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1 Introduction

Following the long tradition of diverse applications of traditional matrix models with continu-
ous symmetries to real world data ranging across nuclear physics, condensed matter physics
and statistical finance (see e.g. [1–3]), permutation invariant matrix models with Gaussian
action have been classified and applied to the statistical analysis of ensembles of matrices
representing real-world data [4–7, 10]. Permutation invariant sectors of quantum mechanical
systems with matrix degrees of freedom have been characterised using partition algebras
and solvable models have been described [11] by adapting techniques based on Schur-Weyl
duality for matrix systems with continuous symmetries [12–15]. The development of these
quantum systems is motivated by the search for similarities in the physics between models
with permutation symmetry and those models which have known holographic duals such
as [16, 17]. This can inform the search for holographic duals of matrix quantum mechanics
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models with finite group symmetries. In [18] permutation invariance in matrix quantum
mechanics has been realised as a gauge symmetry. The path integral has been described
as a limit of a lattice construction and, for the case of the matrix harmonic oscillator, the
Molien-Weyl formula for invariants has been obtained from the path integral.

In this paper the first system we consider is the standard matrix harmonic oscillator
with Hamiltonian

H =
N∑

i,j=1
A†

ijAij (1.1)

There is an action on the matrix harmonic oscillator by permutations σ in the symmetric
group of all permutations σ : {1, 2, · · · , N} → {1, · · · , N}:

A†
ij → A†

σ(i)σ(j) (1.2)

Defining the permutation matrix

(Uσ)ij = δi,σ−1(j) (1.3)

we have

((Uσ)T )ij = δj,σ−1(i) = δi,σ(j) (1.4)

The action (1.2) can be expressed in terms of matrix multiplication as

A† → UσA†UT
σ (1.5)

The oscillators transform as VN ⊗ VN where VN is the natural representation of SN . Uσ is
real and Aij transform in the same way. In the subspace of the Fock space with k oscillators,
we have polynomials in A† of degree k. The problem of projecting degree k polynomials in
N × N matrices to the SN invariant subspace was considered in [4] and a formula Z(N, k)
(reproduced here as (2.5)) was derived by using projectors in the group algebras of SN and
Sk along with characters in V ⊗k

N . In section 2 we use this micro-canonical formula to derive
the canonical partition function for the gauge-invariant subspace of the Hilbert space

Z(N, β) = tr(e−βHP0) =
∑

k

e−βkZ(N, k) ≡
∑

k

xkZ(N, k) = Z(N, x) (1.6)

We have defined x = e−β. The projector P0 projects to the SN invariant subspace. Our
first main result is to obtain a formula for Z(N, x) as a sum over partitions of N (2.11)
consisting of an inverse symmetry factor Sym p associated with the partition, multiplied by
a factor Z(N, p, x) (2.14). This latter is a product of factors whose structure depends on
elementary number theoretic properties of the parts appearing in the partition. These parts
of the partition are cycle lengths of the permutations belonging to the conjugacy class in SN

associated with the partition. Specifically if the partition p consists of parts ai appearing with
multiplicities pi, then Z(N, p, x) is a product labelled by the parts ai and another product
labelled by pairs (ai, aj) of parts in the partition. This second product depends on the least
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common multiples LCM(ai, aj) ≡ L(ai, aj) of the pairs and the greatest common divisors
GCD(ai, aj) ≡ G(ai, aj) of the pairs.

There is an interesting formula, called the Molien-Weyl formula (see for example [19]
for a textbook discussion), for the generating function of bosonic Fock space states invariant
under a symmetry group G, which is expressed as an inverse determinant involving the
matrix representing the action of G on the bosonic oscillators. In section 3, we recall this
formula and, for completeness, give a derivation in section 3.1. The derivation is generalised
in section 3.2 to the case where the bosonic oscillators transform according to a direct sum of
representations, and the Fock space state counting is done with different parameters weighting
the different representations. This amounts to having different frequencies for the harmonic
oscillators transforming in the different irreducible representations. We also generalise the
derivation of section 3.1 to the case of Fermionic Fock spaces in section 3.3.

In section 4, we recover the formula (2.14) using the Molien-Weyl formula discussed in
section 3. In section 5, we use the refined Molien-Weyl formula from section 3.2 to calculate
the partition function for the SN Hamiltonian of the general 11-parameter permutation
invariant matrix harmonic oscillator system solved in [11]. The partition function depends
on 7 of the 11 parameters and has a structure of a sum over partitions of N weighted by an
inverse symmetry factor of the partition along with elementary number theoretic properties
of the parts appearing in the partition. This is the second main result of this paper.

