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Abstract

We demonstrate the effectiveness of machine learning techniques as research tools in
formal theory. In knot theory (and consequently the related quantum field theories,
such as Chern—Simons theory), we use artificial neural networks as tools to identify
relationships in large datasets. Specifically, we are able to predict the slice genus
and s-invariant of knots from the Jones polynomial. Further, we show how inter-
pretable machine learning techniques can be used to derive new analytic formulae
from machine learning results. These interpretation techniques allow us to reverse
engineer a neural network to predict the hyperbolic volume from evaluations of the
Jones polynomial. We also demonstrate how Restricted Boltzmann Machines can
be used to study computationally difficult problems, such as computing out of time
ordered correlators of the SYK model. We discuss applications of this technique to

numerically mapping out the phase space of chaos.
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Chapter 1
Introduction

Science fiction has become reality and artificial intelligence is an ubiquitous force
in our society. We have created computational structures that can learn for them-
selves and set them loose on all manner of applications, including banking, crime
prevention, and medicine. Physics is not immune to this trend and machine learn-
ing techniques show great promise as research tools, particularly in string theory.
Machine learning gives us a novel way to explore physics and mathematics. Large,
previously impermeable datasets, like the Calibu—Yau datasets and the extensive
tables of knot invariants, have been successfully tackled using artificial intelligence.
Additionally, neural network architectures often provide for a faster representation

of computationally difficult problems.

This dissertation involves an intersection of machine learning, mathematics, and
physics. The introduction is organised to provide a basic background of the relevant
features of each field and to explain the intersection between them. Section [1.1
reviews the basics of machine learning and reviews how string theorists, and other
physicists, have recently utilized machine learning in their research. Section [2.2|gives
an overview of the mathematical objects called knots and summarizes the relevant
features of knots. Section reviews Chern—Simons theory and briefly discusses its
connection to knots. Section [1.4]studies the physics of the SYK model and discusses

our motivations for studying it.

1.1 Machine learning

A machine learning algorithm is an algorithm which uses training data to optimize
an approximate mapping between input and output data. Machine learning has
been applied to a huge variety of tasks with great success, including identifying sus-
pects when a crime has been committed [4], medical diagnoses [5], natural language

processing [6], and playing games like chess and Go [7} [§]. Artificial intelligence has



remarkably even been used to discover a collection of the most fundamental equa-

tions of physics, as cataloged in Feynman’s Lectures on Physics [9].

In recent years, both mathematicians and physicists have started applying ma-
chine learning to very large data sets. These data sets are not hugely useful in their
raw format, as we are unable to identify important relationships in the data our-
selves. Machine learning is a powerful tool which can be used to identify and model

relationships that humans are unable to perceive.

Although useful for identifying mappings, machine learning techniques are often
not interpretable, meaning that we cannot always use machine learning results to
draw satisfying conclusions or explanations. Throughout this work, the focus is
on using machine learning as a first step in identifying new relationships in data.
The next step is to employ interpretable machine learning techniques to extract

meaningful conclusions from the identified relationships.

1.1.1 Feedforward neural networks

One machine learning architecture used in this work is a feedforward neural network.
This system was originally inspired by the structure and functioning of brains, hence
the term “neural”. Neural networks consist of a series of layers, each containing
individual nodes (also called neurons). The first layer is always an input layer and
each node corresponds to an element of the input feature vector. The final layer
is the output layer, which will output the prediction of the neural network. All
of the layers between the input and output layers are called “hidden layers”. A
neural network is typically fully connected. This means that every node in layer ¢
is constructed as a combination of every node in layer i — 1. A simple example of a
neural network is shown in Figure [I.1} This network consists of an input vector of

length three, two hidden layers with five nodes each, and a single output node.
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Figure 1.1: A simple neural network with two hidden layers.

The neural network has a set of parameters which are used to calculate each

layer as a combination of the previous layer. These parameters are called weights



Figure 1.2: Some common activation functions: ReLU, logistic sigmoid, and hyper-

bolic tangent

and biases. Between the input layer and the first hidden layer in the example above,
there is a 5 X 3 weight matrix and a 5 x 1 bias vector. The second layer is then

calculated as

V2:0<W1 -V1+b1), (1.1.1)

where o is a chosen activation function. The activation function is used to introduce
non-linearity into the neural network. The current standard is the ReLU (rectified

linear unit) activation function, which is defined as

0 <0
o(z) =
z x>0.

Since each layer is computed in this way from the previous layer, the neural

network is essentially a function that maps the input to the predicted output as:

fovin) = (o (Wa - (6(Wr - vin+ b)) +8,)). (1.12)

The terminology fp implies that the neural network is approximating some true
function f which relates the input and output using the parameters, which are de-
noted by 6.

In order to train the network, and then to test the accuracy of its predictions,
we divide the data set into a training set and a testing set. The training set is
used to tune the parameters of the neural network to match the predicted output
to the true output as closely as possible. The network is then provided the testing
data, which has not yet been encountered, to test the accuracy of the network’s
predictions. A standard split is 80 — 90% training data, and 10 — 20% testing data.
In Chapters [2] and [3 we achieve high accuracy when training on 1—10% of the data.



The network is trained by tuning the parameters (the weights and biases) in a
way that minimizes a chosen loss function. One simple loss function is the mean

squared error, defined as

1
MSE = E Z |ytrue,i - ypred,i|2~ (113)

The parameters in the neural network are initialized to some random numbers. The
training data set is then passed through the network, and a set of predicted output
values, ypreqa is generated. The loss function is then computed for the predicted
output. The neural network improves its predictions by adjusting its parameters to
minimize the loss. The parameters are adjusted through optimization algorithms,
typically gradient descent algorithms (and their modern successors, such as the
Adam algorithm). To minimize the loss function, the training algorithm approxi-
mates the gradient of the loss function with respect to the network’s parameters.
The number of training examples passed through the network and the number of
passes made through the training set are determined by the batch size and the
epochs, respectively. The batch size refers to how many training examples are used
in one iteration. The network parameters are adjusted after each batch. The epochs
determine how many times the total training data set is passed through the neural

network in training.

1.1.2 Restricted Boltzmann machines

A restricted Boltzmann machine (RBM) is, structurally, a simple neural network
with two layers. The two layers are the visible (input) layer and the hidden layer.
However, RBMs are often trained and used quite differently to neural networks.
While RBMs can be used for regression and classification tasks, they are commonly
used as generative models. This means they are used to find representations of data,
like autoencoders. The training process is unsupervised and, as the name suggests,
involves an interpretation in terms of some energy. Although our usage of RBMs,
following [10], uses a supervised training algorithm called Stochastic Reconfigura-
tion (SR), we will briefly summarize the typical training algorithm used on RBMs:
the contrastive divergence algorithm. This discussion follows [I1]. For details on
the SR algorithm, please refer to Chapter [4l

In an RBM, the visible and hidden nodes are all binary-valued. We can imagine
feeding the RBM a flattened black and white image, where each pixel is valued either
0 or 1. The nodes in the hidden layer are called “feature detectors”. We assign to

the joint configuration of nodes, (v, h), an energy

E(V, h) = Z a;V; — Z bjhj — Zvihjwij, (114)
1,]

i€visible j€hidden

4



where the a; are the biases of the visible layer, b; are the biases of the hidden layer,
and w;; are the weight matrix elements. Every possible pair of visible and hidden

nodes is assigned a probability given by

1
p(v,h) = Ee_E(V’h), (1.1.5)

where Z is the usual partition function in the canonical ensemble; Z = > e E(v/h),

The probability that the network assigns to a visible vector, v is given by tracing
out the hidden units,
1 E
— - (Vvh)

p(v) = 7 Eh:e : (1.1.6)
We would like to maximize the probability that the network assigns to a training
image. To accomplish this, we adjust the weights and biases to minimize the energy
of the training image and raise the energy of the other images. Taking the derivative

of the log probability of v with respect to the weights, we get

dlogp(v)

awij = <Uih‘j>data - <vihj>m0del- (117)

The first term is an expectation value calculated with respect to the distribution of
the data, while the second is calculated with respect to the model. This formula
can be used as an update formula for the weights, but computing expectation values
with respect to the model is difficult. Instead, to train the RBM, we first set all
of the visible units according to a training image. The hidden units are computed
using

p(hj = 1lv) = o(b; + Zviwij), (1.1.8)

where o(z) is the logistic sigmoid. We then move backwards and attempt to recon-

struct the visible layer by setting each v; to 1 according to

p(v; = 1|h) = o(a; + Z hjwi;). (1.1.9)

J

The weights are then updated according to

Awij =€ (<Uihj>data - <Uihj>reconstruction> ) (1110)

where € is the learning rate.

1.1.3 Machine learning in physics

Physicists have recently been using machine learning in their research, especially in
the fields of particle physics, astrophysics, and string theory. For a full review of
the string theory applications, see [12]. The success of machine learning in these

many physics/string theory applications is motivation to apply machine learning

5



techniques to other problems in physics.

The following gives some representative examples of machine learning applica-
tions in string theory and is certainly not intended to be exhaustive. The use of
data science techniques in string theory was introduced in 2017, when [13], [14], [15],
and [16] discussed the application of machine learning techniques to study the string
landscape. The authors of [17], [18], and [19] applied machine learning techniques
to studying properties of the Calabi—Yau data sets. Further studies of Calabi—Yaus
are contained in [20], [21], [22], [23]. Calabi—Yau metrics have also been a popular
machine learning topic and are studied in [24], [25], [26], [27]. String standard mod-
els are studied in [28] using both supervised and unsupervised learning techniques.
In [29], the authors used equation learning techniques to to study Calabi—Yau man-
ifolds. In [30] machine learning is used to compute line bundle cohomologies. The
authors of [31] use decision trees to predict non-Higgsable gauge groups. In [32],
Generative Adversarial Networks (GANs) were used to generate superpotentials. In
[33], autencoder neural networks were used to search for promising string models. In
[34], Genetic Algorithms are employed to study high-dimensional Minimal Syper-
symmetric Standard Models (pMSSMs). In [35], [36], [37] the authors study the
AdS/CFT correspondence using neural networks, and later RBMs.

Another area where machine learning techniques have been applied extensively
is in condensed matter systems. Many-body quantum systems are very difficult
to solve numerically, due to exponential complexity of the systems. In [10], the
authors propose an RBM representation for many-body wave functions. Reinforce-
ment learning is then used to find the ground state, or unitarily time evolved state,
of the system. In Chapter 4] we explore the application of these techniques to the
AdS/CFT correspondence via the SYK model (see Section for an introduction
to the SYK model).

1.2 Knot theory

A knot is an embedding of a circle into S®. Knots are commonly represented as
knot diagrams, which are projections of the three dimensional objects onto two di-
mensions. Knots are of interest in many areas, including physics (particularly in
Chern—Simons theory) as well as chemistry and biology (to study knotted DNA
molecules), see [38]. We will introduce the relevant properties of knots by consider-
ing some of the simplest nontrivial examples: the trefoil knot and the figure eight
knot, shown in Figure . The figure eight knot is hyperbolic (see Section ,
while the trefoil knot is not.



PEr

Figure 1.3: Left: the trefoil knot, 3;. Right: the figure eight knot, 4;. Figures taken from
KnotPlot [39].

Knots are labelled by their positions in the tabulation of knots. For instance,
the trefoil knot is also called 3;. This means that it has three crossings and that it
is the first of the three crossing knots (the crossing number of a knot is the minimal
number of crossings in a diagram). Knots are classified by their invariants: functions
of the knot which are the same no matter how the knot diagram is drawn. Knot
invariants serve to distinguish between knots - if two knots are equivalent, then
their invariants are the same (note that the converse is not necessarily true). In the
original tabulation of knots, the knots were not all known to be distinct. In fact,
this tabulation contained knots that were identical, drawn in different ways. One
example of this phenomenon is shown in Figure This highlights the importance

of knot invariants - they allow us to truly distinguish between knots.

Figure 1.4: Left: the Thistlethwaite unknot. Figure taken from Wikimedia. Right: The

unknot. These diagrams appear to represent different knots, but they are actually the

same knot. This illustrates the importance of having invariants to identify knots.

1.2.1 Reidemeister moves

Reidemeister moves are a set of moves we can perform on a knot to change the

relations between the crossings. Notably, while these moves do change the way

7
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Figure 1.5: The three Reidemeister moves. These are ambient isotopies - they change

crossing relations, but do not change the actual knot.

the knot is drawn (its projection), it does not change the knot itself. The moves
are shown in Figure [1.5, Reidemeister moves are ambient isotopies - this refers to
moving the strands of the knot through space, without letting it pass through itself.
The first move allows us to add or remove a twist from the diagram. The second
move allows us to add or remove two crossings. The third move allows us to slide a

strand from one side of a crossing to the other.

1.2.2 Braids and braidwords

i

Figure 1.6: An example of a braid.

All knots can be represented as braids - a set of strings which are attached to
horizontal “bars” at the top and bottom (see Figure [L.6). We can form the closure
of a braid by gluing together the top and bottom bars of the braid. Imagining that
there is an axis coming out of the page, in the center of the closure, a closed braid
representation is one for which we can traverse the closure while always going clock-

wise around the axis.



The braid index of a knot is an invariant corresponding to the least number of

strings in a closed-braid representation of the knot.

[

Figure 1.7: Left: Braid of the trefoil knot. Right: Braid of the figure-eight knot.

A braidword gives a description of a braid. As an example, we will compute the
braidwords for the trefoil and the figure-eight knot (Figure . The general rule
is that if string ¢, entering a crossing from the left, goes over string i 4+ 1, entering
from the right, then we append o; to the braidword. Otherwise, we append o; .
Looking at the braids in Figure [1.7] we see that the braidword for the trefoil knot

is 010101, while the braidword for the figure-eight knot is o105 'oy05 .

The braid index is the number of strands required to form a representation of
the knot. For instance, the trefoil knot has braid index n = 2 and the figure eight
knot has braid index n = 3. Applying o; and o; ' on the n strands defines a group;

the braid group B,.

1.2.3 The Jones Polynomial

A major knot invariant of interest to us is the Jones polynomial. The Jones poly-
nomial was discovered by Jones in [40]. It is a Laurent polynomial with integer
coefficients. The Kauffman bracket allows us to compute the Jones polynomial

graphically, using the three rules:

<Q> =1 (1.2.1a)
<X> = A<X> + A_1<><> (1.2.1b)
<K N ©> = (A" A*2)<K>- (1.2.1c)

The first rule states that the Kauffman bracket of the unknot is 1. (The unknot is the
trivial knot. It has zero crossings). The second rule gives us a way to undo crossings
in a knot diagram. The third rule shows how to separate a diagram containing a
knot disjoint from the unknot. Applying these rules recursively, until no brackets

remain, gives a Laurent polynomial in A for the knot. We write this polynomial

9



in the variable ¢ by taking A = ¢*/*. As an example, we will compute the Jones
polynomial of the trefoil knot, which is the simplest nontrivial knot. The first step

is to undo one of the crossings using the first rule in 1

G =afpa <@>

In the next step, we undo another crossing, circled in the first term on the right

hand side of (T.2.3).
oy o] +4<8)

Next, we apply rule (1.2.1c) to remove the disjoint unknot in the Kauffman

O prer-ry ] a8

Now we target the final crossing in the first term and resolve the remaining unknots.

. <?> > e <@>
1< AV R C)

The first term’s brackets have been resolved, so we move on to calculating the

=A|A"

=A|A”

=-—A*A”

Kauffman bracket of the second term, focusing first on the crossing on the right.

Sy <)

= AN A=A A L A+ AT

o8O <)
= AT AT A(A(=A? - A7) + AT + A_1< @>]
= AT AT At AT A<O> - A_l<@>”

We have completed our calculation of the Kauffman bracket, as no brackets remain

in the equation.
= AT+ A? [—A4 + At (A + AT (—A% — A_Q))}

10



<&>> — AT A3 4 (1.2.2)

To calculate the Jones polynomial, we use the equation

J2(K;q) = (¢ (K), (1.2.3)

where w(K) is the writhe of the knot. We calculate this by summing the signs of
all the crossings in a knot. The sign of a crossing is defined to be 1 if the overpass
slants from bottom left to top right, or if it slants from top left to bottom right. It
is —1 otherwise. For the trefoil knot, we see that w(k) = 3. Applying this equation

and using the substitution A = ¢4, we get

J2(31,9) = —q+ ¢+ ¢°. (1.2.4)

1.2.4 The hyperbolic volume

In Chapter [2| we are particularly interested in hyperbolic knots. Hyperbolic knots
are those whose complement, S® \ K, admit a hyperbolic structure (it is a space
of constant negative curvature). Here, S*\ K is shorthand for S® \ N(K), where
N(K) is an open tubular neighborhood of K in S3. The vast majority of tabulated
knots are hyperbolic: of the 1,701,936 knots up to sixteen crossings, only 33 are
not hyperbolic. The hyperbolic volume of a knot is defined as the volume of the
knot complement. We will illustrate how to calculate the hyperbolic volume using
the simplest example, that of the figure eight knot (see Figure , right). The basic
procedure is to decompose the knot complement into two ideal polyhedra (poly-
hedra with the vertices removed). One polyhedron is constructed from the top of
the knot diagram, and the other from underneath the knot diagram. The volume
can then be calculated as the combined volumes of the ideal polyhedra. This proce-

dure was initially invented by Thurston in [41]. Here we follow the discussion in [42].

The first step is to imagine that the knot diagram is dividing the space it sits in
into sections, as illustrated in Figure [1.8] Each of these sections will become faces
of the polyhedra that we are constructing. We will have one polyhedron sitting on
top of the knot and one sitting below the knot. We can see from the figure that the
faces meet at the crossings of the knot these will become edges of the polyhedra in
our new construction. Imagine the edge as a vertical line that goes from the top
strand of the crossing, down to the bottom strand of the crossing, as illustrated in
Figure [I.9] left. We can draw each edge four times, as shown on the right of the
Figure (1.9

We notice from Figure [1.9 above that the endpoints of an edge, which are the

vertices of our polyhedron, are on the knot. This is not good, since we are trying to

11
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Figure 1.8: The figure-8 knot divides the space into six sections

)\

\ \

Figure 1.9: (Left) An edge of the polyhedron, drawn from top to bottom strand of the

crossing. (Right) Four copies of the edge at a crossing.

construct the knot complement. We want to remove the vertices, so that the knot
is not part of our new manifold. We do this by shrinking the strands of the knot
down to points. For the top polyhedron, imagine sliding the tails of the edges in the
right of Figure [1.9 along the top strand of the crossing, until all four endpoints are
at the crossing. For the bottom polyhedron, imagine sliding the heads of the edges
along the bottom strand of the crossing. The result is shown in Figure [1.10]

/

A\ /

Figure 1.10: Moving the edges along the knot strands.

Applying this procedure to the figure eight knot, we get Figure (pictured for
the top polyhedron, the process for the bottom is similar). Now, we need to remove
the knot by shrinking the strands to a point. We can pretend that we are stretching
out the heads of each arrow in Figure [1.11| until it hits another arrowhead. This

gives us the two polyhedra shown in Figure |1.12}

12
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Figure 1.11: Drawing in the edges for the top polyhedron of the figure-8 knot

(&) (&)

Figure 1.12: Polyhedra for the figure-8 knot.

In Figure[1.12, we see that there are a two faces that have only two edges: these
are called bigons, and they can be removed. When we remove them, the polyhedra

can be drawn as in Figure [1.13]

For the remainder of this calculation, we will be working with hyperbolic ge-
ometry. Some basic facts on hyperbolic geometries are listed below. The three

dimensional hyperbolic manifold is defined as

H? = {(z +iy,t) € C x R|t > 0}, (1.2.5)

with metric

dx? + dy? + dt?
p—t t2 .
This metric is the Wick rotated metric of AdSs in the Poincar patch. The geodesics

ds?

(1.2.6)

in hyperbolic space are vertical lines and semi-circles orthogonal to the boundary,

OH? = CU {oo}. The geodesic planes are vertical planes and hemispheres centered

Figure 1.13: Polyhedra with bigons removed.

13



Figure 1.14: How to glue together the two tetrahedra that make up the figure-8 knot

complement.

on C.

An ideal tetrahedron is a tetrahedron where all four vertices are on OH? and
where all faces and edges are geodesics. To calculate the hyperbolic volume of our
knot complement, we need to decompose it into ideal tetrahedra (completed above),
determine a consistent way to glue together the edges of the tetrahedra, and lastly

compute a hyperbolic structure on the knot complement.

To find the edge gluing equations, we need to define the idea of an edge invariant.
An edge invariant z(e) of an edge e is the complex number obtained by applying
the unique isometry of H?® which takes the vertices of e to 0 and oo, while taking
the other two vertices of the tetrahedron to 1 and z(e). We note, without proof,
the following important properties of the edge invariants of an ideal tetrahedron.
Suppose T has an edge e;, with the vertices of e; at 0 and oo, and the remain-

ing two vertices at 1 and z(e;). Then, the edge opposite to e; has edge invariant
z(e1)—1

z(e1), e has edge invariant z(ey) = VR

l—zl(el), and ez has edge invariant 2(63) -

For the knot complement to admit a hyperbolic structure, we need to make sure
that for every edge e, the following equations are obeyed (where the products/sums

run over the edges being glued to e):

Hz(ei) =1 and Zarg(z(ei)) = 27. (1.2.7)

For the figure eight knot, we identify the edges as shown in Figure [1.14, This gives

the matching equations

22 zwiwsy = 1, (1.2.8)

and

Zazawiws = 1. (1.2.9)

We can use the first equation to solve for z; in terms of w;. We can then impose the

restriction that Im(z;) and Im(w;) must be positive. This gives us, as one solution,

14



: 1
r=w=+v—-1= -5+ ?z (1.2.10)

To prove that the structure on the knot complement is complete, we need to solve
what are known as the completeness equations. We omit this section, but it fixes z

and w to be precisely those given above.

The last step is to calculate the hyperbolic volume. The volume of an ideal

tetrahedron is given by
Vol(T') = A(arg(z1)) + Aarg(z2)) + A(arg(zs)), (1.2.11)

where A(z) is the Lobachebsky function, defined as
9
A(9) = —/ log(2 sin u)du. (1.2.12)
0

The hyperbolic volume of the knot complement is given by the sum of the volumes

of the top and bottom tetrahedra, so

Vol(41) = Vol(Ty) + Vol(Ty) = 6A(/3) ~ 2.02988. (1.2.13)

1.2.5 The slice genus and the Poincaré conjectures

The Poincaré conjecture states that every simply connected, closed 3-manifold is
homeomorphic to the 3-sphere. One of the millennium prize problems, this conjec-
ture was proven nearly a century after it was first stated, by Perelman [43; [44} [45].
The generalized Poincaré conjecture states that every n-manifold which is homotopy
equivalent to the n-sphere is isomorphic to the n-sphere. This conjecture has been
proven or disproven in various contexts, except for the case in four dimensions - this
version of the conjecture states that a homotopy 4-sphere is diffeomorphic to the

4-sphere. This conjecture is known as the smooth 4-dimensional Poincaré conjecture.

If we define a knot K € S® = 9D*, then that knot is slice if it bounds a disc in
the four-dimensional space. There is a knot invariant, called the slice genus, which
determines whether a knot is slice. This invariant is the smallest integer ¢ such that
K is the boundary of a (connected, orientable) 2-manifold S of genus g embedded
in D*. Since a disk has ¢ = 0, if a knot is slice, it has ¢ = 0. For any ¢ > 0, the
knot is not slice. It has been proposed (see [46], [47]) that slice knots could be used
to disprove the smooth 4-dimensional Poincaré conjecture. Consider a homotopy
4-sphere, W, and a knot K € S* = 9(W \ B*). Suppose that K bounds a disk in
W\ B*, but that it is not slice in B*. Then W would be homeomorphic, but not
diffeomorphic to S* - this would provide a counterexample to the conjecture. In [48],

the authors propose that this strategy could be pursued by generating knots which
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bound smooth discs in homotopy 4-balls. If one can prove that any of these knots
are slice, then that knot will provide a counterexample to the smooth 4-dimensional

Poincaré conjecture.

In Chapter [3] we employ machine learning techniques to try to learn the slice

genus of a knot.

1.3 Chern—Simons theory and knots

Chern—Simons theory is an example of a topological quantum field theory - it is
defined by a Lagrangian which does not require a choice of metric on the manifold.
This means that any quantities we calculate will be topological invariants - much
like the knot invariants introduced in the previous section. Our guiding principle in
choosing our Lagrangian is that we want a generally covariant theory - a quantum
field theory defined without any a priori choice of a metric on the 3-manifold M.

In three dimensions, one choice is the Chern—Simons three form,

k 2
Scsz—/ Tr (A/\dA—l——A/\A/\A) . (1.3.1)
A 3

Here, A is a Lie algebra valued connection and the trace is taken over the gauge
indices. The Lagrangian can also be written where the Lorentz indices on A are

made explicit:

k . 2
Scs = —/ €T [ A (0;Ar — Ocdy) + S Ai [A), Ar] ) - (1.3.2)
8 M 3

For the theory to be consistent, we require that the quantity e**¢s be gauge invariant
(since gauge symmetries are just redundancies in our description, we require physical
observations to be invariant under gauge transformation). If we consider a gauge
transformation

Ay = g7 Aug + 971y, (1.3.3)

then the change in the action is

AScg = Z/d?’xe“”p {@Tr ((0v9)gA,) + éTr (970,99 0,99 0,9) | . (1.3.4)

The first term is a total derivative, which can be made to drop out, and the second
term is 2kw(k), where w(k) € Z is the winding number. We then see that for e*scs

to be invariant, k£ must be an integer value. This is known as the level of the theory.

Chern—Simons theory is a useful model in quantum field theory because, as a
topological field theory, many difficult quantum field theory problems become more

easily manageable. In addition, Chern—Simons theory has found applications in
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many corners of physics. For instance, in condensed matter physics, Chern—Simons
theory can be used to study the fractional quantum Hall effect [49]. In the quantum
Hall effect, the number of ground states depends on the topology of the manifold
- there are m9 ground states on a surface with genus g, where m is the number of
ground states on the torus. This “topological order” of the system is characterized
by Chern—Simons theory. Chern—Simons theory also, historically, gives us the first
example of holography: the three-dimensional Chern—Simons theory is dual to a
two—dimensional Conformal Field Theory (CFT) (to be exact, Chern—Simons the-
ory on a 3-manifold M is dual to a rational CFT or WZW model on 9M). Further
examples of applications of Chern—Simons theory include topological string theories

and theories of three-dimensional gravity [50].

