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ARTICLE INFO ABSTRACT

MSC: We introduce in this paper, a reflected-forward-backward splitting method that integrates
47H09 momentum terms to improve the resolution of monotone inclusion problems involving a
47H10 maximal monotone operator and a monotone Lipschitz continuous operator in a Hilbert
49J20 space. Momentum terms are integrated to leverage historical information about iterates, thus
49J40 i improving convergence speed. The method that we propose requires one forward computation
Keywords:

of the single-valued operator with one backward computation of the set-valued operator per
iteration, a key advantage over many existing inertial splitting methods. The practical potential
of this method is demonstrated through its application to a fractional-order lung cancer model,
where the proposed method showcases its ability to handle complex biological dynamics with

Reflected-forward—-backward method
Momentum term

Monotone inclusion

Monotone operators

Lung cancer improved computational accuracy and reliability. This study makes a significant contribution by
Fractional-order model demonstrating the method’s versatility in addressing real-world problems involving biological
models.

1. Introduction

Monotone inclusion problems, characterized by finding zeros of the sum of a set-valued monotone operator J : ¥V — 2V and a
single-valued monotone operator £ : ¥ — V, within the context of a real Hilbert space V, have become increasingly prominent in
the fields of optimization, variational analysis, and applied mathematics. This problem is modeled as

find ¢* € V such that 0 € (J + K)e*. (1.1

If 7 = oh and K = VT, the subdifferential of a proper and convex function that is lower semicontinuous 4 : ¥V — (-0, +o0] and
the gradient of a differentiable function that is convex T : ¥ — R, respectively, then the monotone inclusion problem (1.1) reduces
to the following composite convex optimization problem:

min{h(e) + T'(e)}. (1.2)
eeV

* Corresponding author at: School of Mathematics, University of the Witwatersrand, Private Bag 3, Johannesburg, 2050, South Africa.
E-mail addresses: chinedu.izuchukwu@wits.ac.za (C. Izuchukwu), amilodavid.ikechukwu@neu.edu.tr (D. Amilo), khadijeh.sadrikhatouni@neu.edu.tr
(K. Sadri), haoreny@cs.cmu.edu (H.-R. Yao), yaojc@mail.cmu.edu.tw (J.-C. Yao).

https://doi.org/10.1016/j.cnsns.2025.109055
Received 5 March 2025; Received in revised form 30 May 2025; Accepted 3 June 2025

Available online 17 June 2025
1007-5704/© 2025 Published by Elsevier B.V.


https://www.elsevier.com/locate/cnsns
https://www.elsevier.com/locate/cnsns
https://orcid.org/0000-0002-8262-8605
mailto:chinedu.izuchukwu@wits.ac.za
mailto:amilodavid.ikechukwu@neu.edu.tr
mailto:khadijeh.sadrikhatouni@neu.edu.tr
mailto:haoreny@cs.cmu.edu
mailto:yaojc@mail.cmu.edu.tw
https://doi.org/10.1016/j.cnsns.2025.109055
https://doi.org/10.1016/j.cnsns.2025.109055

C. Izuchukwu et al. Communications in Nonlinear Science and Numerical Simulation 151 (2025) 109055

The solutions to (1.2) satisfy the first order optimality condition:
find e¢* € V such that 0 € (dh + VT)e*.
To provide further motivating examples for problem (1.1), let us look at the saddle point problem:
i h Fe, —h , 1.3
min max 1@+ Fle, )= hy(f) (1.3)

where A ,h, : V¥ > (—o0,+c0] are proper and convex functions that are also lower semicontinuous and F : ¥ X ¥V — R is a smooth
function that is also convex-concave. We can recast problem (1.3) as:

) e 0 oh,(e*) V. F(e*, f*)
find (f*) € Y x V such that <O> € (6h2(f*)) + <—Vf*F(e*, f*)) . (1.4)

The point (e*, f*)' characterizes the solution to problem (1.3). We can also recast problem (1.4) as the following generalized mixed
variational inequality problem [1,2]:

e

find ¢* = (¢*, f*) € Y x V such that (Kc*, ¢ — c*) + hy(¢) — hy(e*) + hy(f) — hy(f*) > 0 Ve = <f

) EVXV,
where K(e*, f*) = (Vo F(e*, f*), =V F(e*, [*)).

Thus, problem (1.1) can be seen as an important aspect of mathematical optimization. It also arises naturally in diverse
disciplines, including signal processing, control systems, biological/medical modeling and machine learning. A major challenge
in solving such problems is the computational complexity associated with large-scale systems, which often demand efficient
and scalable methods. To address this challenge, researchers have turned to splitting methods, which divide the problem into
smaller, manageable sub-problems involving individual operators. This paper emphasizes the use of these splitting methods in
biological modeling, particularly, lung cancer modeling. Lung cancer remains a major contributor to cancer-related deaths globally,
highlighting the need for advanced models to analyze its progression and develop effective therapeutic strategies [3]. Traditional
integer-order models often fail to capture the complex, nonlinear behaviors characteristic of biological systems, leading to a need
for more accurate and flexible approaches. In this context, fractional-order models have emerged as a powerful tool, offering
enhanced accuracy by incorporating memory effects which enable them to incorporate past states and events that are important
in understanding disease progression [4,5]. This leads to high accuracy and sophisticated representation of biological processes.
Furthermore, fractional-order models offer more flexibility when explaining how different parts of the biological system interact
leading to a better understanding of mechanisms underlying tumour growth, metastasis, and immune response, thus providing a
more comprehensive and reliable picture of lung cancer trends [6,7].

Among the prominent splitting methods, the classical forward—backward splitting method offers simple frameworks in handling
monotone inclusion problems [8,9]:

miyy =Ly + )" (m; —oKCmy), i > 1, (1.5)

where I, refers to the identity operator defined on V, while ¢ refers to a positive parameter. It operates by iteratively combining a
forward step for the single-valued operator K with a backward step for the set-valued operator .J, ensuring convergence under the
cocoercive assumption of the K which is strict.

In [10], the strict cocoercivity requirement for Method (1.5) was eliminated by introducing the forward-backward-forward
splitting method, commonly recognized as Tseng’s algorithm. This approach is formulated as:

{n, =y +6J) ' (m; — cKm)), 16
miy =n; —oKn;+ocKm;, i > 1.

Researchers have extensively examined variations of this method, including its inexact [11], variable metric [12], and stochastic [13]
forms. A key advantage is its convergence to a solution of (1.1) under relaxed conditions: X must be £-Lipschitz continuous and
also monotone, ¢ must be in the interval (0, £~!), J needs to be maximal monotone, and (J + K)~!(0) # @, which is the solution set,
must be nonempty. However, its significant drawback is the need for two forward evaluations of K per iteration, which can reduce
efficiency, especially in computationally demanding large-scale optimization or control problems [14].

To mitigate this issue, [15] proposed an alternative method: the forward-reflected-backward splitting method. This variant is
expressed as:

My =Ly + )" (m; — 26Km; + o Km;_y), i > 1, 1.7

with the step size parameter ¢ restrcited to (0, %ﬁ‘l). Method (1.7) involves a single forward computation of the operator K,
enhancing computational efficiency while maintaining applicability to monotone and Lipschitz continuous operators. An extension
for reflexive Banach spaces is discussed in [16].

When K is linear, the structure of Method (1.7) aligns with the reflected-forward-backward splitting method [17], and is defined

as:
np=2m; —m;_y
= -1 i (1.8)

mi =Uy+0J) (m—oKny, i 2 1.
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The weak convergence properties of Method (1.8) have been analyzed with various conditions in [17], for cases where J is maximal
monotone (in [18]), under the assumption that J represents the normal cone of a certain subset of V. Additionally, the line-search
adaptation of method (1.8) was explored in [19] in which [J represents the subdifferential of a proper and convex function that is
also lower semicontinuous.

In recent years, fast converging optimization problem-solving methods have garnered significant interest. They are inspired by
second-order differential equations, and have proven effective in enhancing the convergence speed of optimization problem-solving
methods (see [20-25]). This desire for faster convergence has led to the development of momentum techniques. The momentum
term amplifies the contribution of past iterates, effectively acting as a memory mechanism that stabilizes the iterative process and
accelerates convergence. Momentum terms offer several advantages over traditional optimization methods, making them particularly
useful in a broad spectrum of applications, especially in high-dimensional and large-scale optimization problems [21,22]. One of
the primary benefits of methods that integrate momentum terms is their ability to expedite the convergence of iterative procedures.
Such methods can significantly reduce the iteration count needed to reach an optimal result compared to traditional methods. This is
particularly valuable in scenarios where computational resources or time are limited. Furthermore, methods with momentum terms
are well-suited for optimization tasks that frequently occur in machine learning [26], data science [27], and signal processing. Their
ability to accelerate convergence means that they can handle larger datasets and higher-dimensional spaces more efficiently. This
scalability is crucial for modern applications that involve massive amounts of data [27], like the complex biological dynamics that
we considered in Section 4. Moreover, such methods can reduce the overall computational cost of solving optimization problems by
accelerating the convergence rate. This is particularly beneficial in applications where each iteration is computationally expensive,
such as in large-scale machine learning models or complex simulations. For notable results on fast convergent methods for addressing
problem (1.1), see [24,25] and the sources cited therein.

