral
(37 km % 30 m) HYDICE

0.25 km % 0.75
Landsat multispectral ( m m)

(185 km x 30 m) AVIRIS

(1Mkmx20m) .
i

Fig. 2.10: Altitudes and area coverages of various scanners, source: Shaw 2003, [2]

2.1.4 Atmospheric Correction

All sensors are prone to inherent instrument errors and interfering noise, thus data
should be spectrally and radiometrically calibrated first before analyzing it. NASA
makes adjustments for geometric and radiometric errors in AVIRIS raw data, which
are associated with the motion of the aircraft during the data collection. The cal-
ibrated radiance needs to be corrected for atmospheric effects and transformed to

surface reflectance for further analysis [37].
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Fig. 2.11: Atmospheric electromagnetic transmittance and opacity, NASAL

The acquired raw pixel values are called Digital Numbers (DN) in hyperspec-
tral unmixing jargon, commonly stored in ENVI files (acronym for “ENvironment
for Visualizing Images”). These DN’s are the uncalibrated 16-bit signed integers
without physical units, that include the effects of surface reflectance, solar irradi-
ance, atmospheric gas absorption, variation in illumination due to topography, and

instrument response.

The Radiance is the amount of radiation scattered off the target area and off
neighbouring areas. The calibrated radiance L) resulting from equation [38]
is free from detector sensitivity due to the Gain factor and the Offset, and has the
physical units (Watts per (meter squared * micrometers)). Note the gain and offset
are specific per spectral band. The gain and offsets are provided as metadata in
ENVI files containing the data from AVIRIS.

Ly = Gain x DN + Offset. (2.2)

The calibrated radiance still includes solar irradiance effects, which needs to be
estimated next. The atmospheric effects at-sensor are complex. The remote optical
sensor receives energy reflected from the Earth’s surface transmitted through the
Top-Of-Atmosphere (TOA), [3]. The TOA energy interacts with diffuse scattering,

surface scattering, and scattering from the Earth’s surface, as shown in figure 2.12]


https://commons.wikimedia.org/w/index.php?curid=5577513
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Fig. 2.12: At-sensor Top-of-Atmosphere reflectance interacting with scatterings,

source: Bienarz [3].

Reflectance py, i.e. TOA reflectance, is the proportion of radiation reflected off
a surface to the incident solar radiation. Since hyperspectral sensors normally cover
all the visible and near-infrared, that will include atmospheric absorption features
and solar effects. Calibrating for these effects will emphasise the spectral features
of the physical materials on the ground much more. The ENVI file needs to contain
solar irradiance ESUN,, (Watts per (meter squared * micrometers)), sun elevation
0 (degrees), and Earth-sun distance d (astronomical units), in addition to Gains and

Offsets, to be able to transform Radiance L) to dimensionless Reflectence py as in

formula (2.3)) [38]:

B wLy\d?
PA= ESUN,sing
In this paper we do not use ENVI files, instead we used pre-processed MAT-

(2.3)

LAB data provided by |[Jose Bioucas-Dias. However this subsection informs the
reader of this very necessary pre-processing step of calibrating the raw radiance
data commonly used in scientific research, as we shall see later in order to identify
endmembers from the observed data using ground-collected dictionaries, the data
has to go through this calibration. Otherwise, the data collected on the ground

obviously does not match data collected in space.


http://www.lx.it.pt/~bioucas/code.htm
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2.1.5 Spatial versus Spectral Resolution

Spatial resolution is a measure of the smallest discernible detail in an image,[39],
meaning what is the smallest structure that we can recognise in the image. We have
seen above, that in spectroscopy the wider the IFOV of the scanner and the higher
the operational altitude of the scanner, the larger the pixel size or GSD, thus lower
spatial resolution. The scanning method also matters here. The cross-track whisk

brooms are better at capturing spatial variance.

Spectral resolution is defined as the ability to resolve features in the spectrum,
i.e. important spectral characteristics of the signal. This is directly related to the
number of spectral bands acquired, and can be understood in a similar fashion to
audio signal and the number of harmonics that characterise that sound. The more
harmonics, the “richer” the sound. Hyperspectral Imaging motivates the need for
hundreds of contingent hyperspectral bands compared to the significantly smaller
number of decoupled spectral bands acquired by Landsat 7, in figure As we

can clearly see in this figure, the Landsat scanner is missing a lot of critical spectral

information.
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Fig. 2.13: Motivation for hyperspectral data, source: Bioucas-Dias, 2016 Grenoble

presentation

Figure demonstrates the high spatial resolution of multispectral images is
suitable for land mapping, pattern recognition, and target detection. While figure
[2.15] represents the hyperspectral data cube of the same scene as in which
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clearly has low spatial resolution and higher spectral resolution, which lends itself
perfectly for material identification and classification, i.e. sparse unmixing. In the
hyperspectral imaging techniques section [2.1.2] we mention data fusion. Yokoya
depicts this concept very well in of how resolution can be enhanced by taking
the high spatial resolution of a multispectral image and the high spectral resolution

of hyperspectral image of the same secen, and fusing them together.

Applications
Land cover mapping, object recognition, etc.

Mixed pixel
(tree+soil+road)

Pure pixel (tree)

Fig. 2.16: Fused data cube, source: Yokoya [4]
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2.2 Mathematical Modelling

2.2.1 Basic Concepts
Vector Representation

The mathematical way of viewing “pure” pixels as in figure is as hyperspec-
tral vectors living in a lower-dimensional manifold, see figure We shall see
later on that this is the correct assumption, and thus the reason for reducing the
dimensionality of the observed data.

R™

Vegetation

Water

Fig. 2.17: Hyperspectral vectors in a lower-dimensional manifold, source: Bioucas-

Dias, 2016 Grenoble presentation, modified

This vector representation allows for the use of linear algebra operations on the

hyperspectral image data, for example norms.

Sparsity

The support of a vector & € R™ is the index set of non-zero entries, [40]:

supp(@) = {j € [1,n] : a; # 0} (2.4)
Then we say that vector & € R" is called k-sparse if at most k of its entries are

non-zero, that is:
||l = card(supp(e)) < k (2.5)

where |||, is called the lp-“norm” of vector «, and the function card(S) gives the
cardinality of a set S, i.e. the number of its elements, [40].
Vector Norms

The vector norm /,-norm, named after famous French mathematician Henri Lebesgue,

for a vector & € R™, and p € R is defined as:
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n
S lail? = (@ + fwal + .. 4 ) (2.6)

The most commonly used norm is the lo-norm, also called the Euclidean norm,
where |||, is the length of vector . The square of the lp-norm can be written
conveniently in terms of the dot product ||z||3 = @#”2. The l;-norm is called the
Manhattan norm, where |||/, gives the sum of the absolute values of all the entries
in vector . The lp-“norm” is actually a special case of [,,-norms since it is impossible
to take the zero root, thus it is called the pseudo lp-norm or the lp-quasinorm, and

it represents the number of non-zero elements of vector x, defined as follows [40]:

o = Jim 5 = Tim Z 25" = Tim Zl{w #0p = card({j € [1,n] : z; # 0})

(2.7)
In the context of equation (2.7), if we have a zero element, we define 0° = 0 such

that we do not count zero elements.

The [1-norm and the lp-quasinorm have been made popular by the pioneers of
compressive sensing such as Donoho, Candes, Tao, Romberg and Barniuk, [41], [42],

[43], [44], [45], [46], [8], and these norms are central to sparse unmixing theory.

Matrix Norms

Considering a matrix A € R™*" the|“entry-wise” matrix norms are defined similarly

to the vector norms. The p-norm for p > 1 is defined as:

1/p

IAll, = ZZ Jaijl” (2.8)

i=1 j=1

The more robust p,g-norms for p,q > 1 used in sparse coding, which will be

discussed later on, are defined as follows:

a/p\ V4

R | Z Z jaij|” (2.9)

=1 7=1

When p = ¢ = 2 the L, -norm is called the Frobenius norm, which can also
be defined as:


https://en.wikipedia.org/wiki/Matrix_norm
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i zn: lai;|? = \/trace(AT A) (2.10)

i=1 j=1

Al =

The Frobenius norm is basically the Euclidean norm for matrices, and it is easier
to compute than induced norms, and is invariant under rotations. We shall see this

norm used later on as well.

2.2.2 Assumptions and Conditions

Hyperspectral unmixing refers to any process that separates each pixel’s frequency
spectrum from a hyperspectral image into a collection of endmembers and a set of

fractional abundances [5], i.e. one set per pixel.

The endmembers are generally assumed to be pure materials present in the scene,
and the fractional abundances are assumed to be directly proportional to the per-
centage area covered by that particular material. Both concepts are subjective and
problem dependent. For example, we might be interested in identifying the building
structures, roads and vegetation present in a scene, where the side-by-side mate-
rials can be combined in a linear fashion with abundance weightings proportional
to the area occupied. Or we might be interested in the chemical composition of
the vegetation to identify the plant species found in the image, where the nonlinear

combinations happen at microscopic level.

Mixed pixels are obtained due to insufficient spatial resolution of the imaging
spectrometer, or due to intimate miring. However, increasing the spatial resolution
does not always fix the problem with intimate mixtures, as their combination of
spectra occurs at a microscopic level. If increasing the spatial resolution helps us
identify a few materials, then we say that the endmembers are mixed at macroscopic

level.
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Fig. 2.18: Interference from tree tops, neighbouring obstacles, atmosphere, source:

[5].

Even if the endmembers are pure, there are various interference types to con-
sider, such as atmospheric interference, multiple scattering of light due to layers of
obstacles on the ground, and #llumination interference as some materials may be
highly reflective and dominate the neighbouring materials, which induce errors into

the measurements, see figure 2.18

radiance Q1M

0.3 A (um) 2.5

Fig. 2.19: Linear mixing illustration of measured radiance at a pixel. [5].

Thus we need to know what type of mixed pixels we are dealing with. Linear
mixing only occurs at macroscopic level and the incident light interacts with just one
material, such as in checkerboard type (Lambertian reflectance [47]) scenes in figure

The mixing occurs within the instrument itself, due to low spatial resolution.
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Fig. 2.20: Nonlinear mixing illustration of measured radiance at a pixel. [5].

In figure the incidental light scattered by three materials is measured by a
spectrometer which measures radiance in B spectral bands. The measured spectrum
y € RP at a pixel is the weight average of the endmembers y = aqm; +aoma+azms

where the alphas represent the fractional abundances.

At a microscopic level, we can obtain intimate homogeneous mixtures such as
randomly and very closely compacted molecules in chemical composites, or multilay-
ered mixtures such as light scattered by multiple layers of materials, as illustrated in
figure The nonlinear mixture in the image on the left-hand shows an intimate
mixture of materials in close proximity, while the right-hand shows multiple inter-
actions scattered off two layers. In general, nonlinear unmixing requires a priori

knowledge about the geometry and physical properties of the observed objects [9].

Nonlinear Mixing Models are out of the scope of this report, however note there
are numerous papers written on the subject such as [48], [49], [50], [51], [52], to name
a few. This paper will assume the Linear Mixing Model (LMM), as it approximates
real-life scenes reasonably well, and it is commonly the basis of many unmixing
models including the sparse regression unmixing model.

The main conditions for the assumed linear mathematical model are as follows:

e The sum of the parts must add to the whole, i.e. the fractional abundances
representing the proportions of endmembers in a pixels must add to one. This

is not always imposed, but it is a fair condition.

e Abundance fractions cannot be negative. For example, we cannot have nega-

tive amounts of soil or vegetation in a scene.
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2.2.3 Linear Mixing Model Derivation

Adopting the assumption of linear combinations of all the endmembers present in
each pixel at the respective spectral band [9], implies that there is a linear rela-
tionship between the materials abundance coefficients and the surface area in the
observed scene which they cover proportionally, and thus the reflecting surface can
be portrayed as a “checkerboard” mixture where any package of incident radiation

only interacts with one component [47].

Therefore if the surface of the observed scene is partitioned according to the
fractional abundances as in figure and the multiple scattering among distinct
materials is negligible [5], then the spectrum of each pixel is well approximated by
a linear mixture of endmembers, weighted by the corresponding abundances [47].
Therefore, each spectral measurement y; at channel ¢ € {1,..., B} from a given
pixel is given by the linear mizture model (LMM) in equation :

P
i = mija; +n;. (2.11)
j=1
where:

e y; is the spectral quantity at a pixel for band i € {1,..., B}, regardless if the
spectral quantity measures radiance or reflectance, the LMM mathematical

formula still holds, although common practice makes use of reflectance;

e B is the total number of spectral channels according to the measurement in-

strument’s technical specifications;

e p is the number of endmembers present in the scene, i.e. pure spectral signa-

tures, where theoretically p < B, and real-life applications p < B;

e m;; > 0 denotes the spectral measurement of endmember j € {1,...,p} at ith
spectral band, i.e. the ground measured reflectance for j*" material responding

in band ;

e «; denotes the fractional abundance of 4% endmember, i.e. the fractional area

occupied by material j;

e n,; represents the additive perturbation such as noise affecting the measurement

process and modeling errors.

In the more compact matrix notation, the LMM equation for a given pixel looks

as follows:
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y=Ma+n (2.12)
where the terms in equation (2.12]) have the following dimensions:

e Observed spectrum y, i.e. the measured spectrum for each pixel, is a B-

dimensional vector y € R”;

e Mixing matrix M is a B X p matrix which contains p column vectors as follows

M = [my, my, ..., my,|, where each column corresponds a material’s spectral
signature m; = [my;, maj, ..., mp;]T € R;
e The p x 1 fractional abundance vector e = [y, g, ..., ;T represents the

weightings of the respective endmembers m;
e Noise vector n is a B x 1 vector accounting for measurement errors and such.

A quick note about the mixing matrix M. In a typical hyperspectral unmixing
scenario, we are given the set of observations Y = {yqs € R®,d =1, ..., N}, ie.
Y € RP*N | where N is the number of pixels (i.e. we obtain N = R x C from
the spatial dimensions of the image: number of rows R represents the along-track
dimension of the moving sensor , and number of columns C' represents the swath
dimension of spaceborne sensor), and the goal is to estimate the mixing matrix M
and the abundance vector a for the LMM problem (2.12), [9].

Unmixing is a blind source separation (BSS) problem, and BSS requires
for the column vectors in matrix M to be statistically independent. This is however
not the case for hyperspectral unmixing. The sum of the fractional abundances
is constant, as per the condition above. Also the hyperspectral vectors are highly
mutually coherent. Many materials will have similar spectral signatures. Instead of
applying the traditional independent component analysis (ICA) to estimate mixing
matrix M, the common practice is to apply methods to extract the endmembers
which are not based on statistical independence, but rather on convex geometry. We
will see later in sparse regression we can use given libraries of spectral signatures,

bypassing the endmember extraction process.

The fractional abundances are assumed to have a linear relationship with the

areas occupied in a scene, they are subject to the following constraints:
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Abundance Nonnegativity Constraint: o; >0, =1,...,p; (2.13)
P

Abundance Sum-to-one Constraint: Z a; = 1. (2.14)
j=1

The “hard” abundance nonnegativity constraint (ANC) makes perfect sense prac-
tically, since we cannot subtract proportions of different materials, we can only add
positive proportions. However numerically we might obtain negative coefficients,

and thus the ANC is critical to impose on the problem.

The abundance sum-to-one constraint (ASC) is a “softer” condition to impose.
The abundances don’t necessarily have to add to one, since the algorithm might not

be able to account for every material in a pixel.

The constraints in compact vector form, where (.)7 denotes the transpose of a

vector:

Abundance Nonnegativity Constraint (ANC): «a > 0; (2.15)
Abundance Sum-to-one Constraint (ASC): 1Ta = 1. (2.16)

where the vector notation for constraints means that:
e the zeros vector 0 in ANC has p x 1 dimensions;
e the ones vector 17 in ASC has 1 x p dimensions.

The ANC and ASC constraints form the standard (p — 1)-simplex, however it is
more efficient to relax the sum-to-one constraint by applying “unconstrained” algo-
rithms [9].

The main challanges for the LMM are: (i) to infer the materials matrix M from
the observed data Y in some efficient way, and (ii) estimating the fractional abun-
dances a from the observed data and the inferred materials matrix, which is an

inverse problem commonly solved by the least squares approach.

Let us now assume that the columns of M are affinely independent, meaning

that mq, mg, ..., m, are all independent vertices of the (p — 1)-simplex and thus

the endmembers m; do obey conditions (2.15) and (2.16]), then referring to page 24
in Boyd’s book [53], the set C":
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P
C= y:Ma:Zajzl,ajzo,jzl,...,p (2.17)
j=1

is the convex hull of the columns of M, i.e. C' = Conv(M), which is the (p—1)-

simplex in space RZ.

In ﬁgure Bioucas-Dias illustrates a 2-simplex C' = Conv{M } for a hypothet-
ical mixing matrix M containing p = 3 endmembers. The green circles represent
the spectral vectors, i.e. the measurements. The red circles represent vertices of
the 2-simplex which correspond to the 3 endmembers in this example. This means
that the green points are linear combinations of the red points, i.e. green points
yi = aymi + aoma + agmg = [a1, az, az][my, ma, m3]T = aim;fr in this example,
with abundance coefficients a;; > 0 for all j and 2?21 aj = 1. The axes represent

the B spectral bands.

m.‘ y = Ma
L e D,
s C' = conv{M}
=2-simplex

Fig. 2.21: Convex Hull C for p = 3 endmembers [5].

Note that the geometrical point of view of many endmember extraction algo-
rithms is to infer the materials matrix M, i.e. to identify the affinely independent
vertices of simplex C, and it will be the basis of the algorithms presented in section
[2.3.3] The convex geometry is also adopted in Bayesian statistical methods for ex-
tracting endmembers optimising estimators such as the minimum mean squared error
(MMSE), mazimum a posteriori (MAP) and mazimum likelihood estimator (MLE),
which are out of this paper’s scope. The sparse unmixing approach bypasses the
endmember extraction process by using spectral libraries available a priori, which
is discussed in detail in section [2.4L The modern approach is to learn the dictio-

nary from the observed data, called sparse coding, which is not the focus of this work.
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The Linear Mixing Model given by equation (2.12]) with conditions (2.15) and
(2.16]) formulate the problem for the remainder of this work.

2.3 Hyperspectral Unmixing Processing Chain

The basic idea of linear mixture modelling is that there is a small number of dis-
tinct materials in a given scene, that have relatively “constant” spectral properties.
Although the endmembers’ properties are not exactly the same for spectral signa-
tures collected on the ground as those collected by airborne instruments. The goal
of processing hyperspectral data is one and the same, to “unmix” the mixed pixels

recorded by the spectrometer.

Bioucas-Dias et al. [5] illustrates in figure that there are many routes that
one can adopt in the processing of the remotely sensed data, and there are four ma-
jor steps involved. The endmember extraction step and solving the inverse problem

are the most challenging in this processing chain.

Radiance Reflectance Reduced
data cube data cube data cube
Atmospheric
correction

| Dimensionality
reduction (optional)

7

A Hyperspectral
S M
Unmlxmg ) . Find endmembers (+)
Sparse coding Sparse regression et
Abundance maps

Endmember signatures

v

Wavelength

AULIYI[ IS

Fig. 2.22: Hyperspectral Unmixing Processing Chain [5].
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Bioucas-Dias et al. provide the following descriptions of the four major steps

depicted in diagram [2.22]:

1. Atmospheric correction compensates for atmospheric scattering effects of
light by converting radiance into reflectance, where reflectance is dimensionless
since it is reflectance by irradiance, see section above. Note that linear
unmixing can be carried out directly on radiance data, however it is custom-
ary to work with dimensionless calibrated reflectance data, as the spectral

properties are much clearer.

2. Data reduction handles computations of high dimensional hyperspectral
data more efficiently, and since there is great redundancy in the spectra, most
information is preserved. Popular Dimensionality Reduction methods such
as Principal Components Analysis (PCA), Orthogonal Subspace Projection
(OSP), Minimum Noise Fraction (MNF) transformation, Hyperspectral Sig-
nal Subspace Identification by Minimum Error (HySime), etc. identify the
appropriate subspace, thereby improving computational performance, and re-

ducing complexity and data storage.

3. Unmixing is the key step of identifying the endmembers lying in the subspace
and their corresponding fractional abundances at each pizel. If the subspace
has p-dimensions (i.e. p endmembers identified or assumed), i.e. RP, then
we usually work with a (p — 1)-simplex, i.e. convex hull. This concept was
presented in the mathematical modelling section [2.2.3] There are three general

approaches to Endmember Extraction:

e Geometrical approaches, which will be discussed in detail in this paper,
attempt to optimise the unmixing problem by fitting a convex hull around
the data which lies in a lower-dimensional subspace, and it is assumed
that the vertices of the simplex are the endmembers, thus the name “end-
member” for spectral signatures found at the “ends” of the convex hull.
The most popular geometrical approaches are N-FINDR [54], Pixel Purity
Index (PPI), and Vertex Component Analysis (VCA), upon which more
efficient approaches have been built. The abundance maps are estimated
in the “inversion” step.

e Statistical approaches are applied to highly intimate mixtures, such as
chemical, geological, etc., which can only be modeled as nonlinear mizture
models (NMM). Geometrical methods yield poor results for highly mixed
pixels. However, statistical methods represent variability in endmem-
bers naturally. The statistical framework for spectral unmixing is formu-

lated as a statistical inference problem, usually following the Bayesian
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approach. These frameworks have high computational complexity, es-
pecially if we include neural networks into the framework. Statistical
approaches are not discussed in this paper, since we only consider linear
mixing models (LMM).

e Sparse Regression approaches [55], [9], [16], [5], which will be the main
focus of this paper, formulate the unmixing problem as a linear sparse
regression problem in a similar way to compressive sensing [41], [46], [§].
This framework relies on the existence of spectral libraries, also called
dictionaries, usually acquired in the laboratory, all available from organ-
isations such as NASA, USGS, and many more. Since dictionaries are
potentially large, they need to be “pruned” to smaller subsets. Spectral
libraries and data are acquired under different conditions, so radiometric
calibration is required. Dictionaries can also be learned from the recorded
data, termed as sparse coding. Dictionary pruning and sparse coding are

advanced topics, which we only touch on in this paper.

