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Abstract

We consider on the interval [0, a], firstly fourth-order differential operators with eigenvalue
parameter dependent boundary conditions and secondly a sixth-order differential operator
with eigenvalue parameter dependent boundary conditions. We associate to each of these
problems a quadratic operator pencil with self-adjoint operators. We investigate the spectral
proprieties of these problems, the location of the eigenvalues and we explicitly derive the first

four terms of the eigenvalue asymptotics.
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Chapter 1

Introduction

Differential equations were introduced in the seventeenth century to describe fundamental
laws in Physics [15]. Currently differential equations are widely used in Physics as well as in
several areas such as Engineering, Geophysics, Geography, Economics, to mention but a few.
Differential equations are applied in hydrodynamics to predict fluid migration. Furthermore,
they are used in electricity and mechanics. Differential equations have applications, which are
used on optimal design of space shuttles, aircrafts and ships. Differential equations are used
in climatology for studying climatic changes. Furthermore, differential equations are used to

forecast population and economic trends.

The study of differential equations involves applications of differential operators. It is to be
noted that that the scope of differential operators is very broad. This scope covers several
topics such as eigenvalues, eigenfunctions or eigenvectors, boundary conditions, regularity,
asymptotics, boundedness, normality, compactness, minimality, maximality, closed and clos-
able operators, symmetric operators, adjoint operators, self-adjoint operators and operator
graphs. Also the scope of differential operators involves notions such as resolvent set and spec-
tra. Spectra can be subdivided into three disjoint sets: point spectrum or discrete spectrum,

continuous spectrum and residual spectrum.

The Sturm-Liouville operators are well investigated and developed, while higher order dif-
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ferential operators, in particular with eigenvalue parameter dependent boundary conditions,
are much less investigated and understood. Singular and (quasi-)regular problems, as in the
Sturm-Liouville case, are considered. They are distinguished by their spectral properties.
Discussions on fourth-order differential operators can be found in [6, 7]. The minimal differ-
ential operator of nth order self-adjoint differential operators must be symmetric, see [37, 51]
for necessary and sufficient conditions. General characterizations of self-adjoint boundary
conditions have been given in [47, 48]. Different characteristics of higher order differential
operators whose boundary conditions depend on the eigenvalue parameter, including spectral

asymptotics and basic properties, have been studied in [8, 9, 22, 23, 30, 46].

The generalized Regge problem is realized by a second order differential operator which de-
pends quadratically on the eigenvalue parameter and which has eigenvalue parameter depen-
dent boundary conditions, see [43]. The particular feature in this case is that the coefficient
operators of this pencil are self-adjoint, and it is shown that this gives some a priori knowl-
edge about the location of the spectrum. In [34] this approach has been extended to a fourth
order differential equation describing small transversal vibrations of a homogeneous beam
compressed or stretched by a force g. Separation of variables leads to an ordinary fourth
order differential equation with eigenvalue parameter dependent boundary conditions, where
the differential equation depends quadratically on the eigenvalue parameter. This problem is

described by the differential equation:
y W = (gy) = Ny (1.1)

and one particular set of boundary conditions which are

y(A,0) =0, (1.2)

y" (X, 0) =0, (1.3)

y(\a) =0, (1.4)

y" (N a) 4+ iaXy' (X, a) =0, (1.5)

where a > 0, o > 0 and g € C![0, a] is a real value function. In the Hilbert space Lo(0,a)®C,

this problem is represented by the quadratic operator pencil

L) = XM —ia)K — A (1.6)
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where

0 0 I
K = and M =
0 I 0 0

are bounded self-adjoint operators with domain

P(K) = 2(M) = Ls(0,a) ® C,

while A is an unbounded operator defined by

(4) _ AV
_ |y (9y) _ y
Ay = , Y=
y"(a) Y (a)

with

~ Yy

D(A)=Sy= @ Ly € W7(0,a),y(0) =y"(0) =y(a) =0 ¢,
yla

see Definition 2.36 for the definition of W2(0, a).

Sixth-order boundary value problems arise in astrophysics, the narrow convection layers
bounded by stable layers believed to surround A-type stars may be modeled by sixth-order
boundary value problems [28]. When an infinite horizontal layer of fluid is heated from below
and is under the action of rotation, instability sets in, when this instability is as ordinary
convection, the differential equation is an ordinary sixth-order differential equation [10]. The
theorems stating conditions of the existence and uniqueness of solutions of sixth-order bound-
ary problems can be found in [1]. Numerical methods of sixth-order boundary value problems
are widely investigated. Numerical methods and other techniques of the investigation of sixth-
order boundary value problems can be found in [2, 3, 4, 5, 18, 19, 28, 32, 33]. However the
literature does not reveal any study about the spectral theory of sixth-order differential op-
erators. We may assume that there is no study on spectral theory of sixth-order differential

operators or only a few of them exist.

Since higher order differential operators, in particular with eigenvalue parameter dependent
boundary conditions, are much less investigated and understood, it becomes necessary to
conduct studies on higher order differential operators with eigenvalue parameter dependent

boundary conditions, namely self-adjoint fourth-order differential operators with eigenvalue
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parameter dependent boundary conditions and self-adjoint sixth-order differential operator

with eigenvalue parameter dependent boundary conditions.

We have considered in [39] on the interval [0, a] the eigenvalue problem
y W — (gy) = N2y, (1.7)
where a > 0, g € C1[0, a] is a real value function and (1.8) are separated boundary conditions

where the B;(\) are constant or dependent on A linearly. We recall that the quasi-derivatives

associated with (1.7) are given by

Bl = B —

YO =y =y, P =y y ay's v =y — (g,

see Definition 2.3. The boundary conditions (1.8) are taken at the endpoint 0 for j = 1,2
and at the endpoint a for j = 3,4. We have assumed for simplicity that either B;j(\)y =
ylPil(a;) + iejadyl@l(a;) or B;(\)y = ylPil(a;), where a; = 0 for j = 1,2 and a; = a for
j=3,4,a>0,0<pj,q <3ande; € {—1,1}. We have defined
01 ={s€{1,2,3,4} : Bs(\) depends on A}, Oy = {1,2,3,4} \ Oy,
0 =0,n{1,2}, 6f=0,n{3,4}
and put

k= 164]. (1.9)

We have denoted the collection of the four boundary conditions (1.8) by U and have defined

the following operators related to U:
Uoy = (y%7)(a;))je0, and Ury = (£;9'%)(a))) ee,
We have associated the quadratic operator pencil
L(\) = N2M —iadK — A(U) (1.10)
in the space L2(0,a) ® C* with the problem, where

0 0 I
K= and M =
0 I 0 0
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are bounded self-adjoint operators. The operator A(U), which will be given below, depends
on the boundary conditions U. The operators K and M also depend on U since the number k&
in Ly(0,a) @ CF is the number of A-dependent boundary conditions. The maximal differential
operator Apax associated with the boundary value problem (1.7) and the boundary conditions

(1.8) is defined on Ly(0,a) ® C* by

~ y ) [y _
-@(Amax) =3\Y= YT W4 (O> a) 5 Amaxy = , Y€ -@(Amax)-
Uiy Uoy
The operator A(U) is defined in L2(0,a) ® C* by
24U == " | :yeW20,a),y"(a;) =0 for j €Oy}, (1.11)
Uiy

yl4l
(A(U))y = for y € 2(A(U)). (1.12)

Uoy

See Definition 2.36 for the definition of W2(0,a). The definition of the operator A(U) shows
that A(U) is the restriction of Ap.x with respect to those boundary conditions in U which
do not depend on A. We have investigated in [39] a class of boundary conditions for which
necessary and sufficient conditions were obtained such that the associated operator pencil
consists of self-adjoint operators. We continue during this study the work of [39] in the
direction of [34] to derive eigenvalue asymptotics associated with boundary conditions which
lead to self-adjoint operator representations. In this case, we consider the eigenvalue problems
(1.7)-(1.8) where the boundary conditions are By = yP1/(0) = 0 and By = y*21(0) = 0,
with p1 + p2 # 3, and for j = 3,4 B;(\)y = yPil(a) + ieja)\y[qﬂ'](a) =0, with p; +¢; = 3 and
p3 # p4, and we investigate the asymptotics of the eigenvalues for ¢ = 0 and for arbitrary
g. Note that, with the above considerations the operator A(U) is self-adjoint if and only if
B;(\)y = yPil(a) + ia)yl@l(a) = 0, while ¢; is odd and B;j(\)y = yPil(a) — ialyl¥l(a) = 0
while ¢; is even for j = 3,4. We classify the eigenvalue problems according the boundary
conditions Byy = yP(0) = 0 and Byy = yP?/(0) = 0, with p; + ps # 3, thus we have four
classes of eigenvalue problems, which are firstly the class where the boundary conditions at
the endpoint 0 are Byy = y(0) = 0 and Bay = y”(0) = 0, the second class is the class
where the boundary conditions at the endpoint 0 are Byy = y(0) = 0 and Bay = 3/(0),
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followed by the class where the boundary conditions at the endpoint 0 are By = y”(0) and
Byy = B! (0) and finally the class where the boundary conditions at the endpoint 0 are
Biy = /(0) = 0 and Byy = yB(0) = 0. In each of these classes we have the following
four pairs of A-dependent boundary conditions at the endpoint a, firstly we have the pair
y"(a) + iary'(a) = 0 and y%(a) — iady(a) = 0, secondly the pair y”(a) + iaXy'(a) = 0 and
y(a) + iadyBl(a) = 0, followed by the pair 4/ (a) — iay”(a) = 0 and y(a) + iayl®(a) = 0
and finally the pair ¢/(a) — ia\y”(a) = 0 and yB(a) — ialy(a) = 0. For the case g = 0,
the boundary conditions y®(0) = 0, y(a) + iayPl(a) = 0 and yBl(a) — iady(a) = 0 are
respectively replaced by the boundary conditions y® (0) = 0, y(a) + iady®(a) = 0 and
y®)(a) — iay(a) = 0. As the quadratic operator pencil (1.6) has self-adjoint operators as
coefficients, then the eigenvalues of each of the eigenvalue problems (1.1)—(1.5), for which the
operator A(U) is self-adjoint, lie in the closed upper half-plane and on the imaginary axis, see
[34]. We study during this research spectral properties of the eigenvalue problem (1.7)—(1.8).
We prove that the operator pencil L(-,«) is a Fredholm valued function with index 0 and
the spectrum of L(-, ) consists of discrete eigenvalues with finite multiplicities and all the
eigenvalues of L(-, ), @ > 0, lie in the closed upper half-plane and on the imaginary axis
and are symmetric with respect to the imaginary axis, see Proposition 3.13. We investigate
the semi-simplicity, the geometric and the algebraic multiplicities of the eigenvalues of the
problem (1.7)—(1.8), see Lemma 3.14, Lemma 3.15, Proposition 3.16 and Lemma 3.17. We
prove that all nonzero real eigenvalues of L(-,a), a > 0 and the pure imaginary eigenvalues
with negative imaginary parts are semi-simple, see Lemma 3.14 and Lemma 3.15. We show
that all real eigenvalues of L(-,«) are independent of «, see Lemma 3.14. To investigate
the geometric and algebraic multiplicity of the eigenvalues of the problem (1.7)—(1.8), we
use the characteristic determinant, eigenvectors and associated vectors corresponding to the
respective eigenvalues. We justify the differentiability of the eigenvalues at o > 0 and prove
that RAx(a) = 0 and SAy(«) > 0 for \y(a) = ir, where 7 € R\ {0}, see Lemma 3.17. We
derive formulas for the asymptotics of the eigenvalues for g = 0, see Chapter 4. We use these
formulas to develop the corresponding formulas for general g, see Chapter 5. We represent, in
each case, the characteristic matrix for g = 0 by (Biyj);{j:l, where the B;y = 0,i=1,2,3,4
are the boundary conditions defined in (1.8), and y;, j = 1,2, 3,4, the fundamental system

such that y](-m) = 0jm+j, form = 0,1, 2,3 for the case g = 0 and y[-m]

i = 0jm+ form=0,1,2,3
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for general g and ¢ the Kronecker delta. We derive in each case, for g = 0, the characteristic
equation from the above representation of the characteristic matrix. We carefully define the
characteristic equation ¢(u) = ag(a)po(p) + a1(a)ér (i), where u? = X, ap(a) and a1(a)
depend or not on «a, ¢o(p) is the unperturbed part of ¢(u), while ¢1(u) is its the perturbed
part. We count all the zeros of ¢o(u) with their proper multiplicities. We give the asymptotics
of the eigenvalues, with exact indexing for the zeros of the unperturbed function. We use
Rouché’s theorem to derive and count the asymptotics of the zeros of ¢. We prove that each
of the sixteen eigenvalue problems is Birkhoff regular for o« > 0, see Proposition 5.31. We
derive a fundamental system at order o(u~*) for the differential equation y* — (gy/)’ = A2y,
however we only use the resulting fundamental system at order o(1~2) to give the asymptotics
of the eigenvalues. We denote respectively by D and Dg the characteristic function, of each
of the sixteen eigenvalue problems (1.7)—(1.8), for general g and g = 0. Since each of the
sixteen eigenvalue problems described above are Birkhoff regular, then ¢ influences only lower
order terms in D, consequently higher order terms do not vanish from D, it follows that
away from small rectangles around the zeros of Dy and on the boundaries of large squares
Sk = £kZ £ikT, k € N, [D(u) — Do(p)| < [Do(p)| if || is sufficiently large. Therefore
applying Rouché’s theorem to the boundaries of small rectangles around the zeros of Dy and
to large squares Sk, it results in the eigenvalues of each of the eigenvalue problems (1.7)-
(1.8) for general g having the same asymptotics as the eigenvalues for ¢ = 0. Because of the
symmetry with respect to the imaginary axis of each of the eigenvalue problems, we investigate
the eigenvalue asymptotics along the positive real axis only, where the first four terms of the
eigenvalue asymptotics are derived. We use the computer algebra Maple for the computations
involving the asymptotics of the eigenvalues for g = 0, while we use Sage for the calculations
of the third and fourth terms of the eigenvalue asymptotics. A summary of the research
conducted on these self-adjoint fourth-order eigenvalue problems with the above enumerated
independent boundary conditions at the endpoint 0 and the following A-dependent boundary
conditions at the endpoint a: 3 (a) +ia\y’(a) = 0 and yBl(a) — ialy(a) = 0 can be found in
[40].

The second part of our study consists of a sixth-order eigenvalue problem defined by the
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differential equation

—y O — (g")" = N2y, (1.13)

and the boundary conditions

y(\,0) =0, (1.14)

y' (A, 0) =0, (1.15)

y" (X, 0) =0, (1.16)

y(\,a) =0, (1.17)

y"(\a) =0, (1.18)

y WA a) —iaXy' (N, a) =0, (1.19)

where g € C?[0,a], a > 0 and o > 0. We associate a quadratic operator pencil
L\ a) = N>M —ia K — A (1.20)
in the space Ly (0, a)®C with this problem, where K and M are bounded self-adjoint operators

with domains Z(K) = 2(M) = L2(0,a) & C, and given by

00 I 0
K = and M = . (1.21)
0 I 00

The operator A acting in L2(0,a) @& C with domain

)= 7= 7|y W00 =0 =10 =y =@ =0 (122)
—(a
_,(6) _ A
is given by Ay = v~ (o) for y € 2(A). (1.23)
¥ (a)

We prove in Section 6.2 that the operator A is self-adjoint, thus the operator pencil L(-, @)
defined in (1.20) has self-adjoint operators as coefficients. Again, we use the approach of [34]
to investigate the spectral asymptotics of the sixth-order eigenvalue problem (1.13)—(1.19).
We show that the operator pencil L(-,«) is a Fredholm valued function with index 0 and
its spectrum consists of discrete eigenvalues of finite multiplicities and all the eigenvalues of

L(-,a), a > 0, lie in the closed upper half-plane and on the imaginary axis and are symmetric
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with respect to the imaginary axis, see Proposition 6.23. We prove, respectively in Lemma
6.24 and in Lemma 6.25, that all nonzero real eigenvalues of L(-,«), @ > 0 and the pure
imaginary eigenvalues with negative imaginary parts are semi-simple. We show, in Lemma
6.24, that all real eigenvalues of L(-, ), where a > 0, are independent of a. We prove in

Proposition 6.26 that the geometric multiplicity of all the eigenvalues of L(-, &) is at most 3.

To derive the asymptotics of the eigenvalues for g = 0, we represent the characteristic matrix
by (Bz'yj)gj:p where Bjy = 0, ¢ = 1,...,6 are the boundary conditions (1.14)—(1.19), y;,

j=1,...,6, the fundamental system such that y(-m)

G = Ojms for m =0,...,5. We use the

reduced characteristic matrix to derive the characteristic function of this eigenvalue problem.
We denote by D the characteristic function of the eigenvalue problem (1.13)—(1.19) and by
Dg the corresponding D for g = 0. Applying Rouché’s theorem to the boundaries of the small
squares around the zeros of Dy, we derive the eigenvalues of the problem (1.13)—(1.19) for
g = 0. The Birkhoff regularity of the problem makes that g influences only lower order terms
in D, it follows that the higher order terms do not vanish from D. Therefore away from small
squares around the zeros of Dy, the characteristic functions Dy and D are analytic functions
and higher order terms of the eigenvalue asymptotics for g = 0 and general g are the same. We
compute the first four terms of the eigenvalue asymptotics for general g. We use the computer
algebra Maple to compute the characteristic function of the eigenvalue problem for g = 0, while
we use Sage for the computations related to the eigenvalue problem for general g. Because of
the complexity of the sixth-order problem, the outputs of the third and fourth terms of the
eigenvalue asymptotics are lengthy, hence they cannot be decrypted, so we compute manually
these numbers. Using the values of the first four terms of the eigenvalue asymptotics, we
give more precise asymptotics of the eigenvalues fit, in the sectors [—F + %r, 15+ %r], where
j=0,1,2,3,4,5 and therefore more precise asymptotics of the eigenvalues X of the problem

(6.1)—(6.7) in Theorem 6.34.

It would be interesting to study the symmetry of the self-adjoint fourth-order problems in-
vestigated during this research with respect to the endpoints 0 and a. In other words replace
the independent boundary conditions By = 0, j = 1,2 by A-dependent boundary conditions
at the endpoint 0 and the A-dependent boundary conditions By = 0, j = 3,4 by independent
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boundary conditions at the endpoint a and investigate the asymptotics of the eigenvalues. On
the other hand, it would also be interesting to study the self-adjoint fourth-order problems
(1.7)-(1.8), firstly when only one of the boundary conditions Bjy = 0, j = 3,4 is A-dependent,
secondly the boundary conditions By = 0, j = 3,4 are A-dependent and one the boundary
conditions Bjy = 0, j = 1,2 is A-dependent, thirdly all the boundary conditions B,y = 0,
j = 1,2,3,4, are A-dependent. It would be exciting to investigate the more general case
where the six two-point boundary conditions of the sixth-order boundary problem defined
in (1.13)—(1.19) may depend or not on A and give necessary and sufficient conditions for
which the corresponding operator A(U) is self-adjoint, where U denotes the collection of the
corresponding six boundary conditions. And for each of the cases where the corresponding
operator A(U) is self-adjoint, investigate the asymptotics of the eigenvalues. We plan to

conduct gradually each of the above mentioned studies in a future time.

The structure of this document is the following, after the introductory chapter in which we
give a summary of the work done during this research, we give in Chapter 2 some of the
concepts and properties necessary for the comprehension of this document and to conduct
the research. We present in Chapter 3 the spectral properties of the self-adjoint fourth-order
boundary value problems that we have investigated during this study. We give in Chapter 4
notions and properties on Rouché’s theorem and asymptotic fundamental matrices followed
by the asymptotics of the eigenvalues for ¢ = 0 of the each of the sixteen self-adjoint fourth-
order eigenvalue problems investigated. We recall that Rouché’s theorem and asymptotic
fundamental matrices have been intensively used in Chapter 4. We present in Chapter 5
notions and properties of Birkhoff regular eigenvalue problems and an asymptotic fundamental

system for the differential equation

n—1
Kn=n" 4+ k", (1.24)
i=0
no
Hn=> hn®, (1.25)
1=0

with 0 <ng <n —1 and k;, h; € W2(a,b) with the assumptions hy,, > 0, h;lol € Loo(a,b) and
h;ol € W(a,b) if ng > 0 and for ng = 0, h;ol € W#(a,b). We use the concepts and proper-

ties on Birkhoff regularity to show that each of the self-adjoint fourth-order boundary value
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problems is Birkhoff regular, while the concepts and properties on asymptotic fundamen-
tal system are used to derive an asymptotic fundamental system of the differential equation
¥y —(gy') = A%y. Finally we give in Chapter 5 the asymptotics of the eigenvalues for general
g of each of the self-adjoint fourth-order boundary value problems investigated. All the results
on the self-adjoint sixth-order eigenvalue problem investigated during this research are pre-
sented in Chapter 6. Firstly we use the concepts and properties of distributions and Sobolev
spaces presented in Chapter 2 to show that the operator A associated to the sixth-order prob-
lem is self-adjoint, secondly we study the spectral properties of this self-adjoint sixth-order
problem, thirdly we investigate the asymptotics of the eigenvalues of the problem for g = 0
and finally we use the asymptotics of the eigenvalues for ¢ = 0 to derive the asymptotics
of the eigenvalues of the problem for general g. We give in the last chapter for the readers
who are interested concepts and properties on exponential sums and the codes that we have

developed during this research to compute the asymptotics of the eigenvalues for general g.



Chapter 2

Preliminaries

2.1 Introduction

We present in this chapter basic definitions and properties necessary to conduct and under-
stand the work presented in this document. We give in Section 2.2 definitions and properties
of linear operators. We provide in Section 2.3 definitions and properties of test functions in
Subsection 2.3.1 followed by definitions and properties of distributions and Sobolev spaces
in Subsection 2.3.2. We present in Section 2.4 definitions and properties of holomorphic and
meromorphic vector valued functions, while we give in Section 2.5 notions and properties of
abstract boundary eigenvalue operator functions followed by notions and properties of bound-
ary eigenvalue problem in Section 2.6. These definitions and properties are extensively used
to conduct the work that we present in this document. Other definitions and properties are

presented in subsequent chapters where they are more relevant.

2.2 Linear differential operators

Definition 2.1. [41, page 3]. A linear differential expression is an expression of the form:
U(y) == po(2)y™ + p1(x)y" ™V + - + pal@)y (2.1)

12
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where ﬁ(x), p1(x), pa(x), ... ,pn(x) are continuous functions on a fixed, finite, interval [a, b]

and y € C"[a, b].
Definition 2.2. [41, page 3|. If linear combinations

Bj(y) = agy(a) + a{?/(a) 4t aifly(n_l)(a)

' . . (2.2)
+ Byb) + Bly' )+ -+ By VOB),  j=1,....m

of the values of the function y and its first n — 1 successive derivatives at the boundary points
a and b of the interval [a,b] have been specified and the conditions B;(y) =0, j = 1,...,m,
are imposed on the functions y € C"[a, b], these conditions which the functions y must satisfy

are called boundary conditions.

Let 7 be the formal differential expression of the form

(3] 5]
ry(x) =r(x)™! (=1 (03 (2)y" (@) + D (=1 [(a5(2)y P (2)) VY = (g (2)y V) (2)) 9] ¢

J= J=0

o

(2.3)
where
- y are C"-valued functions defined on (a,b), —o0o < a < b < o0,
- the symbol [a] stands for the largest integer less than or equal to «,

- the coefficients r, p; and g; are m x m matrix valued functions on (a,b), 7(x) is positive

definite, the p;(x) are Hermitian and ¢ is the adjoint of g;.

Definition 2.3. [51, pages 26-27]. Let the above hypotheses hold. We define the quasi-

derivatives for k =1 (n = 2):

Yo =y,
d
XL
y? =y = gipr (1 + qoy™) + poy®
d

)

- iy + (o — oyt a0)y” = rly,
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and for n = 2k and k > 2:

W
bl — () — 2 - _
y =y _dacjy for 7=0,...,k—1,
d g _
y = p oy — gy,
X
d d
[k+1] - _ (k] k=1 =+ % [k—1] [k—2]
Y az? + Pk—1Y Te—1 7Y qrk—2Y
d * — * —_ — —
i AL T L S R A L B T
A d - L B o ,
gt = g gy — g I =g for =2 k-1,
d e .
y" =y = -y poy — gyt =iy,
X

Proposition 2.4. [42, page 18|. If the coefficients pi(z), k = 0,...,n of the differential
expression l(y), see (2.1), have continuous derivatives up to the order (n — k) inclusive on the

interval [a,b), then there exists a differential expression I*(z), where z € C"™|a,b] such that

b b

[ 1wzde = [ e + 1y, (2.4)

where

1.
[9,2] = D (5B ylenH gl (25)

k=1
is Lagrange’s form,

2.

[y, 2]} (2.6)

is the difference in the values for the function [y, z], defined in (2.5), for x = b and

x=a,
3. (2.4) is said to be Lagrange’s identity in integral form.

Definition 2.5. [41, page 7]. The differential expression {*(z), defined in (2.4) is called the

adjoint of the differential expression I(y).

Definition 2.6. If [ = [*, then [(y) is said to be formally self-adjoint. See [42, page 50].
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Proposition 2.7. [41, page 8]. Any formally self-adjoint differential expression with real

coefficients is necessarily of even order and has the form

I(y) = Poy™) ™ + (pry™ )= 1 (p1y’) + puy.

Definition 2.8. [21, page 164]. Let ¢, .7 be two Hilbert spaces, and T' be an operator
from 57 to 547 .

A sequence u,, € Z(T') will be said to be T-convergent (to u € ) if both {u,} and {T'u,} are
Cauchy sequences and u, — u. We shall write u,, ? u to denote that {u,} is T-convergent
to u.

T is said to be closed if u, ? u implies v € Z(T) and Tu = lim T'u,; in other words if, for
any sequence u, € Z(T) such that u, — u and Tu,, — v, u belongs to 2(T) and Tu = v.

The set of all closed operators from 7 to J# is denoted by €(., 7).

Definition 2.9. Let T be a linear operator from a Hilbert space 5 to a Hilbert space .777.

We can define a special inner product and norm on .5 by

(u,v)p = (u,v) + (T'u, Tv),

1/2
lullr = (u,u)s® = [[[ul|? + || Tul 22,

We refer to this inner product structure as the graph norm structure on Z(7"). See Remark

2.3 of [29, page 6].

Definition 2.10. [29, page 6]. Let J# and .74 be Hilbert spaces, and T be a linear operator
in A to . Then the graph of T is the subset I'(T') of 57 x J# defined by

D(T) = {[u,Tu] | ue DT}

Proposition 2.11. [29, page 6]. Let 5 and 54 be Hilbert spaces and T be a linear operator
from 5 to A4. Then I'(T) is a subspace of 7 x 7. The inverse graph of T is the subspace
of 764 X € defined by

M(T) ={[Tu,u] | we2(T)}.

Proposition 2.12. Let 5 and F6 be Hilbert spaces, and T be a linear operator from F€ to
4.

T is closed if and only if the graph T'(T) is closed in 74 x . See Remark 2.2 of [29, page
6).
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Proposition 2.13. [29, page 6]. Let T be a linear operator from a Hilbert space F to a
Hilbert space 4.

e T is continuous from the graph norm structure on P(T') into the standard structure on

J4.
e 9(T) is a Hilbert space under the graph norm structure if and only if T is closed.

Remark 2.14. [42, page 9] . Let T be a linear operator in a Hilbert space .. If T' is not
closed, then by definition its graph I'(T) is not closed in J# x .

Remark 2.15. [42, page 9]. Let T be a linear operator from a Hilbert space J# to a Hilbert
space 7. If T is not closed, then it may happen that the closure I'z of the graph I'(T) in
JC x A is the graph of certain operator. In such a case this operator is called the closure of
the operator T. We then say that the operator T admits a closure denoted by T. Thus by

definition I' = Tr.

Proposition 2.16. [42, page 10]. Let 5 be a Hilbert space. A subspace S lies dense in A

if and only if there is no nonzero vector in J€ which is orthogonal to S.

Definition 2.17. If the domain Z(L) of a linear operator L is dense in a Hilbert space ¢,
then L is said to be densely defined. If L is densely defined and its range is contained in a

Hilbert space ##, the mapping L*, the adjoint of L has as domain

D(L*)={z€54 :FweH (yw) = (Ly,z) Yye 2(L)}.

See Definition 2.7.4 of [20, page 157].
Definition 2.18. [42, page 13]. Let T': J# — S be a linear operator, where ¢ is a Hilbert
space. Then

e T is said to be Hermitian if for all y, z € 2(T) (Ty, z) = (y,Tz) holds.

e A Hermitian operator which is densely defined in a Hilbert space 57 is called symmetric

operator.
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e A symmetric operator T in a Hilbert space ¢ is said to be self-adjoint if T' = T™*.

Definition 2.19. [26, pages 4-5]. Let L(.#, 7%) be the space of linear operator from .7
into %, where 57, and .74 are Hilbert spaces and 7 is dense in #%%. An operator pencil
is a polynomial A(\) = zl: Ai_gA? in X\ € C where A, € L(54,753). If the equation
A(Xo)y = 0 has nontrivialqs:oolutions, then \g is called an eigenvalue of the operator pencil A,

and the corresponding nontrivial solutions are called eigenvectors related to Ag.

Definition 2.20. [21, page 142]. Let T': 5 — 7 be a linear operator, where # and J4
are Hilbert spaces. Let D(T') be the domain of definition of 7T'.

The range R(T') of T is the set of all vectors of the form 7w with u € D(T).

The null space N(T') of T is the set of all vectors u € D(T') such that Tu = 0.

Definition 2.21. [21, pages 229-230]. Let T be a densely defined operator from the Hilbert
space 7 to be Hilbert space .77{. Then

nul(7) = dim N(T),
def(T) = dim N (T*) = dim R(T)*,

ind(7T") = nul(7T") — def(T) if at least one of nul(7") and def(T") is finite.

The integers nul(7), def(T'), and ind(7") are called the nullity, deficiency, and index, respec-

tively, of the operator T

Definition 2.22. [21, page 230]. Let .2 and 74 be two Hilbert spaces. Let T € € (¢, .77)
and T be densely defined. Then T is said to be semi-Fredholm if R(T) is closed and at least
one of the nul(7T") and def(T") is finite.

Definition 2.23. [21, page 230]. Let T be a linear operator from a Hilbert space ¢ to a

Hilbert space 4. T is a Fredholm operator if it satisfies the following conditions:

1. Tes(x,74),
2. the range R(T) is closed in 4,

3. the null spaces N(T) and N(T*) = R(T)* are both finite.
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Proposition 2.24. Let 5 and 54 be Hilbert spaces, T € € (', 71) and T be densely
defined. T is Fredholm (semi-Fredholm) if and only if T* is. In this case ind T* = —ind T
If T is a Fredholm operator from  to 74, then nul(T) = def(T™) and def(T") = nul(T™).

See Corollary 5.14 [21, page 234].

Remark 2.25. [31, page 2]. Let . and # be two Hilbert spaces. We denote the space of
Fredholm operators in L(.%7, 74) by ®(, 74).

Definition 2.26. [21, page 231]. Let T be defined as in Proposition 2.24. Let A be the
quotient space /N (T). We can define an operator T from A to S by

Tu = Tu,

where the domain Q(T) of T is the set of all & € J# such that every u € u belongs to Z(T).

If ue 2(T), all v € u belong to 2(T) by v' —u e N(T) C 2(T).

_ 1
1=

Remark 2.27. [21, page 231]. It is to be understood that that v(7') = 0 if T is unbounded
and y(T) = oo if T-! = 0.

The minimum modulus of 7" is the number v(7')

Definition 2.28. [21, page 190]. Let s be a Hilbert space. Let T' and A be operators
with the same domain space # (but not necessarily with the same range space) such that
2(T) C 2(A) and

[Aul| < alul| + b||[Tul|, we2(T), (2.7)
where a, b are nonnegative constants. The operator A is said to be relatively bounded with

respect to T or simply T-bounded.

Theorem 2.29. Let 5 and 74 be Hilbert spaces. Let T € € (I, ) be semi-Fredholm
(so that v = v(T) > 0). Let A be a T-bounded operator from F to 7 so that we have the
inequality (2.7), where

a < (1—0b)y. (2.8)
Then S =T + A belongs to €(#,.74), S is semi-Fredholm and

nul S <nul 7, def S<defT, ind S=ind T. (2.9)

See Theorem 5.22. [21, page 236].
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2.3 Sobolev Spaces on Intervals

We assume in this section that a and b are real numbers with a < b. Let 1 < p < cc.

2.3.1 Test Functions and Distributions
Definition 2.30. [31, pages 53, 54]. Let I C R be an interval.

e C(I) = C°I) denotes the space of all continuous functions on I to C. For a positive

integer k, C*(I) denotes the space of k-times continuously differentiable functions on I.

e For f € C(I) the set supp f :={x € I : f(x) # 0} is called the support of f, where the

closure is taken with respect to I.

o0

e Let I be open and let C®(I) := () C¥(I). A function f € C>(I) is called a test
k=1

function if its support is a compact subset of I. The space of all test functions on an

open interval I is denoted by C§°(1).

Remark 2.31. The space C§°(I) can be identified with a subset of C{°(R) by setting
f = 0 outside of I for each f € C§°(I). The space C5°(I) can be written as C§°(I) =
U C3°(K), where C°(K) :={f € C§°(R) : supp f C K}.

KCI, compact

Definition 2.32. [31, page 54]. Let I be an open interval. A linear functional u on C§°(I) is
called a distribution on [ if for each compact set K C I there are numbers K € N and C > 0

such that N

(@, u)| <CY sup ¢V (z)| (¢ € CF°(K)),

j=0 zeK

where (¢, u) := u(¢). The space of distribution is denoted by 2'(I).

Definition 2.33. [31, page 55]. For u € 2'(I), where I is an open interval, the support of u,
denoted supp u, is the set of points x € I such that for each neighborhood U C I of x there
exists ¢ € C§°(U) such that (¢, u) # 0.

Definition 2.34. [31, page 55]. Let I be an open interval and let v € 2’(I). Then

(d,u) = —(¢/,u) (¢ € Co(I))
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defines a distribution u’ on I, called the derivative in the sense of distributions of u. Recur-

sively for k =1,2,...
wEHD . (B

Theorem 2.35. If u € 9'(X) where X is an open interval on R and if u' = 0, then u is a

constant.

See Theorem 3.1.4. of [17, page 57].

2.3.2 Definitions and Properties of Sobolev spaces

Definition 2.36. Let I C R be an open interval, 1 < p < oo and k € N. The space

WP(I) :=={f € Ly(I): ¥je{l,....k} f9) e Ly(I)}

is called a Sobolev space. Here the derivatives fU) are the derivatives in sense of distributions.

For f € W{(I) we set
k
| Flpk = Z £,
Note that W§(I) = L,(I) and that Lo(I) is a Hilbert space with respect to the inner product

(f,9) = /f )z, f,g € La(I).

See Definition 2.1.1. of [31, page 55].

Remark 2.37. Let I be an open interval. Let AC"¢(I) be the set of functions f on I such
that f|x is absolutely continuous for each compact subinterval K of I. Then for k& > 0,

WP(I) = {f € AC'°(I): Vj e {l,....,k—1} fW) € ACY(I)N L,(I), f* € L,(I)}.

See Remark 2.1.2. of [31, page 55].

Proposition 2.38. Let I C R be an open interval, v € I and g € L,(I).Set
xX
Gz) = / o)t (ze ).
¥

Then G is continuous on I and G' = g in 2'(I).

See Proposition 2.1.3. of [31, page 56].
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Corollary 2.39. Let k € N and u € 2'(a,b) such that v’ € W[ (a,b). Then u € W[ ,(a,b).

See Corollary 2.1.4. of [31, page 56].

Proposition 2.40. Let I C R be an open interval and k € N\{0}.

1. Let f € Lo(I) and v € I. Then f € WZ(I) if and only if there are g € W7 | (I) and
c € C such that

xT

f(z) = c—i—/ gt)dt (xzel).
gl
In this case, g = f', f has continuous extension to I, which we also denote by f, and
c=f(7).

2. W2(I) c Ck=1(I).

See Proposition 2.1.5. of [31, page 56].

Proposition 2.41. Let I C R be an open interval and k € N. Then sz([) 1s a Hilbert space
with respect to the norm | g .

See Proposition 2.1.6. of [31, page 57].

Proposition 2.42. For each k € N we have

1. W2 (a,b) C C¥[a,b],

2. C*a,b] € W2(a,b),

where the inclusions holds topologically, i.e., the corresponding inclusion maps are continuous.

See Proposition 2.1.7. of [31, page 57].

Proposition 2.43. Letk,n €N, p; € W,?H(a, b) fori =0,...,n,p,' € La(a,b), & € La(a,b).
If k = 0, we additionally require that po§ € L1(a,b). Assume that

n

S i) € WE(a,b). (2.10)

=0
Then & € W2, (a,b).

See Proposition 2.6.1. [31, page 74].
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2.4 Holomorphic and meromorphic vector valued functions

We assume in this section that € is an open nonempty subset of C, a and b are real numbers

with a < b.

Definition 2.44. Let 57 be a Hilbert space, y : Q — 52, Ag € Q. The vector function y
is called holomorphic at Ag if there are a number » > 0 and y, € J# (n € N) such that
K,(MA) ={AeC: A=) <r}cCQ,

Zr"\yn\ < 00, (2.11)
n=0
and
y(A) =D (A= 20)"n (2.12)
n=0

for all A € K,(X\g). The vector y is called holomorphic in € if it is holomorphic at each A € €.

H(Q, ) denotes the space of all holomorphic functions from 2 to JZ.

See Definition 1.2.1 of [31, page 6].

Proposition 2.45. A function [ : Q — F is holomorphic if and only if it is continuously
differentiable.

See Remark 1.2.2 of [31, page 6].

Definition 2.46. [38, page 336]. Let © be an open nonempty subset of C, 5 and J# be
Hilbert spaces. Let £ (7, #4) be the space of bounded linear operators from % to 4. An
operator function S : Q — £ (7, 74) is called holomorphic in 2 if for each \g € § it has a

representation
(o)
=Y (A=) (2.13)
7=0

which converges in the norm of £ (7, 7) for X in a neighborhood of \.

Proposition 2.47. [31, page 3]. Let ¢ and J4 be Hilbert spaces and T a linear operator
from A to s. Then T is invertible if and only if T* is invertible, and (T~1)* = (T*)~!
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Definition 2.48. [31, page 7]. Let . and . be Hilbert spaces. For T' € H(Q, L (A, 7)),
p(T) :=={X € Q:T(\) invertible}

is called the resolvent set of T and o(T) := Q \ p(T) the spectrum of T. Let T~'()\) be
defined by T~1()\) := T(\)~! for A € p(T). The operator function 7! is called the resolvent
of T

Proposition 2.49. Let ¢ and 7€ be Hilbert spaces and T € H(Q, L (H,74)). Then p(T)
is open and T~1 € H(p(T), L (4, )).

See Proposition 1.2.5 of [31, page 7].

Proposition 2.50. Let 7 and % be Hilbert spaces and T € H(Q), L (A, 4)). Set T*(\) :=
(T'(N)* for N € Q. ThenT* € H(Q, L (A4,7)).

See Proposition 1.2.6 of [31, page 7].

Definition 2.51. [31, page 8]. Let % be a Hilbert space, p € Cand y € H(U' \ {u}, ) for
some open neighborhood U’ of i . We say that y is meromorphic at p if there is a nonnegative
integer s such that (- — u)®y has a holomorphic continuation to all of U’. The smallest number

s is called the pole order of y at p, and p is called a pole of y if this number is positive.

Proposition 2.52. [31, page 8]. Let 7 be a Hilbert space, pp € C and y € H(U' \ {u}, 7)
for some open neighborhood U’ of i . Then y has a holomorphic extension to p if and only if

the pole order is zero.

Remark 2.53. [31, page 8]. Let J# be a Hilbert space, up € C and y € H(U' \ {u}, ) for
some open neighborhood U’ of p . If (- — p)®y is holomorphic at u, then the Laurent series

expansion
oo

y=> (—nly

j=—s
holds in some punctured neighbourhood of u. We call

-1

> (= wly;

j=—s

the principal part of y at .
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Definition 2.54. [31, page 9]. Let U be an open subset of Q and y € H(U, 7). We say that
y is meromorphic in  if Q \ U is a discrete subset of 2 and y is meromorphic at each p in

Q\U.

Theorem 2.55. Let Q) be a domain in C. Let 7€ and 56 be two Hilbert spaces. Let T €
H(Q,®(H,54)) and assume that p(T) # 0. Then o(T) is a discrete subset of Q@ and T~! is

a meromorphic operator function in €.

See Theorem 1.3.1. [31, page 9].

Definition 2.56. Let 7 and %4 be Hilbert spaces, T' € H(Q, ®(, 7)) and p € Q. The
vector function y in H(2, ) is called root function of T" at p if y(u) # 0 and T'(u)y = 0.
The number v(y) denotes the order of the zero of Ty at p and is called the multiplicity of y
(with respect to T at p).

See Definition 1.4.1 of [31, page 13].

Definition 2.57. [31, page 14]. Let .2 and .7 be Hilbert spaces, T' € H(Q2, ®(J, 74)) such
that p(T) # 0. Let p € o(T) and n € N \ {0}. Then L denotes the set of all yg € N(T(1))
such that there is a root function y with y(u) = yo and v(y) > n.

Ly := L, U{0}
is a subspace of N(T'(u)).

Definition 2.58. [31, pages 14-15]. Let % and .74 be Hilbert spaces, T' € H(Q, ®(, 74))
such that p(T) # 0. Let p € o(T) and n € N\ {0}. For j € N with 0 < j < nul T'(u) we
define

m; = max{n € N\ {0} : dim L, > j}. (2.14)

The numbers m; are called the partial multiplicities of T" at y. The number r = dim N(T'(n))

is called the geometric multiplicity of 7" at w4, and the number
T
m = Z mj
j=1

is called the algebraic multiplicity of T" at u.
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Proposition 2.59. Let 7 and 54 be Hilbert spaces, T € H(Q, ®(IH,.71)), assume that
p(T) # 0 and let p € o(T). Let 0 < r < nul T(u) and let yi,...,y, be the root functions
of T at p such that y1(p),...,y-(u) are linearly independent. The following conditions are

equivalent:

i) v(y;) = max{v(y) : y is root function of T at p and y(p) ¢ span{yi(n),...,yr(1t)}}
(Gj=1,...,7),

i) v(y) =m; (G=1....7),

i) v(y;)) >m; (G=1,...,7).

See Proposition 1.4.4. [31, page 15].

Definition 2.60. Let % and % be Hilbert spaces, T € H(Q, ®(, 74)), p(T) # 0 and
p € o(T). A system {yi,...,y.} of root functions of T at p is called a canonical system of
root functions (CSRF) if {y1(p), ..., yr(u)} is a basis of N(T'(x)) and one of the equivalent

conditions i), ii) or iii) in Proposition 2.59 is fulfilled.
See Definition 1.4.5. [31, page 15].

Proposition 2.61. Let 5 and .71 be Hilbert spaces, T € H(Q, ®(°,.74)) such that p(T) #
0 and p € o(T). We set r:=nul T'(u) and let k € {0,...,r—1}. Let y1(p), ..., yx(p) be root
functions of T at p with v(y;) > m; for j =1,...,k such that yi(p),...,yp(p) are linearly
independent, where the numbers m; are partial multiplicities defined in (2.14). Then there
are root functions ygy1,....Yr of T at p such that yi,...,y- s a canonical system of root

functions of T' at p.

See Proposition 1.4.6. [31, page 15].

Definition 2.62. Let ¢ and # be Hilbert spaces, T € H(Q, ®(s#, 7)) such that p(T) # 0.
Let u € o(T).

i) An ordered set {yo,y1,...,yn} in JZ is called chain of an eigenvector and associated
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vectors (CEAV) of T at p if
h
yi=> (—wy
=0
is a root function of 7" at p with v(y) > h + 1.

ii) Let yo € N(T(u)) \ {0}. Then 7(yo) denotes the maximum of all multiplicities v(y),
where y is a root function of 7" at p with y(u) = yo. The number T(yg) is called the

rank of the eigenvector yg.

() . , — a1 . .
1<j<r0<I<
iii) A system {y,”’ :1 <7 <r,0<1<m;— 1} is called a canonical system of eigenvectors

and associated vectors (CSEAV) of T at p if

{yél)’ . 7y[()7‘)} is a basis of N(T(H))v
9D g9 9 Y A CEAVOf Tatp (j=1,....1),

j—1

m; = max{v(y) : y € N(T(n) \ span{y” -k < j}} (G=1.....7).

See Definition 1.6.1 [31, page 27].

Proposition 2.63. Let s and s be Hilbert spaces, T' € H(Q, ®(.77, 74)) such that p(T') #
() and p € o(T). Let {y1,...,yr} be a CSRF of T at u. Set

. 1dly‘ ‘
D= = ) (=1,

yl —ZTW ..,T;lzo,...,mj—l),

where the numbers m; are partial multiplicities of T at . Then the set of vectors {yl(j S <

j<r, 0<1<m;—1}isa CSEAV of T at p, andﬁ(y(()j)):mj forj=1,...,r.

See Proposition 1.6.3 [31, page 28].

Definition 2.64. [41, page 17]. Let . and J# be Hilbert spaces, T € H(Q, ®(7,.77))
such that p(T) # () and pu € o(T). Let y be an eigenvector belonging to p. Then y is said to
have multiplicity m if there is a system of functions {y1, ..., ym—1} in € of length m — 1 but

no system of length m associated with y.

Proposition 2.65. Let ¢ and J# be Hilbert spaces, T' € H(Q, ®(., 74)) such that p(T') #
0 and p € o(T). We set r :=nul T'() and let m;, j = 1,...,r, be the partial multiplicities
of T at p. Then there is a CSEAV {yl(j) :1<i<r, 0<1I<m;—1} of T at p.

See Proposition 1.6.4 [31, page 28].
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Definition 2.66. Let 2 be a domain in C and 57 and 54 be Hilbert spaces. Let T €
H(Q, (2, 77)) and p € o(T). Then p is called a semi-simple eigenvalue of T if for each
y € N(T'(u))\{0} there is a v € N(T™*(u)) such that

(T (), 0) #0.

If p € o(T) is semi-simple and nul 7'(u) = 1, then p is called a simple eigenvalue.

See Definition 1.7.1 of [31, page 31].

Proposition 2.67. Let Q be a domain in C and 5 and 74 be Hilbert spaces. Let T €
H(Q,®(2,4)), p(T) # 0 and p € o(T). The following properties are equivalent:
i) p is a semi-simple eigenvalue of T';

ii) there are CSRFs {yi1,...,yr} of T at pu and {v1,...,v,} of T* of u such that

(D) i) 03 (0)) = 85 (1 = 1,7

iii) for each root function y of T at p we have v(y) = 1;

i) the pole order of T~1 at p is 1.

See Proposition 1.7.2. [31, page 31].

Proposition 2.68. Let Q) be a domain in C and 5 and 74 be Hilbert spaces. Let T €
H(Q,®(,54)), p(T) # 0 and p € o(T). The following properties are equivalent:

i) p is a semi-simple eigenvalue of T';

ii) there are bases {y1,...,yr} of N(T(n)) and {vi,...,v.} of N(T*(n)) such that

(T i) = 85 (5 =1, )

ii1) each eigenvalue of T at p has rank 1;

i) the pole order of T~ at p is 1.
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See Proposition 1.7.3. [31, page 32].

Definition 2.58, Definition 2.66, Proposition 2.67 and Proposition 2.68 yield the following

corollary

Corollary 2.69. The geometric and the algebraic multiplicities of a semi-simple eigenvalue

are equal.

Definition 2.70. [38, page 337] Let 2 be an open nonempty subset of C, 7 and J# be
Hilbert spaces. Let Z(,7) be the space of bounded linear operators from % to J#.

We assume that the operator function 7' : Q — Z(, #7) is holomorphic. For an operator
K € L(, /) we write

T(K)(\) == T(\) + K. (2.15)

Theorem 2.71. Let 5 and 4 be Hilbert spaces. Let Ko € L(H,71) and \(Ky) € Q such
that T(Ko)(A(Ko)) € ®(H,71) and N(Kop) an isolated simple eigenvalue of T(Ky). Then
there is a neighborhood U of Ko in L (A, 74) and a closed disk B(\o(Ko),¢e) in Q with
center \(Ko) and radius € > 0 such that for each K1 € U there is exactly one point A\(K1) of
o(T(Ky)) inside the open disk B(A(Ky),e), and o(T(K1))NT = (), where T is the boundary
of B(A(Ky),e). The map X\ : U — C is continuous.

See Theorem 2.3 of [38, page 337].

Theorem 2.72. Let the hypotheses and notations of Theorem 2.71 hold. The map A\ : U — C

1s differentiable at Kq, and the derivative is given by
N(Ko)K = —(Ku,v), K € L(H#,4), (2.16)
where (u,v) is a biorthogonal system of eigenvectors of T(Ky) and T(Kp)* at A(Kp).

See Theorem 2.4 of [38, page 339].

Theorem 2.73. Let
L\ e) =N+ AD()+ K

be a perturbed quadratic matriz function with perturbing parameter € € R, where D(g) is an

analytic hermitian matriz function and K is a negative definite definite matriz on ker L(\g, 0).
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Let 0 # Ao € R be an eigenvalue of L(\,0). Then every eigenvalue of L(A\,€) near Ao is

analytic.

See Theorem 3.3 of [45, page 145].

2.5 Abstract boundary eigenvalue operator functions

Let © be a subset of C. Let us consider the Hilbert spaces E, G, Fy, Fy, F' = F} & F, and
operator functions T' € H(Q, Z(E,F)) and Z € H(Q), Z(G,E)).

Remark 2.74. [31, page 46]. According to F' = Fy & Fb, there exist T1 € H(Q, Z(E, F1))

Ti (A
and Ty € H(Q), Z(FE, F»)) such that T'(\) = 1) for A € Q.

Ta ()

Assumption 2.75. [31, page 46]. We assume for all A € Q2

i) Ty is right invertible,
ii) Z(\) is invertible, (2.17)
i) N(T1(V) = R(Z(V).

Remark 2.76. [31, page 47]. Condition (2.17) means that there is an operator U(\) €
Z(F1, E) such that Ty (\)U(N) = idp, .

Proposition 2.77. [31, page 47]. We set
M) :=To(N)Z(N) (A€ Q), (2.18)
whence M € H(Q, Z (G, F)).

Definition 2.78. [31, page 47]. We call T an abstract boundary eigenvalue operator function,
Z a “fundamental matrix” function and M the characteristic “matrix” function associated to

T (with respect to Z).

Theorem 2.79. There are operator functions

CeHQZ(FoMn,F), DeHQ ZEGSR))
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such that for A\ € Q the operator C'(X) and D(\) are invertible and the factorization

(M()\) 0 )
T(\) = C() D)
0 idp,

holds.
See Theorem 1.11.1 [31, page 47].

Proposition 2.80. [31, page 48] Let T € H(Q, Z(E,F)) and assume that there are Hilbert

spaces X1, Xo, Y1, Yo and holomorphic functions
CeHQ MV 1Yy, F)), DeHQZ(E X ®Xs)),

M e H(Q,Z(X1,Y1)), JeH(Q,Z(XY))

such that
M(X) 0

) D(\) (A e Q).
0 J\)

We suppose that the operators C(\), D(N), and J(X\) are invertible for all X € ).

1. There are operator functions
C, € HQ, Z(F,Y1)), Cye H(Q,Z(FY,)),
D, € HQ, Z(X1,FE)), Dyec H(Q Z(X2,FE))

such that

N (?Ei;) . DY) = (D1(N), Do(N) (A€ Q).

2. T € HQ,®(E,F)) if and only if M € H(Q,®(X1,Y1)) and p(T) = p(M)

3. nul T'(p) = nul M(u) for all p € o(T).
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2.6 The boundary eigenvalue problem

Definition 2.81. [31, page 3] For a set G we denote the set of k x n matrices with entries

from G by My, ,,(G). We write M, (G) if n = k.

Let Q be a domain in C, —0o < a < b < oo, and n € N\{0}. Let A € H(Q, M, (Lz(a,b))) and
TR ¢ H(Q, Z((W2(a,b))",C)). We consider boundary eigenvalue problems of the form

Yy — ANy =0,

2.19
TE(\)y =0, ( )

for A € €, where a solution y € (W2(a,b))" of the differential system in (2.19) is to be

understood as a weak solution, i.e., a solution in the distributional sense.

Definition 2.82. [31, page 102]. If we take
TNy = W(\)y(a) + W (N)y(b) (2.20)

for y € (Wi(a,b))" and A € Q, where W W € H(Q, M,(C)), then (2.19) is two-point

boundary eigenvalue problem.
Definition 2.83. [31, page 103]. Let

TP(Ny ==y — A(-, Ny,
TP(\)
TH(X)

v\ - e Wi(@b)" 1) (2.21)
Yy
T is called a boundary eigenvalue operator function.
Proposition 2.84. [31, page 103]. Let T as defined in Definition 2.83. Then
T e H(Q,Z((Wi(a,b))", (L2(a,0)" & C")).

Proposition 2.85. Let n € N, n > 2. Consider the n-th order differential equation

n—1
Y+ 3 i N =0 (g€ WE(a,b), A€ Q). (2.22)
=0
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where p; € H(Q, La(a,b)) (i =0,...,n—1). Let L? be the differential operator
n—1 ‘
LWy == y™ +> pi(-, My (y € Wi(a,b), X € Q). (2.23)
1=0
Then LP € H(Q, £ (W2(a,b), La(a,b))).

See Lemma 6.1.1. [31, pages 252-253].

Remark 2.86. [31, page 253]. We can associate a first order system to the n-th order
differential equation (2.22). This first order system is defined by the operator

TPNy =y —A(, Ny (y € (Wi(a,b)", A€ C), (2.24)
where
0 1
0
A= (8ij-1 = OinDj1)ij=1 = o . (2.25)
0O - -0 1
o I

Proposition 2.87. [31, page 253]. Let y € W2(a,b), A € Q, and set

)
"
n =
y(n=1)
Then n € (W#(a,b))"™ and
0
0
TP (N =

0

LP(\)y

Proposition 2.88. Let n € (W2(a,b))", X € Q, and assume that eI TP (A\)n = 0 for i =
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L,...,n—1. Theny:=e|n € W2(a,b),

Y
/
n= y ) (2.26)
y(n_l)
and
LPNy = el TP (M. (2.27)

See Proposition 6.1.3. [31, page 254].

Definition 2.89. Let \g € . A matrix function Yy € M, (W2(a,b)) is called a fundamental
matrix function of 797 = 0 if for each n € N(TP(\g)) there is ¢ € C" such that n = Yyc.
A matrix function Y : Q — M, (W2(a, b)) is called a fundamental matrix function of 7”7 = 0

if Y'(\) is a fundamental matrix of TP (\)n = 0 for each \ € €.

See Definition 2.5.2. [31, page 69].

Proposition 2.90. Let \g € Q, and Y be a fundamental matriz of TPn = 0. Then Y, €
M, (W2(a,b)) is a fundamental matriz of TP(A\)n = 0 if and only if Yo = Y1C for some
invertible matriz C € M, (C).

See Proposition 2.5.4. [31, page 72].

Theorem 2.91. Let TP be given by (2.21). Then there is a fundamental matriz function
Y € H(Q, M, (Wi(a,b))) of TPy =0 with Y (a,\) = idcn for all X € Q. In addition, Y (-, \)
is invertible in M,(W#(a,b)) for all X € Q.

See Theorem 2.5.3. [31, page 69].

Definition 2.92. Let Ao € Q and y1,...,y, € W2(a,b). Then {yi,...,yn} is called a
fundamental system of L (\g)y = 0 if for each y € N(L”()\¢)) there are c; € C (j = 1,...,n)

such that
n
y=> iy
j=1

A function (y1,...,9n) : © — My ,(W2(a,b)) is called a fundamental system function of
LPy =0if {y1(N\),...,ya(N)} is a fundamental system of LP(\)y = 0 for each X € Q.
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See Definition 6.1.4. [31, page 254].

Proposition 2.93. Let \g € Q and Yy € M, (W2(a,b)) be a fundamental matriz of TP (\)n =
0. Then {elYpeq,. .., el Yoe,} is fundamental system of LY (\o)y = 0, and

(e Ype )Y = el'Ype; (2.28)
holds fori=1,...,nand j=1,...,n.
See Lemma 6.1.5. [31, pages 254-255].

Proposition 2.94. Let \g € Q and y1,...,yn € W2(a,b) such that {yi,...,yn} is a funda-
mental system of L”(\o)y = 0. Then (y](-i_l))?’j:1 € M,(Wi(a,b)) is a fundamental system
of TP (Mo} = 0.

See Lemma 6.1.6. [31, page 255].
Proposition 2.95. Let \g € Q and y1,...,yn € Q. Then the following are equivalent:

i) y1,...,yn are linearly independent, L (\o)y; = 0 for each j € {1,...,n} and for each
y € N(LP())) there are ¢ € C (j = 1,...,n) such that

n
y=>_ ¢y
=1

i) {y1,...,yn} is a fundamental system of LP(\o)y = 0;

iii) (yj(»ifl))?’j:1 € M, (Wi(a,b)) is a fundamental system of TP (No)n = 0.

See Proposition 6.1.7. [31, page 255].

Theorem 2.96. There is a fundamental system (y1, ..., yn) of LPy = 0 such that yj(.ifl)(a, A) =
0ij for A€ Q and i,j = 1,...,n. Furthermore, the fundamental system function is uniquely
determined and depends holomorphically on X € Q. More precisely, we have y; € H(Q, W2(a,b))
forj=1,...,n.

See Theorem 6.1.8 [31, page 256].
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Proposition 2.97. [31, pages 256-257]. Let L¥ € H(Q, £(W2(a,b),C")). Then for each
A € Q, there is an operator TR(\) € L((W3(a,b))",C") such that

)
y/
LNy =TE(\) ' (2.29)
y(n_l)
for all y € W2(a,b).
Proposition 2.98. [31, page 257]. Let
LNy = [ D _(a;(Ny D (0) + 85Ny (1) (y € Wi(a,)),

J=1 i=1

where a;; and B;j are complex valued functions and where L® depends holomorphically on \.

Then aj; and B;j are holomorphic functions and TR(N), defined by
TNy == (aig(N)F1y(a) + (B (N)21y()  (y € Wi (a, b)),
depends holomorphically on A.

Definition 2.99. [31, page 259]. Let LP and L be as respectively defined in Proposition
2.85 and Proposition 2.98. We call

L= (L” L% € H(Q, £(W2(a,b), La(a,b) © C™)) (2.30)
a boundary eigenvalue operator function.

Definition 2.100. [31, page 259]. Let L be the operator function defined in (2.30) and
{y1,...,yn} be the fundamental system function of LPy = 0, given by Theorem 2.96. Set
Y = (y](-i_l))zjzl. Define
ZrNe:= (5N, .. e )e=elY(, Ne (ceC A e ). (2.31)
Then a characteristic matrix of the boundary eigenvalue operator function L is defined by
M\ = LN ZL () (2.32)
and

A(N) = det M(\) (2.33)

is called the characteristic determinant of the boundary eigenvalue operator function L.



Chapter 2. Preliminaries 36

Remark 2.101. [31, page 260]. Note that the matrix M defined in Proposition 2.100 is also
a characteristic matrix function of the associated first order boundary eigenvalue operator

function T = (TP, TF) given by (2.24) and (2.29).

Theorem 2.102. The operator function L, defined in (2.30), is an abstract boundary eigen-

value operator function in the sense of Section 2.5.
See Theorem 6.3.1. [31, page 260].

Proposition 2.103. [41, pages 14-15] Let A € C and T be a linear differential operator
defined in a Hilbert space A, such that Ty = Ay and A(X) be the characteristic determinant
of T. Then

1. A()N) is an analytic function of \.
2. The eigenvalues of the operator T are the zeros of the function A(N).

3. If A(\) vanishes identically, then any number X is an eigenvalue of the operator T.

4. If, however, A(N) is not identically zero, then the operator T has at most countably

many eigenvalues, and these eigenvalues can have no finite limit-point.

Theorem 2.104. Let {y1,...,yn} be the fundamental system function of LPy =0, given by

Theorem 2.96. SetY := (y](-i_l))zj:l. Define

(UL F) (@) = el Y (@A) /0 V() et (0t (f € La(a,b)). (2.34)

Then the eigenvalue operator function L given by (2.30) is holomorphically equivalent on Q

to the La(a,b)-extension of M; more precisely, for A € Q we have

0 idr,(ab M(N) 0 3
O | (ZL(N),UL(V) 7,
iden LE(A)UL(N) 0 idpy(a)
and the operator
0 idp,(ab)

€ .,2”(@" D Lg(a, b), Lg(a, b) S5 (Cn)
iden LE(N)UL(N)
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and

(ZL(X),UL(N) € Z(C" @ La(a,b), Wyi(a,b))

are invertible and depend holomorphically on X.

See Theorem 6.3.2. of [31, page 261].

Corollary 2.105. The eigenvalue operator function L(-,«) is a Fredholm operator valued
function and p(L) = p(M) = p(T).

See Corollary 6.3.3. of [31, page 261].

Definition 2.106. [31, page 282]. Let —co <a <b < oo, n € N, n > 2. Let
pi(A) =Y Nmiy  (i=0,...,n—1), (2.35)
§=0

where m,_; ; € La(a,b) (i =0,...,n—1,7=0,...,n—1). We assume m,_; ,—; # 0 for some

i € {0,...,n—1}. The function 7 defined by
n—1 4
(-, p) =p" + Z P Tr—in—i (peC) (2.36)
=0

is called the characteristic function of the differential equation (2.23).

Proposition 2.107. Together with the assumptions of Definition (2.106), let wy; (i,k =
1,...,m) be polynomials in A with coefficients in Li(a,b) and w,(m'.) (j=0,1),4,k=1,...,n)

be polynomials in X\ with complex coefficients. We consider the boundary eigenvalue problem

LP(\)y =0 and LE(\)y =0, (2.37)
where
LP Ay = y™ + nzlpi(» Ay, (2.38)
1=0
LRy = (Z (w9 V(@) + iy Iw)) + Z / " e A)y“-”(g)ds) - (2.39)
i=1 =179 k=1
where A € C and y € W2(a,b). Then
L:=(LP, L7 e H(C, 2(W2(a,b), Ly(a,b) ® C")). (2.40)

See Proposition 7.1.1 of [31, pages 281].



Chapter 3

Spectral Properties of Self-adjoint
Fourth Order Differential Operators

3.1 Introduction

On the interval [0, a] we consider the eigenvalue problem

y@ — (gy) = N2y, (3.1)

where a > 0, g € C1[0, a] is a real valued function and (3.2) are separated boundary conditions
where the Bj(\) are constant or depend on A linearly. We recall that the quasi-derivatives

associated with (3.1) are given by

(1] (2] —

=y, y? =y" yB

Y=y y =y —gy, M =4 —(gy'),

see Definition 2.3. The boundary conditions (3.2) are taken at the endpoint 0 for j = 1,2
and at the endpoint a for j = 3,4. Further, we assume for simplicity that either B;(\)y =
yPil(a;) + iejadyl@l(a;) or Bj(\)y = yPil(a;), where a; = 0 for j = 1,2, a; = a for j = 3,4,
pj+q;=3for j=1,2,3,4,a>0and¢; € {-1,1}.

38
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We define
0, ={s€{1,2,3,4} : Bs(\) depends on A}, ©g = {1,2,3,4}\Oy,

0 =0,n{1,2}, ©=0,n{3,4}

and put
k= 104]. (3.3)

Assumption 3.1. We assume that the numbers p1, p2, ¢; for j € @(1] are distinct and that

the numbers ps3, p4, q; for j € O are distinct.

This means that for any pair (r,a;) the term y[”}(aj) occurs at most once in the boundary

conditions (3.2).

We formally denote the collection of the four boundary conditions (3.2) by U and define the

following operators related to U:
Uy = (y%')(ay))jeo, and Ury = (e;91%)(a)))jc0,, v € Wi(0,a). (3.4)

Let [ =4 — k and define

@0 =: {0’1,...,0’[}, @1 = {917-~-79k}; (35)
B pi+l ifi=1,2, G+1 ifi=1,2,
pi+5 ifi=3,4, G +5 ifi=3,4,

V= (05, j)i=1,..l; j=1,...85 (3.7)

and Vi = (20,0, ;) . (3.8)

Vo = (8.,
Po;-J i=1,...,k; j=1,...,8

77777

Then the operators Uy and U; defined in (3.4) can be written as

Uy = VoYr and Uy = V1Yg, (3.9)

Y T
where Vi = with ¥ = (410, gl yf2) y3) , see [37, (1.6)].
Y(a)

Note that we have defined the sets ©p and O in (3.5), the numbers p; and g; in (3.6) and have

used these definitions to define the matrices V', V{y and V;. We have used these matrices to
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represent the infinite dimensional problem (3.1)-(3.2) by finite dimensional matrix problem,

see (3.7)—(3.8) and (3.11)—(3.13).
We will associate a quadratic operator pencil
L\ a) =AM —ia)K — A(U), AeC (3.10)

in the space Lo(0,a) @ C* with this problem, where
0 0
K= and M =

are bounded self-adjoint operators.

The maximal differential operator Ap.x associated with the boundary value problem (3.1)
and those boundary conditions from (3.2) which depend on ) is defined on Lo (0,a) @& C* by
y[4]

D(Amax) = U Y Ly EWE0,a) 3, Apaxl = , Y€ D(Amax). (3.11)
Uy Uoy

Now we define the operator A = A(U) on Ly(0,a) ® C* such that

Y

2(AU)) ={ 7 = .y € W20,a), yPil(a;) =0 for j € O (3.12)
Uy
[4]
(A(U))y = for 57 € P2(A(U)). (3.13)
Uoy

This means that A(U) is the restriction of Ay with respect to the boundary conditions

Y (0)

VYgr = 0 where Y = with Y = <y[0}’ yll gyl y[3})T, see [51, page 26].

Y(a)
We investigate in this chapter the resolvent set of the operator pencil L(-, @) and its spectrum
and in the following chapter the asymptotics of the eigenvalues of the corresponding boundary
problems for which the main operator A(U) is self-adjoint. The conditions for which the
differential operator A(U) is self-adjoint are given in the following theorem which is Theorem

4.5 of [39].
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Theorem 3.2. Denote by Py the set of p in yP! (0) = 0 for the A-independent boundary
conditions and by P, the corresponding set for yP! (a) = 0. Then the differential operator
A(U) associated with this boundary value problem is self-adjoint if and only if p+q = 3 for
all boundary conditions of the form yP) (aj) —|—ia5j)\y[‘1](aj) =0 ande; =1 if q is even in case
a; =0 or odd in case a; = a, ¢j = —1 otherwise, {0,3} ¢ Py, {1,2} ¢ Py, {0,3} ¢ P, and
{1,2} ¢ P,.

3.2 The resolvent set of the operator pencil L(-, )

Proposition 3.3. M + K =1 and M|gawy) > 0.

Proof.
I 0 0 0 I 0
(M+K)= + =
0 0 0 I 0 1
Hence M + K = I;, (g q)ock Let y € Z(A(U)) such that y # 0. We know that y = Y , SO
Uiy
if y = 0, then y = 0. Thus if ¥ # 0, then y # 0. Whence (My,y) = y*My = (j, U1y) Y1 =
0
ly|2 > 0. Therefore M|g a1y > 0. O

Definition 3.4. Let Z; = {y € W2(0,a) : VYg = 0}. Observe that Z; is a closed finite

codimensional subspace of W2(0,a). Let Z2 be a complementary space of Z; in W2(0,a), let
pU W42(0,a) — 7 (3.14)
y = Yy
be the projection from W2(0,a) onto Z; along Z. Note that py is a bounded operator.
Let

s:W2(0,a) — Ly(0,a) ®CF (3.15)
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and
r:W2(0,a) — C® (3.16)
y — r(y) =Yz

Proposition 3.5. The linear map r is surjective and bounded.

Proof. For all polynomials y we have y € Z(Apax), SO
{Yr:7 € P(Amax)} = C°. (3.17)

Thus it follows from (3.11) that the linear map r is surjective. We will now prove that r is

bounded. For all y € W2(0,a), |r(y)| = |Yr| < oo, hence r is bounded. O

Remark 3.6. It follows from Assumption 3.1, equation (3.7) and Definition 3.4 that rank V' =
4 —k, thus dim Z; = dim(N(V)) =8 — (4 — k) = 4+ k. Since Z5 is the complementary space
of Z1 in W2(0,a), then dim Zo =8 — (4 + k) =4 —k =.

Definition 3.7. Choose and fix a bijective linear map
Dy :Cl — Z,. (3.18)

Finally let
Dy : W2(0,a) — C' (3.19)

be defined by Dy = Dy (I — py).
Define the boundary eigenvalue operator function

T(\) : W2(0,a) — Ly(0,a) ® C* @ C!

yt =Ny
TNy = | iaAUry + Ugy | -
VYr
where \ € C.



Chapter 3. Spectral Properties of Self-adjoint Fourth Order Differential Operators 43

Proposition 3.8. The linear map
VrDy: Cl — '

1s tnvertible.

Proof. The definitions of the boundary conditions (3.2), the matrix V, see (3.7), and Assump-
tion 3.1 imply that dim R(V) = [. As dimC' < dim C® and dim R(V) = [, then the linear
map
V:C*—C

is surjective. Since the linear map

r: W2(0,a) — C8
is surjective, the linear map

Vr:W2(0,a) — C!

is surjective. Let y € Zs, such that Vry = 0. Then VYr = 0. It follows from the definition
of Zs, see Definition 3.4, that y = 0. Thus the restriction of Vr to Z is injective. The linear
map

Vr:W2(0,a) — C

is surjective and its restriction to Zs is injective. Since the restriction of the linear map Vr

to Zs is injective and surjective, then it is bijective. As the linear map
Dy : Cl — Zy
is bijective, see Definition 3.7, the linear map
VrDy: C— C'
is bijective thus it is invertible. O

Proposition 3.9. Let A € C. Then the operator

I Ep k ! k !
: (L2(0,a) ® C*) ® C" — (L2(0,a) @C*) @ C
0 V?“DQ
AgDy — \2Dy
1s bijective and bounded, where E19 = and fory € W2(0,a), Agy = yll.

UoDs + ia Ui Do
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Proof. The space Zs is a subspace of W2(0, a) and dim Zy = [ (see Definition 3.4 and Remark
3.6), then the linear map
Dy :C' — 7,

is bounded as well as the linear map
AgDg — X2Dy : C' — Ly(0, ).

Since y € W2(0,a), then |Yg| < co. It follows from the definitions of Uy and Uy, see (3.4), and
from the definition of A(U), see (3.11)~(3.13), that Uy : W2(0,a) — CF, y — Upy = VoYr
and Uq : W42 (0,a) — C*, y — V1 YR. The matrices Vy and V; are finite dimensional matrices,
with entries 0,1 for Vp and -1, 0, 1 for V4. Then it follows from (3.9) that for y € W2(0, a)
\Uoy| = [VoYRr| < 0o and |Uyy| = |V1YR| < co. On the other hand, since dim C¥ = k, then the

linear operators Uy and U; are bounded, and the linear map
UoDs + ia\U1 Dy : C' — CF

is bounded. Thus the linear map

AoDs — \2D
By = 0T )¢t — Ly(0,a) @ CF
UyDs + ia U1 Dy

is bounded. For all € C!, |z| < oo, since the linear map V is a finite dimensional matrix
(see (3.7)), then the linear map V : C® — C' is bounded. As Do and 7 are bounded, see
Proposition 3.5, the operator

VrDy: Cl — C!
is bounded. The linear maps
I:L3(0,a) ®CF — Ly(0,a) ® CF,

Epp: CF — Ly(0,a) & C*
and
VrDy: Ct — C'
are bounded, hence the operator

—I  Ey
0 VrDsy

. (L2(0,a) ® CF) & C' — (L(0,0) & CF) & C!
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is bounded. It follows from Proposition 3.8 that

-1 ElQ(VTDQ)_l -1 FEis I —E12+E12(V7“D2)_1V7’D2
0 (V’IADQ)il 0 VrDs 0 (V’/"DQ)ilVTDQ
B I —Fi9+ Eqo B I 0
0 I 0 I
and
—I  Ei —I E1o(VrDy)™ ! I —E13(VrDy) ! + Epp(VrDy) ™!
0 VrDs 0 (VrDg)™1 0 VrDo(VrDy)~!
I 0
0o 1)’

thus the operator

—I  Eqp
0 V?"DQ

- (L2(0,a) & CF) @ C! — (L2(0,a) & CF) & C'

is bijective. O
Proposition 3.10. Let A € C and Z(L(\,«)) := Z(A(U)). Then the operator

Sspu

X : W2(0,a) — (L2(0,a) & CF) & C!
Dy (I —pu)

is injective and bounded with range P(L(\, o)) ® C'.