2 Bosonic GPIMQM: partition functions

We find an interesting formula for SN invariant partition functions with a number theoretic
characteristics. It is a sum over partitions of N , which correspond to cycle structures of SN

permutations, where the LCM and GCD of pairs of cycle lengths play a role.
For permutations σ ∈ SN , let Uσ be the linear operator acting in the natural representation

VN of SN . Matrix bosonic oscillators A†
ij with i, j ∈ {1, 2, · · · , N} admit an action of Uσ:

A†
ij → (Uσ)ikA†

kl(U
T
σ )lj (2.1)

or in matrix notation

A† → UA†UT . (2.2)

The action can also be written as:

A†
ij → A†

σ(i)σ(j) (2.3)

The dimension of the subspace of the Fock space of these oscillators, at degree k, which
is invariant under the SN action has been computed in eqn (B.9) of [4]. The discussion in
the paper [4] is in the context of polynomial functions of a classical matrix variable Mij

invariant under the action

Mij → Mσ(i)σ(j) (2.4)
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and the mathematics of this invariant theory question evidently applies equally well to the
same action on bosonic oscillators. The dimension of the space of SN invariants at degree
k is given as a sum of partitions of N and k

Z(N, k) =
∑
p⊢N

∑
q⊢k

1
Sym p

1
Sym q

k∏
i=1

∑
l|i

lpl

2qi

=
∑
p⊢N

1
Sym p

Z(N, p, k) (2.5)

where

Z(N, p, k) =
∑
q⊢k

1
Sym q

k∏
i=1

∑
l|i

lpl

2qi

(2.6)

The partition p of N is described as a list of cycle lengths l of permutations in SN (parts of the
partition) with multiplicities pl where l ∈ {1, · · · , N} and pl are non-negative integers obeying∑

l lpl = N . The partition q of k is described as a list of cycle lengths i for permutations in
Sk with i ∈ {1, · · · , k} and qi are non-negative integers obeying

∑
i iqi = k. The symmetry

factor Sym q is given by

Sym q =
k∏

i=1
iqiqi! (2.7)

It is the number of permutations γ ∈ Sk which obey γσγ−1 = σ for any σ having cycle
structure q. A useful fact we often use to convert sums over permutations into sums over
conjugacy classes is that the number of permutations with cycle structure q is

k!
Sym q

(2.8)

We define the generating function

Z(N, x) =
∞∑

k=0
xkZ(N, k)

=
∞∑

k=0

∑
p⊢N

xk

Sym p
Z(N, p, k)

=
∑
p⊢N

1
Sym p

∑
k

xkZ(N, p, k) (2.9)

It is also useful to define a generating function for fixed N and fixed partition p of N by
summing over k

Z(N, p, x) =
∑

k

xkZ(N, p, k) (2.10)

Z(N, x) can therefore be written as a sum

Z(N, x) =
∑
p⊢N

1
Sym p

Z(N, p, x) (2.11)
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Partitions of N can be described in the form p = [ap1
1 , ap2

2 , · · · , apK
K ], where aj are distinct

non-zero parts with 1 ≤ aj ≤ N and pj are positive integers, obeying

N =
K∑

j=1
ajpj (2.12)

It is often useful to think of the parts as being ordered as a1 < a2 < · · · < aK . For example
for partitions of 4, we have in this notation

4 = 4 −→ p = [4]
4 = 3 + 1 −→ p = [3, 1]
4 = 2 + 2 −→ p = [22]

4 = 2 + 1 + 1 −→ p = [2, 12]
4 = 1 + 1 + 1 + 1 −→ p = [14] (2.13)

We will derive the following formula for Z(N, p, x) which we refer to as the LCM formula:

Proposition 1: the LCM formula.

Z(N, p, x) =
K∏

i=1

1
(1 − xai)aip2

i

∏
i<j∈{1,··· ,K}

1
(1 − xL(ai,aj))2G(ai,aj)pipj

(2.14)

L(ai, aj) is the least common multiple of ai and aj and G(ai, aj) is the greatest common
denominator of ai, aj .

A fact relating the LCM and GCD of a pair of numbers which we will find useful is that

aiaj = L(ai, aj)G(ai, aj) (2.15)

This is proved in the equation (2.31). The expression 2G(ai, aj)pipj in (2.14) can also be
written as:

2G(ai, aj)pipj = 2aiajpipj

L(ai, aj) (2.16)

We can also present p as [ipi ] where i are all integers in the set {1, · · · , N} and pi are
non-negative integers (possibly zero). In this case we can write

Z(N, p, x) =
N∏

i=1

1
(1 − xi)ip2

i

∏
i<j∈{1,··· ,N}

1
(1 − xL(i,j))2G(i,j)pipj

(2.17)

The terms with pi = 0 all give factors of 1 so this immediately reduces to the previous
formula (2.14).

Examples of (2.14) are as follows. For N = 2, we have two partitions p = [2] and p = [12]:

Z(2, [2], x) = 1
(1 − x2)2

Z(2, [12], x) = 1
(1 − x)4 (2.18)
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Using (2.11)

Z(N = 2, x) = 1
2(1 − x2)2 + 1

2(1 − x)4 (2.19)

For N = 3, there are three partitions p = [3], p = [2, 1], p = [1, 1, 1] = [13] and using (2.14)
we have

Z(3, [3], x) = 1
(1 − x3)3

Z(3, [2, 1], x) = 1
(1 − x2)4(1 − x)

Z(3, [13], x) = 1
(1 − x)9 (2.20)

Using (2.11) then gives

Z(N = 3, x) = 1
3(1 − x3)3 + 1

2(1 − x)(1 − x2)4 + 1
6(1 − x)9 (2.21)

2.1 Proof of LCM formula

We will start with equation (2.6). The partition p of N is described as p = [lpl ] with∑
l lpl = N . The partition q of k is described as q = [iqi ] where

∑
i iqi = k.

