
the spln-curveture coupling 'reac ts back' on the Lorentz stress 
only while the stress-to rslon  couplings 'reac t back' on the 
te trad  stress. Equations (6.68), (6.69) and (6.70) give 
an account of tne detailed enrgy-momentum balance In the system. 
Note tha t the Inhomogeneous term which Is responsible for the 
non-conservation of the to ta l stress appears In the tetrad stress 
conservation law.

6.8 Conservation of Soln-Stress and the Symmetry of 
th* St " ' '  T«n«ors

Using the n a tte r equation of motion In the Identity (6.44)e 
we have, by definition of the matter sp in -stress,

•  V  s.b cd <  • < ••" )

Also, by definition of the matter s tress and the Lorentz generator 
th is  Is

•  1 < "be -  V  • (« •« )

This Is a resu lt we obtained e a rlie r  (Chap. 4) In Special 
R elatlv lstlc  form. Similarly, using the defin ition of the 
Lorentz stress In the Identity (6.49)* we find

l c ? . b - V  .  («.71)

and we see that the inhomogeneous term In the to tal spin-stress 
conservation law (6.37) Is also responsible for the antisymmetric 
part of the Lorentz stress tensor. In other words, I f  the to ta l 
spln-stress Is conserved then the Lorentz s tress tensor will be 
symmetric. F inally , from the Identity (6.53)* we have
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Since the tetrad stress does not occur In the usual theory of 
R elativity  (next chapter) the significance of I t  being symmetric 
or not Is most unclear. We remark.however, that for most of the 
simple theories of in te rest the term on the r .h .s .  of (6.74) 
vanishes Identically  so that the te trad  stress Is symmetric. I t  
Is also possible th a t the symmetry of th is  tensor may be a restric tio n  
which Is to be Imposed on the theory. The Inhomogeneous term In (6.74) 
appears again when we calculate the conservation of the tetrad 
sp ln-stress:

•V . * »(T.b - V  ♦ 1 • W d  s»\ <‘-75>
where Tab Is the to ta l s tress tensor.

6.9 Summary

We co llec t together a ll the relevant resu lts  from th is  chapter, 

m i l f r f f l s  Tep a e .  * L e Tlf

M i l  M o r E m i :  s pab > •  i  p6b

- 1 • V  • V  

- f  VvnVU.b •

' p .  |  t  w  K b• ;» ' t> ii. .
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Minimally coupled Laqranglan:

L  *
ID

i + i * i
m  0

t h e n
V ■  •  \ *  ♦  T .

w h e r e V •  •  ( L .  l \  -  v
Id

V ■  •  C L „  * \  -  0 "

•  •  < L .  ' " x  "  V

e n d
*  * “ . b  *  > ” . b  *

w h e r e
K ■  •  % "  V .  * 9

K
•  0  .

12m
mb

Smwttry:

V ie • V «vx*b

V„ • V v , - '“.b e„x,b 
Vw • t v  %»b. *\

V  1 *x*„ ♦ »“*

m
*°mb;p

■
<T.b - " b . i  ■

w w
< T.b ■ Tb . )  •

e e
' T.b • Tb.> ■

a MP c cd R ef 
'  cd mb if  \ p
i MP .  c - d 
c mb d p m



APPENDIX 6A
The Derlvtlon of the Invariance Identities
We w in need the following resu lts: from the co-ordinate trans­
formation

P* - ♦ t*

*  e *  “S ■ .v

• n^ *vp * 8 x V8 x P * .vp  * * »pv^

*K"

< «
» ( • ; » ; *  w >  •

u«1ni ■ • ;

UP

K  t «v
"  ,1nd '  V »

1 »T

These a n  the only quantities which give a non-zero contribution 
when the parameter I and I ts  derivatives a n  se t to  t e n .



