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ABSTRACT A novel approach is presented for predicting the mean-mid stock price by utilizing
high-frequency and complex limit order book (LOB) data as inputs for machine learning algorithms.
Specifically, the proposed approach uses rough path theory to extract signature path features from the
LOB data and compresses them for training machine learning models. We compare the performance of this
approach to standard autoregression methods and demonstrate its superior performance in terms of model
prediction error. In addition, we use deep neural networks (DNN) and random forest (RF) to further test the
proposed approach’s performance compared to standard approaches using raw LOB data. The findings show
that Sig-DNN, DNN with signature features, outperforms DNN with raw LOB data in terms of prediction
error and efficiency, while Sig-RF, RF with signature features, underperformed RF with raw LOB data in
terms of prediction but not in efficiency. We evaluate the proposed approach on multiple exchanges, including
the Johannesburg and New York Stock Exchanges, and the results demonstrate better prediction error and
efficiency performance in developed markets compared to emerging markets. Overall, the study highlights
the potential of using signature path features with machine learning techniques for predicting the mean-mid
stock price.

INDEX TERMS Limit order book, rough paths theory, signatures, DNN, RF, regression, mean-mid price,
machine learning.

I. INTRODUCTION

In a trade life cycle, quantitative portfolio management
encompasses trade execution to implement investment strate-
gies into practice. The process of trade execution generates
a vast amount of data, including high-frequency and high-
dimensional Limit Order Book (LOB) data. These data
comprise various market events such as order placement
and cancellation, which are essential components of trade
execution in many exchange trading platforms [1]. However,
understanding the underlying dynamics and market phenom-
ena driving this data can be challenging [2]. To address
this challenge, buy-side quantitative analysts seek meth-
ods to compress high-frequency data streams without losing
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essential information for stock price prediction [3]. Although
stock price prediction can be seen as a traditional time series
prediction task, high-frequency data presents a unique chal-
lenge due to issues such as data frequency and volume.
Practitioners aim to overcome this challenge in order to gain
or maintain a competitive advantage over their peers [4], [5].
In this study, we address the challenge and present an
approach to predict the mean-mid price movement using data
stream features derived from the path signature of sampled
LOB data paths.

The frequency and volume of order books were compara-
tively lower in earlier years. In the literature, we came across
the application of regression analysis where the authors stud-
ied the relationship between trading activity and order flow
dynamics in LOB from the Swiss exchange, utilizing a Pro-
bit model [6]. Similarly, Yu [7] tries to extract information
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from order information and submission based on the ordered
Probit model. The data used in the study was from the
Shanghai Exchange, which was considered an emerging mar-
ket exchange at the time.

Cao et al. [8] examines the depth of different levels of an
order book from the Australian Exchange by using an Auto
Regression (AR) model of order 5. They found that levels
beyond the best bid and best ask prices provide moderate
information regarding the true value of an asset. Similarly,
Cenesizoglu et al. [9] use a linear vector AR system for price
prediction and found that LOB help predict short-run mid-
quote return. The LOB data was from the German stock
exchange, a developed market exchange. For price jump
prediction of intraday stock prices using LOB features, the
research by Zheng et al. [10] used logistic regression, where
the experiment was based on the forty largest French stocks of
CAC40 index. Liu et al. [11] developed a multivariate linear
model to explain short-term stock price movement on LOB’s
from the US stock market where a bid-ask spread is used for
classification purposes. The results from the regression mod-
els showed improved performance in explaining short-term
stock price movement using LOB data.

Over the years, the number of trades within the most promi-
nent exchanges has increased dramatically since the advent of
computer-based trading [12], [13]. Orders could be submitted
or modified within milliseconds, or even faster during spe-
cific time intervals. High Frequency Trading (HFT) strategies
were starting to be deployed more within exchanges for mar-
ket marking purposes [14]. HFT is a type of trading strategy
where traders execute many trades and generate small profits
for small changes in stock prices in each transaction. This
resulted in a replacement of traditional quote-driven markets
with order-driven trading platforms [15]. The high-frequency
nature of the strategy results in many chaotic data points [16].
While it improves efficient price discovery, it creates the chal-
lenge of generating high-dimensional data. This challenge
offers a suitable framework for applying machine learning
techniques in dealing with big data. Tran et al. [17] used a
tensor framework to learn multi-dimensional data for HFT
trading.

