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A B S T R A C T

We study various classes of the nonlinear dynamics of some high order parabolic equations like the Oskolkov–
Benjamin–Bona–Mahony–Burgers and Benjamin–Bona–Mahony–Peregrine–Burger equations that arise in the
study of some wave phenomena. Also, a broader class of partial differential equations are used in modelling
ocean waves that originate from the Ostrovsky equation. We study the invariance properties via the Lie
invariance method for the nonlinear systems and further establish classes of conservation laws for models
arises in this study. We show how the relationship leads to double reductions of the systems. This relationship
is determined by a recent result involving multipliers that lead to a total divergence or closed form of the
differential equation under investigation.
1. Introduction

In our analysis, we consider two broad classes of models that have
been and are of interest.

I. A large class of equations in mathematical physics are particular
cases of the partial differential equation (PDE), viz., the Benjamin–
Bona–Mahony–Peregrine–Burgers (BBMPB),1 are given by

𝑢𝑡 + 𝛽𝑢𝑥𝑥𝑥 + 𝛾𝑢𝑥 + 𝜃𝑢𝑢𝑥 = 𝑢𝑥𝑥𝑡 + 𝛼𝑢𝑥𝑥. (1.1)

PDE (1.1) exhibits a connection between dispersive and nonlinear
effects and incorporates dissipation and the problem arises in, both,
bore propagation and the water waves. Furthermore, it describes long
waves on water surface in a channel with small-amplitude. A special
case is a version of the KdV equation1,2

𝑢𝑡 + 𝑢𝑥𝑥𝑡 + 𝑢𝑥 + 𝜃𝑢𝑢𝑥 = 0. (1.2)

If 𝛽 = 0 and 𝛼 = 𝛽 = 0, we obtain the standard BBM (Benjamin–
Bona–Mahoney) and the Oskolkov–Benjamin–Bona–Mahony–Burgers
(OBBMB) equations, respectively. With specific choices of the parame-
ters, other cases that arise are the Oskolkov equation describing incom-
pressible viscoelastic Kelvin–Voigt fluid3 and Camassa–Holm equation
which represents a bi-Hamiltonian model for shallow water waves.4 An
extension of this is given by

𝑢𝑡 − 𝑢𝑥𝑥𝑡 + 𝛼𝑢𝑥 + 3𝜃𝑢2𝑢𝑥 − 𝛾𝑢𝑥𝑢𝑥𝑥 + 2𝛽𝑢𝑢𝑥 − 𝑢𝑢𝑥𝑥𝑥 = 0, (1.3)

leading to, with appropriate choices of parameters, the Degasperis-
Procesi5 and Fornberg-Whitham6 equations, inter alia.

∗ Corresponding author.
E-mail address: abdul.kara@wits.ac.za (A.H. Kara).

The above equations may be construed as models for shallow water
phenomena and their long term behaviour is similar to that of the well
known the Camassa–Holm equation and the KdV equation.

II. Ostrovsky’s model for wave phenomena is known for special
forms involving ‘nonlinear surface and internal waves’.7–10 In case for
rotating ocean, the PDE is given by

(𝑞𝑢𝑥𝑥𝑥 + 𝑝𝑢𝑢𝑥 + 𝑐0𝑢𝑥 + 𝑢𝑡)𝑥 − 𝛾𝑢 = 0, (1.4)

where 𝑐0 represents the velocity of linear dispersion, 𝛾 represents the
Coriolis dispersion, which measure the effect of rotation, 𝑞 represents
Boussinesq dispersion and 𝑝 represents the coefficient of nonlinearity.
By choosing suitable parameters, Vakhnenko equation (𝑢𝑢𝑥+𝑢𝑡)𝑥+𝑢 = 0
transforms to equation, demonstrated in,11 given by

𝑢𝑢𝑥𝑥𝑡 + 𝑢2𝑢𝑡 = 𝑢𝑥𝑢𝑥𝑡. (1.5)

Lie invariance method deals with the symmetries admitted by PDE
that forms the one parameter Lie groups of transformations. Symme-
tries obtained then provides invariant solutions which are also called
exact invariant solutions, well cited and demonstrated in Refs. 12, 13.
Furthermore, the discussion of conservation laws is important for study-
ing physical properties of PDEs such as momentum and energy and
for studying others properties of PDEs that predict integrability. Lastly,
new conservation laws are constructed from known conservation laws
using the symmetry invariance of a given system of PDEs.14,15
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In a system of PDEs of 𝑛 independent variables 𝑥 and dependent
variables 𝑢, for 𝜇 = 1,… , 𝑚̃