Building on the discussion above, we investigate the role of the momentum term in the reflected-forward-backward splitting
method. Unlike traditional splitting methods, our proposed method incorporates momentum directly into the reflected and forward-
backward steps, resulting in improved numerical performance. This makes the method particularly suited for large-scale applications
where computational efficiency and convergence speed are critical. Applications to a fractional-order lung cancer model further
highlight the practical benefits of the momentum-enhanced approach.

2. Preliminaries

For a sequence m; in V and a point e in V, strong convergence of m; to e is written as m; — e, while weak convergence is denoted
by m; — e.
The operator K : ¥V — V is referred to as £-cocoercive if there is a constant £ > 0 such that

(Ke— Kc,e —c) > L||Ke - Kc||* Ve,c € P,

and monotone if
(Ke—Kc,e—c)>0 Ve,ceV.

The operator K is referred to as an £-Lipschitz continuous operator if there is £ > 0 such that
|| Ke — Kc|| < L|le —c]|| Ve,c € V.

Let J be a set-valued operator J : V — 2V, J is referred to as a monotone operator if

(f—g,e—c)>0 Ve,ceV, feJe g€ Jec,

and strongly monotone if there is ¢ > 0 such that
(f-ge—c)2ele=c|’ YeceV, geJe. g€ Jc.

J is termed a maximal monotone operator if the graph of .7, G(J) given as
GJ) ={(e, )N EVXV: fETe}

is not a proper subset of the graph of any other monotone operator. Specifically, J is termed maximal monotone if, for (e, f) € VXV,
we have that (f — g,e —¢) > 0 for all (¢, g) € G(J) implies f € Je. Associated with a set-valued operator .J is the resolvent, which
is defined as the mapping J7 : ¥ — 2V given by

JI @) :=Uyp+0T)(e), e€V, c>0.

When the monotone operator J is maximal and K is single-valued, both J and JJ (I}, — 6K) are guaranteed to be single-valued
and are defined everwhere in the entire space V.
The following identities holds:

2g. ) = lql* + 1717 = llg = jlI* = llg + jII* = llgl* = 1jlI*. ¥q.j € ¥ @1
and

IE g+ (1 =&jII> = Ellgl* + (1 = BjII> —E1 = d)llg - jlI* Vg.j €V, E€R. (2.2)
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Definition 2.1. Consider y € R satisfying i — 1 < y < i, where i € N, and let » be absolutely continuous over [0, ). The Caputo
fractional derivative of order y is given by:

1 ! el
D h(t)= ——— | (t -5y hD(s)ds, te€[0,T,], ¥ € (0,1],
oDy h() F(i—y)/o( s) (s)ds [0,T,1, r € (0,1]
where 4() means 4 is a function that is differentiable i times, and I" represents the Gamma function, defined by

I'e)= / B exp(z) z°'dz, Re(z) > 0.
0

Definition 2.2. The fractional integral of 4 in the sense of Riemann-Liouville, for an order y > 0, is given by

1
I'(y)
For any function 4 that is absolutely integrable, the integral is valid almost everywhere.

t
LI h() = / (t—sy~"h(s)ds, 1[0, T;].
0

Lemma 2.3 ([28]). Consider a closed, nonempty subset Q of V and a bounded sequence {m;} in V. If all weak sequential cluster points of
{m;} lie within O, then the sequence {m;} weakly converges to some point in Q.

3. Description of the proposed method and its weak convergence analysis

This section introduces the proposed method and provides a proof of its weak convergence theorem, starting with the conditions
outlined below.

Assumption 3.1.

(a) J is maximal monotone,
(b) K is monotone and Lipschitz continuous with Lipschitz constant £ > 0,
() (J + K)~'(0) is nonempty.

Algorithm 3.2. Inertial Reflected-Forward-Backward Splitting Method with Momentum.
Let 6 > 0 and ¢ > 0. For arbitrary my, m,q, € V, let the sequence {m;} be generated by

S o
wi = l+om‘ + l+gq’
n; =2m; —m;_;
mp = J;Z(wi —oKn;)

_ 1 0
is1 = TgMiet T 750 12 1

Description of Algorithm 3.2:

Initialization:

« Start with arbitrary initial values my, m;, and ¢, in the Hilbert space V.
» Parameters ¢ > 0 (step size) and ¢ > 0 (momentum parameter).

Step 1: Weighted Combination for Momentum:

w—Lm+L
l4o ! 1+0q,.

* Description: Combines the current iterate m; and the auxiliary iterate ¢; with weights determined by the momentum parameter

0.
* Momentum Role: The term ﬁqi introduces a history-dependent component, contributing to an inertial effect.

Step 2: Reflection Step:

n; =2m; —m;_y.

* Description: This step extrapolates n; by reflecting m;_; about m;. It is called the reflected step because it uses the symmetry
inherent in the operation:

nj—m; =m; —m;_,.
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The reflected step allows the algorithm to “look ahead” by leveraging the trend between the current iterate (m;) and the
previous one (m;_,). It also contributes to the algorithm’s inertial behavior, as it incorporates differences between successive
iterates (m; —m;_,). This is particularly valuable in accelerating convergence for optimization or monotone inclusion problems.
Thus, it is a hallmark of the reflected variants of splitting algorithms.

* Role: The reflected step plays a dual role:

- It is the reflected component of the reflected-forward-backward splitting framework.
- It also serves as an inertial component, indirectly introducing a momentum-like effect by amplifying the contribution of
past iterates.

Step 3: Reflective Forward-Backward Update:

Mgy = J7 (w; = okny).

* Description: - J g = (I +6J)"" is the resolvent operator for J, which also represents the backward evaluation of J. - The
update uses the weighted point w; and the forward evaluation of the monotone operator K at »;.
* Momentum Role: The extrapolated n; indirectly incorporates inertial information into the resolvent computation.

Step 4: Auxiliary Sequence Update:

miy + 4;-

P
T 40 1+o
» Description: Updates the auxiliary variable ¢, using the new iterate m,,; and the previous auxiliary variable g;.

* Momentum Role: Again, the term %oq" ensures that the memory of past iterates influences the update.

Lemma 3.3. Let Algorithm 3.2 generate {m;} and let the conditions outlined in Assumption 3.1 be met. For all e € (J + K)~'(0) and for
€ > 1, define

a 1= rloum,- —ell” +ollg; — el + ﬁnmi — gt I+ llm; = mi_y > + o Llm; = ni_y |1
+\lp; + oKell> = ||p; + m; —m;_; + o Ke||?, (3.1)
where
p; ‘= w;_; —oKn;,_; —m;. (3.2)
Then
e—1 0? 2 €0? 0 2 2
a1 < a;— ( . ) mllmiﬂ —qll- — <1 - m - m —oL(l+ \/E)> [”mi+l = |7+ |ln; — my |l ] .

Proof. Let e € (J + K)~'(0). From m; = J (w,_, — 6Kn;_,), the definition of J7 and (3.2), we get p; € T m,.
Similarly, p;,, € cJm;,;. Also,
2m; —w;_y +p;+oKn_,m —n;) =0 E.3)
and
2miyy — w; + piyy +0Knj e —myy) = 0. B4

Adding (3.3) and (3.4), and noting that n,_; = 2m,_; —m,_, and w,_; = ——m,_; + ﬁqi,l, we obtain for ¢ > 1 that

I+o
0 = 2(m; —w;_y,mpyy —n;) + 2p; + oKni_y,myyy —ny)
+2(miy —wi e —m )+ 2piy +oKnj e —mp)
= 2(m; — wi_y,mipy — )+ 2p; + oKny,mip g — ;) +20(Kni_y — Knj,miyy — n;)
+2mip —wi e = mig) + 2(piyy +0Knj e —myy)

4 4

=2(m;—mi_y + ——m;_| — mqi—l!mHl —n)+2p; +oknj,miy —n;)

1+0 '
+20(Kn;i_y = Knyjymyy —n;) +2(mi .y — wi e —mig) + 2piyy +0Knj e —myyy)
4
= 2(m; —m;_ + T+o [(0m; = qi_1) = (my = m_ )] smypy = ny) +2p; + 6Knmyyy = ny)
+20(Kn;_y — Knjymiy —n;) +2(m; — w;, e —m ) +2(p;p +oKnj, e —m)

4 4
= 2(<1 - m) (m; —m;_y) + m(m,- —qi_1), My — ;) +2p; + oKn;,mi —n;)
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+20(Kni_y = Knjomiyp —n) +2(miyy —wise —miy) + 2pigy + oKnj e —miy )