Z(N, p; x) =
∞∑

k=0
xk
∑
q⊢k

1
Sym q

k∏
i=1

∑
l|i

lpl

2qi

=
∞∑

k=0
xk

∑
q1,q2···∑

i
iqi=k

1∏
i iqiqi!

k∏
i=1

∑
l|i

lpl

2qi

=
∑

q1,q2,···

x
∑

i
iqi∏

i iqiqi!

∞∏
i=1

∑
l|i

lpl

2qi

=
∏

i

∑
qi

1
qi!

(xi

i
)qi

∑
l|i

lpl

2qi

=
∏

i

Exp

xi

i

∑
l|i

lpl

2


= Exp

 ∞∑
i=1

xi

i

∑
l|i

lpl

2
 (2.22)

A minor re-writing gives

Z(N, p; x) = Exp

∑
i∈N

xi

i

∑
l|i

lpl

2
 (2.23)

where N is the set of natural numbers.
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For simplicity we first consider p = [ap1
1 , ap2

2 ], i.e. partitions with just two types of parts:
a1 with multiplicity p1 and a2 with multiplicity p2. Define the sets

S1 = set of positive integer multiples of a1 = {ma1 : m ∈ N}
S2 = set of positive integer multiples of a2 = {ma2 : m ∈ N}

S12 = set of positive integers divisible by both a1 and a2

= set of positive integer multiples of L(a1, a2) = {mL(a1, a2) : m ∈ N} (2.24)

Note that

S12 ⊂ S1

S12 ⊂ S2 (2.25)

Consider the expression

∞∑
i=1

xi

i

∑
l|i

lpl

2

(2.26)

appearing in the exponent of (2.23). Given that l is being summed over divisors of i and
the only non-zero l’s for p = [ap1

1 , ap2
2 ] are a1 and a2, it follows that the powers i appearing

in this sum belong to a subset S of N which is

S = S1 ∪ S2 ⊂ N (2.27)

It is also useful to note that

S1 ∩ S2 = S12 (2.28)

For all elements i = ma1 ∈ S1, the expression (
∑

l|i lpl)2 contains a2
1p2

1 plus possibly
additional terms. For all elements i = ma2 ∈ S2, the same expression contains a2

2p2
2 plus

possibly additional terms. For the elements in i = mL(a1, a2) ∈ S12, the expression evaluates
to (a1p1 + a2p2)2 = (a2

1p2
1 + a2

2p2
2 + 2a1a2p1p2). We can therefore write the sum over N

in (2.23) as a sum over S1 with weight a2
1p2

1 and a sum over S2 with weight a2
2p2

2, along with
a sum over S12 with weight 2a1a2p1p2 (since S1 ∩ S2 = S12, the contributions a2

1p2
1 + a2

2p2
2

to the coefficient of xmL(a1,a2) from the expression (
∑

l|i lpl)2 are already included in the
sums over S1, S2). We can therefore write

∑
i∈N

xi

i

∑
l|i

lpl

2

=
∑

m∈N

xma1

ma1
(a1p1)2 +

∑
m∈N

xma2

ma2
(a2p2)2 +

∑
m∈N

xmL(a1,a2)

mL(a1,a2)(2a1a2p1p2) (2.29)

=
∑

m∈N

xma1

ma1
(a1p1)2 +

∑
m∈N

xma2

ma2
(a2p2)2 +

∑
m∈N

xmL(a1,a2)

m
(2G(a1,a2)p1p2)

In the last line we used
a1a2

L(a1, a2) = G(a1, a2) (2.30)
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To see this let us denote h = G(a1, a2) and a1 = hâ1, a2 = hâ2 where G(â1, â2) = 1. Then

L(a1, a2) = L(hâ1, hâ2) = hâ1â2 = a1a2
h

= a1a2
G(a1, a2) (2.31)

which proves (2.30).
Using these facts we can write

Z(N, p; x)

= Exp
[ ∞∑

m=1

xma1

ma1
(a1p1)2

]
Exp

[ ∞∑
m=1

xma2

ma2
(a2p2)2

]
Exp

[ ∞∑
m=1

xmL(a1,a2)

mL(a1, a2)(2a1a2p1p2)
]

= Exp
[ ∞∑

m=1

xma1

m
(a1p2

1)
]

Exp
[ ∞∑

m=1

xma2

m
(a2p2

2)
]

Exp
[ ∞∑

m=1

xmL(a1,a2)

m
(2G(a1, a2)p1p2)

]
= Exp[−a1p2

1 log(1 − xa1) − a2p2
2 log(1 − xa2) − 2p1p2G(a1, a2) log(1 − xL(a1,a2))]

= 1
(1 − xa1)a1p2

1

1
(1 − xa2)a2p2

2

1
(1 − xL(a1,a2))2G(a1,a2)p1p2

(2.32)

Remarks.

