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Abstract

The thesis focuses on the symmetry analysis of two types of equation classes. The
first part of the thesis involves the novel study of symmetry analysis on classes of
time-fractional partial differential equations. Firstly, a Lie group analysis method
is used to obtain the solutions of fractional-order population growth models, where
a time component is defined by Riemann-Liouville derivative. Furthermore, the Lie
group analysis is extended to the time-fractional axisymmetric spreading of a thin
incompressible power-law fluid on a horizontal plane. The solutions and their graph-
ical representation are obtained. The second part of the thesis involves the study
of symmetries to find the exact solutions of recurrence equations. We investigate
the symmetry analysis on some fourth, fifth and sixth order recurrence equations
and obtain their respective solutions for special cases of the recurrence equations.

Furthermore this analysis is extended to a general k4 1-th order recurrence equation.
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Chapter 1

Introduction

The study of symmetry analysis on differential equations (DEs) was first introduced
by Marius Sophus Lie (1842-1899) [1]. Lie was able to unify and extend a number
of techniques that were required in solving DEs. Lie realised that these techniques
were special cases of a general integration procedure based on the invariance of DEs
under a continuous group of symmetries. This concept of symmetries is strongly
related to the existence of conservation laws and the relationship between them has

attracted great interest among researchers following the work of Noether [2].

The extension of this idea to recurrence equations is now well-documented (see [3]
and references herein). Recurrence equations have numerous real life applications.
Their importance in mathematical biology and other areas of science cannot be
ignored. In [3], Hydon developed a symmetry based algorithm enabling one to
derive solutions of difference equations without making any special lucky guesses.
Hydon emphasized on second-order difference equations, although his algorithm is

valid for any order. When it comes to higher-order equations, computations can be



cumbersome and extra ansatz may be needed to ease the calculations. Difference

equations and recurrence equations are used interchangeably in this thesis.

Outline of the thesis

The goal of this thesis is to study the symmetry analysis on classes of time-fractional
partial differential equations and recurrence equations. The work in this thesis pro-
duced four publications and two more articles that have been submitted for publi-

cation.

In the second chapter, we focus on symmetry analysis for time-fractional partial

differential equations and is sub divided into sections as shown below:

e Section 2.1 introduces the notation and theory that is used in the subsequent

sections of the chapter.

e In Section 2.2 of the chapter, we consider two categories of fractional-order
population growth models, where a time component is defined by Riemann-
Liouville derivative. These models are studied under the Lie symmetry ap-
proach, and we reduce the fractional partial differential (FDEs) equations to
non linear ordinary differential equations (ODEs). Subsequently, solutions of
the latter are determined numerically or with the aid of Laplace transform.
Graphical representations for integral and trigonometric solutions are present-
ed. A key feature of these models is the connection between spatial patterning

of organisms versus competitive coexistence.

The results for this section have been submitted for publication.

e In Section 2.3, we consider a fractional-order, incompressible power-law flu-

id on a horizontal plane, where the time component is defined by Riemann-



Liouville derivatives. The model is characterized by a nonlinear second-order
partial differential equation comprising of a power-law parameter 5. We trans-
form the model into nonlinear ODEs and subsequently, solutions of the latter
are determined analytically. In the case of a Newtonian fluid, we show that
moving front solutions are obtained irrespective of the presence of fractional
derivatives. Graphical representations for the moving front solutions are pre-
sented. Lastly, we find a nonclassical solution for the integer-order power-law

fluid model.

The results of this section have been published [4].

The third chapter focuses on symmetry analysis for recurrence equations of varying

orders and is divided into sections as shown below:

e Section 3.1 introduces the notation and theory that is used in the subsequent

sections.

e In Section 3.2, all the Lie point symmetries of difference equations of the form

Up,
)
An + BnununJrQ

Un44 =

where, (A,),s, and (B,,),~, are sequences of real numbers, are obtained. We
perform reduction of order using the invariant of the group of transformations.

Furthermore, we obtain their solutions.
The results of this section have been published [5].

e In Section 3.4, we consider difference equations of the form

Unp,
a An + Bn H?:[) Un+i

where (A, )nen, and (By)nen, are sequences of real numbers. We find non-

Un+5

trivial Lie point symmetry generators of the equations and obtain solutions.



The results of this section have been published [6].

In Section 3.4, a full Lie point symmetry analysis on

Un
An + Bnunun—i—Z Up 44

Unt+6 =
is performed. Non-trivial symmetries are derived and exact solutions using
these symmetries are obtained.

The results of this section have been published [7].
In Section 3.5, a full Lie point symmetry analysis of the rational difference
equations of the form

U

k
=0

Un+k+1 = )

where A, and B, are real sequences, is considered and new symmetries are
found. These symmetries are utilized to investigate the existence of solutions.

The results in this paper generalize some results in existing literature.

The results for this section have been submitted for publication.



Chapter 2

Classes of Time-Fractional

Equations

Partial differential equations (PDEs) with fractional-order are indispensable tool-
s in understanding the dynamics of biological systems, and are at the forefront
of theoretical investigations- as opposed to integer-order models that are afflicted
with memory effects. Accordingly, the concept of fractional-order DEs (FDEs) have
been successfully applied to many, if not all, scientific spheres. To mention just
a few examples, we mention studies within biology, fluid dynamics, medicine etc.,
see [8, 9, 10] and references therein. In the literature, it has often been reported
that FDEs are more consistent with natural phenomena than integer-order models.
Hence, this has driven much research involving fractional equations as generaliza-
tions of classical integer-order DEs. Although fractional models are increasingly
complex to analyse and solve, this problem was met with a diverse number of pro-
posals. The techniques available to solve FDEs include, but are not limited to:

the homotopy perturbation method [11] and modified homotopy method [12], the

11



Adomian decomposition method [13], Laplace transform method [14], extrapolation
method [15], multistep method [16] and the monotone iterative technique [17]. An-
other, less common approach is the method of Lie group analysis [18, 19]. This
approach is extremely successful in the analysis of integer-order equations and the
fractional ones as well [20, 21, 22, 23, 24, 25, 26]. Adaptations to the original theory
are necessary when dealing with FDEs and we discuss these modifications below. N-
evertheless, the Lie point symmetries of FDEs also lead to group invariant solutions

like their integer equation counterparts.

In the previous paragraphs we have discussed our motivation for addressing this
problem, and we now turn our attention to the chapter’s structure. In the next
section we outline the relevant theory on calculus of integral and derivatives of
fractional order and, the important properties of the associated Lie point symmetries
of FDEs. Section 2.3 is devoted to the Lie symmetry analysis of fractional-order
spatio-temporal PDEs, their solutions and graphical analyses. The final section is
devoted to the Lie symmetry analysis on moving front solutions of a time fractional,

thin power-law fluid under gravity, their solutions and graphical analysis.

2.1 Fractional Calculus and Symmetry Genera-

tors

In this section, we present the mathematical framework required in subsequent sec-
tions of this chapter. In existence, there are several different definitions of fractional
derivatives. Time-fractional derivatives are commonly discussed in terms of Caputo,
Griinwald-Letnikov or Riemann-Liouville derivatives [14, 27, 28, 29]. In this work,

we limit ourselves to the latter. That is, we shall introduce the linear operators of



differentiation in the framework of Riemann-Liouville fractional calculus, followed

by the procedure for determining point symmetries of time-fractional PDEs.

The Riemann-Liouville fractional derivative is defined by

o"u
Dy f(t) = T

at" 0 t 9a+1 n

a=n€N
(2.1)
dd, n—1<a<n,néeN

where I'(z) is the Euler gamma function.

For the purpose of this section, we assume that we have a second-order, time-
fractional PDEs with dependent variable v and independent variables x, t:

0%u
ot

- f (I’,t, U, Ug, uxz) - 07 (22)

where 0 < a < 1 is the parameter describing the order of the fractional time
derivative. Now, suppose that Equation (2.2) is invariant under the one-parameter

Lie group of point transformations

= t+er(a,t,u)+O(),
¥ = z+ef(z,t,u)+ O(e?),
w = u+en(z,t,u) + O(2),
Tl e t) + (),
% = &g (a,t,u) + O(),
% — % + en™(x,t,u) + O(e?), (2.3)

where € is an infinitesimal parameter, and the individual terms in the above expres-



sion are

n = Nz + NyUy — (ém + guum) Uy — (Tx + Tuum) Ug,

Tx 3

2
77 = nx:v + 2 nxuux - 2 émuux - émzux - 2 Tuz WUy — Ty — fuuux
2 2
Tuu Uy Uy + nuuux - 3 Suuxua;x — Ty UtUgy + nuuxx - 2 gxuxx

—2 Ty Uy Uty — 2 TyUps- (2.4)

From the generalised Leibniz rule and a generalisation of the chain rule, we have

that [19]

o%n 0*u a°n, > [« N
0o _ _ _ n a—n
N, = e + (n — aDy(1)) e U 0 + ; (n) D} (&) Df™" (uy)

+Z [( )atn"u - (n i 1) D?“(T)} Dy, (2.5)

The Df is the total fractional derivative operator, and

~EEEE ()0 et

n=2 m=2 k=2 r=
o™ n

X(~0) g (V) G

8nfm+k
(2.6)
It is important to remark that by convention in the literature, n(x, ¢, u) is taken to be
linear in the variable u so that p vanishes, see for example [20, 30]. Such an ansatz
is necessary to considerably simplify the determining system of the symmetry. We

adopt this idea in the work below as well.

Let the generator

0 0
X = 7t u) o € ) ) (2.7)
span the associated Lie algebra, that is,
dt* dz* du*
T(x,t,u) = , E(x,t,u) = ‘ , n(x,t,u) = 4

de le=0 de le=0 de le=0



The prolongation operator for the vector field is pr(®? where

0 B 0
(@2)  _ -~ s s
pr T(w b )z + (@t u) o (st ) o
+0000pu + 10w, + 17 Oy, - (2.8)

The infinitesimal invariance condition may be stated as follows. The generator X is

a Lie point symmetry of (2.2) if and only if
0“u

(a’z)X
pr ( ote

- f (I,t, U, Uy, umm)) =0. (29)

A solution of the FDE (2.2) u = o(x, ) is an invariant solution of (2.2) if pr(*? Xo =

0. Moreover, it is essential that the transformation (2.3) leaves invariant the lower

0%

i » Which translates into the additional constraint

limit of the fractional derivative
condition [18]

T(x,t,u)| =0. (2.10)

t=0

2.2 Fractional-order Spatio-temporal Partial Dif-

ferential Equations

In this section, the Lie group analysis method is used to obtain solutions of selected
time-fractional DEs of the ecological sciences. The FDEs that we consider belong to
the family of equations, that are second-order in derivatives, time-fractional PDEs
with dependent variable u and independent variables x, t:

% = K (z,t, u, ug, Ugy) - (2.11)
Here, 0 < v < 1 is the parameter describing the order of the fractional time deriva-

tive.



Generally speaking, PDEs depict a broad class of ecological interactions, where many
assume that processes such as birth, death, dispersion etc. are continuous values
in space and time. Primarily, spatial PDEs showcase links between competition
and habitat geometry, since spatial patterning emerges due to competitive coexis-
tence and dispersal. Solutions for such models lay the foundations for predictability
models, data assimilation, and thus, the importance of the aforementioned class of

ecological equations.

In particular, we shall study the invariance properties of the time-fractional stan-
dard biological model as well as an ecological stimulus equation. The resulting
vector fields will be used for reduction purposes to transform the fractional PDEs
into ODEs. One of the explicit solution is obtained with Laplace transforms. Addi-

tionally, the invariant solutions obtained are explored graphically.