A comparison is performed in [18] on state-of-the-art
models with different prediction horizons. It was found
that deep neural networks outperforms the state-of-the-
art CNN-LSTM architectures in different time horizons
measured various performance metrics including Balanced
Accuracy (for imbalanced datasets), weighted F-score and
Matthews Correlation Coefficient. Ntakaris et al. [19] intro-
duced a benchmark data set and used different machine
learning methods for mid-price prediction. Nousi et al. [20]
used a feature engineering approach on LOB to predict
stock price of future movement using machine learning
algorithms. Similar to Passalis et al. [21], their feature engi-
neering technique included handcrafted features related to
rolling moments of the path and machine learning inspired
features from autoencorders and bag-of-features models. The
previous studies are relevant to this research as they utilize
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feature engineering techniques to predict mid-price using
machine learning algorithms. However, this study proposes a
different approach and employs rough path theory to generate
signature features from LOB data.

Hambly and Lyons [22] established the notion of a signa-
ture as an informative transformation of a multidimensional
time series. A signature is a top down description for unpa-
rameterized path that describes a path segment through
its effects of a highly oscillatory and non-linear system.
These systems include the financial market system and
interactions within market microstructures. One possibil-
ity that Ni et al. [23] introduced is to use the concept for
understanding financial data, and they have emphasized the
potential of this approach for machine learning and predic-
tion. We refined the theoretical suggestions and evaluated
them against real-world financial data, including LOB data
for different stocks and exchanges. In each experiment dis-
cussed later, we explore different dimensional parts of the
signature, referred to as signature order or truncation, that
capture essential information for characterizing various fea-
tures.

The theory of rough paths was developed in the 90s by
Lyons [24]. Since then, the field of study has evolved con-
siderably and has been applied in different areas. Rough path
theory is well positioned for machine learning and time series
application due to its ability to extract top-down-level fea-
tures for well-defined paths or data streams. Notable areas of
application include synthetic financial data generation [25],
handwriting recognition [26], sepsis detection [27], human
action recognition [28], drone identification and analysing
energy usage data [29].

In the literature, we find little research on using rough
path theory to generate signature features of LOB for stock
price prediction. Although rough path theory was applied to
high-frequency financial tick data, this was only to show the
ability of the method to compress and capture sufficient infor-
mation in unknown trading strategies involving this data [30].
We aim to provide a framework for dealing with multi-
dimensional high-frequency LOB data. This study proposes a
novel solution utilizing rough path theory to create signature
path features. The signatures coefficients are then used as
input features for machine learning algorithms to predict the
movement of stock mean-mid prices. It is also the first study
to compare the effectiveness of this approach in different
types of markets, including an African stock exchange.

Contributions: Our contributions in this work can be sum-
marised as follows:

o« We propose a first in-literature use of rough path
theory to generate price path features on LOB data
for mean-mid price prediction. The proposed method
effectively compresses high-frequency LOB data and
generates signatures for machine learning algorithms to
predict stock’s mean-mid prices.

o Second, In this study, we present the first in literature
comparison of LOB data from both emerging and devel-
oped markets in order to understand the potential of
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LOB data as an alternative data source for stock price
prediction in different market conditions.

The remainder of this paper is organized as follows: In
section II, we discuss the definition of signature of a path and
its properties and apply the definition to the data used in this
study. We discuss the proposed experiment of the study and
look at snapshots of the LOB data used in section III. Section
IV provides a description of the machine learning algorithms
used for prediction. We then present the results, including
plots of model prediction and table of model performance
for all the machine learning models in section V. Section VI
concludes the paper and outlines ideas for future research.

Il. SIGNATURE OF A PATH
The application of mathematical finance within the finance
industry has been concerned with estimating future
real-world events based on the past sequence of events or
a well-defined path established by the series of events [30].
We want to understand a stream’s effects on a complex
system, such as the decision to buy or sell a stock, using a
function. One possible example of the function f is a stock
price at time ¢. Such non-smooth paths may represent sequen-
tial data or time series, typically consisting of successive
measurements made over a time interval. Using these data
streams, quantitative analysts will decide how to summarise
information about the paths using specific parameters. These
can be drift components on the path or some volatility mea-
sure of the path. For example, estimating mean stock returns
and standard deviation to construct a minimum variance port-
folio. However, studies show that these parameter estimates
are based on specific model assumptions on the dynamic of
ever-changing phenomena in the financial markets [25], [31].
This study aims to establish how the evolving nature and
well-defined path of LOB data affect the non-linear system
of stock price prediction. This can be achieved using the
controlled differential equation below

where X; is the input or driver path to the system. Here, X;
can be seen as a sequence of events within the LOB data.
Y; is the response to the input path. In our case, ¥; can
be seen as a stock price prediction or a buy or sell signal.
Solving for equation (1) can be challenging since we are
trying to determine how small increments in X affected small
increments in Y. A popular way to do it is often using a param-
eterized algebraic approach of fitting a polynomial function.
The challenge, however, is real-world paths or data streams
over time are often random, very noisy, unparameterized and
non-analytic. For a function f and path Y, we say that Y solves
equation (1) when the equation (2) is met

t
Yi =yo +/0 Jf(Yo)dX; @)

Rough paths theory suggests that there exist unparame-
terized paths describing data streams. Rough path theory is
a mathematical framework that allows for the analysis of
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irregular and non-smooth data streams. It provides a way to
extract meaningful information from these paths by repre-
senting them as sequences of iterated integrals.