Proof. 1t is obvious that the linear map
s: W2(0,a) — Ly(0,a) @ C*

is bounded. Since Zy is a finite dimensional subspace of W42(0,a), then the linear map
Dy : Ct' — Z, is bounded. As Dy : C! — Z is bijective and dim C* = [, then the linear

map Dy, L. Zy — Cl is bounded. Since py, s and Dy L are bounded, the operator

Spu

. :W2(0,a) — (L3(0,a) ® CF) & C!
Dy (I —pu)
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is bounded.
s
Let y € W2(0,a) such that pu y = 0. Then spyy = i 0 and D, H(I —
Dy (I = pv) Uryu
. yu .

pu)y = 0. Since =0,yy =0. As D" (I —py)y = 0, then (I — py)y = 0 and

Uryu

. Spu
y = Iy = pyy. Since pyy = yy = 0, then y = pyy = 0. Hence the operator .
Dy (I —pu)
is injective.
7 - spu
Let us now prove that Z(L(\, «)) @ C' is the range of the operator .
Dy (I —pu)

Spu . -1

Define 7 := . . By the definitions of the operators py, s and D5 (I — py),
Dy (I —pu)

for all y € W2(0,a), puy € Z1, Uipry € CF and DQ_I(I —pu)y € C.. But from (3.12) and
Definition 3.4, for all y € W2(0,a), spry € Z2(A(U)) and Dy (I — py)y € Cl. Thus for all
y € W2(0,a), Ty € 2(A(U)) @ C'. Therefore

R(T) C 2(A(U)) @ Cl = 2(L(\,0)) & CL. (3.20)

z
Conversely, let Z € 2(L(\,a)) @ C'. Then Z = where Z € 2(L(\,a)) and ¢ € C'. As

c
z
Z € 2(L(\,a)) = Z(A(U)), then there exists = € W2(0,a) such that z = sz = and
Uz
z
VZgr = 0. It follows from Definition 3.4 that since z = and VZr = 0, then z € Z;.

U1 z

However Z; is a closed subspace of W42 (0,a), while Zy is a finite dimensional complementary
space of Z1 in W2(0, a), see Definition 3.4, thus W2(0,a) = Z; ® Z3. We set y = 2+ Dac, then
y € 7y ® Zy = W2(0,a). Since z € Z1 and Dac € Z, then pyy = pyz = 2. Hence sz = spyy
and (I — py)y =y — z = Dac, it follows that ¢ = Dy (I — pr)y. Therefore for y = 2 + Dac,

z2=")=("]= oy € R(T).

c c DI —pu)y
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Whence
P2(L(\ ) @ Ch c R(T). (3.21)

It follows from (3.20) and (3.21) that Z(L(\, ) ® C' = R(T). O

- —I  En LA o) 0 spu
Proposition 3.11. Let A\ € C. ThenT(\) = .
0 VrDy 0 I ) \Dy;YI - py)

-1 FE LA a) O S
Proof. Let S(\) = . (*Ae) hu . Then for ally € W2(0, a),
0 VrDy 0 I ) \D;Y(I - pp)

-1  Eis L(Aa) O yu
SNy =
0 VrDs 0 I Dyy
. -1 E12 L()\,Oé)gU
0 V?”DQ Dly

—L(\ o)y + E12D1y)

VT‘DQDly
) _ y ) _ yu
We recall that for y € W;(0,a), y = (see (3.11)). So for y € W;(0,a), yu =
Uy Uryu
and
—L\a)gy = —NMyy +iaAKyy + AU)ju
~Nyu + oy

ta\Uryy + Upyr
But for all y € W2(0, a),

AgDy — N2Dy
Ei2Dwy = Dy
UOD2 + iOé)\U1D2

AoD2D1y — A*DyDyy

UpDo D1y + 1aAU1 Dy D1y

Ao(I —pu)y — NI — pu)y
Uo(I — pu)y + iaXUL (I — pu)y
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Then for all y € W2(0, a),

N yl — N2y
—L(\, 0)yy + Er2D1y =
1aAUry + Ugy

Also for all y € W2(0,a), since Dy = DQ_I(I — pu), see (3.19), then
VrDoDyy =Vr(l —py)y =Vry —Vrpyy = VYr — Vryy.

As for all y € W2(0,a) yy € Z1, then Vryy = 0 and Vr(I — py)y = VYg. Therefore for all
y € Wi(0,a),
yl — N2y
SNy = | iaXUry + Upy | =T(N)y.
VYr
]

Corollary 3.12. The boundary eigenvalue operator function T'(X\) and the operator pencil

L(-, ) have the same resolvent set.

—1 Ey
Proof. For all A € C, the operator ! is bijective and bounded, see Proposition

0 V?“DQ
3.9. Since for all A € C, the operator

Spu

X : W2(0,a) — (L2(0,a) & C*) & C!
Dy (I —pu)

is injective and bounded, its astriction

Spu

:WE0,a) — 2(L(-,)) @ C!
Dy (I - pu)

a
is bijective and bounded for all A € C, see Proposition 3.10. But it is obvious that the domain
LAa) 0 Lo .
of the operator is 2(L(-,a)) @ C'. So it follows from Proposition 3.11 that
0 I
the boundary eigenvalue operator function 7' and the operator pencil L(-, &) have the same

resolvent set. O
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3.3 Spectrum of the differential operators

The following proposition has been proved in [34] for the particular case where only one of

the boundary conditions is A-dependent.

Proposition 3.13. The boundary eigenvalue operator function T" and therefore the operator
pencil L(-,«) is a Fredholm wvalued function with index 0. The spectrum of the Fredholm
operator T and therefore the Fredholm operator L(-,«) consists of discrete eigenvalues of
finite multiplicities and all eigenvalues of L(-, ), a > 0, lie in the closed upper half-plane and

on the imaginary azis and are symmetric with respect to the imaginary axis.

Proof. We, first, prove the statement about the location and the symmetry of the eigenvalues

of the operator pencil L(-, «), after that we prove the first part of the proposition.

Let Yj be an eigenvector corresponding to the eigenvalue \j of the operator pencil L(\, «).
Then
A2 (MYy,Yy) — iKYy, Vi) — (A(U) Y3, Yi) = 0. (3.22)

Thus
(RAe +iSM)2(M Yy, Ya) — i(R g + iSM)a(K Y3, Vi) — (A(U) Y, Yi) = 0. (3.23)
It follows from (3.23) that

(RM)? = (SA)A) (MY, Vi) + SApa( K'Yy, V) — (A(U)Y, Vi) =0
2R\ SN (M Yy, Vi) — aRA (K Y, Yi) = 0.

(3.24)

Taking the imaginary part of equation (3.23), which is the second equation in (3.24) we obtain
RN SN (MYy, Vi) — aRM (K'Y, Vi) = 0.
This yields
either RAy = 0 or 23M\, (MY, Y3) — a(K Y, V) = 0.
Since M|_@(A(U)) > 0 see Proposition 3.3, K > 0 and a > 0, we obtain R\ = 0 or S\, =

MYy Y2) > 0. The symmetry follows from

(=N)2MY —ia(-N)KY — AY = X2MY — iaAKY — AY



Chapter 3. Spectral Properties of Self-adjoint Fourth Order Differential Operators 50

for all A € C and Y € 2(L(-,a)), where Y denotes the conjugate complex of Y.

As the eigenvalues of the operator pencil L(-, «) lie only in the closed upper half-plane and on

the imaginary axis, its spectrum o(L(-, «)) is a proper subset of C. Thus p(L(-,«)) # (). Let

-1 F S
C\) = 2] and D)= v
0 VrDs DyYI - py)
Then
LA\ a) O
T(\) =C(\) D)),
O Icl

see Theorem 2.79. Since C(\) and D(\) are invertible, T" is an abstract boundary eigenvalue
operator function in the sense of Section 2.5. Thus it follows from Corollary 2.105 that
the boundary eigenvalue operator function 7' and therefore the pencil operator L(-,a) is a
Fredholm operator valued function and p(T) = p(L(-,«)). As T is a Fredholm operator
valued function and p(T') # 0, then it follows from Theorem 2.55 that the spectrum o(7T)
and therefore the spectrum o(L(-,)) of the Fredholm operator L(-,«) consists of discrete
eigenvalues A. Since T'(\) is a Fredholm operator, for each A € o(7T), then nul T'(\) =
dim N(T()\)) < oo, see Definition 2.23. Because dim N(T'(\)) < oo, there exist a positive
number r such that » = nul T'(\) and m = Zr: m; where mj; is as defined in (2.14). We recall
the numbers r and m are respectively the gé:r;etric and algebraic multiplicities of T at A, see
Definition 2.58. It follows that the spectrum of the boundary eigenvalue operator function T

and therefore the spectrum of the operator pencil L(-, ) consists of discrete eigenvalues of

finite multiplicities.

Let A € p(T). Then T()) is invertible, so nul T(\) = 0 and def(T'(\)) = dim R(T'(\))* = 0.
Therefore ind (T'(A)) = nul (T'(\)) — def (T'(A\)) = 0. As ind T is constant, see Theorem 2.29,
it follows that ind 7' = 0. O

Lemma 3.14. All nonzero real eigenvalues of L(-, ), > 0, (if any) are semi-simple, i.e., the
corresponding eigenvectors do not possess associated vectors. All real eigenvalues of L(-, ),

a > 0, are independent of «.

Proof. Let Ay be a real nonzero eigenvalue, Yy a corresponding eigenvector and assume that
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there is a corresponding associated vector Y;. Then
NMYy — idoaKYy — AYy = 0 (3.25)
22 MYy — iaKYy + NAMY; — idgaKY; — AY; = 0. (3.26)
From (3.25) we obtain
AB(MYo, o) — idoa(KYo, Yo) — (AYo, Yo) =0,
which shows
(KYy, Yy) =0. (3.27)
Due to K > 0 equation (3.27) implies
KYy =0. (3.28)
Then from (3.25) we deduce
NMYy — AYy = 0, (3.29)
and (3.26) leads to
200(MYy, Yy) —ia(KYy, Yy) + Aa(MY1,Yy) — idga(KY,Yy) — (AY1, Yo) = 0.
Using (3.28) this gives
200(MYp, Yo) + (Y1, \gMYp) — (Y1, AYp) =0, (3.30)

and then (3.29) implies (MY, Yp) = 0, which contradicts M|y a(r)) > 0.

Note that (3.29) is also true for A\g = 0 if (3.25) is satisfied, whence it follows that any real

eigenvalue \g is independent of «.

O]

Lemma 3.15. Let A = —it, 7 > 0, be an eigenvalue of L(-, &), « > 0. Then X is semi-simple.

Proof. Let Y; be an eigenvector for the eigenvalue —i7 and suppose there exists a correspond-

ing associated vector Y;. Then

MYy — 1KYy — AYy; =0

—2iT MYy — iaKYy — 7°MY; — 7aKY; — AY; = 0.

(3.31)

(3.32)
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Applying (3.32) to Yp we obtain
—2iT(MYp, Yp) — i KYp, Yp) — 72(MY1, Yp) — ra(KY1,Yp) — (AY1,Yp) =0
or, what is the same,
—2i7(MY), Yy) — ia(K Yo, Yp) + (Y1, -2 MYy — TaKYy — AYy) = 0.

Due to (3.31) this implies 27(MYy, Yo) + a(KYp, Yy) = 0 which contradicts the inequalities
T>0,M|9(A(U))>0,a20,andK20. L]

Proposition 3.16. Let A be an eigenvalue of L(-, ), o > 0. Then the geometric multiplicity
of X\ is at most 2.

Proof. We consider the boundary conditions: B;j(A\)y =0, j =1,2,3,4, see (3.2). Define

i N(L(A a) — C?
yBr(0)
yBrl(0)

Let y € N(L(\, «)) such that f\(y) = 0. Then

(3.33)

If the boundary condition B;(\)y = 0 is independent of A, then yP1(0) = 0, see Theorem 3.2;
however if By (\)y = 0 depends on ), since y>~P11(0) = 0, see (3.33), then yP11(0) = 0. In the
same manner we have yP2/(0) = 0 if the boundary condition By(\)y = 0 depends or not on
A. It follows from (3.33) that y = 0, thus f) is injective. Hence the dimension of N(L(\, a))

is at most 2 and Proposition 3.16 follows. O

Lemma 3.17. Let \i(a) =iT, 7 € R\ {0}, be an eigenvalue of L(-,«), a« > 0. Then:

1. Re A\x(0) = 0 and Im A\, (0) > 0; here means derivative with respect to c.

2. If 7 <0, then Re A(a) =0 and Im A (o) > 0 for all o > 0.
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3. If 0 is an eigenvalue of L(-,a) for some a > 0, then it is an eigenvalue for all o > 0,
its geometric multiplicity is the same for all a > 0, whereas its algebraic multiplicity is
the same for all o > 0. If the geometric multiplicity of the eigenvalue 0 is 1, then the
algebraic multiplicity for a = 0 is 2, whereas its algebraic multiplicity for a > 0 is 1 or
2. If the geometric multiplicity of the eigenvalue 0 is 2, then the algebraic multiplicity

for a =0 is 4, whereas its algebraic multiplicity for o > 0 is 2 or 3.

Proof. First we have to justify the differentiability at ag = 0 for all A = i7, 7 # 0, and for
a > 0and A = ir, 7 < 0. If the eigenvalue is simple, then it follows from Theorem 2.72
that it is differentiable on the other hand it follows from general results that the eigenvalues
are differentiable, see, e.g., Theorem 2.72, Theorem 2.73, [13], [25] or [27]. The geometric
and algebraic multiplicity of a semi-simple eigenvalue are equal, see Corollary 2.69. Since the
eigenvalues under consideration are semi-simple by Lemma 3.15, for aqg and 7 < 0, then they
have the same geometric and algebraic multiplicity. As they are nonsimple their multiplicity is
at least 2 and it follows from Proposition 3.16 that nonsimple eigenvalues have geometric and
algebraic multiplicity 2. The geometric multiplicity can be at most 2. Indeed, substituting
the left endpoint 0 by the right endpoint a and j € ©) by j € ©¢ in the proof of Proposition
3.16, it follows that there is an eigenvector y of (3.1)-(3.2) with y3~Pil(a) = 0 where j € ©¢
at Ap(aw). Since for ag, the boundary conditions Bj(A\;)y =0, j = 1,2, 3,4, see (3.2), do not
depend on \g = Ai(ap), then the eigenvalue Ay = A\x () is an eigenvalue for all a. Let m(\, «)
denotes the characteristic determinant of (3.1)—(3.2). Then m(\, @) depends analytically on

A and «, also
m(A, a)
A—Xo

m(A, o) =

depends analytically on A\ and a. But now )¢ is a simple zero of m(\, «), and thus the other

eigenvalue A/ () depends analytically on « as well.
If \p =7, 7 € R, is an eigenvalue of L(-,«), a > 0, then
—7m2(MY,Y) 4+ 71a(KY,Y) — (A(U)Y,Y) = 0. (3.34)

Here Y is an eigenvector corresponding to A, which depends analytically on «. Differentiating
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(3.34) with respect to o we obtain

—2(MY,Y) 4+ 1a(KY,Y) — (A(U)Y,Y) = 72(MY,Y) + 7a(KY,Y) -
—(AWU)Y,Y) + 25 (MY, Y) — iaXp(KY,Y) + 7(KY,Y) = 0. '

Obviously,

—T2(MY,Y) +7a(KY,Y) — (AU)Y,Y) = ((-7°M + 1aK — AU))Y,Y) =0

—72(MY,Y) +7a(KY,Y) — (AU)Y,Y) = (V,(-7*M + 7aK — A(U))Y) =0. (3.36)
Substituting these equations into (3.35) we obtain

(27(MY,Y) — a(KY,Y))\, = iT(KY,Y). (3.37)

For ap, as K > 0 and M|y > 0, then Ak (0) = HEYY) and statement 1 follows.

= 3(MYY)

Since 7 < 0, a > 0, M|g(a@w)) > 0, and K > 0, it follows that

- ir(KY,Y)
Ak = 27(MY,Y) — a(KY,Y)’ (3:38)

so that the number \; is well defined, and statement 2 follows.

We turn our attention to statement 3. Since L(0,«) = L(0,0) = —A(U) is independent of
A, it follows that if 0 is an eigenvalue for some a > 0, then it is eigenvalue for all a > 0;
also the statement about the geometric multiplicity is obvious. On the other hand, since for
ag =0, L(-,0) is a function of A2, each eigenvector of L(\,0) = A>2MYy — AYj corresponding
to the eigenvalue 0 has a chain of associated vectors zero. Assume there is an eigenvector Yy
corresponding to the eigenvalue 0 of L(-,0) which has a chain of associated vectors Y7, Yo,
i.e.,

—AYy =0, —AY; =0, 2MYy— AY, = 0. (3.39)

Taking the scalar product with Y in the last equation and observing the first equation and

the self-adjointness of A, we infer
0=2(MYp,Yy) — (AY2,Yy) = 2(MYp, Yo), (3.40)

which gives Yy = 0 since M|g4r)) > 0; a contradiction as Yj is an eigenvector. Thus for

o = 0, the eigenvalue 0 cannot have a chain of associated vectors. Hence if the geometric
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multiplicity of the eigenvalue 0 is 1, then the algebraic multiplicity for ag = 0 is 2, whereas if
the geometric multiplicity of the eigenvalue 0 is 2, its algebraic multiplicity for ag = 0 is 4.

Therefore the assertions for ag = 0 are proved.

Now let o > 0. If 0 is an eigenvalue of L(-, &) with an eigenvector Y which has an associated

vector Y7, then

“AYy =0, —iaKYy— AY; = 0. (3.41)
It follows that
0 = —ia(KYp, Yo) — (AY1, Yp) = —ia( K'Y, Yp), (3.42)
and K > 0 implies
KYp =0, (3.43)
0 0 T s
and therefore [BP%O( ) = KYy = (y([)g pj](aj))je@iz = 0. This has two
0 I (vo (aj))je@‘;

consequences: firstly, the solution yo of (3.1)—(3.2) is independent of «, and secondly, the

boundary conditions at a;, j € ©f are yép ﬂ(aj) = 0. Thus at most one linearly independent
eigenvector can have an associated vector. Assume this eigenvector Y; has a chain Y7, Y5 of

associated vectors, i.e., (3.41) and
MYy —iaKY; — AY; =0 (3.44)
hold. This leads to
0= (MY, ) — ia( KY1, Yo) — (AYa, Yp) = (MYp, Yo) — ia(Y1, KYp) — (Ya, AYp).  (3.45)

By (3.41) and (3.43) we thus arrive at the contradiction (MYp, Yy) = 0. Thus Yy cannot have
a chain of associated vectors. Hence if the geometric multiplicity of the eigenvalue 0 is 1,
then its algebraic multiplicity for & > 0 is 1 or 2, whereas if the geometric multiplicity of the
eigenvalue 0 is 2, then its algebraic multiplicity for @ > 0 is 3. This completes the proof of

the assertions for @ > 0. O



Chapter 4

Asymptotics of eigenvalues for g =0
of the self-adjoint fourth order

differential operators

4.1 Introduction

We present in Section 4.2 definitions and properties necessary to introduce Rouché’s theorem
given in Theorem 4.14, while we give in Section 4.3 definitions and properties on asymptotic
fundamental matrices. The notions and properties presented in Section 4.2 and Section 4.3 are
important for a better comprehension of the investigations conducted on the asymptotics of
the eigenvalues for g = 0 of the boundary eigenvalue problem (3.1)—(3.2), where the boundary
terms are Biy = yP1(0) and By = yP2/(0), with p; +p2 # 0, and for j = 3,4 B;(\)y =
yPil(a) +iejaryl®](a), with p; + ¢; = 3 and ¢; is as defined in Theorem 3.2. We present the
asymptotics of the eigenvalues of the above mentioned problems in Section 4.4 to Section 4.7.
For each of these problems, we use the canonical fundamental of the differential (3.1) to derive
the characteristic matrix which is used to find the characteristic matrix and the characteristic
function of the problem. We split the characteristic function of each of the problems in two

parts, the perturbed function and the unperturbed function. We investigate the zeros of each

o6
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of the unperturbed functions and prove by the mean of Rouché’s applied to rectangles that
there are zeros of the each of the characteristic functions which have the same asymptotics
as the zeros of its corresponding unperturbed function. Applying Rouché’s theorem to large
squares, we prove that each of the characteristic functions of the problems (3.1)-(3.2), has

the same number of zeros inside these squares as its corresponding unperturbed function.

4.2 Rouché’s Theorem

Definition 4.1. A metric space (X, d) is connected if the only subsets of X which are both
open and closed are () and X. If A C X then A is a connected subset of X if the metric space
(A,d) is connected. See Definition 2.1 [12, page 14].

Proposition 4.2. [12, page 14]. A metric space (X, d) is not connected if there are disjoint
open sets A and B in X, neither of which is empty, such that X = AU B.

Proposition 4.3. A set X C R is connected if and only if X is an interval. See Proposition

2.2 [12, page 14].

Theorem 4.4. An open set G C C is connected if and only if for any two points a, b in G

there is a polygon from a to b lying entirely inside G. See Theorem 2.3 [12, page 15].

Corollary 4.5. If G C C is open and connected and a and b are points in G there is a polygon
P in G from a to b which is made up of line segments parallel to either the real or imaginary

axis. See Corollary 2.4 [12, page 15].
Definition 4.6. [12, page 40]. A region is an open connected subset of the plane.

Definition 4.7. A path in a region G C C is a continuous function v : [a,b] — G for some
interval [a,b] in R. If 4/(t) exists for each ¢ in [a,b] and v’ : [a,b] — C is continuous, then ~
is a differentiable path. Also ~ is piecewise differentiable if there is a partition of [a,b], a =
to < t1 <--- <ty =>b, such that v is differentiable on each subinterval [t;_1,¢;], 1<j<n.
See Definition 3.1 [12, page 45].
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Definition 4.8. A function v : [a,b] — C, for [a,b] C R, is of bounded variation if there is a

constant M > 0 such that for any partition P = {a =ty < t; < --- < t, = b} of [a, ]

(3 P) = 3 Ir(t) = y(tro1)| < M.
k=1

The total variation of v, V(7), is defined by
V(v) = sup{v(v; P) : P a partition of [a, b]}.
See Definition 1.1 [12, page 58].

Proposition 4.9. If v : [a,b] — C is piecewise differentiable then v is of bounded variation

and
b
Viy) = / o (1))t

See Proposition 1.3 [12, page 58].
Definition 4.10. [12, page 62] v is a rectifiable path if v is a function of bounded variation.

Definition 4.11. Let 79, 71 : [a,b] — G be two closed rectifiable curves in a region G; then

~o is homotopic to v, in G if there is a continuous function I' : [0,1] x [0, 1] — G such that

['(s,0) =70(s) and T'(s,1)=7(s) (0<s<1),
ro,t) =T(1,t) (0<t<1).

(4.1)

See Definition 4.1 [12, page 81].
Remark 4.12. [12, page 81]. If 7y is homotopic to 1 in G write vy ~ 1.

Definition 4.13. If ~ is a closed rectifiable curve in G then 7 is homotopic to zero (v ~ 0)

if v is homotopic to a constant curve in G. See Definition 4.8 [12, page 85].

Theorem 4.14. Rouché’s Theorem [12, page 121]. Suppose that f and g are meromorphic
in a region G and B(a;R) C G. If f and g have no zeros or poles on the circle v = {z :
|z —a| = R} and |f(2) — g(2)| < |g(2)| for z on v then

Zy— Py =24 Py,

where Zy, Zy(Py, Py) are the number of zeros (poles) of f inside |z| = R counted according to
multiplicity.
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4.3 Asymptotic fundamental matrices

Definition 4.15. [31, page 77]. Let U be an unbounded subset of C, f be a function on U

with values in My, ,(C) and g be a complex-valued function on U. We write

if f(A\) —a=o0(1).

Definition 4.16. [31, page 77]. Let U be an unbounded subset of C, g be a complex-valued
function on U. Let f(-,\) € My n(Lp(a,b)) for A € U. Write

A =100}y or f(,A) =0(g(N) in Myn(Ly(a,b))
if there is C' > 0 such that |f(-,\)|, < C|g(A)| for A € U, and
FGA) =H{olgM)tp or f(5A) =o0(g(A) in Myn(Ly(a,b))

if |f(-,a)lplg(N)|7! = 0as XA — oo in U. For h € My »(Ly(a,b)), we write

if f(-,A) —h={o(1)}p or f(-,A\) —h =o0(1) in My, ,,(Ly(a,b)).

In the remainder of the section we consider the first order systems of differential equations

y — A, \)y =0, (4.2)

where, for some k € N and v > 0,

k
AN = 30 A AL+ AR ) (A2 ), (4.3)
j=—1
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Assumption 4.17. We assume that

i) Ay € M,(W((a,b)),

i) Ay € My(WP_j(a,b) (j=0,...,k),

iii) A¥(-,\) belongs to M, (Ly(a,b)) for |\| > v and is bounded in M, (L,(a,b)) as A — oo,

iv) A; has the diagonal form

Ap
Al 0
Al = ' )
0 .
1
Al
l
where AL =r,I,,,, (v=0,...,0), > n,=n,I,, isthe n, x n, unit matrix.
v=0

v) For v, € {0,...,1} there are ¢, € R such that
r(x) = () = |ry(x) — ()|
holds for all = € [a,b]. Finally we assume
(ry —1u) "t € Loo(a,d) (v =0,...,1; v p).
For z € [a,b] and A € C we set
R,(z) := /x r,(&§)d¢ (v=0,...,l; x € [a,b]),
E,(xz,\) :=exp(AR,(x)),, (v=0,...,1; z €a,b]); A €C,

and

Ei(z,\)

(4.5)

(4.6)
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See Assumption 2.8.1. [31, page 82].

Remark 4.18. [31, page 83]. For the matrices A; and Pl defined below, we form the block
matrices
AJ =: (AijM)il,u:O and P[r] (PILT])VM 0

according to the block structure of Aj.

Theorem 4.19. Let Assumption 4.17 be satisfied.
A. There are PV e M,(W?P_,_ (a,b)) (r=0,... k) such that

k+1—r
POIA — 4, PO =0, PO(a) =1, (4.7)
Pl —N"A Pl g prtilgy — A4 P =0 (r=0,... k1), (4.8)
j=0
P — Ao, Pl = E Ao Pl + Z ZAW pr=il (w=o0,...,1),  (4.9)
q=0,g#v j=1 q=0

hold.

B. For1 < q < oo we set

Q=

max  (1+ [RAd@n )" e if 1> 0,
Ty = v,u=0,v#u (4.10)

A7 difl=0.
For r € {0,...,k} let the matrices PU"! belong to M, (Wi i, (a,b)) and fulfill (4.7), (4.8),
(4.9). We assert that for |\| > v there is a matriz function By (-, \) € M,(W¥(a,b)) with the

following properties:

i) For |\ >,

k
Y (-, A) = (Z AP AR B A)) E(-,\) (4.11)

r=0

is a fundamental matriz of the system (4.2)
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ii) For large A we have the asymptotic estimates

By X) = (o1 b, (1.12)
By(-:3) = {05\ e, (1.13)
By(:X) = {O(meN)}oer i k>0, (4.14)
SBECA) = {01y, (4.15)
LBL(A) = (0] (116)

iii) Letl>0,k=0andp <oo. Ifp <3 3 then we additionally assume for v, =0, ..., 1 with
v # p that Aoy € My, i, (Lp,, (a,b)), where 1 < p,,, < oo are such that + + - <2
forallv,pu,q=0,...,1 withv # q and u # q. Then there is a number ¢ € (0,1 — 13) if
p>1ore=0ifp=1 such that

Bo(-,)\):{0< mhx (1+R(Aei¢w|)pls>}p. (4.17)

v,p=0,v7p

See Theorem 2.8.2 [31, pages 83-84].

Corollary 4.20. We assume that the conditions 1)-iii) in Assumption 4.17 are sharpened
such that the following properties hold for some x € N:

) Ay € Mp,(W],,(a,b)),

i) Ay € Mp(Wi . ;(a,b) (j=0,....k),

iii") A*(-,\) € M, (WE(a,b)) if |\| >~ and A*(-, ) is bounded in M,(WE(a,b)) as X\ — oo.
We assume that the matriz functions Pl belong to M, (Wp, 1, (a,b)) for all r € {0,...,k}

and fulfill (4.7), (4.8) and (4.9). For |\| > v let the matriz function Bg(-,A) be defined as in
part B of Theorem 4.19.

Then Pl ¢ M, (WY, ,(a,b)) forr €{0,...,k} and By(-,\) € My, (W[, (a,b)) for || > 7.
We have
BN = o), (4.18)
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and

SBY ) = (060, (1.19)

for |A\| >~ andl € {0,...,k + 1}, where 1, is the function defined in (4.10). See Corollary
2.8.3. [31, pages 93-94].

Note 4.21. We consider, in the following sections, the eigenvalue problem (3.1)-(3.2) with
g=0. Let y;, j =1,...,4 be the canonical fundamental system of the equation (3.1), with
y(m) (0) = 6jm+1 for m = 0,...,3. We consider different cases of the boundary terms By,
Bsy, Bsy and By where By and By are the following: By = yP)(0) and Byy = yP2(0),
with p; + po # 3 and Bsy and Byy are the following: Bsy = yP3!(a) + iaesAyl®)(a) and
By = ylP(a) + iaes Ayl (a) and where the collections U of the four boundary conditions
of the eigenvalue problems investigated in the remainder of the chapter satisfy the conditions
of Theorem 3.2. Hence the differential operator A(U) associated to each of these eigenvalue

problems is self-adjoint. It follows that the eigenvalues of the operator A(U) and therefore

the eigenvalues of the corresponding problem are real.

4.4 The boundary terms B;y and By are the following: By =
y(0) and Byy = y"(0)

In the remainder of this chapter, we choose @ > 0. For g = 0 the differential equation (3.1)
is reduced to y™® — X2y = 0. Let y = e”®. Then the equation y* — A2y = 0 becomes
(p* — A2)eP™ = 0. Hence the characteristic function, (see (2.36)), of the differential equation

(3.1) for g =0 is

w(w, p) = p* — (4.20)

where p? = \.

The zeros of the equation (4.20) are —u, p, —ip, ipu. Thus a fundamental system and a funda-

mental matrix of the equation (3.1) are respectively {cos(ux), sin(ux), cosh(uz), sinh(ux)}



Chapter 4. Asymptotics of eigenvalues for g = 0 64

and

cos(px) sin(px) cosh(px) sinh(pz)
—psin(pxr)  peos(pxr)  wsinh(ux)  pcosh(ux)
Z(z,p) =
—p?cos(pux) —p?sin(pr) p?cosh(px) p?sinh(uz)

pdsin(ux)  —pdcos(pux) pdsinh(ux)  pd cosh(ux)
Let {y1,y2,y3,y4} be the canonical fundamental system of the differential equation (3.1). Set
Y = (y§i71));{j:1. Then there is a matrix ¢ € C* such that Y (z, u) = Z(z, ut)c, see Definition
2.100, and Iy = Y (0, 1) = Z(0, u1)c, see Theorem 2.91. Hence ¢ = Z(0, ). However

0 W 0 u
Z(O,M): 9 9 )
—p w0
0 —u2 0
thus
1 1
3 0 —5z 0
1 1
.- (1) % (1’ To8
3 0 72 0
1 1
0o 0 s

and it follows that
y1 = 5 cos(px) + 5 cosh(ux),

Yo = ﬁ sin(px) + ﬁ sinh(pz),

Y3 = —ﬁ cos(ux) + # cosh(pz),

| va = —ﬁ sin(px) + ﬁ sinh(px).

(4.21)

It follows from the canonical fundamental system of the equation (3.1), that

,

Biyi = y1(0) =1 Bayr = y1(0) =0
Biyz = y2(0) =0 Bays = y5(0) =0
Biys = y3(0) =0 Bays = y5(0) =1
Biys = y4(0) =0 \B2y4 =y4(0)=0
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It follows that the characteristic matrix of this particular boundary problem is

By 1 0 0 0
B 0 0 1 0

M. = (y1 v2 v y4)= . (4.22)
Bs Bsy1  Bsys Bsys DBsya

By Byyr Bay2 Bays Bays
The determinant of the characteristic matrix M, gives the characteristic function of the dif-

ferential equation (3.2). The shape of the matrix M, leads to a reduced characteristic matrix

of the boundary value problem.

The reduced characteristic matrix of the boundary value problem is

Bs Bsys Bsya
By Byys  Bays

It is easy to see that det M, = — det M.

4.4.1 Asymptotic of the eigenvalues for By = y”(a) + ia\y/'(a) and Byy =
y®(a) —iaXy(a)

It follows from (4.23) that

det M = BsysByys — ByyaBsys

= (y3(a) + iy (@) (v (@) — iapPys(a)) — (45 (a) — iapPys(a)) (yi(a) + iapn’yy(a))

(@) + a?u'yh(a)ys(a) — 87 ()5 (0) — aPu'ya(@)yf (@) + iapP(yh(a)y (o)

— g (@)ya(a) — v (@)yh(a) + y2(a)y(a))

= (@) (a) — v () (a) + o2t yh(a)ya(a) — aPu'ya(a)yl(a)
+iap?(yh(a)ys” (@) — v (@)ya(a) + y2(a)yi (a) — va(a)ys” (a). (4.24)
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But

ya(x) = — g sin(ua) + gz sinh(uz),

1 1
Y\ XT) = — 55 COS(UT + = cosh U ),
4( ) 2,“2 ( ) 2M2 ( ) (4.25)

yi(x) = o sin(uz) + & sinh(ua),

3/4(13) (z) = & cos(ux) + 3 cosh(uz).

It follows from (4.21) and (4.25) that
4
y2(7) = yj(z),
(3)
ya(z) =y, (2),
2(2) =y () (4.26)
y(2) = (v7) (x) = p(=% sin(uz) + § sinh(pz)) = plya(x),

) () = piyy (=),

SO

det M = pi*ya(a)y$® (a) — 'yl (a)yi(a) + o® 'y (@)ya(a) — o'yl (a)y)(a)

+ia (557 (@)? — it (ya(a)? + (9 (@)? — u(y4(a))?)
= (14 o) (ya(@)y (@) — yh(a)y (a))

+iag (557 (@) = 1 ((a)?) + (W4 (a))® — 1 ((ya(a))?). (4.27)

But

y4(a)y£3)(a) = ( — 2;3 sin(pa) + 2/113 sinh(,ua)) (% cos(pa) + %cosh(,ua))

1 1
= 08 sin(pa) cos(pa) — V] sin(pa) cosh(pa)

1 1
+ V%] sinh(pa) cos(pa) + 0 sinh(ua) cosh(ua), (4.28)

1 1

yy(a)yy(a) = ( ~ 52 cos(pa) + 2;2 cosh(,ua)) <ﬂ sin(pa) + 2:; sinh(ua))

1 1
- _TM?’ sin(pa) cos(pa) — m sinh(pa) cos(pa)

1 1
+ V] sin(pa) cosh(pa) + vl sinh(pa) cosh(ua), (4.29)
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(1(@)? = (= gy siniea) + 53 sinh(pa))

1 1 1
= 10 sin?(pa) — 26 sin(pa) sinh(pa) + e sinh?(pa),

Wh(@)* = (= 53 c05(10) + 5.5 cosh(a))

1 1 ]
= 4—M4 COSZ(MCL) - 271114 COS(/LCL) COSh(/,LCL) —+ m COSh2 (Na>7

((0))* = (5 sin(ua) + - sinb(ua))

1 1 1
= m sin? (pa) + W sin(pa) sinh(pa) + m sinh?2 (na),

ya(@)5? (@) — yh(0)y (@) = — = sin(ua) cosh(yua) + 2;3 sinh(ua) cos(pa)

2u3

= 2/1A(sinh(;za) cos(pa) — sin(pa) cosh(pa)).

Let
F(a) = (15(a))? — 1* (vh(a))?) + (9 (@) — i ((ya(a))™.

Then
1, 1 1,
F(a) = 7608 (na) + 3 cos(pa) cosh(pa) + 1 cosh”(ua)

1 1 1
_ M4<4TL4 cos®(pua) — 24 cos(pa) cosh(pa) + 1A COShQ(Ma))

1 1 1
+ (m sin?(ua) + e sin(pa) sinh(pa) + 2 sinh%,ua))
1

1 1
—ut <4TL6 sin?(ua) — 30 sin(pa) sinh(pa) + v sinhQ(ua))
1
= cos(ua) cosh(pa) + — sin(ua) sinh(pa).
,u

Therefore it follows from (4.35) and (4.36) that

(4.30)

(4.31)

(4.32)

(4.33)

(4.34)

(4.35)

(4.36)

(52 (@)% = 1 (Wh())?) + (1 (a))? — 1 ((ya(a))? = cos(pa) cosh(ua) + : sin(ua) sinh(ua).

(4.37)
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Hence (4.27), (4.34) and (4.37) give

det M = —%/,L(l + o) (sin(pa) cosh(ua) — cos(pa) sinh(pa)) 4 ia sin(pa) sinh(pa)

+ dap? cos(ua) cosh(pa). (4.38)
Therefore the characteristic equation —2¢det M = 0 is

d(p) := ago(u) + ¢1(p) = 0, (4.39)

where

do(p) = 2u? cos(pa) cosh(pa) (4.40)

b1(p) = i(1 + a®)pu(sin(pa) cosh(pa) — cos(pa) sinh(pa)) + 2o sin(pa) sinh(pa). (4.41)

The zeros of ¢g are 0, the zeros of cos(pa) and the zeros of cosh(ua). We know that cos(pa) = 0
if and only if u = £(2k —1)5-, k = 1,2,.... Since cosh(ua) = cos(ipa), then the zeros of
cosh(pa) are ji = +i(2k —1)5-, k=1,2,.... Therefore the zeros of ¢q are:

0, p0% = +£(2k — 1)%, and Ji0F = +i(2k — 1)%, with k=1,2,.... (4.42)

It can be observed that the pure imaginary nonzero zeros of ¢g are the images of the real

nonzero zeros of ¢g by the rotation of angle . Let

Yo(p) = p? and ¢y (n) = cos(ua). (4.43)

Then 0 is the only zero of 1. It is easy to check that 0 is a zero of multiplicity 2 of ¢g. On
the other hand we know that for k =1,2,..., ¢ (£(2k — 1)5%) = cos (£ ((2k — 1)5-) a) =0
while ¢} (£(2k — 1)£) = (—asin (£(2k — 1)) a) = £(—1)*"1a # 0. Whence

,ugi = +(2k — 1)21, k=1,2,..., are simple zeros of ¢y, therefore simple zeros of ¢g.
a
(4.44)

As cosh(pa) = cos(ipa), it follows that

1y = +i(2k — 1)21, k=1,2,..., are simple zeros of ¢y. (4.45)
a

Thus the zeros of ¢y counted with multiplicity are

pF =0, pb* = +(2k — 1)21, and 0% = +i(2k — 1)21, with k=1,2,.... (4.46)
a a
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Let

Ry be the rectangles with vertices (2k — 1)~ £e+ie, k€ N and e € (0, 5;)
and R_j its symmetric image with respect to y axis, R R_j, the respective ¢ . (4.47)

images of the rectangles Ry and R_j by the rotation of angle 7.

Let Ci(a, B) = (2k — 1)5; + a+ i3, where o, 8 € R. Then the rectangle Ry, is the following

Ck(—¢,¢) Ck(g,¢)

Cx(0,0)

Ci(—¢, —¢) Cy(e, —¢)

while the rectangles Ry, R_;, Ek and E_k are as follows

Ry, g

R_y Ry,
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Due to € < g, the rectangles Ry, k € N do not intersect, as well as the rectangles R_y, Rk,
R_i, k € N. We know that for p # +(2k — 1)ge, k=1,2,..., the function p — tan(ua) is
periodic of period 7 and it is also continuous. Since the rectangles Ry are closed curves, then
tan(pa) is bounded on the rectangles Ry. As the function p — tan(pa) is periodic of period

7, it follows that there exists 31 > 0 such that for all u on the rectangles Ry, k € N

|sin(pa)| < Bi] cos(pa)l. (4.48)

For py=x+ iy, x, y € R and = # 0, we have

e(aeriay) _ ef(aa:Jriay)

|tanh(ua) + 1| = e(aeriay) + ef(aa:Jriay) +1

Zei(ax—I—iay)

elaz+iay) + e—(az+iay)

2
1+ eF2(az+iay)

For x < 0, we have

2 2
tanh) + 11 = | e | < ]
while for z > 0, we have
2 2
tanbi) = 11 = | i | < e
Hence for 4 = x4+ iy, , y € R and = # 0, we have
| tanh +1] < 2
anh(pa) < SRl 1
Thus for u = x + iy, where z, y € R and z # 0, we have
tanh(pa) — +1 (4.49)

uniformly in y as  — +o0.

Therefore there exist 52 > 1 and jg € N such that for all u on the rectangles Ry, where k € N
and k > jo,
| sinh(pa)| < B2 cosh(pa)|. (4.50)
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Let
P10(p) := ip(sin(pa) cosh(ua) — cos(pa) sinh(ua))
and
¢11(p) == 2arsin(pa) sinh(pa).
Then

d1(p) = (1 + ®)pro(p) + dr1(p).

It follows from (4.48) and (4.50) that for all y on the rectangles Ry, where k € N and k > jo,

1 . .
1+ 2g10()| = |~ + || sin(s1a) cosh(ua) — cos(sa) sinh(ja)

< (6 + )l |-+

| cos(ua) cosh(pa)l. (4.51)

It can be deduced from (4.48) and (4.50) that for all u on the rectangles Ry, where k € N

and k > jo,

|911(1)] = 20 sin(pa) sinh(pa)l
< 201 P2| cos(pa) cosh(ua). (4.52)
For all 41 on the rectangles Ry, we have |ug| > "T. It can be inferred from (4.51)

11+ a?||¢r0(p)] < a(By + ﬂz)%r ‘Cly + af | cos(pa) cosh(pa)l. (4.53)

Thus there exists ko = 2(81 + B2)(a + 1) such that for all 4 on the rectangles Ry, where

k € N with k > mg = max{jo, ko},

1+ 0loao()] < alpf?] cos(yua) cosh(ua)| = Jaloo(n)]. (4.54)

As k| > %” for all 11 on the rectangles Ry, it can be inferred from (4.52) that there exists ko =
24/3B152 such that for all 4 on the rectangles Ry, where k € N and k > mg = max{jo,zo},
\u? > k272r2 > ;—2 X Bﬁlﬂgg—i = 30182 > 2B182. Thus for all i on the rectangles Ry, where

k € N and k > my,

611(1)] < o] cos(jua) coshi(pa)| = Saldo(s)]. (4.55)

It follows from (4.54) and (4.55) that, for all 4 on the rectangles Ry, where £k € N and
k Z TAfL() = max{mo, TT?,()},

[91(1)] < aldo(p)]- (4.56)
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Remark 4.22. Thus it follows from Rouché’s theorem that since the function ¢g has exactly
one zero inside the rectangle Ry, then the function ¢ also has exactly one zero inside the
rectangle Ri. The zero of ¢ inside the rectangle Rj coincide with the zero of ¢y or is the

asymptotic of the zero of ¢g for k sufficiently large.

For all ;4 € C, we have

$o(—p) = 2(—p)? cos(—pa) cosh(—pa)

= 2% cos(pa) cosh(pa) = ¢o(u), (4.57)

while

d1(=12) = i(1 + 02)(—ps)(sin(~pa) cosh(~pa) — cos(—pa) sinh(~pa))
+ 2asin(—pa) sinh(—pa)
= i(1 + o) pu(sin(ua) cosh(ua) — cos(pa) sinh(pa)) 4 2a sin(pa) sinh(pa)

= d1(p)- (4.58)

Thus it follows from (4.39), (4.57) and (4.58) that ¢ is an even function and therefore we have

the same estimate (4.56) for all u on the rectangle R_j, where k € Z and |k| > my.

Let
do(p) = 2ap? cos(pa) cosh(pa) + 2arsin(pa) sinh(pa) (4.59)
and
G1(1) = i(1+ 0®)p(sin(ua) cosh(pa) — cos(ua) sinh(ua)). (4.60)
Then
(1) = do(1) + 1 (). (4.61)

For all ;4 € C, we have

do(ip) = 2a(ip)? cos(ipa) cosh(ipa) + 2arsin(ipa) sinh(ipa)

= —2ay? cos(pa) cosh(pa) — 2asin(pa) sinh(pa) = —do(p), (4.62)
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while

d1(ip) = i(1 + o) (ip) (sin(ipa) cosh(ipa) — cos(ipa) sinh(ipa))

= i(1 4 o) (ip) (—i) (sin(pa) cosh(pa) — cos(pa) sinh(ua)) = ¢1(u). (4.63)
Hence for all 4 € C

d(ipt) = —do(p) + é1(p).- (4.64)

It follows from (4.61) and (4.64) that |¢(u)| and |¢(ix)| have the same upper bound | ()| +
|1 (w)] for all y on the rectangle Ry or R_j, where k € Z and |k| > . As the rectangles
Ry, R_j, R and R_j, k € N are closed curves, then (4.39), (4.46), (4.56), Rouché’s theorem
and Remark 4.22 imply that there are zeros of ¢(u) which have the same asymptotics as the

zeros of ¢y where the asymptotics of the zeros of ¢g are

fiiy = £(2k — 1) +o(1), where k > 1729 and

) (4.65)
jE = i(2lk| — 1)Z + o(1), where k < —1ing
with o(1) — 0 as k — oc.
Let
Sk be the square with vertices =+ AR ikﬁ, k € N. (4.66)
a a

Let B(p,q) = p% +iq%, where p,q € Z. Then the squar S}, is the following

B(—k, k) B(k, k)

B(0,0)

B(—k,—k) B(k, —k)

For yp = k% + 1y, k € N and v € R we have

tan(pa) = tan ((kzg + i’y) a) = tan(km + iya) = tan(iya) = i tanh(ya). (4.67)
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We know that |tanh(ya)| < 1 for all v € R. Thus it follows from (4.67) that there exists

01 > 0 such that for p = k% +iy, k€ Nand v € R
|sin(pa)| < 61| cos(ua)l. (4.68)

It follows from (4.49) that there exists 2 > 1 and j; € N such that for yu = k% + iy, where
v € R and k € N with k£ > j1,

| sinh(pa)| < 02| cosh(pa)l. (4.69)
By interchanging tan and tanh we obtain for u = v + k7
tanh ((’y + ikﬁ> a) = tanh(ya + ikm) = tanh(i(—iya + k7)) = i tan(—ivya + k)
a
= itan(—iya) = —itan(iya) = tanh(ya), (4.70)
while
L, T . . .
tan(pua) = tan <<7 + Zk:—) a> = tan(ya + ikm) = i tanh(km — iya). (4.71)
a
It results from (4.49) and (4.70) that
. ™ . LT .
tan ((Z'y + k‘;) a) = i tanh ((7 - 2k5> a) = i tanh(vya) (4.72)
while it follows from (4.49) and (4.71) that
tan(pa) = tan <<’y + ikz> a) — 44 uniformly in v as k — co. (4.73)
a

Thus we obtain the same estimates (4.68) and (4.69) for p = v +ik”7, where y € R and k € N

with k& > j1. Hence there exists §; > 0 such that for all © on the square Sy, where k € N
| sin(pa)| < 61 cos(pa)l, (4.74)
while there exist do > 1 and j; € N such that for all u on the square Si, where k € N and
k>
| sinh(pa)| < d2| cosh(pa)l. (4.75)

Therefore it can be inferred from (4.74) and (4.75) that for all x4 on the square Sk, where
k € N and k > j1, that

1 ) .
1+ a2léu0(] = |- +a |l sin(ua) cosh(pa) — cos(ua) sinh(jua)

IN

1

||| cos(pa) cosh(pa)|. (4.76)
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Using (4.68) and (4.69), it follows that for all p on the square Si, where k € N and k > jj,

|p11(p)] = 2alsin(pa)sinh(ua)l
< 2a102] cos(pa) cosh(pa)l. (4.77)

From (4.76) it can be deduced that there exists k1 = £(61 + d2)(a + 1) such that for all y on

the square Sy, where k € N with k£ > m; = max{j1, k1},

1
1+ a2g10(0)| < alpl?| cos(pua) cosh(pa)| = Saleo(p) (4.78)

and it follows from (4.77) that there exists El = 24/30102 such that for all  on the square
Sk, where k € N and k > my = max{j1, k1}, |2 > 20182. Thus (4.77) and (4.78) imply that

for all i on the square Si, where k € N and k& > mq,

611(1)| < | cos () cosh(ua)| = Sol6n(i0) (4.79)

Putting (4.78) and (4.79) together, we have for all u on the square Sy, where £ € N and
k > 1y = max{my,mi},

[91(1)] < alo(p)]- (4.80)
Since the square Sk, k € N is closed, then it follows from (4.80) and from the Rouché’s theorem

that ¢¢ and ¢ have the same number of zeros inside the square.

Proposition 4.23. For g = 0, there exists a positive integer ko such that the eigenvalues S\k,
k € Z, of the problem (3.1)~(3.2), where B1(y) = y(0), B2(y) = vy"(0), Bsy = vy"(a) +ia)y'(a)
and Byy = y®) (a) —ia)y(a), counted with multiplicity, can be enumerated in such a way that
the eigenvalues N, are pure imaginary for |k| < ko and A_j, = —5\7;6 for |k| > ko, where
e = ()% with

fii =+£(2k—1)~ +o(l), if k>0,

fii = £i(2lk| - 1)E +0(1), if k<0.

In particular, there is an odd number of pure imaginary eigenvalues.

Proof. Let k1 = max{rg,m1} and Dy,1 be the area delimited by the squares Sy and Sk,
where k > k1. We denote by Ax(—1,—-1), Ax(1,—-1), Ax(—1,1) and Ax(1,1), respectivement
the points B(—k —1,—-k—1), B(lk+1,—k—1), B(—k—1,k+1) and B(k+ 1,k +1). Then

the domain Dy is the following, where Sy in the inner square and Sj1 is the outer square,
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Ar(-1,1) Ap(1,1)

Ry 4

R_(py1) Ry 1

R_(141) .

Ak(_17_1) Ak(17_1>

It follows from the definitions of Ry, R_j and Sk, see (4.47) and (4.66) that the rectangles
Rj11 and R_ (1) belong to the domain Dyy1. As the zeros ,ugil = (—% + (k+ 1)%) and
M%;—l =— (—% + (k+ 1)%) are respectively inside the rectangles Ry 41 and R_(j), then the
ZEeros ,ugf_l lie inside the domain Dy, 1. Since the domain Dy is delimited by the squares Sy

and Si41, then the respective images §k+1 and E_(kﬂ) of the rectangles Ry11 and R_( 1)

0+ _

by the rotation of angle 3 are inside the domain Djy1. We know that the zero u;7, =

(=5 + (k+1)Z) is inside the rectangle Rjyy1, while the zero ,ug:q =—(—g£+(k+1DI)is
inside the rectangle R_ (1), thus the respective images ﬁgil and :‘7211 of the zeros ,ugj;l and
Mgll by the rotation of angle 7 are respectively inside the rectangles E;Hl and E_(k+1). But

there are only four rectangles inside the domain Dy, see (4.47) and the definition of the

domain Dy, and these rectangles are Ryy1, R_ (1), §k+1 and ﬁ_<k+1). As :“24_-1 = —ugil and
[Zgjrl = —ﬁgil and the zeros ,ugfrl, “2;1’ ﬁgil and :‘7211 are respectively inside the rectangles

Ri+1, B_(ky1)s Ek_l,_l and ]j?,(kﬂ), then it follows that there are exactly four zeros of ¢g inside
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the domain Dy, 1. On the other hand, we know that ¢¢ and ¢ have the same number of zeros
inside the square Sj as well as inside the square Si1q for k > k;. It follows that ¢g and ¢
have the same number of zeros inside the domain Dy,. Hence there are exactly four zeros

of ¢ inside the domain Dy 1.
The zeros of ¢ for |k| > mg are

fiif, k= 1o, o +1,...
*mo,*mofl...
and satisfy
fiif = £(2k — 1)~ +o(1), where k > 1o and
fiif = £i(2|k] — 1) & + o(1), where k < —1ig

see (4.65).
The zeros of ¢ inside the square Sy, for k1 > my, are
/ﬁ =0, N? andu] ,7=1,... k.

Since ,u?i and ﬁ?i are simple zeros of ¢g, while 0 is a zero of multiplicity 2, then it follows
from (4.46) that the number of the zeros of ¢¢ inside the square S, is 2k; +2k; +2 = 4k + 2.
As ¢¢ and ¢ have the same number of zeros inside the square Si,, then the number of zeros

of ¢ inside the square Sk, is 4k1 + 2 and these zeros are

0 = ;ﬂ- i = 1 ot = — 1
aE = i<2a> +o(l), i =+ (2a> o), i, = (2 = 1) o+ o(1),
37
At _
ot l—iz<2a)+o(1) at, = <2a>+0(1),...,u by = =i(2k 1)2 +o(1).

The functions ¢¢ and ¢, are even, see (4.40) and (4.41), thus ¢ is an even function. For the
zeros p of ¢, k € N and k > ki which are inside the square Sy with vertices &k7 447, the

numbers A\ = (u)? are inside the curve %%, k € N and k > ky, given by the parametrization

= 29kZ : (4.81)
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We can observe that the curve %} is composed by two parabolas of respective equations

X = (k) - (82)°.

a

—2(k7)* <Y <2(k7)°,

and

The curve % is the following curve

10

~10 5 10

—10

As there are 4k1 4+ 2 zeros /l,f of ¢ inside the square Sy, , then it follows that the number of
the eigenvalues \j, = (ﬂf)Q of (3.1)-(3.2) inside the curve €%, is 2k; + 1.

Let n be the number of the eigenvalues A inside the curve €, , of the problem (3.1)-(3.2) such
that %(5\) > 0. It follows from Proposition 3.13 that there exist n other eigenvalues X of the
problem (3.1)—(3.2) inside the curve %%, such that R(N\) < 0 and for each eigenvalue A, there
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exists one and only one eigenvalue X such that A and \ are symmetric with respect to the
imaginary axis. Thus there exist 2n eigenvalues A of the problem (3.1)—(3.2) inside the curve
6k, , such that R(\) # 0. Since the eigenvalues of the problem (3.1)—(3.2) lie in the closed
upper half-plane and on the imaginary axis, see Proposition 3.13, then the 2n eigenvalues A
inside the curve %%, of the problem (3.1)—(3.2), such that $(\) # 0, lie in the closed upper
half-plane and the remaining 2(k; — n) + 1 eigenvalues A lie on the imaginary axis. We know
that the zeros i of ¢ outside the square Sy, are inside the rectangles Ry, and R_j, where k € N
and k > kq, thus these zeros p of ¢ outside the square Sy, are such that A = (u)? are not
pure imaginary, see (4.65). Thus the pure imaginary eigenvalues \ of the problem (3.1)—(3.2)

lie only inside the curve é%,. Let ko = k1 —n + 1. Then we can enumerate the eigenvalues N

such that
Ap=—Apfor k=koko+1,...
— ko, —ko—1,...
and
M\p are pure imaginary for — kg +1,—ko+2,...,—1,0,1,..., kg — 2, kg — 1.

Thus it follows that there are 2(kg — 1) + 1 = 2(k; — n) + 1 pure imaginary eigenvalues \y.

Hence there is an odd number of pure imaginary eigenvalues Ne- O

4.4.2 Asymptotic of the eigenvalues for By = y”(a) + ia\y/'(a) and Byy =
y(a) +iady®(a)

It follows from (4.23) that

det M = BsysByys — ByyaBsys

= (y3(a) + iap’yh(a)) (ya(a) + iap®y) (@) — (ya(a) + iap?ys? (@) (i (a) + iap?y)(a))

= g (@)ya(a) — ya(a)yl(a) — Pptyh(a)ys? (a) + o®uys (@) (a)

+iap?(yh(a)ya(a) + v @)yl (@) — v57 (a)yl (@) — yh(a)ya(a)). (4.82)
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We can infer from (4.26) that

det M = pi*(ya()? — (4 (a))? — 2t (4P (@))% + 0 18(yi(a))?
+iap? () (@)ya(a) + ntya(a)y (@) — n'yh(@)yi(a) — yi(a)yl(a))

= o218 (y4(a))? + 1t (ya(a))? — a2t (1 (0))? — (4] (a))?

+iap?(1+ 1) (05 (@)ya(a) — v4(a)y (). (4.83)
Let
Gla) = a1 (y4(a))? — o2t (557 (@) + 1 (ya(a))? — (v ()2 (4.84)

Then it follows from (4.30)—(4.33) that

o2
G(a) = ZM4 (COSQ(ua) — 2cos(pa) cosh(pa) + CoshQ(ua))

2
* (cos?(pa) + 2 cos(pa) cosh(ua) + cosh?(ua))

@
4 2
1

+ m (Sin2(,ua) — 2sin(pa) sinh(pa) + sinhz(,ua))

1
— m (sinQ(ua) + 2sin(pa) sinh(pa) + sinhQ(,ua))

1
= —a?p* cos(pa) cosh(pa) — —5 sin(pa) sinh(pa). (4.85)
1

We recall that

1

a(@)” (@) ~ (@) (@) = 5 5 (cos(yua) sinh(sa) — sin(ua) cosh(pa). (4.86)

see (4.34). It follows from (4.83)—(4.86) that
det M = —a?pu* cos(pa) cosh(ua) + %ug (cos(pa) sinh(pa) — sin(pa) cosh(ua))
) 1
+ %(cos(,u,a) sinh(pa) — sin(pa) cosh(pa)) — 7 sin(pa) sinh(pa). (4.87)

The characteristic equation —2det M = 0 is

d(p) = 20 o (1) + d1(p) = 0, (4.88)

where

do(k) = 1* cos(ua) cosh(pa) (4.89)

é1(p) = iy (sin(ua) cosh(pa) — cos(ua) sinh(ua))
+ %(sin(ua) cosh(ua) — cos(pa) sinh(pa)) + ;sin(,u,a) sinh(ua). (4.90)
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The zeros of ¢g are

P =0, 0T =0, T = £(2k - 3) 5,

(4.91)
and 1% = £i(2k — 3) &, with k=2,3.. .,

see (4.40), (4.46) and (4.89). We recall that 0 is a zero of multiplicity 4 of ¢g while ugi =
+£(2k — 3)& and °% = £i(2k — 3)&, k= 2,3,..., are its simple zeros.

Let Ry, R_p, Ek, E_k, k € N be the rectangles defined in (4.47). Let

b10(p) = iy (sin(pa) cosh(pa) — cos(pa) sinh(pa)), (4.92)
o11(p) = %(sin(ua) cosh(ua) — cos(pa) sinh(pa)), (4.93)
¢p12(p) = ;sin(ua) sinh(pa). (4.94)

Then
$1(p) = d10(p) + P11(p) + dr2(p).

It follows from (4.48) and (4.50) that there exist 51 > 0, B2 > 1 and jp € N, such that for all

1 on the rectangles Ry, R_p, fik or ﬁ,k, where k € N and k > j,

012

[¢10()| < —(Br + B2)|pl?| cos(ua) cosh(pa)l,

(%

_ 3(B1+ P2)

ol *IMI | cos(ua) cosh(ua)l (4.95)

o2
|11 ()] < W(ﬁl + B2)| cos(pa) cosh(ua)l

(51 + f2)

Tl *Iul | cos(pa) cosh(pa) (4.96)

and
202
[p12(p)] < Hﬁﬁlﬁzl cos(pa) cosh(ua)l

68152 «
~a?ul® 3

IMI | cos(pa) cosh(ua)|. (4.97)

It can be deduced from (4.95) that there exists ko = 2%(S3; + f32) such that for all 4 on the

rectangles Ry, R_y, Ry, or R_j, where k € N with k > mg = max{jo, ko},

2

[o10(1)] < T |40, (4.98)
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from (4.96) that there exists ko = 27 w such that for all ;¢ on the rectangles Ry or

™

R_;, where k € N with k > mo = max{jo, ko},
a2
[é11()] < [0 (p)] (4.99)

and from (4.97) that there exists ko = & {’/ P2 quich that for all 1 on the rectangles Ry, R_g,

Ry, or R,k, where k € N with k& > 1y = max{jo, ko},

o2
[P12(p)| < §’¢O(M)|- (4.100)

It can be inferred from (4.98), (4.99) and (4.100) that, for all 4 on the rectangles Ry, R_,

ék or ﬁ_k where k € N and k > gy = {mo,ﬁlo,mg},

|o1(1)| < &®|po(p)]- (4.101)

As the rectangles Ry, R_p, Ek and E,k, k € N are closed curves, 0 is a zero of multiplicity 4,
* and fi0* are simple zeros of @, then it follows from (4.88), (4.101) and Rouché’s theorem
that there are zeros of ¢ which have the same asymptotics as the zeros of ¢g, where the

asymptotics of the zeros of ¢g are

fii = +£(2k — 3) & +o(1), where k € Z,k > 1o and
,uk = Fi(2|k| — 3) 5. 4+ 0(1), where k € Z and k < —1myg

, (4.102)

with o(1) — 0 as |k| — oo, see (4.91).

Let Sk, k € N be the square defined in (4.66). It follows from (4.74) and (4.75) that there
exist 01, 62 and j; € N such that for all 4 on the squares Sk, where k > ji,

2
[é10(m)] = — (51+52)|u| | cos(pa) cosh(ua)|

_ 3(61 + d2)

—|p|*| cos(pa) cosh(pa)l, 4.103
ol | || cos(ua) cosh(ua)] (4.103)

o2
~ |ula
_ (51-1-52)

ik

[p11(p)] <

—— (01 + 92)| cos(pa) cosh(ua)|

—|,u| | cos(pa) cosh(pa)l (4.104)
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and

202
[p12(p)| < W&&ﬂ cos(pa) cosh(pa)|

65152 052

= W?Mﬂ cos(pa) cosh(pa)l. (4.105)

It can be inferred from (4.103) that there exists ki = 22 (8, + d5) such that for all 4 on the

square Sy, where k € N and |k| > m; = max{j1, k1 },

C¥2
[é10(k)] < 5-ldo(w)], (4.106)

from (4.104) that there exist k; = ay W such that for all 1 on the square Sk, where

k€N and k > m; = max{ji, k1},
042
[b11(m)] < 5|90 ()] (4.107)

and from (4.105) that there exist k= oy % such that for all p on the square Sy, where

k€N and k > 1ny = max{ji, k1},

042
[é12(1)] < 5-ldo(w)]. (4.108)

Let 1 = max{mi,m1,m1}. It can be concluded from (4.106), (4.107) and (4.108) that for

all 4 on the square Sy, where k € N and k > my

|1 ()| < 0?0 (p)]- (4.109)

As the square Sy, is a closed curve, then it follows from (4.88), (4.109) and Rouché’s theorem

that ¢g and ¢ have the same number of zeros inside the square.

Remark 4.24. Let ky = max{mg,m1}. As 0 is a zero of multiplicity 4 of ¢y and u2+, ,ug_,
ﬁ2+ and ﬁ2_> k=2,3,..., are simple zeros, then the number of zeros of ¢y and therefore of

¢ inside the square Si, where k € N and k > k; is 4k.

Proposition 4.25. For g = 0, there exists a positive integer ko such that the eigenvalues Xk,
k € Z, of the problem (3.1)~(3.2), where B1(y) = y(0), B2(y) = ¥"(0), Bsy = ¢ (a) +iaXy'(a)

and Byy = y(a) +ialy® (a), counted with multiplicity, can be enumerated in such a way that
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the eigenvalues A\, are pure imaginary for |k| < ko and Mg = —Tk for |k| > ko, where
Ae = ()% with

i = £(2k — 3) & +o(1), if k>0,

i = +i(2]k| = 3)& +o(1), if k<O.

In particular, there is an even number of pure imaginary eigenvalues.

Proof. Since Sk, k € N is the square defined in (4.66), we consider the curve %} defined in

(4.81). The 4k; zeros /llf of ¢ inside the square Si, are the following:

A —T At (7T> R . m
=+ — 1 =+ — 1),... =+(2k; — 3)— 1
it =t (G ) o) = (50) + o)ty = 22k = 37+ o),

t (7T T S o _
g = +i < Qa) +o(1), a=y = =+i <2a) +o(1),... ) = +i(2k; 3)2a + o(1),

thus
ﬂf = +(2k — 3)21 +o0(1), where 1 <k <k;+1,
a
ﬂf = +i(2|k| — 3)21 +o0(1), where — k1 —1<k<—1.
a

As there are 4k + 4 zeros ﬂf of ¢ inside the square Sk, , then it follows that the number of
eigenvalues \j, = (,&f)2 of the problem (3.1)—(3.2) inside the the curve %y, is 4k; + 4.

Using the same approach as in the proof of Proposition 4.23, we can prove that the zeros of

¢ for |k| > k; are

i, k=ki ki +1,...

ey, =k — 1, ..

and satisfy

i = £(2k — 3) & + o(1), where k > ki,

i = +i(2|k| — 3)& + o(1), where k < —ki,
see (4.102).

Let n be the number of the eigenvalues A inside the curve %j,, of the problem (3.1)-(3.2)
such that R(X) > 0. It follows from Proposition 3.13 that there exist n other eigenvalues b
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of the problem (3.1)-(3.2) inside the curve %}, such that R(N\) < 0 and for each eigenvalue
;\, there exists one and only one eigenvalue X such that A and X are symmetric with respect
to the imaginary axis. Thus there exist 2n eigenvalues A of the problem (3.1)—(3.2) inside
the curve %,, such that ®(\) # 0. Since the eigenvalues of the problem (3.1)-(3.2) lie in
the closed upper half-plane and on the imaginary axis, see Proposition 3.13, then the 2n
eigenvalues A inside the curve %, of the problem (3.1)—(3.2), such that R(\) # 0, lie in the
closed upper half-plane and the remaining 2(k; — n) + 2 eigenvalues A lie on the imaginary

axis. Let kg = k1 — n 4+ 2. Then we can enumerate the eigenvalues 5\k such that

Ap=—Apfor k=koko+1,...

— ko, —ko—1,...
and
5\k are pure imaginary for —kg+1,—ko+2,...,—1,1,2.... kg —2,ko — 1.

Thus it follows that there are 2(ko — 1) = 2(k; — n) + 2 pure imaginary eigenvalues ;. Hence

there is an even number of pure imaginary eigenvalues Ag. O

4.4.3 Asymptotic of the eigenvalues for B3y = y'(a) — ia\y”(a) and Byy =
y@(a) —iay(a)

We have from (4.23),

det M = (Bsy2Bays — Bay2Bsys)

= (yh(a) — iap®y (@) (1Y (@) — iapPys(a)) — (45 (a) — iap?ys(a)) (yi(a) — iap?y}(a))

=y (@)h(a) — Putya(a)ys(a) — yva(a)ys (@) + a®utyl (a)yz(a)

— iy (ya(@)yh(a) + v3 @)y (@) — yh(a)ya(a) — v (@)ys” (a)). (4.110)
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Using (4.26), we have

det M = B3yaBays — BayaB3ya

—i (@) + 02t (v (@) + (457 (@) — 0ps® (ya(a))?
+ o (v (a)yh(a) + 1'vi(a)yi (a) — 15 (@)ya(a) — u'ya(a)ys” (a))
—it(a(@)? + o (5 () + (157 (@))? — 0 (ya(a))?
+iop(1+ 1) (0 ()i (a) — 15 (a)ya(a). (4.111)
Let
Ho(a) = =t (y(a))? + 0?4 (0))* + (15 (a))? — 0*ps® (ya (a) 2 (4.112)
Hy(a) = iop®(1+ ) (¥ (a)yh(a) — 45 (a)ya(a). (4.113)

Then it follows from (4.30)—(4.33) that

1

Ho(a) = —p* ( cos®(pa) —

1 1
h — cosh?
v cos(pa) cosh(pa) + e cos (ua))

2p4
o af 1 . 9 1 i L nn?
+a‘p 2 sin”(pa) + 52 sin(ua) sinh(pa) + 12 sinh”(pa)

1 1 1
+ — cos?(pa) + B cos(pa) cosh(pa) + 1 cosh?(pa)

4
T ! sin?(ua) — 1L sin(pa) sinh(pa) + L sth(,ua)
446 28 48
= o?p? sin(pa) sinh(pa) 4 cos(ua) cosh(ua). (4.114)

Using (4.34) it is easy to check that

Hi(a) = %/L (sin(pa) cosh(pa) — cos(pa) sinh(pa))
+ %(sm(ﬂa) cosh(pa) — cos(pa) sinh(ua)). (4.115)

Thus it follows from (4.111)—(4.115) that

det M = o?u?sin(pa) sinh(pa) 4 cos(pa) cosh(ua)

) ) o)
+ g (sinua) cosh(pa) ~ cos(ya) sinh(pa)). i

Hence the characteristic equation —2idet M = 0 is

P(1) = ado(p) + ¢1(p) =0, (4.117)
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where

do(p) = p3(sin(pa) cosh(pa) — cos(pa) sinh(pa)) (4.118)
¢1(1) = —2ia?p? sin(pa) sinh(pa) — 2i cos(pa) cosh(ua)

+ %(Sin(,ua) cosh(ua) — cos(ua) sinh(ua)). (4.119)

For all u € C, we have

P(—p) = ago(—p) + ¢1(—p). (4.120)
But
$o(—p) = (—p)* (sin(—pa) cosh(—pa) — cos(—pa) sinh(—pa))
— °(—sin(ua) cosh(ua) + cos(ua) sinh(ua))
= pi*(sin(pa) cosh(pa) — cos(ua) sinh(pa)) = ¢o(u), (4.121)
while

¢1(—p) = —2ia® (= p)? sin(—pa) sinh(—pa) — 2i cos(—pa) cosh(—pa)
+ %(Sin(—ua) cosh(—pa) — cos(—pa) sinh(—pa))
= —2ia’ % sin(pa) sinh(pa) — 2i cos(pa) cosh(pa)
n _%(_ sin(pa) cosh(pa) + cos(pa) sinh(pa))
= —2ia’p? sin(pa) sinh(pa) — 2i cos(pa) cosh(pa)

+ %(sin(,ua) cosh(pa) — cos(pa) sinh(ua)) = ¢1(u). (4.122)
Thus the functions ¢g and ¢ are even functions, and therefore the function ¢ is even.

The zeros of ¢g are the zeros of sin(ua) cosh(ua) — cos(pa) sinh(pa). Assume that cos(pua) = 0,
then ¢o(p) = 0 implies sin(pa) cosh(pa) = 0. Hence sin(pa) = 0 or cosh(ua) = 0. However
e(2k+1)%+e’(2k+l)%

for cos(pua) = 0, p = (2k;11)7r, where k € Z. Thus cosh(ua) = 5 # 0 and
sin(pa) = sin((2k +1)5) = £1 # 0. Therefore ¢o(p) # 0, which is a contradiction. On the

other hand if cosh(ua) = 0, then ¢o(p) = 0 implies cos(pa) sinh(pa) = 0. Hence cos(pa) =0

or sinh(pua) = 0. However for cosh(pa) = 0, p = #;1)7: where k € Z. Thus cos(pa) =

6(2k+1)%+2€_(2k+1)% # 0 and sinh(pa) = —sin((2k+1)%) = £1 # 0. Therefore ¢o(p) # 0, which
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is a contradiction. Whence ¢o(p) = 0 implies that cos(ua) # 0 and cosh(ua) # 0. Therefore
for cos(ua) # 0 and cosh(ua) # 0,

¢o(i) = u° cos(pa) cosh(ua)(tan(ua) — tanh(ua)),

hence the nonzero zeros of ¢g are given by those p # 0 for which tan(ua) = tanh(ua). As
tan’(z) > 1 and tanh’(x) = Wg(x) < 1 for z € R\{0} the function tan(z) — tanh(z) is
increasing with positive derivative on each interval ((k — 3)m, (k + 3)7), with the exception
of the point 0. On each of these intervals, the function moves from —oo to oo, so we have

exactly one simple zero fii° of tan(ua) — tanh(ua) in each interval ((£k — )7, (£k + )7), &

™

7). The functions tan(x) and tanh(z) for

a positive integer, and no nonzero zero in (-4,
x € R are odd functions, so the function tan(z) — tanh(x), z € R is an odd function. Thus

fiy, = —f;, and since tanh(z) — 1 as  — oo, we have

ot ™ _ ™

iy = (4k — 3)4— +o(1), fi, = —(4k — 3)4— +o(1), k=2,3,4,.... (4.123)
a a

As tan(iya) = itanh(vya) and tanh(iya) = i tan(ya), the nonzero pure imaginary zeros of ¢

are simple and of the form
At =i(4k — 3)5—@ +o(1), fiT), = —i(4k — 3)5—@ to(l), k=23,4,.... (4.124)
Remark 4.26. We know that
sin(pa) cosh(pa) = % [sin((1 + )pa) + sin((1 — ¢)pa)], (4.125)
cos(pa) sinh(pa) = % [—isin((144)ua) + isin((1 —i)pa)] . (4.126)
Thus
¢o(p) = p*(sin(pa) cosh(pa) — cos(pa) sinh(ua))
= %u?’ (sin((1 +7)pa) + sin((1 —i)pa) + isin((1 +i)pa) — isin((1 — i)ua))

= %ug((l + i) sin((1 4+ d)pa) + (1 — ) sin((1 — i) pa)). (4.127)
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Putting (1 4 i)ua = = + iy, x,y € R, it follows for u # 0 that

Bo(s) = 0 = |(1 -+ ) sin((1 + D)ua)| = | (1 — ) sin((1 - $)ua)
& [sin((1 + )pa)| = |sin((1 - i)pa)l
& |sin(z +iy)| = | sin(y — iz)|

2 2

& sin? 2 cosh? y + cos? z sinh? y = sin? y cosh? z + cos? y sinh? z
& sin? z cosh? y + cos? z(cosh? y — 1) = sin? y cosh? = + cos? y(cosh? z — 1)
& cosh?y — cos? & = cosh?z — cos® y

& cosh?(|y|) + cos®(|y|) = cosh?(|z|) + cos?(|z]). (4.128)

The function 1 : @ — cosh® z + cos? z = £ cosh(2z) + 5 cos(2z) + 1 is even and has a positive
derivative on (0, 00), thus the function 1) is strictly increasing [0, 00). Hence it follows from
(4.128) that ¢o(p) = 0 implies that |y| = |z| and therefore y = 2. Whence

T+ 1y _1:|:2'£
(1+d)a 1+ia

is either real or pure imaginary. Hence all the zeros of ¢g are real numbers or pure imaginary

numbers.