The structure of the section is as follows, The next subsection focuses on generating
the Lie symmetries using the concept in Section 2.1. The next two subsections focus
on the Lie symmetry analyses, their solutions and graphical analysis of Stimuli
Models and Standard BP Model. Conclusion and final remarks are given in the

final subsection.

2.2.1 Stimuli Models

In most classical applications of PDEs in population ecology, organisms are as-
sumed to have Brownian random motion which is time and space invariant. Such
an assumption characterizes diffusion models having u(x,t) as the density of or-
ganisms at a spatial coordinate x and time ¢, and usually involves a parameter,

say b as the the diffusion coefficient that measures the dispersal rate in the units



distance? /time. Simple diffusion models have effectively described the movement
of animals in mark-recapture studies (e.g., [31]). As a result of external stimuli,
the orientation of organisms is affected and drift or convection terms are added to

diffusive equations, resulting in a fractional version of the stimulus model [32]:
K (x,t,u,tuy, Upy) = by, — wuy, (2.12)

where w is the drift velocity. In the work that follows, we determine the invariance
properties of the time-fractional stimulus equation. Thereafter, we construct an
exact solution and explore its behaviour. The numerical part of the study is per-
formed with Maple. According to Lie’s theory and Section 2.1, applying the second
prolongation pr(*? X to Equation (2.12), provides

Mo — bn

T —wn® = 0. (2.13)
The use of (2.4) and (2.5) into (2.13), yields the determining system:

52 B 0 9 B
=0T = 05T =gt =0 5E =0

9
() e2ie) =
82
O‘( e 6u8t +@7):O’

0 0? 0? 0
v %5 a Qbaxau” * b@ﬂg o (&T) w=0,

ok 3 0’
a(a—l)( a@7+38u8t2n+2@7) = 0. (2.14)

Solving this system and considering constraint (2.10) provides:
E(x,t,u) =2coabx + ¢y, T(x,t,u) =4y bt,

n(z,t,u) = F (z,t) + 2uc ca b + uawxcy + ucs — 2ucy b,



where ¢y, ¢4, c5 are constants. The above symmetry coefficients and F' (z,t) must

also satisfy the conditions

2
—b%(F(m,t) +2uccy b+ uaw xes + ucs — 2ucy b) +
w(%(F(a:,t) +2uccy b+ uaw xcy; + ucs — 2ucy b)

+8—;(F(a:,t) +2uacy b+ uaw xey + ucs — 2uczb)
aa—i—l
_uﬁtaau(F(I’t) + 2uaco b+ uaw ey + ucs — 2uc26) =0,

a 1+n
Z <Z> ((‘?t”@ F(x t) +2ua ey b+ uaw xey + ucs — 2 ucy b))DtoHL (u)

n=
o0

_ Z 1+n ( ) Dya—n (u) (4 Dypsn (cabt) + Dy (1)) — Dyan (u)

X (4 Dy (c2 bt) + Dy (cl))n + Dia—n (%u) (2 Dy (CQ o bx) + Din (04))n

) (2 Dy (cg « b:v) + D (04))) =0.

(2.15)

0
+Dta—n (%u

Taking the simplest case, we let F(z,t) = 0, that gives the symmetry vectors,
Xl - ax: X2 = auv

X3 = 2abx0, + 4bt0; + (2uab + uawz — 2ub) 0.

Taking X, we have the invariant,
u(z,t) = w(t).

Substituting this invariant into (2.12), we have the time-fractional ODE:

d*w(t)
= 2.1
dte 0 (2.16)




which has a solution given by the method of Laplace transforms [14]. That is, let

L{iw(t)} = /OOO e Stw(t)dt = W (s).

Then, the Laplace transform of Riemann-Liouville fractional derivatives is

3
—_

L{DPw(t)} = W (s) — 3 s* [Df*’f*lw@)} op>0n—l<p<n (217)
t=
0

i

Assume that the fractional integral of w(t) at ¢t = 0 is a constant, say Wy, i.e.
(D tw(t)],_, = Wo.

Taking Laplace transforms of (2.16), and since 0 < a < 1, we have that n = 1 in
(2.17), which implies that

L{D{w(t)} = s"W(s) — [Dfw(t)],_, = 0.

t=0

Hence,

W(s) = 0

s
and inverting the transform finally leads to a solution for w(t) and therefore u(z,t),

namely

Wo
[ (a)
The illustration in Fig. 2.1 depicts the evolution of the solution (2.18).

w(t) = o1, (2.18)



[§]

Fig. 2.1: Evolution of the analytical solution of (2.18) is depicted, parameter values

1

are Wy = 1, while fractional values are taken as a; = %, Qg = %,

ag = %. Clearly,
over time, the population density decreases, independent of any spatial variable, the

rate of decline is impacted by the size of the time-fractional parameter.

2.2.2 Standard BP Model

Diffusion models, like the one mentioned above are easily altered to encompass
interactions between con-specifics. Gurney and Nisbet [33] proposed that a simple
diffusion model can be replaced by a biased random motion model to study the
attraction or repulsion between organisms. The fractional-order equivalent of this

model is

K (z,t,u, Uy, Upy) = by, + € (ui + uum) , (2.19)

where again u(z,t) is population density, and ¢ is a measure of the tendency to move
away from or towards con-specifics. The scenario of ¢ > 0 depicts repulsion and ¢ < 0
indicates attraction between con-specifics. In fact, there are many permutations of
simple diffusion models to describe spatial processes. In order to investigate more
complex behavioural patterns, scientists opted to study reaction-diffusion models -

where the PDE characterizes population dispersal and multispecies interactions.



A typical time-fractional reaction-diffusion model, also referred to as a standard

biological population (BP) model, may be expressed as the time-fractional PDE
K (z,t,u, Uy, Ugy) = (uQ)m + h(u). (2.20)

The first term represents diffusive movement and the last term, h(u), is the reaction
term that describes population growth dynamics. This model also assumes that
population dispersal occurs through Brownian random motion, but is still relevant
even if the diffusion is modified to depict less simple behaviour [34]. Several laws
exist for the choice of the constitutive function h(u), such as Malthusian law [35],
Verhulst law [36] and a porous media law [37]. Equation (2.20) together with its
various modifications have been studied extensively via numerous methods [38, 39,

40, 41, 42).

For Equation (2.20), the invariance condition (2.9) is equivalent to the following
equation:
d
Mo = Attat” = 2 (un™ + tgun) = no—-h (u) = 0. (2.21)
Substituting (2.4) and (2.5) into (2.21), and equating the coefficients of the mono-

mials, we obtain the determining equations for the symmetry group of Equation

(2.20), viz.

0? 0 0 0 0
WU—O,%T—O,%T—O,%ﬁ—O, af—oa
0 0 0 0? 0?
—2n+4ua—x§—2aua7—0,—4a—$n—4uaxaun+2u@ =0,
0? 0? 0?
“ (_O‘@T”auat“@T) =0
0 0 0
o3 o3 3
a(a—1) <_Q@T+38u8t2n+2%7) =0,

(2.22)



that satisfy condition (2.10) and the following auxiliary conditions that involve the

unspecified constitutive function h(u):

<8au (c4au+202u)> h(u)—(c4au+202u)dih(u)

u
20 (caut 2eu) —ah (@) 2 (—ent+ o)+ o (crau+2¢0u)
Uz (caau Col) — @ g (TCat+ ) + o (caau Co U
aa-{—l
—um(c4au+2cgu):0,

g (z) ( I feraut2e, u)) Dyer (1)
S (oo

X ( — Dytn (04 t) + Dyi+n (03))a — Dya-n (u) ( — Dyitn (04 t) 4+ Dji4n (03))n
Do (o) (Do (e22) + Do (e2) ) + Dy ()
X (Dtn (02 a:) + Din (cl))) =0.

(2.23)

The auxiliary conditions are simply to ensure that all the determining equations
are all identically satisfied. Next, we define the constitutive function in order to
exemplify some particular solutions. Suppose h(u) = hou?. Solving the system of

equations (2.22) yields the symmetry coefficients
E(x,t,u) =cow+cq, T(x,t,u) = —cyt, n(x,t,u) = csau+ 2ucy,
which we list in vector form
X1, Xy =120, + 2u0,,

X5 = —tat + ozu@u.

For the operator X5, we obtain the invariant

u(z,t) = w(x)t™. (2.24)



At this stage, we recall the formula [43]

doth 7 tPD (14 )
dte T(l—a+p)’

f>—1, (2.25)

which is useful in the reduction of the FDE. Consequently, with the application of
(2.24) and (2.25) we transform Equation (2.20) into an ODE:

T G - a> (w (2))* h +4*V/rw (z) — 2T <% - 04) (%w (@)z

i (dd—;w (ac)) r (% _ a) w(z)=0.  (2.26)

We find the solution of this ODE to be (« # %):

2

/w<x>_2 I'(;—a)V3.a
VT (5= a) (=3 a%hel (4 — ) + 227207 + 12, T (4 — )

2

d_a

—JT—CQZO,

(2.27)

and one can recover the solution for the population density wu(z,t) from (2.24).
Numerically, the behaviour of w(x) can be seen in Fig. 2.2, as expected we observe

the oscillatory nature of the solution.
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Fig. 2.2: The population density Equation (2.24), we take the positive sign for
the square root. The habitat size has an oscillatory effect on population growth.
Parameter values are : (a) hy = %,oz = %, c1 = ¢y =0; and, (b) hy = %,oz = %, =

62:1‘

Secondly, consider a simpler model with zero reaction, viz h(u) = 0, which inherits
the same generators X, X4, Xj5. Subsequently, to obtain an exact solution, we
choose the same invariant as before, Equation (2.24) and utilize (2.25). This time,

the fractional-order reaction-diffusion equation reduces to the ODE:

2r<%—§>C%w@02+(gngOF(%—a)wuy—MJhm@:o.

This nonlinear ODE has the implicit solution (a # 1):

v T(-a)vhe
+
/ YT (5 —a) (2 00y + 1)

da—z—cy=0. (2.28)

A graphical analysis of the solution (2.28) in conjunction with the population density
Equation (2.24) is probed in Fig. 2.3. Note that it is straightforward to solve the
integral for particular values of the free parameters, but not as easy for arbitrary

values.



Fig. 2.3: The population density Equation (2.24) with parameter values o =

, c1 = co = 0, and we take the positive sign for the integral.

W=

2.2.3 Conclusion

In this section, we investigated a family of fractional-order models that describe
population dynamics. The fractional derivative was with respect to time in order
to gain insight into rates of population growth, dispersal, habitat patch size and
reactions to external stimuli. Lie symmetries, which formulate a geometric method,
were employed to perform group-invariant reductions. In this regard, we determined
ODEs which were further analysed. One of the resultant exact solutions was im-
plicit and comprised of an integral solution, while another involved trigonometric
functions. The stimuli model had a solution determined by Laplace transforms.
Lastly, we also looked at the graphical behaviour of the solutions. The results may
further serve as a guide for computer simulations in conservation biology and for

comparisons with other numerical data.



