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Abstract

The slow viscous incompressible flow past a stationary sphere is studied. We
review Stokes and Oseen approximations. The stream function approach is
used to derive the solutions of incompressible fluid flow that were obtained by
Stokes and Oseen. We solve the Stokes expansion using Mathematica and the
code is given in the algorithms. The explicit finite difference method (FDM)
is used to solve the fourth order differential equation that was derived from
the full Navier-Stokes equations. We also investigate numerical solutions to
the Stokes expansion using standard (FDM) in Mathematica. Using FDM
iteratively we can find approximate solutions to higher moments in the stream
function and compare these solutions with those found from the numerical
solutions to the full Navier-Stokes equations.
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Glossary

Stream Function Approach (SFA) - Navier-Stokes equations via the
stream function formulation.

Finite Difference Method (FDM) - Finite difference method that ap-
proximates the solution of the stream function.

Direct Numerical Simulation (DNS) - Direct numerical simulation that
solves the full Navier-Stokes equations.

Homotopy Analysis Method (HAM) - A method that solves nonlin-
ear partial differential equations in fluid mechanics.

Large Eddy Simulation (LES) - A mathematical model used in fluid
mechanics.

Charles David Pierce (CDP) - Finite volume solver created by Charles
David Pierce at the Stanford University
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1 Introduction

The slow viscous incompressible flow has been investigated in numerous parts
of science and engineering. It is governed by the conservation of momentum
and mass. The mass and conservation of momentum equations for an incom-
pressible fluid of constant density and viscosity leads to the continuity and
Navier-Stokes equations of motion. The Navier-Stokes equations contains
the velocity of the flow, pressure, density, kinematic viscosity, characteristic
length and the Reynolds number. When the Reynolds Number is small, the
flow is called the slow viscous incompressible flow. The Reynolds number is
given by Re = Ua/v where U is the characteristic speed, a is the character-
istic length and v is the viscosity. The Reynolds number is small when the
viscosity is large or the length a is small.

The Navier-Stokes equations are used to model the flow through porous
medium, pump design, chemical reactor behavior, aircraft flight component
design, atmospheric events and weather patterns [1]. The Navier-Stokes
equations are also considered to be a good model for the flow of blood in
heart, arteries and veins. The flow of blood is also governed by the continu-
ity equation [2]. The equations are also used in rivers, circulatory systems,
respiratory systems and air conditioning systems.

The problem of slow viscous incompressible flow past a sphere was first in-
vestigated by Stokes [3]. He obtained the solution of flow past a sphere by
neglecting the inertia of fluid. He obtained the solution for small Reynolds
number where the viscous forces are greater than inertial forces. White-
head [4] attempted to solve the problem by obtaining higher approximations
when the Reynolds number is not negligibly small. He developed an itera-
tive procedure that calculates the inertial terms in the equation of motion for
lower order approximations. The iterative procedure involved the expansion
of the flow in powers of the Reynolds number since the boundary condi-
tions at each stage of the iteration are independent of the Reynolds number.
He established that the second approximation of the velocity remains finite
at infinity and does not satisfy the boundary condition at infinity. Higher
approximations to the velocity distribution diverge at infinity [5]. The break-
down of the expansion of the flow in powers of the Reynolds number is called
the Whitehead Paradox.



The Whitehead Paradox was resolved by Oseen [6]. He investigated the
source of non-uniformity by linearising the inertia term far from the sphere.
He showed that the approximation of velocity and its derivatives is a linear
problem and it can be solved analytically. The problem was later investi-
gated by Kaplun and Lagerstrom [7] who introduced the method of singular
pertubation method/matched asymptotic expansions. The method was then
used by Proudman and Pearson [5] to obtain higher approximations to the
flow past the sphere and a circular cylinder. Proudman and Pearson [5] noted
that the Oseen expansion is uniformly valid along the whole flow and each
successive term does not give a higher uniform approximation but it is always
possible to find a finite number of terms which give to any required accuracy,
a uniform approximation to the solution.

Van Dyke [8] presented the solution of viscous flow at low Reynolds num-
bers. He matched the Stokes expansion with the Oseen expansion to present
a resolution of the Whitehead paradox using the method of matched asym-
totic expansions. Many authors used the method of matched asymptotic ex-
pansions and pertubation to solve fluid mechanics problems. Gajjar [9] also
discussed the incompressible fluid flows at low Reynolds numbers. He consid-
ered Stokes flow past a cylinder and sphere by expressing the Navier-Stokes
and continuity equations in terms of the stream function and vorticity of the
flow. He then used the asymptotic expansions and pertubation methods to
find the solution of the first and second order problems. He also provided the
resolution of the Whitehead paradox by matching the Stokes expansion to
the Oseen expansion as given by Van Dyke [8]. The method was also used by
Kohr [10] to solve the governing equations of the low Reynolds number flow
of an incompressible fluid past a cylinder. Datta and Singhal [11] extended
the problem by presenting a solution of the steady flow past a sphere with a
source at its centre. The Reynolds number was assumed to be small so that
the inertia of the fluid can be neglected. He also used the matched asymptotic
method to solve the Navier-Stokes equations in terms of the stream function
and vorticity. He defined the Stokes expansion as the inner expansion and
Oseen expansion as the outer expansion. He then used the inner and outer
expansions to find the undetermined constants in both expansions. He was
able to find higher order approximations and also evaluated the O(R?log R)
terms in the inner expansion. Other authors used the matched asymptotic
expansions method to solved the Navier-Stokes equations for fluid flows past
a cylinder. Umemura [12] studied the low Reynolds number flow past two
cylinders using the method of matched asymptotic expansions.



Srivastava et al. [13] presented an analytical approach for Oseen’s flow past a
deformed sphere. The Brenner’s formula was used to calculate Oseen’s cor-
rection to the Stokes drag on a deformed sphere. The results were found to be
in agreement with the results from existing literature. An analytical solution
for viscous incompressible Stokes flow in spherical shell was also presented
by Thieulot [14]. He obtained a solution that is depended on the assumption
that the pressure, velocity, viscosity and density satisfies the equations of the
flow at every point.

Stokes flow problems were also solved using the Brinkman’s model in the past.
Higdon and Kojima [15] used Brinkman’s [16] equations to study Stokes flow
past porous particles. They obtained the asymptotic results using Green’s
functions for small and large permeabilities. Brinkman’s model was also used
by Padmavathi et al. [17] to model the Stokes flow past a porous particle.
They considered the Stokes flow to be non-axisymmetric and the governing
equations were described by the Brinkman’s model. The boundary condi-
tions were defined by the continuity of stress and velocity components at the
surface of the sphere. They then used Faxen’s law to calculate the torque
and drag on the sphere. The results are comparable to existing literature
and are similar to the results that were obtained by Higdon and Kojima.

Housiadas et al. [18] investigated the creeping flow past a sphere with pressure-
dependent viscosity. The governing equations were described by the con-
tinuity equation and momentum balance. A regular perturbation scheme
was used to solve the governing equations where the dimensionless viscosity-
pressure coefficient is the small parameter of perturbation. They found that
the solution exist only for the three-dimensional simple shear case and it does
not exist for the axisymmetric sedimentation case. The analytical solution of
a highly viscous flow past a compound particle was investigated by Zhao [19].
He considered a uniform flow past a sphere with a rigid kernel and a fluid
coating. He also derived the stream function and analysed the contours of
the stream function. The results indicated that a spherical object covered
with a fluid coating experiences less drag than a pure rigid sphere.

The homotopy analysis method has been used to solve nonlinear partial dif-
ferential equations in fluid mechanics. Ragab et al. [20] used the homotopy
analysis method to find the solution of the time-fractional Navier-Stokes
equations. The results indicated that the homotopy analysis method is pow-
erful and efficient in solving nonlinear fractional partial differential equations.
Murthy and Kumar [21] also obtained the solution for the stream function
and vorticity using the Homotopy Analysis Method (HAM) and the expan-
sion of Gegenbauer polynomials. The nonlinear momentum equation for
stream function was solved using the Homotopy Analysis Method and the



stream function was taken in terms of the Gegenbauer polynomials to match
the uniform flow far away from the sphere.

Some of the authors used the operator splitting methods to provide the
solution of the Navier-Stokes equations. Bristeau et al. [22] discussed the
numerical solution of the Navier-Stokes equations. They considered both
incompressible and compressible viscous fluid flows past any geometry. The
solution of the incompressible fluid was found using the time discretization
by operator splitting methods. The method allowed them to bypass the dif-
ficulties of the problem. The problem was difficult to solve because the fluid
is incompressible and the governing equations are nonlinear. They also used
the time discretization by operator splitting method to solve the compress-
ible Navier-Stokes equations. The results showed that the time discretization
by operator methods is efficient and accurate for the incompressible flow and
it may still be efficient for compressible flows. Li and Li [23] also presented
the solution of the Navier-Stokes equations using operator splitting methods.
The Navier-Stokes equations were solved with a nonlinear slip boundary con-
ditions. The numerical results indicated that the Navier-Stokes equations
with the nonlinear slip conditions must be solved using large time steps. Re-
cently, Djoko and Koko [24] also studied the Navier-Stokes equations with the
threshold slip boundary conditions. They solved the Navier-Stokes system
using the combination of time discretization by operator splitting, augmented
Lagrangian and finite element approximation method.

The finite difference method is a numerical method that is used to solve par-
tial differential equations by approximating the derivatives in the equations.
The method is easy to implement for rectangular domains and circles or an-
nulus but it can be difficult to implement for complicated geometries. Many
authors used the finite difference method to solve the Navier-Stokes equations
for incompressible or compressible fluid flows past a sphere. Chorin [25] de-
veloped the finite difference method to solve the Navier-Stokes equations for
an incompressible fluid. The Navier-Stokes equations were expressed in terms
of velocity and pressure. The results showed that the finite difference method
is able to solve problems in two and three dimensional space. Christov and
Volkov [26] presented the numerical solution of the steady viscous flow past
a stationary deformable bubble. They introduced a coordinate transforma-
tion so that the unknown region is mapped to a known region. Infinity was
moved to a large value that satisfies the boundary conditions. The Navier-
Stokes equations were solved using the second-order difference scheme for
a range of Reynolds and Webber numbers. The results are comparable to
experimental and theoretical results. Fornberg [27] also presented the nu-
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merical solution of the steady incompressible flow past a sphere. The equa-
tions of motion were described by the steady-state Navier-Stokes equations.
He expressed the Navier-Stokes equations in terms of the stream function
and the vorticity of the flow in cylindrical coordinates and used the centred
second-order finite differences to approximate the solution. He applied the
boundary conditions at the surface of the body and axis of symmetry. The
results suggested that the wake takes the form of a Hill’s spherical vortex.
The second-order finite difference scheme was also used by Zhang [28] to
solve the steady Navier-Stokes equations in primitive variables in a driven
cavity. He applied the combination of the second-order backward and for-
ward difference to discretize the nonlinear terms and the usual second-order
centred differences to discretize the linear terms. The system of equations
was then solved using a multi grid method. The results were found to be in
agreement with the vorticity-stream function results. Later on, Juncu [29]
obtained the numerical solution of the steady viscous flow past a fluid sphere
using the finite difference method for external Reynolds numbers up to 500.
He also expressed the Navier-Stokes equations in terms of the dimensionless
stream-function and vorticity in spherical coordinates. He considered the
fluid to be newtonian and the flow to be laminar, axisymmetric and steady.
He then used the second-order finite difference scheme to approximate the
solution because second-order schemes predicts the flow accurately. The re-
sults that were presented showed that the finite difference scheme converged
for all Reynolds numbers and the convergence rate of the finite difference
scheme decreases as the Reynolds number decreases. The results are also
comparable to the solution that was provided by published predictive equa-
tions. The finite difference method was also used by Johnston and Liu [30]
to approximate the solution of the unsteady incompressible Navier-Stokes
equations based on local pressure boundary conditions. The second-order
numerical scheme was based on the velocity-pressure formulation because it
is suitable for Reynolds numbers from moderate to large. The results showed
that method is feasible and effective. Lai [31] developed a fourth-order fi-
nite difference scheme to solve the incompressible Navier-Stokes equations in
a disk. He expressed the Navier-Stokes equations in terms of the vorticity
and stream function. The results were found to be in good agreement with
previous authors results. Li and Wang [32] also solved the incompressible
Navier-Stokes equations using the fast finite difference method on a irregular
domains. They expressed the Navier-Stokes equations in terms of vorticity
and stream function and solved the Navier-Stokes equations numerically us-
ing a Cartesian grid. The Cartesian grid is good for solving problems with
complex geometry. The Poisson equation was then solved on the irregular
domain using the Poisoon solver which is based on the fast immersed inter-



face method. Numerical results showed that the finite difference scheme is
second-order accurate. De Angeli et al. [33] presented a numerical solution
for incompressible fluid flows using the finite difference method which was
designed for parallel computing platforms. The results indicated that the
parallel code improves the efficiency for large-scale simulations. A numerical
method was presented by Quadrio and Luchini [34] for the direct numerical
simulation of the incompressible Navier-Stokes equations on a parallel com-
puter. The numerical method uses the commodity hardware that is designed
for efficient shared-memory and distributed-memory parallel computing. It
also uses the finite difference schemes and Fourier expansions. They used the
finite difference scheme in the wall-normal direction and the Fourier expan-
sions in the homogeneous direction. Svérd et al. [35] constructed a stable
high-order finite difference scheme to solve the compressible Navier-Stokes
equations. They found that the finite difference schemes have second, third,
fourth and fifth-order accuracy. Usov [36] proposed a semi-implicit finite
difference scheme to solve the Navier-Stokes equations for nonlinear viscous
compressible flow. The scheme reduces computational costs. Mcgee and Se-
shaiyer [37] presented a numerical solution for coupled flow interaction trans-
port models. They used the Navier-Stokes equations to model the blood flow
in the vessel and Darcy’s flow to model the plasma flow through the vessel
wall. They used the finite difference method to discretize the coupled equa-
tions and the Schwarz method to solve the resulting system of equations.
Kumar and Rajathy [38] investigated the flow of steady incompressible vis-
cous electrically conducting fluid past a sphere using the finite difference
method. The fluid was in the presence of a uniform magnetic field parallel to
the undisturbed flow. Reis et al. [39] presented a numerical solution of the
incompressible Navier-Stokes equations using an exact projection method.
They used the fourth-order compact finite difference scheme to discretize the
boundary conditions and the Poisson equation that followed from the pro-
jection method. The results indicated that the method converges and were
verified through analytical solutions and manufactured techniques.

The Runge-Kutta method is also efficient for solving the Navier-Stokes equa-
tions. Sterner [40] used the Runge-Kutta method to solve the Navier-Stokes
equations. He used a semi-implicit Runge-Kutta scheme by combining the
explicit time-integration in the direction of the stream with the implicit inte-
gration in the body normal direction. The flow of an incompressible viscous
fluid past a sphere was also investigated by Johnson and Patel [41]. They
solved the Navier-Stokes equations using a four-stage Runge-Kutta method
and investigated the problem experimentally over flow regimes. The results
were found to be in agreement with previous studies.



The immersed boundary method is also used to solve the Navier-Stokes equa-
tions. The method was developed by Peskin [42] and it has been used by
several authors to simulate flow problems including flow patterns in the heart.
Campregher et al. [43] used an immersed boundary method to present the
computations of the flow past a still sphere for moderate Reynolds num-
bers. They used the momentum equation to calculate the Lagrangian forces
field by applying the no-slip condition indirectly. They also used the virtual
physical model which was proposed by Silva et al. [44] in 2003 to evaluate
the force field using the flow of momentum equation. They remodelled the
version of the virtual physical model by extending it to 3D domains. The
codes is able to solve the Navier-Stokes equations which requires large mem-
ories and it is also able to do parallel processing. The results are found to
be in good agreement with data from existing literature. Muhammad and
Shah [45] calculated the slow flow past the sphere using the direct boundary
element method. They discretized the surface of the sphere into quadrilateral
elements and applied the direct boundary element method to calculate the
creeping flow solution around the sphere. The results were found to be com-
parable with the analytical approximations. Poon et al. [46] investigated the
flow past a stationary and rotating sphere at high Reynolds numbers using
the finite volume solver CDP. The finite volume solver CDP was created by
Charles David Pierce at the Stanford University. The governing equations of
the fluid are described by the incompressible Navier-Stokes equations. They
performed a direct numerical simulation (DNS) for Re = 250 and 1000 be-
cause it is computationally expensive to directly compute the Navier-Stokes
equations as Reynolds number increases. They used a large eddy simulation
(LES) modelling approach for Re = 10000 to minimize the computation cost.
The LES method was developed in 1963 by Smagorinsky [47] but was only
used in engineering in the early 90’s. Large eddies were captured by the LES
method while the mathematical model was used to approximate the small-
scale homogeneous motions. The results are in agreement with the available
data from literature for both the stationary and rotating sphere.

The finite element method is one of the prominent numerical techniques that
have been developed to solve partial differential equations. The method has
been used by many authors to solve the Naveir-Stokes equations. Mikulen-
cak and Morris [48] presented the numerical solutions of stationary shear
flows past free and fixed bodies for a range of Reynolds numbers. The
flow is described by the steady Navier-Stokes equations as governing equa-
tions. They used a finite element method to approximate the solutions of the
Navier-Stokes equations. They used the Newton’s method to solve the two-
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dimensional problems and an iterative solver to solve the three-dimensional
problems. The iterative solver was used to resolve the non-linearity of the
three-dimensional problem by employing a conjugate gradient linear solver
with a non-linear least-squares conjugate gradient method. The results are
comparable to the asymptotic low Reynolds number theory and experimen-
tal results from previous studies. A multiscale finite difference method was
used by Masud and Khurram [49] to solve the incompressible Navier-Stokes
equations. They decomposed the velocity field into fine-scales and coarse.
They also introduced the model for the fine-scale velocity to correct the
lack of stability of the Galerkin formulation of the Navier-Stokes equations.
The stability analysis showed that the method exhibits good stability and
accuracy. Li et al. [50] also used the finite element method to solve the tran-
sient Navier-Stokes equations. The method was based on two local Gauss
integrations and the lowest equal-order pair of finite elements. The results
indicated that the numerical tests are in good agreement with theoretical
results and the method is accurate and stable. Aigo [51] also presented the
numerical solution of the Navier-Stokes equations. He used the projection
and finite element method to solve the Navier- Stokes equations. He solved
the Navier-Stokes equations using the projection method which is based on
projection technique and finite element method. He also used the control
volume approach method to find the solution of the Navier-Stokes equations.
The results showed that methods will improve the computational results.
Camano et al. [52] presented a new fixed finite element method to solve the
Navier-Stokes equations. They considered an incompressible fluid with vari-
able viscosity and constant density. They produced numerical results that
indicated good perfomance of the augmented mixed finite element method.
Danilov et al. [53] used the finite element method to solve the Navier-Stokes
equations in a time-dependent domain. The finite element method was also
used by Abdelwahed et al. [54] to solve the Navier-Stokes equations. They
express the Navier-Stokes equations in terms of the stream function and vor-
ticity. They used a parallel numerical algorithm to optimize the computing
time.

The finite volume method is one of the methods that are used to solve partial
differential equations. It has been used in many problems of fluid mechanics.
Boivin et al. [55] studied the incompressible flows on unstructured meshes.
They solved the Navier-Stokes equations using the finite volume method and
fractional time step scheme. Chandrashekar [56] also used the finite method
to discretize the heat equation and compressible Navier-Stokes equations.
He applied a weak Dirichlet boundary conditions on the temperature and ve-
locity. The results indicated that the iterative converged better when weak



boundary conditions are applied on temperature and velocity. Sadikin et
al. [57] presented the unsteady three dimensional flow simulation around a
sphere using a numerical simulation computational fluid dynamic. The flow
regimes and separation around the sphere were analyzed for Reynolds num-
bers between 20 and 500. They found that the behaviour of the flow changes
and the flow separates as the Reynolds number increases. Verman [58] ana-
lyzed the incompressible Navier-Stokes equations using an explicit staggered
projection method. He replaced the continuity equation with the Poisson
equation and used the projection method to resolve issues that were related
to the pressure boundary condition. Krasnov et al. [59] presented the nu-
merical solution of the Navier-Stokes equations by using the discontinuous
Galerkin method. The results are in good agreement with existing numerical
data and experimental results. Langtangen et al. [60] also presented the nu-
merical methods for incompressible Navier-Stokes equations. The methods
includes finite differences, finite volumes , spectral and finite element meth-
ods. They mentioned that the lattice gas or lattice Boltzman methods can
also be used to compute incompressible viscous flow.

The simulation of a sphere with a small radius through an incompressible
viscous fluids was presented in 2003 by Valladares et al. [61]. The forces
acting on the sphere were due to gravity, buoyancy and viscocity. Stokes
calculation for the drag force was used and the stochastic force was pro-
posed which depended on the temperature. The governing equations of the
sphere through the viscous fluid were given by a Langevin type equation.
The Langevin type equations were solved numerically by using the Verlet
algorithm. Wilson [62] presented the numerical solution of the Stokes flow
past three spheres. The numerical method was based on the method of reflec-
tions and Lamb’s solution to the Stokes flow. The governing equations were
described by the incompressible Navier-Stokes equations and the boundary
conditions were applied on the spheres velocity and angular velocity for each
sphere or on the external force and torque acting on each sphere. The general
solution of the Navier-Stokes equations was presented using Lamb’s solution
in spherical polar coordinates. The results were comparable to existing lit-
erature based on the Stokesian Dynamics.



The aim of the research is to review the problem of flow past a sphere and
solve the Navier-Stokes equations via the stream function approach. We
attempt to derive the solution that was obtained by Stokes using the analyt-
ical methods, via symbolic computation as well as numerical methods in the
form of explicit finite difference method. It is important to understand the
solution that was derived by Stokes. We also analyse the problems encoun-
tered by Whitehead in his attempt to obtain higher approximations when
the Reynolds number is not small. We do a full review of the work done by
Oseen to solve the Whitehead paradox. We use the finite difference method
in terms of the stream function, for various values of Re with the aim of
investigating the validity of the solution as Re approaches unity. Lastly, we
generate code to numerically solve and plot solutions for higher moments
of stream function and we perform stability analysis of the finite difference
method utilised here. We compare the finite difference method (FDM) so-
lution of the stream function with the direct numerical simulation (DNS)
solution of the full Navier-Stokes equations.