Therefore the zeros of ¢o are 0 and the zeros given in the forms (4.123) and (4.124), which

are more suitable for their enumeration with their multiplicity.

Let o+ ¢o(p) = p° and

¥5(n) = tan(ua) — tanh(sa). (4.129)
We have

U(0n) = a1 + tan(ua) — o,

§(a) = 202 (1 + tan®(ua) tan (pa) + 20| (4.130)

0§ (na) = 20 [2(1 + tan? (ua)) tan® () + (1 + tan? (ua))? + L2500 |

cosh? (ua)

It is easy to check that 0 is a zero of multiplicity 3 of ¢g. On the other hand we have
P3(0) = ¥5(0) = ¥5(0) = 0, while 1/)§3) (0) = 4a® # 0. Thus 0 is a zero of multiplicity 3 of
13, therefore 0 is a zero of multiplicity 6 of ¢g. We recall that ﬂf and ﬂj_tk, k=23,..., are
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simple zeros of ¢g. Hence it follows from (4.123) and (4.124) that the zeros of ¢ counted

with multiplicity are

A =0, i =0, iF =0, i = =4k —3) L +o(1),

: (4.131)
i, = Li(dk — 3) & +o(1), k=2,3,...
see (4.123) and (4.124).
Let
¢oo(p) = — cos(pa) + sin(pa), (4.132)
2,
¢o1(p) = (1 — tanh(pa)) cos(pa) — " sin(pa) tanh(pa)
21 1
— zc;)[s(?:ua) + —; (sin(ua) — cos(ua) tanh(ua)). (4.133)
7 [
Then
¢(1)
= = . 4.134
1) o cosh(pa) Poo(1) + o1 (p) (4.134)
it easy to check that
0 _ (T .7
B = <4a + ka) , k €Z, are the zeros of ¢qq, (4.135)

and that

e =i (% + kz> , k € Z, are the images of u{° by the rotation of angle g (4.136)
a a

Let

Ry be the rectangles with vertices (4k + 1) £e+ie, k € Z and
e € (0,45), R_j its symmetric image with the y axis, Ry, and R_j, the . (4.137)
respective images of the rectangles Ry and R_j by the rotation of angle 7.
Remark 4.27. We can observe that the rectangles Rj contain the zeros M20+ e (I—a + k:g),
thus —p*" = — (£ + kT) € Ry, "™ =i (& +kT) € Ry, while —i0°" = —i (& +kT) €

ﬁ_k, where k € Z.

Due to ¢ < g, the rectangles Ry, k € Z do not intersect, as well as the rectangles R_,

Ry, and R_j. Since |¢oo| is periodic of period 7, there exists a constant p(¢) > 0 such that
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|poo(1)| > p(e) for all p on the rectangle Ry, k € Z. Let pa = x + iy. Then for sufficiently

large positive |k| > ko(e), we have

[cos(ua)(—1 + tanh(ua)| = || < B < e
|cos(pa)| < v/2, |sin(ua)| < v/2, |tanh(pa)| <2 (4.138)

| sin(pa) — cos(ua) tanh(pa)| < 3v/2
for all x4 on the rectangle Ry, where |k| is large enough. Thus, by using (4.138), we obtain for
all o on the rectangle Ry and |k| > ko(e) large enough,

20[\/5 2\/§ 3\/5 _|_3e*‘§R/‘«a|~

| afu® o ult

P01 (p)] < (4.139)

Since the right hand side tends to 0 as |Rua| — oo, it follows that for all p on the rectangle
Ry, where k € Z, ‘k| > ko(é‘),
P01 (p)] < [Poo(p)l- (4.140)

Since ¢ is an even function, see (4.120), (4.121) and (4.122), we have the same estimates

(4.139) and (4.140) for all i on the rectangles R_j where |k| > ko(e) large enough.

Let
Go(1) = ap (sin(ua) cosh () — cos(jua) sinh (ua))
+ %(sin(,ua) cosh(pa) — cos(ua) sinh(ua)) (4.141)
and
é1(p) = —2ia®p? sin(pa) sinh(ua) — 2i cos(pa) cosh(pa). (4.142)
Thus

o) = do(p) + o1 (p)- (4.143)
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For all pn € C, we have

do(in) = aip)® (sin(ipa) cosh(ipa) — cos(ipa) sinh(ipa))
+ %(sin(z’ua) cosh(ipa) — cos(ipa) sinh(ipa))
= —ioy (i sinh(ua) cos(ua) — i sin(ua) cosh(ua))
+ %(i sinh(pa) cos(pa) — i cosh(ua) sin(ua))
= —iop’(—i)(sin(ua) cosh(pa) — cos(ua) sinh(pa))

716

_ m(sin(ua) cosh(pa) — cos(pa) sinh(pa)) = —do(), (4.144)

while

b1(ip) = —2ia?(ip)? sin(ipa) sinh(ipa) — 2i cos(iua) cosh(ipa).

= —2ia”p? sin(ua) sinh(pa) — 2i cos(pa) cosh(pa) = ¢1 (). (4.145)
Hence for all u € C

d(ip) = —o(n) + é1(n). (4.146)

By using the equations (4.132), (4.133) and (4.134) we have obtained the estimates (4.139)
and (4.140) for all ;1 on the rectangles Ry and R_g, since ¢ is an even function. On the other
hand, it follows from (4.143) and (4.146) that |¢(u)| and |¢(ipn)| have the same upper bound
b0 (1) + |é1 ()| for all & on the rectangle Ry or R_i, where k € Z and |k| > ko(c) large
enough. Since we can obtain the estimates (4.139) and (4.140) for all i on the rectangle Ry or
R_j, where k € Z and |k| > ko(e) large enough, then we can also obtain the same estimates
for all 1 on the rectangle Ry, or R_j, where k € Z and |k| > ko(c) large enough. As the
rectangles Ry, R_g, Ek and é_k, k € Z are closed curves, 0 is a zero of multiplicity 6, /lf and
ﬂj_ck are simple zeros of ¢g and ¢y has no nonzero zero in the interval (-7, %), then (4.132),
(4.133), (4.134), (4.140), Remark 4.27 and Rouché’s theorem imply that there are zeros of

¢ which have the same asymptotics as the zeros of ¢y and the images of these zeros by the

rotation of angle 7, where these asymptotics are

fiif = +£(4k — 3) 1z +o(1) with k& > ko(e) and

(4.147)
[ = £i(4|k| — 3)E + o(1) with k < —ko(e)



Chapter 4. Asymptotics of eigenvalues for g = 0 93

where o(1) — 0 as |k| — oo, see (4.131).

Let Sk, k € N be the square defined in (4.66). Let

d11(p) = %(sin(,ua) cosh(ua) — cos(pa) sinh(ua)), (4.148)
b12(p) = —2ia’p? sin(ua) sinh(ua), (4.149)
¢13(1) = —2i cos(pa) cosh(pa). (4.150)

Then there exists kg = 2+v/4 such that for all i on the square Sy, k € N and k > ko, ﬁ < w,

B 3

thus for £ € N and k > ko,

o (W) < Sldo(w). (4.151)
Let
¢a(p) = coth(pa) — cot(pa). (4.152)
Since
cot ((’j - w) a) = cot(iya) = —i coth(ya) € iR U {oo}, (4.153)

then for k € Z and for u = %’r + 47y, where v € R, we have

|cot(pa) + 1] > 1. (4.154)
Since for p # 0, coth(pa) = m, then it follows from (4.49) that we have for u = x + iy,
where x,y € R and x # 0,

coth(pa) — +1, (4.155)

uniformly in y as x — f00. Thus there exists ko € N such that for k € Z and |k| > ko,

1
coth <<k:7r + i7> a> - sgn(k)‘ <3 (4.156)
a
It follows from (4.154) and (4.156) that for p = %’r +iv, k>ky,7yER

1
[d2()] = 5. (4.157)
By interchanging coth and cot we obtain for u = v + i%ﬁ, keZ, |kl > ko and v € R,

coth <('y + z'k:z> a> = coth(vya + ikm) = coth(i(—ivya + km))
a

= —icot(—iya + km) = icoth(iya) = cot(va). (4.158)
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It follows from (4.153), (4.154), (4.156) and (4.158) that for p =~ + i%’r, k€ Z, |k| > ko and
v € R that
|coth(pa) £ 1] > 1 (4.159)

while

lcot(ua) — sgn(k)] < % (4.160)

Thus, for p =~y +ik% k € Z, |k > ko and v € R,

1
62(0)] 2 5 (4161)
Hence for all p on the square Sy, where k > Eo,
1
[b2()] = 5. (4.162)

Whence for all y on the square with the vertices k7 4 ik7, where k € N and k > mo =

max{%o, 13’%}

Sloo(n)| = SIuPloa(u)l|sin(ua) sinh(ua)|
> 2l sin(na) sinh(ua)|

= 150212 sin(yua) sinh (o)
8]

= o)l > a0 (4.163)
Let
¢3(p) = tan(pa) — tanh(ua). (4.164)

Since tan((XT + iv)a) = tan(iya) = itanh(ya) € iR U {oo}, then for k € Z and p = "= + iy,
where v € R, we have

|tan(pa) £ 1] > 1. (4.165)

For p =z + iy, z,y € R and = # 0, we have tanh(pa) — +1 uniformly in y as x — +o0, see
(4.49). Hence there exists ko € N such that for all k € Z, |k| > ko and v € R,

tanh ((’ZT + m) a> - sgn(k)’ < é (4.166)

k A
for p= §+i7,k€Z,|k| > ko and v eR. (4.167)
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By interchanging tan and tanh we obtain the same estimate for y = v + i%’r, kelZ, k> ko
and v € R. Thus for,u,:z'%”—i—’y, keZ, k| >k and veR,

[¢3(p)| = 1, (4.168)

=2
see (4.165), (4.166), and (4.167). Hence (4.167) and (4.168) imply that for all 1 on the square
Sk, where k € N, k > ko
(4.169)

N =

|3(p)| =
Therefore for all p on the square with the vertices +k7 + ik7, where k € N and k > 7o =
max {1%0, ay %}
« o,
S0l = SluPlés(u)l| cos(ua) cosh(ua)
@
> 5 lul? cos(pa) cosh(pa)]

3
= |u1|204 2| cos(pa) cosh(pa)|

3
ol
= U s > ors()] (4170
Let mo = max{ko, mg,mo}. Then it follows from (4.151), (4.163) and (4.170) that for all u

on the square S, where k € N and k& > mg,

91(1)] < alo(p)]- (4.171)

Since the square Sy is a closed curve, then (4.171) and Rouché’s theorem imply that ¢ and

¢ have the same number of zeros inside the square Sk, where k € N and k& > my.
Remark 4.28. Let k; = max{ko(e),mo}. Since 0 is a zero of multiplicity 6 of ¢o, while /i,

iy, s /lfk and fi_, are its simple zeros, then the number of zeros of ¢g and therefore of ¢ inside

the squares Sy, where k > ky is 4k + 2. Thus we have the following proposition.

Proposition 4.29. For g = 0, there exists a positive integer kg such that the eigenvalues S\k,
k € Z, of the problem (3.1)~(3.2), where B1(y) = y(0), B2(y) = vy"(0), Bsy = v/'(a) —ia)y”(a)
and Byy = y®)(a) — iaXy(a) , counted with multiplicity, can be enumerated in such a way
that the eigenvalues N, are pure imaginary for |k| < ko and A_ = —5\7€ for |k| > ko, where
Ae = ()% with

fiii =+£(4k—3)E +o(l), if k>0,

i = xi(4k| = 3)E +o(1), if k<0.
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In particular, there is an odd number of pure imaginary eigenvalues.

Remark 4.30. We give the enumeration of the zeros of ¢ inside the square Si,. The remainder
of the proof of the above proposition is identical to the remainder of the proof of Proposition

4.23.

Proof. The function ¢ has 4k; + 2 number of zeros inside the square Si,. Since the function

¢o has no nonzero zeros in the interval (-3, ), then the zeros of ¢ inside the square S, are

the following

ﬂf = +(4k — 3)41 +o(1), where 0 < k < ky,
a
fiif = +i(4]k| — 3)41 +0(1), where —Fk; <k < —1.
a

Using the same approach as in the proof of Proposition 4.23, we can prove that the zeros of

¢ for |k| > k; are

(5, k=kiki+1,...

—ky,—k —1,...

and satisfy
/lff = +(4k — 3) 1. +o(1), where k > k1,
ﬂ,f = Fi(4]k| = 3) 1 + o(1), where k < —Fki,
see (4.147). O
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4.4.4 Asymptotic of the eigenvalues for By = y/(a) — ia\y”(a) and Byy =
y(a) +iady®(a)

We have from (4.23),

det M = BsysByys — Bay2 B3y,
= (yh(a) — iopr®y5 (@) (ya(a) + iap?ys” (a)) — (ya(a) + iap?ys” (a)) (v (a) — iop?y} (a))
= yh(a)ya(a) + oy (a)yh (a) — v (a)a(a) — 0yl (a)ys” (a)
— o (ya(a)y (a) — S (a)yh(a) + i(a)ys” (@) — v ()ya(a)). (4.172)

11 follows from (4.26) that
— a1yl (a)yl(a) + ¥ (@)ala) + a2uPya(a)ys? (a)
+iap?((y4(a))? — 1 (W4(a)? + (457 (0)? — 1t (ya(a))?)

)
)2 -

—(0u® + 1) (¥ ()} (a) — ya(a)ys” (@)

+ o (4 () — it (Wi(a)? + (4 (@))? = 1 (ya(a))?). (4.173)

det M = —yj(a)yy(a

However
yi(@)y(a) — ya(a)y” (a) = 2;3 (sin(ua) cosh(ua) — cos(ua) sinh(a)) (4.174)

see (4.34). Let
Ala) = (¥(a)? = i (o) + (5" (@))? = i (wa(a))™. (4.175)

Then (4.30), (4.31), (4.32) and (4.33) give

1 1 1
A(a) = 2 sin?(ua) + 37 sin(pa) sinh(pa) + 2 sinh?(pa)

1 1 1
—u (4,u cos®(pua) — 24 cos(ua) cosh(pa) + 1A COSh2(Ma)>

1 1 1
+ 1 cos?(ua) + 5 cos(pa) cosh(pa) + 1 cosh?(pa)
1

1 1
—u <4,u sin?(pa) — 2,0 sin(pa) sinh(pa) + 16 sth(ua)>

1
= 2 sin(pa) sinh(pa) 4 cos(ua) cosh(pa). (4.176)
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It follows from (4.173), (4.174) and (4.176) that

2,5
(cos(pa) sinh(pa) — sin(ua) cosh(pa))

det M = a

+ dap® cos(pa) cosh(ua) + iarsin(pa) sinh(pa)
1

+ T'u?)(COS(MCL) sinh(pa) — sin(pa) cosh(ua)). (4.177)

Hence the characteristic equation 2det M = 0 is

$(p) = opo() + ¢1(n) =0, (4.178)
where
do(u) = p°(cos(ua) sinh(pa) — sin(pa) cosh(ua)) (4.179)
¢1(1) = 2icu® cos(pa) cosh(pa) + 2ia sin(pa) sinh(ua)
4 ljg)(cos(ua) sinh(jia) — sin(ua) cosh(ja)). (4.180)

The function ¢ has the same zeros as the function ¢g defined in Subsection 4.4.3, see (4.118)
and (4.179). However 0 is a zero of multiplicity 6 for the function ¢y defined in (4.118), while
it is a zero of multiplicity 8 for the function ¢y defined in (4.179). Hence we use in this
subsection the following form of the zeros of ¢g more suitable for their enumeration with their
multiplicity.

0, fif = +(4k — 7)% +o(1), i, = +i(dk — 7)% +o(l), k=34,.... (4.181)

We recall that 0 is a zero of multiplicity 3 of 1 (u) = cos(pa)sinh(pa) — sin(ua) cosh(ua),
see (4.129) and (4.130), since 0 is a zero of multiplicity of ¥g(u) = p°, then 0 is a zero of
multiplicity 8 of ¢g, while ﬂf and /lfk,, k=1,2,... are its simple zeros. All the zeros of ¢q
are either real or pure imaginary, see Remark 4.26. Thus, it follows from (4.181) that, the

zeros of ¢y counted with multiplicity are

iy =0, %, =0, iy =0, iy =0, i =+(4k —7)F +o(1),

(4.182)
f, = Li(dk — )& +o(1), k=3,4,...
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Let
Po0(4) = cos(jua) — sin(ua) (4.183)
(1) = cos(a) (1 — tanh(ua)) + —5 cos(pa) + . sin(ja) e ()
+ aglug@os(ua) tanh(ua) — sin(ua)). (4.184)
Then
i) = s s = dunl) + 6 ). (1.185)

We recall that

0 (T 7r>
=|—+k—), keZ,
H (4@ + a

are the zeros of ¢, see (4.132) and (4.183), while

~00 __ - 71' 7T)
=i|l—+k—), kel
P =1 (4a + o) PES

are the images of ,ugo by the rotation of angle 5. Let Ry, R_y, Ry and é,k, k € Z, be the
rectangles defined in (4.137). We recall that the rectangles Ry, k € Z, do not intersect, as
well as the rectangles R_, Ek and }Ni_k due to € < g, we recall, also, that as |¢go| is periodic
of period 7, then there exists a constant p(e) > 0 such that [¢oo(x)| > p(e) for all p on the
rectangle Ry, k € Z. Thus it follows from (4.138) that for all u on the rectangle Ry, where
|k| > ko(e) large enough,
2v/2 2v/2 3v2
V2 N V2 N V2

3¢~ 1Rnal 4.186
aluP T aluf T aZp T (4.186)

[Po1(p)] <
Since the right hand tends to 0 as |Rua| — oo, then for all p on the rectangle Ry, where

’k‘ Z kO(E)a
P01 ()] < [doo (). (4.187)

For all u € C, we have

Bo(—#) = (— )" (cos(—pa) sinh(~pa) — sin(—pa) cosh(—pa))
= —i°(— cos(pa) sinh(pa) + sin(pa) cosh(pa))

= p5(cos(pa) sinh(pa) — sin(pa) cosh(pa)) = ¢o(p), (4.188)
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while

b1(—p) = 2ic(—p)? cos(—pa) cosh(—pa) + 2ia sin(—pa) sinh(—pa)
+ (_L)g(cos(—,ua) sinh(—pa) — sin(—pa) cosh —(pa))
= 2iau® cos(pa) cosh(pa) + 2ia sin(pa) sinh(ua)
+ :3(— cos(pa) sinh(pa) + sin(pa) cosh(pa))
= 2iap® cos(pa) cosh(ua) + 2ia sin(pa) sinh(ua)
+ :?’(cos(ua) sinh(ua) — sin(pa) cosh(ua)) = ¢1(w). (4.189)
It follows from (4.188) and (4.189) that ¢ is an even function. Thus we have the same estimates

(4.186) and (4.187) for all u on the rectangles Ry and R_j where k € N and k > ko(e) large

enough.
Let
(1) = 2P (cos(ua) sinh(ua) — sin(pa) cosh(ua)) (4.190)
and
é1(p) = —2iasin(pa) sinh(pa) — 2iap? cos(pa) cosh(ua)
_ Mls(cos(,ua) sinh(jia) — sin(a) cosh(pa)). (4.191)
Thus

d(1) = dolp) + d1(s). (4.192)

For all p € C, we have

dolip) = a2 (ip)° (cos(ipa) sinh(ipa) — sin(ipa) cosh(ipa))
= a%ip® (i cosh(ua) sin(ua) — i sinh(pa) cos(pa))

= a5 (cos(pa) sinh(pa) — sin(ua) cosh(pa)) = ¢o(k), (4.193)
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while

é1(ip) = Ziavsin(ipa) sinh(ipa) + 2ia(ip)? cos(ipa) cosh(ipa)
1

(ip)?

= —2jasin(pa) sinh(pa) — 2iau® cos(pa) cosh(ua)

_|_

(cos(ipa) sinh(ipa) — sin(ipa) cosh(ipa))

+ 2;3(@ cosh(ua) sin(pa) — isinh(ua) cos(pa))
= —2jasin(pa) sinh(pa) — 2iau® cos(pa) cosh(ua)
_ /;’(COS(M@ sinh(pa) — sin(pa) cosh(ua)) = —o1 (). (4.194)

Thus

o(in) = do(p), (4.195)

while

1(ip) = =1 (). (4.196)

Whence

d(ip) = do(p) — b1 (k). (4.197)

It follows from (4.183), (4.184) and (4.185) that we can obtain the same estimates (4.186)
and (4.187) for all p on the rectangles Ry and R_j where k € Z and |k| > ko(e) large
enough. Since it follows from (4.192) and (4.197) that ¢(u) and ¢(ip) have the same upper
bound |¢o(11)] + |¢1(12)| for all 1 on the rectangles Ry and R_j, then we can obtain the same
estimates (4.186) and (4.187) for all 4 on the Ry, and R_; where k € Z and |k| > ko(e) large

enough.

We recall that )" = (£ +kZ) € Ry, —pp’ " = — (£ + k%) € Ry, i T =i (£ +kT) €
Rk and —ﬁ20+ = —1 (% + kg) € ﬁ_k, see Remark 4.27. As ¢y has no nonzero zero in the
interval (=7, %), the rectangles Ry, R_j, ]Aék and ﬁ,k, k € 7Z are closed curves, 0 is a zero

of multiplicity 8, ,&;, iy, ,&fk and fi_, are simple zeros of ¢g, then it follows from (4.183),

(4.184), (4.185), (4.187), Remark 4.27 and Rouché’s theorem that there are zeros of ¢ which
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have the same asymptotics as the zeros of ¢y and the images of zeros of ¢g by the rotation of

angle 7 and these asymptotics are

(i = +(4k — 7) 4= +o(1), where k > ko(e) and

(4.198)
,u% = Fi(4|k| — 7) 4z + o(1), where k < —ko(e)
with o(1) — 1 as |k| — oo, see (4.182).
Let Sk, k € N be the square defined in (4.66). Let
$11(p) = —2iap? cos(ua) cosh(pa) (4.199)
¢12(1) = —2iasin(pa) sinh(pa) (4.200)
1 . .
P13(p) = —E(cos(,ua) sinh(pa) — sin(pa) cosh(ua)). (4.201)

It follows from (4.164) and (4.169) that for all x4 on the square Sy, where k € N and k > mg =
max {]A{Jo, =V 33}

2
G 190n)| = S|P cos(pua) cosh(yua) | tanh(ua) — tan(yua)|
2
= 5|l cos(ua) cosh(yua) |3 ()|

2
o
> = |ul’| cos(na) cosh(ua)|

3
= a‘g?a!u!zl cos(pua) cosh(pa)l

3
= U 011> Ion ()l (1.20)

Using (4.152) and (4.162) we have for all p on the square S where k € N, k > my =
max{%f’/f’,%o}

a2 a2
= [90(m)l = - |uP sin(pa) sinh(ua) | coth(na) — cot(na)l
2
= = |l sin(pa) sinh(ua)||62(p)

2
« . .
> ~|ul*|sin(ua) sinh(ua)|

5
= a\l,t; 2a/ sin(pa) sinh(pa)|

5
= A a1 > o2l (1.20)
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5
There exists mg = £ ¢/ % such that for all y on the square Sy, k € N and k > my, m <

o 3
Thus for all p on the square Si, where k € N and k > my

CMZ
[é13(1)] < -ldo(w)]. (4.204)

It follows from (4.202), (4.203) and (4.204) that for all ¢ on the square Sy, where k£ € N and

k > 1ho = max{myg, Mg, 70}

|b1(1)] < |0 (). (4.205)

Since the square Si is a closed curve, then (4.205) and Rouché’s theorem imply that ¢ and

¢o have the same number of zeros inside the square Sy, where k£ € N and k > my.

Remark 4.31. Let k; = max{ko(),o}. As 0 is a zero of multiplicity 8 of ¢o, while fi;",
iy s /lfk and fi_, are its simple zeros, then the number of zeros of ¢ and therefore of ¢ inside

the squares Sy, where k > k1, is 4k. Thus we have the following proposition.

Proposition 4.32. For g = 0, there exists a positive integer ko such that the eigenvalues e,
k € Z, of the problem (3.1)~(3.2), where B1(y) = y(0), Ba(y) = v"(0), Bsy = ¢/(a) —ia y”(a)
and Byy = y(a) +z'a)\y(3)(a), counted with multiplicity, can be enumerated in such a way that
the eigenvalues e are pure imaginary for |k| < ko and Mg = —5\7C for |k| > ko, where
Ae = ()% with

fi = £k —T)E +o(1), if k>0

i = +i(4[k| = ) E +o(1), if k<0
In particular, there is an even number of pure imaginary eigenvalues.
Remark 4.33. We give only the enumeration of the zeros ﬂf of ¢, since the remainder of
the proof of the proposition is identical to the proof derived for the remainder of Proposition

4.25.

Proof. The function ¢ has 4k1 number of zeros inside the square Sy, , since there is no nonzero

T

zeros of ¢ in the interval (=7, F), then no zero of ¢ has an asymptotic of elements of the

interval (—7%, 5). Thus the zeros of ¢ inside the square Sy, are the following

=

—3 s T
+ = nE —

R [ =37 . (T - ; i
4%, =+ <4a> +o(l), ik, = =i (@) F0(1), o 5 ) = Fi(4R1 = 3) -+ o(1).
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Hence
ﬂ? = +(4k — 7)41 +0(1), where 1 < k < ky,
a

p, = Fi(4)k| — 7)% +o(1), where —k; <k < —1.

Using the same approach as in the proof of Proposition 4.23, we can show that the zeros of ¢
for |k| > ky are
i, k=ki ki +1,...
— ki, =k —1,...

and satisfy

fif = £(4k — ) + o(1), where k > ki,

fiF = £i(4k| = )& + o(1), where k < —k;,
see (4.198). -

4.5 The boundary terms B;y and By are the following: By =
y(0) and Byy = y/(0)

Using the canonical fundamental system, then

Biy1 =41(0) =1, Boyr = 41(0) =0,
Biys = y2(0) = 0, Baya = y5(0) = 1,
Biys = y3(0) =0, Bays = y5(0) = 0,
Biys = y4(0) = 0, | B2ya = y4(0) = 0.

It follows that the characteristic matrix of this particular boundary problem is

B, 1 0 0 0
By 0 1 0 0

M= (yl Y2 Y3 y4> = . (4.206)
Bs Bsy1 Bsya Bsys Bsya

By Byyr Bay2 Bays Baya
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The determinant of the characteristic matrix M. gives the characteristic function of the dif-
ferential equation (3.2). The shape of the matrix M, leads to a reduced characteristic matrix

of the boundary value problem.

The reduced characteristic matrix of the boundary value problem is

B3 Bsys Bsys
M= (35 i) = . (4.207)
By Byys Bays

It is easy to check that det M. = det M.

4.5.1 Asymptotic of the eigenvalues for B3y = v"(a) + ia\y'(a) and By =
y®(a) — iay(a)

It follows from (4.207) that

det M = BsysByys — B4ys B3y,

= (y4(a) + iy (@) (v (@) — iapPys(a)) — (45 (a) — iapPys(a)) (Y4 (a) + ian’yy(a))

= ()t (a) + o2ty (a)ya(a) — v5” @)y (@) — o uys(a)yi(a) + iop® (vh(a)ys” (a)

— yi(a)ya(a) — v (a)yh(a) + ys(a)yl(a))

= ()t (@) — u§¥ (@) (a) + Pyl (a)ya(a) — aPutys(a)yl(a)
+iap®(y(a)ys) (@) — v (@)ya(a) + ys(@)yi(a) — yi(@)ys (a)). (4.208)

We can derive from (4.21) and (4.25) the following

Yy(w) = o sin(ua) + 2k sinh () = (@),
3 21 21 4 (4.209)

yi(2) = & cos(ux) + & cosh(uz) = 3V (x),

0) = i) + i) = ).
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Thus

det M = (yi"(@))? = p'ya(@)yi (@) + *u'y{ (a)ya(a) — a?p (yi(a))?
vi ()55 (@) =y (a)ya(a) + vh(a)yl (@) — 'y (@)ya(a))
V(@)? = (1= )ty ()paa) — @’ (v())”

v (@)yi? (a) — v (@)ya(a) + yi(a)yl(a) — p'yi(a)ya(a)).  (4.210)

+ zauQ

A
\_/
A/-\/_\/\

However

(yf’)(a))2 =1 cos®(pa) + %cos(,ua) cosh(ua) + %coshz(,ua),

see (4.33), while

1 1 1
(v (a))* = e cos®(ua) — e cos(pa) cosh —1—4—M4 cosh?(pa)

and

yy(a)y)(a) = (— sin(pa) cos(pa) — sinh(pa) cos(ua) + sin(pa) cosh(pa) 4+ sinh(pa) cosh(pa)) ,

4u3

see (4.31) and (4.29). But

ya(a)yy(a) = (—2;3 sin(pa) + 2;3 sinh(;m)) <2%u sin(pa) + 21“ Sinh(ua))

1 1
=1 sin?(ua) + v sinh?(ua), (4.211)

ya(a)y)(a) = (—2;3 sin(pa) + 2;3 sinh(ua)) <—2/1$2 cos(pa) + 21”2 cosh(,ua))

b sin(pa) cos(pa) — 1 sin(pa) cosh(pa)

4pP 4ps
1 1
L5 sinh(pa) cos(ua) + e sinh(pa) cosh(ua), (4.212)

7 @ita) = (G eos(ua) + 5 eoshua) ) (5 sinfa) + 5. s

1 1
= m sin(pa) cos(pa) + m sinh(pa) cos(pa)

1 1
+ o sin(pa) cosh(pa) + w sinh(ua) cosh(ua), (4.213)
[ [
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yf') (a)ys(a) = <; cos(pa) + ;cosh(pa)> <2;3 sin(pa) + 2;3 sinh(,ua))

1 1
= 18 sin(pa) cos(pa) + V] sinh(ua) cos(pa)

1 1
~ 58 sin(pa) cosh(pa) + 18 sinh(pa) cosh(ua).

Let
Foa) = (457(a))? = (1 — o) 'y (a)ya(a) — 2 (v (a))?.

Then

1 1 1
Fy(a) = i cos?(ua) + 3 cos(pa) cosh(pa) + i cosh?(pa)

+ (1 —a?) <i sin®(pa) — isinh%,ua))

1 1 1
— a2 (4 cos?(ua) — 3 cos(pa) cosh(pa) + 1 coshz(ua)>

= %(1 —ao?) + %(1 + o) cos(pa) cosh(pua)

Let
o (3) RG] / 7 N,
Fi(a) = yi(a)yy” (a) — y5” (a)ya(a) + yi(a)ys(a) — p yi(a)ys(a).
Then it follows from (4.213), (4.214), (4.29), (4.212) and (4.218) that

1 1 1
Fi(a) = — sin(pa) cos(ua) + — sinh(pa) cos(ua) + — sin(pa) cosh(pa
(@) = - sin(pa) cos(jua) + 1 sinh(pa) cos(jua) + 1 sin(ja) cosh(jua)

1 1 1
+ n sinh(ua) cosh(ua) + V] sin(pa) cos(pa) — V%] sinh(ua) cos(pa)

1 1. 1.
+ ] sin(pa) cosh(pa) — ] sinh(pa) cosh(pa) — V%] sin(pa) cos(pa)

1 1 1
~ s sinh(pa) cos(pa) + V] sin(pa) cosh(pa) + V] sinh(pa) cosh(ua)

1 1
m sin(pa) cos(pa) + m sin(pa) cosh(pa)

1 1
+ m sinh(pa) cos(pa) — m sinh(pa) cosh(pa).

Thus

Fi(a) = i(sin(ua) cosh(ua) + sinh(jua) cos(pa)) — 2;3(sinh(ua) cos(jia)

— sin(pa) cosh(pa)).

(4.214)

(4.215)

(4.216)

(4.217)

(4.218)

(4.219)
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It follows from (4.210), (4.216) and (4.219) that

o

det M = ?,u(sin(ua) cosh(ua) + sinh(pa) cos(pa))

+ %[(1 —a?) + (1 + a?) cos(pa) cosh(pa)]

- %(sinh(ua) cos(pa) — sin(pa) cosh(pa)). (4.220)

Thus the characteristic equation —2idet M = 0 is

() = ago(p) + ¢1(pn) =0, (4.221)

where

¢o(p) = p(sin(pa) cosh(ua) + cos(ua) sinh(ua)), (4.222)
d1(1) = —i[(1 — a®) 4+ (1 + a?) cos(ua) cosh(pa)]

- %(sinh(ua) cos(pa) — sin(pa) cosh(ua)). (4.223)

The zeros of the function ¢g are 0 and the zeros of sin(ua) cosh(pa)+cos(pa) sinh(pa). Observe
that for p # 0, ¢o(p) = 0 implies that cos(ua) # 0 and cosh(ua) # 0. Hence

¢o(p) = peos(pa) cosh(ua)(tan(pa) + tanh(ua)),

therefore the nonzero zeros of ¢y are those p # 0 for which tan(ua) + tanh(pua) = 0. Since
tan’(pa) > 1 and tanh’(pa) > 0 for € R, the function z — tan(ua) + tanh(pa) is increasing
with positive derivative on each interval ((k: — %) m, (k + %) 77). On each of these intervals, the
function moves from —oo to oo, thus we have exactly one simple zero /i of tan(ua)+tanh(ua)
in each interval ((:l:k — %) T, (:tk + %) 77), where k is a positive integer, and no nonzero zero
in (—9-, &£). As the functions & — tan(pa) and  — tanh(ua) are odd functions, then the
function z +— tan(z) + tanh(x), z € R is an odd function. Whence fi, = —f;, and since

tanh(z) — 1 as * — oo, we have

i = (4k — 1)% +o(1), fi = —(4k — 1)% +o(l), k=1,2,.... (4.224)

As tan(iya) = itanh(vya) and tanh(iya) = i tan(ya), the nonzero pure imaginary zeros of ¢
are simple and of the form

b, = i(dk — 1)41 +o(l), im, = —i(dk — 1)41 to(l), k=1,2,.... (4.225)
a a
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The function ¢q in this subsection is obtained by multiplying the function ¢¢ in Subsection
4.4.3 by ;=2 and by replacing the trigonometric functions sin(ua) and cos(ua) respectively
with sin(—pa) and cos(—pa). This leads to the equation (4.128) for u # 0. Hence Remark

4.26 implies that the zeros of ¢g are either real or pure imaginary.

Thus the zeros of ¢g are the following

0, fif = £(4k — 1)41 +o(1), ji, = i(4k — 1)41 to(l), k=1,2,.... (4.226)
a a
Let to(u) = p and
U1 (1) = tan(ua) + tanh(pa). (4.227)

Then ¢ (1) = a(1 4 tan?(pa)) + > 0. Thus it follows that 0 is a simple zero of 1

_a
cosh?(ua)

and 1;1 therefore 0 is a zero of multiplicity 2 of ¢g. Whence the zeros of ¢g counted with

multiplicity are

iE =0, oF =4k —1)E + o(1),
Ko My ( )4,1 o(1) 7 (4.228)
i, = Li(dk — 1) &= +o(1), k=1,2,.
see (4.226).
Let
doo(p) = cos(ua) + sin(ua) (4.229)
doa(4) = (=1 + tanh () cos(iua) — ~— (= (1 + 02 cos(pa)
= _ 1. —_—— —
oLiH Anpa)) cosipa ap \ cosh(ua) K
1 :
- ﬁ(— sin(pa) + cos(pa) tanh(pa)). (4.230)
Then
$(1)
= = . 4.231
Po2(1) o7t cosh () boo (1) + do1 () (4.231)
It is easy to see that
Rl = (—% + k:g) , k € Z are the zeros of ¢g (4.232)

and

0 =g (—41 + kz) , k € Z are the images of ui" by the rotation of angle g (4.233)
a a
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Let

Ry be the rectangles with vertices (4k — 1) £e4ie, k€ Z and € € (0, 5;)

R_j, their symmetric images with respect to the y axis , ﬁk, and ]?Lk,

. (4.234)
the respective images of the rectangles R; and R_j by the rotation
of angle §
Remark 4.34. We can observe that u20+ = (—£ +kZ) € Ry, —,u20+ =—(—f£ +kI) €

Rop, 0T =i (— & + k%) € R, and %" = —i (& +kT) € R_y.

Since € < 5, the rectangles Ry, k € Z do not intersect, as well as the rectangles R_y, ﬁk and
R_y. As|¢gol is periodic of period 7, there exists a constant p(e) > 0 such that |¢oo ()| > p(e)
for all i on the rectangle Ry, k € Z. On the other hand for all i on the rectangle Ry, where

|k| > k1(e) is sufficiently large positive, we have

[cos(ua)(—1 + tanh(ua)| = | == < By < e e
|cos(pa)| < V2, |sin(ua)| < V2, |tanh(upa)| <2 , (4.235)

| sin(pa) — cos(ua) tanh(pa)| < 3v/2

see (4.138). We, also, have for sufficiently large positive |k| > ka(e) and for all p on the

rectangle Ry

1 2 2
= < < 3¢~ Pnal, 4.236
cosh(pa) lene + e—ma| ~ olRpual € ( )
Thus
1—a? 2|1 — o?| 2(1+ a?) 9
= < <3(1 ~[Rpal,
cosh(pa)| |ere + e—ra| elRual (1+a%)e

Let ko(e) = max{ki(¢), k2(e)}. Then it follows from (4.230), (4.235) and (4.236) that

(1 + a2)(3 + \/5) 3\/5 + 3e—|§Rua\

alg e (4.287)

|po1 ()] <

for all p on the rectangle Ry and |k| > ko(e) large enough. Since the right hand tends to 0 as

|Rual — oo, then for all p on the rectangle Ry, where k € Z, |k| > ko(e),

P01 ()] < [doo (). (4.238)
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For all pn € C, we have

¢o(—p) = —p(sin(—pa) cosh(—pa) + cos(—pa) sinh(—pa))
= —pu(—sin(ua) cosh(ua) — cos(pa) sinh(pa))

= p(sin(pa) cosh(pa) + cos(pa) sinh(pa)) = ¢o(u), (4.239)

while
b1(—p) = —il(1 — 02) + (1 + 02) cos(—pua) cosh(—pa)

+ %(sinh(—,ua) cos(—pa) — sin(—pa) cosh(—pa))

= —i[(1 —a?) + (1 + a?) cos(ua) cosh(pa)]

+ %(— sinh(pa) cos(pa) + sin(pa) cosh(pa))

= —i[(1 —a?) + (1 + a?) cos(ua) cosh(pa)]

- %(sinh(ua) cos(pa) — sin(pa) cosh(pa)) = ¢1(p). (4.240)

Thus it follows from (4.221), (4.239) and (4.240) that ¢ is an even function and therefore we
have the same estimates (4.237) and (4.238) for all p on the rectangle R_j, where k € Z and
k| = ko(e).

Let
o(1t) = ap(sin(pa) cosh(pa) + cos(ua) sinh(ua))
- %(sinh(,ua) cos(pa) — sin(pa) cosh(pa)) (4.241)
o1(p) = —i[(1 — a®) + (1 + a?) cos(pa) cosh(pa)]. (4.242)
Then

d(1) = dole) + b1 (1) (4.243)
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¢o(ip) = iapu(sin(ipa) cosh(ipa) + cos(ipa) sinh(ipa))

- %(sinh(iua) cos(ipa) — sin(ipa) cosh(ipa))

= jayu(i sinh(pa) cos(pa) + i cosh(pa) sin(ua))

— %(z sin(pa) cosh(pa) — isinh(ua) cos(pa))

= —ap(sin(pa) cosh(pa) + cos(pa) sinh(ua))

+° (sinh(jia) cos(a) — sin(ua) cosh(pa)) = —Go(n). (4.244)
while
o1 (ip) = —i[(1 — &) + (1 + a?) cos(ipa) cosh(ipa)]
= —i[(1+ 0?) + (1 — ®) cos(pa) cosh(pa)] = ¢1(u). (4.245)
Thus
B(ip) = —o(p) + (). (4.246)

Using the equations (4.221), (4.222) and (4.223), we can obtain the same estimates (4.237)
and (4.238) for all p on the rectangles Ry and R_j, where k € Z and |k| > ko(e) large enough.
Since |¢()| and |¢(ig)| have the same upper bound |¢o ()| +|é1(1)| for all 1 on the rectangles
Ry, and R_j, see (4.243) and (4.246), then we can also obtain the same estimates (4.237) and
(4.238) for all y on the rectangles Ry and R_j; by using the same equations (4.221), (4.222)
and (4.223).

Since the rectangles Ry, R_p, Ry, and R_j, are closed curves, 0 is a zero of multiplicity 2 of ¢y,
[Lf and ,&jfk are simple zeros of ¢g and ¢g has no nonzero zero in the interval (-7, 7), then
it follows from (4.238), Remark 4.34 and Rouché’s theorem that there are zeros of ¢ which

have the same asymptotics as the zeros of ¢g, where the asymptotics of the zeros of ¢g are

fiif = £(4k — 1) = + o(1), where k € Z, k > ko(c) and

, (4.247)
ﬂ;‘t = Fi(4k| — 1)z + o(1), where k € Z, k < —ko(e)

with o(1) — 0 as |k| — oo, see (4.228).

Let Sk, k € N be the square defined in (4.66) and @Zl be the function defined in (4.227). Then
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for k € Z and p = %’T—Fi% where v € R,
|tan(pa) £ 1| > 1,

see (4.165), also there exists ko € N such that for all k € N, k > kg and v € R
1
‘tanh ((kg + i’y) a) - sgn(k)’ <3

see (4.166). Thus
~ 1 km . ~
|11 (p)] > 5 for p = — +iy, k€Z, |k| > ko and v € R, (4.248)

see (4.167). By interchanging tan and tanh for u = v + ikZ we obtain the same estimate
(4.248). Therefore

~ 1 -
|11 (p)] > B for all p on the square with vertices + kg iz’kg, where k € N,k > ko. (4.249)

Let
d11(p) = —%(COS(MCL} sinh(pa) — sin(pa) cosh(ua)) (4.250)
p12(p) = —(1 + a?)i cos(pa) cosh(ua) (4.251)
d13(n) = —(1 - ?)i. (4.252)

The function  — tan(x) — tanh(z) is continuous for all € R, where x # 5 + k7 and k € Z.

Thus there exist My > 0, such that
| tan(pa) — tanh(pa)| < My for all p on the square Sy, where k € N. (4.253)

Then for p on the square with vertices =52 +ik%, where k € Nand k > 79 = max {Eo, 2 7M0}

P11 (p)] = ﬁ! cos(pa) sinh(pa) — sin(pa) cosh(pa)|

| | ] cos(pa) cosh(pa)|| tan(pa) — tanh(pa)|
2aMy
— 2l
2a M
< TM 0| cos(ua) cosh(ua)|| tan(ua) + tanh(ua)|

6Mp o

w3
M
< TR 51001 < 1o (1.254

| cos(pa) cosh(pa)|

2 1/l cos(paa) cosh(ua)| tan(jua) + tanh i)
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On the other hand, for p on the square with vertices k7 4 ik7, where k € N and k > mg =
”]50 Ta(1+a?)

o }, we have

max {

S160(1)] = 5 lullvr ()] cos(pua) coshua)

1 2
> bl os(a) cosha)|
> (ml + || cos(pa) cosh(pa)|
alpl
> |pra(p)]- (4.255)
Putting pa = x 4 4y, we have
cos(z + iy) = cosx coshy — isinx sinh y, (4.256)
cosh(x + iy) = cosy cosh z + i siny sinh z. (4.257)

Thus

| cos(x + iy) cosh(z + iy)| = | cos(z + iy)|| cosh(x + iy)|

= (\/0052  + sinh? y> (\/COS2 y + sinh? ac) > |sinhx|. (4.258)

Hence there exists 76\0 = @, such that for pu on the square with vertices +k7 4 ik7,

| cos(pa) cosh(pa)| > 3. Thus for p on the square with vertices £k% 4 ikZ, where k € N

~ ~ o~ 2
and k > mg = max{ko,ko, %}, we have

613(1)] < 1+
a2(l+ a?)

3 aljl IMIICOS(ua)Cosh(ua)Htan(ua)+tanh(ua)|<%|¢o(u)l- (4.259)

Let o = max{mqg, mo,mo}. Then it follows from (4.254), (4.255) and (4.259), that for x on

the square with vertices k7 4+ ik”7, where k € N and k > o,

[91(1)] < alo(p)]- (4.260)

As the square Sy, is a closed curve, then (4.260) and Rouch’e’s theorem imply that ¢ and ¢

have the same number of zeros inside the square Sy, where k& € N and k > my.
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Remark 4.35. Let k; = max{mo, ko(¢)}. Since 0 is a zero of multiplicity 2 of ¢y, [L,f and
/lj_tk are simple zeros, then the number of zeros of ¢g and therefore of ¢ inside the square S,

where kK € N and k > kq, is 4k + 2.

Proposition 4.36. For g = 0, there exists a positive integer kg such that the eigenvalues S\k,
k € Z, of the problem (3.1)—(3.2), where B1(y) = y(0), Ba2(y) = ¥'(0), B3y = y"(a) +iaXy'(a)
and Byy = y®)(a) — iady(a), counted with multiplicity, can be enumerated in such a way
that the eigenvalues N, are pure imaginary for |k| < ko and A_j = —5\71@ for |k| > ko, where
Ax = ()% with

fii =£(dk— 1)~ +o(l), if k>0,

fi; = xi(dlk| - 1)E +0(1), if k<O0.
In particular, there is an odd number of pure imaginary eigenvalues.

Remark 4.37. We give only the enumeration of the zeros ﬂf of ¢. The remainder of the

proof is identical to the remainder of the proof derived for Proposition 4.23.

Proof. The function ¢ has 4k; + 2 number of zeros inside the square Sy, since there is no

T T

nonzero zero of ¢g in the interval (—7, ), then there is no nonzero of ¢ inside this interval.

Thus the zeros of ¢ inside the square Sj, are the following

Ly T T o+ T
Mo —ﬂ:@"‘O(l), H1 —i@"‘O(l),, ,ukl —i(4k1—1)@+0(1),
3w s T
~t . A . ~t .
,U,_l = il@ + 0(1), /,6_2 = :IIZE + 0(1), ey [,L_kl = :l:’l(4k1 — 1)@ -+ 0(1)
Whence

it = £ (4k — 1)41 +o(1), where 1 < k < ki,
a

it = Li(d]k| — 1)41 +o(1), where — ki <k < —1.
a

Using the approach of the proof of Proposition 4.23, we can prove that the zeros of ¢ for

|k| > ko are

5, k=koko+1,...

— ko, ko —1,. ..
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where kg = k1 —n + 1 and satisfy

fii = £(dk — 1) = + o(1), where k > ko,
fix = Fi(4[k] — 1) + o(1), where k < —k,

see (4.247). O

4.5.2 Asymptotic of the eigenvalues for By = y"(a) + ialy'(a) and By =
y(a) +iay®(a)

It follows from (4.207) that

det M = BgygB4y4 — B4y333y4
= (y(a) + icp®yy (@) (yala) + iy (@) — (ys(a) + iy (@) (Y4 (a) + iy (a))
= g (a)ya(a) — @®uy(@)ys? (a) — ys(a)yl(a) + a®uys? (a)yh(a) + iap?(yh(a)ya(a)

)
+y4(a)ys (@) — ys(a)yh(a) — u5¥ @)yl (a))

= y4(a)ya(0) — y3(0)yf (a) — P p*vh(a)ys (a) + o*utyS” (@) (a)
+ i (ys (a)ya(a) + 93 (@)ys” (@) — 957 (@)yf (@) — vh(a)ys(a)). (4.261)
Let
Ao(a) = v (a)ya(a) — ys(a)yf (a) — o* 'yl (@) (0) + 0" (a)y () (4.262)
and
Ar(a) = y(a)ya(a) + 95 (@)ys” (@) — o5 @)y () = vh(a)ys(a). (4.263)

Then it follows from (4.209) that
Ao(a) = i (@)ya(a) — vh(@)y (@) — @*u*yl (@)l (a) + @®uBya(a)yi(a),

while

Ar(a) = vl (@)ya(a) + (557 (@)? = (¥4(a))? — ' ya(a)yl (a).
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Thus (4.29), (4.212), (4.213) and (4.214) give

1 1 1
Ap(a) = e sin(pa) cos(pa) + ] sinh(pa) cos(pa) — ] sin(pa) cosh(pa)
1 1 1
+ e sinh(pa) cosh(pa) — <_4/~03 sin(pa) cos(pa) — ] sinh(ua) cos(pa)
1 1 1
+ 7] sin(ua) cosh(pa) + V] sinh(pa) cosh(pa)) — 042;1,4(@ sin(pa) cos(pa)

1 1 1
+ m sinh(pa) cos(pa) + m sin(pa) cosh(pa) + m sinh(pa) cosh(pa))
+a?u® 1 sin(pa) cos(pa) — 1 sin(pa) cosh(pa) — 1 sinh(pa) cos(pa)
4pP 4P 4P

1
+ —— sinh(ua) cosh(ua))

4p
1 a? 3
= F(cos(,ua) sinh(pa) — sin(pa) cosh(ua)) — (cos(ua) sinh(pa)
,u
+ sin(pa) cosh(ua)), (4.264)
while from (4.31), (4.33) and (4.211) we have
Av(@) =~ sin(ua) + o sinh?(ua) + | cos* () + 5 cos(ua) coshua)
1(a) = " sin“(pa " S pa) + 7 cos”(ua) + 5 cos(pa) cosh(ua

1 1 1 1
+ 1 cosh?(pa) — <4,u4 cos?(ua) — 2 cos(pa) cosh(pa) + v cosh2(,ua)>

1 1
—ut (_4H4 sin?(pa) + i sinh2(ua)>

1 1
= ———(cos?(pa) + sin?(pua) + cosh?(pua) — sinh?(pa)) + 3 cos(ua) cosh(pa)

4pt 24
1 1
+ Z(COSQ(,UG) + sin?(ua) + cosh?(pa) — sinh?(pa)) + B cos(pa) cosh(ua)
1 1 1 1
= o + o cos(pa) cosh(pa) + 3 + 5 cos(pa) cosh(pa). (4.265)

Whence (4.261), (4.264) and (4.265) yield

2.3 S R,
det M = — 2L (cos(pa) sinh(pa) + sin(pa) cosh(pa)) + WQM + WQ'M cos(ua) cosh(pa)
1 . . e} i
+ ﬂ(cos(ua) sinh(pa) — sin(pa) cosh(pa)) — 22 + 22 cos(pa) cosh(pa). (4.266)

It follows that the characteristic equation —2det M = 0 is

G(p) = o o(p) + ¢1(p) =0, (4.267)
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where

do(1) = p?(cos(ua) sinh(pa) + sin(pa) cosh(ua)), (4.268)
b1(p) = —iap? — iop® cos(pa) cosh(pa) — :g(cos(,ua) sinh(ua) — sin(ua) cosh(pa))
+ Z);(l — cos(ua) cosh(ua)). (4.269)

The function ¢q in this subsection is obtained from ¢g in Subsection 4.4.3 by replacing the
trigonometric functions sin(pa) and cos(pa) respectively with sin(—pa) and cos(—pa). This
leads to the equation (4.128) for p # 0. Therefore it follows from Remark 4.26 that the zeros

of ¢¢ are either real or pure imaginary.

The zeros of the function ¢g are identical to the zeros of ¢y defined in Subsection 4.5.1. These
zeros are 0, jiif = £(4k —5) % +o(1) and i, = £i(4k —5) & +o(1), see (4.268), (4.224) and
(4.225). We recall that 0 is a zero of multiplicity 3 of u + ¥o(u) = 3, while it is a simple
zero of p1 — 11 (p) = cos(pa) sinh(pa) + sin(pa) cosh(pa). Thus 0 is a zero of multiplicity 4 of
¢, while ﬂf and ﬂjfk are its simple zeros. Whence the zeros of ¢g counted with multiplicity

are the following

fE =0, 4 =0, i = £(4k —5) % + o(1),

(4.270)
i, = Li(dk — 5) & +o(1), k=2,3,...
Let
$oo(p) = cos(pua) + sin(pa) (4.271)
B i icos(pa)
bun () = (=1 + tanh(ua)) cos(a) — b = 10
1 . 1 1
— ozTuﬁ(COS('ua) tanh(pa) — sin(pa)) + e <cosh(,ua) - cos(,ua)) . (4.272)
Then
Doy i= 5 () + ). (4.273

We recall that
=(—-——+k—), keZ
Hie ( 4a + o) "
are the zeros of ¢, see (4.229), (4.232), (4.271), while

~00 __ - m 7T)
—i (- k") ke
Hi Z( 4a + al’ <
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are the images of these zeros by the rotation of angle 7.
Let Ry, R_;, fik and ]Aé,k, k € Z be the rectangles defined in (4.234).

As & < 4, the rectangles Ry, k € Z do not intersect, as well as the rectangles R_y, Ek and
R_i, k € Z. Since |¢po| is periodic of period 7, there exist a constant p(¢) > 0 such that
|doo(t)| > p(e) for all u on the rectangle Ry, k € Z. For all p on the rectangle Ry, where
|k| > k1(e) sufficiently large positive we have,

S|pal

(y—iz) 4 o—(y—iz) _
e +e 2e |Rpal
e2na 1 S e2|Rual < 36

|cos(pa)| < V2, |sin(ua)| <2 |tanh(ua)| < /2 ;
|sin(pa) — cos(ua) tanh(pa)| < 3v/2

|cos(pa)(—1 + tanh(ua)| =

see (4.138) and
1

- <3 _‘%H@"
cosh(pa) c

for all 4 on the rectangle Ry, where |k| > ka(e) is large enough, see (4.236). Let ko(e) =

max{k1 (), k2()}. Then it follows from (4.138) and (4.236) that

3 2 3 2 3v2
+V2 3+4V2 3V2

o pl alpld  a?[ulb

|do1(1)] < + 3¢~ Rual (4.274)

for 1 on the rectangle Ry where k € N and k > kg(e) large enough. Since the right hand
side tends to 0 as |[Rua| — oo, it follows that for all ;1 on the rectangle Ry, where k € Z and
|k| > ko(e) large enough,

P01 ()| < oo (). (4.275)

For all u € C, we have

¢o(—p) = (—p)*(cos(—pa) sinh(—pa) + sin(—pa) cosh(—pa))
= —u3(— cos(pa) sinh(pa) — sin(pa) cosh(ua))

= p3(cos(pa) sinh(pa) + sin(pa) cosh(pa)) = ¢o(p), (4.276)
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b1(—1) = —ie(—1)? — ia(—p)? cos(pua) cosh(—pa) — (_L)gcos(—ua) sinh(~p
— sin(—pa) cosh(—pa)) + (13)2 (1 — cos(—pa) cosh(—pa))

—1
= —iap?® — iap® cos(ua) cosh(ua) — —5 (— cos(pa) sinh(pa)
w
+ sin(ua) cosh(ua)) + %(1 — cos(pa) cosh(ua))
W

1
= —iap?® — iap® cos(ua) cosh(ua) — — (cos(pa) sinh(ua)
w

 sin(ua) cosh(jua)) + (1 = cos(ua) cosh(ua)) = 6 ().
Let
o) = o (cos(pa) sinh(pa) + sin(pa) cosh(ua))
— i (cos(ga) sinh(ju0) = sin(a) cosh 1)
F1() = —iap? — iap? cos(pa) cosh(ua) + j;‘u _ cos(ua) cosh(ua)).
Then

d(1) = dol1e) + d1(p).

On the other hand

dolip) = o (ip)?(cos(ipa) sinh(ipa) + sin(ipa) cosh(ipa))
1

R

= —ia?p3 (i cosh(pa) sin(ua) + i sinh(pa) cos(ua))

- z_y;’(l cosh(ua) sin(pa) — i sinh(pa) cos(pa))

(cos(ipa) sinh(ipa) — sin(ipa) cosh(ipa))

= %3 (cos(pa) sinh(pa) + sin(pa) cosh(pa))

- :3(008(#@) sinh(j1a) — sin(pa) cosh(ua)) = Go(u),

while

o1 (ip) = —iau(ip)? — ia(ip)? cos(ipa) cosh(ipa) + (Zj)z (1 — cos(ipa) cosh(iua))

= jap? + iap? cos(pa) cosh(ua) — Z;(l — cos(pa) cosh(ua)) = — b ().

a)

(4.277)

(4.278)

(4.279)

(4.280)

(4.281)

(4.282)
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Thus

é(ip) = do(p) — b1 (p). (4.283)

It follows from (4.276) and (4.277) that ¢¢ and ¢; are even functions, whence ¢ is an even
function. Therefore we have the same estimates (4.274) and (4.275) for all 1 on the rectangles
Ry and R_j, where k € Z and |k| > ko(e) large enough. On the other hand, it follows from
(4.280) and (4.283) that |¢(u)| and |$(ix)| have the same upper bound |¢o ()| + |1 ()| for
all p on the rectangles Ry and R_j, where k € Z and |k| > ko(e) large enough. Hence we
have the same estimates (4.274) and (4.275) all 1 on the rectangles Ry, and R_; where k € Z

and |k| > ko(e) large enough.

Since 0 is a zero of multiplicity 4, [Lf, ,&jfk, k € Z are simple zeros of ¢q, the rectangles Ry,
R_y, ﬁk and E_k, k € 7Z are closed curves, then it follows from (4.275), Remark 4.34 and
Rouché’s theorem that there are zeros of ¢ which have the same asymptotics as the zeros of

¢, where the asymptotics of the zeros of ¢y are

[L,f = +(4k — 5) 1. +o(1), where k> ko(e)

, (4.284)
fii = xi(4]k| — 5) & + o(1), where k < —ko(e)
with o(1) — 0 as |k| — oo, see (4.270).
Let Si, k € N be the square defined in (4.66) and
. 9, 1
¢10(p) = —iaccos(ua) cosh(pa) | p* + 2 (4.285)
1
d11(p) = —3(cos(ua) sinh(pa) — sin(pa) cosh(ua)) (4.286)
d12(p ( ) (4.287)
Let
b10(p) = cos(pa) cosh(pa). (4.288)

For all p on the square Sy, k € N, we have cos(ua) cosh(ua) # 0. Then it follows from (4.227)

and (4.249) that there exists ko = 136 guch that for all y on the square Sj with vertices
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+kT +ik™, where k € N, k > 1ig = max{ko, ko},

2
S 190(w)] = S|P cos(ua) sinh(na) + sin(pa) cosh(pa)

2 2
- OL]/L’?)] cos(pa) cosh(pa)|| tan(pa) + tanh(ua)@:ijlz
1
2 2‘”#”2 W (1) |ex M + — 2 | cos(ua) cosh(ua)l
3
= f;||/;||2‘¢10(/~b)| = 04|H| ‘Qsl()( )| > ‘(;510(”” (4.289)

It follows from (4.258) that there exists ko = 057‘; and kg = @ such that for all p on the

square Si, where k € N, kK > mg = max{ko,%o,ﬁo}

1
(612(1)] = ‘“w’ < 2au?

Lo (4.290)

4 2
< —a—\ tanh(pa) + tan(pa)|| cosh(ua) cos(pa)| < 3

~alp| 3
It follows from (4.227), (4.249) and (4.253) that for all x4 on the square Sj, where k € N,

k>mg= max{k‘g, a \6/ 7M0}

[611(1] = T cos(ua) sinba) — sin(ya) cosh o)

1
— 1l os(ua) coshia)] | () ~ tanh(c)|
2M
< 2/ ’3|COS(MQ)COSh(/~La)|
6My o
a[ul® 3
6M0 a2
R

< — |ul?| cos(ua) cosh(pa) || tan(ua) + tanh(pua)l

<

CY2
5 120w < 5-lo(m)]. (4.291)

Putting together (4.289), (4.290) and (4.291), we have

|61(1)] < ?|do (). (4.292)

Let g = {mg,mg,mo}. Then it follows from (4.292) and Rouché’s theorem that ¢y and ¢

have the same number of zeros on the square Sj, where k € N and k > mny.

Proposition 4.38. For g = 0, there exists a positive integer ko such that the eigenvalues 5%,

k € Z, of the problem (3.1)—~(3.2), where B1(y) = y(0), Ba2(y) = ¥'(0), B3y = y"(a) +iaXy'(a)
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and Byy = y(a) + iay® (a), counted with multiplicity, can be enumerated in such a way
that the eigenvalues 5\k are pure imaginary for |k| < ko and 5\,;€ = —5\71@ for |k| > ko, where
Ax = ()% with

fiii =£(4k—5)~ +o(l), if k>0,

fii = +i(4)k| —5)E +o(1), if k<O0.
In particular, there is an even number of pure imaginary eigenvalues.
Remark 4.39. We give the enumeration of the zeros of ¢ inside the square Sj,, where

k1 = max{ko(e), mo}. For the remainder of the proof of this proposition, we refer the reader

to the remainder of the proof derived for Proposition 4.29.

Proof. We recall that the number of zeros of ¢¢ inside the square Sk, is 4k;, since 0 is a zero
of multiplicity 4 of ¢y, while ﬂf and ﬂfk,, k € N are its simple zeros. Thus the number of
zeros of the function ¢ inside the square Sk, is 4k;1. As there is no nonzero of ¢ in the interval

(—5,%), the zeros of ¢ inside the square Sy, are the following

. _1) AE 3 b — _5
ul_i( ) + o), i i<4a>+o(1),...,,uk1 £(4k1 = 5) -+ o(L),

i . ™ At (3T . . ™
aty = =£i (——a> +o(l), o=y = +i (4@) +o(1) oo fi(py) = Fi(4k1 — S)E +o(1).

it = £ (4k — 5)% +o(1), where 1 < k < ky + 1,
it = Li(4]k] - 5)% +o(1), where —k; —1<k < —1.
We can prove, using the approach of the proof of Proposition 4.23, that the zeros of ¢ for
|k| > k1 are
(i, k=ki ki +1,...
—ki,—k—1,...

and satisfy
[Llf = *(4|k| = 5) 4 +o(1), where k > Ky,
ﬂ]ﬂ; = +i(4]k| — 5)4”—@ +o(1), where k < —k;,
see (4.284). O
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4.5.3 Asymptotic of the eigenvalues for By = y'(a) — ia\y”(a) and Byy =
y® (a) —iaXy(a)

It follows from (4.207) that

det M = BsysByys — B4y3 B3y,

= (yh(a) — iap?y (@) (u5” (a) — iopPys(a)) — (457 (a) — iapys(a)) (Wh(a) — iapy](a))
= ()" (a) — o2yl ()ya(a) — 157 (@)yi(a) + 0 pitys(a)yf (a) — icyr (5 (a)ys” ()
+ vh(a)ya(a) — 157 ()v (a) — ya(@)yi(a))
= (@)’ (a) — 0* 'yl (a)ya(a) — 157 (@) (a) + 0*pitys(a)yf (a)
— oy (4 (a)ys” (a) + yh(@)ya(a) — 15”) (a)y (a) — y3(a)y} (). (4.293)
Let
Bo = ()’ (a) — o?u'y4 (a)ya(a) — v§” (@)yi(a) + o utys(a)yf (a) (4.294)
and
By = y(a)ys”(a) + vh(a)ya(a) — v (a)y (a) — ys(a)¥} (a). (4.295)

It follows from (4.209) that

Bo = yi(@)ys? (a) — o®u*yP (@)ya(a) — ptya(a)ys(a) + iy (a)yl (a),

while

By = (y(a))* + yf (a)ya(a) — ptya(a)yf (@) — (¥h(a))®.
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Using (4.29), (4.212), (4.213) and (4.214), we have

By = 4%“ sin(pa) cos(ua) + 4%“ sinh(pa) cos(pa) + Zju sin(pa) cosh(pa)

L. 2 4 1. .

+ m sinh(pa) cosh(ua) — a“p <_4M3 sin(pa) cos(pa) + V] sinh(pa) cos(pa)
1 1 (1 .

e sin(pa) cosh(pa) + 8 sinh(ua) cosh(,ua)) —p (4#5 sin(pa) cos(pa)
I 1 L

s sin(pa) cosh(pa) — v sinh(pa) cos(pa) + v sinh(pa) cosh(ua))
ot .

+ 1 (—sin(pa) cos(pa) — sinh(pa) cos(pa)

+ sin(pa) cosh(pa) + sinh(pa) cosh(pa))
1

= iaQ,u(sin(ua) cosh(pa) — cos(pa) sinh(pa))
+ 21Iu(sin(/m) cosh(ua) + cos(ua) sinh(ua)). (4.296)

But (4.33), (4.211) and (4.31) give

1 1 1
By = ~ cos?(ua) + 3 cos(pa) cosh(pa) + 1 cosh?(ua)

4
1 1 1 1

~ oA sin?(pa) + e sinh?(pa) — p <_4/i4 sin?(ua) + e sinhQ(,ua))

1 1 1
N <4M4 cos” (ua) ~ 2pt cos(ua) cosh(pa) + 1t CoshQ(Ma)>

- %(1 + cos(ua) cosh(ua)) + 2;4(_1 + cos(ua) cosh(ua)). (4.207)

It follows from (4.296) and (4.297) that
1
det M = iaz,u(sin(ua) cosh(pa) — cos(pa) sinh(pa))

+ Qtt(sin(ua) cosh(p1a) + cos(pua) sinh(ua))

, 1 1
— oy <2(1 + cos(pa) cosh(pa)) + 27/&(_1 + cos(ua) cosh(ua)))
2 ZO[,UQ

2

= _zo;u cos(pa) cosh(pa) —

Oé2

+ TM(sin(ua) cosh(pa) — cos(pa) sinh(pa))

+ 2%u(sin(ua) cosh(pa) + cos(pa) sinh(pa))

- ;—32 cos(pa) cosh(pa) + ;—32. (4.298)
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Hence the characteristic equation 2¢det M = 0 is

do(p) = ago(p) + ¢1(p) =0, (4.299)

where

do(p) = p? cos(ua) cosh(ua) (4.300)
é1(p) = ap® + ia®pu(sin(pa) cosh(pa) — cos(pua) sinh(pa))
+ i(sin(,ua) cosh(ua) + cos(pa) sinh(pa)) + % cos(pa) cosh(pa) — %. (4.301)

The function ¢g of this subsection is the half of the function ¢ defined in Subsection 4.4.1,

see (4.40). Therefore the zeros of ¢y counted with multiplicity are:

po= =0, pf= =£(2k - 1)L, and @) = +i(2k — 1)L, with k=1,2,... } (4.302)

see (4.46).

Let Ry, R_p, Ry, and R_j, be the rectangles defined in (4.47) and

$11(p) = apr?, (4.303)
¢12(p) = ia*p(sin(pa) cosh(pa) — cos(ua) sinh(pa)), (4.304)
$13(p) = ;(sin(ua) cosh(pa) + cos(pa) sinh(pa)), (4.305)
D1a(p) = 7 cos(ua) coshyua), (4.306)
d15(p) = —%- (4.307)

Then
¢1(1) = p11(p) + P12(p) + d13(1) + Prap) + d15(1).

It follows from (4.258) that there exists jo = 2 1In12 such that for all u on the rectangle Ry,
R_i, Ry, or R_y,, where k € N and k > Jo, | cos(pa) cosh(ua)| > 5. Thus for all x on the
rectangle Ry, R_p, ék or E_k , where k € N and k > 3’0,

Sl60(w)] = 5 |uf?| cos(ua) cosh(pa)|

> alpl® = |¢ (). (4.308)
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It follows from (4.48) and (4.50) that there exists jo such that for all x on the rectangles Ry,
R_p, fik or ﬁ,k,where k € N and k > jo,

|12(12)| = ||| sin(pa) cosh(ua) — cos(ua) sinh(ua)]

L) L cos(ua)cosh )

B W?w cos(ua) cosh(pa) (4.309)

and there exists jg such that for all u on the rectangles Ry, R_j, ﬁk or ﬁ_k,where k € N and

IN

k;ZjO’

(15(1)] = \i\' sin(y1a) cosh(pa) + cos(jua) sinh(jia)|

< ;)oja\ (81 + B2)] cos(ua) cosh(ua)|
= SO cos( ) cosha)|. (4510

There exist }0 =2 V6 and jo = 2 positive such that for all ;1 on the rectangle Ry, R_g, IN‘Zk

or E_k, where kK € N and £k > }0,

1 bSa
|P14(p)] = 5T ,2 | cos(pa) cosh(pa)

5
" ults

< Zan(n)| (4.311)

2 |uf?| cos(ua) cosh(pa)| = = =1 do(w)]

\\45

and for all i on the rectangle Ry, R_j, Ek or ﬁ,_k, where k € N and k& > mg = max{j'o,jo},

«

|p15(1e)| = Tl

1l «
||5

< % uf?| cos(pa) cosh (pa)] = Zldo(p). (4.312)

|4[?| cos(pa) cosh(pa)l

It follows from (4.309) that for all x on the rectangle Ry, R_p, Ry, or ]?Lk, where k£ € N and
6a(B1+P2)a }

™

S—,

12w < Zldo(w), (4.313)
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while (4.310) implies that for all p on the rectangle Ry, R_p, Ry, or ﬁ_k, where k£ € N and

k> my :max{j()a;i?’ 6(51;52)}7

1) < Zldo(w). (4.314)

Hence putting (4.308), (4.311), (4.312), (4.313) and (4.314), we have for all  on the rectangles

Ry, R_4, ﬁk or é_k, where kK € N and k£ > mg = max{i(),}(),mo,mo,ﬁlo},

[¢1(w)] < elgo(p)]- (4.315)

Since the rectangles Ry, R_p, Ek and ]A?;,k, k € N are closed curves, it follows from (4.315)
and Rouché’theorem that there are zeros of ¢ which have the same asymptotics as the zeros

of ¢, where the asymptotics of the zeros of ¢g are:
i = £(2k — 1)5. +o(1) where k > g and
i = +i(2]k| — 1) & + o(1), where k < —1iq,

with o(1) — 0 as |k| — oo, see (4.65).