4. Inversion is the last step of estimating the abundance maps using the least
squares approach. The inversion step solves a constrained optimization prob-
lem given the observed spectral vectors and the identified endmembers, i.e.
the inferred spectral signatures, by minimizing the residual between these two
terms. The fractional abundances are often constrained to be monnegative
and must sum to one, i.e. they belong to the probability simplex. A popu-
lar method for computing the abundance maps is the fully constrained least
squares (FCLS) method [56]. The benefit of sparse regression unmixing ap-
proach [9] which assumes the data is sparse, is that the endmember extraction
and inversion steps are implemented simultaneously. The hyperspectral un-
mixing problem is NP-hard [57] due to its high dimensionality and the complex-
ity of identifying pure spectral signatures, thus it is a combinatorial problem

which will be discussed in more detail in section 2.4

Next we discuss these four steps in much more detail. This literature review will
describe the algorithms generally used for running the experiments in this work’s

research scope.

2.3.1 Dimensionality Reduction - Lower Subspace Projection

It is perfectly reasonable to assume that the hyperspectral signal lives in a lower
dimensional space which is clouded by noise, i.e. the number of endmembers present
in a given scene is often much smaller than the number of bands B. The intrinsic

dimensionality is the minimum number of parameters needed to account for the


https://aviris.jpl.nasa.gov
https://www.usgs.gov/products/data-and-tools/data-and-tools-topics
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observed properties of the data [7]. There is a lot of redundancy in the spectral in-
formation. The true dimensionality of the data in a remotely sensed scene is difficult
to determine due to restricted access to some exploration areas. Some hyperspectral
data poses low spatial resolution such as 30 x 30 m? per pixel, making it difficult to
discriminate materials. However modern hyperspectral sensors can capture remote

scenes with much better spatial resolution of 2 x 2m?.

We can approximate the virtual dimension coined by Chang and Du [58], [59],
i.e. the minimum number of spectral signatures, which may be larger than the
intrinsic dimension, if we assume that the linear mixing model (LMM) is a good
approximation. This means that the spectral vectors lie in or very close to the lower

dimensional space.

Reducing the high spectral dimensionality is not a necessary step for unmixing
of the hyperspectral data [47], however dimensionality reduction may improve com-
putational time, and lower complexity, data storage size and signal-to-noise ratio

(SNR) [5]. This is an extremely helpful pre-processing step.

To distinguish between dimensionality reduction and compression, the latter aims
at reducing the dimension of data with the purpose of the efficient reconstruction of
the original signal [47], where some degree of redundancy is acceptable. Dimension-
ality reduction seeks the best representation of the original signal with the minimum
amount of relevant information in the lowest dimension without redundancy, see fig-
ure The majority of the data lost should be noise, and the data retained must

explain the variance in the data, i.e. the important information only.
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Fig. 2.23: Redudancy levels explained by Shelns [6] for two separate measures r;

and ro .



2.3 Hyperspectral Unmixing Processing Chain 38

Thus spectral unmixing utilizes orthogonal projection techniques to identify the
best subspace to represent the data by optimizing an objective function, such as the
general Lebesgue norm (Ly), defined in section [2.2.1]

Neighbouring hyperspectral vectors in real-life scenes have high spatial correlated,
but it is the spectral correlation that allows the translation to lower subspaces, i.e.
we can discriminate between materials with similar spectral signatures to each other.
Thus orthogonal projection is required to transform the observed coordinate system
to a new subspace which is an independent orthogonal coordinate system, which
explains the data in fewer components doing away with redundancy and thereby

reducing dimensionality.

We discuss next the popular projection methods, such as principal component

analysis (PCA), mazimum noise fraction (MNF), and mention a few others.

Principal Components Analysis

Principal component analysis (PCA) identifies the orthogonal axes, i.e. basis vectors
to project the data onto without the loss of information, see figure The new
basis vectors are mutually uncorrelated. These axes represent the variance in the
data in order of magnitude. Higher variance o2 represents the significant endmem-

bers, while very low or close to zero variance represents noise.

Fig. 2.24: PCA explanation given by Shelns [6].

PCA takes as input the observed spectrum for the high dimensional spectral
vectors y4 for each pixel d = 1,..., N and performs an eigendecomposition of the
covariance matriz ([2.18) of Y € REXN [47], [6]:
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1 N

Iy = N > (wa—fy) (ya— fry)" (2.18)
=1

where fiy is the mean vector of the pixel set Y
The resulting eigendecomposition can be expressed as follows:

I'y = EAET (2.19)

where E = [e},eq,...,ep] is the N X p matrix of normalized eigenvectors, i.e.
the orthogonal basis vectors, a.k.a. principal components, and A is the diagonal
matrix of corresponding eigenvalues, i.e. variances, in order from the highest to the
lowest value. To reduce the dimension Y we just need to premultiply each row, i.e.
spectral signature, by ET to move y to the new system of decorrelated variables

oriented along the eigenvectors of E [47].

Thus p is the number of nonzero eigenvalues which gives us the efficient lower
dimension. Keshava and Mustard [47] found that just a hand-full of cumulative nor-
malized eigenvalues, i.e. p < B, are usually sufficient to account for the majority
of the total energy in a scene. Thus the lower-dimension vector conveys the most

energy in the original higher dimension observations.

At least in principle, the p resulting PCA components in E are ordered in de-
scending order of data variance’s magnitude, however it only extracts relevant in-

formation content, and discards the noise content.

Maximum Noise Fraction

While PCA is fairly good at retaining energy for the relevant components of the
original signals, it does not produce eigenvectors that optimize signal-to-noise ratio
[47]. The maximum noise fraction (MNF) algorithm, which also goes by the name
noise adjusted principal components (NAPC), is a linear transformation that con-

sists of two PCA rotations and a noise whitening step [60].

First apply noise whitening using the noise covariance matrix, to linearly trans-
form the random noise into white noise with unit variance. Then apply the PCA
to decorrelate and rescale the noise in the data. The resulting noise is uncorrelated
and has unit variance, i.e. the new noise covariance matrix is the identity matrix.
Next apply PCA a second time to the noise-whitened data. The MNF algorithm
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maximises SNR rather than the information content.

The principal components identified by MNF are not necessarily orthogonal, but

they are identified and ordered in terms of decreasing signal-to-noise ratio.

HySime

Hyperspectral signal identification by minimum error (HySime) finds the first k
eigenvectors that contain most of the information data via a minimum mean squared
error (MSE) between the original data and its projection onto the subspace. The
HySime algorithm performs eigendecomposition unsupervised and fully-automatic,
i.e. it does not require any tuning parameters. As shown by Bioucas-Dias in [61],

HySime algorithm performs better than most subspace identification algorithms.

The method estimates the signal and the noise correlation matrices. It then se-
lects a subset of eigenvectors that best represents the subspace in a minimum MSE
sense. This in turn minimizes the signal projection power, reduces dimension of the

subspace, and minimizes the noise projection. HySime handles noise more efficiently.

Other Dimensionality Reduction Methods

PCA and MNF are statistical component analysis methods for reducing high dimen-
sionality. Another such method is independent component analysis (ICA), whose
goal is to separate a multivariable signal into a linear sum of non-Gaussian compo-
nents, assuming statistical independence [60]. This popular blind source separation
tool unfortunately does not work well on hyperspectral data since the sum of the

abundances is constant, it implies statistical dependence [5].

The optical real-time adaptive spectral identification system (ORASIS) is a non-
statistical methods developed by the U.S. Naval Research Laboratory for dimension-
ality reduction and endmember extraction using a modified Gram-Schmidt process
to identify orthogonal basis [5]. ORASIS is a series of several hyperspectral pro-
cessing modules. Each new pixel collected in a scene is compared to an existing
exemplar pixel, and if the angle distance between the pixels exceeds a predefined
threshold, then the pixel is added to the collection of exemplars. The orthogonal

basis are calculated periodically from the set of exemplars.
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It is worth mentioning that nonlinear spectral mixtures, which are out of the
scope of this paper, replace low dimensional subspace with low dimensional man-
ifolds. These require topological analysis, such as curvilinear component analysis,

curvilinear distance analysis, and manifold learning [5].

2.3.2 Affine Projecting onto the Subspace

Using one of the dimensionality reduction methods presented above, we identify the
subspace S with orthonormal basis B x p matrix E = [eq, ..., e,] where the columns
e; € RP for i = 1,...,p, meaning that every inner product (e;,e;) = 0 for i # j
and 4,7 = 1,...,p and ||e;|| = 1. By projecting spectral vector y € R? for any pixel
onto S with respect to basis E, we can rewrite the LMM equation as:

ETy=E"Ma+ E'n (2.20)
Yys = Mga+ng (2.21)

with the projected signal yg € RP and projected noise ng € RP, while the pro-
jected materials matrix Mg is a p X p matrix in equation (2.21)).

Note that from here on, for simplicity reasons, we define y = yg = ETy,
M = Mg = ET"M, and n = ng = E™Tn to be the lower dimensional quantities.
Thus equation (2.21) will look similar to (2.12]), keeping in mind the reduced quan-

tities.

Bioucas-Dias states in [5] that projecting the original LMM onto subspace
S yields large computational, storage and SNR gains. These advantages are demon-
strated in an earlier paper [61]. First two gains are obviously due to dimension
p < B. The SNR gain approximately (B/p) dB, meaning that the projected noise
is attenuated by a factor of p/B. Although the projection of the data onto the
signal subspace attenuates the noise significantly, we shall see in The Inverse Prob-
lem section below, that dimensionality reduction does not improve the conditioning
for the hypespectral unmixing inverse problem. Additional denosing algorithms are

effective in the presence of very noisy signals.

Note that we can reconstruct the image at the original volume from the projected

vectors y, n € RP and M € RP*? in the |simplified notation| described earlier to the

original signal and noise vectors and mixing matrix with the higher dimensions

by pre-multiplying with basis matrix FE, i.e. product EM. It will be easier and
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computationally more efficient to work with the simplified model in the reduced

dimensions:

y=Ma+n (2.22)

Model is a simplification in a lower dimensional subspace. It therefore
does not model pixel-to-pixel signature variability. The shapes of the endmembers
are fairly consistent in the lower dimensions, however their amplitudes do vary in
scale from pixel-to-pixel [5]. Therefore in the absence of noise, we have a matrix of
endmembers M's; = [s(i,1)my, ..., s(i,p)m,| for each pixel number ¢ =1,..., N,
where s(i, ) is a positive scaling factor. This indicates that the scaling factor varies
from pixel to pixel, and thus the observed spectral vectors are no longer in a sim-
plex defined by a fixed set of endmembers, but rather in a set of linear equations

accounting for each pixel index i:

p
yilyi = > a;s(i,j)ymy, i=1,...,N (2.23)
j=1

Therefore the coefficients sz-Ta need not sum-to-one, but must still be nonnega-
tive. To estimate these coefficients maps is nearly impossible. We can use PCA to
identify an affine set, i.e. set of independent orthogonal basis, that best represents
the observed data in a least squares sense, and then project the lower dimensional
data onto the resulting principal components, however these estimates suffer from

rotation problems as PCA modifies the direction of the spectral vectors.

If we apply perspective projection, i.e. the dark point fized transfrom (DPFT)
[62] by projecting from origin so that the projected data lies on a hyperplane v7u = 1
for any vector v € RP, and w is chosen such that our projected data y“u > 0, then
we encounter scaling errors y/(y’ ), as shown by Bioucas-Dias in [5]. One way to
eliminate errors is to discard projected vectors with large angles created between the
projected and the unprojected vectors, if they exceed a predefined threshold angle.

This whole transformation is called affine projection.

2.3.3 Geometrical Unmixing Methods

This section describes a big part of this research report. While there are alternative
ways of extracting endmembers, such as statistical methods and dictionary learning,
the geometrical endmember extraction algorithms are still common practice in the

industry. The aim is to use convex geometry to infer the endmembers participating
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in the observed data.

There are two categories of geometrical approaches to unmix the endmembers:
pure pizel (PP) based and minimum volume (MV) based. Pure pixel approaches
belong to the MV class as well, however they are subjected to the pure pizel con-
straint which will be explained below. The concept of minimum volume simplex was
introduced by Craig in 1994 [62].

We revisit the convex hull C' in of the spectral unmixing problem, and
the example of a 2-simplex in figure [2.21] Bioucas-Dias illustrates the concept of
minimum volume with examples of 2-simplexes, i.e. p = 3 endmembers, for three
different data sets in figure source: Jose Boucas-Dias.

m,

T my m, m,
Fig. 2.25: Illustration of the concept of minimum volume concept [5].

Analyzing the simplex on the left in figure notice that the three vertices
correspond to the three endmembers my, mo and ms, i.e. for any p endmembers
there exists at least one pure pixel that contains only the corresponding material.
The simplex in the middle of figure 2.25] the data does not contain pure pixels but

it contains at least (p — 1) spectral vectors on each facet of the convex hull.

In both of these cases the endmembers may be inferred by fitting a MV convex
hull to the data. The left data set is the main idea of PP algorithms, while the
middle data set is the basis for general MV algorithms. The MV simplex on the
right of figure [2.25] corresponds to intimate nonlinear mixtures where none of the
spectral vectors touch any of the facets of the simplex. These highly mixed data
sets can only be unmixed within statistical frameworks.

The classical algorithms have been described in detail by Bioucas-Dias [5], Plaza

[63], and Winter [64]. The following merely serves as a summary.
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2.3.4 Pure Pixel Based Algorithms

The popular pure pixel (PP) based algorithms assume the presence of at least one
pure pixel per endmember in the observed data, i.e. there is at least one spectral
vector on each vertex of the data simplex. Thus however computationally efficient
the pure pizel constraint may be, it is a hard constraint which may not hold for
many data sets. Most PP algorithms find the set of most pure pixels in the data by

wrapping a minimum volume convex hull around the data.

Pixel Purity Index (PPI) Algorithm

The widely used pizel purity index (PPI) algorithm uses MNF to reduce dimension-
ality and to improve SNR. PPI projects all the given spectral vectors onto k-skewers,
see figure where the number k is an input parameter, and it represents a large

set of random vectors.

Skewer 1

Skewer 2

Fig. 2.26: PPI algorithm projecting data on k-skewers, source: [gipsa-lab [7].

The algorithm stores the points which represent extremes for each skewer direc-
tion. Each pixel accumulates a score for the number of times an extreme is found.
Those pixels that count above a certain threshold, another input parameter, are de-

clared “pure” pixels.

The potential endmember spectra are loaded into a visualization tool displayed
in the subspace identified by MNF, and rotated in real time until a desired number

of endmembers ¢ are visually identified as extreme pixels in the data cloud. Thus


http://www.gipsa-lab.grenoble-inp.fr/en/home.php
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PPI requires some manual intervention to select the final set of endmembers. Faster

implementations with optimized parameter selection do exist [65] and more modern
approaches of parallel computing [66], [67], [68] and [69].

N-FINDR Algorithm

N-FINDR developed by Winter [54] is one of the most popular endmember extrac-
tion algorithms in the remote sensing and geoscience industries. The volume defined
by the simplex, i.e. convex hull, in the spectral dimensions is formed by the purest
pixels in the vertices, and it is larger than the volumes defined by any other combi-
nations of the observed pixels. N-FINDR thus inflates a convex hull inside the data,
and finds the pixels defining the largest simplex volume, see figure

!

Y e

Fig. 2.27: N-FINDR algorithm inflates the volume of a convex hull inside data,
source: gipsa-lab [7].

First, the MNF transform is applied to the observed data to reduce dimensional-
ity. Next, N-FINDR randomly selects pixels to “qualify” as endmembers, i.e. pixels
are initially evaluated as to their likelihood of being pure or nearly pure pixels, and
a trial volume is calculated. We let E be the matrix of estimated endmembers, not
to be confused with the orthogonal basis projection matrix E from earlier, defined

as:


http://www.gipsa-lab.grenoble-inp.fr/en/home.php
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Ezll 1. 1] (2.24)

€1 €2 ... €4

where e; are the endmember column vectors, and ¢ is the number of endmembers
used to calculate the convex hull volume, i.e. ¢ is an input parameter.
The volume of the g-simplex F is proportional to its determinant, proved by Stein

in [70], and thus Winter’s formula for volume is given as:

V(E) = (q_ll)!abs(|E|) (2.25)

A trial volume is calculated for every pixel in each endmember position by replac-
ing that endmember in matrix E and recalculating the volume. If the replacement
results in a volume increase, i.e. “inflating” the convex hull, then that pixel re-
places the endmember. This process is repeated until the algorithm goes through

all the combinations are exhausted, and thus the largest convex hull volume is found.

In comparison to PPI which is partially interactive, Winter’s N-FINDR algo-
rithm is classified as fully-automated, and non-parameterized, i.e. does not require
a threshold or some kind of stopping criteria. Performance improvements for the
N-FINDR have been published in [71], [72], [73], [74], since exhausting all the pos-
sible combinations of pixels is computationally inefficient. However the advantage
of N-FINDER being a fully-automated algorithm, is probably why it is more widely
used than PPI.

2.3.5 Orthogonal Subspace Projection (OSP) Algorithm

The orthogonal subspace projection (OSP) algorithm which reduces dimensionality
and extracts endmembers simultaneously, was developed by Harsanyi and Chang
[75]. The OSP concept is similar to the material presented in the section [2.3.1]
Harsanyi and Chang’s algorithm’s objective is to suppress signal interference in the
least squares sense, and to maximize signal-to-noise ratio (SNR) for the spectral
signatures of interest.

OSP first identifies the “brightest” pixel with the highest SNR and sets it as the
first endmember. Then it applies an orthogonal subspace projection operator to all
the pixels in the original image, to identify the most orthogonal pixel to the first
one, i.e. setting it as the second endmember. OSP applies the operator again to all
pixels to identify the most orthogonal pixel to the first two, thus setting it as the

third endmember.
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This process is repeated until all £ endmembers are found, where k is an input pa-

rameter. In the process, the OSP also reduces dimensionality.

Vertex Component Analysis (VCA) Algorithm

Vertex component analysis (VCA) is based on subspace projections, assumes the
presence of pure pixels, and it exploits the fact that endmembers are the vertices
of a simplex. VCA iteratively projects data onto a direction orthogonal to the sub-
space already identified via PCA or MNF. The new projections correspond to the
extremes of the projection, i.e. the affine projection of a simplex is also a simplex.
This algorithm iterates until all endmembers are found. Nascimento shows in his
paper [50] that VCA performs faster than PPI and N-FINDR.

Other Pure Pixel Based Algorithms

There are many other alternatives and improvements of OSP, PPI, VCA and N-
FINDR, exploiting the geometrical properties of convex hulls, such as the simplex
growing algorithm (SGA) which iteratively grows a simplex by looking for the ver-
tices of the maximum volume, or highly iterative methods such as iterative error
anlaysis (IEA). The TEA algorithm starts with the mean spectrum of the data as
the initial endmember vector, then performs a series of linear constrained unmix-
ings, choosing endmembers at each iteration that minimize the remaining error in
the unmixed image. Not forgetting the U.S. Navy’s ORASIS presented earlier which
reduces dimensionality and extracts endmembers simultaneously.
The recent developments on geometri-

cal endmember extraction algorithms are all

linked to the classic pure pixel based algo- &
1
rithms above. a3
2.3.6 Minimum 0 ' ----- s
Volume Based Algorithms 'A
msy

MV method seeks the mixing matrix M
which minimizes the volume of the (p — 1)-
simplex, i.e. the volume of C' = Conv(M) as
in (2.17), applying soft or hard constraints. Fig. 2.28: Illustration of the mini-
The pure pixel constraint is no longer en- mum volume simplex con-

cept [5].
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forced, thus it is most likely the middle data
set in figure 2.25] Figure illustrates
a similar data set to the middle one fig-
ure but without enough points on the
facets of the simplex, which represents a much harder nonconvex optimization prob-
lem [5]. MV concept is very important to statistical frameworks of extracting end-
members, and to understanding sparse regression unmixing methods which will be

discussed ultimately.

We assume that our data has been projected onto a lower dimensional signal
subspace S of dimension p, and that the material vectors m; € RP, for i = 1,...,p,
are affinely independent, i.e. vectors m; — mi for ¢ = 2,...,p are linearly inde-
pendent. Thus the simplex C' = Conv(M) has dimensionality (p — 1) such that
volume of the simplex V(M) = 0 in space RP [5], since geometrical objects in a
lower dimension have zero volume in a higher dimension. To obtain a nonzero vol-
ume in p-dimensions, the extended simplex My = [0, M] is considered. Thus the
convex hull C' = Conv(Mjp) has the following volume V (Mj) = ’det(M)‘/p! in p-

dimensions according to Stein’s formula [70].