2.3 Moving Front Solutions of a Time-fractional,

Thin Power-law Fluid under Gravity

The axisymmetric spreading of fluids is an important subject in all sciences and
industrial processes. For instance, the spread of molten lava on the earth’s surface,
polymeric fluids, paint, lubricants, blood, mucus, melted chocolate, etc. Similarity
solutions have been explored for integer-order fluid equations, both Newtonian and
non-Newtonian, see [44, 45, 46, 47]. We are particularly interested in the model
investigated by [48], which studied the problem of a power-law fluid on a horizontal
plane ignoring surface tension. This study assumed the existence of a separable
solution and applied linearization criteria to obtain analytical solutions. The same

model, recast in fractional time is:

o° 1 .
@t: ICESY: (”M ()" 1>x =0 (229)

The function wu(x,t) is the film height, = is a radial coordinate, ¢ is time, [ is

the power-law parameter and 0 < o < 1 is the parameter describing the order of
the fractional time derivative. All quantities are nondimensional. Equation (2.29)
models the fractional time evolution of the height of a thin power-law film on a
horizontal plane in the presence of gravity. That is, 0 < o < 1 allows us to examine
the intermediate evolutionary behaviour of the fluid at fractional time. In particular,
the next state of the fluid height might depend not only on its current state but
also on historical states. This is referred to as the non-local property which can
be successfully modelled by the introduction of the fractional derivative [30]. The
above reasons serve as a strong motivation for the study of the fluid model Equation
(2.29). Moreover, the numerous applications of axisymmetric spreading [49] of the

integer equation are shared with the fractional equation.

In this section, we determine the symmetries and solutions admitted by the time-



fractional equation for certain values of the power-law parameter 5. We compare
the solutions of the fractional-order equation to the solutions of the integer-order
equation and a nonclassical solution. We show that the solutions describe moving

front solutions by considering the evolution of the film heights.

In Section 2.1, we presented the relevant theory on fractional calculus. The impor-
tant properties of the associated Lie point symmetries of FDEs were also discussed.
In Subsection 2.3.1, we study the film equation using Lie group analysis and describe
the special cases of the power-law coefficient. Subsection 2.3.2 contains concluding

remarks.

2.3.1 The Power-law Film Model

The definitions and formulae discussed in Section 2.1 will be used to investigate the
invariance properties of the fluid model. The resulting vector fields will be used
for reduction purposes to transform the FDEs into ODEs. We demonstrate how
one of the explicit solutions below is obtained with the aid of Laplace transforms.

Additionally, the invariant solutions are explored graphically.

For the integer-order version of Equation (2.29), the following exact solutions for

(2.29) are known [48]: a) For 5 =0,

u(z,t) = (At + B) F (x), (2.30)
where y = F'(x) is a solution of the implicit equation (y — %) e = ACy2?® — A2017
A, B, Cy, Cy are constants, and b) For § = 2,

3As x5
u(z, t) = - (2.31)

ol

2 (3At — B)



Furthermore, we find that the integer-order equation admits two nonclassical sym-

metries
7, = —u8u+8t+x(_2ﬁﬁ+l)ax,
2 (—B+ 1
Zy = —u%u+8t+ 2 i; )9z (2.32)

Such symmetries arise by imposing an extra condition on the infinite criterion for
invariance, known as the invariant surface condition. A reduction of the integer

version of Equation (2.29) involving Z, leads to the nonclassical solution, viz.

1y BB+1) @
(2=57) (‘(%—1)(5/3—2)) - (233)

u(z,t) = w T2

where 3 # 0, %, % The solutions (2.30) and (2.31) are classical solutions. In Figure

2.4, we plot the height function (2.33) for a Newtonian fluid.

0.5 - —
—
—
//
0.4 -
-
-
//
0.3 - P
i t) //
| -
0.2 -
e -
// _____
0.1 - - ="
' ="
17 --
o4
(o] 0.s 1 1.5 -3
X
[F— == = - r=s r=65 |

Fig. 2.4: Progression of the analytical solution (2.33), where 5 = 2.

Now we move on to the fractional study. According to Lie’s theory and section 2.1,



applying the second prolongation pr(®? X to Equation (2.29), provides

1 1

Mo + Wuﬂﬂuf_lé - (—UBU§_1 + Bu " + (8 — 1) Uﬁug_zum> U
x x
B—=1 511 po 61, B=2)(B-1) 5.1 53 )
— | ", 4 pulu T+ (VeI Vil T I (2.34)
((ﬁ +1)z (B+1)
-1

— %Uﬁ‘Flug—anx —0.

The use of (2.4) and (2.5) into (2.34), yields the determining system for X:

0? 0 0 0
%T]:O?agz(hagz()a%T:Oa

2 2 2
ﬁTzO,(—cya—TqLZ 0 0 )a:(),

Bz o “aunn T o
2 2
(B-1) (258 - 8¢)
B+1 -
(B—1) (—ufj*l%wx —uPnB+ QUBH(%{ — uﬁn) 0
p+1 ’
3 03 03
In solving this system, we consider two special cases, viz. § = 2 and § = 0.

The physical relevance of the case f = 2 is that it corresponds to a Newtonian
fluid. Newtonian fluids obey Newton’s law of viscosity which states that there is
a proportional relationship between shear stress and velocity gradient. Such fluids
are the basis for classical fluid mechanics and have simple molecular structures, for
example water, alcohol, ethyl, etc. The second case § = 0 is also of interest in the
literature we have cited as it sets the power-law parameter to zero. Recall that the

integer-order solution, Equation (2.30), is established through linearization when

B =0.



2.3.1.1 Case A: =2

For the Newtonian fluid we obtain the symmetries,
X, = 3to; — aud,, Xy = 2ud, + 320,

X3 = —2u8u + 131‘833,

upon solving the determining system (2.35) in conjunction with (2.10). Using Lie’s

method for X7, the invariant function is obtained as,

w|R

uw(z,t) =w(x)t™s, (2.36)

so that (2.29) reduces to the nonlinear fractional ODE:

1 s
_S_mw2 (wwmx + 3rw? + wwz) + at; w = 0. (2.37)
At this stage, we recall the formula [43]:
dt? (1
_ U+h 5. (2.38)

dte T(1l—a+p)’

which is useful in the reduction of FDEs. Therefore (2.37) can be recast as a
nonlinear ODE

1 I (=30

——w? (wwmx + 3xwg + www) +

Equation (2.39) is an integer-order equation and we find that it admits the Lie point
symmetry wd,, + 3 20,. The use of this symmetry yields the solution of (2.39) as:

3,/ (—59)

=Ty Cia) r3. (2.40)

w (x)
Thus, the height of the Newtonian fluid is given by the solution

/L (=39) 20 (2.41)

(.= Sy =)
R A V y y



Fig. 2.5 shows the moving front solution given by (2.41). We observe the influence
of the fractional parameter o on the height of the power-law film: as a — 0, the
film tends to a greater height for a given t value. Moreover, as for % <a<l1,u(zt)

becomes negative and is therefore non-physical.

i t)

Fig. 2.5: Evolution of the analytical solution of (2.41) is depicted for various time

1

values and o = 5-

2.3.1.2 Case B: =0

We solve the system (2.35) with constraint (2.10) and find that the symmetries of
Equation (2.29) are

Y, = t0; + aud, and Y, = 0,.

Firstly, suppose we apply Y; to reduce the FDE. Then, the invariants are u(z,t) =
w (x)t*, so that Equation (2.29), in a similar process as above, reduces to the
nonlinear ODE:

wl (o) o — — 1+ wwgw? = 0. (2.42)

TW,



Equation (2.42) admits a single Lie point symmetry 2wd,, + x0,, which is used

1
INa)a®

to obtain the invariant solution w (z) = Consequently, the height of a thin

power-law film on a horizontal plane in the presence of gravity is time dependent,

Viz.
(.1) = — o (2.43)
u(z,t) = : :
’ I'(a)a
This solution is a moving front solution, see Fig. 2.6.
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Fig. 2.6: Evolution of the analytical solution of (2.43) is depicted for various
fractional values. Clearly, over time, the height of the power-law film is influenced

by the size of the fractional parameter.

On the other hand, taking the Lie point symmetry Y5, we have the invariant,

u(z,t) = w(t).
Substituting this invariant into (2.29), provides us with a time-fractional ODE:
d*w(t)
—= =0. 2.44
o (2.44)

The solution for equation (2.44) is similar to the solution obtained in section 2.3.2

above, which is,

u(z,t) = F‘/g)ta_l' (2.45)



2.3.2 Conclusion

In Section 2.3, we have investigated the time-fractional problem of axisymmetric
spreading of a thin incompressible power-law fluid on a horizontal plane. The sur-
face tension effects were ignored. Our main result was to obtain the moving front
solutions admitted by the FDE modelling the evolution of the surface of a fluid using
Lie group methods. For two cases of the power-law parameter, we used quadrature
to determined ODEs which were then further analysed. One of the solutions was
determined with the aid of Laplace transforms. We also looked at the graphical be-
haviour of the solutions. Solutions of the integer equation, namely Equation (2.30),
(2.31) represent moving fronts. We have shown that solutions of the fractional-order
equation, i.e. (2.41) and (2.43) also represent moving front solutions. For case A,
the film solution is negative for % < a < 1 due to the Gamma functions. However
for ¢ — 2, the two solutions (2.41) and (2.31) are similar. Each solution has the
identical radial term, but differs with respect to the time component, so that the
fractional solution (2.41) produces a greater film height at every time value. In case
B, we observe that as the limiting case is approached o« — 1, Equation (2.43) is
equivalent to Equation (2.30) with C; = Cy = B = 0. The second solution, Equa-
tion (2.45) tends to a constant as &« — 1. The results found may further serve as a
guide for computer simulations in fluid mechanics and for comparisons with other

numerical data.



Chapter 3

Symmetry of Recurrence

Equations

Recently, rational difference equations have become a centre of interest for many
authors, see [50, 51, 52]. Many methods have been developed to solve difference
equations in closed form, that is, when every solution can be written in terms of
the initial values and the indexing variable index n only. Among others, is the Lie
symmetry approach used for DEs. The DEs method for difference equations was
studied by P. Hydon [3] and others (see [53, 54, 55, 56, 57, 58, 59]). In [3], the
author introduced an algorithm for obtaining symmetries and conservation laws of
second-order difference equations. Now, it is known that these tools can be used
to lower the order, via the invariants of the Lie group of transformations, as it was

established for DEs.

In the next section we introduce the definitions and notations that will be used

in the succeeding sections when determining the solutions for recurrence equations

34



under study. Sections 3.2, 3.3 and 3.4 of the chapter are devoted to the symmetry
analysis on the fifth, fourth and sixth order recurrence equations, respectively. The
final section focuses on the symmetry analysis on a general k+ 1 th-order recurrence

equation.

3.1 Definitions and Notation

The definitions are taken from Hydon [3], and most of the notation follows from the

same book.

Definition 1. [60] Let G be a connected group of transformations acting on a man-
ifold M. A smooth real-valued function ( : M — R is an invariant function for G
if and only if

X()=0 for all x €M,

and every infinitesimal generator X of G.
Definition 2. A parameterized set of point transformations,
L — 2 (x5€), (3.1)

where x = x; and 1 = 1,...,p are continuous variables, is a one-parameter local Lie

group of transformations if the following conditions are satisfied:

1. Ty s the identity map if £ = x where e =0
2. Tyl'y = Tyup for every a and b sufficiently close to 0

3. Each T; can be represented as a Taylor series (in a neighbourhood of € = 0

that is determined by x), and therefore

Ti(wy€) = z; + €&(x) + O (€7) i=1,..p.