To completely define our quantum field theory, we need to make a choice of gauge
invariant observables. Since the theory is topological. We use Wilson lines because
they do not require a choice of metric, and because it is these observables that lead

us to a definition of the Jones polynomial. The Wilson line is defined as
Wgr(C) = TrgP exp]{ dz' A; (1.3.5)
c

where C' is an oriented closed curve (for example, a knot) and R is an irreducible
representation of the gauge group G (of which A is a connection). P denotes path
ordering. In a quantum field theory, the observables of interest are correlation
functions. Since Chern—Simons theory is topological, the observables are all metric

independent, meaning that for operators O;,

)
O

(0,...0,) = 0. (1.3.6)

Witten showed in [51] that the Jones polynomial of a knot can be computed as the

vacuum expectation value of the Wilson loop operator along that knot.

1.3.1 The Jones polynomial in Chern—Simons theory

The major claim of Witten’s paper [51] is that the Jones polynomial of a knot can
be calculated as the unknot normalized vacuum expectation value of a Wilson loop
operator, as in ([1.3.5)):

_ J DAexp(iScs)Wr(K)

Jo(K;q) = T DAexp(iScs) , (1.3.7)

where R needs to be the fundamental representation of SU(2). In this section, we

will demonstrate how these path integrals can be calculated. We follow Witten’s

original work in [51], as well as the discussion in [52].
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My, Mp

Figure 1.15: Left: The trefoil knot embedded in a sphere. Right: Isolating a crossing and
splitting the sphere into two parts.

Suppose that we have a knot K embedded in a manifold, M. As an example, we
would eventually like to consider M = 5% with a gauge group SU(2) and the knot
K = 3;. We start by surrounding one crossing with a sphere and “cutting it out” of
the manifold. The manifold M is the connected sum of the manifolds M and Mg,
who both have boundary S2. This situation is depicted in Figure We write

M = S* U Bg, (1.3.8)
Mg = M \ Bg, (1.3.9)
where Bp is a 3—ball bounded by S%. My contains our isolated crossing, and
M contains the rest of the knot. The points where K intersect S? are called the
“marked points”. We define two two-dimensional Hilbert spaces, H, and H, which
are associated to My and OMpg, respectively. The path integral on M determines

a vector y in Hp, while the path integral on Mp determines a vector ¥ in Hgi. The

total path integral gives the pairing

Z(K) = (x, ). (1.3.10)
We know that in a two-dimensional vector space, any three vectors are linearly

dependent. This means that for three vectors 1, 1, and 1, we have:

ath + By + s = 0. (1.3.11)

We apply this to our current problem by generating two more manifolds My, and
%, which are the same as Mg, but with different braids connecting the marked
points. This is demonstrated in Figure [I.16]

We may deduce from the above that

a(x,¥) + B ¥r1) +7(x, 1) = 0, (1.3.12)
which implies the relationship for the path integrals:

aZ(K)+ BZ(Ks) +vZ(K3) =0, (1.3.13)
where Z(K>) is the path integral on My. and Z(Kj3) is the path integral on M.

We are now arriving at something similar to the skein relations from Section [2.2]
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Figure 1.16: Switching marked points to generate the new manifolds.

We define on Mp a diffeomorphism B which will be used to generate M}y, and Mp,

as

Y1 = By, (1.3.14)
Wby = B, (1.3.15)

The action of B is to swap marked points. Unfortunately, B does not preserve the
framing of a knotﬂ - it introduces a twist in this framing. This means that every
time we apply B, we introduce an error into our calculation. To undo this error, we

apply a Dehn twist, which is defined as
—3m
D) = - 1.3.16
for N = 2. We now want to use B to create an equation that looks like ((1.3.13]). We

know that B acts on a two-dimensional vector space, so its characteristic equation

is given by
B? — Tr(B)B + detB = 0. (1.3.17)
Multiplying through by 1, we get
Yy — Tr(B)yy + detBy = 0. (1.3.18)

We can then identify o = detB, 8 = —DTrB, and v = D? (applying the appropriate
number of Dehn twists). Witten uses results from conformal field theory to give the

eigenvalues of B as

!The framing is a vector field defined on K such that v(p) ¢ T,ofK for all p € K. We start
with standard framing, which is a unit vector field orthogonal to the plane of projection of the

link, oriented towards the plane of projection.
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We can then compute a = A\; + Ao, 3 = D(A; — \2), and v = D? (specializing to the
case where G = SU(N) and N = 2), resulting in

a= —exp(27_r:k), (1.3.20)
8 = exp (éi—ﬁé)) 1, (1.3.21)
7 = exp (2__?_%;) (1.3.22)

If we introduce the variable ¢ as ¢ = exp(27i/(2 + K)), we can write the Skein

relation as

—Z(K) + (0 — V) 2(K) + 7 Z(Ks) = 0. (1.3.23)
Finally, we need the normalization

1

q—q
We can then compute the Jones polynomial of a knot as
Z(K
Jo(K,q) = (K) (1.3.25)

(01)

Iteratively applying the procedure outlined above, we get the usual formula for the
trefoil knot, as in Section [1.2.3] More details on Chern—Simons theory are discussed
in Chapter [2]

1.4 The SYK model

The Sachdev-Ye-Kitaev (SYK) model is a model of Majorana fermions in 0 + 1
dimensions. This model is useful in studying the near horizon region of near extremal
black holes. In Section [1.4.1] we will introduce some important ideas of black holes
and of the AdS/CFT correspondence to motivate interest in the SYK model. In
Section we will define the model and explore its solutions. In Section we
introduce the notion of a theory being “maximally chaotic” and apply these ideas
to the SYK model.
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1.4.1 Black holes and holography

Black holes are perhaps one of the most famous objects in physics. They arise, in

the simplest case, as solutions to the vacuum Einstein equations,

Ry — %gWR =0, (1.4.1)
in spherically symmetric spacetimes (corresponding to the Schwarzchild metric).
There are other black hole solutions which possess properties like angular momen-
tum, spin, and charge. The most famous property of black holes is that, classically,
any object which passes its event horizon will be unable to leave again. However,
as Hawking discovered [53] when quantum mechanical effects are considered, black
holes do in fact emit particles. This means that black holes are actually thermal
objects, with entropy which scales like the area of the black hole. The “no hair”
theorem states that (in four dimensions) the mass M, electric charge ), and angu-
lar momentum J uniquely determine the metric of a black hole. If two quantum
systems with the same M, ), and J were to collapse into black holes, they would
have identical spacetimes, according to the no hair theorem. However, this violates
the conservation of information that we expect in quantum mechanics: an external
observer can not recover information about the initial states. This is the famous

black hole information paradox.

The study of black holes is connected to quantum field theories, including the
SYK model, via the AdS/CFT correspondence [54], [55], [56]. This correspondence
describes a duality between gravitational theories in d+1 Anti de Sitter (AdS) space,
and quantum field theories called Conformal Field Theories (CFTSs) in d dimensions.
CFTs are quantum field theories which possess, in addition to the usual Poincaré
invariance, an invariance under conformal transformations. (Conformal transforma-
tions of the coordinates leave the metric invariant up to a scale. In other words,
conformal transformations leave angles invariant.) There is a dictionary which maps
quantities in the gravity theory onto quantities in the CFT. This is extremely use-
ful, especially since the strongly coupled CFT is dual to the weakly coupled gravity
theory. It means that we may calculate quantities in the weakly coupled gravity
theory and then map them back to the CF'T, giving us results at strong coupling

which we may not have been able to calculate otherwise.

The SYK model becomes a CFT in the infrared (IR) limit (see Section [1.4.2]
for more details). SYK is a 0 4+ 1-dimensional field theory, which means that it is
dual to AdS,; which is the geometry of the near-horizon region of extremal black
holes (black holes with the minimal mass that is compatible with their charge and
angular momentum). As an example of an extremal black hole, consider the Reisner—
Nordstrém black hole solution [57]. It has energy £ = M — % The thermodynamic
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description of black holes requires that £ > Ty, where T} is the energy of a quanta
emitted from the black hole:

1 2 1/2 3o
Ty = — E E3/?). 1.4.2
H= 5o <ZPQ3> + O( ) ( )
When )
Er~—— 1.4.3

then Ty ~ E, so the thermodynamic description does not make sense. The energy
(1.4.3)) is known as the mass gap - it is the gap between the ground states and the
next excited states of the black hole. Because the black hole has a mass gap, the
SYK model essentially describes the ground states of the black hole.

1.4.2 The SYK model

This section follows the review in [57]. The SYK model describes a system of N
Majorana fermions (charge neutral, spin—% particles) with all-to-all interactions. The

Hamiltonian is given by

LN
H:I Z ik j i, (1.4.4)

Tk l=1

where the 1); obey the anticommutation relation

(i, 5} = dij. (1.4.5)

The couplings J;;i; are random, and are drawn according to a normal distribution
with zero mean and variance o = /(3)1.J/N%. In what follows, we will restrict to
N = 2K. We want to build representations of the Clifford algebra, (1.4.5)). These
T

representations should also be Hermitian (¢; = 1)

). This can be accomplished by
defining the operator

Ci = %(wzi—iwmﬂ)a i=1,..., K. (1-4-6)

These operators have the usual interpretation as annihilation operators. By applying

the conjugate creation operators to the vacuum,
(D™ .. (e 10y me=0,1, (1.4.7)

we can build our desired representations of the Clifford algebra. For numerical

purposes, it is useful to define the ;s with the following recursion relation:

o =" Vo, i=1,...,N-2 (1.4.8a)
1
W = —=hio1 @0y, (1.4.8b)

V2
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1
w](VK) = —=Ilpk-1) @0y (1.4.8¢)

V2

Here, the o; are the usual Pauli matrices. To illustrate how this computation works,

we compute the first two levels of the recursion relation. To start with, we choose

1 ({0 —
V= NG (l 0) ; (1.4.9a)

D) (L)

This is the K = 1 level, so the above equation gives us 1/1](VK_)1 and zﬁJ(VK). We can then
move on to the next step, K = 2. First, we use ([1.4.8a]) to calculate @/Jf) = %1) ®o.,,
wéz) = zﬁél) ® o,. Then, we use (|1.4.8b)) to calculate ¢§2) = \%13 ® 0,. Finally, we

can use ([1.4.8¢)) to calculate @Df) = %13 ® oy.

the initial matrices

Now that we have defined the model, we can move on to studying the solutions.
We do this by performing perturbation theory in the coupling J. We will start with

the two-point function,

Gii(1) = (T{Ws(7)1;(0)}) - (1.4.10)

For J = 07 ¢Z(T) = ¢Z(0)7 S0

Gg’ee = (T'{yy;}) = %@jSign(T)- (1.4.11)

Since the J;jps are random, we will calculate Feynman diagrams by averaging over
different realizations of the model, with different random couplings. For every mem-

ber of the ensemble of models, we have an interaction vertex

[
7 k ~ Jijkl- (1.4.12)

J
Consider the one-loop diagram, Figure[1.17] Here, the average is over different real-
izations of the model. Since it has a single vertex, it is linear in J;;z;, so it evaluates
to zero. The next diagram is the so-called melon diagram, Figure [1.18 The dot-
ted line has a unique interpretation. It is not a particle, but an average over all

possible couplings. When we compute the average over J of Figure [1.18, we get

J? f f f J?
3!mGi£eeGj5¢eG];keeélll2 (here we used <Jijliabcd>J = 3!m§m5jb5kc(sld).
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Figure 1.19: Left: O(J*) diagram with pairings within melons. Right: O(J*) diagrams

with pairings between melons.

Lastly, we will consider possible O(J*) diagrams. There are two relevant classes
of diagrams: ones where the pairings happen inside a melon, and ones where pairings

move between melons, as in Figure [1.19, These evaluate to

1

§J4(Gfree)65k3k4, (1.4.13a)
1

mﬂ(@free)@m. (1.4.13Db)

We see that [1.4.13b| is suppressed by N2, while |1.4.13al is not suppressed by any
powers of N. This extends generally: the only relevant diagrams at large N are

those whose vertices are inside a single melon. So, we may write G(7) as:

o (1.4.14)

We can reformulate the solution for the two-point function in terms of the two

equations:
G=(0,-%)", (1.4.15a)
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S(r,7) = J2(G(r, 7). (1.4.15b)
At low energies, these equations can be written as

/dT”G(T, E(" 1) = —o(r — 1), (1.4.162)

S(r, 7)) = J*G(r, 7). (1.4.16b)

The equations above are invariant under 7 — ¢(7), as long as G and ¥ transform
as conformal two-point functions with dimensions 1/4 and 3/4, respectively. We
have seen that with taking an average over ensemble of SYK theories, each of which
has a different Hamiltonian due to the different couplings, produces a result that
is dual to gravitational physics. This is very different from the usual picture of
AdS/CFT, where we have a single CFT dual to gravity. Witten showed in [5§]
that this averaging may not be necessary, as there are SYK-like models that do not

require taking the disorder average.

1.4.3 Out of time ordered correlators and chaos

This section follows discussion in [59]. A system is said to be chaotic if it is highly
sensitive to their initial conditions - a slight change in initial conditions can result

in a totally different outcome. The commutator
(W), V(0)] (1.4.17)

is used to diagnose chaos in a quantum system. It can measure the impact of
perturbations by V' on measurements of W at a later time. We say that a quantum

system is strongly chaotic if
C(t) = (W (1), V(0)]*) (1.4.18)

is of order 2(VV)(WW) at late times. We can understand how (|1.4.18)) describes
chaos by considering the classical limit. Suppose we have a one-particle system,
where V' = p is the momentum of the particle and W (t) = ¢(t) is the position of the
particle. The commutator turns into a Poisson bracket, and we see that

Oq(t)

{a(t),p} = 2400 (1.4.19)

~—

This is the classical measure of chaos: how strongly the final configuration of the
particle depends on changes in the initial configuration. If the system is strongly
chaotic, then similar initial positions will diverge exponentially; e -t where )\ is
called the Lyapunov exponent.
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Chaos in thermal quantum systems with many degrees of freedom can also be
characterized by the Lyapunov exponent. To study chaos in these systems, we use
the function

F(t) = tr[yVyW (t)yVyW (t)], (1.4.20)

where y = %e’ﬁH . We see that the V' operators are acted on with Euclidean time
evolution and the W operators with Lorentzian time evolution. At early times, we
have F(t) ~ el

It was shown in [59] that there is a bound on the chaos of large N thermal

quantum systems, given by

271']{33
AL < .
L > Bh

The SYK model is known to saturate this bound, which means that it is a maximally

(1.4.21)

chaotic system. A CF'T which saturates the chaos bound signals black hole physics
in the bulk spacetime which is dual to that CFT.

1.5 Structure of dissertation

Four chapters follow from this introduction. In Chapter [2] we discuss the applica-
tion of machine learning to studying the relationship between two knot invariants:
the Jones polynomial and the hyperbolic volume. We discuss our strategy for re-
verse engineering the neural network and deriving a formula which reproduces the
network’s accuracy. We also provide an interpretation of the results in analytically
continued Chern—Simons theory. In Chapter 3] we use neural networks to uncover
relationships between polynomial invariants (the Jones and Khovanov polynomials)
and the s-invariant and slice genus of knots. We further propose a gauge-theoretic
interpretation of these results. In Chapter |4, we present a framework for studying
OTOCs of the SYK model using neural network quantum states and discuss the ap-
plications of this technique to studying quantum chaos. In Chapter [5| we conclude

and discuss the possible future of machine learning as a tool in theoretical physics.
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Chapter 2

Disentangling a deep learned

volume formula

We present a simple phenomenological formula which approximates the hyperbolic
volume of a knot using only a single evaluation of its Jones polynomial at a root of
unity. The average error is just 2.86% on the first 1.7 million knots, which represents
a large improvement over previous formulas of this kind. To find the approximation
formula, we use layer-wise relevance propagation to reverse engineer a black box
neural network which achieves a similar average error for the same approximation
task when trained on 10% of the total dataset. The particular roots of unity which
appear in our analysis cannot be written as e>™/*+2) with integer k; therefore, the
relevant Jones polynomial evaluations are not given by unknot-normalized expecta-
tion values of Wilson loop operators in conventional SU(2) Chern—Simons theory
with level k. Instead, they correspond to an analytic continuation of such expec-
tation values to fractional level. We briefly review the continuation procedure and
comment on the presence of certain Lefschetz thimbles, to which our approximation

formula is sensitive, in the analytically continued Chern—Simons integration cycle.

2.1 Introduction

The intersection of mathematical phenomenology and physical mathematics has
historically led to profound insights into mathematical structures and the natural
world. A modern example is the development of mirror symmetry, first as an ob-
servation about the non-uniqueness of Calabi—Yau compactifications of superstring
theory [60;[61], then as a statement about mirror pairs of Calabi—Yau manifolds with
Hodge numbers interchanged [62] and as a relationship between Gepner models [63].
These dualities among physical theories and the success of mirror symmetry as a

tool to solve problems in enumerative geometry [64] supplied an invitation and a
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motivation for later rigorous mathematical theorems [65] [66].

Knot theory presents another setting in which physics (quantum field theory)
provides a novel window into mathematics. A knot is an embedding of S C S°.
Because the same knot can be drawn in multiple ways, topological invariants provide
labels for identifying a given knot K. Two of these topological invariants are the
Jones polynomial, Jo(K;q) [67], and, for hyperbolic knots, the volume of the knot
complement, Vol(S® \ K) [68]. The Jones polynomial, as we review below, has a
physical realization in terms of Wilson loop observables in Chern—Simons gauge
theory [51], where it can be generalized to the colored Jones polynomial Jg(K;q),
with R a representation of the gauge group. These two topological invariants are

related through the volume conjecture [69; 70} [71]:

iy 27108 | (K wn)|

n—oo n

= Vol(S* \ K) , (2.1.1)

where K is a hyperbolic knot, the color n denotes the n-dimensional irreducible
representation of the gauge group SU(2) in which the trace of the Wilson loop is
taken, and w, = e2™/™. The ordinary Jones polynomial corresponds to taking the

fundamental representation n = 2.

While the large n limit of the colored Jones polynomial takes center stage in
the volume conjecture, it turns out that the ordinary Jones polynomial also conveys
some information about the volume. Dunfield initially observed the trend that, for
alternating knots up to 13 crossings, a simple linear function of log|J(K; —1)| was
approximately proportional to Vol(S® \ K) [72]. As noted already in that work,
this relationship is mysterious because the coefficients of the linear function are not
what one would expect by simply writing down the expression on the left hand side
of with n = 2. So, the linear relationship cannot be explained by suggesting
that the volume conjecture converges quickly. Indeed, it is known that the left hand
side of is not even monotonic in n for certain knots, and [73] conjectured
that convergence is only eventually monotonic.

Subsequently, a neural network predicted the hyperbolic volume from the Jones
polynomial with 97.55 £ 0.10% accuracy for all hyperbolic knots up to 15 crossings
using only 10% of the dataset of 313,209 knots for training [74]. The input to the
network was a vector consisting of the maximum and minimum degrees of the Jones
polynomial along with its integer coefficients. The network’s accuracy is essentially
optimal for the following reason: knots with different hyperbolic volumes can have
the same Jones polynomial, and when this happens, the volumes typically differ by
about 3%. There are a total of 174619 unique Jones polynomials in the dataset.
This means that the approximately 3% error of our neural network can be nearly

entirely attributed to this phenomenon. This represented a large improvement over
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the approximation formula using Jo(K; —1), but introduced many more free param-
eters (the weights and biases of the neural network) and completely obscured the

true functional dependence on Jo(K;q).

This work in experimental mathematics established that there is more informa-
tion about the volume contained in the full Jones polynomial than in the single
evaluation Jo(K; —1)[1] Indeed, training on only 319 knots (0.1% of the dataset) is
sufficient to extract this additional information. Moreover, the predictions apply to
all hyperbolic knots, not just the alternating ones. The neural network, however,
is a black box that learns semantics without knowing any syntax. While machine
learning successfully identifies relationships between topological invariants of hyper-
bolic knots, we do not have an analytic understanding of why this occurs or how
the machine learns the relationship in the first place. The aim of this chapter is to
determine which aspects of the input are most important for the neural network’s
considerations and to use this to deduce a simpler functional relationship between
the Jones polynomial and the hyperbolic volume that depends on only an O(1) num-
ber of free parameters. In other words, we seek an approximation formula which
similarly outperforms the formula based on Jo(K; —1), but which does not rely on

the complicated structure of a neural network.

The main result obtained in this work is an approximation formula for the hy-

perbolic volume of a knot in terms of a single evaluation of its Jones polynomial.

Vayu(K) = 6.20log (| Jo(K; €*™/*)| 4+ 6.77) — 0.94 . (2.1.2)

This formula is numerical in nature, and we have no sharp error bounds, but it
achieves an accuracy of more than 97% on the first 1.7 million hyperbolic knots.

37i/4 can be adjusted to some degree to obtain similar formulas which

The phase e
perform almost as well; we explore these alternatives. We obtain (2.1.2) and its ana-
logues by reverse engineering the behavior of the aforementioned neural network, a
task which is generally considered difficult in the machine learning community. In
our case, it is possible due to the simplicity of the underlying neural network ar-
chitecture and the power of layer-wise relevance propagation, a network analysis

technique which we review.

Since the phase €3™/4 cannot be written as e?™/(*+2) for integer k, (2.1.2) sug-
gests that we should consider analytically continued Chern—Simons theory, which

was previously explored as a possible route to understand the volume conjecture [76].

"'We refer loosely to the information contained in certain invariants, as all of our results are

numerical and therefore “probably approximately correct” [75].
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Specifically, the evaluations of the Jones polynomial that are relevant for us corre-
spond to fractional Chern—Simons levels k = % and k = %, which must be understood
in the context of the analytically continued theory due to the integer level restriction
normally enforced by gauge invariance. We provide a review of the main points of
the analytically continued theory, as our results have some speculative bearing on
which Lefschetz thimbles should contribute to the path integral at various values of
n and k. Our interpretations pass several sanity checks when compared with the
main lessons of [76], and we use our results to formulate an alternative version of

the volume conjecture.

Though we do not have a complete explanation for why predicts the
volume so well, its implications are intriguing. It points to the existence of a sort of
quantum/semiclassical duality between SU(2) and SL(2,C) Chern-Simons theory,
since some simple numerical coefficients are enough to transform a strong coupling
object (the Jones polynomial at small k) into a weak coupling one (the hyperbolic
volume). This is reminiscent of the shift & — k42 induced by the one-loop correction
in the SU(2) Chern—Simons path integral [51], which transforms a semiclassical
approximation into a more quantum result via a single O(1) parameter. We can
explore this phenomenon in a preliminary way by checking whether J, contains any
information about .J,, for n > 2 and some O(1) phases like the ones appearing in
the volume conjecture. Computing 11,921 colored Jones polynomials in the adjoint
representation of SU(2), we notice from Figure [2.1| that

| Js (K ws)| ~ Jo(K;ws)? . (2.1.3)

Comparing to the volume conjecture (2.1.1)), this suggests that the ordinary Jones
polynomial has some knowledge of the behavior of higher colors and in particular
the n — oo limit 2

The organization of this chapter is as follows. In Section we review relevant
aspects of Chern—Simons theory, including its relationship to knot invariants and
its analytic continuation. In Section [2.3] we describe the machine learning meth-
ods we employ, particularly neural networks and layer-wise relevance propagation.
In Section [2.4] we analyze the structure of the neural network and, using layer-
wise relevance propagation, deduce a relationship between evaluations of the Jones
polynomial of a hyperbolic knot and the volume of its knot complement. We also
comment on the implications of our numerics for the presence of certain integration
cycles in the analytically continued Chern—Simons path integral as a function of

coupling. In Section [3.5] we discuss the results we obtain and propose some future

2This analysis was performed in collaboration with Onkar Parrikar.
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Figure 2.1: The n = 2 and n = 3 colored Jones polynomials evaluated at roots of

unity show a quadratic relation.

directions. We also provide several appendices which outline details about the im-
plementation of our machine learning algorithms (Appendix , results relating
the scaling of the Jones polynomial coefficients with the hyperbolic volume (Ap-
pendix , details concerning the various normalizations of the Jones polynomial
in the mathematics and physics literature (Appendix , a data analysis of knot
invariants using t-distributed stochastic neighbor embedding (Appendix , and
finally, an overview of related experiments (Appendix .

2.2 Chern—Simons theory

We review several aspects of Chern—Simons theory, its relation to the colored Jones
polynomials and hyperbolic volumes of knots, and its analytic continuation away

from integer level.

2.2.1 Knot invariants

Chern—Simons theory is a three-dimensional topological quantum field theory which
provides a unifying language for the knot invariants with which we will be con-
cerned [51} [71]. The Chern—Simons function is defined, using a connection (or gauge
field) A on an SU(2)-bundle E over a three manifold M, as

47

W(A):i/ Tr[AAdA+§AAAAA | (2.2.1)
M

The trace is taken in the fundamental representation. The path integral of Chern—

Simons gauge theory is then given in the compact case by
Z(M) = / DA] exp(ikW(A)) | (2.2.2)
u
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where U is the space of SU(2) gauge fields modulo gauge transformations. The
coupling k is integer-quantized, k € 7Z, to ensure gauge invariance. For SU(2)
Chern—Simons theory on M = S/ it was shown in [51] that the expectation value

of a Wilson loop operator along the knot, defined by

Un(K) = Trp P exp <— é{ A) , (2.2.3)

is related to the colored Jones polynomials Jr(K; q) of a knot K C S? evaluated at
g = e2mi/(+2)

mial (where the representation R is the fundamental one) away from this particular

. In our work, we will be interested in evaluations of the Jones polyno-

root of unity, and indeed away from all roots expressible as e>/*+2) for some k € Z.
Strictly speaking, these evaluations of the Jones polynomial are not provided by the
usual formulation using the path integral of Chern—Simons theory. However, evalu-

2wt/ (k+2

ation at arbitrary phases e ) for k € R can be achieved by making use of the

analytic continuation machinery developed in [76].