10



2 Governing Equations

We consider a slow viscous incompressible fluid flow past a sphere of radius
a. We choose the spherical coordinates (r, 8, ¢) with the origin at the centre
of the sphere. The axis # = 0 is chosen to lie in the direction of the free
stream velocity U. The body force due to gravity is neglected. The physical
components of the velocity are V,, Vy and V. The flow is symmetric about
the axis § = 0, there is no change in the variable in the ¢ direction. V, =

Vi(r,0), Vo = Vy(r,0) and Vg = 0.

2.1 Stokes Approximation
2.1.1 Navier-Stokes and continuity equations

The Navier-Stokes and continuity equations for steady state are given by
equations (2.1.1) and (2.1.2) where the velocity and pressure is V and P re-
spectively. In equation (2.1.2), p is the uniform density and v is kinematic
viscosity of the incompressible fluid. The form of equation (2.1.1) is due to
the incompressibility of the fluid. The Navier-Stokes and continuity equa-
tions are defined as:

<1
<
I

0, (2.1.1)
(2.1.2)

=

V- D)V = —29P + v TV
0

subject to the boundary conditions below.

11



e The no slip boundary condition at the surface of the sphere (r = 1). It
implies that there is no velocity in the 6 direction and since the fluid catches
to the surface due to viscosity, the boundary condition is defined by

Vy(1,6) = 0. (2.1.3)

e The no cavities form boundary condition at the surface of the sphere (r =
1). It implies that the fluid cannot move radially away from the surface of
the sphere as this would cause cavities (regions where there is no fluid i.e a
vacuum). Thus the boundary condition on the radial velocity must be given
by

V.(1,0) = 0. (2.1.4)
e Boundary condition far from the sphere as r — co. The boundary condi-

tion as r — oo must be given by the mainstream velocity. Then boundary
condition far from the sphere is given by

V. = Ucost (2.1.5)
and
Vo = —Usin®. (2.1.6)
We now write the equations in dimensionless form by defining the following
— V
V== 2.1.7
v=+. 217)
— P
r
T==. 2.1.9
L="- (2.1.9)

where U is the mainstream velocity far from the sphere and r is the ra-
dial coordinate of the position vector.

The Reynolds number is given by

Re = —. (2.1.10)



The Reynolds number is a non-dimensional parameter which gives a measure
of the ratio of inertial to viscous forces [9]. The inertial forces are neglected
for Stokes flow which is also known as creeping flow and the Reynolds num-
ber is very small.

By substituting (2.1.7), (2.1.8) and (2.1.9) into (2.1.1) and (2.1.2), we obtain

<
I

v 0, (2.1.11)
(V-V)

N 1 —
-V P+ —V?
NP+ 5V

<
[
I=

(2.1.12)

By suppressing the overhead bars then the Navier-Stokes and continuity
equations in dimensionless form are

<1
<
I

0, (2.1.13)
1
(V-V)V =-VP+ -V°V. (2.1.14)

€

The vorticity of the flow is the curl of the velocity field and it is defined
as

w=V xV. (2.1.15)

It describes the local rotation of the flow and it is perpendicular to the
plane of the fluid flow. A region of the flow is irrotational when w = 0 and
flows that are initially irrotational remain irrotational if all forces that are
acting on the flow are conservative [63].

We use vector identities to define

V-V)V =¥/



By using (2.1.16) and (2.1.17) then equation (2.1.14) becomes

V(GV) ~V x (¥ % V) = ~VP+ = (VT V) ~ ¥ x (T x V)
(2.1.18)

We substitute (2.1.15) into equation (2.1.18) and use the incompressible con-
dition (2.1.13) to get

VRV~ xw = VP~ (¥ xw) (2.1.19)
Rearrange equation (2.1.19) to get
Vxw=Re(V xw—V(P+ %VQ)) (2.1.20)
We now apply Vx on (2.1.20) to get
ZXZXQZRG(ZXKXQ—ZXZ(P—F%VQ)). (2.1.21)
We use
V x (VV) =0, (2.1.22)
then (2.1.21) becomes
V x (¥ xw)=ReV x (V. xw), (2.1.23)

where the left hand side is the dimensionless viscous term and the right hand
side is the inertia term. Equation (2.1.23) is required in order to be able to
solve for the velocity of the flow.
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We introduce the stream function in terms of the velocity of the incom-
pressible fluids as the Stokes’s stream function which is defined by . The
velocity components are

V=Vie+Vie+Vye, (2.1.24)

where ¢,, €y, €, are unit base vectors in spherical coordinates. The flow is
symmetric about the axis § = 0 and there is no flow in the ¢ direction.

Hence

Vy = Vo(r, 6), (2.1.26)
V, = 0. (2.1.27)

The stream function in terms of the velocity components is defined as

1 oy
Vi = 2 eind 00 (2.1.28)
1 o
- oo 2.1.2
rsin or (2.1.29)
Then
_ 1 9y 1 oy
V= r2sin 8 060 &~ rsind or €g- (2.1.30)

The continuity equation is identically satisfied.

We now express the vorticity in terms of the stream function ) (r, 6),

15



&
I
<1
X
<

e, T ey rsin 6 €s
_ 1 rl 2 il
= or 90 ¢

r2sinf

Vo(r,0) rVa(r,0) 0

1 0 0 .
= %d <E (r V) — %Vr) rsinf e,

1 82¢+sin6g 1 Oy
~ rsinf \ Or2 r2 06 \ sinf 00 &

. 1 2
W= D¥e, (2.1.31)
where
9°> sinf 0 1 9
2 P — E— —
b= o2 T 2 a9 (sin@&‘)) ' (2.1.32)

Now we express V X w in terms of the stream function,

e. rey rsinf €s

<1
X
(5
I
3l
S
gl
hSS

r2sin 6

0 0 rsingw,

= ﬁ (%(r sinf wy) e, — %(r sin Qwgy)r Qe)

o, Lo,
—(=D"Y) e, — mg(—D V) ey

~ rsinf 06

16



Now V x (V X w) can be expressed as

1 4
Yx (¥ xw)= rsjngD ¥ gy (2.1.33)
We finally write
Ey T € rsin 6 [
1 5 5 )
Ux(Uxe)=5asl & w
1 0 D) ‘
" r2sinf (5(—7“% wg) — %(Ve W¢)> rsinf e,
r3sin2 0 ((’39 o or oo + cotear 5 e,

Then Navier-Stokes equation in terms of the stream function is given by

Re (040 0y 0 o 200
4.9 o oy o oY 20¢ )
D™y = Tand (ae % or 90 +2(:ot98T ~ 5 D*p,  (2.1.34)
where
O sin@ o [ 1 O
2, _
D= o7 T g (sin@ 89)' (2.1.35)

We need to solve equation (2.1.34) to find the solution of ¥ (r, ).

17



2.1.2 Boundary Conditions

e The no slip boundary condition at the surface of the sphere at r = 1

O

1,0) = —(1,0) = 0. 2.1.
Vol1,6) = 55(1,6) =0 (2.1:36)
e The no cavities form boundary condition at the surface of the sphere at r
=1

V.(1,0) = g—z(l,@) =0. (2.1.37)

e Boundary condition far from the sphere as r — co:
The free stream velocity V' = U where |[U| = 1 in dimensionless variables.
The velocity components as r — oo are

V., =U-cos?, (2.1.38)

Vo = —Usiné. (2.1.39)
Substitute (2.1.28) and (2.1.29) into (2.1.38) and (2.1.39)
oy

— 2
20— " sinf cos 6§, (2.1.40)
%%::rsnﬁe. (2.1.41)

Integrating (2.1.41) with respect to r

2

¢@ﬁ%:%$f0+Gwy (2.1.42)

18



Substitute (2.1.42) into (2.1.40)

r? sin 0 cos 6 + @ = r2sinfcosf

a0
We rearrange equation (2.1.43) to get

G(6)
a0
After integrating G(6) with respect to ¢

=0.

G(o) =C

where C' is constant.

(2.1.43)

(2.1.44)

(2.1.45)

We choose 9(r,6) = 0 because V. depends only on the derivatives of 1 (r,d)

so that C' = 0. Then

2
W(r,0) — %sinzé asr — 0o.

19
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2.1.3 Perturbation Expansion

We solve the Navier-Stokes equations (2.1.34) by expanding the solution in
powers of Re where Re << 1. The expansion can be written as

Y(r,0) = o(r,0) + Re b1 (r,0) + O(Re?). (2.1.47)
The Navier-Stokes equations (2.1.34) becomes
Re (8% 0 87700 0 ) D2'¢0

D*y + Re D*; + O(Re?) =

r2sin 6

00 Or or 00
Re ( Oy 2%

2cot l— — —
r2sin @ 0

or r 00

) Dy + O(Re?).  (2.1.48)

subject to boundary conditions

o Iy 2y _ _
o Py 2y _ _
S (1.6) + Re S2(1,6) + O(Re?) =0 atr =1, (2.1.50)
2
Yolr,0) + Re v (r,0) + O(Re?) = % sin® 0
+Re O(r) asr — oo. (2.1.51)

The expansion should be regarded as the expansion of the exact solution
W(r, 0, Re) for small values of Re at a fixed value of r.
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2.2 Oseen Approximation

Oseen [6] approximated the solution by linearising the inertia terms that were
neglected completely by Stokes. Stokes approximation breaks down because
the second approximation of the velocity remains finite at infinity and does
not satisfy the boundary condition at infinity. The Navier-Stokes equations
are given by (2.1.1).

Oseen [6] introduced the approximation

V-V)V~U-V)V

=

(2.2.1)

where U is the uniform stream velocity. Then equation (2.1.1) becomes

1
(H-Zﬂiz—52P+uV@g (2.2.2)

The Oseen’s equation in dimensionless form is

1
n-V)V=-VP+ EVQK, (2.2.3)
where
U
n= ﬁ = cos fe, — sinfey, (2.2.4)

where n is a unit vector in a direction of the mainstream flow U.

We write the Oseen equation in terms of the vorticity and velocity.
Using vector identities, V(n - V) can be expressed as

Vn-V)=@n-V)V+V -Vn+nx (VxV)+V x(Vxn) (225)

and because n is a constant vector then

(V-V)n =0, 2.
V xn=0. (2.2.7)
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The vorticity of the flow is

VxV=w.

By substituting (2.2.6), (2.2.7) and (2.2.8) into (2.2.5) we get

n-V)V=VY@n-V)-nxw.

We use vector identities to define

Vx(YxV)=V(V V)~ VY.

Since the fluid is incompressible (2.2.10) becomes
ViV = -V x w.

We substitute (2.2.9) and (2.2.11) into (2.2.3) to get

Vxw=Re(nxw—-V(n -V+P)).

We apply Vx on (2.2.12) and use V x (VA) = 0 to get
V x(V xw)=ReV x (nxw),

which is the Oseen equation in terms of the vorticity and velocity.

We introduce Oseen [6] variable

p= Rer,

22

(2.2.8)

(2.2.9)

(2.2.10)

(2.2.11)

(2.2.12)

(2.2.13)

(2.2.14)



and the stream function ®(p, ). The velocity in terms of ®(p, §) is given by

Re? 0® Re? 0®

v AP L 2.2.15
—  p?sinf 00 o psinf Op Lo ( )
and the vorticity is given by
Re3
= - D*® ¢, 2.2.1
- psin @ o ( 6)
We write
Re?
=— D'® 2.2.1
V x(Vxw) S [y (2.2.17)
n X w = —sinfwy e, — cosbwy e, (2.2.18)
Ret 0 sinf o
= —(D?*®) — —(D?*® : 2.2.1
Vo (nxw) = e (ool (%) - L0 ) o (2219)

Substituting (2.2.17) and (2.2.19) into (2.2.13) we get

0 sinf O
D*® — cos—(D?*®) + —(D*®) =0, 2.2.20
5y (D°®) + = =5 (D) (2:2.20)

which is the Oseen’s equation in terms of ®. We need to solve equation
(2.2.20) to find the solution for ®(p, 9).
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3 Analytical Method

In this section we investigate the analytical solution to the Stokes expansion
version of the stream function equation.

3.1 Stokes Approximation
3.1.1 Stoke’s solution for zero order problem

We derive the solution of the first order problem by solving equation (2.1.34)
subject to the boundary conditions at the surface of the sphere and far away
from the sphere. The zero order perturbation equation (2.1.34) becomes

D'y =0 (3.1.1)
and the boundary conditions (2.1.36), (2.1.37) and (2.1.46) are
I

WQ’Q) =0 atr=1, (3.1.2)

%(1,9) =0 atr=1, (3.1.3)
2

Po(r,0) — %sinQH as r — oo. (3.1.4)

The boundary condition (3.1.4) suggest that solution will be of the form

Yo(r,0) = f(r)sin? 0. (3.1.5)

Then

0%y sinf O 1 O
2. 0 < 7o
Do =52+ 2 5 <sm9 ae)

O (f(r)sin*6)  sinf O 1 9(f(r)sin®6)
B or? * r2 00 (sin@ 00 )

0 f(r) 2 sin?

= sin% 4 53 = f(r)
) 0? 2
= sin®# ( a{,(;) — {0(27“) ) .

24



Hence

D*(D%y) = aa_; (sin29 (a;i (2” _ (7“)))

r2

sin@ o 1 0 [. Pf(r)y  2f(r)
* r2 %(sin@% <sm29< oz 2 )))

_ (84f(7") _AGS(r) 8Of(r) 8 m) <in? 0 cos

ort r2 Or? 3 Or) rd

By substituting D% into equation (3.1.1) we can write
ot 4 9* 80 8

ort 2 or? r3 Or) rd

this is an equidimensional equation which has a solution of the form
f(r)y =" (3.1.7)

We write the derivatives of equation (3.1.7) as

af(r) o 1
or prt
82f(7“) _ -2
o - B(B—1)r”
T — b5 -5 -2)
PID -1y - 2)(8 -3 vt

We substitute the derivatives of equation (3.1.7) into (3.1.6) then we get
B-=DB-2)B-4)(B+1)r" =0 (3.1.8)
2.8 =1,2,4or-1. Then equation (3.1.7) becomes

f(T):AT4+BT2+CT+g (3.1.9)
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where A, B, C,and D are constants.

We now use the boundary conditions to find the constants. By applying
the boundary condition far from the sphere as r — oo

7“2

P(r,0) — B sin?f asr — oo (3.1.10)

then we find that A = 0 and B = 1/2. We take the limit at infinity so that
the solution is consistent with the boundary condition.

By applying the no slip boundary condition at the surface of the sphere

w@m:%%Lmza (3.1.11)

then C- D 4+ 2B =0
. C-D=-1.

By applying the no cavities form boundary condition at the surface of the
sphere

%@@z%%sza (3.1.12)

then B+ C+ D =0,
S D+C=-1/2.
. A=0,B=1/2,C=-3/4and D = 1/4.

Hence

1 1
Yo = 1 (27“2 —3r+ ;) sin 6. (3.1.13)

The first term in (3.1.13) is the uniform stream U because

1 0 (1, .,

V=m0 a0 (57“ s 9) = cosf, (3.114)
1 0 /(1, . , .

Vo = R <§r sin 9) = —sind, (3.1.15)
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V =V,e, + Vyey = cosfe, —sinfe, = U

(3.1.16)

The flow is irrotation and there are no vortices because w = 0. The second
term in (3.1.13) is called the Stokeslet because it contributes to the vorticity
of the flow. The third term in (3.1.13) is called the doublet, it is at the centre
of the sphere and w = 0. Figures 1 shows the streamlines of the Stokes solu-
tion. For low Reynolds numbers, the streamlines distribution is symmetrical
about the plane y = 0. The streamlines are uniform and straight in front of
the sphere and they are deflected around the sphere.

2L

Figure 1: The streamlines illustrating the zeroth order flow of fluid around
the sphere.
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3.1.2 Solution of the first order problem

We now derive the solution of the second order problem by solving equation
(2.1.34) subject to the boundary conditions at the surface of the sphere and
far away from the sphere. The first order perturbation equation (2.1.34) be-
comes

D'y, =

Re 8% 0 81/}0 0 8% 28%
00 or  Or 00 or r 00

(22 _ P 7 4 9coth 2 — 220 D? 3.1.17
pepr +2co > Yo, ( )

subject to the boundary conditions below

Iy

5, 1,0 =0, (3.1.18)

I

5910 =0, (3.1.19)
Yr(r,8) =O(r) asr — oo. (3.1.20)

We first substitute 1y from equation (3.1.13) into D?3y to get

”? (1 1
2, _ O (L0 IV 2
D%y = 52 ( (2r 37‘+T>Sln 9)

4
sinf 0 1 0 (1, _, 1, .5 3191
+_7“2 % (sm@% <Z(2T 3T+;)Sln 9)) ( )
3
:Esinzé.

The first derivatives of ¥ (r, 8) with respect to r and 6 are

G@DO o ]. 1 2
3 =1 (47“ 3 ﬁ) sin“ 0, (3.1.22)
% _ % (2T2 —3r 4 %) sin 6 cos 6. (3.1.23)

Substitute (3.1.21), (3.1.22) and (3.1.23) into (3.1.17) to get

4 rz2 o3 s

2 1
D*y = 2 (—— + S —) sin? ) cos 6. (3.1.24)
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Now we look for the solution of the form

U (r,0) = g(r) sin® f cos 0. (3.1.25)
Then
O%py  sin@ 9 [ 1 Oy
D*); = =
v o2 T 2 a9 (sin@ 89)
0? 9 sinf o (1 0 .
=53 (g(r)sin® 6 cos0) + Y <sin9% (g(r)sin® 0 cos 0))
2
= <0agr(27") — %g(r)) sin? @ cos 6.
r
Hence

D?*(D*)y) = 8—2 (an(T) - Eg(r)) sin? 6§ cos 0

or? or? r2

sinf o (1 0 [(d((r) 6 o
+ T 99 (sin&% ( oz ﬁg(r)) sin 90059)

_ (0%(r)  129%g(r) 24 0g(r)
N ort rz Or? r3 Or

> sin? 0 cos 6.

Dg(r) _120%(r)  240g(r)
ort r2  Or? r3  Or

Dh)y = < > sin 6 cos 6. (3.1.26)

Equating (3.1.24) and (3.1.26)

(849(7”) 120%(0) A 39(7“)) 9 ( 2 3 _ l) C (31.27)

or4 r2 Or? r3 Or 4 rz2 3 b

We look for the homogeneous solution of the form

g(r) =r". (3.1.28)

29



We write the derivatives of equation (3.1.28) as

0g(r) _ . a1
o) _ s
90 afa— 1),
Z90) (o~ 1)(a-2) 1
84@%4” — afa— )a—2)(a— 3) o

Then by substituting the derivatives of (3.1.28) into equation (3.1.27), we get

ala+2)(a —3)(a—5)r** =0.
soa=-2,0, 3, 5 then the complementary function is

CF:AT3+B7’5+%+D
r

and the particular solution is

) 32,9, .3
ry=——r"4+_—r+—.
g 16° 32 " 3

The general solution is

C 3 9
AP+ B+ —+D— —r?4 —pr 4 —.
g(r) re + T+r2+ " +327‘+32T

Hence

i(r,0) = (Ar3 + Br’® + % + D) sin 6 cos 0
(_3702 + ﬂr + i) sin 6 cos 6.

T T
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(3.1.31)
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By applying the boundary condition far from the sphere

U (r,0) =O0(r) as r — oo,

then A =0and B = 0.

We apply the boundary conditions at the surface of the sphere

Iy

20 ¥

then C' + D + 3/16 = 0.

then 2 C' + 3/16 = 0.

5.C=-3/32and D = - 3/32.

S (r,0) =

Thus

3 1 1
~35 (27"2 —3r+1— ;+ﬁ> sin @ cos 6.

1 2 LY o
w(r,ﬁ)—4<2r 37’+T) sin” 0

3
— Re—
“32

1 1
(27“2 —3r+1--+ —2> sin? f cos ) + O(Re?).
roor

31

(3.1.34)

(3.1.35)

(3.1.36)

(3.1.37)

(3.1.38)

(3.1.39)

(3.1.40)



Figures 2 and 3 shows the streamlines for the solution of ¥ up to ¥; at Re
= 0.50 and 3.00. For Re = 0.50, the streamlines are symmetrical from front
to back but as we increase the Reynolds number to 3.00, the flow pattern
breaks because the analytical solutions are effectively limited to Re < 1.

2+

Figure 2: The streamlines illustrating the flow of fluid around the sphere for
¥ up to ¥, at Re = 0.50
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Figure 3: The streamlines illustrating the flow of fluid around the sphere for
¥ up to ¥y at Re = 3.00
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3.1.3 Whitehead Paradox

The Stokes expansion breaks down because the equation (3.1.39) does not
satisfy the boundary condition as r — co. It does satisfy the boundary con-
dition at the surface of the sphere. The boundary condition requires that the
solution must be of O(r) at infinity but it behaves like O(r?). There is no
choice of a constant that can be used to ensure that the solution behave like
O(r) at infinity. Thus giving rise to an incorrect expression for the velocity
at infinity; this is the Whitehead paradox.

The Whitehead paradox is the non-existence of a second order approxima-
tion to Stokes solution for unbounded flow past any body. This is a singular
perturbation problem. However the paradox was resolved by the Oseen ap-
proximations which we discuss in section 3.2.