𝐺𝜇(𝑥, 𝑢, 𝑢(1),… , 𝑢(𝑟)) = 0, (1.6)

where 𝑢(1), 𝑢(2),… , 𝑢(𝑟) represent respectively all first, second and higher
order partial derivatives. A vector 𝑇 of functions (𝑇 1,… , 𝑇 𝑛) is called
conserved vector if it holds the divergence expression given by

𝐷𝑖𝑇
𝑖 = 0 (1.7)

along the solutions of PDE (1.6). Conservation law computed from
multipliers 𝑄𝜇(𝑥, 𝑢, 𝑢(1),…) holds the identity given by

𝑄𝜇𝐺
𝜇 = 𝐷𝑖𝑇

𝑖. (1.8)

Conserved vectors are constructed by first finding the multipliers
𝑄𝜇 which are obtained by annihilating the total divergence using the
Euler–Lagrange operator, 𝛿

𝛿𝑢𝛼 represented as 𝛿
𝛿𝑢𝛼 [𝑄𝜇𝐺𝜇] = 0. defined

for 𝑄𝜇 . Conserved flow 𝛷 then can be obtained using a well known
‘homotopy’ formula.

Furthermore, if 𝑋 = 𝜉𝜕𝑥 + 𝜏𝜕𝑡 + 𝜂𝜕𝑢 is a Lie point symmetry that
leaves a scalar PDE in (1.6), say,

𝐺(𝑥, 𝑡, 𝑢, 𝑢𝑥, 𝑢𝑡, 𝑢𝑥𝑥 …) = 0, (1.9)

invariant with

𝑋𝐺 = 𝑅𝐺 (1.10)

and

𝜆 = 𝐷𝑡𝜏 +𝐷𝑥𝜉 (1.11)

such that

𝑋𝑄 + (𝑅 + 𝜆)𝑄 = 0, (1.12)

then 𝑋 is associated with the corresponding conserved flow 𝛷 = (𝑇 , 𝜙)
and, via 𝑋 and 𝛷, double reduction may be obtained.16,17 Here, 𝐷𝑡𝑇 +
𝐷𝑥𝜙 = 0|(1.9). Moreover, in transformed coordinates (𝜁, 𝜌, 𝑈 ), 𝑋̄ = 𝜕𝜌 so
that 𝑋(𝜌) = 1, 𝛷̄ = (𝑇̄ , 𝜙̄) and 𝐷𝜁 𝑇̄ + 𝐷𝜌𝜙̄ = 0. This procedure leads to
a double reduction of the original system since

𝑘 = 𝑇̄ |𝜁,𝑈,𝑈 ′ ,…, (1.13)

where 𝑘 is a constant — for details, see Ref. 17.

2. Symmetry generators and conservation laws

In this section, symmetries and conservation laws are studied and
their relationship is presented.

2.1. Parabolic equations

2.1.1. BBMBP equations
With 𝜃 = 1, (1.2) becomes

𝑢𝑡 + 𝑢𝑥𝑥𝑡 + 𝑢𝑥 + 𝑢𝑢𝑥 = 0 (2.1)

which admits a three dimensional algebra of point symmetry generated
by

𝜕𝑡, 𝜕𝑥, 𝑡𝜕𝑡 − (1 + 𝑢)𝜕𝑢 (2.2)

so that travelling solutions, which have been studied, are generated by
𝑋1 = 𝜕𝑡 + 𝑐𝜕𝑥. We obtain two multipliers 𝑄1 = 1 and 𝑄2 = 𝑢. For 𝑋1,
𝜆1 = 𝑅1 = 0 so that (1.12) is satisfied for 𝑄1 and 𝑄2. For the scaling
symmetry 𝑋2 = 𝑡𝜕𝑡 − (1 + 𝑢)𝜕𝑢, 𝜆2 = 1 and 𝑅2 = 0 so that (1.12) is not
satisfied. In this case, towards obtaining a scaling invariant solution,
we will reduce (2.2) in the usual way.

