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Abstract

The field of representation learning involves learning data representations (or
features) that capture the structure and relationships implicit in data rather than engi-
neering them. Latent (hidden) variables are high-level data representations inferred
indirectly from data via statistical models. Representation learning assumes data is
generated via a process characterised by higher-order generative factors. When learn-
ing disentangled latent representations, the aim is individual latent variables sensi-
tive to changes in only one generative factor. Disentangled representations are inter-
pretable and provide insight into what a model has learnt.

The most popular disentangled representation learning model is Higgins et al. [2017]’s
β VAE. It is an extension of Kingma and Welling [2013] and Rezende et al. [2014]’s
VAE, which uses variational inference (VI), framing inference as optimisation of the
Evidence Lower BOund (ELBO) objective. VAEs are also Bayesian models, with a prior
belief of the latent structure before data is observed, as captured by the prior latent
distribution. The framework fits a latent posterior distribution to data, regularising
the resultant latent distribution by keeping it “close” to the prior.

The closeness between the latent prior and posterior is enforced by penalising the
ELBO using distance metric called the Kullback–Leibler (KL) divergence between
these distributions. The latent posterior distribution is thus encouraged not to deviate
too much from the latent prior distribution. Notably, the KL divergence is asymmet-
rical, so swapping the argument distributions around results in a different distance
metric. Furthermore, the chosen direction of the KL divergence results in different be-
haviour when the divergence is minimised. This, in turn, encourages different latent
posterior solutions.

The reverse KL divergence is typically used in VI and encourages “mode-seeking”
behaviour in the latent space, favouring under-dispersed solutions relative to the la-
tent prior. Conversely, the forward KL divergence results in “mean-matching” be-
haviour in the latent space, favouring over-dispersed solutions relative to the latent
prior. The β VAE includes a β hyperparameter factor to the reverse KL divergence in
the ELBO, resulting in hyperparameter constrained reverse KL latent regularisation.
It thus exhibits “mode-seeking” behaviour, favouring under-dispersed solutions relative
to the latent prior.
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Our study assesses the impact of the KL divergence direction on the resultant latent
posterior. Since the goal of disentangled representation learning is latents that capture
generative factors in an isotropic manner, we assess the impact multimodal generative
spaces have on the resultant posterior solution when the KL divergence direction is var-
ied. To facilitate this investigation, we extend Higgins et al. [2017]’s β VAE to include
an additional hyperparameter constrained forward KL latent regulariser, deriving
our model the βγ VAE. Furthermore, we construct a collection of supervised datasets,
each with a different number of generative space modes called mSprites. Finally, im-
pacts in the study are assessed using information-theoretic disentangling metrics.

When using the reverse KL for latent regularisation, we find that multimodal gener-
ative spaces distort the overall information content captured by the learnt representa-
tion. This is related to the mode-seeking behaviour of the reverse KL, as evidenced by
reduced fit from increased generative space modality. This distortion may be remedied
by introducing an additional constrained forward KL for latent regularisation, as done
in our βγ VAE. The impact of multimodal generative spaces on disentangled represen-
tation learning, however, is less clear. Our study provides evidence that multimodal
generative spaces negatively distort axis alignment between latent and generative di-
mensions. However, it is not clear that this necessarily hinders disentangled represen-
tation learning. Finally, we observe that while our βγ VAE can improve some metrics
in disentangled representation learning, eliminating the impact of multimodal gener-
ative spaces, it is not consistent when all disentangling metrics are considered, and
thus results are less robust. Our βγ VAE is thus suitable for representation learning
with inconsistent evidence that it may also be useful in disentangled representation
learning.

Our findings are summarised as follows (the related research question addressed is
given in brackets):

· 6.2 Multimodal generative spaces distort global latent fit of β VAE, particu-
larly at lower values of β (3.2.1)

· 6.3 Multimodal generative factors do not consistently distort disentangled
representation learning, but improve axis alignment. (3.2.2)

· 6.4 βγ VAE has consistently better global latent fit than β VAE and eliminates
negative impacts of multimodal generative space (3.2.3)

· 6.5 βγ VAE does not consistently learn better disentangled representations
than β VAE, nor does it consistently eliminate impact of multimodal genera-
tive spaces (3.2.4)

Our key contributions are mSprites, a series of supervised datasets designed to in-
vestigate the impact of multimodal generative spaces on disentangled representation
learning, the βγ VAE, a model with proven merit for representation learning that uses
an additional constrained forward KL for latent regularisation, and empirical evidence
validating the findings mentioned above.
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Chapter 1

Introduction

Success in machine learning methods is typically driven by systems that learn some-
thing useful for the domain in which they are applied. In a natural image context, this
means learning something about image data and the real world captured in these visual
signals. Bengio et al. [2013] note in their seminal work that performance in machine
learning is largely driven by choice of the data representations (or features). They
argue that in order to make progress in artificial intelligence (AI), a machine learning
system must fundamentally understand the world around us. They claim that this is
only achievable if the system can learn to identify underlying explanatory factors
hidden in low-level sensory data. Representation learning has become a field of ma-
chine learning research in its own right. This is where structures and relationships (or
features) present in data are learnt, rather than engineered by domain experts. Such
features extract information that is useful in downstream tasks such as classification
and prediction.

Skrondal and Rabe-Hesketh [2007] describe latent variables, introduced by Lazars-
feld [1950], as hidden random variables. The properties of these hidden latents are
inferred indirectly by connecting them to observed data via statistical (machine learn-
ing) models. These latents may be thought of as high-level data representations, and
in representation learning, the observed data is assumed to be generated via a process
characterised by higher-order ground-truth generative factors. A model’s hidden, la-
tent variables are fitted to data, assuming at least some of these ground truth factors
are independent, with interpretable labels.

In disentangled representation learning the goal is to learn individual latent units
that are sensitive to changes in only one generative factor. Individual disentangled
latent dimensions are largely invariant to the changes in other factors. This allows
for identifiable latents, allowing them to be matched to corresponding generative
factors. Disentangled representations are thus interpretable, providing insight into
what a model has learnt, a vital requirement for using such models in highly regulated
domains such as finance and medicine.
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Disentangled representation learning (“disentangling”) is synonymous with a one-
to-one relationship between generative and latent factors1. Lake et al. [2017] note
that disentangled representations could boost the performance of state-of-the-art AI
where machines still struggle, but humans excel. Such scenarios include transfer learn-
ing and zero-shot inference2 where reusing learnt representations leads to faster learn-
ing and enables reasoning through recombining previously learnt factors.

Kingma and Welling [2013] and Rezende et al. [2014]’s variational auto-encoder
(VAE) learns a latent space via deep models. Kingma and Welling [2019] note that
VAE’s are extensively used in unsupervised representation learning, learning semanti-
cally meaningful, statistically independent, disentangled factors of variation from un-
labelled data. Inference networks are flexible constructions that approximate distri-
butions used during inference. The VAE framework provides a principled approach for
the efficient learning of both the deep latent variable models and their corresponding
inference networks.

VAEs use variational inference (VI), allowing for the estimation of an intractable
true posterior with a variational posterior. In VI, inference is framed as optimisation
and VAEs are fitted by optimising the Evidence Lower BOund (ELBO). Furthermore,
VAEs are Bayesian models, with beliefs about latent structure, held before ever observ-
ing data, as captured by a latent prior distribution. When data is observed, optimising
the ELBO shapes the resultant learnt latent space by encouraging the latent posterior
to be “close” to a prior latent distribution. This shaping of the latent space is known as
“latent regularisation”.

The impact of latent regularisation in disentangling is a key focus of our work. In
VAEs the notion of “closeness” between the (variational) latent posterior and the la-
tent prior is defined by the (reverse) Kullback–Leibler (KL) divergence. The KL diver-
gence is penalised during optimisation of the ELBO, encouraging the metric to be small,
keeping the latent prior and posterior close. Importantly, the KL divergence is asym-
metrical. Swapping around the order of the distributions used as arguments, results
in a different distance metric. When minimising these metrics, either direction biases
the resultant posterior solution in a different manner. Minimising the reverse KL
has “mode-seeking” behaviour, favouring under-dispersed solutions, relative to the
latent prior. By contrast, minimising the forward KL has “mean-matching” behaviour,
favouring over-dispersed solutions, relative to the latent prior.

The most prominent disentangling model, Higgins et al. [2017]’s β VAE, uses a β
hyperparameter weighted reverse KL between the (variational) latent posterior and the
latent prior for latent regularisation. More recent work such as Kim and Mnih [2018]

1A one-to-many relationship is usually insufficient to match a latent to a factor.
2Inference on a new task without further training.
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and Kim et al. [2019] have further factorised the forward KL into sub-components in
an attempt to improve disentangling. Despite this, disentangling research has largely
ignored latent regularisation for divergences other than the reverse KL between the
(variational) latent posterior and the latent prior. The latent posteriors explored in
disentangling literature are thus implicitly biased towards under-dispersion relative to
the latent prior, with solutions exhibiting mode-seeking behaviour.

We hypothesise that the under-dispersion bias of the reverse KL results in latent pos-
teriors that capture local latent correlations. We argue that the focus of disentangling
is to learn a global isotropic relationships between latent factors and that the poste-
rior’s under-dispersion bias, inherited from the reverse KL latent regularisation, present
in most prominent disentangling models, obscures this.

Our work explores the latent regularisation bias induced by the reverse KL in
typical disentangled representation learning. The goal of representation learning is
to learn latent spaces that capture the generative space well. With this in mind, we
introduce a made-for-purpose collection of datasets mSprites, with varying modali-
ties in the generative space. Given the mode-seeking behaviour induced by latent
regularisation using the reverse KL, these datasets allow us to exacerbate latent bias
and investigate the impact of multimodal generative spaces on the resultant latent
posterior.

We also explore the potential merit of using an additional constrained forward
KL for latent regularisation. To do this, we introduce the βγ VAE, which uses both
a constrained reverse KL and a constrained forward KL, measured between the
(variational) latent posterior and the latent prior, for latent regularisation.

Our study observes that when using the reverse KL for latent regularisation, multi-
modal generative spaces largely distort the overall information content captured by the
learnt representation. This is related to the mode-seeking behaviour of the reverse KL
as evidenced by reduced fit from increased generative space modality in mSprites. This
distortion may be remedied by introducing an additional constrained forward KL for
latent regularisation, as done in our βγ VAE. Despite this, the impact of multimodal
generative spaces on disentangling is less clear. Our work provides evidence that mul-
timodal generative spaces negatively distort alignment between latent and generative
dimensions; however, it is not clear that this robustly hinders disentangling. Finally, we
observe that while our βγ VAE can improve certain disentangling metrics and elimi-
nate the impact of multimodal generative spaces, however, this is not consistent across
metrics, and thus results are less robust and clear. Our βγ VAE is thus suitable for
representation learning. However, there is inconsistent evidence that our model
is useful in disentangling.

Our findings are summarised as follows (the related research question they address
are given in brackets):
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· 6.2 Multimodal generative spaces distort global latent fit of β VAE, particu-
larly at lower values of β (3.2.1)

· 6.3 Multimodal generative factors does not consistently distort disentangling,
but improve axis-alignment. (3.2.2)

· 6.4 βγ VAE has consistently better global latent fit than β VAE and eliminates
negative impacts of multimodal generative space (3.2.3)

· 6.5 βγ VAE does not consistently disentangle better than β VAE, nor does it
consistently eliminate impact of multimodal generative spaces (3.2.4)

Our key contributions are mSprites, a series of supervised datasets designed to in-
vestigate the impact of multimodal generative spaces on disentangled representation
learning; βγ VAE, a model with proven merit for representation learning that uses an
additional constrained forward KL for latent regularisation.

We begin by exploring the core background concepts underpinning our work in chap-
ter 2. We then outline our hypotheses and research questions in chapter 3. Having
outlined our hypotheses and research questions, in chapter 4 we detail our proposed
methods, introducing mSprites, our collection of datasets with multimodal generative
spaces, and deriving our βγ VAE. Having outlined our proposed methods. Chapter 5
then outlines our experimental methods. Finally, we elaborate on our key findings in
chapter 6, before outlining further research and concluding in chapter 7.
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Chapter 2

Background

We now explore the core background concepts underpinning our work. Beginning
with section 2.1, we explore variational inference (VI), a machine learning method for
approximating probability distributions. We note the use of VI in Bayesian statistics,
where inference amounts to estimating a difficult to estimate, potentially intractable
true posterior with an approximate variational posterior. VI frames inference as an
optimisation problem.

The variational auto-encoder (VAE), a popular Bayesian model that uses VI, is then
introduced in section 2.2. The VAE’s objective, the Evidence Lower BOund (ELBO), is
then derived in section 2.3, and its optimisation (inference) particulars are outlined.
Importantly, Bayesian models, like the VAE, assume data variability stems from unob-
servable hidden, latent variables. When the ELBO is optimised, the resultant latent
space shape is encouraged to be similar to the latent prior distribution by latent regu-
larisation. The fitted approximate (variational) latent posterior is thus encouraged to
be “close” to some predefined latent prior distribution.

In a VAE, the notion of closeness is defined by the (backward) Kullback–Leibler (KL)
divergence, outlined in section 2.4. Importantly, the KL divergence is asymmetrical, so
swapping around the order of the distributions used as arguments results in a differ-
ent distance metric. The direction of the divergence used for latent regularisation
impacts the constraints applied when fitting the approximate (variational) latent
posterior. This changes the approximate (variational) latent posterior solution. This is
explored in section 2.4.3.

We then detail disentangled representation learning (disentangling) in section 2.5.
Considering the real-world, ground-truth generative factors that generate the data, dis-
entangling aims to learn latent dimensions that have a one-to-one relationship with
these generative factor dimensions. We outline a key disentangling model, the β VAE,
in section 2.5.1. Finally, we describe a plethora of disentangling assessments, outlining
latent traversals in section 2.6, supervised metrics in section 2.7, along with unsuper-
vised metrics in section 2.8.
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2.1 Bayesian models and Variational inference (VI)

Bayesian models provide an elegantly simple conceptual framework for learning
from data. The variability in data is assumed to stem from an unobservable, hidden
latent variable z. Consider the joint model of latents z and data observations x pa-
rameterised by θ, p(z,x) = pθ(z)pθ(x | z). In a Bayesian model, latent z is drawn from
a prior distribution pθ(z), which captures belief about the latent structure before ob-
serving data. The latent is then related to the data via likelihood pθ(x | z). Inference
amounts to approximating posterior pθ(z | x) = pθ(z)pθ(x | z)/

∫
pθ(z)pθ(x | z)dz,

updating the belief about the latent distribution, after observing data.

Such posteriors are often computationally expensive and typically difficult to com-
pute or intractable. The approximation of difficult-to-compute distributions is a fun-
damental problem in modern statistics. Variational techniques attempt to address this
by approximating a simpler variational latent posterior distribution rather than the true
(intractable) latent posterior distribution. Salimans et al. [2015] note note that the two
most popular variational Bayes methods are variational inference (VI) and Markov
Chain Monte Carlo (MCMC). VI has the advantage of maximising an explicit objective
and is typically faster. By contrast, MCMC is non-parametric and asymptotically exact.

VI frames inference as an optimisation problem, as opposed to MCMC, which is an
empirical estimation problem. Ganguly and Earp [2021] note that it is precisely the
fact that optimisation is used over empirical estimation that makes VI converge faster
than MCMC. In VI, complexity is managed by the variational family Q chosen. The
choice of this variational family is thus critical: the distributional family must be com-
plex enough to capture pθ(x | z), yet simple enough to allow for efficient optimisation.
However, Blei et al. [2017] notes that, compared to MCMC, VI has been less rigorously
studied, with statistical properties that are less well understood. VI thus seeks fit vari-
ational latent posterior q∗ϕ(z) ∈ Q, by choosing variational parameters ϕ that minimise
the reverse KL divergence between the latent variational posterior and true posterior
DKL (qϕ(z)∥pθ(z | x)), as per equation 2.1, below.

q∗ϕ(z) = argmin
qϕ(z)∈Q

DKL (qϕ(z)∥pθ(z | x)) (2.1)

Salimans et al. [2015] note that like VI, MCMC samples from q(z | x). However,
unlike VI, MCMC does not optimise this distribution, rather applying a stochastic tran-
sition operator zt ∼ q (zt | zt−1, x) to generate successive samples t from samples at
t− 1. If the transition operator is judiciously chosen, random variable zT converges to
the exact posterior pθ(z | x). However, practically one does not know how long such
convergence will take, and thus T is unknown.

Our work focuses on VI and the explicit objective associated with this variational
approximation technique. In section 2.2 that follows, we introduce arguably the most
popular deep learning model estimated using VI, the variational auto-encoder (VAE).
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Figure 2.1: VAE’s directed graphical model: Generative
model pθ(z,x) = pθ(z)pθ(x | z) (Solid line), with variational ap-
proximation qϕ(z | x) to intractable posterior pθ(z | x) (Dashed
line). Variational parameters ϕ are learned jointly with gen-
erative model parameters θ. Figure adapted from Kingma and
Welling [2013]

2.2 Variational auto-encoders (VAEs)

Kingma and Welling [2013] and Rezende et al. [2014] introduced the variational
auto-encoder (VAE), a powerful generative latent model for modelling complex
high-dimensional data x.

In Principal Component Analysis (PCA), complex variation in data x may be pro-
jected onto a straight line that combines latent factors in a linear fashion. By using
the neural networks synonymous with deep learning, complex structures that combine
latents factors z in highly non-linear manner are formed that capture far richer data
variation.