1. We observe that the above result and derivation also apply when one of a1 or a2 is a
multiple of the other. Without loss of generality, take a2 to be na1 for some positive
integer n. Then S2 ⊂ S1, L(a1, a2) = a2, G(a1, a2) = a1 and S12 = S2. The formula
in (2.32) then simplifies to

Z(N, p; x) = 1
(1 − xa1)a1p2

1

1
(1 − xa2)a2p2

2

1
(1 − xa2)2a1p1p2

= 1
(1 − xa1)a1p2

1

1
(1 − xa2)a2p2

2+2a1p1p2
(2.33)

2. Another simplification is the case where G(a1, a2) = 1. In that case, L(a1, a2) = a1a2
and the formula (2.32) simplifies to

Z(N, p; x) = 1
(1 − xa1)a1p2

1

1
(1 − xa2)a2p2

2

1
(1 − xa1a2)2p1p2

(2.34)

The derivation above extends to the case of general partitions of the form
p = [ap1

1 , ap2
2 , · · · , apK

K ]. In this case the sum (
∑

l|i lpl)2 appearing in (2.23) will contain,
depending on the choice of i, terms of type a2

αp2
α for {α ∈ {1, 2, · · · , K}}, as well as terms

of the type 2aαaβpαpβ for pairs {α < β; α, β ∈ {1, · · · , K}}. Generalising the observation in
the case p = [ap1

1 , ap2
2 ] the only xi appearing in the sum (

∑
l|i lpl)2 have powers i belonging

to the subset S ∈ N where

S = S1 ∪ S2 · · · ∪ SK ⊂ N (2.35)

where
Sα = set of positive integer multiples of aα = {maα : m ∈ N} (2.36)
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The term a2
αp2

α will appear as a coefficient for xi for i ∈ Sα ⊂ N. The cross-terms 2aαaβpαpβ

will appear in the subset Sαβ ⊂ N

Sαβ = set of positive integers divisible by both aα and aβ

= set of positive integer multiples of L(aα, aβ) = {mL(aα, aβ) : m ∈ N} (2.37)

Taking advantage of the fact that Sαβ ⊂ Sα and Sαβ ⊂ Sβ we therefore conclude that

∑
i∈N

xi

i

∑
l|i

lpl

2

=
∑

m∈N

K∑
α=1

xmaα

maα
(aαpα)2+

∑
m∈N

∑
α<β∈{1,··· ,K}

xmL(aα,aβ)

mL(aα, aβ)(2aαaβpαpβ) (2.38)

This allows us to obtain

Z(N, p, x) = Exp

∑
i∈N

xi

i

∑
l|i

lpl

2


= Exp

 K∑
α=1

∑
m∈N

xmaα

m
(aαp2

α) +
∑

α<β∈{1,··· ,K}

∑
m∈N

xmL(aα,aβ)

m

(
2aαaβpαpβ

L(aα, aβ)

)
= Exp

 K∑
α=1

∑
m∈N

xmaα

m
(aαp2

α) +
∑

α<β∈{1,··· ,K}

∑
m∈N

xmL(aα,aβ)

m
(2G(aα, aβ)pαpβ)


=

K∏
α=1

Exp[−(aαp2
α) log(1 − xα)]

∏
α<β∈{1,··· ,K}

Exp[−(2G(aα, aβ)pαpβ) log(1 − xL(aα,aβ))]

=
K∏

α=1

1
(1 − xaα)aαp2

α

∏
α<β∈{1,··· ,K}

1
(1 − xL(aα,aβ )2G(aα,aβ)pαpβ

(2.39)

This completes the proof of the main proposition (2.14).

2.2 Effective-graphs for graph counting

It is known that the counting of permutation invariants at degree k for matrices of size N

is equivalent to the counting of directed graphs with k edges and N vertices (see section
2.2 of [6]) and in the range N ≥ 2k it is simply the counting of all directed graphs with k

edges [5]. We have found a generating function for the graph counting at arbitrary k for
fixed N (2.14). For partitions of N of the form [ap1

1 , ap2
2 · · · apK

K ], with pi parts of length ai

which corresponds to cycle lengths of permutations in SN , the formula contains a product
with factors associated with the cycle lengths ai and a product with factors associated with
pairs (ai, aj). This formula has an interpretation in terms of a weighted counting of graphs,
which may be considered as “effective graphs” which produce the generating function for
numbers of directed graphs. For a partition p = [ap1

1 , ap2
2 , · · · , apK

K ], we consider a labelled
graph with p1 + p2 + · · · + pK nodes. The first p1 nodes are assigned a weight a1 each, the
next p2 are assigned a weight a2 and so forth. Consider a set of graphs, each consisting
of a single arc joining either a node to itself or a node to another. Consider the product,
one for each arc, of the form∏

arcs

(1 − xL(astart,aend))−G(astart,aend) (2.40)
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and define a partition function of weighted graphs as a product over the weighted graphs
(defined by the arcs):

Z weighted graphs(N, p, x) =
∏
arcs

(1 − xL(astart,aend))−G(astart,aend) (2.41)

The loops joining nodes labelled ai to nodes labelled ai (including self-loops) produce
the product

K∏
i=1

(1 − xai)−aip
2
i (2.42)

since L(ai, ai) = ai there are p2
ai

such arcs. The arcs joining nodes of different weights produce∏
i<j

(1 − xL(ai,aj))−2pipjG(ai,aj) (2.43)

since there are 2pipj such arcs. Taking the product over all the weighted graphs we have