3.1.4 Solution of second order problem

We now derive the solution of the second order problem by solving equation
(2.1.34) subject to the boundary conditions at the surface of the sphere and
far away from the sphere. The first order perturbation equation (2.1.34) be-
comes

Re Ewl 8 8% 8 8¢1 2(9'(#1
4 o o oYy 20y 2
D= gnd ( 20 or  oran 2 T o ) Dy (3.1.41)
subject to boundary conditions
Oy
—=(1,0) = =1 1.42
2(1,0)=0 atr=1, (31.42)
Oy
~72(1.0) = =1 1.4
89(’9) 0 atr : (3.1.43)
Po(r,0) = O(r) as r— oo. (3.1.44)

We first substitute 1; from equation (3.1.39) into D%, to get

0? 3 L1
D21/)1 _ 5 (_@ (27’2 —3r+1-— - + T_2) sin290089)

sinf 0 3 9 L 1Y .
_1_7% (__ (Qr —3r+1——+—> sin 90089).
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3 3 9 921
. D2 —_(Z_ = - - in2 0 0. 1.4
©- D (4 T 16r) S rees (3.1.45)

The first derivatives of ¥y (r, 8) with respect to r and 6 are

o 3 2 1 .

5, = "3 (_3_ﬁ+ﬁ+4r> sin“ 6 cos 0, (3.1.46)
0 3 1 1

%:_1_6 (1+ﬁ—;—3r+2r2> sin’ § cos 0

(3.1.47)

3 1 1
+3—2<1+ﬁ—;—3r+2r2) sin® 6.

Substitute (3.1.45), (3.1.46) and (3.1.47) into (3.1.41) to get

33 27 n 63 297 n 189 20
- — — sin
64r8 6477 3275 64r% 6493 812

D"y = Re? (

9 27 9 o
+ Re (_4r6 + i 27"3) cos @sin“ 0

27 9 9 921 L,
615 64 810 +87«5)("08(29)81“ f

+R62(

4
+ Re? ( % o857 ) ) cos(2 ) sin” .

T6drt  6ArE 82
(3.1.48)
Now we look for the solution of the form

Vo(r,0) = h(r)sin? 0 + j(r) cos fsin @ + k(r) cos(26) sin 6. (3.1.49)
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Then

DUy = Re? (_8h(r) N 48k(r) | 8 Oh(r) N %ak(r)) <in? 0

7D 7o rd Or rd  Or

2 2 4
L Re? < 4 0°h(r)  120%k(r) N 10 h(r)) <in? 0

3 Or? r3  Or? r  Ort

9 27 9 oy
+Re (_ﬁ + @ - ﬁ) cos @ sin” 0
(3.1.50)

rd Or r3  Or? r Ort

. 2. 4.
+ Reé? <%8j(r) _ 129 J(r) + Lo j(r)> cos 6 sin? §

o (T2k(r) | 48 0k(r)
+ Re <—r5 + T oy
24 0°k(r) N 13‘%(7“)

r3  Or? r Ort

) cos(2 6) sin® 0

+ Re? < ) cos(2 0) sin® 4.

We equate equation (3.1.48) and (3.1.50)
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o () s i s,
R ( % 648 L ) ( Re | 27Re 921:36 24ﬁ62 8;("3(:)) g
+ (— 12£62 82(; ) 4 13;62 627;6(;)) cos fsin® 0

+Re? (72:1(0 + gal;ir) - i_ja;%” + %a‘;iir)) cos(2 0) sin® 0 =

oz (33 27 63297 180 3\,
“\64r8 647 " 325 6414 6413 82

9 27 9 )
+Re (_4r6 + i 27’3> cos B sin®
27 9 9 27 )
+Re? <64r8 o T e T 8r5) cos(2 6) sin® 0
495 387 9
2 —_ —_
fe < 64r4+64r3 8 r2

) cos(2 6) sin® 6.

The coefficients of cos(2 6) sin? 0,

T2k(r)  480k(r) 24 0%k(r) N 19%(r) _

o rd  Or r3  Or? roort
27 n 9 B 9 n 27

6478  647r7 816 8¢5

The solution to the differential equation is

¢, C —9500 — 110257 + 950472
k(r) = =+ == +r'Cy +1°Ca+ ( 37632007: )
176400r — 242550r* + 189630r° — 58800r°
* < 376320073 )
—12600log r — 6048072 log r
* < 376320073 > ‘

The coefficients of cos 6 sin? 6,

24Re*9j(r)  12Re* 0%j(r ) Re? 9*j(r)

=0.
r4 or r3 or? r  ort
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The solution to the differential equation is

o 2 9’ 5 1 |
T—L——5+§T3C’6+gr507+08.

T T By

The coefficients of sin? 6,

_ 8h(r) N 48k(r) N 8 Oh(r) | 240k(r) _
rd 7o rd Or rt or
33 27 63 297 189 3

G1rS 641" 325 644 648 82

The solution to the differential equation is

C
h(r) = 2 + Chor + Ciyr? + Cport + <

r

—724 — 110257 — 4166472
125440073

n (44100r3 — 117600r° — 588007 + 75264003 + 752640C 477

125440073
N 14112075 logr — 2520 log r — 4032072 log r
125440073 ‘
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< ) + 0107” -+ 0117“ + 0127" ) sin2 0

724 — 110251 — 4166472 ) .
sin“ 0

125440073
4410072 — 11760015 — 588007°Y . 9
* 125440073 > sin” 0
. 752640C" 5 + 752640C 477 > .y
125440073
1411207° logr — 2520 log r — 4032012 logr) o
+ sin” 0
125440073
9 277" ar?
Tl T 128 T 64 ?) cosfsin”0
%7306 + —r5C, + C’8> cosf sin® 0

+

_|_ 2240+ r6C’4) cos(26) sin 0

—9500 — 11025r + 950472
376320073
17640073 — 24255071
(376320073
18963075 — 5880076
(376320013
12600 log r — 6048072 log r
376320073

+

> cos(26) sin 0

_|_

) cos(20) sin 0

+

) cos(26) sin @

_l_

o
(
(
(
(
i}
(=
S
(
(
S

) cos(20) sin 6.

We could not find the constants that will satisfy the boundary conditions.
The terms that include the log r makes it difficult to determine the constants.
Proudman and Pearson [5] were able to find the solution of the second order

problem by using the matching procedure. We discuss the solution in section
3.3.
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3.2 Oseen Approximation
3.2.1 Leading term of Oseen expansion

The Oseen expansion is as follows as Re — 0

1 1
where
Py(p,0) = %pZ sin? 4, (3.2.2)

which is the uniform stream.

3.2.2 Second term of Oseen expansion

We derive the second term of the Oseen expansion by substituting equation
(3.2.1) into the Oseen differential equation (2.2.20) to get

0 . .0
D*®, = cos 08_}9 (D2<I>1) — sin 9% (D2<I>1) (3.2.3)

We assume
D>®; = 3P0, (3.2.4)

then equation (3.2.3) becomes

1
D?®; — 1 21=0 (3.2.5)

We look for the solution of the form

®, = f(p)sin®0 (3.2.6)
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Substitute equation (3.2.6) into (3.2.5)

*flp) 2f(p) 1

op i /) =0 (3.2.7)
2\ _1,
s fp) =4 (1 + 2—9) e 2 (3.2.8)

Then equation (3.2.4) becomes

2\ i
D*®y = A, (1 + —) e 2Plmcost) gin2 g (3.2.9)
p

The particular integral of less than order unity in the Stokes region is
O (p,0) = —2A,(1 + cos 0) (1 - e—%p“—‘me)) . (3.2.10)
When p is of order unity equation (3.2.9) becomes
®,(p,0) = —Apsin?0 (3.2.11)
Then Oseen expansion (3.2.1) is
O(p,0) = L7 20— a4, 2 sin?p (3.2.12)
2 Re? Re

The dominating terms of the Stokes solution (3.1.1) in terms of Oseen vari-
ables are

1 3
bo(p, 0) = §p—6 sin’ ¢ — 5 sin’6 (3.2.13)

By comparing the coefficients of the second terms of equations (3.2.12) and
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(3.2.13) then A; = 3/4.

Then the stream function ® solution becomes

1 31 ,
O(p,0) = §p2 sin? 6§ — EE(l + cos ) (1 - 6—%])(1—0059)) . (3.2.14)

The Oseen solution satisfies all the boundary conditions. The Oseen expan-
sion is uniformly valid over the whole field of flow. We can use the Oseen
expansion to find a finite number of terms which will give a uniform accurate
approximation to the solution [5]. Figure 4 shows the streamlines for flow
past the sphere for Oseen solution at low Reynolds number (Re = 0.30). The
streamlines are in agreement with results obtained in J. R. Grace and M. E.
Weber [63].

Figure 4: Streamlines for flow around the sphere for Oseen solution at Re =
0.30
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3.3 Improved Approximation

In this section we use the matched asymptotic expansion to improve the sec-
ond and third term of the Stokes expansion. We match the Stokes second
term with the Oseen second term to find the constant.

3.3.1 Improved solution of the first order problem

We write the Oseen expansion (3.2.15) in terms of Stokes variables as

1 3
O(r,0) = 1(27“2 — 3r)sin? 6 + ERGTQ(l — cos ) sin? § (3.3.1)

Now the Stokes expansion must have the form

1 1
W(r,0) = 1 (27‘2 —3r + ;) + Re(r,0) + ... (3.3.2)
in order to match the Oseen expansion form.

Thus

i(r, 0) = Ay (27“2 —3r + %) sin? 6

5 11 (3.3.3)
~ 3 (2r2 —3r+1-— . + ﬁ) sin? 6 cos 6.
Now the Stokes expansion in terms of Oseen variables is
11 ) 1 3 3 .
»(p,0) = 5@pz sin? @ — Te (2A2p2 — 1—6102 cosf — Z—lp) sin?d.  (3.3.4)

Comparing equation (3.3.1) and (3.3.5) gives Ay = 3/32.

Thus the Stokes expansion becomes
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1 3 1
P(r,0) = 2r? —3r 4+ = | sin?0 + —= ( 2r* — 3r + = | sin® 0
r 32 r

A~ =

(3.3.5)

3 1 1
3 (27’2 —3r+1- - + ﬁ) sin? 6 cos 6.
The streamlines of the improved solution of the first order problem are illus-
trated in figures 5 and 6. Figure 5 shows the flow pattern of the improved
solution at Re = 0.50 which is comparable to the Stokes solution for low
Reynolds number.

—2; T T

-3+

Figure 5: Streamlines illustrating the flow past a sphere for the improved
solution of ¢ up to ¥, at Re = 0.50.
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Figure 6 shows the streamlines for the improved solution at Re = 3.00,
we note that the flow pattern does not break when the Reynolds number
increases. The streamlines in Figure 5 provides an improved solution com-
pared to the streamlines of the first order solution in figure 3. The flow
patterns at Re = 3.00 shows great improvement as compared to the flow

pattern in figure 3.

Figure 6: Streamlines illustrating the flow past a sphere for the improved

-2
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-2 0 2 4

X

solution of ¢ up to ¢, at Re = 3.00.
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3.3.2 Improved solution of the second order problem

The solution of the second order problem was found by Proudman and Pear-
son [5]. The arbitrary constants of the third term of the Stokes expansion are
found using the Van Dyke matching principle. Re? is replaced by Re?logr
on the third term of the Stokes expansion. The solution as in Proudman and
Pearson [5] is

9 1
o(r,0) = 160 (27“2 —3r+ ;) sin” 0. (3.3.6)

Figure 7 shows the streamlines for improved solution of ¢ up to ¥y at Re =
0.5. The streamlines are in agreement with the condition for Re < 1.

2+

Figure 7: Streamlines illustrating the flow past a sphere for the improved
solution of ¢ up to 1, at Re = 0.50
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3.4 Conclusion

We have reproduced the analytical solutions that were obtained by Stokes [3]
and Oseen [6] for incompressible flow past a sphere. We first solved the zero
order problem by neglecting the inertia of the fluid to obtain the Stokes solu-
tion. We then derived the first order solution when the Reynolds number is
not negligibly small. The first order solution does not satisfy the boundary
condition at infinity because 1 (r, ) behaves like O(r?) as r — oo. We also
attempted to find the solution of the second order problem. We were able
to find the form of the second order solution but we could not determine
the constants of integration because of the logarithms terms. We also tried
to write an algorithm to obtain higher approximations of the flow but the
trigonometry terms on the D*i) expression made it difficult for us to find the
form of the nth term of .

We derived the second term of the Oseen expansion that was obtained by
S. Goldstein [64]. The Stokes solution was improved by using the method
of matched asymptotic expansions. We improved the first order solution by
matching it to the Oseen expansion. We were able to find a free constant
that will ensure that the solution satisfies the boundary condition far from
the sphere thus resolving the Whitehead paradox. Proudman and Pearson [5]
found that constants of the second order problem must be multiple of logr
in order to satisfy the no-slip condition on the sphere. The Re? in the second
term of the Stokes expansion is replaced by Re?logr.

The attempt to create an algorithm that will formally produce the nth term
of the Stokes expansion using the stream function analytical method was
unsuccessful. However we were able to use Mathematica to solve the Navier-
Stokes equations using the Stream function approach for the first three terms
of the Stokes expansion. The breakdown of the expansion leads us to try and
solve the problem using a numerical method. We will use the finite difference
method to approximate the nth ¢) numerically in the next section.
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4 Numerical Method

In this section we use the finite difference method (FDM) to accurately ap-
proximate the solution of the stream function equation. We use Mathematica
to generate code to numerically solve the stream function equation and plot
solutions.

4.1 Finite Difference Method
4.1.1 Navier-Stokes Equations

We approximate the solutions for the stream function using the finite dif-
ference method. The coordinates are transformed from (r, 0) to (&, p). We
define ¢ and u as

E=1—¢e"", (4.1.1)
(= cosf. (4.1.2)

We transformed the coordinates because we cannot take r to infinity. We
chose

r=(1—-log(l—Y¢)) (4.1.3)

so that we can get arbitrarily close to infinity. By using £ we can create
a grid for £ that starts from 0 to 1. The main disadvantage of the coordinate
system is that r gets to infinity quickly, the graph below shows how & gets
to 1 quickly.
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Figure 8: The graph shows that & gets to 1 quickly. £ gets closer to 1 before
r gets to 10.

The first derivatives of the stream function in terms of the new coordinates
are

ov(r,0) OV (&, 1)
a?,, _(l_g)a—ga
ov(r,0) v (&, )
B A e

The Navier-Stokes equation (2.1.34) in terms of the new coordinates is

DY, =AD?¥,, 0<&<1, —1<pu<l, (4.1.4)

where
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ply | Ap=1) P& 41 32\1’(5,/0]
T (log(1—€) — 13 o (log(1— &) —1)* o2
[ (MQ B 1)2 84\11(57 ILL) . 6\11(6’ :u)
ligi=g-1r aur TV, }
[ LOPU(E, ) 2 (12— 1)(€ — D)(log(1 — &) — 3) PW(E, )
+_7(5_1) ogr (log(1 — €) — 1)3 agam}
[ SPU(E, 1) LO(E ) 2 (2 — 1) (€ — 1)2ON(E, p)
O e T T T gl 6) 17 e
(4.1.5)
and
s | A (pP—1)  0W(E p) OPU(E, )
(el (P S P R TR }

+

+

[ (€= 1)(log(1 = &) —3)0V(E, ) 0‘1’(5,10]
| (log(1—¢) —1)3 oy o€
[ (@ = 1)(E=1) PU(E, ) N(S,u)]
[(log(1—=¢&) —1)*  Op? 23
[ 2 p(€—1)° (3\11(&#))2}
(1% = 1)(log(1 = &) = 1)2"  9¢
[ (26 -6 —1) 0V(E ) 02@(&#)]
[(log(1—-¢&) —1)2 3¢ 0¢ou
[ (1= ) (€ =1) OV(E, ) 33@(&#)]
L(log(1 =& —1)*  Op  050p?
[ (£ —1)%(3log(1 = &) = 5) DV(E, ) 32@’(&#)]
(log(1—¢) — 1) oy o2
2 p(E-1)7° OV (E, 1) 32‘11(5711)]
L(1* = 1)(log(1 = &) = 1)*  0¢ 0g?
i (€—-1)° W (E, ) 33‘11(&#)]
(1 —p2)(log(1 =& —1)2  9¢  9€%0u

(4.1.6)

| (log(1—=&) 1)  ou  06%0¢ |
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4.1.2 Method

We replace the derivatives in equation (4.1.4) with the finite difference ap-
proximations and use the steps below to solve the equation:

e We choose 0§ and du as step sizes.
e Create a ¢ grid by dividing [0,0.9] into (N{+2) equal subintervals, the

endpoints are at

E=a+(i—2)5 i=23..(NE+1), 66 = (4.1.7)

ei=1andi= N¢+ 2 are ghost points.

e We choose 0.9 and 0.99 for the end point of the £ and u grids respec-
tively because we cannot get to 1 due to the singularity of the Navier-Stokes
equation.

e Create a p grid by dividing [-0.99,0.99] into (Nu+1) equal subintervals,
the endpoints are at

d—c

g @19

e j=1andj= Nu+ 2 are ghost points.
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e Replace the derivatives in the stream function equation with the below finite
difference approximations. We use the explicit central difference scheme to
second order accuracy.

<8_\I’> _ Wi — Wiy
9 ), 26¢
<3_‘I’> Wi —
o) B 20
(32_\11) _ Uip1; —2W;; + W1
S (66)?
(52_\11> W =20+
o), (510
((93_‘1/> W 20 — 2V + Y
o8 ), 2(6¢)°
(83_‘11) W20 0 =20 500 + W0
o), 200y
(84_\1’> W g — AV 6V — AT+ Wi
o€t )i (36)*
(84_‘1/) L W0 — AV + 6P — AT+ W
'), (6p2)"
( O*V ) Vi~ Yign . Wi — Wi
oo /), ; 466 o 46 o
(33_\1/> ~ Vg — Vi Wige — Wi Wi — Wi
o¢0u),, 8 (067 on S (36 oy S (562 o
W1 —Wia
8 (6€)* op
(5’3_‘11) Vi = Vi Wi — Wiy Vi, — Vi
o), 8E () 8 0¢ (op1)? 8 0¢ (op1)?
n Vitij—2 — Vi1 -2
8 0¢ (6p)?
< o*w ) Vi =2 Wi+ W0 5 Vi1 =2V, + W5
S (68)* (o) (€)% (0p)?
n Ui 01— 21+ W15
(0€)* (0p)?
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e The Dirichlet boundary condition at the surface of the sphere is
Uy; =0, 7=2,3,4.....(Nu+1). (4.1.9)

e The Neumann boundary condition at the surface of the sphere is

8\1}) ‘I’3j—‘111j .
5] T 5 =0 7=34...(Np), 4.1.10
(% 206 (k) (4.1.10)
then

Ui ="s;, j=34..(Np). (4.1.11)

Uner1;, =0, j=2,3.....(Nu+1). (4.1.12)

e We add a ghost point on the ¢ grid far from the sphere
Unera; = Une;+ (1 —p5), j=3,4...(Np). (4.1.13)

e We add a ghost point on the p grid on each end point.

Uiy =~ ny,, 0= 2,3 (NEF 1), (4.1.14)

\Ili,N/L+2 = _\Di,37 Z = 2,3 ..... (Nf + 1) (4115)

e The solution of ¥, is approximated by using the known solution of W,,.
The first term of Stokes solution will be used as the known solution to ap-
proximate the second term of the Stokes expansion.

Using matrix notation:

A Aig A Al m

A2 1 AZ 2 A2,3 A2 m

Asp Asp Ass Asm | .
\Ijn-i-l =B,

A is the finite difference approximation and is a matrix of order (m x m).
B is equal to AD?¥,, and is a (m x 1) column matrix.
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4.2 Numerical Methodology for Direct Simulation of
the Navier-Stokes equations

We now solve the full Navier-Stokes equations for incompressible fluid flow
past a sphere using a direct numerical simulation (DNS) method that uses
a projection step, an implicit viscosity step, discretization on a staggered
grid and the visualization of the solution over time. B. Seibold [65] used the
method to the Navier-Stokes equations.

4.2.1 Navier-Stokes Equations

The Navier-Stokes equations in dimensionless form are given by
V.V=0, (4.2.1)
— 4+ V- V)V =-VP+ RLV V. (4.2.2)
subject to boundary conditions,
e The no slip boundary condition at the surface of the sphere
V.(t,1,0) =0. (4.2.3)

e The no cavities form boundary condition at the surface of the sphere

Vo(t,1,0) = 0. (4.2.4)
e Symmetry boundary condition
0
20 (Va(t,7,0)) =0 (4.2.5)
and
2(V(t ))=0 (4.2.6)
90 o\, T, T)) = U. 4.
e The boundary condition far from the sphere
1o,
Vit 1o, ) = 250 00 (4.2.7)
and
1 9o
t 0) = — — 4.2.
‘/9( ’TOO’ ) T’Sin@ ar 9 ( 8)
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where r, is the boundary for DNS; it correspond to £ = 0.9.
The Navier-Stokes equations in spherical coordinates are

10 1 0
2 0r (r#V2) + 7sin 6 60 (Vosin ) =0, (4.2.9)

oV, ov, VoV, Vg\ = 0P
<Vr87‘+7“89 r)_

ot or
e (s 09+ rgan (005 ) ). 620
()
(5 (50)
+L (izaﬁ (Siie% (Vgsine)> + %%g) . (4.2.11)

4.2.2 Method

We define the velocity field at the n' time step (t) as V. We approximate
the solution of the Navier-Stokes equations at the (n+1)* time step (¢ + At)
where A t is the step size. We use the steps below to approximate the solu-
tion:

e We approximate the nonlinear terms explicitly,

PR (ARG (O LS4 R
Vi = - e (220 GO OCRT Y, (42.13)

e We approximate the viscosity terms implicitly,

e Ot (107 o 1 0 AV, )**
V=V - Re <r28r2 () )+r25in9%( nf a0 )> (4.2.14)
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o e D10 [ ,0(V)
Yo=Y R_<__( o ))

4.2.15
+§ 1oL 2((V)""sim@) +38(Vr)** ( |
Re \r200 \sinf o0 **"° r2 00 '
e We also approximate pressure implicitly,
Vm+1 o v**
- = -VpP"th 4.2.16
A \ ( )

By applying the divergence on both sides of equation (4.2.16) to enforce
incompressibility we get

V'Zerl—V'Z**

7 = -—v2prtt (4.2.17)

Then by using the incompressibility condition (V -V = 0), equation (4.2.17)
becomes
V.-V

A= vipmtt (4.2.18)

We use equation (4.2.19) to update the velocity.