Consider the p**-order difference equation

Untp = (N Upy ooy Unipi1) (3.2)

for some function 2. Assume the point transformations are of the form

n=n,
(3.3)
Up = Uy, + €Q (n,u,) + O (62) ,
with the corresponding infinitesimal symmetry generator
0 0
X = Q(n,up)=— + SQ(n, up) =—— + ...
ouy, O g1
1 9 (3.4)
+ SP™ nN,Up) 35—
Qn, ) 5

where S is the shift operator, i.e. S: n — n+ 1. The symmetry condition is defined

as
'l:l/n+p =0 (n, ﬂn7 'Zln+1, ceey an+p,1> y (35)

whenever (3.2) is true. Substituting the Lie point symmetries (3.3) into the sym-

metry condition (3.5) leads to a linearized symmetry condition
PQ - X0 =0, (3.6)

whenever (3.2) holds.

One can solve for the characteristic Q(n,u,) using the method of elimination and
thereafter lower the order of the difference equation (3.2) via the canonical coordi-
nate [61]
dun
Qn,uy)
Definition 3. V,, is invariant under the Lie group of transformations (3.3) if and

only if XV, = 0.

(3.7)



We define the functions
" (6;,5,1) He%n, n=0,1, (3.8)

and we adopt the standard conventions

!
HHj =1,when s > [
j=s

" (3.9)
HHJ- =0, when n > [.

We refer the reader to [3] for a deeper understanding of the concept of symmetry
analysis of recurrence equations. In general, the constraints on the constants in
the characteristics give one a clear idea (without any lucky guess) about a perfect

change of variables.

3.2 Symmetry Lie Algebra and Exact Solutions

of Some Fourth-order Difference Equations

In this section we extend on the work done by Elsayed [62] where the author inves-

tigated the dynamics and solutions of

Tn-3
+1+ Tp—1Tn—3 '

(3.10)

Tpy1 =
For related work, see [55, 56]. One can notice that (3.10) is special case of a more
general form

Tn—3
G, + bnmn—lxn—i%

(3.11)

Tn+1 =



where (a,)nen and (b, )nen are arbitrary sequences. we will use a symmetry-based
method to solve (3.11). Equivalently, we study:

Unp,
An + Bnunun+2

Un+4

instead, where (a,,)nen and (b, ),en are arbitrary sequences. This means we can only

compare x; with u;, 3.

3.2.1 Main results

We apply the symmetry condition (3.6) to

Unp

Un+a A, + Buuptyo (312)
to solve for the characteristic Q. This yields:
B, u?
n+4,U,iq) + ” n+2,Uy,i2) —
Q( +4) Boitns 1 An)QQ( +2)
Ay

(Bnunun+2 + An)

In order to get an equation that involves wu, only, we first differentiate implicitly

(3.13) with respect to w,, (keeping u, 4 fixed). This results in,

0 2

2, U, —
8un+262<n_‘_ - +2)

Secondly, we differentiate (3.14) with respect to w,. This yields,

du,, ou,, Uy,

d <_ 9 Qtn.u) + 3Q(n,un)) 0.

So,

Q) + Q) = fo()



Thus @) takes the form,

Q(n,un) = fi(n)uy, + fo(n)un, (3.15)

where f; and fy are functions of n. Finally, we substitute (3.15) into (3.13) and
do the separation by powers of shifts of u,. This yields a system of equations that

simplifies to:

fi(n) =0,

foln) + f2(n+2) =0 (3.16)

Hence,

fl(n) :07 f2<n) :an’ f2(n> :O_éna

where oo = exp{in/2} and & is the complex conjugate. Hence, we have two genera-

tors given as follows:

. n n+1 n+2 n+3
XO = unaun +« un+18un+1 + o un+28un+2 + o un+30un+3a

_ . =n —n+1 —n+2 —n+3
X1 = a"up0y, + " Uy 10y, + O T U120y, + AT U 30y, -

Let

du, 1
Sn:/ - = — In |u,|

amuy, am”

We perform a change of variable, thanks to (3.16):
V, = Spa™ + Spi00" 2

We have



so that Vj, is an invariant of the group of transformations (3.3). Considering the fact

that the equation being studied is rational, it is convenient to utilise,
V.| = exp{-=V,.}.
Using V,, with (3.12), we obtain
Voo = AV, £ By, (3.17)

Now we make the choice of using the plus sign and thus write the solution of (3.17)

as:

n—1 n—1 n—1
Vonti = Vi (H A2k1+i) + (B2l+i H A2k2+i> , (3.18)
k1=0

=0 ko=Il+1

where @ = 0, 1. Thus the solution of (3.12) can be obtained by reversing the changes

of variables. We have:

n—l n—1
_ 1 1
|un| = exp (anSy) = exp | ¢y 4+ amcy + ) Y a"atn |V, | + 2 Y arafIn |szz|)
k1 =0 k2 =0

n—1
n “n 1 n—k —n—k
=exp | a1 + 024—5;0((1 + @ )1n|Vk|>

n—1
=exp | a"c; + acy + Z Re (" %) In ]VM)

k=0
n—1
_ —k
=exp | a"c; + alcy + E Ccos (%) In !Vk\> -
k=0

Setting n = 4n + j and H; = alc; + @ ¢y, we obtain:

e T Sl Y ) ) BT

For j =0, (3.19) becomes,

|ugn| = exp (Ho) exp (In |Vo| — In |Vo| + In|Vy| — In |Vs| + -+ - + In|Vip—a| — In |V _a]) .



However, using (3.19) with j = 0,n = 0, |ug| = exp (Hp). It can be shown that we

do not need the absolute values, thus:

Using (3.18), where n := 2s and i = 0 for Vj,, and n := 2s + 1 and i = 0 for Vi, o,
we have:

2s—1 2s—1 2s—1

Vie=Vo [[ Aok + D _ Ba [[ Aok

k1=0 =0 ko=Il+1

2s—1 2s5—1 2s—1
<H Agpy + — Z By H A2k2>

k1=0 =0 ko=Il+1

2s—1 2s—1 2s—1
u0u2 (H Aop, + uguz Z By H Am) )

k1=0 ko=Il+1

and,

2s 2s 2s
Visy2 = Vo H Asp, + Z Bs H Asp,

k1=0 =0 ko=Il+1

=V ( I Ao + 3 ZBzz H Ao,
‘(L )

k1=0 ko=Il+1

= <H Ao, + uous Z By H A2k2) :

k1=0 =0 ko=Il+1

Thus:

n—1 25 1 2s—1
"o Az, + uguz 30" By Lip=tt1 Ao,

Ugn = UQ H

s=0 k1 0 A2k1 + UpUz Zl =0 BZl k2 I+1 A2k2

which implies that:

25 1 -1 2s—1
—o G2k, +T_3T_ 121 o ba H,62 141 2k,
Tgp—-3 = T—_3 | | . (320)

kl 0 @2k, T T-3T_1 Zz:o bay Hk2:l+1 A2ky



For j =1, (3.19) becomes:
|ugni1] = exp (Hy)exp (In |[Vi| —In|V3] + In|Vs| — In |[V7| 4+ -+« + In Vi3] — In [Vin_1])

However, using (3.19) with j = 1,n =0, |u1| = exp (H;). It can be shown that we

do not need the absolute values, thus:

u u Vzls—i—l
dnt+1l = U1 - .
5—0 V;ls—l—?)
By (3.18), we have:
2s—1 2s—1 2s—1
Viss1 = V1 H Aok 41 + E B H Aokyt1
k1=0 ko=Il+1
2s—1 2s—1 2s—1
H Aok +1 + — E Boj H Aoyt
k1=0 ko=I+1
1 2s—1 2s—1 2s—1
= HA2k1+1+U1U3 E B H Aopyt1 |
Uius
k1=0 ko=Il+1

and similarly,

1
Visyz = s (H Aopy 41 + urus Z By H A2k2+1> -

k1=0 ko=Il+1

Now,

n—1 25—
Hk A2k1+1 + urus Zl 0 ' Boa Hk2 —1p1 Aoy
Ugn+1 = U1 H

b
pulrs k1 o Aok, 41 + urus Ez —o Ba1 sz 11 Aok

which implies that:

25—1 2s5—1 25—1
k1 0 @2k 41+ T om0 ) g barga Hk2:z+1 A2ko+1
Tgn—2 = T2 .

2s 2s
k1 0 @2k +1 + T 2T0 ) 1 baria Hk2:z+1 A2ky+1

(3.21)

For j = 2, we find that (3.19) becomes:

|tan2| = exp (Ha) exp (= In [Vof + I [Vo] = In |[Vy] + - -+ In [Viy 5| = In [Vin]) .



Similar to the earlier cases, setting n = 0 and j = 2 yields the equation |us| =

ﬁ exp (Hy) . So we have:

V;LSJrZ

Ugn+2 = U2 .
-0 ‘/454-4

The expressions for Vi, o and Vj,,4 are obtained from (3.18), by setting n = 2s+ 1,
it =0and n=2s+ 2, i =0, respectively. They are as follows:

Vis2 = Vo H Aogr, + ZBQZ H Aok,

k1=0 ko=Il+1

(H Aggyy + — Z By H A%)

k1=0 ko=Il+1

= UOUQ (H Aoj, + ugua Zle H A2kz) )

k1=0 =0 ko=I+1

and

2s+1 2s+1 2s+1

Visva = Vo H Agp, + Z By H Ao,

k1=0 ko=Il+1

2541 2s+1 2s+1
(H Aoy + — Z By, H A%)

=0 ko=Il+1

2s5+1 2s5+1 2s5+1
= H Aok, + ugus E By, H Aoy |
U0U2

k1= ko=I+1

Hence,
n—1 2s 2s 2s
H k1=0 Aspy + uguz leo B Hk2:l+1 Ao,
2s+1

2s5+1 2s5+1 )
s—0 1L, —o A2k, + wou2 > =0 Ba kot+1 A2z

Ugn+2 = U2

which gives:

n—1

2s 2s 2s
o Jy=0 @2ky T T_3T_1 Zz o b2t Hk:2 141 @2k
Tyn—1 = T 351

2s+1 2s+1
s=0 k1= 0 @2k +T_3T_1 Z le ko=I+1 A2k,

(3.22)



For j = 3, (3.19) becomes:
gnss] = exp (Hy) exp (— I V3] + 10 V3] — In V3] 4+ -+ 10 [Vigy| — 10 Vi)

Setting n = 0 and j = 3, we find that |us| = 7] €XP (H3). Hence,

u —u H ‘/;15—1—3
An+3 — U3
Vis
+5

Following a similar approach as was done in the earlier cases (j = 0,1, 2), the reader

can verify that

n
u U H k;1 0 A2k1+1 + urus Zl 0 B2l+1 H/{:Q l+1 A2k2+1
4n+3 3 25+1
0 Aok urug Y08 Born [Tntysy Aske

Thus,

2s 2s
- H Hkl A2k, +1 + T2 Zz:o bai41 Hk2:l+1 A2ky+1
0 .

2s+1 2s+1 2s+1
Je=0 @2k +1 T T 20 >z bat Hk2:z+1 2ky+1

(3.23)
Therefore, the solution x,, to the equation:

Tn-3
an + bnxn—lxn—S

Tnt1 =

satisfies equations (3.20), (3.21), (3.22), and (3.23), as long as the denominators do

not vanish.