We, firstly, perform two double reductions of (2.2). Note that
𝜕𝑇 +

𝜕𝜙
= 𝜕𝑇 𝜕𝜁

+ 𝜕𝑇 𝜕𝜌
+

𝜕𝜙 𝜕𝜁
+

𝜕𝜙 𝜕𝜌
. (2.3)
2

𝜕𝑡 𝜕𝑥 𝜕𝜁 𝜕𝑡 𝜕𝜌 𝜕𝑡 𝜕𝜁 𝜕𝑥 𝜕𝜌 𝜕𝑥
For 𝑋1, 𝜁 = 𝑥 − 𝑐𝑡 (𝑐 being the speed of the travelling wave) and
𝑈 (𝜁 ) = 𝑢. Thus,

𝑇̄ = −𝑐𝑇 + 𝜙, 𝜙̄ = 1
𝑐
𝜙. (2.4)

he multiplier 𝑄1 and 𝑄2 leads to the conserved flows

𝑇1 =
1
3 𝑢𝑥𝑥 + 𝑢,

𝜙1 =
2
3 𝑢𝑥𝑡 +

1
2 𝑢

2 + 𝑢,

𝑇2 =
1
3 𝑢𝑢𝑥𝑥 −

1
6 𝑢

2
𝑥 +

1
2 𝑢

2,

𝜙2 =
1
3 𝑢

3 + 1
2 𝑢

2 − 2
3 𝑢𝑢𝑥𝑡 −

1
3 𝑢𝑥𝑢𝑡

(2.5)

Double reductions based on these can only be performed with 𝑋1
which from (2.4)(a), respectively,

𝑘1 = 𝑈 ′′ + 𝑐−1
𝑐 𝑈 − 1

2𝑐𝑈
2,

𝑘2 = −𝑐𝑈𝑈 ′′ + 𝑐
2𝑈

′2 + 1
2 (1 − 𝑐)𝑈2 + 1

3𝑈
3.

(2.6)

y letting 𝑈 = 𝑉 and 𝑈 ′ = 𝑊 , these reduce to first-order odes. In
2.6)(a), if 𝑘1 = 0, the solution of the ode is

𝑐𝑊 2 = 𝑉 3 + 3(1 − 𝑐)𝑉 2 + 𝑘. (2.7)

ith 𝑘2 = 0 in (2.6)(b), we obtain a solution

= −1 − 𝑐
3𝑐

𝑉
5
2 − 2

15𝑐
𝑉

7
2 + 𝑘. (2.8)

Even though there is no association of a conservation law with
2, a direct reduction is possible; we obtain invariants 𝜁 = 𝑥 and

𝑈 = 𝑡(1 + 𝑢) so that another reduction leading to an exact solution of
(2.2) is obtained by

𝑈 ′′ + 𝑈𝑈 ′ − 𝑈 = 0. (2.9)

y letting 𝑈 = 𝑉 and 𝑈 ′ = 𝑊 , (2.9) reduces to a ODE with solution

− 2𝑊 − ln(1 −𝑊 )2 = 𝑉 2 + 𝑘. (2.10)

.1.2. Benjamin–Bona–Mahony–Peregrine-Burgers (BBMPB)
We now seek (double) reductions of (1.1) with a similar procedure.

he Lie point symmetry algebra is generated by

𝑡, 𝜕𝑥, (for 𝛼 = 0) 𝑋2 = −𝛽𝑡𝜕𝑥 + 𝑡𝜕𝑥 − (
𝛽 + 𝛾
𝜃

+ 𝑢)𝜕𝑢 (2.11)

Travelling solutions are obtained by 𝑋1 = 𝜕𝑡 + 𝑐𝜕𝑥. We obtain two
multipliers 𝑄1 = 1 and 𝑄2 = 𝑢. For 𝑋1, 𝜆1 = 𝑅1 = 0 so that (1.12) is
satisfied for 𝑄1 and 𝑄2. For the symmetry 𝑋2, 𝜆2 = 1 and 𝑅2 = 0 so that
(1.12) is not satisfied. The multiplier 𝑄1 and 𝑄2 leads to the conserved
flows