The alternative volume computation consists of first shifting the data set to the

origin, and working in the (p — 1)-dimension, which then gives the following volume:
1

dot 1 ... 1
—— |de
(p_l)! m; ... My

Craig’s seminal MV algorithm [62] first identifies the signal subspace, and then

V(M) = (2.26)

it applies perspective projection DPFT to obtain shifted materials matrix M, =
o, M ], since the dark point fixed transform projects from origin 0 . The algorithm
iteratively changes each facet one at a time, while holding the other facets of the
simplex fixed, such that the volume V(M) = ‘det(M )‘/p! is minimized, ensuring
that all the spectral vectors belong to this simplex, [5].

In general the MV algorithms solve the following constrained and regularized

optimization problem [7]:

argmin |Y — MS|% + AV (M) (2.27)
M,S

st:8=0,1]8 =1y (2.28)
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where the data term ||[Y — M S||% minimizes the reconstruction error, with
Y,S € RPN S = [ay,...,ay], M € RP*P and the volume term AV (M) pro-
motes mixing matrices of minimum volume, whilst the Lagrangian multipliers A

control volume’s relative weight, i.e. they are regularizes. We will arrive at this type

of optimization problem shortly.

There are many versions of the MV algorithm each introducing more efficiency,
such as the popular minimum volume simplex analysis (MVSA) [76] and simplex
identification via variable splitting and augmented Lagrangian (SISAL) [77] algo-
rithms. MVSA/SISAL is the robust implementation of the MV concept, since it

penalizes outliers such as noise and spectral vectors lying outside the true data sim-

plex [5].

7 S

(AT
=@

Fig. 2.29: Noisy data with outliers could lead MV to result in wrong estimate, i.e.

dashed simplex [5].

Without penalizing noise and outliers, the MV algorithm presented above by
Bioucas-Dias would probably result in the dashed estimate in figure MVSA/SISAL
first projects the data onto a subspace, and consequently projected materials matrix

M € RP*P ig square and theoretically invertible, such that:
M l'y=M'Ma+n)=a+M'n (2.29)
The MVSA part of the algorithm aims to minimize the volume:
V(M) = |det(MD)|/(p — 1) (2.30)

Minimizing the volume V(M) is equivalent to maximizing the volume of the
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inverse of M [5]. Since det(M 1) = 1/det(M) then we can change the minimization

problem into a maximization problem and vice versa:

argmax ‘det(Mfl)‘ = argmax 1/|det(M)| (2.31)
M-1 M
= argmax — log|det(M)| (2.32)
M
= —argmax log |det(M)] (2.33)
M
= argmin log |det(M)] (2.34)
M
(2.35)

Li and Bioucas-Dias rewrite the MV problem in the simplified version, [76]:

M~ = argmin log |det(M)| (2.36)
M
st: MY =0, MY =1} (2.37)

Next they add the hinge parameter || X ||, = _,; h([X];;) where the hinge func-
tion is defined as h(x) = max{—=z,0}. Thus rewriting the problem in the final
MVSA format:

M~ = argmin log [det(M)| + A\|M 'Y ||, (2.38)
M
st: MT'Y =0, /MY =17, (2.39)

Note that the new hinge term ||M~'Y||; in the MVSA equation penal-
izes the negative components of M~'Y proportionally to their magnitude, since
M~y = a + M~!'n the hinge factor penalizes the negative a’s, thus enforcing a
soft constraint or regularizer [77]. The amount of regularization is controlled by the
reqularization parameter A > 0. The soft constraints yield solutions that are robust

to outliers and noise.

As the Lagrangian multipliers A — oo, the soft constraint approaches a hard
constraint [5]. The hard constraint paired with the fact that in practice, the inverse
of M is hardly ever symmetric and positive-definite, and that the MVSA problem
is most likely nonconvex, creates bigger problems which are optimized efficiently by
solving a sequence of optimization problems using the method of variable splitting
and augmented Lagrange multipliers, which is the SISAL part of the MVSA /SISAL
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algorithm which is detailed in the paper [77].

The hard constraints A = oo and the enclosing nonconvex simplex are solved
by iterating through linear programs (LPs), which are part of the minimum volume
enclosing simpler (MVES) algorithm. Even though the MVES problem deals with
a nonconvex simplex, the paper [78] proves that the existence of pure pixels con-
straint is sufficient for this algorithm to identify the true endmembers. The more
robust version of the minimum volume enclosing simplex (RMVES) [79] deals with
the MVSA problem by taking into account noise effects in the observations by em-
ploying chance constraints, solving the MVSA by alternating optimization involving
quadratic programming solvers. The chance constraints are probabilistic constraints
that account for the randomness in the observed data, assuming that noise is Gaus-

sian.

An alternative algorithm to the MV problem is the minimum volume constrained-
nonnegative matriz factorization (MVC-NMF) [80], which overcomes the pure pixel

constraint, and solves the following optimization problem without dimensionality

reduction:
SN 1
(M,S) = aa%[ngn Sy = MS|% + V(M) (2.40)
st: M>0,8=0, 17§=1% (2.41)
where the materials matrix is M = [my,...,m,] € RB*P  and the fractional
abundances matrix is § = [ay, ..., ay] € RP*Y and the norm || X ||% = trace(X T X)

is the Frobenius norm of matrix X, as defined in section [2.2.1], and A is the regular-

ization parameter.

MVC-NMF minimizes a two term objective function where the term %HY —
M S||%. measures the reconstruction error, and the squared volume term V(M)
is factorized in the paper [80], while the regularization term A controls the tradeoff
between the squared simplex volume and the reconstruction errors. The main differ-
ence is that MVC-NMF enforces the nonnegativity constraint, whilst MVSA /SISAL
allows for the ANC to be violated.

While there are many more alternatives built on the minimum volume geometric
concept, there is one more category worth mentioning, the iterative constrained end-
members (ICE) algorithm [81] which is similar to MVC-NMF, however the simplex

volume term is replaced by the sum of squared distances between all the simplex
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vertices, which transforms the nonconvex programming problem into a least squares

problem that can be solved analytically.

Sparsity-promoting iterative constrained endmembers (SPICE) [82] is an exten-
sion of ICE, which incorporates sparsity-promoting priors to find the correct number

of endmembers. The prior tends to discard the endmembers with zero abundance.

Both ICE and SPICE optimize an objective function of the following form:
1—p
N
where Xz is the sample covariance matrix of the endmembers and p € [0, 1] is

f(M,S) = 1Y — MS|[F + ptr(Shr) (2.42)

the regularization parameter. The sparsity promoting term (SPT) is usually incor-
porated into the Frobenius norm [82]. The solution is sensitive to the choice of u as
the best solution for u = 1 would be to find only one endmember, whilst u = 0 the

best solution is one that yields zero errors.

Of course there are many more geometric based algorithms, such as multiple end-
member spectral mizture analysis (MESMA) [83], convex cone analysis (CCA) [84],
etc.. And there are also many Bayesian approaches to solving the MV problem, such
as piece-wise convex fuzzy clustering [85] and dependent component analys (DECA)

[86] algorithms, however these are beyond the scope of this paper.

2.3.7 The Inverse Problem - Estimating Abundance Maps

Our aim is to minimize the sum of squares for the LMM, i.e. the energy F or the

lo-norm squared of the noise in the acquired signal y.

Referring back to the LMM equation , assume that we have estimated the
number of endmembers, and that we have identified what those spectral signatures
are, i.e. we now have the estimated materials matrix M. From the observations y
and the materials matrix, we obtain the noise residual or the reconstruction error
n =y — Ma. This becomes a least squares (LS) problem whereby we minimize the

energy of the noise or the error, seeking the best a which minimizes this energy:

& = argmin E(a) = argmin ||y — Mal|? (2.43)
«

(o3
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This is the classic inverse problem in the spectral unmixing process whose solu-
tion can be approximated by the least squares method, but we have to assume that
the matrix M has independent columns such that the matrix M* M is invertible

and the approximate solution is unique.

Unconstrained Abundance Estimation

Unconstrained least squares (UCLS) approach is applied only if both the all sum-to-
one constraint (ASC) and the all nonnegative constraint (ANC) are ignored. Thus
traditionally the Moore-Penrose inverse M+ = (MTM)"'M? of the overdeter-
mined materials matrix M is used to estimate which abundance coefficients vector

is going to give us the minimum reconstruction error or noise:

a=(MTM)"TMTy (2.44)

This is the least squares (LS) “solution”. Note that this is really just an estimate,
and most systems, such as MATLAB will use a Cholesky, QR or LU factorization

to solve for the approximate solution, mldivide.

Nonnegative Constrained Abundance Estimation

To enforce the nonnegativity constrain on the least squares problem, since it would
be unrealistic to have negative abundances, we rewrite the LS problem’s objective
function (2.43)) for the LMM as a quadratic function including the ANC:

& =argminy’y — 2y" Ma +a"M"Ma (2.45)
(64
st 0<q;<lfori=1,...,p. (2.46)

This nonnegative least squares (NCLS) problem is solved with quadratic pro-
gramming solvers. The ASC is ignored as in a lot of spectral unmixing problems,

the abundances do no add up to one exactly.

Fully Constrained Abundance Estimation

The fully constrained least squares (FCLS) approach rewrites the LS as quadratic
programming problem as well, and both the ANC and the ASC are enforced, thus

we have to solve the following quadratic problem:


https://www.mathworks.com/help/matlab/ref/mldivide.html
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& =argminy’y — 2y" Ma + a" MT"Ma (2.47)
(64

st 0<aq;<lfori=1,...,p; (2.48)
P
d ai=1. (2.49)
i=1

The FCLS method of solving the inverse unmixing problem of evaluating the
abundance map is the most popular method in the industry [56]. A lot of enhance-
ments to the FCLS have been published [87], [88], [89], and many more, based on
distance geometry.

The sum-to-one constraint can be easily satisfied by adding a row vector of ones to

matrix M and an element one to column vector y [7], such as:

L g= H (2.50)

and thus FLCS can be treated as a NCLS problem.
Note that the “solutions” obtained for FCLS, NCLS or UCLS are called abundance

maps since the abundance vector « is estimated for every pixel.

Characterizing the Reconstruction Problem

Once we have reduced dimensionality of the original data, identified the endmem-
bers of each pixel via a geometrical extraction method, and then estimated the
corresponding abundance maps, then how do we know if we have good estimates?
To characterize the linear hyperspectral unmixing inverse problem, i.e. the recon-
struction problem, we use the signal-to-noise ratio (SNR) [5]:
axp = Ellzl? _ or(Ry) 1)
El[n|?]  tr(Rn)

where in paper [5], € = Ma represents the reconstructed spectrum for each

pixel, E[-] is the Expected value of the energy of the signal, and tr(-) is the trace of

the reconstructed signal correlation matrix R, and R,, D

Bioucas-Dias also introduces the signal-to-noise ratio spectral distribution (SNR-
SD) measure which calculates the SNR along the direction of an eigenvector belong-

ing to the signal correlation matrix Ry:

n=

! Correlation matrix Rx has elements r;; = + SN XinXjn = XX}
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Ai,:v
T )
eivanez,r

where the pair (\; ;, €; ) represent the ith eigenvalue-eigenvector couple of ma-

SNR-SD(i) = i=1,...,p (2.52)

trix Ry for each reconstructed pixel z, ordered by decreasing value of A; ;. Therefore
SNR-SD(i) yields the SNR along the direction e; ;. For this metric to represent an
acceptable unmixing we require SNR-SD(i) > 1 fori =1,...,p.

2.4 Sparse Unmixing

Sparse unmixing solves the inverse problem, bypassing the endmember extraction
step by using spectral dictionaries given a priori, and it estimates the sparsity of data
by finding the sparse solution. First we visit basic concepts of norm regularization,

whose importance will become evident for the discussion on sparse regression next.

2.4.1 Norm Regularization

The least squares approach in section to solving a general linear system: y =
Azx + €, for measurements vector y € R, matrix A € R™ "™ and residual vector

e € R" , will give the approximation as in [2.44}

Trs = argmin ||[Ax — yH% = (ATA)_lATy (2.53)
xr

The 2D geometrical interpretation of least squares in figure [2.30| shows that the
estimate g is a projection of measurement y onto the plane spanned by A with its

columns ai and as.

Fig. 2.30: Least Squares representation, source: Bieniarz [3]
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[o>-Norm Regularization

The approximation in is #ll-posed because small amounts of noise lead to large
errors in estimation, and ordinary least squares (OLS) tends to overfit the data with
too many non-zero coefficients z;, [3]. Thus we can introduce ridge regression where
the least squares term ||Ax — y||3 is reqularized or penalized by the length of the

estimated vector . Thus we rewrite the minimization problem as follows:

argmin | Az — yH% + )\||w|]g (2.54)
xr

where X is the penalty parameter.

N
NI

Fig. 2.31: Geometric interpretation of ridge regression, source: Bieniarz [3]

Figure shows the geometrical interpretation of ridge regression in 2D. The
blue circle represents the lo-norm of the vector &, where g is the solution to the

ordinary least squares problem and & is the solution to the ridge regression.

For a specific A\ a solution with upper bound ¢ on the length of x is reformulated
as:
argmin | Az — y|3 st. |z <6 (2.55)
T

where a small bound ¢ corresponds to a large penalty A.

Thus we obtain & = AT(AAT + A\I)~'y as the approximation to (2.54) . If
A = 0 this approximation becomes the OLS approximation. Else if A — oo then
solution shrinks to & = 0. Thus the linear model is balanced for A € [0,00). The

solutions are also restricted to the length of .
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However, due to the geometry of the ls-ball, there is no unique solution &, as

the ridge solution £ors can land anywhere on the |||z ball.

lo-Norm Regularization

The [;-norm regularization does not promote sparsity. Thus if x is expected to be
sparse, the lg-norm defined in section has to be used as a regularizer:

argmin | Az — y||3 + Allzlo (2.56)
xr

Iy

Fig. 2.32: Geometric interpretation of lp-norm regularization, source: Bieniarz [3]

Minimization problem (12.56)) is interpreted geometrically in figure[2.32, In theory
the [p-norm promotes sparsity, as the ridge of OLS problem should meet one of the
x “skewers”. We can limit the number of non-zero elements in vector by setting

limit dp:

argmin || Az — y|3 st. [x]o < d (2.57)
x
However if the sparsity of @ is not known in advance, then we reformulate the
problem by setting upper bound ¢ on the noise residual:
argmin ||z st [|Az —y||3 <e (2.58)
T

Unfortunately problem (2.58) is non-convexr and it is usually very hard to solve

such a combinatorial problem, [90], [8].
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The 3D representation of the [y ball L,-norm
in figure [2.33] implies that the combi-
natorial search method would calculate 1.

the OLS approximation for every one of
0.5

the 3 column vectors in matrix A com-
bined with k& non-zero entires in the so- e ><
lution. In higher dimensions for A € 05

R™ ™ but there would be m coordi- A

nate axis or “skewers”, and the OLS for . /,//‘1
y = Apx, would have to be calcu- i \\\\ /,,// 0
lated for all m skewers to choose k non- 4
zero entries in x, i.e. (T]Z) combina-
tions.
Fig. 2.33: Representation of the ly-
To illustrate how inefficient this prob- “ball” in 3D, which looks
lem is, say matrix A had m = 400 col- like skewers along the co-
umn vectors, and we guess sparsity k = 5, ordinate axis.

400) ~
5 ) &
8.32 x 10'9. Hard combinatorial problems are commonly solved by using greedy

then the number of computations is (

search algorithms, such as the orthogonal matching pursuit (OMP) algorithm which
recovers k-sparse solutions. The OMP algorithm selects a column at a time from
matrix A which is the most correlated to the current residual, and adds it to the set
of active columns. Then OMP computes a new solution with the new set of active
columns, i.e. hard thresholding. For more details refer to the chapter on algorithms

The computation time is cut down to only & iterations.

The issue with OMP is that it might select a wrong column due to columns of A
being highly correlated, which is very common for hyperspectral signatures. OMP
also doesn’t perform well if the observations y are very noisy.

[1-Norm Regularization

The alternative to the lg-norm regularization for finding sparse approximations &
is to replace the regularization term with the [y-norm, which is called basis pursuit
denoising (BPDN), [91]:
1 2
argmin o [[Az — y|3 + Allz|)x (2.59)
€T

Substituting the lp-norm penalisation term for the [;-norm is that it transforms
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a non-convex problem into a convex problem which is not as hard to solve. The

geometrical interpretation is illustrated in figure [2.34

Fig. 2.34: Geometric interpretation of /;-norm regularization, source: Bieniarz [3]

Candes [90] claims that a k-sparse solution is found by /1-minimization, which
can be proved to be equivalent to lp-minimization under certain assumptions for
matrix A, such as the columns’ mutual coherence should be small [92]. The /;-norm
is an octahedron in three dimensional space, and the sparse vector x lies on a coor-
dinate axis, since there are far more zero coordinates. This vector is at one of the
vertices of the octahedron. Thus a set of vectors * such that Ax* = y, the set of
solutions projected onto A, is a plane in three dimensions, which passes through a

unique point x, i.e through the vertex of the octahedron.

A plane Ax* = y that passes through a vertex is virtually certain to miss the
interior of the cross polytope. This is what Candes calls the “miracle of high-
dimensional geometry” that proves that the [;-minimizer will “almost always” find
the correct signal @, [90]. Of course Candes, Romberg and Tao refer to measure-
ment matrix as a randomly generated matrix in the context of compressed sensing,
[90]. This is the same concept in sparse regression based hyperspectral unmixing.

Baraniuk [8] illustrates the concept of /;-minimization beautifully in figure [2.35]
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(@) (b) (©)

Fig. 2.35: (a) The subspaces containing sparse vectors in R? lie close to the co-
ordinate axes, which is a nonconvex problem. (b) The ly-minimization
fails to find sparse solution s, as the point of contact § projected on
the green null-space can be anywhere on the red lo-ball. (c) The ;-
minimizer finds the sparse point-of-contact § to be the same as vertex s
with high probability, due to the pointiness of the [;-“ball”. [§]

Consider the [1-norm octaheadron in 3D, which guarantees that the solution will
pass through one of the vertices. In higher dimensions the [1-“ball” is called a cross
polytope, which can best visualised as a sea urchin, and thus the solution will pass

through a vertex of the [;-“urchin”.

The equation (2.59) can be expressed equivalently as the constrained version:
argmin | Az — y|3 st |x|; <0 (2.60)
€T

where 0 is the upper bound on the /;-norm of the vector x.

The BPDN algorithm works similarly to the OMP algorith, but instead of apply-
ing hard thresholding, it applies soft thresholding. That is, the algorithm updates
vector & with the largest possible step size until some other column of A has the

most correlation with the current residual. More on this algorithm in chapter

In summary, this section has provided the background on optimization methods
that are commonly used in sparse regression, to be discussed in more detailed in

direct application to the hyperspectral unmixing problem next.
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2.4.2 Sparse Regression

The spectral unmixing methods, introduced circa 2009, approach the problem in a
semi-supervised fashion, meaning that a collection of pure spectral signatures are
known a priori. These libraries of spectral signatures are collected on the ground by
field spectro-radiometers, where the collected data usually differs from the spectra
collected by airborne instruments and satellites due to measurement conditions, thus

requiring some calibration.

The assumption that the observed image signatures for each pixel can be ex-
pressed as linear combinations of a set of spectral signatures is at the heart of sparse
unmizing (SU). The LMM mentioned previously constitutes the starting point for

any sparse regression method:

y=Ma+n (2.61)

where as before dimensions for the spectra observed in each pixel are y € R5,
and constituents are made up of the material matrix is M € RB*P_ the fractional
abundances a € RP, and the noise term n € R”, with B representing the number
of spectral bands depending on the measuring instrument, and p the number of
endmembers or materials. As mentioned previously equation is assumed to
apply for all N observed pixels.
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Fig. 2.36: Finding which columns in dictionary A are active in the image is a

combinatorial problem, source: Bieniarz [3]

In constrast, the SU process uses available libraries, also known as dictionaries
in SU jargon, which are known in advance. The availability of prior information
thus makes it possible to circumvent the classic endmember extraction methods.
Therefore we can rewrite the classic LMM model for the SU problem as follows, also
illustrated in figure [2.36

y=Ax+n (2.62)

where the dimensions are:

the observed spectra for each pixel are y € R? as before;

e the prior known dictionary of material spectral signatures collected on ground
is A € RBxm.

e the fractional abundances related to library A are denoted as & € R™;
e the noise term n € R7;
e B representing the number of spectral bands depending as above;

e and m is now the number of spectral signatures in library A. In general
m > B.



2.4 Sparse Unmixing 63

e Equation (2.62) applies for all N observed pixels.

The SU process aims at finding the optimal subset of signatures available a pri-
ort in a library A that can best model each pixel in a scene. In practice however,
firstly the library can be potentially large, i.e. m > B, and the SU problem combi-
natorial problem which is NP hard, requiring efficient linear sparse regression (SR)
techniques based on sparsity-inducing regularizers, similar to the description of the
SPICE algorithm above.