3.2.1.1 The Case when a; and b; are 2-periodic Sequences

We assume that {a;} ;>0 = {ao, a1, ao, a1, ...} where ag # a1, and {b;};>0 = {bo, b1, bo, b1, ...}
where bo §£ bl.



a) Qo 7& 1, aq 7é 1
Then after substitution, (3.20), (3.21), (3.22), and (3.23) become:

29

n—1 b n—1  2s b, L %s
i 3$101a0 ay” + T_2Tob1 7
Tyn—3 = T3 H 2511 9 Lan—2 = T2 H e
1—ag s+ 1—af s+
s=0 @ 25“ T T 37— 11)0—0 s=0 @ QSH + - onbll—
g2s+1 g 25+1
25+1 25+1
+x_3x_ 160—1 a0 +z_ 2$Obl—1 @
Top—1 = T—1 H 2542 = Zo H 2512
2542 1—ag 2542 1
s=0 ay° T+ T_gw_ 150ﬁ s=0ay ~+T_ 2$051ﬁ
where
2 25+z 25+1
b[) bl 1—a
1
H )ZL‘ 5T + a?s-‘rz ( )[L' 5 T0 +a25+z ?é 0
1 1-— ag 1-— ap
=

forall s=1,2,....n—1.

3.2.1.2 The Case when a; and b; are 1-periodic Sequences

In this case, replace a; and by, in the above section, by ag and by, respectively.

a) a07£1

In this case, the solution equations are given by:

23 s
S+ x_sw_ 1b01 - oF+ 2%501 a0
Typ—3 = T—3 H 2541 ) Tan—2 = T2 H 2541 )
2$+1 l1—ag 23+1 1—aj
+ 2z 37 1by—"— ” +x- zxobo—l
2s5+1 2s5+1
2s+1 1—ag 25+1 1—ag
+T_37_ 160W +x_ 2$oboﬁ
Ton—1 = T H 2542 ) = Zo H 125127
25+2 1-ag 2s+2 %
s=0 Qg + T _37_ 1bOW s=0 Qy + x_9x0by T—ao

2s+z)

2 1 2541
H bO DNV ) ey a25+z bo ( g )
1— ag

T_oo + GJQSJ” #0
1—@0



forall s=1,2,...n—1.

Cl():—l,b[):l

The solution is given by the following equations, and it appears in [62] Theorem 6.

Tan—3 =T 3(—1+z_30_4) ", Tan—o = T_o (=1 +x_ox) ",

Tan—1 = 21 (=142 32_1)", Tap = o (—1 + 2_010)",
where z_sx9 # 1 and x_3x_1 # 1.

a():—l,b():—

The solution is given by the following equations, and it appears in [62] Theorem 9.

Tan-3 = (—1)" 23 (1 +2_304) ", Tan—o = (—1)"2 o (1 4+ x_210) ",

Tan1 = (—1)"21 (1 +z_320_1)", Ty = (—1)" 20 (1 + z_2m0)",

where z_sx9 # —1 and x_3x_; # —1.

b) ag = 1
The solution is given by the following equations:

n—1 n—1

1+ 2sbgr_31_1 14 2sbgx_sxg

s T g 14+ (25 +1)bor_3r_1’ e T g 1+ (25 +1) bor—ao’

v ﬁ1+(28+1)bo:r_3:c_1 xHH (25 + 1) boz_s0
e ' :01+<28+2) b0$_3$_17 0 1+ 23+2 box 2,’]}0

where jboxr_sx_1 # —1 and jbyr_sxg # —1 for all 7 =1,2,...,2n.



Cl():l,bo:l

The solution is given by the following equations, and it appears in [62] Theorem 1.

n—1 n—1

. . H 14 2sx_sx_4 . . H 14 2sz_sx
T (s + D asay T (25 + D) aamg
" — ﬁ1+(28+1)$3$1 :L‘H1+ 25+1l’2$0

an—t ! i (2s+2)x 321’ 0 1+ (25 +2) 9w’

where jx_3r_1 # —1 and jx_sxg # —1 for all j = 1,2, ..., 2n.

aozl,boz—l

The solution is given by the following equations, and it appears in [62] Theorem 4.

n—1

1—2sr_sx_4 1—2sx_5x9
Tqn—3 = T— Tyn—2 = T )
n=3 = 3H1—28+1$3I1 n-2 2g1—(28+1)$_21’0

nfl

(2s+ 1) x_g0_ 1 — (254 1) 2oy

Tyn—1 = T— 11j[0 (25 +2) 737, J"zln:ﬂ&lg)1—(254—2):5'21‘0’

vl

where jx_3x 1 # 1 and jr_sxg # 1 forall j =1,2, ..., 2n.

3.2.2 Conclusion

We obtained two non-trivial symmetry generators of shifted equation and used one

of these generators to obtain exact solutions to difference equations of the form

Tp—3
Qp, + bnxnflxnfii

Tnt1 =

where (a,,) and (b,) are arbitrary sequences of real numbers. In particular, our work

generalised a result of Elsayed [62].



3.3 On Solutions of Some Fifth-order Recurrence

equation

In [63], khalaf Allah studied the asymptotic behaviour of solutions to the rational

difference equations:

Tp—2
il = . 3.31
ot +1+ TpLp—1Tp—2 ( )

Abo-Zeid discussed global asymptotic stability of all solutions of difference equations
of the form:

o AIn—Q
N B+ Cwnxn,1$n,2

(3.32)

Tn+1
where A, B and C' are positive real numbers [64]. Our goal is to give exact solutions of
the following difference equations via the invariant of their group of transformations:

Tp—a
)
an + bnxnl'n—lxn—an—an—4

(3.33)

Tn41 =
where (a,) and (b,) are arbitrary sequences of real numbers. Without loss of gener-
ality, we rather study the equation:

Un,
An + Bn UpnUn4+1Un+2Un+43Un+4

Un+5 =

3.3.1 Main results

Consider the fifth-order difference equation:

Unp

. 3.34
An + Bnunun+1un+2un+3un+4 ( )

Un+5 =



To get the symmetry algebra of equation (3.34), we impose the invariance criterion

(3.6) to (3.34) to get:

2 4 2 3

S5Q + Bnunun+lun+2un+3s Q Bnunun+lun+2un+4s Q +
2 2
(Bnunun+1un+2un+3un+4 + An) (Bnunun+1un+2un+3un+4 + An)
2 2 2
Bnunun+1un+3un+45 Q Bnunun+2un+3un+4SQ
2 2
(Bnunun+1un+2un+3un+4 + An) (Bnunun+1un+2un+3un+4 + An)
AnQ
L = 0. (3.35)

2
(Bnunun+1un+2un+3un+4 + An)

To deal away with w,, 5, we utilize implicit differentiation with respect to u,, (treating
Un41 as a function of w,, Upyo, Unis, Unrqa and u,,s5) by applying the differential

operator:

0 Wy, O

Oy, Wy oy OUpgr

Consequently, we have:

4 3 2 /
unun+2un+35 Q + unun+2un+45 Q + unun+3un+45 Q + unun+2un+3un+4<SQ>

+ 2un+2un+3un+4Q - unun+2un+3un+4Q, = 0. (336)

/

The notation ’ stands for the derivative with respect to the continuous variable.

Differentiating (3.36) with respect to w,, while w, 1, t,12, U3 and u,4 are fixed,

results in the differential equation:
Q" (n,un) =0 (3.37)
whose solution is as follows:
Q (n,u,) = a(n)ul + B(n)u, + v(n), (3.38)

for some functions «, [ and v which are arbitrary. Performing a substitution of
(3.38) and its shifts in (3.35), and thereafter, replacing the expression of u, 5 given

in (3.34) in the obtained equation gives a lengthy equation that we decide to omit.



After simplifying the resulting equation and separation with respect to powers of

shifts of u,, we get the following system:

1 :A2y(n+5) =0

Un, c— A B(n)+ A, B(n+5)=0

u? :— Apa(n) +a(n+5)=0

U U1 U2 U4 :Byy(n+3) =

U Uy 41U 2 Uy 3 :B,y(n+4) =

U Uy Uy 43U 44 Byy(n+1) =

U Uy g 1 U 3 U4 :Byy(n+2) =

U Uy -1 Uy -2 Uy 43Uy 4 :QAHany(n +5)=0

U2 Uy 115 9l 3l 14 na(n +2) =

Un Ui 1 U 42U 43U no(n +1) =

Ui U 1 U 9l 4 305y :Bpa(n +4) =

u? un+1un+2ui+3un+4 wa(n+3) =

L un+1un+3u721+4 ay(n+5) =

UpUn 1l s 2Un 3l 1By [/3<n +1) 4+ B(n+2) + B(n+3) + B(n+4)
+B(n+5)] =0

which reduces to

a(n) =0,
p(n)+Bn+1)+pn+2)+B(n+3)+5(n+4)=0.

The four independent solutions of the linear fourth-order difference equation above

are given by

6", 0", " and ", (3.39)



where 5 = exp{2in/5} and 0 = exp{4in/5}. Therefore, the difference equation

(3.34) admits a four-dimensional symmetry algebra spanned by the Lie point sym-

metry generators:

+1 +2 +3
Xl :Bnunaun + Bn un+laun+1 + Bn un+28un+2 + /Bn un+3aun+3

n-+4
+ ﬁ un+4aun+4 )

s an+1 an+2 An+3
X2 _Bnunaun + ﬁn un+laun+1 + Bn un+26un+2 + /Bn un+3aun+3

Rn-+4
+ /Bn un+48ﬂ«n+47

_nn n+1 n+2 n+3
X3 =0"u, 0y, + 0" Up110y, . + B “Uny20u, 5 + 0" U 304,

n+4
+ 0 un+48un+4 s

_nn nm—+1 nn—+2 nn—+3
X4 =0 uné?un + 0 Un+18un+1 + 0 un+28un+2 + 0 un+36un+3

Fnad
+ Qn Un+4aun+4.

We use the canonical coordinate,

and the relation (3.39) to derive the function,
Vn = nﬁn + Sn—i—lﬂn—i_l + Sn+2ﬁn+2 + Sn—i—?)ﬁn—i_g + Sn+4ﬁn+4'
We have proven that:

Xl‘N/n _ 511 + ﬁn+1 + ﬁn+2 + ﬁn+3 + Bn+4 — O,

XQVn _ Bn + Bn—H + Bn+2 + Bn+3 + Bn+4 _ O,

(3.40)

(3.41)

(3.42)

(3.43)

(3.44)

(3.45)

(3.46)

(3.47)



X3V, = 0" + 07+ 4 g7t ognts gt — (3.48)
and
X,V =00 + 07 4 gnt2 4 gnts L gntt = . (3.49)
Therefore, V, is an invariant function. For convenience, we introduce the variable
Vol = exp{-V,.}. (3.50)
We express (3.34) in terms of V,, and find that
Vi1 = AV, £ B,. (3.51)

Note. The fifth-order difference equation (3.34) has been reduced to a first-order
linear difference equation (3.51).

Using the plus sign, we can write the solution of (3.51) in closed form as:
j—1 j—1 j—1
Vi =W (H Ak»l) +) (Bl 11 Akg) : (3.52)
k1=0 =0 ko=Il+1
By combining (3.44), (3.45) and (3.50), we have:
s—1 v A
Uy =Up_5s (H n——5]> ) (3.53)

=0 Vn—5j+1

Another interesting thing about this method is that the angle obtained while com-
puting the symmetry generators explains how one can further present the solutions.
For instance, given that 3° = 1, we can write solutions (3.53) in a manner that is
popularly considered in literature.