= 2<<1 - —> (n; —m;) + m(mi =G My — m) + 2p; + oKnymi = n;)
+20(Kn;_; — Knjym g —n;) +2(m;y — wye —my ) +2(piy + oKnj,e —m; )
1 2 €0’ 1 2 1 2
< — 12 + - = ——im, —n,
S T+o lm; 4y — m;ll <(1+0)2 1+0> Iy — m;ll 1+0||m‘ ;|
2
4
m”mx =g+ 2pimyy — )+ 20(Kn e —np) + 2{py e —myyy)

2 2 2
+20(Kn;i_| — Knjym —n;) + |lw; —ell© = [lmyq —ell® = [lm; g —w;ll”

Using (2.1), we see that

2 0 2
[l —will= = Nlmpyy —my) = m(qi —m,)||

2
0 20
[lm;y — m,‘”z + <m) llg; = mi||2 T+o <m1+l m;, q; — m;)

+
2
2 4 2 0 2 2
[l — m 1= + <_1 +0) lg; = m|l” = —— [“mi+1 —m||* + |lg; —mll ]

>
]

_ 1 2 2

m”mHl i a+ )2 llg; — m;lI~.
Also, by (2.2), we get
1 0
llw; —ell® = g =9+ 15 -ol?
1 2 2 4 2
= - +— - —ql°.
g lme = el il = el = = lm = gl

Next, the Lipschitzian of K implies

20(Kn;_y — Kn;,mi .y —n;) < 20L||n; —n_y|lllmiyq — nll

1
oL (EHni — iy P+ V2lmyy - n,-||2>

1
a£\7<<2 + V2)lln, = my | + V2llm; = n_y 1) + V2oLl —nyl)?
2

IN

I\

L(1+ VD)l = ml? + o Llm; = n_y 1P + V20 LlImyy —nl.
Now, since K is monotone, we have

o(Kn;,e —n;) < o(Ke,e —n;).

Also, since p, | € 6Jm,, |, —6Ke € 6Je and J is monotone, we have that 0 < (—ocKe — p,.j,e —m; ).

Hence,

A

(Piyrse —miy) < iy e —mgy) +{(—oKe—p e —m )

o(Ke,m; | —e).

Again, since p; € cJIm;, p;y; € 6Jm;; and J is monotone, we see that
(Pis Mgy = m;) < (Piyp, Mgy — my).
From (3.9) and (3.10), we obtain
2pjmiyy — ;) +20(Kn; e — ;) + 2(piq,e —miyq)
< 2Apj,mip —n;) +20(Ke,e —n;) +20(Ke,m;| —e)
= 2p; +oKe,m; | —n;)

= 2p; + oKe,m; | —m;) —2p; + cKe,m; —m;_;)

IA

Apiy1 +oKe,miyy —m;) —2p; + oKe.m; —m;_y),
where the last equality follow from »; = 2m; — m;_;, while the last inequality is from (3.11).

By incorporating (3.6), (3.7), (3.8) and (3.12) into (3.5), the following result is obtained:

1 2 1 €0’ 2 1 2 1 2
0< —— . —_m. —_(— = — . —-n. - L —n. + — -
< paglmen = mill = Gy = G e = il = sl =l ol = el

(3.5)

(3.6)

3.7)

(3.8)

(3.9

(3.10)

(3.11)

(3.12)
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0* 2 0 2 0 2 2 1 2
€(l+0)2|| i — il 1+QlllI, I i )2|| i = qill” = llmiyy —ell i llmipy = mll
+(1+ o7 llg; — m; ||2+¢7£(1+\/_)||n —m; ||2+z7£||m —n;_ 1||2+\/_6£||m —n,-||2

+2(piy +0Ke,m y —m;) —2p; + oKe,m; —m;_;).

This implies

2
2 1 2 1 €o 2 1 2 1 2
mi g —ell” £ —|lmy —m||” — (—— m; - —|lm; = ||+ ——|Im; — e
Imiar =l < ol =P = e = s lm =l = ol =P+l el
2
0 2 14 2 4 2 1 2
—_—m;, — q;_ + — . —e —_—m: —q: _ —|m: —m:
e(1+ )2|| i = gl 1+o”q’ [ (1+p)2” i =gl 1+o” 1 — mll
+ —(1 0P llg; — m‘-||2 +oL(1+ \/E)Hn,- - m,-||2 +oL|lm; —n;_; ||2 + \/EaﬁllmH_l - n,-||2

2 2 2
= Ipip1 + oKell” = llmyy — m;||” + |piyy + 0 Ke +myyy —my|
+ \lp; + oKel? + |lm; = m_ i 11> = |p; + 6Ke +m; —m;_; || (3.13)

Now, similar to (3.7), we obtain

2
2 0 2 0 2
o —el? = —2im, +— - mpyy — gl 3.14
ollgiy —ell 1+g||m,+1 ell? lg; —ell Tt o? lmipy = gl (3.14)
Adding (3.13) and (3.14), gives
llmiey — el + ollg;yy —ell?
1 2 1 €0 2 2 1 2 1 2
< r“m,+1_mi“ —(m m)”mm | —mﬂmi—"i” +m||mi—€||
02 2 4 2 4 2 1 2
—_—|m; — q;_ + — . —e —_—m: —q: _—||m; —_m;
i+ )2|| i =il 1+Qllfll [ i+ )2|| = a4l 1+p” o1 — mll
+mnq‘—m AP+ o L(L+ V)l = myl + o Lllm;, —n_y 1> + V2oL lImyy, — il

2 2 2
= 1pig1 + oel|l” = [lm — m||” + ||y + 0Ke +myyy —my|

2 2 2
+llp; + oKel|” + |lm; —m;_1||* = ||p; + cKe + m; —m;_||

2 2
o 2 0 2 4 2
+—|lm —e|l”+ —llg; —el|" = ——llmi; — q;
gl = el + 7o = el = s iy —all
1
= g lm = el olla = el + LA+ VDl =P+ oLllm = ni i + V20 L llm
1 0 o
- <m + 1) iy = mill> + llm; = m_y 11> + m”mm —ell’ - m”mm -ql?
1 2 1 2 1 2 o 2
+ —|lmj —mll" = | —— - ——|[m; = || + ———=Im; — q;—
s = = (e = 2 Y =l = =P 4 -

2 2 2 2
—|Ipip1 + oKell” + ||piyy + oKe +m; —m||” + |Ip; + oKe||” — |Ip; + cKe +m; —m;_||”.
This implies

02

2 2
m”mHl = glI” + llmyy — myl

1 2 2
T+o ——lmyy —ell” +ollgiyy —ell” +

2 2 2
+oLllmi —mll” + |Ipiyg +oKe|l” = iy + o Ke +m —ml|

Ly — el + ollg — el + —L—
140 e(1+ )2

IA

2 2 2
”m; —q;_ [1<+ ”m, —m;_, 1<+ (7[1||m,~ —ni_y Il

2 2
Y 4 2
otV Y g (B Y
< Too = Tran ) =m0l = (s = g ) I =il
4
_ (1 Ty ToLa+ \/5)> llm; — ;% + llp; + oKell® = |p; + o Ke +m; — m,_, ||
<L llm; —ell* + ollg; — ||2+—g2 [[m; — I+ llm; — 1>+ oLllm; - I?
S T+o m;—e ollg; —e el +0)7? m; = gi- m; —m_; oLiim; = n;_y
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2 2
+1p; + oKell” = Ip; + oKe +m; —my_y ||

<1—o‘£(l+\/_)———

l+o0 (1+0)?

2

2 2 e—1 4 2
>[|| 1= mll” + llm; = gl ]-(T) REWD lmipr —qll”. O

Theorem 3.4. Let Algorithm 3.2 generate {m;} and let the conditions outlined in Assumption 3.1 be met. Assume that 0 < ¢ <

mm{ VoL(l —4oLl), l;:'z’gz, % } and o € (0, 4L) Then {m;} is weakly convergent to a point in (J + K)~1(0).

Proof. Suppose e € (J + K)~'(0). Then for all i > 1, the sequence {q;} defined in (3.1) is bounded below by 0.