K∏
i=1

(1 − xai)−aip
2
ai

∏
i<j

(1 − xL(ai,aj))−2pipjG(ai,aj) (2.44)

which is the formula (2.14). This proves

Z weighted graphs(N, p, x) = Z(N, p, x) (2.45)

Figure 1 illustrates the effective graphs used to produce the generating function. The
summand Z(N, p, x) of Z(N, x) for the case N = 3, p = [2, 1] is constructed from the effective
graph with a node labelled 2 and a node labelled 1. The different possible 1-edge directed
graphs are shown in figure 1. For the first two, we apply the formula (2.42), while for the
last two we apply (2.43) to arrive at the function on the right. Taking the product over
the four graphs leads to

Z(N = 3, p = [2, 1], x) = 1
(1 − x2)4(1 − x) (2.46)

As a corollary of this discussion, note that

Z(N, p, x) =
∏

i,j∈{1,··· ,K}

1
(1 − xL(ai,aj))G(ai,aj) (2.47)

The case where i = j leads to the first product in (2.14) while the terms i ̸= j lead to
the second product in (2.14).

3 Review: derivation of Molien-Weyl determinant formula

A standard result which is very useful in the computation of dimensions of subspaces of Fock
spaces, or of spaces of polynomials, invariant under a group action is the Molien-Weyl formula.
A textbook presentation and derivation is in [19]. In a physics context, this formula has been
used for example in [20, 21]. In this section, in the interest of a self-contained presentation,
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Figure 1. Diagrams of effective graphs for the calculation of Z(N = 3, p = [2, 1], x).

we will give a proof of the Molien-Weyl determinant formula for the generating function
of dimensions of state spaces for bosonic Fock spaces using permutations and projector
techniques which are used elsewhere in the paper. An alternative derivation proceeds by
diagonalising the matrix for g [19]. The derivation of the Molien-Weyl determinant formula
from the gauged bosonic matrix quantum mechanics path integral is given in [18]. The
permutation and projector techniques admit an immediate generalization to the case of
Fock spaces defined using oscillators transforming according to a direct sum of irreducible
representations, with the different representations weighted by different parameters. This is
described in section 3.2. The generalisation to fermionic Fock spaces is described in section 3.3.

3.1 Molien-Weyl determinant formula derivation: bosonic case

Consider a finite group G and a set of bosonic oscillators A†
m transforming in the representation

V . The state space of k bosonic oscillators is the symmetrized k-fold tensor power Symk(V ).
The generating function of invariants in the Symk(V ) is defined as

Zsym(G, V ; x) =
∞∑

k=0
xktrSymk(V )(P0) (3.1)

where the projector to G-invariants is

P0 = 1
|G|

∑
g∈G

g (3.2)

We therefore have

Zsym(G, V ; x) = 1
|G|

∑
g∈G

∞∑
k=0

xktrSymk(V )(g)

= 1
|G|

∑
g∈G

∑
k=0

xk

k!
∑

τ∈Sk

trV ⊗k(g⊗kτ) (3.3)

To calculate the trace in the last line, introduce a basis ei for V , with 1 ≤ i ≤ DimV . The
permutation τ viewed as a map τ : {1, 2, · · · , k} → {1, 2, · · · k} which takes a ∈ {1. · · · , k}
to τ(a) ∈ {1, · · · , k} acts as follows on the tensor product states

τ (ei1 ⊗ ei2 ⊗ · · · ⊗ eik
) =

(
eiτ(1) ⊗ eiτ(2) ⊗ · · · eiτ(k)

)
(3.4)
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On the tensor product vector space V ⊗k, the group element acts as g⊗k

g⊗k (ei1 ⊗ ei2 ⊗ · · · ⊗ eik
) = gj1

i1
· · · gjk

ik
(ej1 ⊗ ej2 ⊗ · · · ⊗ ejk

) (3.5)

with the summation convention of repeated indices (ja) being understood. The trace is thus

trV ⊗k(g⊗kτ) = Coeff
(
ei1 ⊗ ei2 · · · ⊗ eik , g⊗kτ (ei1 ⊗ ei2 · · · ⊗ eik

)
)

= Coeff
(
ei1 ⊗ ei2 · · · ⊗ eik , g⊗k

(
eiτ(1) ⊗ eiτ(2) ⊗ · · · eiτ(k)

))
= Coeff

(
ei1 ⊗ ei2 · · · ⊗ eik , gj1

iτ(1)
gj2

iτ(2)
· · · gjk

iτ(k)
(ej1 ⊗ ej2 ⊗ · · · ⊗ ejk

)
)

= gi1
iτ(1)

gi2
iτ(2)

· · · gik
iτ(k)

(3.6)

For a permutation with cycle lengths a ∈ {1, · · · , k} with multiplicities qa, the expression
in the last line can be simplified as

gi1
iτ(1)

gi2
iτ(2)

· · · gik
iτ(k)

=
k∏

a=1
(tr(ga))qa (3.7)

This expresses the fact that each cycle of length a contributes a factor of tr(ga) to the trace
in V ⊗k. We thus conclude that

trV ⊗k(g⊗kτ) =
k∏

a=1
(tr(ga))qa (3.8)

Using this equation, the bosonic partition function in (3.3) can be expressed as

Zsym(G, V ; x) = 1
|G|

∑
g∈G

∑
k=0

xk

k!
∑
q⊢k

(
k!