𝑇1 =
1
3 𝑢𝑥𝑥 − 𝑢,

𝜙1 =
2
3 𝑢𝑥𝑡 − 𝛽𝑢𝑥𝑥 + 𝛼𝑢𝑥 −

𝜃
2 𝑢

2 − 𝛾𝑢,

𝑇2 = − 1
3 𝑢𝑢𝑥𝑥 +

1
6 𝑢

2
𝑥 +

1
2 𝑢

2,

𝜙2 =
𝜃
3 𝑢

3 + 𝛾
2 𝑢

2 + 𝛽𝑢𝑢𝑥𝑥 −
𝛽
2 𝑢

2
𝑥 −

2
3 𝑢𝑢𝑥𝑡 +

1
3 𝑢𝑥𝑢𝑡.

(2.12)

For 𝑋1, 𝜁 = 𝑥 − 𝑐𝑡 and 𝑈 (𝜁 ) = 𝑢, double reductions can be performed
with 𝑋1 which from (2.4)(a), respectively, is

𝑘1 = −(𝛽 + 𝑐)𝑈 ′′ + (𝑐 − 𝛾)𝑈 + 𝛼𝑈 ′ − 𝜃
2𝑈

2,

𝑘2 = (𝛽 + 𝑐)𝑈𝑈 ′′ − 1
2 (𝑐 + 𝛽)𝑈 ′2 + 1

2 (1 + 𝛾)𝑈2 + 𝜃
2𝑈

3.
(2.13)

Using 𝑋2 with invariants 𝜁 = 𝑥 + 𝛽𝑡 and 𝑈 = 𝑡(𝑢 + 𝛽+𝛾
𝜃 ), a direct

eduction of (1.1) for 𝛼 = 0 is

𝑈 ′′ + 𝜃𝑈𝑈 ′ − 𝑈 = 0. (2.14)

The three second-order odes are all easily reducible to first-order

odes.
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2.2. II. Nonlinear Ostrovsky equations

For Eq. (1.5), the symmetry generators are represented by 𝑌1 =
𝜕𝑥, 𝑌2 = 𝐹 (𝑡)𝜕𝑡, 𝑌3 = 𝑥𝜕𝑥 − 2𝑢𝜕𝑢. For reduction, we consider 𝑌 =
𝜕𝑡 + 𝑐𝜕𝑥 and 𝑍 = 𝑥𝜕𝑥 + 𝜇𝑡𝜕𝑡 − 2𝑢𝜕𝑢 and the multiplier 𝑄 = 1 yield the
conserved flow

𝑇 = 1
3 𝑢

3 + 7
12 𝑢𝑢𝑥𝑥 −

5
12 𝑢

2
𝑥

𝜙 = 5
12 𝑢𝑢𝑥𝑡 −

7
12 𝑢𝑥𝑢𝑡.

(2.15)

The condition for association (1.12) is satisfied for 𝑌 but not for
scaling 𝑍. In the first case, we use the conserved flow (2.15) to obtain
he reduced equation

𝑘 = 𝑈𝑈 ′′ + 1
3𝑈

3 − 𝑈 ′2. (2.16)

Via 𝑍, a direct reduction of (1.5) is obtainable with invariants
= 𝑡𝑥𝜇 and 𝑡

2
𝜇 𝑈 = 𝑢. All the multipliers including 𝑄 = 1 and the

corresponding flows are represented in the form of conserved vectors.
a. 𝑄1 =

1
6 𝑢

−4(3𝑢2𝑢𝑡𝑎′(𝑡) + 𝑎(𝑡)(6𝑢2𝑢𝑡𝑡 + 3𝑢𝑥𝑡2)):
For 𝑎(𝑡) = 1, we get the density

𝑇1 = ∫ 1
0

1
12𝜆𝑢4 (3𝜆𝑢3(4𝑡𝑢𝑥𝑡2 + 𝑢𝑥(𝑢𝑥𝑡 + 2𝑡𝑢𝑥𝑡𝑡) + 𝑢𝑡𝑢𝑥𝑥 + 2𝑡𝑢𝑡𝑡𝑢𝑥𝑥

+6𝑡𝑢𝑡𝑢𝑥𝑥𝑡) − 15𝑡𝑢𝑥2𝑢𝑥𝑡2

+ 𝑡𝑢𝑢𝑥𝑡(14𝑢𝑥𝑢𝑥𝑥𝑡 + 5𝑢𝑥𝑡𝑢𝑥𝑥) + 4𝜆𝑢4(3𝑡𝜆𝑢𝑡2 − 𝑢𝑥𝑥𝑡 − 2𝑡𝑢𝑥𝑥𝑡𝑡)