= L el 4+ ollgy — el + ——
! 1+o0 ! e(l+0)2

+\lp; + oKel> = ||p; + oKe + m; —m,_,||?

s:
Il

2 2 2
m; =gy 17+ lim; = my_y 17 + o Llm; = n_y |l

&
1 2 2, 2 2 2
—|Im; —ell* +ollg; — el + ———=lIm; — g1 II” + lm; —m_; |* + o L||m; — n;_y ||

l+o ' e(1 + 0)?
+lp; + oKel> = 2||w,_y = m;_ ||* = 262L2||n,_; — e]|?

v

1
> rumi = ell® + llm; = mi_y I + o Lllm; — iy |
2 40 2 202 2 202 2
<1+ )zu o =l = s = iy I = 40 L2y — | = 40 L = e
40
> (1- 7o a0 i - et (1= )z)n il
4, 2
+ <0£— (1:’ E —462£2) I,y — my||2. (3.15)
o

Thus, by the condition on ¢ and ¢, we see that 0 < q; for all i > 1.
Also, the condition on ¢ and ¢ imply that 1 —c£(1 + \/_ 2)—

> 0. Therefore, Lemma 3.3 yields

I+g (1+0)2

lim q; exists. (3.16)
1—00

and
lim [|m; — n;|| = lim [|m;; — ;| = lim ||m; | —g;|| = 0. (3.17)
i—oo nd =00

Thus,
lim ||m;; —m;|| = 0. (3.18)
1—00

Moreover, {a;} is bounded. Thus, by (3.15), we obtain that {m,} is also bounded. Hence, the boundedness of {n;}, {w;} and {Kn;—Ke}
follows. Using these facts and (3.18), one sees that

igrgo(mi_l —m;, Kn;_; — Ke) =0. (3.19)
Now, since w; = ﬁmi ﬁq,-, we get from (3.17) and (3.18) that
lim e, = ]| = < ﬁo lim llg; = m,| = 0. (3.20)
Also,
llmiyy =l < llmiyy = myll + lln; — myll - 0, i — o0 (3.21)
and
llmiyy — will < llmyyy —mll + llm; — will = 0, i > oco. (3.22)

By (3.2) and (2.1), we obtain
llp; + o Kell” = llp; +m; — mi_y + o Kell*
= [lw,_y — m; + 6(Ke = Kni_DI? = lw;_; — m;_y + o(Ke — Kn;_II?
llw;_, _mi”2 = llw;_, _mi—1”2 +20(m;_; —my;, Kn;_; — Ke)

— 0, i > oo (by (3.22), (3.20) and (3.19)). (3.23)

Since {m;} is bounded, there exists {m;, } € {m;} such that m, ~peV.
Again, by (3.22) and (3.21), we see that

w —oKn; +0oKm; 4 =0, k — co. (3.24)

i T Mi+1



C. Izuchukwu et al. Communications in Nonlinear Science and Numerical Simulation 151 (2025) 109055

Table 1

Description of parameters and variables in the model (4.1).
Symbol Description
N(1) Number of lung tissue cancer cells at time 7 (cells)
I(t) Number of immune cells in lung tissue at time ¢ (cells)
P(1) Number of cancer cells spread to other parts at time ¢ (cells)
A Growth rate of lung cancer cells (cells/day)
K Carrying capacity of lung tissue (cells)
u Rate of cancer cell spread from lung tissue (cells/day)
c Rate of cancer cell spread in lung tissue (cells/day)
1] Rate of death of spread cancer cells (cells/day)
B Interaction: cancer cells and immune cells (1/day)
b, Interaction: immune cells and cancer cell growth (1/day)
B3 Interaction: blood vessels and cancer cells (1/day)
@15 P2y O3 Effects of growth factors (1/day)

Note that
wi, —my g —okn; +okm; oy =p; 1 +0Kmy o €(T +Kmy 4. (3.25)

The graph of J + K is closed in the space VStrONg x yWeak gince it is maximal monotone. Thus, by (3.24) and (3.25), one gets
pE T +17(0).
We now show that m; — p. Now, set

2
. 4 2 2 2 2 2
b; ~=_<—2 lm; = gy 17 + llm; = m_y I° + o Lllm; — ni_y |I” + || p; + o Kel| —||p,~+o‘ICe+m,-—mI-,1||>
e(1+0)
and
. 2
¢ 1=2(m; = q;.q; —e) + |Im; — g;I”.
Thus,
b _ 10 el 42 _ _ e
a;+b;+oc; = 1+0“mi e|l” +ollg; —ell” +20(m; — q;,q; — e) + ollm; — g;|

2 2
Il Il

1 2 2 2 2
= ——|lm; —el|l” +ollg; — ell” + ollm; —ell= — olim; — ¢;I” — ollg; — ell” + ollm; — g;

l+o
This together with (3.16), (3.17), (3.18), (3.21) and (3.23) imply that

lim <; + o) [lm; — e|? = lim (a; + b; + oc;) exists.
1+o i—oo

=00
Hence, lim,_,, ||m; — e|| exists for each e € (J + K)~1(0). Therefore, by Lemma 2.3, we can infer that the sequence {m;} is weakly
convergent to an element in (J + K£)~'(0). [

4. Numerical experiments

To better understand the procedure of Algorithm 3.2, let us look at a biological system in the form of fractional-order differential
dynamics given in (4.1) and depicted in Fig. 1 that describes lung cancer dynamics with a focus on epithelial cells, oncogenes, tumor
suppressor genes, immune cells, blood vessels, and growth factors.

SDIN@) = ,1N(z)<1 - %) —uN@®P@) -/ NDOI(®),

SDII(N) = @ Iy + 9, N2 (1) — 3 1(1) = o I(D P (1),
EDIP(t) = o N()P(t) — 6P(t) — B3I (1) P(1),

4.1)

subject to the starting assumptions specified below:
N@©)=Ny>0, I0)=1I,>0, P@0)=P>0,

where (C)Df(.) is the Caputo fractional derivative operator (see Definition 2.1). System (4.1) is defined with each parameters and
variables assumed to be non-negative. We take N(¢) as the population of cancer cells confined to the lung tissue at time ¢, P(¢)
denotes the count of cancer cells metastasized to distant areas within the body, and 1(r) quantifies the immune cells present within
the lung tissue (see Table 1).

The dynamics of the system account for the influence of oncogenes and tumor suppressor genes, represented by the cancer cell
growth rate, 4, and the tissue’s carrying capacity, K. Interactions with immune cells are modeled through the parameter g,, while the
growth and dissemination of cancer cells are influenced by parameters y, o, and 6. Additionally, the model incorporates the impact
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BLN()I() BsI(t)P(t)

Fig. 1. Diagrammatic representation of the fractional-order lung cancer model in (4.1).

of blood vessels on nutrient delivery and metastasis promotion via the parameter f;. The concentration of growth factors is given
by parameters ¢;, ¢,, and @3, which together indicate the degree of their contribution in inducing and sustaining tumor growth.
The first equation in system (4.1) models the population of cancer cells in the lung tissue denoted as N(¢). This equation portrays
the processes of division of cells with cancer, their contact with the immune system, and balance with the actions of growth factor
and other biological factors. The expression AN(7) - (1 — NT(’)) describes the growth of these cancer cells, A representing lung cancer
growth rate and K the lung tissue carrying capacity. This expression takes care of the exponential growth curve of cancer cells in a
tissue beyond its carrying capacity which is a natural growth pattern of the tumor. The expression uN () P(¢) exposes the network
of cells, deprived of nutrients and oxygen, stressed by migration from lung tissue to the rest of the body. This interaction depicts
the communication of cancer cells with the immune system and its function in suppressing tumor advancement and dissemination.
The pro-immune term —p; N(¢)I(r) describes the relationship between tumor cells and the body’s immune response system with the
constant §; being the interaction rate. Such terms depict the effect cancer cells have on the immune system and vice versa which
determines the growth and metastasis of cancer. The equation represented by I(r) where the ¢ denotes time is the concentration
of the immune response in lung tissue as mentioned earlier. This equation depicts the dimension of immune cells, cancer cells
and other biological elements governing the immune response in therapeutic conditions. The term ¢, I, + @, N2(r) include effects
of enhancing factors and immunity cells where the two factors interact with growing metastatic cancer cells. The parameter ¢,
and ¢, represents enhancing factors and immunity cells towards the development of cancer cells respectively. This term describes
the impact of microenvironmental inputs on the proliferation and reproduction of metastatic tumor cells. The coefficient, —p31(?),
indicates the limiting influence on the proliferation of metastatic tumor cells by growth factor concentrations. Also, ¢, refers to
the impairment of metastatic cancer cell proliferation via growth factors. This term encapsulates the intricate interactions involved
in regulating the proliferation of cancer cells and their spread. The term —p, P(#)I(¢) incorporates the effect of the immune system
on metastatic cancer cells. Here, f, denotes the dynamical rate between the body’s immune cells and cancerous cells. This term
depicts the effect of the immune system on the proliferation and metastasis of cancer cells other than the primary site. The third
equation system (4.1) illustrates the process of cancer cells which metastasize in other regions of the body, and is represented by
P(1). This enumeration focuses on the factors responsible for the proliferation and the metastasis of the cancerous cells other than
the lung tissues. The term o N (¢) P(¢) describes this process, with N(r) depicting population of the tumor cells within the lung tissue
that are spreading throughout the body at a rate . In simple words, this term describes the activity of immune cells in the targeting
and engagement with cancer cells, and thus determines the evolution and dissemination of the cancer. The deceased cancerous
cells transform into this term —§P(r), whereas the variable 5 identifies the death of spread cells. The term —g; P(t)I(¢) considers
the influence of the vascular system on the position of the immune cells within the tumor and its possible interactions. Here, an
interaction rate p; exists between the blood vessels and the cancer cells. This interaction is fundamental to the process of tumor
angiogenesis, whereby new capillaries are formed to provide nutrients and oxygen to cancer cells, thus promoting the expansion
and spread of the tumor.