Kingma and Welling [2019] note that a major division in machine learning is gen-
erative versus discriminative modelling. Discriminative models learn a predictor given
the observations. By contrast, generative models learn a joint distribution over all vari-
ables, simulating the real world data generative process; a more general problem.
Furthermore, Kingma and Welling [2019] note that generative models are highly in-
tuitive and interpretable and may naturally express real-world causal relations. Bayes
rule is needed to turn a generative model into a discriminator, which is computationally
expensive, hence the need for VI, as outlined in section 2.1.

In VAEs, VI is used to approximate some intractable true posterior distribution
pθ(z | x) via optimisation. During training, model parameters θ and variational param-
eters ϕ are learnt concurrently via gradient decent, parameterising generative model
pθ(z)pθ(x | z) and variational approximation qϕ(z | x) to intractable posterior pθ(z | x).

VAEs are directed graphical models, shown in figure 2.1. In directed graphical
models, factor probabilities are a product of conditional probabilities, one for each
node in the graph. Bengio et al. [2013] note that directed latent factor models, a subset
of directed graphical models, separately parameterise the conditional likelihood pθ(x |
z) and the prior pθ(z) to construct the joint distribution, pθ(z)pθ(x | z). Continuous
latents z are present for each i.i.d. datapoint x, with maximum likelihood estimation
(MLE) or maximum a posteriori (MAP) inference on global parameters and variational
inference on the latent variables.
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Figure 2.2: Typical VAE:
Variational auto-encoder
(VAE) encodes mapping
from data x to latent space
z. Grey structures in the
figure represent neural
network architectures.
Figure adapted from Kim
and Mnih [2018].

Figure 2.2 shows a typical variational auto-encoder (VAE). The grey structures in
the figure represent neural network architectures that allow for complex relationships
between the latent factors and the data to be mapped.

In a VAE i.i.d data. x =
{
x(i)
}N
i=1

is assumed to be generated by some unobservable
process that maps from continuous latent variables z. Typically Rank(x) > Rank(z),
implying that z captures a compressed form of the variability observed in x. What
differentiates a VAE from a typical auto-encoder is that z is assumed to be stochastic
rather than deterministic, and so the generation process may be generalised beyond
the training data x. The generation process is assumed to first sample z from prior
distribution pθ(z), before data is generated via likelihood pθ(x | z)1.

Simplifying assumptions, such as conjugacy, usually made about the marginal or
posterior distributions, are not made in this approach, allowing the framework to be
used when the posterior is intractable. It is precisely this assumption that makes the
framework so practically useful, as intractable marginal likelihood integrals pθ(x) =∫
pθ(z)pθ(x | z)dz are common, even for moderately complicated likelihoods2.

In VAEs, a recognition model qϕ(z | x) is introduced as a variational approximation
to intractable true posterior pθ(z | x). qϕ(z | x) is chosen such that the bound and its
gradient are computationally tractable or readily estimated by sampling.

Since unobserved latent variables z encode some data abstraction, the recognition
model qϕ(z | x) may be thought of as an encoder. Similarly pθ(z | x) may be thought
of as a decoder. Kingma and Welling [2019] note that the recognition model is the ap-
proximate inverse of the generative model according to the computationally expensive
Bayes rule. These are shown in figure 2.2.

1Prior pθ(z) and likelihood pθ(x | z) are assumed to come from the same parametric family, with
densities differentiable by θ and z almost everywhere.

2When marginal likelihoods are intractable so too are the true posteriors
pθ(z | x) = pθ(x | z)pθ(z)/pθ(x).
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2.3 The Evidence Lower BOund

A note on Evidence Lower BOund notion

Throughout this work, refer to the Evidence Lower BOund generally as ELBO(q). This
is to emphasise that the expectation is with respect to tractable variational distribution
q, drawn from variational family Q i.e. qϕ(z | x) ∈ Q. Importantly the exact formation
of ELBO(q) differs between the VAE models explored in our work, which differ only
by their hyperparameters. We use Lθ,ϕ,β(x, z), Lθ,ϕ,β(x, z) and Lθ,ϕ,βγ(x, z) to refer to
the ELBO(q) of section 2.2’s VAE, section 2.5.1’s β VAE and section 4.1’s βγ VAE,
respectively.

From sections 2.1 and 2.2, we know that variational auto-encoders (VAEs) use varia-
tional inference (VI), a variational approximation technique that optimises an explicit
objective. For VAEs, the Evidence Lower BOund (ELBO(q)), is precisely this explicit
objective, which we derive and detail in this section.

Examining intractable true posterior pθ(z | x) further, we note that by Bayes rule it
may be split into its components, as in equation 2.2.

pθ(z | x) =
pθ(z,x)

pθ(x)
. (2.2)

Numerator pθ(z,x) is the generative model and is typically efficient to compute.
The denominator pθ(x), known as the marginal likelihood or evidence, however, is
estimated via the following integral pθ(x) =

∫
pθ(z,x)dz, which is intractable in many

cases. This integral has exponential cost in the number of latents to sum up all latent
variable combinations.

The (reverse) KL divergence between variational latent posterior qϕ(z) and true pos-
terior pθ(z | x), is be defined in equation 2.3.

DKL(qϕ(z)∥pθ(z | x)) =
∫

qϕ(z) log
qϕ(z)

pθ(z | x)
dx (2.3)

In deriving the ELBO(q) we begin in equation 2.4a, with the definition of the (re-
verse) KL from equation 2.3. It should be noted that in this formulation, it is assumed
that the approximate density qϕ(z) is not conditioned on the observed variable x.

In equation 2.4b, we separate the numerator and denominator using logarithm prop-
erties. In equations 2.4c and 2.4d, we then split one integral of two terms into two
integrals of one term. The resultant individual terms each form an expectation with re-
spect to variation posterior qϕ(z). We rewrite these terms as expectations in equation
2.4e.
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In equation 2.4f, we apply Bayes rule to the second term, before using the logarithm
properties to split the second term further in equation 2.4g. We reorder the expectation
terms in 2.4h. Finally, in equation 2.4i, we note that the second term is not dependant
on variation posterior qϕ(z), and so the expectation is constant with respect to qϕ(z), and
the expectation notation is removed.

DKL(qϕ(z)∥pθ(z | x)) =
∫

qϕ(z) log
qϕ(z)

pθ(z | x)
dz (2.4a)

=

∫
qϕ(z)(log qϕ(z)− log pθ(z | x))dz (2.4b)

=

∫
(qϕ(z) log qϕ(z)− qϕ(z) log pθ(z | x))dz (2.4c)

=

∫
qϕ(z) log qϕ(z)dz−

∫
qϕ(z) log pθ(z | x)dz (2.4d)

= Eq[log qϕ(z)]− Eq[log pθ(z | x)] (2.4e)

= Eq[log qϕ(z)]− Eq

[
log

pθ(x, z)

pθ(x)

]
(2.4f)

= Eq[log qϕ(z)]− Eq[log pθ(x, z)− log pθ(x)] (2.4g)
= Eq[log qϕ(z)− log pθ(x, z)] + Eq[log pθ(x)] (2.4h)
= Eq[log qϕ(z)− log pθ(x, z)] + log pθ(x) (2.4i)

Equating the first and last equations of 2.4, we get equation 2.5.

DKL(qϕ(z)∥pθ(z | x)) = Eq[log qϕ(z)− log pθ(x, z)] + log pθ(x). (2.5)

We know that both pθ(z | x) and pθ(x) are intractable. As such both DKL(qϕ(z)∥pθ(z | x))
and log pθ(x) are intractable. In order to reach a tractable bound for optimisation,
all intractable terms together are grouped together in equation 2.6.

Eq[log pθ(x, z)− log qϕ(z)] = log pθ(x)−DKL(qϕ(z)∥pθ(z | x)). (2.6)

We thus now arrive at the common form of the ELBO(q) in 2.7.

Lθ,ϕ(x, z) = Eq[log pθ(x, z)− log qϕ(z)] = Eq

[
log

pθ(x, z)

qϕ(z)

]
. (2.7)

Our work focuses on latent regularisation, however, equation 2.6 still has an in-
tractable divergence, due to the intractability of pθ(z | x) . The ELBO(q), Lθ,ϕ(x, z), is
decomposed even further to reach a form with a tractable divergence, that will be the
focus of our work.
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We begin by reproducing with equation 2.7 in equation 2.8a. In equation 2.8b, we
spit a single expectation of two terms into two expectations of single terms. We then
apply Bayes rule to the first term to get equation 2.8c, and split the first term using
the logarithm properties in equation 2.8d. In equation 2.8e, we then group the last two
terms together.

In equation 2.8f, we join the last two terms together, using logarithm properties and
rewrite the expectation with respect to the variational posterior qϕ(z) as integrals. Finally,
we notice that this equation may be rewritten as a (reverse) KL divergence, in the form
noted in equation 2.3, to get equation 2.8g.

Lθ,ϕ(x, z) = Eq[log pθ(x, z)− log qϕ(z)] (2.8a)
= Eq[log pθ(z,x)]− Eq[log qϕ(z)] (2.8b)
= Eq[log(pθ(x | z)pθ(z))]− Eq[log qϕ(z)] (2.8c)
= Eq[log pθ(x | z)] + Eq[log pθ(z)]− Eq[log qϕ(z)] (2.8d)
= Eq[log pθ(x | z)] + Eq[log pθ(z)− log qϕ(z)] (2.8e)

= Eq[log pθ(x | z)] +
∫

qϕ(z) log
pθ(z)

qϕ(z)
dz (2.8f)

= Eq[log pθ(x | z)]−DKL(qϕ(z)∥pθ(z)). (2.8g)

Optimising the VAE’s ELBO(q), Lθ,ϕ(x, z) from equation 2.9, is thus equivalent to
minimising DKL(qϕ(z)∥pθ(z | x)), the (reverse) KL divergence between the variational
latent posterior and latent prior, in the form noted in equation 2.9. Importantly, this
divergence is tractable.

Lθ,ϕ(x, z) = Eq[log pθ(x | z)]−DKL(qϕ(z)∥pθ(z)). (2.9)

2.3.1 Understanding ELBO(q)
Optimising the ELBO(q) with respect to both variational parameters ϕ and genera-

tive model parameters θ ratchets up the likelihood towards an optimum. Maximising
ELBO(q) is thus synonymous with maximising log-likelihood log pθ(x) and may thus be
seen as a form of MLE.

We explore the KL divergence further in section 2.4.1. For now, we note that DKL(qϕ(z)∥pθ(z | x))
is a strictly positive metric, as it is constructed from integrals of strictly positive prob-
ability distributions, as seen in equation 2.3. ELBO(q) thus forms a lower bound on
the model’s evidence log pθ(x) and allows for the estimation of intractable terms in
Lθ,ϕ(x, z). The tightness of this bound is determined by DKL(qϕ(z)∥pθ(z | x)). When the
variational posterior and prior are identical, the bound is exactly equal to the evidence.
As such, the variational parameters ϕ thus control the tightness of the bound rather
than the overall level.
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Kingma and Welling [2013] note that, when the ELBO(q) is seen in the form of 2.9,
the connection to auto-encoders becomes clear. The second term is the KL divergence
between the (variational) latent posterior and the latent prior and acts as a regulariser,
penalising the latent posterior for differing from the latent prior.

Without any simplifying assumptions, the ELBO(q) objective may be intractable. Of-
ten conjugacy, where the prior and the posterior belong to the same parametric family,
is assumed. It is common for the variational posterior to be Gaussian with a diagonal
covariance matrix and for the prior to be an isotropic unit Gaussian prior N (0, 1).
This simplified form will be the focus of our work. The fact that the Gaussian is uni-
modal means it is unable to readily adapt to the multimodal generative spaces we are
interested in. We explore the impact such multimodal generative factors have when the
posterior cannot readily adapt to this multimodality. More on this in chapter 4

Asperti and Trentin [2020] stress the tension between the two components of the
ELBO(q). The terms have contrasting effects: the reconstruction loss tries to improve
quality while neglecting the latent space’s shape; by contrast, the KL divergence nor-
malises the latent space.

2.3.2 Optimising ELBO(q)

Kingma and Welling [2019] note that despite the recognition model’s arbitrary com-
plexity, it is still reasonably fast since, by construction, it is a single feed-forward pass
from input to latent variables. However, a key issue for optimising the ELBO(q) is that
sampling induces noise. The ELBO(q)’s gradients, with respect to ϕ, thus need to be
stabilised to facilitate learning. Kingma and Welling [2019] maintain that the great-
est contribution of the VAE may be the realisation that the reparameterisation trick
can be used to counteract this sampling noise.

The reparameterisation trick is a simple procedure that reorganises the ELBO(q)’s
gradient computation, reducing gradient variance and making it suitable for learning.
For continuous random variable z ∼ qϕ (z | x), it is possible to express z as as a de-
terministic variable z = gϕ(ϵ,x), where ϵ is an auxiliary variable with independent
marginal p(ϵ), and gϕ(·) is a vector-valued function, parameterised by variational pa-
rameters ϕ. This allows ELBO(q) to be rewritten such that the Monte Carlo estimate
of the expectation is differentiable with respect to ϕ, facilitating optimisation.

Since VAEs provide a principled framework for learning deep latent-variable models
and their corresponding inference models, they are a popular model for disentangled
representation learning, discussed in the section 2.5. We now explore the role the
divergence plays in determining the resultant posterior solution in section 2.4, which
follows.
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2.4 Divergence choice and latent bias

In section 2.3 we derive the VAE’s ELBO(q), Lθ,ϕ(x, z) from equation 2.9, repeated
in equation 2.10, below.

Lθ,ϕ(x, z) = Eq[log pθ(x | z)]−DKL(qϕ(z)∥pθ(z)) (2.10)

In equation 2.10, above, the first term is the expected negative reconstruction loss
and the second KL divergence term regularises the latent space, encouraging the ap-
proximate posterior to be close to the prior. The (reverse) KL divergence defines the
notion of closeness. When minimising this divergence, it biases the result towards spe-
cific posterior solutions.

We now explore the KL divergence in more detail and outline its asymmetry. Since
the divergence is asymmetrical, it has both a forward and reverse direction. In the
following section, we detail the bias in the approximate posterior fitted that results
from minimising either direction of the KL divergence.

2.4.1 Kullback–Leibler (KL) divergence

Shlens [2014] notes that the Kullback–Leibler (KL) divergence is a metric in infor-
mation theory from Cover and Thomas [1991], quantifying the proximity of two proba-
bility distributions. The metric is non-negative, asymmetric, zero if distributions match
exactly and may potentially be infinite. The KL divergence effectively measures the av-
erage likelihood of observing (infinite) data with the distribution pθ(x) if the particular
model qϕ(x) actually generated the data. It is worth noting that we follow the literature
and describe the KL proprieties with support x, even though our work is concerned with
the latent space z.

Entropy, introduced by Shannon [1948], is the uncertainty of a random variable x,
defined mathematically in equation 2.11.

H(pθ(x)) = −
∫

pθ(x) log pθ(x)dx (2.11)

Dembo et al. [1991] note that the KL divergence measures the relative entropy
between the two distributions defined mathematically in equation 2.12.

DKL(pθ(x)∥qϕ(x)) =
∫

pθ(x) log
pθ(x)

qϕ(x)
dx = Ex∼pθ(x)

[
log

pθ(x)

qϕ(x)

]
(2.12)
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Ganguly and Earp [2021] note that the KL divergence may be related to the entropy
and cross entropy, where the cross entropy3. This highlights Murphy [2012]’s view
that KL-divergence is the average extra amount of information required to encode data
using the candidate distribution qϕ(x), rather than actual distribution pθ(x).

DKL(pθ(x)∥qϕ(x)) = −H(pθ(x)) +H(pθ(x), qϕ(x)) (2.13)

2.4.2 KL divergence asymmetry

The KL divergence is asymmetrical and the forward KL divergence DKL(pθ(z | x)∥qϕ(z))
does not equal the reverse KL divergence DKL(qϕ(z)∥pθ(z | x)). Importantly, the direc-
tion of the KL divergence determines the distribution that defines the expectation. As
noted in section 2.1, true posterior pθ(z | x) is intractable and thus the forward KL is
also intractable, as it is an expectation with respect to intractable unknown true poste-
rior. It is for this reason that the reverse KL is typically used as the starting point of the
ELBO(q) derivation, in equation 2.4. The reverse KL takes expectations with respect
to variational posterior qϕ(z) which is tractable by construction, being a member of
variational family Q.

Murphy [2012] note that the forward KL divergence is known as the M-projection
or moment projection, while the reverse KL is known as the I-projection or informa-
tion projection. In variational inference (VI), we choose ϕ and fit qϕ(z)) to minimise
a (typically reverse) KL divergence. The result when minimising the reverse KL diver-
gence DKL(qϕ(x)∥pθ(x)) is different to that when minimising the forward KL divergence
DKL(pθ(x)∥qϕ(x)). Again, it is worth noting that we follow the literature and describe
the KL proprieties with support x, even though our work is concerned with the latent
space z.

The difference stems from the different limiting behaviour of the respective diver-
gences. Repeating the expectation form from 2.12, for forward KL divergence

DKL(pθ(x)∥qϕ(x)) = Ex∼pθ(x)

[
log

pθ(x)

qϕ(x)

]
, (2.14)

we note

lim
qϕ(x)→0

pθ(x)

qϕ(x)
→∞, where pθ(x) > 0. (2.15)

3H(pθ(x), qϕ(x)) = −
∫
pθ(x) log qϕ(x)dx
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Murphy [2012] notes that the limit in equation 2.15 is infinite if qϕ(x) = 0 and
pθ(x) > 0. Thus order to minimise the divergence we must choose ϕ s.t qϕ(x) > 0 when
pθ(x) > 0. In this “zero-avoiding” behaviour, qϕ(x) over-estimates pθ(x).