V- Vm+1

A VPt (4.2.19)
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5 Numerical Results

5.1 Results

The numerical results of the stream function are generated using the second-
order finite difference method (FDM). Figure 9 shows the streamlines for
the first two terms of the stream function (V) at Re = 0.01, 1.00, 10.00 and
50.00. We used 40 x 40 grid points to approximate the solution of the second
term of W. The vortex does not form at Re = 0.01, 1.00 and 10.00, it forms
at Re = 50.00.

(a) Re = 0.01 (b) Re = 1.00

Figure 9: Streamlines for ¥ up to ¥, for various values of Reynolds numbers
using 40 x 40 grid points for r interval [1, 3.30259] (¢ interval [0, 0.9]).
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In figure 10, we have approximated the solution for the first two terms of W
using 80 x 80 grid points at various Reynolds numbers. The results are in
good agreement with the approximation of 40 x 40 grid points in figure 9.

(b) Re = 1.00

3.5
3.0
25
2.0
15
1.0

0.5

0.0

3.5
3.0
25
2.0
15
1.0

0.5

0.0

Figure 10: Streamlines for ¥ up to ¥, using 80 x 80 grid points for r interval
[1, 3.30259] (¢ interval [0, 0.9]).
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Figure 11 shows the streamlines for the first six terms of ¥ using 80 x 80
grid points. The vortex also does not from at Re = 0.01, 1.00 and 10.00 but
it forms at Re = 50.00.

(a) Re = 0.01 (b) Re = 1.00

Figure 11: Streamlines for ¥ up to ¥j for various values of Reynolds numbers
using 80 x 80 grid points for r interval [1, 3.30259] (¢ interval [0, 0.9]).
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Figure 12 shows the streamlines for the first eleven terms of W at differ-
ent values of Reynolds number. The vortex also does not from at Re = 0.01,
1.00 and 10.00 but it forms at Re = 50.00.

(a) Re = 0.01 (b) Re = 1.00

Figure 12: Streamlines for ¥ up to Wy, for various values of Reynolds numbers
using 80 x 80 grid points for r interval [1, 3.30259] (¢ interval [0, 0.9]).
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Figure 13 shows the streamlines of the first two terms of ¥ using 80 x 80 grid
points for 7 interval [1, 10.2103] (¢ interval [0, 0.9999]) at Re = 0.01, 0.50,
10.00 and 50.00. The streamlines indicates that the solution is not in good
agreement with solution for the first two term of W for r interval [1, 3.30259]
(¢ interval [0, 0.9]) in figure 10. The difference between the two solutions in
figure 10 and 13 is the r interval. The r interval in figure 13 is further from
the sphere as compared to the r interval in figure 10. The vortex forms early
at Re = 0.5 which is not in agreement with the results obtained in figure
10. The vortex is expected to form at Re greater than 1 for stream function
expansion. It looks like it is due to the Whitehead paradox affecting the
solution for large r.

(a) Re = 0.01 (b) Re = 0.50

(¢) Re = 10.00 (d) Re = 50.00

Figure 13: Streamlines for ¥ up to W, for various values of Reynolds numbers
using 80 x 80 grid points forr interval [1, 10.2103] (£ interval [0, 0.9999])
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5.2 Comparison of the Analytical and Numerical Re-
sults of the stream function

In this section we compare the analytical results with the numerical results
of the stream function for the first two terms. We generated the analytical
stream function values from the exact solution (¢y + Re v1) and the numer-
ical stream function (Vo + Re V) from the finite difference method (FDM).
We used 40 x 40 data points to generate the values and created a table with
r values on the top row and the 6 values on the first column. The values in
bold represents the analytical solution of the stream function and the values
in normal font represents the numerical solution of the stream function.

Table 1 shows the analytical and numerical values of the stream functions for
Re = 0.01. The values in table 1 indicates that the analytical results are in
agreement with the numerical results. We then generated the analytical and
numerical values for Re = 1.00 in Table 2. The analytical results are still
in agreement with the numerical results. Table 3 shows the analytical and
numerical results for Re = 10.00. The results are slight different but still in
agreement because the difference is small. The analytical values changes the
sign to negative from 6 = 0.141539 to 1.340300. We also note the increase of
the analytical values from 6 = 1.443530 to 3.000050. The numerical values
remains almost the same for Re = 10.00. The results in table 4 are for Re =
50.00, the analytical values are now negative from 0.141539 to 1.494570. Also
the analytical values increases from 6 = 1.545410 to 3.000050. The numerical
values does not change much from the values for Re = 10.00. We note that
the numerical values are in good agreement with the analytical values for Re
<1.
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9 1.07174 1.57708 2.9231

0.141539 | 0.0000747 | 0.0000751 | 0.0043454 | 0.0043640 | 0.0429244 | 0.0430924
0.350414 | 0.0004427 | 0.0004446 | 0.0257384 | 0.0258372 | 0.2542450 | 0.2551930
0.476814 | 0.0007916 | 0.0007947 | 0.0460147 | 0.0461821 | 0.4545260 | 0.4561340
0.577752 | 0.0011212 | 0.0011254 | 0.0651735 | 0.0653978 | 0.6437610 | 0.6459120
0.664990 | 0.0014316 | 0.0014366 | 0.0832141 | 0.0834838 | 0.8219440 | 0.8245250
0.743426 | 0.0017227 | 0.0017284 | 0.1001360 | 0.1004400 | 0.9890680 | 0.9919730
0.815665 | 0.0019946 | 0.0020008 | 0.1159380 | 0.1162660 | 1.1451300 | 1.1482600
0.883286 | 0.0022473 | 0.0022537 | 0.1306190 | 0.1309620 | 1.2901100 | 1.2933800
0.947338 | 0.0024806 | 0.0024872 | 0.1441800 | 0.1445280 | 1.4240200 | 1.4273300
1.008560 | 0.0026947 | 0.0027012 | 0.1566180 | 0.1569640 | 1.5468400 | 1.5501300
1.067510 | 0.0028895 | 0.0028958 | 0.1679340 | 0.1682690 | 1.6585600 | 1.6617500
1.124600 | 0.0030649 | 0.0030709 | 0.1781260 | 0.1784450 | 1.7591900 | 1.7622200
1.180170 | 0.0032211 | 0.0032266 | 0.1871940 | 0.1874900 | 1.8487100 | 1.8515200
1.234490 | 0.0033578 | 0.0033629 | 0.1951380 | 0.1954040 | 1.9271200 | 1.9296600
1.287800 | 0.0034753 | 0.0034796 | 0.2019550 | 0.2021890 | 1.9944100 | 1.9966300
1.340300 | 0.0035733 | 0.0035770 | 0.2076460 | 0.2078430 | 2.0505800 | 2.0524400
1.392160 | 0.0036519 | 0.0036549 | 0.2122110 | 0.2123670 | 2.0956100 | 2.0970900
1.443530 | 0.0037112 | 0.0037133 | 0.2156470 | 0.2157600 | 2.1295000 | 2.1305800
1.494570 | 0.0037510 | 0.0037523 | 0.2179540 | 0.2180230 | 2.1522400 | 2.1529000
1.545410 | 0.0037714 | 0.0037718 | 0.2191320 | 0.2191560 | 2.1638400 | 2.1640500
1.596180 | 0.0037723 | 0.0037719 | 0.2191810 | 0.2191580 | 2.1642700 | 2.1640500
1.647020 | 0.0037538 | 0.0037525 | 0.2180980 | 0.2180290 | 2.1535300 | 2.1528800
1.698060 | 0.0037157 | 0.0037136 | 0.2158830 | 0.2157700 | 2.1316300 | 2.1305500
1.749440 | 0.0036582 | 0.0036553 | 0.2125370 | 0.2123800 | 2.0985400 | 2.0970600
1.801290 | 0.0035812 | 0.0035775 | 0.2080570 | 0.2078600 | 2.0542700 | 2.0524000
1.853790 | 0.0034847 | 0.0034803 | 0.2024430 | 0.2022100 | 1.9988000 | 1.9965800
1.907100 | 0.0033686 | 0.0033636 | 0.1956950 | 0.1954280 | 1.9321400 | 1.9296000
1.961420 | 0.0032330 | 0.0032275 | 0.1878120 | 0.1875160 | 1.8542700 | 1.8514600
2.016990 | 0.0030778 | 0.0030719 | 0.1787920 | 0.1784730 | 1.7651800 | 1.7621500
2.074080 | 0.0029031 | 0.0028968 | 0.1686350 | 0.1683000 | 1.6648800 | 1.6616900
2.133030 | 0.0027087 | 0.0027022 | 0.1573410 | 0.1569960 | 1.5533400 | 1.5500500
2.194250 | 0.0024948 | 0.0024882 | 0.1449090 | 0.1445610 | 1.4305800 | 1.4272600
2.258310 | 0.0022612 | 0.0022548 | 0.1313380 | 0.1309950 | 1.2965700 | 1.2933100
2.325930 | 0.0020080 | 0.0020018 | 0.1166270 | 0.1162980 | 1.1513200 | 1.1481900
2.398170 | 0.0017351 | 0.0017294 | 0.1007750 | 0.1004710 | 0.9948180 | 0.9919130
2.476600 | 0.0014426 | 0.0014375 | 0.0837821 | 0.0835124 | 0.8270530 | 0.8244730
2.563840 | 0.0011303 | 0.0011261 | 0.0656472 | 0.0654228 | 0.6480220 | 0.6458710
2.664780 | 0.0007984 | 0.0007953 | 0.0463694 | 0.0462020 | 0.4577170 | 0.4561090
2.791180 | 0.0004468 | 0.0004450 | 0.0259482 | 0.0258494 | 0.2561320 | 0.2551840
3.000050 | 0.0000755 | 0.0000751 | 0.0043827 | 0.0043640 | 0.0432604 | 0.0430924

Table 1: Comparison of the analytical (¢o+ Ret);) and numerical (¥o+ReW¥,)
results of the stream function for Re = 0.01. The analytical values are in
bold font and numerical values in normal font. The vertical and horizontal
values represents 6 and r respectively.
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9 1.07174 1.57708 2.9231

0.141539 | 0.0000389 | 0.0000751 | 0.0024966 | 0.0043640 | 0.0262949 | 0.0430924
0.350414 | 0.0002416 | 0.0004253 | 0.0153516 | 0.0252309 | 0.1608170 | 0.2556160
0.476814 | 0.0004515 | 0.0007643 | 0.0284530 | 0.0452003 | 0.2965600 | 0.4574130
0.577752 | 0.0006671 | 0.0010869 | 0.0417263 | 0.0641600 | 0.4328560 | 0.6479100
0.664990 | 0.0008871 | 0.0013924 | 0.0550971 | 0.0820690 | 0.5690340 | 0.8270850
0.743426 | 0.0011100 | 0.0016802 | 0.0684910 | 0.0989074 | 0.7044260 | 0.9949550
0.815665 | 0.0013342 | 0.0019500 | 0.0818336 | 0.1146640 | 0.8383620 | 1.1515300
0.883286 | 0.0015585 | 0.0022018 | 0.0950504 | 0.1293310 | 0.9701720 | 1.2968400
0.947338 | 0.0017814 | 0.0024353 | 0.1080670 | 0.1429040 | 1.0991900 | 1.4308800
1.008560 | 0.0020013 | 0.0026504 | 0.1208090 | 0.1553780 | 1.2247400 | 1.5536600
1.067510 | 0.0022170 | 0.0028470 | 0.1332020 | 0.1667500 | 1.3461500 | 1.6651900
1.124600 | 0.0024268 | 0.0030250 | 0.1451710 | 0.1770180 | 1.4627700 | 1.7654900
1.180170 | 0.0026295 | 0.0031843 | 0.1566430 | 0.1861780 | 1.5739100 | 1.8545600
1.234490 | 0.0028235 | 0.0033248 | 0.1675420 | 0.1942270 | 1.6789100 | 1.9324100
1.287800 | 0.0030074 | 0.0034465 | 0.1777950 | 0.2011640 | 1.7770900 | 1.9990400
1.340300 | 0.0031798 | 0.0035492 | 0.1873260 | 0.2069840 | 1.8678000 | 2.0544700
1.392160 | 0.0033392 | 0.0036328 | 0.1960620 | 0.2116860 | 1.9503500 | 2.0987100
1.443530 | 0.0034842 | 0.0036973 | 0.2039280 | 0.2152670 | 2.0240900 | 2.1317500
1.494570 | 0.0036134 | 0.0037426 | 0.2108490 | 0.2177250 | 2.0883400 | 2.1536100
1.545410 | 0.0037253 | 0.0037686 | 0.2167520 | 0.2190560 | 2.1424200 | 2.1642900
1.596180 | 0.0038184 | 0.0037751 | 0.2215610 | 0.2192570 | 2.1856800 | 2.1638100
1.647020 | 0.0038913 | 0.0037621 | 0.2252030 | 0.2183270 | 2.2174400 | 2.1521700
1.698060 | 0.0039427 | 0.0037296 | 0.2276020 | 0.2162630 | 2.2370400 | 2.1293800
1.749440 | 0.0039709 | 0.0036774 | 0.2286850 | 0.2130610 | 2.2438000 | 2.0954400
1.801290 | 0.0039747 | 0.0036054 | 0.2283770 | 0.2087190 | 2.2370500 | 2.0503700
1.853790 | 0.0039525 | 0.0035135 | 0.2266040 | 0.2032350 | 2.2161200 | 1.9941700
1.907100 | 0.0039030 | 0.0034017 | 0.2232900 | 0.1966050 | 2.1803500 | 1.9268500
1.961420 | 0.0038246 | 0.0032698 | 0.2183630 | 0.1888280 | 2.1290700 | 1.8484200
2.016990 | 0.0037160 | 0.0031178 | 0.2117470 | 0.1799000 | 2.0616100 | 1.7588800
2.074080 | 0.0035756 | 0.0029456 | 0.2033670 | 0.1698190 | 1.9772900 | 1.6582500
2.133030 | 0.0034021 | 0.0027531 | 0.1931510 | 0.1585820 | 1.8754400 | 1.5465200
2.194250 | 0.0031940 | 0.0025401 | 0.1810220 | 0.1461850 | 1.7554100 | 1.4237200
2.258310 | 0.0029499 | 0.0023067 | 0.1669070 | 0.1326260 | 1.6165100 | 1.2898500
2.325930 | 0.0026683 | 0.0020526 | 0.1507310 | 0.1179010 | 1.4580900 | 1.1449100
2.398170 | 0.0023478 | 0.0017776 | 0.1324200 | 0.1020030 | 1.2794600 | 0.9889310
2.476600 | 0.0019870 | 0.0014817 | 0.1118990 | 0.0849272 | 1.0799600 | 0.8219120
2.563840 | 0.0015844 | 0.0011646 | 0.0890943 | 0.0666607 | 0.8589270 | 0.6438730
2.664780 | 0.0011385 | 0.0008257 | 0.0639311 | 0.0471838 | 0.6156830 | 0.4548300
2.791180 | 0.0006479 | 0.0004642 | 0.0363349 | 0.0264557 | 0.3495600 | 0.2547610
3.000050 | 0.0001113 | 0.0000751 | 0.0062315 | 0.0043640 | 0.0598899 | 0.0430924

Table 2: Comparison of the analytical (¢o+ Ret);) and numerical (Vo+ReW¥ )
results of the stream function for Re = 1.00. The analytical values are in
bold font and numerical values in normal font. The vertical and horizontal
values represents 6 and r respectively.
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9 1.07174 1.57708 2.9231

0.141539 | -0.0002865 | 0.0000751 | -0.0143104 | 0.0043640 | -0.1248820 | 0.0430924
0.350414 | -0.0015868 | 0.0002503 | -0.0790734 | 0.0197191 | -0.6885280 | 0.2594670
0.476814 | -0.0026399 | 0.0004878 | -0.1311980 | 0.0362749 | -1.1394900 | 0.4690320
0.577752 | -0.0034603 | 0.0007375 | -0.1714300 | 0.0529069 | -1.4844600 | 0.6660790
0.664990 | -0.0040624 | 0.0009902 | -0.2005120 | 0.0692071 | -1.7301500 | 0.8503660
0.743426 | -0.0044605 | 0.0012415 | -0.2191890 | 0.0849757 | -1.8832300 | 1.0220600
0.815665 | -0.0046692 | 0.0014887 | -0.2282040 | 0.1000990 | -1.9504000 | 1.1813200
0.883286 | -0.0047027 | 0.0017298 | -0.2283030 | 0.1145030 | -1.9383700 | 1.3282900
0.947338 | -0.0045756 | 0.0019634 | -0.2202300 | 0.1281370 | -1.8538100 | 1.4630700
1.008560 | -0.0043022 | 0.0021881 | -0.2047280 | 0.1409610 | -1.7034400 | 1.5857600
1.067510 | -0.0038970 | 0.0024030 | -0.1825430 | 0.1529420 | -1.4939400 | 1.6964600
1.124600 | -0.0033743 | 0.0026071 | -0.1544170 | 0.1640480 | -1.2320000 | 1.7952500
1.180170 | -0.0027485 | 0.0027993 | -0.1210960 | 0.1742510 | -0.9243300 | 1.8822100
1.234490 | -0.0020342 | 0.0029789 | -0.0833237 | 0.1835250 | -0.5776110 | 1.9574200
1.287800 | -0.0012456 | 0.0031448 | -0.0418443 | 0.1918430 | -0.1985420 | 2.0209700
1.340300 | -0.0003972 | 0.0032963 | 0.0025979 | 0.1991770 | 0.2061830 | 2.0729300
1.392160 | 0.0004966 | 0.0034323 | 0.0492587 | 0.2055010 | 0.6298700 | 2.1133900
1.443530 | 0.0014214 | 0.0035521 | 0.0973938 | 0.2107890 | 1.0658200 | 2.1424100
1.494570 | 0.0023627 | 0.0036546 | 0.1462590 | 0.2150140 | 1.5073500 | 2.1600700
1.545410 | 0.0033062 | 0.0037391 | 0.1951100 | 0.2181480 | 1.9477600 | 2.1664600
1.596180 | 0.0042374 | 0.0038046 | 0.2432030 | 0.2201650 | 2.3803500 | 2.1616500
1.647020 | 0.0051420 | 0.0038501 | 0.2897930 | 0.2210390 | 2.7984300 | 2.1457100
1.698060 | 0.0060055 | 0.0038748 | 0.3341360 | 0.2207410 | 3.1953000 | 2.1187200
1.749440 | 0.0068136 | 0.0038778 | 0.3754890 | 0.2192460 | 3.5642800 | 2.0807600
1.801290 | 0.0075517 | 0.0038582 | 0.4131050 | 0.2165260 | 3.8986600 | 2.0319100
1.853790 | 0.0082055 | 0.0038151 | 0.4462430 | 0.2125560 | 4.1917600 | 1.9722400
1.907100 | 0.0087606 | 0.0037476 | 0.4741560 | 0.2073070 | 4.4368700 | 1.9018400
1.961420 | 0.0092026 | 0.0036548 | 0.4961020 | 0.2007540 | 4.6273100 | 1.8207700
2.016990 | 0.0095170 | 0.0035357 | 0.5113350 | 0.1928700 | 4.7563800 | 1.7291300
2.074080 | 0.0096895 | 0.0033896 | 0.5191120 | 0.1836280 | 4.8173800 | 1.6269800
2.133030 | 0.0097057 | 0.0032153 | 0.5186880 | 0.1729980 | 4.8036200 | 1.5144200
2.194250 | 0.0095510 | 0.0030121 | 0.5093190 | 0.1609520 | 4.7084100 | 1.3915300
2.258310 | 0.0092112 | 0.0027786 | 0.4902600 | 0.1474540 | 4.5250500 | 1.2583900
2.325930 | 0.0086718 | 0.0025139 | 0.4607690 | 0.1324660 | 4.2468500 | 1.1151200
2.398170 | 0.0079183 | 0.0022163 | 0.4200990 | 0.1159350 | 3.8671100 | 0.9618250
2.476600 | 0.0069365 | 0.0018839 | 0.3675080 | 0.0977891 | 3.3791400 | 0.7986310
2.563840 | 0.0057118 | 0.0015140 | 0.3022500 | 0.0779137 | 2.7762500 | 0.6257040
2.664780 | 0.0042299 | 0.0011021 | 0.2235830 | 0.0561092 | 2.0517300 | 0.4432110
2.791180 | 0.0024763 | 0.0006393 | 0.1307600 | 0.0319675 | 1.1989000 | 0.2509100
3.000050 | 0.0004367 | 0.0000751 | 0.0230385 | 0.0043640 | 0.2110670 | 0.0430924

Table 3: Comparison of the analytical (¢o+ Ret);) and numerical (Vo+ReW¥)
results of the stream function for Re = 10.00. The analytical values are in
bold font and numerical values in normal font. The vertical and horizontal
values represents ¢ and r respectively.
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0 1.07174 1.57708 2.9231