We will also be interested in a complex-valued Chern—Simons function W (A)
obtained from an SL(2,C)-bundle E¢ over M with connection A. In the non-
compact SL(2,C) case, there are two couplings, and the path integral is

Z(M) :/ [DA][DA] exp [%W(A) + %W(:l)] ) (2.2.4)

Uc

where Ug is the space of SL(2,C) gauge fields modulo gauge transformations, and
the complex couplings ¢t = £+ is and ¢ = £ —is obey s € C and ¢ € Z. The coupling
¢, which multiplies the real part Re(W), is integer-quantized for the same reason as
k was in the compact case. On the other hand, Im(WW) is a well-defined complex
number even under arbitrary gauge transformations, so s can (in principle) take any
complex Value.ﬂ There is a particularly interesting saddle point (flat connection)
which contributes to Z(M) in the case where M admits a complete hyperbolic met-
ric. Such manifolds are relevant for us because, as explained by Thurston [41], most
knots K admit a complete hyperbolic metric on their complements S \ K. The
knot complement S® \ K is the three manifold obtained by drilling out a tubular
neighborhood around the knot K C S®. This complement is topologically distinct
from S3, and the knot shrinks to a torus cusp in the complete hyperbolic metricﬁ
For such hyperbolic M, there exists a “geometric” flat SL(2,C) connection A_E|

3Usually one takes s € R to ensure that the argument of the path integral is bounded, but via

analytic continuation one can obtain something sensible for more general s [70].
4We emphasize that this complete hyperbolic metric on $% \ K does not descend somehow

from a metric on S3. It exists due to an ideal tetrahedral decomposition of S*\ K, where each
tetrahedron has an embedding in H?3, and the embeddings can be glued together in a consistent
way.

®We choose this notation to match (5.61) of [76], and comment further in footnote

32



for which Im(W(A_)) is related to the volume of the hyperbolic metric on M via
Im(W(A-)) = Vol(M)/2xf] Thus, SL(2,C) Chern-Simons theory is intimately re-
lated to the hyperbolic volumes of three manifolds, as this quantity makes a saddle

point contribution to the path integral.

One of the primary motivations for both this work and the work of [76] was the
so-called volume conjecture [69], which relates the colored Jones invariants and the
hyperbolic volume of three manifolds (which, by the Mostow—Prasad rigidity theo-
rem, is a topological invariant of any hyperbolic M). As written in the introduction

and reproduced here, the volume conjecture states [69; [70; [71]

27 log | J (I3 €™/
m

n—oo n

= Vol(S*\ K) , (2.2.5)

where n is the n-dimensional irreducible representation of SU(2). Thus, the natural
unifying language for the volume conjecture is SU(2) and SL(2,C) Chern—Simons
theory, because the knot invariants appearing on both the left and right hand sides

are quantities which appear in the calculation of the Chern—Simons path integralﬂ

In writing the above relationship, we must be careful to specify precisely what
we mean by the colored Jones invariants J,(K;¢). We choose a normalization of
the colored Jones invariants so that they are Laurent polynomials in the variable g,
and that the unknot 0; obeys J,(01;¢) = 1. As explained clearly in Section 2.5.3
of [76], this choice implies that the colored Jones polynomials are reproduced by the
ratio of two Chern—Simons path integrals. The numerator of this ratio has a single
Wilson loop insertion along the knot K C S®, and the denominator has a Wilson

loop along an unknot 0; C S3. Explicitly, we have

J,[DA] U, () exp(ik WV (A))
1, [DA] Uy (01) exp(ikW (A))

Jo(K;q = 2/ (k+2)y — (2.2.6)
and the manifold implicit in W (A) is M = S3. Tt is for this reason that the statement
of the volume conjecture only involves evaluation of the n-colored Jones polynomial
at integer k = n — 2, whereas to understand the conjecture in Chern—Simons theory
it is necessary to analytically continue the path integral away from integer values
of k. Without normalization, the path integral yields an expression which vanishes

at ¢ = e27ri/n

, and this vanishing is removed by dividing by the unknot expectation.
In short, we can either measure how fast the path integral vanishes by computing a

derivative with respect to k (which relies on the analytic structure of the function),

6The real part Re(W(A_)) of the geometric connection is proportional to a number which is
often called the “Chern—Simons invariant” of M.
"This combination of invariants, the colored Jones polynomial and hyperbolic volume, was

explored in the context of entanglement entropy of Euclidean path integral states in [77; [78].
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or we can explicitly divide by a function which vanishes equally as fast to obtain a
finite ratio Fl

2.2.2 Analytic continuation

With these conventions in hand, we will provide a brief review of the main results
in [76], essentially to introduce the language, as we will make some speculative com-
ments on the relationship between our numerical results and the analytic techniques
in [76]. To analytically continue SU(2) Chern-Simons theory on S* \ K away from
integer values of k, [76] instructs us to first rewrite the SU(2) path integral over A as
an SL(2,C) path integral over A restricted to a real integration cycle Cg in the space
of complex-valued connections modulo gauge transformations Uc. Analytic contin-
uation occurs then by lifting Cr to a cycle C in the universal cover Z;{\@H where the
Chern—Simons function W (.A) is well-defined as a complex-valued function. (Recall
that large gauge transformations can modify the real part of W (.A) by a multiple of
27.) In the presence of a Wilson loop along a knot, the relevant path integral looks
like

/ DA / Dyl exp(T), T = ikW(A) +il,(p, A) . (2.2.7)

cclle

We have added an additional term that depends on a field p, which is associated
with the knot itself. The introduction of this field along with its action [, is a way
to absorb the Wilson loop U, (K) into the exponential, and makes use of the Borel—
Weil-Bott theorem. We will not provide a discussion of this point, and simply refer
interested readers to [76]; we will only refer to the total exponential argument Z from
now on. We will just make one important remark concerning I,,: when evaluated
on a flat connection, I, is proportional to n — 1 [76]. Therefore, up to an overall

rescaling, Z depends only on the combination

n—1
= 2.2.8
7 k_ Y ( )

when evaluated on a flat Connection.m If we wish to understand the volume conjec-
ture, v = 1 is held fixed in the semiclassical limit n, k — oo. When quoting values
for v, we have in mind the ratio (2.2.6)); in the bare path integral setup of [76], we

8This subtle point, while discussed in this language in [79], is implicit throughout [76] (also
see footnote 7 in [79], and note that our J,(K;¢q) would be written as J,(K;q)/J,(01;¢) in the

notation of [79]).
9This space can also be thought of as the space of complex-valued gauge fields modulo topolog-

ically trivial, or “small,” gauge transformations.
10This differs from the definition of «y in [76], where n/k was used instead. In that discussion,

the semiclassical limit was of much greater importance, and in that limit our definition becomes
equal to n/k. However, as we are working at n and k of O(1), we will keep the exact ratio implied

by the value of Z on a flat connection.
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would need to move slightly away from ~ = 1.E

The cycle C must be extended using the machinery of Morse theory; this exten-
sion guarantees that the Ward identities will hold. Morse theory on Z/AI(C, specifically
with Re(Z) as a Morse function, plays a key role in this extension and in the def-
inition of other integration cycles. Analytic continuation away from a discrete set
of points (integer values of k, in this case) is not unique, and this corresponds to
an ambiguity in lifting Cg to C. The relatively natural resolution in this situation is
to ask that the path integral should have no exponentially growing contributions as
k — oo with fixed nE This is equivalent to requiring that the colored Jones poly-
nomials, as defined in the mathematical literature, and the ratio of Chern—Simons
path integrals should hold for more general ¢ after replacing the path inte-

grals with their analytic continuations.@

Once the cycle C has been defined, we must vary the value of « from zero to our
desired point. We begin at zero since we have defined a sort of boundary condition
on C at k — oo with fixed n by selecting the relatively natural analytic continuation
just described. As we vary v, we must track the behavior of C. It may seem like
there is nothing to keep track of, but in fact there are subtle Stokes phenomena
which must be taken into account, as we will now briefly explain. The cycle C has a
decomposition in terms of so-called Lefschetz thimbles 7,, which are cycles defined
using Morse theory that each pass through precisely one critical point ¢ of Z, and

are defined so that the path integral along them always converges:
C=> n.J,. (2.2.9)

These thimbles can intuitively be visualized as downward flow lines coming from a
critical point. Since our Morse function is Re(Z), the path integral decreases expo-
nentially when following a downward flow line: it is for this reason that convergence
is guaranteed [

11 Actually, even with the ratio of path integrals, we need to move away from exactly v = 1. We
will continue to write v = 1 as the relevant point for the volume conjecture in the semiclassical
limit, but the true value for integer n and k is more like v = Z—:% > 1.

12 As mentioned in [76], it is not quite clear how to enforce this condition on C for general knots,
but we will not need the details.

13Conventions are not uniform across the mathematical literature, and the relevance of framing

is often unmentioned. See Appendix for further discussion of the alignment between the path
integral ratio and the mathematical definitions of J.

4The downward flow equations of Morse theory on the space of complex-valued gauge fields,
which define the Lefschetz thimbles in the infinite-dimensional path integral setting, behave simi-

larly to the finite-dimensional case due to their elliptic nature.
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When crossing certain loci in the complex v plane, known as Stokes lines, the
decomposition of C in terms of Lefschetz thimbles may be required to change in or-
der to both preserve the cycle C locally and ensure convergence of the path integral.
Functionally, the coefficients n, change in exactly the right way to compensate for
a similar jumping in the Lefschetz thimbles 7, themselves. This jumping occurs for
a cycle J, when there is a downward flow from o that ends at another critical point
rather than flowing to —oo. Thus, recalling that critical points ¢ of Z on Z:{\(C are
flat SL(2,C) connections on S?\ K with a prescribed monodromy around K due to
the Wilson loop, Stokes phenomena can lead to the addition of complex SL(2,C)
connections to the analytically continued SU(2) path integral, even though we begin

with an integration contour that includes only real SU(2)-valued connections.

As v is varied, two flat connections can become coincident, which leads to a
singularity in the moduli space of flat connections. Studying such singularities is
necessary to understand the Stokes phenomena involved, as there is a trivial solu-
tion of the Morse theory flow equations when two flat connections are coincident.
Indeed, the existence of finite-dimensional local models of such singularities allows
one to understand some Stokes phenomena in Chern—Simons theory without dealing
with the full geometry of ZZC. The point we emphasize here is that, at least for these
Stokes phenomena in particular, we may analyze Stokes curves purely as a function
of v rather than some more complicated parameter, since the flow is trivial and the

only relevant evaluations of Z are on flat connections.

As an explanation for the volume conjecture, we should find that Stokes phenom-
ena in Chern—Simons theory can lead to exponential growth of the path integral.
The final crucial detail which leads to exponentially growing contributions is as
follows. When passing from the space of SL(2,C) gauge fields modulo gauge trans-
formations to its universal cover, each flat connection in Uc is lifted to an infinite
family of flat connections in Z:{\(c which differ only in the real parts of their Chern—
Simons functions W by a multiple of 27 [ As « is varied, degenerate pairs of these
lifted critical points can separate (say at 7;), and subsequently recombine (at vs)

into new degenerate pairs of two critical points which were not paired initially.

If the Lefschetz thimbles associated to such a pair of critical points are added to
the integration cycle due to Stokes phenomena at or before 71, their contributions
will have changed drastically by the time <5 is reached. Namely, the thimbles are

now associated with one critical point each from two newly recombined pairs, and

15There is actually a similar issue which arises for the field p appearing in the action I,,, if we
wish to analytically continue in n as well as k. If we do not continue in n, this issue modifies the

way that downward flow conserves Im(Z). But again, we refer interested readers to [76].
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this gives in the path integral a difference of phases which vanishes only for k£ € Z.
The prefactor of this phase difference can be exponentially large in k, and so the total
contribution may diverge exponentially for non-integer k. Indeed, schematically the

path integral will have a semiclassical term of the form
WA (1 — g2miky, (2.2.10)

so the pair of critical points will exactly cancel for k£ € Z, and diverge exponentially
in k for Im(W(A)) < 0 and non-integer real k > 0. Therefore, it is the combination
of the lifting of critical points to Z:{\(C, their splitting and recombination as a function
of v, and Stokes phenomena which can lead to the situation predicted by the vol-
ume conjecture: an SL(2,C) flat connection contributes an exponentially growing
term to the asymptotic behavior (y — 1, k — 00) of an SU(2) Chern-Simons path

integral.

We return to these ideas in Section where they become relevant in light of
our approximation formula (2.1.2)) and generalizations thereof.

2.3 Machine learning

In this work, we build upon the findings of [74], often by employing deep learning [80]
(and other machine learning techniques) to decipher the relationships between knot
invariants. Neural networks have been recently employed in knot theory to calculate
invariants like the slice genus [81] and to solve computationally complex problems
like unknot recognition [82]. Indeed, it is known that a neural network of suitable
size can approximate any function [83;[84]. Our dataset (which matches that of [74])
consists of the Jones polynomial, hyperbolic volume, and other knot invariants for
all 1,701,913 hyperbolic knots with 16 or fewer crossings [85], tabulated using a
combination of the Knot Atlas database [86] and the SnapPy program [87].

In [74], a neural network was used to demonstrate that there is a relationship be-
tween the Jones polynomial and the hyperbolic volume of a knot. This was initially
achieved with a fully connected two hidden layer network with 100 neurons in each
layer. Experiments with the Jones polynomial evaluations (see Section were
initially performed with a network with two hidden layers 50 neurons wide. Later
experiments (see Appendix [2.E] for details) found that the network could predict the
volumes with roughly 96% accuracy with a two hidden layer network only 5 neurons
wide. The robust performance of these small neural networks is compelling ev-
idence that a simple approximate function exists which maps the Jones polynomial
to the hyperbolic volume. Ideally, we would like to go beyond demonstrating the

existence of a relationship and actually write down a function that faithfully models
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the relationship. Unfortunately, the neural network is not much help here. Though
it essentially optimizes a function that fits the data, the function is computed via
the multiplication and addition of matrices; even in the case of a small network,
the multiplication of 5 x 5 matrices still produces functions which are difficult to

interpret.

Before describing our strategies for extracting simpler expressions for the rele-
vant correlations learned by the neural networks, we review the deep learning ideas

involved.

2.3.1 Neural networks

A neural network is a function fy which approximates the relationship between a
vector of input features vy, and some output v,,. The network fy is an approxi-
mation of the true relationship A : vi, — Vou. In our case, the input vectors are
(vectors based on) the Jones polynomials and the outputs are the corresponding
hyperbolic volumes. The dataset is divided into training and testing sets. The net-
work uses the training data to adjust the parameters 6 (the weights and biases) to
approximate the relationship A as closely as possible. To do this, a loss function
is chosen and minimized in the space of parameters.In the architecture used in this
work (see Figure [2.2), the network is built out of n hidden layers which perform
matrix multiplication by a weight matrix W;", addition of a bias vector by, and
element-wise application of the activation function . The network can be written

fovin) = L (o (... Lg (0 (Lp(vin))) ---)) » Ly (v) =W -v+bj . (23.1)

The values of hidden layer neurons after applying the activation function are often
called the activations a™ = o(W;"-a™ ! + by'), with a’ = vy,. In this work, we use
the Rectified Linear Unit (ReLU) activation function, which is o(z) = 20(z), where
O(z) is the Heaviside step function. The loss function is minimized on the training
data by using the backpropagation algorithm. This algorithm computes gradients
of the loss function for each training data point and adjusts the parameters layer by
layer in the network. Once this training is complete, fy is applied to the previously
unseen testing set to see how well it approximates A. A specific discussion of the

neural network architecture used in this work is included in Appendix [2.A]

2.3.2 Layer-wise relevance propagation

Layer-wise relevance propagation (LRP) is a technique which attempts to explain
neural network predictions by calculating a relevance score for each input fea-

ture [88]. This is a useful tool when attempting to derive an analytic function:
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Figure 2.2: An example of a two hidden layer fully connected neural network architecture.
Each hidden layer represents matrix multiplication by a weight vector, the addition of a
bias vector, and the element-wise application of an activation function, which introduces
non-linearity into the function. In this work we used the Rectified Linear Unit (ReLU)

activation function.

we can determine which input variables typically carry the most importance when
predicting the output. This allows us to hypothesize how to weight input variables
in our function and perhaps reduce the complexity of the problem by eliminating

redundant variables.

LRP propagates backwards through a neural network, starting at the output
layer. The LRP algorithm redistributes the relevance scores from the current layer
into the previous layer, employing a conservation property. Denote the activation
of a neuron 7 in layer m by a]*. Suppose we have all the relevance scores for the
current layer, and want to determine the scores R?_l in the previous layer. The

most basic LRP rule calculates these relevance scores using the formula [89]

prot NG Wi N LY
’ k Zl a?_lmflyl? + bzn

" (2.3.2)

where the m™ layer has IN,, neurons. The subscripts on the weights W and biases
b here denote matrix and vector indices. The numerator is the activation of the
j*® neuron in layer m — 1, multiplied by the weight matrix element connecting that
neuron to neuron k in layer m to model how much neuron j contributes to the
relevance of neuron k. This fraction is then multiplied by the relevance of neuron
k in the layer m. Once the input layer (layer zero) is reached, the propagation is
terminated, and the result is a list of relevance scores for the input variables. The
sum in the denominator runs over all of the neurons in layer m — 1, plus the bias in
layer m: it imposes the conservation property because we begin with R” = 1 at the

output layer and always preserve

> Rp=1. (2.3.3)
k
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This methodology was originally proposed in a classifier problem; we have adapted

it to the case of regression.

2.3.3 Strategies for analyzing the network

Armed with the evidence that our function exists, how do we proceed? The input
is too complicated for educated guesswork or traditional curve fitting techniques,
as our encoding of the Jones polynomial is a 16—vect0r.|ﬂ Our approach involves
performing experiments through which we can probe how the neural network makes
its predictions. As stated previously, a neural network’s inner workings are largely
inaccessible. Despite this, by studying a network’s success when faced with a trans-
formed or truncated form of the Jones polynomial, we can begin to update our idea
of what the eventual function might look like. There are three main ways that we

accomplish this.

The first type of experiment is training a neural network on some truncated
or mutated form of the input data. For instance, inspired by the volume-ish the-
orem [90], we could create a new input vector containing just the degrees of the
polynomial and the first and last coefficients: (pmin, Pmax, €1,¢—1). If the neural
network was then still able to learn the volume, with comparable accuracy to the
original experiment, then perhaps our function could be built from these four num-
bers. It turns out that the neural network did not perform well with this input.

Another example of this method is detailed in Section [2.4

The second strategy is taking a neural network which has already been trained
and feeding it altered input data. For instance, if we train a network on our origi-
nal 16-vectors and give it an input vector where certain elements have been zeroed
out or shifted by some constant, can it still predict the volume? This allows us
to probe our function for, among other things, redundant variables and invariance
under translations. We could, for example, shift pairs of input variables by a con-
stant and record the network’s ability to predict the volume. These experiments are
inspired by [91], where symbolic regression and machine learning are approached

with a physicist’s methodology.E]

Together with these two experiments, we use LRP to understand the relevance

of the various input features in making a prediction. As we reviewed above, LRP

161 [74], we provided the degrees of the Jones polynomial as inputs. As we explicate in Ap-
pendix the neural network performs just as well with the coefficients alone. This is the

16-vector to which we refer.
1"We explore symbolic regression techniques further in Appendix We obtain 96.56%

accuracy, but the formulae are not obviously interpretable.
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is an algorithm which uses the neuron activations, along with the weight and bias
matrices, to map the activations in the final network layer back onto the input
layer. This technique is successfully implemented in Section to further reduce
the number of input variables needed to predict the volume, eventually yielding

formulas with just a handful of numerical parameters and a single nonlinearity.

2.4 An approximation formula for the hyperbolic

volume

Our goal is to employ the machine learning techniques reviewed in Section to
determine what particular property of the Jones polynomial was exploited by the
neural network in [74] to compute the hyperbolic volume. Inspired by the observa-
tions of [76] concerning the analytic continuation of Chern—Simons theory that we
briefly summarized in Section [2.2] we approach this task by evaluating the Jones
polynomial at various roots of unity. Indeed, the Jones polynomial is determined by
its values at roots of unity, so we lose no essential information if we include enough
such evaluations. We use techniques from interpretable deep learning to reverse
engineer neural networks in Section 2.4.1] and comment on the implications for the

path integral of analytically continued Chern—Simons theory in Section [2.4.2]

2.4.1 Interpretable deep learning

We begin by training a neural network composed of two fully connected hidden
layers with 50 neurons each on the Jones polynomial evaluated at e>#/("+2)  for
integers r € [3,20] and p € [0,r+2]. Complex conjugates are omitted from this tab-
ulation since Laurent polynomials obey J5(K;q) = J5(K; q). The input data (which
includes all hyperbolic knots up to and including 15 crossings) is represented as a
vector where the entries at position 2p and 2p+1 correspond to the real and complex
parts of the p' evaluation. Layer-wise relevance propagation (LRP) [88; 9] is used
to identify which evaluations of the Jones polynomial are important in calculating

the volume [’

The LRP results are easily interpreted graphically, as demonstrated in Figure[2.3]
We can immediately see which columns are relevant in making a prediction of the
volume. The final column in Table shows the results when training the neural
network on just those evaluations which LRP determines are relevant. Comparing
the values in the final column to the original error in the second column, we see

that there is no real reduction in performance. LRP successfully selects the relevant

18T ayer-wise relevance propagation has not been widely applied in the physics context, but

see [02] for an example.
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r=4 r=>5 r==6 r=7

Figure 2.3: Each grid shows the LRP results for 10 neural network inputs. The grid labels

r € [3,7] determine the form of the input vector. Each column represents a single input,
corresponding to the real and imaginary parts of the knot’s Jones polynomial evaluated
at the phases e2™?/("+2) with p € Z and 0 < 2p < r + 2. Dark blue squares correspond
to the smallest magnitude for the relevance score, and red to the highest. So, in a given
column, the red squares represent evaluations which were highly relevant for the neural
network to predict that knot’s volume. We also see that the same evaluations are often

relevant across all 10 knots in the displayed set; these correspond to mostly red rows.

input features, and in some cases performance is actually improved by pruning ir-

relevant inputs.

The results in Table were each obtained over one run, so fluctuations in the
error are expected. To test the stability of the results, we trained the neural network
20 times, using Jo(K;e'™/%) (the relevant root for r = 3) as input. Averaged over
20 runs, the error was 3.71 £ 0.06%. With this relatively small standard deviation,

we conclude that network performance is stable over multiple runs.

In the first line of Table 2.1], the neural network is learning to predict the volume
from two numbers: the real and imaginary parts of Jo(K;e*™/®). If we represent
the input as a magnitude and a phase rather than as a real and imaginary part,
the performance of the neural network is unchanged. In fact, it turns out that if
we drop the phase and work only with the magnitude, the performance remains un-
changed; the phase does not matter. This means that the network is predicting the
volume (to 96.29 + 0.06% accuracy) with just one number: |J,(K;e*™/®)|. Another
promising candidate is |.Jo(/; €3™/4)|, which was also determined by relevance prop-
agation to be important in several rows of Table Plotting either |J,(K; e*™/?)|
or | Jo(K; €3™/%)| against the volume (Figure [2.4)), we find a graph which looks like
alog(z + b) + ¢ for some constant O(1) parameters a, b > 0, and ¢. Thus, we may
be able to obtain a reasonably compact analytic expression by performing simple

regression on such an ansatz.

We use the curve fitting and optimization procedures built into Mathematica.

The dataset now includes all hyperbolic knots up to and including 16 crossings. For

42



r | Error Relevant roots Fractional levels | Error (relevant roots)
3 |3.48% etmi/s : 3.8%
4 | 6.66% —1 0 6.78%
5 | 3.48% e/ 1 3.38%
6 | 2.94% s/ —1 2.0 3%
7 15.37% ebmi/9 : 5.32%
8 | 2.50% e3mi/5 etmifs 1 33,0 2.5%
9 | 2.74% S/ gl0mi/11 31 2.85%
10 | 3.51% e2mi/3 omi/6 1 1,20 4.39%
11| 2.51% 68m‘/13’ 610m/13’ el2mi/13 27 %’ % 2.44%
12 | 2.39% P ebmi/T 14,0 2.75%
13 | 2.52% e2mif3 | eAmifs | lami/15 1,41 2.43%
14 | 2.58% 3T/ T8 220 2.55%
15 | 2.38% 612m/177 el47ri/177 e16mi/17 %’ %’ % 2.4%
16 | 2.57% e/ Tmi/9 87/ ] 1,210 2.45%
17 | 2.65% 614771'/19’ 616m’/197 618m‘/197 g’ %7 % 2.46%
18 | 2.49% edmi/d Imi/10 5, 2,0 2.52%
19 | 2.45% 627ri/37 6167ri/21, 667ri/77 20mi/21 1, g, %7 % 2.43%
20 | 2.79% | ST/ T/ 10mi/1L ] 3 51,0 2.4%

Table 2.1: LRP results when training the neural network on different roots of unity,
corresponding to different . The third column shows the roots relevant to calculating the

output, the fourth column shows the corresponding fractional levels k obtained by writing

2mi/ (k+2)

the relevant roots as e , and the final column the error when training the network

on only the relevant roots.

| Jo(K; €3™/4)|, we find the formula

Vaya(K) = 6.20log (| Jo(K; €¥™/*)| 4 6.77) — 0.94 (2.4.1)

which predicts the volume with an error of 2.86% (Figure , left). This result
is comparable to some of the best performances in Table and performs only
slightly worse than the neural network which had access to the full Jones polynomial.