Conversely, for the expectation form of the reverse KL divergence,

DKL(qϕ(x)∥(pθ(x)) = Ex∼qϕ(x)

[
log

qϕ(x)

pθ(x)

]
, (2.16)

.
we note

lim
qϕ(x)→0

qϕ(x)

pθ(x)
→∞, where qϕ(x) > 0. (2.17)

Murphy [2012] notes the limit in equation 2.17 is infinite if pθ(x) = 0 and qϕ(x) > 0.
Thus order to minimise the divergence we must choose ϕ s.t qϕ(x) = 0 whenever
pθ(x) = 0. In this “zero-forcing” behaviour, qϕ(x) under-estimates pθ(x).

2.4.3 Divergence choice, data structure and solution bias

A note on the space of interest

In this section, we follow the literature and outline the variational posterior solution
bias induced by either direction of the KL divergence in data space x. However, it is
important to note that our work focuses on the regularisation in the latent space z. The
behaviour and solution bias remains the same, but the space of interest in our work is
the latent space z rather than the data space x.

A note on “mode” terminology

Throughout this work, we refer to a region of high probability, relative to the rest of
the distribution, as “mode”. This is in keeping with VAE literature, where preventing
“mode collapse” is an active area of research. Furthermore, we refer to “multimodal”
distributions as a distribution having more than one mode. It should be noted that
we do not explore “multimodal” inputs, as in other machine perception work, where
inputs may be many classes of data such as images and text.

Our work focuses on unimodal variational posteriors and multimodal generative
spaces, outlined in chapter 4. Murphy [2012] details that when the true posterior
distribution pθ(z | x) is multimodal and variational posterior approximation qϕ(z) is
unimodal, the forward KL places probability mass in regions of low true probability.
This is seen in 2.3a, where the true posterior distribution (contours in blue) is bimodal
and variational approximation (contours in red) is unimodal. This results in a varia-
tional posterior mode and mean in an area of low probability between the two peaks,
with qϕ(z | x) consuming the support of pθ(z | x).
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Zhang et al. [2019] note that this behaviour may be termed as “mean-matching”.
Dieng et al. [2016] note that minimising the forward KL favours over-dispersed ap-
proximations, relative to the true posterior distribution, with the variational posteriors
probability mass distributed far wider than true posterior’s support. This performs well
on models with light-tailed true posteriors.

Conversely, in figures 2.3b and 2.3c we see that when using the reverse KL the uni-
modal variational approximation locks onto one of two modes. Murphy [2012] notes
that this only makes more statistical sense but, importantly, is more tractable since the
expectation is with respect to a member from the known, tractable variational family
Q.

Zhang et al. [2019] note that behaviour may be termed “mode-seeking”. As a result
of this behaviour, key modes from the true posterior distribution are dropped, and the
unimodal variational approximation locks onto a particular mode. Dieng et al. [2016]
note minimising the reverse KL favours under-dispersed approximations, relative to
the true posterior distribution, with the variational posterior’s mass being distributed
far wider than the resultant posterior support. Difficulties arise when heavier tail vari-
ational distributions are used with light-tailed exact posteriors, which can lead to un-
stable optimisation and poor approximation.

(a) Minimising forward KL
when fitting unimodal vari-
ational posterior to bimodal
true posterior distribution,
results in variational approx-
imation covers true poste-
rior. Note that regions
with low true probability are
erroneously assigned high
probabilities.

(b) Minimising reverse KL
when fitting unimodal vari-
ational posterior to bimodal
true posterior distribution,
results in variational approx-
imation locking onto a single
mode.

(c) Minimising reverse KL
when fitting unimodal vari-
ational posterior to bimodal
true posterior distribution,
results in variational approx-
imation locking onto a single
mode.

Figure 2.3: Fitting a unimodal variational approximation (contours in red) to a bi-
modal true posterior distribution (contours in blue). Minimising either the forward or
reverse KL results in different solutions. Figures from Murphy [2012].
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2.4.4 Importance of KL divergence

Prokhorov et al. [2019] note how the KL divergence controls information transmitted
in the VAE channel and highlight the trade-off between information encoded and
model generative capacity.

The (reverse) KL divergence between prior pθ(z) and latent posterior DKL (qϕ(z | x)∥p(z)),
the key focus of our work, acts as a regulariser preventing the inference network
qϕ(z | x) from over-fitting and memorising data x. When both prior and posterior
are Gaussian, the KL has a closed-form solution. The encoder channel’s capacity may
be measured via the mutual information between x and z: I(x; z), defined in section
2.8.1, that follows.

Prokhorov et al. [2019] go on to note the VAE’s encoder-decoder structure, seen in
figure 2.2, is a noisy sender-receiver communication network. Input communication
x is sender generated and encoded noisily into message z. The receiver then tries
to decode z to match x with the highest fidelity. The terms of z’s compression rate
R and distortion D bound the encoder channel’s capacity. Seen in this manner the
reconstruction loss term naturally measures distortion (D := − log pθ(x | z)); conversely
the KL divergence is the compression rate (R := DKL (qϕ(z | x)∥pθ(z))), measuring the
divergence between pθ(z), a channel which transmits no information about x, and VAE
encoder channel qθ(z | x).

Alemi et al. [2018] bounded the mutual information I(x; z) using the R, D and con-
stant empirical data entropy H(x)

H(x)− D ≤ I(x; z) ≤ R, (2.18)

or using the equivalent mathematical quantities

H(x) + log pθ(x | z)) ≤ I(x; z) ≤ DKL (qϕ(z | x)∥pθ(z))). (2.19)

Using inequality 2.18, the trade-off between reconstruction and the KL term be-
comes clearer.

Increasing I(x; z) can be encouraged by increasing both bounds of H−D ≤ I(x; z) ≤
R. Increasing the upper bound (R := DKL (qϕ(z | x)∥pθ(z))) may be seen as a means
to control the maximum capacity of the encoder channel. Conversely reducing the
distortion (D := − log pθ(x | z)) tightens the bound, pushing the bound towards its limit
H. A stronger decoder may achieve a similar effect on the lower bound by potentially
decreasing the reconstruction loss. Alternatively the KL divergence may be explicitly
controlled via the β VAE formulation discussed in section 2.5.1.
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2.5 Disentangled representation learning

VAEs excel at representation learning, where latents z learn something useful about
the data’s ground truth. Data x is assumed to be generated from a simulator process
characterised by higher-level, ground-truth generative factors that describe the data. It
is assumed that the data contains a balanced distribution of ground-truth generative
factors (v, w), where at least some of these ground-truth generative factors v are
independent with given interpretable labels, and the other w ground-truth factors are
non-interpretable. We have x ∼ Sim(v,w), for simulation operator Sim.

Burgess et al. [2018] note that disentangled representations go beyond indepen-
dence, with particular latent units sensitive to changes in particular generative fac-
tors, but invariant other factors. Such representations are factorised and often in-
terpretable, with specific independent latent units encoding particular independent
ground-truth data generative factors of variation. This one-to-one relationship al-
lows for axis-alignment between the generative factors and latents and provides in-
terpretability since at least some generative factors v are assumed to have semantic
meaning.

Our baseline model, the β VAE, is introduced in section 2.5.1, outlining some me-
chanics of why the model is good for disentangling. We then outline supervised, and
unsupervised metrics used to quantify disentangling in section 2.6.

2.5.1 Disentangling using β VAE

β VAE is a generalisation of the VAE developed specifically by Higgins et al. [2017]
to induce disentangled representation learning.

Lθ,ϕ,β(x, z) = Eqϕ(z|x) [log pθ(x | z)]− βDKL (qϕ(z | x)∥pθ(z)) , (2.20)

where β > 0.

The vanilla VAE’s ELBO(q), Lθ,ϕ(x, z) from equation 2.9, is modified to include the
hyperparameter β, resulting in the β VAE’s ELBO(q), Lθ,ϕβ(x, z) seen in equation 2.20.
Typically this hyperparameter β > 1; this increases the impact of latent regularisation
in the ELBO(q) and provides additional pressure, when compared to the typical VAE.
This encourages for the resultant posterior approximation qϕ(z | x) to be closer to in-
dependent Gaussian prior pθ(z) and orthogonal, when compared to the vanilla VAE.
However, the exact value of β that is needed to induce disentangling changes depend-
ing on the network architectures selected and the data itself. Selection of hyperparam-
eter β is thus not straightforward, requiring timely tuning for each network-dataset
combination.
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2.5.2 β for bottle neck

A high β in the β VAE may create a greater trade-off between reconstruction fi-
delity and disentanglement. For disentangled representations to emerge, information
preservation and latent channel capacity restriction must be appropriately balanced.
β > 1 often results in good disentanglement with blurry reconstructions as high-
frequency details are lost as gradients pass through a constrained latent bottleneck.
Burgess et al. [2018] associates poor reconstruction with a constant latent capacity
constriction (β value) applied over training.

Higgins et al. [2017] hypothesised that constrained optimisation is important to en-
courage the unsupervised learning of disentangled representations, hence the inclusion
of the β hyperparameter. Furthermore Burgess et al. [2018] note the similarity be-
tween the ELBO(q) in equation 2.20, and the information bottleneck principle, given
for mutual information I(·; ·) Lagrange multiplier β below:

max[I(z;y)− βI(x; z)]. (2.21)

An information bottleneck is concerned with the constrained optimisation objec-
tive in equation 2.21, maximising mutual information between latent bottleneck z and
some auto-encoder task y. Irrelevant information about y that is present in the input
x is discarded. Posterior qϕ(z | x) may be seen as an information bottleneck for recon-
struction task maxEq(z|x)[log pθ(x | z)]. The ELBO(q) in equation 2.20 thus encourages
qϕ(z | x) to efficiently transmit information about data x. This is done by minimising
the β weighted KL term, while jointly maximising the data log-likelihood.

Role of bottleneck in representation learning

As long as posterior and prior are factorised (diagonal covariance), posterior samples
may be obtained using the reparameteriseation trick described in section 2.3.2. The
trick allows posterior samples to be drawn by adding scaled independent Gaussian
noise σiϵi to a deterministic encoder mean µi for each latent unit zi = µi + σiϵ. The
posterior may thus be thought of as a set of independent additive Gaussian white
noise channels zi, each noisily transmitting information about the data.

The KL divergence term in the ELBO(q) may thus be seen as an upper bound of
information transmission via latent channels per sample. The latent channel capacity is
increased by dispersing posterior means across data and decreasing posterior variances,
both of which increase the KL divergence.

A bottleneck reduces latent capacity, encouraging representations with less mean
dispersion and increased variance, reducing the KL divergence. Each posterior sampled
is thus squeezed into a shared coding space. The more posterior samples that overlap,
the smaller the KL divergence with log-likelihood costs since each sample’s posterior
has reduced average discriminability. For any overlapping posteriors, there is a chance
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Figure 2.4: Posterior overlap
increased through bottleneck:
Sample’s KL divergence of be-
tween prior & posterior reduced by
broadening posteriors and bringing
means closer together, increasing
posterior overlap.

x̃ sampled from distribution
q (z2 | x2) will be confused as being
from q (z1 | x1) as posterior overlap
over datapoints increases. When
neighbouring points in data space
are also close in latent space, the
log-likelihood cost of this confusion
is reduced. Figure from Burgess et
al. [2018]. We abuse our notion
slightly to align with this figure.

a sample may have a higher probability under another sample’s fitted posterior. For
the smallest log-likelihood cost, nearby points in data space are arranged close
together in the latent space. Overlapping posteriors thus encourage locality in the
manifold resulting in smooth latent transitions, shown in figure 2.4.

Burgess et al. [2018] hypothesised that β VAE finds latents that make a different
contribution to the ELBO(q)’s log-likelihood (reconstruction) term, suspecting that this
is due to the diagonal posterior approximation. They hypothesise that this is why the
β VAE can recover representational axes that are aligned with the data’s generative
factors.

2.5.3 Diagonal posterior promotes disentangling

Rolinek et al. [2019] claim disentanglement requires a latent space aligned with
the coordinate axes. They note that the VAE’s design does not explicitly suggest any
such mechanism. They claim the diagonal posterior approximation, together with
the inherent stochasticity, force local orthogonality of the decoder.

Latent space rotations may be equally suitable for reconstruction, but disentangle-
ment is sensitive to axis-alignment. Enforcing a diagonal posterior in the encoder
disrupts any rotational asymmetry inherited from the prior. This encourages disentan-
gling.
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2.5.4 Inductive biases and (implicit) supervision

Work from Locatello et al. [2019] challenges whether truly unsupervised disentan-
gling is possible. They theoretically show that truly unsupervised disentangling is fun-
damentally impossible and that common methods inject inductive bias via the chosen
models and their appropriateness for the dataset they are applied on.

In their extensive study, they train over 12000 disentangling models. They observe
that the various disentangling models do successfully enforce properties via their loss
objective, but supervision is required to measure disentangling and assess their merit.

Importantly they claim “while all considered methods prove effective at ensuring
that the individual dimensions of the aggregated posterior (which is sampled) are
not correlated, we observe that the dimensions of the representation (which is
taken to be the mean) are correlated.” and note that practitioners should be explicit
about inductive biases and (implicit) supervision in their experiments.

When seen in this light, disentangling is not truly unsupervised, with the inductive
bias being injected via the model selected. Furthermore, the residual correlation may
remain between latents, despite which objective is enforced.

2.6 Assessing disentangling with latent traversals

The goal of disentangling is to learn latent dimensions that are aligned with gener-
ative factors in a one-to-one fashion. Knowing these generative factors’ ground-truth
is thus particularly useful when quantifying and measuring disentangling. Synthetic
datasets, with known ground-truths, are often used in disentangling research, discussed
in section 4.2 where our proposed group of datasets mSprites is introduced.

When measuring disentangling, literature often uses latent traversals as a subjec-
tive qualitative assessment of how well a latent identifies a single generative factor.
This involves generating data by changing only a single latent dimension while keep-
ing other dimensions constant. Disentangling is assessed by inspection of the data pro-
duced by the generative model and evidenced when only one generative factor changes
and the other factors remain unchanged. For example, in figure 2.5, we can see that
when the latent unit associated with wall colour is traversed, we see that only the wall
colour of the generative image changes and other factors are not impacted. Subjec-
tively creeps in, particularly when results are less clear and the degree of entanglement
is difficult to assess via inspection, i.e. latent traversal only indicates if a latent unit is
clearly disentangled.
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Figure 2.5: Example of latent traver-
sals, from Kim and Mnih [2018], used
to subjectively assess disentangling via
inspection of generated data. Interpre-
tation of factors traversed are given on
the right.

Kim and Mnih [2018] note that the qualitative nature of latent traversals makes it
unsuitable for comparing algorithms reliably. Furthermore, they note that latent
traversal assessment requires a human in the loop and is time-consuming.

A better understanding of the merit of new models and methods may be provided
through quantitative measures. To this end, we outline a host of complementary disen-
tangling metrics. Kim and Mnih [2018] note that unsupervised disentangling metrics
that do not need ground-truth generative factor labels are important since such labels
are often not accessible. However, they still believe that supervised disentangling
metrics still serve as a gold standard.

The in sections 2.8 and 2.7, that follow, theoutlined metrics are both supervised
and unsupervised. The selection of metrics seeks to assess disentanglement based
on axis alignment and overall fit (global informational content shared) between the
generative factors and the learnt latents. Furthermore, inter-dimensional relationships
between individual latents, as well as that between latents and generative factors, are
considered. This provides a holistic, multi-faceted view of the representation learnt
and whether it is disentangled. All but the Higgins’ metric4. are used in the experi-
ments outlined in chapter 5.

2.7 Assessing disentangling with supervised metrics

For simulation operator Sim, data is generated from true world ground-truth simu-
lation process x ∼ Sim(v,w). In this process at least some generative factors, v, are

4Factor score and mutual information gap are used over the Higgins’ metrics for their ability to detect
axis alignment.
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Figure 2.6: Schematic for Higgins’
metric: For batch of L samples, each
pair of images has fixed target gener-
ative factor y value (y = scale in this
figure), differing for other generative
factor in v. Linear classifier trained to
identify y, using average pairwise dif-
ference zbdiff. Figure from Higgins et al.
[2017].

both conditionally independent and interpretable, and the remaining factors, w, are
not independent nor interpretable. A representation that is disentangled with respect
to these generative factors encodes each factor as a separate latent. As such there is a
single generative factor is associated with a single latent unit. This allows for robust
classification, hence providing interpretability.

This notion of alignment between the generative factors and separate latents is
paramount for interpretability and goes beyond simple independence. Simple cross
correlation between inferred latents will not suffice as the interpretability desiderata
would not be captured.

2.7.1 Higgins’ metric

Higgins et al. [2017] introduced a metric to quantify the level of disentanglement,
measuring both the independence and interpretability of the resultant representation.
This evaluation metric is often referred to as the Higgins’ metric.

It is important to note that in order to use this metric, the true underlying inter-
pretable generative factors v should be known, allowing for the creation of a super-
vised evaluation metric. While this is acceptable for toy examples, where the data is
generated by the researcher, knowing ground-truth factors is a particularly onerous
condition and is generally not known for real-world data. This is particularly true since
VAEs are unsupervised learning models.

The process for calculating the metrics is presented in figure 2.6. The metric quanti-
fies the accuracy of a linear classifier identifying the fixed ground-truth factors. Recall,
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from section 2.5, that data x is produced by ground-truth factor x ∼ Sim(v,w), with at
least some factors v that are conditionally independent and interpretable.

In the Higgins’ metric, batches of L images are generated by fixing one of the K
generative data factors y, chosen uniformly, i.e. y ∼ uniform[1 . . . K]. Other randomly
sampling from the other factors. For each index l, in the batch of size L, the metric is
calculated over a batch of L samples, each containing two sets of ground-truth factors
v1,l and v2,l, with the value of factor k = y kept fixed.