Let n :=5n + ¢ and s = n. Then the equation above becomes:

n
. V5j+z'
Usn+i = Uj —V )
i=1 Vit



so that

5J+z—1 5j+i—1 5j+i—1
n Vo ( Ak1> + Z (Bl ko=l+1 Ak2>
Usn+i = Uj H
57+1 57+1 57+1
j=1 Vo < k1=0 Ak1> + Z ( ko=I+1 AkQ)
5j+17 5j+1—1 5j+i—1
n TS Aw + & S (BT A

~ull
55+1

. 57+t 57+t
=1 TS Aw + 55 22025 ( k=141 Ak2>

Since

1

)
(uiUiJrl Ui4-2 ui+3ui+4)

‘/;-:

upon substituting for VLO’ Uspa; Decomes:

5j4i—1 5j+i— 5j+i—1
n A, + uouruguzuy Y )00 (Bl || Ak2>

k1=0
Usn4i = Uy H

5]+’L 5j+1 57+t
j=1 0 Ak, + uouruzuzuy Zl (Bl ko=l+1 Ap,

Hence, the solution to (3.33) is given by:

5]+z 57+i—1 57+i—1
" H ak1 + T 4T 3T 9T 10 Y 0y (b, ko=l+1 6%)

Tonti—a = Ti—4 | |
. 57+1 57+1 5741
j=1 Jy=0 @k T T 4T 3T 2T _1%g Zz <bl ko=1+1 Tk

where 1 = 0,1, 2, 3, 4.

More explicitly, we have the following:

5j—1 5j—1
n T2 any + T4 37 01 110 Zl < ko—=l+1 0%)

Tsp—a = T4 H p (3.54)
=1 [T g @k + @ a5 5w 170 Y02, (b [Thi ak2>
5J —0 ak; T T—4T_3T 2T 1T Zz 0 (b Hkg—lJrl @k2>

Tsp—3 = T3 H . (3.55)

55+1 5]+
j= 1Hk17 Ak, + T 4T 3T 2T 170 ) 2 ( ky=l+1 ak‘2>



5j+1 5j5+1 5j+1
i H 0@k T T—4T_3T 2T 1T leo <bl ko =141 Vo

Ton—2 = T H 5j+2 5542 ’ (3.56)
21 1750 any + a—sa_sa_sw 20 3000 <bl | i %)
5742 57542
n H 0k T T 4T 372X 1% Zl <bl ko=l+1 CLk2> 557
vy =2 [ |
Sn—1 5513 5543 b 5543 ) ( )
i=t TS awy + 7 am 37 o ym0 ) 0207 (0 [ T Ziy ans
55+3 55+3 5543
i Hk1:0 Ag, + T 4T 3T 2T _1Zg Zz (bl ko=l+1 C%)
wsn =0 | | - (3.58)

] 5j+4 5j+4 ’
j=1 Hkl Ak, + T 4T 3T 2T 10 Y 2 (bl ko=1+1 Q2

as long as the denominators do not vanish.

3.3.1.1 The Case a; and b; are Constant

In this case set a; = a and b; = b for all j. In all cases explored below, we set

f = T 43T 2T _1X .

a) The Case a # 1

n a5j + bf 1—a57

5 1 1— a5]+17
L L gL pfla e

55+1

n 5]+1+bf1 a

a5j+2 + bfl a5;+27

Tsn—3 = T—

; _gBit2
a5]+2 +b 1 1a -

n

Tspn—2 = T 2H 553 )
5543 1- a]*

g +0f =5




5543
n a5j+3_|_bf1 a

Tsn—1 = iU—l

5]+47
Lt g p et

n 5]+4+bf1 a53+4

Tsn = xO

where

=1

forall j=1,2,...,n

b) The Case a = —1

In this case, we obtain the following:

(
r_a(—1+ bf)r22ls)
Ton—a4 = o
(=14 bf)AE 2
\
(
z_g(—1+ bf)2le l-nt2
Tsn—3 = _—
r_g(—1+bf)r22%%
\
(
Co(—1+ bf)r22l
Ton—2 = _—
LU,Q(—l + bf)2LTJ_n+2
\
(
T_1(—1+ bf)2lre Int2
Ton—1 = _—
(=14 bf)n22d
\
zo(—1+ bf)n—2-2l"z]
Tsn =

zo(—1 + bf)2L e I—nt2
where bf £ 1.

5]+5 )
L @it g ppla

5 1 — i+
H( 5ﬂ“+bf—> #0

if n is even,

if n is odd,

if n is even,

if n is odd,

if n is even,

if n is odd,

if n is even,

if n is odd,

if n is even,

if n is odd,



3.3.1.2 The Casea =1

PN » SRS G
e | o (55 + 1)bf’

14+ (55 +1)bf
14 (55 +2)bf’

. <.
3 |
—

Tspn—3 = T-3
Jj=1

1+ (55 4 2)bf
"”5"‘2:9321_[1 + (55 +3)bf’

7=1

B "1+ (55 + 3)bf
x5n71_$71H1+(5j+4)bf7

Jj=1

1 5]—|—5 f

where (5j+z’)bf7£—1,i:1,...,5, forall j=1,...,n

3.3.2 Conclusion

We obtained four non-trivial symmetries of the difference equations (3.33). Con-
sequently, solutions to the equations were obtained. Our approach in this section

involved Lie point symmetry analysis.



3.4 A Group Theory Approach Towards Some Ra-

tional Difference Equations

We aim to extend the work by Elsayed [51] where the author investigated the dy-

namics and solutions of:

Tosr = Tns (3.59)

+1+ xn—lxn—3xn—57
where the initial conditions x_5, x_4, x_3, T_o, x_1 and zy are arbitrary non-zero
real numbers. One can notice that equations (3.59) are just special cases of a more

general form:

o1 = Tn5 (3.60)

Qn + bnl‘n—lxn—3xn—57
where (a,)nen, and (b, )nen, are arbitrary sequences. We will use a symmetry based
method to solve (3.60). Equivalently, we study:

Unp

(3.61)

Un+te =
An + Bnunun+2un+4

instead, where (A, )nen, and (B, )nen, are arbitrary sequences. This means we can

only compare z; with wu; 5.

3.4.1 Main Results

Consider the sixth-order difference equation of the form (3.61), that is:

Unp

Upt6 = .
o An + Bnunun+2un+4

We impose the symmetry condition (3.6) and simplify the resulting equation to get:
Bnuiun+QS4Q + Bnuiun+4SQQ - AnQ .

(Bnunun+2un+4 + An)2

S°Q + 0. (3.62)



To solve for @, we first differentiate (3.62) with respect to u,, (keeping €2 fixed and
viewing u,1o as a function of wu,, u,4 and ). After simplification, this leads to:

/ 2uy,
S1Q+ s (S°Q) = unea@ + =22 = 0, (3.63)

where ' denotes the derivative with respect to the independent variable. We then
differentiate (3.63) with respect to u,, to get:
! 2 / 2
Q" (n,u,) — u_Q (n, uy) + u_2Q (n,u,) = 0. (3.64)

The solution of (3.64) is given by:
Q (n’ Un) = anui + Bnun; (365)

for some functions «, and 3, of n. To obtain more information on «, and f,, we

substitute (3.65) in (3.62) and split the resulting equation to get the following:

unumgui+4 : Bhay,s =0 (3.66a)
unui+2un+4 : B0 =0 (3.66D)
U U 2Un 14 : Bu(Bnt2 + Brsa + Bnis) =0 (3.66¢)
Uy,  —Apap, +ap6=0 (3.66d)
1 - Ay (Bn — Buys) = 0. (3.66¢)
These equations (3.66) reduce to,
O, =0, Brya + Bnyo+ Bn=0. (3.67)

The expression of (3, in (3.67) is merely obtained by solving the corresponding
characteristic equation 7% + 12 +1 = 0 for r. Assuming that r;, i = 1,2, 3,4, are the
solutions of this characteristic equation, then /3, is a linear combination of the r’s.

In other words, the solutions of (3.67) are:

a, =0 and B = (=1)"B"%; + (=1)"B"cy + B"c3 + B cy (3.68)



for some arbitrary constants ¢;, i = 1,...,4, and where 5 = exp (7i/3). Thus, we

obtain four characteristics given by:

Ql — (_1)nﬁnun7 Q2 = (_1)anun Q3 - Bnuna Q4 = 6nun (369)
The four corresponding symmetry generators X, X5, X3 and X, are given by:

Xl :(_1)71/871“”0”” - (_1)nﬁn+1un+laun+1 + (_1)n/6n+2un+26un+2_

(_1)n5n+3un+36un+3 + (_1>n6n+4un+4aun+4 - <_1)n6n+5un+58un+57 (370&)

Xo :(_1)n6nunaun - (_1)an+lun+18un+1 + (_1>n6n+2un+28un+2_
(=1)"B" By 30, 5 + (= 1)" B U400,y — (—1)"B" Pty 50y, 5, (3.70b)

_an an+1 an—+2 an+3
X3 _B unaun + 6 un+1aun+1 + ﬁ un+2aun+2 + B un+3aun+3+

B U400, + B U504, 5, (3.70c)

X4 :ﬁnunaun + /6n+1un+laun+1 + Bn+2un+28un+2 + 5n+3un+38un+3+
Bn+4un+4aun+4 + ﬁn+sun+5aun+5 . (37Od)

Here, using )4, we introduce the canonical coordinate [61]:

du 1
Sy, = = —1Inlu,|. 3.71
/ T = ) (3.71)

In view of (3.67), we introduce the variable:

o= 8" s+ B 5000 4 B0 (3.72)
It is easy to check that,

Xirp =" 4824 =0, i=1,...,4. (3.73)



Therefore 7, is invariant under Xy. It is advantageous to use,
7l = exp (=14), (3.74)

that is, 7, = +1/(upupiou,r4). Here, we choose to use the plus sign and we have

shown, using (3.61), that:

oo = Anfy + By (3.75)
Therefore,
n—1
Fonsk = (H Azmk) +Z<BM H A2k2+k>, k=0,1.  (3.76)
k1=0 =0 ko=Il+1

It is worthwhile to mention that equations in (3.76) give the solution of (3.75) for

all n. By reversing all the change of variables, we have:

|un| = exp [(—B)n s+ (8)" c6 + (B)n cr + (—B)n cs+

a7 S B a1 oy S I ()

k1:0 k2:0
n—1 .
(6)"“2 Z\/_B‘”r + (= 6)"“2%(—5)%]
k3=0 k4=0

=I', exp (i \/?g [(=1)"** +1] Im [y(n + 1, k)] In |fk]> , (3.77)

k
where 7 is given in (3.76), I, = exp{(—8)"c5 + B¢ + B"cr + (—B)" s} and
v(1 k) = B'B".
Note. Equation (3.77) gives the solution of (3.61) in a unified manner.

We can simplify (3.77) further by splitting it into six categories. We have:

|tgn| =T6n exp ( Z_: \/—g [(=1)°"** + 1] Im [y(6n + 1, k)] In ]Fk|> (3.78)

k=0 3

n—1 .
T6s

Uugn =to | [ = (3.79)
5—0 T'6s+2



Similarly, after a straightforward but lengthy computation, we get:

n—1 -

g = i [ [ =2, i = 0,...,5. (3.80)

w0 T6s+2+i

Note. We can obtain (3.80) using (3.74) which need not the use of absolute values.