−𝑢2(3𝜆𝑢𝑡𝑢𝑥(𝑢𝑥 + 6𝑡𝑢𝑥𝑡)

+ 2𝑡(3𝜆𝑢𝑡𝑡𝑢𝑥2 + 𝑢𝑥𝑥𝑡2 + 𝑢𝑥𝑡𝑢𝑥𝑥𝑥𝑡)))𝑑𝜆

b. 𝑄2 =
1
𝑢4
(6𝑢3𝑢𝑥𝑥 − 3𝑢2𝑢2𝑥 + 4𝑢5):

𝜙2 = [ − 3𝑢𝑡𝑢𝑥3 − 3𝑢𝑢𝑥2𝑢𝑥𝑡 + 𝑢2(6𝑢𝑥𝑡𝑢𝑥𝑥 + 6𝑢𝑥𝑢𝑥𝑥𝑡 − 4𝑢𝑡𝑢𝑥𝑥𝑥)

−4𝑢3(2𝑢𝑡𝑢𝑥 + 𝑢𝑥𝑥𝑥𝑡)]∕4𝑢2,

2 = 𝑢4 + 3𝑢𝑥4

4𝑢2 + 4𝑢2𝑢𝑥𝑥 −
9𝑢𝑥2𝑢𝑥𝑥

4𝑢 + 1
2 (3𝑢𝑥𝑥

2 − 𝑢𝑥𝑢𝑥𝑥𝑥) + 𝑢(𝑢𝑥𝑥𝑥𝑥 − 𝑢𝑥2)

c. 𝑄3 =
1
𝑢2

:

3 = ∫

1

0

𝑢𝑡𝑢𝑥 − 𝑢𝑢𝑥𝑡
2𝜆𝑢2

𝑑𝜆, 𝑇3 = ∫

1

0

2𝜆𝑢3 − 𝑢𝑥2 + 𝑢𝑢𝑥𝑥
2𝜆𝑢2

𝑑𝜆

The conserved density corresponding to multiplier 𝑄∗ = 𝑢−4(6𝑘𝑢4 +
3𝑚𝑢2) is given by

𝑇∗ = ∫

1

0
(6𝑘𝜆2𝑢3 − 5𝑘𝜆𝑢𝑥2 −

3𝑚𝑢𝑥2

2𝜆𝑢2
+

3𝑚𝑢𝑥𝑥
2𝜆𝑢

+ 𝑢(3𝑚 + 7𝑘𝜆𝑢𝑥𝑥)) 𝑑𝜆

The invariance analysis of the conserved vectors presented above
an be followed by the action of the symmetry on the multipliers.
irstly, we can show that

𝑌1𝑄𝑖 = 0, 𝑖 = 1, 2, 3, ∗

𝑌2𝑄𝑗 = 0, 𝑗 = 2, 3, ∗

𝑌2𝑄1 = 𝐹 (𝑡)𝜕𝑡𝑄1 = 𝑄̄1.

Therefore, the conserved vectors in above list are strictly invariant
nder symmetry 𝑌1 where (𝑏), (𝑐) and combined one are invariant

strictly under symmetry 𝑌2. The conserved vectors in (𝑎), (𝑏) and (𝑐)
are ray invariant under the symmetry generator 𝑌3; the calculations
demonstrated that

𝑌3𝑄1 = 2𝑄1, 𝑌3𝑄2 = −2𝑄2, 𝑌3𝑄3 = 4𝑄3.