Let Sy, k € N be the square defined in (4.66). There exists j; = %ln 12 positive such that for
all 4 on the square Sy , where k € N and k > 71, | cos(pa) cosh(pa)| > 5. Thus for all y on

the square Sy, where k € N and k > ji,

=l60(w)| = Sl cos(ua) cosh(pa)|

> alul? = [gn (p)]- (4.316)

It follows from (4.68) and (4.69) that there exists j; € N for all 4 on the square Si, where
ke Nand k> j;

|f12(10)| = ||| sin(ua) cosh(ua) — cos(ua) sinh(ua)]
1
< 5a(d + 52)504/;” cos(pa) cosh(pa)l

_ 5a(51 + 52)

a
P g|,u|2|cos(,ua) cosh(pa)| (4.317)



Chapter 4. Asymptotics of eigenvalues for g = 0 129

and

|p13(1)] | sin(ua) cosh(ua) + cos(ua) sinh(ua)l

_ L
||
1 Sa

< Z— (¢ ) h

< 5 o 51+ 82)| cos(1ua) cosh(ya)|

_ 042’3(51 +82) 3 | cos(pua) coshyua)]. (4.318)

™

Thus for all p on the square S, where k € N and k£ > m; = max {jl, M},

o
[é12(1)] < ~[o(k)] (4.319)
and for all i on the square Si, k € N and k£ > m; = max {jl, o 3/6(51;52)}’

[o13()| < Sloo()] (4.320)

There exist j; = 2 V6 and j; = 2 positive such that for all u on the square Si, where k € N

and k > 71,

1 5o
|p1a(e)| = gm\ cos(ja) cosh(pua)|
5 « o
= [ 5 Il cos(ua) cosh(ua)] < Fldo(u)| (4.321)
and for all ;4 on the square Sk, where k € N and k > m; = {31,51},

(6%
|p15(1e)| = Tl

1 o
< i 5 Pl cosua) cosh )

< % |uf?| cos(na) cosh (pa)] = Zldo(w). (4.322)

Hence using (4.316), (4.319), (4.320), (4.321) and (4.322), we have for all y on the square Sk,

where k € N and k > 1y = max{jl,jl,ml,ml,ml},

[¢1(w)] < elo(p)]- (4.323)

As the square S, is a closed curve, then (4.323) and Rouché’s theorem imply that the functions

¢o and ¢ have the same number of zeros inside the square Sy, where k € N and k > .

Remark 4.40. As the function ¢y defined in this subsection is the half of the function ¢g

defined in Subsection 4.4.1, then we have the following proposition.
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Proposition 4.41. For g = 0, there exists a positive integer ko such that the eigenvalues j\k;
k € Z, of the problem (3.1)~(3.2), where B1(y) = y(0), Ba2(y) = ¥'(0), B3y = ¢/(a) —ia y”(a)
and Byy = y®)(a) — ia)y(a), counted with multiplicity, can be enumerated in such a way
that the eigenvalues \; are pure imaginary for |k| < ko and Mg = —Tk for |k| > ko, where
Ae = ()% with

fii =£(2k—1)Z +o(l), if k>0,

i = xi(2lk| - 1)E +0(1), if k<O0.

In particular, there is an odd number of pure imaginary eigenvalues.

Remark 4.42. The proof of the above proposition is identical to the proof of Proposition
4.23.

4.5.4 Asymptotic of the eigenvalues for By = 3/(a) — ia\y”(a) and By =
y(a) + ia\y®(a)

It follows from (4.207) that

det M = BsysBys — BaysBsya

= (Wh(a) — iop®y (@) (ya(a) + iap?y P (@) — (ys(a) + iop?yS” () (vi(a) — iop?y](a))

= yh(a)ya(a) + o* 'y ()" (a) — ys(a)yi(a) — o'yl (@)yf (@) + i (Yy(a)ys” (a)

~ (@)ya(a) + ys(a)y (@) — 1” (a)y(a))

= yh(a)ya(0) + 0?1y (a)”) (a) — ys(a)yi(a) — o'y’ ()] (a)

+ oy (yh(a)ys” (a) — v (@)ya(a) + ys @)yl (a) — 15 () (). (4.324)
Let

Bo = y(a)ya(a) + o* 'y (a)”) (a) — ys(a)vh(a) — ouyl® (a)yf (a) (4.325)

and

Bi = y(@)ys” (a) — v(a)ya(a) + ya(a)yl (a) — y5” (a)y}(a). (4.326)
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Then it follows from (4.209) that

By = y{(a)ya(a) + ot (v (@) — (¥4(a))? — a2uPya(a)yl(a)

= (1 — ¥yl (a)ya(a) + 2t (¥ (0))? — (y)(a))? (4.327)
and
By = y(a)ys? (@) — u5 (@)ya(a) + yh(a)y(a) — utya(a)ys(a). (4.328)

Using (4.31), (4.33) and (4.211) we have

1 1
(12,8 2
By = (1—a"u®) < i sin?(pa) + 1 sinh (ua)>

2 4
e (0082 (pa) 4 2 cos(ua) cosh(pa) + cosh? (na))
2 4 2 2,4 2
= 2’“ — % + 5 cos(pa) cosh(pa) + ;Tﬂ cos(pa) cosh(pa), (4.329)

while (4.29), (4.212), (4.213) and (4.214) give

1 1 1
B, = n sin(ua) cos(pa) + n sinh(ua) cos(pa) + i sin(pa) cosh(pa)

1 1 1
+ m sinh(pa) cosh(pa) + V] sin(pa) cos(pa) — V%] sinh(pa) cos(pa)

1 1
+ vl sin(pa) cosh(pa) — vl sinh(pa) cosh(pa) — V%] sin(pa) cos(pa)

1
— —— sinh(ua) cos(ua) +

1 1
m ——= sin(pa) cosh(ua) + e sinh(pa) cosh(ua)

4p

1 1 1
— — cos(pa) sin(pa) + ™ sin(pa) cosh(pa) + ™" cos(pa) sinh(ua)
n n

4p
1
m sinh(pa) cosh(ua)
1
= ﬂ(sin(ua) cosh(ua) + cos(ua) sinh(ua))
1
+— o 5 (sin(pa) cosh(pa) — cos(pa) sinh(pa)). (4.330)
It follows from (4.324), (4.325), (4.326), (4.329) and (4.330) that
2,4 2,4
det M = & cos(pa) cosh(pa) + an
o, .
+ 7(81n(,ua) cosh(pa) + cos(pa) sinh(ua))
- %(cos(ua) sinh(pa) — sin(pa) cosh(pa))
a? a?
+ 5 cos(ua) cosh(pa) — -— (4.331)

pt 2ut’
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Thus the characteristic determinant 2det M = 0 is

¢(n) = o po(u) + b1 () = 0, (4.332)
where
do(p) = pt cos(pa) cosh(ua), (4.333)
b1(p) = ot + iap(sin(pa) cosh(pa) 4 cos(pa) sinh(ua))

- Z.:Z[(cos(,ua) sinh(pa) — sin(ua) cosh(pa))
2 o2

+ % cos(pa) cosh(pa) — e (4.334)

The function ¢g defined in this subsection is identical to the function ¢g defined in Subsection
4.4.2, see (4.89). Hence the zeros of ¢¢ are:
0, = £(2k — 3)—— and i = +i(2k — 3)—, with k € N,
2a 2a

see (4.89) and (4.333). We recall that 0 is a zero of multiplicity 4 of ¢¢ while ,u,f = +(2k —
3)5, and ﬁf = +i(2k — 3)4, are its simple zeros. Therefore the zeros of ¢g, counted with
multiplicity, are

pE =0, i =0, py =£(2k - 3)5

L ' (4.335)

and fi;; = +i(2k — 3)5-, with k =2,3...

Let Ry, R_p, fik and ﬁ,k be the rectangles defined in (4.47). Let
o1 () = o®pt, (4.336)
¢12(p) = iop(sin(pa) cosh(pa) + cos(pa) sinh(pa)), (4.337)
p13(p) = —i;y(cos(,ua) sinh(pa) — sin(pa) cosh(ua)), (4.338)

2
d14(p) = % cos(pa) cosh(pa), (4.339)
2
d15(p) = f%- (4.340)
Then

d1(1) = d11(p) + Pr2(p) + d13(p) + d14(p) + d15(1). (4.341)

It follows from (4.258) that there exists kg = 2In12 positive such that for all u on the
rectangle Ry, R_g, R, and }Aé,k, where k € N and k > ko, |cos(ua) cosh(pa)| > 5. Thus for
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all  on the rectangle Ry, R_p, Ek and ]:?_k, where k£ € N and k > ko,

o? o
L 160(0)] = - lul"| costa) coshia))

> 2luf* = [pu (). (4.342)

It follows from (4.48) and (4.50) for all  on the rectangles Ry, R_, Ry, and ﬁ,k,where keN

and k > jo,

¢12(p)| = afpl|sin(ua) cosh(ua) + cos(pa) sinh(ua)l

A

2
< 5‘:‘(51 + ﬁz)%| cos(ua) cosh(pa)l

5 2
= W%mm cos(ua) cosh(pa)l (4.343)

and
«

||

595 4 B)|cos(ua) cosh (ua)
S 1+ B2)| cos(pa) cosh(pa

_5(B1+ Ba) @
- afup 5

|913(1)| = —[sin(pa) cosh(pa) — cos(ua) sinh(ua)|

|11)t| cos(pa) cosh(pa)). (4.344)

Thus (4.343) implies for all x on the rectangle Ry, R_, }Aék and ﬁ,k, where £ € N and

k>mg= {jo, ERY, 76(ﬁ1a+'32) }a

o2
[P12(p)| < §’¢O(M)|a (4.345)

while (4.344) gives for all p on the rectangle Ry, R_y, ]3% and ﬁ_k, where £ € N and

k> g = {jo,fhs/ 6(51:52)}

o2
[P13(p)| < §’¢0(M)’- (4.346)
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There exist 750 == V6 and ko = < such that for all 1z on the rectangles Ry, R_, ]:?k and E_k,
where k£ € N and k£ > %0,

2

Sra(p)| = ,Zw cos(pa) cosh(pa)|

_ 5
ul® 5

_5a
ul® 5
a?

< g\cbo(u)l (4.347)

|| cos(pa) cosh(pa)l

|0 ()]

while for all p on the rectangles Ry, R_p, fik and fi,k, where ¥ € N and k > mg =
maX{]_fo,]{jo}7

a2

lult

1ot
< [ g ] cos(ua) cosh(yua)|

Oé2

< = [o(u)l. (4.348)

P15 (1)

Let g = max{ko,%o,mo,rﬁo,mo}. Then for all u on the rectangles Ry, R_g, Ry, and ﬁ,k,

where k € N and k& > mg, we have

|1 ()| < 0|0 (p)]- (4.349)

The rectangles Ry, R_p, Rk and ﬁ_k are closed curves, since 0 is a zero of multiplicity 4 of
®o, while ,uf and ﬁf are its simple zeros, then (4.349) and Rouché’s theorem imply that there
are zeros of ¢ which have the same asymptotics as the zeros of ¢, where the asymptotics of

the zeros of ¢ are
fii = £(2k — 3) & + o(1) where k > 119 and
i = +i(2k| — 3) & + o(1), where k < —1iq,
with o(1) — 0 as |k| — oo, see (4.102).

Let Sk be the square defined in (4.66). It follows from (4.258) that there exists k; = £1n12

positive such that for all x4 on the square Sk, where k € N and k > ki, | cos(pa) cosh(pa)| > 5.
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Thus for all x4 on the square S, where k € N and k > k1,

2
S 190 = S |ul*| cos(pa) cosh(pua)|

> o |pl* = [p11 (). (4.350)

It follows from (4.68) and (4.69) that there exists j; € N such that for all g on the square Sk,
where k € N and k > j;

9121 = ol sin(u) cosh(s) - cos(u)sin )

< 5‘”‘ —— (01 + 62) —] cos(pa) cosh(pa)]
_ Mfw | cos(pua) cosh(a)| (4.351)
alul
and
[913(1)] = 15| sin(yz0) cosh(ua) — cos(ua) sinh(ua)
a5
< ?ﬁ(él + d2)] cos(pa) cosh(pa)|
= ((Z:?) |11)4| cos(pa) cosh(pa)). (4.352)

Thus (4.351) implies for all i on the square Si, where k € Nand k > m; = {j 1,24 6(61;52) },

2

[912(0)] < Tl ()], (4.353)

while (4.352) gives for all u on the square Sk, where k € N and k& > m; = {j 1 7‘;\5/ 6(61562)},

O[2
[é13(1)] < —-[do(w)]. (4.354)

While there exist %1 =2 V6 and k; = 2 such that for all 4 on the square Sy, where k € N
and k > ki,

2

[614(1)] < 10 (1) (4.355)

and for all i on the square S, where k € N and k > my = {k1, k1},

C¥2
[é15(1)] < —-ldo(w)]. (4.356)
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Let iy = max{kl,%l, mi,my,mp}. Then for all 4 on the square Si, where k € N and k > my,

we have

|1 ()| < 0|0 (p)]- (4.357)

Since the square S, k € N is a closed curve, then it follows from (4.357) and Rouché’s theorem
that the functions ¢g and ¢ have the same number of zeros in the square S, where k£ € N

and k > m;.

Proposition 4.43. For g = 0, there exists a positive integer ko such that the eigenvalues S\k,
k € Z, of the problem (3.1)—(3.2), where B1(y) = y(0), Ba2(y) = ¥'(0), Bsy = y'(a) —ia)y”(a)
and Byy = y(a) + iady®(a), counted with multiplicity, can be enumerated in such a way
that the eigenvalues \j, are pure imaginary for |k| < ko and A_j, = —5\7€ for |k| > ko, where
Ae = ()% with

fif = +(2k —3)% +o(1), if k>0,

i = £i(2|k| = 3)& +o(1), if k<O.
In particular, there is an even number of pure imaginary eigenvalues.
Remark 4.44. For the proof of the above proposition, we refer to the proof of Proposition

4.25, because the function ¢g defined in this subsection is the same as the function ¢g defined

in Subsection 4.4.2.

4.6 The boundary terms By and B,y are the following: By =
y"(0) and By = y©®)(0)

Using the canonical fundamental system, then

Biyr = y}(0) =0, Boyr = y” (0) =0,
Buys = y3(0) =0, Bayz = 45 (0) = 0,
Biys = 44(0) = 1, Bays = y5”(0) = 0,
Buys = i (0) = 0, | Bavs =47 (0) = 1.
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It follows that the characteristic matrix of this particular boundary problem is

B, 0 0 1 0
By 0 0 0 1

M. = (y1 Y2 Y3 y4) = . (4.358)
B3 Bsy1 Bsy2 Bsys DB3sya

By Byyr Bay2 Bays Bays
The determinant of the characteristic matrix M, gives the characteristic function of the dif-

ferential equation (3.2). The shape of the matrix M, leads to a reduced characteristic matrix

of the boundary value problem.
The reduced characteristic matrix of the boundary value problem is

Bsy1  Bsys
M= (0 w) = . (4.359)
By Byyr  Baye

It is easy to check that det M. = det M.

4.6.1 Asymptotic of the eigenvalues for By = y”(a) + ia\y'(a) and Byy =
y®(a) —iaXy(a)

It follows from (4.359) that

det M = Bsy; Byys — Byy1 Bsys

= (4} (a) + icpi®y; (@) (557 (@) — iapPya(a)) — (y1 (a) — iapPyi(a)) (¥4 (a) + iau’yh(a))

= yl(a)ys” (a) + a2ty (a)ya(a) — yi¥ (@)yh (@) — 'y (a)yh(a) + iop® (v} (a)ys” (a)

—yi(a)yz(a) — yi (@)yh(a) + y1(a)ys(a))

= yl(a)ys ) (a) — 9\ (@) (a) + o2ty (a)ya(a) — oPutyi(a)yh(a)
+iop (1, ()8 (a) — vl (@)ya(a) + v1 (a)yl (@) — yh(a)y'® (a)). (4.360)
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It follows from (4.21) and (4.25)

() =
while
yo(x) = 21,1

1

v (@) =

Thus

det M = p8(y/y(a))? — 18yl (a

+ i (184 (a)y)(a)

that

yi(z) = o (@),

©

yi(x) = =5 sin(pa) + § sinh(pa) = ptys(z),

2 2
yi(z) = —l5 cos(pa) + ' cosh(pa) = p'y)(x),

3, 3 .
& sin(ua) + & sinh(ua) = pyf (z),

sin(pa) + i sinh(ua) = yj (),

yb(x) = 5 cos(ua) + § cosh(ua) = yf’)( ),

"

3 (x) = —4 sin(ua) + § sinh(ua) = pya(a),

2

2
— L= cos(pa) + & cosh(pa) = ptyy(x).

Jya(a) + a?pbys(a)yl(a) — a?u(yiV (a))?

— it yi(@)yi(a) + utyP (@)yala) — P @)yl (a))

= 15 (h()? + (0 = DpPya(a)yf (a) — ou* (457 (a)?

+iap? (1Bys(a)ys(a)

Let

Ai(a) = 18 (yi(a)* + (o

As(a) = pPya(a)yy(a) — p*

— i@yl (@) + 1ty (@)yala) — 1ty @)yl (a)).

~ Difya(a)yi(a) — o’pt (55" (a))? and

i@y (a) + pyi? (@)ya(a) — 1ty @)y (a).

Then it follows from (4.31), (4.33) and (4.211) that

1

Ai(a) = p8 ( cos?

4pt

1 1
(pa) — 2 cos(ua) cosh(pa) + i cosh2(,ua))

1 1
+ (@ = 1)u® ( e sin?(ua) + e smh2(,ua)>

1
24t 2
ozu<4cos

(na) + Zcos(,ua) cosh(ua) + icosh%ua))

4

—(1+ aZ)% cos(pa) cosh(pa),

(4.361)

(4.362)

(4.363)

(4.364)

(4.365)

(4.366)
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while (4.28), (4.29), (4.212) and (4.213) give

1 1 1
As(a) = p® | — s — i h(pa) — inh
o(a) =p <4M5 sin(pa) cos(pa) 1 sin(pa) cosh(pa) 1 sinh(pa) cos(ua)
1 1 1
+ e sinh(ua) cosh(ua)) —ut <_4,u3 sin(pa) cos(pa) — V] sinh(pa) cos(pa)
+i sin(pa) cosh(pa) + 1 sinh(pa) cosh(pa) | + pt ~ L sin(pa) cos(pa)
1,8 Sl pa) + gz Sinh(s [ - g sine 7
1

1 1
e sin(pa) cosh(pa) + ] sinh(pa) cos(ua) + V] sinh(pa) cosh(,ua))

1 1 1
o 4 - - T
L <4,u sin(pa) cos(pa) + m sinh(pa) cos(pa) + m sin(pa) cosh(pa)
1
+@ sinh(ua) Cosh(ua)>
3
il
2 (
— sin(pa) cosh(ua)). (4.367)

sin(pa) cosh(pa) + sinh(ua) cos(pa)) + g(sinh(,ua) cos(pa)

Hence it follows from (4.363), (4.364), (4.365), (4.366) and (4.367) that

4 4 3
7

det M = (1 —a?)=— — (14 a? R cos pa) cosh(pa) + iap? —E (sin pa) cosh(pa
2 2 2

+ sinh(pa) cos(ua)) + %(sinh(,ua) cos(pa) — sin(pa) cosh(pa))

ia,u5 . . 2 M4
= (sin(pa) cosh(pa) + sinh(pa) cos(pa)) — (14 « )? cos(pa) cosh(pa)

4 . 3

oo
1-ahH)t

+ ( a)2+ 5

(sinh(pa) cos(pa) — sin(pa) cosh(pa)). (4.368)
Therefore the characteristic equation 2idet M = 0 is

¢(1) == ago(p) + ¢1(u) = 0, (4.369)

where

do(p) = p®(sin(ua) cosh(pa) + sinh(pa) cos(pa)), (4.370)
¢1() = —i(1+ a®)p" cos(pa) cosh(pa) +i(1 — a®)p*
— ap3(sinh(pa) cos(pa) — sin(pa) cosh(ua)). (4.371)

The function ¢y defined in this subsection has the same zeros as the function ¢g defined in

(4.222). However, because of their multiplicity, the zeros of ¢y defined in (4.370) will be given
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in the following form
0,4 = +(4k — 5)2—@ +o(1), if, = Fi(4k — 5)2—@ to(l), k=23,4,....  (4.372)

The function ¢g in this subsection is obtained by multiplying the function ¢g in Subsection
4.4.3 by p? and by replacing the trigonometric functions sin(ua) and cos(ua) respectively with
sin(—pa) and cos(—pa). This leads to the equation (4.128) for p # 0. Thus the zeros of ¢

are either real or pure imaginary, see Remark 4.26.

We recall that 0 is a zero of multiplicity 6 of the function ¢ since 0 is a zero of multiplicity 1
for the function ¥y (1) = tan(ua) + tanh(ua) defined in (4.227) and it is a zero of multiplicity

5 for the function u +— 9o(1) = u®. Whence the zeros of ¢ counted with multiplicity are the

following
p =0, ig =0, fif =0, iy =+(4k—5)F +o(1), (4373)
i, = £i(dk — 5) & +o(1), k=2,3,...
Let
bo0(p) = cos(pa) + sin(ua) (4.374)
bon (1) = (1 + tana))cos(a) + 10— TEEE
+ /;(sin(ua) — cos(pa) tanh(pa)). (4.375)
Then
bo2(p) = Cmg)fégﬁ(w) = ¢oo(p) + Po1(p). (4.376)

We recall that

u2° — (—1 + kﬁ> , k € Z are the zeros of ¢qp,
4a a

see (4.232) and

/720 =1 <—41 + kz> , k € Z are the images of ,ugo by the rotation of angle g,
a a

see (4.233).

Let Ry, R_g, Ry, and R_j be the rectangles defined in (4.234). We recall that ,ugo =
(~E +kT) € Ry, —p° = — (—& + k%) € Rog, B0 = i (—£ + k%) € Ry and —i° =

—1 (—ﬁ + k%) € ]A%,k, see Remark 4.34. The rectangles Rj; do not intersect, as well as the
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rectangles R_p, ﬁk and R_k, k € Z, due to € < 5. We recall also that there exists a constant
p(e) > 0 such that |pgo(p)| > p(e) for all p on the rectangle Ry, k € Z, as |pgo| is periodic of

3 s
period 7.

It follows from (4.235) and (4.236) that for all © on the rectangle Ry, where |k| > ko(e) =
max{k1 (), k2(e)} is sufficiently large positive, we have

(34+V2)(1 +a?) N 3v2

—|Rua
ol e + 3¢~ %nal (4.377)

P01 (p)] <

Since the right hand tends to 0 as |Rua| — oo, then for all g on the rectangle Ry, where
k eZ, ‘k| > ko(é),
P01 ()] < [doo (). (4.378)

For p € C, we have

$o(—p) = (—p)° (sin(—pa) cosh(—pa) + sinh(—pa) cos(—pa))
= —p°(— sin(pa) cosh(pa) — sinh(ua) cos(ua))

= p°(sin(pa) cosh(pa) + sinh(pa) cos(ua)) = ¢o(p), (4.379)
while

¢1(—p) = —i(1+ a?)(—p)* cos(—pa) cosh(—pa) +i(1 — a®)(—p)*
— a(—p)* (sinh(—pa) cos(—pa) — sin(—pa) cosh(—pa))
= —i(1 + o®)p* cos(pa) cosh(pa) + i(1 — a?)u?
+ ap®(— sinh(ua) cos(pa) + sin(pa) cosh(pa))
= —i(1 + o®)p* cos(pa) cosh(pa) + i(1 — a?)p?

— ayi®(sinh(pa) cos(pa) — sin(pa) cosh(pa)) = ¢1(p). (4.380)
Thus the function ¢g and ¢ are even function and therefore ¢ is an even function. Hence

we have the same estimates (4.377) and (4.378) for all . on the squares Ry and R_j, where
k € Z, |k| > ko(e) is large enough.
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Let
do(1) = ap® (sin(pa) cosh(ua) + sinh(ua) cos(ua))
— ap?(sinh(pa) cos(pa) — sin(pa) cosh(pa)) and (4.381)
d1(p) = —i(1 + o®)p? cos(pa) cosh(pa) + i(1 — a?)ut. (4.382)
Then
6(1) = do() + 41(p)- (4.383)

On the other hand, we have

bo(ip) = ou(ip)®(sin(ipa) cosh(ipa) + sinh(ipa) cos(ipa))
— a(ip)3(sinh(ipa) cos(ipa) — sin(ipa) cosh(iua))
= ia® (isinh(pa) cos(pa) + i sin(ua) cosh(ua))
— a(—i)p3 (i sin(pa) cosh(pa) — isinh(ua) cos(ua))

= —ay®(sin(pa) cosh(pa) + sinh(pa) cos(ua))

+ api® (sinh(p1a) cos(pa) — sin(ua) cosh(pa)) = —do(p), (4.384)
while
1(ip) = —i(1+ o®)(ip)* cos(ipa) cosh(ipa) + i(1 — o®)(ip)*
= —i(1+ a?)p* cos(pa) cosh(pa) +i(1 — a?)p* = ¢y (1). (4.385)
Thus
o (i) = —o(u) + o1 (n). (4.386)

Using (4.369), (4.370) and (4.371), we can obtain the same estimates (4.377) and (4.378) for
all 1 on the rectangles Ry and R_j where k € Z and |k| > ko(e) large enough. Since |¢(u)]
and |¢(ip)| have the same upper bound |¢o(u)| + |¢1(w)| for all p on the rectangles Ry and
R_j, see (4.383) and (4.386), then we can obtain the same estimates (4.377) and (4.378) for

all 41 on the rectangle Ry or R_j, where k € Z and |k| > ko(e) large enough.

Since the rectangles Ry, R_p, Ek and E_k are closed curves, 0 is a zero of multiplicity 6, ﬂf

and /lfk are simple zeros of ¢9 and ¢y has no nonzero zero in the interval (=7, %), then it
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follows from (4.378), Remark 4.34 and Rouché’s theorem that there are zeros of ¢ which have

the same asymptotics as the zeros of ¢g, where the asymptotics of the zeros of ¢g are

fiii = £(4k — 5) & + o(1), where k € Z, k > ko(e) and

, (4.387)
ﬂ;t = Fi(4]k| — 5) 1 4+ o(1), where k € Z, k < —ko(¢)
with o(1) — 0 as |k| — oo, see (4.373).
Let Si, k € N be the square defined in (4.66) and
b1 (1) = —i(1 4 a?)u? cos(ua) cosh(ua) (4.388)
$12(n) = —(1 — o®)p* (4.389)
$13(1) = —ap®(sinh(pa) cos(pa) — sin(pa) cosh(pa)). (4.390)
For all u on the square Sg, where k£ € N and k£ > ki = %ﬁ;ag), we have
o 3(1+a?
611 ()] = | cos(ua) cosh(pua) | 2150
1 2
= S ) S Pl cos(ua) cosh )
6(1+a”
) Pl cos(ua) coshu) | an(a) + tanh)
a e
< 11| cos(yua) cosh(a) | tan(ua) + tanh(ua)] = >[gn(10)], (4.391)

while there exists k; = 21n8, such that for all 4 on the square Sy, where k € N and k >
my = {ky, 2 o2}

1 2

- a(l + o)
a

1 2

_ali+a?)
3o

2(1+ a?)
alp|

< 5|l cos(pa) cosh(ua)|| tan(a) + tanh(na)] = Sldo(w). (4.392)

|p12(10)] s

1" cos(pa) cosh(jua)

o
3 1| cos(ua) cosh(pa)|| tan(pa) + tanh(ua)|

On the other hand, it follows from (4.253) that for all u on the square Si, where k£ € N and
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(0}
[¢13(1)] = 33Inf| cos(ua) cosh(pa)|| tan(pna) — tanh(ua)|
?)MoO[

3
6M0 «

< U
= w3

IN

1l cos(ua) cosh(pa)|

1P| cos(ua) cosh(pa) | tan(pa) + tanh(pa)| < S|o(u)].  (4.393)

It follows from (4.391), (4.392) and (4.393) that for all ¢ on the square Sy, where k € N and

k>k = max{kl,gl,ml}, we have

|91()] < [¢11()] + |d12(p)| + |Pr13(w)| < aldo(w)]. (4.394)

As the square S, k € N is a closed curve, then it follows from (4.394) and Rouché’s theorem
that the functions ¢g and ¢ have the same number of zeros in the square S, where k € N

and k > /21.

Remark 4.45. Let k; = max{ko(e), k1}. As 0 is a zero of multiplicity 6 of ¢g, while fiif and
ﬂfk, where k = 2,3,4..., are its simple zeros, then the number of zeros of ¢g and therefore
of ¢ inside the square Sg, where k € N and k > k; is 4k + 2. Thus we have the following

proposition.

Proposition 4.46. For g = 0, there exists a positive integer kg such that the eigenvalues
Mk, k € Z, of the problem (3.1)~(3.2), where By(y) = 4" (0), Ba(y) = y®(0), Bsy = v (a) +
iaXy'(a) and Byy = y® (a) —ialy(a), counted with multiplicity, can be enumerated in such
a way that the eigenvalues N, are pure imaginary for |k| < ko and A_j, = _;\—k for |k| > ko,

where A\, = ([Jf)2 with
fiii =+£(4k—5)% +o(l), if k>0,
fii = £i(4)k| —5)E +o(1), if k<0.
In particular, there is an odd number of pure imaginary eigenvalues.

Remark 4.47. For the proof of the above proposition, we refer to the proof of Proposition

4.38.
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4.6.2 Asymptotic of the eigenvalues for By = y”(a) + ia\y'(a) and Byy =
y(a) +iady®(a)

It follows from (4.207) that

det M = Bsy; Byy2 — Byy1 Bsys

= (y(a) + iy} () (ya(a) + iap?yS (@) — (yi(a) + ian®yl (a)) (vh (a) + iap?yh(a))

=yl (a)y2(a) — ptyi(a)ys (@) — ya(a)ys(a) + ®uty™ (a)yh(a) + iap?(y) (a)ya(a)

+ (@) (@) =y (a)h(a) — 1P @)yl ()

=yl (@)ya(a) — ya(a)l(a) — iy (a)ys) () + o®u'y'? (a)yh(a)
+iap?(y) (a)yz(a) + ¥ (@)Y (@) =y )yl (@) — yh(a)y (a)). (4.395)

It follows from (4.361) and (4.362) that

det M = 'y} (a)yf{(a) — 'y (@)ya(a) — 02pya(a)yi(a) + o2y ()" (a)
4

oyt ya(a)yl (@) + K (Wh(a))? — iyl (@)ya(a) — (45 (@))2). (4.396)
Let

Av(a) = ity (a)yy (@) — 'ty (@)ya(a) — oa2uya(a)yh(a) + 0Pyl (a)ys” (a) and  (4.397)

As(p) = plya(a)yl(a) + 1B (yh(a)? — 1y (@)ya(a) — (7 (a))% (4.398)



Chapter 4. Asymptotics of eigenvalues for g = 0 146

Then it follows from (4.28), (4.29), (4.212) and (4.213) that

1 1 1
Ay(a) = pt <_4M3 sin(pa) cos(pa) — V] sinh(pa) cos(ua) + e sin(pa) cosh(pa)
+ Ls' h(ua) cosh(pa) | — pt —is' (na) cos(pa) — is'n( ) cosh(ua)
I inh(pa pa i I in(ua pa " in(ua pa
1 1 1
—|—4—Iu3 sinh(pa) cos(pa) + V] sinh(ua) cosh(ua)) — a?put? (4,“5 sin(pa) cos(pa)

1 . 1 . .
L5 sin(pa) cosh(pa) — v sinh(pa) cos(pa) + v sinh(pa) cosh(ua))

1 1 1
+ o8 <4M sin(pa) cos(pa) + m sinh(pa) cos(pa) + m sin(pa) cosh(pa)
1
—1—@ sinh(ua) cosh(,ua))

= g(sm(ua) cosh(pa) — cos(pa) sinh(pa))
2T

+ (sin(pa) cosh(pa) 4 cos(pa) sinh(pa)), (4.399)

while it follows from (4.31), (4.33) and (4.211)
1 1 1
Ag(a) = pb <4,u4 cos?(ua) — 3 cos(ua) cosh(pa) + e CoshQ(,ua)>

1 2 1
~ 1 cos®(pa) — 1 cos(pa) cosh(pa) — 1 cosh?(pa)
+ pt . sin?(ua) + ! sinh?(pa) | — p® b sin?(ua) + L sinh?(pa)
4pt 4pt 4pt 4pt
4 1 4 _ 1
S 2+ cos(pa) cosh(pa) + a 5 (4.400)
Using (4.396), (4.399) and (4.400), we get
a?u’ . W, .
det M = (sin(pa) cosh(pa) + cos(pa) sinh(pa)) + §(Sln(ua) cosh(pa)
(62 (62
— cos(pa) sinh(pa)) — za(uz—k,u) cos(pa) cosh(pa) + W(M2'u). (4.401)
Thus the characteristic equation 2det M = 0 is
¢(n) = o po(u) + p1(u) = 0, (4.402)
where
do(p) = p" (sin(pa) cosh(pa) 4 cos(ua) sinh(ua)), (4.403)

¢1(p) = p(sin(ua) cosh(pa) — cos(ua) sinh(ua))
—ia(p® + p?) cos(ua) cosh(pa) + io(u® — p?). (4.404)
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The function ¢ defined in this subsection has the same zeros as the function ¢g defined in

(4.370). Thus the zeros of ¢y are the following

0,08 = +(4k — 9)% +o(1), pt, = Fi(dk — 9)% to(l), k=3,4,.... (4.405)

The function ¢q in this subsection is obtained by multiplying the function ¢ in Subsection
4.4.3 by p* and by replacing the trigonometric functions with their negatives. This leads to
the equation (4.128) for p # 0. Whence the zeros of ¢ are either real or pure imaginary, see

Remark 4.26.

We recall that 0 is a zero of multiplicity 8 of the function ¢ since 0 is a zero of multiplicity
1 for the function v (;) = tan(pa) + tanh(pa) defined in Subsection 4.5.1 and it is a zero
of multiplicity 7 for the function p + vo(u) = u’. Whence the zeros of ¢ counted with

multiplicity are the following
iy =0, i, =0, iy =0, iz =0,
i = £(4k — 9) & + o(1), : (4.406)
i), = Li(dk — 9) & +o(1), k=3,4,...

Let
poo(p) = cos(ua) + sin(pa), (4.407)
. i
don (1) = (~1 -+ () cos() + 5 (~(1-+ ) cos(ua) + L=
+ a21,uﬁ (sin(pa) — cos(pa) tanh(ua)). (4.408)
Then
P(p
do2(p) = oﬁ/ﬂcf)s)h(ua) = ¢oo(p) + do1(p)- (4.409)
The numbers
u2° = (—% + kg) , k € Z are the zeros of ¢q,

see (4.232) and

=i (—41 + k:z) , k € Z are the images of pf° by the rotation of angle g,
a a

see (4.233).
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Let Ry, R_, ék and ﬁ_k be the rectangles defined in (4.234). We have u%o = (—4”—& + k‘g) €
Ry, Y = — (—E +kZ) € Ry, i =i (& +kZ) € Ry and —3° = —i (— & +kT) €
}NB_;C, see Remark 4.34. The rectangles R do not intersect, as well as the rectangles R_, Ek
and R_y, k € Z, due to e < 52+ We recall that there exists a constant p(e) > 0 such that

|poo(1)] > p(e) for all pu on the rectangle Ry, k € Z, as |poo| is periodic of period 7.

It follows from (4.235) and (4.236) that for all 4 on the rectangle Ry, where |k| > ko(e) is
sufficiently large positive, we have

3+v2 3+V2 3V2
+ 5 + 6
alpl o ]

P01 (p)] < + 3¢~ [Rual, (4.410)

Since the right hand tends to 0 as |Rua| — oo, then for all © on the rectangle Ry, where
keZ, |kl > ko(e),
P01 ()] < |dboo(p)l- (4.411)

For € C, we have

$o(—p) = (—p) (sin(—pa) cosh(—pa) + cos(—pa) sinh(—pa))
= —u"(—sin(pa) cosh(pa) — cos(pa) sinh(pa))

= u" (sin(pa) cosh(pa) + cos(pa) sinh(pa)) = ¢o(p) (4.412)

and

¢1(—p) = —p(sin(—pa) cosh(—pa) — cos(—pa) sinh(—pa))
—ia((—p)® + (—)?) cos(—pa) cosh(—pa) + ia((—n)® — (~)?)
= —p(—sin(pa) cosh(pa) + cos(pa) sinh(pa))
—ia(p® + p?) cos(pa) cosh(ua) + ia(p® — i)
— p(sin(ua) cosh (a) — cos(pa) sinh(ua))
—ia(p® + i) cos(pa) cosh(ua) + ia(p® — i) = ¢1(n). (4.413)

It follows from (4.402), (4.412) and (4.413) that ¢ is an even function. Thus the estimates
(4.410) and (4.411) follow for all p on the rectangle R_j, where k € Z and |k| > ko(e) large
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enough. Let

do(1) = a*u" (sin(pa) cosh(ua) + cos(ua) sinh(pa)) — iaub cos(pa) cosh(ua)

+ o’ 4 pu(sin(pa) cosh(ua) — cos(ua) sinh(pa)) and (4.414)
51(#) = —iau® cos(pa) cosh(pa) — iap?. (4.415)

Then we have
(1) = do(1) + 1 (). (4.416)

However

do(ip) = o?(ip)" (sin(ipa) cosh(ipa) 4 cos(ipa) sinh(ipa)) — io(ip)® cos(ipa) cosh(ipa)
+ ia(ip)® + ip(sin(ipa) cosh(ipa) — cos(ipa) sinh(ipa))
= —ia?u" (i sinh(pa) cos(pa) + i cosh(ua) sin(pa)) — iau’ cos(pa) cosh(ua)
+ iop® 4 ipu(i sinh (pa) cos(pa) — i cosh(pa) sin(pa))

= o?1" (sin(pa) cosh(pa) + cos(pa) sinh(pa)) — iapu® cos(pa) cosh(ua)

+ iop® + p(sin(pa) cosh(pa) — cos(ua) sinh(pa)) = do(w), (4.417)
while
61(in) = —ia(ip)? cos(ipa) cosh(ipa) — ialip)”
= ~iop? cos(pa) cosh(pa) + iop® = —dy (). (4.418)
Putting (4.417) and (4.418) together, we have
B(ip) = do(n) — o1 (). (4.419)

It follows from (4.402), (4.403) and (4.404) that we can obtain the estimates (4.410) and
(4.411) for all p on the rectangles Ry and R_j, where k € Z and |k| > ko(e). As |¢(n)| and
|¢(ipr)| have the same upper-bound |go(1)| + |f1(1)], see (4.416) and (4.419), then we can
obtain the estimates (4.410) and (4.411) for all 1 on the rectangles Ry, and R_j, where k € Z

and |k| > ko(e) large enough.

Since the rectangles Ry, R_j, Ek and E_k are closed curves, 0 is a zero of multiplicity 8 of

oo, /llf and ﬂj_ck are simple its zeros, and ¢o has no nonzero zero in the interval (=7, ), then
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it follows from (4.411), Remark 4.34 and Rouché’s theorem that there are zeros of ¢ which

have the same asymptotics as the zeros of ¢g, where the asymptotics of the zeros of ¢g are

fiii = £(4k — 9) = + o(1), where k € Z, k > ko() and

, (4.420)
ﬂ;t = Fi(4]k| — 9) 1 + o(1), where k € Z, k < —ko(¢)
with o(1) — 0 as |k| — oo, see (4.406).
Let Si, k € N be the square defined in (4.66) and
¢10(p) = p(sin(pa) cosh(pa) — cos(ua) sinh(ua)), (4.421)
d11(p) = —ic(u® + p?) cos(pa) cosh(ua), (4.422)
$12(p) = ia(p® — p?), (4.423)

Then it follows from (4.253) that there exists My > 0 such that for all x4 on the square Sk,
WherekeNandkzl%l:%\ﬁ/%@

(610(1)] = |1 sin(jua) cosh(ua) — cos(jua) sinh(ua)|
_ 3 [tan(ua) — tanh(ua)|a

a2 Mg |,u| | cos(pa) cosh(ua)]
M,
= 222 M%a |u| | cos(pa) cosh(pa)|
6 My o?
=2 |M|6 |,U| | cos(pa) cosh(ua)|| tan(pa) + tanh(ua)| < —\q&o( ), (4.424)
while there exists kl such that for all 4 on the square Sk, where k € N and k£ > kl,

611.(1)] = alp® + 22| cos(pa) cosh(jua)
< 2a]1/°| cos(pa) cosh(jia)

12 o2

oy 3 Il cos(pa) cosh(ya) tan(ya) + tanh(a)]| < —|¢o< )| (4.425)
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and finally for all 4 on the rectangle Sy, where k € N and k > my = max{%l, %%
|f12(1)] = alu’® — p?|

< 2alp/°

2
< §a|ﬂ|6| cos(pa) cosh(pa)l
1 1
< alul §a|,u|7|| cos(pa) cosh(pa)|| tan(pa) + tanh(pa)l

042
< o). (4.426)

Putting together (4.424), (4.425) and (4.426), we have for all g on the square Sy, where

k> ky = max{ky, ki, M1}

11| < [dr0()] + |11 ()] + [d12(w)] < a®|o(p)]- (4.427)

It follows from (4.427) and Rouché’s theorem that ¢y and ¢ have the same number of zeros

inside the square Sj, where k > ky.

Proposition 4.48. For g = 0, there exists a positive integer kg such that the eigenvalues
Ak, k € Z, of the problem (3.1)~(3.2), where By(y) = 4" (0), Ba(y) = y©®(0), Bsy = 3" (a) +
ia\y'(a) and Byy = y(a) + iady® (a), counted with multiplicity, can be enumerated in such
a way that the eigenvalues N are pure imaginary for |k| < ko and A_ = —;\7k for |k| > ko,

where \j, = (,Etj)2 with

fi; =£(dk—9)E +o(l), if k>0,

fir = xi(4k| - 9)E +0(1), if k<o.
In particular, there is an even number of pure imaginary eigenvalues.

Remark 4.49. We give the enumeration of the zeros of ¢ inside the square Sj,, where
ki = max{ki, ko(¢)}. The remainder of the proof is identical to the remainder of the proof

derived for Proposition 4.23.

Proof. The number of zeros of ¢g inside the square Sy, is 4k1, as 0 is a zero of multiplicity 8,

while /llf and ﬂfk are simple zeros. Thus the number of zeros of ¢ inside the square S, is
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4k, and these zeros are the following

+_ [ 57 kL (T ZE = _g
i =t (<50 ) o) i = (— )+ oD, = 0k = 97+ o),

T T us
At . ~4 . ~t
A=, ==+i <_a) +o(l), =y =i <_@> +o(1),..., Q4 = =(4k1 — 9)@ +o(1).

ﬂf = +(4k — 9)41 +0(1), where 0 < k < ky,
a

i = Li(4]k| — 9)41 +0(1), where — ki <k < —1.
a

Using the approach of the proof of Proposition 4.23 we can prove that the zeros of ¢ for

|k| > ki are

(5, k=kiki+1,...

5, k= —ki,—k1—1,...

and satisfy
i = £(4k — 9) = + o(1), where k > ki,
i = +i(4k| — 9) & + o(1), where k < —k,
see (4.420). O

4.6.3 Asymptotic of the eigenvalues for By = y/(a) — ia\y”(a) and Byy =
y® (a) —iady(a)

It follows from (4.359) that

det M = Bsy; Byy2 — Byy1 Bsys

= (41 (a) — iap?yl (@) (557 (a) — iapPys(a)) — (y1 (a) — iap?yi(a)) (yh(a) — iap?y}(a))

= i (a)ys (a) — o2y (a)ya(a) — 1P

+ i (@)ya(a) — P (@)yh(a) — yi(a)yh(a))

a)yh(a) + a2ty (a)yh (@) — i (¥ (a)ys” (a)

H(@)y$) (@) — o1 (@)yh(a) — ity (a)ya(a) + oty (a)yh (a)

—iap? (Y} (a)ys” (@) + ¥ (@)a(a) — mr(a)ys(a) — v @)y’ (a)). (4.428)

I
<
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It follows from (4.361) and (4.362) that

det M = pPya(a)yi(a) — iyl @)yl (a) — o® iy (a)yi(a) + a® iy (a)ya(a)

— i (18 (v (@))? + i ya(a)yi (@) — (152 (0))? — 1Bya(a)yl(a)). (4.429)

Let
A(a) = pfya(a)yh(a) — 1yl @)y (@) — 2y (@)yi(a) + o*u®y$P (a)ya(a) and  (4.430)
As(a) = 15 (yh(@))? + ptya(a)yl(a) — (v (a))® = 1Byala)yl (). (4.431)

Then it follows from (4.28), (4.29), (4.212) and (4.213) that

1 1

. : 1 .
Ay(a) = p® <4,u5 sin(pa) cos(pa) — e sin(pa) cosh(pa) — v sinh(pa) cos(pa)

1 1 1
+ v sinh(pa) cosh(,ua)) —pt (4M sin(pa) cos(pa) + 1 sinh(ua) cos(pa)

1 1 1
+ m sin(pa) cosh(pa) + m sinh(pa) cosh(ua)) —a?u® <_4M3 sin(pa) cos(pa)

1 1 1
T Ls sinh(pa) cos(pa) + e sin(pa) cosh(pa) + e sinh(ua) cosh(,ua)>

1 1 1
+a?u® <_4M?’ sin(pa) cos(pa) + 18 sinh(pa) cos(pna) — 18 sin(pa) cosh(pa)

1 .
+ ] sinh(pa) cosh(,ua))

13 28
= —?(sin(,ua) cosh(ua) + cos(pa) sinh(pa)) —

(sin(ua) cosh(ua)

— cos(pa) sinh(pa)), (4.432)

while (4.31), (4.33) and (4.211) give

1 1 1
Ag(a) = p® <4M4 cos?®(pa) — 2 cos(pa) cosh(pa) + i coshz(ua)>

1 2 1
- <4 cos?(ua) + 1 cos(pa) cosh(pa) + 1 cosh%ua))

1 1 1
4ot <_4,u4 sin?(pa) + 4TL4 sinhz(ua)> —u® <_4M4 sin?(ua)

opt=1 pt

cos(pa) cosh(pa). (4.433)
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It follows from (4.429)-(4.433) that

6 13
cos(pa) cosh(pa) — ?(sin(ua) cosh(pa) + cos(pa) sinh(pa))

et g = 1

a?ub iop®  dop?

(sin(pa) cosh(pa) — cos(pa) sinh(pa)) + (1 + cos(ua) cosh(pa)).

(4.434)
Thus the characteristic equation 2idet M = 0 is
¢(p) = ago(p) + ¢1(p) = 0, (4.435)
where
do(p) = p8 cos(ua) cosh(pa), (4.436)

é1(p) = —ap® — ia?p’ (sin(pa) cosh(pa) — cos(pa) sinh(pa))
— ip3(sin(pa) cosh(ua) + cos(pa) sinh(pa)) + ap®(1 + cos(pa) cosh(pa)).  (4.437)
The function ¢ defined in this subsection has the same zeros as the function ¢y defined in

(4.89). However 0 is a zero of multiplicity 6 in this section, while it is a zero of multiplicity 4

for the function ¢ defined in (4.89). Thus the zeros of ¢y counted with multiplicity are

P =0, py =0, pi =0, pif =+(2k —3)F

, (4.438)
and ,ujfk = +i(2k — 3)4,, where k =2,3,...
see (4.91).
Let Rg, R_p, Ry, and R_j, be the rectangles defined in (4.47) and
b10(p) = —ip(sin(pa) cosh(ua) + cos(ua) sinh(pa)), (4.439)
$11(p) = —ia?p’ (sin(pa) cosh(pa) — cos(ua) sinh(pa)), (4.440)
b12(1) = ap® cos(pa) cosh(pa), (4.441)
Prs() = —a(u — 22) (4.442)

It follows from (4.48) and (4.50) that there exist $; > 0, B2 > 1 and jy € N, such that for all
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1 on the rectangles Ry, R_g, ék or é_k, where k € N and k£ > my = max {jo, %\3/ 5(51552)},

(610(2)| = 1] sin(jua) cosh (1) + cos(a) sinh(sia)
< Al cos(ua)coshua)
_ 4(B1+ Bo)

A 1190091 < oG, (4.443)

while for all p on the rectangles Ry, R_p, ék or E_k, where £ € N and k£ > mg =

max { o, 5aa(ﬂ;+ﬁz)}

)

(611(1)] = 2[4l | cos(ua) sinh(ua) — sin(ua) cosh(ya)|

< 200t 5) &) 161 cospaa) cosh(o)

R
— 2R g0 )] < Slon(ol (1.441)

and for all g on the rectangles R, R_p, ﬁk and é_k, where £ € N and k£ > mg =
max {jo, %\4/5}, we have

(12(1)] = o] cos(pa) cosh(jua)

4 « «
< (s II°lcos(a) cosh(ua)] < G1éo(s) (4.445)

finally for all p on the rectangles Ry, R_g, ék and ﬁ_k, where k € N and & > mg =

max{jo, & In 14}

[b13(p)| = ap® — |

< 2|’

1 « «
< mz\uVl cos(pa) cosh(ua)| < Zldo(p)]- (4.446)

Putting together (4.443), (4.444), (4.445) and (4.446), we have for all y on the rectangles Ry,

R_;, Ek and E_k, where k € N and k > my = max{mg, mg, Mo, mo }

[P1(1)| < |dro(p)] + |11 (p)] + |pr2(w)] + |d13(1)| < afgo(p)]- (4.447)

Since the rectangles Ry, R_g, Rk and E_k are closed curves, 0 is a zero of multiplicity 6 of

¢o, while ,uf and ufk, where k = 2,3, ... are simple zeros, then it follows from (4.447) and
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Rouché’s theorem that there are zeros of ¢ which have the same asymptotics as the zeros of

¢o where the asymptotics of the zeros of ¢q

ﬂf = +(2k — 3)5; +o(1), where k € Z, and k > 1y

, (4.448)
ﬂ’f = £i(2|k| — 3) 5= + o(1), where k € Z, and k < —1g

with o(1) — 0 as |k| — oo, see (4.438).

Let Sk, k € N be the square defined in (4.66). Then it follows from (4.68) and (4.69) that

there exist j1 € N, 01 > 0 and ds > 1 such that, for all i on the square S, where k € N and

k> my = max {j 1, 2\3/ 5(61;62)}

[610(2)] = [l sin(p1a) cosh(a) + cos(ua) sinh(jia)

< (014 62) Sl o) cosh(pa)| < Flo().  (4.449)

while for all © on the square S, where k € N and k£ > m; = max {jl, 5aa((51 + 52)}

(611(1)] = 2[4l | cos(a) sinh(ua) — sin(ua) cosh(ya)|

< 2002 81 cos( ) cosh(a)
a0y +62) a a
= # [o(m)] < 7 [d0(w), (4.450)

and for all p on the square Sk, where k£ € N and k£ > m; = max {jl, %\4/5}, we have

|é12(1)| = a|p|?| cos(ua) cosh(ua)l

= ’/34 4|“| | cos(pa) cosh(ua)| < *W)O( ), (4.451)

finally for all x on the square Si, where k € N and k > m; = max{ji, In14}

|p13(p)] = oo|p® — 1|

< 2alul®

< [y 11 cosua) cosh(ua)] < 6o (u)] (4.452)

Putting together (4.449), (4.450), (4.451) and (4.452), we have for all x4 on the square Sk,

where k € N and k > iy = max{mq,mi,m1,m}

91(1)] < |Pr0(p)| + @11 ()] + [P12(p) ] + [d13 ()| < | po(p)]- (4.453)
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As the square Sk, k € N is a closed curve, then it follows from (4.453) and Rouché’s theorem

that the functions ¢¢ and ¢ have the same number of zeros inside the square Sy.

Remark 4.50. Let k; = max{7g,m1}. As 0 is a zero of multiplicity 6 of ¢g, while /l;f and
[Ljfk, where k = 2,3..., are its simple zeros, then the number of zeros of ¢y and therefore of

¢ inside the square Sj, where k € N and k > k; is 4k + 2. Thus this proposition follows.

Proposition 4.51. For g = 0, there exists a positive integer ko such that the eigenvalues
Ak, k € Z, of the problem (3.1)~(3.2), where Bi(y) = 3"(0), Ba(y) = y®(0), Bsy = ¢/ (a) —
iay”(a) and Byy = y® (a) —ialy(a), counted with multiplicity, can be enumerated in such
a way that the eigenvalues e are pure imaginary for |k| < ko and Mg = —Tk for |k| > ko,

where \j, = (755)? with
fii =+£(2k—3)& +o(l), if k>0,
i = £i(2lk| = 3)E +0(1), if k<0.
In particular, there is an odd number of pure imaginary eigenvalues.

Remark 4.52. We give only the enumeration of the zeros of ¢ inside the the square Sy, .
The remainder of the proof of the above proposition is identical to the remainder of the proof

derived for Proposition 4.23.

Proof. The function ¢ has 4k + 2 number of zeros inside the square Si,. These zeros are the

following

2a 2a
=i (- = 4i (X 7 1
iy = i () o), iy = i (5 ) +o(1). o i, = £i(2k —3)5- 4 o(1)

i =+ (2k — 3)21 +o(1), where 1 < k < ky + 1,
a

pt, = +i(2lk| - 3)21 +o(1), where — (k1 +1) <k < —1.
a

Using the approach of the proof of Proposition 4.23, we can show that the zeros of ¢ for
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k > ki are

iy k=kiki 41,
_kla_kl_l,...
and satisfy
fii; = £(2k — 3)& + o(1), where k > ki,
ity = Fi(2lk| - 3)9e +o(1), where k < —kj,

see (4.448). O

4.6.4 Asymptotic of the eigenvalues for B3y = y/(a) — ia\y”(a) and By =
y(a) +iary®(a)

It follows from (4.359) that

det M = Bsyi Byys — Byy1 Bsys

= (41 (a) — iap®y} (@) (y2(a) + icp?ys (a)) — (y1(a) + iy (@) (vh(a) — iap?y}(a))

(a) + 'y @)y (@) — v (a)yh(a) — Pty (a)yfy(a) + iap? (¥} (a) s (a)
— gl (@)y2(a) + yi(a)yy(a) — v (a)yh(a))
(a) )+ a2ty (@)ys (a) — oty (a)y (a)

+iop (1, () (a) — vl (@)ya(a) — 1) (a)yh(a) + v (a)yn (a)). (4.454)

It follows from (4.361) and (4.362) that

det M = pi'ys(a)yf(a) — (457 ())? + 022 (y4(a))? — 022y (a)ya(a)
+iap® (1 ya(a)yh(a) — 1 (a)y (@) — iy @)yl (a) + itya(@)yP (@), (4.455)

Let

Ai(a) = ptya(a)yi(a) — (157(@)? + 12 (Yh(a))? — a®u'2y{(a)ya(a) and  (4.456)

As(a) = pfya(a)yh(a) — iyl (@) (@) — u'yf @)y (a) + iya (@) (a). (4.457)
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Then it follows from (4.31), (4.33) and (4.211) that
A (a,) — “4 _L Sln2(/,ta) + i Slnh2 (ua) 012'[,612 _i Sln (/,,La,)
! 4pt 4pt 44
1

1 1
+ v sinhZ(ua)> + o?pt? <4,u cos?(ua) — o cos(pa) cosh(pa)
1

1 2
+ o coshQ(ua)) — <4 cos?(pa) + 1 cos(pa) cosh(pa)

1
+ 1 cosh? (,ua))

2,8 2,8
= _a2,u cos(pa) cosh(pa) + a2

(4.458)

1 1
—5 cos(pa) cosh(pa) — 3

while (4.28), (4.29), (4.212) and (4.213) give

1 1 . I .
As(a) = —p <_4M3 sin(pa) cos(pa) — V%] sinh(pa) cos(pa) + V%] sin(pa) cosh(pa)

1 1 1
+ ] sinh(pa) cosh(ua)) +pt (4N3 sin(pa) cos(pa) — V] sin(pa) cosh(pa)

1 1 1
+ e sinh(pa) cos(pa) + V] sinh(pa) cosh(ua)) + i <4M sin(pa) cos(pa)

1 1
T Ls sin(pa) cosh(pa) — i sinh(ua) cos(pa) + i sinh(ua) cosh(ua))

1 1 1
—ut <4,u sin(pa) cos(pa) + m sinh(pa) cos(pa) + m sin(pa) cosh(pa)

1
+ 1 sinh(ua) cosh(,ua))
3

= —%(Sin(ua) cosh(pa) + cos(pa) sinh(pa))
- g(sin(ua) cosh(pa) — cos(pa) sinh(pa)). (4.459)

Putting together (4.455), (4.456), (4.457), (4.458) and (4.459) we have

2,8 2,8 PO

det M = — 2 cos(pa) cosh(pa) + an o

2 2
(

(sin(ua) cosh(pa) + cos(pa) sinh(pa))

iop?

(sin(pa) cosh(pa) — cos(pa) sinh(pa)) — %cos(ua) cosh(pa) — % (4.460)

Thus the characteristic equation —2det M =0 is

d(p) := o) + ¢1 (1) =0, (4.461)
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where

do(p) = p® cos(pa) cosh(pa) (4.462)

b1 () = —a?pu® + i’ (sin(pa) cosh(pa) + cos(pa) sinh(pa)) (4.463)

+ doy® (sin(pa) cosh(pa) — cos(pa) sinh(ua)) 4 cos(pa) cosh(ua) + 1. (4.464)

The function ¢ defined in this subsection has the same zeros as the function ¢g defined in

(4.89). However 0 is a zero of multiplicity 8 in this section, while it is a zero of multiplicity 4

for the function ¢g defined in (4.89). Thus the zeros of ¢y counted with multiplicity are

pry =0, p* =0, yy =0, py =0, uki:i(2k—5)%

: (4.465)
and =, = £(2k — 5)Z, where k = 3,4, ...
see (4.91).
Let
b10(1) = io® (sin(pa) cosh(pa) + cos(pa) sinh(pa)), (4.466)
¢11(p) = iap®(sin(pa) cosh(pa) — cos(pa) sinh(pa)), (4.467)
¢12(p) = cos(pa) cosh(ua), (4.468)
Pra(p) = —a’p® + 1. (4.469)

Let Ry, R_j, Ry, and R_j, be the rectangles defined in (4.47). It follows from (4.48) and (4.50)

that there exist 81 > 0, B2 > 1 and jp > 0, such that for all p on the rectangles Ry, R_p, Ry,

or ]A?:,k, where k € N and k£ > my :max{jm;W}

910()| = 4;0]uP| in(jua) cosh(pa) + cos(jua) sinh jua)
4(B1 + B2) o

|1al®| cos(pa) cosh(ua)l

T a4
4 2 2
= 2O B o) < S hontol (4.470)

while for all p on the rectangles R, R_p, ]:'Ek or ﬁ,k, where £ € N and k£ > mg =
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max {jo, o §/3(Bit) }

|11 ()] = o|pf?| cos(pa) sinh(pa) — sin(ua) cosh(pa)l
4(B1 + B2) ?

alul> 4

4(B1 + Ba) o? 2

= a9l < Sl (4.471)

|4[®] cos(pa) cosh(pa)|

and for all p on the rectangles Ry, R_p, ﬁk and ]?Lk, where kK € N and k& > mg =
max {jo, %\8/%}, we have

|¢12(p)| = | cos(pa) cosh(ua)l
< aQI [®| cos(ua) cosh(pa)| < a2|¢( )| (4.472)
—_— cos(pa) cosh(pa — .
= a2],u]8 4 H 2 H 4 o0\H) 1,
finally for all p on the rectangles Ry, R_g, ﬁk and E_k, where k € N and & > mg =

max{jo, & In 14}
|613(1)] < |a®p® + 1] < 202 |p/®

2 2

< = |l cos(pa) cosh(na)| < <Ido(u)] (4.473)

Putting together (4.470), (4.471), (4.472) and (4.473), we have for all ;1 on the rectangles Ry,

R_y, Ry, and E_k, where k € N and k > my = max{mg, mq, M0, Mo}

11| < [dr0()] + |11 ()] + [d12(1)] + [@13(1)] < |0 ()] (4.474)

Since the rectangles Ry, R_j, f?k and f%_k are closed curves, 0 is a zero of multiplicity 8 of
¢o, while ,uf and ufk, where k = 2,3, ... are simple zeros, then it follows from (4.474) and
Rouché’s theorem that there are zeros of ¢ which have the same asymptotics as the zeros of

¢o where the asymptotics of the zeros of ¢g

/jzt = +(2k — 5)2% +0(1), where k € Z, and k > 7y

, (4.475)
ﬂf = Fi(2|k| — 5)g5. +0(1), where k € Z, and k < —my

with o(1) — 0 as |k| — oo, see (4.465).

Let Sk, k € N be the square defined in (4.66). Then it follows from (4.68) and (4.69) that

there exist j1 > 0, 41 > 0 and d2 > 1 such that, for all u on the square Sy, where k € N and
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k > mj = max {jh Ty 5(61;62)}

1 . .
|p10(p)| = 4104|#|5| sin(ua) cosh(pa) + cos(ua) sinh(pa)l
4(5) + b63) a2

|u[*| cos(pua) cosh(pa)|

- auP 4
4(61 + 02) o? 2
= 2O )] < ol (4.470)

while for all p on the square S, where £ € N and k£ > m; = max {jl, g{’/ 5(51;62)}

[é11(1)| = a|p|?| cos(ua) sinh(ua) — sin(ua) cosh(pa)l

2
AL 02) 08 cos(pa) cosh )

alpp 4
4(81 + &2) o 2
= 20 EB % )] < 2l (4.477)

and for all ;1 on the square Sk, where k£ € N and k£ > m; = max {jl, =RV, %}, we have

613(1)] = | cos(paa) cosh(ua)|
< iOé—2| 3] cos(ua) cosh(pa)| < a—glcb ()] (4.478)
< s 1 0 1 LRI :

finally for all x on the square Sy, where k € N and k£ > m; = max{ji, £ In 14}

|d13(w)] < lo®u® + 1] < 2% |uf?
a? a?
< P cos(ua) cosh(ua)| < - léo()]. (4.479)
Putting together (4.476), (4.477), (4.478) and (4.479), we have for all 4 on the square Sk,

where k € N and k > 1y = max{mq,my,m1,m1}

61| < [dr0()] + |11 ()] + [d12(1)] + [@13(w)] < @®|do ()] (4.480)

As the square S, k € N is a closed curve, then it follows from (4.480) and Rouché’s theorem

that the functions ¢¢ and ¢ have the same number of zeros inside the square Sj.

Proposition 4.53. For g = 0, there exists a positive integer kg such that the eigenvalues
Ak, k € Z, of the problem (3.1)(3.2), where By(y) = y"(0), Ba(y) = y®(0), Bsy = y/(a) —

iaXy"(a) and Byy = y(a) + iady® (a), counted with multiplicity, can be enumerated in such
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a way that the eigenvalues N\, are pure imaginary for |k| < ko and Mg = —5; for |k| > ko,
where \j, = (i5)? with
fii ==£(2k—5)& +o(l), if k>0,
fii; = £i(2lk| —5)& +o(1), if k<O0.
In particular, there is an even number of pure imaginary eigenvalues.
Remark 4.54. We give the enumeration of the zeros of ¢ inside the square Si,, where

k1 = max{mg,m1}. The remainder of the proof is identical to the remainder of the proof

derived for Proposition 4.25.

Proof. The function ¢ has 4k; number of zeros inside the square Sj,. These zeros are the

following

ﬂf = +(2k — 5)21 +o(1), where 1 <k < ky,
a
ﬂfk = +i(2[k[ — 5)21 +o0(1), where —k; <k < —1.
a

Using the approach of the proof of Proposition 4.25, we can show that the zeros of ¢ for

k > ki are

fif, k=kiki+1,...

ky,—ky —1,...

and satisfy
fif = +(2k — 5) & + o(1), where k > ki,
ity = Fi(2lk| — 5)E + o(1), where k < —ki,

see (4.475). O
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4.7 The boundary terms By and B,y are the following: By =
y'(0) and Byy = y¥(0)

Using the canonical fundamental system, then

(B =10 =0 Bay = ¥ (0) =0,
Biya = y5(0) = 1, Boys = y§3) (0) =0,
Biys = /4(0) =0, Bays = 37 (0) =0,
Biys = 44(0) =0, | Baya =7 (0) = 1.

It follows that the characteristic matrix of this particular boundary problem is

B, 0 1 0 0
By 0 0 0 1

M. = (yl Y2 Y3 y4> = . (4.481)
Bs Bsy1 Bsy2 Bsys B3ya

By Byy1r Bayo Bays Baya

The determinant of the characteristic matrix M, gives the characteristic function of the dif-
ferential equation (3.2). The shape of the matrix M, leads to a reduced characteristic matrix

of the boundary value problem.

The reduced characteristic matrix of the boundary value problem is

M =

Bs Bsy1  Bsys
(0 ) = (4.482)

By Byyr  Bays

It is easy to check that det M. = — det M.
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4.7.1 Asymptotic of the eigenvalues for By = y"(a) + iaXy/'(a) and Byy =
y® (a) —iaXy(a)

It follows from (4.482) that

det M = Bsy; Byys — Byy1 Bsys

= (y}(a) + iap?y) (@) (y5” (a) — iapPys(a) — (i (a) — iapyi (a)) (4 (a) + iapyh(a))

= y(a)ys” (a) + a2y (a)ys(a) — ui” (@)yf (@) — 'y (a)yh(a) + iop® (v} (a)ys” (a)

—yi(a)ys(a) -y (@)yh(a) + yi(a)yh(a))

=@y (a) — 4" (@) (a) + o2ty (a)ys(a) — a2y (a)yh(a)
+iap®(y (a)ys) (@) — v (@)ys(@) + yi(a)yh(a) — yh(@)y® (a). (4.483)

Using (4.361) and (4.209), we have

det M = 18y} (a)ya(a) — o (a)ys” (@) + ®iya(a)yy(a) — o*u*ysP (@) (a)
+ i (1 (ya()? — p (4(a)? + (95 (@))% — (¥4 (a))?

= (1+ o) ubya(a)yl(a) — (1 + o)yl (@)ys? ()

+ i (1 (ya(@)? + gt (4(a)? — (1 (@)% — pt (¥4 (a))?). (4.484)

Let
Ar(a) = (1 + a®)bya(a)yi(a) — (1 + o)yl (@)y$? (a) (4.485)
As(a) = 1 (ya()? = i (w4(a)® + (1 (@)? — i (y (@))% (4.486)

It follows from (4.212) and (4.213), that

1 1 1
_ 2y, 8 . _ : _ i
Ai(a) = (1+a)p <4M5 sin(pa) cos(ua) v sin(pa) cosh(pa) 15 sinh(ua) cos(pa)

1 1

1
+ v sinh(ua) cosh(,ua)) — (14 a®)p? (4M sin(pa) cos(pa) + m sinh(pa) cos(pa)

+ 41# sin(pa) cosh(pa) + 42 sinh(pa) cosh(,ua))
3
=—(1+ az)%(sin(ua) cosh(ua) + cos(ua) sinh(ua)), (4.487)
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while (4.30), (4.31), (4.32) and (4.33) give

1 1 1
As(a) = B <4Iu6 sin?(pa) — 20 sin(pa) sinh(pa) + m sinhg(ua)>

1 1
—u <4,u cos?(ua) — ol cos(pa) cosh(pa) + — COShQ(H@)

1 1
ot (g S0 0) + g s sinhua) + 1 sk )

1 2 1
+ 1 cos®(pa) + 1 cos(pa) cosh(pa) + 1 cosh2(,ua)

= —p* sin(pa) sinh(pa) + cos(pa) cosh(ua). (4.488)
Putting (4.484), (4.485), (4.486), (4.487) and (4.488) together, we have

det M = —iap? sin(pa) sinh(pa) + iopu® cos(pa) cosh(pa)
3
-1+ az)%(sin(,ua) cosh(ua) + cos(ua) sinh(ua)). (4.489)

Thus the characteristic equation 2idet M = 0 is

d(u) = 2a0(p) + ¢1(p) = 0, (4.490)

where

¢o(1) = p* sin(pa) sinh(pa), (4.491)
¢1(1) = —2ap? cos(ua) cosh(pa)
—i(1 4 a?) 3 (sin(pa) cosh(pa) + cos(ua) sinh(pa)). (4.492)

The zeros of the function ¢g are 0, the zeros of sin(ua) and the zeros of sinh(pa). The zeros
of sin(ua) are £(k —1)2, k =2,3,.... Since sin(iua) = isinh(pa) and sinh(ipa) = isin(ua),
then the zeros of sinh(ua) are i(k — 1)=, where k = 2,3.... Thus the zeros of ¢g are

T . . ™
0 Mf:i(kil)g’ “fk:il(kfl)ga k=23,....

We recall that 0 is a zero of multiplicity 4 of u + u*, while it is simple zero of p + sin(ua)
and of p +— sinh(ua). Thus 0 is a zero of multiplicity 6 of ¢g. Whence the zeros of ¢g, counted

with multiplicity, are

P =0, py =0, py =0, pi ==+(k—1)T

(4.493)
pt, =Li(k—1)T, k=2,3,...
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Let

Ry be the rectangles with vertices k= e +ie, k€N and e € (0, 5;), Ry

the symmetric image of Ry with respet to the imaginary axis, Ek and ﬁ,k (4.494)

the respective images of the rectangles R, and R_j by the rotation of angle

(ME]

Since € < g, then the rectangles Ry, k € N do not intersect. We know that for u # k7,
k € N, the function p + cot(ua) is periodic of period 7 and it is also continuous. As the
rectangles Ry, k € N are closed curves, then cot(ua) is bounded on the rectangles Ry. Because
the function p — cot(pa) is periodic of period 7, then there exists 81 > 0 such that for all u

on the rectangles Ry, k € N,
| cos(ua)| < B1] sin(pa)l. (4.495)

we have the same estimate for all u on the rectangles R_, ]:?k and ﬁ_k, k € N. It follows
from (4.155) that there exist S2 > 1 and jo > 0 such that for all x on the rectangles Ry, R_,
ék and é_k, k € Nand k > jo,

| cosh(pa)| < B2 sinh(pa)|. (4.496)

Let
b10(p) = —2ap? cos(ua) cosh(ua), (4.497)
b11(p) = —i(1 4 o®)p?(sin(pa) cosh(pa) 4 cos(ua) sinh(ua)). (4.498)

It follows from (4.495) and (4.496) that there exists kg = 21/351 52, such that for all  on the

s

rectangle Ry, R_g, Ek or fi_k, where k € N and k& > my = max{jo, ko},

|610(12)] = 20| uf*| cos(pa) cosh(pa)
< 20| p|?B1 B2 sin(pa) sinh(pa)|

= 281 82a|u|?| sin(pa) sinh(ua))|
_ 2B1Ps
]2

< alu|!|sin(ua) sinh(ua)] = Sldo(k)] (4.499)

alul'| sin(ua) sinh(pa)|
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2a(1+a?)(B1+62)
ar

while there exists %0 = , such that for all ;1 on the rectangle Ry, R_p, ék or

E_k, where k € N and k > mg = max{jo,’kvo},

|é11(1)| = |1+ ?||ul| sin(ua) cosh(ua) + cos(pa) sinh(pa)]

< (14 02)(B1 + fa)alf? sin(yua) sinh sa)|
< OB 1 ina) s )

< alu|!|sin(a) sinh(ua)] = S|éo(k)] (4.500)

Putting (4.499) and (4.500) together, then we have for all 1 on the rectangle Ry, R_y, Ry, or

ﬁ_k, where k£ € N and k > 7y = max{mq, mo},

[91(1)] < |Pr0(w)] + [¢11()] < aldo(w)]- (4.501)

Since the rectangles Ry, R_g, ék or ﬁ_k, k € N are closed curves, then it follows from (4.490),
(4.491), (4.492), (4.493), (4.501) and Rouché’s theorem that there are zeros of ¢ which have

the same asymptotics as the zeros of ¢g, where the asymptotics of the zeros of ¢g are

fu, = £(k —1)% + o(1), where k > 1o and

, (4.502)
fu, = Fi(|k] — 1)Z + o(1) where k < —1g
where o(1) — 0 as |k| — oo.
Let
Sk be the square with vertices =+ (2k + 1)21 +i(2k + 1)%, ke N. (4.503)
a
We have for = (2k +1)g; + iy, k€ Nand y € R
T _ T
cot(pa) = cot (((Qk + 1)2— + z’y) a) = cot (lm +iva + 5)
a
= —tan(km + iya) = —tan(iya) = —itanh(ya). (4.504)

Since | tanh(ya)| <1 for all v € R, then (4.504) implies that there exists d; > 0 such that for
all p = (2k+1)5. +iy, k € Nand vy € R

| cos(pa)| < 61| sin(pa)l. (4.505)
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It follows from (4.155) that there exist 2 > 1 and j; > 0 such that for all u = (2k+1) 4 +17,
where v € R and k£ € N with k£ > j;

| cosh(pa)| < 02| sinh(pa)l. (4.506)
Interchanging cot and coth, we obtain for u = v +i(2k + 1)

coth ((’y +1i(2k + 1)2%) a) = coth <'ya .y <k7r + g)) = coth <z (—i’ya +km+ g))
= —icot (—i’ya + km + g) = itan(—iya + k)

= itan(—iya) = —itan(iya) = tanh(ya). (4.507)

It results from (4.49), (4.504) and (4.507) that

s

cot(pa) = cot ((w +i(2k + 1)2 ) a) — #+1 uniformly in v as k — oc. (4.508)

a
Thus we have the same estimates (4.505) and (4.506) for u = v+i(2k+1)5, where v € R and

k € N, with k > j;. Whence for all 1 on the square Sy, with vertices (2k +1)5- +4(2k + 1)

207
| cos(pa)| < 61 sin(pa)l, (4.509)

while for all p on the square S, where kK € N and k£ > j;
| cos(ua)| < daf sin(pa)|. (4.510)

It follows from (4.509) and (4.510) that there exists k1 = $+/30102 such that for all u on the

square Sy, where k € N and k > my = max{ki,j1},

|d10(1)| = 2a|uf*| cos(pa) cosh(pa)]

< 20| |61 62| sin(pa) sinh(pa)|

2610 . :
= T olul*|sin(ua) sinh(a)|

< 5 lul*|sin(ua) sinh (na)| = Z|éo()], (4.511)

2a(1+a2)(51+52)
T

while there exists %1 = , such that for all i on the square Sk, where k£ € N and
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k Z 777,1 = max{jl,%l},

|é11(1)| = |1+ ?||ul?| sin(ua) cosh(ua) + cos(pa) sinh(pa)l

(14 )31 + B2)alul*| sin(ua) sinh(a)|
= L) 0 i) s )

< alu|!|sin(a) sinh(ua)] = Sldo(k)| (4.512)

IN

Putting (4.511) and (4.512) together, we have for all y on the square Sy, where k € N and

/{ Z ml = max{ml, ﬁ?,l}

91| < [d10() + P11 ()] < aldo(u)]. (4.513)

Since the square Sk, k € N is closed curve, then it follows from (4.491), (4.492), (4.493) and
(4.511) and Rouché’s theorem that the functions ¢y and ¢ have the same number of zeros

inside the square Sj, where k € N and k > .