Now, using (3.76) and (3.80), we obtain the solutions of (3.61) as follows:

3s5—1 3s—1 3s—1
1 (H A2k1) + upuguy Y (le II A2k2)

k1=0 =0 ko=1+1

Usn =Uo H 3s 3s 3s ’
s=0 ( I1 Am) + UpUgty Y <321 II A2k2>
k1=0

=0 ko=Il+1

(3.81a)

3s—1 3s—1 3s—1
<H A2k1+1> + ugusus Y (le+1 I1 A2k2+1>

k1=0 =0 ko=l+1

Ugn+1 =U1— - P = : (3.81Db)
( I1 A2k1+1) + uusus Y (BQZJrl II A2k2+1)
k

1=0 =0 ko=Il+1

( II Ag,ﬂ) + upUatg Z <BQI 13‘31 A%)

ko=I+1

Uen+2 uQH 3541 3s+1 3541 )
<H A2k1) + UgUaUy Z (le 11 AQkQ)

k1=0 ko=Il+1

(3.81c)

3s 3s
1 ( II A2k1+1) + uuzus Z <B2l+1 I1 A2k2+1)

k1=0 ko=Il+1

U6n+3 :u?’H 3541 3541 3541 ’
H Aok, 41 | + urusus Z Bt ] Askyia

ko=Il+1

(3.81d)

3s+1 3s+1 3s+1
1 <H Am) + upugy Y (Bm 11 A2k2)

k1=0 =0 ko=l+1

Uen+4 ZU4H 3542 3542 3542 )
s=0 | T[ Aok, | +uousus >, | Bu [I Aok,

k1=0 =0 ko=l+1

(3.81¢)



3s+1 3s+1 3s+1
o TT Askygr ) Fwiusus DO | Basr I A2k

k1=0 =0 ko=Il+1

Uen+s5 =Us H 3542 3542 3512 ’ (3.81f)
5=0 <H A2k1+1) + ugugus Y (le+1 11 A2k2+1)
k1=0 =0 ko=Il+1
whenever the denominators do not vanish, i.e.,
0 0
UgUa Uy Z By ©"(Ag,, 1+ 1,5) # —0°(A,, 0, 9)
1=0
and i
Uy u3Us Z Bory10' (A, 1 +1,8) # =01 (44,0, 5).
The implication is that solutions of (3.60) are given by:
3s—1 35—1 3s—1
n—1 (H a2k1> +r 5T 371 ), <b2l II a2k2>
k1=0 =0 ko=l+1
Lon—5 =T—5 H 133 3s 235 ’ (382&)
s=0 < I1 a2k1) + T 5T 371 ), (bzz II anQ)
k1=0 =0 ko=I+1
3s—1 3s—1 3s—1
<H a2k1+1> + x4 010 Y (b21+1 II a2k2+1)
Ton—4 =T 4 H p = Lmi . (3.82h)
( 11 a2k1+1) + T_4T_2T0 ), <b21+1 I1 a2k2+1)
=0 ko=I+1
3s 3s 3s
( 1T G2k1> + T 5T 371 <b2l I1 G2k2)
k1=0 =0 ko—I+1
Lon—3 =T—3 H 331 1 3s+1 235+1 ’ (3.82¢)
(H a2k1) + T 5T 371 Y, (bm II a2k2>
k1 =0 =0 ko=I+1
3s 3s
( 11 a2k1+1) + T4 _0x0 ) <b21+1 I1 &2k2+1>
=0 ko=l (3.82d)

Lon—2 =T 2H 3541 3s+1 3s+1 )
I aok1 | +2az0mo Y (busr [ azkesa

k1=0 =0 ko=Il+1



3s+1 3s+1 3s+1
net | IT aoky | +xszszq D0 (b ] aon

=0 ko=l+1

k1=0
Lon-1 =T-1 H 3512 3512 3512 ; (3.82¢)
s=0 | ] aor, | +2xs2_32_1 > (bu I aom
k1=0 =0 ko=Il+1
3s+1 3s+1 3s+1
met T azkgg1 ) F@—ax oo D0 | b1 [ Gokyt1
k1=0 =0 ko=Il+1
Lon =ZLo H 3512 3512 3512 ; (3.82f)
s=0 | [ aokys1 | +2oaw—2mo D>, (baur1 ] a2met1
k1=0 =0 ko=Il+1

whenever the denominators do not vanish, i.e.,

T_5T_3T—1 Z b2l60(ak27l + 17 S) 7& —@O(le, Oa 8)

1=0
and

T_4T 2T o Z b2l+1®1(ak27 [+ 17 S) 7& _®l(ak17 07 S)'
=0

3.4.1.1 The Case where (a,) and (b,) are 2-periodic Sequences

Let ap, = (A, g, Ay gy Ay oot )y by = (0,6, el ), @ =2 523201 and U = 2_4x_ox0.

The solution in this case is given by the equations:

n—1 38 + T]CI) 3821 /\l n—1 Iu35 + C\Ij 3821 :ul
Ten—5 —L_5 H l:;)s s Ten—a = T4 H l:??s s (383&)
s=0 )\3s+1 + 77® Z )\l s=0 :u38+1 —+ qu Z :ul
=0 =0
3s 3s
el )\33—1—1 + nq) Z )\l 1l N38+1 + C\I, Z ,ul
Ten_3 =T_3 H Sl;fl , Ten—o = T_2 H ;;f)l , (3.83Db)

s=0 \3s+2 4 nd S N s=0 3542 4 (U >~ it
1=0 1=0



3s+1 3s+1

1 )\33+2 +77(I) IZ )\l el Iu3s+2 + qu IZ Ml
Ten_1 =T_1 H 3;:]2 , Ten = To H 3;:]2 . (3.83¢)
S0 A3+ £ pd SO N =0 1353 4 (U Y gl
1=0 1=0

s—1 s—1
where (Z )\l> n® # —\° and (Z ul) (U # —p®, s<3n.
=0 =0

3.4.1.2 The Case where (a,) and (b,) are Constants

Here, a, = p=XANb,=n=( ®=2_sr_3x_1 and ¥ = z_4x_5z(. Equation (3.60)

becomes:

Tn—5
()‘ + nxn—lxn—3l'n—5)

LTn+1 =

a) The Case where A =1
The solution given in (3.82) simplifies to:

n—1 n—1

1+ (3s)n® 14 (3s)n¥
s =T : . (384
Hon=5 x581_[01+(3s+1)n<1> $4H1+ 3s 1+ L)nv (3.84a)
14 (3s + 1)n® 1+ (35 + 1w
o g = 3.84b
on=3 $3H1+ 3s +2)yd o x2H1+(3s+2)n\p (3-84)
n—1
14+ (3s+2)nd 1+ (3s+2)n¥
Ten—1 =T_1 H ( Jn = Io H (3.84c¢)

14+ (3s+3)nd’ 1+ (3s+3)nv’

where sn® # —1 and sn¥ # —1, s < 3n.



e If n = 1, then equations in (3.84) are exactly the ones obtained in Theorem

2.1 in [51] for:

Tn—5
I+ Tp-1Tn—3Tn-5

(3.85)

Tpt+1 =

and their restriction (the initial conditions are arbitrary nonzero positive real
numbers) is a special case of our restriction (the initial conditions are arbitrary

nonzero real numbers and s® # —1, s¥ # —1, 0 < s < 3n ).
e If n = —1, then equations in (3.84) are exactly the ones obtained in Theorem
3.1 in [51] for:

Tn—5
1- Tp-1Tp-3Tn—5

(3.86)

Lptl =

and their restriction (the initial conditions are arbitrary nonzero real numbers
and jbdf # 1, jace # 1) coincides with our restriction (the initial conditions

are arbitrary nonzero real numbers and s® # 1, sU £ 1, 0 < s < 3n ).

b) The Case where )\ # 1

In this case, the solution given in (3.82) simplifies to:

n—1 )\38 + 77(1) <1 )\3S> n—1 )\35 + C‘Ij (1 )C’S)
Len—5 =T —5 5 T_23s+1y Len—q4 = LT—4 5 T35ty
o AT @ (55) o AR QT (55)
s _)\3s+1 o 3s+1
"71)\3+1+77q)<11)\_A ) nl)‘3+1+C\I’(11A>\ >
Len—3 =TL—3 5 1T_A3s+2y Len—2 = T2 5 1 x3s+2y 7
o AR 0@ () o A2 QU (155)
3542 3s+2
n—1 )\3s+2 —|—77<I> <1 1)\)\ > n—1 )\35+2 +C\IJ (1 1/\ : )
Ten—1 =T-1 5 135133 7 Len = 5 13513y 7
g AR @ () Tp AR 4 QU (155




where (1 — A*)n® # —X\°(1 — X) and (1 — X°)CU # =X°(1 = )), s <3n.

Note. If A = —1, then the solution given in (3.87) simplifies to:

T12n-5 = Te(2n)—5 — L5, T12n—a4 = T4, Tion—3 = T-3,
T12n—2 = T2, Ti2n—1 = T—1, T12n = 20,
T_5 T_4
Tign4+1 = 7 = Ti2n+2 = —= T 0 Tiont3 = T_3(—1 +nd
n+ _1+77q)7 n _1+C\Ija n ( )7
Tr_1 Zo
e G ET O e
T12n47 = T6(2n+2)—5 = T—5- (3.88)

e When setting n = 1 in (3.88), we get the result obtained in Theorem 4.1 in
[51] for:

Tn—>5
= 3.89
it -1+ LTp-1Tp-3Tn—5 ( )

and their restriction coincides with our restriction (the initial conditions are

arbitrary nonzero real numbers, ® # 1 and ¥ # 1).

e When setting = —1 in (3.88), we get the result obtained in Theorem 5.1 in
[51] for:

Tn—>5
= 3.90
ot -1 Tpn—1Tp—3Tn—5 ( )

and their restriction coincides with our restriction (the initial conditions are

arbitrary nonzero real numbers, ® # —1 and ¥ # —1).

3.4.2 Conclusion

We have obtained nontrivial symmetries of some rational ordinary difference equa-

tions and their exact solutions were obtained. Most importantly, we note that (3.67)



gives a clear idea, without making any lucky guesses, for the most convenient choice

of the invariant of (3.61).

3.5 On a Class of £ + 1 th-order Difference Equa-

tions with Variable Coefficients

In this section, we aim to use the Lie symmetry approach to solve the following

difference equations:

Ty
Tpi1 = - , (3.91)

Bn + Tn H Tn4i
i=0
where (3, and ~,, are real sequences. The definitions and notation introduced in the
preceding section will be used. Therefore, we will have to shift the equation k times

and study:

Unp,

: (3.92)

Untk+1 = k&
Bn + An H un+i
=0

instead.

Our work is a natural generalization of the results by Elabbasy, et. al. [65]. These

authors used induction methods to give solutions of

ATy

, (3.93)

Intl = =
B+vI1 Tnti
i=0

where the parameters «, [ and < are non-negative real numbers and the initial

values are positive numbers.



3.5.1 Symmetries

Consider the k + 1 th-order difference equations of the form (3.92), i.e.,

Unp,
Untk+1 = Q= & .
i=0
We impose the symmetry condition (3.6) to get:
k
Q(TL +k+ 17 un+k+1) - Z Q,unJrz‘Q(n + ia un-i—i) = 07 (394)
i=0

where (2, denotes the partial derivative of {) with respect to y.