For each of the L pairs of ground-truth generative factors, simulate image data
x1,l ∼ Sim (v1,1) and x2,l ∼ Sim (v2,1). z1,l = µ (x1,l) and z2,l = µ (x2,l) are then inferred
using the encoder qϕ(z | x) ∼ N(µ(x), σ(x)). The absolute linear difference between
the inferred latent representations is then computed zldiff = |z1,l − z2,l| . The average
zbdiff = 1

L

∑L
l=1 z

l
diff is then used to predict p

(
y | zbdiff

)
. The Higgins’ metric is the classi-

fier’s accuracy in predicting y over multiple batches.

A linear classifier is chosen so that it cannot aid in non-linear disentangling. The dif-
ferences of two inferred latents zldiff are used to reduce the classifier input variance and
reduce the conditional dependence on the inputs. The key insight is that the inferred
latents should have less variance when corresponding to the fixed generative factor y.
Within the batch, this low variance latent is identified with the linear classifier. The
classifier’s accuracy in predicting y over multiple batches is the Higgins’ metric.

2.7.2 Axis alignment detection via factor score

A note on notation abuse in the section that follows

In outlining the factor score in this section we abuse our notion to align with that of
Kim and Mnih [2018] and figure 2.7.

Kim and Mnih [2018] note that the Higgins’ metric has several weaknesses. Firstly, it
could be sensitive to hyperparameters of the linear classifier optimisation, such as opti-
miser choice, its hyperparameters, the weight initialisation and the number of training
iterations. They also note that having a linear classifier is not intuitive and that this
could result in latents where each dimension is a linear combination of other dimen-
sions. Lastly, and most importantly, they note that the Higgins’ metric has a failure
mode: 100% accuracy is assigned when K-1 of K total factors are disentangled.

An axis-aligned representation has one latent factor that relates to one ground-truth
generative factor. A criticism of Higgins’ metric is that it lacks axis alignment detection,
a criterion that is needed for a truly disentangled representation.
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Figure 2.7:
Schematic for
factor score
(below), con-
trasted against
Higgins’ met-
ric schematic
(above). Figure
from Kim and
Mnih [2018].
Note the nota-
tion abuse in
this figure.

The process for calculating the factor score, contrasted against the Higgins’ metric, is
given in figure 2.7. Calculating an input/output pair starts by choosing factor dimen-
sion k, fk, fixing it, and allowing all other factor dimensions f−k to vary. For each of
the L data dimensions generated, x(1) . . . x(L), get their rescaled representations of each
sample z(1) ·/s . . . z(L) ·/s. Here the representation z(·) are normalised by their empirical
standard deviation s over all data (or large enough subset). The empirical variance in
each dimension Var z(l) · /s . The index of the dimension with the lowest variance d∗ is
then taken, d∗ = argmin

d
Varl z

(l)
d /sd, and the input-out pair is then (d∗, k).

The inputs and outputs are both in the discrete space Kim and Mnih [2018] note
that the optimal classifier is a majority-vote classifier. The factor score is defined as
the error rate of the classifier. If the representation is perfectly disentangled the
fixed factor’s empirical variance will be 0. Thus a lower factor score is better for
disentangling. Kim and Mnih [2018] note that the resulting classifier is a deterministic
function of the training data and thus has no optimisation hyperparameters to tune.
Importantly, it does not have the aforementioned failure mode of the Higgins’ metric.

Despite the popularity of the Higgins’ metric in disentangling literature, the factor
score is used over the Higgins’ metric in this work to include axis alignment de-
tection.

2.8 Assessing disentangling with unsupervised metrics

We now outline the unsupervised metrics that may be used to assess disentangling.
Such unsupervised disentangling metrics do not need ground-truth generative factor
labels, and often such labels are not accessible. Recall that Kim and Mnih [2018]
believe that supervised disentangling metrics serve as a gold standard for assessing
disentangling.
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2.8.1 Mutual information (MI)

Tschannen et al. [2019] notes that the mutual information (MI) between random
variables x and y, that have joint density p(x,y) and marginal densities p(x) and p(y),
is defined in equation 2.22. as the Kullback–Leibler (KL) divergence, from section 2.4.1,
between the joint and the product of the marginals.

I(x;y) = DKL(p(x,y)∥p(x)p(y)) = Ep(x,y)

[
log

p(x,y)

p(x)p(y)

]
(2.22)

Tschannen et al. [2019] observe that many recent unsupervised representation learn-
ing feature extractors are trained by maximising an estimate of mutual information on
different views of the data. They note that estimating the MI in high-dimensional
spaces is notoriously difficult, and, in practice, tractable lower bounds are often max-
imised instead. However, despite this, such methods often excel in practice.

An estimate of empirical mutual information may also be used as a metric rather
than an objective component, measuring the total informational content shared be-
tween latents z and interpretable generative ground-truth factors v. Seen in this light,
MI is a metric of global overlap between the latents and generative factors distribu-
tions. MI is not strictly a disentangling metric; however, a higher MI means more
information about the factors is captured over all latents and is thus desirable in
representation learning. For disentangling, a particular latent should uniquely cap-
ture information about a particular generative factor; increased global information,
indicated by the MI, thus seems broadly aligned with this goal.

2.8.2 Mutual information gap (MIG)

Chen et al. [2018] propose an estimate for the empirical mutual information be-
tween latent zj and ground-truth generative factor vk. They use this empirical estimate
to calculate in their proposed metric the Mutual Information Gap (MIG), outlined in
section 2.8.2 that follows. Chen et al. [2018] note that the empirical mutual informa-
tion may be estimated using the joint distribution q (zj,vk) =

∑N
n=1 p (vk) p (n | vk) q (zj | n) .

Assuming the underlying factors p (vk), along with the generating process, is known for
empirical data samples p (n | vk) , then

In (zj;vk) = Eq(zj ,vk)

log ∑
n∈Xvk

q (zj | n) p (n | vk)

+H (zj) , (2.23)

where Xvk
is the support of p (n | vk).

Again, a higher mutual information indicates zj contains a lot of information about
vk, with maximal mutual information when there is a deterministic relationship be-
tween zj and vk. When vk is discrete, 0 ≤ I (zj;vk) ≤ H (vk) , for entropy of vk

H (vk) = Ep(vk) [− log p (vk)], from equation 2.11 in section 2.4.1.
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The encoder channel’s capacity may be measured via the mutual information be-
tween x and z, I(x; z), as outlined in section 2.4.2.

Chen et al. [2018] argue that in order to improve disentangled representation,
learning evaluation metrics that are more sensitive to subtle detail are needed to
reveal deficiencies in existing methods. They noted that the Higgins’ metric lacks
axis alignment detection, where only one latent factor relates to one generative factor.
In addition, they claim that classifier-based disentangled metrics tend to be ad hoc
and sensitive to hyperparameters. Such metrics may be loosely interpreted as the
reduction in entropy of latent z if ground-truth factor v is observed.

Ground-truth factors can have high empirical mutual information with many latents.
Normalising the empirical mutual information I(zj ;vk)

H(vk)
axis-alignment is measured by the

difference in MI between the two latents with the highest MI for each factor. This is
called the mutual information gap (MIG). It is bounded by 0 and 1, estimated with an
entire pass through the data, given in equation 2.24.

1

K

K∑
k=1

1

H (vk)

(
In
(
zj(k) ;vk

)
− max

j ̸=j(k)
In (zj;vk)

)
, where j(k) = argmaxjIn (zj;vk)

(2.24)

The MIG heavily penalises latent factors with axes unaligned with the ground-
truth factors, where latents can contain information about two or more factors. It also
encourages compactness in the latent representations since if one latent adequately
captures a ground-truth factor, it is unnecessary for any other latent to be informative
about the factor. Table 2.1 from Chen et al. [2018] shows merits of MIG when compared
to to other common unsupervised disentangling metrics. The section where the metrics
are covered is shown in brackets.

Metric Axis Unbiased
Higgins’ metric (2.7.1) No No
Factor score (2.7.2) Yes No
MIG (2.8.2) Yes Yes

Table 2.1: Table from Chen et al. [2018] showing the merits of MIG when compared to
other common disentangling metrics.

Chen et al. [2018] argue that MIG not only improves upon the Higgins’ metric by
detecting axis alignment but is also generally applicable, being limited only by
whether mutual information can be estimated. They argued in favour of MIG, providing
a comparison to alternatives, outlined in table 2.1.
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2.8.3 Separated Attribute Predictability (SAP) score

Kumar et al. [2017] introduced the Separated Attribute Predictability (SAP) score as
an alternative to the Higgins’ metric. They observed that good performance in their
score aligns better with qualitative disentanglement they observe during latent traver-
sals when compared with the Higgins’ metric. Furthermore, the SAP score does not
involve training a classifier.

To calculate the SAP score for d latents and k generative factors, construct d × k
score matrix S, with entry Sij being a score when the ith factor is used to predict the
jth latent. The nature of the score depends on whether the latent being predicted is
discrete or continuous.

For continuous latent variables, the R2 score is given by equation 2.25.

R2 =

(
Cov

([
µϕ(x)

]
i
,yj

)
σ[µϕ(x)]

i

σyj

)2

(2.25)

The SAP score ranges from 0 to 1. A maximal score of 1 implies a linear function of
the ith latent explains all variation of the jth generative factor.

When the target latents being predicted are discrete, Sij is the balanced classification
accuracy of the jth generative factor. The classification score is obtained by fitting one
or more real number thresholds directly on the ith inferred latent minimising balanced
classification error.

Each column in S is associated with a corresponding generative factor. The top
two entries represent the top two most predictive latent dimensions. The difference
between these top two entries is then computed. The mean of these differences then
becomes the final SAP score. Note that this method only considers the top two entries.
It is possible that other factors are captured by latents not considered by the score.

A high SAP score implies individual generative factors are primarily captured by only
one latent dimension. This is the key focus of disentangling. Note that a high SAP
score does not rule out the possibility of one latent dimension being captured by two or
more generative factors well. This occurs when the factors themselves are correlated.
A low SAP score does not rule out good disentanglement. This can occur when several
latent dimensions are strongly correlated with a particular generative factor but poorly
correlated with other factors. The SAP score is thus mostly readily interpreted when
there is some correlation between latents that can be verified empirically using known
ground-truth generative factors.
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Figure 2.8: Disentanglement score (DCI-D) quantifies how many generative factors
are captured by a single latent. Conversely, the Completeness score (DCI-C) quanti-
fies how many latent variables are captured by a single generative factor. Both metrics
quantify distortion of the ideal one-to-one mapping synonymous with disentangling in
different directions. Figure from Eastwood and Williams [2018]. Note the notation
abuse in this figure.

2.8.4 Disentanglement, completeness and informativeness (DCI)

A note on notation abuse in the section that follows

In outlining DCI in section 2.8.4, that follows, we abuse our notion to align with that
of Eastwood and Williams [2018] and figure 2.8. Somewhat confusingly, latent codes
(previously z) are shown as c and generative factors (previously v) are shown as z.

Eastwood and Williams [2018] proposed a supervised framework for quantifying
disentangled representations. They attempt to remove the need for visual inspection,
which introduces subjectivity into the assessment. In order to do this, they introduce
three scores:

· Disentanglement score (DCI-D)

· Completeness score (DCI-C)

· Informativeness score (DCI-I)

The Disentanglement score (DCI-D) in section 2.8.4 below, captures the extent to
which the learnt latent z factorises (disentangles) the underlying factors of variation,
with each variable capturing at most one ground-truth factor. DCI-D looks at one
underlying factor and checks how many latents capture it.

The Completeness score (DCI-C) in section 2.8.4 below, on the other hand, captures
the extent to which each underlying factor is captured by a single latent variable.
DCI-C looks at one latent and checks how many underlying factors it captures. This is
the opposite of the direction of the DCI-D. DCI-D considers if one latent representation c
is captured by many generative factors z; conversely, DCI-C considers if one generative
factor z is captured by many latent representations c.
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DCI-D and DCI-C are shown in figure 2.8. Both scores quantify deviation from the
ideal one-to-one mapping synonymous with disentangling but operate in different di-
rections.

The Informativeness score (DCI-I) in section 2.8.4 below is the amount of informa-
tion about the underlying factors of variation captured by the representation. Capturing
information about these factors is needed to be useful for natural tasks in the data do-
main.

Eastwood and Williams [2018] detail the following steps to construct the relative
importance matrix, from which DCI is calculated.

1. Train given modelM on a synthetic dataset with generative factors z

2. Retrieve latent c for each sample x in the dataset (c =M(x))

3. Train regressor f to predict generative factor z given latent representation c(ẑ = f(c))

4. Quantify f ’s deviation from the ideal mapping and the prediction error

In the above, K regressors are trained to predict each of the K generative factors.
Regressor fj predicts zj given c, such that fj(c) : RD → R1. The regressors are used to
construct a relative importance matrix R with Rij denoting the relative importance of
ci when predicting zj. Using the relative importance matrix R, Eastwood and Williams
[2018] define each DCI criteria, outlined below.
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Disentanglement score (DCI-D)

The score captures the extent to which the learnt latent z factorises (disentangles) the
underlying ground-truth factors of variation. Since disentangling measurement is the
goal, the score captures the extent that each variable captures only one ground-truth
factor.

The disentanglement score of latent ci, Di, i given in equation 2.26.

Di = (1−HK (Pi)) , (2.26)

where entropy HK , is defined in equation 2.27,

HK (Pi.) = −
K−1∑
k=0

Pik logK Pik, (2.27)

and probability of ci being important for predicting zj, Pi., is given by equation 2.28.

Pij = Rij/
K−1∑
k=0

Rik (2.28)

When ci is important in predicting only a single generative factorDi is 1 . Conversely
Di is 0 when ci is equally important in predicting all generative factors.

Completeness score (DCI-C)

The score captures the extent to which each of the underlying generative factor z are
captured by an individual latent variable c. The completeness score Cj for factor zj is
give by equation 2.29.

Cj =
(
1−HD

(
P̃.j

))
, (2.29)

where HD, is the entropy of the P̃.j distribution, is define by equation 2.30.

HD

(
P̃.j

)
= −

D−1∑
d=0

P̃dj logD P̃ij. (2.30)

When a single latent variable contributes to zj ’s prediction, Cj is complete with a
score of 1. Conversely when all codes equally contribute to zj ’s prediction then Cj is
maximally overcomplete with a score of 0.
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Informativeness score (DCI-I)

This score captures the amount of information about the underlying factors of vari-
ation captured by the representation. Capturing information about these factors is
needed for the representation to be useful for natural tasks in the data domain.

Prediction error E (zj, ẑj) with appropriate error function E and ẑj = fj(c) is averaged
over the dataset and used to quantify how informative code c about generative factor
zj. The prediction error, in turn, is dependent on the capacity of f .

The score also depends on the model’s ability to explicitly represent information
about z in c, which in turn is dependent on the model’s ability to disentangle the un-
derlying factors of variation (z). There is thus overlap between the disentanglement
and informativeness scores that depend upon f ’s capacity (no overlap when capacity is
infinite).

2.8.5 Correlation between disentangling metrics

Locatello et al. [2019] examine the extent to which common disentangling metrics
agree with one another. Figure 2.9 shows an adaptation of their pairwise scatter plots
on a suite of disentangling metrics. All metrics are run on dSprites, a seminal disentan-
gling dataset outlined in section 4.2.1, using a variety of disentangling models (some
of which are not explored in our work).

They find that disentangling metrics are largely correlated, indicated by diagonal
lines on the pairwise scatter plots, with MIG and DCI-D exhibiting the strongest co-
variation. They note that the Higgins’ metric from section 2.7.1 and the factor score
from section 2.7.2 measure similar notions of disentangling, motivating our decision
to drop the Higgins’ metric in our experiments outlined in chapter 5. Importantly,
Locatello et al. [2019] note that all disentangling metrics we consider in this work
appear to be correlated. The level, however, depends on the data sets.

2.8.6 Influence of random seeds in disentangling metrics

From section 2.8.5, disentangling metrics are largely correlated, and the level of cor-
relation depends on the dataset. Locatello et al. [2019] note that variation in disentan-
gling scores is primarily due to different hyperparameters and random seeds. They
observe that variation from random seeds can matter more than the hyperparameter
value, and a poor hyperparameter with a good random seed can beat a good hyperpa-
rameter with a bad random seed. They qualitatively conclude that, since scores heavily
overlap for different models, the hyperparameter and random seed matter more than
the objective function choice. They note that, while some models do achieve higher
maximum scores than others, they observe no consistent pattern of one model uni-
versally performing better than another.
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Figure 2.9: Correlation between disentangling metrics: Pairwise scatter plots of dis-
entangling metrics on dSprites dataset from section 4.2.1, with the diagonals showing
score variation. The figure shows a variety of disentangling models, each represented
by different colours given on the right. It should be noted that some of these are not ex-
plored in our work. Locatello et al. [2019] show that disentangling metrics are largely
correlated, with MIG and DCI-D exhibiting the strongest correlation. Figure adapted
from Locatello et al. [2019].
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2.8.7 Model selection with disentangling metrics

Notably, Locatello et al. [2019] advocate that model selection should not be driven
by disentangling metric scores. This is because the disentangling scores rely on super-
vision, and tuning hyperparameters based on these scores would bias the model and
defeat the purpose of purely unsupervised learning. In addition, they argue that fix-
ing a hyperparameter sweep a priori and showing that one of those hyperparameters,
with a specific random seed, achieves a good disentanglement score does not help with
model selection.