Remark 4.55. Let k; = max{rhg,m1}. As 0 is a zero of multiplicity 6 of ¢, ,uf and ,uj_tk,
k € N its simple zeros, then the number of zeros of ¢g and therefore of ¢ inside the square

Sy, where k € N and k > kq is 4k + 2.

Proposition 4.56. For g = 0, there exists a positive integer kg such that the eigenvalues
M, k € Z, of the problem (3.1)~(3.2), where Bi(y) = y'(0), Ba(y) = y®(0), Bsy = y"(a) +
iaXy'(a) and Byy = y®)(a) — ialy(a), counted with multiplicity, can be enumerated in such
a way that the eigenvalues N are pure imaginary for |k| < ko and A_y = —5\7;C for |k| > ko,
where A\, = (fiF)? with

ff=+(k—1)T +o(1), if k>0,

i = xi(lk| = 1)T 4+ 0(1), if k<0.

In particular, there is an odd number of pure imaginary eigenvalues.

Proof. Let Dy41 be the domain delimited by the squares Sy and Sky1, where k > k.

Using the same approach as in the proof of Proposition 4.23, we can prove that the number

of zeros inside the the domain D1, for k € N and k > k; is exactly four.
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The 4k; + 2 zeros ,&f of ¢ inside the square S, are the following

fiy =+ (=Z) +o(1), iy =0+4o0(1),..., [ . =+ET 4 0(1),
=0+o(1), iy =i (T) +o(1), ...,u_(klﬂ)—:tzk”—l-o(l).
Thus
fiif = +(k — 1) +o(1), where 0 <k <k; + 1 and
,&f—:l:z(|k‘|—1) +o(1), where —k; —1<k<—1.

The zeros of ¢ for |k| > k; are

,U,k,,k‘ ki,ki+1,...

— ki, -k —1

and satisfy
fiii = £(k — 1)T + o(1), where k > k; and
i = +i(Jk| - 1)T % +o0(1), where k < —ky,

see (4.493).

We can observe that for the zeros p of ¢ which are inside the square Sy, with vertices +(2k +
1) +i(2k +1)£, the numbers A = (p)? are inside the curve 6}, k € N and k > k, given by
the parametrization
X ==+(2k+1)g;)* =~
= (2k + 1)y T . (4.514)

—2k+1)5 <y < (2k+1)4;

The remainder of the proof of this proposition is similar to the remainder of the proof derived

for Proposition 4.23. O
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4.7.2 Asymptotic of the eigenvalues for By = y”(a) + ialy'(a) and Byy =
y(a) +iady®(a)

It follows from (4.482) that

det M = Bsy; Byys — Byy1 Bsys

2,.(3)

= (4} (a) + icpi®y; (@) (ys(a) + icpys” (a)) — (y1(a) + iy P (@) (¥4 (a) + ianyh(a))

(
=yl (a)ys(a) — 'yl (@)y (a > yi(@)yh(a) + o2uty® (@)yh(a) + iap? (v (a)ys(a)
+ @)y (@) — yi(a)ys(a) — v (a)yh (a))
=y (a)ys(a) — a®u'y) (a)y “”( ) — yi(a)yh(a) + a’utyt? (a)yh(a)

vy (@)ys(a) + v @)y (@) — v (@)wh(a) — v (@) (). (4.515)

It follows from (4.25) and (4.209) that

det M = ji*(y4(@))? — ' (ya(a))? — (457 (a))? + 1B (v (a))?

+ i (utya(a)yh(a) + 1yh(a)yala) — v (@)yh () — w'yi(a)y) (a)).  (4.516)

Let
Ar(a) = p(gh(a))? — 2 (ya(@)? — (47 (@) + 2B (4 (a))? (4.517)
As(a) = ptya(a)yi(a) + pyh(@)ya(a) — vi @)yl (@) — nlyi (@) (a). (4.518)

Then it follows from (4.30), (4.31), (4.32) and (4.33) that

1

1 1
Ay(a) = pt <4M4 cos®(pa) — o cos(pa) cosh(pa) + " coshz(ua)>

1 1 1
—a?put? (4 5 sin 2(pa) — 20 sin(pa) sinh(pa) + 0 smh2(ua)>

1 2 1
- (4 cos®(ua) + 1 cos(pa) cosh(pa) + 1 coshQ(ua)>

1 1
- sin(ua) sinh(ua) + e sinhz(,ua)>

1
2 8
+a‘u ( sin (Ma)+2,u

4p?

= o? 18 sin(pa) sinh(ua) — cos(pa) cosh(pa), (4.519)
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while (4.212) and (4.213) give

1. 1. I
As(a) = pt <4M5 sin(pa) cos(pa) — 5 sin(pa) cosh(pa) — v sinh(pa) cos(pa)

1 1 1
+ i sinh(ua) cosh(ua)) + 8 (4M5 sin(pa) cos(pa) — v sin(pa) cosh(pa)

1 . 1 1.
s sinh(pa) cos(pa) + e sinh(pa) cosh(,ua)) - <4M sin(pa) cos(pa)

1 1 1
+ I sinh(pa) cos(pa) + m sin(pa) cosh(pa) + m sinh(ua) cosh(ua))
—ut L sin(pa) cos(pa) + L sinh(pa) cos(ua) + L sin(pa) cosh(pa)
4 4u 4

1
+ m sinh(pa) cosh(ua))

13
= —?(sin(ua) cosh(ua) + cos(pa) sinh(ua))
1

— ﬂ(sin(,u,a) cosh(ua) + cos(ua) sinh(ua)). (4.520)

It follows from (4.516), (4.519) and (4.520) that

iop®

det M = a?u8 sin(pa) sinh(ua) — cos(ua) cosh(pa) — (sin(pa) cosh(pa)
+ cos(ua) sinh(ua)) — %(sin(ua) cosh(pa) + cos(pa) sinh(ua). (4.521)
Thus the characteristic equation 2det M = 0 is
(i) = 207 o (1) + (1) = 0, (4.522)
where
¢o(p) = p sin(pa) sinh(pa), (4.523)
b1(p) = —iap® (sin(ua) cosh(pa) + cos(pa) sinh(ua))
—dapu(sin(pa) cosh(pa) + cos(pa) sinh(pa) — 2 cos(pa) cosh(pa). (4.524)

The zeros of ¢g are 0, the zeros of sin(ua) and the zeros of sinh(ua). But the zeros of
sin(ua) are 0, (k — 2)7, where k = 3,4.... We recall that sinh(iua) = isin(ua), while
sin(ipa) = isinh(pa). Thus the zeros of sinh(ua) are i(k —2)7, where k = 3,4, . ... Therefore

the zeros of ¢g are

0, ui = i(k—2)g, pE = j:i(k:—2)g, where k= 3,4....
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We recall that 0 is a zero of multiplicity 6 of > u%, while it is a simple zero of the function
p — sin(pa) and p +— sinh(pa). Hence 0 is a zero of multiplicity 8 of ¢ and the zeros of ¢y

counted with multiplicity are

/1%2:0, :U’%lzo’ :uli:Oa ,Uétzoa

(4.525)
g =2k —2)%, p*, =£i(k—2)T, k=3,4...
Let
d10(p) = —ioy®(sin(pa) cosh(pa) 4 cos(pa) sinh(ua)), (4.526)
d11(pt) = —iap(sin(ua) cosh(pa) 4 cos(ua) sinh(ua), (4.527)
Pr2(pt) = —2 cos(pa) cosh(pa). (4.528)

Let Ry, R_j, Ry, and R_j, be the rectangles defined in (4.494). Then it follows from (4.495)
and (4.496) that there exists kg = %:32) such that for all 4 on the rectangle Ry, R_p, Ek

or R_j, where k € N and k > mg = max{jo, ko },

|610(12)| = alul®| sin(ua) cosh(ua) + cos(ua) sinh(ua)]

2
< (81 + Ba) 5|l sin(yua) sinb ()
_ 3(Bi+ B2) 2a

[l sin(yua) sinh(pa)|

20ful 3
202 . . 202
< Zo- [l sin(ua) sinh(ua)]| = =100 (1), (4.529)
while there exists %0 =2 Y w, such that for all 4 on the rectangle Ry, R_p, ﬁk or E_k,

where k € N and k > mg = max{jo,%o}

611()] = alu|sin(yua) cosh(yua) + cos(ua) sinh(jia)

< SO B2 i) s )|

- 2a
3(B1 + B2) 202 . :
= (204]/45)3’/”6‘ sin(pa) sinh(ua)|

202 . . 202
< 7|ul6| sin(pa) sinh(ua)| = —=|go(k)l, (4.530)
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finally there exists kg = %\6/ 4’;17252 such that for all u on the rectangle Ry, R_p, ]3% or E_k,

where k € N and k > mg = max{jo, ko}

|912(p)| = 2| cos(pa) cosh(pa)

36152 202 . .
S 2 3 |1/°| sin(pa) sinh(pa)|
202 . . 202
< Sl sin(pua) sinh(a)| = =510 (1) (4.531)

Putting (4.529), (4.530) and (4.531) together, then for all i on the rectangle Ry, R_j, Ry, or

]A%_k, where k € N and k > 1y = max{mq, mg, mo}

[D1(1)] < [pr0()] + |11 ()] + [d12(w)] < 20%|go (1)) (4.532)

Since the rectangles Ry, R_g, ﬁk and ﬁ,k, where k£ € N are closed curves, then it follows
from (4.522), (4.532) and Rouché’s theorem that there are zeros of ¢ which have the same

asymptotics as the zeros of ¢y, where the asymptotics of the zeros of ¢y are

[Lf = £(k—2)T +0o(1), where k> 1729 and (4.533)
ﬂ]f = Fi(|k] = 2)Z 4+ o(1), where k < —1iyg ’ .

where o(1) — 0 as |k| — oo, see (4.525).

Let Sk, k € N be the square defined in (4.503). Then it follows from (4.505) and (4.506)

2(1(51 +52)
T

that there exists 121 = such that for all g on the square Si, where £k € N and

k > 1 = max{ji, k1},

[$10(2)] = olul®|sin(pa) cosh(ua) + cos(ua) sinh(ua)|
3 202 . .
< 5= (81 + 82) = |uf’| sin(pa) sinhua)|

202 . . 202
< 7\#\6| sin(pa) sinh(ua)| = —=|¢o(u)l, (4.534)

on the other hand there exists ki = %\5/ 2(517“52), such that for all p on the square Sj, where
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k€N and k > my = max{ji, k1 }

P11 (p)| = a!uH sin(pa) cosh(pa) + cos(pa) sinh(pa)|
2

< (81 + 62) " |l sin(ja) sinh sa)|
- f’ S0+ 32) 2 sin () sinb )
< 7% sin(pia) sinh(pa)| = %rqﬁo(un. (4.535)

Finally there exists k1 = 4 ¢/ ﬂ%‘b such that for all ;4 on the square Si, where k£ € N and

™

k>m; = max{jl,lzzl}

|¢12(p)| = 2| cos(pa) cosh(pa)|

351(52 20é
- a2!u!6 3

61 - . 2042
< 200 s simb )| = 22 o 1) (4536)

2 |4l sin(ua) sinh (jua)

It follows from (4.534), (4.535) and (4.536) that for all 4 on the square Si, where k¥ € N and

k > 1y = max{mi, mi,m1}
61(1)] < |dr0()| + |11 ()] + [dr2(p)] < 2020 (w)]. (4.537)

Since the square Sy, is a closed curve, then (4.537) and Rouché’s theorem imply that ¢ and

¢ have the same number of zeros inside the square Sy, where k& € N and k > m;.

Remark 4.57. Let k1 = max{m1,mo}. Since 0 is a zero of multiplicity 8 of ¢, ﬂf and ﬂfk
are its simple zeros, then the number of zeros of ¢g and therefore of ¢ inside the square Sy,

where k € N and k > ky is 4k. Thus we have the following result.

Proposition 4.58. For g = 0, there exists a positive integer ko such that the eigenvalues
M\, k € Z, of the problem (3.1)(3.2), where B1(y) = y/(0), Ba(y) = y®(0), Bsy = ¢/ (a) +
iaXy'(a) and Byy = y(a) + iady® (a), counted with multiplicity, can be enumerated in such
a way that the eigenvalues \j, are pure imaginary for |k| < ko and Mg = —Tk for |k| > ko,
where A\, = (i%)? with

ff=+(k—2)T +o(1), if k>0,

i = xi(Jk| = 2)T +0(1), if k<0.

In particular, there is an even number of pure imaginary eigenvalues.
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Proof. Let Dy the domain delimited by the squares Sy and Sy 1, where & > k;. In a similar
manner as in the proof of Proposition 4.23, we can prove that the number of zeros inside the

the domain Dy 1, for k € N and £ > ky is exactly four.

The 4k; zeros [L% of ¢ inside the square Sy, are the following

pr =+ (-%) +o(1), i =0+0(1),..., 0 ==+ <@) +o(1),
+ E)

Thus

fii; = £(k —2)T + o(1), where 0 < k < k; and
fii = +i(|k| —2)T + o(1), where —k; <k < —1.

The zeros of ¢ for |k| > k; are

ﬂf: k=kiki,...

T

and satisfy
,&f =+(k —2)% +o(1), where k > k; and

i = +i(|k] — 2)T + (1), where k < —k,

see (4.493).

For the zeros p of ¢ which are inside the square Sy with vertices £(2k + 1)5. +i(2k + 1),
the numbers \ = (u)? are inside the curve %}, defined in (4.514), where k € N and k > k.

The remainder of the proof of this proposition is similar to the remainder of the proof derived

for Proposition 4.25. O
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4.7.3 Asymptotic of the eigenvalues for By = y/(a) — ia\y”(a) and Byy =
y® (a) —iaXy(a)

It follows from (4.482) that

det M = Bsy, Byys — Bay1 Bsys
= (41 (a) — iopy}0))(u5” (a) — ioprys(a) — (") (a) — iopPys (@) (v (a) — iap®yy(a))
= i (@) (a) — o2ty (a)ys(a) — y1” (@)y(a) + 02 ptys (a)yf (a) — icys(y] (@) ()
+ ¥ (a)ys(a) — 117 ()vf (@) — v (a)yh(a))
= i (@) (a) — a* 'yl (a)ys(a) — 11 (@)y(a) + 01ty (a)y (a)

— i (4 (@)ys? (@) + v (@)ys(a) — P )yl (@) — v (a)yh(a)). (4.538)

Thus (4.209) and (4.361) give

det M = 1% (ya(a))? — 15 (y4(@))? — p (y())? + o2 (457 (a))?

— i (18, (a)ya(a) + ptya(a)yh(a) — 'y @)yl (@) — P @)yl (a)).  (4.539)

Let
Ara) = 1* (14(0))? — @215 (¥4(0))? — 1 (4 (@) + 02 (u”) (0)? (4.540)
As(a) = 1By (a)ya(a) + plya(@)yh(a) — ulyi ()i (@) -y (a)yl (a). (4.541)

Using (4.30), (4.31), (4.32) and (4.33), we have

1 1 1
Ai(a) =18 <4Mﬁ sin?(pa) — 26 sin(pa) sinh(pa) + 16 sinhQ(,ua)) ,

1 1 1
T (4 1 COS 2(ua) — 2 cos(pa) cosh(pa) + v coah2(,ua)>

1 1 1
—u <4M sin®(ua) + 27 sin(pa) sinh(pa) + 12 s1nh2(,ua)>

1 2 1
+ o2t <4 cos®(pa) + 1 cos(pa) cosh(pa) + 1 cosh2(,ua)>

= oyt cos(pa) cosh(pa) — p? sin(pa) sinh(pa), (4.542)
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while (4.212), and (4.213) give

1 1 1
As(a) = pb | —= s — ——si h(pa) — — sinh
2(a) = p <4M5 sin(pa) cos(pa) 1 sin(pa) cosh(pa) v sinh(pa) cos(pa)
1 1 1
+ e sinh(pa) cosh(pa)) + p <4M sin(pa) cos(pa) — i sin(pa) cosh(pa)

1 1 1
s sinh(pa) cos(pa) + 5 sinh(pa) cosh(,ua)) —ut <4,u sin(pa) cos(pa)

1 1 1
+ m sinh(ua) cos(pa) + m sin(pa) cosh(pa) + 1 sinh(ua) cosh(,ua))

1 1 1
— <4,u sin(pa) cos(pa) + m sinh(pa) cos(pua) + m sin(pa) cosh(pa)

+ 41/1 sinh(pa) cosh(;za))
3
— _%(sin(,ua) cosh(ua) + cos(pa) sinh(ua))
1

- Z(sm(,ua) cosh(ua) + cos(pa) sinh(ua)). (4.543)

It follows from (4.539), (4.540), (4.541), (4.542) and (4.543) that

5
(sin(ua) cosh(ua) + cos(pa) sinh(pa)) + o it cos(pa) cosh(pa)

det M = 22
2
— p% sin(pa) sinh(pa) + %(Sin(,ua) cosh(ua) + cos(pa) sinh(pa)). (4.544)
Hence the characteristic equation —2idet M = 0 is

d(p) = ago(p) + ¢1(u), (4.545)

where

do(p) = p®(sin(pa) cosh(pa) + cos(pa) sinh(pa)) (4.546)
b1(p) = —2ia? i cos(pa) cosh(pa) + 2ip? sin(pa) sinh(pa)

+ au(sin(pa) cosh(pa) + cos(ua) sinh(ua)). (4.547)

The function ¢ defined in this subsection is identical to the function ¢q defined in (4.370),

hence they have the same zeros. These zeros are the following

0,0 = +(4k — 5)4 +o(l), pt, = %i(dk —5)— +o(1), k=2,3,..., (4.548)

4a

see (4.372). We recall that 0 is a zero of multiplicity 6 of the function ¢¢ since 0 is a zero

of multiplicity 1 for the function 1;1(#) = tan(pa) + tanh(pa) defined in (4.227) and it is a
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zero of multiplicity 5 for the function p ~ ¥g(p) = p®. Whence the zeros of ¢g counted with

multiplicity are the following

A =0, g =0, if =0, fif = =4k —5) L +o(1),

: (4.549)
i, = Li(4k — 5) & +o(1), k=2,3.4,...
see (4.373). Let
éoo(p) = cos(pa) + sin(pa), (4.550)
60(1) = (=1 + tanh(jua)) cos(jea) = = cosua)
+ 0[2:3 sin(pa) sinh(pa) + l;(sin(,ua) + cos(pa) tanh(pa)). (4.551)
Then
i) = ) — onnl) + 6un ). (1.55)

We recall that

Mgo = (—1 + k‘z) , k € Z are the zeros of ¢qp,
4a a

see (4.232) and
i =i (== £ k1), ke Z are the i £ 1 by th ion of angle —
M =1 1a 0/ € 4 are the images of u;- by the rotation ot angle %
see (4.233).

Let Ry, R_j, R), and R_, be the rectangles defined in (4.234). We recall that ,ugo =
(~E +kT) € Ry, —p° = — (—E +k%) € Ry, i =i (—E& +kT) € Ry and —i° =
—1 (—ﬁ + k%) € JA?:,k, see Remark 4.34 and the rectangles R; do not intersect, as well as the
rectangles R_p, ﬁk and ﬁ_k, k € Z, due to € < 5. We recall also that there exists a constant
p(e) > 0 such that |poo(p)| > p(e) for all p on the rectangle Ry, k € Z, as |poo| is periodic of

3 s
period 7.

It follows from (4.235) and (4.236) that for all © on the rectangle Ry, where |k| > ko(e) =
max{ki(e), k2(e)} is sufficiently large positive, we have

20/2  2V2 3V2

+
lul - alu® |l

P01 (k)] < + 3¢~ Bual, (4.553)
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Since the right hand tends to 0 as |Rua| — oo, then for all p on the rectangle Ry, where
keZ, |kl > ko(e),
P01 (1)] < oo (1)l- (4.554)

For p € C, we have

¢o(—p) = (—p)° (sin(—pa) cosh(—pa) + sinh(—pa) cos(—pa))
= —i°(— sin(pa) cosh(pa) — sinh(pa) cos(pa))

= p°(sin(pa) cosh(pa) + sinh(pa) cos(pa)) = ¢o(p), (4.555)
while

2

b1(—p) = —2ia?(—p)* cos(—pa) cosh(—pa) + 2i(—p)? sin(—pa) sinh(—pa)

)
+ a(—p) (sin(—pa) cosh(—pa) + cos(—pa) sinh(—pa))
= —2ia?u? cos(pa) cosh(pa) + 2ip? sin(pa) sinh(pa)
— ap(— sin(ua) cosh(pa) — cos(ua) sinh(pa))
= —2ia’ " cos(pa) cosh(pa) 4 2ip? sin(pa) sinh(ua)

+ ap(sin(pa) cosh(pa) + cos(pa) sinh(pa)) = ¢1(p). (4.556)
Thus the function ¢g and ¢ are even function and therefore ¢ is an even function. It follows

that we have the same estimates (4.553) and (4.554) for all p on the squares Ry and R_y,

where k € Z, |k| > ko(e) is large enough.

Let
do(1) = apr® (sin(pa) cosh(pa) + sinh(pa) cos(ua))
+ ap(sin(pa) cosh(pa) + cos(pa) sinh(pa)), (4.557)
d1 (1) = —2ia? i cos(pa) cosh(pa) + 2ip? sin(pa) sinh(ua). (4.558)
Then

P(1) = do(p) + o1(p)- (4.559)
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For all pn € C, we have

dolip) = a(ip)’(sin(ipa) cosh(ipa) + sinh(ipa) cos(ipa))
+ a(ip)(sin(ipa) cosh(ipa) + cos(ipa) sinh(ipa))
— iap® (i sin(pa) cosh(pa) + i sinh(ua) cos(pa))
+ ia(isinh(ua) cos(pa) + i cosh(ua) sin(pa))
= —ay’ (sin(pa) cosh(pa) + sinh(ua) cos(ua))
— ap(sin(ua) cosh(ua) + cos(pa) sinh(pa)) = —o(u), (4.560)

while

d1(ip) = —2ia(ip)* cos(ipa) cosh(ipa) + 2i(ip)? sin(ipa) sinh(ipa)
= —2ia’u* cos(ua) cosh(pa) + 2i(—p?)(— sin(ua) sinh(pa))

= —2ia’u* cos(pa) cosh(pa) + 2ip? sin(pa) sinh(pa). (4.561)
Thus (4.560) and (4.561) imply

d(1) = —o (1) + b1 (). (4.562)

It follows that |¢(x)| and |¢(ix)| have the same estimates |do(p)| + |¢1(1)| for all g on the
rectangle Ry or R_j, where k € Z. As we can get the same estimates (4.553) and (4.554) for
all u on the rectangle Ry or R_j, where k € Z and |k| > ko(e) large enough, then we can
have the same estimates for all 1 on the rectangle Ry, or R_y, where k € Z and |k| > ko(e)

large enough.

Since the rectangles Ry, R_p, Ek and ﬁ_k, k € 7Z are closed curves, then it follows from
(4.550), (4.551), (4.552), (4.554) and Rouché’s theorem that there are zeros of ¢ which have

the same asymptotics as the zeros of ¢, where the asymptotics of the zeros of ¢g are

fii- = £(4k — 5) & + o(1), where k € N and k > ko(e)

, (4.563)
fif = +i(4]k| — 5) & + o(1), where k € N and k < —ko(e)

where o(1) — 0 as |k| — oo, see (4.549).

Let Sk, k € N be the square defined in (4.66) and

G (1) = coth(pua) + cot(pa). (4.564)
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It follows from (4.154), (4.155), (4.156), (4.159) and (4.160) that there exists ko, such that

for all u on the square Si, where k € N and k£ > Eo

o ()] > % (4.565)
Let
¢10(p) = au(sin(pa) cosh(pa) + cos(pa) sinh(pa)), (4.566)
b11(p) = —2ia’u* cos(pa) cosh(pa), (4.567)
b12(p) = 2ip? sin(pa) sinh(ua). (4.568)

Then there exists m; = %\/ﬁ, such that for all ;4 on the square Sg, where £k € N and k& > my,

|$10(p)| = ap|| sin(ua) cosh(pa) + cos(pa) sinh(pa)l
3
BRTTEE

< %1l sin(pa) cosh(ua) + cos(ua) sinb(ua)] = 1o (1) (4.569)

\,u,\ | sin(pa) cosh(pa) + cos(pa) sinh(ua)|

while it follows from (4.227) and (4.249) there exists ki = 1304 “guch that for all y on the

square Si, where k € Nand k > m; = max{El, 1%0},

S160()| = S1P | sin(pa) cosh(ua) + sinh(pa) cos(jua)|

|,u| | tan(pa) + tanh(pa)|2a?| )| cos(pa) cosh(pa)|

- M\wlwmw cos(ua) cosh(ya)|

> 1’5’ 20°|u|*| cos(pa) cosh(pa)| = M Clon ()] > ln(p)l, (4.570)

finally it follows from (4.564) and (4.565) there exists k1 = £ {/13, such that for all 1 on the

square S, where k > mq = max{ko, k1}

3160()| = 51l | sin(pa) cosh(ua) + sinh(a) cos(jua)

3
= U cot(paa) + coth(yua) 2] ?] sin(ysa) sinh )|

- a'“' B206121 = o120 > 6120 (4.571)
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Let 71 = max{mj, m1,m1}. Then it follows from (4.569), (4.570) and (4.571) that for all p

on the square Sy, where k € N and k > mq,

[91(1)] < alo(p)]- (4.572)

As the square Sk, k € N is a closed curve, then it follows from (4.572) and Rouché’s theorem

that ¢ and ¢y have the same number of zeros inside the square Sy, where k € N and k& > m;.

Remark 4.59. Let k1 = max{ko(¢),m1}. As 0 is a zero of multiplicity 6 of ¢o, while ﬂf and
/lj_ck, where k = 3,4..., are its simple zeros, then the number of zeros of ¢g and therefore
of ¢ inside the square Si, where k € N and k > k; is 4k + 2. Thus we have the following

proposition.

Proposition 4.60. For g = 0, there exists a positive integer ko such that the eigenvalues
Ak, k € Z, of the problem (3.1)~(3.2), where Bi(y) = 3/'(0), Ba(y) = y®(0), Bsy = ¢/(a) —
iay”(a) and Byy = y® (a) —ialy(a), counted with multiplicity, can be enumerated in such
a way that the eigenvalues e are pure imaginary for |k| < ko and Mg = 75; for |k| > ko,
where \j, = (ﬂf)2 with

fii =+£(dk -5 +o(l), if k>0,

i = xi(4k| —5)E +o(1), if k<O0.

In particular, there is an odd number of pure imaginary eigenvalues.

Remark 4.61. The proof of Proposition 4.60 is identical to the proof of Proposition 4.46.
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4.7.4 Asymptotic of the eigenvalues for B3y = y'(a) — ia\y”(a) and Byy =
y(a) +iady®(a)

It follows from (4.482) that

det M = Bsy; Byys — Bay1 Bsys

= (¥} (a) —iap®y'a))(ys(a) + iapys? (@) — (y1(a) + iap?yt™ (a)) (yh(a) — iyl (a))

= yi (a)ys(a) + ouy{ ()" (a) — 11 (a)y (@) — 0>yt (@) (a) + s (v} (a)ys” (a)
— y(@)ys(a) + v (@)} (a) — " (a)yh(a))

= yi (a)ys(a) + o'y (0)55” (a) — 1 (a)yh(0) — 0ty (a)y (a)

+ o (y; (@)’ (a) — v (@)ys(a) + 11 (a)yf (a) — u*) ()5 (). (4.573)

Thus (4.209) and (4.361) give

det M = p'ys(a)yi(a) + o’y (a)ya(a) — 917 (@) (a) — 0>y (a)ys” (a)

i (1 (1 (ya(@)? = y4(a)? + (97 (@))% — 1t (¥4 (a))?). (4.574)

Let
Ar(a) = (u' + o?12)yi(@)ya(a) — (1 + o)y (a)y (a), (4.575)
As(a) = 1 (ya(@)? — ' (4(a)® + (4 (@))? — e (y (@))% (4.576)

Then it follows from (4.212) and (4.213), that

Ai(a) = (u + agum) <4;5 sin(pa) cos(pa) — 4;5 sin(pa) cosh(pa)

1 1 1
~ s sinh(pa) cos(pa) + v sinh(pa) cosh(ua)) - (1+ 042,U8) (4u sin(pa) cos(pa)

1 1 1
+ m sinh(pa) cos(pa) + m sin(pa) cosh(pa) + m sinh(ua) cosh(ua))

a2
== (sin(ua) cosh(pa) + cos(pa) sinh(pa))

- —’u(sin(pa) cosh(ua) + cos(pa) sinh(pa)), (4.577)
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while (4.30), (4.31), (4.32) and (4.33) give

1

. I . 1.
As(a) = p® <4H6 sin?(ua) — 30 sin(pa) sinh(pa) + 6 smhz(ua)>

1 1 1
—ut <4/~L4 cos?(pa) — 2t cos(pa) cosh(pa) + A COShQ(MCL))

1 2 1
+ 1 cos®(pa) + 1 cos(pa) cosh(pa) + 1 cosh?(pa)
1 1 1
4 .9 . . o
Y — h —~_sinh
,u <4M2 sin”(pa) + 272 sin(pa) sinh(pa) + 12 sin (,ua))
— —p? sin(pa) sinh(ua) + cos(ua) cosh(pa).

Putting together (4.574), (4.575), (4.576), (4.577) and (4.578) we get

2 7
detM:—a K

(sin(pa) cosh(pa) + cos(pa) sinh(pa)) — iap sin(ua) sinh(pa)

1
+ iap? cos(pa) cosh(ua) — Q—(Sin(ua) cosh(pa) + cos(pa) sinh(pa)).
w
It follows that the characteristic equation —2det M = 0 is

d(p) := o) + ¢1(pa),

where

¢o(n) = p' (sin(ua) cosh(ua) + cos(ua) sinh(ua)),
b1(p) = Zioy® sin(pa) sinh(pa) — 2iap? cos(ua) cosh(pa)

+ ;(sin(,ua) cosh(pa) + cos(pa) sinh(ua)).

(4.578)

(4.579)

(4.580)

(4.581)

(4.582)

The function ¢ defined in this subsection is identical to the function ¢g defined in (4.403).

Thus the zeros of ¢ are
~t ™ ~t . ™
0, ==x(4k—-9)—+o(1), a=, = +i(4k —9)— +o(1), k=3,4,...,
4a 4a
see (4.405), while the zeros of ¢y counted with multiplicity are the following

ﬂ%Q =0, ﬂfl =0, ﬂli =0, :[1’2 =0,
i = £(4k — 9) & + o(1), ;
i, = Li(4k — 9)E +o(1), k=3,4,...

see (4.406).
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Let
Bo0(4) = cos(jua) + sin(ua), (4.583)
(1) = (=1 + tanh(jua)) cos(jia) + o sin(ja) tanh(jea) — " cos(ua)
+ a21u8 (sin(ua) + cos(pa) tanh(pa)). (4.584)
Then
i) = e s = ) + G () (4.5%5)

We recall that the numbers

H%O = (—1 + kz) , k € Z are the zeros of ¢q,
4a a

see (4.232) and

0 =i <—41 + kz> , k € Z are the images of p?° by the rotation of angle g,
a a

see (4.233).

Let Ry, R_j, ﬁk and ﬁ,k be the rectangles defined in (4.234). We have Mgo = (—4% + k%) €
R, —p® = — (—E +kZ) € Ry, i =i (& + k%) € R and —3° = —i (— & +kT) €
}Ni_k, see Remark 4.34. The rectangles Ry do not intersect, as well as the rectangles R_, ]5%
and R_y, k € Z, due to e < 52+ We recall that there exists a constant p(e) > 0 such that

|poo(pe)| > p(e) for all i on the rectangle Ry, k € Z, as |¢oo| is periodic of period Z.

It follows from (4.235) and (4.236) that for all u on the rectangle Ry, where |k| > ko(e) =

max{k1 (), k2(e)} is sufficiently large positive, we have

2ﬂ+2\/§+3\/§

alpld  alp T o?|p®

| o1 (1)] < + 3¢~ Fnal, (4.586)

Since the right hand tends to 0 as |Rua| — oo, then for all p on the rectangle Ry, where
keZ, |kl > ko(e),
P01 ()] < [doo (). (4.587)
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For all pn € C, we have

¢o(—p) = (—p)" (sin(—pa) cosh(—pa) + cos(—pa) sinh(—pa))
= —u"(—sin(pa) cosh(pa) — cos(pa) sinh(pa))

= 1" (sin(pa) cosh(pa) + cos(pa) sinh(pa)) = ¢o(p), (4.588)

while

b1(—p) = 2ic(—p)* sin(—pa) sinh(—pa) — 2ia(—p)? cos(—pa) cosh(—pa)

+ _1'u(sin(—,ua) cosh(—pa) + cos(—pa) sinh(—pa))

= 2iap* sin(pa) sinh(ua) — 2iap? cos(ua) cosh(pa)

+ _7(— sin(pa) cosh(pa) — cos(pa) sinh(pa))

= 2iap* sin(pa) sinh(ua) — 2iap? cos(ua) cosh(pa)

+ ;(sin(,ua) cosh(ua) + cos(pa) sinh(pa)) = ¢1(w). (4.589)
It follows from (4.580), (4.588) and (4.589) that ¢ is an even function and therefore we have

the same estimates (4.586) and (4.587) for all 4 on the rectangle R_j, where k € Z and
k| = Ko(e).

Let
do(1) = o7 (sin(pa) cosh(pa) + cos(pa) sinh(ua))
+ i(sin(ua) cosh(ua) + cos(pa) sinh(pa)) (4.590)
é1 (1) = i sin(pa) sinh(pa) — 2iap? cos(ua) cosh(ua). (4.591)
Then

(1) = Go(p) + d1(p) (4.592)
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and for all p € C

¢~50(iu) = o?(ip)7 (sin(ipa) cosh(ipa) + cos(ipa) sinh(ipa))

1
+ a(sin(i,ua) cosh(ipa) 4 cos(ipa) sinh(ipa))

= —a%ip" (i sinh(ua) cos(ua) + i cosh(pa) sin(pa))
+ ZL(Z sinh(pa) cos(pa) + i cosh(pa) sin(pa))

= o?1" (sin(pa) cosh(pa) 4 cos(ua) sinh(ua))

+ i(sin(ua) cosh(pa) + cos(pa) sinh(ua)) = do(u), (4.593)
while
d1(ip) = 2ia(ip)* sin(ipa) sinh(ipa) — 2ic(ip)? cos(ipa) cosh(ipa)
= —2iau’ sin(pa) sinh(pa) + 2iap? cos(pa) cosh(pa) = —d1 (). (4.594)
Thus
B(ip) = do(n) — d1(n) (4.595)

and |¢(11)| and |¢(ip)| have the same upper bound |¢o ()| + @1 ()| for all 4 on the rectangles
Ry and R_j, see (4.592) and (4.595). It follows from (4.580), (4.581) and (4.582) that we can
obtain the same estimates (4.586), and (4.587) for all u on the rectangles Ry and R_j where
k € Z and |k| > ko(e). As |¢(n)| and |¢(ip)| have the same upper bound, then we can obtain
the same estimates (4.586) and (4.587) for all u on the rectangles Ry, and R_j, where k € Z

and |k| > ko(e) large enough.

Since the rectangles Ry, R_j, ék and é—k are closed curves, 0 is a zero of multiplicity 10 of
¢o, while ,&f and ,&j_ck, k =3,4..., are simple zeros, then it follows from (4.587) and Rouché’s
theorem that there are zeros of ¢ which have the same asymptotics as the zeros of ¢g, where

the asymptotics of the zeros of ¢ are

fiif = £(4k — 9) = + o(1), where k € Z,k > ko(c) and

, (4.596)
fii = xi(4]k| — 9)E + o(1), where k € Z,k < —ko(e)

with o(1) — 0 as |k| — oo, see (4.406).
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Let Sk, k € N be the square defined in (4.66) and

dr0(p) = ;(sin(ua) cosh(ua) + cos(pa) sinh(pa)), (4.597)
d11 (1) = 2iap? sin(pa) sinh(ua), (4.598)
p12(p) = —2iap? cos(ua) cosh(pa). (4.599)

Then there exists my = £ ¢/ % such that for all ;4 on the square Sy, where k > my,

b10(1)] = “1”! sin(pa) cosh(ua) + cos(jua) sinh (jua)|
3

042\,“\8

2
< gmm sinpa) cosh(jua) + cos(ua) sinh(a)] = %-|do()] (4.600)

]u! | sin(pa) cosh(ua) + cos(ua) sinh(ua)

while it follows from (4.564) and (4.565) that there exists k=2 a 3/13 such that for all y on

the square Si, where k € N and &k > mq = max{kzo, kl}

o2 a2 ~
5 [Po(w)| = 5-lé2(n )| sin(pa) sinh(ua)l

a!ul
=12

olul?
1

—5—2alu|*|sin(ua) sinh(ua)| = 5 |91 ()l > [éu(m)], (4.601)

finally it follows from (4.227) and (4.249) there exists k; = 2 ¢/ 13 such that for all x on the

square Sy, where k € N and k > mq = max{k:o, K1}

o2 o2 ~
5 [eo(w)] = S (u )||1|| cos(pua) cosh(ua)]

ol

5
UL galu | cos(a) cosh(pa)| = o 61o ()] > lona(u)]. (4.602

Let m1 = max{my,m1,m;}. Then it follows from (4.600), (4.601) and (4.602) that for all u

on the square Sy with vertices k2 +ik?, where k € N and k > my,

|61(1)| < @®|o(u)]- (4.603)

Since the square Si, k € N is a closed curve, then (4.603) and Rouché’s theorem imply that

¢o and ¢ have the same number of zeros inside the square Sy, where k € N and k > ;.

Proposition 4.62. For g = 0, there exists a positive integer ko such that the eigenvalues

;\k, k € Z, of the problem (3.1)~(3.2), where B1(y) = y'(0), Ba2(y) = y(3)(0), Bsy = y'(a) —
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ia\y"(a) and Byy = y(a) + iady® (a), counted with multiplicity, can be enumerated in such
a way that the eigenvalues N are pure imaginary for |k| < ko and A_j = —;\7k for |k| > ko,
where A\, = (ﬂf)z with

fii =x(dk—9)~ +o(l), if k>0,

fii = xi(4)k| - 9)E +0(1), if k<o0.

In particular, there is an even number of pure imaginary eigenvalues.

Since the function ¢ defined in (4.581) is identical to the function ¢ defined in (4.403), then

Remark 4.49 and the proof of Proposition 4.48 are applicable for the above proposition.



Chapter 5

Asymptotics of eigenvalues of the
self-adjoint fourth order differential

operators

5.1 Introduction

We give in this chapter the spectral asymptotics of the eigenvalues of the problem (3.1)—(3.2),
where B;(\)y = yP31(0) = 0 for j = 1,2, while for j = 3,4, B;(\)y = yPil(a) +ic;aryl%l(a) =
0 and ¢; satisfies the conditions of Theorem 3.2. We start the chapter by presenting in
Section 5.2 notions and properties of two-point boundary eigenvalue problems in (Lo (a,b))™
in Subsection 5.2.1, followed in Subsection 5.2.2 by definitions and properties necessary for
a better comprehension of Birkhoff regular problems that we give in Subsection 5.2.3. The
notions and properties presented in Section 5.2 are used to investigate the Birkhoff regularities
of the eigenvalue problems above mentioned. These Birkhoff regularities are presented in
Section 5.4 to Section 5.7. We introduce in Section 5.3 important tools and properties to
derive asymptotic solutions of differential equations. We have used these tools and properties
to provide asymptotic solutions for the differential equation (3.1). These asymptotic solutions

have been used to investigate the asymptotics of the eigenvalues of the above problems, the

192
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results can be found in Section 5.10 to Section 5.13.

5.2 Birkhoff regular boundary eigenvalue problems

5.2.1 Two-point boundary eigenvalue problems in (Ly(a,b))"

Let Q be a domain in C, —0o < a < b < co and n € N\{0}. Let

TP Ny =y — A( Ny,

(5.1)
TRy = We(N)y(a) + WP(A)y(b),

for A\ € Q and y € (WZ(a,b))", where A € H(Q, My, (Loo(a,b))) and We, Wb € H(Q, M, (C))
with rank(W2(X), Wb(\)) = n for all X € Q.

Proposition 5.1. There are A, B € H(Q, M,(C)) such that the matriz

wenT AN 52)
wo\T B\ '

is invertible for all A € Q. See Proposition 3.5.1 [31, page 119].

Lemma 5.2. Let k > 1 > 1, x; € H(Q,C*) (j = 1,...,1) and assume that the vectors
x1(N),...,z1(N\) are linearly independent for all X € Q. Then there are z; € H(Q,CF) (j =
I+1,...,k) such that x1(\), ..., xx(X) are linearly independent for all X € Q. In case x1,...,x;

are polynomials in X, x;41,...,x can be chosen to be polynomials. See Lemma 3.5.2 [31, page

120].

Definition 5.3. [31, page 121]. We consider TP" € H(C, L((W2(a,b))", (La(a,b))")) defined
by

TP Ny =—y —=AT(. Ny (AeC, ye (Wi(a,b)" (53)
The differential operator T D+()\) is called the formally adjoint of the differential operator

TP(N).

Proposition 5.4. Set
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Then the Lagrange identity
(TP Ny, u) = (y, TP (\u) = H
holds for all A € Q, y € (W2(a,b))™ and u € (W#(a,b))". See Proposition 3.5.4. [31, page

121].

Definition 5.5. [31, page 122] We define

-1

Cy DY\ _ (Wt A (5.4

wen) weoy ) \wronT B
where the matrix on the left-hand side is divided into n x n block matrices. In case W%(\)

and W?()\) depend polynomially on A € C, we can choose A(X) and B()) to be polynomials

in \.

Remark 5.6. Since A and B are not uniquely determined, also the boundary matrix functions

W and W are not uniquely determined. But the boundary condition
W N u(a) + WP(A)u(b) =0

are uniquely determined by the boundary conditions
WeNu(a) + WP(A)u(b) = 0.

See Remark 3.5.6. [31, page 123].

5.2.2 Definitions and basic properties

Assumption 5.7. [31, pages 130-133] Let —oo < a < b < oo and n € N\{0}. For sufficiently

large complex numbers A, say |A| > v(> 0), we consider the boundary eigenvalue problem
Yy — (ML +Ag+21TAC Ny =0, (5.5)

m —~ . b/\_/
SO WO Wy(ag) + / W (2, Ay()dz = 0, (5.6)
=0 a

where y varies in (W2 (a, b))™.
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We assume that the coefficient matrices Ag and A; belong to M,(La(a,b)), that A°(:, \)
belongs to M,,(La(a,b)) for |[A\| > v and depends holomorphically on A there, and that

A°(-, \) is bounded in M, (Ls(a,b)) as A — oo. (5.7)

We suppose that A; is a diagonal matrix function, more precisely,

Al ‘ )

Al

where [ is a positive integer,

l
Al =r, I, (v=0,...,1), Zn,,:n,
v=0

with ng € N and n, € N\{0} for » = 1,...,l. According to the block structure of A;, we
write Ao = (AO,VM)L,;L:O’

For the diagonal elements of Ay we assume:

I) 7o =0, and for v,;u =0,...,1 there are numbers ¢,,, € [0,27) such that
(ry —7u) "t € Loo(a,b) if v # p, (5.8)
ry(x) —ru(x) = |ry(z) — r#(x)|ei¢”“ a.e. in (a,b). (5.9)
Note that p = 0 gives 7! € Loo(a,b) for v =1,...,1 and
r(z) = |ry ()]’ aein (a,b) (v=1,...,10), (5.10)

where ¢, := ¢p0 = ¢pgp T forv=1,... 1.

If ng = 0, then we need conditions the conditions (5.8) and (5.9) only for v, u € {1,...,1}.
On the other hand, the conditions 7! € Lo (a,b) for v =1,...,1 and (5.10) are needed
in any case. Hence it is no additional assumption if we take v,u € {0,...,l} in (5.8)

and (5.9) also in the case ng = 0.
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To give more explicit representation of condition I), we consider the following conditions
(we remind that identities and inequalities of functions are understood to hold almost

everywhere):

IT) 79 = 0, and there is a number « € C and for all v = 0,...,1 real-valued functions

7y € La(a,b) such that for all v, u=0,...,1

r, = aF, (5.11)
(ry —7u) "t € Loo(a,b) if v # p, (5.12)
T, — T, is positive or negative function if v # p. (5.13)

III) ro = 0, and there are a positive real-valued function r € Lo(a,b) such that r~! &
L(a,b) and oy, € C (v =0,...,1) such that r, = a,r and a,, # «a, for v,u =0,...,1

and v # u.

Remark 5.8. [31, page 131] If ng = 0, then we need the conditions (5.8) and (5.9) only for
v, € {1,...,1}. On the other hand 7, € Ly (a,b) for v =1,...,l and (5.10) are needed in
any case. Hence it is no additional assumption if we take v, € {0,...,1} in (5.8) and (5.9)

also in the case ng = 0.

For the boundary conditions (5.6) we assume that the a; € [a,b] for j € N, that a; # a; if
j # k, and that ap = a, ap = b. We suppose that the matrix function W(-,)\) belongs to
M, (Ly(a, b)) for |A| > v and there is Wy € M, (Li(a,b)) such that

W(,A) =Wy =0\ in M,(Li(a,b)) as A — oc. (5.14)

Finally we assume that the Wj()\) are n X n matrices defined for |\| > ~, and that there are

n X n matrices Wéj ) such that the estimates

S| < o (5.15)
j=0
and
ST W =07 as A (5.16)
j=0

hold.



Chapter 5. Asymptotics of eigenvalues 197

Proposition 5.9. [31, page 133|. There is a fundamental matriz function
Y (-, A) = (P + Bo(-, \)E(-, \) (5.17)
of the differential equation (5.5) having the following properties: the matrix function E(-,\)
belongs to M, (WZ(a,b)) and
E(z,\) = diag(Eo(z, A), E1(z, A), ..., Ej(z,A)) (5.18)
for x € [a,b] and \ € C where
R, (z) = /rr r,é€d&,  Ey(x,\) = exp(AR,(z))1,, .

The matriz function P19 belongs to M,(WZ(a,b)) and has block diagonal form according to
the block structure of Ay, i.e.,

P[O} = diag(P(gg], P1[2]7 . ,Pl[lo]) (519)

The diagonal elements P,L?,] are uniquely given as solutions of the initial value problems

P = A9, Pl
o (5.20)

P (a) = In,,
where the n, x n, matriz functions Ao, are the block diagonal elements of Ao, the matriz

function By(-,\) belongs to M,,(W2(a,b)) for |\| >~ and fulfils the estimates

('7)‘) {0(1)}007
(5 A) ={O0(m(AN) }oo>

as A — oo, (5.21)

By
By
where
)

(\) = max (1 + |R(Ae'vn)
v,u=0, v£u

and {o0() }oo means that the estimate is uniform in x.

Notation 5.10. [31, page 134]. For v = 1,...,l let ¢, be as defined in (5.10) and let
A € C\{0}. We set

0 if R(Ae?) <0
1 if R(\e™) >0
5,(\) == (5.22)
0 if R(Ae') =0 and I(\e?) > 0,
1 if R(\e™) = 0 and F(Ae') < 0
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Let dg(A) = 01(X). We defined the block diagonal matrices

A(N) = diag(8oLng, - - - 51(A) Iny),

(5.23)
Ag = diag(0.1pg, Iny s - - - Iny)s
which reduces to
A()\) = diag(él()\)lm, e 751<)‘)L’Ll)7 AO = In7 (524)
if ng = 0. Finally we set
Mo = S W9 PO a) + / Wo(a)da. (5.25)

Jj=0

Definition 5.11. The boundary eigenvalue problem (5.5), (5.6) is called Birkhoff regular if
WL, — AN) Ao + WA Ag + May(I, — Ag) (5.26)
is invertible for A € C\{0}. See Definition 4.1.2. [31, page 134].

Theorem 5.12. Forv =1,...,1 we define

0.1n,
SL I, 0
Al = ' (5.27)
0 .
8, 1y,
and
0.1n,
(1 - 5$)In1 0
0 .
(1 - 6ll/>Inl
where

1 ifp€lpy,pp+m) mod (27)
Sh = | (5.29)

1 ifpé[py,op+m) mod (2m)
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forv,u=1,...,1. Here p, € Z mod (2m) for a subset Z of R means that there i a number
a € Z such that ¢, —a = 27Z.

The boundary eigenvalue problem (5.5), (5.6) is Birkhoff reqular if and only if the matrices

WAL + WVA2 4 Moy (1, — Ao) (5.30)
and

W OAZ + WAL + My(I, — Ay) (5.31)
are invertible for allv =1,...,1, where WO(O) and Wo(l) are uniquely determined by

/V[v/(j)()\) - Wo(j) =0\ 1) as A = 00 for j =0,1 and M, is defined in (5.25). See Theorem
4.1.3. [31, page 135].

Proposition 5.13. Let | = n and A(N) = diag(di(N),...,0n(N)) as given by (5.24). We

suppose that
2n(v —1)

¢U:T (V:L"'an)?

i) If n is even, then the values of A are the diagonal matrices with § consecutive ones and

5 consecutive zeros in the diagonal in a cyclic arrangement.

i) Ifn is odd, then the values of A are the diagonal matrices with "T'H consecutive ones and

”Tfl consecutive zeros in the diagonal and the diagonal matrices with ”Tfl consecutive

ones and ”TH consecutive zeros in the diagonal, each in a cyclic arrangement.

See Proposition 4.1.7. [31, page 138].

5.2.3 Birkhoff regular problems

Assumption 5.14. [31, pages 204-205]. We consider the eigenvalue problem
Yy — (VA1 + Ag)y =0, (5.32)

o b
TRy => WO (N)y(a;) + / W (z, \)y(z)dz = 0, (5.33)
j=0 ¢
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where y € (Wi(a, b)), —0o < a < b < oo and n € N\{0}. We assume that there is an n x n
matrix polynomial Co(A) whose determinant is not identically zero such that the following
properties hold:

There are matrix functions Wy € M,,(L1(a,b)) such that
Cy ' NW (-, A) = Wo = 0NN in M,(L1(a,b)) as A — oo, (5.34)

and there are n X n matrices Wéj ), j € N, such that the estimates

S| < o (5.35)
=0
and
STCTTOW D) - W = 0 as A = 00 (5.36)
=0
hold.
Proposition 5.15. [31, pages 205-206]. There exists v > 0 such that Ca(\) is invertible for
IA| > . For |\ >~ and y € (WE(a,b))" we set
= 1 (o
TRy =Y C5 W) + [ G5 O G, Ny (a)da. (5.37)
J=0 “
Then TE(X) belongs to £ (W2(a,b))",C") and depends holomorphically on X for X := {\ €
C:|A >~}

Remark 5.16. [31, page 206] If v is the maximum of the orders of the polynomials W and
W) then we can take Cy(\) = A“I,,. In this case

Cy VW) —Wo =00\ (5.38)
and
W) -w =0 (jeN) (5.39)
hold for suitable Wy and W7,

Definition 5.17. The boundary eigenvalue problem (5.32), (5.33) is called Birkhoff regular
if there is an n X n matrix polynomial Cy(\) fulfilling the assumption (5.34)—(5.36) such that
the differential equation (5.32) with the boundary condition TR(\)y = 0 is Birkhoff regular
in the sense of Definition 5.11. See Defintion 5.2.1. [31, page 206].
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Assumption 5.18. [31, page 281]. We consider the first order system T (\)y = 0, where TP
is given by (2.24), (2.25). We assume that there are a matrix function C(-,\) € M,,(W#(a,b))
depending polynomially on A and a positive real number v such that

C(-, \) is invertible in M, (W(a,b)) if [A| >~ (5.40)

and such that the equation

CH L NTP(NC( Ay = o — A Ay o= TP (V) (5.41)
holds for [A| > v and y € (W(a,b))", where
AN =M+ Ag+AA LN (A > 7) (5.42)
fulfils the assumptions made in Assumption 5.7.
Proposition 5.19. Let ng € {0,...,n— 1}, [ :=n —ng, and suppose that
(-, p) = p"m(- p),
where l
m(op) =+ oy (5.43)
j=1

and m,—;; € Lo(a,b), (i =0,...,n—1, j =0,...,n—1). Suppose that for all z € [a,b]
the roots of m(x,p) = 0 are simple and nonzero and that there is k € N\{0} such that
Ti,--- 7 € W2(a,b). Then there are ry,...,r € W2(a,b) such that
l
m(w,0) = [ (o = r5(2)) (5.44)
j=1

holds for all x € [a,b] and p € C. In addition, we have that T‘j_l € W2(a,b) forj=1,...,1L
See Proposition 7.2.3 [31, pages 285-286].

Theorem 5.20. Let | € {1,...,n} be such that m;; # 0 and m;; = 0 fori =1+1,...,n.

Suppose that m; € Loo(a,b). Then there is a matriz function
C(z,\) = diag(A", ..., \")C1(x)

with vy,...,vn € Z and C1 € M,(W2(a,b)) such that A(-,\) given by (5.41) has the form
(5.42), where
A; = diag(0,...,0,71,...,1)

and rj_l € Loo(a,b) for j =1,....1, if and only the following conditions hold:
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i) WlTl1 € Loo(a,b);

i)

l
p’l())\) - Z)\jﬂ-n—iJ (Z = 07 oo — ]_)7
7=0

iii) m; € Wi(a,b) fori=1,....,l orl=1 and% € W2(a,b) fori=1,...,n—1;

iv) The zeros of m(x,p) are simple and different from zero for all x € [a,b], where 7 is

defined in (5.43).

A Ifi), ii), and iv) hold and if | =1 or m;; € Wi(a,b) fori=1+1,...,n, then we can

choose vy = -+ Upot1 =0, v,=i—ng—1 (i=no+2,...,n) and

Ch =

1

_ Ty

T,

0

1
_ T4, 1
1l
1
-1
1

(5.45)

where r1,...,7 € Wi(a,b) are the roots of m(-,p) = 0 according to Proposition 5.19 if

[>1.

B Ifi), ii) and iv) hold and if m;; € Wi(a,b) fori=1,..

., 1, then we can choose v =
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=y =0,v,=i—ng (i=np+1,...,n) and
1 0
0
0 1 rl_l T 1
Cl = (5.46)
1 ... 1
1 Tl
0

rll_l rf_l

where 11, ...,1, € Wi(a,b) are the roots of m (-, p) = 0 according to Proposition 5.19.

Note that in case | = n the matriz Cy is just the lower right block.

See Theorem 7.2.4. [31, pages 288-289).

Definition 5.21. Together with the boundary conditions (2.39) and a function C(x, \) sat-
isfying (5.40)—(5.42) we consider the matrix functions

W) = (w) (A, Clag, V), (5.47)

Wz, A) := (wgis (N)f =1 C (@, A)

TRy = S WO (M\y(ay) + / W Ny@de (v € (W(a,b)"). (5.48)

The boundary eigenvalue problem (2.38), (2.39) is called Birkhoff regular if 7, # 0 and if
there are matrix functions C(-, \) satisfying (5.40)—(5.42) and Ca(\) satisfying (5.34)—(5.36)
so that the associated boundary eigenvalue problem TP(A)y = 0, Co(A\)"'TR(\)y = 0 is
Birkhoff regular in the sense of Definition 5.11. See Definiton 7.3.1. [31, page 295].
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5.3 An asymptotic fundamental system for Kn = \'Hp

Let —co <a<b< ooandn €N, n>2 We consider the differential equation

Kn=XHn (ne€W(a,b)), (5.49)
where .
Kn=n"+Y k™, (5.50)
1=0
no )
Hn=> hn®, (5.51)
=0

with 0 < ng < n —1 and k;,h; € W2(a,b). We shall always assume that h,, > 0 and
hpt € Loo(a,b). We infer that h,! € Wi(a,b) if ng > 0. If ng = 0, we suppose that

hnd € Wi(a,b). We associate the differential operator
LP\n:=Kn—XHn (neWk(a,b)) (5.52)

with the differential equation (5.49). Together with the differential equation (5.49) we consider

the two point boundary conditions

n—1 n—1 n
LR = (Z w (VD (@) + Zw,ii’u)n“-”(b)) ~0, (5.53)
i=0 i=0 k=1
where w,g) are polynomials.
Definition 5.22. [31, page 322]. We define the boundary matrices
WO = () Wi (G=0.1). (5.54)

Theorem 5.23. Suppose that h,, = 1, set | = n —ng and let k € N. Assume that k >

max{l,ng — 1} if ng > 0. Suppose that

a) kj € La(a,b) for j =0,....,n—1—Fk and kn_1_; € W,?_j(a,b) for 7 =0,...,min{k —
1,n—1} if ng =0,

B) hos-..yhng—1 € W2(a,b), ko,...,kng—1 € W7 ;(a,b) and kn_1_; € szfj(a, b) for j =
0,...,0 —14fng > 0. Let {m,...,mny} C W,3+n0(a, b) be a fundamental system of
Hn=0.
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For sufficiently large X\ the differential equation Kn = MHn has a fundamental system
{m G A), oy nn (-, A) } with the following properties:

i) There are functions m,, € Wiino—ir(a,b) (1 <v <mng, 1 <r < [%]) such that

(%]
) = a4 ATl 4 {o(AM) b
r=1

(v=1,...,m0; £ =0,...,n9— 1), (5.55)
[k—/l‘-‘—lno—l}
W) =m0 AT S {o( T o
r=1
(v=1,...,n0; £=0,...,n9—1). (5.56)
ii) Set k := min{k,k+1—no}. Let w; = exp{w} (7 =1,...,1). There are functions
Yy € ngﬂfr(a, b), r=0,... ,:’5, such that g is solution of the initial value problem
, 1
$o — Z(hno—l - kn—l)(PO =0, 7T0(CL) =1, (557)
and

k
dr . y . - ) »
77,(/“)(%)\) = [dx/‘] Z_(:)()\wy_no) QPr(ﬂf)e)‘ v-ng(z=a) | 4 {o(\ k—&-,u)}ooe)\ v (z—a)

(v=mno+1,....,n; p=0,...,n9—1), (5.58)
where [%] means that we omit those terms of Leibniz expansion which contain a function

gpﬁj) with 7 > k — r. See Theorem 8.2.1. [31, page 326].

Proposition 5.24. [31, pages 327-332] With the assumptions of Theorem 5.23 we denote
the i-th vectors in C*, C™, C' by e;, €, €;. Fori € Z\{1,...,n} ori € Z\{1,...,ng} or
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i€ Z\{1,...,l}, we set e; :=0, € := 0, g; := 0, respectively. We set

at; = (ho- .. Png—1) (5.59)
aly == —(ko, - kng—1) (5.60)
0 1
0 . 0
Jp = o € M,(C) (5.61)
0 1
0
l
eli=> ¢ =(@1,..,1)eC, (5.62)
=1
Q.= diag(wy, - .., wy), (5.63)
Z.()\) := diag(1,A..., A1) € M,(C), (5.64)
(N |
w1 S Wi
l . . .
V=) gt = : (5.65)
=1 . .
wifl L. wffl

For \ sufficiently large, let

E(z,\) = diag(1,...,1,eM @70 Jwle—a)y (5.66)
Mi(,N) Qui(sA) + enge QT Qar( ) ATLQua(, A + A0 e, T Qo )
1\ - ~ ~
E(AVQa(-A) AMOEV Qaa (- A)Q)°
(5.67)
D 0
Ms(, A) = ; (5.68)
0 I

where the matriz D is a ng X ng that can be chosen such that

(T2, 7ng) = € QUD (5.69)
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o)/ 0
= (no = engal)QU] = 0, QI (a) = Iy, (5.70)
o 1 0 0
2 = 7 (g1 = ko) [24—0 w(a) = I (5.71)
B=0 Q=0 (5.72)
Q[lrl} - (Jno - 6noalTl)Q[lTl] = (6710—1 - (h‘no—l K — 1)€no)€ Q 1Q21}
L —1—j =] [r—1] (5.73)
+ 3 kno1—jenge QT Q5 Y — €ngaa@Y] (r=1,...,k),
j=1
Qi = QY — dea QU = Hhng 1 — ka1)ee 07 QE -
l 5.74
+%Zlkn e T QYT e L (r =1, k),
]:
r—1 r—1]~—
Q[12} :_le ]Q + (Jno — GnoalTl)Q[u ]Ql '
(fno 1= (Png—1 _kn—l)fno)gTQ_lQ[QTQ_”Q_l (5.75)
+an 1 jenoe QI — e bl ot (r =1, k),
j=
QY — Qo = QU = 1ueal QU = L(hng 1 — k1) uee T QL
! i e T (5.76)
1 2 hm1ee QU 100, Q Y (=1, k)
]:
0= (Q — +uzal QU = g1 — k1) QLS
To-1-i ol _ 10y 0T olk=] (5.77)
+1 Eksn 1 ee QI 1 ea], Qs )g,, w=1,...,1)
Jj=
and
Qs ZA QI ol M (i =1.2). (5.78)
We set n, :=mno,. Then
(nu—l,u('a)‘))uy 1- (775 1( ’)\))Z,V=1 = Y(u)‘) = Ml(vA)M2())‘)E(7)‘) (579)
is a fundamental matriz of TP (\) = 0 if X sufficiently large, where TP ()\) = , and

{5, N), .. .,0u(-, N} is a fundamental system of the differential equation Kn — N Hn = 0.

Proposition 5.25. Let ng > 2. Forr =0,...,np—2 and it = 1,...

EIQ[&] =0. Forr=1,...,n9 — 1 we have eno TQHE =€ Q g1 =0.

See Proposition 8.2.3. [31, page 335].

,ng —r — 1 we have
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Remark 5.26. Let ng > 2. Then Proposition 5.25 yields elTQ[lg =0forr=0,...,n9 — 2.

Hence,

Corollary 5.27. [31, page 335] By (5.78), and (5.79), there are @,, € W,€2+27n07r(a, b) for
v=ng+1,....,nandr=0,...,k+1—ng such that, forv=nyg+1,...,n

k+1—ng
{ S A ) {007 }A (5.80)

The equation (5.80) also holds for ng = 1 and that for ng =0 and v =1,...,n,

{Z A " opr(x) + {o(A™ )}Oo} e v=no® (5.81)

where @, € W2, _.(a,b).

Proposition 5.28. [31, page 336] With the assumptions of Theorem 5.23 and notations of
Proposition 5.24, if ng =0, 1 < v <mn, and 0 < r < k, where k is as defined in Theorem

5.23, then

ETVQ[QTQ]@, (5.82)

Yo = P10 = €1 VQ2261 (5.83)

Note 5.29. In the following sections, we investigate the Birkhoff regularity of eigenvalue
problem (3.1)—(3.2) where g # 0, and different cases of the boundary conditions Bi(y) =
yPl = 0, By(y) =yl = 0, where py + p2 # 3, Bs(y) = y(a) + iesady®](a) = 0 and
Bu(y) = yP(a) + icgaryl®l(a) = 0, where for j = 3,4, pj +q; =3, €5 = 1if ¢; is odd and

gj = —1if g; is even.

5.4 Birkhoff regularity for B;(y) = y(0) = 0 and By(y) = 4"(0) =0

Recall that A = p?. Then p;(-, i) E,u]ﬂg, ij. (1 =10,1,2,3, j = 0,1,2,3), see (2.35).
Hence it follows from (2.35) and (2.38) that m1,1 = T2 = w33 = 0, while m4 4 = —1. Thus the
characteristic function of (3.1) is m(p) = p* — 1, see (2.36), its zeros are i*~1 k = 1,2,3,4.

According to Proposition 5.13 the matrices A of the eigenvalue problem (3.1)—(3.2) are the
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following four 4 x 4 diagonal matrices with two consecutive ones and two consecutive zeros in

the diagonal in a cycle arrangement:

Ay = diag(1,1,0,0)

Ay = diag(0,1,1,0)
(5.84)
As = diag(0,0,1,1)

Ay = diag(1,0,0,1)

Since ng = 0, then it follows from Proposition 5.19 that [ = 4. Then the matrix C7 defined
in (5.45) is reduced to (i(kfl)(lfl))iylzl. It follows from Theorem 5.20.A that v; =0, vy =1,

v3 = 2 and v4 = 3. Hence we can choose

4
C(x, p) = diag (1, p, p*, %) (i(k‘”("”)kl )
10 0 O 1 1 1 1 1 1 1 1
0 0 O 1+ -1 — 1 — —1
_ f R Sl B
00 pu2 0 1 -1 1 -1 w2 wroou? u?
00 0 wpw)\1 —i -1 i o= = aipd
The matrix C(z, p) is also considered in the sections Section 5.5 to Section 5.7.
The following boundary matrix is associated to the problems of this section
1 0 00 1 1 1 1
0010 N T
WO () = com=|" "0 T (5.56)
0 0 0O 0 0 O
0 000 0o 0 0 O

see (5.47).
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5.4.1 The boundary conditions Bsy = y"(a) +ia)y'(a) = 0 and B,y = y®(a) —
iady(a) =0

According to (5.47) the second boundary matrix associated of this problem is given by

0 0 00 0 0 0 0

1) 0 0 00 0 0 0 0
W () = o Cla,p) = : (5.87)

0 wap” 10 Y12 V3 V4

—iap? 0 0 1 i B2 B3 Pa

where v; = i/ o +(—1)7" 1% and B; = —ioyp®+(—i)7 71 p3. Choosing Co(u) = diag(1, i, p3, u3),

then
1 0 0 0 11 1 1
_ 0 p? 0 0 -t o —p?
Co(p) ™ WO () =
0 0 w3 0 0O 0 0 ©
0o 0 0 p3 0 0 0 0
1 1 1 1
1 -1 1 -1
= =W (5.88)
0 0 0 0
0 0 0 0
and
1 0 0 0 0 0 0 0

0
Co(p) WM (p) =
2(1) (1) »
0 0 pu 0 YoY2 V3 V4
0

0 0 u3) \B B2 Bs B

0O 0 0 O 0 0 0

0O 0 0 O 0 0 0 0 1
= = +O0(™)

01 09 03 04 i —a —ila o

th 02 03 064 1 —i =1 4

=W+ o™, (5.89)
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where §; = ila + (—=1)71p7L, 0; = (—i)77! —iap~! and
0 0 0 O
0
WiV — . (5.90)
o —a —lo o«
1 = -1 3
Thus Cy(p) "W (1) = Wéj) +O(p~ 1) holds for j = 0,1, see (5.39). It is easy to check that
W =2, (5.91)
while

W =1+ a. (5.92)

Thus |WO(O)| + |W(§1)| = 3+ a < 00. On the other hand it is clear that

1Co(w) WO () — W =0, (5.93)

while
1Co () WD () = Wi = O™, (5.94)

Hence
1Ca(n) " W () = W |+ 1Ca) ™ W () = W = O™, (5.95)

Whence (5.35) and (5.36) hold.

5.4.2 The boundary conditions Bsy = y”(a) + ia)y/'(a) = 0 and B,y = y(a) +
iaAy®(a) =0

The associated boundary matrices are the matrix W (u) given in (5.86) and the matrix

0 0 0 0 0O 0 0 O

1 0 0 0 0 0O 0 0 O
W () = Cla,p) = : (5.96)

0 dap> 1 0 Y2 V3 M4

—_
o
o
.
Q

=

(V)
o

B2 B3 P4



Chapter 5. Asymptotics of eigenvalues 212

where v; = i/ a3 +(—1)7 "1 p? and B; = 1+(—1)"LilauS. Choosing Co(u) = diag(1, 2, u3, u°),
then

0
1y, =
Cop)™ W () »
0 0 u 0 YoY2 Y3 M4
0

0 0 pw?®) \B B B3 B

0O 0 0 0 0 0 0
0O 0 0 0 0 0 0 0 4
= = +0(™)
01 09 03 o4 o —a —la  «
01 02 03 04 i [0 —l —Q
=W + o), (5.97)
where 0; = il + (—1)1p71, 0; = (1) 1ia + > and
0 0 0 0
0 0 0 0
Wi = | | . (5.98)
i —a —ia o
o a  —ita —Q

As the matrix W) (1) defined in (5.86) is associated to the eigenvalue problem defined in
this subsection and the first two diagonal entries of the matrix Co(u) are the same as for the
matrix Cy(y) defined in Subsection 5.4.1, then Cy(p) "W (1) = 0(0)7 where Wéo) is the
matrix obtained in (5.88). Thus Cy(p) W0 (u) = O(j) + O(p~1) holds for j = 0,1, see
(5.39).
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5.4.3 The boundary conditions By = y/(a) —ia)\y”(a) = 0 and B,y = y(a) +
iaAy® (a) =0

The boundary matrices associated to this problem are the matrix W (u) given in (5.86) and

the matrix
00 0 0 0O 0 0 0
L 00 0 0 0O 0 0 O
W () = Cla,p) = , (5.99)
0 1 —iau? 0 Y1 Y2 Y3 Y4
10 0 dau? B B2 B3 fa

where v; = i/t p+(—1)iapt and B; = 1+(—1)7"Lifau®. Choosing Co(p) = diag(1, u?, u?, u®),
then

0
Co(p) "' W (n) =

2(1) (w) »
0 0 pn 0 Y2 V3 V4
0

0 0 w?) \B B2 B3 B

O 0 0 O 0 0 0 0
0O 0 0 O 0 0 0 0 1
= = +O0(™)
51 52 (53 54 o —iQ QL —i
91 92 93 04 Q0 [0 —i —Q
=WV + o™, (5.100)
where §; = (=1)7ia+ ¥ 1p=3, 0; = (=1)Lila + p=> and
0 0 0 0
1) 0 0 0 0
Wy’ = . (5.101)
o —lae o —io
o o -l —«

On the other hand the first two diagonal entries of the matrix C(u) are the same as the first

two diagonal entries of the matrix Co () defined in Subsection 5.4.1, then Cy(p) " *W O () =
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Wéo), where WO(O) is the matrix given in (5.88). Thus Cy(u) "' W) (1) = Wéj) +O(p~1) holds
for j = 0,1, see (5.39).

5.4.4 The boundary conditions Bsy = ¢/(a) — ia\y”(a) = 0 and By = y©®(a) —
iady(a) =0

The boundary matrices of this problem are the matrix W () (1) given in (5.86) and the matrix

0 0 0 0 0O 0 0 O

(1) 0 0 0 0 0O 0 0 O
W () = Cla,p) = , (5.102)

0 1 —iap® 0 Mo 3 Y

—iau® 0 0 1 B B2 B3 Ba

where v; = ¥/ p+(—1)7iau* and B = —iap®+(—i)?"*u3. Choosing Co(u) = diag(1, 2, ut, u?),
then

1 0 0 0 0 0 0 0
. 0 =2 0 0 0 0 0 0
Co(p) ' W (p) = \

0 0 pu™ 0 Y172 Y3 4
0 0 0 w3)\B B B3 K
00 0 0 0 0 0

~Jo o o o] [o o o o
51 52 (53 (54 o —i e —iQ
01 05 03 064 1 - -1 i

=wi o™, (5.103)

where §; = (—1)7ia+ i7" =3, 0; = (—i) 71 —iap~! and

Wi = _ (5.104)

o —i e —iQ

1 - -1 1
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Since the first two diagonal entries of the matrix Cy(u) are identical to the first two diagonal
entries of the matrix Cy(u) of Subsection 5.4.4, then Co(u) "W (1) = WO(O), where WO(O)
is the matrix obtained in (5.88). It follows that Cy(u)~*W0U) () = Wéj) + O(p~1) holds for
j=0,1, see (5.39).