0.141539 | -0.0017329 | 0.0000751 | -0.0890081 | 0.0043640 | -0.7967810 | 0.0430924
0.350414 | -0.0097130 | -0.0005279 | -0.4987400 | -0.0047777 | -4.4633900 | 0.2765800
0.476814 | -0.0163795 | -0.0007407 | -0.8407600 | -0.0033936 | -7.5219400 | 0.5206740
0.577752 | -0.0218045 | -0.0008155 | -1.1187900 | 0.0028933 | -10.0059000 | 0.7468280
0.664990 | -0.0260601 | -0.0007972 | -1.3365500 | 0.0120432 | -11.9487000 | 0.9538370
0.743426 | -0.0292182 | -0.0007080 | -1.4977600 | 0.0230567 | -13.3839000 | 1.1425300
0.815665 | -0.0313510 | -0.0005616 | -1.6061500 | 0.0353639 | -14.3449000 | 1.3137300
0.883286 | -0.0325305 | -0.0003679 | -1.6654300 | 0.0486006 | -14.8652000 | 1.4680800
0.947338 | -0.0328288 | -0.0001341 | -1.6793300 | 0.0625088 | -14.9783000 | 1.6061600
1.008560 | -0.0323179 | 0.0001336 | -1.6515600 | 0.0768881 | -14.7176000 | 1.7284500
1.067510 | -0.0310699 | 0.0004299 | -1.5858500 | 0.0915697 | -14.1166000 | 1.8354200
1.124600 | -0.0291568 | 0.0007497 | -1.4859200 | 0.1064030 | -13.2088000 | 1.9274900
1.180170 | -0.0266507 | 0.0010884 | -1.3554900 | 0.1212450 | -12.0276000 | 2.0050800
1.234490 | -0.0236237 | 0.0014414 | -1.1982800 | 0.1359620 | -10.6066000 | 2.0685900
1.287800 | -0.0201477 | 0.0018042 | -1.0180200 | 0.1504170 | -8.9791400 | 2.1184300
1.340300 | -0.0162949 | 0.0021723 | -0.8184170 | 0.1644780 | -7.1787700 | 2.1549800
1.392160 | -0.0121373 | 0.0025413 | -0.6032010 | 0.1780120 | -5.2389500 | 2.1786300
1.443530 | -0.0077470 | 0.0029066 | -0.3760910 | 0.1908850 | -3.1931300 | 2.1897800
1.494570 | -0.0031959 | 0.0032637 | -0.1408090 | 0.2029630 | -1.0748000 | 2.1888000
1.545410 | 0.0014437 | 0.0036082 | 0.0989247 | 0.2141130 | 1.0825800 | 2.1760900
1.596180 | 0.0060999 | 0.0039355 | 0.3393880 | 0.2242000 | 3.2455300 | 2.1520200
1.647020 | 0.0107007 | 0.0042410 | 0.5768610 | 0.2330890 | 5.3805800 | 2.1169800
1.698060 | 0.0151739 | 0.0045203 | 0.8076210 | 0.2406450 | 7.4542600 | 2.0713500
1.749440 | 0.0194475 | 0.0047689 | 1.0279500 | 0.2467360 | 9.4331000 | 2.0155200
1.801290 | 0.0234494 | 0.0049822 | 1.2341200 | 0.2512250 | 11.2836000 | 1.9498700
1.853790 | 0.0271077 | 0.0051558 | 1.4224200 | 0.2539820 | 12.9724000 | 1.8747900
1.907100 | 0.0303501 | 0.0052851 | 1.5891200 | 0.2548710 | 14.4658000 | 1.7906700
1.961420 | 0.0331048 | 0.0053657 | 1.7305000 | 0.2537600 | 15.7306000 | 1.6979000
2.016990 | 0.0352996 | 0.0053931 | 1.8428400 | 0.2505150 | 16.7331000 | 1.5968800
2.074080 | 0.0368625 | 0.0053627 | 1.9224200 | 0.2450000 | 17.4400000 | 1.4880200
2.133030 | 0.0377214 | 0.0052698 | 1.9655200 | 0.2370710 | 17.8177000 | 1.3717300
2.194250 | 0.0378042 | 0.0051095 | 1.9684200 | 0.2265800 | 17.8329000 | 1.2484400
2.258310 | 0.0370390 | 0.0048763 | 1.9273900 | 0.2133570 | 17.4519000 | 1.1186000
2.325930 | 0.0353536 | 0.0045642 | 1.8387100 | 0.1972010 | 16.6414000 | 0.9827230
2.398170 | 0.0326760 | 0.0041658 | 1.6986800 | 0.1778540 | 15.3678000 | 0.8413540
2.476600 | 0.0289342 | 0.0036713 | 1.5035500 | 0.1549530 | 13.5977000 | 0.6951600
2.563840 | 0.0240560 | 0.0030670 | 1.2496100 | 0.1279270 | 11.2977000 | 0.5449550
2.664780 | 0.0179695 | 0.0023307 | 0.9331450 | 0.0957777 | 8.4341800 | 0.3915690
2.791180 | 0.0106025 | 0.0014174 | 0.5504270 | 0.0564642 | 4.9737700 | 0.2337970
3.000050 | 0.0018831 | 0.0000751 | 0.0977361 | 0.0043640 | 0.8829660 | 0.0430924

Table 4: Comparison of the analytical (¢o+Ret)1) and numerical (Vo+ReV,)
results of the stream function for Re = 50.00. The analytical values are in
bold font and numerical values in normal font. The vertical and horizontal
values represents ¢ and r respectively.
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Figure 14 shows the streamlines of the analytical solution of the stream
function at Re = 0.01, 1.00, 10.00 and 50.00. The vortex does not form at Re
= 0.01 and 1.00. The flow pattern breaks at Re = 10.00 and 50.00 because
analytical solutions are valid for Re < 1. Figure 15 shows the streamlines
of the numerical solution of the stream function at Re = 0.01, 1.00, 10.00
and 50.00. The streamlines of the analytical and numerical solution of the
stream function are in good agreement at Re = 0.01 and 1.00. The flow
pattern of the numerical solution does not change at Re = 10.00 and the
vortex forms at Re = 50.00. The two solutions are not in agreement at Re
> 1. This is because the analytical solution breaks for Re > 1, the breaking
of the solution is called the Whitehead paradox.

Figure 14: Streamlines of the analytical results for various values of Reynolds
numbers using 40 x 40 grid points.
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Figure 15: Streamlines of the numerical results for various values of Reynolds
numbers using 40 x 40 grid points.
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5.3 Comparison of the numerical results of the direct

numerical simulation (DNS) and finite difference
method (FDM)

In this section we compare the numerical solution of the full Navier-Stokes
equations and the stream function in terms of the radial velocity (V;.) and
tangential velocity (V). The stream function solution is generated using the
finite difference method (FDM) in section 4.1 and the numerical solution of
the full Navier-Stokes solution is simulated using the direct numerical sim-
ulation (DNS) in section 4.2. We generated tables 5, 6, 7, 8, 9, 10, 11 and
12 with r values on the top row and the 6 values on the first column. The
numerical values of the DNS solution are in bold font and the numerical val-
ues of the FDM solution are in normal font. We used 40 x 40 data points to
generate both solutions.

Table 5 shows the numerical values of the DNS and the FDM solutions in
terms of the radial velocity (V) at Re = 0.01. We note that the numerical
values of the DNS solution are in good agreement with numerical values of
the FDM solution in terms of the radial velocity (V). Also the numerical
values of the FDM solution in terms of the tangential velocity (V) in table 6
are in agreement with the numerical values of the DNS solution at Re = 0.01.
We also noted the slight difference in the values especially for r = 1.07174.

At Re = 1.00 in table 7 and 8, the numerical values of the DNS solution
are still in good agreement with numerical values of the FDM solution in
terms of V,. and Vj respectively. We increased the value of Re to 10.00 in
tables 9 and 10 and we can see that the values of the FDM solution are still
in agreement with the values of the DNS solution. Also in tables 11 and 12,
we increased Re to 50.00 and the numerical values of the FDM solution and
the DNS solution are in agreement with a slight difference but it is within
the order of magnitude.
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0.0761073
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0.0050768
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1.340300

0.0041585

0.0015024

0.0403177

0.0403015

0.1081288

0.1157900

1.392160
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0.0011688

0.0313826

0.0313495

0.0841066

0.0900559
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0.0023149

0.0008352

0.0224401

0.0223974

0.0600832

0.0643223

1.494570

0.0013908

0.0005016

0.0134924

0.0134450

0.0360590

0.0385888

1.545410

0.0004660

0.0001679

0.0045412

0.0044923

0.0120344

0.0128555
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-0.0004592
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-0.0044119

-0.0044605

-0.0119905

-0.0128776

1.647020

-0.0013841

-0.0004994

-0.0133652

-0.0134135

-0.0360155

-0.0386105

1.698060

-0.0023084

-0.0008330

-0.0223173

-0.0223668

-0.0600404

-0.0643433

1.749440

-0.0032316

-0.0011667

-0.0312662

-0.0313203

-0.0840648

-0.0900759

1.801290

-0.0041529

-0.0015004

-0.0402098

-0.0402739

-0.1080884

-0.1158080

1.853790

-0.0050718

-0.0018341

-0.0491456

-0.0492278

-0.1321106

-0.1415410

1.907100

-0.0059874

-0.0021679

-0.0580699

-0.0581819

-0.1561302

-0.1672730

1.961420

-0.0068985

-0.0025016

-0.0669784

-0.0671362

-0.1801459

-0.1930040

2.016990

-0.0078038

-0.0028354

-0.0758648

-0.0760908

-0.2041557

-0.2187360

2.074080

-0.0087013

-0.0031692

-0.0847207

-0.0850455

-0.2281565

-0.2444680

2.133030

-0.0095886

-0.0035030

-0.0935343

-0.0940005

-0.2521435

-0.2701990

2.194250

-0.0104621

-0.0038368

-0.1022884

-0.1029560

-0.2761093

-0.2959300

2.258310

-0.0113167

-0.0041706

-0.1109580

-0.1119110

-0.3000415

-0.3216610

2.325930

-0.0121448

-0.0045045

-0.1195051

-0.1208670

-0.3239185

-0.3473910

2.398170

-0.0129342

-0.0048384

-0.1278700

-0.1298240

-0.3476981

-0.3731220

2.476600

-0.0136637

-0.0051723

-0.1359537

-0.1387810

-0.3712850

-0.3988520

2.563840

-0.0142903

-0.0055063

-0.1435812

-0.1477390

-0.3944092

-0.4245810

2.664780

-0.0147024

-0.0058404

-0.1504254

-0.1567000

-0.4159727

-0.4503110

2.791180

-0.0165688

-0.0061750

-0.1589953

-0.1656670

-0.4302083

-0.4760480

3.000050

-0.0183034

-0.0076271

-0.1643926

-0.2046640

-0.4342761

-0.5882670

Table 5:

Comparison of the direct numerical simulation (DNS)

and finite

difference method (FDM) results of the radial velocity (V) for Re = 0.01.
The DNS values are in bold font and FDM values in normal font. The vertical

and horizontal values represents 6 and r respectively.
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9 1.07174 1.57708 2.9231
0.141539 | -0.0246469 | -0.0137457 | -0.0671936 | -0.0651056 | -0.1186507 | -0.1049560
0.350414 | -0.0432363 | -0.0334363 | -0.1129280 | -0.1584100 | -0.1975803 | -0.2554220
0.476814 | -0.0694307 | -0.0447040 | -0.1760151 | -0.2117890 | -0.3088930 | -0.3414740
0.577752 | -0.0834345 | -0.0531989 | -0.2097160 | -0.2520290 | -0.3706880 | -0.4063420
0.664990 | -0.0952385 | -0.0601079 | -0.2397471 | -0.2847560 | -0.4241804 | -0.4590970
0.743426 | -0.1052999 | -0.0659314 | -0.2651197 | -0.3123390 | -0.4685999 | -0.5035600
0.815665 | -0.1140131 | -0.0709370 | -0.2869292 | -0.3360470 | -0.5064320 | -0.5417760
0.883286 | -0.1216269 | -0.0752881 | -0.3058768 | -0.3566540 | -0.5391237 | -0.5749940
0.947338 | -0.1283099 | -0.0790926 | -0.3224333 | -0.3746710 | -0.5675935 | -0.6040370
1.008560 | -0.1341824 | -0.0824263 | -0.3369304 | -0.3904580 | -0.5924662 | -0.6294830
1.067510 | -0.1393336 | -0.0853443 | -0.3496113 | -0.4042750 | -0.6141881 | -0.6517550
1.124600 | -0.1438313 | -0.0878880 | -0.3606587 | -0.4163190 | -0.6330890 | -0.6711690
1.180170 | -0.1477281 | -0.0900890 | -0.3702130 | -0.4267400 | -0.6494191 | -0.6879650
1.234490 | -0.1510651 | -0.0919721 | -0.3783833 | -0.4356540 | -0.6633706 | -0.7023330
1.287800 | -0.1538747 | -0.0935563 | -0.3852547 | -0.4431530 | -0.6750929 | -0.7144180
1.340300 | -0.1561823 | -0.0948565 | -0.3908937 | -0.4493060 | -0.6847018 | -0.7243350
1.392160 | -0.1580076 | -0.0958844 | -0.3953516 | -0.4541690 | -0.6922865 | -0.7321720
1.443530 | -0.1593655 | -0.0966486 | -0.3986668 | -0.4577830 | -0.6979138 | -0.7379950
1.494570 | -0.1602666 | -0.0971553 | -0.4008670 | -0.4601780 | -0.7016316 | -0.7418520
1.545410 | -0.1607179 | -0.0974085 | -0.4019699 | -0.4613710 | -0.7034708 | -0.7437730
1.596180 | -0.1607227 | -0.0974101 | -0.4019841 | -0.4613730 | -0.7034466 | -0.7437730
1.647020 | -0.1602810 | -0.0971602 | -0.4009095 | -0.4601840 | -0.7015591 | -0.7418530
1.698060 | -0.1593893 | -0.0966567 | -0.3987372 | -0.4577940 | -0.6977937 | -0.7379960
1.749440 | -0.1580406 | -0.0958956 | -0.3954492 | -0.4541840 | -0.6921196 | -0.7321740
1.801290 | -0.1562242 | -0.0948708 | -0.3910178 | -0.4493250 | -0.6844896 | -0.7243370
1.853790 | -0.1539251 | -0.0935736 | -0.3854040 | -0.4431750 | -0.6748372 | -0.7144200
1.907100 | -0.1511235 | -0.0919923 | -0.3785565 | -0.4356800 | -0.6630738 | -0.7023350
1.961420 | -0.1477938 | -0.0901120 | -0.3704083 | -0.4267700 | -0.6490839 | -0.6879680
2.016990 | -0.1439037 | -0.0879135 | -0.3608740 | -0.4163520 | -0.6327188 | -0.6711710
2.074080 | -0.1394118 | -0.0853722 | -0.3498443 | -0.4043120 | -0.6137868 | -0.6517580
2.133030 | -0.1342655 | -0.0824564 | -0.3371782 | -0.3904980 | -0.5920387 | -0.6294860
2.194250 | -0.1283968 | -0.0791246 | -0.3226925 | -0.3747140 | -0.5671453 | -0.6040380
2.258310 | -0.1217164 | -0.0753217 | -0.3061436 | -0.3567000 | -0.5386615 | -0.5749950
2.325930 | -0.1141039 | -0.0709719 | -0.2871989 | -0.3360950 | -0.5059640 | -0.5417760
2.398170 | -0.1053905 | -0.0659671 | -0.2653870 | -0.3123900 | -0.4681363 | -0.5035570
2.476600 | -0.0953273 | -0.0601438 | -0.2400057 | -0.2848090 | -0.4237345 | -0.4590910
2.563840 | -0.0835202 | -0.0532341 | -0.2099592 | -0.2520830 | -0.3702814 | -0.4063320
2.664780 | -0.0695152 | -0.0447370 | -0.1762485 | -0.2118420 | -0.3085728 | -0.3414570
2.791180 | -0.0432985 | -0.0334638 | -0.1131016 | -0.1584570 | -0.1974035 | -0.2553970
3.000050 | -0.0246863 | -0.0137457 | -0.0673079 | -0.0651056 | -0.1185576 | -0.1049560
Table 6: Comparison of the direct numerical simulation (DNS) and finite

difference method (FDM) results of the tangential velocity (Vp)

for Re =

0.01. The DNS values are in bold font and FDM values in normal font. The
vertical and horizontal values represents 6 and r respectively.
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1.124600

0.0051471

0.0028922

0.0746843

0.0769272

0.2122006

0.2182680

1.180170

0.0048474

0.0025709

0.0684041

0.0681442

0.1909056

0.1923910

1.234490

0.0045209

0.0022480

0.0619087

0.0593397

0.1693151

0.1665330

1.287800

0.0041680

0.0019237

0.0551986

0.0505141

0.1474255

0.1406930

1.340300

0.0037887

0.0015978

0.0482726

0.0416673

0.1252323

0.1148710

1.392160

0.0033827

0.0012703

0.0411285

0.0327995

0.1027304

0.0890668

1.443530

0.0029499

0.0009413

0.0337635

0.0239105

0.0799128

0.0632806

1.494570

0.0024895

0.0006108

0.0261741

0.0150002

0.0567712

0.0375121

1.545410

0.0020013

0.0002787

0.0183568

0.0060687

0.0332943

0.0117613

1.596180

0.0014846

-0.0000550

0.0103079

-0.0028841

0.0094690

-0.0139718

1.647020

0.0009390

-0.0003902

0.0020238

-0.0118583

-0.0147159

-0.0396873

1.698060

0.0003641

-0.0007269

-0.0064988

-0.0208537

-0.0392644

-0.0653850

1.749440

-0.0002405

-0.0010652

-0.0152629

-0.0298703

-0.0641758

-0.0910649

1.801290

-0.0008749

-0.0014050

-0.0242703

-0.0389081

-0.0894474

-0.1167270

1.853790

-0.0015391

-0.0017464

-0.0335219

-0.0479670

-0.1150764

-0.1423710

1.907100

-0.0022330

-0.0020893

-0.0430173

-0.0570470

-0.1410592

-0.1679980

1.961420

-0.0029561

-0.0024337

-0.0527540

-0.0661482

-0.1673921

-0.1936060

2.016990

-0.0037071

-0.0027798

-0.0627270

-0.0752709

-0.1940705

-0.2191950

2.074080

-0.0044841

-0.0031273

-0.0729276

-0.0844155

-0.2210891

-0.2447660

2.133030

-0.0052839

-0.0034766

-0.0833418

-0.0935833

-0.2484413

-0.2703170

2.194250

-0.0061011

-0.0038276

-0.0939476

-0.1027760

-0.2761186

-0.2958470

2.258310

-0.0069272

-0.0041806

-0.1047106

-0.1119990

-0.3041094

-0.3213560

2.325930

-0.0077482

-0.0045359

-0.1155756

-0.1212580

-0.3323975

-0.3468400

2.398170

-0.0085399

-0.0048942

-0.1264523

-0.1305650

-0.3609590

-0.3722960

2.476600

-0.0092580

-0.0052564

-0.1371856

-0.1399470

-0.3897591

-0.3977190

2.563840

-0.0098115

-0.0056249

-0.1474892

-0.1494540

-0.4187294

-0.4231030

2.664780

-0.0099867

-0.0060048

-0.1567891

-0.1592000

-0.4468505

-0.4484960

2.791180

-0.0120297

-0.0064357

-0.1688931

-0.1695540

-0.4697725

-0.4745740

3.000050

-0.0141175

-0.0076271

-0.1766949

-0.2046640

-0.4790892

-0.5882670

Table 7:

Comparison of the direct numerical simulation (DNS)

and finite

difference method (FDM) results of the radial velocity (V) for Re = 1.00.
The DNS values are in bold font and FDM values in normal font. The vertical

and horizontal values represents 6 and r respectively.
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9 1.07174 1.57708 2.9231
0.141539 | -0.0136479 | -0.0137457 | -0.0622291 | -0.0651056 | -0.1254564 | -0.1049560
0.350414 | -0.0225484 | -0.0320730 | -0.1002271 | -0.1560860 | -0.1997403 | -0.2566390
0.476814 | -0.0346653 | -0.0430701 | -0.1530676 | -0.2091500 | -0.3054506 | -0.3422920
0.577752 | -0.0415277 | -0.0514572 | -0.1829551 | -0.2493550 | -0.3660374 | -0.4068240
0.664990 | -0.0485177 | -0.0583316 | -0.2108751 | -0.2821370 | -0.4190684 | -0.4593530
0.743426 | -0.0549247 | -0.0641641 | -0.2350172 | -0.3098150 | -0.4632251 | -0.5036670
0.815665 | -0.0608071 | -0.0692091 | -0.2562953 | -0.3336380 | -0.5010814 | -0.5417860
0.883286 | -0.0662343 | -0.0736224 | -0.2752875 | -0.3543750 | -0.5340305 | -0.5749390
0.947338 | -0.0712625 | -0.0775072 | -0.2923747 | -0.3725330 | -0.5629431 | -0.6039410
1.008560 | -0.0759349 | -0.0809363 | -0.3078193 | -0.3884710 | -0.5884091 | -0.6293640
1.067510 | -0.0802836 | -0.0839623 | -0.3218085 | -0.4024490 | -0.6108482 | -0.6516230
1.124600 | -0.0843326 | -0.0866248 | -0.3344788 | -0.4146610 | -0.6305697 | -0.6710330
1.180170 | -0.0880990 | -0.0889540 | -0.3459307 | -0.4252590 | -0.6478065 | -0.6878330
1.234490 | -0.0915946 | -0.0909730 | -0.3562380 | -0.4343560 | -0.6627368 | -0.7022090
1.287800 | -0.0948267 | -0.0926999 | -0.3654543 | -0.4420440 | -0.6754977 | -0.7143080
1.340300 | -0.0977989 | -0.0941485 | -0.3736170 | -0.4483920 | -0.6861943 | -0.7242410
1.392160 | -0.1005115 | -0.0953291 | -0.3807498 | -0.4534540 | -0.6949062 | -0.7320960
1.443530 | -0.1029617 | -0.0962495 | -0.3868652 | -0.4572700 | -0.7016919 | -0.7379400
1.494570 | -0.1051440 | -0.0969149 | -0.3919655 | -0.4598690 | -0.7065911 | -0.7418180
1.545410 | -0.1070502 | -0.0973282 | -0.3960433 | -0.4612680 | -0.7096263 | -0.7437620
1.596180 | -0.1086692 | -0.0974904 | -0.3990823 | -0.4614770 | -0.7108025 | -0.7437850
1.647020 | -0.1099874 | -0.0974006 | -0.4010574 | -0.4604930 | -0.7101050 | -0.7418860
1.698060 | -0.1109883 | -0.0970558 | -0.4019340 | -0.4583070 | -0.7075016 | -0.7380510
1.749440 | -0.1116519 | -0.0964509 | -0.4016671 | -0.4548990 | -0.7029472 | -0.7322490
1.801290 | -0.1119550 | -0.0955789 | -0.4002009 | -0.4502390 | -0.6963829 | -0.7244310
1.853790 | -0.1118698 | -0.0944299 | -0.3974670 | -0.4442840 | -0.6877314 | -0.7145300
1.907100 | -0.1113642 | -0.0929913 | -0.3933826 | -0.4369780 | -0.6768934 | -0.7024590
1.961420 | -0.1104001 | -0.0912470 | -0.3878466 | -0.4282510 | -0.6637426 | -0.6881000
2.016990 | -0.1089327 | -0.0891766 | -0.3807362 | -0.4180100 | -0.6481187 | -0.6713070
2.074080 | -0.1069084 | -0.0867542 | -0.3718999 | -0.4061380 | -0.6298181 | -0.6518900
2.133030 | -0.1042631 | -0.0839464 | -0.3611490 | -0.3924840 | -0.6085781 | -0.6296060
2.194250 | -0.1009187 | -0.0807100 | -0.3482433 | -0.3768520 | -0.5840553 | -0.6041340
2.258310 | -0.0967787 | -0.0769875 | -0.3328706 | -0.3589780 | -0.5557877 | -0.5750490
2.325930 | -0.0917222 | -0.0726999 | -0.3146112 | -0.3385040 | -0.5231316 | -0.5417660
2.398170 | -0.0855950 | -0.0677344 | -0.2928781 | -0.3149140 | -0.4851397 | -0.5034500
2.476600 | -0.0781995 | -0.0619202 | -0.2668088 | -0.2874270 | -0.4402946 | -0.4588350
2.563840 | -0.0693059 | -0.0549758 | -0.2351599 | -0.2547570 | -0.3860713 | -0.4058500
2.664780 | -0.0594710 | -0.0463710 | -0.2000323 | -0.2144820 | -0.3238079 | -0.3406390
2.791180 | -0.0389023 | -0.0348271 | -0.1325268 | -0.1607810 | -0.2119666 | -0.2541800
3.000050 | -0.0233174 | -0.0137457 | -0.0827482 | -0.0651056 | -0.1325381 | -0.1049560
Table 8: Comparison of the direct numerical simulation (DNS) and finite