In this chapter, we have outlined the background literature underpinning our work.
In section 2.1, we outlined Bayesian models and variational inference (VI), a technique
used to approximate difficult-to-estimate posteriors that frames inference as optimisa-
tion of an objective. In section 2.2, we then outlined variational auto-encoders (VAE),
a popular framework for unsupervised representation learning that uses VI. In section
2.3 we outline the Evidence Lower BOund (ELBO), the VAE objective that is optimised
for inference. In section 2.4 we then outlined the impact of the divergence choice in
latent regularisation performed by the ELBO, detailing the Kullback–Leibler (KL) di-
vergence. We note KL divergences asymmetry and the associated mode-seeking and
mean-matching behaviour of the reverse and forward KL, respectively. In section 2.5,
we outlined disentangling. Finally, we detailed the disentangling assessments, outlining
latent traversals in section 2.6, supervised metrics in section 2.7, and finally unsuper-
vised metrics in section 2.8.

With these necessary background concepts in mind, we proceed to describe our
work’s hypotheses, along with related research questions, in chapter 3 that follows.
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Chapter 3

Hypotheses and research questions

A focus of our work is to examine the latent bias induced by using the constrained
reverse KL βDKL (qϕ(z | x)∥pθ(z)) as a latent regulariser. From section 2.4.1 we know
that the reverse KL exhibits mode-seeking behaviour, resulting in an under-dispersed
fitted variational posterior relative to the latent prior. From section 2.5.1, we know this
constrained KL divergence is used as a latent regulariser in a key disentangling model,
the β VAE. Specifically, we seek to assess whether this bias induces variational posteri-
ors that inherit local latent correlation, failing to capture global latent correlation and
whether this negatively impacts disentangling.

We introduce our mSprites collection of datasets in section 4.2. mSprites is designed
to have varying levels of generative space modality. In representation learning, the
aim is to have latent spaces that capture the generative space well, with a high degree
of overlap. We believe that multimodality in the generative space impacts the learnt la-
tents’ modality. The resultant latents would thus be more sensitive to mode-seeking
behaviour from the reverse KL latent regulariser, when compared to other datasets, an
enhancement that is well suited to our study.

Furthermore, to test the latent bias induced in the β VAE, we introduce an alterna-
tive model, the βγ VAE in section 4.1. The βγ VAE includes an additional constrained
forward KL latent regulariser γDKL (pθ(z∥qϕ(z | x)). From section 2.4.1 we know that
the forward KL exhibits mean-seeking behaviour, resulting in an over-dispersed fitted
variational posterior, relative to the latent prior. We seek to assess if the introduction of
a forward KL latent regulariser biases learning towards capturing global latent corre-
lations and whether this improves disentangling.

We describe our work’s hypotheses, along with related research questions, in sections
in section 3.1 and 3.2 below.
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3.1 Hypotheses

We hypothesise that using the reverse KL as a latent regulariser induces a bias to-
wards under-dispersed, mode-seeking latent posterior solutions. Furthermore, we hy-
pothesise that this induces variational posteriors in the β VAE and captures local latent
correlations. In addition, we hypothesise that the focus of disentangling is to learn a
global isotropic relationships between latent factors and that the solution’s under-
dispersion bias obscures disentangling.

In section 4.2 we introduce our mSprite collection of datasets, designed to have a
multimodal generative space. Disentangling attempts to learn isotropic latents that
capture this generative space. We hypothesise that this multimodal generative space
impacts learnt latents’ modality. We seek to assess whether multimodal generative
space enhances or diminishes mode-seeking and mean-seeking latent bias and how this
impacts disentangling.

With this in mind, we propose the following hypotheses regarding the disentangled
representations learnt when fitting a variational posterior using the β VAE.

3.1.1 Multimodal generative spaces degrade β VAE’s global over-
lap between the generative and latent space. This negatively
impacts disentangling.

We hypothesise that because of the mode-seeking behaviour of the reverse KL in the
β VAE outlined in section 2.4.2, the presence of multimodal generative spaces results in
under-dispersed latents that focus on particular modes in the latent space. This results
in latent correlation that fails to capture latent correlation holistically, representa-
tive of all data thus degrading global overlap between the latents and factors. This
poor global overlap between latent and generative factor distributions negatively im-
pacts disentangling.

We believe that this poor global overlap between latent and generative factors is thus
a source of latent entanglement. This means that distinct latent dimensions fail to
uniquely capture distinct generative factors in a one-to-one manner synonymous with
disentangling.

In an attempt to address the aforementioned hypothesised pathology, our work ex-
plores the potential merit of augmenting Lθ,ϕ,β(x, z) to derive an alternative ELBO(q),
Lθ,ϕ,β,γ(x, z), underpinning our βγ VAE, proposed in section 4.1. By including an addi-
tional constrained forward KL latent regularisation γDKL(pθ(z)∥qϕ(z | x)) we hypothe-
sise that the learnt variational posterior better captures global correlations from the
entire latent space, resulting a distribution is more isotropic on a global basis and
thus better disentangled.
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We hypothesise that such overlap means latents better capture information about
the factors. This means that distinct latent dimensions better capture distinct gener-
ative factors in the one-to-one manner synonymous with disentangling. Furthermore,
improved disentangling means improved correspondence between distinct latents and
factors, improving interpretability.

3.1.2 βγ VAE provides robust global generative and latent space
overlap. This improves disentangling.

We hypothesise that our proposed βγ VAE, outlined in section 4.1, may (at least
partially) remedy the pathologies hypothesised in section 3.1.1, above.

We hypothesise that the γ weighted forward KL term provides a mean-matching
behavioural bias that counteracts the mode-seeking behaviour of the reverse KL, par-
ticularly in the presence of multimodal generative space. This means that global overlap
between the latent and factor distributions is encouraged more by the βγ VAE despite
data drawn from a multimodal generative space. We believe that this improved global
overlap provides for more robust disentangling in the βγ VAE.

We hypothesise that the γ constraint improves global overlap and disentangling, de-
spite the fact that data is drawn from a multimodal generative space.

3.2 Research questions

The following research questions have been developed in an attempt to test the hy-
potheses outlined in the previous section 3.1.

3.2.1 Do multimodal generative spaces distort global latent fit in
the β VAE?

Given our made-for-purpose group of datasets mSprites from section 4.2, what im-
pact does increased modality in the data’s generative space have on the global overlap
between generative factors and latents? Recall from section 2.8.1 that mutual infor-
mation (MI) measures the shared informational content between the latent and the
generative factors. We wish to measure the impact on shared informational content,
as measured by MI, in the presence of generative modality, i.e. when moving from
mSprites: uniform to mSprites: 2-mode. Furthermore we will to assess the impact on
MI of additional generative space modality, i.e. when moving from mSprites: 2-mode to
mSprites: 4-mode, and finally to mSprites: 8-mode.
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3.2.2 Do multimodal generative spaces distort disentangling in the
β VAE?

When applying our host of disentangling metrics, outlined in section 2.6, we wish
to measure the impact of the presence of generative modality, i.e. when moving from
mSprites to mSprites: uniform. Furthermore we will to assess the impact of additional
generative space modality, i.e. when moving from mSprites: 2-mode to mSprites: 4-
mode, and finally to mSprites: 8-mode.

3.2.3 Does our proposed βγ VAE provide robust global latent fit
when compared to the β VAE? Is this impacted by multimodal
generative spaces?

Does our proposed βγ VAE improve mutual information (MI) from section 2.8.1,
when compared to the β VAE? This would indicate that the overall overlap between
the latent and generative factor distributions has improved.

3.2.4 Does our proposed βγ VAE provide robust disentangling when
compared to the β VAE. Is this impacted by multimodal gen-
erative spaces?

When applying our host of disentangling metrics, outlined in section 2.6, does our βγ
VAE disentangle more robustly, improving metrics, when compared to the traditional β
VAE?

We now propose methods designed to investigate our research questions in the fol-
lowing section.
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Chapter 4

Proposed methods

Having outlined our hypotheses and research questions in chapter 3, we now online
the methods we propose to answer these questions.

In section 2.2 we derive the VAE’s ELBO(q), Lθ,ϕ(x, z). Importantly, Lθ,ϕ(x, z) en-
forces shape in the latent space by minimising latent regulariser DKL (qϕ(z)∥pθ(z)), from
equation 2.9: reverse KL divergence between variational posterior qϕ(z | x) and prior
distribution pθ(z).

We detail the asymmetry of the KL divergence in section 2.4.2, and note the forward
and reverse KL. Optimising either (forward or reverse) KL divergence induces differ-
ent behaviour and results in markedly different variational posterior solutions. Impor-
tantly, optimising the reverse KL induces mode-seeking behaviour, while optimising its
converse, the forward KL, induces mean-matching behaviour. Furthermore, optimising
the reverse KL results in solutions that are biased towards under-disperse distributions,
while optimising the forward KL biases the solution towards over-dispersed distribu-
tions.

The VAE’s ELBO(q), Lθ,ϕ(x, z), uses the reverse KL latent regulariser, DKL (qϕ(z | x)∥pθ(z)).
We hypothesise that this biases posterior qϕ(z | x) towards underdispersed distributions
in the latent space. Furthermore we hypothesise that this solution is biased to capture
localised correlations associated with a specific regions in the latent space.

In section 2.5 we introduce the concept of disentangling, outlining a prominent dis-
entangling model, the β VAE. The β VAE’s ELBO(q), Lθ,ϕ,β(x, z), enhances the latent
regularisation by introducing a β > 0 factor, applied to the reverse KL latent regulariser.
The resultant constrained latent regulariser is thus βDKL (qϕ(z | x)∥pθ(z)), from equa-
tion 2.20. This has been shown to encourage disentangling. Importantly the reverse
KL divergence is still used and the solution continues to be biased towards localised
correlations in the latent space, perhaps even more so.

Our work explores the potential merit of augmenting Lθ,ϕ,β(x, z) to derive an alterna-
tive ELBO(q), Lθ,ϕ,β,γ(x, z). This is achieved by including the addition of constrained
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forward KL latent regularisation from γDKL
(
pθ(z)∥qϕ(z | x)). The forward KL is ex-

pected to counteract the mode-seeking behaviour of the reverse KL, altering the latent
posterior learnt.

We hypothesise that the under-dispersion bias of the β VAE’s variational poste-
rior biases solutions toward local latent correlations. We argue that the focus of
disentangling is to learn global isotropic relationships between latent factors and that
the solution’s under-dispersion bias, inherited from the reverse KL latent regularisation,
obscures this. By including a constrained forward KL latent regularisation we hy-
pothesise that the learnt variational posterior better captures correlations from the
entire latent space, resulting a distribution is more isotropic on a global basis and thus
better disentangled.

This chapter details our key contributions beginning with our proposed βγ VAE in
section 4.1. Our work also creates a series of datasets with multimodal generative
spaces to better test our hypotheses. We propose a collection of supervised syn-
thetic datasets called mSprites in section 4.2. Each dataset in the mSprites collection
of datasets contains a different number of spatial modes, allowing for latent mode-
seeking behaviour at different calibrations to be examined. The collection of datasets
is supervised with known ground truths, allowing for the easy quantification of the
disentangling metrics outlined in sections 2.7 and 2.8.

The remainder of this chapter details our proposed methods, namely the βγ VAE in
section 4.1 and the mSprites dataset in section 4.2.

4.1 Proposed βγ VAE

In this section we derive our proposed βγ VAE. The model augments the β VAE’s
Lθ,ϕ,β(x, z) to derive an alternative ELBO(q), Lθ,ϕ,β,γ(x, z). To achieved this, we include
an additional constrained forward KL latent regularisation from γDKL

(
pθ(z)∥qϕ(z | x)).

The forward KL is expected to counteract the mode-seeking behaviour of the reverse
KL. We hypothesise that this induces a latent space that is beneficial in disentangled
representation learning. The derivation of Lθ,ϕ,β,γ(x, z) is outlined below.

4.1.1 Extending β VAE’s ELBO(q)
Sason and Verdu [2016] note that the ELBO(q), the lower bound of the model evi-

dence, it is an upper bound on the forward divergence.

We derive the βγ VAE’s ELBO(q), Lθ,ϕ,β,γ(x, z), by extending the β VAE’s ELBO(q),
Lθ,ϕ,β(x, z) from equation 2.20. We include the addition of the term−γDKL

(
pθ(z)∥qϕ(z | x).
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Lθ,ϕ,β,γ(x, z) = Lθ,ϕ,β(x, z)− γDKL
(
pθ(z)∥qϕ(z | x)

)
(4.1)

i.e.

Lθ,ϕ,β,γ(x, z) = Eqϕ(z|x)
[
log pθ(x | z)

]
−
(
βDKL

(
qϕ(z | x)∥pθ(z)

)
+γDKL

(
pθ(z)∥qϕ(z | x)

))
,

(4.2)

where β,γ > 0.

For a more detailed derivation of the VAE’s ELBO(q), Lθ,ϕ(x, z) we refer the reader
back to section 2.3.

From section 2.4.1 we know that, the KL divergence is strictly positive,DKL
(
pθ(z)∥qϕ(z |

x)
)
> 0. Since γ > 0 we thus have

Eq [log pθ(x | z)] > Lθ,ϕ,β(x, z) > Lθ,ϕ,β,γ(x, z) (4.3)

Lθ,ϕ,β,γ(x, z) thus forms a lower bound on Lθ,ϕ,β(x, z), which is itself a lower bound on
the model evidence Eq [log pθ(x | z)]. Lθ,ϕ,β,γ(x, z) thus bounds all quantities of interest
from below and, for our work, may be thought of as an Evidence Lowest BOund. We
outline a schematic for the computation flow and algorithm when training our proposed
βγ VAE in section 4.1.2 that follows.

4.1.2 Proposed training loop

The training loop for the proposed βγ VAE is detailed in algorithm 1. The algo-
rithm details a doubly-stochastic optimisation of the ELBO(q) proposed in equation
4.2 Lθ,ϕ,β,γ(x, z). The two sources of stochasticity come from noise inherited from the
mini-batch sampling process of stochastic gradient decent and from sampling p(·).

The corresponding schematic of the computational flow for algorithm 1 is adapted
from Kingma and Welling [2019] and presented in figure 4.1. 1

4.1.3 Related work

Work that examines the impact of mismatch between the generative and latent spaces
in VAEs is related to our work. Davidson et al. [2018] note that the default Gaussian
prior and posterior in VAEs fail to model data with a hyperspherical latent structure.

1In reality mini-batches of data are used in training, rather than a single datum presented for illustra-
tion purposes
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Algorithm 1 Stochastic optimisation of ELBO(q) is the vanilla VAE training loop from
Kingma and Welling [2019], with our proposed Lθ,ϕ,β,γ(x, z). Noise originates from
both mini-batch sampling and sampling of p(·), doubly-stochastic optimisation proce-
dure

Data:
D: Dataset
qϕ(z | x): Inference model (tractable variational posterior)
pθ(x, z): Generative model

Result:
θ, ϕ: Learned parameters

θ, ϕ← Initialise parameters
while SGD not converged do
M∼ D (Random mini-batch of data)
ϵ ∼ p(ϵ) (Random noise for every datapoint inM)
Compute L̃θ,ϕ,β,γ(M, ϵ) and its gradients ∇θ,ϕL̃θ,ϕ,β,γ(M, ϵ)
Update θ and ϕ using SGD optimiser

end while

Data

Inference model
qϕ(z | x)

Sample
z

Generative model
pθ(x, z)

Objective ELBO
Lθ,ϕ,β,γ(x, z)

Figure 4.1: Schematic of computational flow of algorithm 1
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This is problematic for data types better explained through spherical representations,
examples of which include directional data, protein structure and observed wind di-
rections. They address this with their proposed a hyperspherical VAE, that uses von
Mises-Fisher distributions for their VAE’s prior and posterior. They show that this leads
to hyperspherical, rather than a hyperplanar, latent spaces. This is more suitable for
capturing data with a hyperspherical latent structure, outperforming Gaussian VAEs.
This work indicates how changing the underlying variational distribution may induce
latent structures that conforms better to the true data generative structures, a focus of
our work.

Choi and Min [2022] examine VAE-based trajectory forecasting models and observe
that, problematically, the generated trajectory is located between adjacent lanes. They
liken this to generated samples being blurry in image reconstruction and synthesis
tasks. This is addressed in their work by introducing a hierarchical latent structure.
Their work assumed that trajectory distribution are approximated as a mixture of uni-
modal distributions. They introduce low-level latents to model each trajectory distri-
bution and high-level latents to model the mixtures of these trajectories. This work
relates to ours, in that it explores better matching between the generative and latent
space. However, it is worth noting that the definition of disentanglement we use in
section 2.5, where a particular latent unit is sensitive to changes in particular genera-
tive factor, but largely invariant changes in other factors, while simple, does not allow
for correlations between latent and generative factors v, nor hierarchies amongst them.
However, an alternative definition of disentangling in the presence of hierarchies would
have to be defined. Without such a definition, hierarchical latent structures thus seem
inappropriate when exploring disentangling, a focus of our work.

Connor et al. [2021] note that when the prior structure does not match that of the
true data generative space it can lead to data being modelled less accurately. Their
VAE with Learned Latent Structure has a learnable manifold model in the latent space,
allowing for nonlinear manifold structure from the data to be learnt and use that struc-
ture to define a latent prior. This may be an solution to the mismatch between genera-
tive and latent spaces explored in our work, but is not explored in our work.

4.2 Proposed mSprites group of datasets

Recall from section 2.5 that we assume data x is generated from a simulator pro-
cess containing ground truth factors (v,w). Additionally we assume at least some of
these ground truth factors v are independent with given interpretable labels, w be-
ing the other non-interpretable factors. The data generation process is thus defined as
x ∼ Sim(v,w), for simulation operator Sim.