137

For the Lorentz transformation* we have* to f i r s t  order

D% ■ * \  * • *  V « ♦  « w

» % ,v  •  • l b .v  V s  ‘  O P )

»% .w  * I ( « %  * • “ . « )  s.b aS * ° P )

with sim ilar resu lts fbr Dab ■ A*b except th a t, In th is  case* 
the generators are known ex p lic itly .

The only non-zero quantities are:

(0% ). ■ : CD%,V)0 • 0 i (D%(V<r)0 .  0

* Ve

i ^ e - 1 <«; ♦ <<) v ,
The Lagranglan does not depend ex p lic itly  on the co-ordinates hence I ts  
to ta l derivative with respect to  xv i

L e I L .
.* , xu

Is given by



• °  ‘.b  ’ 0 1Pti> * 0 (6A.1)

where the concomitants are defined In the tex t. (6A.1) Is our 
f i r s t  Invariance Identity.

The transformations contain the parametric quantities

= ‘ ‘ b = ‘ ‘ ! r  :

We d iffe re n tia ^  (6.2) with respect to each of these In turn and 
set them a ll to zero. We get

®
V  b r ' 1*

* T 

e i a
♦ I  u I — HI ♦ I  yp I   ■■MfJ?I

•  lo •  'o* *v v »t

♦
8 w

i* U *1
♦ “ W ab I j T ^ o  " 0 (6Ae?)S

I 7 * ^ 1 .  ‘  n  “ .b  ‘r f *  I ,  -  0 (6A.Z)6
•* *10 »0T

a*  ®
a«ab 'o

cd

ai«l^npj
a#
jOOl

C  “e d 1 I .  * 0  " e d ' l j ' B 8' 'o  ‘  0



9$ * 8ec
Vtst*!. * Vs 1^10

» ̂

dw cd

'  ,X

» « cd 
* °  “cd l ^ - l o ♦ a UP I M , p | 

cd 'o (6A.2)’

a UP
cd

»w cd

,Xt

(6A.2)*

The trin*formation laws given In the tex t and the quantities calculated 
In the beginning of th is  appendix give:

» ?  ®

•t

• I*
t _a

»T

-  • I * '* . ,

» 5 * b
‘  - * I wa

f .T

- - • :  s . *  - • :  ^

1 ^ 1 .  ■ - « ( • ;  • ;  ♦ * ; • ; )
1 .to

» e ab
i . l M i .  ■ - i e ;  • ;  . • ; • ; )  n rt

• TO

1,1 ^ 1  o • V «  *

....



I r s r l .  -  » i V  * '

I ^ r s l0 • *» V a  *d.

- C d

i i ^ - i -  ■ *" *
• ’ .X
.rrCd

' i .

X -  cd 
o " % »b

*P C«bCde f %ef
# *

13̂ i. ■ -»»s •: * »i •: > v 4
• •  .XT

Substituting these Into the Iden tities  (6A,Z) end writing out the 
egproorlate generators, we find the Iden tities as they are given In 
the tex t. In particular the Identity  (6A.2)* Is:

- 1 « \  <*s w  ♦ V " )  - I “ n16 c°  w .b  ♦ o " * )  •  0



from which I t  follows that

hence (6A.2) may be taken as



APPENDIX 68
Tht transformation laws of the Concomitants

I f  m  d ifferen tia te  both side of (6.2) with respect to the fields 
In turn and use th e ir  transformation laws we get

* .  * * ' X v Y

V  -  <  % v

K  ■ K  <  • ^ y ; < ) . T V v

* J !  K  ACd < ) .  a  “‘cd 

A8.  <  n  "Aed

I f  we now consider the Inverse transformation these become:

* , * °*,e .  * .  • v

V  ■ K  » 'le ,  V

V  ■ K  <A‘ U b V  ♦ A"lcb,x *coi)

f bBV • * : « ; A' lcb « .px

n ! b - t  A*,e.  A*wb « "=d

n ! b ‘ <  <  A‘ 1C.  A' Ub °  U,cd



I f  m  expand the Lorentz transformation matrices in the la s t of 
these and use the fact th a t, by the properties of the Lorentz 
generators,

we may also use the structure relation  to Introduce the structure 
constants then we see th a t 0  ^  *re adjoint tensors transforming
as:
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Tht TtntorUI Concomitants

To construct ten serial quantities corresponding to the non-tensorlal 
concomitants we use the gauge fie ld  transformation laws to eliminate 
the derivatives of the transformation matrices whla. ':c u r  In the 
Inhomogeneous terms In the non-tensorlal transformation laws.
We have, for example,

- • ler  V, - °‘lY. WP%

The transformation law of the concomitant which corresponds to 
the matter fie ld  Is

*, • »‘,s. *. * V
Using the above expression for the derivative o f the transformation 

matrix we get

*, - V, ♦/ • °'le, - V. V >
and thus the quantity

' / .V
Is a gauge tensor. In a sim ilar manner the other two ten torial 
quantities are constructed.



CHAPTER 7 Applications: Some Particular 
Theories of Gravity

7l1 Introduction

In the previous chapter we constructed the general theory which 
was based on an unknown Legranglan restric ted  only by the Invariance 
id en titie s , Me will now investigate the properties of theories 
derived from ex p lic itly  known Lagrangians,

I t  should be clear tha t the id en tities  cannot be 'solved' to 
provide us with a unique Legranglan but I t  I s , In fa c t, a simple 
matter to construct Lagrangians which sa tisfy  them. From th is  
point of view the id en tities  merely d ic ta te  tha t the arguments of 
the Legranglan be certain  tensors, namely the curvature, torsion 
and covariant derivative. Although we arrived a t the structure 
of these tensors by other means (Chap. 5) they arise  within the 
id en tities  themselves as can be seen in the Iden tities written 
In covariant form so I t  Is not surprising tha t a Legranglan 
having them as arguments sa tis f ie s  the Id en titie s . We establish 
th is  exp lic itly  and then go on to examine a number of simple theories 
which naturally suggest themselves.

7.2 The General Case 

We find that the Legranglan



where V c ■ V  V  V  o (7 .2)

•nd ^ c d  . ^  (7.3)

sa tis f ie s  the Iden tities (6.12)a"f  with the exception of the 
global Lorentz Identity (6.12)* which will also be sa tisfied  
once the arguments In (7.1) have been contracted Into scalars. 
Observe th a t, In (7 .1), I t  Is as If  we have projected the en tire  
system into local te trad  co-ordinates.

In the minimally coupled case the Lagranglan would be

1 ■ V* * =* *  VVe’ ♦ 1 O  <M>
which is  the general form of the theories that we shall consider 
next.

7.3 E instein 's Theory 

The Lagranglan is

L .  ♦ t  * ( M )

* * * .b*b (7.6)

1i the H oai toalar. We lepoi. the eddltlenel re itr tc tle n  th e t 
the torsion vanishes Identically:

S y \  ■ 0 . (7.7)

We have also omitted the torsion Lagranglan en tire ly  which Is 
equivalent, In the general theory, to omitting the derivatives 
of the te trad . The concomitants of In terest are:

V ■ V  V (7.8)



-  UP*. ■ 0 (7.9)

0  «b ’  *b - V  %") (7.10)

•nd so the stress tensors are

V  ■ •  l l ,  - V  * /  * ?x) (7.11)

V  •  * t M «», - R /)  (7.12)

V  ’ 0 (7.13)

where

* * V  V V (7.14)

] ‘ ‘l“  ^  ‘*w r  M il*  th .  Lerwiti .tre«» ttnM r 1. new known 
the B4n&tsin tm ttor. The sp1n*stresses are

•".b * •  *=" * .e V ,  * * (7.1 j)

,U«b * * mb * 0 (7.14)

1* sere the n u e tle n i

* " );*  '  ♦ , * o (7.17)

r . e .  r .o

•w
X * 0 (7.14)

mb '  0 • (7.19)
/

(7.17) thews that the m tter behevet at If ( t  It moving In a local 
lorentt freee. (7.14) are ^ . t a r t - a  a c t i o n .  M  „  ,

~ : r ,#n en th* e f  th* "•tter fie ld , i t  thews that
thealnsteln theory cannot support a fie ld  with an Intrinsic spin.