difference method (FDM) results of the tangential velocity (Vp)

for Re =

1.00. The DNS values are in bold font and FDM values in normal font. The
vertical and horizontal values represents 6 and r respectively.
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0.141539 | -0.0001550 | 0.0076271 | 0.0467133 | 0.2046640 | 0.3165739 | 0.5882670
0.350414 | -0.0001443 | 0.0035389 | 0.0495880 | 0.1263580 | 0.3143289 | 0.4909430
0.476814 | 0.0002370 | 0.0041778 | 0.0557994 | 0.1314150 | 0.3093430 | 0.4686660
0.577752 | 0.0008141 | 0.0043073 | 0.0619972 | 0.1304020 | 0.3045416 | 0.4395310
0.664990 | 0.0012059 | 0.0043215 | 0.0674796 | 0.1269830 | 0.2998598 | 0.4103090
0.743426 | 0.0015702 | 0.0042741 | 0.0725378 | 0.1223220 | 0.2943048 | 0.3814660
0.815665 | 0.0019260 | 0.0041865 | 0.0772344 | 0.1169200 | 0.2880539 | 0.3529640
0.883286 | 0.0022780 | 0.0040696 | 0.0815638 | 0.1110260 | 0.2809890 | 0.3247440
0.947338 | 0.0026267 | 0.0039295 | 0.0854876 | 0.1047680 | 0.2730123 | 0.2967660
1.008560 | 0.0029705 | 0.0037696 | 0.0889490 | 0.0982184 | 0.2640251 | 0.2690080
1.067510 | 0.0033064 | 0.0035921 | 0.0918795 | 0.0914155 | 0.2539337 | 0.2414540
1.124600 | 0.0036307 | 0.0033980 | 0.0942032 | 0.0843808 | 0.2426507 | 0.2140950
1.180170 | 0.0039390 | 0.0031880 | 0.0958393 | 0.0771259 | 0.2300950 | 0.1869260
1.234490 | 0.0042260 | 0.0029624 | 0.0967036 | 0.0696567 | 0.2161916 | 0.1599410
1.287800 | 0.0044860 | 0.0027214 | 0.0967111 | 0.0619758 | 0.2008701 | 0.1331390
1.340300 | 0.0047129 | 0.0024651 | 0.0957762 | 0.0540838 | 0.1840630 | 0.1065180
1.392160 | 0.0049000 | 0.0021933 | 0.0938149 | 0.0459808 | 0.1657035 | 0.0800753
1.443530 | 0.0050398 | 0.0019061 | 0.0907460 | 0.0376660 | 0.1457222 | 0.0538108
1.494570 | 0.0051248 | 0.0016035 | 0.0864920 | 0.0291390 | 0.1240444 | 0.0277238
1.545410 | 0.0051467 | 0.0012854 | 0.0809806 | 0.0203992 | 0.1005890 | 0.0018139
1.596180 | 0.0050968 | 0.0009517 | 0.0741455 | 0.0114464 | 0.0752732 | -0.0239193
1.647020 | 0.0049658 | 0.0006026 | 0.0659272 | 0.0022805 | 0.0480417 | -0.0494755
1.698060 | 0.0047441 | 0.0002379 | 0.0562734 | -0.0070981 | 0.0189552 | -0.0748547
1.749440 | 0.0044213 | -0.0001422 | 0.0451394 | -0.0166890 | -0.0116961 | -0.1000570
1.801290 | 0.0039866 | -0.0005377 | 0.0324873 | -0.0264916 | -0.0436342 | -0.1250800
1.853790 | 0.0034285 | -0.0009486 | 0.0182865 | -0.0365053 | -0.0767359 | -0.1499250
1.907100 | 0.0027350 | -0.0013749 | 0.0025108 | -0.0467300 | -0.1108765 | -0.1745890
1.961420 | 0.0018941 | -0.0018166 | -0.0148527 | -0.0571665 | -0.1459351 | -0.1990710
2.016990 | 0.0008942 | -0.0022739 | -0.0337967 | -0.0678173 | -0.1818093 | -0.2233680
2.074080 | -0.0002757 | -0.0027471 | -0.0542988 | -0.0786883 | -0.2184133 | -0.2474750
2.133030 | -0.0016282 | -0.0032368 | -0.0763235 | -0.0897910 | -0.2556751 | -0.2713880
2.194250 | -0.0031755 | -0.0037443 | -0.0998226 | -0.1011470 | -0.2935347 | -0.2950950
2.258310 | -0.0049260 | -0.0042714 | -0.1247306 | -0.1127950 | -0.3319438 | -0.3185840
2.325930 | -0.0068823 | -0.0048218 | -0.1509557 | -0.1248060 | -0.3708644 | -0.3418300
2.398170 | -0.0090329 | -0.0054015 | -0.1783658 | -0.1373110 | -0.4102637 | -0.3647940
2.476600 | -0.0113162 | -0.0060214 | -0.2067574 | -0.1505540 | -0.4501539 | -0.3874170
2.563840 | -0.0134529 | -0.0067029 | -0.2356941 | -0.1650410 | -0.4909774 | -0.4096620
2.664780 | -0.0144092 | -0.0074996 | -0.2632110 | -0.1819340 | -0.5323627 | -0.4319930
2.791180 | -0.0162002 | -0.0088059 | -0.2904858 | -0.2048960 | -0.5823315 | -0.4611820
3.000050 | -0.0180093 | -0.0076271 | -0.3047704 | -0.2046640 | -0.6116635 | -0.5882670
Table 9: Comparison of the direct numerical simulation (DNS) and finite

difference method (FDM) results of the radial velocity (V;.) for Re = 10.00.
The DNS values are in bold font and FDM values in normal font. The vertical

and horizontal values represents 6 and r respectively.
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0.141539 | -0.0020462 | -0.0137457 | -0.0355153 | -0.0651056 | -0.1472043 | -0.1049560
0.350414 | -0.0027398 | -0.0196793 | -0.0530162 | -0.1349590 | -0.2028866 | -0.2677060
0.476814 | -0.0040905 | -0.0282161 | -0.0807612 | -0.1851560 | -0.2897760 | -0.3497320
0.577752 | -0.0060979 | -0.0356239 | -0.1023292 | -0.2250480 | -0.3485482 | -0.4112080
0.664990 | -0.0089217 | -0.0421825 | -0.1242249 | -0.2583350 | -0.3984280 | -0.4616830
0.743426 | -0.0120032 | -0.0480978 | -0.1451847 | -0.2868690 | -0.4399972 | -0.5046470
0.815665 | -0.0153513 | -0.0535008 | -0.1658937 | -0.3117410 | -0.4760667 | -0.5418760
0.883286 | -0.0189645 | -0.0584794 | -0.1865349 | -0.3336570 | -0.5077274 | -0.5744450
0.947338 | -0.0228438 | -0.0630948 | -0.2072058 | -0.3530990 | -0.5357600 | -0.6030740
1.008560 | -0.0269901 | -0.0673907 | -0.2279478 | -0.3704110 | -0.5606953 | -0.6282740
1.067510 | -0.0314024 | -0.0713987 | -0.2487635 | -0.3858460 | -0.5829171 | -0.6504200
1.124600 | -0.0360778 | -0.0751415 | -0.2696257 | -0.3995920 | -0.6027119 | -0.6697990
1.180170 | -0.0410105 | -0.0786352 | -0.2904839 | -0.4117920 | -0.6203004 | -0.6866320
1.234490 | -0.0461916 | -0.0818908 | -0.3112675 | -0.4225550 | -0.6358554 | -0.7010890
1.287800 | -0.0516089 | -0.0849151 | -0.3318882 | -0.4319630 | -0.6495149 | -0.7133050
1.340300 | -0.0572466 | -0.0877116 | -0.3522414 | -0.4400790 | -0.6613889 | -0.7233850
1.392160 | -0.0630846 | -0.0902810 | -0.3722078 | -0.4469470 | -0.6715654 | -0.7314100
1.443530 | -0.0690986 | -0.0926215 | -0.3916541 | -0.4526010 | -0.6801118 | -0.7374390
1.494570 | -0.0752591 | -0.0947292 | -0.4104341 | -0.4570580 | -0.6870741 | -0.7415130
1.545410 | -0.0815310 | -0.0965982 | -0.4283892 | -0.4603300 | -0.6924695 | -0.7436590
1.596180 | -0.0878733 | -0.0982204 | -0.4453490 | -0.4624150 | -0.6962629 | -0.7438870
1.647020 | -0.0942378 | -0.0995863 | -0.4611318 | -0.4633040 | -0.6983185 | -0.7421910
1.698060 | -0.1005684 | -0.1006840 | -0.4755449 | -0.4629770 | -0.6983694 | -0.7385530
1.749440 | -0.1068002 | -0.1014990 | -0.4883837 | -0.4614060 | -0.6961537 | -0.7329360
1.801290 | -0.1128572 | -0.1020160 | -0.4994307 | -0.4585520 | -0.6915240 | -0.7252870
1.853790 | -0.1186511 | -0.1022150 | -0.5084533 | -0.4543640 | -0.6844048 | -0.7155330
1.907100 | -0.1240787 | -0.1020740 | -0.5152060 | -0.4487790 | -0.6747372 | -0.7035790
1.961420 | -0.1290186 | -0.1015660 | -0.5194123 | -0.4417170 | -0.6624381 | -0.6893010
2.016990 | -0.1333283 | -0.1006600 | -0.5207750 | -0.4330790 | -0.6473927 | -0.6725410
2.074080 | -0.1368399 | -0.0993178 | -0.5189783 | -0.4227410 | -0.6294428 | -0.6530930
2.133030 | -0.1393444 | -0.0974920 | -0.5136558 | -0.4105440 | -0.6083704 | -0.6306950
2.194250 | -0.1405824 | -0.0951224 | -0.5043721 | -0.3962860 | -0.5838759 | -0.6050010
2.258310 | -0.1402329 | -0.0921304 | -0.4905890 | -0.3796960 | -0.5555436 | -0.5755430
2.325930 | -0.1378814 | -0.0884082 | -0.4716047 | -0.3604010 | -0.5227905 | -0.5416770
2.398170 | -0.1329733 | -0.0838007 | -0.4464205 | -0.3378590 | -0.4847615 | -0.5024700
2.476600 | -0.1247316 | -0.0780692 | -0.4134310 | -0.3112290 | -0.4399808 | -0.4565050
2.563840 | -0.1121517 | -0.0708091 | -0.3701457 | -0.2790650 | -0.3856776 | -0.4014660
2.664780 | -0.0962958 | -0.0612249 | -0.3158673 | -0.2384750 | -0.3225200 | -0.3331990
2.791180 | -0.0662778 | -0.0472209 | -0.2283845 | -0.1819090 | -0.2230728 | -0.2431130
3.000050 | -0.0446044 | -0.0137457 | -0.1705929 | -0.0651056 | -0.1567988 | -0.1049560

Table 10: Comparison of the direct numerical simulation (DNS)
difference method (FDM) results of the tangential velocity (Vp)

and finite

for Re =

10.00. The DNS values are in bold font and FDM values in normal font. The
vertical and horizontal values represents 6 and r respectively.
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0.141539 | -0.0067984 | 0.0076271 | -0.0678828 | 0.2046640 | 0.2489047 | 0.5882670
0.350414 | -0.0051561 | -0.0069951 | -0.0500541 | -0.0307181 | 0.2535690 | 0.5504670
0.476814 | -0.0032915 | -0.0024659 | -0.0193979 | 0.0303748 | 0.2655633 | 0.5420140
0.577752 | -0.0024516 | -0.0004838 | 0.0051116 | 0.0611254 | 0.2781489 | 0.4992690
0.664990 | -0.0014751 | 0.0009216 | 0.0275520 | 0.0798414 | 0.2873104 | 0.4560940
0.743426 | -0.0008017 | 0.0020195 | 0.0484791 | 0.0923435 | 0.2934423 | 0.4148120
0.815665 | -0.0001972 | 0.0029161 | 0.0683975 | 0.1011470 | 0.2963402 | 0.3752320
0.883286 | 0.0003892 | 0.0036661 | 0.0875388 | 0.1074860 | 0.2961548 | 0.3370620
0.947338 | 0.0010089 | 0.0042999 | 0.1059344 | 0.1120110 | 0.2929983 | 0.3001080
1.008560 | 0.0016938 | 0.0048352 | 0.1234406 | 0.1150730 | 0.2870634 | 0.2642480
1.067510 | 0.0024593 | 0.0052820 | 0.1397743 | 0.1168700 | 0.2785764 | 0.2294110
1.124600 | 0.0033068 | 0.0056461 | 0.1545702 | 0.1175080 | 0.2677833 | 0.1955500
1.180170 | 0.0042220 | 0.0059307 | 0.1674270 | 0.1170450 | 0.2549230 | 0.1626350
1.234490 | 0.0051823 | 0.0061374 | 0.1779459 | 0.1155100 | 0.2402038 | 0.1306460
1.287800 | 0.0061728 | 0.0062671 | 0.1857592 | 0.1129170 | 0.2237825 | 0.0995686
1.340300 | 0.0071825 | 0.0063198 | 0.1905506 | 0.1092680 | 0.2057492 | 0.0693931
1.392160 | 0.0081933 | 0.0062956 | 0.1920688 | 0.1045640 | 0.1861191 | 0.0401128
1.443530 | 0.0091796 | 0.0061943 | 0.1901351 | 0.0988018 | 0.1648315 | 0.0117230
1.494570 | 0.0101110 | 0.0060157 | 0.1846474 | 0.0919780 | 0.1417576 | -0.0157796
1.545410 | 0.0109542 | 0.0057596 | 0.1755792 | 0.0840904 | 0.1167212 | -0.0423969
1.596180 | 0.0116734 | 0.0054260 | 0.1629761 | 0.0751376 | 0.0895365 | -0.0681301
1.647020 | 0.0122303 | 0.0050148 | 0.1469493 | 0.0651196 | 0.0600761 | -0.0929789
1.698060 | 0.0125856 | 0.0045261 | 0.1276661 | 0.0540377 | 0.0284031 | -0.1169430
1.749440 | 0.0126982 | 0.0039601 | 0.1053391 | 0.0418944 | -0.0049972 | -0.1400190
1.801290 | 0.0125267 | 0.0033170 | 0.0802137 | 0.0286928 | -0.0394225 | -0.1622050
1.853790 | 0.0120291 | 0.0025970 | 0.0525551 | 0.0144356 | -0.0749475 | -0.1834960
1.907100 | 0.0111629 | 0.0018001 | 0.0226351 | -0.0008766 | -0.1117853 | -0.2038840
1.961420 | 0.0098845 | 0.0009260 | -0.0092545 | -0.0172476 | -0.1495921 | -0.2233610
2.016990 | 0.0081497 | -0.0000258 | -0.0427027 | -0.0346904 | -0.1880988 | -0.2419120
2.074080 | 0.0059145 | -0.0010572 | -0.0773819 | -0.0532339 | -0.2271339 | -0.2595180
2.133030 | 0.0031412 | -0.0021713 | -0.1131631 | -0.0729360 | -0.2665890 | -0.2761470
2.194250 | -0.0002172 | -0.0033738 | -0.1499619 | -0.0939044 | -0.3063953 | -0.2917540
2.258310 | -0.0042375 | -0.0046750 | -0.1877556 | -0.1163340 | -0.3465107 | -0.3062650
2.325930 | -0.0089867 | -0.0060923 | -0.2266087 | -0.1405800 | -0.3869168 | -0.3195620
2.398170 | -0.0144785 | -0.0076561 | -0.2666928 | -0.1672890 | -0.4276197 | -0.3314490
2.476600 | -0.0207744 | -0.0094213 | -0.3081567 | -0.1976960 | -0.4686301 | -0.3416330
2.563840 | -0.0284125 | -0.0114940 | -0.3512160 | -0.2343180 | -0.5103205 | -0.3499230
2.664780 | -0.0378086 | -0.0141433 | -0.4018702 | -0.2829740 | -0.5521870 | -0.3586450
2.791180 | -0.0362550 | -0.0193399 | -0.4501485 | -0.3619730 | -0.6116061 | -0.4016580
3.000050 | -0.0295772 | -0.0076271 | -0.4697461 | -0.2046640 | -0.6502667 | -0.5882670

Table 11: Comparison of the direct numerical simulation (DNS)

and finite

difference method (FDM) results of the radial velocity (V;.) for Re = 50.00.
The DNS values are in bold font and FDM values in normal font. The vertical

and horizontal values represents 6 and r respectively.
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0.141539 | 0.0201518 | -0.0137457 | 0.0162823 | -0.0651056 | -0.1797531 | -0.1049560
0.350414 | 0.0264501 | 0.0354040 | 0.0184379 | -0.0410589 | -0.2221507 | -0.3168920
0.476814 | 0.0323974 | 0.0378015 | 0.0115575 | -0.0785170 | -0.2961229 | -0.3828000
0.577752 | 0.0327191 | 0.0347464 | -0.0064501 | -0.1170150 | -0.3504173 | -0.4306910
0.664990 | 0.0328255 | 0.0295909 | -0.0278552 | -0.1525480 | -0.3916220 | -0.4720380
0.743426 | 0.0313751 | 0.0233080 | -0.0540839 | -0.1848910 | -0.4250934 | -0.5090000
0.815665 | 0.0292468 | 0.0163138 | -0.0833551 | -0.2144230 | -0.4525700 | -0.5422740
0.883286 | 0.0264198 | 0.0088225 | -0.1156602 | -0.2415780 | -0.4755635 | -0.5722490
0.947338 | 0.0228864 | 0.0009605 | -0.1504977 | -0.2667230 | -0.4950155 | -0.5992220
1.008560 | 0.0185714 | -0.0071882 | -0.1874541 | -0.2901440 | -0.5116918 | -0.6234310
1.067510 | 0.0133762 | -0.0155605 | -0.2260294 | -0.3120560 | -0.5262074 | -0.6450750
1.124600 | 0.0071966 | -0.0241045 | -0.2656808 | -0.3326180 | -0.5390796 | -0.6643170
1.180170 | -0.0000440 | -0.0327740 | -0.3058320 | -0.3519430 | -0.5507439 | -0.6812920
1.234490 | -0.0083839 | -0.0415253 | -0.3458911 | -0.3701080 | -0.5615634 | -0.6961070
1.287800 | -0.0178603 | -0.0503159 | -0.3852678 | -0.3871620 | -0.5718326 | -0.7088480
1.340300 | -0.0285127 | -0.0591033 | -0.4233901 | -0.4031330 | -0.5817798 | -0.7195820
1.392160 | -0.0403632 | -0.0678448 | -0.4597184 | -0.4180310 | -0.5915671 | -0.7283580
1.443530 | -0.0534104 | -0.0764969 | -0.4937584 | -0.4318480 | -0.6012872 | -0.7352100
1.494570 | -0.0676273 | -0.0850151 | -0.5250703 | -0.4445680 | -0.6109537 | -0.7401570
1.545410 | -0.0829594 | -0.0933536 | -0.5532773 | -0.4561600 | -0.6204835 | -0.7432040
1.596180 | -0.0993227 | -0.1014650 | -0.5780696 | -0.4665850 | -0.6296616 | -0.7443420
1.647020 | -0.1166024 | -0.1093000 | -0.5992065 | -0.4757940 | -0.6380602 | -0.7435480
1.698060 | -0.1346508 | -0.1168080 | -0.6165154 | -0.4837290 | -0.6449227 | -0.7407820
1.749440 | -0.1532858 | -0.1239350 | -0.6298873 | -0.4903230 | -0.6492763 | -0.7359880
1.801290 | -0.1722889 | -0.1306240 | -0.6392680 | -0.4954970 | -0.6504417 | -0.7290900
1.853790 | -0.1914025 | -0.1368140 | -0.6446453 | -0.4991650 | -0.6481619 | -0.7199900
1.907100 | -0.2103259 | -0.1424390 | -0.6460366 | -0.5012260 | -0.6423914 | -0.7085610
1.961420 | -0.2287094 | -0.1474270 | -0.6434950 | -0.5015660 | -0.6331871 | -0.6946410
2.016990 | -0.2461459 | -0.1516970 | -0.6371627 | -0.5000530 | -0.6205923 | -0.6780230
2.074080 | -0.2621588 | -0.1551560 | -0.6271343 | -0.4965300 | -0.6046034 | -0.6584390
2.133030 | -0.2761904 | -0.1576950 | -0.6133351 | -0.4908120 | -0.5851347 | -0.6355390
2.194250 | -0.2876082 | -0.1591780 | -0.5955770 | -0.4826620 | -0.5619945 | -0.6088530
2.258310 | -0.2955190 | -0.1594320 | -0.5735327 | -0.4717750 | -0.5348500 | -0.5777390
2.325930 | -0.2987307 | -0.1582230 | -0.5466719 | -0.4577190 | -0.5031717 | -0.5412790
2.398170 | -0.2957784 | -0.1552070 | -0.5142146 | -0.4398380 | -0.4661646 | -0.4981170
2.476600 | -0.2846158 | -0.1498430 | -0.4752319 | -0.4170160 | -0.4225747 | -0.4461500
2.563840 | -0.2612827 | -0.1411790 | -0.4277935 | -0.3870980 | -0.3694473 | -0.3819830
2.664780 | -0.2134136 | -0.1272430 | -0.3606467 | -0.3451140 | -0.3052671 | -0.3001310
2.791180 | -0.1408861 | -0.1023040 | -0.2831347 | -0.2758090 | -0.2122288 | -0.1939270
3.000050 | -0.1008314 | -0.0137457 | -0.2465727 | -0.0651056 | -0.1538793 | -0.1049560

Table 12: Comparison of the direct numerical simulation (DNS)
difference method (FDM) results of the tangential velocity (Vp)

and finite

for Re =

50.00. The DNS values are in bold font and FDM values in normal font. The
vertical and horizontal values represents 6 and r respectively.
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Figure 16 shows the streamlines of the DNS solution at Re = 0.01, 1.00, 10.00
and 50.00. The vortex does not form at Re = 0.01, 1.00 and 10.00 but it
forms at Re = 50.00. The streamlines of the DNS solution are in agreement
with streamlines of the FDM solution in figure 17. The vortex forms at the
same value of Re = 50.00.