The sparsity concept follows the same principles as compressed sensing [46], [44],
[90], [8], which states that sparse signals are composed of a very small number of
participating endmembers compared with the growing dimensionality and availabil-
ity of spectral libraries [47]. Thus mixed pixels can be “compressed” down to linear
combinations of just a few endmembers, call this very small amount k. Linear sparse
regression algorithms are strongly linked to compressed sensing algorithms, and the
direct application of compressive sensing to the spectral unmixing problem is an
active area of research [93], [94], [95], [96].

2.4.3 Advantages of Sparse Regression over Classical Approaches

The practical issues with classical endmember extraction algorithms mentioned in
the earlier sections of this paper, such as PPI, N-FINDR, OSP, VCA, are as follows

according to Iordache [9]:

e Due to the low spatial resolution of the sensor, the classic algorithms may not
be able to separate the different pure signatures well enough at macroscopic
level, which may result in composites of individual pure spectra that occupy
a pixel jointly. Thus the fractional abundances will not be correct since the

endmembers may not be completely pure.

e Intimately mixed pixels can also appear as distinct materials, even though they
are highly mixed at a microscopic level, independent of the spatial resolution
of the sensor. Extracting the materials purely based on the image cannot

accurately characterize intimate mixtures.

e The more advanced minimum volume techniques mentioned earlier such as
MVSA/SISAL, SPICE, CCA, etc., have the necessary condition for p — 1
spectral vectors to be present on each facet of the simplex. This condition

is very likely to fail for highly mixed pixels, and thus generating artificial
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endmembers without physically meaningful spectral signatures associated to

true materials.

e Sparse regression methods are more efficient in that they reduce the whole
unmixing process to finding the optimal subset of spectral signatures in an
available library. Thus the tedious process of extracting endmembers and its

requirement of pure pixels in the data is no longer required.

2.4.4 Drawbacks of Sparse Unmixing

Naturally there are drawbacks to the attractive sparse unmixing methodology, and

the following are the potential issues according to Iordache [9]:

e The spectral signatures in a library are rarely acquired under the same con-
ditions as the airborne or satellite data. Conversely, image endmembers ex-
tracted via classic methods have the advantage of being at the same scale as
the image data. Image endmembers may not be present in the library, and
thus atmospheric correction is necessary. Sparse unmixing methods assume
that the input data has been already converted from radiance to reflectance,

and thus the atmospheric effect is removed.

e To obtain sparse solutions for undetermined systems it requires spectral sig-
natures with low coherence, i.e. low correlation [41], [45]. Unfortunately in
practice, spectral signatures are highly correlated. Fortunately, the number of
materials participating in a hyperspectral scene is usually less than 20, and
even more importantly, the number of materials participating in mixed pixels
usually amounts to maximum 4 or 5 endmembers [47]. Thus the high sparse
nature of hyperspectral signals mitigates the high correlation of hyperspectral

libraries.

e The undetermined systems need to be solved as optimization problems with
non-smooth terms [97] which cannot make use of gradient or Newton type of
methods. These complex optimization problems need to be solved via fast
alternating direction algorithms based on the augmented Lagrangian method
of multipliers [98].

2.4.5 Sparse Regression Reformulation of the Unmixing Problem

Iordache [9] and Bioucas-Dias [5] reformulate the classic problem of unmixing the

linear spectral model (2.62)) as a semisupervised sparse regression (SR) optimization
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problem. We assume that the available spectral library contains a potentially large
number of spectral signatures a priori, which we no longer have to extract or gen-

erate from the original hyperspectral data via geometrical algorithms.

Problem becomes a searching problem for the optimal subset of endmem-
bers in a given library A € RB*™ that best describe the original signal, where the
library matrix A is undetermined due to B < m. Ideally, the search for the optimal
number of nonzero components is performed using the [p-norm since by definition

E| it finds the number of nonzero components in a signal, i.e. the sparsity of the signal.

Firstly, using the least squares approach, we can attempt to solve problem (|2.62))

by minimizing the reconstruction error:

& = argmin ||Az — y||3 stz >0, (2.63)
xr

where for each pixel in the original image with spectrum y € RE, the vector
x € R™ represents the fractional abundances related to library A € REX™_ which
should be nonnegative to make physical sense. The underdetermined system
does not have a unique solution, and the solutions x are not sparse due to the

“round” shape of the ls-ball.

To take sparsity in consideration we need to regularize this problem by introduc-
ing Lagrange multipliers[98] to penalize the number of nonzero elements of x, thus
we get the regularized form of problem ([2.63) :

1
& = argmin §HA:IJ — |3+ Alzl]lo st.:ax =0, (2.64)
X

where the fractional abundance vector & € R™ is assumed to be k-sparse, i.e.
it has at most k nonzero components, and in theory, the lp-norm should return a

number no larger than k.

But we do not know in advance how sparse vector x is. Thus we can alternatively
make the [g-norm as the condition that the reconstruction error is subjected to:
& = argmin | Az — y|3 s.t.: ||z]jo < €, x = 0, (2.65)
€T

However, problem (2.65)) limits the number of nonzero elements. How do we

know that we won’t be missing out on nonzero components if the threshold ¢y is set

2 The Lo-norm is also known as the “nonzero counting norm” in compressed sensing jargon, see
Donoho’s definition in [44].
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too small? Also the geometry of the [s-ball is a sphere in three dimensions, and a
disk in two dimensions. Finding the minimum Euclidean distance does not line up

with finding sparsity.

Thus Tordache and Bioucas-Dias reformulate the SR problem with the lg-norm
as the objective function, since this is what we are seeking in the first place, i.e. the

sparsity of x:

& = argmin ||z|jo s.t.: ||[Az —y[3 <5, x>0, (2.66)
X

The error tolerance parameter 6 > 0 may be due to noise and modeling errors.
The solution of the (m — 1)-probability simplex satisfies the error tolerance inequal-
ity || Az — g3 <.

Note that even though problem is what we would ideally like to solve, this
presents a combinatorial problem with a nonconvex simplex [y- “ball” which is NP-
hard to solve [57]. Next we present various ways to tackle this problem according to
Iordache in [9]. The aim is to reformulate the SR unmixing problem into an “easier”

problem to solve.

2.4.6 Exact Solutions in the Absence of Noise

In the absence of noise vector n we look for unique solutions to the following problem:

(Py): @ =argmin|z|o st.: Az =y. (2.67)

If the columns of matrix A are independent and identically distributed (i.i.d.)
then spark(A) = m + 1 will guarantee a sparse unique solution  with the number
of nonzero elements k < B/2, where the spark of a matrix is defined as the smallest
k such that there exists a set of k linearly dependent columns of A. Note that
spark(A) < rank(A) + 1, [99]. Thus the spark could be used to obtain an estimate
for the sparsity k of vector @, however the spark is difficult to calculate for large

matrices.

An alternative would be to get a lower bound, spark(A) > 1+ 1/u(A), where
p(A) is the mutual coherence E] of A, i.e. the spectral angle difference between the

|a% a;]

3 Tordache’s definition [9] of mutual coherence: p(A) = maxi<i,j<m kj Taxlala:Ts"
- - 7 J
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columns of A. This measure also proves useless since the mutual coherence for hy-
perspectral libraries is very close to one [9]. Iordache suggests that we could use the
cumulative energy of the discrete cosine transform (DCT) coefficients of the library
as an estimate for the spark’s upper bound. Rather than attempting to estimate
the spark of library A, we adopt relaxed strategies for computing the solution for
problem (Fp). Iordache illustrates two strategies: pursuit algorithms and nonnega-

tive signals.

Since problem (Fp) is NP hard [57], we need to use greedy algorithms such as
orthogonal matching pursuit (OMP) and basis pursuit (BP) which look for minimum
of the lg-“balls” along the orthogonal basis vectors, i.e. it has to pick an optimal

axis in the illustration, which is very difficult.

Therefore the BP algorithm replaces the lg-norm in problem (Fy) with the [;-
norm as follows:
(P1): @ =argmin|z|; st.:Az=y. (2.68)
€T

Problem (P;) is solvable as it can be rewritten as a linear programming (LP)
problem, and solved using LP solvers, because the [;-“ball” is a convex simplex.
The convex shape of the [i-ball guarantees the solution will be through one of its

vertices, [90] .

The basis pursuit (BP) algorithm to solve problem (P;), under the tightest con-
straints ag and By > 0 in the inequalities agl|z|2 < || Az|l2 < Billxl2, ||x]o < k,
and o5 = 35,/a3, > 1 ensures a unique s-sparse solution assuming yo5 < 4v/2 — 3 ~
2.6569, [9]. Iordache states the BP algorithm solves (P;) faster and more efficiently
than the OMP algorithm solving (Fp).

Restating problem (Fy) as a nonnegative signals problem, we will see that this

enforces the ASC constraint indirectly:

(PF): &= arginin lzllo st:Axz=y, x>0. (2.69)

Tordache assumes that matrix A doesn’t contain any zero vectors as its columns,
then it is always possible to find a vector h ensuring the nonnegative constraint on

the spectral library:

hTA = w’ >0, (2.70)
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where all the components of vector w are nonnegative. We define diagonal matrix
W = diag(w) as a well defined matrix with positive diagonal entries, so that W~}
exists. Next we define z = Wa, ¢ = h'y, and D = AW ™!, then with a bit of

algebraic manipulation we obtain:

y=Ax — hly=h"Ax (2.71)
c=hTAlz (2.72)
c=hTAW W)z (2.73)
c=(hTAW (W) (2.74)
c=(w Wz (2.75)
c=17z. (2.76)
And similarly y = Az = (AW 1)(Wza) = Dz.
Thus problem (P(;r ) is rewritten equivalently as:
(POJF) : Z=argmin||z|lp st:Dz=y, 2>0, 1Tz=c (2.77)
z

Note that imposing the ANC constraint on the original problem enforces the
constraint 17z = ¢ which is strongly connected to the ASC constraint. In real
images the variability of signatures introduces positive scaling factors varying from
pixel to pixel. Thus the ASC should be replaced with a generalized ASC of the form
>.; &xi = 1, where the weights &; are the scale factors varying in each pixel. Since
the nonnegativity constraint implies the sum-to-one constraint indirectly, then we
don’t actually have to explicitly impose the ASC constraint in .

Problem (PO+ ) is similar to (F), meaning that it is NP hard, nonconvex and
impossible to solve for a general matrix A. Thus we consider /1-norm relaxation [9],

Candes’s miracle of higher dimensional geometry:

(PF): z= arg;nin |lz|li st:Dz=y, z>0. (2.78)

As above, with condition y9, < 4v/2 — 3 ~ 2.6569 applied to matrix D in prob-
lem (Pfr ) this ensures that any s-sparse solution of (Pgr ) is recovered by solving
problem (Pl+ ) via the BP algorithm.
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2.4.7 Approximate Solutions in the Presence of Noise

Reconsidering the original problem (FP) in the presence of noise perturbation n, we

tolerate noise by amount J to obtain:

(pg) . &= argmin x|y st Az —y|? <4 (2.79)
xr

The concept of uniqueness is now replaced by the concept of stability [9], where
a sparse vector solution @ satisfying the sparsity constraint o < (1 + 1/u(A))/2
such that ||Az — y||3 < 4, implies that every solution zj of problem (P) satisfies
the stability condition:

- 452
T 1 p(A)(2zo — 1)

As before we consider two relaxed strategies for computing the sparse solution
of (Pg).

|l — @ol|® (2.80)

Similarly to (Pp), problem (Pg) is NP hard. This can be approached via the
greedy OMP algorithm with stopping criteria |[Az — y||3 < §. It is more efficient
to use the BP algorithm by relaxing the lg-norm obtaining the convex basis pursuit

denoising (BPDN) optimization problem [91]:

(Pf) . &= argmin|z|; st |Az —y|? < 4. (2.81)
xr

The solution to (Pl‘S ) is computed using convex optimization methods, where the
sparsity and stability is provided by the condition || — || < 6, and § depends on
the restricted isometric constants ags and [og satisfying vos < 4v/2 — 3 ~ 2.6569.

As a nonnegative signals problem in the presence of noise, we can rewrite the
problem in the equivalent nonnegative form, similar to the (PO+ ) with the terms

transformed as above in ([2.77)):

(Pg+) . Z=argmin||z|o st.: |[[Dz—yl3<d, z>0, (2.82)
z

where vector h is chosen such that the nonnegative condition h” A > 0 holds.
Defining matrix D = AW !, where W = diag(h’ A). From linear system y =
Dz + n we obtain the ly-ball condition |n||3 = ||[Dz — y||3 < §, and we can rewrite
the previous summation constraint as 17z = ¢+ h”n. Thus the nonnegativity con-

straint imposes a soft constraint ||k’ n|% = |17z — ¢||3 < 6, since ||n||2 < 4.
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Similar to problem (PéS ), nonconvex problem (Pg +> is NP hard and impossible
to solve exactly for matrix A or nonnegative D. As before we consider l1-norm

relaxation:

(Pfs‘*‘) . Z=argmin||z|; st: |[|[Dz—yl3<5, z>0, (2.83)
z

which also has to satisfy sparsity condition 72, < 4v/2 — 3 & 2.6569 applied to
the restricted isometric constants of matrix D, which ensures stability of convex
problem (Pf“').

2.4.8 Sparse Unmixing by Variable Splitting and Augmented
Lagrangian

All the problems in the previous section be rewritten in their equivalent Lagrangian
formulation, [I00]. For example, problem (Pl‘S +) can be rewritten for an appropriate

choice of regularization parameter A\ as follows:

1
& = argmin §|\Am —yl3+ A|x]; st: x>0 (2.84)
X

Even though problem is convex, it is non-differentiable and cannot be
easily solved, [18]. The ASC forces the non-negative abundance coefficients to have
a constant sum. Thus the l1-norm for abundance vector x is constant and cannot
be minimized without breaking the ASC.

This problem can be solved efficiently without the ASC using proximal meth-
ods [I01], such as the alternating direction method of multipliers (ADMM), [102].
The ADMM proximal methods are implemented in the Sparse Unmizing by Variable
Splitting and Augmented Lagrangian (SUnSAL) algorithm by Bioucas-Dias [98], and
his computation of the ADMM’s solution, presented in the next chapter, is based
on Eckstein and Bertsekas’s theorem [1| stating the convergence of ADMM, [103].

Eckstein and Bertsekas consider the following unconstrained problem:
& = argmin fi(x) + f2(Gx) (2.85)
€T

where £ € R™, f1 : R” - R, fo : RP - R, and G € RP*", Their theorem states:

Theorem 1 (Eckstein and Bertsekas, 1992). Let G have full column rank and
fi, fo be closed, proper, and convexr. Consider arbitrary p > 0 and ug, dg € RP.
Consider three sequences {xy € R", k = 0,1,...}, {ur, € R, k = 0,1,...}, and
{dp e RP, k. =0,1,...} that satisfy
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21 = argmin fi(@) + 5| G — wy — d 3 (2.86)
Wi = avgmin fo(w) + 5 Ganr — u — di3 (2.87)
dir1 = dy, — (GTp1 — Upt1). (2.88)

Then, if (2.85)) has a solution, the sequence {xy} converges to it; otherwise, at

least one of the sequences {uy} or {dy} diverges.

The idea behind the SUnSAL algorithm is that it forces a certain number of rows
of the abundance matrix X to be entirely zero, since there will be a lot of redundant
spectral signatures in the library that will not be present in any pixel of the scene.
The number of non-zero rows of the abundance matrix X has to be very small. The

reformulated sparse unmixing problem for the whole image is as follows:

N 1 U
X :argmln§||Y—AXH%—|—)\ZHmi||2 (2.89)
X ;
=1
where Y € REXN is the matrix of observed data, the library A € REX™ and
the abundance matrix X € R™* Y. Also we mentioned in section that the
Frobenius norm is more efficient to compute for matrices rather than the natural

norms.

The term ) ;" ||;||]2 can be seen as the /;-norm of a m-dimensional vector
containinig in each entry the lo-norm of the abundance coefficients for a pixel. This
penalty term can be interpreted as the mixed [, ;-norm as defined in equation ,
section giving us the “collaborative” sparsity penalty lo1-norm:

1/2
m N /

2
”XH2,1 = Z e (2.90)
1

i=1 \j=
which is basically the sum of Euclidean norms of abundance matrix columns. This

helps us rewrite the optimization problem for the SUnSAL algorithm as follows:

5 1
X :argminiHY—AXH%—i-/\HXHm (2.91)
X

The SUnSAL generates piecewise smooth abundance maps, and with SNR >

20 dB we obtain visually meaningful abundance maps, [18].



2.5 Summary of Theoretical Background 72

2.5 Summary of Theoretical Background

In this chapter we have presented a broad introduction to image spectroscopy, the
linear mixing model, the hyperspectral unmixing processing chain, and focused on
geometrical unmixing methods to extract endmembers, and sparse unmixing meth-
ods which solve the inverse problem without the need for endmember extraction.

The following are the main points to be digested from this chapter:

e Atmospheric correction of the raw radiance is necessary, as spectral libraries

collected on the ground will not match remotely sensed data exactly.

e Dimension reduction is beneficial in terms of efficient computation and data
storage. It also makes it easier to process data projected on the lower-dimensional

subspace.

e The LMM finds limited use for images where pixels are intimately mixed or
there are obstructions on the ground. However the LMM does well for most

real scenes in practice.

e Geometrical endmember extraction algorithms are prone to erroneous end-
member estimation, however these algorithms are still in common use in the
industry. Sparse coding and the increased availability of spectral libraries from
USGS and NASA, will probably impact the use of geometrical endmember ex-

traction algorithms in the near future.

e FCLS is the common method of solving the inverse problem, however it does
not account for sparse solutions. Thus sparse unmixing methods such as SUn-

SAL are becoming increasingly popular.



Chapter 3

Computer Aided Modeling

In the previous sections we listed a set of optimization problems aimed at computing
exact and approximate solutions to the hyperspectral SR unmixing problem, which
all depend on the availability of spectral libraries. This research report presents
sparse unmixing algorithms in detail. Each of the SR algorithms addresses specific

problems specified above.

To illustrate these concepts briefly, the popular greedy OMP algorithm is tailored
to lp-norm minimization problems such as (Pd") and (Pg"'). The BP and BPDN
algorithms introduced by Bioucas-Dias et al [98], compute approximations to the
[1-norm minimization problems, which are constrained sparse unmizing algorithms
via variable splitting and augmented Lagrangian (CSUnSAL). Thus the CSUnSAL
algorithm variations are aimed at linear problems (P;) and (P1+ ), and quadratic
problems (Pf) and (Pf+), which are tailored to hyperspectral applications with
hundreds of thousands or even millions of spectral vectors to unmix [9]. As for
unconstrained sparse unmixing, BP and BPDN algorithms fall under the SUnSAL
algorithms category. All constrained sparse unmixing problems (P;), (Pl+ ), (Pf)
and (P{H) can be converted to equivalent unconstrained versions by minimizing
the respective Lagrangian. These become least squares (LS) models with [j-norm

regularizers, for example problem (Pf ) can be rewritten in its equivalent form as:

. 1
a::argmln§||A:c—y||%+)\|\:1:||1. (3.1)
€T

Iordache also makes use of the iterative spectral mizture analysis (ISMA) to
solve the unconstrained spectral unmixing problem (2.62)). ISMA [104] is an itera-
tive method which finds the optimal endmember set by analyzing the change in the
root-mean-square error (rmse) after reconstructing the original scene using estimated
fractional abundances. Bioucas-Dias also proposed the two-step iterative shrinkage /
thresholding (TwIST) algorithm [105] which also solves the unconstrained optimiza-

tion problem iteratively, combining the linear mixture model with a nonquadratic
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regularizer. We will not be considering ISMA and TwIST in this report.

Improvements to these types of algorithms have been made by efficiently prun-
ing the spectral libraries [106], spatial-spectral unmixing with total variance (TV)

regularizes [I07], parallel high performance computing [108], and many more [109].

In this research report, we only consider geometrically-based endmember extrac-
tion algorithms such as PPI, N-FINDR, SISAL and VCA, and the sparse regression
algorithms OMP and SUnSAL (based on ADMM).

3.1 Data Simulation

Firstly we select a spectral library A from the following choices:
1. A; = randn(B, m), randomly generated normal i.i.d values;
2. Ay = rand(B,m), randomly generated uniformly i.i.d. values;
3. As = USGS 1995 spectral library;
4. Ay = USGS 1995 spectral library pruned by 3°;
5. Aj = artificial Cuprite image to contain only k endmembers;
6. Ag = artificial terrain image to contain only k£ endmembers;

where “i.i.d.” stands for independent and identically distributed, B is the number
of bands, m is the number of materials. Function randn() draws from the Gaussian
distribution, while function rand() draws from uniform distribution. We keep the

naming convention of the majority of these function as they are named in MATLAB.