Fractional-order differential equations have emerged as a powerful tool for modeling intricate systems, surpassing the capabilities
of conventional integer-order frameworks. Their applications extend across disciplines such as the fractional order conception,

10
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which delivers improved accuracy while tracking intricate non-linear behaviors commonly found in biological processes like lung
cancer dynamics [29,30]. This is because attention deficit models are fractional order capacity models and it is expected that
they have memory hence why a model for this order would be able to integrate past states and events that are very important
in the development of the disease. These also allow a greater flexibility to describe the complex interactions occurring among
various components of the biological system in fractional-order models. Also, fractional-order derivatives enabled the representation
of fractional-order kinetics, thus allowing more close-to-reality modeling for processes such as cell proliferation, migration, and
interactions among the cancerous cells, the immune cells, and various elements within the cancerous microenvironment. Another
advantage of fractional-order models is the robustness with which they handle uncertainties and variability inherent in biological
systems [31,32]. The fractional-order framework is able to catch the intrinsic variability and heterogeneity evident in biological
data, allowing for a richer and more reliable illustration of lung cancer dynamics. It enhances the predictive capability of the model
and extends the generality towards different experimental conditions and various patient populations. In this regard, incorporating
fractional-order dynamics in the model indeed provides an added level of sophistication for representing lung cancer dynamics with
enhanced realism. It affords a window into basic causative mechanisms underlying the growth and dissemination of a tumor and
host-immune response, further ensuring treatment outcomes optimized to the characteristics unique to a given patient.

4.1. Analysis of existence and uniqueness of solutions for system (4.1)

We rewrite system (4.1) as

gDryX(t) =K XO+NOLXE)+I0OKX(0)+ PO X+ S, X(0) =X, (4.2)
where

N@) i 0 0 -2 0 0
X=11I0], K =|0 -¢3 0], Kry=]¢p, 0 0

P() 0 0 -5 0 0 o

-4 0 0 -4 0 0 0

Ky=]| 0 0 —-p|, K4=|0 0 =B, S=|el]

0 0 0 0 —p 0 0

Theorem 4.1. X € C*[0, z] is the unique solution of System (4.2).
Proof. We can apply the Riemann-Liouville fractional integral (Definition 2.2) to get
X(t) = X(0)
t
I / (t—s)! (IClX(s)+N(s)IC2X(s)+I(s)IC3X(s) (4.3)
rw Jo

+ P()K,X(s)+ S ) ds.
We proceed by defining G : C*[0, 7] — C*[0, z] as follows

GX(t) = X,

'
+ ﬁ/@ (t—s)y! (ICIX(S)+N(S)K2X(S)+I(S)]C3X(s)

+

P()K,X(5)+ S ) ds.

Thus,

e H(GX - GY) = e 1 [ ﬁ /t(z—s)y—l (lc1 (X(s)—Y(s))
0

+

N(I)ICZ(X(S) - Y(s)) + I(s)lC3<X(s) - Y(s))
POK(X(6)-Y(5))) |

1 ! 1 —L(1—s)
< 763 /0 (1= sy~ (X(5) = Y (9)

e_LS(ICl +pKs + k5 + sIC4)ds,

+

X

where p,r, and s represent the peak values of N(¢), I(r), and P(¢). Thus,
_ _ 1 ro
Lt — < 4 _ — r—1
le“(GX - GY)| < ‘L (lcl + pkCy + Ky + s1c4)) X =Yl H 3T /0 s dsH.
Hence,

IGX - GY|| < (ICI+plC2+rIC3+sIC4)‘||X—Y||.

L‘L—y
I'y+1)

11
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Now, if we choose L such that ||L7|| > #:DUCI + pKy + rkCy + sKy|, then
IGX - GY || < x|l X -Y1,

where k = #:1) ‘L‘V (IC |+ pKy + K3 4+ sK, )| < 1, ensuring that G is a contraction. By the Banach contraction mapping principle,
G possesses a unique fixed point. Consequently, (4.3) admits a unique solution X € C*[0,7]. Given that (4.3) is equivalent to a
Volterra integral equation and, in turn, to system (4.2), we deduce that the unique solution X € C*[0, r] also solves system (4.2)
uniquely within the same functional space. []

4.2. Implementation

To implement Algorithm 3.2 to solve the biological model in (4.1), we can rewrite the model as
ODIX(0 = f@, X)),  X(0)= Xy, (4.4)

where X(1) = (N(@t), I(t), P(t)" and f : [0,400) X V — V is defined by

f@ X@) =K X0+ NOLXH+IOLX0@) + POK X0+ S, (4.5)
K, Ky, K3, K, and S are as defined in (4.2).
Equivalently,
AN (1= 22) = uNOPO - HNOTO)
J@& XV = g1y + N2 ) - p31() = HIOP@) | (4.6)

oN@)P(t) —6P() — 3 1()P(1)

Theorem 4.2. The fractional-order lung cancer model in system (4.1) is a monotone inclusion problem of the form:
0 € f(X(M)+ Ne(X 1)),
where f is monotone and Lipschitz continuous and N is the normal cone to C, which is maximal monotone.

Proof. At equilibrium (BD,’X () = 0), we have 0 = f(X(?)).
We now decompose f = J + K, and define the convex potential:

X = 2N <1 - %) S dp,

We denote the gradient Vi by J:

N (1-%)

—@31
—6P

JX@®) =

Since h is convex for 4, 93,6 >0, J = Vh is monotone by Rockafellar’s theorem.
The remaining terms in f form K(X(¢)):

—uNOP@®) = fN®I(®)
K(X®) =| @11y + 0,N*(1) - I P@) .
oN@)P(t) - pz1(t)P(1)

The Jacobian Jy is:

~ —uP@) - p 1) —pN@) —uN (1)
J(X(@) = 2¢0,N (1) =B, P(1) =B 1(®)
o P(1) =B3P(t) oN(1)—p3I(1)

For the monotonicity of K, we require 7, x+ f£ > 0. The symmetric part is:

R —2uP @) - 2, 1() 20N =N = f3P(1)  —puN () + o P(1)
Te(X0) + TLX®) = | 20,N () = ByN (1) = B3 P() —26,P(®) B I(1) = p3P(0) |
—uN(t) + o P(t) B I(1) — p3P(1) 26N (1) = 2p51(t)

If u, p; are small relative to ¢,,s, the matrix is positive semi-definite, and thus, K is monotone. Moreover, by similar arguments
as in the proof of Theorem 4.1, we can show that K and J are Lipschitz continuous. Thus, f = J + K is monotone and Lipschitz
continuous.

Now, note that the equilibrium condition 0 = f(X(r)) is equivalent to the variational inequality:

(fX), Y -X)>20 VY €C,

12
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which in turn is equivalent to the monotone inclusion:
0 € f(X)+ Np(X),
where N (X) is the normal cone to C at X, which is well-known to be maximal monotone. []

If we set £ = f and J = N, (1.1) simplifies into the standard variational inequality framework associated with f, and our
algorithm becomes:

Algorithm 4.3. Inertial Reflected-Forward-Backward Splitting Method with Momentum for System Eq. (4.1)
Let o > 0 and ¢ > 0. For arbitrary mg,m,q, € V, let the sequence {m;} be generated by

=L o
4= Mt T di-1

— 1 0
w; = l+omi + l+gqi
n=2m; —my_

My = Po(w;—ofn), i1

We then apply the Riemann-Liouville integral operator (see Definition 2.2)

J1lem = o )/(z‘—s)" 'g(s)ds, y>0, te[0.T/],

to both sides of (4.1). So, the corresponding system will be achieved as:
t
N@) = N(©)+ % / (t— sy {/UV(S)<1 - w) — uN(s)P(s) —ﬁlN(S)l(S)} ds = fi(N@®), (1), P(1)),
1(t)=1(0) + m / (t=s)" 1{(9110 + @y N2(s) — 31 (s) — ﬁzI(S)P(S)} ds = fL(N@), (1), P(1)), 4.7)

P@) = P(0)+ m / (t=s5)" '{UN(S)P(S) 6P(s) - ﬂ3I(s)P(s)} ds = f3(N@), 1(1), P(1)).