Repeating the analysis for |.J(K; e*™/?)|, the optimized formula is

Vis(K) = 4.891og (| Jo(K; €*™/%)| 4+ 1.91) + 0.63 , (2.4.2)

which predicts the volume with an error of 3.33% (Figure [2.4] right). Due to the
fact that the error increase is small and the parameter reduction is enormous in
passing from the black box neural network to the formulas and , we
may conclude that we have more or less successfully reverse engineered the simple

function which is learned by the network. The dependence of our approximation
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Figure 2.4: (Left) Best fit for the hyperbolic volume as a function of |.Jo(K; e37/4)|. The
fitted function (blue) predicts the volume to 97.14% accuracy and the neural network
trained on the magnitude of Jo(K’; €3™/4) (green) achieves 96.55% accuracy. (Right) Best
fit for the hyperbolic volume as a function of |Jo(K;e*™/5)|. The fitted function (blue)
predicts the volume to 96.67% accuracy and the neural network trained on the magnitude
of Jo(K;e*™/5) (green) achieves 96.30% accuracy. Both plots display (.J2, Vol) data pairs

as a density cloud where darker red regions contain more points.

formulas only on the absolute value of a Jones polynomial evaluation aligns nicely
with the unchanged performance of the neural network when we drop the maximum
and minimum degree information or cyclically permute the polynomial coefficients,
as both operations leave the absolute value unchanged (see Appendix for other
experiments with input representation). Moreover, when performing regression on
only a subset of the dataset and increasing the size of that subset, the determined
coefficients a, b, and ¢ are roughly converging to some constant values (Figure 7
left), which gives us confidence that these approximation formulas should perform
well even outside of our dataset. As more knots are included in the regression, the
error on the total dataset reaches its optimal value smoothly (Figure [2.5 right).
For comparison, a neural network trained on |Jo(K;e*™/4)| predicts the volumes to
96.55% accuracy, and a neural network trained on |Jy(K; e*™/%)| predicts the vol-
umes to 96.30% accuracy. We observe that at large magnitudes for J(K;e), both
the best fit function and the neural network start to differ from the true volumes.

This effect is attributable to the sparsity of data.

In [72], it was noted that for alternating knots up to 13 crossings that V(K)
was roughly proportional to log|Jo(K; —1)|. As a comparison to our results, we fit
the functional ansatz alog(|Jo(K; —1)| + b) + ¢ for alternating and non-alternating
knots (Figure . For knots up to and including 16 crossings, the functions predict
the volumes of alternating knots to 94.24% accuracy and the volumes of all knots
to 93.84% accuracy. While this phase performs worse than the ones found by our

layer-wise relevance propagation, it is worthwhile to understand the extent to which
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Figure 2.5: Variation of fit parameters with regression data. As more regression data
is included, the fit parameters converge to some constant values. This indicates that the

approximation formulas should perform well outside of our dataset.

V. (K) =6.3log(|Jo(K;—1) + 172.05) — 17.5; Alternating knots

Vo (K) = 7.7 log(| Jy(KC; —1) -+ 608.82) — 20.76

10t

T T T T T T r y 100 T T T T T T T T
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| (K —1))| |l K5 =10

10°

Figure 2.6: Comparison of (2.4.1]) with a fit of the same functional ansatz on Ja(K; —1);
as in [72]. When applied to alternating knots only (left), the function predicts the volume
with a mean error of 5.76%. Fitting the same ansatz to all knots (right) predicts the

volume with an error of 6.16%.

we can vary the particular phase used in this approximation ansatz and still retain
reasonable performance, since we did find that other roots of unity are relevant for
different values of 7 in Table 211

To explore this possibility, we optimize the ansatz V (K) = alog(|J(K; e™®)| + b)+
¢ in Mathematica and report the mean absolute error under the constraint x € [0, 7]
(Figure for all knots up to and including 16 crossingsm The minimum error of

19 Amusingly, as is now ubiquitous in high energy theory, the graph evinces the customary dip,
ramp, plateau shape [93]. Of course, here these features are not connected to random matrix theory
in any clear way. A tentative explanation for the location of the dip makes use of the saddle point
form of the path integral , where there is a reasonable spread of this value for different
volumes in the region k € [0.5,0.8]. However, we are far from the semiclassical limit, and cannot

really trust (2.2.10f).
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Figure 2.7: Mean absolute errors as a function of  when optimizing the ansatz V (K) =
alog(|Jo(K;e®)| + b) + c. We re-optimize the constants a, b, and ¢ for each individual
value of . The minimum error of 2.83% occurs at x = 2.3. This is evidence that we
can approximate the hyperbolic volume from the Jones polynomial evaluated at a wider

variety of fractional levels than just k = % or k= %

2.83% 1is realized for x = 2.3. We can relate this to the relevant roots in Table

3mi/4

by noting that this root is similar to e . This corresponds to a fractional level of

2 appearing in the r = 6 and r = 14 lines of Table Notice also that there is a
plateau in error rate at around 12% for z < Z

5
take V(K) = Vj, where Vj is the average volume of all knots up to 16 crossings, the

The error of 12% is significant; if we

error for this constant approximation function is 11.97%. This represents a latent
correlation in the dataset, and if we have an error rate greater than or equal to this
then our approximation formula is learning essentially nothing. This error plateau,
and other interesting features of Figure like the error spike around k£ = 1, will
be analyzed in the context of Chern—Simons theory in Section [2.4.2, Before moving
on, we note that upon closer inspection of the region around k£ = 1, the single error
spike shown in Figure is actually resolved into two separate spikes at £ = 1 and
k = 1.014 with a shallow dip of roughly 0.7%. We do not have a good understanding
of this feature, and we have not ruled out numerical errors as its source, because
our Mathematica fitting procedures give convergence warnings at these levels. The
robust conclusion that we claim here is only that there is a large error spike around
k = 1 which reaches up to the height of the plateau.

For completeness, we also record the bounding curves of the dataset, computed

using our approximation ansatz. The curves

F(|J2(K;e¥m/%)|) = 6.0531og(33.883 + | Jo (K; €™/*)|) +0.798 (2.4.3)
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Figure ®. Bounding curves for the hyperbolic volumes up to and including 16 crossings.

g(|J2(K; ¥ 4)|) = 8.21010g(0.695 + |Jo(K; e™/4)|) — 12.240 (2.4.4)

completely enclose the hyperbolic volumes of the knots up to and including 16

crossings (Figure )

2.4.2 Implications in Chern—Simons theory

Using machine learning and data analysis techniques, we determined that the rele-

vant information about Vol(S?\ K') contained in J,(K; q) can be efficiently extracted

2mi/(k+2) " which corresponds

3mi/4
)

with a single evaluation of J, at a root of unity ¢ = ¢

to fractional level k = % or k = % At k = %, for example, we have ¢ = e

and we find that the simple function reproduces the hyperbolic volume of K
with almost no loss of accuracy compared to the full neural network of [74]. The
fractional level k = % has been studied in the context of Abelian Chern—Simons
theory [50], but has not played a significant role in the non-Abelian theory we study
here, and level k = % (to our knowledge) has hardly been studied at all. Of course,
due to gauge invariance, non-Abelian Chern—Simons theory cannot be defined in the
naive way at fractional level, and it is for this reason that the analytic continuation

techniques of [76] have an intriguing bearing on our observations.

Our numerical results suggest the Lefschetz thimbles involved in the analytically

continued path integral at v = 2 or v = % are somehow related to the set of thim-

bles which appear semiclassically at v = 1. Perhaps the set of relevant thimbles

3

around 7 € (3,2) contains the geometric conjugate SL(2,C) connection that we
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expect semiclassically at v = lm This interpretation suggests that the geometric
conjugate connection contributes to the path integral for the maximum number of
knots in our dataset around v = %, or k = %, since that is where the approximation
formula performs optimally. This location coincides with the bottom of the dip in
Figure . Similarly, the ramp between 2 < k < 2 (ignoring the spike at k = 1)
is consistent with the interpretation that large fractions of knots are beginning to
lose the geometric conjugate connection for k > % That the dip begins at £ = 0
with an error rate which is already fairly low may signal that many knots retain the

geometric conjugate connection even as y becomes large.

We must emphasize that we are not working in the semiclassical limit of large
n and k. Instead, we are actually in the opposite limit where both quantities are
O(1). Therefore, quantum effects in the path integral are strong, and it is not clear
how to isolate the contribution of the critical points. Nevertheless, it seems that
our machine learning techniques suggest this is approximately possible with some
simple processing of the path integral result. This phenomenon is a bit reminiscent
of the ease with which one-loop quantum corrections are incorporated in Chern—
Simons theory, through a simple shift ¥ — k + 2 and n — n + 1 in the semiclassical
formulas. Here, we have an effect at the level of the analytically continued path
integral, where a simple multiplication and shift can absorb quantum corrections to

a reasonable degree. It would be interesting to try to make this precise.

It is also instructive to study the error spike at £ = 1 in Figure 2.7, Readers
familiar with the main message of [76] will understand why this feature is in fact
expected: at integer values of the Chern—Simons level with k+ 1 > n, the path inte-
gral ratio receives contributions only from SU(2)-valued critical points, and
can be analyzed using the original techniques in [51]. In other words, the SU(2)
current algebra has an integrable representation of dimension n = k + 1, and so the
techniques of [51] are sufficient and no analytic continuation is necessary. Of course,
at n = k + 2, there is a vanishing of the bare path integral, but the ratio
remains finite and is sensitive to the volume like the analytically continued bare
path integral. That this occurs only at the special value n = k + 2 and not for any
n < k + 2 essentially follows from the fact that the bare expectation value of the

unknot does not vanish for 0 < n < k + 2 with integer k.

20The geometric conjugate connection is a flat SL(2,C) connection which has Im(W) =

kVol(M)/2m iy o saddle

—Vol(M) /2w, which is necessary for the factors of i to cancel and yield e
point approximation of |Z(M)| or the analytic continuation of |Z(M)|. Tt is simply the complex
conjugate of the geometric connection we mentioned previously. To prevent any ambiguity, we re-
mark that the object called A, in (5.61) of [76] is an instance of what we are calling the geometric

conjugate connection.
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This observation supports our interpretation that the presence of the geomet-
ric conjugate connection is responsible for the approximation formula’s success. In
this case, we cannot expect to learn anything about the hyperbolic volume at k =1
and n = 2 beyond latent correlations in the dataset because the geometric conjugate
connection does not contribute to the path integral there. Even if it is present in the
numerator of , it will cancel with another contribution for integer k > n — 2,
and so our approximation formula performs as poorly as possible at k£ = 1. However,
there are sharp improvements to the approximation formula just below or above this
value, where k again becomes fractional and we may find a contribution from the

geometric conjugate connection.

Intriguingly, there seems to be a transition around v = 2 (equivalently, k =

3
%) where the approximation formulas begin to improve over the maximum error,

and [76] found that the geometric conjugate connection for the figure-eight knot is
added to the path integral by a Stokes phenomenon precisely at this value. The ap-
pearance of this maximum error plateau, which roughly matches the error of taking
a constant approximation function equal to the average volume in the dataset, is
consistent with the interpretation that the approximation formula with & > % fails
to convey anything useful because the geometric conjugate connection is completely

absent from the numerator of (2.2.6)), rather than being present and canceling for
2
3
which adds the geometric conjugate connection to the path integral, and there are

integer k. Perhaps there is a larger class of knots with a Stokes phenomenon at v =

only a few knots (or perhaps none at all) which receive such a contribution for k& > %

If we follow the suggestion that the success of our approximation formula is sig-
nalling the presence of the geometric conjugate connection for most knots in the
dataset, we are led to an interesting observation concerning the volume conjecture.
As discussed previously, it is well known that the volume conjecture does not con-
verge monotonically in n [73]. Perhaps the reason for this is that the geometric
conjugate connection is missing for early terms in the sequence, and appears at a
certain point, after which convergence is monotonic. For example, the first term in
the sequence involves | Jo(K; —1)|, which corresponds to & = 0 and therefore vy = co.
While it may be that some knots acquire the geometric conjugate contribution by
v = 1 and never lose it for any 7 > 1, this may not be the case for all knots. If
the geometric conjugate connection is lost by Stokes phenomena at some v > 1,
the first term in the volume conjecture sequence cannot be expected to be a good

approximation. We comment further on this in Section |3.5]
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2.5 Discussion

In this work, we have utilized neural networks and layer-wise relevance propagation
to extract a very simple function V' (K') which predicts with better than 97% ac-
curacy the volume of a hyperbolic knot using only a single evaluation of the Jones
polynomial at a root of unity. The existence of such a function was predicted in [74],
and prior related observations had also been suggestive [72;[94]. The main problem
described at the end of [74] was to determine what simple function was being com-
puted by a neural network, and the roughly equal accuracy of our simple function
and the neural network is strong evidence that we have succeeded. We also found
excellent alignment between the form of the approximation ansatz and the opera-
tions on the inputs (dropping degree information, cyclic coefficient permutations)
which left the network performance unchanged.

We commented briefly on the implications of this result for analytically contin-
ued Chern—-Simons theory in Section 2.4.2] It is clear that there is at least some
connection, because the root of unity involved in the calculation is not accessible
by the standard definition of the path integral: it corresponds to fractional level
k. However, precisely what is gained by studying the path integral far from the
semiclassical limit around v = % or v = 2, and why this should be related to the
semiclassical limit near v = 1, is not at all clear. Our usual intuition from quantum
field theory suggests that the strong quantum effects at small k£ ought to completely
mask the particular value of the action at the geometric conjugate connection. Mys-
teriously, this does not happen, and (at least, e.g., for large |Jo(K;e®™/)|) there
is an essentially universal way to extract the saddle point value of this particu-
lar connection with high accuracy for any hyperbolic knot. We have found some
supporting evidence for our interpretation that the success of the approximation
formula signals the presence of the geometric conjugate connection in most knots in
our dataset. This evidence involved the spike in error near the integer £ = 1 as well
as the rough matching between the location of the relevant Stokes phenomenon for
the figure-eight knot and the critical value of v where the approximation formula

begins to perform well.

An interesting future direction would be to try to derive an inequality, along
the lines of the volume-ish theorem [90], using analytically continued Chern—Simons
theory. Indeed, the volume-ish theorem should generalize to higher colors, with the
upper and lower bounds converging in the infinite n-limit. Deducing an inequality
seems quite difficult, as the analysis is very involved for each individual knot [76].
Nevertheless, we may hope to find some unifying theme now that we have a specific

location of interest (further along the real v axis than previously suspected). As a
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very first step, one would have to understand how to evaluate the full path integral
on the relevant Lefschetz thimbles in order to bound the contributions of other crit-

ical points.

We observed in Section that there could be large discrepancies between the
value of v for the early terms in the volume conjecture and the value of v at which the
geometric conjugate connection is added to the path integral. This motivates a new
style of volume conjecture which could be engineered to be immediately monotonic.
We simply keep v ~ 1 throughout the limit, though this must be done to carefully
avoid integer level. By avoiding integer level, we mean that, e.g., for n = 2, if
we simply solve v = 1 we find £k = 1, and we already argued why this evaluation
should yield no nontrivial information about the volume. So we must instead begin
at some value like v = 2, which would correspond to k = % Moreover, we should
tune this value with n so that we approach v = 1 in the semiclassical limit. All
these constraints lead to a version of the volume conjecture where we evaluate the

relevant path integrals at a candidate value of v such as

(2.5.1)

This corresponds to level

L — (n—1)° ; 1)’ , (2.5.2)

which is certainly always fractional for integer n > 2 since the parities of the nu-
merator and denominator do not match. With this choice, a monotonic version of
the volume conjecture would be (recalling that the prefactor 27” in the usual volume

conjecture is really 27’7 from the Chern—Simons perspective)

_2mnlog | J, (K ; e2min/ (1))
lim
n—o0 (n—1)2

= Vol(S* \ K) . (2.5.3)

This conjecture repairs the non-monotonicity in the volume conjecture sequence for
the figure-eight knot (Figure . Of course, we are not guaranteed that all knots
still receive a contribution from the geometric conjugate connection at v = 2. In-
deed, unfortunately, just barely fails to be monotonic for the knot 7,. To
formulate a more promising conjecture, we should assume that there is some finite
radius around v = 1 where all knots still receive such a contribution, and begin the
sequence there, which would lead to a different functional dependence than .
As noted in [73], eventual monotonicity is important in proving that the limit in the

volume conjecture actually exists, so it may be easier to prove that the limit exists
in some improved version of (2.5.3).

A less technically complex but more computationally intensive direction involves

repeating our machine learning analysis for the n > 2 colored Jones polynomials. We
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Figure 2.9: The original volume conjecture sequence (left hand side of (2.1.1), blue) for
the figure-eight knot, and the modified sequence (left hand side of , red). The
non-monotonicity at the beginning of the original sequence is repaired by . Both
sequences are computed using Habiro’s formula for the colored Jones polynomial of the
figure-eight knot [95].

expect to find a similar approximation function, perhaps with different coefficients,
which converges quickly to the function which appears in the volume conjecture as
n increases. While we attempted (and failed) to formulate a monotonic version of
the usual volume conjecture above, there is a more general (and vague) family of

conjectures which follow more directly from our numerics:
ap Log(| T (K 2™/ 2m =Dy 1 by 4 ¢, ~ Vol(S®\ K) . (2.5.4)

The = in the above expression means there is a margin for error which monotonically
decreases to zero as n — oo, and furthermore we must have a,, — 2;”, b, —0,¢c, — 0,
and v, — 1 in this limit. We view a,,— 27”, b,, and ¢, as “quantum corrections” which

account for the large quantum effects in the path integral far from semiclassicality.
3

2
work. However, we leave unspecified its precise functional dependence on n, and
similarly for the coefficients a,, b,, and ¢,. The main advantage of over
the simpler is that we expect to already be roughly 97% accurate
immediately at n = 2, whereas for we do not have such a guarantee. Indeed,
we expect that the error in is actually bounded, whereas can be
arbitrarily wrong at small n, though an improved version of would still

converge monotonically in n. Of course, the price we pay for this immediate accuracy

The quantity 7, begins around 7, = %, according to our numerical results in this

is the introduction of many free parameters in the conjecture.
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Appendix

2.A Basic neural network setup

The neural networks used in these experiments were built in Python 3, using GPU-Tensorflow
with a Keras wrapper [96]. The neural network has two hidden layers, 100 neurons
wide, with ReLLU activation functions. The training used an Adam optimizer and a
mean squared loss function. There were typically 100 training epochs. The network
was trained on 10% of the 313,209 knots up to (and including) 15 crossings and
tested on the remaining 90%. The code snippet below summarizes the key steps of

building and training the neural network.

import numpy as np
import tensorflow as tf

from sklearn.model_selection import train_test_split

train_jones, test_jones, train_vols, test_vols =

train_test_split(jones, vols, test_size=0.9)

model = tf.keras.models.Sequential ([
tf.keras.layers.Dense (100, activation= s
input_dim=len(train_jones [0])),
tf.keras.layers.Dense (100, activation= ),
tf.keras.layers.Dense (1)

D
model.compile (optimizers= , loss= )

model.fit(train_jones, train_vols, epochs=100,

batch_size=32, verbose=1)

Results: Throughout the experiments, different representations/parts of the
Jones polynomial were used as input to the neural network. To demonstrate the
basic setup, the input data consists of 16-vectors containing the coefficients of the
Jones polynomials. The network generally achieves around 2.3% relative error, as

shown in Figure 2.A.1
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Neural network predictions - 2.28% relative error
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Prediction from neural network

Figure 2.A.1: Results for training the baseline neural network in Python. The network

has two hidden layers, 100 neurons wide, with ReLU activation functions.

2.B Khovanov homology, Jones coefficients, and

volume

2.B.1 Khovanov homology

Machine learning has been applied to string theory for a variety of purposes, begin-
ning in [I3; [15; 14 16]. Many instances in which machine learning has been suc-
cessfully applied to mathematical physics involve an underlying homological struc-
ture [17; [I8} 22} 97]@ In certain cases, analytic formulas inspired by machine
learning results have been obtained [102; 103} 104]. Knot theory appears to be no
exception to this pattern, as there is an underlying homology theory related to the
Jones polynomial known as Khovanov homology [105]. As we will make reference to
the homological nature of the Jones polynomial at several points in this supplemen-
tal discussion, here we provide a brief explanation of Khovanov homology following

the compact treatment in [106].

218yuch structures appear in string theory fairly often, and more sophisticated machine learning
(beyond simple feed-forward network architecture) has also been applied fruitfully to the study of
the string landscape. For a small sample, see [16} 98} [99; [T00; [101], and also see the review [12] for

more complete references in this area.
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The Jones polynomial, in its form more familiar to mathematicians, is a Laurent

polynomial in a variable ¢ defined by a skein relation@

0)=1, (OK)=(a+a WK, ()=()-a00, J(K;q)=(-1)"¢*"(K)

(2.B.1)
where (K) is known as the Kauffman bracket [L07] of the knot K, and ny are the
number of right- and left-handed crossings in a diagram of K. The quantity n, —n_
is often called the writhe of the knot diagram. We have used the notation J because
this object is not quite equivalent to our Jy(K; ). It is unnormalized in the following

sense:

J(K;q) = (q+q ") R(K;¢?) . (2.B.2)

The skein relation for the Kauffman bracket involves two “smoothings” of a given
crossing. Of course, in each of these smoothings, the total number of crossings is
reduced by one. The recursion terminates when all crossings have been smoothed,
so the set of binary strings of length ¢, {0,1}¢, is the set of total smoothings for a

knot diagram with ¢ crossings.

Khovanov’s homology, roughly speaking, begins by assigning a vector space
Vo (K) to each string o € {0,1}¢. If V is the two-dimensional graded vector space
with basis elements vy and deg(vy) = 41, then V,(K) = V®*{r} where the total
smoothing a of K results in k closed loops, and {r} is the degree shift by TH The
height of a string « is defined as the number of ones, || = >, ;. The strings with
equal height r can be grouped together, and (through some more work) the cor-
responding vector spaces can be assembled into a doubly-graded homology theory

H"(K), with Poincaré polynomial

Kh(K;t,q) =) t'qdimH'(K) . (2.B.3)

Khovanov proved that this homology theory is a knot invariant, and that its graded

Euler characteristic is the unnormalized Jones polynomial

Xo(K) = Kh(K;—1,q) = J(Kiq) . (2.B.4)
Another useful quantity associated with Khovanov homology is the Khovanov rank,
given by

rank(H*(K)) = Y _qdimH"(K) . (2.B.5)

22Knot theorists will notice that this is a rather non-standard skein relation. We will comment
on this, and related normalization issues, in Appendix

23Recall that a graded vector space W = @,,W,, has graded dimension ¢dimW =
> m @™ dim W, Furthermore, the degree shift produces another graded vector space W{r} with
homogeneous subspaces W{r}, = Wy,_r, so gdimW{r} =>" ¢ dim W,,.
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Figure 2.B.1: The absolute values of the (first 8) Jones polynomial coefficients as a
function of the hyperbolic volume. The coefficients obey a power law relationship with
respect to the volume, where (for ¢; the it" coefficient) the constant coefficient decreases (by
about an order of magnitude) and the exponent increases as i increases. These power law
relationships are symmetric with the last 8 coefficients, as demonstrated in the Table

The Khovanov rank is correlated with the hyperbolic volume, as noticed in [94], and

was compared to neural network prediction techniques in [74].

The main point we wish to convey with this brief summary is that the coeffi-
cients of the Jones polynomial are related to dimensions of homology groups, and
therefore any success of our machine learning techniques represents another piece of
evidence that underlying homological structure is relevant for characterizing physics

and mathematics which is machine-learnable.

2.B.2 Power law behavior of coefficients

In this appendix, we study how the coefficients in the Jones polynomial may be
individually related to the hyperbolic volume. Through Khovanov homology, we
know that each coefficient is measuring the dimension of a certain homology group.
Thus, this numerical study is in some sense a generalization of Khovanov’s study
of patterns in his homology [94], and his observation that coarser properties of his
homology are related to the volume (see [74] for more explanation and analysis of

this point). Patterns in Jones polynomial coefficients were also studied in [108; [109].

The vectors of coefficients is represented as J = (¢q,...,¢s,¢g,...,¢_1), where
padding with zeros is done from the center so that, say, c¢; is always the first nonzero
coefficient in the polynomial and c_; is always the last nonzero coefficient in the poly-
nomial. The volume is binned into 16 intervals and the mean absolute values of each

coefficient is calculated in the bins. Using Mathematica curve fitting procedures,
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Coefficient Function Constant term | V exponent | V' coefficient
c1 1.0662 1.0662 - -
c_1 1.07462 1.07462 - -
Co 0.506466 + 0.0358961/ 15 0.506466 1.5 0.035896
C_9 0.709162 + 0.036988V15 0.709162 1.5 0.0369388
3 1.0797 + 0.00578349V/24 1.0797 2.4 0.00578349
C_3 1.1049 + 0.00607516V/ %4 1.1049 2.4 0.00607516
4 1.46782 + 0.0012235V31 1.46782 3.1 0.0012235
C_y4 1.26703 + 0.00188961V3 1.26703 3 0.00188961
s 1.1018 + 0.0006121V/3:5 1.1081 3.5 0.0006121
c_s 0.0006299311/3-5 0 3.5 0.000629931
Ce —0.758 + 0.000338V38 —0.758 3.8 0.000338
C_g 0.0003446V/38 0 3.8 0.000344
cr 0.0000795V43 0 4.3 0.0000795
c_7 0.0000803V43 0 4.3 0.0000803
Cs —5.104 + 0.00000283V/5-3 —5.104 5.3 0.00000283
C_g —5.0795 + 0.00000283V/5-3 —5.079 5.3 0.00000283

Table 2.B.1: Fits for the mean absolute value of the coefficients as a function of the

volumes.

it was found that the (absolute) coefficients obey power law relationships with re-
spect to the volume; |¢;| — aV®. For i € [1,8], we find that ¢; and c_; always obey
(nearly) the same power law relationship. Additionally, as i increases, the exponent

b increases and a decreases by roughly an order of magnitude. These relationships

are given in Table and Figure 2.B.1]

2.C Normalizations, orientation, and framing

The precise definition of the Jones polynomial can sometimes differ between physi-
cists and mathematicians. Fundamentally, the path integrals which enter (2.2.6|
that we have taken to define J,,(K; q) produce invariants of an oriented, framed link
in S3. Actually, since reversing the orientation of a Wilson loop corresponds to con-
jugation of the associated representation, and representations of SU(2) are real, the
SU(2) Chern—Simons path integral defines an invariant of unoriented, framed links
in S3. The writhe factor in serves to exchange the dependence on framing
of the Kauffman bracket for a dependence only on orientation; it is a sort of nor-

3/4

malization which removes the extra factors of ¢°/* that may be introduced by type

57



I (unframed) Reidemeister movesY This is more or less the same as selecting the
O-framing for all components of a link. So, the path integral formalism incorporates
framing changes naturally, whereas the values for the Jones polynomial often quoted
in the mathematical literature effectively assume a fixed framing which can always

be selected for links in S3.