(a) Re = 0.01 (b) Re = 1.00
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Figure 16: Streamlines of the direct numerical simulation (DNS) results for
various values of Reynolds numbers using 40 x 40 grid points for » = 3.30259.
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(a) Re = 0.01 (b) Re = 1.00
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(c) Re = 10.00 (d) Re = 50.00
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Figure 17: Streamlines of the finite difference method (FDM)results for var-
ious values of Reynolds numbers using 80 x 80 grid points for r = 3.30259
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5.4 Conclusion

We solved the stream function equation numerically using the finite differ-
ence method. We transformed the coordinates from (r,0) to (&,u) to allow
us to get arbitrarily close to infinity. The transformation does not solve the
singularity of the problem. We produced a Mathematica code to solve the
stream function equation numerically using the finite difference method to
approximate the stream function solutions. We compared the analytical re-
sults with the numerical results for the first two terms of the stream function
solution at various Reynolds numbers. The numerical results are in agree-
ment with the analytical results for Re <= 1. For Re = 10.00, the analytical
and numerical results are not in agreement because the analytical results are
limited to Re <= 1. We compared the solution of the stream function equa-
tion with the solution of the full Navier-Stokes equations. The numerical
results of the full Navier-Stokes equations are in good agreement with the
numerical results of the stream function. The vortex forms at Re = 50 in
both solutions.
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6 Stability Analysis

6.1 Von Neumann Stability Analysis

The Von Neumann stability analysis is used to check the stability of the finite
difference method (FDM). FDM refers to the finite difference method. The
stream function equation in terms of £ and p coordinates is given by

DY, =AD*¥,, 0<&E<1, —1<pu<l, (6.1.1)
where
Py | Aer=1) PG A1) 32‘1’(&#)]
T llog(1—€) =13 9P (log(1—€&) —1)F  op?
[ (=1 () V(& 1)
llgi=g-17 o €V, ]

LOPU(E ) 2 (42— 1)(E — 1)(log(1 — €) — 3) PPU(E, p)
TP e - (log(1— &) — 1)? 3€0u2]
PR | (o DVEp) 202 = 1E= 1P 84\145,;0}

2 0et  (log(1—6) — 1) 0&0,2
(6.1.2)

+-6(§—1)

and
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A2y, — | A=) 9V(E ) PPU(E, m}

(log(1=¢) —1)>  Op o
[ (£ —1)(log(1 — &) —3) 0V(E, ) 31’(5,#)}
| (log(1—¢) —1)3 Iy o€
[ (@ = 1)(E=1) PU(E, ) 6’\1’(6,#)}
[(log(1—=¢&) = 1) opd ¢
[ 2 p(§—1)° (3‘1’(57/1))2}
(12— 1)(log(1 — &) —1)2" 8¢
[ (26 -6 —1) V() 32@(&#)]
[(log(1—¢)—1)2 9  9¢ap
[ (1= ) (E—=1) dV(E, ) 03‘11(&#)]
[(log(1—=¢&) —1)* O 0Op?
[ (£ —1)*(3log(1 — &) —5)QV(&, p) 32‘1’(57/0]

(log(1—¢) — 1) O S

2 p(E—1)° OV (&, 1) 32@(&#)]

L(* = 1)(log(1 = &) = 1)*  0¢ 0g?
i (€—-1)° OV (E, ) 33@(&#)]
(1 —p2)(log(1 —&) —1)2  9¢  9€%0u
-1 V() 33‘1’@,#)]
[(log(1—¢)—1)2 du 030 |

+

(6.1.3)

We define:

(S, p) = ¥(n, &, p). (6.1.4)

We then expand ¥ as

W(n, & ) = Wo(&, 1) + e¥y(n, &, ), (6.1.5)
where

(1 = 1) log(1 = ©)*(=3 + 2log(1 — ©))
To(¢.p) = = e . (616)

U, is the Stokes expansion in terms of £ and p.

By substituting equations (6.1.2), (6.1.3), (6.1.4), (6.1.5) and (6.1.6) into
(6.1.1), we get an equation of the form
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AWi(n+1,& 1) = BiW(n, & p) + Ch, (6.1.7)

where A; contains (£, i, and €), By contains (¢, i, Re and €) and C contains

(&, uand Re).

We write the first derivative of W;(n + 1,£, ) as

aqjt(n+ 1757”) _ \I[t(n—f_ 17k+ 17]) - \Ijt(n+ 17k_ 17.7)

o€ 20& ’ (6.1.8)
G\Ilt(n—l—l,g,p) _\I]t<n+17k7j+1)_\Ijt(n—i_l?khj_l) o
ou N 200
and the first derivative of Wy(n, &, 1) as
8\I/t(n,f,,u) _ \Ijt(nak_’_l)])_qjt(nak_laj)
o S | (6.1.9)
aqjt(nagaﬂ) _ \Ijt(na ka] + 1) — \Ijt(na ka] — 1)
o 261 '

After replacing the derivatives of Wy(n + 1,&, 1) and Wy(n, &, 1) in equation
(6.1.7) with the finite difference schemes, the form of equation (6.1.7) be-
comes

AUt = Byu, (6.1.10)
We define
Uy (n, k,j) = ®(n, k, 7), (6.1.11)
where
O(n, k4 x,j +y) = @ ROHVRING (L) (6.1.12)
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After substituting equations (6.1.11) and (6.1.12) into equation (6.1.10) we
get an equation of the form

qu)(n—l—l,k’,j) :ng)(n, k,j)+03, (6113)

where Az and Bj are coefficient matrices of ®(n + 1, k,7) and ®(n, k, j) re-
spectively. The entries of matrices A3 and Bz contains (Re, 0§ and o). Cs
is a matrix which only contains values of ¢ and p.

For stability

| =2 < 1. (6.1.14)

If B grows faster than Az then the numerical solution to the PDE will be-
come unstable.
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6.2 Results

We require B3/As < 1 for the FDM to be stable. The stability of the FDM
is depended on the values of Re, 6§ and du. We need 0§ and du to be small
enough for the numerical code to work as Re increases. The numerical results
showed that the vortices formed at Re = 50.00.

Figure 18 shows the region plot for the stability of the FDM using 10 x 10
grid points. The FDM is stable at Re = 0.01, 1.00 and 10.00. The FDM is
conditionally stable because the region of stability shrinks at Re = 50.00.

(a) Re = 0.01 (b) Re = 1.00

02 04 ! . ; Y 02 0.4
¢ &

B: B: B: B:
W2t 0 (2 Sl et

(c) Re = 10.00 (d) Re = 50.00

“o0 02 04 X 08 ; " 00 0.2 04 X 08
¢ 3
B By By, B
W 201 0|2 w2010 |2

Figure 18: Region plot for 66 = 0.1 and dp = 0.22 at various Reynolds
numbers. The stable region is blue and unstable is white.
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Figure 19 illustrates the stability conditions of the FDM using 40 x 40 grid
points. The results are in agreement with the numerical results from figure
9. The FDM is stable at Re = 0.01, 1.00 and 10.00. The FDM becomes

unstable at Re = 50.00.

(a) Re = 0.01

(b) Re = 1.00

02 04
¢

B: B
m st 012

02 04
4

B: B:
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(¢) Re = 10.00

(d) Re = 50.00

02 04
¢

B: B;
W2t 0 (2

0.2 04
4

B B:
W 2st0 2e

Figure 19: Region plots for 6§ = 0.0230769 and du = 0.0507692 at various
Reynolds numbers. The stable region is blue and unstable is white.
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In figure 20, we have evaluated the stability of the FDM for 80 x 80 grid
points. We picked d§ = 0.0113924 and du = 0.0250633 in order to be able to
compare the stability results with the numerical results from figure 10. We
find that the FDM is also stable at Re = 0.01, 1.00 and 10.00. The FDM
becomes unstable at Re = 50.00.

(a) Re = 0.01 (b) Re = 1.00

" 00 02 04 06 08 " 00 0.2 04 06 08
¢ ¢

B: B; B; B:
w2 02 w2 0

(¢) Re = 10.00 (d) Re = 50.00

0.2 04 ! ! "ol 0.2 04
§ §

B: B: B: B:
W2t 0 (2 LIS DI

Figure 20: Region plot for 6§ = 0.0113924 and op = 0.0250633 at various
Reynolds numbers. The stable region is blue and unstable is white.
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6.3 Conclusion

We used the Von Neumann stability analysis to check the stability of the
FDM for Re = 0.01, 1.00, 10.00 and 50.00 at various values of step sizes (6§
and 0u). The stability results show that the FDM is conditionally stable.
Figure 18 demonstrated that the FDM is stable at Re = 0.01, 1.00 and 10.00
for 66 = 0.1 and dp = 0.22. The region of stability shrinks at Re = 50.00. We
decreased the step sizes values to 66 = 0.0230769 and dpu = 0.0507692 and
the region plot indicated that the FDM is still stable at Re = 0.01, 1.00 and
10.00. At Re = 50.00, the FDM becomes unstable and it is the same value at
which the vortex forms as illustrated by the streamlines in figure 9. We can
see that the stability analysis results are in agreement with the FDM numeri-
cal results. We decreased the step sizes values again to 6§ = 0.0113924 and dp
= 0.0250633 and the FDM is still stable at Re = 0.01, 1.00 and 10.00. Now
the region where the FDM becomes unstable becomes smaller at Re = 50.00.

From the stability analysis results for Re = 0.01, 1.00, 10.00 and 50.00 at
various values of step sizes (0§ and 0u), we note that the FDM is stable for
small Reynolds numbers and the FDM becomes unstable at high Reynolds
numbers. We can achieve stable if we keep the step sizes small. The stability
is also dependent on the value of & because the region plots indicated that
the FDM becomes unstable at & closer to 1.
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7 Conclusion

In this dissertation we have studied the slow viscous incompressible flow past
a stationary sphere. We have reproduced the solution of zero order problem
that was obtained by Stokes [3] for slow viscous incompressible flow past a
sphere. We also derived the solution of the first order problem and attempted
to find the solution of the second order problem. We then reproduced the
second term of Oseen expansion. We improved the solution of the first order
problem by matching the Stokes and Oseen expansions to determine the con-
stants of integration. We also tried to write an algorithm to obtain higher
approximations of the flow using Mathematica. We used the second-order
finite difference method (FDM) to solve the Navier-Stokes equations via the
stream function approach (SFA). We compared the analytical and numerical
(FDM) solution of the stream function. We also compared the solution of
the FDM with the direct numerical simulation (DNS). Then we checked the
stability of the FDM using the Von Neumann stability analysis.

The analytical solutions indicated that the zero order problem satisfies the
boundary conditions at the surface of the sphere and far from the sphere. The
solution of the first order problem does not satisfy the boundary conditions
at infinity because the expansion breaks down for large r and the break-
down of the expansion is called the Whitehead paradox. Ossen resolved the
Whitehead paradox by linearizing the inertia terms. The first order solution
was improved by matching the Stokes expansion to the Oseen expansion.
We could not find the solution of the second order problem using the Stokes
expansion because we could not determine the constants that will satisfy
the boundary conditions. The log r terms makes the equations to result in
complex expressions. Proudman and Pearson [5] were able to determine the
constants by matching the Stokes expansion to the Oseen expansion. We
could not write an algorithm to obtain higher approximations of the flow
using Mathematica because the trigonometric powers resulted in complex
expressions that could not be reproduced algorithmically. We were able to
find the zero and first order solutions using Mathematica.
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We found the numerical solution of the stream function using the second-
order FDM for various Reynolds numbers. The transformation of r and 6 to
¢ and p allowed the computational domain to get arbitrarily closer to infinity.
The transformation has an effect in the visualisation of the flow because it
reduces the domain. The graph of £ and r in figure 8 illustrated that & gets
closer to 1 very quickly at about » = 5. The solution for the first two terms
of the stream function was obtained using 40 x 40 and 80 x 80 data points
for r interval [1, 3.30259] (¢ interval [0, 0.9]) at Re = 0.01, 1.00, 10.00, 50.00.
The solution behaves the same for the 40 x 40 and 80 x 80 data points. The
streamlines indicates that the solution is in agreement with previous authors
results. The vortex did not form at Re < 1 which agrees with the Stokes
expansion. Also the vortex did not form at Re = 10.00 but it formed at
Re = 50.00 which is also in good agreement with previous studies results.
We also found the solution of the first six terms of the stream function using
80 x 80 data points. The results are also in agreement with previous au-
thors results. The solution of the first eleven terms of the stream function
is also in agreement with previous results the were obtained by many authors.

The solution of the first two terms of the stream function breaks for large r
when we use the r interval [1, 10.2103] (¢ interval [0, 0.9999]). The stream-
lines showed that the vortex forms at Re = 0.5 which is not in agreement
with results for r interval [1, 3.30259] (¢ interval [0, 0.9]). We note that the
solution breaks as r increases. It is important to note that the analytical
solution of v, does not satisfy the boundary condition at infinity and it is
not valid for large r. The FDM solution of the stream function is also not
valid for large r as illustrated by the streamlines in figure 13. It looks like
it is related to the Whitehead paradox. We note the that the Whitehead
paradox is strong in the Stokes expansion because it is not only affecting the
analytical solution but it is also present in the numerical solution. However
we are able to bypass the Whitehead paradox using the FDM to approximate
the solution of the stream function only for r closer to the sphere.
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Analytical and numerical solutions were generated using 40 x 40 data points
for r interval [1, 3.30259] (¢ interval [0, 0.9]) at Re = 0.01, 1.00, 10.00,
50.00. The comparison of the analytical solution with the numerical solution
for the first two terms of 1) and ¥ indicated that the two solutions are in
agreement for Re < 1. This is because the analytical solutions are valid for
Reynolds numbers less or equal to 1. The numerical solution is also valid
for Re < 1 because the solution of the zero order problem was used as an
initial condition for the first order problem. The analytical and numerical
solutions are not in agreement for Reynolds numbers greater than 1, this
is because the analytical solution breaks for Re > 1. The analytical solu-
tion breaks for Re > 1 because the solution satisfies the boundary condition
at the surface of the sphere and it does not satisfy the boundary condition
at infinity. There is no choice of the constants of integration to correct it.
The numerical solution does not break for r interval [1, 3.30259] (¢ interval
[0, 0.9]) closer to the sphere. We observed that a vortex forms at Re = 50.00.

The DNS and FDM solutions were generated using 40 x 40 data points for r
interval [1, 3.30259] (£ interval [0, 0.9]). The streamlines of the DNS solution
indicated that the vortex does not form at Re = 0.01, 1.00, 10.00 and it is in
agreement with the streamlines of the FDM solution. The vortex forms at
Re = 50.00 in both solutions. The numerical values of both solutions are in
good agreement because the order of magnitude in both solutions is almost
the same. The Mathematica code of the FDM approximates the solution of
the stream function equation for any number of terms of ¥ and it runs faster
than the DNS Mathematica code for solving the full Navier-Stokes equations
directly. We can pick any ¥ solutions from the stream function numerical
results and plot the solutions.
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The Von Neumann stability analysis showed the FDM is conditionally stable
because it is stable at Re = 0.01, 1.00, 10.00 and for small values of 6§ and
Ou. The region plot of the stability results show that the scheme becomes
unstable at Re = 50.00 which is in good agreement with the numerical results
from figure 9. The stability results indicates that we can increase Re and
achieve stability as long as we keep the values of ¢ and du small compared
to Re.

In future work we will explore the development of a numerical algorithm
for the Oseen approximation as well as extending the code to include more
general coordinates to allow for the investigation of Stokes flow passed an
object of arbitrary shape.
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A Algorithms

A.1 Analytical Code for v

u = #IMDW[T, 0]79];
U= _7«S+11[9]D[w[7n7 0]7T]7
U = {u,v,0};

W = Curl[U, {r, 0, ¢}, “Spherical”]//Expand//FullSimplify;

LHS = Curl[Curl[W,{r, 0, ¢}, “Spherical”], {r, 0, ¢},
“Spherical”|[[3]]//Expand//FullSimplify;

Ylr_, 6]:=f[r]Sin[0)?
Equation = LHS == 0//FullSimplify;

f[r] = Limit |DSolveValue [{Equation, fl1] ==0, f'[1] == 0, f[R]
flrlr], B = o;

Y[r, 0] = flr]Sin[0]*;
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A.2 Analytical Code for ¢,

u = #IMDW[T, 0]79];

U= _Tsl;n[g}DW}[Tv 9]7T]7
U = {u,v,0};

W = Curl[U, {r, 0, ¢}, “Spherical”]//Expand//FullSimplify;

LHS = Curl[Curl[W,{r, 0, ¢}, “Spherical”], {r, 0, ¢},
“Spherical”|[[3]]//Expand//FullSimplify;

AL (%) Sin[g]2 + e ¥1[r, ]
RHS = reCurl[Cross[U, W], {r, 0, ¢}, “Spherical”][[3]];
YP1[r_, 0 ]:=f[r]Cos[f]Sin[6]?

Equation = LHS==Series[RHS, {re, 0, 1}]//Normal//FullSimplify;

f[r] = Limit[DSolveValue[{ Equation, f[1] == 0, f'[1] == 0, f[R] == 0,
['[R] == 0}, flr],r], R — oc];

W1fr,0) = f[r]Cos[0]Sin[d]?
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A.3 Numerical Code for U

LHS[i.,j]:==

(u(=li, =1+ j] + i, 1 + 5])) /(29(1 — Log[1l — ¢])*) —

(1 (=li, =1+ j] + ¥li, 1+ 1)) / (29(1 — Log[1 — £])*) —

(1 (1 = p?) (=3[d, =1+ j] + [0, 1+ 1)) / (29(1 — Log[1 — ])*) +

(41 = p?) (Wli, =1+ j] = 203, ] + ¥[i, 1+ j])) / (9°(1 — Log[1 — €])*) —
(40 (1 = p2) (Wi, =1+ j] = 2¢[i, j] + ¢, 1+ j])) / (9°(1 — Log[1 — €])*) +
(1= p2) (Wi, =2+ j] = 4, =1+ j] + 6¢[i, j] — 40, L+ 5] + 9[i,2 + 5]))/

—~

(2u (1= p2) (=i, =2 + 5] + 203, =1 + j] — 2¢[3, 1 + j] + ¥[i, 2 + 5]))/
(¢°(1 — Log[1 — &)*) +
(20 (1= 1) (=[i, =2 4 5] + 203, =1 + 5] — 2¢[i, 1 + j] + ¥[i, 2 + j]))/
(¢*(1 — Log[l — &])*) — 5 (1L — p?) (= [=1 44, 5] + [1 +14, j])+
(1= p)E(—v[-1+i, 5] + Y[1 +4, i)+
T (1= p®) (P[=1+1i, 5] — 200, 5] + P[1 +1, j])—
a4 (1= p2) E([=1 44, 5) = 20[3, 7] + Y1 + 1, j])+
T (1= p?) E([=1+1i, ] — 2003, 5] + P[1 +14, j])+
(1= p) (W[-1 4+, =1+ ] = 2¢[-1 +i, 5] + P[-1 +4,1 +j]) /(¢°h*) —
2(li, =1+ 4] = 203, 5] + (i, 1+ 41)) /(g°h?) +
(YL +d, =1+ 5] = 2L +4, j] + P[L +4, 1+ 5]) /(9°h%)))/
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(1 — Log[l —¢])*~

(2p° (1= p®) (D=1 + 4, =1+ j] = 2¢[=1 4+, j] + P[-1 + 4,1+ j]) /(g°h*) —
2([i, =1+ j] = 2¢[i, 5] + [0, 1+ 1) /(9*h?) +

(W44, =14 5] = 201 + i, 5] + 9[1 +4, 1+ 4]) /(6*h?)))/

(1 - Log[l —¢&])*~

(4 (1 =) (=144, =1+ j] = 2¢[=1 + i, j] + P[-1 + 4,1+ j]) /(g*h?) —
(2(0li, =1+ 5] = 2¢[i, j] + ¥[i, 1+ 5])) /(9*h%) +

(YL +d, =1+ 5] = 2¢[L +4, j] + P[L +4, 1+ 5]) /(9°h%)))/

(1 — Log[l — &])*+

(4p? (1 — p?) E((p[=1 44, =1+ 5] = 2¢[1 + 4, 5] + ¥[-1 + 4,1+ 5]) /(g°h?%) —
2([i, =1+ j] = 2¢[i, 5] + [0, 1+ 1)) /(9*h?) +