Three steps in Algorithm 4.3 will be as follows based on system (4.7):

0
zN; = N + 1+0Nr zP, = l+gP + 1 R_], zl; = l+gI + 1 Il_l,
=1L N + 22N, = 0 = -2
wN; = 1+o Ni+ 1+oZN” wk; = 1+oP t i P” wl; 1+01 v I+o 2, (4.8)
yN, =2N, = N,_,, yP, =2PI-—P,-_1, vl =21 = Iy,

Niq1 = PcWN; =0 fiyN), Py = Po(WP 0 foyP), Iy = FeWl; — o f3y1),

where f;, for i = 1,2, 3, represents the right-hand side of the system described in Eq. (4.7). Before proceeding further, we discretize
the equations on the right-hand side of the system (4.7). Let us assume that 2 = T,/M denotes the step size, and ¢, = ih, where
i=0,1,..., M, are the mesh points. Now, let us examine the first equation in system (4.7) at r =1;,;:

lit1
Ny = N©O) + % (tiy — 5)7’1 g1(N(s),1(s), P(s))ds

Imt1 (4.9)
=N©O)+ T)/) ;)/tm (tiy1 = 97 g1 (N(5), I (5), P(s)) ds,

where
N(1t)
SIN®, I(1), P(1) = AN®)| 1 - wal HN@OP@) = pyNDOI ().
To discretize the integral part, we use the Lagrange interpolation over the sub-interval [7,,_;,7,1, thus we have

s—1t, te
L(s) = —gl(N(tm) I@,), P@t,)) + —lgl(N(tm—l), I(t,,_1), P(,_1))
tm 1~ m lm m—l
NEl S S =1,
~ Tgl,m B 81,m-1>

where g ;=& (N()), 1(t;), P(t;)). So, using integration by parts, the integral parts in (4.9) will be written as follows:

Tt . T+ 1S —1tuy
/ (tig1 — )7 g (N(s), I(5), P(s))ds = / (tigr — ) 7 gimds
1 !

m m

Tm+1 s —
- / ((RED i -
i

t
S1im-14ds

h {(n m)’(m—n—2y—2)+(n—m+l)V(n—m+}/+2)}g]m
TG+ ’

13
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h?
rr+1

Therefore, the formulas in the third row of (4.8) are as follows:

{(n—m)y(n—m+)’+ = (n—m+1y*! }gl,m—l'

y n
Ny =N(0)+ﬁ Z [{(n—m)y(m—n—Zy—2)+(n—m+I)V(n—m+y+2)}><

m=1

wN, —oyN
{ AN, —o‘me)<l im0

X ) - u(wN,, —oyN,)wP, —cyP,)

- Bi(wN,, — oyN,)Ywl,, — oyl,,) } +{(n —my(n—m+y+1)—(m—m+ 1! }x (4.10)

—0oyN,_,

wN,,_,
AMwN,,_y —oyN,_)| 1 - X

> - ”(WNm—l - Gme_l)(me_l - o—me—l)
- pi(wN,,_; — 6yN,,_)wl,_ —oyl,_;) }]7

I =l(0)+%m§1 {(n—m)’(m—n—Zy—2)+(n—m+l)y(n—m+y+2)}><

{(pllo + @,(wN,, — o'me)2 -@3(wl, —oyl,) - p(wl,, —oyl, ) (WP, — ome)}

(4.11)
+ {(n —my(n—m+y+1)—(n—m+ 1)t } { @1y + ¢p(wN,,_; —oyN,_|)?
— 3wl _y —oyl,_) — pwl,_, —oyl,_)wP,_| —oyP,_|) }]
P, = PO)+ % Z [{(n—m)’(m—n—Zy—2)+(n—m+l)V(n—m+y+2)}><
m=1
{a(wNm - 6yN,) WP, — 6yP,) — 5(wP,, — cyP,) — py(wl,, — 6y, )wP, — o‘me)} 1)

{(n -mf(n—m+y+1)—(n—m+ 1)7+1} { 6(wN,,_; — 6yN,,_)wP,_, —cyP,_,)

- o(wP,_, —oyP,_ ) - ps(wl,_ —oyl,_|)wWP,_; —ocyP,_;) }] .
Values of parameters in system (4.1) and starting values are considered as follows:

4=03, K=10, u=001, =01, =01, f5 =04,
=03, ¢,=04, @,=01, =07, 5=001, N(0)=200,
N(1)=250, PO)=2 P()=4, I(0)=100, I(1)=150, h=27° T,=10.

Figures depicting the state variables N(¢), I(r), and P(t) are presented in Figs. 2 to 13 for various values of y, ¢, and ¢. The
surface plots in Fig. 2 depict the general dynamics of the state variables for several iterations, and these dynamics are elaborated
in subsequent figures. In Fig. 3 there is a slight balance between state variables I(r) and P(¢) while N(r) decrease significantly, with
fixed values of y and ¢ (y = 0.3, ¢ = 0.7). In Fig. 4, a decreasing trend is observed for N(r) with y = 0.5 and ¢ = 0.7. However, as ¢
increases, the values of N(¢) also increase and approach N(7) = 100. For ¢ = 0.89, the values of I(¢) approach I(r) = 200 after t = 4,
while the values of P(¢) increase and approach P(¢) = 200. Fig. 5 illustrates the decreasing behavior of N () for y = 0.7, o = 0.7,
and varying values of ¢, with the values approaching N (r) = 50. After ¢ = 2, the values of I(¢) and P(r) start to increase, with P(r)
approaching P(r) = 200. In Fig. 6, a decreasing trend is depicted for N (r) and I(r) with y = 0.9, ¢ = 0.7, and ¢ = 0.8, 0.81, 0.83, 0.85,
0.87. However, their values stabilize around N(¢) = 50, I(r) = 50, while P(¢) increases and approaches P(r) = 250. Similar behavior
is observed in Fig. 7 for the scenario with y = 0.5, 0 = 0.8, ¢ = 0.7, 0.71, 0.73, 0.75, 0.77, 0.79, where both N(¢) and I(¢) exhibit
a decreasing trend. In Fig. 8, all plots exhibit a similar pattern: N(f) decreases, while P(r) and I(¢) increase and stabilize around
N =150, P =175,and I = 190 for y = 0.3, 0 = 0.9, ¢ = 0.75, 0.8, 0.85, 0.9. It appears that when the values of ¢ approach ¢ = 0.9, the
perturbation of the initial values of N, P, and I diminishes. Fig. 9 shows that all functions behave similarly with increasing values
of o (0 =0.75, 0.8, 0.85, 0.9) for y = 0.9 and ¢ = 0.9. Both N(¢) and I(¢) exhibit a decreasing trend, while P(¢) increases. In Fig. 10,
the values of N(¢) tend to N =200 with an increasing trend, P(¢) shows a linear behavior, and I(r) decreases and stabilizes around
I =100 for y =0.7, 0 = 0.9, and ¢ = 0.9, 0.91, 0.93, 0.95, 0.97, 0.99. Similarly, in Fig. 11, for y = 0.7, 6 = 0.9, and various values of
0 (0=0.9, 0.91, 0.93, 0.95, 0.97, 0.99), both N(¢) and I(¢r) decrease, while P(¢) increases and stabilizes around P = 225 after t = 2.
Fig. 12 for y = 0.5, ¢ = 0.75, o = 0.75, the state variables of N (), I(r), and P(¢) stabilize around N = 80, P = 100, and I = 100. For
0=0=0.8,0.85, 0.9, 0.95, N decreases but approaches N =200, and P(r) increases. Fig. 13 illustrates the behaviors of N, P, and
I for 0 = 0.9, 6 = 0.9, and varying values of y (y = 0.1, 0.3, 0.5, 0.7, 0.9, 1). In the figures, N(¢) decreases, P(t) increases, and I(r)
decreases as the fractional derivative order increases.
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Fig. 2. Surface plots of state variables N(r), P(r), and I(r) for several iterations, y = 0.6,0.9, ¢ =0.7,0.8,0.9 and ¢ = 0.7,0.8,0.9.

5. Result and discussion

The figures depicting the state variables N (), I(¢), and P() are presented in Figs. 2-13, showcasing the dynamics under various
combinations of y, ¢, and ¢ for an endemic case of the lung cancer progression, and without treatment. These figures offer insights
into the behavior of the biological system described by system (4.1). By analyzing the trends and patterns exhibited by the state
variables under different scenarios, we can draw meaningful conclusions about the impact of the fractional-order parameters y, o,
and o on the evolution of cancer cells (N(r) and P(r)) and immune cells (I(r)) over time. We see that the choice of ¢ appears to
be important with the dynamics of the biological system. It shows the importance of carefully choosing parameter values correctly
reflecting the biological context. For ¢ = 0.81, the starting values of cancer cells (N()) increase, while those of immune cells
(I(r)) decrease. This depicts a scenario where the system experiences cancer cell proliferation over immune response, which could
potentially lead to disease progression and unhealthy outcomes. For ¢ = 0.83 the starting values of cancer cells (N(#)) increase,
while those of immune cells (/(7)) decrease. This goes on to bolster the idea of an imbalance in the biological system, indicating
a scenario where cancer cells may outpace the immune response, potentially leading to tumor growth and metastasis. Also, as the
fractional-order operator y increases, the gap between each state variable (N (7), I(r), P(t)) widens. Biologically, this indicates that
past values’ influence on the system’s current state becomes more pronounced as y increases. In other words, higher values of y
magnify the memory effect in the model, making the system display some deviations from its initial conditions over time. This
indicates that long-term memory and past dynamics are more dominant in shaping the behavior of the biological system described
by the model. The observed dynamics in the state variables N (), I(¢), and P(¢) provide important insights into the underlying
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Fig. 4. Plots of state variables N(¢), P(t), and I(¢) for y =0.5,0 =0.7 and different values of o.