In general, the ray invariance condition corresponding to 𝑌3 is repre-
sented by

𝑌3𝑄𝑖 = (𝜆 + 5)𝑄𝑖, 𝑖 = 1, 2, 3,

so that 𝜆 = −3,−7,−1, respectively.
3

Table 1
Table of adjoint representation.
𝐴𝑑(exp(𝜖𝑌𝑖))𝑌𝑗 𝑌1 𝑌2 𝑌3
𝑌1 𝑌1 𝑌2 𝑌3
𝑌2 𝑌1 𝑌2 𝑌3 − 𝜖𝑌3
𝑌3 𝑌1 𝑌2𝑒𝜖 𝑌3

3. Optimal system of subalgebras admitted by parabolic equations
and reduction

In this section, we now construct optimal system admitted by
(BBMPB) equations. The adjoint action18,19 is given by

𝐴𝑑(exp(𝜖𝑌𝑖))(𝑌𝑗 ) = 𝑌𝑗 − 𝜖[𝑌𝑖, 𝑌𝑗 ] +
𝜖2

2!
[𝑌𝑖, [𝑌𝑖, 𝑌𝑗 ]] −⋯ , (3.1)

where 𝜖 is real and the Lie product [𝑌𝑖, 𝑌𝑗 ] is defined by

[𝑌𝑖, 𝑌𝑗 ] = 𝑌𝑖𝑌𝑗 − 𝑌𝑗𝑌𝑖. (3.2)

3.1. BBMBP equations

First we construct the optimal system for BBMBP equation discussed
in Section 2 given by

𝑢𝑡 + 𝑢𝑥𝑥𝑡 + 𝑢𝑥 + 𝑢𝑢𝑥 = 0,

which admits a three dimensional algebra of point symmetry generated
by

𝑌1 = 𝜕𝑡, 𝑌2 = 𝜕𝑥, 𝑌3 = 𝑡𝜕𝑡 − (1 + 𝑢)𝜕𝑢, (3.3)

with nonzero commutator [𝑌2, 𝑌3] = 𝑌2. The adjoint representation
corresponding to above algebra is presented in Table 1 that help us
in constructing the optimal system of subalgebra for Eq. (2.1).

Consider 𝑌 ∈ 3, we have

𝑌 = 𝑎1𝑌1 + 𝑎2𝑌2 + 𝑎3𝑌3. (3.4)

Now executing the adjoint operator (3.1) on 𝑌 and using the adjoint
Table 1, we obtain an optimal system which is as follows. Non-similar
symmetry generators are given by

𝑋1 = 𝐴𝑑(𝑒𝑎𝑌2 )𝑌 = 𝑌1 + 𝑌3 ; 𝑎3 ≠ 0, 𝑎1 ≠ 0

𝑋2 = 𝐴𝑑(𝑒𝑎𝑌2 )𝑌 = 𝑌3 ; 𝑎3 ≠ 0, 𝑎1 = 0

𝑋3 = 𝐴𝑑(𝑒𝑎𝑌3 )𝑌 = 𝑐1𝑌1 ± 𝑌2 ; 𝑎3 = 0, 𝑎2 ≠ 0

𝑋4 = 𝐴𝑑(𝑒𝑎𝑌3 )𝑌 = 𝑌1 ; 𝑎3 = 0, 𝑎2 = 0

We have received four elements 𝑋1, 𝑋2, 𝑋3 and 𝑋4 in optimal set of
non-equivalent symmetry generators admitted by Eq. (2.1). Reduction
of 𝑋2 and 𝑋4 has already performed in Section 2. At the conclusion
of this section, reduction under optimal system is performed using the
direct method. To follow the reduction of new symmetries obtained in
optimal system, first consider the symmetry generator 𝑋1 = 𝑌1 + 𝑌3
has invariant solution 𝑢 = 𝐹 (𝑥) which is the invariant solution of (2.1)
and satisfies the ODE 𝐹 ′(𝑥) = 0. Invariant solution corresponding to
symmetry generator 𝑋3 = 𝑐𝑌1 + 𝑌2 holds the form

𝑢(𝑥, 𝑡) = 𝐹 (−𝑐𝑥 + 𝑡), where 𝛼 = −𝑐𝑥 + 𝑡

and satisfy the ODE

𝐹 ′(𝛼) + 𝐹 ′′′(𝛼)𝑐2 − 𝐹 ′(𝛼)𝑐 − 𝐹 (𝛼)𝐹 ′(𝛼)𝑐 = 0 (3.5)