The conservation equations are

(7.21)

(7.20)

and both stresses are Independently conserved. The symmetry 
relations are

by the second Blanchl Identity and the fact tha t the torsion Is 
zero.

7.4 Elnsteln-Cartan Theory

I f  we wish to formulate a theory which can support a dynamic 
material spin then we must ensure th a t the l .h .s .  of the Lorentz 
po ten tia l's  equation for motion does not vanish. The simplest 
way to do th is  Is simply to relax (7.7) I .e .  to allow torsion Into 
the theory.

The Lagrenglen Is again (7 .5 ), the concomitants are given by 
(7.8) -  (7,10) and the stresses by (7.11) * (7.16). Now, however, 
the Lorentz potential fie ld  equation becomes algebraic; the f ie ld  
equations are:

m m m

• - v
•  o (7.23)

(7.2*)

(7.24)



I • <V> *% • Vo «\ • Vx> * <  <  • “.b  • (7.26)

I t  follows th a t the toraxon vaotor Is

8 • S v -  e* * b S “ * '  (7.27)V v |i V . a  ab fl r

and tha t the torsion I ts e l f  Is

Vo • 2 A A <V Ve * *j

The torsion a t a point Is therefore generated by the spin of the 
matter and In empty space, in the absence of matter, the torsion 
vanishes.

The stress conservation laws are

V„ • V Vv ♦ K •»*
V , .  ■ V  v .  -  Iu .b  »„x,b  <7 - “ >b

and, by the equation of motion (7.25) the to ta l stress Is 
conserved (In fac t I t  vanishes).

Also,

♦ V  ■ -

and the conservation of to ta l spln-stress gives

' V o  •  * \b ;o  * '  1 V % d Clb ed. f  '  0 (7 .3D

since the torsion Is now non-zero. Hence the to ta l spln-stress 
Is not conserved and the matter tensor Is not symmetric. I t  also 
follows that the 11 stein  tensor Is not symmetric e ith er. On the other 
hand, in empty space, the torsion vanishes and these conclusions 
revert to those of the purely Ettsteln theory.
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7.5 The Quadratic Theory 

A comparatively simple way to ensure that the term

“ "’cd c.bC<. f  V f (' «)
vanishes Is to take advantage of the symmetry properties of the 
structure constants. If we take the lagranglan to be quadratic 
In the curvature (with non-zero torsion);

1 •  l .  ♦ » V  *ebed (7.33)

then,

0 Wed ’  R"Pcd (7.M )

and the term (7,32) vanishes Identically .

The Lorentz stress Is now

V -  •  ( 1 C b  «px - RWP.b  %xlb  ) <7-, s >

which Is clearly  symmetric. The matter stress Is s t i l l  given by 
(7,11) and the conservation equations are (7.29)***.

In view of the vanishing of the term (7,32) the to ta l tp ln -ttre ss  
Is conserved and I t  follows th a t the matter stress Is symmetric.

The fie ld  equations are again (7.24) and (7.25) with (7,25) 
replaced by

• <RPV.b iv * Vu "°“.b  * 1

■ > .b  • (7-">

Which has the appearance of a propagation equation for the curvature
which Is xsourced by the spln-stress of matter.



7.6 Theories which Include Torsion In a
Hon-trlvla! Way

As we have already remarked there I s ,  In the general theory, a 
very notlcable sim ilarity  between the roles played by the curvature 
and the torsion. So far the theories we have discussed have 
only curvature In th e ir  Lagranglans, the derivatives of the te trad , 
and hence the torsion, being omitted altogether.