biological processes of lung cancer progression and immune response. The variations in these variables under different parameter
settings shed light on how the fractional order and other parameters influence the behavior of cancer cells and immune cells within
the body. For instance, the stabilization of N(¢), I(f), and P(r) around certain values in Fig. 3 for ¢ = 0.85 suggests a balanced state
where cancer cells, immune cells, and healthy cells are maintained at relatively stable levels. In Fig. 4, the increase in N(¢) and
P(r) with higher ¢ values indicates a scenario where cancer cell growth is favored, possibly due to reduced immune surveillance
or enhanced tumor-promoting factors. Similarly, the decreasing N(r) and increasing I(r) observed in Fig. 5 suggest a weakening
immune response against cancer cells, leading to their unchecked proliferation. The trends in Figs. 6 and 7 further underscore the
complex interplay between cancer cells, immune cells, and treatment effects. For instance, the decreasing N(r) and I(r) coupled
with increasing P(¢) in Fig. 6 may indicate a response to treatment where cancer cells are targeted but at the expense of immune
suppression. Conversely, the decreasing N (¢) and I(r) observed in Fig. 8 may suggest a more favorable outcome with reduced cancer
cell burden and preserved immune function.

From this research, medical practitioners can get valuable knowledge related to the dynamics of lung cancer progression and
the importance of different model parameters. This involves an explanation of the order y and the parameter, o. The order y shows
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the actual degree of fractional differentiation in this model equations. It practically denotes the level at which the memory effect
and non-local interactions enter into describing the dynamics of lung cancer. The higher the y, the stronger the dependence of
a current state from the past values, and consequently, the stronger the emphasis on historical data in terms of understanding
disease evolution. Medical practitioners could use the information obtained from this video in formulating treatment strategies,
taking into consideration both the immediate and the later dynamics of the patient’s health. Along the same lines, the biological
parameter ¢ is also very much vital in the functioning of the biological system. It determines the growth direction of the cancer
cells, and their growth in relation to the immune system response. However, by carefully choosing these parameters, practitioners
may visualize how the administration of various therapeutic techniques will alter the progression of the illness. As a result, this will
help the practitioner determine the appropriate time and type of intervention needed to manage lung cancer. In the same way, the
parameter ¢ and the algorithm presented also elicit interest from medical practitioners. The parametero is an inertial term in the
algorithm that controls the momentum which is directly related to convergence and stability of the numerical solution. Increasing the
value of this parameter causes the volume of severance put on the momentum aspects of the algorithm leading to fast convergence
speeds. Based on this information, and the factors that influence acceleration of computational simulation, medical practitioners
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could contribute towards establishing efficient modeling for predicting lung cancer dynamics. By understanding the effect of o,
practitioners can choose appropriate computational parameters to get accurate and timely predictions of disease progression. An
algorithm is proposed that provides a computational framework for solving a mathematical model representing the dynamics of
lung cancer. With the help of the Inertial Reflected-Forward-Backward Splitting Algorithm, practitioners can simulate the variation
of cancerous cells and immune cells at any instant of time. This enables the comparison of a number of treatment scenarios and the
possibility to test the efficacy in the control of tumor growth and metastasis. Moreover, the efficiency of the algorithm for convergent
solutions helps practitioners to accelerate analysis to generate actionable insights. It therefore helps medical practitioners to conduct
computational simulations effectively, accurately analyze predictions of models, and obtain meaningful insights into clinical decision
making in the management of lung cancer.
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6. Conclusion and future research

The reflected-forward-backward splitting method with momentum that we introduce to solve monotone inclusion problems
is tests on a given fractional-order lung cancer model derived from biological process. The method finds its use in practice in
the large scale and complex systems types. It provided a comprehensive computational platform for simulating and analyzing the
time behavior of evolution of cancer cell and immune cells and which can be adapted to other biological models. Our results
open prospects for modeling the processes of cancer development and assessing the effectiveness of treatment in the framework
of fractional-order dynamics. It also has impact on the rate of search for treatment strategies, and the understanding of disease
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dynamics to improve disease outcome in lung cancer in particular. Although, we obtained the numerical computation of the rate
of convergence of our proposed algorithm in Appendix A, the theory for the rate of convergence of our proposed method will be
considered in future our studies. An in-depth investigation into the method’s strong and linear convergence properties would provide
valuable insights. In future works, we will explore other kinds of biological modeling or additional adjustments to the algorithm’s

structures in response to new computational requirements.
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Appendix A. Calculating the convergence rate numerically and comparing results with those obtained from method (1.8)

We consider the following simple fractional-order differential equation:

2127

cn’ — 2
oD YO +y() =17+ G-

1€ [0,1], y €(0,1], (A1)
with the initial condition as y(0) = 0 and exact solution is y(f) = 2. The maximum absolute errors (MAE) are calculated for different
step sizes h, y = 0.5,0.9, ¢ = 0.01, and ¢ = 0.1 and are listed in Tables 2 and 3. The following relation computes the convergence
rate (CR):

Ine; 1 /e;)
InChiyy/hy)
where e; is the absolute error corresponding to the step size h;. As observed, the convergence rate approaches 1. Next, we compare
the results obtained from the proposed method with those from the method described in (1.8). The MAEs are seen in Table 4 for
o =0.01,y = 0.5, and different values of step size h. As observed, the results obtained from the proposed scheme are more accurate
than those produced by Method (1.8). In Table 2, the maximum absolute error is 3.0517 x 1075 for h = 27!5, whereas in Table 4,
it is 0.0038. As the step size decreases, the error increases. The exact, approximate, and absolute error functions are shown in Fig.
14. The absolute error computed using the proposed method is smaller than that of Method (1.8).

i = ’
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Table 2

Convergence rate of the proposed algorithm for y = 0.5.
h MAE CR h MAE CR
24 5.9477 x 1072 - 23 3.0273 x 1072 0.9743
26 1.5381 x 1072 0.9769 27 7.7515 % 1073 0.9886
2-8 3.8910 x 1073 0.9943 279 1.9493 x 1073 0.9972
2-10 9.7509 x 1074 0.9993 2-1 4.8804 x 1074 0.9985
2-12 2.4408 x 107* 0.9996 2-13 1.2206 x 10~ 0.9998
271 6.1031 x 1073 0.99998 2715 3.0517x 1073 0.99993

Table 3

Convergence rate of the proposed algorithm for y = 0.9.
h MAE CR h MAE CR
274 5.8594 x 1072 - 23 3.0273 x 1072 0.9527
26 1.5381 x 1072 0.9769 27 7.7515 % 1073 0.9886
2-8 3.8910 x 1073 0.9943 270 1.9493 x 1073 0.9972
2710 9.7561 x 10~* 0.9986 2-11 4.8804 x 1074 0.9993
2-12 2.4408 x 107* 0.9996 2-13 1.2206 x 10~ 0.9998
2714 6.1031 x 1073 0.99991 2715 3.0517x 107> 0.99996
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Table 4
Maximum absolute errors obtained from Method (1.8) for y = 0.5,6 = 0.01 and different values of step size.
h MAE h MAE h MAE
274 0.1094 2-8 0.0078 2-12 0.0034
25 0.0586 279 0.0039 2-13 0.0036
276 0.0303 2-10 0.0019 2-14 0.0037
277 0.0154 2-1 0.0029 2-15 0.0038
Table 5
Maximum absolute errors obtained for different choices of ¢.
0 MAE 0 MAE 0 MAE
0.09 0.4282 0.6 0.1635 0.93 0.0082
0.1 0.3776 0.7 0.1272 0.94 0.0053
0.2 0.3299 0.8 0.0928 0.95 0.0024
0.3 0.2848 0.9 0.0601 0.97 9.7561 x 10~*
0.4 0.2421 0.91 0.0290 0.98 0.0148
0.5 0.2017 0.92 0.0141 0.99 0.0286

Appendix B. Effect of the inertia parameter on acceleration

Consider (A.1) again. We solve this problem with the proposed algorithm for 4 = 2710,y = 0.9, and different values of the
inertia parameter ¢o. The maximum absolute errors (MAEs) are seen in Table 5. It seems the best choice for this problem is ¢ = 0.97.
Approaching values of ¢ to 0.97 leads to smaller absolute errors.

Data availability

No data was used for the research described in the article.