An additional detail arises when we make a more direct comparison between
the path integrals found in and the skein relation definition of the Jones
polynomial. To begin, we refer to [51], where a skein relation was derived using
the path integral directly. In equations (4.22) and (4.23) of [51], the SU(2) skein

relation for the path integral was found to be
qZ(Ly) —q ' Z(L-) = (¢"* — ¢ VH) Z2(Ly) , (2.C.1)

where L., L_, and L, represent the same link but with a single crossing modified
(if necessary) to be an over-crossing, under-crossing, or uncrossed (away from this
crossing, the link is unchanged). Pictorially, (2.C.1)) is

9Z(7) — ¢ Z() = (@2 — ¢V 207) . (2.C.2)

Other than this relation, the only other piece of information needed to determine
the Jones polynomial (as defined in (2.2.6])) is the expectation of the unknot. If we
normalize the path integral as in (2.2.6]), the unknot has expectation 1.

J2(0159) = 1. (2.C.3)

This is equivalent to requiring that the Jones invariants should be multiplicative
under connected sum of links, Jo(L1#Lo;q) = Jo(L1;q)J2(Le;q). The skein rela-
tion ([2.C.1)) actually matches exactly with the one written above Remark 2.9 in [110]

for the writhe-normalized Jones polynomial V1, (in the notation of [110]). Thus,

the ratio in (2.2.6) and V1, /V, from [I10] will be equivalent up to a power of ¢*/*
associated with a change of framing in the numerator of (2.2.6)).

However, other formulations of the skein relation favored by some mathemati-
cians, such as the one used in [111} 112], differ from (2.C.1). The skein relation
in [I11] is

¢V, —qVi = (¢"*—q AV, . (2.C4)

24See the discussion around Corollary 2.8 and Remark 2.9 in [110].

Z5There is a typo in equation (6) of [I10]. The coefficient on V1, should be ¢~!. The correct
expression can be derived by multiplying equation (3) of [I10] by ¢~ /4% (L0) and rewriting the
coefficients of Vi, and Vi_ in terms of g~ B/Hwlr) and ¢~ G/HDw(E-) regpectively. To do so,
observe that the writhe obeys w(L+) = w(Lg) £ 1.
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It is clear that is not equivalent to , so which of these determines the
“true” Jones polynomial?@ This difference is not a question of normalization, be-
cause the skein relations are all linear, so any normalization obeys the same relation.
We will see that the two skein relations are related by a simple, but non-obvious,
transformation. Let L’ be the mirror of L; in other words, L with all over-crossings
changed to under-crossings and vice-versa. Also, let |L| be the number of disjoint
circles in L. Then, we have

Viq) = (=1)EHL (L q) (2.C.5)

We begin by noting that V7, obeys a skein relation which is derived by simply
switching Ly and L_ in (2.C.4)), since this is the effect of the mirroring operation

on a given crossing.
¢V — ¢V, = (¢"? — q_1/2)VL6 . (2.C.6)

We now observe a few relationships among |L.|, |L_|, and |Lg|. Since moving one
strand through another does not change the number of components, |Ly| = |L_]|.
Furthermore, if the crossing in Ly is between two different components, then |Ly| =
|Lo| + 1, as in Lg these two components are joined. Similarly, if the crossing in L
is only one component crossing itself, then |Ly| = |Lg| — 1, as in Ly this component

is split into two. The upshot is that |Ly| always has opposite parity from |L.|, so
(_1)|L+\ — (_1)|L7| — (_1)‘L0H‘1 . (2.C.7)

Dividing (2.C.1)) by Z(0y; k) produces an identical skein relation for Jy, and multi-
plying by (=1)/*+*1 and using ([2.C.7) yields

g(=)! (L) — ¢ (=1)FUL(L0) = = (¢ = ¢7V2) (1) (L)
(2.C.8)
Interpreted as a skein relation for (—1)/X*1.J,(L), this equation is equivalent to (2.C.6).
Therefore, the quantity (—1)“1+1.J,(L) obeys the same skein relation as Vs, and
since they take the same initial value on the unknot, they are equal, proving .

The Jones polynomial is not invariant under the mirroring operation. However,
it changes in a predictable way. Since the transformation ¢ — ¢! changes (2.C.4))

into (2.C.6), we have
VL/(q) = VL(qfl) . (2C9)

For the purposes of the volume conjecture, however, it does not matter whether we

work with L or I/. This is because S* \ L is homeomorphic to S?\ L', and since

26The relationship between these two skein relations is likely well-known to knot theorists, but
we have not been able to find a discussion in the literature, so we provide a self-contained treatment
in what follows.
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the hyperbolic volume is a topological invariant by the Mostow—Prasad rigidity
theorem, their volumes are equal. Furthermore, the evaluations of the colored Jones
invariants which appear in the volume conjecture are simply complex conjugated
under ¢ — ¢~! because ¢ is a root of unity, which leaves unchanged the magnitude
| J,(e>™/™)|. That being said, when we write numerical results for (2.2.6]), we ought to
keep in mind that (for example) the right-handed trefoil knot (three over-crossings)
obeys

J(3159) =q¢ " +q P —qg =V (¢ . (2.C.10)

So, if our dataset consists of left-handed knots with polynomials derived using ,
we will write explicit evaluations of for the corresponding right-handed knots.
Interestingly, certain generalizations of the basic volume conjecture (includ-
ing the “complex volume conjecture” which involves the Chern—Simons invariant
CS(8%\ K)) are not invariant under an exchange of handedness on one side, which

means that whenever one writes something like the complex volume conjecture [113]

. L27i/n
lim 27 log J,, (K5 e*™/™)

n— 00 n

= Vol(5?\ K) + 27%CS(S° \ K) , (2.C.11)

there is actually a unique skein relation which defines J,, in such a way that (2.C.11|)

could be true. We have not seen a discussion in the literature of this point, and it

would be interesting to determine which of (2.C.4)) and (2.C.1)) is the correct choice.

We suspect the correct relation is the one which comes from Chern—Simons the-
ory, . If we were instead to use the alternate skein relation, we would need
to take the complex conjugate of the right hand side in to have a chance of
being correct.

We will explain one final issue related to normalizations. The ¢? in the argument
of Jy on the right hand side of arises because the skein relation we have
written in matches the rather non-standard choice in [106], which in turn
matches [I05]. Unlike the more standard relations discussed in [I11]; [110] that we
addressed above, has the advantage of generating a Laurent polynomial
J (K q) on links with any number of components. Therefore, it differs in detail from
the path integral ratio , which may require a change of framing to produce
a Laurent polynomial. As a consequence of these details, the relationship
should be understood up to a change of framing of the right hand side. Since we
will always consider Laurent polynomials in this work, we assume a framing where
the left hand side of is a Laurent polynomial that matches the output of the

skein relation in [IT1].
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2.D t-distributed stochastic neighbor embedding

of knot invariants

2.D.1 t-distributed stochastic neighbor embedding

t-distributed stochastic neighbor embedding (t-SNE) is a method used to visualize
higher-dimensional data in two or three dimensions [114]. It allows one to get a visual
understanding of the underlying structure of the data. t-SNE works by preserving
the distances between the data points. By centering a Gaussian over the point x;
and measuring the density of all the points j under that Gaussian, the quantity pj,
is calculated. This can be viewed as the conditional probability that ¢ would pick
J as a nearest neighbor. In the lower-dimensional space, the analogous quantity g;;
is calculated. Both of these values are symmetrized (p;; = 3(pi; + pji))- To ensure
that ¢;; accurately represents p;;, the sum of Kullback-Leibler divergences (relative

entropies) over all data points,

Pij
Dx1(pllq) = ZZ})H log - (2.D.1)

i j#

is minimized. Thus, the minimization of this quantity with respect to ¢ determines
a map from the high dimensional space to the lower dimensional space, which can
then be used to project the input. An important parameter which we vary in our
application is the perplexity, which quantifies the width of the Gaussians around
each data point in terms of the local data point density. Greater perplexity roughly
corresponds to considering more points as “neighbors”, and extends the Gaussian
widths. In this way, the t-SNE algorithm is a sort of constrained optimization of ¢,

and robust results should not depend strongly on the precise form of this constraint.

2.D.2 Volume and Chern—Simons invariant

We used t-SNE to reduce the input vector of Jones polynomial coefficients to a
two-dimensional space for visualization purposes (Figure 2.D.1)). The t-SNE anal-
ysis was performed using Python’s scikit-learn library [115]. There are two key
things to notice in this visualisation. First, the points clearly separate into clus-
ters - this indicates that there is some clustering or hidden structure that separates
knots by their Jones polynomial. While this alone could be considered an artifact
of the algorithm, we next notice that the points are colored by volume and it is
clear that similar colors tend to cluster together. The results here are fairly robust
under changes in the internal parameters of the algorithm, like the perplexity, which

indicates that the clustering effects we see really do exist in our data.
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Figure 2.D.1: t-SNE plot of 2000 Jones polynomials, colored by volume (default perplexity
of 30).

We emphasize that, even though LRP played the largest role in our analysis
of the neural network, t-SNE is a purely data-driven technique which is extremely
useful for building intuition about which quantities may be machine learnable from
others. For instance, Figure demonstrates noticeable clustering, while Fig-
ure does not. This is evidence that the hyperbolic volume may be machine
learnable from the Jones polynomials, while the Chern-Simons invariant may not
be. Indeed, this intuition is confirmed in our experiments: none of the neural net-
works we employed in this work were able to reliably predict the Chern—Simons

invariant of a knot from its Jones polynomial.

As a more general lesson, through the creation of plots like Figures[2.D.T]and[2.D.2],

we can visualize data without any choice of learning framework. This technique may

have promising applications in other areas of experimental mathematics or physics-
inspired data science where machine learning sometimes involves prohibitively large
computational resources. In those cases, t-SNE could be used to quickly iterate
through hypotheses about correlations in the dataset without running a full learn-

ing algorithm.

2.E Other experiments

In this appendix, we state the results of a number of mathematical experiments. In
applying artificial intelligence to problems in theoretical physics and mathematics,

there is no a priori understanding of what features are machine learnable. The
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Figure 2.D.2: t-SNE plot of 2000 Jones polynomials, colored by Chern—Simons invariant
(default perplexity of 30).

problems for which machine learning provides a useful prediction are often discov-
ered by trial and error. Having isolated such an instance in connecting the Jones
polynomial with the hyperbolic volume, we believe it is useful to publicize variations

on this central theme.

We as well note some of the less successful experiments among our investigations.
When reverse engineering a neural network to obtain analytic results, we expect
failed experiments to also guide us. As reported in [74] and in Appendix m
the fact that the volume of the knot complement and the Chern—Simons invariant
appear on an equal footing in the generalized volume conjecture but only the
former is machine learnable from J5(K; ¢) using a simple neural network architecture
is particularly striking and perhaps worth highlighting again. It should also be noted
that using evaluations of Jy(K; q) at complex phases, we were unable to predict the

Chern—Simons invariant.

2.E.1 The HOMFLY-PT and Khovanov polynomials

The HOMFLY-PT polynomial P(K;a,z) [116; 117] is a two variable knot invari-
ant that generalizes both the Alexander polynomial A(K;q) [118] and the Jones
polynomial Jo(K;¢q). In particular,

A(K;q) = P(K; 1,42 =q7'%) . h(K;q) = P(K;q7 ' ¢ = ¢7%) . (2E.1)
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We have seen in Appendix that the Khovanov polynomial Kh(K;t,q) [105]
106] is another such two variable polynomial invariant with the property that

_ Kh(K;-1,q)
gt qt
Using a similar architecture to what is quoted in Appendix [2.A] we machine learn
the volume from the HOMFLY-PT polynomial to an accuracy of 93.9% from the
full dataset of knots up to 15 crossings. The Khovanov polynomial predicts the

Jo(K; q°) : (2.E.2)

volume of the knot complement to an accuracy of 97.2% from a partial dataset of
196, 002 knots up to 15 crossings. In both experiments, we use 10% of the dataset for
training. The input is a flattened matrix of coefficients appearing in the polynomials
where the dimensions of the matrix are determined by the difference between the
maximum and minimum degrees of the polynomials in each of the two variables. We
notice that though the HOMFLY-PT polynomial contains more information about
the knot than the Jones polynomial, it performs significantly worse when used as

the input in a two hidden layer neural network.

2.E.2 Representations of Jy(K;q)

In [74], the Jones polynomial was faithfully represented as a vector. The first two
terms of the input vector are the minimum and maximum degree of the polynomial,
and the subsequent entries are the coefficients in the polynomial, padded to the
right with zeros to form an 18-vector for knots up to 15 crossings and a 19-vector
for knots up to 16 crossings. If we represent the Jones polynomial, again faithfully,
as a sparse vector in a long representation whose length is determined by the differ-
ence between the maximum and minimum degrees of all polynomials in the dataset,

the performance is unchanged.

Surprisingly, unfaithful representations of the Jones polynomial perform almost
as well. If we eliminate the degrees from the vector and simply train on the co-
efficients (that is to say, dimensions of particular Khovonov homology groups that
differ for the various inputs), the mean absolute error increases only slightly, from
2.65% to 2.75%. If the input vector sorts the coefficients from smallest to largest,
the results remain largely unchanged, but if the ordering of the elements in each
vector is randomized, then the mean absolute error is 6.44%, a significant loss of
accuracy. While the ordering of the coefficients does matter (or else the randomized
vectors would perform just as well), the sorted vectors provide reasonable accuracy,
so some rearrangements are allowed. Linear combinations of the coefficients also

give an error less than 3%.

Let us drop the degrees but preserve the ordering of coefficients. This yields
16-vector inputs for knots up to 15 crossings. In Appendix 2.D] t-SNE was used
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to reduce the data to two dimensions for visualization purposes: it allowed us to
see the clustering of the inputs according to volumes. Dimensional reduction may
also be useful in determining how the neural network learns the volume. Principal
component analysis (PCA) is used as a method to reduce the dimension of the data
(length 16 to length 4). With this reduced input, the error grows to 2.80%.

Extending Dunfield’s initial observation [72] that for alternating knots log |Jo(K; —1)| o<
Vol(S? \ K), we consider the Taylor expansion of J,(K;e™~®). For instance, for
the figure-eight knot 4;, we have

Jo(d59) = ¢ P—q¢ ' +1—q+q, (2.E.3)
| 107% ,  34x*
Jo(4y; -0y = 5 27: x2+4—7|rx4+... . (2.E.4)

We adopt the convention of dropping factors of ¢ and m and write the first five
coefficients as a vector; this is (5,0, —5,0,1.417) in the example 4;. Using a dataset
of 10,000 alternating knots between 11 and 15 crossings, the error in the neural
network prediction of the volume was 6.5%, and the performance was particularly
poor at low volumes. Interesting, training on the first coefficient alone, i.e., training

on just Jo(K; —1) yields superior performance.

2.E.3 Small networks

In this experiment, we trained a neural network with one hidden layer, five neurons
wide, using the relevant roots from the r = 8 row of Table [2.1] as input. Since
Jo(K;—1) is always real, the input vector is also of length 5. There are 36 pa-
rameters to be optimized: 25 from the 5 x 5 weight matrix after the input layer,
5 from the bias vector added to the input layer, 5 from the weight vector between
the hidden layer and the output layer, and 1 for the bias added before the output
layer. Averaged over 100 training runs on the same dataset, the network achieved
an error of 5.68%. The large standard deviation on the bias vectors (Figure [2.E.1
right) suggests that the bias vectors may be irrelevant in the function that the neural
network is learning. Indeed, setting all five elements of the bias vector to zero does
not significantly impact the performance of the network. Although three of the five
eigenvalues are zero in Figure 2.E.1| (left), the performance is significantly worsened

when fewer than five neurons are used.

The fact that such a simple neural network was able to perform so well is evi-
dence that a simple analytic function exists between the Jones polynomial and the
hyperbolic volume. The initial intention of this experiment was to write out the
function learnt by the neural network and use it to develop a simple analytic func-

tion. However, the number of parameters (which is after zeroing out the bias vector
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10 4

Figure 2.E.1: (Left) Eigenvalues of the matrix (W7)”7 W7, with W) being the weight matrix
of the first layer, averaged over 100 runs. (Right) The bias vector by of the first layer,

averaged over 100 runs. Error bars mark standard deviations.

in the first layer) as well as the application of the activation function made the

neural network difficult to interpret, despite its relatively small size.

2.E.4 Symbolic regression

In [I19], a combination of deep learning and symbolic regression is used to discover
analytic expressions. A deep learning model, such as a Graph Neural Network,
is trained on available data. Symbolic expressions are then fitted to the functions
learned by the model. The software PySR [120] automates this process. We used PySR
to look for functions of the form V (K) = f(|Jo(K; e3™/4)]), allowing the search to use
all functions provided in the package. The best fit predicts the volumes to 96.56%
accuracy. While the precise formula is unenlightening, it does include a logarithm
of Jo(K;e*™/*), which reassures us that the formulas proposed in Section are

reasonable ansatze.
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Chapter 3

Learning knot invariants across

dimensions

We use deep neural networks to machine learn correlations between knot invari-
ants in various dimensions. The three-dimensional invariant of interest is the Jones
polynomial J(gq), and the four-dimensional invariants are the Khovanov polynomial
Kh(g,t), smooth slice genus g, and Rasmussen’s s-invariant. We find that a two-
layer feed-forward neural network can predict s from Kh(g, —¢~*) with greater than
99% accuracy. A theoretical explanation for this performance exists in knot theory
via the now disproven knight move conjecture, which is obeyed by all knots in our
dataset. More surprisingly, we find similar performance for the prediction of s from
Kh(q, —¢~2), which suggests a novel relationship between the Khovanov and Lee
homology theories of a knot. The network predicts g from Kh(g,t) with similarly
high accuracy, and we discuss the extent to which the machine is learning s as op-
posed to g, since there is a general inequality |s| < 2g. The Jones polynomial, as
a three-dimensional invariant, is not obviously related to s or g, but the network
achieves greater than 95% accuracy in predicting either from J(gq). Moreover, sim-
ilar accuracy can be achieved by evaluating J(q) at roots of unity. This suggests a
relationship with SU(2) Chern—Simons theory, and we review the gauge theory con-
struction of Khovanov homology which may be relevant for explaining the network’s

performance.

3.1 Introduction

Knots and linkdl] are defined most naturally as embeddings of disjoint circles S* in a
three-dimensional ambient space, often taken to be S® or R3. However, the numer-

ous isotopy invariants associated with a knot may be more appropriately defined in

'In this work, we will focus mostly on knots, though much of the discussion to follow will apply

to links as well.
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two, three, or four dimensions.ﬂ While a completely dimension independent theory
of knots and their invariants is currently out of reach, progress has been made in

relating invariants which are naively defined in different dimensions.

Perhaps the most famous example of such a relationship involves the Jones poly-
nomial J(q) of a knot, which is a Laurent polynomial in ¢ with integer coefficients.
The original definition by Jones [40; 67] is intrinsically two-dimensional, as J(q)
is computed by the trace in a Hecke algebra of a braid representative, which is a
two-dimensional projection of the knot (a knot diagram) that has been cut open.
However, soon after, Witten discovered [51] that the evaluation of J(q) at a specific
root of unity, ¢ = €>™/*+2) is equal to the appropriately normalized expectation
value of a fundamental representation Wilson loop operator along the knot in three-
dimensional Chern—Simons gauge theory on S® with gauge group SU(2) and integer
coupling constant k. This intrinsically three-dimensional perspective on J(q) led to
a deeper understanding of various objects in both knot theory and quantum field
theory, and in some sense the problem of finding this three-dimensional perspective

in the first place was one of the greatest mysteries about the Jones polynomial.ﬁ

In a later development, Khovanov showed [105] that J(¢) may be categorified.
What this means is that there exists a Z x Z-graded homology theory H(L), known as
Khovanov homology, associated to a link L, for which the graded Euler characteristic

is J(q). More precisely, there is a finite decomposition

H(L)=EPH™"(L), (3.1.1)

where H™"(L) are vector spaces over Q[ with m € Z and n € 2Z + |L|, where |L|

denotes the number of components in L. Then J(q) is given by

(q+q DI = D dmH™"(L)(-1)"q". (3.1.2)

H’"l,n (’L)#O

The original definition of (L), as explained succinctly in [106], is again intrinsically
two-dimensional. Just as with J(q), H(L) is computed using a two-dimensional pro-
jection of the link, and the main technical challenge in [I05] is to show that it is

actually an invariant (i.e., independent of the chosen projection).

2Examples of invariants for each of these dimensions are crossing number, hyperbolic volume,
and smooth slice genus, respectively. There are also physics inspired invariants which are naturally

defined in five or six dimensions, some of which will be important for our discussion.
3Indeed, Witten wrote [51] that “the challenge of the knot polynomials has been to... learn

what it is that is three dimensional about two dimensional conformal field theory.”
4Khovanov homology may be defined more generally over other rings and fields. Indeed, Kho-

vanov’s original definition was over the ring Z[c|, where ¢ has degree two.
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Despite its two-dimensional definition in [105], there are intimations that H (L)
has a higher-dimensional interpretation, just as J(q) does. One of the most direct
hints appears in the work of Rasmussen [121], who showed that for a knot K the
homology H(K) contains enough information to extract an even integer s (the aptly
named “s-invariant” of K') whose magnitude supplies a lower bound for the smooth
slice genus g¢:

|s(K)| <2g(K). (3.1.3)

The smooth slice genus of a knot K is the least integer g such that there exists a
smoothly embedded orientable surface ¥ C D* with K = 0¥ Cc dD* = S3. In this
case Y is called a slice surface for the knot K, and due to the fact that slice sur-
faces are embedded in the disk D*, the invariant g is intrinsically four-dimensional.
More generally, linear transformations between H(L) and H(L') can be associated
with link cobordisms: properly embedded orientable surfaces ¥ C S® x I with
0¥ = LUL c S x dI. Upon concatenating cobordisms, the associated linear
transformations simply compose. (Rasmussen’s arguments make use of the fact that
a punctured slice surface for L can be viewed as a cobordism between L and the
unknot.) This strongly suggests that H(L) has another definition which is natural
in four or higher dimensions. Such a definition was proposed by Witten [122], who
constructed a candidate for H(L) as the Hilbert space of a certain five-dimensional

gauge theoryE]

While the Jones polynomial is a success story of the general program of freeing
invariants from their dimension dependent definitions, the situation with Khovanov
homology, the s-invariant, and the slice genus remains unclear. In particular, the
connection between H(L) and s described by Rasmussen is not entirely geometric,
which makes it difficult to assign a particular dimension to the definition of s even
if we assume H(L) is a natural four- or five-dimensional invariant. It is therefore
worthwhile to understand what relationships, if any, exist beyond the obvious ones
between J(q), H(L), s, and g. In addition to uncovering new structure in physics,
finding different perspectives on these objects could also be helpful in addressing
important questions in pure mathematics. One such outstanding question is the
smooth four-dimensional Poincaré conjecture (SPC4), which asserts that any man-
ifold that is homotopy equivalent to S* is also diffeomorphic to S*. Because ([3.1.3))
informs us that g must be positive whenever s # 0, [125] develops a strategy for con-
structing exotic four-spheres. Techniques for producing potential counterexamples

to SPC4 are also proposed in [48], which rely on showing that certain topologically

5Actually, the five-dimensional theory in question is not ultraviolet complete. This fact is
discussed at length in [122], and a more powerful formulation in six dimensions is proposed. There
are also other physics-based proposals for Khovanov homology [71} 123} 124], but we will focus on

the approach described in [122].

69



slice knots are smoothly slice.ﬁ

A powerful method for establishing relationships between knot invariants has
emerged recently in the form of deep neural networks [81; [74]. The rough idea is
to use a dataset to train a universal function approximator to predict one knot in-
variant from another. Such techniques have been applied fruitfully in knot theory
due to the enormous amount of data available on knot invariants, and more gen-
eral machine learning explorations have yielded new perspectives on the unknotting
problem [82] and the volume conjecture [2] [

The purpose of this chapter is to employ these deep neural network techniques
to extract subtle correlations between J(q), H(L), s, and g, with the broader goal
of understanding the properties of each invariant that are surprising from a dimen-
sional perspective. We find strong correlation between properties of H(L) and s,
partially explained by the so-called knight move conjecture in knot theory.ﬂ Another
correlation points toward a novel relationship between a specialization of Khovanov
homology and the s-invariant, similar to (but distinct from) the standard passage
through Lee homology [12I]. Perhaps more surprisingly, we discover large corre-
lation between J(g) or evaluations at roots of unity of J(g) and the invariants s
and g. We do not know of a conjecture in knot theory which would explain this,
and the physical picture is also unclear. We may phrase this issue as a question,

following [51]: what is it that is four-dimensional about the Jones polynomialﬂ

Four sections follow. In Section [3.2] we review the two-dimensional construction
of Khovanov homology and Rasmussen’s construction of the s-invariant through
Lee homology. This will aid our analysis of the mysterious correlation between an
unusual specialization of H(L) and s. In Section , we briefly review the gauge
theoretic ideas of [51}; [122] which are relevant for our speculations concerning what

6If ¥ is a locally flat disk properly embedded in D? it is called a topologically slice disk, and
K = 0% C OD* is a topologically slice knot. A knot is smoothly slice when its slice genus is zero.
"One of the main surprises in [74; 2] is that a form of the volume conjecture holds approximately

for many knots even for the fundamental representation Jones polynomial. The results of [74}
2] could have been partially anticipated from the analytically continued Chern—Simons theory
by physicists familiar with the main ideas of [76]. By contrast, we do not know of a physical
explanation for the results we find here, even with the apparently most relevant work [122] in

mind. We will comment further on this issue later.
8Concurrent with this chapter, machine learning methods were applied to motivate a theorem

relating the signature, slope, injectivity radius, and volume of hyperbolic knots [126} [127].
9Although a counterexample to the knight move conjecture is presented in [128], the statement

holds for knots quite broadly and can in fact be proven for certain classes of knots.
10 Anticipated in [76; 129], discussed in [122], and explained in greater detail in [130], there is a

clear sense in which J(q) is the result of a four-dimensional gauge theory calculation. But, as we

will discuss, this statement alone does not explain our findings.
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higher dimensional information is contained in the Jones polynomial. In Section [3.4]
we recall some standard facts about neural networks and give an overview of our
experiments and results in extracting correlations among knot invariants. We con-
clude in Section with a discussion and speculate on the possible knot and gauge

theoretic explanations of our results.