The USGS libraries were downloaded from Bioucas-Dias’s hyperspectral unmix-
ing overview available on his publications web page by searching for paper [5] and
clicking the “MATLAB code” link. José Bioucas-Dias has pruned the USGS 1995
library to contain only endmembers with a specified angle difference between, en-
suring some independence between the spectral signatures. The Cuprite and terrain
images are available in the same “datasets” folder from Bioucas-Dias’s publication
[5]. We performed endmember extraction using the N-FINDR algorithm and only

selected k& endmembers.


http://www.lx.it.pt/~bioucas/publications.html
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Algorithm 1 Simulating data
Inputs:

A is the selected library;

ke {2,3,4,...,20} is the sparsity, i.e. number of endmembers
present in a scene;

SNR € {20,30,40,50} given in decibels (dB);

N is the number of pixels in image, i.e. number of rows X
number of columns;

B is the number of spectral bands;

m is the number of materials in library;

toy € {true, false} i.e. whether to permute k endmembers;

s is the library choice selected;
Initialize:

X <+ 0,,xn, ie. m x N matrix of zeros;
if s € {6,7} then
Y ¢« reshape(I4, N, B), where I, is the 3D artificial image, i.e. Y € RVXE;
X < reshape(X 4, N,m), where X4 is the 3D abundance map, i.e. X €
RNxm;
else
if toy == true then
indices <— randperm(m);
sparse < indices(y.;}, i.e. chose the same k endmembers for each pixel;
X {sparse;} Dir(1x, N)T, ie. k sparse entries summing to 1, and 0’s
elsewhere;
else
for i =1to N do
indices < randperm(m);
sparse < indices(y.;y, different permutation for each pixel;
X (sparse,1} < Dir(1y, 1)T
end for
end if
end if
o \/HASXH%/(B x N x 105NE/10) noise standard deviation;
£ < 0 X randn, generate noise matrix;

Y = A, X + &, artificial data according to LMM (2.12)) ;

where Dir(A,d) is a custom function written by Bioucas-Dias to draw random
numbers from the Dirichlet distribution, where parameters A € R"*" or A € R™"*¢

if dimension d is given. Each returned column sums to 1, hence the transpose.
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The method of generating the abundance matrix is exactly according to the way
Bioucas-Dias generates it. The addition of toy # true scenario is my own contribu-

tion.

The noise calculation by Bioucas-Dias results from solving for £ in the following

equation, where SNR is given in decibels:
10NE0 — || A X | 3/ €] (32)

where the Frobenius norm was give by equation ([2.10]) in section m

The artificial data Y generated in algorithm |1| uses the LMM (2.12)) specified in
chapter with the selected library as input. The abundances map X comes in

handy for validating unmixing results.

3.2 Algorithms

This section provides the pseudo code for unmixing algorithms used in this re-
port. The majority of these algorithms have been implemented by Bioucas-Dias for
MATLAB, all code available at http://www.lx.it.pt/ bioucas/code.htm based on his
publications. The other authors have been credited in the following sections. The
literature background for each of the following algorithm has already been provided
in chapter Supplementary details and explanation have been provided below

where necessary.

3.2.1 Dimension Reduction

Signal subspace identification is an important first step in hyperspectral unmixing
as it enables correct dimensionality reduction, improves computational performance
and lowers complexity. Bioucas-Dias and Nascimento’s method of subspace identi-
fication employs a minimum mean-square error approach, which is based on eigen-

decomposition, it is unsupervised and fully-automatic. [110].

There are three steps implemented by Bioucas-Dias in MATLAB: (i) estimate
the noise present in the signal; (ii) identify the lower-dimensional subspace to project

the signal on; and (iii) carry out an affine projection to ensure the projected signal


http://www.lx.it.pt/~bioucas/code.htm
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does not suffer from rotation or scaling effects.

Signal Noise Estimation

First we estimate the noise matrix. The inputs are the 2-D signal Y € RE*N B is

the number of spectral bands, and N is the total number of pixels.

Algorithm 2 Noise Estimation [110]
1: Inputs:
Y = [y1,y2,...,yYn], where Y € REXV;

2: Initialize:
Z YT,
R+« (272);
R « R
3: fori =1to B do
4 B« ([R)o,0 — [R)o,i[R)i0,/[R)i;) [R]o,,, regression step;
5: éz —zi— Z&-Bia noise estimation;
6: end for
7

: return é

The output noise matrix of algorithmis é € RV*B  whereas the symbol [R] 95,0
denotes the matrix obtained from R < (ZTZ) by deleting the i*h row and ‘"
column. [R]; 5, denotes the i" row of [R]. 5, which has i column deleted, and

vice versa for [R]y, ;. Note the iterations are computed for each spectral band for

1 =1,..., B, where B is the number of spectral bands.

Subspace Identification

Bioucas-Dias [I10] makes frequent use of the hyperspectral signal subspace identi-
fication by minimum error (HySime) algorithm to identify the lower-dimensional
subspace, by selecting a subset of eigenvectors that best represents the signal sub-
space in the least squared error sense. This is achieved by optimizing the cost
function ([3.3)):

k

(5, fr) = argr:rnn {c + Z —eZ;Ryei]. + Zeg;l%neij } (3.3)

j=1
5,

where Ry and R, are the correlation matrices of the signal and noise, and e’s

are the eigenvectors of the estimated correlation matrix R,. The first variable op-
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timized is § = [d1,...,0p] which has elements 0; = Z]- (—eiTijeij + ZGiTjRnei].>,
and ¢ = 1,..., B. The summation in (3.3)) is performed for k elements, the number
of eigenvectors from the eigen-decomposition of R,. Sorting the cost vector § in

ascending order we store the optimal permutation in 7r.

Algorithm 3 HySime [110)]
Inputs:
Y = [y1,¥2,...,yn] and V= RNXB;

£ the B x N estimated noise matrix from Algorithm
2: Initialize:

R,+ (YYT)/N;

R, NS, (&€]):
R, < 1/NY, ((yz - éz) (yi - EZ)T>,
E « [ey,...,ep] eigenvectors given by svd (Rx),

4: & < [01,...,0p] where §; = Z?Zl <—eg;f2yeij + 2e£Rnei].) in (3.3));
<3,ﬁ') = Sort (9), sort ¢; ascending, save permutation 7;

6: k < number of terms 51 < 0;
return E = [egl, .. ,e;ﬁ] € RV*F and k is the sparsity estimate.
k

The inputs are the spectral data and the noise estimate matrix from algorithm [2|
The sample correlation matrix IA%y, the noise correlation matrix I%n, and the signal
correlation matrix R, are calculated next. The eigenvectors of the signal correlation
matrix are calculated next by function svd(), which in turn allows for calculating
terms d; based on the quadratic cost function . The last steps of algorithm
provide the minimisation of the cost function, and retrieve the signal subspace E

from k and 7.

Basis matrix E is used to project the hyperspectral data onto the signal sub-
space: Y, = EETYT ¢ RN%k, Projected data Y, is input into the affine projection

algorithm next, to ensure that the sum-to-one constraint holds.

Affine Projection

The input signal is usually the signal projected on the lower-dimensional subspace
Y] = EETYT. Instead of the input the raw signal Y € REP*N  we use Y to denote

the lower dimensional Y, € RP*N . Bioucas-Dias mainly uses the projected signal
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Y.. Also see section for more details.

Algorithm 4 Affine Projection [62], implemented in [5]
Inputs:
Y = [y1, 92, ., yn] € RPN,
k the sparsity estimate from algorithm

projectionType € { “orthogonal”, “DPFT” }
Initialize:

w=1[p1,...,up]" where p; + 1/N > Yij, the mean
component;
u<+1/ (1Tu), where 1 is a B x 1 vector of ones;

pk;
3: if projectionType == “orthogonal” then

M = [p1,...,pN] where pj = p for each column j;
Y «Y - M;
6: Up — svds(YYT/N,p — 1), see svds explanation below;
Yp’ — ijTY, project signal onto RP~! subspace;
n1 — p— UpUg w, orthogonal components;
9: U, + [ﬁp, w1/ 25;1 [,LJ_iQ:|, p orthogonal directions;
i, < Upp, coordinates with respect to Up;
M’ =y, ..., ¢ ] where uﬁ_j = /| for each column j;
12: Y, « Y, + M’ lift up to R? subspace;
else[projection Type == “DPFT”]
U, < svds(YYT/N,p);
15: Yp — UpT Y, project signal onto RP subspace;
U — (Ugu)T Y;, perspective projection scaling factor;
Y, = [Yps»- -+ Ypy)s scaling yp,, < 9y, /0 for each column j;
18: end if

return Y, U,.

If we use the projected matrix Y,I = EETYT ¢ RN*k , then instead of spec-
tral dimension of B, we have the lower k. Algorithm M| also mentions the function
svds(A, p), which is MATLAB’s singular value decomposition and it returns only

the p largest singular values.

The projections onto a hyperplane, [5], are either orthogonal projections which
suffer rotation effects, or perspective (DPFT) projection which are affected by scal-
ing factor y/(y?u). The hyperplane in figure is defined by y"u = 1, and vector
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w is chosen such that y”u > 0. Affine projection does fix projection effects such as

rotation and scaling, and ensures the sum-to-one constraint.

observed spectral
vectors

a) orthogonal projection

b) perspective projection

Fig. 3.1: Orthogonal projection and DPFT projection, source: Bioucas-Dias [5]

3.2.2 Geometric Endmember Extraction Algorithms

In these classic unmixing algorithms one can input the original signal Y € REXN,

however Bioucas-Dias inputs the affinely projected signal Y € RPN These algo-

rithms have been discussed in detail in section 2.3.3

Pure Pixel Based Algorithms

The pizel purity index (PPI) algorithm developed by Boardman in [111],[112], has
been widely used in hyperspectral image analysis for endmember extraction mainly

due to its availability in the ENvironment for Visualizing Images (ENVI) software.

The PPI algorithm has a supervised nature [63], and requires the virtual dimen-
sionality to be given, i.e. the number of endmembers to extract. Noise-whitening
and dimensionality reduction are normally applied prior using MNF or PCA, see

section [2.3.1] Bioucas-Dias applies HySime and affine projection instead.

A pixel purity score is calculated for each pixel in the data cube. Using a random
generator we produce a sufficiently large set of “skewers” to project the sample data
onto. All the samples are projected onto the skewers, and the ones falling at the
extremes of the skewers are counted. This process is repeated many times, and the

pixels with the number of votes above a cut-off threshold are considered “pure”.


https://www.harrisgeospatial.com/docs/using_envi_Home.html
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This is the very reason why we call these “pure” pixels the “endmembers”,

because that sit at the ends of the skewers.

Algorithm 5 Pixel Purity Index [IT1], implemented by Greg Isaac
Inputs:

Y € RPXV,

q is the number of endmembers to extract;

s is the number of “skewer” vectors to project data on;
Initialize:

m= [Mh e ,,UB]T where p; + 1/N Zj Yiji
Y = [91,...,Yn], where g; < y; — p;
S < randn(p, s), generate normally distributed skewers;

v < 0, N x 1 vector of votes;
for Kk =1toqdo

4: Y* ‘ssz}, project all data onto skewer s, € S
J max(Y;), index of max correlation;
v; 5+ 1, update votes;
end for
8: Sort votes v in descending order of votes;
¥ < subset indices for the highest ¢ votes;
M <Y ; subset of original matrix with highest votes;

return M.

The output matrix M contains only the signatures for the pixels assumed to be

pure, i.e. the material signatures. However this is not always valid in practice.

Near Pure Pixel Based Algorithms

A more realistic approach to geometrically unmixing hyperspectral data is Win-
ter’s popular N-FINDR algorithm, [54], [64], which evaluates the likelihood of each
pixel being pure or nearly pure by “inflating” the volume of a simplex inside the

data and evaluates if each pixel is located on a vertex of simplex or near the extrema.

N-FINDR needs to start off with a MNF transformation, and requires to know
the number of endmembers to be extracted in order to build the simplex volume
encapsulating the data cloud. The simplex volume is refined at every iteration, by
calculating a trial volume by trying to place each pixel in all the endmember posi-

tions, until an optimal volume is found.


https://github.com/isaacgerg/matlabHyperspectralToolbox
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Algorithm 6 N-FINDR [54], implemented in [5]
Inputs:
Y € RBXN,

p the number of endmembers to find;
Initialize:

n = [,Ul, - ,,UB]T where p; + 1/N Z], Yij;
R <+ YYT/N, correlation matrix;
Y+~ R- MMT, covariance;

U < svds(X,p — 1), orthogonal basis;

Y = [§1,...,9n] where Y; = y1 — p for each j;

Y, 1+ U TY, project zero-mean data onto (p — 1) subspace;
s + p-randomly selected indices out of N permuations;

Y, = [1;Y,_1], where 1 is a 1 x N vector of ones, Y, € RP*V;
M <« subset of Y}, with indices in set s, and M € RP*P;

v < 0, initialise volume;
fori=p+1to N do

y < random column from Y),, index not in subset s;
5: for j = 1topdo
M* + M:;
M:’fj < vy, i.e. try pixel y in each endmember position;
v}« |det{M"}|;
end for
10: {v*,7} + max(v*), i.e. max value v* and corresponding index j;
if v <v* then
M:j. + y, i.e. found an endmember;
v V¥
update index set s with optimal position 7;
15: end if
end for
Y « UY,, project back to original dimensions;
Y = [41,...,9n], where Y~y +p
M + subset Ys with all updated indices;
20: return M.

We adopt Bioucas-Dias’s methodology of inputting the dimension-reduced affinely
projected Y, € RP*N in N-FINDR. Alternatively, one can input the raw signal
Y € RB*N_ The motivation for the dimension-reduced signal is more efficient com-
putation. The output is the estimated materials matrix M. Next we consider

Nascimento and Bioucas-Dias’s vertex component analysis (VCA) algorithm [50].
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Algorithm 7 Vertex Component Analysis [50], implemented in [5]

12:

18:

24:

30:

Inputs:
Y € REBXN,
p the number of endmembers to find;

SNR the signal-to-noise ratio in decibels;
Initialize:

SNRy, = 15 4 101log;o(p) dB, threshold to decide projection;
if SNR > SNRy, then

d < p, dimension for orthogonal projection;

U, + svds(Y,d);

X UgY, projection d-dimension subspace;

p= [, pa)” where p; < 1/N 37, a5

[Y].; « [X]:,j/([X]Tju), perspective projection;
else

d < p — 1, dimension for orthogonal projection;

R <+ YYT/N, correlation;

p=[u1,. .., pB]" where p; < 1/N 3 yij;

3« R — pu” p, covariance;

Uy < svds(X,d);

[X].; « UI(Y.; — p), project the zero-mean data on subspace;

C < argmax;_j N 1[XT: 51

c=[c1,c2,...,cnN], where ¢j < c for each j;
Y « [X;d;
end if
A = [a1,as,...,a,] is a p x p auxiliary matrix, where a; = [0,...,0,1]7 and

a; =1[0,...,0/T for j=2,....p;
for : = 1topdo
w < randn(0, I,,), i.e. a zero-mean random Gaussian vector of cov. Ip;
f <+ (w— AATw)/||w — AATw||, where AT is the pseudoinverse of A, and
vector f is orthonormal to the subspace spanned by A;
v fof;
k « argmax; |v|, find projection extreme;
[indices]; < k, stores pixel index;
[Ali « [Y]a5
end for
if SNR > SNRy, then
M  Uy[X): indices;
else
M « U4[X]. indices + 1;
end if

return M is the B x p estimated mixing matrix.
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VCA assumes that endmembers are the vertices of a simplex, and that the affine
transformation of a simplex is also a simplex, [50].This unsupervised algorithm iter-
atively projects data onto a direction orthogonal to the subspace spanned by end-
members already found. The newly found endmember should correspond to a vertex
of the simplex being optimised. VCA performs better than PPI and comparable to
N-FINDR, [50].

The first decision the VCA algorithm makes is if SNR > SNRy;, in order to de-
cide whether to project the data onto a subspace of dimension p or p — 1. Next the

projections avoid numerical erros.

The auxiliary matrix A stores the projection of the estimated endmembers. For
each iteration, the vector f is orthonormal to the space spanned by the auxiliary
matrix, and tries to find the extremes of projection v = fTY. Assuming that pure
pixels are located on the vertices, then this projection gives the indices of the pure
pixels. Their indices are stored, which are used in the end to select the columns of

the materials matrix.

Minimum Volume

The minimum volume simplex analysis (MVSA) algorithm [62] first identifies the
signal subspace, and then it applies perspective projection DPFT to obtain shifted
materials matrix My = [0, M].

The algorithm iteratively changes each facet one at a time, while holding the other
facets of the simplex fixed, such that the volume V(Mj) = ‘det(M )‘/ p! is mini-

mized, ensuring that all the spectral vectors belong to this simplex.

Bioucas-Dias presents the general MVSA algorithm in [5] as follows:

fort=1,...,p—1

Mt = ar}gé,nin V(M)
0

s.t. : facets(Mp) = facets(MY),
except for faceti = (t mod p)

st M7y =0, 17 My =1
fort=1,...,N
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To make sure the spectral vectors are in the simplex, the ANC and ASC con-
straints must be obeyed respectively, i.e. M ~ly; = 0 and 1ZM “ly; = 1 for

1 =1,...,p, where the symbol > means “greater than component wise”.

In SISAL [77], the positivity hard constraints are replaced by soft constraints
controlled by regularization parameters. For large values of the regularization pa-

rameter, the hard constraint is recovered.

The advantages of SISAL over MVSA, PPI, N-FINDR, etc. are as follows: (i)
robustness to outliers and noise, which improves greatly on MVSA; (ii) robustness to
poor initialization for unbounded problems; (iii) handles large data problems better

than classic algorithms, especially where the pure pixel assumption fails.

This algorithm’s line of attack to solve hard non-convex optimization problems is
to solve a sequence of non-smooth convex subproblems. Firstly, SISAL uses variable
splitting to formulate the constraints, then applies the augmented Lagrangian tech-
nique, [I13]. This approach implements a faster and simpler alternate minimization

scheme.

For the linear mixing model with its constraints:

Y=MX, X=0 1/X=1 (3.4)

where it is assumed the number of endmembers p has been estimated and the
signal subspace has been identified beforehand. Thus the signal projected onto the
subspace is denoted by Y € RP*V the mixing matrix by M € RP*P, and the frac-
tional abundances map by X € RPN,

Given signal Y and estimated number of endmembers p as the inputs, the SISAL
algorithm aims to infer the mixing matrix M, and thereafter the abundances matrix
X, by fitting a minimum volume simplex to the data subject to constraints X > 0

and I;{X =1, based on Craig’s seminal work [62].
Bioucas-Dias formulates the optimization problem for equation ({3.4) as follows,
since the volume defined by the columns of the square matrix M is proportional to

|det{ M }|, in order to formulate the subproblems:

M* = argmin |det{M}|, s.t.:QY >0, 1ZQY =15 (3.5)
M
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where Q@ = M ~!. And since det{Q} = 1/ det{ M} and vice versa, problem ({3.5))

is replaced with:

Q" = argcrgnin —log |det{@Q}], s.t.:QY =0, 1§QY =1% (3.6)

where argming — log [det{Q}| is equivalent to argmaxg log |det{Q}|, i.e. min-
imising the mixing matrix’s volume is equivalent to maximising its inverse’s volume.
The constraints in problem define a convex set only if matrix Q is symmetric
and positive-definite, which doesn’t frequently hold in practice, and thus it cannot
find a global optima. The SISAL algorithm aims to find “good” sub-optimal solu-
tions [77], therefore the sum-to-one constraint ngY = 1% is simplified by letting
1ZQ = a” and post-multiplying each side of the ASC by Y© (YYT)f1 obtaining
al =15Y7T (YYT)_l. This simplification is necessary because vector 1% does not
belong to the null space of Y, and thus Bioucas-Dias rewrites problem as:

Q" = argcrznin —log |det{@Q}], s.t.:QY =0, 1gQ =a’ (3.7)

Lastly, problem (3.7) is modified as:

Q" = argmin —log [det{Q}| + A|QY ||, st.:1]Q=a’ (3.8)
Q

where || X ||, = >_;; h ([X]i;) and the hinge function h(z) = max{—z,0}. The
reqularizer term ||QY ||, penalizes the negative components of QY proportionally
to their mangitude controlled by regularization parameter A > 0, and thus imposing
a soft constraint instead of the hard non-negative constraint as before. This soft
constraint yields solutions which are robust to outlier, noise and poor initialization,

and can handle large scale problems.

Set an initial vector ¢ = vec(Q) to denote the stack of columns in matrix Q.
Rewriting problem (3.8 in the following manner:

q" = argmin f(q) + \|Agq||n, st:Bg=a (3.9)
q

where f(q) = —log|det{Q}|, A = YT @I and B = I ® lg. The operator
A ® B denotes the Kronecker Tensor Product, implemented in the MATLAB func-
tion kron(A, B). This problem is, however, non-convex. It is approximated by the

first convex subproblem by computing a descent sequence q for k =0, 1,....
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Algorithm 8 SISAL - initialization and constraints [77]
Inputs:
Y € RP*P;

K is the total number of iterations;

choose > 0, i.e. augmented Lagrangian regularizer parameter;

choose A > 0, i.e. Lagrangian multiplier;
Initialize:

Q < vca(Y), good initialization (see algorithm ;
qo <+ vec(Q), in MATLAB implemented as ¢ = Q(:);
A < xron(YT,I); B < kron(I, 15);
for k=0to K —1do
I < f(ar) + M| Agkl|n, evaluate objective function;
g + —vec(Q™1), the gradient of f(q);
Qi1 = argming 9" q + pllg — qil3 + A|Agl|n, s.t.: Bg = a, where f(q) is
replaced by quadratic approximation;
7 if f(QkJrl) + )\HAqurth > [ then
find ¢* + {agri1 + (1 —a)gr : 0 < a < 1} st f(q*) + MAG*||n < lg;
Qi1 < q°
end if
end for

return qg

The quadratic term ||g — gi||3 on the line computing g1, ensures that ||qx.1 —
qx||3 does not grow unbounded. The if statement starting on lines 7 ensures that the
objective function does not increase. In the next subprogram the variable splitting

augmented Lagrangians algorithm is introduced.