It is found in [24] that signature of a path X; is the solution
to equation (1) and solves for equation (2). These are sequen-
tial Picard approximations to the true solution for equation
(2). Itis a faithful invariant and top-down description of unpa-
rameterized paths generating the best coefficients describing
the path. The resulting output transforms into tensor algebra
when translating paths or data streams to signatures. The
tensor product of a path in d dimension is defined below in
equation (3)

& _ D (rd\
TR =P (R ) 3)
k=0

It contains different information sets at different levels or
truncations (since we may not necessarily reach infinity dur-
ing computation). Each level or integral grouping describes
an input path’s extra dimension of variability.

We define the signature of a path as follows. Set X as a
continuous function with finite length [0; T']. The signature
of a continuous path X; over an interval a < ¢ < b denoted by
S(Xt)a,p are the elements of T(Rd) defined by the following
sequence of real numbers:

SO =1,

s,.“):/ ax;, (1<i<a)
a<v<b

s =/ dxldx;  (1<ij<d).
a<u<v<b

® ‘ .
Sit it —/ Xt ... Xk
O<uj..<ux<T

A<ip, ... i <d),

where integration limits correspond to integration over a sim-
plex in a higher dimension. We note that it may be impractical
to compute the full signature of a path so the truncated
signature of order k, S(X,)(a’fz, is used.

We highlight some of the properties below. Further proofs

can be found in [22] and [32].

1) Invariant with time reparametrisation: for continu-
ous and non-decreasing function y : [0, T] — [S, U]
and 0 < s < t < T. Then path integrals (hence
signatures) are invariant under time reparametrisation
of y given by:

i ik —
/ qul ...quk =
s<uy..<up<t

ax, o o...ax' 4)
‘/y(s)<ul.4<uk<y(t) () ()
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2) Multiplicative and concatenation property: there
exists a binary operation ®, such thatif anya < u < b
then

S(Xt)a,u & S(Xt)u,b = S(Xt)a,b (5)

where the binary operation is discussed in [24].

Since financial time series data is not in continuous tra-
jectories, for instance, the market only shows the prices of
the securities at specific times. Therefore, we use the path
signature’s first property 4 to transform our stream dataset
while ensuring invariance under time reparametrisation.

A. SIGNATURE OF LOB DATA STREAM

In our previous definition of a path signature, we focused
on continuous data paths. However, many data streams,
such as LOB data, evolve over time without being con-
tinuous. LOB data, for example, represents market orders
placed at various times based on participants’ discretion.
To capture the dynamics of such data streams, we need to
define the path signature using a signature of stream data,
introducing continuity. The path signature, computed by iter-
atively integrating and accumulating the path over different
time intervals, represents higher-order features that capture
the cumulative information within the data. This approach
effectively compresses the data stream while preserving its
essential characteristics. By applying rough path theory and
extracting signature path features, we can summarize the
complex and high-dimensional LOB data, making it suitable
for further analysis and prediction tasks.

Levin et al. [23] defined the signature of data streams
by constructing axis paths through rectilinear interpola-
tion instead of piece-wise linear interpolation. Another
way to transform to a continuous path is using lead-lag
transformation, which maps a one-dimensional path into a
two-dimensional path. In particular and similar to work by
Gyurko et al. [3], given a stream of LOB data (X;,)Y_, in R,
we define its lead-transformed stream (lee“d )fivo by

X!egd _ X[i ifj - 21
/ X, ifj=2i—1

and its lag-transformed stream (leag)jzivo is defined as
xlag _ X, ifj=2i
4 X, ifj=2i+1

the lead-lag-transformed stream takes values in

2-dimension and is defined by the paired stream
lead—lag\2)N __ /yrlead ~+-lag\2N

Hence, it can can be seen that the signature of the lead
dimension can be written as

S,y (X) = So, 2w (X"D)
and similarly the signature of the lag dimension

Sip.y (X) = So.2n(X'48)
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of the Mid Price

Bid and Ask Rolling
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Stock Price
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FIGURE 1. Proposed framework for mean-mid stock price prediction
using signature path features.