3.2 Khovanov homology and the s-invariant

3.2.1 Khovanov homology

In what follows, let D be a diagram of the link L. Then each crossing of D can
be smoothed in one of two different ways, which we call the 0— and 1-smoothings,
respectively (see Figure . Suppose that D has n, positive crossings and n_
negative crossings and that we fix an ordering on the combined set of n =ny +n_
crossings. Then for for each vertex v € {0,1}" of the n—dimensional cube [0, 1]"
we define a total smoothing D, by applying the smoothing specified by the k-th
coordinate of v to the k-th crossing of D. After applying these smoothings the
resulting diagram D, will be a family of disjoint embedded circles in the plane of
projection. Define s(v) to be the number of connected components of D,, and
let r(v) denote the sum of the components of v, i.e., the number of 1-smoothings
performed on D to obtain D,. Now let V' be a graded QQ—vector space with basis
{vy,v_}, where deg v, = 1 and deg v_ = —1. For each total smoothing D, define
the vector space V,, = VO L (v)4n, —2n_}. Here, we let W{k} denote the graded
vector space obtained by shifting the gradings of elements of W by k. Moreover, to
each component of D, we associate one of the tensor product factors of V,, via some

one-to-one correspondence.

0-smoothing 1-smoothing

Figure 3.2.1: Two smoothings of a crossing.

Now, suppose that v = {vy,...,v,} and v' = {v}, ... v} are vertices in {0,1}"
that agree in all but their j-th coordinates, where v; = 0, v; = 1, and v; = v] for
1 # j. It follows then that the sequences of smoothings used to obtain D, and
D, differ only at the j-th crossing. If e is the edge of the cube [0, 1] connecting
v and v’, then we associate an edge map ¢, : V, — V, to e as follows. First, if

changing the smoothing performed at the j-th crossing from a O-smoothing to a
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1-smoothing results in a pair of circles of D, merging into a single circle, then on

the corresponding tensor product factors of V,, we define the map ¢, as

vo®@v_o—=0, Vi@ Vy vy, (3.2.1)
VoR®Vy =V, ViQ@V_—>vVv_.

On the other hand, if changing the smoothing performed at the j-th crossing from
a 0-smoothing to a 1-smoothing corresponds to a single circle of D, splitting into

two circles, then we define (. on the associated tensor product factors of V, as
Vo V_oRV_, Vi Vi QV_o+V_QV,. (3.2.2)

The map ¢, is then defined to be the identity map on the unaffected tensor product
factors of V,. Defined in this way, it is not difficult to show that the maps ¢,
commute around any 2—-dimensional face of the cube [0, 1]".

We can now define the Khovanov chain complex C(D) = (C*(D), d*) associated

to the diagram D, with chain groups

ckDy= @ V., (3.2.3)

r(v)=k+n_

and differential d* : C¥(D) — C**1(D) given by
d* =) ep.. (3.2.4)

The sum in is taken over all edges joining pairs of vertices v and o', with
r(v) = k+n_ and r(v') = r(v) + 1, and the signs €, € {—1, 1} are chosen so that
the squares of the resulting differentials are zero (such a choice of the €, is always
possible). Elements of C*(D) inherit a grading from the vertex vector spaces V,,
which we refer to as the quantum grading, and we define the homological grading of
an element of C*(D) to be k. It can then be checked that the differentials d* preserve
the quantum grading of elements of C*(D), but increase their homological grading
by 1. The homology H(L) of the resulting chain complex C(D) = (C*(D),d") is
therefore bigraded, with gradings induced by the homological and quantum gradings
on C(D). This homology H(L), called the Khovanov homology of L, was first defined
in [I05], where Khovanov showed that up to bigrading-preserving isomorphism it
only depends on the underlying isotopy class of the link L. For a knot K the
homological grading of H(K') takes values in Z, while the quantum grading values
are all odd integers. It is often convenient to express the Khovanov homology of a
knot or link in terms of its Poincaré series, which is a Laurent polynomial defined
by

Kh(L;q,t) = Zdim(%i’j(L))tiqj : (3.2.5)

i\j

where H" (L) denotes the subspace of H (L) consisting of all elements with homo-
logical grading equal to i and quantum grading equal to j. We refer to Kh(L; g, t)

as the Khovanov polynomial of L.
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3.2.2 Lee homology and Rasmussen’s s-invariant

In [I31], Lee defined a modification of this homology theory, by constructing a chain
complex with the same chain groups C*(D) as Khovanov’s original theory, but with
modified edge maps ¢!, : V,, = V,». When the edge e corresponds to the merging of

two circles the map ¢/, is defined on the affected tensor product factors as

Vo QR Vo>V, Vi@ Vi = vy, (3.2.6)
Vo ®Vyt—=>vVv_, Vi@V_or>v_. o
When e corresponds to a circle being split, the edge map ¢/, is defined by
Vo V_oRV_+ V@V, Vi Vi QV_o+V_QV,. (3.2.7)

Notice now that the resulting differential d¥_. : C*(D) — C**(D) is no longer
grading-preserving, but is still non-decreasing in the quantum grading. As a result

of this, we can define a filtration on C*(D), which is a nested sequence of subspaces

{0} = F"C*(D) C F*'C*(D) C ... C F"C*(D) = C*(D), (3.2.8)

where FIC*(D) is defined to be the space of all elements of C*(D) with quantum
grading greater than or equal to j. Note then that df (F/C*(D)) C F/C* (D)
for all j and k, and hence we obtain a filtered chain complex Cre.(D) = (C*(D), d¥ ).

The filtration on Cre.(D) gives rise to a spectral sequence, whose E' page is
the ordinary Khovanov homology H(L), and whose E> page gives the homology
Hiee(L) of the chain complex Creo(D). Lee [131] showed that for a knot K, the ho-
mology Hiee(K) is isomorphic to Q@ Q. Rasmussen [121] then proved that these Q-
summands both have homological grading zero, and have quantum gradings s=+1 for

some s € 27. This s is an invariant of the knot K, called the Rasmussen s-invariant.

The Lee spectral sequence gives rise to the following important corollary: for

any knot K, the Khovanov polynomial can be factored as

Kh(K;q,t) = ¢’ (q+q ") + D falg, )(1 + tg*) (3.2.9)

>1

for some Laurent polynomials foy € N[g™t, t*1] with positive coefficients, where s is
the Rasmussen s-invariant of the knot. The so-called knight move conjecture posits
that for(q,t) = 0 for all £ > 1. Although the conjecture is known to be false —
Manolescu and Marengon [I12§] present a counterexample by way of a diagram with

38 crossings — it is known to hold for alternating [132] and quasi-alternating [133]
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knots, knots with unknotting number less than or equal to two [134], and homolog-
ically thin knots [121][1]

In the case of homologically thin knots implies that the Khovanov ho-
mology is entirely determined by the Jones polynomial and the s-invariant. Lee
proved that alternating knots are homologically thin, and Rasmussen showed that
for alternating knots the s-invariant is equal to the classical signature o. Hence the
Khovanov homology of alternating knots is entirely determined by the signature o

and Jones polynomial J(q).

3.2.3 Rasmussen’s s-invariant and the slice genus

In addition to proving that s is a knot invariant, Rasmussen also showed that it
provides the lower bound on the slice genus of a knot given in . To see why
this is, let ¥ C S® x I be a smoothly embedded surface with 0% = L LU L', where
L C $3x {0} and L' C 5% x {1} are both links. After a small perturbation of 3, we
may assume that the projection map h : S3 x I — I restricts to a Morse function
hls : ¥ — I. Let Ly := h|5'(t) = SN (S® x {t}) for all t € I. Then L; will be a non-
singular link embedded in S x {t} for all but finitely many ¢ € I, which correspond
to the critical points of the Morse function h|y. Furthermore, if we select a projection
map 7 : S? — S?, then 7 induces a projection map m; : S® x {t} — S? for all t € I.
After another small perturbation we may assume that D, := m;(L;) is a regular link
diagram of L, in S? for all but finitely many points 0 < t; <ty < -+ < t,, < 1.

Starting at ¢t = 0 and moving up, we see that between any two values ¢; and
tiy1 the diagram D, changes only by isotopy in S?. When passing any t; value, the

diagram D, changes in one of the following ways:
1. By applying a single Reidemeister move to the diagram D;.

2. By adding a small circle that is disjoint from the rest of the diagram (corre-

sponding to a local minimum of the Morse function hly).

3. By removing a small circle that is disjoint from the rest of the diagram (cor-

responding to a local maximum of the Morse function Aly).

4. By performing a saddle surgery to to the diagram (corresponding to a saddle

point of the Morse function hly).

HHomologically thin knots are knots K for which all nontrivial Khovanov groups H*/ (K) satisfy
j—2i € {n—1,n+ 1} for some integer n. In fact, for such knots j — 2i = s + 1, where s is the

Rasmussen s-invariant.
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Then by setting s = 0, s,, = 1, and selecting points sq,...,S,,_1 which sat-
isfy t, < sp < try1, we may cut X at each of the heights s, thereby splitting 3
into a union of elementary cobordisms ¥ = ¥; U ¥y U --- U 3,,, where each ¥;
contains precisely one of the singular points ¢;. Note that for each £ the bound-
UL
map ¢k : Hree(Ls,_ ;) = Hree(Ls,) on the Lee homology of its boundary compo-

ary of Y splits as 0% = L and to each X Rasmussen associates a

Sk—1 Sk

nents. Each of these maps is an isomorphism, and to the full cobordism > Ras-

mussen defines an isomorphism ¢s, : Hree(L) = Hree(L') given by the composition

Pz = Pm 00 P20 1.

Although each ¢ is an isomorphism, they behave differently with respect to
the induced filtration on their respective Lee homology. When the singular level ¢
the

map ¢ is a filtered map of degree zero. On the other hand, when ¢, corresponds

corresponds to performing a single Reidemeister move on the diagram Dj, |,

to adding or removing a small circle to the diagram D the map ¢y, is a filtered

ko1
map of degree one. Finally, ¢, will be filtered of degree —1 whenever ¢ corresponds
to performing a saddle surgery on the diagram. It follows then that the map ¢y
will be filtered of degree v — e = x(X), where v is the number of local maximum
and minimum points in X, e is the number of saddle points, and x(X) is the Euler

characteristic of X.

Suppose now that K C S% is a knot, and that I is a slice surface for K of genus
gr. In other words, F is a compact oriented surface, smoothly embedded in D?,
with OF = K. By removing a disk from F', we obtain a cobordism ¥ between K
and the unknot, which induces a filtered map ¢x of degree x(X) = x(F) — 1 =
—2gr. However, as Hie(K) = Q @ Q is supported at quantum gradings s + 1,
while Hieo(O) = Q @ Q is supported at quantum gradings +1, it follows that
degree(¢y) = —2gr < —s. By repeating the same calculation with the mirror image
of K (and observing that taking them mirror image of a knot changes the s-invariant

by a sign), we obtain the bound in ((3.1.3)).

3.3 (Gauge theory and knot invariants

There are well-known gauge theory constructions for some of the knot invariants
under consideration, and it will be useful for us to review them. To begin, we
discuss the three-dimensional Chern-Simons [51] and four-dimensional super-Yang-
Mills [129; 130; 122] pictures of J(gq). We also briefly review the five- and six-
dimensional pictures of H(L) from [122].
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3.3.1 3d Chern—Simons theory

Let us recall how the Jones polynomial arises in Chern-Simons theory [51]. The

Chern—Simons action is

Scs(A) = 411/ tr(ANdA+ A/\A/\A) (3.3.1)

where M is a three manifold and the one-form A is a g valued connection, with g the
Lie algebra of the gauge group G. The Chern—Simons level k is integer quantized to
ensure single valuedness of ¢*°cs under large gauge transformations. Chern-Simons
theory is a topological quantum field theory, meaning that correlation functions are

independent of the metric on M. The operators of interest are Wilson loops:

Un(7) = trn P exp ( }'{ A) | (3.3.2)

where R identifies a representation of the gauge group G and P denotes path order-
ing. Taking M to be S3, v to be a knot K embedded as S' C S?, and G = SU(2),
the colored Jones polynomial is the unknot normalized vacuum expectation value of

the Wilson loop operator:

K. g = 2rifter2yy _ (Un(K))
where
_ l etSas(4) iScs(A)
(Un(K)) Z/U[DA] Un(K) , Z = /U[DA] , (3.34)

and n labels the n-dimensional irreducible representation of SU(2). The path inte-
grals are taken over the space U of su(2) connections modulo gauge transformations.
The shift k£ — k+2 in the definition of ¢ in accounts for one loop corrections
to the path integral. (The 2 is the dual Coxeter number of SU(2).) The Jones poly-
nomial J(q) = Jo(K;q) corresponds to working in the fundamental representation
of SU(2).

The Chern—Simons path integral gives a manifestly three-dimensional definition
for evaluations of J(q). However, it does not explain at least two very basic facts
about J(q) which are obvious from the original two-dimensional definition. The path
integral does not explain why the Jones polynomial should be a polynomial in the
first place, and also why it should have integer coefficients. The second of these is
perhaps the deeper issue, and it is addressed by Khovanov homology. In Khovanov
homology, the coefficients of J(q) are interpreted as (graded) dimensions of homology
groups, as in . However, to understand the appearance of Khovanov homology
in gauge theory, following [122], we must venture beyond Chern—Simons theory.lT_ZI

121t is not actually proven in [I22] that the construction described there coincides with Khovanov

homology. This point will not concern us in this work. We will continue to describe the homology
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3.3.2 4d N = 4 super-Yang—Mills

The first step in constructing Khovanov homology from gauge theory is rewriting
the Chern—Simons path integral on M as a four-dimensional path integral in (a
twisted version of) N' = 4 super-Yang-Mills theory on a manifold with boundary
V = M x R,. This construction originated in a study of integration cycles in quan-
tum mechanics and Chern—Simons theory [76;[129], as the equivalence can sometimes
necessitate considering Chern—Simons theory with a rather exotic integration cycle.
As the two path integrals are equal, the N' = 4 path integral will produce the Jones
polynomial J(q) [130].

The details of the construction will not be so important for us, but it will be
useful to understand both what the computation entails as well as just what the
variable ¢ represents in the four-dimensional language. In a certain sense, this will
tell us something about the Jones polynomial which is intrinsically four-dimensional.
In the N' = 4 SO(3) gauge theory, there is a theta anglelﬂ multiplying the following
term in the action:

9\/

SN=1 2 G

/ P Tr F,, Fop, (3.3.5)
%4

where the trace is taken in the adjoint representation and kY = 1 is the dual Cox-
eter number of SO(3). This term is topological in nature, and counts the “instanton
number” of a classical solution to the N = 4 field equations. If the instanton num-
ber of a solution is n, the saddle point contribution to the A/ = 4 path integral
from (3.3.5)) is e—mev The Jones polynomial is supposed to be computed by sum-
ming over certain supersymmetric field configurations in the twisted N' = 4 theory,
and this accounts for the full path integral (up to a ratio of one-loop determinants)
due to a supersymmetric localization. The ratio of determinants has unit magnitude
by supersymmetry, and its sign is determined by the fermion component. As these

sums of exponentials are supposed to reproduce the Jones polynomial, the variable

theory constructed in [I122] as Khovanov homology, and it is enough for us that [122] constructs
some kind of enhanced Floer-like homology theory which has the Jones polynomial as its graded

Euler characteristic.
13Following [122], we denote this angle by 6V, as it appears in a gauge theory with gauge group

GV that is Langlands or GNO dual to the original Chern—Simons gauge group G. For the Jones
polynomial, which arises for Chern—Simons gauge group SU(2), the dual group is GV = SO(3),

though in this case the Lie algebras coincide.
14We are pretending that the result of the instanton number integral is an integer, but this may

not be strictly true. It depends on the boundary conditions on M x R, among other subtle points
such as a framing of the spin bundle; see Section 3.5 of [122] for a detailed discussion. The gauge
group itself can also play a role, and the fact that SO(3) is not simply connected means that we

at least have n € Z/4 4+ 6 where ¢ depends on the boundary conditions.
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g must be simply the weight of the topological term in the path integral:
q = exp(—if"). (3.3.6)

This gives us some geometric intuition for how evaluations of the Jones poly-
nomial can carry four-dimensional information. The quantity J(e=*") is the result
of the N' = 4 path integral. This still has not told us how to produce Khovanov

homology, however. For that, we need yet another dimension.

3.3.3 5d maximal super-Yang—Mills

To get Khovanov homology, we must consider a five-dimensional theory. This is mo-
tivated by an idea which is suggested by the form of : the Jones polynomial
should be produced by the graded trace in some vector space. Such graded trace
interpretations of path integrals arise when there is an S! factor of the manifold and
the Hilbert space of the Cauchy surface is the vector space in question. As the Jones
polynomial was obtained previously as a sum over solutions of four-dimensional su-
persymmetric equations which are essentially the time-independent versions of the
lifted five-dimensional equations, we interpret these solutions as approximate super-

symmetric ground states of the five-dimensional theory.

The theory in question ought to reduce at low energies to the twisted N = 4
theory we had previously, which means we are considering 5d maximally supersym-
metric Yang—Mills theory on S x M x R,. Due to various issues discussed in [122],
taking M = R? is the appropriate choice to produce something like Khovanov ho-
mology. The topological supercharge @ from the A/ = 4 theory remains a symmetry,
and has an action on the Hilbert space of the five-dimensional theory. The candidate
for H(K') in this construction is the cohomology of this supercharge @) acting on the
Hilbert space of the five-dimensional theory on M x R,.

The resulting H(K) is Z x Z-graded, as expected of Khovanov homology. The
“quantum grading” arises from the instanton number which we discussed in the
N = 4 context, and the “homological grading” is due to a fermion number symme-
try[] Of course, in the five-dimensional formulation, the object we call instanton
number is really an operator acting on the Hilbert space of the theory, whereas in

the previous N' = 4 description it was a term in the action.

We mentioned that the Jones polynomial is produced by a graded trace in the

space of approximate supersymmetric ground states. It is also given by the graded

15Technically, the homological grading is associated with a certain R-symmetry generator.

See [122] for a discussion of why this object is essentially a fermion number operator.
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trace in the space of exact ground states, as we have just said this is to be identified
with H(L). These computations are equal for the following reason. The space of
exact states is constructed in the usual manner of Morse homology. The unbroken
supercharge @) acts as a differential on the chain complex of critical points (ap-
proximate ground states), and the cohomology of @) yields the true space of ground
states. In physics language, this incorporates the effects of instanton corrections to
the energy levels of the approximate ground states. However, due to supersymmetry,
states can only be lifted from zero energy in boson-fermion pairs with the same in-
stanton number, which leaves the graded trace (a supersymmetric equivariant index)

unchanged.

3.3.4 6d (0,2) theory

Though it is not crucial for our discussion, we note that an ultraviolet complete
setup is provided in [122] in the form of dimensional reduction from the (appropri-
ately twisted) (0, 2) superconformal field theory in six dimensions['® This theory has
no Lagrangian description, and is known largely as the worldvolume theory of M5-
branes in M-theory. Compactifying the theory on a surface leads to the celebrated
AGT correspondence between Liouville theory on the surface and four-dimensional
N = 2 superconformal field theories [137].

To get Khovanov homology in this theory, we consider a six-manifold R, x M xR?.
The factor R? admits a U(1) action which has a fixed point at the origin, which we
call p € R% Then the proposal made in [122] is that H(K) is the cohomology of an
unbroken supercharge () acting on the Hilbert space of this theory when the Cauchy
surface is M x R?, and to obtain the result for a nontrivial knot we need a time-
independent surface operator inserted on R; x K C R; x M x p. The U(1) action
is generated by an object P which obeys [P, Q] = 0 and reduces to the instanton

number in the previously discussed five-dimensional theory.

3.3.5 Rasmussen’s s-invariant and gauge theory

We have discussed the Jones polynomial and Khovanov homology from the per-
spective of gauge theory following [122] in the interest of understanding what four-
dimensional information the Jones polynomial may contain. Previously, we have
seen that the s-invariant can often be extracted from Khovanov homology along
with the Jones polynomial, so there is at least some naive relationship between
them. We now briefly describe two attempts to construct the s-invariant in gauge

theory.

16See also [135}; [136] for the connection between the five-dimensional super-Yang-Mills theory

and the six-dimensional (0,2) theory compactified on S*.
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The first attempt to construct s in gauge theory uses instanton Floer homology.
The resulting knot invariant, s*, was defined by Kronheimer and Mrowka [I38] and
turns out not to be equal to s, but the two do share some qualitative properties.
Instanton Floer homology is related to Khovanov homology, but the two are not
exactly the same. Roughly speaking, instanton Floer homology is constructed as
the Morse homology of the space of gauge fields on a three-manifold M with the
Chern-Simons action playing the role of the Morse function['”| Critical points are
flat connections, and the gradient flow equations are the self-dual instanton equa-
tions F* = 0 of four-dimensional Yang-Mills theory on M x R. The invariant s is
then computed from instanton Floer homology in a manner very reminiscent of how
s arises from Khovanov homology, as we reviewed in Section [3.2] One constructs a
cobordism between K and the unknot, and subsequently studies the properties of
the map between instanton Floer homologies induced by this cobordism. It has been
shown that s¥ # s even for the trefoil [138], but the precise relationship between the
two quantities is unclear as their magnitudes are both lower bounds on twice the
slice genus. One fact which seems worth mentioning is that the instanton Floer ho-
mology used in [I3§] is naturally Z/ 4Z—gradedm while Khovanov homology is fully
Z-graded (arising from the fermion number in 5d super-Yang—Mills). Perhaps more
insight could be gained in this direction by considering instanton Floer homology

with gauge group SU(N) and using level-rank duality [139].

The second attempt at constructing an invariant like s from gauge theory makes
use of the techniques in [122] which we reviewed above. There was a conjecture
in knot theory which we discussed around , now known to be false in gen-
eral [12§], involving the Khovanov polynomial Kh(K; ¢, t) of a knot and Rasmussen’s
s-invariant [125] H It can be proven for homologically thin knots and states

. _ Kh(g,—¢™") _ Kh(K;q,—¢"")

grq ' KhOig,—q ) (3:87)

Indeed, the Khovanov polynomial for the unknot is independent of the variable ¢.

The expression (3.3.7) is structurally similar to (3.3.3)). In light of the observation
that Khovanov homology may have a formulation as the ground state Hilbert space

(on R? x R, with suitable operator insertions) of a five-dimensional gauge theory,

this conjecture immediately suggests a trace formula for s, at least when K is thin:

17This is certainly related to the constructions in [122], and the Morse theory perspective on

Khovanov homology is explained in Section 5.3.2 of [122].

18As reviewed in Section 5.3.2 of [122], due to the fact that the Chern—Simons action is only
well-defined on the space of gauge fields modulo gauge transformations up to multiples of 27k,
standard Floer theory is actually Z/4hZ-graded, where h is the dual Coxeter number of the gauge
group. In [I38], the gauge group is SO(3), which has h = 1.

19Ty streamline notation, where the meaning is unambiguous, we drop the label K in writing

knot polynomial invariants.
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. Zs | K; k?]) .
lim klog | =——— | = 2mis, 3.3.8
S <Z5[O; k] ( )

where Z5[K; k| is shorthand for the doubly-graded trace in the cohomology of @) in
the Hilbert space on R3 x R, with appropriate operator insertions to produce the

Khovanov polynomial of the knot K evaluated at quantum grading ¢ = 2™/ (*+2)

and homological grading t = —e~%™/(*+2) * An alternate expression for ([3.3.8]), which
physicists would call a “saddle point approximation,” iﬂ
Z5 [k] ~ e2m’s/k+log2 _ (339)

k—o0

This formula is reminiscent of the volume conjecture [69; [70; 113} [71] which ex-
presses the volume of the knot complement of a hyperbolic knot as an evaluation of
the colored Jones polynomial J,,(¢) in the large-n limit. However, unlike the volume
conjecture, involves only the n = 2 fundamental representation of SU(2) in

the associated Chern—Simons theory.

The ordinary Jones polynomial is obtained from evaluating the Khovanov poly-
nomial at the specific value t = —1, as in , and this is the point reached above
as k — 0o. Moreover, we have ¢ — 1 when k — oco. We see from this that, at least
for certain knots, the analytic structure of the Khovanov polynomial Kh(g,t) con-
tains information about s near a point where it coincides with the Jones polynomial
evaluation, namely J(1). Of course, the function J(q) only appears from Kh(g,t)
on the hypersurface t = —1, so we apparently must move off the t = —1 surface at

a particular angle set by t = —¢g~* to learn about s.

In general, the knight move conjecture can fail, and counterexamples are known
in the literature. These counterexamples have higher order terms (fa(q,t) # 0 for
some ¢ > 1) in the factorization (3.2.9)), which spoils the simple extraction of s from
gauge theory that we outlined above. From the physics perspective, the failure of the
knight move conjecture corresponds to pairs of additional supersymmetric solutions
in the path integral which have quantum numbers that differ by more than one in

fermion number or more than four in instanton number.