The optimization problem (3.9) of algorithm [8| is equivalent to the following

formulation [77]:

(q*,z%) = argmin E(q, z) (3.10)
q7z
= argming” q + ullq — gxl3 + Al = (3.11)
q7z
st.Bgq=a, Aq =z (3.12)

The variable g is split into the pair (g, z) in (3.10) and are linked through the
constraint Aq = z. Thus the augmented Lagrangian for this problem with respect

to the constraint Aq = z is as follows:
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‘C(qa Z, d7 T) = E(q7 Z) + aT(Aq - Z) + 7-||14q - ZH% (313)
=F(q,2) +7||Aq —z —d|3 + ¢ (3.14)
where vector « contains the Lagrange multipliers, vector d = —a/(27), and ¢

is an arbitrary constant. The augmented Lagrangian algorithm minimizes £ with

respect to (g, z), and updates a and d simultaneously:

Algorithm 9 SISAL - Variable Splitting with Augmented Lagrangian [77]
Inputs:

qo < q returned by algorithm

zo = vec(QY ), where Q < reshape(q,p,p);
ap = 0,2;

7 > 0, default 7 = 1 for soft constraint;

K number of iterations;
Initialize:

dy < a/(27);

for k=0to K —1do
(Qk+1, 2K41) < argming , £(q, z,dy, 7),s.t.: Bq = a;
diy1 < di — (AQrt1 — 2Zk+1);

end for

return (qx, z2K)

Note that the reshape(X,r,c) refers to the MATLAB function which can re-
shape a column vector back into 2-D matrix and vice versa.
Computing the sequence dy, in algorithm [9]is complex. Therefore, Bioucas-Dias pro-
posed the modification to algorithm [9] by alternating the optimization of the split
variables, based on Eckstein and Bertsekas’s theorem
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Algorithm 10 SISAL - Alternating Split with Augmented Lagrangian [77]
Inputs:

qo < q returned by algorithm

zp = vec(QY'), where Q < reshape(q,p,p);
op = 0p2;

7 > 0, default 7 = 1 for soft constraint;

K number of iterations;
Initialize:

do — ao/(QT);
for k=0to K —1do
Q1 < argming g7 q + 5llq — ai|3 + 51| Ag — 2 — di[l5,s.t.: Bg = a;
Zpy1  argming § || Agrr — 2 — dill3 + 2(|2(|n;
diy1 < diy1 — (AQrg1 — zi41);
end for

return (qg, z2K)

The solution gx+1 to the quadratic problem with linear constraints in the mod-
ified algorithm [10]is computed by Bioucas-Dias as follows:

@1 =F o - F'BY(BF'B")"Y(BF 'b - a) (3.15)

where
F=(ul +7ATA) (3.16)
b=puqy—g+1A" (2 +dy) (3.17)

The minimization with respect to z in algorithm[10]is basically solving the convex
hinge function ||z||;, which is achieved by applying a soft threshold function to the

negative part of its argument:

zZk+1 = soft_(Aqi1 — dp, p1u/T) (3.18)
where the function soft_ is a proximal operator defined in [77] as follows:
soft_(x, ) = (max{|e + /2| — 5/2,0})(x/|x|) (3.19)

For further details on proximal operators see Parikh and Boyds’s paper [101].
Algorithm [10] is faster than [9] and converges. Thus SISAL uses algorithm [I0] as the

augmented Lagrangian step.

Lastly, we obtain the estimated mixing matrix M with the following steps:
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Q = reshape(qxk,p,p) (3:20)
M=Q"! (3.21)
M =U,M (3.22)

3.2.3 Sparse Unmixing Algorithms

Sparsity-based hyperspectral unmixing algorithms estimate abundance maps in the
presence of over-complete spectral dictionaries, [9]. Thus we bypass the endmember
extraction process, and we use a given dictionary a priori. Note that these methods
are highly dependent on the mutual coherence of the dictionary and the dictionary’s

spectra is rarely acquired with the same conditions in this field.

Sparse unmixing methods make use of the fact that there is a very small number
of endmembers making up a pixel compared to the large number of endmembers in
a spectral library, [9]. Thus the abundance vector to be estimated for each pixel has

only a few non-zero elements and thus is sparse.

Greedy algorithms such as the OMP have been used to unmix sparse data.
Since the developments in sparse unmixing pioneered by Iordache, Bioucas-Dias
and Plaza, the application of [;-minimization in BP and BPDN algorithms with
modified ADMM have gained popularity, [I14]. These gave rise to the SUnSAL

algorithm and its variations presented next.

Greedy Algorithms

Problem (P(T ) described in section can be solved by the classic orthogonal
matching pursuit (OMP) algorithm. The following pseudo-code is provided by Ior-
dache in his Ph.D. thesis [16], which is based directly on Bruckenstein, Donoho and
Elad’s algorithm [97]. This is a greedy algorithm commonly used in compressive
sensing, where it adds a new index to the target support (see section and up-
dates the target abundance vector as it best fits the measurements, i.e. minimizes

the residual y — Ax;.

Note that the OMP algorithm computes the abundance vector & for one pixel
y € Y at a time. The iterations for each pixel terminate once the residual is below
a pre-specified threshold 7T'. In Stephen Becker’s implementation [115], the sparsity
estimate k is used to iterate through the OMP algorithm, instead of a threshold.
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Algorithm 11 Orthogonal Matching Pursuit [16], implemented by Stephen Becker
Inputs:
y € RY;
A € RBX™_ given dictionary;

T, i.e. threshold for stopping iteration;
Initialize:

1< 0;
xo < 0,, initial solution;
7o < vy, initial residual;

Ay < 0, initial support matrix;
while ||r;[|3 < T do

11+ 1;

inder <+ argmin; i, [[Axzi—1 — ri—1]|3, where A; is the k™ column of
dictionary Ayg;

A; < A;_1 U {index}, update support;

« |1AA, T — y||3, update solution;

x; < argmin
r; < y — Ax;, update residual;
end while

10: return x;.

The OMP algorithm can recover a k-sparse solution in k iterations. This is
possible because the OMP selects one column from dictionary A which is the most
correlated with the residual r, and adds it to the set of columns A. As mentioned
above, instead of using a threshold to terminate iterations, Becker actually replaces
the while loop in pseudocode [11] with a for loop iterating k times in his implemen-
tation. Subsequently the solution x is updated solving the least squares problem

using the constructed A, and calculating a new residual for the following iteration.

OMP is limited in that it depends on the independence of the dictionaries
columns, which is not always the case. Thus the OMP might select the wrong
columns because of the high mutual coherence of the columns, and the recovered

sparsity will not be correct.

The next algorithm we consider is Needell and Tropp’s compressive sampling
matching pursuit (CoSaMP), [116], that overcomes the problem of OMP not always
being able to recover sparsity k. It also uses hard thresholding by keeping the abso-
lute abundance values, while forcing the very small fractional abundances to be 0.
The CoSaMP requires the sparsity estimate p, and it is advised to overestimate the

sparsity, [40].


https://www.mathworks.com/matlabcentral/fileexchange/32402-cosamp-and-omp-for-sparse-recovery
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Algorithm 12 Compressed Sampling Matching Pursuit [I16], implemented by

Stephen Becker
Inputs:
y € RY;
A € RBX™_ given dictionary;

s, the sparsity level, i.e. the stopping criterion;
Initialize:

xg < 0, initial solution;

79 < vy, initial residual;
for k=1to s—1do

v« ATr,_,, signal proxy;

Q < supp(v2s), identify large components, see section [2.2.1}

A < QU supp(xk—_1) , merge supports;

by « argmin, {||y — Az||3, supp(z) C A}

@ + Hg(by), where Hy is the hard thresholding operator that keeps the s
largest absolute entries an sets the others to 0;

T < y — Axy, update residual;
end for

11: return xy.

Alternating Direction Method of Multipliers

Bioucas-Dias’s alternating direction method of multipiers (ADMM) algorithm [98]
is based on Eckstein and Bertsekas’s theorem of convergence [ considering problem

(12.85)):

Algorithm 13 Alternating Direction Method of Multipliers [98]
Inputs:
x € R", G € RP*"™;

Initialize:

k < 0, choose u > 0, ug and dy;

repeat
Tj11 < argming fi(x) + 5||Gz — uy, — di||3, where function f; : R" — R;
upt1  argmin,, fo(u) + §||Gori1 — u — di |3, where function fp : R? — R;
dpi1 < dy — (GTpi1 — Upy1);
k+—k+1;

until stopping criterion is satisfied.



https://www.mathworks.com/matlabcentral/fileexchange/32402-cosamp-and-omp-for-sparse-recovery
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Next, the ADMM algorithm is customised to fit the various problems that were
presented in section [2.4.5] which are based on the basis pursuit (BP) algorithm and
variations of ADMM.

3.2.4 ADMM CSR: The SUnSAL Algorithm
The general constrained sparse regression (CSR) optimization problem (P{H) in
(2.83) written in the equivalent form ([2.84)), [98]:
. 1
& = argmin 5|]Ax—y\|%+)\HxH1 + trr () (3.23)
x

where 1g is the indicator function of the set S (i.e. tg(x) = 0 if x € S, and
ts(x) = oo if @ ¢ S) which enforces the non-negativity constraint. The regu-
larization term ||z||; penalizes non-sparse solutions. Next we apply the following
translations to the ADMM algorithm

1

fi(z) = §HA$ - yH% (3.24)
fa(m) = Az[|1 + e () (3.25)
G=1 (3.26)

The first quadratic problem in the ADMM algorithm [13] has the following solu-

tion:

xp 1 = B lw (3.27)

where
B=ATA+1T (3.28)
w = ATy + w(ug + dy) (3.29)

The second quadratic problem in the ADMM is simplified to the following:

! A
Upy1 = argmin §||u—1/k|]§+ ;Hu”l + g () (3.30)
u

where v = xp1 — di. If the term LR (u) were absent, then the solution would be
the soft threshold function as defined (3.19)):

U1 = soft_ (v, A\/p) (3.31)

The ANC term tgn (u) gives the following solution:
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up41 = max{0,soft_(vg, A/u)} (3.32)

where the maximum function is applied component-wise.

Thus the following algorithm presents the ADMM algorithm for the CSR prob-
lem The general constrained sparse regression (CSR) optimization problem (Pl‘S +),
called the sparse unmizing by variable splitting and augmented Lagrangian (SUn-
SAL) algorithm by replacing the quadratic problems in the ADMM algorithm
with solutions (3.27) and (3.32):

Algorithm 14 SUnSAL [98]
Inputs:

ycRE, A cREX™ )\ >0;

Initialize:

k < 0, choose p > 0, ug and dp;
repeat

w — ATy + p(ug + dy);

B+ ATA+1T;

Tyl — B lw;

Vi < Tpy1 — dig

Up41 < max{0, soft_ (v, A\/p)};

di1 < di — (Th+1 — Upt1);

k< k+1;

until stopping criterion is satisfied.

According to Rockafellar’s definitions of convex analysis [I17], the cost function
(3.23) is proper, convex, lower semi-continuous, and coercive. The functions f; and
fo in (3.24) and (3.25)) are close, and G = I is full rank, thus theorem [l| can be

invoked to ensure the convergence of the SUnSAL algorithm.

CLS and FCLS Algorithms

In terms of least squares approximation, for the constrained least squares (CLS)

problem:

1
& = argmin §HA:C —y|l3 + try () (3.33)
T

simply input A = 0 in the SUnSAL algorithm
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For the fully constrained least squares (FCLS) problem:

. 1
£ = argmin §||A£B — |3+ L1} (lTw) + trr () (3.34)
X

where the term ¢y} (lT:I:) enforces the ASC 17z = 1.

In addition to setting A = 0 for FCLS, we have to modify the f; and f» functions,
and the step computing @1 which is linked to the ASC in the ADMM algorithm.
We apply the following translation table:

fila) = ¢ Az — gl + 10y (17) (3.35)
fg(iL‘) = LRﬁ (:13) (336)
G-=1 (3.37)

Therefore the solution for the quadratic problem in ADMM with A = 0, and
function (3.35) and (3.36]), is as follows:

zjp1 = B lw - CATBl'w - 1) (3.38)
where
B=ATA+uI (3.39)
Cc=B1'1(1"B'1)7! (3.40)
w = A"y + p(uy, + dy) (3.41)

The ANC term tgn (u) with input A = 0 gives the following simplified solution:

U1 = max{0, v} (3.42)

Therefore, taking into account the modifications above, (3.38]) and (3.42)), the
following shows the FCLS version of the SUnSAL algorithm:
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Algorithm 15 SUnSAL for FCLS [9§]
Inputs:
y € RB, A e RBX™;

Initialize:

k < 0, choose p > 0, ug and dy;
repeat

w — ATy + p(ug + dy);

B« AT A + uI,

C+ B '11"B 1)}

Tpy1 — B lw - C(1T"B 'w — 1);

Vi < Tpg1 — di;

Upt1 < max{0, v };

diy1 < di, — (T — Upg1);

k< k+1;

until stopping criterion is satisfied.

Constrained Basis Pursuit Denoising

The constrained basis pursuit (CBP) problem (Pfr ) corresponds to the constrained
basis pursuit denoising (CBPDN) problem <P15+> by setting 6 = 0. Thus solving
the CBPDN problem automatically solves the CBP as well. The CBPDN problem
(P{H) is equivalent to the following formulation:

& = argmin |[z|[1 + tp(y,s) (Az) + trr () (3.43)

where the indicator function tp(, 5)(2) = {2 : ||z — y[|3 < 6} and B is the ball
closed around y with a radius §. We use the following definitions when applying
ADMM:

fi(z) =0 (3.44)
f2(w) = tp(y.s (1) + Aluzli + trr (u2) (3.45)
G=[AT1" (3.46)

where u = [uful]?. With these definitions, the solution to the quadratic prob-
lem in ADMM becomes:

xp 1 = B lw (3.47)

where
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B=ATA+1I (3.48)
w = AT(ULk + dl,k) + (U27k -+ d27k) (3.49)

The split variables w; and ue are decoupled and thus we have to solve two

separate problems:

1
U = argmin 5”“ - Vl,ng + [’B(y,J)(u) (3.50)
u
1 9 A
Uy = argmin o flu — o3 + —flull + oy (u) (3.51)
u 12
where
Vik = Awk+1 - de (352)
Vok = Tky1 — dok (3.53)

The solution for (3.50) is obtained by projecting onto the ball B(y,d):

vig, llvig—yl3 <6

ur k1 = ¥B(Y,0)(V1k) = _ (3.54)
Y+ b g~y > 6
The solution for the second decoupled variable is given by:
s g1 = max{0, 5oLt (4, A1)} (3.55)

The solutions (3.47), (3.54) and (3.55)) allow us to implement the constrained
SUnSAL (C-SUnSAL) algorithm for the CBPDN problem, by replacing the lines

concerned with the solutions for the quadratic problem in the ADMM algorithm.
The CBP problem is solved by simply setting § = 0 in the C-SUnSAL.
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Algorithm 16 C-SUnSAL[9§]
Inputs:
y € RB, A e RBX™;

Initialize:

k < 0, choose ;1 > 0, w19, di,0, U2, d2, and 6 > 0;
repeat

w < AT (uy g+ dyg) + (ug + dag);

B+ ATA+ 1T

Tp1 < B lw;

Uik & AT — dyg;

Uy 1 — VB(Y, 0) (V1 k);

Vo < Tyl — dak;

Ug k41 < max{0,soft_(vo i, A/p)};

dip1 < dip — (ATpy1 — g pg1);

dyjt1 < dog — (Tpy1 — U2 pq1);

k+k+1;

until stopping criterion is satisfied.

Bioucas-Dias’s sunsal() function custom-built for MATLAB [118], takes a num-
ber of parameters which sets up code to compute either the CSR, CLS, FCLS, BPDN

or CBPDN algorithms. In my experiments, I have used most of these settings.
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3.3 Summary of Algorithms

In summary, we provided pseudo-code to the following algorithms used in our ex-

periments:

e Our methodology of simulating artificial toy data and realistic toy data based
oni.i.d. dictionaries and USGS libraries, and artificial images based on Cuprite

and Terrain images.

e Dimension reduction techniques comprised of signal noise estimation, subspace

identification, and affine projection.

e Geometric endmember extraction algorithms based on the pure pixels assump-
tion, on the near-pure pixels assumption, and then minimum volume simplex

analysis.

e Sparse unmixing algorithms of greedy nature, and more importantly, the basis

pursuit algorithms based on the alternating Lagrangian method of multipliers.



Chapter 4

Experiment Results and

Comparative Analysis

We return to the main research questions laid out in chapter [1| which were:

e Which endmember extraction algorithm identifies the active sparse endmem-

bers the best? Is there a tradeoff in performance versus complexity?

e Do available spectral dictionaries perform better than image-extracted dictio-
naries in reconstructing the image? What is the optimal sparsity of signals
which are recoverable using hyperspectral libraries versus image-extracted dic-
tionaries? That is, for which sparsity & do obtain successful signal reconstruc-

tion.

e Which sparse unmixing algorithm achieves the most accurate reconstruction
on artificial toy data, realistic toy data, and on artificial images generated from

real images? What is the probability of success?

This chapter aims to answer these questions, in the order stated above. First, we
describe spectral libraries used in artificial data simulations and the limitations. The
performance discriminators are presented next. Next we answer the first research
question by analysing which endmember extraction algorithm (EEA) performed the
best. Then we compare spectral libraries versus image-extracted dictionaries, and
thus which is best suited for the sparse unmixing problem. Lastly we measure the
reconstruction accuracy for various data and how these data configurations affect

the unmixing.

Note that all the simulations were run in MATLAB R2018b on a machine with
Intel Core i7-6500U CPU at 2.50 GHz with 8 GB of RAM and 64-bit OS.
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4.1 Dictionaries used in Simulated Data Experiments

The dictionaries used in these experiments were specified earlier in section in a
general form. In this section we provide the specifications relevant to our simula-
tions. It is important to note, that we adopted Bioucas-Dias and Iordache’s testing
framework. This is based on the fact that even though the spectral library may have
hundreds of spectral signatures, an observed scene might only contain roughly 20
endmembers, and each pixel will contain even less, say 4 or 5 endmembers. The an-
alyst would choose an appropriate subset of this library, with some prior knowledge

of the scene being analysed.

This framework randomly selects 2 x k spectral signature subsets from a li-
brary that we load in MATLAB, given a predefined sparsity k£ € {2,3,...,20},
same as Bioucas-Dias selected double the sparsity & in his code. Thus the dic-
tionary subset used in our experiments would be in space REX(2%K) where B is
the number of spectral bands acquired. This subset enables testing scenarios to
be carried out faster. Here are the dictionaries used for simulating data, and for
sparse unmixing algorithms according to Bioucas-Dias’s demonstrations at the fol-
lowing links: http://www.lx.it.pt/ bioucas/code.htm/ and http://www.Ix.it.pt/ bi-

oucas/publications.html .

The dictionary specifications for our experiments are as follows:

i A} € R#24X(2xK) made of i.i.d. zero-mean components with variance of one
chosen from a Gaussian distribution, with the number of spectral bands pre-
specified to B = 224;

ii Ay € R224X(2¥k) made of i.i.d. components uniformly distributed in the interval

[0, 1], with the number of spectral bands pre-specified to B = 224;

iii Ag € R224X(2%k) i e randomly selected subset of 2 x k spectral signatures from
the USGS 1995 spectral library in R?24x498,

iv Ay € R24%(2xk) o, randomly selected subset of 2 x k spectral signatures from
the pruned USGS 1995 spectral library in R??4%342 where the angle between any
two different columns is larger than 3° to avoid signatures in USGS 1995 library

that some may correspond to very small variations of the same material;

v As € Rk is based on an artificial hyperspectral image of the mineral-rich
Cuprite site in Nevada acquired by AVIRIS in 1995. Bioucas-Dias removed the
low SNR bands from the initial 224, thus only keeping 188 bands, and cropped


http://www.lx.it.pt/~bioucas/code.htm
http://www.lx.it.pt/~bioucas/publications.html
http://www.lx.it.pt/~bioucas/publications.html
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the image to have 250 lines and 191 columns, see figure [{.1] For each simu-
lated dictionary instance, first we extract £ endmembers from the Bioucas-Dias’s
cropped and cleaned image using the N-FINDR algorithm, then we synthesise
the artificial image composed of only k endmembers, yet spatially correlated;

vi Ag € R165%F is based on an artificial Terrain hyperspectral image acquired by the
HYDICE sensor in 1993. Low SNR bands were also removed from the original
210 bands, thus leaving the image to contain only 166 band, see figure The
size of the terrain image has 500 lines and 307 columns. Each artificial dictionary

is made up of k endmembers obtained by the same method as for As.

where k € {2,3,...,20} for all of the above library subsets. Note that for As and
Ag we do not have to simulate image Y at every simulation, as it has already been

prepared in the step creating the artificial image.