The characteristic in (3.94) takes different arguments and one can eliminate the
undesirable variable by implicit differentiation. In this optic, we differentiate (3.94)
with respect to u, 41 ( keeping €2 fixed) and viewing u,,, 2 as a function of u,, tp11, - .., Unik

and (2, that is, we act the operator:

0 Quna 0 o Q. 0

I _ _ 3.95
aunJrl aunJrl aun+2 aunJrl Q,un+2 aunJrQ ( )
on (3.94). This yields,
- Q,Un-H Q/(n + 17 unJrl) + Q,un+1Ql(n + 27 un+2)
(3.96)

k

Z Q.

yUn+41 . o

- [Qiunﬂ'“vwl - 0 Q,Un+iun+2 Q(n + 1, Unﬂ') =0
1=0 s Un 42

which simplifies to,

= Up1Un12Q (N 4 2, Upta) + Up1Un2Q (N + 1, Upt1) — Up2Q(n 4 1, Upir)

+ un-i-lQ(n +2, Un+2) =0, (3'97)

after a set of rather long calculations. Note that ' stands for the derivative with

respect to the continuous variable. The differentiation of (3.97) with respect to ;1



twice (keeping u,o fixed) leads to:

[Un1Q'(n + 1, tpi1) — Q(n+ 1unp1)]" =0, (3.98)

after simplification. The solution of (3.98) is given by,

Q (n,u,) = apu, + byu, Inu, + ¢, (3.99)

for some functions a,, b, and ¢, of n. These functions are obtained by substituting
(3.99) in (3.94) and by splitting the resulting equations with respect to the product
of shifts of u,, since they are functions of n only. It turns out that b, = ¢, = 0 and
we are left with the following reduced system:

1 D kgl — Ap =0 (3.100a)

Up - o Untk D Gpy1 T Gpyo Tt Qpak + g = 0, (3.100b)

or equivalently,

Qp + Qpi1 + Apyo+ -+ apip = 0. (3.101)
We have found that:
2mns
= ), 1<s<k. 3.102
a exp (k: n 12) <s< ( )

Thus, the k infinitesimal generators are given by:

27ns 0
) Uy, , 1<s<k. 3.103
k+ 1Z) o Dt ° (3.103)

X :exp(

3.5.2 Reduction and Exact Solutions

Let

0s = exp <k2:r_sl z) and  Qs(n,u,) = (0s)"uy. (3.104)



To lower the order of (3.92), we introduce the canonical coordinate defined in (3.7).

We have:

du, 1
S”:/Qs(n,un) = o Il (3.105)

Thanks to (3.101), we have proved that:

X, [(es)"sn F(0,)" ™ Sy 4+ (98)”““5”%] —0, 1<s<k  (3.106)
So,
n = (es)nsn + (65)n+lsn+l + e+ (HS)THJCSTLJHC? (3107)

is an invariant function of X, s =0,1,2,..., k. For convenience, we consider:

1
k‘ b
H Un+i
i=0

|7n| = exp{—r,} =+ (3.108)

k
instead. We choose 7, = 1/ [ [ un4; and the reader can readily check that 7, satisfies:
i=0

Frs1 = B + An, (3.109)

and that,
n—1 n—1 n—1
=7 (H B,ﬂ> + <A, 11 B,Q) . (3.110)
k1=0 1=0 ko=1+1

Thanks to (3.108) and (3.92), we have that:

Tn
Uptkt1 = 7 I'U/n, (3111)
n+
and thus,
n—1 -~
Tk s+j .
Uty = 0 | [ =2 =0,1,.. k. (3.112)

~ )
=0 | (b+D)s+i+1



We have:

(k+1)s+j—1 (k+1)s+] 1 (k+1)s+j5—1
g To II By Ay II B

k1=0 ko=Il+1
U(k+1)n+j =Uj H
(k+1)n+j J 5 (k+1)s+j k—l—l)s-‘,—] (k+1)s+j
s= ~
fo| II Bk A Il B
k1=0 ko=I+1

(k+1)s+j5—1 (k+1)s+j5—1 (k+1)s+j—1
n—1 H B +FL Z Ay H Bkz

k1=0 1=0

ko=Il+1
=y H (k+1)s+j (k+1)s+j (k+1)s+j
s=0
N [T Bu|+%+ > (4 II B
k1=0 R ko—l1

(k+1)s+j—1 k (k+1)s+j—1 (k-+1)s+j—1
- II Bw |+ (H Uz) Ay I B
k1=0 =0 =0 ko=Il+1

Y g (k41)s+j5 k (k+1)s+j (k+1)s+j
- I B, +(Hui) s (4 T B

k=0 i=0 1=0 ko=I+1

for j =0,1,..., k. The solution to the sequence {x,} is then given by:

(k+1)s+j—1 (k+1)s+5—1 (k+1)s+j—1
H 6/?1 +P Z M H Bkz
=0

k1=0 ko=I+1

T(k+1)n+j—k = Tj— kH

i (k+1)s+j (k+1)s+j (k+1)s+j
II B )+P > |m Il Br

k1=0 =0 ko=Il+1

where j = 0,1,2,...,k and P = [[ z_;. In the subsequent sections, we investigate

=0
solutions to special cases of the difference equations.

3.5.3 The Case when 3, and ~, are 1-periodic

In this case, we assume that 3y = §; for all j > 1 and vy = v; for all j > 1.



3.5.3.1 The Case when j; # 1

The solution becomes:

(k+1)s+j
(k-‘rl s+] 1-53
n-1 H Toi | =g

. (k+1)s+j+1
—0 plk+1)s+ji+1 1-53
5=0 BO + H L—i 01_50 Yo
=0

L(k+1)n+j—k = Tj—k

where
k+1)s+j+1
1 - /B(g ) J

(k+1 s+]+1

foralls:O,Q,...,n—landaH]:O,l,Q,...,k:.

Set By = v = % where a is a constant. Then the solution reduces to:

—1Y\(k+1) “HGeADst g
(at)H)s+i 4 (| [z ) —1_)(1,1 a
T(k4+1)n+j—k — LTj—k | |

- 1—(a=1)(k+1)s+j+1
=0 (q~1)(k+D)sHi+1 4 (ch ) (a 1)_6171 a1

?

which is equivalent to,

k (k+1)s+j—1
11+ <H £L’1> z al
n i= 1=
L(k+1)n+j—k = Lj—k@ H -

0
k (k+1)s+j ’
i=0 1=0

where,

k (k+1)s+j
- (H x_z) Z a'#0
i=0 1=0
forall s=0,1,2,...,n— 1.

More explicitly, we have:




J’_

(k+1)s
l’l> al
l_

(k+1)s+1 7
a:_i) al

3

L

—_

+
YR

S
I
o
|

o

n
T(k+D)n+1-k = T1—kG

—
~—
Vo)

il

—_

+
I~
—

<
Il
o
—
Il
o

F*
\(Q;/
=
+
—
Y
+
—
@N

® 3
i=r
— —
+ | +
N
—- T~
8
l
N———
=
+t
Y
+
(V)
g&\‘

i
o
—
Il
=)

n
T(k+1)n+2-k = T2—kQ H

I
=)
—
I
=)

(k+1)s+k—2
I_z) > d

=0

(k+1)s+k—1
xl) >oood

7

—

+
7 N

b

5.
Il
o

.
Il
o

and

This solution has appeared in [65].

3.5.3.2 The Special Case = —1 and k is Odd

The solution simplifies to:

Tettyn—k = Top(—1 + (T_pT_p1@ g2 ... _120)Y0) "



L(k+)n+l-k = $1—k(—1 + (-T—kx—k+lx—k+2 .- -x—lﬂfo)Wo)n,

Tkt tynt2—k = Ta—p(—1 4+ (T_pZops1T_pp2 . .. T_120)70) ",

T(k+1)n—1 = I—1(—1 + (x—kx—k+1$—k+2 . .96—1960)%)_”7

T(k+1)n = Sijk(—l + (T kT k1T —pg2 - - - T_170)70)",

as long as the denominator does not vanish.

However, the solution above can be written in compact form as:

)(*1)“1"

Tettyntj—k = Tjmk (=1 F (T_pZpp1Zopy2 - - - To120) Y0 ;

k
for j=0,1,...,kand v [[ s # 1.
i=0

This solution has appeared in [65] (See Theorem 9).

k

Remark 3.5.1. Note that if 7 [[ z_; = 2, the solution is periodic with period
i=0

k+1.



3.5.3.3 The Special Case = —1 and k is Even

In this case, we have:

(=1)

n—1
Tkt D)nti—k = Lj—k H
s=0

5 Cpon+

vy
+
<
+
: <
=L
8
L
) ~_
—
e
ol !
—
&
2

@
Il
o

n—1

$20,s—j is even ] +

(2

n—1 k
X H (—1 + (H xz) fyo> .
s>0,s—j is odd =0

1
= Ti-k H K
T—i |
=0 )

If 7 is even and n is odd,

If j is odd and n is odd,

k -5 k
T(k+1)n+j—k = Tj—k (—1 + 70 H $—z‘> <—1 + H x—i)
=0 i=0
k
(—1 + % H iﬂz) .
i—0

L2+t

If j is even and n is even,

Pyl NG
L(k+1)n+j—k = Tj—k <—1 + % H 9€z> <—1 + % H $z>
i=0 i=0



If 7 is odd and n is even,

k *LnQIJ*1 k LnTilJJrl
T(k+1)n+j—k = Tj—k <—1 + 7% H x—i) <—1 + % H $—z’>
i=0

=0

=Tj—k-

In summary, and more compactly, the solution is

& (_1)j+1
T (—1 + 7 [] x_i) , if nis odd

L(k+1)ntj—k = i=0

Tj_k, if n is even.

k
where vy [[ z—; # 1. This solution has appeared in [65] (See Theorem 8).
i=0

3.5.3.4 The Case when 3, =1

The solution is given by:

1+ (ﬁ xz> (k+1)s+ 7)v

1=0

n—1
L(k+1)n+j—k = Tj—k H

s=0 1 4 (H :1:') (k+1)s+7+ 1)

1=0

where,
k
(H x_i> (k+1)s+j+ 1)y # -1
i=0

forall s =0,1,2,3,...,n—1and for all j =0,1,2,... k.

3.5.4 Conclusion

We utilized symmetry analysis to find point symmetries for certain (k+ 1) th-order

difference equations. We performed the group reduction of the equations using one



of these symmetries and solutions were given in a unified manner. Our results
generalise those in [65] in the sense that (a) «, 5 and 7 need not necessarily be non-
negative integers and (b) the constants can be replaced with sequences (variable

constants).



Chapter 4

Conclusion

In this thesis we have applied the symmetry analysis a number of problems that
falls into two classes of equations. The nature of the equations under study were

time-fractional PDEs and recurrence equations.

In chapter two, we studied PDEs that had a time-fractional component. This work
produced two manuscripts of which one was published. In this chapter we investi-
gated a family of fractional-order models that describes population dynamics. Lie
symmetries, which formulate a geometric method, were employed to perform group-
invariant reductions. In this regard, we determined ODEs which were further anal-
ysed. One of the resultant exact solutions was implicit and comprised of an integral
solution, while another involved trigonometric functions. We further investigat-
ed the time-fractional problem of axisymmetric spreading of a thin incompressible
power-law fluid on a horizontal plane. We obtained the moving front solutions ad-
mitted by the FDE modelling of the evolution of the surface fluid using Lie group

methods. The graphical representation of the solutions are also included.
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In chapter three, we obtained nontrivial symmetries and exact solutions of the re-
currence equation. We first studied some fourth and fifth order recurrence equation,
this was the extension to the work done by Elsayed [62] and Abo-Zeid [64], respec-
tively. However, the method we used is completely different to theirs. We then
studied some sixth order recurrence equation where nontrivial symmetries and their
exact solutions were obtained. Furthermore, we utilized symmetry analysis to find
point symmetries for certain (k + 1) th-order difference equations with variable co-
efficients. We performed the group reduction of the equations using one of these
symmetries and solutions were given in a unified manner. Our results generalise
those in [65] in the sense that (a) «,  and 7 need not necessarily be non-negative

integers and (b) the constants can be replaced with sequences (variable constants).
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