We can therefore transform any stream of data to continuous
data and still be able to capture for example the quadratic
variation of high frequency LOB data streams using lead-lag
transformation.

Ill. DATA AND RESEARCH DESIGN
We designed our experiment to see if we can use path sig-
natures as features to machine learning models in predicting
stock price movement in LOB data. In other words, if X is
a stream of data from an electronic LOB as a sequence of
prices, and the effects of this stream are given by a functional
f that transforms the streams of prices to a prediction made by
ainvestor given by ¥ = f(X), our task is to predict f (X) given
any X based on the data in the observed learned LOB data.
We then compare the results to the benchmark AR model.

In summary, our proposed workflow is depicted in Figure 1
shown below.

A. DATA STREAM

We start by defining some LOB features. More references and
information about the topic can be found in [33] and [34]. Our
experiment is based on LOB data on two stocks in two dif-
ferent exchange markets: AMAZON stock in the New York
Stock Exchange (NYSE) and NASPERS in the Johannesburg
Stock Exchange (JSE). It is important to note that JSE and
NYSE are very different in size and trading volumes since
the JSE is from emerging market economy and NYSE is from
a developed market economy. Exchanges from developed
markets have far greater number of listed companies and
have higher trading volumes compared to emerging market
exchanges. LOB consists of different levels indicating trades
submitted by market participants. The number of levels can
vary depending on the exchange and liquidity, ranging from
level 1 to level 10. These levels provide varying degrees of
information on how market participants interact, with higher
levels containing more comprehensive information on the
most recently executed trade. However, for this study, we only
consider level 1 LOB data.
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TABLE 1. First 10 trades of AMAZON stocks from LOB on NYSE on
2012-06-21.

[ AMAZON LOB DATA SAMPLE ]

Time (hh:mm:ss:000)  Bid Price Ask Price ~ Mid Price
09:30:00.000 223.18 223.82 223.565
09:30:00.762 223.75 223.95 223.85
09:30:00.812 223.75 223.95 223.85
09:30:00.856 223.84 223.95 223.895
09:30:00.857 223.75 223.95 223.85
09:30:00.864 223.75 223.95 223.85
09:30:00.864 223.84 223.95 223.895
09:30:00.874 223.84 223.95 223.895
09:30:01.273 223.84 223.86 223.85
09:30:01.274 223.84 223.95 223.895

TABLE 2. First 10 trades of NASPERS stocks from LOB on JSE on
2021-10-26.

[ NASPERS LOB DATA SAMPLE

Date-Time Bid Price  Ask Price  Mid Price
2021-10-26T06:32:50.788085406Z  2598.00 2590.00 2594.00
2021-10-26T06:32:50.963285119Z  2598.00 2590.00 2594.00
2021-10-26T06:32:50.963285119Z  2598.00 2590.00 2594.00
2021-10-26T06:32:50.963285119Z  2598.00 2590.00 2594.00
2021-10-26T06:32:55.495386302Z  2598.00 2551.34 2574.67
2021-10-26T06:32:55.675600741Z  2598.00 2551.34 2574.67
2021-10-26T06:34:31.131275605Z  2598.00 2551.34 2574.67
2021-10-26T06:36:44.519316467Z  2598.00 2551.34 2574.67
2021-10-26T06:36:44.519316467Z  2598.00 2551.34 2574.67
2021-10-26T06:36:44.519316467Z  2598.00 2551.34 2574.67

The data contains the first 4000 time ticks of a single
trading day for both AMAZON and NASPERS with an 80:20
training testing split. The dates selected for AMAZON and
NASPERS are 2012-06-21 and 2021-10-26 respectively. For
every tick, the LOB data contains the following:

« Bid price: the highest price submitted electronically by

a buyer to pay for a specified number of stocks at any
given time.

o Ask price: the lowest price submitted electronically by

a seller to offload a specified number of stocks at any
given time.

« Mid price: the average of Bid and Ask price

Table 1 and 2 show that the electronic LOB data is a dis-
crete data stream. We also indicate the five-number summary
of the mid-price from each dataset in Table 3. It is easy
to notice that numerically, the magnitude of the difference
in maximum and minimum mid-price is small in each data
stream. This is the nature of LOB data where there is a small
price difference in successive trades.

As mentioned above, signatures are iterated integral on
continuous paths. Therefore, we need to transform the
LOB data stream to a continuous stream using the lead-lag
transformation described above. Figure 3 and 2 plots the
transformation from AMAZON mean-mid price stream to
continuous data in the lead-lag space.