(W +d, =14 5] = 20[1 + i, 5] + 9[1 +14, 1+ 4]) /(6*h?)))/

(1 — Log[l — &])*+

21 =) E((W[-1 414, 1+ j] = 29[+, 5] + [-1+4, 1+ 5]) /(g°h?) —
(2(0li, =1+ 5] = 2¢[i, j] + ¥[i, 1+ 5])) /(9*h%) +

(Y +i, =1+ 5] = 241+, 5] + ¢[1 +14, 1+ 4]) /(6°h?)))/

(1 —Log[l — ¢])*~

(2u? (1= p?) € ((W[-1+ i, =1+ j] = 24[=1 +4, j] + ¥[=1 +4,1 +j]) /(¢*h?) —
(2([i, =1+ j] = 20[i, 5] + [0, 1+ 1)) /(9*h?) +

(Y144, =1+ j] = 201 + 4, 5] + ¥[1 +14,1 4 5]) /(g°h*)))/

(1 - Log[l —¢&])*~

(4 (1= p®) (=[=1 414, =2+ 5] + ¢[L +14, -2+ 5]) /(8¢°h) —

(—[=1+414,5] + ¥[L +1,5]) /(49°h) +

(=[=1 44,2+ 5] +¢[L +i,2+ j]) /(8¢%h))) /(1 — Log[l — £])*+

(4p® (1= p®) (= [=1 44, =2+ 5] + D[+, =2 + j]) /(8¢°h) —
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(=[=1+1,5] +¥[1 +1i,5]) /(49°h) +

(=y[=1+d,2+ 5] + Y[l +4,2+5]) /(8¢°h))) /(1 — Log[L — &])*+
41 =) E(=v[-1+i, =2+ 7] + [l +i, -2+ 1]) /(8¢%h) —
(=[=1+1, 5] +¥[1 +1i,5]) /(49%h) +

(—[=1+0,2 + 5] + [l +i,2+5]) /(84°h))) /(1 — Log[l — &])*~
(4p? (1= p?) E((=¢[=1+14, =2+l + Y1 +i, -2+ j]) /(8g°h) —
(=y[=1+1d, ] + [l +1i,j]) /(49°h) +

(=¥[=1+0,2+ 5] +¢[L +4,2+4]) /(8¢h))) /(1 — Log[l — £])*~
(2(1 = p®) ([=1 44, =2+ 5] + ¢[L +14, -2+ 5]) /(8¢°h) —
(—[=1+14,5] + Y[ +1,5]) /(49°h) +

(=[=1 44,2+ 5] +P[L +i,2+ j]) /(8¢%h))) /(1 — Log[l — &])*+
(2% (1= p®) (= [=1 44, =2+ 5] + [+, =2 + j]) /(8¢°h) —
(—[=1+14,5] + ¥[L +1,5]) /(49°h) +

(=[=1 44,2+ 5] +P[L +i,2+ j]) /(8g%h))) /(1 — Log[l — &])*+
(2(1 = p?) E((—o[=1 414, =2+ 5] + Y[l +i, =2+ j]) /(8¢°h) —
(=[=1+1, 5] + [ +1i,j]) /(49%h) +

(=1 44,2 + ] + [l +,2 +5]) /(84°h))) /(1 — Log[l — &])*~
2u? (1= p?) E((=¢[=1+i, =2+ ] + Y1 +i, -2+ j]) /(8g°h) —
(=[=1+1,5] +¥[1 +1i,j]) /(49°h) +

(=9[=1+d,2+ 5] + Y[l +4,2 + 5]) /(8¢°h))) /(1 — Log[L — &])*+
r (L= p?) (D[=2 + i, j] = 4[=1 44, ] + 69[i, j] — 4[1 + 4, 5] + [2 + 14, 5]) —
ard (1= p?) €W [=2 + i, j] — 4[=1 + 4, 5] + 69[i, j] — 4[1 + i, j]+
P2+, 1))+

6 (1= p?) E(W[=2+ 1, j] — 4[=1 44, 5] + 6¢[i, j] — 4[1 + 14, ]+
P2+, j]) -
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ard (L= p?) € (W[=2 + i, j] = 4p[~1 + 4, 5] + 690, ] — 4P[1 + 4, ]+
)

h4 ( >§4(1/)[_2 +17]] - 4¢[_1 + 7’7]] +6¢[27]] - 4¢[1 +Z7]]+
)

—[=2+ 4, 5] + 29[~ 44, 5] — 2¢[1 +4, 5] + ¥ [2 + 4, )+

(=[=2+4, 5] + 201 +4, 5] — 20[1 + 4, ] + P[2 + 4, 5]) —
—P[=2 +1d,j] + 201 + 4, 5] = 29[1 +4, 5] + P[2 + 4, j])+

1) E(=[=2 44, 5] + 20 [=1 +4, j] — 2¢[1 + 4, j] + ¥[2 + 4, j]) /-

§—&if - — pj;

RHS[_,j.]:=

(2 (1= p?) (=¥l =1+ j] + &[0, L+ ) (W[, =1 + 5] — 203, 5] + ¥[i, 1 + 4]))/

(9°(1 — Log[l — ¢])°) —

(20% (1 = ) (=i, =1 + 5] + i, 1 + 5])

(W[i, =1+ 5] = 2¢[i, ] + [, 1+ 51)) /(¢*(1 — Log[1 — €])°) +

(=i, =1+ ]+ ¢li, L+ JD (=1 + 4, 5] + Y[1 +4,5]))/

(4gh(1 — Log[l — €])*) —

(W (=, =1+ ] + 06, L+ D (=0 [=1 +4, 5] + Y[1 +4,5]))/

(4gh(1 — Log[l —&])*) —

(1= p®) (=i, =1+ J] + Y[, L+ ) (=0 [=1 44, 5] + ¢[1 +4, 1))/

(4gh(1 — Log[l —¢])*) —

(E(=vli, =1+ 5] + i, L+ ) (=d[=1 + i, 5] + ¥[1 +1,5])/

(4gh(1 — Log[1 — &])*) +

(L2 (=li, =1+ j] + ¥li, 1+ ) (= [=1 + 4, 5] + P[L + 4, 5]))/

(4gh(1 — Log[l — &))*) +

(L= p?) E(=li, =1+ g + i, 1+ (=0 [=1 + i, j] + ¥[1 +4,4]))/
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(4gh(1 — Log[1 — &])*) —
(L= p?) (=i, =1+ 5] + i, L+ ) (=¥ [=1 + i, 5] + Y[1 +1, 1))/
(297 (1 — Log|[1 — €))*) +
(=) &(=0li, =1+ 5] + ¥li, 1+ D) (= [=1 + 4, ] + ¥[1 + 4, 4]))/
(297 (1 — Log[1 — ¢])*) —
(L= p2) (=i, =1+ 5] + P[i, 1+ ) (=¥ [=1 + i, 5] + Y1+, 1))/
(4gh(1 — Log[1 — £])*) +
(=) (=i, =1+ 5] + ¥l 1+ D (—v[=1 + 4, 5] + ¥[1 +4, 1))/
(4gh(1 — Log[1 — &])*) +
(1= p?) (=[i, =2+ j] + 200, =1 + 5] = 2, 1 + 5] + [i, 2 + j])
(—y[=1+1d,j] +¥[L +1i,4]) /(49°h(1 — Log[L — &])*) —
(1? (1= p2) (=i, =2 + 5] + 20[i, =1 + j] — 2¢[3, 1 + j] + ¥[3, 2 + ])
—Y[=1+1d,j] +¥[L +1i,j])) /(49°h(1 — Log[l — &))*) —
(1= p?) E(=[i, =2+ j] + 293, =1 + 5] = 20, 1 + 5] + [i,2 + j])
—p[=1+14, 5]+ ¥[L +1,5])) /(4g°h(1 — Log[l — £])*) +
P2 (1= p?) E(=li, =2+ jl + 293, =1 + 5] = 23, 1 + 5] + 9[i,2 + j])
(—=¢[=1+14,j] +¥[L +1i,4]) /(49°h(1 — Log[L — &§])*) —
(u(=¥[=1 44, 5] + ¥[1 +14,j])*) / (2h*(1 — Log[l — {])*) +
(HE(= =1+, 5] + Y[1 +4,5])%) / (h*(1 — Log[l — &])*) —
(n€(—=[=1 +1, ] + ¥[L +1,5])%) / (2h*(1 — Log[1 — &])*) +
(1= p®) (=i, =1+ 5] + Y[, 1+ ) (W[=1 +4, 5] — 20[i, j] + ¥[1 +14,5]))/
gh*(1 — Log[1 — ¢])*) —
2(1 = p?) E(=9[i, =1 + 5] + i, 1 + j])

(=1 +1d, 7] = 2903, 5] + [1 +14, j])) /(gh*(1 — Log[L — &])*) +
(1= p?) (=i, =1+ 5] + i, 1+ j])
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(W[=1+14, 5] = 2¢[i, ] + »[1L + 4, 5])) /(gh*(1 — Log[1 — €])*) +

(3 (1 —p2) (=i, =1+ j] + i, 1 + 5])

(W[=1+14, 5] = 2¢[3, ] + »[1 + 14, 5])) /(2gh*(1 — Log[1 — &])*) —

(3 (1 —p?) E(=li, =1 + 5] + i, 1+ j])

(Y[=1+1i, 5] = 2¢[i, ] + P[1 + 1, j])) /(gh*(1 — Log[1 — €])?) +

(3 (1 —p?) (=i, =1 + j] + ¥[i, 1 + 5])

(W[-1+1d,j] — 2¢[i, j] + ¥[1 +14,4])) /(29h*(1 — Log[L — &])?) +
(W(—=¥[=1+ i, j] + P[L +4, ) ([1 + 4, j] — 20[1, 5] + ¥[L +4, 1))/
(h*(1 — Log[l — ¢&])*) —

Bue(=v[=1 +i, 5] + P[L +4, 5] ([=1 + 14, j] — 2¢[1, 5] + ¥[L + 4, j]))/
(h*(1 — Log[l — &])*) +

Bue*(—v[—1 414, 4] + ¥[1 +4, 5]) (¥ [-1 + 4, j] — 20[i, j] + Y[1 + 4, )/
(h*(1 — Log[l — ¢])*) —

(R (==L +d, ] + ¢[1 + 4, ) (W [-1 + 4, j] = 29[i, ] + Y[1 +14,4]))/
(h*(1 — Log[1 - ¢&])*) —

(1= p?) (= [=1 + 4, 5] + ¥[1 + 14, 5])

(—((=y[=1 44, =1+ j] + P[L +4,—1 + j])/(4gh))+
(—[=1+4,1+ 5] +¢[L+i,1+ j])/(4gh))) /(2h(1 — Log[1 — &])*) +
(1= p) E(—¥[-1+1d,j] + ¥[1 +4,5])

(—((=y[=1 44, =1+ 5]+ P[L +4,—1 + j])/(4gh))+
(—[=1+4,1+ 5]+ ¢[L+i,1+ j])/(4gh))) /(h(1 — Log[l — &])*) —
(1= p?) E(—[=1+1, 5] +P[L +1i,5])

(—((=y[=1+i, =1+ ] + [l +i,—1+5])/(49h))+

(=¢[=1+4, 1+ 5]+ [1 +14,1 4 5])/(49h))) /(2h(1 — Log|L — &])*) —
(1= p®) (=2, =1 + 5] + ¥[i, 1 + 4])
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(=[=1+d, =2+ ]+ ¥[1 +4, -2+ j]) /(8¢%h) —

(=y[=1+1d, 5] +¢[L +1i,j]) /(49°h) +

(—¥[=1+8,2+ ]+ [l +i,2+]) /(84°h))) / (29(1 — Log[1 — £])*) +
(12 (1= ) (=9[i, =1 + j] + i, 1 + j])

(—¥[-1+d, =2+ + Y[ +i,-2+7]) /(8¢%h) —

(=[=1+1,5] +¥[1 +1i,j]) /(49°h) +

(=y[=1+8,2+ ]+ [l +i,2+4]) /(84°h))) / (29(1 — Log[1 — £])*) +
(1= p2) (=0li, =1+ j] + [, 1+ 5])

(=[=1+4d, =2+ ]+ ¥[1 +4, -2+ j]) /(8¢g%h) —

(—[=1 414,51 + Y[ +1,5]) /(49°h) +

(—¥[=1+8,2+ ]+ ¥l +i,2+]) /(84°h))) / (29(1 — Log[l — £])*) —
(n* (1 = ) §(=i, =1 + 5] + ¥, 1 + 5])

(—¥[-1+d, =2+ +¥[1 +i,-2+7]) /(8g%h) —

(=y[=1+1, 5] +¥[1 +1i,5]) /(49%h) +

(=v[=1+8,2+ ]+ [l +i,2+4]) /(84°h))) / (29(1 — Log[1 — £])*) —
(1= p) (=i, =1+ j] +li, 1+ 5])
(=9[=2+1d, ] + 2¢[~1 + 4, 5] = 291 +4, 5] + P[2 + 4, j]))/
(4gh*(1 — Log[l — €])*) +

(3 (1 —p?) E(=li, =1 + 5] + i, 1+ j])
(=9[=2+1d, ] + 2¢[~1 + 4, 5] = 21 +4, ] + P[2 + 4, j]))/
(4gh*(1 — Log[l - €])*) —

(3 (1 —p?) (=i, =1 + j] + ¥[i, 1 + ])

(=[=2+ 4, 5] + 2¢[=1 +4, 5] = 2¢[1 +4, 5] + ¥ [2 + 4, 5])) /
(4gh*(1 — Log[l — €])*) +

(1= p?) (=i, =1+ 5] + [, 1+ j])
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(=[=2+4, 5] + 201+, 5] — 20[1 +4, 5] + ¥[2 + 4, 5]))/
(49h°(1 — Log[l — &])?) + (1 /(2h(1 — Log[l — ¢])*)) (1 — 1*)
(=[=1+14, 5] + P[L +1i,5])

(=[=2 414, =1+ ] + ¢li, =1 + j]) /(8¢gh*) —

(—[=2+1d, 1+ 5] + [, 1 + 5]) /(8¢gh*) —

(=i, =1+ 5] + P2 +i,—1+5]) /(8gh%) +

(=i, 1+ 5] + 92+, 1+ j]) /(8gh?)) —

(1/(2h(1 = Log[l = €])*)) 3 (1 — p?) E(=[=1 + 4, 5] + ¥[1 + 14, j])
(=¥[=2+i, =1+ 4] + ¥[i, =1 +4]) /(8¢gDh°) —

(=[=2+41d,1+ 5] + i, 1+ 5]) /(8gh*) —

(=i, =1+ 5] + P2 +i,—1+5]) /(8gh%) +

(=l L+ gl +¥[2 +i, 1+ 4]) /(8gh%)) +

(1/(2h(1 — Logl[l = ¢])*)) 3 (1 — p?) (=¥ [-1 +4,j] + ¥[L + 4, j])
(=[=2+i, =1+ 4] +¥[i, =1+ 5]) /(8¢gDh*) —

(=[=2+4, 1+ 5]+ 9[i, 1+ j]) /(8gh?) —

(=i, =1+ 5] + P2 +i,—1+5]) /(8g9h%) +

(-
(
(
(—
(—
(-

Pli, 1+ 5]+ 92 +14,1+j]) /(8gh?)) —

¥l
vl

1/(2h(1 — Log[l = €])*)) (1 — ) (= [=1 +4, ] + ¢ [1 + 4, 5])
(=¥[=2+i, =1+ 4] +¥[i, =1 +4]) /(8¢gDh?) —
2+ 1,1+ 5] +[i, 1+ 5]) /(8gh?) —
Vi, =1+ 5] +¥[2+ 1, —1+3]) /(8gh?) +
Pli, 1+ 5]+ 924143, 1+ 5]) /(8gh%)) /& = &/ — py/ b — 0.

re — 1;

¥l
L,
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N¢ = 80:;
Nup = 80;
a = 0;
b=0.9;

c = 0.99;

d = —0.99;
h= mes
9= ®rns

¢grid = Rangela, b, hl;

pgrid = Rangelc, d, g];

¢values = NSolve [Table [&;, {7, 2, N& + 1} == &grid, Table [§;, {i,2,N¢ + 1}]] //
Flatten;

pvalues = NSolve [Table [p1;, {7, 2, Nu + 1}] == pgrid, Table [u;, {7, 2, Nu+1}]] //

Flatten;

Solution[0] =

Table |4 (1 - 1) (=podmgy — 3(1 — Log[L = &) +2(1 — Log [1 = &])?)
{i,2,NE + 1}, {7, 2, Nu + 1}]/.&values/ . uvalues/ /Flatten;

00Grid = Table[y0[i, j], {i,2,N& + 1}, {j, 2, N + 1}]//Flatten;

sol[0] = NSolve[)00Grid == Solution[0], 00Grid]//Flatten;

BC1 = Table[[2, j] == 0, {j, 3, Nu}]//Flatten;

BC2 = Table[y[NE + 1, 5] == 0, {4, 3, N}, {i, NE + 1, N¢ + 1}]/.Evalues/. pvalues/ /
Flatten:

BC3 = Table[¢[i, 2] == 0, {7, 2, Nu + 1}]//Flatten;
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BC4 = Table[t)[i, Ny + 1] == 0, {i,2, Ny + 1}]//Flatten;
BC5 = NSolve[Table[t[1, j] == ¢[3, j], {7, 3, N}, Table[[1, j], {7. 3, Nu})//
Flatten;

BC6 = NSolve[Table[t0[1, j]==10[3, 5], {j, 2, Ny + 1}],

Table[y0][1, j],{J, 2, Nu + 1}]]//Flatten;

BC7 =

NSolve[Table[)[NE + 2, 7] == ¥[NE, 5], {4, 2, Ny + 1}],

Table[[NE + 2, j], {4, 2, Npu + 1}]]/.£values/.uvalues/ /Flatten;

BCS =
NSolve [Table {@Z)O[Nf +2,j] == ¢O[NE, j] + 2% h <(1E‘1’g[§miﬁ)“]) (1- uf)) :
{5, 2, Ny + 1}], Table[t/0[NE + 2, j], {7, 2, Ny + 1}]]/.Evalues/. jevalues//
Flatten;

BC9 = NSolve[Table[t[i, 1] == —u[i, Ny, {i, 2, N& + 1}],

Table[y[i, 1], {i,2,N¢ + 1}]]//Flatten;

BC10 = NSolve|Table[0[¢, 1] == —0[¢, Nu], {i,2,N¢ + 1}],
Table[y0]z, 1], {7, 2, N¢ + 1}]]//Flatten;

BC11 = NSolve[Table[[i, Ny + 2] == —o[i, 3], {i, 2, N¢ + 11],
Table[¢[i, Ny + 2], {i,2, N¢ + 1}]]//Flatten;

BC12 = NSolve[Table[:0[i, N + 2] == —0[i, 3], {4, 2, N¢ + 1}],
Table[)0[i, Nu + 2], {i, 2, N + 1}]]//Flatten;

BOC = Join[BC5, BC6, BCT, BCS, BCY, BC10, BC11, BC12];

Equationl =
Table[{LHS[¢, j| == RHS[i, j]}, {7, 3, N&}, {4, 3, Nu}|/.BOC/ .Evalues// .

pvalues/ /Flatten;
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Equation2 = Join[Equationl, BC1, BC2, BC3, BC4];

For[n = 1,n < Ns,n++,

Equation[n] = Equation2/.sol[n — 1];

variables[n] = Union[Cases[Equation[n], ¢[-, -], oo][;

{B, A} = CoefficientArrays[Equation[n], variables|n]|;
Solution[n] = LinearSolve|A, — B];

sol[n] = NSolve[)00Grid == Solution[n|, 1)00Grid]//Flatten;
]

erid = Table[fi ], {1.2.NE + 1}, {j,2, Ny + 1}]//Flatten:
Datal = Solution[0] + Sum [re™Solution|n|, {n, 1,Ns — 1}];
Data2 = NSolve[igrid == Datal, ¢grid]//Flatten;

BC13 = NSolve[Table[t)[1, j]l==1[3, 5], {j, 2, Nu + 1}],
Table[y[1, 7], {j, 2, Nu + 1}]]//Flatten;

BC14 = NSolve[Table[y)[i, 1] == —[i, Ny, {i, 2, N& + 1},
Table[[i, 1], {i, 2, N + 1}]]//Flatten;

BC15 = NSolve[Table[i)[i, Ny + 2] == —[i, 3], {i, 2, N¢ + 1},
Table[[i, Ny + 2], {i,2, N + 1}]]//Flatten;

BC16 =

NSolve {Table {@Z)[Nﬁ +2,j] == [N, jl+ 2% h <(1E§[;Mi5)“b (1- Nj2)) 7
{j,1,Nu + 1}], Table[t)[NE + 2, 4], {7, 1, Nu + 1}]]/.&values/.uvalues//
Flatten;

D1 =

Table [{{(1 — Log [1 — &]) u;, (1 — Log 1 = &]) Sart [1 — 1;%]} ,
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{uli, jlpg — vli, 51Sart [1 — p®] uli, j]Sart [L — p] + vli, jlu}}
{i,2,N¢ + 1},{7,2,Nu + 1}]/.&values/. uvalues;

ulis,j)=—% (w[i’ﬁlg;p[i’j_l])) /.r — (1 —Log[l—¢&])
vfio, j]:=

—r i+1,5]—yli—1,5
— o () ((w[ 4111 m) Jor— (1—Log[l—&]) /.

1 1
S[] " Sartll—p,7]

D2 = Flatten[D1, 1]/.BC13/.BC14/.BC15/.BC16/.Data2/.{values/. uvalues;

Manipulate[ListStreamDensityPlot[Out[46], AspectRatio — 1/2,
ImageSize — Large, PlotRange — All, ColorFunction — “SunsetColors”,
RegionFunction — Function [{z,y}, 22 4+ y* > 1], FrameStyle — Directive[Bold, 15],

FrameLabel — {x,y}], {re, 0, 1000, 10}]
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