5.5 Birkhoff regularity for B;(y) = y(0) = 0 and Bs(y) =4'(0) =0

The following boundary matrix is associated to all of the eigenvalue problems of this sections

1 0 0 O 1 1 1 1
01 0 O 7 — —1
WO () = cop=|" " T T (5.105)
00 0O 0 O 0 0
0 0 0O 0 0 0 0

5.5.1 The boundary conditions Bsy = y"(a) +ia\y'(a) = 0 and By = y®(a) —
iady(a) =0

The second boundary matrix associated to this problem is, according to (5.47), given by the

matrix W) (1) defined in (5.87). Choosing Cy(u) = diag(1, 1, p*, i), then

—_
o
o
o
—_
—_
—_
—_

_ 0wt 0 0 ||pip —p —ip
Co(p) ™' WO () =
0 0 w3 0 00 0 0
0 0 0o w3/\0 0 0 0
1 1 1
1 i -1 —i
_ =W (5.106)
00 0 O
00 0 0

and Cy(p)'W® yields the matrix given in (5.90), as the last two diagonal entries of the

matrix Ca(p) are identical to the last two diagonal entries of the matrix Co(u) of Subsection
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5.4.1. Thus Cy(p) "W (1) = W + O(u~) holds for j = 0,1, see (5.39).

5.5.2 The boundary conditions Bsy = y"(a) + ia\y'(a) = 0 and B,y = y(a) +
iaAy®(a) =0

According to (5.47), the matrices W (1) and W) (1) respectively defined in (5.105) and
(5.96) are the associated boundary matrices of this problem. Choosing Co(u) = diag(1, u, u3, %),
then Cy (1)~ 'W ) (1) gives the matrix obtained in (5.106), since the first two diagonal entries
of the matrix Ca(p) are identical to the first two diagonal entries of the matrix Ca(p) defined
in Subsection 5.5.1; while Co(u) "W (1) is the matrix defined in (5.98), because the last
two diagonal entries of the matrix Cy(u) are identical to the last two diagonal entries of the
matrix Co(p) of Subsection 5.4.2. Thus Co(u)™ "W (1) = O(j) +O(p~1) holds for j = 0,1,
see (5.39).

5.5.3 The boundary conditions By = y/(a) —iaAy”(a) = 0 and B,y = y(a) +
iaAy® (a) =0

The associated boundary matrices of this problem are, the matrices W(® (1) and W ()
as respectively defined in (5.105) and in (5.99). Choosing Co(u) = diag(1, i, u*, %), then
Co(p) " WO (p) = Wéo), where Wéo) is the matrix given in (5.106), as the first two diagonal
entries of the matrix Cy(p) are the same as the first diagonal entries of the matrix Ca(pu)
defined in Subsection 5.5.1; while Co(u) W™ (1) produces the matrix given in (5.101), since
the last two diagonal entries of the matrix C(u) are identical to the last two diagonal entries
of the matrix Cy(x) given in Subsection 5.4.3. Hence Cy(p) "W (1) = O(j) +O(p™1) holds
for j = 0,1, see (5.39).
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5.5.4 The boundary conditions Bsy = ¢/(a) —ia\y”(a) = 0 and B,y = y®(a) —
iady(a) =0

The matrix W (u) given in (5.105) and the matrix W) (u) defined in (5.102) are the
boundary matrices associated to this problem. Choosing Ca(u) = diag(1, u, u, u3), then
Co(p) WO () = Wéo), where Wéo) is the matrix obtained in (5.106), as the first two diag-
onal entries of the matrix Ca(u) are the same as for the matrix Ca(u) defined in Subsection
5.5.1, while Cy ()~ *W® (1) is the matrix given in (5.104), since the last two diagonal entries
of the matrix Co(u) are identical two the last two diagonal entries of the matrix Ca(p) of
Subsection 5.4.4. Tt follows that Co(u)™ "W (u) = éj) + O(u~1) holds for j = 0,1, see
(5.39).

5.6 Birkhoff regularity for B;(y) = y®(0) = 0 and By(y) =
y"(0) =0

The following boundary matrix is associated to all the boundary eigenvalue problems of this

section
0 0 1 0 :U’2 _:U’2 :U’2 _MQ
00 0 1 3 = aud
WO () = com=|" T T (5.107)
00 00 0 0 0 0
00 00 0 0 0 0
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5.6.1 The boundary conditions Bsy = y"(a) +ia)y'(a) = 0 and Byy = y®(a) —
iady(a) =0

According to (5.47) the boundary matrix associated to this problem are the matrix WM (1)
defined in (5.87). Choosing Cs(u) = diag(u?, 3, u, u?), then

1 -1 1 -1

1 i -1 i
Co(p) WO () = =W, (5.108)
00 0 0
00 0 0

while Cy(p) " 'W ™ (1) is the matrix obtained in (5.90), since the last two diagonal entries
of the matrix Co(u) are identical to the last two diagonal entries of the matrix Ca(u) of
Subsection 5.4.1. Thus Cy(p) "W (1) = éj) +O(p~1) holds for j = 0,1, see (5.39). Hence
Co(p) "W () = O(j) + O(p™1) holds for j = 0,1, see (5.39) and the problem (3.1)—(3.2)

is Birkhoff regular for a > 0.

5.6.2 The boundary conditions B3y = y”(a) + ia)y/'(a) = 0 and B,y = y(a) +
ialy® (a) =0

The boundary matrices associated to this problem are, according to (5.47), the matrix W©) (1)
defined in (5.107) and the matrix WM (u) given by (5.96). Let Co(p) = diag(p?, u?, 3, ).
The first two diagonal entries of the matrix Co () are identical to the first two diagonal entries
of the matrix Cy(p) of Subsection 5.6.1, then Co(p) "W (1) is the matrix given in (5.108);
on the other hand, the last two diagonal entries of the matrix Cy(u) are the same as for
the matrix Co(p) Subsection 5.4.2, thus Co(u) "W (1) is the matrix yielded in (5.98) . Tt
follows that Cy(p) "W ) (1) = éj) + O(u~1) holds for j = 0,1, see (5.39).
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5.6.3 The boundary conditions By = y/(a) —ia)\y”(a) = 0 and B,y = y(a) +
iaAy® (a) =0

The matrix W) (4) given in (5.107) and the matrix W) () defined in (5.99) are the
boundary matrices associated to this problem. Choosing Ca(u) = diag(p?, u3, u*, 4°), then
Co(1) " *W (O (1) is the matrix yielded in (5.108), because the first two diagonal entries of the
matrix C(u) are identical to the first two diagonal entries of the matrix Ca(u) of Subsection
5.6.1; while Co ()~ "W (1) is the matrix obtained in (5.101), as the last two diagonal entries
of the matrix Cy(u) are the same as the last two diagonal entries of the matrix Ca(u) of

Subsection 5.4.3. Thus Cy(p) "W () = Wo(j) + O(u~1) holds for j = 0,1, see (5.39).

5.6.4 The boundary conditions Bsy = ¢/(a) — ia\y”(a) = 0 and B,y = y©®(a) —
iady(a) =0

The boundary matrices associated to this problem are the matrix W (x) given in (5.107)
and the matrix WO (1) defined in (5.102). Let Co(u) = diag(u?, i, u*, 1®). The first two
diagonal entries of the matrix Co(u) are identical to the first two diagonal entries of the
matrix Cy(p) of Subsection 5.6.1, then Cy(p) W) (1) is the matrix obtained in (5.108).
Since the last two diagonal entries of the matrix Co(u) are the same as for the matrix Ca(u)
of Subsection 5.4.4, then Cy(u) " 'W (1) is the matrix given in (5.104). It follows that
Co(p) WO () = Wo(j) + O(p™1) holds for j = 0,1, see (5.39).

5.7 Birkhoff regularity for B;(y) = y®(0) = 0 and Bs(y) = %/(0) =
0

The following matrix is associated to all the boundary eigenvalue problems of this section
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01 00 [T} - =iy
000 1 3 = il
WO () = com=|" T T (5.109)
0000 0 0 0 0
0000 0 0 0 0

5.7.1 The boundary conditions Bsy = y"(a) +ia)y'(a) = 0 and Byy = y©®(a) —
iaiy(a) =0

According to (5.47) the second boundary matrix associated to this problem is the matrix

W (1) defined in (5.87). Choosing Ca(u) = diag(u, u®, i, ), then

1 ¢+ -1 —

1 — -1 1

Co(p) ™ WO () = =Wy, (5.110)
0 O 0 0
0 0 0 0

and since the last two diagonal entries of the matrix Cy(u) are identical to the last two
diagonal entries of the matrix Cy(u) of Subsection 5.4.1, Co(u) "W () is as obtained in
(5.90). Thus Co(p) W) (y) = Wéj) + O(p~1) holds for j = 0,1, see (5.39) and it is easy to
check that (5.35) and (5.36) hold.

5.7.2 The boundary conditions B3y = y”(a) + ia)y/'(a) = 0 and B,y = y(a) +
iady®(a) =0

The associated boundary matrices of this problem are, according to (5.47), the matrix W©) (1)
defined in (5.109) and the matrix W (1) given by (5.96). Let Co(p) = diag(p, u®, 3, ).
The first two diagonal entries of the matrix Ca(p) are the same as for the matrix Ca(pu)
of Subsection 5.7.1, then Cy(u) "W (1) is the matrix defined (5.110); on the other hand
the last two diagonal entries of Co(u) are identical to the last two diagonal entries of the
matrix Cy(p) of Subsection 5.4.2, thus Cy(p) "W (1) is the matrix given in (5.98). Hence
Co(p) "W () = Wéj) + O(u~1) holds for j = 0,1, see (5.39).



Chapter 5. Asymptotics of eigenvalues 221

5.7.3 The boundary conditions By = y/(a) —ia)\y”(a) = 0 and B,y = y(a) +
iaAy® (a) =0

The matrix W) (y) given in (5.109) and the matrix W1 () defined in (5.99) are the
boundary matrices associated to this problem. Choosing Cy(u) = diag(u, 13, u*, 1), then
Co (1) "'W O (1) is the matrix given in (5.110), since the first two diagonal entries of the ma-
trix Co(p) are identical to the the first two diagonal entries of the matrix Co (i) of Subsection
5.7.1, while Co(p)~'W (1) is the matrix obtained in (5.101), because the last two diagonal
entries of the matrix Ca(u) are the same as for the matrix Co(u) of Subsection 5.4.3. Thus
Co ()" WO (1) = Wéj) + O(p~1) holds for j = 0,1, see (5.39).

5.7.4 The boundary conditions Bsy = ¢/(a) — ia\y”(a) = 0 and B,y = y®(a) —
iady(a) =0

The boundary matrices associated to this problem are the matrix W (u) given in (5.109)
and the matrix W (1) defined in (5.102). Let Co(u) = diag(u?, u®, u*, 1®). The first two
diagonal entries of Co(u) are the same as the first two diagonal entries of the matrix Co(u) of
Subsection 5.7.1, thus Cy(p) "W (1) is the matrix obtained in (5.110); on the other hand
the last two diagonal entries of Co(u) are identical to the last two diagonal entries of the
matrix Cy(p) of Subsection 5.4.4, then Co(u)~ "W ™) (1) is the matrix produced in (5.104). It
follows that Cy ()W (p) = éj) + O(p~1) holds for j = 0,1, see (5.39).

5.8 Birkhoff regularity of eigenvalue problem (3.1)—(3.2)

Remark 5.30. Consider
wOn; + W1 - A)), (5.111)

where Aj, j = 1,2,3,4 are the matrices defined in (5.84). It is easy to check that I —A; = A3
while I — Ay = Ay, it follows that after a permutation of columns, the matrices (5.91) are

block diagonal matrices consisting of 2 x 2 blocks taken from two consecutive columns (in
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the sense of cyclic arrangement) of the first two rows of WO(O) and the last two rows of Wél),

respectively for the eigenvalue problems (3.1)—(3.2) defined in each of subsections of Section
5.4 to Section 5.7. These matrices are obviously invertible for a > 0 and for all four choices

of A. Thus Proposition 5.13 and Definition 5.21 yield the following proposition,

Proposition 5.31. The eigenvalue problems (3.1)—(3.2) defined in each of subsections of
Section 5.4 to Section 5.7 are Birkhoff regular for a > 0.

5.9 The canonical fundamental system of y¥) — (gy/)" = A%y

We have ng = 0, see (5.49)—(5.51), thus | = 4, see Theorem 5.23. As ny = 0, the matrix D
is reduced to the null matrix, hence the matrix Ms(-, 1) defined in (5.68) is reduced to Iy. It
is easy to check that €y = diag(1,i,—1, —i), see Theorem 5.23, thus QY = I,. Since ng = 0,
then ng — 1 < 0 and it follows that h,,—1 = 0. Let

@ = C522-
Since n = 4, then ks = kg = 0, ko = —g and k1 = —¢/, see (5.49)—(5.51). As k3 = 0 and
hpg—1 = 0, then QY =0 and Q(a) = I4, see (5.71), thus it follows that

QU = 1. (5.112)

According to Theorem 5.23 ii), we have

w1 = 1

_ 2w\ _
w2 = () =i (5.113)
w3 = exp(mi) = —1

o1 = exp(3g) = —i
Set Q := Q4. Then Q = diag(w;,ws, w3, wy) = diag(1,7,—1, —i). Set Q := Q22 and

1 1 1 1
ay; Qg @13 Ay

1 1 1 1

Qm | @21 a3 ag3 agy
1 1 1 1

a3; A3z a3z A3y

1 1 1 1
Ay Qg Qg3 Gy
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Then
L0 0 0 ajy afy ajg aiy ajy ai ajs aiy
aQlt! = 07 0 0 ay Az a3 Ay _ iay  day  dayy  iay
0 0 -1 0 a3] a3z as3 as4 —a:l))l —ailm —a:l))g —a:l)’4
00 0 —2 a41 Q42 @43 Q44 —ia}n —ia}g —iai?) —ia}M
and
ah G%Q a%z«; ah 1o 0 0 ah iab _a%g —iah
ng_ 3 A3y G33 Az 0z 0 0 _ ay; 0y —agy —iag
aél azlm a:1>>3 aila4 00 -1 0 ag m:ln —agy —iay,
azln a4112 a4113 %114 00 0 — azln mzllz _azllg _ia}m
Thus
ah G%Q a%g 0%4 ah iab _a%s —iah
QQ[”—Q[”Q: ia%l ia%Q ia§3 ’5054 B a%l 2'(152 —aés —ia§4
—azlﬂ —azln —azlaza —0112,4 ailﬂ iag, —azlza —mzlm
_mzlu _mzllz —ia}lg _ia}m ail ia};z _0}13 _m}m
0 (1 —1)aj, 2aj; (1+1i)al,
| (F1 ey 0 (1+1i)aly 2iad, (5.114)
—2ay, —(1 4 1)ady 0 (=14 1i)aly .
—(1+id)ay;  —2ialy (1 —i)al, 0

But it follows from (5.76) that QQ! — QMO = QIO thus QQM — QM = 0, see (5.112). Tt

results from (5.114) that aly = al; = al, =0, ad; = aly = al, =0, al; = aly = al, = 0 and

1 _ 1 a1
agy = agp = agz =0, s0

al, 0 0 0
ol 0 alfy 0 O
0 0 aly O

0 0 0 al

(5.115)
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Set

2 2 2 2
ai;p Aaig ajz Ay

2 2 2 2
Qm— Q1 Gy QA3 Ay

2 2 2 2
a3; Q3p A3z A3y

2 2 2 2
Qg Ay Gz Gy

It follows from (5.76) that QQ? — QPO = QI — 190eeTQ72Q and as in (5.114) that

0 (1 —i)ay 2a; (1+i)at,
N2 )
002 — Qg = (—1+1d)a3 0 (1+1i)azs 2iaz, _ (5.116)
—2a3;  —(1+1i)ad 0 (—1+1d)a3y
—(1+i)af;  —2iaj, (1 —1)ajs 0
It is easy to check that
1 111 1 0 0 0 1 0 0 0
colr vl o =i oo L, |o-10 0
ge' = , QT = and Q77 = (5.117)
1111 0 0 -1 0 0O 0 1 0
1 111 0 0 0 = 0 0 0 -1
Thus we have
1111 0 0 O 1 -1 1 -1
s, |t rraffo -1 0 o 1 -1 1 -1
ee Q% = = (5.118)
1111 0O 0 1 O 1 -1 1 -1
1111 0O 0 0 -1 1 -1 1 -1
and
10 0 O 1 -1 1 -1 1 -1
o, oo 0 1 -1 i i
Qee Q7 = = . (5.119)
00 -1 0 1 -1 -1 1 -1 1
00 0 —g 1 -1 - 1 =i 1
Hence
QI — gQE&TQ 21 = (5.120)
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Let G(z) = [ g(t)dt. Then it follows from (5.116) and (5.120) that

2 _ 144

144 1
12 = 7§89 a3, = %9 a3 = -39 aj; = -9
1 14i 1—i 1
afy = —gg a3y = =g a3 = 59 ajy =39 (5.121)
1—i 1 14i —1+4i
aiy =15y a3, =39 a3y = 'y ay = =59
and
1 _ 1 | é 1 1
ap = 7 G(x), ag = —ZG(fU), a3z = —ZG(ﬂf)a agy = 7 G(x) (5.122)
Hence
1
7G 0 0 0
0 -G 0 0
QW = 4 , (5.123)
0o 0 -iG 0
0 0 0 G
see (5.115) and
ay K9 -39 T
—1+i 2 144 1
Q[Z] _ ] ‘g 5 ng 89 (5 124)
—ég %9 a3 %9
S b g
Set
a}; ajy afy aiy
Q[g} _ a%l a§2 053 034
agl agQ ags a§4
aj; ajy afy aiy

It follows from (5.76) that QQP! — QBIQ = QR — i (gQEETQ_zQ[l] + g’Qz—:eTQ_?’Q[O]) and as
in (5.114) that

0 (1 —)a, 2af (1 +1)aty
—1+i)a 0 1+ i)ad 2ia3
QQ[g] _Q[g]Q _ ( ) 21 ( ) 23 24 (5.125)
—2a3;,  —(1+1i)aj, 0 (=1 +1i)a3,
—(1 +4)ad, —2ia3, (1 —1i)al, 0
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It can be inferred from (5.119) and (5.123) that
1 -1 1 -1\ (3G o0 0 0
QeeT Q20 — i =t 1 —i 0 —3G 0 0
-1 1 -1 1 0 0 —3G 0
—i i =i i 0 0 0 iG
1 i 1 i
G 3G G —3G
iy la _iq 1lqg
— 41 4 14 4 (5.126)
G —3G G 3G
i 1 i
-G 3G iG -31@G
and from (5.117) and (5.119)
1 -1 1 -1 1 0 0 0 1 . =1 —
T3 T =t 1 =1 0 -2 0 0 . —1 —i 1
Qe Q77 = = (5.127)
-1 1 -1 1 0 0 -1 0 -1 — 1 1
- 1 =1 1 0 0 0 = - 1 1 —1

Let K = gQee T Q2Q + ¢/QecTQ 731 and K := QP — 1 (9QeeTQ2QM + ¢/QecTQ31).

Then it results from (5.126) and (5.127) that

g g —g —ig
ig  —-g —ig ¢

-9 —ig ¢ g
—-ig’ ¢ i -4

19G+g  §9G+ig  —j9G—g  —49G—ig

_ | 19G+id  —39G-g —49G-ig 4G +d (5.128)
—19G -9 —49G—ig  G+g  19G+ig
—19G —ig’  39G+g 4G +ig  —39G—¢
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and from (5.124) and (5.128)
it — 759G -39 T -179G 59+ 159G K+ 06
F_| TFY w690 aht9G+id Y 5590 39— 159G
R TG SRS TICHNCG Rt VICh VAN S 1€
Sy + 159G —id — $59G lg”g’ — 159G afy + 159G + 19
(5.129)
Thus it follows from (5.125) and (5.129) that
1 1 1 1 1 1 1
2 2 2 2 2 2 2 2
- Gr 4o ———G2-= =G24 - ——G*— g (5.130
= 35 T 9 39 19 3= 35 T 19 i 39 19 ( )
and
aly = 59"+ 559G a5 = 59 = 559G
als = 19’ + 359G a3y = Ly’ + L5 gG (5.131)
aly = g9’ + 539G a3y = 159 + 539G
agl = _Tﬁg - 329G ail = —gg - lg—gng
aly = —g9' — F'9G ajo = — 159" — 59G (5.132)
a3y = —39' — FF9G aly = —39' + 5 9G
Hence
aty §9 + 559G 59+ %gG 59 + 1+’gG
— 59 — 559G —ig — LHgG a%s -39 — 559G
—59 — 559G —d — 59G kg + 559G ajy
and it follows from (5.124) and (5.130) that
2l iy § 59 5
14 121 1t 1
ol = g 9 27 19 g 9 8? (5.134)
—59 N1 U o
—5 89 =t —wG -y
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Set

QW
ag, a3 a3y a4y
aj;  ajy aj113 ajy
It follows from (5.76) that
ro 1
QM - Qi = QI — 2 (ngeTQ_QQ[Z] + g’QesTQ_SQ[”) (5.135)
and as in (5.114) that
0 (1 —i)ajy 2ai; (1+i)aly
—1+1i)a3 0 1+ i)aj 2ia}
QQM _ Q[4]Q _ ( ) 21 ( ) 23 24 (5.136)
—2a3, —(1+)az, 0 (—1+i)as,
—(I+i)ayy  —2iajy,  (1—1d)als 0
Using (5.119) and (5.134), we have
1 -1 1 -1\ (£G*+1g Hig —19 g
—1+i 121 1+ 1
QT2 | 0 Th g 9 —mG -39 —%9 89
-1 1 -1 1 ~1g g £G?+1g Hig
— i i —5g 89 B I T
12, 3 12,3 12, 3 12 3
@G +gg @G +gg @G +gg @G +gg
12 3 12 _ 3 12 3 12 3. | ’
—3G -89 —pG 59 —5G 59 3G g9

42 _ % _ i 3 _ i 3 _ i 3
—3G g d 3G g J 3G g d 3G g J
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while (5.123) and (5.127) yield

1 i -1 —i\ (3G 0 0 0
QecTQ30M — ¢ -1 —i 1 0 —3G 0 0

-1 —i 1 i 0 0 —-3iG 0

- 1 i -1/ \0 0 0 iG

1 1 1 1

iG G 6 iG

i i i iy

= 41 41 41 41 (5.138)
—3G —3G —3G —3G
s ClR s

We require, for the remainder of the chapter, that g € C?[0,a], where a > 0. Let K :

L (g9eeTQ72QR 4 ¢'QeeTQ3QM) and K == QB — 1 (9QeeTQ2QM + ¢'QecTQ3QM).

Then it follows from (5.137) and (5.138) that

1 2 3 2 1 2 3 2

1 2 3 2 1 2 3 2

K — 29G? + g% hgG? + g% 9GP+ 3gP 9GP + 3kg?
329G — 29* —1x9G* - 39* —1:9G* — 29° —1:9G* — 34°
—m9G° — 590 —1m9G — 59" —1359G7 — 597 559G — 597

690 190 1%9CG 190G
169G 159G G 159G

—%jG —%yG —%yG —%jG

—%jG —%QG —ﬁjG —%yG

339G + 59> + 159G

339G + 59° + 159G

B ﬁgG2+%g2+%g’G %QSQG2+%92+%9’G
1 2 3 2 1 1 2 3 2 1

— 19890 — 559" — 169G —w9G" — 559" — 159G

—1559G% — 59" — 159G —159G” — 5%9° — 169G

5:9G*+ 29°+ £9G

9G4+ 3Lg* + LG
1 2 3 .2 1

—1289G" — 559" — 159G

3 2 7 g/G

7 2
—1559G° — 359" — 15

329G*+ S92+ 4G

daG?2 3621 LG

12§9 2 3239 2 1619 7 (5.139)
/

—1289G" = 339" — 169G

_ %
32

2

—1h2gG? — 3ig? — L g G



Chapter 5. Asymptotics of eigenvalues 230

while (5.133) and (5.139) give

3 1 Z_QQ_L/ 1//_@/ 243 .2 2
a1 — 189G 29 69 G g9 G- 339 1289G

i 14i 142i 2 2 3/ 2 3.2 i
~ 1Y 729G — 39 1289G G99 — 1289G 329 159’ G

K| =
— 0"+ 5P+ 590G+ 159G =39+ 50 G+ 50+ 159G

_ég//_%g/(;_l—% 2 _T69”+3*29/G+1%92+ﬁg(;2
169" — 139G~ 159" — 96" 39"~ HICG-F 9 - mm9G
; 1—i 1-2i 2 2 ; ; i 2
§9"+ 379G+ 597 - 1289G 169" — 339'G - 1%9 - 1289G (5.140)
/—}—QQ—}—f,G—i—fGQ _;//_l_l—i-z/G 2+z2+7G2 '
€33 T 339 169 1289 Y 329G+ 559 1289
_%g// 4 ?)J;ZQIG 4 1§22192 + lzngGQ a44 + 3292 4 169,G 4 1289G2
Let Go(x) = [ g*(t)dt. Then it follows from (5.136) and (5.140) that
3 _ 1,3, 1 1 3 _ i 3, i ‘
. ) . , , )
a§3 = —@Gg — @GQ — EQG a§14 = —ﬁGﬁ — 3%G2 — f*GQG
It results from (5.136), (5.135) and (5.141) that
Aty = 159" — 39'C — {9 - 359G
ajy = %9” - ég’G 329 - 2569G2 ’ (5.142)
\alll‘l = 59"+ 339 597 — 359G
ay = %gﬂ + %9 64 tg? — 2569G2
a3y = 550" — 559G — B — FHeG® (5.143)
a3y = 339" — 519G — 539" — 3559G”
1 1
ag, = 339" — 67149/G — 32 2569G2
a3, = 59" + 559G — 59 — 796" (5.144)
a3 = 559" — 539G~ Ti'e* - oG
and
ajlﬂ — 11EZQ// ot g/G 1?{4319 _ %;)rggG2
ajy = 3%9” - G%QIG 9 - 2569G2 ' (5.145)

4 _ 1= n 4 ey 1-31,.2  1—t 2
a3 =159 +339G— 59 556 9G
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Let K1 = Qee Q208 Ky = Qee TQ3Q2, K = ¢QeeTQ2QB + ¢/Qee TQ30Q2 and set

=)

kin k12 ki kg
ko1 koz Koz koa
kg1 ksz ksz ksa
kaw kaz kag kaa

It follows from (5.77) that we need only the diagonal elements of the matrix K. Let 11, (9,

Qs33, ay4, be the diagonal elements of K 1 and (11, B22, B33, Baa the diagonal elements of IA(Q.

It can be inferred from (5.119), (5

.133) and (5.141) that

1 -1 1 -1

89— 596G
~169 ~ 390 -
—39' 5790

thus

Q22 =
Q33 =

Q44 =

—1
1
l

10 + 559G &g+ 559G Ld + G

a3 §0' + 559G 159 + 359G
59— 559G a3 —59' — 5'9C
169 ~399C¢ —§¢ +geG  d

1 3 1 3 1

w10+ 3:2G2 + 539G — 59

1 3 1 3 1.7

LB LG+ 3961y

384 32 32 16 (5146)
1 1 3 1

3874G3 + 372G2 + @QG — Eg,

1 3 1 3 1
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It results from (5.127) and (5.134) that
1 i -1 —i +£G?+1g Hig -39 g
7, - v -1 — 1 7%”9 —éGQ—%g —%g ég
-1 —i 1 —19 g £G?+ 1y g
S AN 89 = w@
nC +39 50 -5 0 -5 HE+iy
_| m ey mG gy —5G -5 3G gy (5.147)
RE P VNS -1l VRN 1CRil Ut Gl U
—5@ 59 —u@ -5 HG i 5+
Hence
)
pr1 = %GQ + %9
P =G5 (5.148)
B33 = 3:G* + &g
B = 5G*+ %g
It follows from (5.146) and (5.148) that
’
ki1 = 5579G° + 359G2 + 55 0°G + 1:9'9 + 359G
koo = 55:9G3 + 59Go + 259°G + 1:9'g + 559 G (5.149)
ka3 = 5219G° + 359G + 59°G + 159'9 + 359G
kas = 5579G° + 359G2 + 55 9°G + 159'9 + 339G
However (5.77) and (5.149) yields
af) = 13559G" + 13559G2 + 13559°G + 5199 + 1359'G°
a3y = 159G + 159G + 1559°G + 9’9 + 1559 G? (5.150)
ady = 12559G° + 1359G2 + 1559°G + 499 + 1559’ G?
afy = 12559G° + 1359G2 + 1559°G + 99 + 1559’ G?
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Let G(z) = Iy 9(t)G2(t)dt and é(t) = [y ¢ ()G?(t)dt. Then it follows from (5.150) that

;

4 _ 1 1~ 1 3 1A
(111 = mG4 + ﬁBG_‘_ ﬁggz + ﬁgGQ — ﬁG
4 _ 1 4 1 1.2 3 2 1 A
a3y = 5iz G + 128G + 1589”7 + 556967 — 556G (5.151)
4 _ 1 4 1~ 1 2 3 2 1 A
a3y = 5 + 128G + 9+ 3569G° — 356G
4 _ 1 4 1~ 1 2 3 2 1A
Set
di1 4912 Q913 qi14
~ 421 QG22 Q23 Q24
Q(,M) =
431 432 433 (434
g41 Q42 Q43 qa4
It follows from (5.78) that
Q(op) = L+ p QM + p72QP + 1 2QB + QM + {o(p ™)} o (5.152)

Thus

Q(,p) = (%‘j)ij:l =14+ (/flailj + /fza?j + /fga?j + M74a?j)ij:1 +{o(}se, (5.153)

4> a3, al and af, for i,j = 1,2,3,4 are given in (5.123), (5.134), (5.133), (5.141),

(5.142), (5.143), (5.144), (5.145) and (5.151). We recall that G(z) = [ g(t)dt and G(x) =

T

o g*(t)dt. Hence

where a

G 1 1 1 1 1
qu=1+—p"+ <G2 + g> TS <G3 + 33G2 + 169G> p?

1 327 14 334

+ <61144G4 + %86‘ + %gQ + 2%69612 - 2516@> pt+ {o(p™) oo (5.154)
qi2 = %gﬁ? + <;9I + 1;),?9(;) n <11+6igll - 3%9/6;

1 2432'92 B 12;6igG2> 1 ol e (5.155)
Q13 = —égu_2 + (1169/ + 3129G> p (3129" - églG - 3%92

53607 ) 1 Lol (5.156)
qu =2 < Lo + (;9' + 13j;i9G) wU (11—61'9,, - S%QIG

1 g43z‘gg B 12;61‘9 G2> 1 o) e (5.157)



Chapter 5. Asymptotics of eigenvalues 234

go1 = f%gu‘2 + (;g’ - 13_;9@) poo (11_6ig" + 3%9@

1 g432'92 B 12;6@'96,2) 1 {oln ) (5.158)
g2 =1— %G/fl - (3126‘2 + ig) TS <3;4G3 + 3%6‘2 + &SgG> no’

+ <61144G4 + %28@ + %92 + 215696? - 2516@> pt A+ o)} oo (5.159)
Q23 = — ! ;_ ZlglfQ + (égl + 1;—21'9(;) n <11?g/1 B ?)nglG

1 2432'92 B 12;61‘9G2> 1 4 {oln ) (5.160)
Gos = égu_Q + <f€g' + ;29(;> TS <3129” - 6i49/G N 3%92

~55g0G° ) 1 Lol (5.161)

1 1 1 . 1 1 1 1 _
a3 = —gon - (g’ + gG) Pt 4 (g” - —g'G— ¢ - 9G2> T

167 " 32 327 T 64 327 7 256
+ {0} oo (5.162)
1—i ., (1, 1+i (1=, i, 1-3i,
SR G Sl Lge - —2
2= —g— I <8g+32g>“ +(169+329 64
L= o\ _4 4
e o 1
56 96 ) 1+ Lolh™) (5.163)
1 1 1 1 1 1
=1-—= -1 2 - -2 [ _ - 3 L L -3
433 PG (32G * 4g>“ (384G HE RN I
1 1~ 1 3 1 4
G G P gG— — G| Nl 5.164
* (6144 TR T A KR GO (5.164)
4, (1, 1—i s (14, i, 1430,
O34 = —g—9H <8g t 55 gG)u tl 169 52961 ¢
1+

St 902) w4 {o( ) oo (5.165)
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14+i 5 (i, 1+i s (140, i 1+ 3
= ———gn~" - <9’+ gG) pol <g” —gG— g

8 8 32 16 32 64
L+i o) 4 —4
- o 1
g 962t (o) (5.166)
fl —2 i / i -3 i " i / i 2 L 2 —4
Uz = gIk <169 * 329G> po <329 619 C 7329 T 3569C ) #
+{o(pM}oo (5.167)
1—i i, 1—i s (1=, i,
= — ——g + ——gG —¢"+ 4G
943 g IH +< 89+329>M +<169+329
1-3i 5 1—i o\ _4 »
- - o 1
S = G i (o) (5.169)
i 1 1 i i i
e Tt N (Nl B -2 _ (Y 3, s -3
=1+ gGn (32G * 49) H (384G HE RN
+ iG4 + ié + L92 + igG2 - iC:’ pt o {o(u™™)} (5.169)
6144 128 128 256 256 > '
It follows from (5.65) and (5.113) that
11 1 1
1 ¢+ -1 —i
V= : (5.170)
1 -1 1 -1
1 — =1 1
from (5.64) that
10 0 0
0 0 0
Ey = diag(1, u, p?, p°) = A (5.171)
00 u2 0
00 0 pu
and from (5.66) that
E(-,n) = diag (e’”, et e HT, e_i’”)
et 00 0
0 e* 0 0
= . (5.172)
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Let
Y11
Y21
Y31
Ya1
We recall that G(z) = [ g(t)dt, Ga(z) =

Y21 = (pqu1 + ipgor

(

and

ya = (W3qu1 — ipdgan

Y12
Y22
Y32

Ya2

T 2
09

"¢’ (t)G%(t)dt. Then it follows from (5.79) that Y (-,

Y31 = (,UQQH - MQC]21 + M2Q31

Y14 = (q1a + @24 + @34 + qua)e

Y13
Y23
Y33

Y43

()dt, G
) = :4(M)VQ(‘,

vz = (3qr2 — ipqae — pqs2 + indquo)e

Y14
Y24
Y34

Ya4

= Jo 9

y11 = (qu1 + @21 + q31 + qa1)e”
— pg31 — ipgar )er”
— uqa)er”

— g1 +ipdqa)er”

y12 = (q12 + @22 + q32 + quo)e®
y22 = (uqu2 + ipgez — pgs2 — ipiqaz) et

yse = (1Pqua — pPqea + 12qsa — p2qus) et

TUT

y13 = (13 + q23 + q33 + quz)e H*
Y23 = (Uq13 + ipige3 — pgas — ipqas)e” T
yss = (U2q13 — 12qos + p2qss — p2qus)e He

Y43 = (3q1s — ipqas — p3qss + ipdqus)e M

—iuT
You = (Uq14 + if1Goa — J1q3s — THuqas)e HE
Y34 = (12qra — p2qos + p2qss — pqus)e

yaa = (u3qua — ip3qoa — p3qss + ipdque)e M

u) (-,u

t)dt and G(z) =
). Thus

(5.173)

(5.174)

(5.175)

(5.176)
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Proposition 5.32. We require that g € C?[a,b]. Let G(z) = [ g(t)dt, Go(x) = [y g*(t)dt,
= Jo ol t)dt and G(z) = o g (OGA(t)dt. Let {?71,772,?73,774} be a fundamental
system, of y*) — (gy) = pty. Then it follows from (5.153) and (5.173)~(5.176) that

G 1 1 1 1 1 ,
= =1 iy 7G2 - = -2 G3 7G 596G — — ' -
n=yn ( Tttt (32 8g> oo (384 Tt T 500 T g ) H
1 da T 1 O L) ) e
* (6144G +1:¢ 1289 256G+ 329 " 629 G) H ) ©
+ {O(M—4)}Ooeuac (5177)

i 1 1 i i
_ = (1=-2@ -1 _ 7G2—* -2 7G3 7G Z G — — / -3
2 =Y < Tiele (32 8g> P B Ty T Y el ) ¢

* (6144G * 13m0 3 "l T w6l G) a )e

+{o(p™*) oo™ (5.178)

1 1 1 1 1
s = (1 -Gut - Vo (Lesy la - Loao Ly)
s =1 ( s +<32 89>“ 347 T3 T 39 T Y ) ¢

1 1 ~ 7 1 ~ 5 1 -4\ —px
* (6144G METTR T i i v G) : ) ‘
+ {O(M—Zl)}ooe—ux (5179)

—s = 3 -1 _ i2_1 2 PSS _i _7' -3
774—y14—<1+4Gu (32G 8g>u ( G’ + Gg 9G g)u

384 32 32 16
]. 1 -~ 7 ]. 5 1 / 74 77:“1.
+ (6144G 1m0 " mC Y 6 G) a > c
+ {o(p™™) Yooe 2. (5.180)
Corollary 5.33. We require that g € C?[a,b]. Let G(z fo t)dt, Go(x) = chQ(t)dt,
= [y g( t)dt and G(z) = o g ()G2(t)dt. Then the differential equation y@ —

(gy) = pty has an asymptotic fundamental system {n1,m2,m3,14} of the form

4

neo= Y (") en(x)et

r=0

v—1 l/l

T po(u e, (5.181)
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where
¢o(z) =1,
p1(z) = 1G(x),
pa(2) = 55G%(x) — gg(2), (5.182)

p3(2) = 35G°(2) + 35G2(2) — 55(9G)(2) — 159 (2),

pa(@) = 5 Gie) + 135G (2) — T59%(@) — 255G (@) + 59" (x) = 51(9'G) ().

\
Remark 5.34. It follows from Proposition 5.32 that a fundamental system of 3*) — (g3/ ) =
pty is {1, 12,3, M0}, where

m = (1+0("))er,

= (140 h))ers

(5.183)
ns = (14+0(u1))e r,

o= 0+ 0 e

Thus

{1+ 0(u™h) cos(uz), (1 + O(u1)) sin(uz), (1 + O(u™1)) cosh(uz), (1 + O(u™")) sinh(ua) }
is a fundamental system of 4 — (gy/) = u'y.

Note 5.35. In the remainder of the chapter, we consider the asymptotic fundamental system

{771) 72,13, 774} of the form

2
= () Tpn(@)e T 4 o(u2)e (5.184)
r=0
dJ 2 1 1 1 Lo
i = Lz] S () (et T | e (), (5.185)
r=0

where v = 1,2, 3,4 and g, ¢1 and p9 are as defined in (5.182). We investigate the asymptotics
of the eigenvalue of the problem (3.1)—(3.2) with g # 0. We consider different cases of the
boundary terms Bjy and Bay where Biy and Bs(y) are the following: Byy = ylP1(0) and
Boy = yP21(0), with p; < pa and p; + p2 # 3. Using (5.185) and the set of the boundary
conditions B;(u?)y =0, j = 1,2,3,4, see (3.2), we denote

ik = Vikexp(gjk), gk =1,2,3,4, (5.186)
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where

_ _ _ k-1
e1p =2k =0, €3 = €4 =1" "pa,

Y1k = Okpy (0, 1), Yok = Ok py (0, ) if p2 <2,

Yok = Ok,3(0, 1) = 9(0)0%,1(0, ) if p2 = 3,

Y3k = Ok ps (@, 1) + iapi®Sp 3-py (a, ) if p3 =2, (5.187)
Y3k = Okps (@, 1) — ipi®Op 3_py (a, p) if pg =1,

Vak = O0(a, ) + icp®(p,3(a, ) — g(a)dp,1(a, ) if ps =0,

|V = Opa(@: 1) = g(a)Ok,1(a, ) — iap®Ok 3y (a, ) if pa = 3.

It follows from (5.185) that

_ 1 -y, —1 i 2 _1 2(1—v), —2 -2
buo(a ) = 14 7G@)i ™ n" + (56%(@) = 59(@) )0 + o(u™?) (5.188)
_ =1 1 i 2 1 1—v -1 -1
b, pt) = pi" ™+ 1G() + (3G (@) + 29(@) )it +o(u™) (5.189)
1 1 3 1
uala ) = 207D + G @) + G ) + S9(@) + £ (9G) @) +o(1)  (5.100)
1 1
by a(w, i) = PP S Ga) PP + <§G2(w) + gg(x)>i”’1u +o(p). (5.191)

It follows from (5.186), that the characteristic function for general g, (the equivalent for

general g of the equation (4.20) derived for g = 0), of the problem (3.1)(3.2) is

D(p) = det (7 x exp(e;x))f p=1- (5.192)

Then it follows from (5.192) that

5
D(p) = bm(p)em, (5.193)
m=1
where

wi=14+14, wy=—-14+14, wg=—-1—14, wg=1—1, ws =0. (5.194)

Therefore

5
Di(p) := D(p)e 1 = apy + Y thpy (p)emmenia, (5.195)
m=2

where wo —w1 = -2, w3 —w1 = —2—20, wg — w1 = 2%, wy —wy = —1—1.
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It follows that for arg p € [—3F, Z], we have |e(wm—wpa| < e=singlula for ;= 2,35 and these

terms can be absorbed by 1 (u) as there are of the form o(u™*®) for any integer s. Thus for

arg € [_3%7 g]v

Dy (1) = (1) + tha(pe) e ™01 = qpy (1) + pa(p)e” 24, (5.196)

where
P1(p) = (11,3724 — V2,371,4][13,174,2 — ¥3,.274,1) (5.197)
Pa(p) = [71,272,3 — 12,.271,3][V3,174,4 — V¥3,474,1)- (5.198)

Remark 5.36. We already know for each of the following sections the asymptotic distribution
of the eigenvalues for ¢ = 0. Denote by Dg the corresponding characteristic function D. The
Birkhoff regularity, see Proposition 5.31, implies that 11 and 4 have nonzero terms apart
from o-terms. The characteristic function of the differential equation (3.1) as defined in (2.36)
is m(p) = p — 1. This characteristic function does not depend on the function g, then the
matrix function C1(z) and therefore the matrix function C(z,\) defined in Theorem 5.20
do not depend on g. Also the coefficients of y1¥!(a), v”(a), y'(a) and y(a) in the boundary
conditions B;(\)y = y[pf](a)—f—iejoz)\y[qf](a) =0, j = 3,4 for general g are respectively the same
as the coefficients of y® (a), y”(a), y'(a) and y(a) in the corresponding boundary conditions
for g = 0 and the coefficients of ys](0) in the boundary conditions B;(\)y = yi1(0) = 0
where j = 1,2 and p; + pa # 3 are respectively the same as in the corresponding boundary
conditions for ¢ = 0. Hence the boundary matrices W) ()), as defined in (5.47), of each
of the sixteen eigenvalue problems are the same for ¢ = 0 and for general g. Due to the
Birkhoff regularity, g only influences lower order terms in D, thus higher order terms do not
vanish from D. Therefore it can be inferred from Remark 5.34 that away from the small
rectangles Ry, R_j, Ry, R_y, see (4.47), around the zeros of Dy, |D(p) — Do(p)| < [Do(p)]
if |p| is sufficiently large. The fundamental system y;, j = 1,2,3,4, with yj[.m}(O) = 0jm+1 for
m = 0,1,2,3 and where 0 is the Kronecker’s delta, depends analytically on u, then D and Dy
are analytic functions. Since g influences only lower order terms in D, then the functions D
and Dy are asymptotically close. Hence applying Rouché’s theorem both to large squares S

defined in (4.66) and avoiding the small rectangles defined in (4.47) and to the boundaries of

these small rectangles which are sufficiently far away from the zeros of Dy, it follows that the
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eigenvalue problem for general g has the same asymptotic distribution as for ¢ = 0. Hence the
o(1) asymptotic distribution of the eigenvalues for general g is the same as the corresponding
asymptotic distribution of the eigenvalues for ¢ = 0. Due to the symmetry of the problem,
see Proposition 3.13, we will only need to find the eigenvalue asymptotics along the positive

real axis.

Let
e = k:g k), T(k) = > Tk 4ok, k=1,2,.... (5.199)
m=0

Next we find the terms 71 and 75 in the expansion of 7(k). Applying the second order Taylor

1

expansion of the functions z +— 5 =

and x — e~ 7 in the neighborhood of 0 respectively to i

—2ipia

and e where k is large enough we get

1 a at(k)\—1 a a7y
—~ (1+ U)

Mk - E kr - H B k2ﬂ'2 + O(k72)7 (5200)

while

e~ 2imka — =2ir(h)a _ o=2im0a oy ( _ 2ia<% 4 % n o(k:_Q))>
A 1 1
= 6_2170‘1(1 — 2iar e (2a%7 + ZiaTg)ﬁ + o(k‘_g)). (5.201)
We know that D (uy) = 0 can be written as

N];’y¢1 (Nk) + N];’y¢4(uk)6—2i7—ka =0, (5.202)

where 7y is the highest p-power in v (p) and 14 ().

5.10 The boundary terms B,y and B,y are the following: By =
y(0) and Byy = y"(0)

In this section vy; ;, = dx,0(0, 1) and 2 = 6 2(0, ), where k = 1,2, 3,4. We give the functions
Y1 and 14 for each of different cases of v3,1, 73,2, V3,4, V4,1, Va2 and a4, where 3.1, 13,2, V3,45
Y41, V4,2 and 4 4 are as defined in (5.187), and we investigate the corresponding asymptotic

eigenvalues.



Chapter 5. Asymptotics of eigenvalues 242

It follows from (5.187) that

Y137V2.4 — V23714 = —20°% + o(u?), (5.203)

Y1.272,3 — 122713 = 26% + o(u?). (5.204)

5.10.1 Asymptotic of the eigenvalue for Bsy = 4"(a) + iau?y'(a) and By =
yPla) — iapy(a)

Remark 5.36 and Proposition 4.23 lead to the following proposition

Proposition 5.37. For g € C'[0,a] there exists a positive integer ko such that the eigenvalues
A, k € Z, of the problem (3.1)~(3.2), where By(y) = y(0), Ba(y) = 4"(0), Bsy = 4/ (a) +
iaXy'(a) and Byy = yP®l(a) — iady(a), counted with multiplicity, can be enumerated in such
a way that the eigenvalues \j, are pure imaginary for |k| < ko and Mg = —Tk for |k| > ko,
where A\, = (ﬂfy with

fiif = (2k—1)2 +o(1), if k>0

ﬂki_j:z(Z\k|—1)2 +o(1), if k<0

as |k| = oo. In particular, there is an odd number of pure imaginary eigenvalues.

In this subsection, v3 1 = k. 2(a, p) + z'oz,u25k71(a, p) and 4 = g 3(a, 1) — g(a)dr1(a, 1) —
iap?op,0(a, ).

We calculate explicitly 11 and 14 as given respectively in (5.197) and (5.198). It follows from
(5.187) that

V31742 — V32741 = 2% + (1 —3)(1 + ® + 20001 (a) ) p°

= 2i((1+ a®)p1(a) + a1 + ¢F(a)u' + o(u?), (5.205)
Y3744 — V34741 = —20u8 + (1 +9)(1 + o? — 2ap1(a))p®

= 2i(a(1 + ¢i(a)) + (1 = a®)p1(a))p + o(u?) - (5.206)

The equations (5.205) and (5.206) are respectively given by the lines “The computation of
psil2” and “The computation of psi42” of Subsection 7.4.2. Putting (5.203), (5.204), (5.205)
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and (5.206) together, we get, from (5.197) and (5.198),

dr(p) = —dap® — (1 =) (2(1 + az) +aG(a))u’

+i<(1+a2)G( ) + da + aG2 )) 16 + oy (5.207)
Ya(p) = —dap® + (1+9)(2(1 + o®) — aG(a))u’
+ z’((l +a?)G(a) - i G2( 4a) 18+ o(u (5.208)
Recall that
o = —2%, (5.20)

see Proposition 5.37. Substituting (5.207), (5.208), (5.200) and (5.201) in (5.202) and com-
paring the coefficients of k1 and kg we get

il+a? 1G(a)

= - — 5.210

n 2 am + 4 7 ( )
il+a? a(l—a?)? 1G(a)

— — . 5.211

2Ty an Am202 8 ( )

The values of 71 and 79 given respectively in the equations (5.210) and (5.211) are obtained
from the lines of code “The computations of 7 and 7" of Subsection 7.4.2. Thus the below

theorem follows

Theorem 5.38. For g € C! [0, a], there exists a positive integer ko such that the eigenvalues
i, k € Z, counted with multiplicity, of the problem (3.1)—(3.2), where B1(y) = y(0), Ba2(y) =
y"(0), Bsy = y"(a) +ia\y' (a) and By = yP¥(a) —ialy(a), can be enumerated in such a way
that the eigenvalues Ny are pure imaginary for |k| < ko and A_j, = —\j, for k > ko, where

Ak = ,uz and the pg have the asymptotics

2
,uk—k +Tg+ - +ﬁ+o(k ),

where the numbers 19, 1 and T2 are as respectively defined in (5.209), (5.210) and (5.211).

In particular, there is an odd number of imaginary eigenvalues.

5.10.2 Asymptotic of the eigenvalue for Bsy = y"(a) + iap?y'(a) and By =
y(a) + iap’y¥ (a)

Remark 5.36 and Proposition 4.25 lead to the following proposition
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Proposition 5.39. For g € C1[0,a] there exists a positive integer ko such that the eigenvalues
Ak, k € Z, of the problem (3.1)~(3.2), where By(y) = y(0), Ba(y) = 4(0), Bsy = y"(a) +
iaX\y' (a) and Byy = y(a) + iaX2yBl(a), counted with multiplicity, can be enumerated in such
a way that the eigenvalues \j, are pure imaginary for |k| < ko and Mg = —5\7;g for |k| > ko,
where \j, = (i5)? with

i = i(2kz—3)% to(1), if k>0

[ = i(2lk| - 3)% to(1), if k<0

as |k| — oo. In particular, there is an even number of pure imaginary eigenvalues.

In this subsection, v3x = dra(a, p) + iop?Sg1(a, 1) and v4 = Okola, p) + iop®(Or3(a, 1) —
g(a)dg1(a, p)).

It follows from (5.187) that

. . 1
¥3,174,2 — ¥3,274,1 = 2ia’u® + (14 z)a(iaG(a) + 1) u’

+ %aG(a) (iaG(a) + 1>,u6 + o(u®), (5.212)

V31744 — V34741 = —2ia’p® + (1 — Z')CY(%OZG(G) - 1),“7
+ %aG(a) (iaG’(a) ~ 1)+ o). (5.213)
Putting (5.203), (5.204), (5.212) and (5.213) together, it follows from (5.197) and (5.198) that
D1(n) = —4ia’u' — (1 +1)(02Gla) + 2a)° — GORGQ(CL) +aG(a))i® +o(i),  (5.214)
Yal) = i + (1~ )(0*G(a) ~ 20)° — ((0°G*(a) — 0G(a))® + o). (5.215)

On the other hand

31
2a’

see Proposition 5.39. Substituting (5.214), (5.215), (5.200) and (5.201) in (5.202) and com-

0= (5.216)

paring the coefficients of k1 and ko we get

i 1G(a)
_ 1 21
= o0r "1 1 (5.217)
3i a 3G(a)
N 3 21
27 dar 4202 + 8 7w’ (5.218)

and the following theorem
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Theorem 5.40. For g € C*[0,al, there exists a positive integer ko such that the eigenvalues
i, k € Z, counted with multiplicity, of the problem (3.1)—(3.2), where B1(y) = y(0), Ba(y) =
y"(0), B3y = v (a) + i)y (a) and Byy = y(a) +iayP®!(a), can be enumerated in such a way
that the eigenvalues N, are pure imaginary for |k| < ko and A\_, = — X, for k > ko, where

A = ,ui and the pg have the asymptotics

T T T
pe =k 1+ g ok,

where the numbers 19, T1 and To are as respectively defined in (5.216), (5.217) and (5.218).

In particular, there is an even number of imaginary eigenvalues.

5.10.3 Asymptotic of the eigenvalue for Bsy = 3/(a) — iap?y”(a) and B,y =

y¥(a) — iopPy(a)

Remark 5.36 and Proposition 4.29 lead to the following proposition

Proposition 5.41. For g € C1[0,a] there exists a positive integer ko such that the eigenvalues
Ak, k € Z, of the problem (3.1)~(3.2), where Bi(y) = y(0), Ba(y) = y"(0), Bsy = ¢/(a) —
ia\y”(a) and Byy = yB(a) —ialy(a), counted with multiplicity, can be enumerated in such
a way that the eigenvalues e are pure imaginary for |k| < ko and Mg = —Tk for |k| > ko,
where \j, = (735)? with

T
4a
L4 . m ,

[, = i(4|k| — 3)£ +o(1), if k<O

fii5 = £(4k —3)— +o(1), if k>0

as |k| — oo. In particular, there is an odd number of pure imaginary eigenvalues.

In this subsection, 3 = 0k1(a, n) — iap?dp2(a, 1) and Yo = dg3(a, 1) — g(a)drq(a, p) —
iap?op0(a, ).
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It follows from (5.187) that
_ _ N7 (1L 2\ 6
Y3,174,2 — 132741 = —(1 +i)ap <2aG(a) +2a° |
ol Lo o L 3. N sy o
(1 = i)a(35G%a) + 50G(@) + J9(@) )1 + o(i?), (5.219)
) 1
V31744 — V34711 = (1 —d)ap’ + (506(;(@) - 2a2>ﬂ6
; i 2 _ 1 § 5 5
+(1+ z)a(lGG (a) 2aG(a) + 4g(a)),u + o(p’). (5.220)

We now calculate 11 and 4 as given in (5.197) and (5.198). It follows from (5.203), (5.204),
(5.205) and (5.206) that

¥1(p) = 2(1 + i)’ + (aG(a) + 40®)u®

+ (1 — i)a(%GQ(a) + aG(a) + gg(a)>,u7 +o(u"), (5.221)
$a(p) = 2(1 — i)’ + (aG(a) — 40®)u®
(14 i)a(%GQ(a) +aG(a) + 29(@)) 7 + o(u"), (5.222)
and from Proposition 5.41 that
0= —%. (5.223)

Putting (5.221), (5.222), (5.200) and (5.201) in (5.202) and comparing the coefficients of k;
and ko we get

' 1G
i 1G(a)

= 5.224
=T s ( )
i aa?  3ag(a) 3 G(a)
_ Bia 3a Gla) 22
27 2 + 4 72 + 16 7 ' (5.225)

and the following result

Theorem 5.42. For g € CY[0,al, there exists a positive integer ko such that the eigenvalues
i, k € Z, counted with multiplicity, of the problem (3.1)—(3.2), where B1(y) = y(0), Ba(y) =
y"(0), Bsy = o/ (a) —iay” (a) and By = yP¥(a) —ialy(a), can be enumerated in such a way
that the eigenvalues N\ are pure imaginary for |k| < ko and A_p = — X for k > ko, where

Ak = ,u% and the pg have the asymptotics

pe= ko 4T o 3 ok,

where the numbers 1o, T1 and o are as respectively defined in (5.223), (5.224) and (5.225).

In particular, there is an odd number of imaginary eigenvalues.
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5.10.4 Asymptotic of the eigenvalue for Bsy = 3/(a) — iap?y”(a) and By =

y(a) + iyt (a)

Remark 5.36 and Proposition 4.32 lead to the following proposition

Proposition 5.43. For g € C1|0,a] there exists a positive integer ko such that the eigenvalues
Mk, k € Z, of the problem (3.1)~(3.2), where Bi(y) = y(0), Ba(y) = 4"(0), Bsy = y/(a) —
iy (a) and Byy = y(a) +ioy®yl®l(a), counted with multiplicity, can be enumerated in such
a way that the eigenvalues N are pure imaginary for |k| < ko and A_j, = _;\—k for |k| > ko,

where A\, = (ﬂf)2 with

i = £k — )& +o(1), if k>0
jiE = LAk - T)E +o(1), if k<0

In particular, there is an even number of pure imaginary eigenvalues.

The terms 3 ; and 4 in this subsection are as follow 73 1, = 0p.1(a, 1) + iap?dy2(a, 1) and

Yak = Ogo0(a, p) + iop® Ok 3(a, p) — g(a)dg1(a, p)).

It follows from (5.187) that

Y3,174,2 — V32741 = —(1 — i)a2u7 — %iaQG(a),uG
(4 i)a (G2 (a) + S g(a) )+ oli?), (5.226)
16 4
V31744 — V34741 = (1 +1)a?u” + %z’aQG(a),uG
—(1- z‘)oﬂ(iG?(a) + §g(a))/f" + o(1®). (5.227)
16 4

It follows from (5.203), (5.204), (5.226) and (5.227) that the functions ; and 14 as given in
(5.197) and (5.198) are as follow
1 3
Ui(p) = =2(1 =)o’ +ia’Gla)p® + (1 +)a? (56X(a) + Sg(a) ) +o(u"),  (5.228)

Ya(p) = 2(1 + i) p® +ia?Gla)u® — (1 —i)a? (éGQ(a) + %g(a))/ﬂ +o(u"). (5.229)

On the other hand, it follows from Proposition 5.43 that

7T

- 2
" (5.230)

T0 —
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Substituting (5.228), (5.229), (5.200) and (5.201) in (5.202) and comparing the coefficients of

k1 and ko we get

m=- (5.231)

Ty = — R (5.232)

and the following result

Theorem 5.44. For g € C'[0,al, there exists a positive integer ko such that the eigenvalues
i, k € Z, counted with multiplicity, of the problem (3.1)—(3.2), where B1(y) = y(0), Ba(y) =
y"(0), Bsy = v/'(a) — ia\y"(a) and Byy = y(a) + iop’yBN(a), can be enumerated in such a
way that the eigenvalues \j, are pure imaginary for |k| < ko and A_y = —\j, for k > ko, where
A = ,ui and the pg have the asymptotics

Nk:k§+70+%+%+0(k_2)7

where the numbers 1o, 1 and T2 are as respectively defined in (5.230), (5.231) and (5.232).

In particular, there is an even number of imaginary eigenvalues.

5.11 The boundary terms B;y and Bsy are the following: By =
y(0) and Byy = y/'(0)

In this section 1, = 9x,0(0, 1) and 2 = 6,1(0, 1), where k = 1,2, 3,4. We give the functions
Y1 and 14 for each of different cases of 731, V3.2, V3,4, V4,1, V4,2 and y4.4, where 31, 132, V3.4,
4,1, V4,2 and 74 4 are as defined in (5.187), and we investigate the corresponding asymptotic

eigenvalues.

It follows from (5.187) that

. 1 . _ _
Y1,3724 — V2,371,4 = (L —i)p + 1(1 +4)g(0)pt +o(ut), (5.233)

) 1 ) _ _
Y1,272,3 — V22,3 = —(1 +4)p — 1(1 —i)g(0)pt +o(p). (5.234)
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5.11.1 Asymptotic of the eigenvalue for Bsy = 4"(a) + iau?y'(a) and By =
yP(a) —iapPy(a)

Remark 5.36 and Proposition 4.36 lead to the following proposition

Proposition 5.45. For g € C1[0,a] there exists a positive integer ko such that the eigenvalues
Ak, k € Z, of the problem (3.1)~(3.2), where Bi(y) = y(0), Ba(y) = y/(0), Bsy = y"(a) +
iaXy'(a) and Byy = yP¥l(a) — iady(a), counted with multiplicity, can be enumerated in such
a way that the eigenvalues N\, are pure imaginary for |k| < ko and Mg = —5; for |k| > ko,
where \j, = ()% with

i = (4 — 1)%& +o(l), if k>0

A = di(4]k| — 1)2—& to(l), if k<0

as |k| = oo. In particular, there is an odd number of pure imaginary eigenvalues.
In this subsection 735 = Ok a(a, p) + iap®dy1(a, p) and yar = dpz(a, i) — g(a)dx1(a, p) —
iap®ogo(a, p).

We calculate explicitly 11 and 14 as given respectively in (5.197) and (5.198). It follows from
(5.187), (5.205), (5.206), (5.233) and (5.234)

V() = 2(1 — i)ap” — (2(1 + o?) + aG(a))ip®

o1 44) (3(1 +a?)G(a) + %aGa(a) - iag(O) +0)8 +o(u?) (5.235)
ba(p) = 2(1 + D)ap” — (2(1 + o®) — aG(a))ip’
+2(1—i) (3(1 + a?)G(a) - %aGQ(a) + iag(O) — )+ olu?) (5.236)

We recall that

K
4a’
see Proposition 5.45. Substituting (5.235), (5.236), (5.200) and (5.201) in (5.202) and com-

(5.237)

D= —

paring the coefficients of k1 and ko we get

il+a? 1G(a)
M3 ar 4 a

il+a?  a((1-a?)?+a%g(0)) 1 G(a)
i _ — 5.239
[ y—— 40272 T (5.239)

(5.238)
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and the following result

Theorem 5.46. Let 19, 71 and T2 as respectively defined in (5.237), (5.238) and (5.239).
Then for g € C1[0,a] there is a positive integer ko such that the eigenvalues A\, k € Z, of
the problem (3.1)-(3.2), where Bi(y) = y(0), Ba(y) = v'(0), B3y = y"(a) + iap?y'(a) and
By = yB¥(a) —iap?y(a), counted with multiplicity, can be enumerated in such a way that the
eigenvalues Ay, are pure imaginary for |k| < ko and A\_y = —Xg for |k| > ko, where N\, = p}

and the pg have the asymptotics

T T T _
,uk:ka—i—rg—l—zl—l-k%—i-o(k 2,

In particular, there is an odd number of pure imaginary eigenvalues.

5.11.2 Asymptotic of the eigenvalue for Bsy = 4"(a) + iau?y'(a) and By =
y(a) +iap?yPl(a)

Remark 5.36 and Proposition 4.38 lead to the following proposition

Proposition 5.47. For g € C1[0,a] there exists a positive integer ko such that the eigenvalues
A, k € Z, of the problem (3.1)(3.2), where Bi(y) = y(0), Ba(y) = +/(0), Bsy = v/ (a) +
iap?y'(a) and Byy = y(a) + iog®yBl(a), counted with multiplicity, can be enumerated in such
a way that the eigenvalues e are pure imaginary for |k| < ko and Mg = 75; for |k| > ko,
where \j, = (ﬂf)2 with

i = 1(41%5)% to(l), if k>0

fiy; = i(4k| — 5)% +o(1), if k<O.

In particular, there is an even number of pure imaginary eigenvalues.

In this section vz = Op2(a,p) + iop®0pa(a, p) and v = Okola, p) + iap®(Ss(a, p) —
g(a)dg1(a,p)). Putting (5.233), (5.234), (5.212) and (5.213) together, the functions 1; and
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4 given respectively in (5.197) and (5.198) are as follow

Y1(p) = 2(1+i)a’s’ + (a*G(a) + 2a)1°

+ %(1 - i)a(%aGﬂ(a) ~ ag(0) — G(a) )" + o(u"). (5.240)
Pa(p) = =2(1 — i)o?p® — (0*G(a) — 20)°
_ %(1 4 i)a(%a(ﬁ(a) ~ ag(0) — G(a) )" + olu"). (5.241)

It follows from Proposition 5.47 that

5%

- .242
4qa (5 )

T0 —

Substituting (5.240), (5.241), (5.200) and (5.201) in (5.202) and comparing the coefficients of

k1 and ko we get

i 1 G(a)

= — 4 —-—— 5.243

n 2am + 4 7 ( )
5i a a g(0) 5 Gl(a)

= — - — — 5.244

27 Rar 4022 w2 4 + 16 7’ ( )

and the following theorem

Theorem 5.48. Let 179, 71 and T2 as respectively defined in (5.242), (5.243) and (5.244).
Then for g € C[0,a] there is a positive integer ko such that the eigenvalues N\, k € Z, of
the problem (3.1)—(3.2), where B1(y) = y(0), Ba(y) = ¥'(0), Bsy = y"(a) + iap®y'(a) and
Byy = yBl(a) —iap?y(a), counted with multiplicity, can be enumerated in such o way that the
eigenvalues \i, are pure imaginary for |k| < ko and A_y, = — )i, for |k| > ko, where A\, = ,u%
and the py have the asymptotics

= kS 4o+ T4 S+ o(k ).

In particular, there is an even number of pure imaginary eigenvalues.

5.11.3 Asymptotic of the eigenvalue for Bsy = 3/(a) — iap?y”(a) and B,y =
y¥(a) —iap*y(a)

Remark 5.36 and Proposition 4.41 lead to the following proposition
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Proposition 5.49. For g € C1[0,a] there exists a positive integer ko such that the eigenvalues

Ak, k € Z, of the problem (3.1)~(3.2), where Bi(y) = y(0), Ba(y) = 3/(0), Bsy = ¢/(a) —
iap?y” (a) and Byy = yP(a) —iapy(a), counted with multiplicity, can be enumerated in such
a way that the eigenvalues \j, are pure imaginary for |k| < ko and Mg = —5\7;g for |k| > ko,

where \j, = (i5)? with
i = (2% — 1)21 +o(l), if k>0
a
s . T .
. = i(2|k| — 1)% +o(1), if k<O.
In particular, there is an odd number of pure imaginary eigenvalues.
The terms 735 and 74 in this section are y3xr = Op1(a,p) — iau®dpa(a, p) and yap =

Sk.3(a, ) — g(a)dp1(a, u) —iap®dyo(a, p). It follows from (5.233), (5.234), (5.219) and (5.220)

that the functions 1; and 14 given respectively in (5.197) and (5.198) are as follow

() = 200 — (1 — i) (5aG(a) +207) "
+ (36%() + aGa) + S(a) ~ 39(0) )il + o(u"), (5.245)
ba(p) = —2ap® — (1 +1) %aa(a) . 2042>u7
- (éGQ(a) ~at(a)+ 29@ B %9(0))0@6 +o(u). (5.246)
On the other hand
0= _2%’ (5.247)

see Proposition 5.49.

Putting (5.245), (5.246), (5.200) and (5.201) in (5.202) and comparing the coefficients of k;

and ko we get

' 1G
5o o 1G() (5.248)
m™ 4 7
ac? ia  ag(0) 3ag(a) 1
- e agn) | a9\, 24
T ot i 2t 2t 87TG(CL), (5.249)

and the following theorem
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Theorem 5.50. Let 19, 71 and T2 as respectively defined in (5.247), (5.248) and (5.249).
Then for g € C1[0,a] there is a positive integer ko such that the eigenvalues A\, k € Z, of
the problem (3.1)-(3.2), where Bi(y) = y(0), Ba(y) = v'(0), B3y = y'(a) — iap?y”(a) and
Byy = yBl(a) —iap?y(a), counted with multiplicity, can be enumerated in such a way that the
eigenvalues N, are pure imaginary for |k| < ko and A\_y = —Xg for |k| > ko, where A\, = p}
and the ux have the asymptotics

s T T —
pe =k 7o+ o+ o5 +o(k2).

In particular, there is an odd number of pure imaginary eigenvalues.

5.11.4 Asymptotic of the eigenvalue for By = 3/(a) — iau*y”(a) and By =
y(a) +iap*yP(a)

Remark 5.36 and Proposition 4.43 lead to the following proposition

Proposition 5.51. For g € C1[0,a] there exists a positive integer ko such that the eigenvalues
Mi, k € Z, of the problem (3.1)~(3.2), where Bi(y) = y(0), Ba(y) = /(0), Bsy = ¢/(a) —
iop?y” (a) and Byy = y(a) +ioy®yl)(a), counted with multiplicity, can be enumerated in such
a way that the eigenvalues N, are pure imaginary for |k| < ko and A_j, = —;\7k for |k| > ko,

where A\, = (ﬂf)z with
i = i(%—zs);—a to(1), ifk>0

it = Hi(20k] — 3)% +o(l), if k<O0.

In particular, there is an even number of pure imaginary eigenvalues.

The terms 734 and 74 in this subsection are v3 = 61(a, ) — iau?dx2(a, p) and v4p =
Srola, p) + iap? (8 s(a, u) — g(a)dra(a,p)). Putting (5.233), (5.234), (5.226) and (5.227)

together, we get the functions ¢ and 14 as respectively given in (5.197) and (5.198)

Dn(p) = ~2iags® — S (14 )*Gla)” + (62(@) — Sg(a) + 39(0))o?u® + o(u),  (5.250)
3

V() = ~2ia® + (1~ o’ GlaT + (3G*(a) + Sg(a) — 59(0)) 0 +o(u).  (5.251)
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On the other hand, it follows from Proposition 5.51 that
37
2a°

Substituting (5.250), (5.251), (5.200) and (5.201) in (5.202) and comparing the coefficients of

0= (5.252)

k1 and ko we get

o= LG (5.253)
4 7
_ag(0)  3ag(a) 3G(a)

and the following theorem

Theorem 5.52. Let 19, 71 and T2 as respectively defined in (5.252), (5.253) and (5.254).
Then for g € C[0,a] there is a positive integer ko such that the eigenvalues A\, k € Z, of
the problem (3.1)-(3.2), where Bi(y) = y(0), Ba(y) = '(0), Bsy = ¥/'(a) — iau®y”(a) and
By = y(a) +iapyP(a), counted with multiplicity, can be enumerated in such o way that the
eigenvalues Ny, are pure imaginary for |k| < ko and A_y = —Xg for |k| > ko, where \, = p}
and the py have the asymptotics

— 1T n,n -2
,uk—ka+7’o+k+k2+o(k ).

In particular, there is an even number of pure imaginary eigenvalues.

5.12 The boundary terms B,y and B,y are the following: By =
y"(0) and Bay = y(0)

In this section vy, = 052(0, 1) and vo, = 0k,3(0, 1) — g(0)61(0, ), where k = 1,2,3,4.
We give the functions 1 and 14 for each of different cases of 731, 32, V3.4, V4,1, 74,2 and
Va4, Where ¥3.1, Y32, V3.4, V4,1, V4,2 and 44 are as defined in (5.187), and we investigate the

corresponding asymptotic eigenvalues.

It follows from (5.187) that
. 3 ‘
3724 — V23714 = (1 —i)p’ + 1(1 +1i)g(0)u® + o(p°), (5.255)

) 3 .
V272,83 — V22,3 = (L+ i)’ — 1(1 —1)g(0)1° + o(1°). (5.256)
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5.12.1 Asymptotic of the eigenvalue for Bsy = 4"(a) + iau?y'(a) and By =
yP(a) —iapPy(a)

It follows from Remark 5.36 and Proposition 4.46 that

Proposition 5.53. For g € C1[0,a] there exists a positive integer ko such that the eigenvalues
Ai, k € Z, of the problem (3.1)~(3.2), where Bi(y) = 3" (0), Ba(y) = yP1(0), Bsy = 3" (a) +
iaXy'(a) and Byy = yPl(a) — iady(a), counted with multiplicity, can be enumerated in such
a way that the eigenvalues \j, are pure imaginary for |k| < ko and Mg = —Tk for |k| > ko,
where \j, = (ﬂf)Q with

i = i(4k—5)% to(1), if k>0

[ = i(4lk| - 5)% to(1), if k<0
as |k| = oo. In particular, there is an odd number of pure imaginary eigenvalues.
In this subsection, v3x = g 2(a, 1) + iap®Sp1(a, p) and v = Ok3(a, u) — g(a)de1(a, u) —
i op,0(a, ).

We calculate explicitly 11 and 14 as given respectively in (5.197) and (5.198). It follows from
(5.187), (5.205), (5.206), (5.255) and (5.256) that

i) = —2(1 = o' + (21 + 0?) + aG(a))in'

1 3
+2(1+4) (5 (1 + a?)G(a) + EQGQ(Q) +509(0) + o) + o(p), (5.257)
ba(p) = =2(1 + Dap'’ + (2(1 + ?) — aG(a))ip™
1 1

~2(1-i)(§(1 +a*)G(a) ~ 3G (a) - Zag(O) — )l + o9, (5.258)

It follows from Proposition 5.53 that

5%

™= (5.259)

Substituting (5.257), (5.258), (5.200) and (5.201) in (5.202) and comparing the coefficients of
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k1 and ko we get

il+a? 1G(a)
_t L 2
n 2 am 4 7 (5.260)
5i14+a?  a((1—-a?)?—-3a%9(0)) 5 G(a)
== - = 261
TR an 4272 T (5.261)

and the following theorem

Theorem 5.54. For g € C'(0,a], there is a positive integer ko such that the eigenvalues \y,
k € 7, of the problem (3.1)~(3.2), where Bi(y) = y"(0), Ba(y) = yP(0), Bsy = y"(a) +
iap?y'(a) and Byy = yB¥(a) —iapy(a), counted with multiplicity, can be enumerated in such
a way that the eigenvalues \j, are pure imaginary for |k| < ko and A_p = —X for |k| > ko,

where A\, = u% and the pg have the asymptotics

= kS o+ T S 4 olk ),

where the numbers 1o, T1 and T2 are as respectively defined in (5.259), (5.260) and (5.261).