Fig. 4.1: Cuprite image acquired by

AVIRIS, 1993. Fig. 4.2: Terrain image acquired by HY-

DICE, 1995

Libraries As and Ag contain the k extracted members via N-FINDR from the
Cuprite and Terrain images. These are the only libraries where endmembers are not
selected randomly from a distribution or from the available USGS library. These

mixing matrices are based solely on real images.
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Libray| Description | Number of | Number of | spark(A) u(A)
Bands B Spectra m | Upper bound

A ii.d. Gaussian | 224 440 223 0.27012
Ay i.id. Uniform | 224 440 222 0.82897
A3z USGS 224 498 15 0.99998
Ay USGS pruned | 224 342 16 0.99861
Aj Cuprite Image | 188 20 13 0.99989
Ag Terrain Image | 166 20 63 0.99951

Tab. 4.1: Mutual Coherence and Spark Estimates for Different Libraries

Table shows a quick analysis of the properties of each dictionary used in our
simulations. This analysis is put in context with the help of definitions and the
accompanying graphs to follow below. Note that since A5 and Ag are not proper
libraries, we extracted 20 endmembers for this example to represent the “spectral

libraries” for the Cuprite and Terrain images.

The spark(A) of a matrix was defined by Donoho and Elad [I19] as the smallest

number of linearly dependent columns of A, i.e.:
k(A) = min||d t.Ad=0 4.1
spark(A) = min|ld]o s (4.1)

In [9], Iordache explains that for noiseless data, the linear system y = Az is
expected to have a unique solution with non-zero entires ||x||o < spark(A)/2. For
independent and identically distributed dictionaries we expect the spark to be very
close to the number of spectral bands B, as the energy is spread fairly evenly over
all the wavelengths, on average. Iordache states that for i.i.d. libraries, the linear
system should have a unique solution with no more than B/2 non-zero entires with

a probability of 1.

Computing a solution for problem (4.1)) is a hard problem because of the lp-norm.
However, Iordache estimates the upper bound for the spark of a dictionary as the
number of discrete cosine transform (DCT) coefficients whose accumulated energy

explains 99.9% of the dictionary’s energy, [9].

For the independent and identically distributed dictionaries A; and Ao, which
have been used extensively in literature to validate the algorithms described in chap-
ter [3] we observe in the cumulative energy plots in the left-side figures [4.3] and
that the cumulative energy tends to 99.9% as their spark upper bound gets closer
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to B. The linear nature of the cumulative energy plot for As is due to the energy
being uniformly distributed. The curvature of the cumulative energy plot for A; is

due to the Gaussian distribution of the energy.

Tordache computed that 99.9% of the energy is contained in the first 21 coef-
ficients for the USGS library and 23 coefficients for the pruned USGS dictionary.
We obtained slightly lower estimates for the spark upper bound than Iordache as
shown in figures and [1.6] however the point is that we also obtain spark estimates
less than 20 DCT coefficients, that is substantially less than the number of spectral
bands B available. This shows that the dictionary is sparse and can be represented
with a much small number of DCT components than the number of bands. The
Cuprite site has been found to contain |25 different minerals, however our image is
cropped and has less materials as indicated by the spark for As, see As for the
artificial Terrain library, the spark in figure |4.8|is rather high, but this could be due

to noisy sensors.

We discuss the mutual coherence measure, which is the maximum absolute value
of the cosine of the angle between any two columns of A given by:
T
|af a;]

A) = max T 4.2
nA) 1<k,j<m, k] ||ak||2]|la;|2 2

The mutual coherence of libraries A; and As is less, since the i.i.d. components
are sampled randomly, and have no physical significance. It is important to note
that libraries A3 to Ag have very high mutual coherence values close to 1, which
is the very reason why typical blind source separation algorithms such as the ICA
do not work on hyperspectral libraries. Table tells us that mutual coherence for
dictionary Ay is slightly lower than As, since it has been pruned by 3°.


https://speclab.cr.usgs.gov/map.intro.html
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Spectral Library A,

Library's DCT and Energy Library's Spectral Signatures

1 4

‘—mean brightﬁess‘

0.8 0.8 ‘ ‘ .
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Fig. 4.3: (left) DCT coefficients and cummulative energy describing dictionary Ay;

(right) A;’s mean signature and a few other randomly chosen signatures.

Spectral Library A,
Library's DCT and Energy

1 1
0.98
0.8
0.96
0.6
0.94
——Mean Squared DCT Coef
~—Cumulative Energy 0.92
04
0.9
0.2 99.9% Cummulative Energy —
0.88
0 0.86
0 50 100 150 200

bands

Fig. 4.4: (left) DCT coefficients and cummulative energy describing dictionary As;
(right) As’s mean signature and a few other randomly chosen signatures.

Even though the number of DCT coefficients is much smaller than the number
of spectral bands, this estimate for the spark is an upper bound which is still higher

than the expected low intrinsic dimension k. This suggests difficulties in the sparse
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regression problem, which are mitigated by the very low level of sparsity of the signal

Y that we are interested in unmixing, [9].

Spectral Library A3

Library's DCT and Energy

1 12 Library's Spectral Signatures

‘— mean brightness‘

0.8 10.99

0.6 10.98
——Mean Squared DCT Coef
— Cumulative Energy

0.4 10.97
0.2 \\e 99.9% Cummulative Energy 10.96
Q= 0.95 0
0 50 100 150 200 0 50 100 150 200
bands bands

Fig. 4.5: (left) DCT coefficients and cummulative energy describing dictionary As;

(right) As’s mean signature and a few other randomly chosen signatures.
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Fig. 4.6: (left) DCT coefficients and cummulative energy describing dictionary Ag;

(right) A4’s mean signature and a few other randomly chosen signatures.
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Spectral Library A5
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Fig. 4.7: (left) DCT coefficients and cummulative energy describing dictionary As;

(right) As’s mean signature and a few other randomly chosen signatures.

Spectral Library As

Library's DCT and Energy Library's Spectral Signatures

| 1 0.7
——mean brightness|
] 0.6
08 0.98
05"
10.96
0.6 04r
——Mean Squared DCT Coef ’
: 10.94
— Cumulative Energy 03l
0.4 ’
10.92
0.2¢
0.2 «— 99.9% Cummulative Ene%;é /
: 0.1 (2=
0 0.88 g
0 50 100 150

bands

Fig. 4.8: (left) DCT coefficients and cummulative energy describing dictionary Ag;

(right) Ag’s mean signature and a few other randomly chosen signatures.

The right images in figures [4.7] and [4.8] show clearly that the spectral signatures
for AVIRIS’s Cuprite and HYDICE’s Terrain images have similar envelopes, and

thus explains the high mutual coherence. Also dictionary As reaches 99.9% cumu-
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lative energy in less that 20 DCT components, while Ag takes just over 60 DCT

components possibly due to noisy measurements.

4.2 Performance of Endmember Extraction

Algorithms

We ran numerous scenarios with various parameters such as sparsity k € {2,3,...,20},
signal-to-noise ratio SN R € {20, 30, 40,50} dB and libraries A; to Ag. The param-
eter toy € {true,false} refers to our choice of fractional abundances, indicating
artificially simulated data or realistic simulated data configurations. The fractional
abundances were randomly generated following a Dirichlet distribution, as explained

in algorithm

N\p 1 3 5 7 8 910

-oos-ocs-oos--ozo

0. 20- 0.05/0.20

0.3 - 0.03- 0.10 0.05

10 000 001- 0. 27- 0.50 0.17

Fig. 4.9: Artificial fractional abundancespig, 4.10: Realistic fractional abun-

with sparsity k = 5. dances with sparsity k& = 5.

For a better visual explanation of how the fractional aboundances are generate,
we have the following examples. Bioucas-Dias and lordache’s method is represented
in figure [1.9] for generating artificial abundances for say k& = 5. This method picks
the same 5 endmembers throught out the simulation process. Our methods for
genereating “realistic” but not spatially correlated fractional abundances is pre-
sented in figure This figure should clarify that for “realistic” abundances, we
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select 5 random endmembers at every iteration, i.e. for each pixel out of N pixels.

The random seed for MATLAB was set at the arbitrary value 123450, in order
to replicate simulations exactly. The number of pixels for each simulated hyper-
spectral image was set to N = 10,000, except for Cuprite where N = 47,750, and
N = 153,500 for the Terrain image.

4.2.1 Artificially Simulated Toy Data for various SNRs

For example, we consider the artificially simulated “toy” data versus realistically
simulated “toy” data, with spectral signatures sampled from the USGS library Aj
and the intrinsic dimension k = 6 per pixel. We compare the extracted endmembers
under the worst case SNR = 20dB versus the best case SNR = 50dB.

Endmembers and data points (2D projection) - pure pixel
=]
o
A -]

® x A

data points
true -
N-FINDR | X*
PPI
VCA
SISAL

opbed©®

Fig. 4.11: 2D Projection of Extracted Endmembers and Artificial Toy Data,
SNR=20dB.

Due to the noisy data with SNR = 20dB, figure shows the 2D projections
of the extracted endmembers by the various EEAs far off the true endmembers.
Even though the intrinsic dimension is set to & = 6 in the simulated data, the
HySime algorithm [3| underestimated k = 5. The EEAs only try to match 5 spectral
signatures, as shown in figure due to noisy data.
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Endmember comparison for SNR 20 dB
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Fig. 4.12: Endmembers Extracted by Various EEAs for Artificial Toy Data with

SNR =20dB.

Comparing this to extracted endmembers for the “cleaner” simulated toy data
with SN R = 50dB, the HySime algorithm estimates the correct sparsity of k=6,as
we can see the SISAL extracted endmemeber are almost spot on the 2D projections
of the true endmembers in figure The SISAL algorithm produces the spectral
signatures closest to the true signatures for this particular example as shown in

figure
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Endmembers and data points (2D projection) - pure pixel
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Fig. 4.13: 2D Projection of Extracted Endmembers and Artificial Toy Data,
SNR =50dB.
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Endmember comparison for SNR 50 dB
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Fig. 4.14: Endmembers Extracted by Various EEAs for Artificial Toy Data with

SNR =50dB.
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Endmembers and data points (2D projection) - pure pixel
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Fig. 4.15: 2D Projection of Extracted Endmembers and Realistic Toy Data,
SNR=20dB.

4.2.2 Realistically Simulated Toy Data for various SNRs

For realistically simulated toy data, where even though the sparsity is set to k = 6
for each pixel, the HySime algorithm estimates this intrinsic dimension closer to
2 x k = 12 as it decomposes the covariance matrix for the whole scene, not for
individual pixels. Figure shows that EEAs don’t extract endmembers from
noisy data close enough to the 2D projections of the true endmembers, while [£.17]

gets closer to the 2D projections of the true endmembers of the whole scene.
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Endmember comparison for SNR 20 dB
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4.16: Endmembers Extracted by Various EEAs for Realistic Toy Data with
SNR=20dB.
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Endmembers and data points (2D projection) - pure pixel
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Fig. 4.17: 2D Projection of Extracted Endmembers and Realistic Toy Data,
SNR =50dB.

Therefore the signal-to-noise levels do impact the estimation of the intrinsic di-
mension k, as for SNR = 20dB the HySime algorithm estimates k = 8, and for
SNR = 50dB it estimates k = 12. Most notably in figures and the
various signal-to-noise ratios impact which EEA peforms better. In this particular
scenario for k = 6 and dictionary Ags, for noisy SNR = 20dB, the SISAL algorithm
extracts endmembers closest to the true signatures, while the VCA performs better

for “cleaner” data.
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0.10 0.25

.015.025 0.25

Fig. 4.18: Artificial fractional abun-Fig. 4.19: Realistic fractional abun-
dances with sparsity k& = 5, dances with sparsity k& = b5,

instrinsic estimate of k = 5. instrinsic estimate of & = 10.

The estimated intrinsic dimension k — 2k depends on the Dirichlet distribution,
and how the fractional abundances were simulated, as it can select any k signatures

for each of the N pixels from library As, which is made of 2k signatures.

Using the visual representation from before, we can clearly see that for simulated
data having artificially simulated fractional abundances as in figure [4.18| the intrinsic
estimate should be spot on. In comparison, for “realistically” generated fractional
abundances as in figure the intrisic dimension will be almost double the initial

sparsity k that each pixel was generated with.
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Fig. 4.20: Endmembers Extracted by Various EEAs for Realistic Toy Data with

SNR =50dB.

However, we cannot generalise from just one scenario where a particular EEA

performs best. We need to obtain the all encompassing picture for all the scenarios

that we considered to decide which are the better EEA and under which circum-

stances. We used the estimates of the intrinsic dimension k& and the RMSE measure
to decide the EEAs fate.
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Thus we summarise next the matches and misses for HySime’s performance of
estimating the sparsity k. For the i.i.d. libraries A; and Ao, the HySime algorithm
gave us perfect matches for artificial toy data. The algorithm returned perfect 2k
matches for the realistic toy data due to manner in which the fractional abundances

are distributed.
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Fig. 4.21: HySime’s mainly underesti-Fig. 4.22: HySime’s estimates for realis-
mates for artificial toy data tic toy data from library As
from library As. tends closer to 2k.

For artificial toy data simulated from library As, HySime’s intrinsic dimension
estimates presented in figure show mainly underestimated k due to the high
mutual coherence of the USGS spectral signatures, thus the algorithm confuses some

of the spectral signatures. A lot more matches were obtained for the pruned library
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A, in figure since there is an imposed 3° angular difference between the spectral

signatures, and thus not as mutually coherent as for the full USGS library. In general,

the less noisy the artificial toy data, the better the estimate of the sparsity k.
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Fig. 4.23: HySime’s mainly underesti-Fig, 4.24: HySime’s mainly underesti-

mates for artificial toy data

from library Ay.

mates for realistic toy data

from library Ay.

HySime’s performance on noisier realistic toy data simulated from libraries Ag
in figure and A4 in figure mostly underestimated the intrinsic dimension
2k as expected, and for less noisy data k— 2 x k, especially for data based on Ay.
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4.2.3 Artificial Cuprite and Terrain Images

For the Cuprite and Terrain images we did not scramble the endmembers as we did
for the realistic toy images, thus having the same arrangement of k endmembers
for every pixel as in the artificial toy images. The artificial images also kept their
inherent SNR, thus only one set of results for each image in figures [4.25| and
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Fig. 4.25: HySime’s very good matchesFlg' 4.26: HySime's  almost  perfect

matches for the Terrain image
Ag.

for the Cuprite image As.

The performance discriminator that we chose to measure how well the EEAs
extracted the spectral signatures, compared to the original spectral signatures we

used in simulating the data, was the root-mean-squared error (RMSE):

N
1 R 2
RMSE = || & §'_1j (ai — a;) (4.3)

where a; is the row element of a column of estimated @ compared against the true

endmember a. Thus we search for the EEA giving the minimum RMSE.

The SISAL algorithm performs very well at extracting the endmembers for the
ii.d. dictionary Ay, with N-FINDR occasionally grabbing the spotlight in figures
and SISAL also performs very well for the Ay library.
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Artificial Toy Data - iid Gaussian - min RMSE count Realistic Toy Data - iid Gaussian - min RMSE count
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Fig. 4.27: EEAs performance for artifi-Fig. 4.28: EEAs performance for realis-

cial toy data from A;.

tic toy data from Aj.

It is interesting to note in figure that the PPI did well just for k = 3, as
the simulated data probably consisted of some pure pixels. N-FINDR and VCA also

occasionally perform well.
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Fig. 4.29: EEAs performance for artifi-Fig. 4.30: EEAs performance for realis-

cial toy data from As.

tic toy data from As.
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4.2.4 USGS vs USGS Pruned Libraries

There are no clear winners in figures [£.31] and [£.32] for the USGS 1995 spectral
library. However the SISAL algorithm performs better when the data is less noisy

even though it is supposed to work better with noisier data and outliers, while N-
FINDR works better for noisy data. PPI does a little better for realistic toy data

for larger k.
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Similar performance for the pruned USGS library in figures [£.33] and [£.34] with
SISAL extracting endmembers better for higher SNR, while N-FINDR performing
better for noisier data. However, PPI features more since the library is pruned and

thus signatures are less coherent.
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Fig. 4.33: EEAs performance for artifi-Fig. 4.34: EEAs performance for realis-
cial toy data from Aj. tic toy data from Ay.

For the artificial images, the VCA performs consistently well on the Cuprite
data, while N-FINDR works well on the Terrain data.
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4.2.5 EEAs ComputationTimes
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0.0699
0.0757

0.1497
0.1527
0.1478
0.1564
0.1763
0.1903
0.2018

0.0372
0.0419
0.0490
0.0650
0.0695
0.0804

0.1966
0.2394
0.2695
0.4296
0.5415
0.6384
0.6350

N O O = W N

15
16
17
18
19
20

14

0.0018
0.0021
0.0025
0.0035
0.0028
0.0034

0.0061
0.0054
0.0068
0.0097
0.0071
0.0074
0.0078

0.0014
0.0019
0.0022
0.0026
0.0029
0.0044

0.0053
0.0058
0.0060
0.0073
0.0069
0.0073
0.0100

0.0015
0.0021
0.0039
0.0025
0.0029
0.0031

0.0040
0.0047
0.0044
0.0045
0.0043
0.0045
0.0053

0.0037
0.0022
0.0023
0.0028
0.0029
0.0032

0.0047
0.0050
0.0050
0.0053
0.0066
0.0058
0.0063

>

SISAL

e

A

Aj

Ay

Ay

Ay

A3

Ay

e B L 2 R P
Q

13
14
15
16
17
18
19
20

0.0054
0.0090
0.0053
0.0123
0.0064
0.0080
0.0084

0.0121
0.0124
0.0125
0.0139
0.0179
0.0147
0.0149
0.0147

0.0056
0.0043
0.0054
0.0059
0.0071
0.0105
0.0093

0.0124
0.0111
0.0116
0.0115
0.0142
0.0139
0.0148
0.0199

0.0026
0.0057
0.0073
0.0055
0.0064
0.0080
0.0072

0.0092
0.0093
0.0100
0.0103
0.0104
0.0083
0.0093
0.0096

0.0073
0.0049
0.0054
0.0064
0.0067
0.0068
0.0078

0.0108
0.0088
0.0099
0.0093
0.0106
0.0112
0.0147
0.0114

O N O Ut i W N

14
15
16
17
18
19
20

13

14.5598
27.0457
10.3440
5.4268
4.8158
5.1120
4.3847

7.6636
4.3703
5.0320
7.0616
6.4267
11.3808
9.8100
9.7743

31.2510
30.4925
15.5964
8.1075
5.7044
5.4885
5.6581

4.8003
5.1849
4.9491
9.9605
7.9150
7.6177
7.8455
8.7054

537.101
29.3117
10.8696
5.4936
5.3834
9.3972
8.6878
14.1535
16.2018
13.5610
11.6879
16.9613
9.6906
12.0488
19.4589

1 46.3562
9.5999
6.5580
7.4260
6.3247
7.6385
6.2480
10.6096
9.0741
11.6432
11.4246
10.9424
11.7335
13.3770
8.4336

Tab. 4.2: Mean running times for extracting endmembers for artificial data
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The trade-off lies clearly in the run-time of the EEAs. The following table [4.2] illus-
trates the time the EEAs would take to run on artificial toy data with N = 10,000

and for different sparsities k.

Table shows that the SISAL computation times are very erratic, and it does
take an awfully long time to fit a simplex around two endmembers, especially for
the data simulated on the USGS library As. The other geometrical extraction
algorithms run well under 1 second, with VCA and PPI often running under 10
milliseconds, whose computational times do present an increasing trend with the

increasing sparsity k, as expected.

4.3 Performance of Unmixing on A Priori Dictionaries

v. Image-Extracted Dictionaries

Before discussing the performance discriminators for our experimental results on
unmixing hyperspectral data based on standard dictionaries versus image-extracted
dictionaries, first we present which algorithms we used and their notation going
forward. Please note that these settings are the exact settings used by Bioucas-Dias
in his MATLAB demonstrations.

e BPDN is the Basis Pursuit Denoising algorithm as presented in section
and algorithm [16] using Bioucas-Dias’s sunsal MATLAB implementation with
the parameter configuration: regularization parameter A = 0.002, positivity

constraint not enforced, and the sum-to-one constraint not enforced either.

e CBPDN is the Constrained BPDN algorithm as presented in in section
and algorithm [16] using Bioucas-Dias’s sunsal MATLAB implementation with
the parameter configuration: regularization parameter A = 0.002, positivity

constraint enforced, and only the sum-to-one constraint not enforced.

e CLS is the Constrained Least Squares algorithm as presented in section
and algorithm [15| using Bioucas-Dias’s sunsal MATLAB implementation with
the parameter configuration: no regularization, positivity constraint enforced,

and only the sum-to-one constraint not enforced.

e FCLS is the Fully CLS algorithm as presented in section and algorithm
using Bioucas-Dias’s sunsal MATLAB implementation with the parameter
configuration: no regularization parameter, and both the positivity constraint

enforced, and the sum-to-one constraint enforced.
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e OMP is the classic greedy Orthogonal Matching Pursuit algorithm as pre-
sented in section and algorithm [11] using Becker’s omp MATLAB imple-

mentation with configuration paramenter for estimated sparsity set to k.

e CoSaMP is the Compressive Sampling Matching Pursuit algorithm as pre-
sented in section and algorithm [12] using Becker’s omp MATLAB imple-

mentation with configuration parameter for estimated sparsity set to k.

Let us remind ourselves of the research question that we are trying to answer in
this section. Do spectral dictionaries available a priori perform better than image-
extracted dictionaries in reconstructing the image? What is the optimal sparsity of
signals which are recoverable using hyperspectral libraries versus image-extracted

dictionaries? Thus we need a measure that indicates the success of reconstruction.