Sym q

)
trV ⊗k(g⊗kτ) (3.9)

where we have replaced the sum over all permutations in Sk in equation (3.3) with a sum
over partitions q of trV ⊗k(g⊗kτ) for a fixed τ with the cycle structure given by q. The factor(

k!
Sym q

)
is the number of permutations with the cycle structure q. The equation (3.9) can
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be manipulated further as follows

Zsym(G, V ; x) = 1
|G|

∑
g∈G

∞∑
k=0

xk
∑
q⊢k

1∏k
a=1 aqaqa!

k∏
a=1

(tr(ga))qa

= 1
|G|

∑
g∈G

∞∑
k=0

∑
q⊢k

x
∑

a
aqa∏k

a=1 aqaqa!

k∏
a=1

(tr(ga))qa

= 1
|G|

∑
g∈G

∑
q1,q2,···

∞∏
a=1

1
qa!

(
xa

a

)qa

(tr(ga))qa

= 1
|G|

∑
g∈G

∞∏
a=1

∞∑
qa=0

1
qa!

(
xa

a

)qa

(tr(ga))qa

= 1
|G|

∑
g∈G

∞∏
a=1

Exp
[

xa

a
trV (ga)

]

= 1
|G|

∑
g∈G

Exp
[
trV

(∑
a

xa

a
ga

)]

= 1
|G|

∑
g∈G

Exp [−trV (log(1 − xg))]

= 1
|G|

∑
g∈G

1
det(1 − xDV (g)) (3.10)

We have thus derived the Molien-Weyl formula:

Zsym(G, V ; x) = 1
|G|

∑
g∈G

1
det(1 − xDV (g)) (3.11)

3.1.1 Projecting to a general representation R of G and fourier transform to
constrained holonomy

In the above, we have derived a formula, as a sum over group elements, for the generating
function of multiplicities of the trivial representation of G in the bosonic Fock space of states
generated by oscillators in the representation V of G. The same steps allow the derivation of a
formula for the generating function of the multiplicities of a general irreducible representation
R of G in the Fock space. This generating function, denoted Zsym;R(G, V ; x), can be written
as a sum over the degree k of the oscillators as

Zsym;R(G, V ; x) =
∞∑

k=0
xktrSymk(V )(PR) (3.12)

The trace is over the k-fold symmetrised tensor power of V of the projector PR for the
irreducible representation R. The projector is a sum over group elements:

PR = dR

|G|
∑
g∈G

χR(g−1) g (3.13)

i.e. an element of the group algebra, where dR is the dimension of the irreducible representation
and χR(g) is the character of the group element g in the representation R. Inserting this
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projector in place of P0 at the start of (3.1) and following the steps of the derivation leads to

Zsym;R(G, V ; x) = dR

|G|
∑
g∈G

χR(g−1)
det(1 − xDV (g)) (3.14)

The determinant is a function of the conjugacy class of g, so the right hand side can be written
as a sum over conjugacy classes. We can also perform a Fourier transform of Zsym;R(G, V ; x)
to obtain a class function Zsym;C(G, V ; x)

Zsym;C(G, V ; x) =
∑
R

χR(gC)
dR

Zsym;R(G, V ; x)

= 1
det(1 − xDV (gC)) (3.15)

where gC is a group element in the specified conjugacy class C. We have used the character
orthogonality relation

∑
R

χR(gC)χR(g−1) = |G|
|C|

δ(Class(g), C) (3.16)

where |C| is the size of that conjugacy class C, to do the sum over R and to constrain the
sum over g in (3.11) to a fixed conjugacy class.

We can apply these observations to the case of G = SN . The generating function for
multiplicities of the irrep R specialised to this case is renamed for simplicity as

Zsym;R(G = SN , V = VN ; x) → Z(N, R, x) (3.17)

We have, from the above observations,

Z(N, R, x) =
∑

p

χR(g−1
p )

Sym p
Z(N, p, x) (3.18)

where Z(n, p, x) is given by the product formula (2.14). The Fourier-transformed, conjugacy
class-labelled partition functions are recognised as none other than the Z(n, p, x) itself:

Zsym;C(G, V = VN ; x) → Z(N, p, x) (3.19)

In the path-integral formulation developed in [18] the constraint of the sum over g in (3.11) to
a fixed conjugacy class can be implemented as a constraint on the product of group elements
associated with the links in the discretized thermal circle. This shows that Z(n, p, x) as given
by the product formula (2.14) has an interpretation as a path integral with holonomy around
the thermal circle constrained to a fixed conjugacy class.