Once the torsion Is Included In a non-trlvlal way we need to 
take account of the possible non-conservation of the to ta l stresses 
embodied in the laws:

v», ■ * v° V. t7-37)
An obvious way of achieving conservation Is to reverse the usual 
roles of the curvature and torsion by taking

V f  • 0 <7-” >

s „ \  * 0 (7.«0)

and we make the Lmgranglan Independent of the derivatives of the 
Lorentt potentials.

As a f i r s t  attempt we take the Lagranglan to be quadratic In the 
torsion:

L •  I .  * I s ,be S*bc (7.41)

from which we get

o a %

n MO
mb

v  M r



x ™  -  s \ °
(7.«2)c

The s tr e s s  tensors e re

*X° ‘  •  (L . «6X - V  *  ‘  I7 ' 43) '

P e ®V • • 11V. s"v° ‘°x - C )
Tx» .  0 ( 7 .« ) C

end the spln-tensors ere

!“.b ■ • V  V  V ,  * 6 (7'44)‘

K  ■ •  * 7  V «  <  (7i44,b

o rso

(7.44)b shows the t the te tred  sp ln-st.ess hes now entered the 
theory.

ii lews ere

■ V C ( I M f

V , ■ - h %
V M ) b

end the to tel stress Is cleerly  conserved. For the sp ln -stress, the 
to te l Is conserved:

(  ‘  ^ . b ) , w  •  0  { 1 M )

The equetlons of motiin ere

(# -  0 (7r*7)s



These should be compered to  the theory which Is quadratic In the 
curvature. I t  Is also apparent th a t, a t least as fa r  as the 
structure of the fie ld  equations are concerned, the stresses and 
spln-stresses have also Interchanged th e ir  ro les. Note that 
the Lorentz potentials play no part In the theory whatever. (7.47)b 
has the appearance of a propagation equation for the torsion 
sourced by the to ta l s tress  while (7.47)c shows tha t the spin- 

stress of matter and the spln-stress of the te trad  are complementary 
ju s t  as the matter and Lorentz stresses were In the previous cases. 
Note also tha t the to ta l spln-stress vanishes by an equation of 
motion.

Because of the symmetry properties of the Lorentz generators we 
find that the tetrad stress Is symmetric:

‘ < ?.b  - V  ■ - 1 *=vc V a

■ - i sY V d s, \

.  o (7.48)

while the matter stress Is not*

" L  V  - Kb,. (M,)
In view of the vanishing of the curvature (7.39) which Is an 
In tegrab lllty  condition for the Lorentz potentials (Chap. 5) 
we can transform to a special gauge In which they vanish Identically . 
This can have no effect on the theory since, as we have seen, these 
potentials take no part In I t  (their stresses vanish).
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In such a gauge the manifold connection Is simply

Vx (7.50)

and the torsion Is

s.
w V

- e
M ,V

(7.51)

whose non-vanishing means tha t the te trad  Is I ts e lf  non-lntegrable. 
Such a space Is called a Vvitnenbook Spaa* and once we have trans­
formed to  such a space we may only perform global Lorentz trans­
formations since local ones will re-introduce the Lorentz potentials.

I t  Is c lear that th is  theory presents an Interesting alternative 
to the usual Elstein theory. In some respects I t  Is simpler since 
I t  deals essen tia lly  only with gauged translations and thus only 
has one non-trlvial* gauge field,namely the tetrad*and yet I t  
encompasses spinning matter. We may refine the Lagrangian somewhat 
by constructing I t  out of the Irreducible parts of the torsion 
tensor (see Heyashl and Bregman (1973) for more d e ta ils ) . This 
theory has been called New General R ela tivity  (Hayash1 and 
Shlrafujl (197®) ) .