B. MACHINE LEARNING MODEL BASED ON SIGNATURES
As discussed earlier, several machine learning models have
been used on high-frequency LOB. However, we do not know
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TABLE 3. Five number summary for the LOB datasets.

Statistic Summary | AMAZON Mid Price (§) | NASPERS Mid Price (R)
Minimum value 220.520 2573.870
25th Percentile 221.265 2623.333
50th Percentile 222.655 2637.155
75th Percentile 223.875 2641.225
Maximum Value 226.025 2659.9

wid Price (Level 1)

34200 34300 34400 4500 34600 700 4800 4900
Tick ime i seconds

FIGURE 2. Mean-mid price path stream data.

of any papers using signature features for stock price predic-
tion. In this study, we propose the use of signature features
on LOB data for stock price prediction using machine learn-
ing models. Signatures, in the context of machine learning
algorithms, are higher-order features that are derived from the
paths or trajectories of data. They capture important informa-
tion about the cumulative behaviour and dependencies within
the data.

The definition of the signature indicates that functions on
paths are equal to linear functions on signatures, implying
that information about paths can be obtained from their signa-
tures. Levin et al. [23] shows the proof of the theorem. This
result implies that the desired function can be accurately
approximated by linear functions, including linear regres-
sion and other machine learning algorithms. As a result,
the approach in this chapter for solving equation (1) can be
summarized as follows:

o Given a training sample of a rolling window of size
30 ticks of LOB data {(X;, Y,)}fy: o Where Y; is the target
prediction of mean-mid price and X; is the stream of data
in Table 1 and 2.

o The target prediction in the experiment is the average of
5 consecutive mid-price ticks starting on the 31st.

o Transform rolling window of stream data to a continuous
path using lead-lag transformation in the form while

including lead time variable zjl.e“d

> \2N __ _lead ~rlead +-lag\2N
(X])j:()_(zj ,Xj ,Xj )j:()

« Compute S ()Ej)("), the truncated signature of order n over
a specific interval using Esig python package.

o Apply various machine learning algorithms with appro-
priate architecture against the truncated signature to
solve the controlled differential equation.
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FIGURE 3. Lead-lag transformation of the financial data stream.

A signature’s dimension depends on the extent of the
underlying space and the level at which the signature is
truncated. The depth of the signature does not depend on the
number of samples or increments used to compute it.

C. PERFORMANCE METRICS

To evaluate the performance of the proposed algorithm,
we employed specific performance metrics. The predic-
tive accuracy of the models for the mean-mid price was
assessed using root mean square error (RMSE) and mean
absolute error (MAE) metrics. Additionally, we utilized the
Diebold-Mariano test [35] to determine if there is a statisti-
cally significant difference between the forecasts generated
by the two different models. In the experiment, we will
compare the performance of the proposed model to that of the
AR model as the benchmark. While the test does not indicate
which forecast is superior, it provides a p-value that helps
determine if there is a notable distinction between the two
forecasts.

IV. MACHINE LEARNING ALGORITHMS

The signature is a reliable transform of a multidimen-
sional data stream. Levin et al. [23] suggested its application
on financial data streams and emphasized its potential for
machine learning and prediction. This section discusses the
machine learning models utilized for prediction.

A. RANDOM FOREST (RF)

Random forest is a machine learning algorithm that uses an
ensemble model that combines several base decision trees
to produce an optimal predictive model and make point or
classification predictions [36]. Decision trees are models with
a high variance and low bias. When increasing the number of
decision trees, the random forest reduces the high variance
by having uncorrelated individual decision trees and taking
the average class prediction from each decision tree while the
bias remains constant. In each training step, samples from the
training sets are selected randomly with replacements and a
subset of features is selected randomly and whichever feature
provides the best split or decision is used.
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In our study, random forest is a regressor consisting of an
ensemble of decision tree-structured regressors {h(x, 6x), k =
1,...} where {6} are independent identically distributed
random vectors and each decision tree predicts the mean of
mid-price using path signature features as inputs. The number
of decision trees to be boosted was 1100, with a maximum
depth of 2 while minimizing the mean square error.

B. EXTREME GRADIENT BOOSTING (XGB)

State-of-art machine learning techniques for classification
or regression tasks include extreme gradient boosting, first
introduced by Friedman [37]. Gradient boosting is an optimi-
sation problem, where the goal is to locate the minimum or
minimise the model’s loss function by adding weak learners
using gradient descent. During the learning process, decision
trees are added at each stage, and the existing trees in the
ensemble are not replaced. The contribution of the weak
learner to the ensemble is based on the gradient descent
optimisation process performed on each weak learner. The
calculated contribution of each tree is then based on minimis-
ing the overall error of the composite learner.