20We have written this formula as if the graded trace in the Hilbert space of ground states can
be also written as a path integral. For reasons described in [122], this is not exactly true. It is
true for the Jones polynomial because that is a type of index of an operator, but the most general
path integral on S' will receive contributions from states of nonzero energy. Nevertheless, due to
supersymmetric localization, there is a classical solution of the supersymmetric equations with the
appropriate quantum numbers; what we cannot say is whether this solution is unique or if there

are others which complicate the limit.
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3.4 Experiments

Machine learning, and in particular neural networks, have been employed in knot
theory to predict knot invariants like the slice genus and Ozsvath—Szabé T-invariant [81]
and the hyperbolic volume [74} 2], as well as to solve problems like the unknot recog-
nition problem [82]@ Neural networks are particularly useful when working with
large datasets, and millions of knots have been tabulated together with efficient al-
gorithms for computing their invariants. Such networks are therefore appropriate

tools to study the relationships between knot invariants.

A neural network is a function, fy(v), which approximates the relationship be-
tween input and output features, A : vy, — Vou, by adjusting its parameters 6
to recreate the assignment A as closely as possible. A single layer, finite width
neural network can approximate any well-behaved function on a compact subset of
RY [83; 84]. What is noteworthy about the neural networks we employ is that they
have relatively small architectures and achieve high accuracy when trained on small
fractions of the dataset. This suggests the underlying mathematical structures al-
low a simple analytic description. In this way, machine learning can function as a

discovery tool in mathematics and theoretical physics?

The dataset is divided into training and testing sets. The network uses the
training set to minimize a chosen loss function in the space of parameters. The
neural network is built out of n hidden layers which perform matrix multiplication
by a weight matrix, Wj", addition of a bias vector, by’, and elementwise application

of an activation function o. The network can thus be written as the function
fovin) = L2 (a( L2 (a(L;<vm))))) . LRV =W -v4bl. (34.1)

The values of the neurons in the hidden layers, after application of the activation
function, are called the activations a™ = o(Wg" - a™ ! + b7"), where a’ = v;,. The
role of the activation function is to introduce non-linearity into the network. In this
work, we use the Rectified Linear Unit (ReLU) activation function, o(x) = 20(x),
where O(z) is the Heaviside step function. The loss function, which in this work is
a cross entropy loss function appropriate to classification tasks, is minimized on the
training data using the backpropagation algorithm. The gradients of the loss func-
tion are computed for each training datum and the parameters are adjusted layer
by layer in the network. The batch size of a network defines how many data points

are used in one iteration of the algorithm, while the number of epochs determines

21 As well, [140; [141] study many of the same invariants we do from dimensionality reduction and

topological data analysis perspectives.
22For two success stories in employing machine learning techniques to discover analytic results

in mathematical physics, see [104; 2.
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how many passes the network makes through the entire training set.

In this work, we typically employ a neural network with two hidden layers, each
consisting of 100 nodes %] The networks are trained for between 50 and 100 epochs.
The training fraction ranges from 10% up to 50%. The machine learned results were
stable under adjustments to the neural network architecture. This includes adding
more layers, including more neurons per layer, including dropout layers, or using

different activation functions.

3.4.1 Data generation

Data for our experiments were generated via two independent methods: random
braid words (with special care given to tracking the slice genus) and random knots
via the petaluma model [142]. Invariants for these knots were then computed via
the KnotTheory package [86}; [143] in Mathematica and and Schiitz’s KnotJob soft-
ware [144].

By a theorem of Alexander, any knot can be represented as the closure of a braid.
Braids in turn may be represented as finite words in the letters o', o3, . .. Jot,
where n is the number of strands in the braid. Here, o; denotes the simple braid
formed by taking n parallel strands, and adding a single positive crossing between
the i-th and (i + 1)-th strands (to obtain o; ' we add a single negative crossing in-

+1 _+1 +1

stead). By forming a random sequence in the letters o7, 05", ...,0, -, and taking

the closure, we obtain a random link.

Our algorithm for generating random braid words required more care, however,
to ensure that we could compute the slice genus of a suitable number of the resulting
knots. To do this each random braid began with a randomly selected seed braid.
These seed braids were of two types: braids from the KnotInfo database [145] for
which the slice genus of the closure was known, and randomly generated quasiposi-

tive and quasinegative braids[]

Given such a seed braid word 8 whose closure has known slice genus, we then
£1 -1

randomly inserted braid words of the form ac;"'a~! into 3. Each such word we

inserted into [ either changed the slice Euler characteristic of the closure by +1 or

23These were constructed with python using TensorFlow with a Keras wrapper. We use Adam

for optimization. The essential code is quoted in Appendix
24An n-strand braid is quasipositive if it can be represented as a product of braid words of the

form ao;a™!, for some n-strand braid o (quasinegative braids are defined similarly). The slice
genus of the closure of any quasipositive or quasinegative braid can be easily computed via the

slice-Bennequin inequality [146].
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0, depending on the strands involved. Together with the slice genus of the seed braid
[, the number of braid words inserted into 3 allowed us to obtain upper and lower
bounds on the slice genus of the resulting knot. These bounds were then combined
with slice genus bounds obtained from invariants computed using the KnotTheory
and KnotJob software packages, allowing us to exactly pinpoint the slice genus of
many of the knots we produced. Finally, we then applied a sequence of random

Markov moves to the braids we obtain to further randomize the dataset.

A smaller, independent dataset was also generated using random petal permu-
tations. Indeed, Adams et al. [147] proved that every knot can be represented via a
petal diagram, and that such diagrams can be represented by a permutation of the
integers {1,2,...,2n + 1} for some n. By sampling random permutations we thus
obtained an independent set of random knots, which we again computed invariants
for using the KnotTheory and KnotJob software packages. In the case of knots ob-
tained via random petal permutations, we have less information regarding the slice
genus, however, and hence these knots were excluded from experiments involving

the slice genus.

3.4.2 What does the data look like?

Our dataset includes the Khovanov polynomials, Jones polynomials, Rasmussen s-
invariants, and signatures of 535239 knots. We also know the slice genus of 82% of
these knots (438295 knots). The relationship in (3.1.3)) is known to be saturated for
414615 of the knots. The relationship

s(K) =0(K), (3.4.2)

where o is the signature of the knot, is true for 96.49% (516450) of the knots. These

relationships are summarized in Figure [3.4.1]

As discussed in Section [3.2.2] the Khovanov homology of alternating knots is
completely determined by classical invariants (the Jones polynomial J(¢) and signa-
ture o) "] While Howie [I149] and Greene [I50] both gave topological characteriza-
tions of alternating knots, the resulting algorithms for identifying alternating knots
are not practical to implement on our dataset. We thus content ourselves with using
the Jones and Alexander polynomials, as well as the signature and s-invariant to
obstruct knots in our dataset from being alternating. By identifying knots whose

Jones or Alexander polynomials are not alternating’%| along with knots for which

25Tt is natural to ask to what extent the Jones polynomial determines the signature of a knot.
While there are knots with the same Jones polynomial and different signature, it is a folklore result

that the Jones polynomial determines the signature mod 4. See, for instance, [148].
26 Alternating knots are known to have Jones and Alexander polynomials which are alternating,

meaning that coefficients of terms with consecutive powers alternate sign.
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Figure 3.4.1: Relationships between knot invariants in the dataset. There are a total of
535239 knots, 438295 knots with known slice genus, 414615 knots where (3.1.3]) is known
to be saturated, and 497099 knots satisfying (3.4.2). As an example, the number 2032

represents the number of knots where we know the slice genus, but where (3.1.3]) and (3.4.2))

are not satisfied.

o # s, we identified 117510 knots which are not alternating (approximately 21.1%
of the total dataset). As none of these conditions are sufficient to imply that a knot

is alternating, the remaining knots in our dataset may or may not be alternating.

3.4.3 Khovanov polynomials

In this section, we use the neural network architecture described above to learn the
s-invariant and the slice genus from the Khovanov polynomials of the knots. The
polynomials are encoded as vectors Kh(g,t) = ((eq,, €, ¢1), (€g, €1y, C2), - - .), Where
eq, 1s the exponent of ¢, e, is the exponent of ¢, and ¢; is the coefficient of that term.

For instance, the Khovanov polynomial for the trefoil knot,
Kh(31;¢,t) = ¢’ + ¢’ + ¢* + q, (3.4.3)

is written as (9,3,1,5,2,1,3,0,1,1,0,1), where we have flattened the vector. The
vectors are padded with zeros from the right to ensure consistently sized input.
Training the neural network to predict the s-invariant and slice genus based on the
Khovanov polynomial, we predict these invariants with 98.30% and 98.6%, respec-
tively (averaged over five runs). The results are robust under a decrease in training
size, as shown in Figure 3.4.2l When the prediction is incorrect, we can also look
at how far off the predictions are. For s, we look at the value |Strue — Sprea|. When

the network incorrectly predicts s, it is off by two 91.42% of the time, off by four
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5.16% of the time, and off by six 1.9% of the time. For g, when the predictions are
incorrect, they are off by one 98.56% of the time and off by two 1.33% of the time.

For the purpose of finding slice knots, we need only learn whether or not ¢ is
zero. The network is able to successfully predict this correctly 99.26% of the time,

averaged over 5 runs.

Accuracy of s-invariant predictions from Khovanov polynomials for different training fractions Accuracy of slice genus predictions from Khovanov polynomials for different training fractions

0.25 0.1 0.05 0.01 0.25 0.1 0.05 0.01
Training fraction Training fraction

Figure 3.4.2: Left: Accuracy of neural network predictions of the s-invariant for decreas-
ing training fractions. Right: Accuracy of slice genus predictions for decreasing training
fractions. In both cases, the neural network inputs are the Khovanov polynomials, as

encoded above.

3.4.3.1 Knight move experiments

n

The inputs here are the Khovanov polynomials Kh(g, —¢™") evaluated at t = —q".
The polynomials are encoded as vectors, Kh(q, —¢™") = (e1,c1,€9,¢,...). The
n = —4 case corresponds to (3.3.7). Indeed, upon making the substitution ¢t =

—q4, (3.4.3) becomes
Kh(31;9,—¢ ") =’ +q=¢*(a+q "), (3.4.4)

from which we read off s = 2. Table[3.4.1lshows the accuracies of the neural network
in predicting the s-invariant and the slice genus for |n| < 5. The mean and variance

are computed over five runs.

The excellent results for n = —4 are expected because they agree with the
conjecture in (3.3.7)), which all of the knots in the dataset satisfy. A potential source
of misidentifications may stem from ambiguities in how the Khovanov polynomial

is factored. We could in principle cast the Laurent expansion another way so that

in addition to (3.2.9), we have

Kh(q,t) = ¢"(g+q) + > faelq. )(1 +tg"), (3.4.5)

0>1
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’ n ‘ s-invariant accuracy | slice genus accuracy ‘

n ‘ s-invariant accuracy | slice genus accuracy
-5 0.9567 = 0.0024 0.9700 = 0.0021 ) 0.9377+0.0114 0.9633 £ 0.0040
—4 0.9977 + 0.0010 0.9452 + 0.0007 4 0.9457 + 0.0028 0.9652 + 0.0037
-3 0.9791 4 0.0043 0.9716 £ 0.0068 3 0.9554 + 0.0019 0.9656 + 0.0066
-2 0.9988 £ 0.0005 0.9456 + 0.0002 2 0.9612 = 0.0013 0.9663 £ 0.0040
-1 0.9771 £ 0.0054 0.9751 = 0.0051 1 0.9577 4+ 0.0033 0.9765 £ 0.0011
0 0.9480 = 0.0021 0.9720 £ 0.0016 - - -

Table 3.4.1: Accuracy of neural network predictions for the Rasmussen s-invariant and the
slice genus from the Khovanov polynomial evaluated at t = —¢", n € [—5,5]; Kh(g, —¢™).
The n = —4 case corresponds to (3.3.7) and n = 0 reduces the Khovanov polynomial to

the Jones polynomial. High accuracies are achieved for n = —4 and n = —2.

with s # ¢ E] If this is what happens, the effect must be subtle. Picking out the
first and second summands only, we have computed the t = —¢~* and t = —¢ 8
specializations to test whether these can give rise to different s values. This does
occur, but only for the unknot. Our specializations are not able to detect s values

that originate from knight moves of mixed sizes, however.

The n = —2 results, which are comparable to, and sometimes better than, the
n = —4 results are more surprising. Table[3.4.2] demonstrates why the accuracy may
be so high: we see that a majority of knots at a certain s-invariant have the same
polynomial Kh(q, —¢~?).

For all knots in the table, the polynomials evaluate to £2 at ¢ = +1. The
Khovanov polynomial admits an expansion (3.2.9)). Putting ¢t = —¢~?2, this becomes

Kh(g,—q %) = ¢ (q+q ")+ Y _ faela. —q (1 = ¢*7?).

>1

(3.4.6)

The summands vanish for ¢ = 1, and indeed the ¢°* = 1 term is multiplied by £2.
According to the knight move conjecture, which is false, fo, = 0 for all £ > 2. We
can express the most common polynomial for s = —6,—4,—2,0 (and the second
most common for s = —8 and s = —10) as

Kh(q, —¢ %) =¢° (— (% — 1) q+ (% + 1) q’l) . (3.4.7)

Note that there are some cases where making this substitution produces the second
most common polynomial for s, rather than the most common. The second most

common polynomial, for s = 0, —6, as well as the first most common polynomial for

2TThough no example is stated, this possibility was already noted in [125].
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s |total count|most common Kh(g, —¢72) tally |second most common Kh(g, —¢~2) |tally
—181]12 O g T 25 4 3¢ B 4 g1 |4 —q 9 g 1T —3¢715 4 5g 18 4
—16/28 —q T = 2¢7 1 4 4g7 Y 19 —q 1T+ 3¢7H 6
—14/66 —q B g 42979 37 —q P g g 43¢0 17
—12(264 —q B —g 4470 151 —qg B +q T +2¢7° 64
—10|1173 —q " +3¢77 989 —4q 1 +6¢7° 154
—8 4549 —q 4 q T +2¢7° 2304 | =3¢ +5¢" 2223
—6 15075 —2¢7 " +4q7° 11259 | —q " +2¢° +q3 3775
—4 132621 —q 5 +3¢3 32582 |q 3 +q 16
—2 57591 2¢~! 57302 |—q 3 +4¢g ' —¢q 2261

0 |339140 q+q! 339081 | —g~* + 5q — 2¢° 15

2 52440 2 52175 | —q ' +4q — ¢ 235

4 123009 3¢ — ¢ 22973 |q+ ¢ 17

6 | 7464 4¢° — 247 5361 |¢®+2¢° — 4" 2057

8 |1214 5¢" — 3¢° 604 2¢° +q¢" —¢° 593
10 [352 3¢" — g™ 311 |6¢° — 4¢M 22
12 | 140 —q'3 — ¢M + 4¢° 63 —qB+2¢° +¢" 40
14 162 7q15 _ q“ + q13 4 3q9 30 7(115 + q“ + 2q9 18
16 130 —q” + qls _ 2q13 + 4q“ 20 _q17 + 3(]11
18 |7 2(111 + q13 _ (115 + q17 _ q19 3 3(113 _ 2(115 + 1117 + q“ _ q19
20 |2 3(]13 _ q17 + q19 _ q21 2 _ _

|~ [535239 - | 525270 - | 11526 |

Table 3.4.2: Most common Khovanov polynomials, Kh(q, —¢~2), for each s-invariant.

The neural network achieves over 99% accuracy when predicting the s-invariant from
Kh(gq, —¢~?).

s = —4,—8,—10, —12 can be expressed as

Kh(g,—¢ %) =—¢""+(5+3) ¢ = (2+3) ¢, (3.4.8)

This expression applies for s < 0. We obtain an expression for positive values of s
by sending ¢ — ¢~ . There also appear to be related expressions for the cases where
Kh(q, —¢2) has four or five terms.

At least one aspect of the simple polynomials (3.4.7) and (3.4.8)) can be explained

by considering a simple change of variables in the Khovanov polynomial. The key
observation is that sending t — tq~2 leaves the leading term in the decomposi-
tion (3.2.9) unchanged, since ¢*(q + ¢~') is independent of ¢. This transformation
acts in a predictable way on a large class of knots with bounded homological width.

In essence, it normalizes the powers of ¢ appearing in the Khovanov polynomial

2

around those appearing at t°. When the replacement t = —¢~2 is made, the re-

sulting Khovanov polynomial reduces to alternating sums of terms with a fixed set

of quantum gradings centered on s. For knots with homological width two, for in-

1

stance, the only powers which can appear in these alternating sums are ¢! and

¢°~! as these are the powers appearing at t°. For knots with homological width

s+1

three, the relevant powers are ¢°*3, ¢**!, and ¢°~!. So, this argument explains the
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Table 3.4.3: The Khovanov homology of K = 9y, represented in tabular form. Here
the vertical axis represents the quantum grading, while the horizontal axis represents the
homological grading. We have highlighted the single pawn move corresponding to the
¢ *(q+q7") term in at homological grading 0.

number of distinct powers appearing in the polynomial Kh(q, —¢~2) as well as their
relation to s.

To illustrate this, consider a homologically thin knot, for example K = 95, with

Khovanov polynomial

b 1 2 1 3 2 3 3
K ((], t) :q19t7 + q17t6 + q15t6 + q15t5 + q13t5 + q13t4 + q11t4+
4 3 3 4 2 3 2 3 t

t 2
—+ —+ =+ =+ =+ - +qt’.

+q“t3+q9t3+q9t2+q7t2+q7t+q5t+q5+q3+q3+q+q
(3.4.9)

The polynomial Kh(g,t) can be represented in table form as shown in Table [3.4.3]
Notice that Kh(q,t) can be decomposed as in (3.2.9)) as

Kh(q,t) =q¢ *(q+q ") + folq, t)(1 + tq*), (3.4.10)
where
1 2 3 3 4 3 2 1 t
f2(q,t) - q19t7 + g7 + 155 + g3t + g3 + 12 + ﬁ + } + @ (3'4'11)

Expanding out the product fy(q,t)(1 + tq*) above, we see that Kh(q,t) contains
terms of the form aq™t"(1 + tq*), for integers m,n, and «, with o > 1, each of
which can be represented as a knight move as shown in Table (left). The only

remaining term in Kh(q,t) is ¢~*(¢ + ¢~'), which represents a lone pawn move in
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n n+1
0
m+4 «Q
9 s+111
m
s—111
m Qo

Table 3.4.4: Left: Knight move corresponding to the term aqg™t"(1 + tq*). Right: Pawn

move corresponding to the term ¢°(q + ¢ 1).

—7]—6]-5|—4]-3]=2|-1] 0o [1]2
-3 1]2]3]3]4]32+n[1]1
(1233 ]a]3]2]a+|1

Table 3.4.5: A tabular representation of Kh(q, tg=2), where each diagonal line in Kh(q, t)
has been flattened to a horizontal line. Notice that the terms at homological degree zero

remain fixed.

Table (right). Notice that the location of the pawn move for 99 at quantum
gradings —3 and —5 indicates that s = —4 for this knot.

We may make the substitution t+ — —¢ 2 in two stages. First we make the
substitution ¢ — tg~2. This shifts the quantum grading of every term down by
—2 times its homological grading, which has the effect of flattening each diagonal
line in Table B.4.3] into a horizontal line as in Table B.4.5. Note that the terms at
homological grading 0 remain fixed when making this substitution. Furthermore,
since (aside from lone pawn move pair) the terms of Kh(g, t) are arranged in knight
move pairs, after substituting ¢ — g2 we obtain two identical lines (again ignoring

the pawn move pair) that are offset by one.

In the new polynomial Kh(q, tg~?), we may now set ¢ = —1 to implement our
desired substitution t = —¢~? in the original polynomial Kh(g, ¢). This step may be
interpreted as taking the alternating sum of the rows of Table|3.4.5] and multiplying
by ¢~® and ¢~ respectively. Since the rows are offset by one, the alternating sums
will differ by a sign until the pawn move pair is factored in (2 and —2 respectively),

which then shifts both sums up by one. In this case we obtain
Kh(g,—¢ %) =—q¢ °+3¢7%, (3.4.12)
which matches (3.4.7) for s = —4. A similar argument may be used to partially

explain ((3.4.8)).
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Notice that although this explains the general form that the polynomials Kh(g, —¢~?)
often take, it does not explain why the coefficients of these terms seem to also be
completely fixed by the s-invariant. The path through Lee homology taken by Ras-
mussen in order to define the s-invariant makes reference only to the remaining
quantum grading since Lee homology is isomorphic to Q @& Q at homological de-
gree 0. Our observation suggests that perhaps s is encoded in some additional way
within Khovanov homology, one which does not make reference to Lee homology or

the quantum grading.

3.4.3.2 Learning from polynomial evaluations

We can also learn the s-invariant from the polynomials Kh(q, —¢~*) and Kh(q, —¢ ),
evaluated at roots of unity e®+2 for n € [0,k 4 2). The input data for a knot K is
represented as a vector U( K; k), where the entries at position 2p and 2p+1 correspond
to the real and complex parts of the p-th evaluation. For instance, taking k = 3, the
Khovanov polynomial for the trefoil knot at t = —¢~*, which we write in , is

encoded as
7(31;3) = (2,0,0.5,1.54,—-0.5,0.36,0.5,0.36, —0.5, 1.54) . (3.4.13)

When training on either evaluations of Kh(g, —¢™*) or of Kh(q, —¢~2), the accuracy
of predictions is over 99% for the s-invariant and over 94% for the slice genus, even

for k£ = 3, where we train on only five evaluations of the polynomial.

3.4.4 Jones polynomials

The Jones polynomials are encoded, like the Khovanov polynomials, as vectors,
J(q) = (e1,c1,e3,Ca,...). Using this input and training on 25% of the data, the net-
work predicts the Rasmussen s-invariant with ~ 95% accuracy, and the slice genus
with ~ 96.6% accuracy. The results for the s-invariant are fairly robust under a
decrease in training size, Figure[3.4.3] When the prediction is incorrect, we can also
look at how far off the predictions are. For s, we look at the value [Sgrue — Spred-
When the network incorrectly predicts s, it is off by two 67.83% of the time, off
by four 18.28% of the time. For g, when the predictions are incorrect, they are off
by one 81.71% of the time and off by two 17.52% of the time. The accuracy of
these networks is surprising, as there are knots with the same Jones polynomial but
different slice genus and s-invariant” This means that the neural network is not

learning a function, but merely an association.

For the purpose of finding slice knots, we need only learn whether or not g is

zero. The network is able to successfully predict this correctly 98.61% of the time,

28The knots 5; and 10132 are a pair of such knots.
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k | Rasmussen accuracy | Slice genus accuracy
3 0.9314 + 0.0013 0.9672 £ 0.0017
4 0.9186 + 0.0009 0.9601 £ 0.0010
5 0.9650 + 0.0006 0.9826 + 0.0009
6 0.9674 £ 0.0007 0.9828 + 0.0008
7 0.9676 £ 0.0007 0.9825 £ 0.0008
8 0.9673 £ 0.0005 0.9825 £ 0.0006
9 0.9669 £ 0.0011 0.9814 + 0.0014
10 0.9680 =+ 0.0006 0.9826 £ 0.0008

Table 3.4.6: Learning the Rasmussen s-invariant and the slice genus from evaluations of
the Jones polynomial at roots of unity, e™/*+2) for n e [0,k 4 2). This experiment is
repeated for k € [3,10].

averaged over 5 runs. We can also learn the invariants from evaluations of the Jones

Accuracy of s-invariant predictions from Jones polynomials for different training fractions
9 E“*—» E;\

\“*~—~§‘ % Tl
93 Tl i ‘\{\\\

Accuracy of slice genus predictions from Jones polynomials for different training fractions

025 01 005 0.01 025 01 0.05 0.01
Training fraction Training fraction

Figure 3.4.3: Left: Accuracy of neural network predictions of the s-invariant for decreas-
ing training fractions. Right: Accuracy of slice genus predictions for decreasing training
fractions. In both cases, the neural network inputs are the Jones polynomials, as encoded

above.

polynomial at roots of unity. For a fixed k, we generate a list of roots {e™™/(*+2)},
n € [0,k + 2) at which to evaluate the Jones polynomials. The results for training
the network on these inputs, for k € [3,10], are given in Table m

3.4.5 Interdependence of results

As discussed previously, the Rasmussen s-invariant provides a lower bound for the
slice genus. Our neural networks are able to successfully predict both s and g, but
we do not know if the two invariants are learnt independently or if one is learnt via
the other. Additionally, since the signature and the s-invariant coincide for most of
the knots, it could be that the network is learning s indirectly via the signature. In

this section, we aim to diagnose which invariants the neural networks are learning
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Figure 3.4.4: Comparing the number of s-invariants and slice genuses predicted incor-
rectly by neural networks with the number of cases where the slice genus saturates the
lower bound provided by the s-invariant. Left figure is trained on the Khovanov polyno-

mial and right figure is trained on the Jones polynomial.

directly.

First, we train two neural networks to learn the s-invariant and the slice genus,
using the Khovanov (or Jones) polynomials. Then, we count how many times s and
g were predicted incorrectly when |s| = 2g, versus when |s| # 2g. These counts
are summarized in Figure . When training on the Khovanov polynomial (Fig-
ure left), a total of 2301 s-invariants and 10952 slice genuses are predicted
incorrectly. The majority of the s-invariants which are predicted incorrectly lie in
the region where |s| = 2¢. This does not support the claim that the network is

learning s via g. A similar trend is apparant when training on the Jones polynomi-

als (Figure right).

We can perform a similar experiment with the signature and the s-invariant. The
results for this experiment are given in Figure[3.4.5| When training on the Khovanov
polynomial (Figure left) a total of 7438 s-invariants and 4280 signatures were
predicted incorrectly. When s and o coincide, s is predicted incorrectly 1648 times
and o is predicted incorrectly 6693 times. When s and o do not coincide, s is
predicted incorrectly 3510 times and o is predicted incorrectly 2939 times. This
experiment does not offer any conclusive evidence as to which invariant the network

is learning.

3.4.5.1 Multi-task learning

We can further train a neural network to learn the s-invariant and the slice genus si-
multaneously. This may provide insight into which invariant the network is learning.