Currently, there appear to be no public datasets present in literature that are specif-
ically designed to explore disentangling when the (known) generative factors are dis-
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(a) mSprites uniform generative factor
dataset

(b) mSprites 2-mode generative factor
dataset

(c) mSprites 4-mode generative factor
dataset

(d) mSprites 8-mode generative factor
dataset

Figure 4.2: mSprites collection of multimodal generative factor disentangling
datasets: White square sprites moves around the image. Its location is limited by
modality in the spatial generative space. Figures 4.2a, 4.2b, 4.2c and 4.2d show the
uniform, 2-mode, 4-mode and 8-mode generative factor datasets respectively. The green
regions are multimodal generative factors are uniformly sampled to create the final x
and y spatial positions. The white region shows examples of where the sprite location
may be sampled from. The red dots are potential spatial coordinates that the sprite
may be on.
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tinctly multimodal. The typical disentangling dataset is dSprites, explored in section
4.2.1. This involves sprites with spatial motion, moving around an image, with all
possible pairs of x-locations and y-locations. The dataset is generative and the spa-
tial locations in dSprites are sampled from generative factors. Since the sprites move
through all possible x-locations and y-locations, the generative factors that give rise to
these locations are thus fully traversed and uniform.

With this in mind we propose a group of four datasets collectively called mSprites2,
illustrated in figure 4.2. Our generative datasets have a square sprite moving around an
image, however we limit the movement by creating modality in the generative factor
space that is sampled for spatial positioning. Future work could improve on these
datasets and the location and scale of each generative space mode could have more
variation.

In representation learning the aim is to have latent spaces that capture the generative
space well, with a high degree of overlap between these spaces. We hypothesise that
multimodality in the generative space will impact the learnt latents’ modality. The
resultant latents would thus be more sensitive to latent regularisation bias.

When the forward KL is used for latent regularisation, this will exacerbate mean-
matching bias in the latent space. When the reverse KL is used for latent regularisa-
tion, this will exacerbate mode-seeking bias in the latent space. In particular, disen-
tangling attempts to learn isotropic latents that capture this (multimodal) generative
space. The dataset is designed to assess what impact multimodal generative spaces
have when learning representations.

The mSprites group of datasets consists of four datasets, each with varying number of
spatial generative factor modes. Each dataset consists of 8× 8 square generative space.
Our images are 64 × 64 and a 8 × 8 square sprite object moves around a 64 × 64 black
image following equations 4.4 and 4.5.

We define our x ∼ Sim(v,w) by specifying the relationship between the data’s sprite
x, y spatial coordinates in the generated image, xx−location and xy−location, and their cor-
responding generative factors vx−location,vy−location as:

xx−location = 8vx−location (4.4)

xy−location = 8vy−location (4.5)

2“m” for multimodal generative space

45



Importantly, for each dataset we include the same number of spatial modes in both
generative factor vx−location and vy−location. For example the 2-mode generative factor
dataset has 2 modes for the x-locations and two 2 modes for the y-locations. The 4-
mode generative factor dataset has 4 modes for the x-locations and 4 modes for the y-
locations. Finally, the 8-mode generative factor dataset has 8 modes for the x-locations
and 8 modes for the y-locations.

mSprite: uniform generative factor dataset

The mSprite: uniform generative factor dataset, shown in figure 4.2a does not limit
spatial movement of the sprite. Both the x-location and y-location generative factors
may be sampled from the green region in figure 4.2a. As such, both the x-location and
y-location generative factors may be sampled from the all 8 × 8 coordinates available
in the whole frame.

mSprite: 2-mode generative factor dataset

The mSprite: 2-mode generative factor dataset, shown in figure 4.2b, limits the spa-
tial movement of the spite, by limiting what values of the generative factors may be
sampled. Both the x-location and y-location generative factors may be sampled from
the green regions in figure 4.2b. As such, the generative factors may only be sampled
from two 4× 4 regions in the generative factor space.

mSprite: 4-mode generative factor dataset

The mSprite: 4-mode generative factor dataset, shown in figure 4.2c, limits spatial
movement of the sprite, by limiting what values of the generative factors may be sam-
pled. Both the x-location and y-location generative factors may be sampled from the
green regions in figure 4.2c. As such, the generative factors may only be sampled from
four 2× 2 regions in the generative factor space.

mSprite: 8-mode generative factor dataset

Finally, the mSprite: 8-mode generative factor dataset, shown in figure 4.2d, limits
spatial movement of the sprite, by limiting what values of the generative factors may
be sampled. Both the x-location and y-location generative factors may be sampled from
the green regions in figure 4.2d. As such, the generative factors may only be sampled
from eight 1× 1 regions in the generative factor space.

We now explore related disentangling datasets, giving details on the other datasets
that will also be used in our work.

4.2.1 Related work

Most disentangling research is typically focused on handful of synthetic datasets with
known factors of variation that typically vary incrementally over the entire concept
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Figure 4.3: Matthey et al. [2017]’s
dSprites disentangling dataset.
737,280 procedurally generated
2D shapes from 6 ground truth
independent latent factors: x and
y spatial factors and colour, shape,
scale and rotation.

space in a uniform manner. A summary of the datasets considered is given in the table
from Gondal et al. [2019] and is extended to include our synthetic data. All datasets
explored in this work are in bold.

Dataset
Factors of
Variation Resolution Number of Images

mSprites: uniform 2 64 ×64 64
mSprites: 2-mode 2 64 ×64 64
mSprites: 4-mode 2 64 ×64 64
mSprites: 8-mode 2 64 ×64 64
dSprites 6 64 ×64 737,280
Colored dSprites 6 64 ×64 737,280
Noisy dSprites 6 64 ×64 737,280
Scream dSprites 6 64 ×64 737,280
SmallNORB 5 128 ×128 48,600
Cars3D 3 64 ×64 17,568
3D shapes 6 64 ×64 480,000
MPI3D-toy 7 64 ×64 1,036,800
MPI3D-realistic 7 256 ×256 1,036,800
MPI3D-real 7 512× 512 1,036,800

Table 4.1: A summary disentangling datasets from Gondal et al. [2019], extended to
include our synthetic data. All datasets considered in this work are in bold.

Locatello et al. [2019] suggest that experiments should be on data sets of varying
degrees of difficulty. While all datasets in table 4.1 are related to our mSprites dataset,
since they supervised disentangling datasets, the other datasets chosen in this work
are dSprites and 3D shapes. The reason for this selection is that there is an increase
in visual complexity moving from mSprites, to dSprites and finally to 3D shapes. While
both dSprites and 3D shapes have the same number of factors of variation, 3D shapes is
a much more difficult dataset, displaying object complexity, colour and perspective. We
now discuss these datasets.
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Figure 4.4: 3D shapes from
Burgess and Kim [2018] pro-
cedurally generated from 6
ground truth independent la-
tent factors: floor colour, wall
colour, object colour, scale,
shape and orientation.

dSprites dataset

The primary influence for the mSprites group of datasets is Matthey et al. [2017]
dSprite dataset. The dataset consists of 737, 280 procedurally generated 2D shapes from
6 ground truth independent latent factors: colour, shape, scale, rotation, x and y of
sprite positions. All possible combinations of these latents are present exactly once.
Latents are varied one at a time. Latents values are chosen to have the smallest step
changes while ensuring different pixel outputs. No noise was added. The dataset is
similar to our multimodal dataset with generative factors x and y for sprite spatial
positions. However, its generative factors are not multimodal and it includes more
factors of variation. The dataset is illustrated in figure 4.3.

3D shapes dataset

Burgess and Kim [2018]’s 3D shapes dataset, like the mSprites group of datasets
and dSprites, is a supervised disentangling research dataset. The dataset consists of
64× 64× 3 images of 3D shapes, procedurally generated from 6 ground truth indepen-
dent latent factors: floor colour, wall colour, object colour, scale, shape and orientation.
Again, its generative factors are not multimodal and it includes more factors of varia-
tion. The dataset is illustrated in figure 4.4.

In this chapter we introduced our key contributions. The first of these is βγ VAE. In
addition, we outlined mSprites, a supervised toy disentangling dataset, designed to have
multimodal generative spaces, along with more difficult datasets that will be explored
in our study. The proposed methods outlined in this chapter are used to answer the
research questions associated with the hypotheses from the previous chapter. We now
discuss our experimental method in chapter 5, that follows.
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Chapter 5

Experimental methods

We begin exploring our experimental methods by detailing our experimental datasets
in section 5.1. We then focus on the models explored in our work in 5.2, which share
the same architecture and differ only in their ELBO(q). The network architecture
used throughout the study is then outlined in section 5.3, which is heavily influenced
by that used by Burgess et al. [2018].

Locatello et al. [2019] note that experiments should be explicit about the role of
inductive biases and (implicit) supervision, investigate concrete benefits of enforcing
disentanglement of the learned representations, and consider a reproducible experi-
mental setup covering several data sets. This motivates our experimental setup that
follows in this chapter.

Implementations from Abdi et al. [2019] and Michlo [2021] were used as references
for base models and metrics.

5.1 Data

Locatello et al. [2019] suggest that, in future research, experiments should be on
data sets of varying degrees of difficulty. With this in mind, our study examines the
following datasets from section 5.1:

· mSprites: uniform generative factor space dataset from section 4.2

· mSprites: 2-mode generative factor dataset from section 4.2

· mSprites: 4-mode generative factor dataset from section 4.2

· mSprites: 8-mode generative factor dataset from section 4.2

· dSprites from section 4.2.1

· 3D shapes from section 4.2.1
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Figure 5.1: VAE
architecture used,
same to Higgins
et al. [2017].
Original figure,
constructed for
this report.

The mSprites collection of datasets is initially used to explicitly test the performance
of the considered models from section 5.2 on data sampled from multi-modal genera-
tive spaces. The factors of variation are low for these datasets, and they are specifically
designed to test the impact of the multi-modal generative factors, without further nui-
sance factors. We then conduct further experiments with the popular dSprites and 3D
shapes datasets, which are more difficult than mSprites, being larger with more factors
of variation.

5.2 Models

Our study confines itself to the two models described in chapters 2 and 4, namely:

· β VAE from section 2.5.1

· βγ VAE from section 4.1

Importantly the β VAE may be recovered from the βγ VAE if we include γ = 0 in our
βγ VAE hyperparameter sweep and effectively examine both models.

5.3 Architecture

The architecture is the same as Higgins et al. [2017], using the convolutional encoder
and decoder outlined in their seminal disentangling work. A figure of our network
architecture is illustrated in 5.1. The same architecture is used in all experiments, as
we are focused on the impact of changing the ELBO(q) objective in our work.
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The encoder for the VAEs consists of 4 convolutional layers, with 32 or 64 channels,
4 × 4 or 2 × 2 kernels and a stride of 2. This is followed by 2 fully connected layers
of 256 units. The latent distribution consisted of one fully connected layer of 9 units
parameterising the mean and log standard deviation of 9 Gaussian random variables.

The decoder architecture is broadly the transpose of the encoder. Rectified Linear
Unit (ReLU) activations were used throughout.

5.4 Initialisation

Latent variables are assumed to follow a normal distribution with weights instanti-
ated via Xavier initialisation proposed by Glorot and Bengio [2010].

5.5 Training length and random seeds

Each epoch consisted of 57600 steps. Runs were done at least 10 times and aver-
aged out for each β-γ hyperparameter combination to account for stochasticity that is
present, such as the mini-batching in the optimisation process and model reparameter-
isation trick.

From section 2.8.6, we are aware that random seeds can play a big role in the dis-
entangling score variation. With this in mind, more random seeds per hyperparameter
calibration are preferred. However, due to computational limits, our work has a mini-
mum of 10 random seeds per hyperparameter combination.

5.6 Stochastic optimiser

Liu et al. [2019] note that typically learning rate warm-up heuristics achieve remark-
able success in stabilising training, accelerating convergence and improving generali-
sation for adaptive stochastic optimisation algorithms like RMS Prop and Adam. They
identify a problem of adaptive learning rates, namely problematically large variances
in the early stages of training, and propose that warm-up works as a variance reduction
technique. Their proposed variant of Adam, RAdam, introduces a term to rectify the
variance of the adaptive learning rate.

We used RAdam in our work, finding via empirical experimentation that a learning
rate of 5e−4 converges well.
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5.7 Evaluation

To assess the relative performance of the various models and datasets outlined, we
propose using all metrics outlined in section 2.6. These include:

· Factor score from section 2.7.2

· Mutual information (MI) from section 2.8.1

· Mutual information gap (MIG) from section 2.8.2

· Separated Attribute Predictability (SAP) from section 2.8.3

· Disentangling score (DCI-D) from section 2.8.4

· Completeness score (DCI-C) from section 2.8.4

· Informativeness score (DCI-I) from section 2.8.4

5.8 Finding an appropriate baseline calibration

Assessing appropriate hyperparameter scale

Here we perform exploratory hyperparameter sweeps to tune for the appropriate
hyperparameter scale. All datasets described in section 5.1, above, are tested for both
the β VAE and the βγ VAE.

An initial sweep is performed to assess reconstruction performance at different β-γ
hyperparameter scales. The β-γ scales for both β and γ tested are 10−3, 10−2, 10−1, 100, 0, 10
resulting in 36 pairs per dataset, per model. The intention here is to broadly assess
which hyperparameter scale is the most suitable combination to produce high-fidelity
reconstructions. Setting up the sweep in this manner allows both the β VAE and β-γ
VAE to be examined in one sweep.

Latent traversals are used to qualitatively assess the reconstructions formed via in-
spection. A large number of hyperparameter combinations produced traversals with
blank reconstructions. It is precisely these hyperparameter combinations we wish to
avoid with this exercise. Values of 10−3 produced suitable results for all datasets, with
10−2 also producing good results for the 3D shapes dataset. It should be noted that
other scale combinations resulted in blank reconstructions.

Given the robustness of the 10−3 scale, we refine the sweep space to [0, 25, 50, 75] ∗ 10−3.
All 16 combinations of β-γ are investigated in the findings that follow in chapter 6.
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Importantly we consider the reconstruction without disentangling scores when choos-
ing the hyperparameter sweep scale. Disentangling metrics are not considered when
choosing the hyperparameters, as this would introduce bias into our experimental
setup.

Assessing appropriate latent size

The latent space size z should be large enough to capture all independent, inter-
pretable ground-truth factors z. Referring to table 4.1 we note that the 3D shapes
dataset has 6 factors of variation. With this in mind, we chose a latent size of 9 as it
was deemed to have sufficient excess capacity to capture 6 factors of variation, and the
same latent size is used throughout.
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Chapter 6

Findings and discussion

Having outlined our experimental methods in chapter 5, here we discuss our study’s
key findings. A total of 179 days of compute were required to produce the following
findings. 951 experiments were run on single NVIDIA Tesla V100s. All computations
were performed using the high-performance computing infrastructure provided by the
Mathematical Sciences Support unit at the University of the Witwatersrand.

In this chapter, we assess the research questions outlined in section 3.2, namely:

· 3.2.1 Do multimodal generative spaces distort global latent fit of β VAE?

· 3.2.2 Do multimodal generative spaces distort disentangling of β VAE?

· 3.2.3 Does our proposed βγ VAE provide robust global latent fit when compared
to the β VAE. Is this impacted by multimodal generative spaces?

· 3.2.4 Does our proposed βγ VAE provide robust disentangling when compared
to the β VAE. Is this impacted by multimodal generative spaces?

We find that when using the reverse KL for latent regularisation, multimodal gen-
erative spaces largely distort the overall information content captured by the learnt
representation, distorting the global fit of the learnt representation. The reduced global
fit from increased generative space modality in mSprites is related to the mode-seeking
behaviour of the reverse KL.

Our work shows that when adding an additional constrained forward KL for latent
regularisation, as done in our βγ VAE, this distortion in the global overlap between
latents and generative factors, from increased generative space modality, is remedied
by the forward KL’s mean-matching behaviour. The impact of multimodal generative
spaces on disentangling is less clear. We provide evidence that multimodal genera-
tive spaces can negatively distort disentangling; however, this is not robust. In
particular, axis alignment between latent and generative dimensions seems clearly
impacted by increased generative space modality.
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Finally, we observe that while our βγ VAE can improve certain disentangling
metrics and eliminate the impact of multimodal generative spaces, this is not
consistent across metrics. Our βγ VAE is thus suitable for representation learning
with inconsistent evidence that it is perhaps useful in disentangling.

These findings highlight that the goals of disentangling and representations learn-
ing are not perfectly aligned. Improving the global overlap between generative and
latent factors boosts the informational content of the learnt representations, perhaps
improving axis alignment. However, this does not necessarily improve the one-to-one
relationship between generative and latent dimensions synonymous with disentangling.

Our findings are summarised as follows (the corresponding research question they
address are given in brackets):

· 6.2 Multimodal generative spaces distort global latent fit of β VAE, particu-
larly at lower values of β (3.2.1)

· 6.3 Multimodal generative factors do not consistently distort disentangling,
but improve axis alignment (3.2.2)

· 6.4 βγ VAE has consistently better global latent fit than β VAE and eliminates
the negative impact of multimodal generative space (3.2.3)

· 6.5 βγ VAE do not consistently disentangle better than β VAE, nor does it
consistently eliminate impact of multimodal generative spaces (3.2.4)

We begin with section 6.1, outlining how the empirical distributions of disentangling
metrics should be interpreted.

6.1 Interpreting results

Recalling sections 2.8.5 and 2.8.6, for a particular run, disentangling metrics are
heavily correlated, and Locatello et al. [2019] show that scores of the same disentan-
gling model, run on the same dataset, are heavily overlapping and that the level of
correlation depends on the dataset. Locatello et al. [2019] hypothesises that vari-
ation in scores between runs primarily driven by random seeds and hyperparameter
tuning.