In particular there is an odd number of pure imaginary eigenvalues.

5.12.2 Asymptotic of the eigenvalue for Bsy = 4”(a) + iap?y'(a) and By =
y(a) +iap*yP(a)

Remark 5.36 and Proposition 4.48 lead to

Proposition 5.55. For g € C'[0,a] there exists a positive integer ko such that the eigenvalues
Ak, k € Z, of the problem (3.1)~(3.2), where Bi(y) = 3" (0), Ba(y) = yP1(0), Bsy = 3" (a) +
iaXy'(a) and Byy = y(a) + ia yPl(a), counted with multiplicity, can be enumerated in such
a way that the eigenvalues \j, are pure imaginary for |k| < ko and Aj = —Tk for |k| > ko,
where A\, = (ﬂf)2 with

i = 1(41@—9)% to(1), if k>0

[ = i(4lk| - 9)% to(1), if k<0

as |k| = oo. In particular, there is an even number of pure imaginary eigenvalues.
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In this subsection, v3 x = dga(a, p) + iopu?Si1(a, 1) and v4p = Skola, p) + iop®(Sk3(a, 1) —
g(a)di1(a, p)). Putting (5.255), (5.256), (5.212) and (5.213) into (5.197) and (5.198), we get

di(p) = =2+ i)ap™ — (*G(a) + a)u'

_ %(1 _ i)a(%aGQ(a) +3ag(0) + Gla) ) + o), (5.262)
Pa(p) = (2 — i)ap"® + (®G(a) — a)p'?
+ %(1 4 i)a(%aGQ(a) +3ag(0) ~ G(a) )i + o(u). (5.263)

It can be inferred from Proposition 5.55 that

9

——. .264
1a (5.264)

To =

Substituting (5.262), (5.263), (5.200) and (5.201) in (5.202) and comparing the coefficients of

k1 and ko we get

i 1G(a)
m= g (5.265)
9 a 3ag(0) 9 G(a)
_ B 3a 2 2
=g Al T 4 x2 Y16 x (5.266)

and the following theorem

Theorem 5.56. For g € C'[0,a], there is a positive integer ko such that the eigenvalues \y,
k € 7, of the problem (3.1)~(3.2), where Bi(y) = y"(0), Ba(y) = yP0), Bsy = y"(a) +
iop?y' (a) and Byy = y(a) + iop®yl(a), counted with multiplicity, can be enumerated in such
a way that the eigenvalues \j, are pure imaginary for |k| < ko and A_p = —X for |k| > ko,

where A\, = u% and the pg have the asymptotics

™ T1 T2 _
e =k 410+ o=+ 5 +olk %),

where the numbers 19, 1 and To are as respectively defined in (5.264), (5.265) and (5.266).

In particular there is an even number of pure imaginary eigenvalues.

5.12.3 Asymptotic of the eigenvalue for Bsy = y/(a) — iap?y”(a) and B,y =
y¥(a) —iap*y(a)

From Remark 5.36 and Proposition 4.51 we have the following proposition
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Proposition 5.57. For g € C1[0,a] there exists a positive integer ko such that the eigenvalues
Ak, k € Z, of the problem (3.1)~(3.2), where Bi(y) = 3" (0), Ba(y) = y13(0), Bsy = ¢/(a) —
ia\y”(a) and Byy = yB(a) —ialy(a), counted with multiplicity, can be enumerated in such
a way that the eigenvalues \j, are pure imaginary for |k| < ko and Mg = —5\7;g for |k| > ko,
where \j, = (i5)? with

i = i(2k:—3)21a +o(1), if k>0

T
5 = +i(2]k| — 3)5, +o(), if k<0
as |k| — oo. In particular, there is an odd number of pure imaginary eigenvalues.
The terms 73 and 74 of this subsection are 73 = 61(a, p) — iau?dx2(a, p) and v4p =
Ok3(a, i) — g(a)dy,1(a, p) — iap?dx o(a, ).

It follows from (5.219), (5.220), (5.255) and (5.256) that the functions 11 and 14 as respectively
given in (5.197) and (5.198) are as follow

Ya() = 20012 + (1 - i) JaG(a) + 207) "

- (%Gz(a) +aG(a) + 29(0) + Sg(a) i + o(u'®), (5.267)
Yal) = 200 + (1 +9)( JaG(a) — 207) "
+ (éGQ(a) —aG(a) + gg(O) + ;g(a)>ia,u10 + o(u'). (5.268)

On the other hand Proposition 5.57 gives

3T

2t 2
o (5.269)

To =

Putting (5.267), (5.268), (5.200) and (5.201) in (5.202) and comparing the coefficients of k;

and ko we get

oo lo 160 (5.270)
™ 4 7
ac?  3ia  3ag(0) 3ag(a)  3G(a)
S T oa ° 271
2 72 2r 4 72 4 72 + 8 m ' (5:271)

and the following theorem
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Theorem 5.58. For g € C'[0,al, there is a positive integer ko such that the eigenvalues \y,

k € Z, of the problem (3.1)~(3.2), where Bi(y) = 3"(0), Ba(y) = yP(0), Bsy = /(a) —
iap?y” (a) and Byy = yP(a) —iapy(a), counted with multiplicity, can be enumerated in such
a way that the eigenvalues \j, are pure imaginary for |k| < ko and A_p = —X for |k| > ko,

where \j, = uz and the ug have the asymptotics

7T T T
p = ke 7o+ 2+ o5 Fo(k7),

where the numbers 19, T1 and T2 are as respectively defined in (5.269), (5.270) and (5.271).

In particular there is an odd number of pure imaginary eigenvalues.

5.12.4 Asymptotic of the eigenvalue for By = 1/(a) — iau*y”(a) and Byy =
y(a) +iap*y®(a)

Remark 5.36 and Proposition 4.53 lead to the following proposition

Proposition 5.59. For g € C1[0,a] there exists a positive integer ko such that the eigenvalues
Mi, k € Z, of the problem (3.1)~(3.2), where Bi(y) = v (0), Ba(y) = yB(0), Bsy = y/(a) —
iaXy”(a) and Byy = y(a) + ia yPl(a), counted with multiplicity, can be enumerated in such
a way that the eigenvalues N, are pure imaginary for |k| < ko and A_j, = _;\—k for |k| > ko,
where A\, = (ﬂf)2 with

iE = (2% — 5)21 +o(1), if k>0
a

i = i(2lk] — 5)2% +o(1), if k<0

as |k| — oo. In particular, there is an even number of pure imaginary eigenvalues.

The terms -3 1 and 4 in this subsection are as follow 73 j, = d0y.1(a, 1) — ia,u25k72(a, w) and

Yag = Opo(a, p) + iap?(Oks(a, p) — g(a)dra(a, p)).

Putting together (5.226), (5.227), (5.255) and (5.256), we get the functions ¢; and v, as

respectively given in (5.197) and (5.198), which are

Yr(p) = 200t + (1 + )Gl + (SG7(a) + 59(0) + Sg(a)) 0%l + o), (5.272)

Yalp) = 210’ — J(1— )a?Glaynt — ((G2(a) + 59(0) + So(a))au!® + o(u'®). (5.273)
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On the other hand, it follows from Proposition 5.59 that

5%

- 274
5 (5.274)

T0 =

Substituting (5.272), (5.278), (5.200) and (5.201) in (5.202) and comparing the coefficients of
k1 and ko we get
_ 1G(a)

o= (5.275)
4 7
3ag(0)  3ag(a) 5G(a)
_3a 3a 0Gla) 2
T e T 2 + 8 m ' (5:276)

and the following theorem

Theorem 5.60. For g € C'[0,a], there is a positive integer ko such that the eigenvalues \y,
k € 7, of the problem (3.1)~(3.2), where Bi(y) = y"(0), Ba(y) = y¥(0), Bsy = ¢/(a) —
iop?y" (a) and Byy = y(a) +iopyBl(a), counted with multiplicity, can be enumerated in such
a way that the eigenvalues \j, are pure imaginary for |k| < ko and A_p = =\ for |k| > ko,

where A\, = u% and the pg have the asymptotics

pe= ko 4T o 3 ok,

where the numbers 1o, T1 and T2 are as respectively defined in (5.274), (5.275) and (5.276).

In particular there is an even number of pure imaginary eigenvalues.

5.13 The boundary terms B,y and B,y are the following: By =
y'(0) and Byy = yP(0)

In this section v = 0x,1(0, 1) and v, = 0k.3(0, 1) — g(0)ds.1(0, 1), where k = 1,2,3,4. We
give the functions v and v, for each of different cases of v3.1, 3.2, V34, V4,1, V4,2 and V44,
where f y31, V32, V3.4, V4,1, V4,2 and 44 are as defined in (5.187), and we investigate the

corresponding asymptotic eigenvalues.

It follows from (5.187) that

V13724 — V23714 = —2ip* + o(u?) (5.277)

V1,272, — V22713 = —2ipt + o(u?). (5.278)
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5.13.1 Asymptotic of the eigenvalue for Bsy = 4"(a) + iau?y'(a) and By =
yP(a) —iapPy(a)

From Remark 5.36 and Proposition 4.56, it follows

Proposition 5.61. For g € C'[0,a] there exists a positive integer ko such that the eigenvalues
Ak, k € Z, of the problem (3.1)~(3.2), where Bi(y) = /(0), Ba(y) = yP1(0), Bsy = v"(a) +
iaXy'(a) and Byy = yPl(a) — iaXy(a), counted with multiplicity, can be enumerated in such
a way that the eigenvalues N\ are pure imaginary for |k| < ko and A_p = — X\, for |k| > ko,

where A\, = (,uf)2 with

M,f:i(k—l)g+o(1), if k>0
T

i = Fi(lk| - Vi

+o(1), if k<O0.

In particular, there is an odd number of pure imaginary eigenvalues.

In this subsection, y3r = 0k2(a, n) + iap?d;1(a, 1) and Yoy = Sg3(a, 1) — gla)dra(a, p) —
i, 0(a, ).

We give explicitly ¢; and 14 from (5.197) and (5.198). It follows from (5.187), (5.205), (5.206),
(5.277) and (5.278) that

() = it — (1 +8)(2(1+ o) + aGla))u”
— (14 a))G(a) + ian(a) —da)i® + o(ub), (5.279)
Yal) = o' + (1 - )(2(1 + 0) — aG(a))s”

1
+ (1 + *)G(a) — ZaGQ(a) —4a)p® + o(u®). (5.280)
It follows from Proposition 5.61 that

o= ——. (5.281)

S

Substituting (5.279), (5.280), (5.200) and (5.201) in (5.202) and comparing the coefficients of
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k1 and ko we get

il+a® 1G(a)
— _‘_7

= 5.282

T 2 am 4 7 ( )
il+a? a(l-a?)? 1G(a)

_ 7 _ — 5.283

(LR 40272 + 4 7 ( )

and the following result

Theorem 5.62. For g € C'[0,al, there is a positive integer ko such that the eigenvalues \y,
k € Z, of the problem (3.1)~(3.2), where Bi(y) = y'(0), Ba(y) = y13(0), By = y"(a) +
iap?y'(a) and Byy = yB¥(a) —iap?y(a), counted with multiplicity, can be enumerated in such
a way that the eigenvalues \j, are pure imaginary for |k| < ko and A_p = —X for |k| > ko,

where A\, = u% and the pg have the asymptotics

= kS o+ T S 4 olk ),

where the numbers 1o, T1 and To are as respectively defined in (5.281), (5.282) and (5.283).

In particular there is an odd number of pure imaginary eigenvalues.

5.13.2 Asymptotic of the eigenvalue for Bsy = 4”(a) + iap?y'(a) and By =
y(a) +iap*yP(a)

Remark 5.36 and Proposition 4.58 lead to the following proposition

Proposition 5.63. For g € C'[0,a] there exists a positive integer ko such that the eigenvalues
Ak, k € Z, of the problem (3.1)—(3.2), where Bi(y) = 3/(0), Ba(y) = yB(0), Bsy = y"(a) +
iaXy'(a) and Byy = y(a) + ia yPl(a), counted with multiplicity, can be enumerated in such
a way that the eigenvalues \j, are pure imaginary for |k| < ko and Ap = —Tk for |k| > ko,
where A\, = (ﬂf)2 with

ﬂf:i%—%§+dhﬁfk>0

ﬂf:iMM—%§+dUJfk<0

as |k| = oo. In particular, there is an even number of pure imaginary eigenvalues.
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In this subsection, v3 x = dpa(a, p) + iou?Si1(a, 1) and v4p = Sox(a, p) + iop® (83 k(a, 1) —
g(a)di1(a, p)). It follows from (5.277), (5.278), (5.212) and (5.213) that the functions ); and
Yy as given in (5.197) and (5.198) are as follow

di(p) = 4a?u"? + (1 = i) (0®G(a) + 20)p'" — Ga2G2(a) + aG(a))ium +o(p'),  (5.284)

1
ba(p) = 422 — (1 + 1) (a?G(a) — 2a)utt — (iaQGQ(a) - aG(a))ium +o(pl?). (5.285)
It can be seen from Proposition 5.63 that

= ——, 5.286
70 . ( )

Putting (5.284), (5.285), (5.200) and (5.201) in (5.202) and comparing the coefficients of k;

and ko we get

i n 1G(a)

= 2 4 0w
i a 1 G(a)
+

(5.287)

T2 —

(5.288)

ar 4?7?22 7

and the following result

Theorem 5.64. For g € C'[0,a], there is a positive integer ko such that the eigenvalues \y,
k € 7, of the problem (3.1)~(3.2), where Bi(y) = y'(0), Ba(y) = 33(0), By = y"(a) +
iop?y (a) and Byy = y(a) +iog®yl(a), counted with multiplicity, can be enumerated in such
a way that the eigenvalues N\, are pure imaginary for |k| < ko and A_p = —\ for |k| > ko,

where A\, = u% and the pi have the asymptotics

T T
=+ = +o(k7?),

T
:k—
Pk a+TO+k 2

where the numbers 19, 1 and T2 are as respectively defined in (5.286), (5.287) and (5.288).

In particular there is an even number of pure imaginary eigenvalues.

5.13.3 Asymptotic of the eigenvalue for Bsy = y/(a) — iap?y”(a) and B,y =
Y (a) — iapPy(a)

From Remark 5.36 and Proposition 4.60, it follows
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Proposition 5.65. For g € C1[0,a] there exists a positive integer ko such that the eigenvalues
Ak, k € Z, of the problem (3.1)~(3.2), where Bi(y) = 3/(0), Ba(y) = y1(0), Bsy = ¢/(a) —
ia\y”(a) and Byy = yB(a) — ialy(a), counted with multiplicity, can be enumerated in such
a way that the eigenvalues \j, are pure imaginary for |k| < ko and Mg = —5\7;g for |k| > ko,

where \j, = (i5)? with

s :i(4k—5)2—a+o(1), if k>0

[ = Li(4lk| - 5)2—& Y o(1), if k<0

as |k| — oo. In particular, there is an odd number of pure imaginary eigenvalues.

In this subsection, 3 = 0k1(a, n) — iap®dp2(a, 1) and vap, = dgs(a, 1) — g(a)dpa(a, p) —
o0 0(a, ).

It follows from (5.277), (5.278), (5.219) and (5.220) that the functions t; and 4 as given in
(5.197) and (5.198) are as follow

Y1(p) = —2(1 — i)ap' + (aG(a) + 4a?)ip'®
+(1+1) (é(ﬂ(a) + aG(a) + ;g(a)>a,u9 +o(u?), (5.289)
Ya(p) = —2(1 + i)ap' — (aG(a) — 4a?)ip'®

+(1—19) (éGQ(a) —aG(a) + gg(a))a,ug + o(u?). (5.290)

It can be inferred from Proposition 5.65

5w

_om 5.291
i (5.291)

T0 =

Substituting (5.284), (5.285), (5.200) and (5.201) in (5.202) and comparing the coefficients of

k1 and ko we get

ia  1G(a)
=— 4 - 5.292
[ - ( )
Sia  aa®  3agla) 5 G(a)
—xe 1% 999, 29 2
[ P T 72 + 16 7 (5:293)

and the following theorem
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Theorem 5.66. For g € C'[0,a], there is a positive integer ko such that the eigenvalues
M, k € Z, of the problem (3.1)~(3.2), where Byi(y) = 3'(0), Ba(y) = y?1(0), B3y = ¢/(a) —
iap?y” (a) and Byy = yP(a) —iapy(a), counted with multiplicity, can be enumerated in such
a way that the eigenvalues \j, are pure imaginary for |k| < ko and A_p = —X for |k| > ko,

where \j, = uz and the ug have the asymptotics

7T T T
p = ke 7o+ 2+ o5 Fo(k7),

where the numbers 19, T1 and T2 are as respectively defined in (5.291), (5.292) and (5.293).

In particular there is an odd number of pure imaginary eigenvalues.

5.13.4 Asymptotic of the eigenvalue for By = 1/(a) — iau*y”(a) and By =
y(a) +iap*y®(a)

We have Remark 5.36 and Proposition 4.62 the following proposition

Proposition 5.67. For g € C1[0,a] there exists a positive integer ko such that the eigenvalues
Mi, k € Z, of the problem (3.1)~(3.2), where Bi(y) = /(0), Ba(y) = y¥(0), Bsy = y/(a) —
iaXy”(a) and Byy = y(a) + ia\yP®l(a), counted with multiplicity, can be enumerated in such
a way that the eigenvalues N, are pure imaginary for |k| < ko and A_j, = _;\—k for |k| > ko,
where A\, = (ﬂf)2 with

iE = (dk — 9)% +o(1), if k>0

A = di(4]k] — 9)I—a +o(1), if k<0

as |k| — oo. In particular, there is an even number of pure imaginary eigenvalues.

In this subsection, v34 = 01 (a, 1) — iop®dp2(a, i) and yap = Ok0(a, p) + iap?(Ox3(a, 1) —
g(a)dg1(a, ).

Putting together (5.277), (5.278), (5.226) and (5.227), then the functions 1, and 14 as given

in (5.197) and (5.198) are as follow
d1(p) = ~2(1+ a2 — a2Glapt® — (1~ ) (6*(@) + S9(a) o2 + o), (5.290)

Ya(p) = 2(1 — i)a?pt + oG a)p'® 4 (1 +14) (%Ga(a) + gg(a))QZ,uQ + o(u?). (5.295)
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On the other hand, it follows from Proposition 5.67

97

-2 2
" (5.296)

T0 —

Substituting (5.294), (5.295), (5.200) and (5.201) in (5.202) and comparing the coefficients of

k1 and ko we get

" iGETa) (5.297)
= 209 9 Glo) (5.298)

4 72 16 7’

and the following theorem

Theorem 5.68. For g € C1[0,a], there is a positive integer ko such that the eigenvalues
e, k € Z, of the problem (3.1)~(3.2), where Bi(y) = /(0), Ba(y) = yB(0), Bsy = y/(a) —
io®y" (a) and Byy = y(a) +iop®yt®(a), counted with multiplicity, can be enumerated in such
a way that the eigenvalues N\, are pure imaginary for |k| < ko, A_x = =\ for |k| > ko, where
A = pi and the pg have the asymptottics

m T T
pe =k o+ 2+ o5 Fo(k72),

where the numbers 19, T1 and T2 are as respectively defined in (5.296), (5.297) and (5.298).

In particular there is an even number of pure imaginary eigenvalues.



Chapter 6

Spectral asymptotics of a
self-adjoint sixth order differential
operator with one eigenvalue
parameter dependent boundary

condition

6.1 Introduction

We consider, on the interval [0, a], the boundary eigenvalue problem defined by the differential

equation

8 — (gy")" = N2y, (6.1)

267
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and the boundary conditions

y'(\,0) =0, (6.3)
y"(\,0) =0, (6.4)
y(A,a) =0, (6.5)
y"(\,a) =0, (6.6)
y(4)()\, a) —ia\y' (A a) =0, (6.7)
where g € C?[0,a], a > 0 and o > 0. We associate a quadratic operator pencil
L\ a) = M —ia\K — A (6.8)

in the space L2 (0, a)®C with this problem, where K and M are bounded self-adjoint operators
with domains Z(K) = (M) = L2(0,a) ® C, and given by

00 I 0
K = and M = . (6.9)
0 I 0 0

The operator A acting in L2(0,a) & C with domain

P(A)=q¥= @ 1y € WE0,a),9(0) = y'(0) = y"(0) = y(a) = y"(a) =0 p . (6.10)
—(a
_,(6) _ 1"\
is given by Ay = v~ (o) fory € 2(A). (6.11)
y™(a)

We prove in the next section, by the means of definitions and properties introduced in Section
2.3, that A is a self-adjoint operator. We investigate the spectral properties of the boundary
eigenvalue problem (6.1)—(6.7) in Section 6.4, while we study the asymptotics of the eigenval-
ues for ¢ = 0 in Section 6.5. Finally we present in Section 6.6 the results on the investigations
conducted on the asymptotics of the eigenvalues for arbitrary g. We have used definitions
and properties introduced in Chapter 2, Section 4.2, Section 4.3, Section 5.2 and Section 5.3

to conduct the work presented in this chapter.



Chapter 6. Spectral asymptotics of a self-adjoint sixth order differential operator 269

6.2 The operator A is self-adjoint

Proposition 6.1. The operator A is densely defined.

w
Proof. Let w = ( ) € L2(0,a) @ C such that (y,w) =0 for all y € Z(A), where

C

@ @) = /0 @) T@)dz — o ()

Let y € C5°(0,a). Then y'(a) =0 and y = (y> € 9(A), thus

0
/ y(x)w(zx)de =0 for all y e C5°(0,a).
0
Hence w = 0.

Let the polynomial y(z) = —42®+ Zz* — 525, Then y(0) = y/(0) = " (0) = y(a) = y"(a) =0
and y'(a) = a® # 0. Whence

0
Since w = 0, then 0 = (y, w) = y/(a)¢ thus ¢ = 0 and it follows that w = ( ) . Hence
0

2(A)*+ = {0}
Therefore A is densely defined. O

Proposition 6.2. A is a symmetric operator.

Proof. Let y,z € 2(A),

(Ay,z) = — /Oa[y(G) (2) + (99")" (2)]2(x)dz —y™(a)7'(a)

- - / "y (2)2(2)do / g @) H@)de -y (@ @) (6.12)
0 0
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However
| 0@zt = 9.2 (6.13)
and
[ (o @)@ = (o 2) (6.14)
Then,

= [y (@)7 (@) - /0 @) @) ((a) = 2(0) = 0). (6.15)

is symmetric, thus

[ 0@ @i = (529 - @ @)l (6.16)
Hence it follows from (6.15) and (6.16) that
19,2) = (5.29) - D @) @] + I (@)D @), (6.17)
Since 4/(0) = 2/(0) = 0, then
19,2) = (5,2®) - y D@ (@) + ¥/ (@)2D a). (6.18)
Similarly since z(0) = z(a) = 4" (0) = y"(a) = 0, we have
(lav""2) = oY @)= ~ [ (o) (@)2'(0)do

a

= (") @) @) + / ' (2)g7" (z)dz

0

= /Oa y"(2)gz" (x)dz. (6.19)
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The sesquilinear form

/0 "y (@)e2" (@)dz = (v, 2)

is symmetric, so

/O " (@)g2 (@)dz = (v, (g2")"). (6.20)

Hence (6.19) and (6.20) yield

((gy")", 2) = (v, (92")"). (6.21)

Therefore it follows from (6.12), (6.13), (6.14), (6.18) and (6.21) that

(47,3) = —(3,29) + yD(@)7(a) - ¥ ()2 (0) — (3, (9")") — D (@)7'(0)
= —(y,29) = (y,(92")") = ¥/ (a)zW(a)
= (y,—2'% = (¢2")") =/ (a)2W(a)
= [ v@)-20@) ~ (62" @) e ~ @)V a)

_ G4, (6.22)

Since A is densely defined and (Ay,z) = (y, AZ) for all §,Z € 2(A), then according to
Definition 2.18 A is symmetric. O

Remark 6.3. Let g € C'[0,a] be a real valued function. Since the multiplication by g is a
continuous linear operator g- from C[0,d] into itself, its adjoint (g-)* from (C{(0,a)) into
itself is well-defined. Let (-, -)c1(0,q) be the sesquilinear form on C3(0,a) x (C}(0,a))'. Note
that for f € Ly(0,a) and ¢ € C}(0,a),

(g¢a f)Cé(O,a) = (g¢7 f)
= (¢, 91),

thus (g-)*f = gf. Hence we write
gu=(g-)"u (6.23)

for all u € (C§(0,a))".
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Also note that we have the continuous embeddings with dense ranges

C&°(0,a) — C3(0,a) — L(0,a), (6.24)
whence

L(0,a) < (C3(0,a)) = 2'(0,a). (6.25)
In particular, gu € 2'(0,a) for all u € (C3(0,a))".

Lemma 6.4. If z € L3(0,a) and g € C[0,a], then gz’ € 2'(0,a).

Proof. Since z € L3(0,a) — (C}(0,a)) — 2'(0,a) and g € C[0,a], then according to
Remark 6.3
gz € L2(0,a) = 2'(0,a) (6.26)

and by Definition 2.34
(92) € 2'(0,a). (6.27)

Since g € C'[0,a], then ¢’ € C[0,a]. And as z € Ly(0,a), then
gz € Ly(0,a) — 2'(0,a). (6.28)

Thus (6.26) and (6.27) give
(92) — g’z € 2'(0,a). (6.29)

Hence for all ¢ € C§°(0,a) we have

(6, (92) — 9'2)cge(0.0) = (¢ (92) ) eze0.0) — (85 9'2) 052 (0,0)

= (g¢a Z,)Cé(o,a)

= (¢, 97)cge(0,0)-

Since for all ¢ € C5°(0,a)

(¢a (gz)/ - g/Z)C’(‘)X’(O,a) = (¢7gz/)C’8°(O,a)v (630)
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then gz’ = (92) — ¢’z € 2'(0,a). O

Remark 6.5. Let g € C2[0,a] be a real valued function. Since the multiplication by g is a
continuous linear operator g- from C?[0,a] into itself, its adjoint (g-)* from (C3(0,a))" into
itself is well-defined. Let (-, -)c2(0,q) be the sesquilinear form on C2(0,a) x (C2(0,a))'. Note
that for f € L2(0,a) and ¢ € C3(0,a),

(g¢a f)Cg(O,a) = (ng, f)
= (¢,9f),

thus (¢-)*f = ¢gf. Hence we write
gu = (g-)*u (6.31)

for all u € (C3(0,a))’. In particular, gu € 2'(0,a) for all u € (CZ(0,a))’, see (6.25).
Lemma 6.6. If z € Ly(0,a) and g € C?[0,a], then g2 € 2'(0,a).
Proof. As z € Ly(0,a) = (C2(0,a)) < 2'(0,a) and g € C?[0,a], then according to Remark

6.5
gz € Ly(0,a) — 2'(0,a) (6.32)

and by Definition 2.34
(g2)" € 2'(0,q). (6.33)

Since g € C2%[0,a], then ¢g"” € C[0,a]. And as z € Ly(0,a), then
g"z € Ly(0,a) = 2'(0,a). (6.34)
Thus (6.33), (6.34) and Lemma 6.4 give

(92)" — 9"z — 29'2" € 7'(0,a). (6.35)
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Let £ = (g2)" — ¢z — 2¢'2'. Then for all ¢ € C§°(0, a) we have

(0:8)cee0,a) = (65 (92)" ) g (0.0) — (69" 2) 050 0.0) — (0,292 ) 2 (0,0)

= (

(—1)%(¢",92) = 0.0) — (9”05 2)co(0,0) — (290, Z) 0.0
= (99", 2)c2(0.0) = (979 2)cp(0.0) T (2(9'8)', 2) o (0,0)
= (9¢" —9"0+2(d'0), 2)co(0,0)
= (99" +4"0+29'0", 2) o 0.0)
= ((99)", 2)co(0,0)

= (=1)*(96,2")c2(0,0)

= (¢

y g7 )COO (0,a)-

Since for all ¢ € C§°(0,a),

(¢,(92)" = 9"2 = 29" ) e (0,0) = (6, 92" ) 5 (0,0) (6.36)

then it follows from (6.35) that gz” = (g2)" — ¢"2 — 29’2’ € 2'(0,a). O

z
Proposition 6.7. Let z = ( ) € P(A*). Then z € WZ(0,a) and there exists ¢ € C such
d

_(6) _ 1\
that A*Z = ( #7 =) )
C

Proof. Since z € P(A*), then according to Definition 2.17, there exists

@ = (w> € Ly(0,a) & C such that (AF,3) = (5, @), for all § € D(A). Let § — (‘y) €
c 0

C§°(0,a) @ {0}. Since y € C§°(0,a), then y(0) = ¢/'(0) = y"(0) = y(a) = y"(a) = 0 and
7€ 2(A). Also 3/ (a) = y¥(a) = 0. Hence

<A§7 z) = (_y(G) - (gy”)/la z)C’(‘)’o(O,a) + y(4) (a)cz

(6)

=~ 2) ez 0,0 — ((99")"5 2) co(0,0)- (6.37)

Since z € La(0,a), then z € 2'(0,a) and

(y(6)7 Z)C’(C]’O(O,a) = (_1)6(3/’ 2(6))080(0@) = (ya 2(6))080(0,(1)' (638)



Chapter 6. Spectral asymptotics of a self-adjoint sixth order differential operator 275
As z € Ly(0,a) and g € C2[0, a], then according to Lemma 6.6, g2” € 2'(0,a) and
((9y")", 2)co0.a) = (=1)*(99", 2" 20,00 = (99" 2") 20,0
= (0", 92" ez 0.0) = (=1 (¥, (92") )0 (0.0) = (W5 (92") ) czo(0,0)- (6.39)
It follows from (6.37), (6.38) and (6.39) that
(A5,2) = =, 2D cee(0.0) — (1, (92") )0 0,0
= (y,—2%9 = (92")") e 0,0 (6.40)
On the other hand
(45.2) = 3.3) = [ w@ywtedde = (nwlog o /(@)
= (¥, w)cse(0,0)- (6.41)
It follows from (6.37), (6.40) and (6.41) that
(=4 = (9y")" 2z 0.0) = (0 =29 = (92") o (0.0) (6.42)
and
—2) — (g2")" = w € Ly(0,a). (6.43)

Let v = —20) — (g2"). Then v/ = —2(6) — (¢92")" = w € Ly(0,a). Let u(z) = Jo w(t)dt. Then

u € Ls(0,a) and therefore

u € W12(0, a),

(6.44)

and v — v’ = 0. Then according to Theorem 2.35 v — u = ¢, where c; is a constant. Hence

v=u+c; € WZ(0,a) and —2) — (g2”") € W2(0,a). Since g € C?[0,a], then it follows from

Proposition 2.43 that z € WZ(0, a).

Theorem 6.8. The operator A is self-adjoint.

Proof. Let y € 2(A) and z = ¢ € 9(A*). Then
d

(47.2) = (=49 = (99")", 2) + yY(a)d

= -9, 2) - (gy")". 2) + yW(a)d.

O]

(6.45)
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Since z € W62(0, a) by Proposition 6.7, then we have

9, 2) = [y (@) 2(2))E - / "y ()7 (@)da
0
~ WO @) - W@ @)+ [ 9@ @)
0
— WO @@ — O @7 @) + O @) @) - /O Y ()29 (@)dz.  (6.46)

For y,z € WZ(0, a), the sesquilinear form

/oa y ()2 (@)dr = (4, 2) + [y (2)2(2)]§ — [y ()7 @)]§ + [y (@) 2" (@)

is symmetric, thus we have

/oa y @)z (@)dz = —(y, ) + [y(2)27) (2)]§ — [y ()20 @)]§ + [y ()2 ()]

= —(y,29) =/ (a)2W(a), (6.47)
as y(0) = y(a) = ¢'(0) = ¢"(0) = y"(a) = 0, and it follows from (6.46) and (6.47) that

(49, 2) = (4, 2) + [y (@) 2(2)]§ — W (@)Z (@) + @ (2)2"(2)]§

+ 9/ (a)zW(a). (6.48)
On the other hand
(ta")"2) = o @@l — [ 00y (@)2 (@)
= [(9y") (2)z(2)]5 — [(9y") ()2 ()]§ + /0 a(gy”)(rv)i”(w)dfv
~ Y @2l + [ (@)@ @ 60 =@ =0). (649
As y,z € WZ(0,a), the sesquilinear form
| o @2 @)de = (") 2) = oY ()2t

is symmetric, then

= (y,(92")") (y(0) = y(a) = 0), (6.50)
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and

((9y")",2) = (y, (92")") + [(9y") (2) 2(2)]5- (6.51)

Hence it follows from (6.45), (6.48) and (6.51) that

(47,2) = (y, 20 = ((9z")") = P (@) 2(@)5 + [y (@) (@)]§ — v (2)2" ()]

— /()2 (a) = [(99") (2)2(2)]§ + v (a)d. (6.52)
However
(AF.2) = (7, A'3) = (G.@) where @ = (w) ,
c
and according to Proposition 6.7 w = —2() — (gz”)". Thus
(47,%) = 1, A2) = (v~ = (92")") =/ ()2
Then

|
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+y(0)2"(0) - (9") (@)z(a) + (9y")'(0)2(0) + ¥V (a)(d + '(a)). (6.53)
There exists a polynomial y; such that y;(0) = y1(0) = ¢/(0) = y1(a) = y{(a) =0, yj(a) # 0
and 31" (0) = 117 (a) = 11"(0) = 1"(@) = 4;7(0) = 4" (@) = 0. Since 7 (0) = ;7 (0) =

v} (a) = y{” (a) = 0, then (gy/)'(0) = (99)'(a) = 0. Thus yl( )) € 7(A) and
—Yyila

yi(a) (2 (a) — ) = 0. (6.54)

Since ¥/ (a) # 0, then 2®(a) = ¢, so
c=29(a), (6.55)
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and (6.53) reduces to
—y®(a)z(a) + 5 (0)2(0) — ¥ (0)2'(0) -y (a)2"(a)
+y3(0)27(0) - (gy") (a)Z(a) + (9y") (0)2(0) + y*(a)(d + Z(a)) = 0. (6.56)

Also there exists a polynomial yo such that y2(0) = y5(0) = y4(0) = y2(a) = y4(a) = 0 and
5" (@) # 0, 557(0) = 57 () = 55" (0) = 47 (0) = 157 (a) = 0. As 4(0) = 45 (0) = v}(a) =

y§)(a) = 0, then (gy4)'(0) = (g44)'(a) = 0. Thus yf( | 7t ama
—Y2la

ysP(a)(d + Z'(a)) = 0. (6.57)

since y§4) (a) # 0 then

Hence (6.56) reduces to

There exists a polynomial ys such that y3(0) = v5(0) = y5(0) = y3(a) = y5(a) = 0 and
u57(0) # 0, 457(0) = 57 (@) = 457(0) = 17 (@)

y5”) (a) = 0, then (gy4)'(0) = (9y4)'(a) = 0. Hence ( y3 ) € 7(A) and
—ys(a)
y5” (0)2(0) = 0 (6.60)
As y:(,f)) (0) # 0, then
2(0) =0, (6.61)

and (6.59) reduces to
—yP(@)z(a) - y(0)2(0) = yP(a)2"(a) + yP(0)2"(0) — (9y")'(a)2(a) =0.  (6.62)

There exists a polynomial y4, such that y4(0) = 3(0) = ¥4 (0) = ya(a) = y{(a) = 0, yf)(a) #
0 and y{(0) = 4 (@) = ¥{V(0) = 0. As yJ(a) = P (a) = 0, then (gy))'(a) = 0 so
v € 2(A) and
—y'(a)
vy (a)z(a) = 0. (6.63)
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Since yf)(a) # 0, then
z(a) =0, (6.64)

and (6.62) reduces to
~y(0)2(0) — yP(a)2"(a) + 5 (0)2"(0). (6.65)
There exists a polynomial ys, such that ys(0)

yé4)(0) # 0, yéS) (0) = yég)(a) =0, thus ( v ) € 2(A). As yé4) (0) # 0, then (6.65) gives
—ys5(a)

Z(0) =0 (6.66)

and reduces to

—y®(a)z"(a) + y®(0)2"(0). (6.67)

There exists a polynomial yg, such that y5(0) = y5(0) = y£(0) = ys(a) = yg(a) =0, yé?’)(O) =0

€ Z(A). Since yég) (a) # 0,then
—yg(a)

and yé?’) (a) # 0, hence (

Z"(a) =0 (6.68)
Finally there exists a polynomial y7, such that y7(0) = y4(0) = v7(0) = y7(a) = ¥¥(a) = 0,

and ygg) (0) # 0. Thus ( ) € 2(A) and

—y7(a)

2(0) =0 (6.69)
Hence, from (6.55), (6.58), (6.61), (6.64), (6.66), (6.68) and (6.69) we have
2(0) = 2/(0) = 2"(0) = 2(a) = 2"(a) =0, d=—2'(a) and c= 24 (a).

Thus zZ € Z(A), so Z(A*) C Z(A). Since A is symmetric, see Proposition 6.2, then it follows
from Definition 2.18 that A is self-adjoint. ]

6.3 Resolvent set of the operator pencil L(-, «)

Proposition 6.9. M + K = I and M|gay) > 0.
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The proof of this proposition is similar to the proof of Proposition 3.3.

Definition 6.10. Define the 5 x 12 matrix V of rank 5 such that for y € WZ(0, a),

T
V¥ = (4(0).5/(0),"(0), y(a), " (a)) -

Y (0) T
where Vi = with ¥ = (yl0], yfi], yf2] yi3) ylal 1) see (37, (1.6)].
Y(a)

Definition 6.11. We formally denote the collection of the six boundary conditions (6.2)—(6.7)

by U and define the following operators related to U:
Upy =y (a) and Ury = —y/(a), y € WE(0,a). (6.70)

Definition 6.12. Define Z; = {y € W(0,a) : VYg = O}. Let Zs be the complementary
space of Z; in WZ(0,a) and define

pu : WE(0,a) — 7,
Yy = yu (6.71)
be the projection from WZ(0,a) onto Z; along Zs.
Define

5:WE(0,a) — La(0,a) & C (6.72)

Y= , (6.73)
—y'(a)

and

r:WE(0,a) — C'?

y—r(y) =Yxg. (6.74)

Remark 6.13. We can observe that 7 is a closed finite codimensional subspace of WZ(0, a)

and the operator py is bounded.

Proposition 6.14. The linear map r is surjective and bounded.

The proof of the above proposition is similar to the proof of Proposition 3.5.
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Remark 6.15. It follows from Definition 6.10 that rank V' = 5, thus dim(N(V)) = 12—-5=T.
Since Zs is the complementary of Z; in WZ(0,a), see Definition 6.12, then it follows from

Remark 6.13 that dim Z5 =12 — 7 = 5.

Remark 6.16. The quasi-derivatives associated with (6.1) are given by

[0] (1] Bl = B

YO =y, g =y B =y y

(4] "

g =y 4+ gy, B =4O 4 (gy"), 1% = y©) + (gy")".

Definition 6.17. Choose and fix a bijective linear map
Dy : C5 — Z,. (6.75)

Finally let
Dy : WE(0,a) — CP (6.76)

be defined by Dy = Dy (I — pyr).
Define the boundary eigenvalue operator function

T(\) : WE(0,a) — Ly(0,a) & C @ CP

—yl6l — X2y
TNy = | ia Uy + Ugy |
VYr

where A € C and 36 = 4 + (gy/")".
Proposition 6.18. The linear map
VrDy: C° — C°

1is tnvertible.

The proof of the above proposition is similar to the proof of Proposition 3.8 while the proof

of the following proposition is similar to the proof of Proposition 3.9.
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Proposition 6.19. Let A € C. Then the operator

—I Ep s 5
1 (L2(0,a) ® C) & C° — (L2(0,a) ®C)® C
0 V’I”DQ
o AgDy — XD,
is bijective and bounded, where Fio = and for y € WZ(0,a), Ay =
UyDsy + ia U1 Dy
—yll,

The proof of the following proposition is similar to the proof of Proposition 3.10.
Proposition 6.20. Let A € C and Z(L(\,«)) := Z(A(U)). Then the operator

spu
Dy (I - py)

is injective and bounded with range Z(L(\, )) @& C.

: W2(0,a) — (L2(0,a) ® C) @ C°

We refer the reader to the proof of Proposition 3.11 for the proof of the following proposition.
—I E L )\, (0% 0 S
Proposition 6.21. Let A\ € C. ThenT(\) = 12 (A @) PU
0 VrD 0 Ies) \Dy'(I-pv)

Corollary 6.22. The boundary eigenvalue operator function T(X\) and the operator pencil

L(-,«) have the same resolvent set.

The proof of the above corollary is similar to the proof of Corollary 3.12.

6.4 Spectrum of the differential operator

The proof of the following proposition is similar to the proof of Proposition 3.13.

Proposition 6.23. The boundary eigenvalue operator function T' and therefore the operator
pencil L(-,«) is a Fredholm wvalued function with index 0. The spectrum of the Fredholm
operator T and therefore the Fredholm operator L(-,«) consists of discrete eigenvalues of
finite multiplicities and all eigenvalues of L(-,a), a > 0, lie in the closed upper half-plane and

on the imaginary azris and are symmetric with respect to the imaginary axis.
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The proof of the following lemma is similar to the proof of Lemma 3.14.

Lemma 6.24. All nonzero real eigenvalues of L(-, ), > 0, (if any) are semi-simple, i.e., the
corresponding eigenvectors do not possess associated vectors. All real eigenvalues of L(-, ),

a > 0, are independent of «.

Lemma 6.25. Let A = —it, 7 > 0, be an eigenvalue of L(-,«), « > 0. Then X is semi-simple.

The proof of the above lemma is similar to the proof of Lemma 3.15.

Proposition 6.26. Let A be an eigenvalue of L(-, &), o > 0. Then the geometric multiplicity

of X is at most 3.

Proof. Define

y®(0)
Yy > y(4)(0)
y®)(0)
Let y € N(L(A, o)) such that f(y) = 0. Then
y®(0) =0,
yW(0) =0, (6.77)
y®(0) =0

Since the three boundary conditions taken at the left endpoint 0 are independent of A, then
y(0) =0, ¥'(0) = 0 and y”(0) = 0, and it follows from (6.77) that y = 0, thus f) is injective.
Hence the dimension of N(L(A, «)) is at most 3. Hence Proposition 6.26 follows. O

6.5 Asymptotics of eigenvalues for g =0

Let Biy = y(0), Boy = 4'(0), B3y = y"(0), Bay = y(a), Bsy = 3" (a) and

Bsy = y™®(a) — ia)y’(a). Then it follows from the canonical fundamental system Yj, J =
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1,2,3,4,5,6 with 3" (0) = 6;m41 and m = 0,1,2,3,4,5 that
Biy1 =y1(0) =1 Boy1 = y1(0) =0 Bsy1 =y{(0)=0
Biys = y2(0) = 0 Boys = y5(0) =1 Bsys =y3(0) =0
Biys =y3(0) =0 Bays = y5(0) =0 Bsys = y3(0) =1
Biys =y4(0) =0 Boya = y4(0) = 0 Bsys = y(0) =0
Biys = y5(0) =0 Bays = y5(0) =0 Bsys = y5(0) =0
Biys = y6(0) = 0 Bays = y5(0) =0 Bsys = y5(0) =0
that the characteristic matrix of this boundary problem is
By 1 0 0 0 0 0
By 0 1 0 0 0 0
Bs 0 0 1 0 0 0
Me = (y1 Y2 Ys Y Vs y6>:=
By Bayr Bayz Bays Bays Bays Bays
Bs Bsy1 Bsy2 Bsys Bsys Bsys Bsyes
Bg Beyr Bsy2 Beys Bsys Beys Bsye
The reduced characteristic matrix of the boundary value problem becomes
By Byys Bays Bays
M= | B; <y4 Ys y6> = | Bsys Bsys DBsys (6.78)
Bs Bsys Beys Bsys

It is obvious that det M, = det M. The characteristic function of the differential equation
(6.1) for g =0 is

m(p, p) = p° — 1, (6.79)

where —u8 = A2, see (2.36). Thus A\ = eiu3, where ¢ € {—1,1}. Let w, be the primitive
sixth root of one. The zeros of the equation (6.79) are u, wy w?u, w3y, wiy w’y. Thus a

fundamental system and a fundamental matrix of the equation (6.1), for ¢ = 0, are respectively

2 3 4 5
{eu:c’ewua:’ew ;m’ew ux’ew px,ew ,ux} and
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eHT EWHT ew nT ew” uT oW n ew’u
2 3
He/m’ 'uwewuz 'uw2€w nx waﬂew nx ,uw4e

MZ eHT M2w2ew,u,a: M2w4 er,u,a: /1'2 ew3/,L:p u2w26w4,u,a: ,u2w4 ew5,u:v

2w p) = 3 3,3 3 w? 3,3 w? 3wt 3,3 wh ’
Meuaz Mwewux Mew,ux Mwew,ux Mew,ux Mwew,ux
2 3 4 5
M4€ux M4w4ewu;v ,LL4OJ26w nr M4ew nx M4w46w nx M4w26w nx
M5eu:r M5w5ew,u,a: M5w4ew2,u,a: u5w3€w3,u,x u5w26w4yx M5wew5u:p
where
w=3+iY,
2 _ 14 ,;V3
w® = —5+15,
W= 1, (6.80)
4 _ _1_ /3
wo=73 2
5_1_,;V3
w" = 2 (3 3 -

Let {y1,vy2,Y3,v4,Y5, Y6} be the canonical fundamental system of the differential equation

(6.1). Set Y := (y](ifl))?’jzl. Then there is a matrix ¢ € C% such that Y (z,u) = Z(z, u)c,

see Definition 2.100, and Is = Y (0, 1) = Z(0, u)e, see Theorem 2.91. Hence ¢ = Z(0, ).

However
1 1 1 1 1 1
2 3 4 5
wopw pw pw Hw Hw
2 2.2 2 4 2 2.2 2 4
peoprwe e ptw © prws o ptw
200, 1) = 3 33 3 3 3 3 331
A pow 2 How
4,4 4 2 4 4,4 4 2
peopws W w pws o prw
5 .55 ,5 4 ,5 3 5 2 5
L Y~ 2 Y A ¢ A L
thus
1 1 1 1 1 1
6 61 612 6u3 u? 6ud
1 1=vBi 13 1 1—/3i  14+/3i
6 12 12p2 6u3 12p4 12u°
1 1+VBi  1=Bi 1 1+VBi  1—/3i
c— 6 12p 12p2 6u3 12p4 12p
1 _1 1 _ 1 1 _1
6 61 612 6u3 6ut 6u°
1 1-—3i  _14+Bi 1 1-/3i  _ 14+/3i
6 124 122 613 12,4 1245
1 14v3i 13 1 1+V3i 1-/3i
6 12u 12p 613 12p4 124
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Let
6
c= (Cij)i,jzl'
Then the canonical fundamental system of the differential equation (6.1) is
Y; = Cljelw + ngew’m + ngewz’m + C4j6w3/m + C5j€w4“x + 66j€w5“x, (6.81)

where 7 =1,2,3,4,5,6. It follows that

det M = BaysBsysBeys — BayaBsysBeys + BsyaBsys Baye — BsyaBays Bsys

we recall that ¢ € {—1,1}. Hence the characteristic function of (6.1)—(6.7) for g =0 is

where

+ BeyaBays B5ys — BeyaBsys Bays
_ _7226 ( ~ cae1+VBIHa | oo~ (HVBHa _ 3,(4VBiua _ 3,—(14vBi)ua
(—1+V3i)pa

+ eae - Eae_(—l-‘r\/gi)ua N 36(_1+\/gi)ﬂa B 36—(—1+\/§i)ua

+ Seaes(1HVBIHA _ g o= 5 (14V3IHa _ g 3(—14VBi)ua + Seave~3(~1+VBiua

+ et — caeTH — 3e2H0 _ 36720 _ 8eqeh? 4 8eqe M + 18)

1

= (e 8)e — (za + 8¢ — (za 4 8)eH+VIIH . (c — g)e (H+ Ve

7248

+ (ea — 3)6(’1“/5")““ — (ea + 3)67(*1“@)““ 1 8eae2 (VB _ g o5 (1+V3i)ua

— 8eaer(T1HVBIa | goqe—3(F1HVBIHa g pena | goneHa | 18),

13

1 Wi Q.

DU(IU’) = 772/16 Z Cm(€,a)€ mh ’
m=1

w =2, we=14+V3i, w3=—14+V3i, wg=—-2, ws =—1—+/3i,
we=1—3i, wr =1, wg = 1(1+3i), wg = —5(1 — V/3i),

wi = —1, w1 = —%(1 + \/g’b), w12 = %(1 - \/gl)v wig = 0,

(6.82)

(6.83)

(6.84)
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while
'Cl(&“, a) = Cs(e,a) = Cs(e,a) = e — 3,
Cy(e, ) = Cy(e,a) = Cg(e,0) = eax + 3,
Cr(e,0) = Cy(e, a) = C11 (g, ) = —8ea, (6.85)
Cs(g, ) = Cio(e, @) = Crz(e, ) = 8eay,
\013(8,04) =18.
Let
IN?O(M) := Do(p)e 2 = _721MG (804 —3—(ea+ 3)6(_1+‘/§i)““
13
+3 Cule, a)e(wﬂl%)ﬂa), (6.86)
m=3
where

ws — w1 =—3+V3i, ws —wi = —4, ws —w; = —3 — V34,

wﬁ—wlz—l—\/gi, W7—W1:—1, w8—W1:—%(3—\/§i),
(6.87)

wy — wi = —3(5 — V/3i), wip — w1 = —3,

w1l — w1 = —%(5 + \/gz), w12 —wi = —%(3 + \/gl), w1z —wi = —2.

Thus arg(ws—w1) = arg(wg—w1) = %”, arg(wg—w1) = arg(wr—wy) = arg(wijg—wi) = arg(wiz—

wi) =, arg(ws—w1) = 2, arg(ws—wy) = 3, BT < arg(wg—wy) < B, 2T < arg(wy—wi) <
227 arg(wis —wi) = . Hence for m = 3,...,13, arg(wm, —wi) € [25, 47]. It follows that for
20 6 373

m =3...,13 and for arg p € [—5, L], arg(wm — wi)pa € 12, XX] C (3, 25). Therefore for
m =3,...,13 and arg u € [—75, 75/, le(wm—wipa| — g=cosglula < p=singzlula and the terms

Con(e, a)e@m=1na where m = 3,...,13 can be absorbed by Ci(e,a) = ea — 3 4 o(u~*) for
any nonnegative integer s. On the other hand, replacing wy by wy in (6.86) gives

w3 — Wy = —2, w4—w2:—3—\/§i, w5—w2:—2—2\/§i,

wg — wp = —2v/3i, wy —wy = —V/3i, wg —wy = — (1 + V/3i),

(6.88)
wy —wy = —5(3+V3i), wig— w2 = -2 — V30, w1 — w2 = —3(3 4 V/3i),

Wi —wy = —%(1 +V3i), w1z —wy = —1 — /3.

\
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Thus arg(ws — wz) = 7, arg(ws — wa) = arg(wy — wy) = arg(win — wp) = 2, arg(ws — wy) =

arg(ws — we) = arg(wie — wy) = arg(wis — wa) = %’T, arg(wg — we) = arg(wy — wa) = 37“
and 70 < arg(wig — we) < % Whence for m = 3,...,13 arg(w,, — w2) € I[m, 37“] and for

], arg(wm — wo)pa € [3, 4] C (Z,3%). Thence for m = 3,...,13 and

To_ T

arg @ € [~ —15
arg p € [, — &, [ewmwna) = g cosflula < g=sin5lula and the terms Cpp (e, a)el@m—w2)na
where m = 3,...,13 can be absorbed by 6’2(5,&) = ea+ 3 + o(p™?®) for any nonnegative

integer s.

Hence for arg p € -7, 5],
D = _a_ (—=14+V3i)pa —s
o) =~ (sa 3— (ca+ 3)e +o(u )) (6.89)
Let
~ _1)i+1
Dfj(n) = % <Cj+1(5, a) — Cjya(e, Oé)e(w“rwj*l)“a), (6.90)
7
~ —1)3+1 Wit 0 — W5 a 2 W —Wj a
i(p) = (72)#6(0].“(57&) — Cj+2(5,a)e( 2 Wit1)Ha | Z Con (e, ar)e@m—wit1)n >’
m=3
(6.91)

where j =0,1,2,3,4,5, while Cj;1(¢, ) and Cjia(e, ) are as given in (6.85). Then

DY(p) = — 5 (504 —3—(ea+ 3)6(*1“6")““), (6.92)

2p
l~)j = Dge~“i+1H% and in the sectors [-F + %ﬂ, 15 T %}, i=0,1,2,3,4,5

5 o0 (D

Dy = 2y (Cini(e.0) = Crpale, )= o). (6.93)

Since the function exp is periodic and has 2i7 as period, then it follows from (6.92) that the

zeros of DY(y) in the sector [— 7% 15] are simple and are

e (ln gg;g\ + 2lm) if a > 3, 6o
He = 6.94
—127”(1 2d|+ 2k + D)im) if a < 3,

where k € Z. The hexagon Hp of centre 0 and vertices w1, wo, w3, wyq, ws, wg is convex, it

contains the hexagon H of centre 0 and vertices wr, wg, wg, wig, w11, wiz. The hexagon H;

is invariant by the rotation of centre 0 and angle 5. Thus the zeros of 5?(@) in the sectors
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[_

+ 5, I5 + 5] are

ISR

1505 (| 223 4 okir ) e T if > 3,

_ 14+/3i (ln Zglg + (Qk + 1)m>en7ﬂ if @ < 3,

(6.95)

if n=0,2,4, and

L3 (n |23 o ki) e T if a > 3,

EQ—

| . (6.96)
_M<1D eat3| 4 (Qk; + 1)z'7r)eT if a < 3,

Hin =

ea—3

if n = 1,3,5. Hence the zeros of 15?(/1) in the sectors [~7 + %, 5 + 5], n = 0,1,2,3,4,5,

are

( 1)n+11+vfﬁ<ln
( 1)n+11+vfﬁ<ln

ea+3

m—?” " 2ki7r>enTﬂ) ifa>3,
fhm = (6.97)

nmi

o8]+ 2k + 1)im )™ it a < 3,

where n = 0,1,2,3,4,5. All the zeros of ﬁj(/,l,) in the sectors [—7 + &, {5 + %], n =
0,1,2,3,4,5, have the same asymptotics as the zeros of ﬁ?(,u) Hence the asymptotics of
the zeros of Ej(lﬁ) and therefore the asymptotics of the zeros of Do(y) in the sectors [—7 +
B+, n=0,1,2,3,4,5, are

(_1)n+1 1+ﬁz’ <1

( 1)n+11+vfi<1n

o=t 4 2him )T+ o(k™*) if a > 3,

§3+§’ + (2k + 1)z7r)e 3 +o(k™®) if a <3,

fion = (6.98)

where n = 0,1,2,3,4,5, s is any nonnegative integer and py,,, = O(k).

Remark 6.27. As \ = iei®, then it follows from (6.95) and (6.96) that Ay = ief; , for

)
n=0,2,4 and 5\k71 = ieﬂi}n for n = 1,3,5, where arg fix, € [-F + 5, 75 + 5

Whence we have the following result

Proposition 6.28. For g = 0 there exists a positive number ko such that the eigenvalues 5\,

with sufficiently large modulus, of the problem (6.1)—(6.7) are

3
. 8%(2]{#—2111 g 3‘4—0 5))52’fa>3,
Ako = ) 3
&7((2]‘3"' 1) 3’—1—0(]6 S)) e ifa <3,
and X
- —%(21{:77—1111 o=t o(k ™) cifa>3,

1 a—3 — 3 .
((2k+1)7r—zln = +3‘+0(k: 5)) e if a < 3,

where s is any nonnegative mteger, |k| > ko, with e € {—1,1}.
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6.6 Birkhoff regularity

Recall that A2 = —u8. Then p;(-, u) =

(2.35).

ZMJW5 s ('L—O

Hence it follows from (2.35) and (2 38) that m 1 = ma2 = m33 = My = W55 = 0,

,2,3,4,5 7 =0,1,2,3,4,5), see

while 766 = 1. Thus the characteristic function of (6.1) is 7(p) = p°® + 1, see (2.36), where

erl (7)4 = —Z LU5

Wy = —

the variable in (2.35) is p. The zeros of 7(p) = p% + 1 are @y = \/§2+z'

~ .~ 3—1
7("-)1:17(*‘-)2:_\/; )

3{@'. Since ng = 0, then it follows from Proposition 5.19 that

[ = 6. It follows from Theorem 5.20.A that vy =0, 5 =1, 13 =2, v4 =3, v5s = 4 and vg = 5.

Hence we can choose

Clx,p) = diag(l, s 17, u3,u4,u5)01($),

with

1
(V3+i)p
2

(1+V3i)p?
2

C(x,p) = -,
i

(V3—i)u®
2

_ (1=VBiu*
2

1 1 1 1
V3+i i V3= V34
2 2 2
14V3i ) 1=V3i 1++/3i
2 2 2
) —1i i —i
_1-+/3i 1 1+v3i  _ 1-/3i
2 2 2

_ VB V3+i 3—i
2 2 2
1 1 1
i _ (\/?32—i)u _ (\/§;ri)u
_,2 (=VBiu? (1+V3i)u?
H 2 2
_ZM?) ”LS _Z,U’?)
4 _ VBt (1-V3ip?
H 2 2
i1 (\/§J2ri)u° (\/5;‘)#“

(6.99)

2 , (6.100)

2 . (6.101)
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The boundary matrix functions defined in (5.47) are given by

1 0 00 0O
01 0 00O
. 001000
WO () = C(0, 1)
00 O0O0O0UO O
00 O0O0O0O 0
00 0O0O0TGO0
1 1 1 1 1 1
WBrow g, B _Brow _, (Bode
(1+V3i)u? 2 (A=VBi)u®  (1+V3i)u? 2 (1—V3i)u?
= 2 2 2 2 (6.102)
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
and
0 0 00 0O
0 0 00 0O
) 0 0 0000
W () = Cla, p)
1 0 00 0 O
0 0 1 0 00
0 eau® 0 0 1 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
= , (6.103)
1 1 1 1 1 1
(+VBip? 2 (1=VBi)p?  (14+V3)p® 2 (1=V3ip?
2 H 2 2 H 2

it 72 73 Y4 5 Y6
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where

M= %((\/‘3604 — 1)+ (V3 +ea)i)ut,
o = (1 + o) pt,
v = —3((VBea + 1) + (V3 — a)i)ut,

Y1 =—%((V3ea+1) — (V3 —ea)i)ut,

(6.104)

Vs = (1 —eai)u?,

Y6 = %((\/3604 -1)— (\/3-1— Ea)i)u4.

It is obvious that v4 = 73, 75 = 72, ¥%6 = 71. Choosing Cy(u) = diag(1, u, u2, 1, u2, ut) if
a > 0, we obtain according to (5.39), Cy(u) *WU) = éj) +O(p~1Y), where j = 0,1,

1 1 1 1 1 1
V3 +i PRVE ) /B4 i 3—i
2 2 2 2
1+/3i -1 1—V3i 1430 1 1=vBi
w = 2 2 2 2 (6.105)
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
and
0 0 0 0 0 0
0 0 0 0 0 0
1) 0 0 0 0 0 0
Wy = , (6.106)
1 1 1 1 1 1
14++/3i 1 =B 1++/3i 1 1—+/3i
2 2 2 2
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with
61 = 3((V3ea — 1) + (V3 + ca)i),
52 = (1 + Eai),
63 = —1((V3ea + 1) + (V3 — ea)i),
2 (6.107)
61 =—1((V3ea+1) — (V3 —ca)i),
55 = (1 — eozi),
86 = 3((V3ea — 1) — (V3 + ca)i).
It is easy to check that
w0 =3, (6.108)
while
1) _ 2 2
Wy =1+¢e"a”. (6.109)
Thus
W+ W) = 4+ €202 < co. (6.110)
On the other hand
G5 (WO ) - w¥ =0 (6.111)
and
165 (WO () — W] = 0. (6.112)
Hence
O (WO () = W+ O WO () - W = O(u™?) asp— 00, (6.113)

Whence the assumptions (5.35) and (5.36) are fulfilled for j = 0,1. According to Proposition

5.13 the matrices A of the eigenvalue problem (6.1)—(6.7) are the following four 6 x 6 diagonal

matrices with three consecutive ones and three consecutive zeros in the diagonal in a cycle
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arrangement:
Ay = diag(1,1,1,0,0,0),

Ao = dlag(17 1,0,0,0, 1)a

A3 = dia‘g(170)0)07 ]-7 1)7

(6.114)
Ay = diag(0,0,0,1,1,1),
A5 = diag(0,0,1,1,1,0),
Ag = diag(0,1,1,1,0,0).
Remark 6.29. Let
wiOn; + W1 - Ay, (6.115)

where Aj, j = 1,2,3,4,5,6 are the matrices defined in (6.114). It is easy to check that
Ayg=1—A1, As =1— Ay, while Ag = I — Ag, it follows that after a permutation of columns,
the matrices (6.107) are block diagonal matrices consisting of 3 x 3 blocks taken from three
consecutive columns (in the sense of cyclic arrangement) of the first three rows of Wéo) and
the last three rows of Wél), respectively for the eigenvalue problem (6.1)—(6.7) These matrices
are obviously invertible for o > 0 and for all six choices of A. Thus it follows from Proposition

5.13 and Definition 5.21 that,

Proposition 6.30. The eigenvalue problem (6.1)—(6.7) is Birkhoff reqular for a > 0.

6.7 The canonical fundamental system of —4® — (gy")" = X2y

It follows from (5.49)—(5.51) that ng = 0, thus [ = 6 see Theorem 5.23. Hence the matrix
Ms(+, 1) defined in (5.68) is reduced to I and since ng — 1 < 0, then hy,_1 = 0. Let

@ = @22-
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As n = 6, then it follows from (5.49)-(5.51) that

;

k4 =9,
k;3 = 29/5
(6.116)
]{72 — g//7
ko=ki=ks=0.

Since ks = 0 and hy,,_1 = 0, as ng — 1 < 0, then QI = 0, thus it follows from (5.71) that

QU = . (6.117)
According to Theorem 5.23 ii), we have
w1 =1,
wy = exp(%) = 1+5/§",
— 2miy _ _1—/3i
wy = exp(F*) = — ,
° 2 (6.118)
wy = exp(mi) = —1,
wg = exp(57”) — 1—2 3i.

Set Q := Qg = diag(wy, w2, w3, W4, ws, we), see (5.63). Then Q) = I and

1+ /3i _1—\/§i 1 _1+\/§i 1—+3i

. A1
2 2 ’ 2 2 ) (6.119)

Q= diag(l

Set @ := Q22 and

a1 Q12 Q13 A4 Q15 Qg
Q1 Qg Gg3 Ay A5 Qgg
Q[” | @31 a3z azz azq dzs d3g
g1 Qg Q43 Qg Qu5 Qyg

51 Qsp Gs3 Asq4 0A55  (pg

g1 Qg2 Qg3 Qg Ag5  Qgg
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It follows from (5.76) and (6.116) that QQM — QMO = QI thus QQM — QMO = 0, see

(6.117). But

1 1 1 1 1 1
1 0 0 0 0 0 ayp Q12 d13 A1y Q15 Qg6
1+/3i 1 1 1 1 1 1
0 2 0 0 0 0 A1 Qg Gg3 Ay A5 Qoq
1—/3i 1 1 1 1 1 1
ol = 0 0 ) 0 0 0 (31 A3y a3z (34 G35 0436
1 1 1 1 1 1
1+/3i 1 1 1 1 1 1
0 0 0 0 —=5 0 51 G5y G5z G454 Ajs  (gg
1—/3i 1 1 1 1 1 1
0 0 0 0 0 2 Qg1 Q62 Qg3 d64 Q65 Ge6

1 1 1 1 1 1

ayy aja ais ayy ais aie
(1+v/3i)as, (1+v/3i)as, (1+v/3i)as, (1+v/3i)as, (1+v/3i)ass (1+v/3i)asg

2 2 2 2 2 2

_(=VBiay;,  (1=VBiag,  (1-VBiayy _ (1=V3i)al,
2 2 2 2

. (1—\/§i)a§5
2

o (1—\/§i)‘1§6
2

(1-V3i)ad, (1-v/3i)ad, (1-V/3i)ak, (1-V/3i)a},
2 2 2 2

(1—V3i)ags
2

1 1 1 1 1 1
—ay —Qy9 —Qy3 —Qyy —Qy5 —Qyg
_(4VBiag;, (+VBial,  (+VBiais (1+VBial,  (1+VBdai;  (1+V3i)ags

2 2 2 2 2 2

(1-V3i)akg
2

(1-v3d)ajg
2
(1—\/§i)a56
2

(1—V3i)alg
2

(1—v/3d)ajq
2

while
1 1 1 1 1 1
app Qg @13 ajy Qai5 QAyg 1 0 0
1 1 1 1 1 1 14+/3i
A1 Qg Gg3 Ay A5 GAgg 0 2 0
1 1 1 1 1 1 1—/3i
Qg = a3; A3z 433 G3q G35 O3 0 0 T2
1 1 1 1 1 1
Qg Qg Q3 Gy Qq5 Qyg 0 0 0
1 1 1 1 1 1
51 A5y Q53 G454 G55 Ggg 0 0 0
1 1 1 1 1 1
g1 Qg2 Qg3 Qg Qg5  Qgg 0 0 0
al (1+v3i)al, _ (1—v/3i)al, —al o (14+v3i)aly
11 2 2 14 2
al (14++v/3i)al, _ (1=V3i)ad, —al (1+V3i)als
21 2 2 24 2
al (14+v3i)al,  (1-VBi)al, gl (1+V3i)als
. 31 2 2 34 2
al (1+v/3i)a}, _ (1—v/3i)als —al - (14+v3i)als
41 2 2 44 2
al (14+v/3i)al, _ (1—v/3i)ais —al. — (1+V3i)als
51 ) 2 54 2

(1—\/§i)aé6
2

agy —Qgy

1 (1+V3Bi)ag,  (1-V3i)ags 1 (1+V3iads
2 2 2

(1—V/3i)adg
2
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Let 4; := QQUM — QMQ. Thus

0 (1—v/3i)aly (3—V3i)al,
2 2
/a1
_(1 \/251)‘121 0 a%g
_ (3—\/2§i)a§1 _a:132 0
Ay = 0] (3-+v/3)al, (14+/3i)al,
207y - 2 - 2
o1
_GEVIIen (14 Bi)al,  —/3Biak

N1
_ (1+\/2§1)a61 —\/gia(lﬁ

1
2a1,
(34++/34)ad,
2
(1+\/§i)aé4
2

0
(1—v3i)al,
2

(1= V3ijagy gl

2

(3+V/3i)al; (1+V3i)ais
2 2
(1+V/3i)ass V3iagg
V3ials  —(1— V3i)ag
_ (1—=V3i)aiy _ (3—V3i)alg
2 2
0 —aéﬁ
aé5 0
(6.120)

Since QQ — QMQ = 0, then it results from (6.118) that aly, = al; = al, = al; = als = 0,

T 1 1 _ 1 _ .1 _ 1 .1 1 _ 1 _ 1 _ 1 1 .1 _ 1 _
ag; = Q9g = Qgy = Qo5 = A6 = 0, az; = azy = azy = ag5 = a3 =0, ay; = ayy = ag3 = ag5 =

1L gl —gl — gl g1 1 1 _ 1 1 11
age = 0, a5 = a5y = a53 = agy = aze = 0 and ag; = agy = a3 = agy = ag; = 0, hence

Set

QP =

1
an

o o o o o

an
a1
a3y
g
asy

ag1

0 0 0
0 0 0
0 0 0

al, 0 0
0 ai; 0

0 0 ak

2 2 2
aiy ais Qg
2 2 2
4 Q5 Qg
2 2 2
asz4 Qa3z5 A3g
2 2 2
gy Qg5 Qe
2 2 2
54 Qg5 Asg

g4 Qg5  Qgg

(6.121)
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It follows from (5.76) and (6.116) that QQZ — QPIQ = QM + 1k, Qe TQ2QM, where ky = g.
Let Ay := QQ? — QPIQ. As in (6.120), we have

0 (1—V3i)af, (3—V/3i)ai, 2q2 (3+V3i)afs (1+V3i)ais
2 2 a14 2 2
_ N2 5\ 2
_ (=v3ieh, 0 a2, BEVID (14 Bi)ad,  V/3iak
oo | e 0 BRE Bk (- V3,
T o _(3+VBad,  _ (1+vBiad 0 _0-VBiad,  _ (3-VBiadg
g1 2 2 2 2
N2 — a2
_(3+\/2§z)a51 —(1+\/§i)a%2 _\/gmgg (1 \/252)a54 0 _agﬁ
(6.122)

It can be easily checked that

ge! = , (6.123)

10 o 0 0 0
0 =8 o 0 0 0
L0000 A o o 0
0l = (6.124)
0 0 0 -1 0 0
0 0 0o 0 -8 9
0 0 0o 0 0
and
10 0 0 0 0
0 -8 o 0 0 0
L, o 0o =80 o 0
02 = (6.125)
0 0 0o 1 0 0
0 0 0 0 =B g
0 0 0 0 0 1=y
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It follows from (6.117), (6.119), (6.123) and (6.125) that
1 C14Bi 136 1 1+v3i 1-+/3i
2 2 2 2
14+/3i 1—/3i -1 14+/3i 1-/3i -1
2 2 2 2
1—/3i 1 C14+VBi 1436 1 1430
QO T972 [0] _ 2 2 2 2 12
e Q 1 1+/3i 1—/3i 1 1+/3i 1-/3i (6.126)
2 2 2 2
C14VBi 136 1 C1VBi  1-/3i 1
2 2 2 2
1—/3i -1 1+/3i 1—/3i -1 1+/3i
2 2 2 2
Let By := Q' + 50ee TQ~2QM). It follows from (6.121) and (6.126) that
LA _ (1+VBi)g _ (1—=VBi)g g _ (1+V3i)g _ (1—=VBi)g
1176 12 12 6 12 12
(1+v3i)g 17 | (1=V3i)g _g (1+V3i)g (1—V/3i)g _g
2 22 2 6 2 2 6
_ (1-v3d)g g ol _ (+V3i)g _ (1=V3i)g g _ (1+V3i)g
B, — 12 6 33 12 12 6 12
2 g 14+/3i)g (1=v3i)g U (1+/3i)g (1=/3i)g
6 12 12 47 6 12 12
_ (14+V3i)g (1-V3i)g g _(0+vBig 11 (1-V3i)g g
2 2 6 2 55 2 6
(1-v3i)g g (1+V3i)g (1-V3i)g g all. 4 (4V3i)g
2 6 2 12 6 66 2
(6.127)
Let
x
G(x) :/ g(t)dt (6.128)
0
It results from (6.122) and (6.127) that
1+v39)G 1-/30)G
ajy = —%, p azs = ( 12Z) ) ajs = ( 12; ’ (6.129)
1-/3)G 1+v/30)G
a%2:_( 12@) : a4114:%’ aé6__(+121) ’
and
(1-3i 2 (1++/3i)g ([ 1-V3i 2 14+/30)g
2 12 2 > 2 421 12
—/3i 1—/3i
: 2 Zagy - 12 Z)g’ a3y = —§,
i 1 \/§
2“%4 = %, 3+2\/§Za§4 ={ +12 Z)gv (6.130)
3+2\/§i 2 _ _(1+1\é§i)g, (1+v3i)aZs = (1*1\?)97
i 1—/3i .
1+5/§za% _ v 1)9’ \/gm% =,
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—/3i 1—v/3i
_ 3 3 Za?ﬂ _( 121)9’ _2%211:_%’
1 _g _34v3i 2 _ (14+V3i)g
azs = 4> 5 Ojp = 12
1+/3i 1—/3i 1430 2 1—V/3i
+§m %4 = ! 12 Z)gv - +ﬁma43 = 12 Z)g’ (6'131)
: —3i 1+4/3i
\/gm35 =4, 1 5/51@215 = ( I{Z)g’
. 14++/3i 3—/3i 1—V/3i
—(1—/3i)a3s = ( 19 Z)g, - {1%216 = 12 Z)g’
34+v8i 2 _ _ (14+V3i)g _1+VBi 2 _ (1=V3i)g
2 d51 = 1z 2 d%61 = 12 >
—(1++V3i)a2y = — (171232')5’, —V/3Bia}, = -4,
—V/3iaZy; = 4, (1— V/3i)a2, = U3 (6.132)
1—/3i 2 _ (1+Bi)g 3—v3Bi 2 _ (1-V3i)g
2 454 iz L VI
2 _ 2
—a56 = § ags = —§-
Thus
(2 _ (1=—VBi)g (9 _ (1—VBi)g 2 _ (3-V3i)g
12 = —13 > a1 = —12 > 31 = 35
3—/3i
a%3: ( :;6[1)9’ a%?,:_%’ aéz__ﬁv
3+V/3i 14+v/3i
a2, =%, a2, = ¢ v g a2, = ! v g (6.133)
2 _ _ (3+VBi)g 2 _ _ (14+V3i)g 2 _ _\3ig
a15 = 36 a5 = 24 35 = —718 >
a2 — (+V3i)g 02, — V3ig a2 — _(=V3i)g
(16 — 12 26 — 18 36 — 24
(
3+1/3i 14+/31
aj; = VL a%l = 36 1)g7 agl ={ 12 Z)ga
2 _ _ (3+V3i)g 2 _ _ (1+V3i)g 2 /3ig
g = 36 a5 = 24 Q62 8
14+4/3i ; 1-/3i
a2, = ¢ +12f1)g’ a2, = \/158197 a2y = — L ;4”)9’ (6.134)
2 _ (1—V3i)g 2 _ (1—V3i)yg 2 (3—V3i)g
s = 12 > 54 = "2 > Ay 2 >
3—/3i
ajs = (8-y3is 36 1)97 a?,e)——%, ag5:—%.
It follows from (5.77) that
|
0=c! (Q[21 + < (kieeTQ72QN + ngSETQ_?’Q[O]DE,,, (6.135)
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where v = 1,2,3,4,5,6, k4

= g and k3

Let K1

3y QeeTQ72QM and Ko

Lk3QeeTQ73QU. Then it follows from (6.119), (6.123), (6.125), (6.121) and (6.129) that

4G 9G e 9G _9G 9G
36 36 36 36 36 36
_(+VB)gG  (14+V3i)gG  _ (I4+VBi)gG  (1+V3i)gG  _ (1+V3i)gG  (14+V3i)gC
72 72 72 72 72 72
(1=VBi)gG  _ (1=VBi)gG  (1=V3i)gG  _ (1-v3i)gG  (1=VBi)gG  _ (1=V3i)gG
K — 72 72 72 72 72 72
! e e ] e el e |
36 36 36 36 36 36
(1HV3i)gG  _ (14+V3i)gG  (1+VBi)gG  _ (1+V3i)gG  (14+v3i)gG  _ (1+V3i)gG
72 72 72 72 72 72
_(1=VBi)gG  (1-V3i)gG  _ (1-v3i)gG  (1=V3i)gG  _ (1-V3i)gG  (1-V3i)gG
72 72 72 72 72 72
(6.136)
while it follows from (6.126), (6.117), (6.124) that
g _g g _g g _g
3 3 3 3 3 3
(1+V/30)g’ (I+v3i)g  (I+vBi)g'  _ (I+VBi)g (I+V3i)g  (1+V3i)g
6 6 6 6 6 6
_(=VvBig (1=VvBi)g _(1=VBi)¢ (1-V3i)g _ (1-VBi)g  (1-V3i)g
Ko = 6 6 6 6 6 6
_g g _g g _g g
3 3 3 3 3 3
_ (VB (14+VBi)g (14+V3i)g'  (1+V3i)g'  (14+V3i)g  (1+V3i)g
6 6 6 6 6 6
(1=v3i)g' (1=V/3i) (1=VBi)g _(1=VBi)g (1=VBi)g _ (1=V3i)¢
6 6 6 6 6 6
(6.137)
Putting together (6.135), (6.136) and (6.137), we have a2, = —% + 99, 2, = (V30"
14+/3i)gG / 1—/34)g’ 1—/3i)gG / G / 14++/3i)g 14+/34)gG
(+2)g’ %3:( 6)9_( 72)97(11214:_7_1_%6’ %5:(+6) _(+72)9 and
agé = (1_\6[1) — (1—\51‘)90. Thus
2 2
afy = —§+ %, ajy=-§+%,
14+/3i 14/34)G? 14+/3i 14/34)G?
a32:(+f)g_(+\1/4;) ’ a§5:(+‘[)9—(+‘1@) : (6.138)
2 (1— fz) _ (1=V3i)G? 2 _ (1-VBi)g  (1-V3i)G?
a33 = 44 Qg6 = 6 144
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It follows from (5.65) and (6.118) that
1 1 1 1
1 1+v3i  _ 1-/3i 1 143 1—/3i
2 2 2
1 —1=vBi _14vBi o _1-v3Bi 1+/3i
V= 2 2 2 (6.139)
1 -1 —1 1 —1
1 C1+V3i 13 1 C14+VBi  1-4/3i
2 2
1 =vE 14+/3i 1 _1=vBi 14+/3i
2 2 2
Let K = VQ2 and
ki1 k2 ks kg ks ke
ko1 koo kos kosa kos kos
K- k31 k32 ksz ksa kss kse
ka1 kao ka3 kaa Kas  kue
ks1 ks2 kss ksa kss  kse
ke1 ke2 kes kea kes Kes

As we want to find the function @9, then it follows from (5.82) that we need only to know

k11. Putting (6.133), (6.134), (6.137) and (6.138) together, we have

2 2 2 2 2 2
kll = an + as1 + asy + ayq + a1 + ag1

As ng = 0 and ks = 0, then it follows from (5.57) that

Using Proposition 5.28 it follows from (6.121), (6.129) and (6.140) that

It follows from (5.58) the following result

(p(]:l.