3.2 Molien-Weyl determinant weighted counting of bosons in multiple
representations

There is a natural generalisation of (3.11) when we consider a Fock space generated by bosonic
oscillators A†

1;m1 , A†
2;m2 , · · · , A†

s;ms
transforming in a representation V1, V2 · · · , Vs with ma
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ranging over a basis for irrep Vl, the index m ranges over dim Vl values. We allow distinct
parameters x1, x2, · · · , xs weighting the different representations:

Zsym(G; V1, V2 · · · , Vs; x1, x2, · · · , xs) = 1
|G|

∑
g∈G

s∏
l=1

1
det(1 − xlDVl(g)) (3.20)

We prove this for the case of two representations. The extension to the general s case proceeds
through an evident generalisation.

Zsym(G; V1, V2; x1, x2) = 1
|G|

∑
g∈G

∞∑
k1=0

∞∑
k2=0

xk1
1 xk2

2 trSymk1 (V1)⊗Symk2 (V2)(g)

= 1
|G|

∑
g∈G

∞∑
k1=0

∞∑
k2=0

xk1
1 xk2

2
k1!k2!

∑
τ1∈Sk1

∑
τ2∈Sk2

tr
V

⊗k1
1

(g⊗k1τ1)tr
V

⊗k2
2

(g⊗k2τ2)

= 1
|G|

∑
g∈G

∑
k1,k2

∑
p⊢k1

∑
q⊢k2

xk1
1 xk2

2
Sym p Sym q

∏
a

trV1(ga)pa
∏

b

trV2(gb)qb

= 1
|G|

∑
g∈G

∑
p1,p2···

∑
q1,q2···

x

∑
a

apa

1 x

∑
b

bqb

2∏
a apapa!

∏
b bqbqb!

∏
a

trV1(ga)pa
∏

b

trV2(gb)qb

= 1
|G|

∑
g∈G

∑
p1,p2···

∑
q1,q2···

∏
a

1
pa!

(
xa

1trV1(ga)
a

)pa ∏
b

1
qb!

(
xb

2trV2(gb)
b

)qb

= 1
|G|

∑
g∈G

∏
a

∑
pa

1
pa!

(
xa

1trV1(ga)
a

)pa ∏
b

∑
qb

1
qb!

(
xb

2trV2(gb)
b

)qb

= 1
|G|

∑
g∈G

∏
a

exp
(

xa
1

a
trV1(ga)

)∏
b

exp
(

xb
1

b
trV2(gb)

)

= 1
|G|

∑
g∈G

exp
(

trV1

∑
a

xa
1DV1(ga)

a

)
exp

(
trV2

∑
b

xb
2DV2(gb)

b

)

= 1
|G|

∑
g∈G

exp
(
−trV1 log(1 − x1DV1(g))

)
exp

(
−trV2 log(1 − x2DV2(g))

)
= 1

|G|
∑
g∈G

1
det(1 − x1DV1(g))

1
det(1 − x2DV2(g)) (3.21)

It is useful to define

Z
(g)
V (x) = 1

det(1 − xDV (g)) (3.22)

which allows us to write

Zsym(G; V1, V2; x1, x2) = 1
|G|

∑
g∈G

Z
(g)
V1

(x1)Z(g)
V2

(x2) (3.23)

and more generally

Zsym(G; V1, V2 · · · , Vs; x1, x2, · · · , xs) = 1
|G|

∑
g∈G

s∏
a=1

Z
(g)
Va

(xa) (3.24)
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3.3 Molien-Weyl determinant formula derivation: fermionic case

In the fermionic case, the k-oscillator state space is the antisymmetrized tensor product
Λk(V ). The generating function of fermionic states which are G-invariant is given by

Zferm(G, V ; x) =
∞∑

k=0
xktrΛk(V )P0 (3.25)

where the projector to G-invariants is

P0 = 1
|G|

∑
g∈G

g (3.26)

The trace over the k-fold anti-symmetrized tensor space Λk(V ) can be written as trace over
the k-fold tensor power V ⊗k along with an anti-symmetrization projector constructed as a
sum of permutations τ in Sk, weighted by the sign of the permutation which is denoted (−1)τ

Zferm(G, V ; x) =
∞∑

k=0

∑
τ∈Sk

xk (−1)τ

k! trV ⊗n(P0τ) (3.27)

We convert the sum over permutations in Sk to a sum over conjugacy classes q in Sk, specified
as q = [iqi ] as in the bosonic case. The sign of a permutation τ in class q is a class function
which can be expressed as

(−1)τ = (−1)τ (q) = (−1)
∑

i
(i−1)qi (3.28)

This expresses the fact that odd-length cycles are even sign permutations while even-length
cycles are odd-sign permutations. The fermionic partition function is thus

Zferm(G, V ; x) =
∞∑

k=0

∑
q⊢k

(−1)τ (q)

Sym q
trV ⊗n(τ (q)P0))

=
∞∑

k=0

∑
q⊢k

∑
g

1
|G|

(−1)τ(q)

Sym q
trV ⊗k(g⊗kτ (q))

=
∑

g

1
|G|

∞∑
k=0

xk
∑
q⊢k

k∏
a=1

(−1)(a−1)qa

aqaqa! (trga)qa

=
∑

g

1
|G|

∞∑
k=0

∑
q⊢k

k∏
a=1

(−1)(a−1)qaxaqa

aqaqa! (trga)qa

=
∑

g

1
|G|

∑
q1,q2···

∏
a

(−1)qa

qa!