The disentangling metrics’ empirical distributions observed by Locatello et al. [2019]
typically have long-tailed distributions that are highly correlated between models. They
note that disentangling scores typically exhibit a high degree of variation and are heav-
ily overlapping. Furthermore, they note that: a good run with a bad hyperparameter
can beat a bad run with a good hyperparameter.
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A preferred disentangling score distribution is one that leads to both a higher maxi-
mum score and an empirical distribution that have empirical distribution mass that
is more positive. With this in mind, we now discuss our findings.

6.2 Multimodal generative spaces distort global latent
fit of β VAE, particularly at lower values of β

In this section, we seek to answer the research question 3.2.1, repeated below:

· 3.2.2 Do multimodal generative spaces distort global latent fit in the β VAE?

In order to assess if multimodal generative spaces distort global latent fit of β VAE, we
examine the mutual information (MI) from section 2.8.1 over our mSprites collection
of datasets, described in section 4.2. MI may be seen as a global measurement for
the overall overlap between the distributions of the generative ground truth and the
latent representation learnt. Our mSprites collection datasets has an increased number
of modes in the generative space as we move from mSprites: uniform to mSprites: 8-
mode. We hypothesise that the mode-seeking behaviour of the reverse KL in the β
VAE biases the latents towards local correlations in the latent space at the expense of
the desired global overlap with ground-truth generative factors. As such, we expect
increased generative space modality to reduce the overall global overlap between the
generative space and the learnt latents, resulting in reduced MI.

In figure 6.1, we examine the distribution of our empirical mutual information score
described in section 2.8.1. The violin plots show the combined score distribution over
all our β hyperparameter values and each dataset in the mSprites dataset group.

In , somewhat surprisingly, we see an increase in maximum mutual information when
moving from mSprites: uniform to mSprites: 2-mode. When moving from mSprites: 2-
mode to mSprites: 8-mode we see a decrease in this maximum mutual information.
Since the relative maximum position is difficult to see graphically in this plot, we pro-
vide these maximum values. Moving from mSprites: uniform to mSprites: 8-mode are
1.4917, 1.9179, 1.9481 and 1.9035 respectively.

Further examining the impact for specific values of β we see that the increase in
mutual information when moving from mSprites: uniform to mSprites: 2-mode is driven
by the auto-encoder at value β = 0 in figure 6.1b. For β ̸= 0 in figures 6.1c to 6.1e we
see that the presence of generative space modality seemingly does decrease the mutual
information, as expected.
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(a) All β values

(b) β = 0
Auto-encoder

(c) β = 25 ∗ 10−3

β VAE

(d) β = 50 ∗ 10−3

β VAE
(e) β = 75 ∗ 10−3

β VAE

Figure 6.1: Mutual information (MI) profile of β VAE on mSprites dataset: multimodal
generative spaces reduce MI, indicating reduced global overlap between the latents
and ground-truth generative factors. This reduction from increased modality in the
generative space is diminished with increased β constraint, and we see the slope of the
change reduce when moving from 6.1c, and even inverts at the highest β in 6.1d.

When examining the impact of increased generative space modality, when moving
from mSprites: 2-mode to mSprites: 8-mode, we see in figures 6.1c to 6.1e that the
exact value of β greatly impact this relationship. In figure 6.1c, we see a decrease
in the maximum mutual information achieved when increasing generative space
modality, as expected.

However this relationship inverts for a high β in figure 6.1e. This is somewhat sur-
prising, and the increased constraint of β = 75 ∗ 10−3 applied to the reverse KL in the
β VAE was expected to increase latent mode-seeking behaviour. This is expected to
result in lower overlap between the generative and latent space as the generative space
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modality increases. However, we see the opposite impact as we moving from mSprites:
2-mode to mSprites: 8-mode in figure 6.1e.

We now investigate the impact of multimodal generative spaces on disentangling in
the section that follows.

6.3 Multimodal generative factors do not consistently
distort disentangling, but improves axis alignment.

In this section, we seek to answer the research question 3.2.2, repeated below:

· 3.2.2 Do multimodal generative spaces distort disentangling of β VAE?

To answer research questions 3.2.2, assessing if multimodal generative spaces distort
disentangling of β VAE, we examine the performance of our disentangling metrics from
section 2.6 over our mSprites collection of datasets from section 4.2.

Mutual information (MI) measures the global overlap between the generative factors
and the learnt latent factors. A high MI indicates that the latents overlap the generative
space more and are thus reflective of this generative space. From section 6.2 we know
that multimodal generative spaces distort the global latent fit, reducing MI. This distor-
tion is heavily impacted by the β value of the β VAE. However, it is not immediately
obvious how such multimodal generative spaces impact the relationships between the
individual latent factors learnt. In particular, we are interested in how the one-to-one
relationship between latents that characterises disentangling is impacted.

Latent traversals may provide some insight into this, however, this is a subjective
assessment. A more objective assessment may be provided by the plethora of disentan-
gling metrics described in section 2.6. Our synthetic mSprites dataset group provide
the necessary ground-truth supervision needed for the disentangling metrics we use in
assessment.

6.3.1 Mutual information gap (MIG)

We first examine the empirical Mutual Information Gap (MIG), as described in sec-
tion 2.8.2. From section 6.2, we have evidence that the mutual information score is
degraded through generative space modality. Does less overall mutual information
mean that the difference between the mutual information of each latent, quantified by
the MIG, also decreases? Intuitively one may expect that if total mutual information in
the representation reduces, the MIG may scale in line with this. The MIG represents
the inter-dimension difference in mutual information and, if the MIG scales in line with
the MI, this indicates that correlations between latent factors remain stable.
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(a) All β values

(b) β = 0
Auto-encoder

(c) β = 25 ∗ 10−3

β VAE

(d) β = 50 ∗ 10−3

β VAE
(e) β = 75 ∗ 10−3

β VAE

Figure 6.2: Mutual information gap (MIG) profile of β VAE on mSprites datasets: in-
creased modality in the generative space increases MIG, indicating increased disentan-
gling of learnt latent space. This increase is exacerbated with increased constraint, and
we see the slope of the change increase when moving from 6.2c to 6.2e.

Figure 6.2 examines how this gap changes in the presence of increased modality in
the generative space. Figure 6.2a examines how increased modality in the generative
space changes the MIG score over all β hyperparameter calibrations for the β VAE.
There appears to be an improvement in the mutual information gap when moving from
the mSprites: uniform to mSprites: 2-mode. This impact is preserved at all calibrations
in figures 6.2b to 6.2e. This is the opposite impact to what is observed in the mutual
information in figure 6.1a. This implies that despite the degradation of the overall
fit, disentangling improves when moving from the mSprites: uniform to mSprites: 2-
mode. Still looking at figure 6.2a, we see that increasing generative space modality
when moving from the 2-mode dataset to the 8-mode dataset improves disentangling
performance, increasing the MIG.
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Figures 6.2b to 6.2e reveal how the different hyperparameter β tunings impact the
relationship. Notably the profile of the mutual information and the mutual information
gap align when moving from mSprites: 2-mode to mSprites: 8-mode, when β ̸= 0. In
general, datasets with multimodal generative spaces seem more reactive to hyperpa-
rameter tuning than datasets with a uniform generative space. This indicates that data
with multimodal generative spaces is impacted more when varying the constraint on
the β reverse KL divergence in the β VAE.

6.3.2 Factor score

Next, we examine the factor score outlined in section 2.6. Like the Higgins’ metric, it
is a supervised disentangling metric. Notably, it extends the Higgins’ metric to include a
measure of axis alignment. In order to assess the impact of generative space modality
on disentangling and axis alignment, we examine the distribution of this factor score
on the various datasets in mSprites in figure 6.3.

Examining 6.3, the factor score seems to show that generative space modality, seen
when moving from the mSprites: uniform to mSprites: 8-mode, negatively impacts the
score for non-zero βs. This is indicative of improved axis alignment, as the factor score
is an error. Notably, this impact aligns with MIG in figure 6.1. It is also worth noting
that this negative impact is enhanced when the hyperparameter value of β increases,
and we see more pronounced distribution changes when moving from figure 6.3b to
figure 6.3e. Importantly this is indicative of increased generative space modality
having a positive impact on axis alignment in the learnt generative space.

6.3.3 SAP score

We examine the SAP score described in section 2.6. Like the factor score, the SAP
score supposedly improves on the Higgins’ metric. A low SAP score is indicative of
poor disentangling. Importantly the SAP differs from the factor score as it is not clas-
sifier based. The introduction of the score thus tests disentanglement in multimodal
generative spaces using a score that is not classifier based, a key criticism of many
disentangling metrics.

Figure 6.4 examines the impact of multimodal generative spaces on the SAP score.
In figure 6.4 we examine the distribution of the empirical SAP score over all β hyper-
parameters. We see that the presence of modality in the generative space negatively
impacts the SAP score, seen when moving from the mSprites: uniform to mSprites:
2-mode. However, the presence of increased modality in the generative space seems
to slightly increase the SAP score, seen when from the mSprites: 2-mode to mSprites:
8-mode.

The reduction in SAP score is impacted by the β hyperparameterisation as seen in
figures 6.4c to 6.4e. Higher values of β improve the performance of high generative
space modality. In figure 6.4c at β = 25 ∗ 10−3 the 4-mode generative space performs
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(a) All β values

(b) β = 0
Auto-encoder

(c) β = 25 ∗ 10−3

β VAE

(d) β = 50 ∗ 10−3

β VAE
(e) β = 75 ∗ 10−3

β VAE

Figure 6.3: Factor score profile of β VAE on mSprites dataset: generative space modality
reduces factor score indicating reduce disentangling of learnt latent space. Figure 6.3b
to 6.3e show the factor score is less sensitive to the β parameterisation than other
metrics, like the MIG in figure 6.2, but β does impact the relationship between datasets
in mSprites.

best. In figure 6.4d at β = 50 ∗ 10−3 the 2-mode and 4-mode generative space performs
best. Finally in figure 6.4e at β = 75 ∗ 10−3 the 8-mode generative space performs best.

Importantly the overall profile in figure 6.4 is broadly aligned with figure 6.3, con-
firming the relationship seen when using the factor score, but using the unsupervised
SAP score. This indicates that when using an unsupervised metric, generative
space modality harms disentangling.
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(a) All β values

(b) β = 0
Auto-encoder

(c) β = 25 ∗ 10−3

β VAE

(d) β = 50 ∗ 10−3

β VAE
(e) β = 75 ∗ 10−3

β VAE

Figure 6.4: SAP score profile of β VAE on mSprites dataset: modality in the generative
space reduces the SAP score. 6.4b to 6.4e show how the β value can drastically alter
the impact of increased modality in the generative space.

6.3.4 DCI-D

The DCI metrics were introduced to provide a framework for the qualitative evalua-
tion of disentangled representations when the ground-truth is available. In addition,
the three criteria were introduced to compare models on an equal basis in an attempt
to remove the need for visual evaluation.

The Disentanglement score (DCI-D) captures the extent to which the learnt latent
code z factorises (disentangles) the underlying factors of variation, with each variable
capturing at most one ground-truth factor. The scores quantify deviation from ideal
one-to-one mapping synonymous with operating in the direction from one factor to
many latents as seen in figure 2.8.
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(a) All β values

(b) β = 0
Auto-encoder

(c) β = 25 ∗ 10−3

β VAE

(d) β = 50 ∗ 10−3

β VAE
(e) β = 75 ∗ 10−3

β VAE

Figure 6.5: DCI-Disentangling (DCI-D) profile of β VAE on mSprites dataset: genera-
tive space modality increases DCI-D, indicating increased disentangling of learnt latent
space. This relationship varies widely based on the parameterisation of β as seen in
figures 6.5b to 6.5e.

Examining figure 6.5a, we see a DCI-D profile over all hyperparameters is broadly
similar to the MIG in figure 6.2a. Differences are seen at individual hyperparameter
calibrations. However, they both seem to capture the broad trend that increased gen-
erative space modality seems to improve disentangling. The alignment between
DCI-D and MIG seems appropriate as they measure similar things, and importantly,
from section 2.8.5 are known to be highly correlated.

6.3.5 DCI-C

The Completeness score (DCI-C) captures the extent to which each underlying factor
is captured by a single latent code. The score quantifies deviation from the ideal one-
to-one mapping synonymous with disentangling. It checks if one generative factor is
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(a) All β values

(b) β = 0
Auto-encoder

(c) β = 25 ∗ 10−3

β VAE

(d) β = 50 ∗ 10−3

β VAE
(e) β = 75 ∗ 10−3

β VAE

Figure 6.6: Completeness score (DCI-C) profile of β VAE on mSprites dataset: genera-
tive space modality increases DCI-C indicating increases disentangling of learnt latent
space. The impact of increased generative space modality varies widely based on the
parameterisation of β as seen in figures 6.6b to 6.6e.

captured by many latents. It operates in the direction from one latent to many factors.
This is opposite to the direction DCI-D operates in.

Comparing figure 6.6 and 6.5a, we see a profile similar at all hyperparameters, albeit
at different scales. This implies that generative space modality seems to improve
disentangling similarly in either direction. The one-to-one relationship from latents
to factors is impacted similarly to the one-to-one relationship from factors to latents.
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(a) All β values

(b) β = 0
Auto-encoder

(c) β = 25 ∗ 10−3

β VAE

(d) β = 50 ∗ 10−3

β VAE
(e) β = 75 ∗ 10−3

β VAE

Figure 6.7: Informativeness score (DCI-I) profile of β VAE on mSprites dataset: genera-
tive space modality increases DCI-I. This relationship seems stable regardless of hyper-
parameterisation of β as seen in figures 6.6b to 6.6e.

6.3.6 DCI-I

The Informativeness score (DCI-I) is the amount of information about the underlying
factors of variation captured by the representation. Examining figure 6.3.6 we see a
similar profile over all β values and for individual β values in figures 6.7b to 6.7e. It
seems that multimodal generative spaces distinctly cause less information about the
underlying factors to be captured. This is confirmed by examining figure 6.7b to 6.7e.
This seems similar to the MI scores from figure 6.1a, but DCI-I lacks the sensitivity to
β.
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6.4 βγ VAE has consistently better global latent fit than
β VAE and consistently eliminates negative impacts
of multimodal generative spaces

Here we attempt to answer research question 3.2.3, repeated below:

• 3.2.3 Does our proposed βγ VAE provide robust global latent fit when compared
to the β VAE? Is this impacted by multimodal generative spaces?

In order to do this and assess whether our βγ VAE has better global latent alignment
than the β VAE, we examine the mutual information (MI) over all datasets outlined in
section 5.1. As in section 6.2, we use MI as it is an indicator of the degree of overlap
between the ground-truth generative factors and the learnt latents. In representation
learning, we want our learnt representations to capture as much information about
ground-truth generative factors as possible, as indicated by a higher MI.

From figure 6.8 we see that the βγ VAE has better capacity than the β VAE, as indi-
cated by the higher MI. We examine what impact βγ VAE has on the mutual information
gap (MIG), in figure 6.9a in section 6.5 that follows.

Recall from section 2.4.1 increasing mutual information I(x; z) can be encouraged
by increasing both bounds of H − D ≤ I(x; z) ≤ R. Increasing the upper bound
(R := DKL (qϕ(z|x)∥pθ(z))) may be seen as a means to control the maximum capacity
of the encoder channel. A similar effect may be achieved by reducing the distortion
(D := − log pθ(x | z)), with stronger decoder.

(a) β = 25, 50, 75 ∗ 10−3,γ = 0
β VAE

(b) β = 25, 50, 75∗10−3,γ = 25, 50, 75∗10−3

βγ VAE

Figure 6.8: Empirical mutual information (MI), on average, is higher for βγ VAE, in
figure 6.8a, when compared to the γ VAE, indicating better capacity, in figure 6.8b.

Since our decoder remains unchanged, it seems the boost in our empirical mutual
information score (MI) for the βγ VAE over the β VAE stems from the additional γ
constrained forward KL increasing the model’s latent capacity. This is seen in figure 6.8,
and the score in every dataset in figure 6.8a has a longer tail than that in 6.8b. Scores
in figure 6.8a reach higher values, with the empirical distributions moving upward.
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We continue with findings that may be derived from figure 6.8. Comparing mSprites
datasets in figures 6.8a and 6.8b we see that the impact of moving from mSprites:
uniform to mSprites: 2-mode changes. In figure 6.8a we see that MI decreases when
modality is introduced in the generative space. By contrast this MI increases in fig-
ure 6.8b. In addition, in figure 6.8a the maximum MI increases when moving from
mSprites: 2-mode to mSprites: 8-mode. This increase is largely eliminated in figure
6.8b.

Importantly, the βγ VAE’s increased MI is evidence that the model produces latents
that have better global overlap with the generative ground-truth factors. Furthermore,
the impact of generative space modality is diminished as the βγ counteracts the mode-
seeking latent behaviour of the β VAE. We now attempt to assess if this better global
overlap improves disentangling in the section that follows.

6.5 βγ VAE does not consistently disentangle better
than β VAE, nor does it consistently eliminate im-
pact of multimodal generative spaces

From section 6.4 we see that the βγ VAE has greater latent capacity than the β
VAE. This is because both models have the same architecture, yet the βγ results in
greater empirical mutual information. However, it is not immediately obvious that this
additional latent capacity will improve disentangling. Here we look at our range of
disentangling metrics, from section 2.6, over our datasets, from section 5.1, in order to
answer research question 3.2.4, repeated below:

• 3.2.4 Does our proposed βγ VAE provide robust disentangling when compared
to the β VAE? Is this impacted by multimodal generative spaces?