References
[1] Hoai PT. A new proximal gradient method for solving mixed variational inequality problems with a novel explicit stepsize and applications. Math Comput
Simulation 2025;229:594-610.
[2] Jolaoso LO, Shehu Y, Yao JC. Inertial extragradient type method for mixed variational inequalities without monotonicity. Math Comput Simulation
2022;192:353-69.
[3] LiC, Lei S, Ding L, Xu Y, Wu X, Wang H, , Li L. Global burden and trends of lung cancer incidence and mortality. Chin Med J 2023;136(13):1583-90.
[4] Kothari K, Mehta U, Prasad R. Fractional-order system modeling and its applications. J Eng Sci Technol Rev 2019;12(6).
[5] Petras I. Fractional-order nonlinear systems: modeling, analysis and simulation. Springer Science & Business Media; 2011.
[6] Debbouche N, Ouannas A, Momani S, Cafagna D, Pham VT. Fractional-order biological system: chaos, multistability and coexisting attractors. Eur Phys J:
Spec Top 2021;1-10.
[7]1 Ndenda JP, Njagarah JBH, Shaw S. Role of immunotherapy in tumor-immune interaction: Perspectives from fractional-order modelling and sensitivity
analysis. Chaos Solitons Fractals 2021;148:111036.
[8] Lions PL, Mercier B. Splitting algorithms for the sum of two nonlinear operators. SIAM J Numer Anal 1979;16:964-79.
[9] Passty GB. Ergodic convergence to a zero of the sum of monotone operators in Hilbert spaces. J Math Anal Appl 1979;72:383-90.
[10] Tseng P. A modified forward-backward splitting method for maximal monotone mappings. SIAM J Control Optim 2000;38:431-46.
[11] Bricefo-Arias LM, Combettes PL. A monotone skew splitting model for composite monotone inclusions in duality. SIAM J Optim 2011;21:1230-50.
[12] Vi BC. A variable metric extension of the forward-backward-forward algorithm for monotone operators. Numer Funct Anal Optim 2013;34:1050-65.
[13] Vii BC. Almost sure convergence of the forward-backward-forward splitting algorithm. Optim Lett 2016;10:781-803.
[14] Lions JL. Optimal control of systems governed by partial differential equations. Berlin: Springer; 1971.
[15] Malitsky Y, Tam MK. A forward-backward splitting method for monotone inclusions without cocoercivity. SIAM J Optim 2020;30:1451-72.
[16] Izuchukwu C, Reich S, Shehu Y. Convergence of two simple methods for solving monotone inclusion problems in reflexive Banach spaces. Results Math
2022;77. http://dx.doi.org/10.1007/500025-022-01694-5.
[17] Cevher V, Vii BC. A reflected forward-backward splitting method for monotone inclusions involving Lipschitzian operators. Set-Valued Var Anal
2021;29:163-74.
[18] Malitsky YV. Projected reflected gradient methods for monotone variational inequalities. SIAM J Optim 2015;25:502-20.
[19] Malitsky Y. Proximal extrapolated gradient methods for variational inequalities. Optim Methods Softw 2018;33:140-64.
[20] Tzuchukwu C, Reich S, Shehu Y. Relaxed inertial methods for solving the split monotone variational inclusion problem beyond co-coerciveness. Optimization
2023;72:607-46.
[21] Nesterov Y. A method of solving a convex programming problem with convergence rate O(1/k?). Sov Math Dokl 1983;27:372-6.
[22] Polyak BT. Some methods of speeding up the convergence of iterates methods. U. S S R Comput Math Phys 1964;4(5):1-17.
[23] Tran-Dinh Q, Zhu Y. Non-stationary first-order primal-dual algorithms with faster convergence rates. SIAM J Optim 2020;30. http://dx.doi.org/10.1137/
19M1293855.
[24] Lorenz DA, Pock T. An inertial forward-backward algorithm for monotone inclusions. J Math Imaging Vision 2015;51:311-25.
[25] Moudafi A, Oliny M. Convergence of a splitting inertial proximal method for monotone operators. J Comput Appl Math 2003;155:447-54.
[26] Su W, Boyd S, Candes EJ. A differential equation for modeling Nesterov’s accelerated gradient method: theory and insights. J Mach Learn Res 2016;17:1-43.
[27] Goodfellow I, Bengio Y, Courville A. Deep learning. MIT Press; 2016.
[28] Opial Z. Weak convergence of the sequence of successive approximations for nonexpansive mappings. Bull Am Math Soc 1967;73:591-7.

23


http://refhub.elsevier.com/S1007-5704(25)00466-6/sb1
http://refhub.elsevier.com/S1007-5704(25)00466-6/sb1
http://refhub.elsevier.com/S1007-5704(25)00466-6/sb1
http://refhub.elsevier.com/S1007-5704(25)00466-6/sb2
http://refhub.elsevier.com/S1007-5704(25)00466-6/sb2
http://refhub.elsevier.com/S1007-5704(25)00466-6/sb2
http://refhub.elsevier.com/S1007-5704(25)00466-6/sb3
http://refhub.elsevier.com/S1007-5704(25)00466-6/sb4
http://refhub.elsevier.com/S1007-5704(25)00466-6/sb5
http://refhub.elsevier.com/S1007-5704(25)00466-6/sb6
http://refhub.elsevier.com/S1007-5704(25)00466-6/sb6
http://refhub.elsevier.com/S1007-5704(25)00466-6/sb6
http://refhub.elsevier.com/S1007-5704(25)00466-6/sb7
http://refhub.elsevier.com/S1007-5704(25)00466-6/sb7
http://refhub.elsevier.com/S1007-5704(25)00466-6/sb7
http://refhub.elsevier.com/S1007-5704(25)00466-6/sb8
http://refhub.elsevier.com/S1007-5704(25)00466-6/sb9
http://refhub.elsevier.com/S1007-5704(25)00466-6/sb10
http://refhub.elsevier.com/S1007-5704(25)00466-6/sb11
http://refhub.elsevier.com/S1007-5704(25)00466-6/sb12
http://refhub.elsevier.com/S1007-5704(25)00466-6/sb13
http://refhub.elsevier.com/S1007-5704(25)00466-6/sb14
http://refhub.elsevier.com/S1007-5704(25)00466-6/sb15
http://dx.doi.org/10.1007/s00025-022-01694-5
http://refhub.elsevier.com/S1007-5704(25)00466-6/sb17
http://refhub.elsevier.com/S1007-5704(25)00466-6/sb17
http://refhub.elsevier.com/S1007-5704(25)00466-6/sb17
http://refhub.elsevier.com/S1007-5704(25)00466-6/sb18
http://refhub.elsevier.com/S1007-5704(25)00466-6/sb19
http://refhub.elsevier.com/S1007-5704(25)00466-6/sb20
http://refhub.elsevier.com/S1007-5704(25)00466-6/sb20
http://refhub.elsevier.com/S1007-5704(25)00466-6/sb20
http://refhub.elsevier.com/S1007-5704(25)00466-6/sb21
http://refhub.elsevier.com/S1007-5704(25)00466-6/sb22
http://dx.doi.org/10.1137/19M1293855
http://dx.doi.org/10.1137/19M1293855
http://dx.doi.org/10.1137/19M1293855
http://refhub.elsevier.com/S1007-5704(25)00466-6/sb24
http://refhub.elsevier.com/S1007-5704(25)00466-6/sb25
http://refhub.elsevier.com/S1007-5704(25)00466-6/sb26
http://refhub.elsevier.com/S1007-5704(25)00466-6/sb27
http://refhub.elsevier.com/S1007-5704(25)00466-6/sb28

C. Izuchukwu et al.

Cc ications in Nonli Science and Numerical Simulation 151 (2025) 109055

[29] Kothari K, Mehta UV, Prasad R. Fractional-order system modeling and its applications. J Eng Sci Technol Rev 2019;12(6):1-10.
[30] Dulf EH, Vodnar DC, Danku A, Muresan CI, Crisan O. Fractional-order models for biochemical processes. Fractal Fract 2020;4(2):12.
[31] Caponetto R. Fractional order systems: modeling and control applications. Vol. 72, World Scientific; 2010.

[32] Amilo D, Sadri K, Kaymakamzade B, Hincal E. A mathematical model with fractional-order dynamics for the combined treatment of metastatic colorectal
cancer. Commun Nonlinear Sci Numer Simul 2024;130:107756.

24


http://refhub.elsevier.com/S1007-5704(25)00466-6/sb29
http://refhub.elsevier.com/S1007-5704(25)00466-6/sb30
http://refhub.elsevier.com/S1007-5704(25)00466-6/sb31
http://refhub.elsevier.com/S1007-5704(25)00466-6/sb32
http://refhub.elsevier.com/S1007-5704(25)00466-6/sb32
http://refhub.elsevier.com/S1007-5704(25)00466-6/sb32

	Application of a reflected forward backward splitting method with momentum to a fractional-order lung cancer model
	Introduction
	Preliminaries
	Description of the Proposed Method and Its Weak Convergence Analysis
	Numerical Experiments
	Analysis of Existence and Uniqueness of Solutions for System sys1
	Implementation

	Result and Discussion
	Conclusion and future research
	CRediT authorship contribution statement
	Declaration of competing interest
	Acknowledgments
	Appendix A. Calculating the convergence rate numerically and comparing results with those obtained from Method RFB
	Appendix B. Effect of the inertia parameter on acceleration
	Data availability
	References