In this study, the XGB is a regressor with the inputs xf
and y; target set can be defined as {(xf VY. We use a
differentiable function L(y, F'(x)), where F'(x) is the function
mapping x” to y and is the weaker model within the ensemble
tree with a number of iterations m. The number of decision
trees to be boosted was 100 with a maximum depth of 3 for
each tree.

Yim = argmin " LG, Fuo1(5) +y)  (6)

xiEij

Jm
F(x) = Fpe1 + D VimlR;, (%) ©)
j=1
where chooses a separate optimal value y,, for each of the
tree’s regions, instead of a single y,.

The XGB model has the benefit of better interpretability
in which we can estimate the relative importance of input
features in predicting stock price directional movement. The
number of decision trees to be boosted was 950 with a maxi-
mum depth of 4 for each tree.

C. DEEP NEURAL NETWORKS (DNN)

We also employ a DNN to predict the mean of stocks’ mean-
mid price. It has three layers of interconnected neuron units,
through which the data are transformed. The number of
neurons on the input layer depends on signature truncation,
where the size will always match the number of coefficients
describing the path. The hidden layer has a ReLU activation
function, whereas the output layer uses a linear function.
The hidden layer has a dimension of 256, with a total of
33024 parameters. The last output layer with the linear func-
tion has a total of 257 parameters. The Adam optimiser was
used to update all the trainable parameters. The objective
function is the mean absolute error loss function that reduces
the uncertainty in the distribution of prediction error.
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D. LINEAR REGRESSION (LR)

In this study, we also use the linear regression model. In the
experiment, the linear regression model will describe the
relationship between the mean-mid stocks price prediction
Y based on one or more independent variables, X which are
signature path features. The dependent variable is also called
the response variable. We modelled the mean-mid stock price
using signature features generated as independent variables
from the observed path using equation (8).

Yi(x) = Bo + Bix1 + Baxa + ... + Bmxm (8)

where Y is the predicted mean-min stock price, §; is the
parameter for i — th coefficient of the signature x; and m is
the number of signature coefficients. In this study, m depends
on the signature truncation.

E. AUTO REGRESSION (AR)

We utilise AR as a benchmark for the proposed models for
the experiment. AR is a time series analysis method used to
model data that exhibits correlation with its own past values.
It assumes that the current value of a variable depends linearly
on its previous values, with the degree of dependence deter-
mined by a parameter called the autoregressive coefficient.
The standard parameter for AR is denoted as p, representing
the number of lagged values of the variable used to predict
the current value. The AR model of order p is expressed as

Yo=Y mixYi)+cte ©)

1

where Y; is the current mean-mid stock price, ¢ is a con-
stant, n; represents the auto regressive coefficients for i =
1,2,...,p, and ¢; is the error term. The choice of p will
depend on the signature truncation.

V. EXPERIMENT RESULTS

Figures 4-7 show the mean-mid price prediction results of
AMAZON and NASPERS by the best-performing machine
learning model using their signatures from LOB data streams
at different truncations. We used DNN and RF for NASPERS
and AMAZON respectively. The Figures demonstrate that
AR tends to produce more linear plots, whereas the proposed
use of rough path theory on LOB is more effective at captur-
ing the non-linear relationships and patterns inherent in the
data.

A. PLOTS OF THE TRAINING AND TESTING EXPERIMENT
RESULTS

Figures 4 (a) - 7 (b) show plots of the training experiment
results at different signature orders. Our findings reveal that
the proposed machine learning models tend to over-fit dur-
ing training, with this effect being more pronounced for the
AMAZON stock price data. We think over-fitting is exacer-
bated because the RF model used is highly flexible and when
the training data may contain a lot of redundant information
because of the nature of LOB data.

70604

TABLE 4. p-value from Diebold-Mariano Test.

[ AMAZON FORECAST |
Signature/
lagged order XGB RF LR DNN
2 0.0290 0.0610 0.7642  0.9497
3 0.1960  0.0438  0.6838  0.8668
4 0.0294 0.3311 0.0819 0.0544
5 0.3786 09374  0.1221  0.1793

Figures 4 (c) - 7 (d) show plots of the testing experiment
results. It is visible to notice that the red line tends to move
with the green line but not with the blue line. This indicates
a better model fit using signature path features compared
to using lagged features in the AR model. This is because
signature path features contain the inputs path’s extra dimen-
sion of variability when compared to lagged features. It is
further supported by the observation that AR tends to produce
more linear plots, while machine learning models incorpo-
rating signature path features are more adept at capturing
the non-linear relationships and patterns inherent in the data.
In Figure 7 (b) and (d), we observe a significant decline in per-
formance compared to lower signature truncations. We think
this is because of the factorial increase in the number of
significant features which may require a change in the deep
neural network architecture.