Instead of the classic RMSE measure, Iordache [9] uses the following performance

discriminators: signal-to-reconstruction error (SRE) and probability of success ps.
The SRE is defined as follows in (4.4)):

SRE = El||z|j3]/E[|lx — ||3] (4.4)

where the expected values in the nominator and denominator are the sample aver-
ages. This ratio gives us more information in terms of the power of the signal & in
relation to the power of the error, where as the classic RMSE measure only considers
the error alone, and not the energy of the signal. The measure given in decibels is
SRE(dB) = 10log;,(SRE). Although this relative measure is much more useful
than the RMSE, as it gives us a sense of the relation between power of the signal
and of the error, we cannot say with certainty what a good SRE measure is. That

is why lordache uses the probability of success given by equation (4.5)):

ps = P (& - |3/]x]3 < 1/7) (4.5)

which is an estimate of the probability whether the relative error power is smaller
than a threshold value 1/7. This can be approximated as ps = P (1/SRE < 1/7),
i.e. making sure that the relative error power 1/SRE is smaller than the threshold.
This gives us a better sense if the reconstruction is good enough. Iordache sets the
threshold 7 = 3.16, i.e. 10log;((3.16) = 5dB which he considers a more stable
estimate rather than setting 7 = 10 which would give a probability of success of
ps = 1 if the relative error of the fractional abundances was less than 1/10. Thus
reconstruction is considered successful for 1/SRE < 1/3.16 ~ 0.32, or alternatively

for the signal-to-reconstruction error ratio SRE > 3.16. For a successful recovery of
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the original hyperspectral signal, we seek SRE(dB) > 5dB.

We analyzed the unmixing algorithms mentioned earlier on the various dictio-
naries for SNR = 30dB as that is the common signal-to-noise ratio for testing in
published papers [9]. The probability of success for the i.i.d. dictionaries A; and Ag
is consistently ps = 1. We are more concerned with the USGS library, as the random
i.i.d. libraries are more useful for proof of concept. For our specific MATLAB config-
urations for Az and A4, unmixing using the sunsal MATLAB implementation, the
FCLS algorithm performed the best, with CLS and CBPDN sharing second place.

Artificial Toy Simulated Data (SNR 30 dB) on B x 2k Dictionary
A3 (USGS 1995) A4 (USGS pruned 3 degrees)

; 1
——BPDN
——CBPDN
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——FCLS
”\/\ ——OMP
0.6 / u CoSaMP )
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0 : 0 : : :
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Fig. 4.35: p, results obtained on the unmixing artificial toy data for SNR = 30dB

using various unmixing algorithms on given dictionaries As and Ay.

The key here is that enforcing the constraints results in better performance. In
our experiments, it looks like k < 6 for A3 and k < 7 for A4 gives us ps = 1
for most sparse regression algorithms with our specific experiment configurations,
see figure The worst performing are the greedy OMP and CoSaMP algorithms.

We can see in figure that the FCLS algorithm has SRE(dB) > 5dB for
k < 12 using dictionary Aj, while k < 16 yields in good performance for A4. How-
ever the larger k the more endmembers the algorithms have to unmix, and thus yield

poorer recovery of the original signal, in our case.
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Artificial Toy Simulated Data (SNR 30 dB) on B x 2k Dictionary
A3 (USGS 1995) A4 (USGS pruned 3 degrees)
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Fig. 4.36: SRE (dB) results obtained on the unmixing artificial toy data for SNR =

30dB using various unmixing algorithms on given dictionaries A3 and

Ay.

The key points that we can take from this are that SRE gets worse with increasing
the number of endmembers present in a scene, and that enforcing the non-negativity
and sum-to-one constraints yield best reconstruction results. Also as expected, the
SRE gets better with improving SNR as seen in figure except for the OMP.

Artificial Toy Simulated Data (k 5) on B x 2k Dictionary
A3 (USGS 1995) A4 (USGS pruned 3 degrees)
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Fig. 4.37: SRE (dB) versus SNR (dB) comparison for various unmixing algorithms
on A3 and A4.
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So far, these algorithms behaved in a similar fashion to Iordache’s results [9].
Next we take a look at how the unmixing algorithms worked for unmixing the ar-
tificial toy data using image-extracted material matrices. The way we chose the
image-extracted dictionaries was to choose the best EEA algorithm with the mini-
mum RMSE from the previous section [£.2)for the various k£ and SN R configurations,
and thus select those best extracted endmembers. We denote these image-extracted
dictionaries by M to differentiate from the available libraries a priori denote with
A. We do not consider the underperforming OMP and CoSaMP algorithms for the

remainder of this paper.

Artificial Toy Simulated Data (SNR 30 dB) on B x 2k Img Extracted M
M3 (USGS 1995) M4 (USGS pruned 3 degrees)

0.5 0.5
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Fig. 4.38: p, results obtained on the unmixing artificial toy data for SNR = 30dB
using various unmixing algorithms on image-extracted dictionaries Myj

and My.

Unmixing based on image-extracted dictionaries yielded poorer reconstruction
with less than 50% probability of success for all k’s with our configurations, see
figure [4.38] There is no optimal number of image-extracted endmembers that will
yield SNR(dB) > 5dB unfortunately as seen in figure [4.39]
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Artificial Toy Simulated Data (SNR 30 dB) on B x 2k Img Extracted M
M3 (USGS 1995) M4 (USGS pruned 3 degrees)
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Fig. 4.39: SRE (dB) results obtained on the unmixing artificial toy data for
SNR = 30dB using various unmixing algorithms on image-extracted

mixing matrices M3 and M.

From the probability of success calculations, we observe that unmixing hyper-
spectral data using dictionaries available a priori performed better than unmixing

on the image-extracted mixing matrices.

sunsal finds the optimal subset of fractional abundances faster on image-extracted
dictionaries, since there are less endmembers to choose from, as in table [£.3] This

small time advantage is compromised by the time taken to extract the endmembers

using an EEA.
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BPDN CBPDN

k| Ay Ay A3z Ay k| Ay As A3z Ay

2 | 0.0801 | 0.0707 | 0.1789 | 0.0896 | 2 | 0.1251 | 0.1152 | 0.1973 | 0.2610
3 10.1353 | 0.1486 | 0.1190 | 0.1314 | 3 | 0.2111 | 0.2582 | 0.1779 | 0.1985
4 10.1476 | 0.1722 | 0.1193 | 0.1280 | 4 | 0.2599 | 0.2808 | 0.1667 | 0.2058
5 | 0.1725 | 0.2114 | 0.1705 | 0.1422 | 5 | 0.3741 | 0.3336 | 0.2026 | 0.2314
6 | 0.1893 | 0.2729 | 0.1704 | 0.2036 | 6 | 0.3809 | 0.4017 | 0.2353 | 0.2964
7 10.1994 | 0.1970 | 0.1873 | 0.1617 | 7 | 0.4639 | 0.3891 | 0.3047 | 0.3044
8 10.2686 | 0.2216 | 0.2527 | 0.1740 | 8 | 0.6098 | 0.4637 | 0.4029 | 0.3478
13| 0.4730 | 0.3539 | 0.3110 | 0.3226 | 13| 0.9972 | 0.7093 | 0.7661 | 0.5344
14| 0.5086 | 0.3836 | 0.3752 | 0.3398 | 14| 1.1536 | 0.8027 | 0.8804 | 0.5364
15| 0.6370 | 0.4028 | 0.4376 | 0.3688 | 15| 1.1638 | 0.8543 | 0.7120 | 0.5708
16| 0.6301 | 0.4628 | 0.4562 | 0.3800 | 16| 1.4033 | 0.8907 | 0.8236 | 0.6536
17| 0.6710 | 0.4954 | 0.4617 | 0.4162 | 17| 1.5191 | 0.9686 | 0.7629 | 0.6590
18] 0.6969 | 0.4904 | 0.5023 | 0.4038 | 18| 1.5848 | 0.9755 | 1.0141 | 0.7070
19| 0.7919 | 0.5344 | 0.4734 | 0.4274 | 19| 1.7532 | 1.0238 | 1.1174 | 0.7530
20| 0.8805 | 0.5891 | 0.5727 | 0.4522 | 20| 1.8577 | 1.1523 | 1.1404 | 0.7826
BPDN CBPDN

k | My M, Ms; M, k | M, M, M M,

2 | 0.0507 | 0.0444 | 0.1410 | 0.0539 | 2 | 0.0517 | 0.0442 | 0.1339 | 0.0536
3 10.0609 | 0.0596 | 0.0611 | 0.0591 | 3 | 0.0817 | 0.0897 | 0.0874 | 0.1011
4 | 0.0875 | 0.0708 | 0.0705 | 0.0725 | 4 | 0.0807 | 0.0934 | 0.1168 | 0.0977
5 | 0.0795 | 0.0780 | 0.0777 | 0.0944 | 5 | 0.0928 | 0.0841 | 0.0987 | 0.1112
6 | 0.0901 | 0.0900 | 0.0821 | 0.0882 | 6 | 0.0881 | 0.0931 | 0.1456 | 0.1844
7 | 0.0973 | 0.1038 | 0.1235 | 0.0941 | 7 | 0.1004 | 0.0997 | 0.1616 | 0.2025
8 [0.1346 | 0.1417 | 0.1293 | 0.1056 | 8 | 0.1681 | 0.1239 | 0.1407 | 0.2153

13| 0.2424 | 0.1725 | 0.1488 | 0.1610 | 13| 0.2423 | 0.2061 | 0.2694 | 0.2362
14| 0.2087 | 0.1464 | 0.1566 | 0.1022 | 14| 0.2146 | 0.1805 | 0.3280 | 0.2301
151 0.2349 | 0.1398 | 0.1392 | 0.1233 | 15| 0.2467 | 0.1929 | 0.4107 | 0.3062
16| 0.2627 | 0.1660 | 0.1345 | 0.1079 | 16| 0.2660 | 0.1934 | 0.3954 | 0.2218
17| 0.2781 | 0.1669 | 0.1812 | 0.1086 | 17| 0.2789 | 0.2165 | 0.3581 | 0.2539
18] 0.2999 | 0.1947 | 0.1078 | 0.1095 | 18| 0.3291 | 0.2285 | 0.2550 | 0.2393
191 0.3396 | 0.2038 | 0.0965 | 0.1126 | 19| 0.3329 | 0.2465 | 0.2680 | 0.2467
20| 0.3808 | 0.2093 | 0.0917 | 0.1299 | 20| 0.3657 | 0.2526 | 0.2321 | 0.4797

Tab. 4.3: Mean running times unmixing on available a priori v. image-extracted

dictionaries
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4.4 Performance of Reconstructing Various Data

In this section we present visually how well sparse unmixing can reconstruct a hy-
perspecrtal image. We will focus mainly on the spatially correlated artificial Cuprite
and Terrain images, as these make a lot more sense to visualise rather than randomly
generated images that are not spatially correlated. A reminder that the artificial
Cuprite and Terrain images were generated from the actual images described in sec-
tion but first using the N-FINDR EEA to extract £ endmembers and FCLS to
work out the fractional abundance maps, then synthesised back together with only

k endmembers.

0R3e5construction of random pixel 9528 with SNR 30 dB (l)?ggonstruction of random pixel 28673 with SNR 30 dB
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Fig. 4.40: Random Cuprite pixel 9528Fig. 4.41: Random Cuprite pixel 28673

reconstructed spectrum reconstructed spectrum

Figures and show the reconstructed spectrum versus the true spectrum
for two randomly selected pixels out of the artificial Cuprite image with k£ = 10. For
this particular scenario we obtained RMSE = 19.1, SRE = 17.2dB and p, = 1.
Visually we can see how close the reconstructed spectrums look to the original with

the probability of success of 1.
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Sgconstruction of rancom plxel 620 with SNR 30 dB Reconstruction of random pixel 123067 with SNR 30 dB

Reflectance
Reflectance
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Fig. 4.42: Random Terrain pixel 620 re-Fig. 4.43: Random Terrain pixel 123067
reconstructed spectrum

constructed spectrum

Figures .42 and [£.43] show the reconstructed spectrum versus the true spectrum

for two randomly selected pixels out of the artificial Terrain image with k£ = 10. For
this particular scenario we obtained RMSE = 58.4, SRE = 10.7dB and ps; = 0.86.
The probability of success being slightly less than 1 tells us that the reconstruction

will be close but some room for error, which is illustrated in these two figures,

especially for pixel 123067.

Tr%e abundance for endmember 3 Estimgted abundance for endmember 3 Ab\.(l)ndance error for endmember 3
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Fig. 4.44: Comparison of the third endmember’s fractional abundance map of the

Cuprite image.

Comparing the true abundance map against the estimated abundance map for
randomly selected endmember 3 in figure [£.44] we see the estimation error varies
between —0.2 and 0.2 although occurring mainly between 0 and 0.1. We cannot infer

much from the abundance error as it is relative to the endmember it represents.
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Fig. 4.45: Comparison of the reconstructed spectral band 84 of the Cuprite image.

More importantly, the comparison of the randomly selected band 84 in figure
shows the reconstruction error varying very closely to 0. This is to be expected

for a probability of success equal to 1.
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Fig. 4.46: Comparison of the fourth endmember’s fractional abundance map of the

Terrain image.

Figure [£.46] shows the comparison of the fractional abundance for randomly

selected endmember 4 of the Terrain image. The estimation error does vary a lot

more between —0.4 and 0.
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Fig. 4.47: Comparison of the reconstructed spectral band 107 of the Terrain image.

Figure [£.47] for Terrain’s spectral band 107 shows reconstruction error varying
mainly between —0.02 and 0.01 which is not bad considering the probability of suc-
cess ps = 0.86. It is very difficult to see the reconstruction differences with the naked

eye, as the estimated image looks so remarkably close to the original.

Artificial Image Data (SNR 30 dB) on B x 2k Dictionary
A5 (Artificial Cuprite) As (Artificial Terrain)
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Fig. 4.48: p, plot for the artificial Cuprite and Terrain images at SNR = 30dB.

The probability of success might look chaotic in figure [£.48| for & > 9 on the left,
and k > 5 on the right, but note that ps; > 0.75 for the Cuprite image and ps > 0.65
for Terrain image. Thus reconstruction is quite successful for these images, and

most interesting the CLS algorithm performs superbly for both of these images with
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consistent ps = 1.

Artificial Image Data (SNR 30 dB) on B x 2k Dictionary
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A5 (Artificial Cuprite)
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Fig. 4.49: SRE plot for the artificial Cuprite and Terrain images at SNR = 30dB.

Figure clearly shows that the CLS algorithm outperforms the other algo-
rithms by far with quite SRE values. Bioucas-Dias’s MATLAB implementation of
sunsal performs very well reconstructing hyperspectral images in any of the four

configurations it was designed for.
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4.5 Summary of Results

The key points to take from these experiments are:

e For artificial and realistic toy data, SISAL seems to extract the endmembers
the best for most libraries, with N-FINDR as second best, for the high SNR
setting. VCA and N-FINDR worked well for the artificial Cuprite and Terrain
images. Although we cannot generalise which EEA works best in all situations,

the RMSE measure helped us decide on the appropriate EEA.

e Unmixing on the given dictionaries a priori outperformed unmixing on the
image-extracted dictionaries for our configurations. However, there is a com-
promise in terms of running time. Unmixing using image-extracted dictionaries
does run faster. We do need to take in account the time endmember extraction

time though.

e In terms of reconstructing hyperspectral images, the probability of success is
an appropriate measure. In general, the higher the number of endmembers
to unmix, the less accurate the reconstruction. Enforcing the non-negativity
constraint definitely improved unmixing accuracy. Sum-to-one did not always

help the situation. The greedy algorithms were poor performers.



Chapter 5

Conclusion and Further

Research

Our main goal was to provide an extensive literature review on the existing geo-
metrical methods for extracting endmembers from hyperspectral images, and on the
sparse regression methodologies for solving the unmixing problem of the fractional
abundances. We believe this goal was achieved in chapter [2in detail. As Bioucas-
Dias presents his findings in [30], the number of publications on hyperspectral data
has increased yearly comparable to publications on radar in the remote sensing field.
Thus we had abundant literature to draw from, even though very few publications

present the whole unmixing process in such detail as this report.

In chapter [3| we set out to present the pseudo-code and additional mathematical
detail for all the algorithms used for our computer simulation experiments in chapter
which aimed at answering our research questions. We had to be selective with the
results presented in chapter [4] as we ran 6232 scenarios in MATLAB. Due to the time
frame of this research report, we could only allow ourselves to work on simulated
data as per Bioucas-Dias’s previous experiments, and we had to be innovative about
how we simulate artificial data in new ways. We have achieved that by randomly
mixing the endmembers per pixel, not just the scene, as in reality we don’t find the
exact same 4 or 5 materials in every single pixel. The scene might be limited to 20
to 25 materials. Each pixel will have 4 or 5 very different materials out of those
20 to 25 endmembers in the scene. The only problem with these “realistic” toy
examples is that the pixels are not spatially correlated. This was the reason for em-
ploying the frequently used images of the Cuprite and Terrain scenes, and extracting

a certain number of endmembers which were sythesized to form new artificial images.
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5.1 Conclusion

In conclusion, our sincere hope is that this comparative analysis achieves the main
goal of providing the full picture of hyperspectral linear unmixing for any academic
and professional interested in this topic. Right from the outset, the aim for this
paper has been to bridge the gap in the literature by providing a rich resource of the
end-to-end process of unmixing hyperspectral images. It is such an important and
intricate process that enables material classification, resolution enhancement, and
hyperspectral data compression. For more specialised literature see the Bibilogra-

phy following after this chapter.

In attempting to answer our research questions, we found that it is efficient to
identify the lower-dimensional subspace in which the data actually lives, as Bioucas-
Dias suggested. By reducing the high dimensionality of the hyperspectral data, we
estimate the intrinsic dimension of the data. This sparsity estimate is mandatory to
running the endmember extraction algorithms (EEAs), if no spectral library is avail-
able a priori and we need to extract these spectral signatures from the image. We
only chose 4 endmember extraction algorithms out of the multitude of algorithms
available, that we thought would best represent the different geometrical approaches
in the literature. Even though the PPI and N-FINDR algorithms are still the most
commonly used EEAs, there are better performing algorithms that take care of out-

liers and noise. The EEAs are still a matter of preference with many professionals.

We focused on the linear mixing model throughout this paper. The greatest
benefit of using sparse unmixing is that we can take advantage of the increasingly
available spectral libraries of materials measured on the ground, thus bypassing
endmember extraction algorithms. Linearly unmixing on available libraries with
spectral signatures known in advance performed better than on image-extracted
dictionaries with our specific configurations as shown in chapter [4] given the com-
promises in running time. These experiments do not provide us with the authority
to deduce which method works best in practice. Professionals in the remote sens-
ing industry still use image-extracted dictionaries for unmixing. The problem with
unmixing on available spectral libraries is that laboratory measured spectral sig-
natures are not exactly the same as remote sensed data affected by atmospheric
interferences. On the other hand, unmixing on image-extracted dictionaries runs
the risk of missing out some spectral signatures due to noisy data, and the extracted
endmembers might not have physical relevance. In conclusion, estimating fractional
abundance maps for linearly combined endmembers no longer depends on the EEAs

performance, and can be bypassed if the relevant spectral libraries are available.
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5.2 Future Research

Our experiments only explored simulated toy data and artificial Cuprite and Terrain
data due to the restrictive nature of this report. Experiments on real data other
than Cuprite would be of great interest, however prior knowledge of the ground
truth would remain a challange. Identifying the intrinsic dimensionality of the lower
dimensional subspace in which the high dimensional data actually lives is of great
interest as well. Alternatives to the HySime algorithm have been published, which
are worthy of further investigation, and likewise, improvements on “realistic” hyper-

spectral data simulations.

Faster and more accurate unmixing algorithms have been developed all mainly
spawning from the augmented Lagrangian method of multipliers. This is due to the
high correlation between spectral signatures in a given dictionary, which is usually
balanced by the very sparse nature of the fractional abundances. The current trend
is to use machine learning for learning dictionaries from images, alternative unmix-
ing methods, data compression, and target identification, which are all worthy of

further research.

Spectral unmixing depends on the intrinsic dimension, i.e. the sparsity of the
data, and not the number of pixels in the hyperspectral image. Since pixels are
basically analysed individually, not the whole scene at once, this implies parallel
nature for the processing algorithms. Thus hyperspectral images analysis would
benefit greatly from dividing an image into sub-images, i.e. subsets of pixels, and
by processing these sub-images in parallel. This would accelerate processing and

provide high scalability.

Engineers have had to take their own initiative to implement hyperspectral un-
mixing algorithms, as there is not a hyperspectral processing toolbox that caters
for this purpose in MATLAB. With the advent of the data science research field,
open-source languages such as Python and R are establishing themselves as the data
scientist’s favoured working tools. Even though remote sensing falls under electrical
engineering, geosciences and applied mathematics, it is undeniably a data-driven
analysis field. Thus Python projects such as [SPy 2016, [SPy 2017 and HypPy, and
R projects HyperSpec and |hsdar| have been developed in these data science tools.
Our hope is that new advanced hyperspectral unmixing algorithms will be included

in future releases.


http://www.spectralpython.net
https://pypi.org/project/spectral/
https://blog.utwente.nl/bakker/hyppy/
http://hyperspec.r-forge.r-project.org
https://cran.r-project.org/web/packages/hsdar/index.html
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