3.2. Benjamin–Bona–Mahony–Peregrine-Burgers (BBMPB)

The Lie point symmetry algebra is generated by

𝑌 = 𝜕 , 𝑌 = 𝜕 , (for 𝛼 = 0) 𝑌 = −𝛽𝑡𝜕 + 𝑡𝜕 − (
𝛽 + 𝛾

+ 𝑢)𝜕
1 𝑡 2 𝑥 3 𝑥 𝑡 𝜃 𝑢



Partial Differential Equations in Applied Mathematics 11 (2024) 100749A. Raza and A.H. Kara
Table 2
Table of adjoint representation.
𝐴𝑑(exp(𝜖𝑌𝑖))𝑌𝑗 𝑌1 𝑌2 𝑌3
𝑌1 𝑌1 𝑌2 𝑌3
𝑌2 𝑌1 𝑌2 𝑌3 − 𝜖(𝑌2 − 𝛽𝑌1)
𝑌3 𝑌1 𝑒𝜖𝑌2 + (1 − 𝑒𝜖 )𝛽𝑌1 𝑌3

with the only nonzero commutator [𝑌2, 𝑌3] = 𝑌2 − 𝛽𝑌1. The adjoint
representation corresponding to above algebra is presented in Table 2
that help us in constructing the optimal system for Eq. (2.11).

Consider 𝑌 ∈ 3, we have

𝑌 = 𝑎1𝑌1 + 𝑎2𝑌2 + 𝑎3𝑌3. (3.6)

Now executing the adjoint operator (3.1) on 𝑌 and using the adjoint
Table 1, we obtain an optimal system which is as follows. Non-similar
symmetry generators are given by

𝑋1 = 𝐴𝑑(𝑒𝑎𝑌2 )𝑌 = (1 + 𝛽)𝑌1 + 𝑌3 ; 𝑎3 ≠ 0, 𝑎1 ≠ 0

𝑋2 = 𝐴𝑑(𝑒𝑎𝑌2 )𝑌 = 𝑌3 ; 𝑎3 ≠ 0, 𝑎1 = 0

𝑋3 = 𝐴𝑑(𝑒𝑎𝑌3 )𝑌 = 𝑌2 ; 𝑎3 = 0, 𝑎2 ≠ 0

𝑋4 = 𝐴𝑑(𝑒𝑎𝑌3 )𝑌 = 𝑌1 ; 𝑎3 = 0, 𝑎2 = 0

For Benjamin–Bona–Mahony–Peregrine–Burgers, we again have re-
ceived four symmetries 𝑋1, 𝑋2, 𝑋3 and 𝑋4 in optimal system which
are non-equivalent. Reduction under optimal system for the symmetry
generator

𝑋1 = (1 + 𝛽)𝑌1 + 𝑌3,

has invariant solution of the form

𝑢 = 𝐹
(

ln(𝛽 + 1 + 𝑡)𝛽2 − 𝛽𝑡 + ln(𝛽 + 1 + 𝑡)𝛽 − 𝑥
)

,

and satisfies the ODEs

−
(

𝐹 ′′′(𝛼)𝛽 + 𝛼𝐹 ′′(𝛼) + 𝐹 ′(𝛼)(𝜃𝐹 (𝛼) + 𝛾)
)

(1 + 𝛽) = 0, (3.7)

−𝛼𝐹 ′′(𝛼) − 𝐹 ′(𝛼)(𝜃𝐹 (𝛼) + 𝛽 + 𝛾) = 0. (3.8)

The corresponding invariant variables are given by

𝛼 = ln(𝛽 + 1 + 𝑡)𝛽2 − 𝛽𝑡 + ln(𝛽 + 1 + 𝑡)𝛽 − 𝑥 and 𝑢 = 𝐹 (𝛼).

4. Conclusion

Complex nonlinear dynamical systems are usually dealt with very
well by invariance methods in conjunction with conservation laws. This
approach has not been previously use, to the best of our knowledge, on
the classes of equations studied here. We have shown how a study of the
relationship between symmetries and conservation laws are attained by
the notion of multipliers; once established, we can obtain double re-
duction of the original equations which is a double step in determining
solutions. A large of class of parabolic equations were studied in this
way, viz., the Oskolkov–Benjamin–Bona–Mahony–Burgers equations,
Benjamin–Bona–Mahony–Peregrine–Burger equation and the Ostrovsky
equation.
4

The following classes may also be studied, in a similar way, viz.,
Calogero–Bogoyavlenskii–Schiff equation,20 magneto-electro-elastic
equations,21 higher-dimensional KP equations.22
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