Table 4-5 displays the p-values from the Diebold-Mariano
test, which compares the forecasts generated by the XGB,
RF, LR, and DNN models with the forecasts from the AR
benchmark. The p-values indicate the statistical significance
of the difference between the two sets of forecasts.

Table 4 shows the results which represent different signa-
ture orders, the XGB and RF models consistently show low
p-values across all lag orders, indicating that their forecasts
are significantly different from the AR benchmark. The LR
and DNN models, on the other hand, have higher p-values,
suggesting that their forecasts are not significantly different
from the AR benchmark. Overall, the results from Table 4
suggest that the XGB and RF models outperform the LR and
DNN models in terms of generating significantly different
forecasts compared to the AR benchmark model.

In Table 5, the results show that all the machine learning
models (XGB, RF, LR, and DNN) consistently exhibit very
low p-values across different lag orders. This suggests that
the forecasts generated by these models are significantly
different from the forecasts of the AR benchmark model.
These findings indicate that the machine learning models
outperform the AR model in terms of generating significantly
different forecasts compared to the AR benchmark model.
However, it is important to note that the p-values do not
provide information about the relative accuracy or superiority
of the models in terms of forecast performance. To assess the
relative accuracy performance, we will measure the MAE and
RSME.

Tables 6-9 show the results. There were significantly
higher model prediction errors on the NASPERS LOB
data than the AMAZON data across all performance
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(a) AMAZON mean-mid price path training experiment data. (a) AMAZON mean-mid price path training experiment data.
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(b) NASPERS mean-mid price path training experiment data. (b) NASPERS mean-mid price path training experiment data.
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(d) NASPERS mean-mid price path testing experiment data. (d) NASPERS mean-mid price path testing experiment data.
FIGURE 4. Mean-mid price prediction using signatures of order FIGURE 5. Mean-mid price prediction using signatures of order
n = 2 from LOB data stream. n = 3 from LOB data stream.
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(a) AMAZON mean-mid price path training experiment data.
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(b) NASPERS mean-mid price path training experiment data. (b) NASPERS mean-mid price path training experiment data.
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(d) NASPERS mean-mid price path testing experiment data. (d) NASPERS mean-mid price path testing experiment data.
FIGURE 6. Mean-mid price prediction using signatures of order FIGURE 7. Mean-mid price prediction using signatures of order
n = 4 from LOB data stream. n =5 from LOB data stream.
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TABLE 5. p-value from Diebold-Mariano Test.

[ NASPERS FORECAST |
Signature/
lagged order XGB RF LR DNN
2 0.0057  0.0007 0.0001  0.0001
3 0.0026  0.0078  0.0003  0.0001
4 0.0018  0.0013  0.0001  0.0004
5 0.0013  0.0034 0.0016  0.0022

TABLE 6. MAE test results (x102) across the different signature
transactions and models.

[ NASPERS LOB DATA ]

Signature/

lagged order XGB RF LR DNN AR

2 247211  235.806 211.537  98.603 107.183
3 252.170  229.533 224438 94.441 104.202
4 230.690 225.176  239.565 100.480  95.201
5 222227  219.592 246998 243.771  87.559

TABLE 7. RMSE test results (x102) across the different signature
transactions and models.

[ NASPERS LOB DATA ]

Signature/

lagged order XGB RF LR DNN AR

2 285.108  256.440 225921 123.365  129.952
3 293.676  251.296 242385 120.281  127.077
4 271.017 246373  261.568 116.510  127.379
5 262.774  273.798  311.198 372300 107.048

TABLE 8. MAE Test Results (x102) across the different signature
transactions and models.

[ AMAZON LOB DATA |
Signature/
lagged order XGB RF LR DNN AR
2 14896  13.301 13.395 17.032  14.159
3 14586  13.785 13.701 17.607 14.164
4 14319 13971 14722 15.120 14.191
5 13.893 13315 14.153 15.644 14.168

TABLE 9. RMSE Test Results (x102) across the different signature
transactions and models.

[ AMAZON LOB DATA |
Signature/
lagged order XGB RF LR DNN AR
2 18.016 15956 16.028 20.797 16.159
3 17.778  16.647 16355 21317 16.201
4 17.527 16.623 17.301 17.792  16.237
5 16.832 16.185 16.895 18930 16.197

measurements. The difference in performance was due to a
better model fit on AMAZON versus NASPERS where we
find that RF performs better in developed markets while DNN
performs better in emerging markets. Using the XGB model,
we often see that the increase in truncation or order of signa-
ture results in a slight increase in performance in prediction
errors. The signature approach represents a non-parametric
way of extracting characteristic features from data; thus the
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TABLE 10. The prediction error results (x102) and Diebold-Mariano test
p-values on Amazon LOB data.