In a multi-task problem, we can weight the various tasks. This weight determines
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Figure 3.4.5: Comparing the number of s-invariants and signatures predicted incorrectly
by a neural network trained on Khovanov polynomials with the number of cases where
s = o. Left figure is trained on the Khovanov polynomials and right figure is trained on

the Jones polynomials.

how strongly that task will influence the change of parameters as the network is
trained. We can ask how changing the weights on the two outputs affects the overall
learning of the network. Denote the weight of the s-invariants to be W, and the
weights of the slice genus to be W,. We find that weighting either the s-invariant or
the slice genus more heavily did not significantly influence the performance of the

network on either of the invariants.

First, we try this experiment using the Khovanov polynomials as input. For
Ws /W, = 1, we get accuracies of 0.9952 £ 0.0002 and 0.9866 £ 0.0026 on the s-
invariant and the slice genus, respectively. When W, /W, = 0.1, we get accuracies
of 0.9924 £ 0.0010 and 0.9859 £ 0.0044. For W,/W, = 10, we get accuracies of
0.9954 £0.0004 and 0.9797 +0.0025. Repeating this experiment only on the dataset
where [s| # 2g, we get the following results. For W,/W, = 1, we get accuracies
of 0.9959 £ 0.0002 and 0.9943 £ 0.0008. When W,/W, = 0.1, we get accuracies
of 0.9954 £ 0.0022 and 0.9935 £ 0.0027. For W,/W, = 10, we get accuracies of
0.9960 =+ 0.0003 and 0.9948 4 0.0008.

We can also do this experiment using the Jones polynomials as input. For
Ws /W, = 1, we get accuracies of 0.9775 £ 0.0007 and 0.9723 £ 0.0043 on the s-
invariant and the slice genus, respectively. When W, /W, = 0.1, we get accuracies
of 0.9766 £ 0.0006 and 0.9731 = 0.0032. For W;/W, = 10, we get accuracies of
0.977440.0021 and 0.9640 + 0.0084. Repeating this experiment only on the dataset
where |s| # 2g, we get the following results. For W, /W, = 1, we get accuracies
of 0.9803 £ 0.0006 and 0.9786 £ 0.0021. When W,/W, = 0.1, we get accuracies
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of 0.9806 £ 0.0008 and 0.9788 + 0.0010. For W,/W, = 10, we get accuracies of
0.9811 4+ 0.0006 and 0.9780 + 0.0016.

3.5 Discussion

In this work, we have demonstrated that the Jones polynomial of a knot is strongly
correlated with the knot’s Rasmussen s-invariant and slice genus g. We also found a
specialization for the Khovanov polynomial which makes the s-invariant manifest in
our dataset, though this specialization is not the one suggested by the knight move
conjecture. These correlations were extracted by training deep neural networks to
predict s or g with the Jones or specialized Khovanov polynomials as input. We re-
viewed both the combinatorial construction of Khovanov homology and Rasmussen’s
invariant as well as the gauge-theoretic constructions in four, five, and six dimen-

sions.

Though we were unable to determine whether the neural network learned s, g,
some combination of the two, or something else altogether ] there is at least one
naive reason to believe that the Jones polynomial is correlated with s specifically.
This is because both arise from Khovanov homology, whereas the slice genus is only
known through Khovanov homology relative to the s-invariant. The gauge theoretic
construction of Khovanov homology in [122] combined with the knight move conjec-
ture makes it clear that (in our dataset) s may be extracted from the Hilbert space
of a five- or six-dimensional theory with surface operators, whereas the construction
of s* in [I38] shows that invariants like s can arise in the instanton homology of

simpler gauge theories.

Despite these relationships, there is no obvious route by which the Jones poly-
nomial may be manipulated into revealing the s-invariant. A potential avenue,
motivated by the index formula for J(g) in the five-dimensional theory, is that the
analytic structure of J(q) around ¢ = 1 is sensitive to s because s can be extracted

—4 at large k. However, this requires J(q) to

from the graded trace with t = —¢q
somehow be sensitive to analytic structure in the t variable of the Khovanov poly-
nomial. It is not clear why this would be so, as J(q) is obtained from Kh(q,t) by
immediately taking ¢ = —1. These results could imply that Chern—Simons gauge
theory knows a little bit more about the five-dimensional gauge theory Hilbert space
than is naively expected. In a previous situation where Chern—Simons theory ap-

peared to contain more information than it should [74], the explanation was found

29A major obstruction to answering this question was that the vast majority of our dataset
obeyed |s| = 2g. A useful step forward would be to find a knot generation procedure which yields
many knots for which |s| < 2g.
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in an analytic continuation of the path integral [2]. Perhaps the same effect is at
work here. Another approach which may be useful begins with the observation that
there are spectral sequences relating Khovanov homology to e.g., instanton Floer
homology [I5T; [152]. The gauge theory interpretation of these spectral sequences is
unclear, but finding such an interpretation may help in relating J(q) to s, since the
s-like invariant s* is easily extracted from instanton Floer homology. The question
concerning the four-dimensional information in J(q) that we posed in the introduc-
tion still stands, and a complementary question is: what is three-dimensional about

the Rasmussen s-invariant?

The specialization of the Khovanov polynomial at t = —¢g~2, on the other hand,
had at least a partial explanation via the knight move conjecture for knots in our
dataset. This explanation was given in terms of a rearrangement of the Khovanov
homology groups into a number of rows determined by the homological width of the
knot. This width determined the number of nonzero terms (in the most general case
with no cancellations), and the powers of these terms had an offset which depended
on s. However, we were not able to explain why the coefficients of the resulting
polynomial also seem to be determined completely by s. This suggests that the
s-invariant may be extracted from Khovanov homology in a way that differs from

the route through Lee homology taken by Rasmussen.

The fact that machine learning is successful at identifying relationships between
knot invariants is suggestive, both with respect to low dimensional topology and
to quantum field theory. Because knot invariants have been extensively tabu-
lated [86f [145], one could easily imagine using neural networks to scan through
all pairs of invariants and determine which can be predicted from knowledge of the
other. As we do not have a minimal list of topological invariants that identifies a
knot uniquely, such an investigation may provide some guidance in this endeavor.
We have also seen that knot invariants have a physical interpretation in diverse
dimensions. The Jones polynomial, for example, can be thought of as a mathemat-
ical object with a two-dimensional definition or as a physical quantity associated to
quantum field theories in three, four, five, or six dimensions. Translating the rela-
tionships between knot invariants to a physical language may expose non-obvious

connections between quantum field theories.

For instance, in the five-dimensional theory discussed in Section [3.3] the formula
we presented for s holds for a certain subset of knots. What this formula means is
that there exists a very special pair of approximate supersymmetric ground states

in the five-dimensional theory which have instanton numbers equal to s + 1. These
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states survive the five-dimensional instanton corrections to the ground state ener-
gies. Our results suggest that the Chern—-Simons path integral has privileged access
to these states in particular, through some yet undiscovered gauge theory mecha-
nism. Furthermore, the information contained in Lee homology and the specializa-
tion Kh(g, —g~?) about the s-invariant may be interpreted as a statement about the
existence of deformations of the topological supercharge (). The nontrivial predic-
tion from Lee’s theorem in this context would be that the cohomology of a deformed
supercharge is two-dimensional for any knot, and our results on the unusual spe-
cialization Kh(q, —¢~2) suggest that correlating the fermion number grading with
the instanton number grading in this way produces, e.g., a number of ground states
with instanton numbers that depend on s in the manner we described in Section|3.4

Perhaps the perspective on deformations of supercharges via spectral sequences pre-
sented in [I53] would be useful here[]

Finally, as poetically and playfully contemplated by the title of [125], machine
learning may fill an important niche in constructing potential counterexamples to
SPC4. A counterexample establishes the existence of exotic smooth structures on
manifolds that are homeomorphic to S*. If we can conclude whether a knot is slice
from a description of the knot (e.g., by using a picture or the braid representation
or a collection of other topological invariants), this may highlight interesting knots
to examine using analytical methods. Since we are only interested in distinguishing
g = 0 from g # 0, this is a conceptually simpler task than learning the slice genus
exactly as we have aimed to do from the Khovanov and Jones polynomials. Applying
a neural network trained to identify sliceness on these knots is a promising attack

for the future.

30However, it is difficult to relate the two-dimensional perspective of [I53] with the five-
dimensional picture of [122]. In particular, while the two-dimensional construction seems to suggest
the explicit symmetry breaking pattern SU(2) — U(1) x U(1) (implemented by modifying the su-
perpotential) is important to obtain Lee homology, this may not be the relevant mechanism in five

dimensions to implement Lee’s deformation. We thank Edward Witten for pointing this out to us.
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Appendix

3.A Implementation

In this appendix, we supply the key part of our implementation. Listing|3.1] outlines

the building and training of the neural network.

Listing 3.1: Keras implementation

import numpy as np
import keras

from sklearn.model_selection import train_test_split

train_size = 0.25 # training fraction

epochs = 50 # number of epochs to train for

density = 100 # density of hidden layers in network

activation = ’relu’ # activation function for input/hidden layers

loss = ’sparse_categorical_crossentropy’ # loss function for multi
-label classification

optim = ’adam’ # optimizer

# parameters: full set of inputs and outputs
# returns: trained model and testing data (input, output)
def learn(inputs, outputs):
# fix input dimensions
if np.isscalar (inputs [0]):
1

dims
else:

dims = len(train_in [0])

# calculate number of output classes

num_classes = max(outputs) - min(outputs) + 1

# split into training/testing data
train_in, test_in, train_out, test_out = train_test_split(
inputs, outputs,

train_size=

train_size)

# build the model
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model = keras.models.Sequential ([
keras.layers.Dense (density, activation=activation,
input_dims=dims),
keras.layers.Dense(density, activation=activation),
keras.layers.Dense (num_classes, activation=’softmax’

)]
# compile and train the model
model.compile (optimizer=optim, loss=loss, metrics=[’accuracy’]

model.fit(train_in, train_out, epochs=epochs, verbose=0.5)

return model, test_in, test_out
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Chapter 4

Learning holographic quantum

chaos

We explore an artificial neural network representation of many-body wave functions
to study out of time ordered correlators (OTOCs) in the SYK model. We provide
a simplest working example, computing an OTOC for the N = 4 SYK model, to
demonstrate the effectiveness of this technique. We also provide a discussion of
the numeric implementation, including how to construct and train the network, as
well as how to act with the SYK Hamiltonian on the neural network states. The

techniques presented have applications in studying quantum chaos.

4.1 Introduction

As discussed in Section [I.4] the SYK model is a 0+1 dimensional model of Majorana

fermions with all-to-all couplings, given by the Hamiltonian

H= > T, (4.1.1)

1<41<2...<q <N

The SYK model saturates the universal chaos bound given by A\;, < 27T, where
Az is the Lyapunov exponent. The Lyapunov exponent characterizes the early time
behavior of the out of time ordered correlator (OTOC), F(t) = (WT(t)VIW (t)V):
F(t) ~ e*!. Studying the chaotic behavior of the SYK model can provide insight
into the physics of black holes, as there is a correspondence between the SYK model

and the theory of near extremal black holes.

Numerical studies of OTOCs in large-N systems are challenging as the task of
diagonalizing 2N x 2N Hamiltonian matrices quickly becomes impossible. Recent
studies [154] have made great progress in this area and the authors are able to com-
pute OTOCs for system sizes up to N = 60 in under three days. Neural network
quantum states (NNQS) [I0] present another possible approach to these problems.
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Instead of the large Hamiltonian matrix, we use a RBM representation for many-

body wavefunctions to compute quantities of interest.

In this chapter, we present an approach to computing OTOCs for the SYK model
using the NNQS framework. The layout of this chapter is as follows. In Section
we discuss motivations for studying the SYK model and recent interesting develop-
ments in the area. In Section 1.3} we introduce the process of computing OTOCs
using the RBM representations. In Section [4.4] we present some preliminary nu-
merical results. The two appendices, Appendix and Appendix [4.B], give further
details on the numerical implementation and include some key algorithms for im-

plementing the SYK model for the RBM representations.

4.2 Motivation

A primary motivation for this work is to analyze the effectiveness of the RBM rep-
resentation in studying quantum chaos. As a first step, we aim to compute OTOCs
and extract their early-time decay parameters Aggy by fitting the OTOCs to ex-
ponential functions. Comparing Agrgym to the chaos bound, 277, will determine
whether the RBM approach is useful for studying these chaotic quantum systems.
This is explored in Section In addition to confirming that the RBM method is
effective for these computations, there are a number of interesting recent develop-

ments involving the SYK model which may be amenable to the RBM approach.

It was recently proposed in [I55] that sparse versions of the SYK model still
demonstrate the chaotic behavior exhibited by the full model. The would be inter-
esting to study using the RBM approach. In [I56], the author proposes a reformula-
tion of theories of fast scrambling and of the holographic complexity correspondence
so that they apply to de Sitter, rather than anti-de Sitter, space. It is claimed that
the SYK model satisfies some criteria that are needed to describe de Sitter space,
particularly that the complexity growth be “hyperfast”. This claim would be inter-
esting to test using the RBM approach.

4.3 Numeric background

As introduced in [I0], the wavefunction of a many-body quantum system can be
represented by a Restricted Boltzmann Machine (RBM). Suppose we have a system
with N spins; S = (51, 52, ..., Sn). The RBM representation consists of an artificial

neural network with two layers: the visible spins & and the hidden spins H =
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(hi,...,har). There are two bias vectors, a = (ay,...,ay) and b = (by,...,by), as

well as an N x M weight matrix, W. The state can be expressed as

(I)(S) = Zexp <Z a;S; + szhz + Z VV@jhﬁ‘j) . (431)
J i 2

{hi}

Tracing over the hidden spins, we get
S) = exp (Z aj3j> H 2 cosh <bi + Z Wiij) . (4.3.2)
J i J

The RBM is trained using the Stochastic Reconfiguration (SR) algorithm, which
involves a Monte Carlo sampling procedure (see Appendix for details). The loss
function is the expectation value of the energy; E(W) = (®|H |®) / (®||P). Train-
ing the RBM with the SR algorithm finds the set of parameters that best represents
the ground state of the system.

Consider an out of time ordered correlator (OTOC),
F(t) = (WIHOVIW (#)V). (4.3.3)

We will now describe a general procedure to compute the OTOC in the RBM rep-
resentation, as developed in [I57]. First, prepare a random state |W) (this involves
generating N + M + N x M random complex numbers. In this work, we choose
these numbers according to the normal distribution A(0,0?), where 0 < 1.) The
OTOC can be computed as an overlap between two states |1) = W(t)V |[¥g) =
UTWUV |¥y), and |[W¥y) = VIV (t) |¥) = VU WU |¥,). The time evolution can
be achieved via the SR algorithm, which can be thought of as an imaginary time
evolution. In order to achieve real time evolution, we apply an imaginary learning
rate; for instance dt = 0.0017. In this work, the operators V and W are the SYK
fields ; (Appendix details how to apply these operators to the RBM states.)

If we further want to compute OTOCs at inverse temperature, 5, then we should

rather compute
Fy(t) = (WI)VI(B)W )V (9)), (4.3.4)
where V(B) = e #/4Ve=#/4. The effect of the e=#/* is an imaginary time evolution,

which can also be achieved via the SR algorithm.

The last idea we need in order to compute OTOCs is how to calculate the overlap
between two RBM states. This can also be achieved via a Monte Carlo sampling

process (see Appendix for details on how this is achieved). First, we sample

spins according to |®1) and compute the quantity v; = ) ¢’11£91|§ [2)  Assuming
we sample enough spin configurations, this is equivalent to gilii;. Similarly, by
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(P2]®1)
(P2|P2)

sampling according to ®,, we compute vy =
states is given simply by /v vs.

. Then, the overlap between the

4.4 Experiments and results

The simplest possible SYK Hamiltonian is given by the case N = 4, ¢ = 4;
H = Jiosat1oth3py. We compute the OTOC using the RBM method and com-
pare to the exact diagonalization results. We also fix J =1, f = 1. The results for

this experiment are shown in Figure 4.4.1}

1.0 4 —— exact diagonalization
e RBM

T T T T T T
0.0 02 04 0.6 08 Lo

Figure 4.4.1: Simplest working example of computing OTOCs using the RBM represen-
tation. The OTOC is computed for N = 4 and ¢ = 4, meaning the Hamiltonian has a

single term. The results agree nearly identically with the exact diagonalization.

We see that in the N = 4 case, the RBM method precisely reproduces the exact
diagonalization results. This serves as a simplest working example that demonstrates
the effectiveness of the RBM method. We leave careful analysis, including studying
larger N and the computation of Lyapunov exponents, to later work. The eventual
goal of this research is to consider different Hamiltonians and numerically map out

the phase space of chaos.
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Appendix

4.A Stochastic Reconfiguration

In [I0], the authors found a representation of quantum many-body wave functions
in terms of RBMs (and more general artificial neural networks). To find the best
representation of the ground state of the system, the Stochastic Reconfiguration
(SR) algorithm is utilized. The first step is to generate a Markov chain of spin
configurations; S — S@ — . S®_ The Markov chain is generated through the
Metropolis-Hastings algorithm [I58], with acceptance probability

) (4.A.1)

P(SHHY)
D(SH)

ASH® — S*FD) = min (1,

We then compute the local energy,

(S|H|9)
Eioe(S) = ——— 4.A.2
and the variational derivatives
1
k(S) = ®<S)awk<1>(5). (4.A.3)
Recalling the definition of ® in , we see that
1
——0, P =07} 4.A4
55 (S = 7. (1.A.42)
1
1 z
Using (4.A.2)) and (4.A.3)), we compute
Siw = (OpOw) — (0;){(Ok) (4.A.5)
and
Fup) = (BiocOf) — (Fioc)(O}). (1.A.6)

The RBM parameters are then updated according to
W(p+1) = W(p) — dtS™(p)F(p). (4.A.7)
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4.B SYK Hamiltonian

The SYK Hamiltonian is given by (4.1.1). The basic operators implemented in the
code are the Pauli spin operators, of*, with i =1,2,3and a =1,...,N. The ¢;s in

(4.1.1) are built up from these matrices:

Y =" @ s, (4.B.1a)
Y, =1 os, (4.B.1b)
M =T® 0. (4.B.1c)

The action of the Pauli matrices on the RBM state can be understood as follows
(see [157]). o! flips the sign of element 7 in the visible bias vector and of row 7 in
the weight matrix: a; — —a;, Wi; — —W;; for all j € [1, M]. o} adds a phase to

the visible bias vector, a; — a; + . Finally, o} can be implemented as oo},

Now we need to determine the action of a 1; on the RBM state. This is given
by Algorithm . As an example, consider the action of ¥;0 on the RBM state. p is
given by —(|1%2)| +1) = —4. So, a[6] = —a[6]. Also, we apply a sign flip to the
seventh row of W. Since i = 4 is even, we do not need to apply line 5. Finally, we
add %r to all elements of a that come after position 4. The result of these actions is
that we have applied 2 and o7, where j = 8,9, 10. Let’s compare this to (4.B.1al):

2’ =) ® oy
=1 ® 03 ® 03
=¢3®03®03®03
=1I® 01 ®03® 03 03.

This is equivalent to the result of Algorithm [I]

We use a similar technique to implement the Hamiltonian, Algorithm

details how to compute a single term of the Hamilton. First, we apply each of the ¢
(S[H|$)
?(S) °

operators to the RBM state. Then, we compute the local energy: Ej,.(S) =
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Algorithm 1 (7); acts with ¢; on the RBM

pe =155+ 1)

alp] « —alp]

Wip] = =W|p]

if # mod 2 # 0 then
alp] += %

end if

p+—p+1

alp ] +="2

Algorithm 2 H,(J;,a,b,w,s,t) Computes a term of the SYK Hamiltonian

1: a, < a
2: Wy, W
3 E+0
4: if J; # 0 then
5: 140
6: while i < ¢+ 1 do
7: n < tlqg — 1
8: p —[(N—n)/2+1]
9: n[p] 4= —an[p]
10: Wy (p, :]  —wup, ]
11: if mod n,2 # 0 then
12: an[p] < anlp) + 1jm/2
13: end if
14: p—p+1
15: anlp:] = aplp:| +1j*x7/2
16: 14 1+1
17: end while
18: logdiff <— matmul(a,, — a, s)
19: 0, < b+ matmul(w?, s)
20: 0, < b+ matmul(w!, s)
21: 10
22: while i < M do
23: logdiff < logdiff + log(cosh(6,[i])) — log(cosh(6,[;]))
24: 14—1+1

25: end while
26: E «+ J; x exp(logdiff)
27: end if
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Chapter 5
Conclusion

In this work, we have demonstrated some applications of machine learning tech-
niques to theoretical physics. In Chapter [2| we used a technique called Layer-wise
Relevance Propagation to reverse engineer a neural network and derive a phenomeno-
logical formula that explained the machine learning results. In Chapter [3, we used
neural networks to identify new relationships between knot invariants and to explore
the nature of these relationships. In Chapter[d] we use artificial neural network struc-

tures to study chaos many-body quantum systems.

In both Chapters [2| (preceded by [74]) and [3] artificial neural networks are used
to uncover new relationships between knot invariants. These works demonstrate an
application for machine learning that humans will hardly ever be able to replicate:
the ability to pick out relationships in large datasets. For instance, there was no
mathematical or physical reason to expect that the Jones polynomial can predict
the Rasmussen s-invariant with over 95% accuracy (Section [3.4.4). The available
datasets of knot invariants contain dozens of invariants and millions of knots far
more raw data than any scientist would successfully be able to parse. However, by
automating a neural network to search for correlations between the knot invariants,
we may be able to fast-track discovery by quickly highlighting previously unknown

relationships.

While discovering new relationships is certainly interesting, it is only the start of
the story. These new relationships open the door to new lines of investigation, which
may be pursued with or without machine learning. For instance, the application of
interpretable machine learning techniques in Chapter [2| led to a physical interpre-
tation of machine learning results in analytically continued Chern—Simons theory.
These findings may open the door to further analytic discoveries, as the work in
Chapter |3] suggests the possibility of a monotonic version of the volume conjecture
[69; [70]. To explore this direction further, a tabulation of a significant number of

colored Jones polynomials with n > 3 is required. Once this data is available, it
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would be simple to repeat Chapter [JJ's experiments with the higher color polyno-
mials. The findings in Chapter |3| (the relationships between Kh(q, —¢=2)/J(q) and
s/g) so far lack a full analytic explanation. While LRP techniques were ineffective
in these experiments, perhaps successful application of other interpretable machine
learning techniques could clear the way to a gauge-theoretic explanation of the rela-
tionship between J(q) and s, just as they did for the relationship between .J(g) and
V.

Machine learning architectures can also be used as tools to perform computa-
tionally difficult tasks. Exactly diagonalizing many-body Hamiltonians for system
sizes larger than N = 50 is still a hopeless task. However, the RBM representation
of quantum states, [10], has provided a novel way to approach these sorts of prob-
lems. In Chapter |4, we demonstrate a possible application of the RBM quantum
states to the study of the SYK model and consequently to quantum chaos. The
obvious future applications of this work include exploring larger system sizes and
studying novel systems, including sparse SYK models [I55] and SYK models which
demonstrate hyperfast chaos [156].

The field of data science in string theory is expanding rapidly, so it is difficult
to make exact predictions on the future of the field. However, there are a few in-
teresting directions that are currently capturing the focus of the string theory/ML
community. The first is further study of the largest and most well-known dataset
in string theory; the Kreuzer—Skarke collection of Calabi-Yau threefolds. As dis-
cussed in Section CYs have been explored using a variety of machine learning
methods. Some recent works ([159; [160; 161], among others) have demonstrated
continued interest in this area. Another interesting area is the use of machine learn-
ing structures to represent physical systems/structures. One example of this, neural
network quantum states, is introduced in Chapter [l Other instances include train-
ing neural networks to represent bulk geometries in the AdS/CFT correspondence
[355; 136; 37 162] and to define quantum field theories [163].

It is certainly attractive to try to address as many problems as possible with a
simple feedforward neural network, given past successes and the relative simplicity
of setting up the neural network. However, neural networks are not always the best
tool to tackle a problem. There exists a vast landscape of machine learning archi-
tectures, designed for a large variety of tasks, which may have many useful physics
applications. For instance, a class of machine learning methods focus on finding
efficient representations of data. These include autoencoders (which are themselves
a type of neural network), which learn encodings of unlabeled data. Dimensional re-

duction techniques, such as Principal Component Analysis (PCA) and t-SNE (which
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we applied in Chapter [2)) are used to find a lower-dimensional representation of high-
dimensional inputs. These techniques are extremely useful for identifying clusters
and patterns in data. Finding efficient, lower-dimensional representations of data
makes it easier for people to study the data themselves, without further aid of ma-
chines. Generative models, such as generative adversarial networks, can be used to
generate new data that follows the same statistics as the old data. These archi-
tectures could be useful in expanding our datasets, giving us more data to conduct

further experiments on.

A major criticism of the use of data science in physics is that machine learning
does not provide acceptable proofs or evidence of its results. To ensure that machine
learning is a respected tool in physics research, we must address the problems of
reliability and determine exactly what role we expect machine learning to play in
our research. One way to tackle these concerns is by embracing explainable machine
learning techniques. Paying attention to precisely how the machine is learning can
help us test whether its results are useful. Of further concern is the correctness
and availability of the datasets used in physics/ML research. In order for machine
learning results to be trusted, it is necessary that we have universally available and
well-maintained datasets. Another problem with the datasets we use is that they
may not be representative of the physics/mathematics problem that we are trying to
tackle. For example, there are many relationships that exist between knot invariants
with low crossing number which generally do not hold true for higher crossing num-
bers. We must therefore ensure that we either work with representative datasets, or

that we limit our conclusions to the scope of the data that we are working with.

The study of string theory via machine learning can be counted as no more
than five years old, so there are presumably many more discoveries to be made
and many more lessons to be learned. It is unknown how much we may expect of
our computers in the future. Turing himself believed the question “can machines
think?” to be a trivial one [164] and that all that was required to achieve true
intelligence was sufficient memory space. However, it seems unlikely (even with the
rapid progression of computing technology) that the work of a physicist will ever be
automated. Machines are incredibly powerful tools and new technology allows us to
harness them against dense, time-consuming problems; ultimately freeing us from
mundane tasks and making room for the uniquely human creativity and ingenuity

that are required to expand our understanding of the universe.
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