From figure 6.8 we see that the βγ VAE has better latent capacity than the β VAE;
with this in mind, we first examine what impact βγ VAE has on the mutual information
gap (MIG) in figure 6.9. Intuitively one may expect that if total mutual information in
the representation improves, the inter-dimension difference in mutual information, as
shown by the MIG, may scale in line with this if the correlations between latent factors
remain stable.
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6.5.1 Mutual information gap (MIG)

(a) ∀β ̸= 0,γ = 0
β VAE

(b) ∀β ̸= 0,∀γ ̸= 0
βγ VAE

(c) ∀β ̸= 0,γ = 25 ∗ 10−3

βγ VAE
(d) ∀β ̸= 0,γ = 50 ∗ 10−3

βγ VAE
(e) ∀β ̸= 0,γ = 75 ∗ 10−3

βγ VAE

Figure 6.9: Mutual information gap (MIG) profile of β VAE, compared to βγ VAE
for all datasets: Comparing figures 6.9a and 6.9b we see that the introduction of the
γ term, with the exception of mSprites: 2-mode, diminishes MIG, indicating worse
disentangling. Figures 6.2c to 6.2e indicate that the reduction in MIG in the βγ VAE
changes with the γ hyperparameterisation. A higher γ tends to lead to a lower MIG,
though this relationship is not universal across datasets.

Figure 6.9 examines the MIG over all datasets explored in the investigation. Com-
paring figures 6.9a and 6.9b, we see that the βγ VAE, when aggregated across all
γ values, reduces the maximum empirical MIG, leading to lower scores for every
dataset.

Figures 6.9c to 6.9e explore the impact of the γ parameter. In general, γ ̸= 0 leads
to a lower maximum MIG, with higher γ tending to lead to a lower MIG, though this
relationship is not universal across datasets. Of the datasets in mSprites, the presence
of generative space modality in mSprites: 2-mode seems to improve the MIG over to
mSprites: 2-mode, across both models and all datasets. The relationship seen when
moving from mSprites: 2-mode to mSprites: 8-mode is heavily dependant on the γ
hyperparameterisation but typically increased modality in the generative space re-
duces the MIG, indicative of worse disentangling in the βγ VAE. Importantly, this
relationship is an inverse of that seen in the β VAE.

68



6.5.2 Factor score

(a) ∀β ̸= 0,γ = 0
β VAE

(b) ∀β ̸= 0,∀γ ̸= 0
βγ VAE

(c) ∀β ̸= 0, γ = 25 ∗ 10−3

βγ VAE
(d) ∀β ̸= 0,γ = 50 ∗ 10−3

βγ VAE
(e) ∀β ̸= 0,γ = 75 ∗ 10−3

βγ VAE

Figure 6.10: Factor score profile: comparing figures 6.10a and 6.10b, the factor scores
leads to lower factor scores on βγ VAE, when compared to the β VAE.

Recall that the factor score extends on the Higgins’ metric to include a measure of
axis alignment. The maximum factor score typically reduces for the βγ VAE in
figure 6.10b, when compared to the βγ VAE in figure 6.10a. Since the factor score
is an error metric, this is indicative of improved disentangling and axis alignment.
Despite this the mass of the empirical scores move upward, resulting in higher mean
scores for the cSprites datasets.

Examining the impact of the βγ VAE across the cSprites datasets, we see there seems
to be a downward trend in maximum factor score when moving from mSprites: uniform
to mSprites: 2-mode, indicating improved disentangling and axis alignment when
there is modality in the generative space. This relationship in cSprites is largely
not impacted by the change in model, nor change in γ value.

6.5.3 SAP score

Recall that, like the factor score, the SAP score improves on the Higgins’ metric. A low
SAP score is indicative of poor disentangling. Importantly the SAP score differs from
the factors score as it not classifier based. Figure 6.11 shows that when comparing
figures 6.11a and 6.11b, we see that the βγ VAE elongates the empirical distribution
of the SAP scores only for 3D shapes. The profile seems largely similar to that of
the factor scores in section 6.5.2.
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(a) ∀β ̸= 0,γ = 0
β VAE

(b) ∀β ̸= 0,∀γ ̸= 0
βγ VAE

(c) ∀β ̸= 0,γ = 25 ∗ 10−3

βγ VAE
(d) ∀β ̸= 0,γ = 50 ∗ 10−3

βγ VAE
(e) ∀β ̸= 0,γ = 75 ∗ 10−3

βγ VAE

Figure 6.11: SAP score profile shows, on average, the βγ VAE in figure 6.11b performs
better than β VAE in figure 6.11b. Figures 6.11c to 6.11c show the best performing γ
value varies according to dataset.

Figure 6.11c to 6.11e explore the impact of the γ parameter. In general γ ̸= 0 leads
to better maximum empirical SAP scores. It is worth noting that for higher value of
γ = 75 ∗ 20−3, in figure 6.11e, the negative impact of moving from mSprites: uniform
to mSprites: 4-mode is inverted, and the presence of multimodal generative space in-
creases the SAP score. Moving to mSprites: 8-mode still decreases the SAP score, as
is the typically seen across all hyperparameter values.

6.5.4 DCI-D

Recall, the Disentanglement score (DCI-D) quantifies the deviation from the ideal
one-to-one mapping, operating in the direction from one factor to many latents as
seen in figure 2.8.
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(a) ∀β ̸= 0,γ = 0
β VAE

(b) ∀β ̸= 0,∀γ ̸= 0
βγ VAE

(c) ∀β ̸= 0,γ = 25 ∗ 10−3

βγ VAE
(d) ∀β ̸= 0,γ = 50 ∗ 10−3

βγ VAE
(e) ∀β ̸= 0,γ = 75 ∗ 10−3

βγ VAE

Figure 6.12: Comparing 6.12a and 6.12b, in general βγ VAE improves the empirical
distribution of the DCI-D score for most datasets. Notable exceptions are mSprites: 2-
mode and mSprites: uniform. Figures 6.12c to 6.12e show that the impact of multimodal
generative spaces is impacted by the γ value.

Examining figure 6.12, we compare figures 6.12a and 6.12b to see the impact of
introducing the γ term. Notably, on average, the γ term does seem to improve the
DCI-D score. This is most prominent in 3D shapes, mSprites: uniform and mSprites:
8-mode. Importantly, in figure 6.12b the βγ seems to eliminate the drop in the score
when moving from the mSprites: 2-mode to mSprites: 8-mode seen in figure 6.12a.
Figures 6.12c to 6.12e indicate that the score is sensitive to the γ value.

6.5.5 DCI-C

Recall from section 2.8.4 that the Completeness score (DCI-C) quantifies deviation from
the ideal one-to-one mapping synonymous with disentangling. It operates in the direc-
tion from one latent to many factors, opposite to the direction DCI-D operates in.
By assessing both the DCI-D and DCI-C, we get an indication of the “symmetry” of the
disentangling.
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(a) ∀β ̸= 0,γ = 0
β VAE

(b) ∀β ̸= 0,∀γ ̸= 0
βγ VAE

(c) ∀β ̸= 0,γ = 25 ∗ 10−3

βγ VAE
(d) ∀β ̸= 0,γ = 50 ∗ 10−3

βγ VAE
(e) ∀β ̸= 0,γ = 75 ∗ 10−3

βγ VAE

Figure 6.13: Comparing 6.13a and 6.13b, in general βγ VAE do not typically improve
DCI-C score. Figures 6.13c to 6.13e show that the value of γ, where this lack of im-
provement is largely unaffected by γ value.

Comparing figure 6.13a and 6.13b we see a profile similar at all hyperparameters.
Unlike 6.12, DCI-C do not typically improve with the introduction of the γ term.
However, like DCI-D, in figure 6.13b, the βγ seems to eliminate the drop in the
score when moving from the mSprites: 2-mode to mSprites: 8-mode, as seen in
figure 6.13a. Figure 6.12e indicates that higher values in γ eliminate the impact of
generative factor modality, and maximum DCI-C is largely the same across the cSprites
dataset.

This implies that multimodal generative spaces impact disentangling similarly in ei-
ther direction. The one-to-one relationship from latents to factors is impacted sim-
ilarly to the one-to-one relationship from factors to latents, and the impact of intro-
ducing the γ term may be seen as “symmetrical”.

6.5.6 DCI-I

The informativeness score (DCI-I) quantifies the amount of information about the
underlying factors of variation captured by the representation.
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(a) ∀β ̸= 0,γ = 0
β VAE

(b) ∀β ̸= 0,∀γ ̸= 0
βγ VAE

(c) ∀β ̸= 0,γ = 25 ∗ 10−3

βγ VAE
(d) ∀β ̸= 0,γ = 50 ∗ 10−3

βγ VAE
(e) ∀β ̸= 0,γ = 75 ∗ 10−3

βγ VAE

Figure 6.14: Similar profile over all hyperparameters in figures 6.14a and 6.14b. Score
variation is increased when γ term is introduced.

In 6.14 we see a similar profile over all hyperparameters in figures 6.14a and 6.14b.
Importantly γ ̸= 0 increases the variation of the DCI-C score. Individual γ values in
figures 6.14c to 6.14e indicate the γ parameterisation do not impact the relative posi-
tion of the datasets’ DCI-C but may have an impact of the score’s empirical distribution
range. It seems that regardless of model, increased generative factor modality dis-
tinctly causes less information about the underlying factors to be captured.

6.6 Summary of findings

In this chapter, we have provided empirical evidence that data sampled from mul-
timodal generative spaces distort global overlap between generative and learnt
latents spaces when the reverse KL is used for latent regularisation. In our exper-
iments, we observe a drop in overall global overlap, as indicated by a drop in mutual
information (MI) in section 6.2 and DCI-I in section 6.3.6. The global information con-
tent captured by the latents is thus reduced by the presence of generative space modal-
ity. This indicates that for representation learning, latent regularisation using the
mode-seeking reverse KL may not be optimal for data sampled from multimodal
generative spaces.

Despite this drop in the overall global overlap between the generative and latent
spaces, the evidence indicates that for latent regularisation using the mode-seeking
reverse KL, multimodal generative spaces do not consistently negatively impact
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disentangling. In fact, some disentangling metrics indicate that multimodal genera-
tive spaces may actually improve disentangling in this context. Evidence for this is
seen in the improvements of the MIG in section 6.3.1, DCI-D in 6.3.4 and DCI-C in
section 6.3.5. However, for latent regularisation using the mode-seeking reverse KL,
multimodal generative spaces do seem to negatively impact alignment between the
generative space and learnt latents. This is indicated by negative impacts on the
factor score in section 6.3.2 and the SAP score in section 6.3.3.

Investigating the potential merit of an additional constrained forward KL for latent
regularisation, we find that our βγ VAE remedies the distortion in the global overlap
between multimodal generative spaces and latents learnt. This is evidenced by
the elimination of the reduction in MI observed with the β VAE. This improved MI is
also observed more broadly on other disentangling datasets that do not explicitly have
multimodal generative spaces. This indicates that our βγ VAE generally has better
global overlap between the generative space and the learnt latent space when
compared to the β VAE. This suggests that there is merit for latent regulation using
an additional constrained forward KL in representation learning.

However, the impact that the βγ VAE has on disentangling is less clear. We find that
the βγ VAE do not consistently disentangle better than the β VAE, nor does it con-
sistently eliminate the impact of multimodal generative spaces. Negative impacts
on alignment from multimodal generative spaces are still largely observed, as in-
dicated by reduced factor and SAP scores in sections 6.5.2 and 6.5.3 respectively. There
is some evidence that disentangling can improve in a “symmetrical” manner, indi-
cated by improved DCI-D in section 6.5.4 and DCI-C in section 6.5.5 across datasets.
Furthermore, these scores indicate that the βγ VAE can eliminate impact of multi-
modal generative spaces have on disentangling. Importantly, though, the findings
on disentangling are less robust, varying across scores and datasets.

Our study thus observes that when using the reverse KL for latent regularisation,
multimodal generative spaces largely distort the overall information content captured
by the representation. This is related to the mode-seeking behaviour of the reverse KL
as evidenced by reduced fit from increased generative space modality. This distortion
may be remedied by introducing an additional constrained forward KL for latent regu-
larisation, as done in our βγ VAE. Despite this, the impact of disentangling is less clear.
While our study shows that multimodal generative spaces negatively distort alignment,
it is not clear that this robustly hinders disentangling. Furthermore, we observe that
while our βγ VAE can improve specific disentangling metrics and eliminate the impact
of multimodal generative spaces, this is not consistent across metrics, and results are
less robust and transparent.

These findings emphasise that improving the global overlap between generative and
latent factors may boost the informational content of the learnt representations but
does not necessarily improve the individual inter-dimensional relationship that is the
concern of disentangling.
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Our findings are summarised as follows (the corresponding research question they
address are given in brackets):

· 6.2 Multimodal generative spaces distort global latent fit of β VAE, particu-
larly at lower values of β (3.2.1)

· 6.3 Multimodal generative factors do not consistently distort disentangling
but improves axis alignment. (3.2.2)

· 6.4 βγ VAE has consistently better global latent fit than β VAE and consis-
tently eliminates negative impacts of multimodal generative spaces (3.2.3)

· 6.5 βγ VAE do not consistently disentangle better than β VAE, nor does it
consistently eliminate impact of multimodal generative spaces (3.2.4)

Having discussed our key findings, we explore future research that may be conducted
in this space before concluding in the chapter that follows.
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Chapter 7

Future research and conclusion

7.1 Future research

Section 2.8.6 stresses the importance of random seeds in disentangling. With this
in mind, our study is admittedly on a much smaller scale than what is needed to truly
account for random variation. Our experiments have only 10 runs per β-γ hyperpa-
rameter combination described in section 5.5. The study in Locatello et al. [2019], by
contrast, have 50 runs per hyperparameter combination. Expanding the scale of our
study would provide for more credible results.

A deeper study into the inconsistent impacts shown by different disentangling metrics
in our study would also be beneficial. This would involve an examination into exactly
what detection biases are present in each disentangling metric and how this impacts
results. Furthermore, we could perform time-consuming latent traversals to see if the
metrics align with what is observed.

We could expand our model to be a mixture of Gaussians in the latent space. It is
likely that this model would handle multimodal generative factors well. However, this
model would not be challenged by multimodal generative spaces, and so the study of
the failures would not be as rich.

Our study also focuses on the multimodal generative spaces, inferring that this im-
pacts the modality of the latent space via informational metrics. These datasets could
be improved, and the location and scale of each generative space mode could be ran-
dom and the impact examined. A more thorough investigation into how more general
generative space structures impacts the latent space would be fruitful. The multimodal
structure of our generative space is admittedly narrow, and generative spaces that vary
over a wider variety of generative space structures should be explored.

Studies into what drives generative space shape would also be beneficial. Our current
hypothesis is that a driver of structure in the generative space is when objects in the
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dataset do not fully examine all potential options that could theoretically be available.
For example in mSprites we limit the sprite locations in order to produce generative
space structure in cSprites: 2-mode to cSprites: 8-mode. However, the sprite may have
broader locations as seen in cSprites: uniform. It is by limiting the full variability of the
object that we get structure in the generative space.

Exploring the impact of non-Gaussian variational and prior distributions would be
insightful. The unimodal nature of our variational latent posterior and latent prior
played a key role in our study. It would be interesting to see the posterior bias induced
by alternative, multimodal latent prior and posterior distributions.

Lastly, exploring latent regularisation using alternative divergences other than the
(forward and reverse) KL may prove beneficial when investigating the implications
of generative space structure. Other divergences will certainly induce different latent
solution biases, which may be beneficial for certain generative space structures.

7.2 Conclusion

Our work focuses on examining the bias from latent regularisation. In particular,
we examine the mode-seeking behaviour of the reverse KL, the typical divergence used
in variational inference. Since the goal of representation learning is to capture the
generative space well in the learnt latent space, we investigate this bias with a made-
for-purpose collection of datasets mSprites with multimodal generative spaces. Fur-
thermore, we introduce an additional constrained forward KL latent regulariser in our
proposed model, the βγ VAE.

When using the reverse KL for latent regularisation, we find multimodal generative
spaces distort the overall information content captured by the learnt representation.
We provide evidence that this is related to the mode-seeking behaviour of the reverse
KL, and the reduced global fit is seen when increasing generative space modality in
mSprites. We remedy this impact by introducing an additional constrained forward KL
for latent regularisation in our βγ VAE.

We find that the impact of multimodal generative spaces on disentangling is less
clear. Our work provides evidence that while multimodal generative spaces can nega-
tively impact disentangling, this impact is not robust. Multimodal generative spaces do
robustly improve the axis alignment of the representation learnt relative to the genera-
tive space. However, we observe inconsistent results, with some disentangling metrics
negatively impacted and others positively impacted.

Our βγ VAE can improve certain disentangling metrics and eliminate the impact
of multimodal generative spaces. However, once again, this is not consistent across
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metrics. While our βγ VAE seems suitable for representation learning, results are less
clear that the model is beneficial for disentangling benefits when compared to the β
VAE.

Our findings highlight that the goals of disentangling and representation learning
are not perfectly aligned. Improving the global overlap between generative and latent
factors boosts the informational content of the learnt representations, improving axis
alignment globally. However, this does not necessarily improve the one-to-one rela-
tionship between generative and latent dimensions synonymous with disentangling. As
such improved global correlation in the latent space, when compared to the generative
space, does not necessarily improve disentangling.

Our findings are summarised as follows (the corresponding research question they
address are given in brackets):

· 6.2 Multimodal generative spaces distort global latent fit of β VAE, particu-
larly at lower values of β (3.2.1)

· 6.3 Multimodal generative factors do not not consistently distort disentan-
gling but improves axis alignment. (3.2.2)

· 6.4 βγ VAE has consistently better global latent fit than β VAE and eliminates
negative impacts of multi- modal generative space (3.2.3)

· 6.5 βγ VAE does not consistently disentangle better than β VAE, nor does it
consistently eliminate impact of multimodal generative spaces (3.2.4)
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