[ AMAZON LOB DATA
Model MAE RMSE DM (p-value)
DNN 361.645 364.217  0.00002
Sig-DNN  98.603 123.365
RF 28.968 36.077 0.00051
Sig-RF 235.806  256.440

TABLE 11. The prediction error results (x102) and Diebold-Mariano test
p-values on NASPERS LOB data.

[ NASPERS LOB DATA

Model MAE RMSE DM (p-value)
DNN 361.645 364.217  0.000023
Sig-DNN  98.603 123.365

RF 28.968 36.077 0.000109
Sig-RF 235.806  256.440

TABLE 12. Model Efficiency performance (sec).

[ Model Efficiency (Runtime) |

Model NASPERS AMAZON
DNN 18.696 18.960
Sig-DNN  17.695 17.054

RF 2.300 1.706
Sig-RF 1.916 1.695

higher the order of truncation, the more the information
extracted by the signature, hence the better the expected
performance by the models. Table 6 and Table 7 show a mixed
performance between the machine learning models. DNN
performs better at lower signature orders, while the RF and
XGB model performs best at higher ones. In Table 7, DNN
shows the best performance at most signature orders.

Table 8 shows a more consistent performance between
the machine learning models. The linear regression model
shows the best performance at signature order n = 3, while
the random forest model shows the best performance at on
other signature orders. This may be due to an increase in the
number of coefficients when the order of signatures increases.
Table 9 shows mixed results between RF and AR at different
signature/lagged truncations.

To measure the performance enhancement of using signa-
ture features in machine learning algorithms, we tested the
performance of Sig-DNN and Sig-RF, which are DNN and
RF models with signature features, against DNN and RF
models using raw LOB data. We used signature order 2, as it
was the best performing signature order. Table 10 shows the
prediction error results and Diebold-Mariano test p-values
on Amazon LOB data, while Table 11 shows the results for
NASPERS, and Table 12 shows the model efficiency in terms
of average runtime for 30 iterations.

The p-values indicate statistical significance in the differ-
ence between the two sets of forecasts in both emerging and
developed markets. Sig-DNN outperforms DNN in terms of
accuracy and efficiency (less time). The model efficiency
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of Sig-DNN is expected since LOB is compressed into few
signature coefficients describing the path versus using raw
LOB data. Sig-RF underperformed RF in accuracy but not
efficiency, indicating that signature features do not work well
with RF when seeking to reduce model prediction error in this
setting. These results are consistent in all market types, i.e.,
developed and emerging markets. Overall, we find that a sig-
nature transform of LOB data for stock prediction improves
DNN and not RF but still improves efficiency on both models.

VI. CONCLUSION

In this study, we have presented an approach to stock price
prediction using signature path features of limit order book
data. The results have been mixed using LOB data from
two different exchanges at different times. While the ear-
lier data from AMAZON performed better, the more recent
NASPERS stream data showed that signature paths do not
perform well as features for LOB stream data to stock price
prediction due to higher model prediction error.

Our findings also reveal that the models tend to over-fit
more with the AMAZON LOB data compared to the other
LOB stream data used. This discovery suggests that careful
selection of signature truncation or regularization techniques
may be necessary to mitigate over-fitting and improve the out-
of-sample performance of the models.

We also tested the potential enhancement of using signa-
ture path features versus raw LOB data. Our findings indicate
a statistically significant difference between the forecasts
generated by models using signature inputs and those using
raw LOB data. The DNN model improved in terms of both
accuracy and efficiency when using signature path features,
while the RF model did not improve in terms of accuracy but
did improve in terms of efficiency. The results demonstrate
that using signature path features in DNN is better suited to
capturing path information compared to raw data.

Given that we have established the use of signature tech-
niques for feature generation and mean-mid price prediction,
market makers can find optimal ways to hold inventory when
trading. However, more tests are needed, and interesting
questions remain that we hope to address in the future. For
instance, can further increases in signature truncation or other
LOB features prevent over-fitting of the various machine
learning models? Similarly, are there possible investment
strategies from the mean-mid price prediction, and are these
strategies possible to implement practically given the high
frequency nature of the data and the speed at which signature
features are calculated at different truncations? Could the
performance of the proposed framework be enhanced by
obtaining data from the higher levels of the LOB?

Overall, our study shows that signature path features have
potential in stock price prediction when used with machine
learning algorithms, and their use should be explored further.
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