CONCLUSION

W# have tried  to show something of the power of the gauge concept 
In I ts  ab lltly  to generate Interesting theories of Interacting fie ld s . 
Although the theories which emerge are fa ir ly  complex, the In itia l 
assumptions are not; a circumstance which is very satisfying from 
the point of view of sim plicity. Our approach, throughout, has been 
to ‘exploit the Invariance Iden tities to reveal the structure of the 
theory without any ex p lic it knowledge of a Lagrangian. This has 
been particu larly  fru itfu l 1n the case of the theory of gravity 
trfiere, i t  would seem, there are many p o ssib ilitie s  which remain 
to be explored.

I f  the gauge philosophy is  correct then the Implication Is that 
the forces of nature can a ll bw traced to the existence of certain 
groups whose representations constitute the naturally occurring 
f ie ld s . We may then also conceive of unifying a ll these forces 
Into a single gauge framework derived from a single group. I t  must 
be emphasised, however, that such a grand unification Is s t i l l  fa r 
o ff and is .  In fac t, not possible within the rela tively  simple 
framework presented here. We do know that I t  Is not possible to 
unify the Lorentz Group with an arb itrary  Internal group In any 
way other than the re la tively  tr iv ia l  d irect product as we have done 
(O'Ralfeartalgh (1965)). This Is why th is  work Is so clearly  
divided Into internal and external parts. I t would therefore seem 
that another approach Is called for. However, there Is hope that 
such a unification may yet be achieved within the gauge framework 
by using groups which are more general than the Lie Groups we have
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discussed. Such groups have been found. They are called Graded 
Lie Groups (th e ir  parameters are non-commutatlve) and the gauge 
theory they generate Is called Supersymmetry (Fayet and Ferrara (1977)). 
There Is also a version which deals with gravity, called Supergravity 
(Baser (1980)) which may be Interpreted crudely as the 'square-root* 

of ordinary gravity in tha t binary products of I ts  operators produce 
the transformations of ordinary gravity. I t  also turns out tha t 
certain of I ts  gauge potentials may be combined Into representations 
of an internal group thus allowing a non-trlvlal unification of 
gravity with an Internal group (de Witt and Freedman (1977)). 
Unfortunately, a t present, th is  Internal group does not appear 
to have any physical correspondence and so the theory Is somewhat 
s te r i le .

There Is , however, a ray of hope which springs from an unexpected 
quarter. We have seen tha t the gauge fie lds In our Internal theory 
are mess ess At f i r s t  sight th is  represents an obstacle to  the 
unified description of the forces which occur In nature because 
we know that the strong and weak nuclear forces are mediated by 
massive partic les . I t  turns out that there Is a way to break the 
symmetry of the Internal group in such a way tha t the theory 
maintains the symmetry In a formal sense only but the gauge fields 
aquire masses* (O'Ralfeartalgh (1979)). This Is called a sponta­
neously broken symmetry and the gauge fie ld s aquire th e ir masses 
by what Is known as the 'Higgs Mechanism* (Higgs (1966)). Furthermore, 
a quantum mechanical analysis shows that as the energy of the system 
Increases a 'phase transformation* occurs and the original 
symmetry is  restored (Linde (1979)). This means th a t, a t extremely 
high temperatures, as we expect shortly a f te r  the Big Bang, a ll 
the symmetries are perfect and the gauge fie ld s are mass ess 
I t  may be that a sim ilar mechanism will be found to operate In 
Supergravity and that the perfdct, s te r i le  symmetry which I t  possesses 
may be broken to produce more Interesting subsymmetries which do 
correspond to rea lity .



Whatever the final outcome may be I t  1$ clear tha t the gauge 
concept Is extremely useful and will serve our quest for the 
understanding of the fundamental processes o f nature for a 
long time to come. In the meantime, until the answers are know), 
we must explore th is  notion In a ll I ts  aspects.
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