(6.140)

(6.141)

(6.142)

(6.143)

Proposition 6.31. Let G(x) = [ g(t)dt. Let {ni,m2,m3,14,75,m6} be a canonical fundamen-
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tal system of the differential equation —y® — (gy")" = X2y. Then

1 mi=v+n 2mi(—v+1) ¢ 1 1 _
= (1-Ge T O e T (556 pe)n? el

mi(v—1)

wi(v—1)

+{o(u )} ooe® ° (6.144)

where v=1,2,3,4,5,6.

6.8 Asymptotics of eigenvalues

The characteristic function for g of the problem (6.1)—(6.7) is

D(p) = det(v;x exp(ejx))S =1, (6.145)

(k—1)in
where ey, =eop = €31 =0, eap =51 = €6k = pae 3, Yk = 0k0(0, ), V2.0 = 6k,1(0, 1),

Vagk = 0k,2(0, 1), Yag = O0(a i)y V5 = Ok2(as 1), Yo = Orala, p) +eap’dp(a, 1), where
Yk, J =1,2,3,4,5,6 are given by the set of boundary conditions (6.2)—(6.7); with

im(v—1)

19 (@, 1) = 8u(x, et ° (6.146)
dj 6 in(v=1) m(léq) B 'L’ﬂ'(léfl) 6
vz, p) = [d:nj}{;(’ue 5 ) "op(x)e’ }e e + o(p~%1), (6.147)
j =0,1,2,3,4,5, where [%] means that we omit those terms of Leibniz expansion which

contains a function gp,(nk) with k > 6 — r and where ¢q, ¢1 and @2 are as respectively defined

in (6.141), (6.142) and (6.143), see (5.58).

In the same way as in (6.83) the characteristic function of the problem (6.1)—(6.7) can be

written as
13
D) = 3 n)emr (6.148)
m=1
where w,,, m = 1...,13 are as defined in (6.84).

Remark 6.32. Fix € € (0, ), for k € Z let Ry, be the squares with vertices ug, & € % ie,

where (i, , is as defined in (6.97). Let y;, j = 1,2,3,4,5,6 with yj(.m)(O) = 0;m+1 Where
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m=0,1,2,3,4,5, and ¢ is the Kronecker’s delta, be a fundamental system for the differential
equation (6.1). We denote Dy the corresponding characteristic function D for g = 0, we
already know the asymptotic distribution of the eigenvalues for g = 0, see Proposition 6.28.
The characteristic function of the differential equation (6.1) as defined in (2.36) is p® + 1.
This characteristic function does not depend on the function g, also none of the boundary
matrices of the eigenvalue problem depends of g. Hence the Birkhoff regularity of this problem
is independent of g. Because of Birkoff regularity, g influences lower order terms in D, thus
the highest order terms do not vanish from D. Therefore it can be inferred that away from
the small squares Ry, , around the zeros of Dy, |D(u) — Do(p)| < |Do(p)] if |p] is sufficiently
large. Since the fundamental system y;, j = 1,2, 3,4, 5,6, depends analytically on p, then D
and Dg are analytic functions. Since g influences only lower order terms in D, then it follows
from Rouché’s theorem that the eigenvalue problem (6.1)—(6.7) has for general g the same

o(1) asymptotic distribution as for g = 0.

Hence Proposition 6.28 leads to the following theorem

Theorem 6.33. For g € C?|0,a] there exists a positive number ko such that the eigenvalues

X, with sufficiently large modulus, of the problem (6.1)~(6.7) are

1 3 3
@(2k7r—iln ca— ‘—i—ol) cifa>3,

S\koz ea+3 5
, #((Qk—i—l)ﬂ—iln Zg+§‘+o( )>€z’fa<3,
and 5
) — sk (2hm — i |23 4 o(1)) e if a > 3,
k1 =

3
((2k+1)w—zln‘zg+§‘+o(l)) e if o < 3,

where s is any nonnegative integer, |k| > ko, with e € {—1,1}.

It follows from (6.148) that

13
Di(p) = D(p)e™ = by () + o (p)e TV N g (p)elmenua, (6.149)
where w,, —w1, m=3...,13 and w,, —w2, m = 3,...,13 are as respectively defined in (6.87)

and in (6.88). We recall that for m = 3,...,13, arg(wy, — w1) € [2F, ). It follows that for
T T T 177‘(] (g

m =3...,13 and for arg p € [—5, {5], arg(wy, — wi)pa € [15, 53 7, 3%). Therefore for
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m=3,...,13and arg p € [—75, 55, |e(wm—wi)pa| — g=cos f3lula < p=sing5l1la an the functions
3,

P (p)e@m =91 where m = 3,...,13 can be absorbed by 11 () = ¥ (p) + o(u™*) for any

nonnegative integer s. On the other hand, replacing w; by we in (6.149) gives for m = 3,...,13

arg(wy, —w2) € [, 3T). Whence for arg p € [—%, — 5], we have arg(wp, —wo)ua € [3F, XX] C

(g,%’r) for m = 3,...,13. Thus for m = 3,...,13 and arg p € [—F, —15], |e(wm—w2)ua) —
e-cosilule « g=singzlele and the functions ¥, (u)e@m~“2)He where m = 3,...,13 can be

absorbed by 1y(p) = ¥2(p) + o(u~*) for any nonnegative integer s. Thus in the sector

[_%7%}7
Di(p) = 1 (1) + tha()e ~1FV3ma, (6.150)
where
V4,1 Y42 V46| 71,3 VY14 V15
P1(p) = Y51 V5,2 V56| (72,3 V2.4 V25 (6.151)
Y6,1 V6,2 V6,6 |V3,3 V3.4 V35
and
V4,1 Y42 V4,30 |71,4 V1,5 V1,6
Ya(p) = — Y51 V5,2 V53| (724 Y25 V2,6] - (6.152)
76,1 V6,2 V6,3| [V3,4 V3,5 V3.6
Let
Y4,1 V42 V4,6 1,3 V1,4 Y15
Y1 (p) = V5,1 V5.2 V5,6 Y1a(p) = V2,3 V2.4 V2,5|0 (6.153)
6,1 Y62 76,6 V3,3 VY34 3,5
and
Y41 V42 V4,3 Y1,4 V15 V1,6
¢21(,U,) = |71 5,2 75,3| ¢22(,U/) =" 1724 72,5 726" (6154)
V6,1 V6,2 76,3 V3,4 Y35 V3,6

The computations of the functions 1;1 and 1;2 are done respectively by the lines of code “The
computation of psil starts here” and “The computation of psi2 starts here” of Subsection 7.5.2.

Inside the first lines of code can be found the computation of 1;11 as well as the computation
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of 1212. While inside “The computation of psi2 starts here” can be found the computation of

1:/;21 as well as the computation of 7,522. It follows from (6.153) that

Y11 (p) = V3i(ea — 3)u® + 2v/3i(ea — 3)p1 (a)p® + 2v/3i((ca — 3)pi(a)
— cagy(a))p' + o(u?), (6.155)

Yia(p) = V3ip® — 2v/3i0) () + o(p), (6.156)
while (6.154) gives

Uor(p) = —V3i(ea + 3)u’ — (3+ V3i) (e + 3)p1 (a)°

— (3= V3i)((ea + 3)¢i (a) — cagl (a)) " + o(u?), (6.157)
oo (i) = V3ip® — (3 — V/3i)} () + o). (6.158)
Recall that ¢q(z) = —%fox g(t)dt, see (6.142). Hence it follows from (6.128), (6.155) and

(6.156) that

P1(p) = —=3(ea — 3)p? — 6(ea — B)p1(a)® — 6((eax — 3)pi(a) — eap (a)
— (e = 3)1(0)) " + o(u"), (6.159)

Yo(p) = 3(ea + 3)u® + 3(1 — V3i) (e + 3)ip1 (a) ® — 3(1 + V/30)

X ((Ea + 3)¢3(a) — (ca + 3)p; (0) — Eagoll(a)),u7 +o(u"). (6.160)
The zeros fiy,, of D satisfy the asymptotics fiy,, = (—1)”( — W + To)e"gi +o0(1) as

k — 00, see Theorem 6.33. Let

1 3i) ki 2
fij = _W +7(k), (k) = Z Tmk™ ™ +o(k™%), k=1,2,..., (6.161)
a m=0
where
CLEVBigy (2am3) if o > 3
o = 4da ' (5a+3) ’ (6.162)
/5 (1n (58) + i) it o < 3,

be the asymptotics of the zeros of D in the sector [—7, {5]. Hence

e(~1+V3i)0a _ ca—3 (6.163)
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where o # 3. It follows from the Taylor expansions of the function z +— e and x — 7 that

e~ 1HV3ia _ 2himo(~1+V3)ma oxp ((—1 4 /3i)a ( + ﬁ +o(k™?)))

_ e(—l+¢§z‘>ma(1 +(-1+ VBi)aT: - (L+V3i)ar}
+ (1 — V3i)m3a)— > +o(k™?)
- () B
+ (L= VBi)aa) ) + ok ™2), (6.164)

and

+o(k72).  (6.165)

1 _ (V3+ia (1+ (\/§+z’)a7(k))1 _ (VB+i)a  (1++3i)d’n

e 2k 2k o2%kr 2k2 72

We know that Di(ji;) = 0 can be written as
i 21 ) + i o el BT = 0, (6.166)

Substituting (6.164) and (6.165) in (6.166), we get from (6.159) and (6.160)

(V3+i)a (14 \/§i)a27-0)
km k2n2

—3(ea — 3) — 3(ecx — 3)g01(a)<

; a2 e —
_ 3(1—;2\[3)((5& = 3)pi(a) — cay)(a) — (ca — 3)p(0)) + (ga + 2)
Da i)a’n
X (3(8a +3) +3(1 — V3i)(ca + 3)%(@)((\/3;:; G +2>€/2§7r)2 O)
g — 1)aT
+ W((Ea +3)¢i(a) — (e + 3)g) (0) — 80‘90/1(“))) + (1+k\/§)1
(V3+ia (1+ \/§i)a270)
ea+3 2 e

(ga— )(36044-3 ) +3(1 — V3i)(ea + 3)p1(a )(
)a*

+ VI (e 1 3)680) ~ (car+ 36k 0) — zah @) - (25)

((1 +V3i)a®rE + (1 — V3i)ar) ( (ea+3) + 3(1 — V3i)(ea + 3)p1(a)

(f +iJa (14 V3i)a’T
X( 2kr 2k272 0)'

(6.167)
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Comparing the coefficients of k~! and k=2 in (6.167), we get

=Y @ = Y (2 ), (6169
= a0 _ VB ZOmen(®) 1oV | BV a) o)

N (1 +V3i)(3 + V3eai)acay) (a)

272 (e2a2 — 9)

Rl [~ (1 - Vaijar (22L) /8~ grierfa) , 1 \/51712)

4a 2 T 2
ia? iea)aleay (a
+ 25 () - o0 - CEL () (6.169)

We recall that ¢1(z) = —§G(x) = —¢ [ g(t)dt. Thus

14+ 3i

n=—— (— —G(a (6.170)
1++/3i) 1(1 — V/3i)a? . 1+ v/3i
L R L \f")“ (Glam - (1 — VEG(@ + e w)
V3ia? /1 9 1 caa? 3+ V3ica g(a)
+ 2 (EG (a) + §9(0)> + ea? —9 6 2 ] (6.171)
Recall that
—LEVBE gy (23 if o > 3,
T0 —
~ 8 (n (2335) +im) if o <3,
see (6.162).
Let
. In (ig;g) it @ > 3, (6.172)
(In(259) +im) ifa < 3
and
7= (f %G(a)), (6.173)
_ 1 —/3i)a? , 1++/3i
7 = [7< > ) (Glaymo — (1 = V3i)Gl(a) + — 73— G¥(a)
V3ia? 11, 1 eaa? 3+ 3ica g(a)
T (TSG (a) + 59(0)) Tt 6 w2 } (6.174)

Hence we have from Remark 6.27 the following result,
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Theorem 6.34. Let ¢ € {—1,1}, a be a nonnegative number and o« # 3. Then for g €
C2[0,al, there exists a positive number ko such that the eigenvalues 5\, with sufficiently large

modulus, of the problem (6.1)—(6.7) are

S\k,o = &%<ka — i(?o + % + %) + O(k_2)>35
and B B
Akl = _87(113 (2k7r — i(ﬁ) + % + %) + O(k_z))?)a,

where Ty, 71 and To are as respectively defined in (6.172), (6.173) and (6.174), and where
|k| > ko and e € {—1,1}.
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Appendix

7.1 Introduction

We present in this appendix, for the reader who is interested, the notion and properties of
convex hull in Section 7.2, the definition and properties of estimates of exponential sums in
Section 7.3 and finally the Sage’s codes that we have used to compute the first four terms of

the eigenvalue asymptotics given respectively in Chapter 5 and Chapter 6.

7.2 The convex hull of sums of complex numbers

Definition 7.1. A set G is convex if given two points a and b in G the line segment joining
a and b , [a, b], lies entirely in G. The set G is star shaped if there is a point a in G such that

for each z in G, the line segment [a, 2] lies entirely in G. See Definition 4.3. [12, page 82].
Remark 7.2. [12, page 82] Each convex set is star shaped but the converse is false.

Definition 7.3. [44, page 269]. For any set A C C the intersection of all convex sets con-

taining A is called the convex hull of A and denoted conv A.

310
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Proposition 7.4. [44, page 269].

conv{cy,...,cp} = {zGC:z—ZAycy; M >0,...,\, >0, Z)\V—l}.
v=1

r=1
General Assumptions 7.5. [31, page 441]. Let n € N\{0}. We consider the sets &, ..., &, C
C with the property that, for each j € {1,...,n}, 0 € &; such that ¢; # 0 and &?; C 0,¢;.
We set

n

& = sz:zjeﬂj,jzl,...,n . (71)

j=1
Let &2 be the convex hull of &.

There is a natural number m with 1 < m < n such that the points of &;,..., %, lie on
m different lines g1,...,gm with 0 € g; (j = 1,...,m). We have g; = Re’®i, where we may

assume without loss of generality that 0 < ¢1 < ¢ < -+ < ¢y < 7.

For [ € Z\{0} and j € {1,...,m} we set ¢upy; := ¢; + 7 and gm4; := gj. Then ¢ < 1
and @1, = ¢ + 7 hold for all k € Z. For j € Z we set

n

aj = E Cl

k=1, c,€R '™

and
n

& = Z Zpi 2k € P, k=1,...,n
k=1, cr€g;

Proposition 7.6. For each j € Z we have & C &, and the line segment @y, jym s the
conver hull of &7. Let 2z, € 0,¢c, (k=1,...,n; cx € gj) and

Z 2k = aj.

k=1, cr€g;
Then

e if ¢ € Rpei,
. Jow e R (72)
0 if cr € R_e%.

See Proposition A.1.1. [31, page 442].

Proposition 7.7. The convex hull & of & is

m
P = E Qj,Am+j-

j=1
See Proposition A.1.2. [31, page 442].
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Remark 7.8. [31, page 443]. For j € Z we set

J+m—1
bj = Z a € &.
k=j

Note that bj11 — bj = aj1m — a; # 0. The definition of a;, yields

Jj+m—1

bi= Y, Y. @

k=j v=1, ¢, eR ek
Since ¢, € R;e™r holds for some k € {j,...,5 +m — 1} if and only if arge, — ¢; € [0,7)

mod (7), we obtain the representation

n

b; = > Cy. (7.3)

v=1, ¢pj<argc,<¢;+m

Theorem 7.9. i) & is a convex polygon with 2m vertices, the set of vertices of & is
E={bj:j=1,...,2m},

and the boundary of & is

2m

02 = Jb;.b;11.
j=1

i) Let j € {1,...,2m}, 2z, € 0,¢c; (k=1,...,n) and z = ) z;. Then z € b;,bj1 if and

only if foralll € {j+1,....5+m —1} andallke{l,.._.,n} with ¢, € g

c, if cp € R+ei¢l,
0 ifcy € R_er.

2k =

iii) The representation of bj (j =1,...,2m) as an element of & is unique.

See Theorem A.1.3. [31, page 443].

7.3 Estimates of exponential sums

Let © be an unbounded subset of C. We may assume for simplicity that |A] > 1 for A € Q.

For a: ) — C and a € C, we write

a(A) =[a] fa(A)—a—0 as X\ — oc.
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For v € R and A € C\{0} let \¥ = exp(rlog ), where log is the principal value of logarithm,
i.e. the inverse of exp : R + i(—m, 7] — C\{0}. For v € N, \” is the v-th power of lambda.

Proposition 7.10. [31, page 450]. For A € C\{0} we have

m+arg X\ if arg <0,
arg(—) := S(log(~A)) = BA JarsA s
—m+arg\ if arg\ > 0.

Hence

(M) = (=1)"\  if argA <0,

(=) = (=1)"A"  if arg A > 0.

Definition 7.11. [31, page 450]. Let 4" be a countable set with at least two elements ¢; € C

be pairwise different and b; : Q — C for j € .4". Suppose that
sup{|cj| 1 j € N} < 0. (7.4)

We may assume that for all j € .4 there are a; € C and v; € R such that

bi(A) = A]a,], sup{v; : j € N} < 00, (7.5)
> lag| < oo, (7.6)
JjEN
and
eV =) lej(M <00, (X)) =0 (A= o0), (7.7)
jeN
where
Ej()\) = Afl/jbj()\) —aj (jeN). (7.8)

The function D : 2 — C defined by
D) ==Y bi(Nexp(;d)  (A€Q) (7.9)
jeN

is called the exponential sum.

Remark 7.12. [31, page 451]. The estimate |b;(\) exp(cjA)| < [A|" (|aj]|+|e;(N)]) exp{|c;Al},
the boundedness of the set ¢; and the set v}, the assumptions (7.6) and (7.7) prove that the

exponential sum (7.9) is absolutely convergent.
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Proposition 7.13. We consider the exponential sum (7.9)

Z b;i () exp(ciA

JjeEN
where ¢;j € R (j € A). Assume that there are o, € AN such that co < 0, cg > 0,
ca <cj<cg (j€N\{a,B}), a#0, #0. Assume that there is a number d € R such that
vj =dc; for all j € A ". Then there are numbers M > 0, Ko > 0 and gy > 0 such that for all
A € Q satisfying [N > Ko and |[R(X) + dlog [A|| > M the estimate

ID(N)] = g0

holds. See Proposition A.2.3.[31, page 453].

Proposition 7.14. We consider the exponential sum (7.9)

Z b;i(A) exp(ciA

JEN
where bj(X) = Ni[a;] according to (7.5)«(7.8), v; € R, ¢; e R (j € N), a,f € N, aq # 0,
ag #0,0=co <cj <cg (j € N\{a,B}). Assume that there is a number d € R such that
vj = dcj for all j € A . Then there are a natural number I, for each 6 > 0 numbers K (9)
and g(8) > 0, and for all R > K(9) there are | balls of radius § such that for all A € Q with
R < |A\ < R+ 1 outside of these balls the estimate

DV = 9(9)

holds. See Proposition A.2.6. [31, page 457].

Definition 7.15. We consider an exponential sum of the form (7.9) with the representation
(7.5) of bj. Let A, #" C AN, where #.# > 2 and .4’ is a finite subset of .#. The pair

(A, M") is called weakly regular if the following properties hold

i) there are o, € .# such that for all j € .# there is a number 7 € [0,1] such that

¢j = T¢q+(1—7)cg, i.e., the line segment ¢4, ¢3 is the convex hull of the set {c¢; : j € .4 };

ii) forall j € .# there are ji, jo € .4’ and anumber 7 € [0, 1] such that ¢; = 7¢;, +(1—7)c;j,

and Vj < TVj + (1 — T)I/jQ;
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iii) if j € 4" for a triple {7, j1, j2} which fulfills ii), then j € {j1, j2}.

See Definition A.2.7. [31, page 461].

Remark 7.16. Assume that ./ is finite and the points {c; : j € .#} lie on a straight line.
Then there is a subset .#" of .# such that the pair (#,.#") is weakly regular. See Remark
A.2.9. [31, page 469].

Remark 7.17. Let D(\) be an exponential sum with the representation (7.5) of b;. Let
M C A be such that the convex hull of .Z is a line segment, the endpoints of which we
denote by c, and cg. Assume that on .# the v; do not depend on j, i.e., there is a v € R
such that v; = v for all j € .#. Then (#,{«,3}) is weakly regular. See Remark A.2.10. [31,
page 463].

Proposition 7.18. We consider the exponential sum (7.9)

D) = > bj(N) exp(c;)),

jen

where bj(X) = A [a;] according to (7.5)«(7.8), v; €R, ¢;j e Ry (j € A), ¢j, =0, vj, =0 for
some jo € N . Assume that there is a finite subset N of A such that (N, N) is weakly
reqular and aj # 0 for all j € A". Then there are a natural number | > 0, for each 6 > 0
numbers K(0) > 0 and g(§) > 0 and for all R > K(9) there are | balls of radius § such that
for all A € Q with R < |\| < R+ 1 outside these balls we have the estimates

[ID(A)| = g(9).
See Proposition A.2.11. [31, page 463].

Proposition 7.19. [31, page 468]. We consider a general exponential sum (7.9) and set
& ={cj:je N}

Let & be the convex hull of &. If & is a convex polygon, then there are a number S and line
S
segments Ps (s =1,...,5) such that 0% = |J Ps, where the endpoints of Ps are the vertices

s=1
of .
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Definition 7.20. Let A5 :={j € A :¢; € P}, (s =1,...,5). The exponential sum (7.9)
with the representation (7.5) of b; is called weakly regular if the following three conditions

hold:

i) & is a convex polygon;

ii) for each s € {1,...,S} there is finite subset .#5 of .45 such that (A5, #;) is weakly

regular in sense of Definition 7.15;
iii) For all s € {1,...,5} the set
Es={cj:je NS :v;>min{v, k€ N, ¢, € PsNE}}

has no accumulation point in Pg.

See Definition A.2.12. [31, pages 468-469].

Remark 7.21. [31, page 469]. We denote the set of vertices of & by & and define

S
M=\ A,

s=1
and

g::{cj:jEJ//}.
Since the endpoints Ps belong to .#Z,, we have ECé.

Remark 7.22. Let D()) be an exponential sum with the representation (7.5) of b;. Assume
that the v; do not depend on j, i.e., there is a number v € R such that v; = v for all j € 4.

Then the exponential sum is weakly regular if & is a convex polygon. In this case & =8.

See Remark A.2.13. [31, page 469].

Theorem 7.23. On an unbounded subset 2 of C we consider the exponential sum (7.9)
D) =Y bj(Nexple;h) (A€Q)
jens
fulfilling (7.4)—(7.8), where bj(X\) = Na;], v; € R, a;j € C, ¢; € C. Assume that the
exponential sum is weakly regular in the sense of Definition 7.20 and that aj # 0 for all

je M, ie.,aj#0ifc; € &. Then the following assertions hold:
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i) For all A € C\{0} there is a number ¢(\) € & such that for all ¢ € P the estimate
R((c —c(A)A) <0 holds.

ii) There are a positive integer | and for each § > 0 numbers K(6) > 0 and g(6) > 0
satisfying the following property: for each R > K(d) there are | balls of radius 6 such
that for all X € Q with R < |\| < R+ 1 outside of these balls the estimate

NI D(A) exp{—c(MA} > g(6)

holds, where v(\) :=v; if ¢(\) = ¢;.

See Theorem A.2.14. [31, page 469].

Theorem 7.24. On an unbounded subset 2 of C we consider the exponential sum (7.9)

D) =Y bj(Mexp(e;d) (A€Q)
JEN

fulfilling (7.4)~(7.8), where bj(X\) = Na;], v; € R, a;j € C, ¢; € C. Assume that the
exponential sum is weakly regular in the sense of Definition 7.20 and that aj # 0 for all
JeE M, ie., aj #0 ifc; € &. Then there is an increasing sequence (p,)>> of positive real
numbers with p, — oo as v — oo and a number € > 0 such that for all v € N and all X € Q

with |A| = py, there is a number ¢(\) € & such that
R((c—c(N)N) <0 forall ce P

and

NPV DN) exp{—c(A\)A}] > e,

where v(X) := v if ¢(\) = ¢j. See Theorem A.2.15. [31, page 472].

7.4 Sage codes used for Chapter 5

7.4.1 Sage codes used for the computations of ¢ and ¢, of Chapter 5

# Definition of the variable x
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x = var(’x’)

nullf(x) =0

# Definition of the matrix QO

Q0 = matrix(4,4,1)

# Definition of the matrix epsilon
eps = ones_matrix(4,1)
e={}
for il in range (4):
e[il] = matrix(4,1)

e[i1] [i1,0] =1

# Definition of the matrix Omega4

Om4 = matrix(4,4,{(0,0):1,(1,1):1,(2,2):-1,(3,3):-1i})

# Definition of the matrix V

V = matrix (4,4, lambda i1,i2 : I"(il*i2))

# Definition of the function g

function(’g’,x)

# Computations of the functions k1l and k2

k1(x) = -diff(g(x),x)

k2(x)

-g(x)

# Definition of the matrix Q1

Q1 = matrix(4,4,nullf(x))

# use nullf(x) to force this into a matrix of functions;
#any dummy function would do.

#These functions will be overwritten later
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eqb5 = g(x)/4*0md*eps*eps.transpose()*0méd"~ (-2)*Q0

# Computations of the diagonal entries of Q1 and phil

for il in range(4):
Q1[i1,i1] = integral((e[il].transpose()*eqbb*e[i1]) [0,0],x)
phil = (e[0].transpose()*V*Qixe[0]) [0,0]

# Definition of the matrix Q2

Q2 = matrix(4,4,nullf(x))

# Computations of the non-diagonal entries of Q2
for il in range(4):
for i2 in range(4):
if i1 !'= 1i2:
Q2[i1,i2] = (diff(Q1[i1,i2],x)\
-(el[il] .transpose()*eqb5*e[i2]) [0,0] )/(Om4[il,i1]-O0m4[i2,i2])

eqbba = k2(x)/4*0md*eps*eps.transpose () *0md"~ (-2)*Q1
eq56b = k1(x)/4*0md*eps*eps.transpose()*0m4~ (-3)*Q0

eqb6 = egbba+teqb6b

# Computations of the diagonal entries of Q2 and phi2

for il in range(4):
Q2[i1,i1] = integral(-(e[il].transpose()*eqb6x*e[il1]) [0,0],x)
phi2 = (e[0].transpose()*V*Q2*e[0]) [0,0]
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7.4.2 Sage codes used for the boundary conditions y”(a) + iau?y’(a) = 0 and
yPl(a) —iapPy(a) =0

# We denote respectively by al and ep, alha and epsilon
# s=2 denotes the order of the asymptotics

=2

# Definition of the variables
var(’x,mu,al,t,t1,t2,a’)

# phi0 is a constant

phiO(x)=1

# Definition of the function phil
function(’phil’,x)

# Definition of the function phi2
function(’phi2’,x)

# Definition of the list of the functions phis
phi=[phi0(x),phil(x),phi2(x)]

# Definition of the function g

function(’g’,x)

# The dictionary of the function eta
eta= [n n]
# Definition of the empty list eta

eta={}

# The computation of the solutions of the differential
# equation starts here
for nu in range(1,5):
eta[nu] = [0]
for r in range(s+1):
eta[nu] [0]=eta[nu] [0]+(mu*i~ (nu-1))~ (-r)*phi[r]*e” (i~ (nu-1) *mu*x)

for j in range(1,4):
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eta[nu] .append(diff (eta[nu] [j-1],x))

# The differential equation ends here

# The dictionary of the functions deltas
# The empty list Delta

Delta={}

# The empty list delta

delta={}

for nu in range(1,5):

L]

(]

for j in range(4):

Deltal[nul

deltal[nu]

Delta[nu] .append(expand(simplify(etalnul] [jl1*e” (-1~ (nu-1) *mu*x))*mu”s))
temp = O
for il in range(0,s+1):

temp = temp + Deltal[nu] [j].coeff(mu,s+j-i1)*mu”(j-i1)

deltal[nu] . append (expand (temp))

#The definition of the boundary conditions

# The empty list of the boundary conditions

gam={}

# The empty list of boundary conditions 1
gam[1] = {}

# The empty list of boundary conditions 2
gam[2] = {}

# The empty list of boundary conditions 3
gam[3] = {}

# The empty list of boundary conditions 4
gam[4] = {}

for k in range(1,5):
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# The boundary condition y’’(a)+i*alpha*lambdax*y’ (a)=0
gam[3] [k] = deltalk] [2].substitute(x=a)+ ixal*mu”2*deltalk][1].substitute(x=a)
# The boundary condition y~{[3]}(a)-ixalpha*lambdaxy(a)=0
gam[4] [k] = deltalk] [3].substitute(x=a)-g(a)*deltalk] [1].substitute(x=a)\
- ixalxmu”2*delta[k] [0] .substitute(x=a)
for il in range(3,5):

temp = O

gam[i1] [k]=expand(gam[il] [k]*mu~s);

m=gam[i1] [k] .degree (mu)

for i2 in range(s+1):

temp = temp + gam[il] [k].coeff (mu,m-i2)*mu” (m-s-i2)

gam[il] [k] = expand(temp)

# The computation of psil2 starts here
psi0 = expand(gam[3] [1]*gam[4] [2]-gam[3] [2]*gam[4] [1])
ml = psiO.degree(mu);
psil2 = 0
for il in range(0,s+1):
psil2 += psiO.coeff (mu,m1-il1)*mu” (m1-i1)

# The computation of psil2 ends here

# The computation of psi42 starts here
psi0 = expand(gam[3] [1]*gam[4] [4]-gam[3] [4]*gam[4] [1])
ml = psiO.degree(mu);
psi42 = 0
for il in range(0,s+1):
psi42 += psiO.coeff(mu,m1-il1)*mu” (m1-i1)

# Th e computation of psi42 ends here

# Definition of the lists of the indices pl and p2 and

# definition of the lists tau0O, taul and tau2
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pl = {}
p2 = {}
tau0 = {%}
taul = {}

tau2 = {}

p1[1]=0
p2[1]=1
tau0[1]=-pi/ (4*a)

p1[2]=0
p2[2]=2
tau0[2]=-pi/ (2*a)

pl[3]l=1
p2[3]=3

taul[3]=-pi/a

p1[4]=2
p2[4]=3
tau0 [4]=-(5*pi)/(4*a)

psiil = {}
psi4l = {}

I
-~
(-

psil

{3
eq0 = {}

psié

for cs in range(1,5):

for k in range(2,5):



Chapter 7. Appendix 324

# The first boundary condition at the endpoint O
gam[1] [k]=deltalk] [pl[cs]].substitute(x=0)
# The second boundary condition at the endpoint O
gam[2] [k]=deltal[k] [p2[cs]].substitute(x=0)
if p2[cs] ==

gam[2] [k] +=-g(0)*deltalk] [1].substitute(x=0)

# The computation of phill

psiO = expand((gam[1] [3]*gam[2] [4]-gam[2] [3]*gam[1] [4]) *mu~ (2*s))
ml = psiO.degree (mu)

psilifcs] = 0

for il in range(0,s+1):

psilifcs] += psiO.coefficient(mu,m1-il1)*mu”~ (m1-i1)

# The computation of phi4il

psiO = expand((gam[1] [2]*gam[2] [3]-gam[2] [2] *gam[1] [3]) *mu~ (2*s))
ml = psiO.degree (mu)

psidifcs] = 0

for il in range(0,s+1):

psid4ifcs] += psiO.coefficient(mu,ml-i1)*mu” (m1-i1)

# The computation of psil
psi0 = expand(psill[cs]*psil2)
ml = psiO.degree (mu)

psillecs] =0

for il in range(s+1):

psillcs] += psiO.coefficient(mu,ml-il)*mu”(m1-i1)

# The computation of psi4
psiO = expand(psiél[cs]*psid2)

ml = psiO.degree(mu)
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psidlcs] = 0
for il in range(s+1):

psi4lcs] += psiO.coefficient(mu,ml-il)*mu”(m1-i1)

ml = psillcs].degree(mu)

t0

tau0[cs]
# The computation of the Taylor expansion of e”{-2*ixmu_kx*a}

f1 = taylor(exp(-2*i*tO*a)*exp(-2*ixax(t1*t+t2*t~2)),t,0,2);

# The computation of the Taylor expansion of 1/mu_k
minv = taylor((1+ax(tO+tlxt)*t/pi)~(-1),t,0,1)

muinv = minv*axt/pi

# The computation of mu_k”(-ml)*psil(mu_k)
psilb = (expand(psillcs]/mu"ml)).substitute (mu=1/muinv)

0

psila
for il in range(s+1):

psila += (diff(psilb,t,il)).substitute(t=0)*t"~il/factorial(il)

# The computation of mu_k~ (-ml1)*psid(mu_k)

psi4b = (expand(psi4[cs]/mu"ml)).substitute(mu=1/muinv)

psida =0
for il in range(s+1):

psida += (diff(psidb,t,il)).substitute(t=0)*t~il/factorial(il)

# The computation of D1(mu_k)=0
D1 = psila+psidaxfl
eq0[cs] = D1.substitute(t=0)

eql = (diff(D1,t)) .substitute(t=0)
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eq2 = (diff(D1,t,2)).substitute(t=0)

# The computations of taul and tau2
taul[cs] = expand(solve(eql,t1) [0].right())
temp = eq2.subs(tl=taullcs])

tau2[cs] = expand(-temp.coefficient(t2,0)/temp.coefficient(t2,1))

7.4.3 Sage codes used for the boundary conditions y”(a) + iap?y’(a) = 0 and
y(a) + iop’y®l(a) = 0

# We denote respectively by al and ep, alpha and epsilon
# s=2 denotes the order of the asymptotics
=2

# Definition of the variables
var(’x,mu,al,t,tl,t2,a’)

# phiO is a constant

phiO(x)=1

# Definition of the function phil
function(’phil’,x)

# Definition of the function phi2
function(’phi2’,x)

# Definition of the list of the functions phi
phi=[phiO(x),phil(x),phi2(x)]

# Definition of the function g

function(’g’,x)

# The dictionary of the function eta

eta=[""]

# Definition of the empty list eta
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eta={}

# The computation of the solutions of the differential equation
# starts here
for nu in range(1,5):
etalnu] = [0]
for r in range(s+1):
eta[nu] [0]=eta[nu] [0+ (mu*i~ (nu-1))~ (-r)*phi[r]*e” (i~ (nu-1) *mu*x)
for j in range(1,4):

etal[nu] .append (diff (etal[nu] [j-1],%))

# The dictionary of the functions deltas
# The empty list Delta

Delta={}

# The empty list delta

delta={}

for nu in range(1,5):

(]

(]

for j in range(4):

Delta[nu]

delta[nu]

Delta[nu] . append (expand(simplify(etal[nul] [jl1*e” (=i~ (nu-1)*mu*x))*mu”s))
temp = O
for il in range(0,s+1):

temp = temp + Deltal[nu] [j].coeff(mu,s+j-i1)*mu~(j-i1)

delta[nu] .append (expand (temp))

# The definition of the boundary conditions
# The empty list of the boundary conditions
gam={}

# The empty list of the boundary condition 1
gam[1] = {3}
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# The empty list of the boundary condition 2
gam[2] = {3}
# The empty list of the boundary condition 3
gam[3] = {3}
# The empty list of the boundary condition 4
gam[4] = {}

for k in range(1,5):
# The boundary condition y’’(a)+i*alpha*mu”2*y’ (a)=0
gam[3] [k] = deltalk] [2].substitute(x=a)+ i*al*mu”2*deltal[k][1].substitute(x=a)
# The boundary condition y(a)+ikalphaxmu~2xy~{[3]}(a)=0
gam[4] [k] = deltalk] [0].substitute(x=a)+i*al*mu~2*(deltalk] [3].substitute(x=a)\

-g(a)*deltal[k] [1] .substitute(x=a))

for il in range(3,5):
temp = O
gam[i1] [k]=expand(gam[il] [k]*mu~s) ;
m=gam[i1] [k] .degree (mu)
for i2 in range(s+1):
temp = temp + gam[il] [k].coeff (mu,m-i2)*mu” (m-s-i2)

gam[il1] [k] = expand(temp)

# The computation of psil2 starts here
psi0 = expand(gam[3] [1]*gam[4] [2]-gam[3] [2]*gam[4] [1])
ml = psiO.degree(mu);
psil2 = 0
for il in range(0,s+1):
psil2 += psiO.coeff(mu,m1-il1)*mu” (m1-i1)

# The computation of psil2 ends here

# The computation of psi42 starts here
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psi0 = expand(gam[3] [1]*gam[4] [4]-gam[3] [4]*gam[4] [1])
ml = psiO.degree(mu);
psi42 = 0
for il in range(0,s+1):
psi42 += psiO.coeff(mu,m1-il1)*mu” (m1-i1)

# The computation of psi42 ends here

# Definition of the lists of the indices pl and p2 and
# definition of the lists tau0O, taul and tau2

pl = {}

p2 = {}

tau0 = {}

taul = {}

tau2 = {}

p1[1]1=0
p2[1]=1
tau0 [1]=-(5*pi)/(4*a)

p1[2]=0
p2[2]=2
tau0[2]=-(3*pi)/(2*a)

p1[3]=1
p2[3]=3
taul[3]=-(2*pi)/a

p1[4]=2
p2[4]1=3
tau0[4]=-(9%pi)/(4*a)
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{3
{3
psil = {}
psi4 = {}
eq0 = {}

psill

psi4l

for cs in range(1,5):

for k in range(2,5):
# The first boundary condition at the endpoint O
gam[1] [k]=deltal[k] [pl[cs]].substitute(x=0)
# The second boundary condition at the endpoint O
gam[2] [k]=deltal[k] [p2[cs]].substitute(x=0)
if p2[cs] ==
gam[2] [k] +=-g(0)*deltalk] [1].substitute(x=0)

# The computation of phill

psi0 = expand((gam[1] [3]*gam[2] [4]-gam[2] [3]*gam[1] [4])*mu~(2%*s))
ml = psiO.degree (mu)

psilifecs] = 0

for il in range(0,s+1):

psilifcs] += psiO.coefficient(mu,m1-il)*mu”~ (m1-i1)

# The computation of phi4l

psiO = expand((gam[1] [2]*gam[2] [3]-gam[2] [2] *gam[1] [3])*mu~ (2%s))
ml = psiO.degree (mu)

psidifcs] =0

for il in range(0,s+1):

psid4i[cs] += psiO.coefficient(mu,m1-il1)*mu”~ (m1-i1)

# The computation of phil
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psi0 = expand(psill[cs]*psil2)
ml = psiO.degree(mu)

psillcs] =0

for il in range(s+1):

psillcs] += psiO.coefficient(mu,ml-il)*mu”(ml-il)

# The computation of phi4
psiO = expand(psi4l[cs]*psi4d2)
ml = psiO.degree(mu)

psidfcs] = 0

for il in range(s+1):

psidlcs] += psiO.coefficient(mu,ml-il)*mu” (m1-i1)

ml = psil[cs].degree(mu)

t0

taul [cs]
# The computation of the Taylor expansion of e”{-2*ixmu_k*a}

f1 = taylor (exp(-2*i*tO*a)*exp(-2*ixa*(t1*t+t2*t~2)),t,0,2);

# The computation of the Taylor expansion of 1/mu_k
minv = taylor((1l+ax(tO+tlxt)*t/pi)~(-1),t,0,1)

muinv = minv*axt/pi

# The computation of mu_k” (-ml)*psil(mu_k)

psilb = (expand(psillcs]/mu"ml)).substitute (mu=1/muinv)

psila =0
for il in range(s+1):

psila += (diff(psilb,t,il)).substitute(t=0)*t~il/factorial(il)

# The computation of mu_k~ (-m1)*psid(mu_k)

psidb = (expand(psi4([cs]/mu"ml)).substitute (mu=1/muinv)
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psida =0
for il in range(s+1):

psida += (diff(psidb,t,il)).substitute(t=0)*t~il/factorial(il)

# The computation of D1(mu_k)=0
D1 = psilat+psidaxfl

eq0[cs] = D1.substitute(t=0)

eql = (diff(D1,t)).substitute(t=0)

eq2 (diff(D1,t,2)) .substitute(t=0)

# The computations of taul and tau2
taul[cs] = expand(solve(eql,t1)[0].right())
temp = eq2.subs(tl=taul[cs])

tau2[cs] = expand(-temp.coefficient(t2,0)/temp.coefficient(t2,1))

7.4.4 Sage codes used for the boundary conditions y/'(a) — iau®y”(a) = 0 and
y¥(a) —iapPy(a) = 0

# We denote respectively by al and ep, alpha and epsilon
# s=2 denotes the order of the asymptotics
s=2

# Definition of the variables
var(’x,mu,al,t,t1,t2,a’)

# phi0O is a constant

phiO(x)=1

# Definition of the function phil
function(’phil’,x)

# Definition of the function phi2
function(’phi2’,x)

# Definition of the list of the functions phis
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phi=[phiO(x),phil(x),phi2(x)]
# Definition of the function g

function(’g’,x)

# The dictionary of the function eta
eta= [n n]
# Definition of the empty list eta

eta={}

# The computation of the solutions of the differential
# equation starts here
for nu in range(1,5):
etalnu] = [0]
for r in range(s+1):
eta[nu] [0]=eta[nu] [0+ (mu*i~ (nu-1))~ (-r)*phi[r]*e” (i~ (nu-1) *mu*x)
for j in range(1,4):
eta[nu] .append(diff (eta[nu] [j-1],x))

# The differential equation ends here

# The dictionary of the functions deltas
# The empty list Delta
Delta={}
# The empty list delta
delta={}
for nu in range(1,5):
Delta[nu] = []
deltalnul = []
for j in range(4):
Delta[nu] .append(expand (simplify(etalnul] [jl1*e” (-1~ (nu-1) *mu*x)) *mu”s))
temp = O

for il in range(0,s+1):
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temp = temp + Deltalnu][j].coeff(mu,s+j-i1)*mu”~(j-i1)

deltal[nu] .append(expand (temp))

# The definition of the boundary conditions
# The empty list of the boundary conditions
gam={}

# The empty list of the boundary condition 1
gam[1] = {}

# The empty list of the boundary condition 2
gam[2] = {}

# The empty list of the boundary condition 3
gam[3] = {}

# The empty list of the boundary condition 4
gam[4] = {}

for k in range(1,5):

# The boundary condition y’(a)-i*alpha*mu~2*y’’(a)=0
gam[3] [k] = deltalk] [1].substitute(x=a)- ixal*mu~2*deltalk][2].substitute(x=a)
# The boundary condition y~{[3]}(a)-i*alpha*mu~2+*y(a)=0
gam[4] [k] = delta[k] [3].substitute(x=a)-g(a)*deltalk] [1].substitute(x=a)\
- ixal*mu”2*delta[k] [0] .substitute(x=a)
for il in range(3,5):

temp = O

gam[i1] [k]=expand(gam[il] [k]*mu~s);

m=gam[i1] [k] .degree (mu)

for i2 in range(s+1):

temp = temp + gam[il] [k].coeff (mu,m-i2)*mu” (m-s-12)

gam[il] [k] = expand(temp)

# The computation of psil2 starts here

psi0 = expand(gam[3] [1]*gam[4] [2]-gam[3] [2]*gam[4] [1])
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ml = psiO.degree(mu);
psil2 = 0
for il in range(0,s+1):
psil2 += psiO.coeff(mu,m1-i1)*mu”~(mi-i1)

# The computation of psil2 ends here

# The computation of psi42 starts here
psi0 = expand(gam[3] [1]*gam[4] [4]-gam[3] [4]*gam[4] [1])
ml = psiO.degree(mu);
psi42 = 0
for il in range(0,s+1):
psi42 += psiO.coeff(mu,m1-il1)*mu” (m1-i1)

# The computation of psi42 ends here

# Definition of the lists of the indices pl and p2 and

# definition of the lists taul and tau2

pl = {}
p2 = {}
tau0 = {}
taul = {}
tau2 = {}
p1[1]1=0
p2[1]=1

tau0[1]=-pi/(2*a)
p1[2]=0
p2[2]=2

tau0[2]=-(3*pi)/(4*a)

p1[3]=1
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p2[3]=3
tau0[3]=-(5*pi)/ (4*a)

p1[4]=2
p2[4]1=3
tau0 [4]=-(5*pi)/(2*a)

{}
{}
{}
{}
eq0 = {}

psill

psi4l

psil

psié

for cs in range(1,5):

for k in range(2,5):
# The first boundary condition at the endpoint O
gam[1] [k]=deltalk] [pl[cs]].substitute(x=0)
# The second boundary condition at the endpoint O

gam[2] [k]=deltal[k] [p2[cs]].substitute(x=0)

if p2[cs] ==

gam[2] [k] +=-g(0)*deltalk] [1].substitute(x=0)

# The computation of psill

psiO = expand((gam[1] [3]*gam[2] [4]-gam[2] [3]*gam[1] [4])*mu~ (2%s))

ml = psiO.degree (mu)

psilifes] =0

for il in range(0,s+1):

psili[cs] += psiO.coefficient(mu,m1-il1)*mu”~ (m1-i1)

# The computation of psi4il
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psi0 = expand((gam[1] [2]*gam[2] [3]-gam[2] [2] *gam[1] [3])*mu~ (2%s))

ml = psiO.degree(mu)
psi4lfcs] = 0
for il in range(0,s+1):

psi4llcs] += psiO.coefficient(mu,m1-il)*mu” (mi-i1)

# The computation of psil
psiO = expand(psill[cs]*psil2)
ml = psiO.degree(mu)

psitfes] = 0

for il in range(s+1):

psillcs] += psiO.coefficient(mu,ml-il)*mu”(m1-i1)

# The computation of psi4
psiO = expand(psi4l[cs]*psi4d2)
ml = psiO.degree (mu)

psidlcs] =0

for il in range(s+1):

psid[cs] += psiO.coefficient(mu,ml-il)*mu”(m1-i1)

ml = psil[cs].degree(mu)

t0 = tauO[cs]

# The Taylor expansion of e”{-2*i*mu_k*a}

f1 = taylor(exp(-2*i*t0*a)*exp(-2*i*a*(t1*t+t2*t~2)),t,0,2);

# The Taylor expansion of 1/mu_k
minv = taylor((1+ax(tO+tlxt)*t/pi)~(-1),t,0,1)

muinv = minv*axt/pi

# The computation of mu_k”(-ml)*psil(mu_k)



Chapter 7. Appendix 338

psilb = (expand(psillcs]/mu"ml)).substitute(mu=1/muinv)
psila =0
for il in range(s+1):

psila += (diff(psilb,t,il)).substitute(t=0)*t"~il/factorial(il)

# The computation of mu_k”(-ml)*psid(mu_k)

psidb = (expand(psi4[cs]/mu"ml)).substitute(mu=1/muinv)

psida =0
for il in range(s+1):

psida += (diff(psidb,t,il)).substitute(t=0)*t"~il/factorial(il)

# The computation of D1(mu_k)=0
D1 = psilat+psidax*fl
eq0[cs] = D1.substitute(t=0)

(diff(D1,t)) .substitute(t=0)

eql

eq2 (diff(D1,t,2)) .substitute(t=0)

# The computation of taul and tau2

taul[cs] = expand(solve(eql,t1) [0].right())
temp = eq2.subs(tl=taul(lcs])

tau2[cs] = expand(-temp.coefficient(t2,0)/temp.coefficient(t2,1))

7.4.5 Sage codes used for the boundary conditions y/(a) — iau?y”(a) =0 =0
and y(a) + iap®yPl(a) =0

#we respectively denote by al and ep, alpha and epsilon
# s=2 denotes the order of the asymptotics

s=2

# Definition of the variables

var(’x,mu,al,t,tl,t2,a’)
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# phiO is a constant

phiO(x)=1

# Definition of the function phil
function(’phil’,x)

# Definition of the function phi2
function(’phi2’,x)

# Definition of the list of functions phis
phi=[phiO(x),phil(x),phi2(x)]

# Definition of the function g

function(’g’,x)

# The definition of the function eta
eta= [n n]
# Definition of the empty list eta

eta={}

# The computation of the solutions of the differential
# equation starts here
for nu in range(1,5):
eta[nu] = [0]
for r in range(s+1):
eta[nu] [0]=eta[nu] [0]+(mu*i~ (nu-1)) " (-r)*phi[r]*e” (i~ (nu-1) *mu*x)
for j in range(1,4):
etal[nu] .append (diff (etal[nu] [j-1],%))

# The differential equation ends here

# The dictionary of the functions deltas
# The empty list Delta

Delta={}

# The empty list delta

delta={}
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for nu in range(1,5):
L]
[

for j in range(4):

Delta[nu]

delta[nu]

Delta[nu] . append(expand(simplify(etal[nul [jl1*e” (=i~ (nu-1)*mu*x))*mu”s))
temp = O
for il in range(0,s+1):

temp = temp + Deltal[nu][j].coeff(mu,s+j-i1)*mu”(j-i1)

delta[nu] . append (expand (temp))

# The definition of the boundary conditions
# The empty list of the boundary conditions
gam={}

# The empty list of the boundary condition 1

gam[1] = {}
# The empty list of the boundary condition 2
gam[2] = {}
# The empty list of the boundary condition 3
gam[3] = {}
# The empty list of the boundary condition 4
gam[4] = {}

for k in range(1,5):
# The boundary condition y’(a)-i*alpha*mu~2*y’’(a)=0
gam[3] [k] = deltalk][1].substitute(x=a)- i*al*mu~2*deltal[k][2].substitute(x=a)
# The boundary condition y(a)+i*alphaxmu~2xy~{[3]}(a)=0
gam[4] [k] = deltalk] [0].substitute(x=a)+i*al*mu~2+*(deltalk] [3].substitute(x=a)\
-g(a)*deltalk] [1] .substitute(x=a))
for il in range(3,5):
temp = O

gam[il] [k]=expand(gam[il] [k]*mu~s);
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m=gam[i1] [k] .degree (mu)
for i2 in range(s+1):
temp = temp + gam[il] [k].coeff (mu,m-i2)*mu” (m-s-12)

gam[i1] [k] = expand(temp)

# The computation of psil2 starts here
psi0 = expand(gam[3] [1]*gam[4] [2]-gam[3] [2]*gam[4] [1])
ml = psiO.degree(mu);
psil2 = 0
for il in range(0,s+1):
psil2 += psiO.coeff(mu,m1-il)*mu”~(mi-i1)

# The computation of psil2 ends here

# The computation of psi42 starts here
psi0 = expand(gam[3] [1]*gam[4] [4]-gam[3] [4]*gam[4] [1])
ml = psiO.degree(mu);
psid2 = 0
for il in range(0,s+1):
psi42 += psiO.coeff (mu,m1-il1)*mu” (m1-i1)

# The computation of psi42 ends here

# Definition of the list of the indices pl and p2
# and definition of the lists tauO, taul and tau2
pl = {}

p2 = {}

{3

{3

{3

ot ct
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=1 [=
= o
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ot
)
c
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taul[1]=-(3*pi)/(2*a)

p1[2]=0
p2[2]=2
tau0 [2]=-(7*pi)/(4*a)

pi[3]=1
p2[3]=3
tau0 [3]=-(9*pi)/(4*a)

pl[4]=2
p2[4]=3
tau0[4]=-(7*pi)/(2*a)

{3
{3
{3
psid = {3}
eq0 = {}

psill

psié1l

psil

for cs in range(1,5):

for k in range(2,5):
# The first boundary condition at the endpoint 0
gam[1] [k]=deltalk] [pl[cs]].substitute (x=0)
# The second boundary condition at the endpoint O
gam[2] [k]=deltalk] [p2[cs]].substitute(x=0)
if p2[cs] == 3:
gam[2] [k] +=-g(0)*deltalk] [1].substitute(x=0)

# The computation of phill
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psiO = expand((gam[1] [3]*gam[2] [4]-gam[2] [3]*gam[1] [4])*mu" (2%s))
ml = psiO.degree(mu)

psillfcs] =0

for i1 in range(0,s+1):

psilllcs] += psiO.coefficient(mu,m1-il)*mu” (mi-i1)

# The computation of phi4l

psi0 = expand((gam[1] [2]*gam[2] [3]-gam[2] [2]*gam[1] [3])*mu~ (2%s))
ml = psiO.degree(mu)

psidifes] =0

for il in range(0,s+1):

psid4ilcs] += psiO.coefficient(mu,m1-il)*mu~ (m1-i1)

# The computation of phil
psiO = expand(psill[cs]*psil2)
ml = psiO.degree (mu)

psillcs] =0

for il in range(s+1):

psillcs] += psiO.coefficient(mu,ml-il)*mu”(m1-i1)

# The computation of phi4
psiO = expand(psiél[cs]*psid2)
ml=psi0.degree (mu)

psidlcs] =0

for il in range(s+1):

psid[cs] += psiO.coefficient(mu,ml-il)*mu”(m1-i1)

ml = psil[cs].degree(mu)

t0 = tauO[cs]

# The computation of the Taylor expansion of e”{-2*i*mu_k*a}
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f1 = taylor (exp(-2*i*tO*a)*exp(-2*ixa*(t1*t+t2*t~2)),t,0,2);

# The computation of the Taylor expansion of 1/mu_k
minv = taylor ((1+a*x(tO+t1*t)*t/pi)~(-1),t,0,1)

muinv = minvxa¥t/pi

# The computation of mu_k~ (-ml)*psil(mu_k)

psilb = (expand(psillcs]/mu"ml)).substitute (mu=1/muinv)

psila =0
for il in range(s+1):

psila += (diff(psilb,t,il)).substitute(t=0)*t~il/factorial(il)

# The computation of mu_k~ (-m1)*psid(mu_k)

psidb = (expand(psi4lcs]/mu"ml)).substitute(mu=1/muinv)
psida =0

for il in range(s+1):

psida += (diff (psidb,t,il)).substitute(t=0)*t~il/factorial(il)

# The computation of D1 (mu_k)
D1 = psilat+psidax*fl

eqO0[cs] = D1.substitute(t=0)

eql = (diff(D1,t)) .substitute(t=0)

eq2 = (diff(D1,t,2)).substitute(t=0)

# The computation of taul and tau2

taul[cs] = expand(solve(eql,t1) [0].right())
temp = eq2.subs(tl=taullcs])

tau2[cs] = expand(-temp.coefficient(t2,0)/temp.coefficient(t2,1))
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7.5 Sage codes used for Chapter 6

7.5.1 Sage codes used for the computation of the functions ¢; and ¢

# Definition of the variable x

x=var(’x’)

nullf (x)=0

#Definition of the matrix QO

Q0=matrix(6,6,1)

# Definition of the matrix epsilon

eps=ones_matrix(6,1)

e={}

for il in range (6):
e[il]l=matrix(6,1)

e[i1][i1,0]=1

# Definition of the 6 by 6 matrix Omega6
Om6=matrix(6,6,{(0,0):1,(1,1): (1+sqrt(3)*1i)/2,(2,2) :-(1-sqrt(3)*i)/2,(3,3) :\
-1,(4,4) :-(1+sqrt(3)*i) /2, (5,5) : (1-sqrt (3)*i) /2})

# Definition of the 6 by 6 matrix V

V=matrix (6,6, lambda i1,i2 : ((1+sqrt(3)*i)/2)"~(i1*i2))

# Definition of the function g

function(’g’,x)

# Computations of the functions k3 and k4 of the differential equation
k3(x)=2*diff (g(x),x)

k4 (x)=g(x)

# Definition of the matrix Q1

Ql=matrix(6,6,nullf(x))# use nullf(x) to force this into matrix of functions;
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eq77=g(x)/6*0m6*eps*eps.transpose () *0m6~ (-2) *Q0

# Computations of the diagonal elements of Q2 and phil

for il in range(6):
Q1[il,ill=integral ((-e[il].transpose()*eq77*e[i1]) [0,0],x)
phil=(e[0] .transpose () *V*Q1*e [0]) [0,0]

# Definition of the matrix Q2

Q2=matrix(6,6,nullf(x))

# Computation of the non-diagonal entries of (2
for il in range(6):
for i2 in range(6):
if i1l=i2:
Q2[il,i2]=(diff(Q1[il,i2],x)+\
(e[il] .transpose()*eq77*e[i2]) [0,0])/(Om6[i1,i1]-0m6[i2,12])

eq78a=k4 (x) /6*0mb*eps*eps.transpose () *0m6~ (-2) *Q1
eq78b=k3(x)/6*0m6*eps*eps.transpose () *0m6~ (-3) *Q0

eq78=eq78a+eq78b

# Computations of the diagonal entries of Q2 and phi2

for il in range(6):
Q2[i1,i1]=integral(-(e[il].transpose()*eq78*e[i1]) [0,0],x)

K=V*Q2

phi2=(e[0] .transpose () *V*Q2*e [0]) [0, 0]
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7.5.2 Sage codes used for the computation of the first four terms of the

eigenvalues asymptotics of Chapter 6

# We denote by respectively by al and ep, alpha and epsilon
#asymptotic of order 2

=2

#Definition of the variables
var(’x,mu,al,ep,t,u,tl,t2,a’)

#phiO is a constant

phiO(x)=1

#Definition of the function phil
function(’phil’,x)

#Definition of the function phi2
function(’phi2’,x)

#Definition of the list of functions phis

phi=[phiO(x),phil(x),phi2(x)]

# The dictionary of the functions eta
#Definition of the empty list eta
eta={}
#The building of the solution of the differential equation starts here
for nu in range(1,7):
eta[nu]=[0];
for r in range(s+1):
eta[nu] [0]=eta[nu] [0]+(mu*exp (pi*i*(nu-1)/3)) " (-r)\
*phi [r]*exp (exp (i*pi* (nu-1)/3)*muxx)
for j in range(1,6):
eta[nu] .append(diff (etalnu] [j-1],x))

#end of the differential equation
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# The dictionary of the functions deltas
#The empty list Delta
Delta={}
# The empty list delta
delta={}
for nu in range(1,7):
Delta[nul=[]
delta[nul=[]
for j in range(6):
Delta[nu] .append(expand(simplify(etalnu] [jI\
*xexp (—exp (i*pi*(nu-1)/3)*mu*x))*mu”s))
temp=0
for il in range(0,s+1):
temp=temp + Deltal[nul [j].coeff (mu,s+j-i1)*mu”(j-i1)

deltal[nu] . append (expand (temp))

# The definition of the boundary conditions
#The empty list of the boundary conditions
cond={}

#The boundary condition 1

cond [1]={}

#The boundary condition 2

cond [2]={}

#The boundary condition 3

cond [3]={}

#The boundary condition 4

cond [4]={}

#The boundary condition 5

cond [5]={}

#The boundary condition 6

cond[6]={}
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for k in range(1,7):
#Boundary term y(0)
cond[1] [k]=deltalk] [0].substitute (x=0)
#Boundary term y’ (0)
cond [2] [k]=deltalk] [1] .substitute(x=0)
#Boundary term y’’(0)
cond [3] [k]=deltalk] [2].substitute (x=0)
#Boundary term y(a)
cond[4] [k]=deltalk] [0].substitute(x=a)
#Boundary term y’’(a)
cond[5] [k]=deltalk] [2].substitute(x=a)
#Boundary term y~{(4)}(a)-i*alpha*lambdax*y’ (a)

cond [6] [k]=deltalk] [4] .substitute(x=a)+ep*al*mu~3*deltalk] [1].substitute(x=a)

for il in range(1,7):
temp=0
cond[il] [k]=expand(cond[i1] [k]*mu~s) ;
m=cond[i1] [k] .degree (mu)
for i2 in range(s+1):
temp=temp+cond [i1] [k].coeff (mu,m-i2)*mu” (m-s-1i2)

cond[il] [k]=expand (temp)

# The computation of psil starts here

psiO=expand (cond [4] [1]*(cond [5] [2]*cond[6] [6]-cond [6] [2]*cond [5] [6])\
-cond[4] [2] *(cond [5] [1]*cond [6] [6]-cond[6] [1]*cond [6] [6])\

+cond [4] [6]*(cond [5] [1]*cond [6] [2] -cond [6] [1]*cond [5] [2]))
m1=psi0.degree (mu) ;

psi1l1=0

for il in range(0,s+1):

psilil+=psiO.coeff (mu,m1-il1)*mu” (m1-i1)
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psiO=expand(cond[1] [3]*(cond[2] [4]*cond[3] [6]-cond [3] [4]*cond[2] [5])\
-cond [1] [4]*(cond[2] [3]*cond [3] [5]-cond [3] [3]*cond [2] [6])\

+cond [1] [6]*(cond[2] [3]*cond [3] [4]-cond [3] [3]*cond [2] [4]))*mu"~ (2*s)
ml=psi0.degree (mu) ;

psi12=0

for i1 in range(0,s+1):

psil2+=psi0.coeff (mu,m1-i1-2%s)*mu” (m1-i1-2%s)

psilO=expand(psill*psil?2)
ml=psil0.degree (mu)
psil=0
for il in range(s+1):
psil+=psil0.coeff (mu,m1-il1)*mu” (m1-i1)

# The computation of psil finishes here

# The computation of psi2 starts here

psiO=expand(cond[4] [1]*(cond [5] [2]*cond [6] [3]-cond [6] [2] *cond [5] [3])\
-cond [4] [2] *(cond [5] [1]*cond [6] [3]-cond [6] [1]*cond [5] [3]1)\

+cond [4] [3]*(cond [5] [1]*cond [6] [2]-cond [6] [1]*cond [5] [2]))
m1=psi0.degree (mu) ;

psi21=0

for il in range(0,s+1):

psi21+=psi0O.coeff (mu,m1-i1)*mu”~ (m1-i1)

psiO=expand (cond[1] [4]*(cond[2] [5]*cond [3] [6]-cond[3] [5]*cond[2] [6])\
—cond[1] [56]*(cond[2] [4] *cond [3] [6]-cond[3] [4] *cond[2] [6])\
+cond[1] [6]*(cond[2] [4]*cond [3] [6]-cond[3] [4]*cond[2] [5])) *mu~ (2%*s)

ml=psi0.degree (mu)
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psi22=0
for il in range(0,s+1):

psi22+=psi0.coeff (mu,m1-i1-2%s)*mu” (m1-i1-2%s)

psi20=expand(psi21*psi22)
m2=psi20.degree (mu)
psi2=0
for il in range(s+1):
psi2+=psi20.coeff (mu,m2-i1)*mu” (m2-i1)

# The computation of psi2 finishes here

ml=psil.degree (mu)

m2=psi2.degree (mu)

#The computation of taul and tau2 for alpha>3 starts here,
#we denote respectively by taulg and tau2g, taul and tau2

#for alpha>3

# The Taylor expansion of exp((-1+i*sqrt(3))*mu_k*a
#for alpha>3 is done here
taulOg=-(1+i*sqrt(3))/(4*a)*1n(abs((ep*al-3)/(ep*al+3)))
t0g=taulg

fig=taylor (exp((-1+ix*sqrt(3))*tOg*a)\

*xexp ((-1+i*sqrt (3) ) *x (t1*t+t2+t~2)*a) ,t,0,2)

# The Taylor expansion of 1/mu_k is done here for alpha >3
£2g=(1-1/(2*pi)*i*t*(ln(abs((ep*al-3)/(ep*al+3))))) " (-1)
minvg = f2g.taylor(t,0,2)

muinvg=(sqrt(3)+i)*a*t/(2xpi)*minvg
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#The computation of mu_k~(-m1)*psil(mu_k)
#is done here for alpha>3
psilbg=(expand(psil/mu~ml)) .substitute (mu=1/muinvg)
mObg=psilbg.degree (mu)
mlbg=psilbg.degree (t)
psilag=0
for il in range(s+1):
psilag+=(diff (psilbg,t,il)) .substitute(t=0)*t"il/factorial(il)

mla=psil.degree(t)

#The computation of mu_k”(-m1)*psi2(mu_k) is done here for alpha>3
psi2bg=(expand(psi2/mu~ml)) .substitute (mu=1/muinvg)
m2bg=psi2bg.degree(t)
psi2ag=0
for il in range(s+1):

psi2ag+=(diff (psi2bg,t,i1)) .substitute(t=0)*t~il/factorial(il)

m2ag=psi2ag.degree(t)

#The computation of

#mu_k~ (-m1)*psil (mu_k)+mu_k~ (-m1)*psi2(mu_k)*e” ((-1+i*sqrt (3))*mu_k*a)

#is done here

Dig=psilag+psilag*flg

eq0g=D1g.substitute (t=0)
eqlg=(diff(D1g,t)) .substitute(t=0)

eq2g=(diff (D1g,t,2)) .substitute (t=0)

# The computations of taul and tau2 for alpha>3 are done here
taulg=expand(solve(eqlg,t1) [0] .right())

temp=eq2g.subs(tl=taulg)
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tau2g=expand (-temp.coefficient(t2,0)/temp.coefficient(t2,1))

#The computation of taul and tau2 for alpha<3 starts here,

#we denote respectively by taull and tau2l, taul and tau2 for alpha<3

# The Taylor expansion of exp((-1+ix*sqrt(3))#*mu_k*a for alpha<3 is done here
tau0l=-(1+i*sqrt(3))/(4*a)*(1n(abs((ep*al-3)/(ep*al+3)))+i*pi)

t01=taull

f1l=taylor(exp((-1+ixsqrt(3))*t01lx*a)\

*xexp ((-1+i*sqrt (3) ) * (t1*t+t2%t~2)*a),t,0,2)

# The Taylor expansion of 1/mu_k is done here for alpha <3
£21=(1-1/(2*pi) *i*t*(1n(abs ((ep*al-3)/(ep*al+3)))+ixpi)) ~(-1)
minvl = £21.taylor(t,0,2)

muinvl=(sqrt(3)+i)*a*xt/(2*pi)*minvl

#The computation of mu_k”(-m1)#*psil(mu_k) is done here for alpha<3
psilbl=(expand(psil/mu~ml)) .substitute(mu=1/muinvl)
mObl=psilbl.degree (mu)
mlbl=psilbl.degree(t)
psilal=0
for il in range(s+1):

psilal+=(diff (psilbl,t,il)).substitute(t=0)*t~il/factorial(il)

mlal=psilal.degree(t)

#The computation of mu_k~(-m1)*psi2(mu_k) is done here for alpha<3
psi2bl=(expand(psi2/mu~ml)) .substitute(mu=1/muinvl)
m2bl=psi2bl.degree(t)

psi2al=0

for il in range(s+1):
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psi2al+=(diff (psi2bl,t,il)).substitute(t=0)*t"~il/factorial(il)

m2al=psi2al.degree(t)

#The computation of
#mu_k~ (-m1) *psil(mu_k)+mu_k~ (-m1)*psi2(mu_k)*e”~ ((-1+ixsqrt(3))*mu_k*a)
#is done here

Di1l=psilal+psi2alx*fll

eq01=D11.substitute (t=0)
eqll=(diff(D11,t)) .substitute(t=0)

eq21=(diff(D11,t,2)) .substitute (t=0)

# The computations of taul and tau2 for alpha<3 are done here
taull=expand(solve(eqll,t1) [0] .right())
temp=eq2l.subs(tl=taull)

tau2l=expand (-temp.coefficient(t2,0)/temp.coefficient(t2,1))
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