((−x)atrga

a

)qa

=
∑

g

1
|G|

∏
a

∞∑
qa=0

(−1)qa

qa!

((−x)atrga

a

)qa

=
∑

g

1
|G|

∞∏
a=1

e−
(−x)a

a
trga

=
∑

g

1
|G|

e−
∑∞

a=1
(−x)a

a
trga
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=
∑

g

1
|G|

e
∑∞

a=1
(−1)a+1xatrga

a

=
∑

g

1
|G|

etr
∑∞

a=1
(−1)a+1xaDV (ga)

a

=
∑

g

1
|G|

e
trDV

(
xg−x2g2

2 + x3g3
3 +···

)

=
∑

g

1
|G|

etr log(1+xDV (g))

=
∑

g

1
|G|

det(1 + xDV (g)) (3.29)

We have thus proved the Molien-Weyl formula for G-invariant fermionic state counting

Zferm(G, V ; x) =
∑

g

1
|G|

det(1 + xDV (g)) (3.30)

4 Gauged permutation invariant matrix partition function using
Molien-Weyl formula

We return to the specific case of interest at hand, the matrix oscillators A†
ij transforming

as (VN ⊗ VN ) where VN is the natural representation of SN of dimension N , with the
decomposition into irreducible representations

VN = (V0 ⊕ VH) (4.1)

where V0 is the trivial one-dimensional representation and VH is the (N − 1) dimensional
representation. In this section, we will reproduce the formula (2.14) for the generating
function of bosonic states using the Molien-Weyl formula (3.11). It is useful to recall that
the natural representation of dimension N can be described as

VN = Span {ei | i ∈ {1, 2, · · · , n}} (4.2)

where permutations σ act as linear operators DVN (σ) defined as

DVN (σ) : ei → eσ−1(i) (4.3)

With the left-to-right multiplication convention

σ1σ2(i) = σ2(σ1(i)) (4.4)

the linear operators obey the homomorphism condition

DVN (σ1)DVN (σ2) = DVN (σ1σ2) (4.5)

For a cyclic permutation σa = (1, 2, · · · , a) acting on the vector space Va of dimension a,
using the action in (4.3). The eigenvalues of this action are multiples of ωa = e

2πi
a :

ωt
a t ∈ {0, 2, · · · , a − 1} (4.6)
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σa generates the cyclic group Za and Va is isomorphic to the regular representation of Za.
The corresponding eigenvectors are

|ωt
a⟩ = e1 + ω−t

a e2 + · · · + ω−(a−1)t
a ea (4.7)

As in the derivation of (2.14) in section 2 it is convenient to consider, in the first instance,
permutations σ ∈ SN in a conjugacy class p = [ap1

1 , ap2
2 ], i.e. σ has p1 cycles of length a1 and

p2 cycles of length a2. The permutation σ belongs to a subgroup of the form of a product
of cyclic groups: Z×p1

a1 × Z×p2
a2 ⊂ SN . We can therefore use the spectrum (4.6) to deduce

that the eigenvalues of the matrix DVN (σ) are:

ωt1
a1 , t1 ∈ {0, · · · , a1 − 1} : Multiplicity = p1

ωt2
a2 , t2 ∈ {0, · · · , a2 − 1} : Multiplicity = p2 (4.8)

In the tensor product VN ⊗ VN , the eigenvectors are of two types, as follows:

Same eigenvalue in both tensor factors
|ωt1

a1 ; α1⟩ ⊗ |ωt2
a1 , α2⟩ α1 ∈ {1 · · · p1} α2 ∈ {1 · · · p1}

|ωt1
a2 ; α1⟩ ⊗ |ωt2

a2 , α2⟩ α1 ∈ {1 · · · p2} α2 ∈ {1 · · · p2}
Different eigenvalues in the two tensor factors

|ωt1
a1 ; α1⟩ ⊗ |ωt2

a2 , α2⟩ α1 ∈ {1 · · · p1} α2 ∈ {1 · · · p2}
|ωt2

a2 ; α2⟩ ⊗ |ωt1
a1 , α1⟩ α1 ∈ {1 · · · p2} α2 ∈ {1 · · · p1} (4.9)

The index α1 identifies one of the Za1 in the product Z×p1
a1 while the index α2 identifies one

of the Za2 factors in the product Z×p2
a2 . This leads to

det(1−xDVN⊗VN (g)) =
a1−1∏

t1,t2=0
(1−xωt1+t2

a1 )p2
1

a2−1∏
t1,t2=0

(1−xωt1+t2
a2 )p2

2

a1−1∏
t1=0

a2−1∏
t2=0

(1−xωt1
a1ωt2

a2)2p1p2

(4.10)
A useful lemma is:

Lemma 1.
a−1∏
t=0

(1 − Xωt
a) = (1 − Xa) (4.11)

The proof follows by observing that the coefficient of Xc when the product is expanded out is:

(−1)c
a−1∑
t=0

ωct
a = (1 − ωca

a )
(1 − ωc

a) for c ∈ {1, 2, · · · , a − 2}

= 1 for c ∈ {0, a − 1} (4.12)

This implies

a1−1∏
t1,t2=0

(1 − xωt1+t2
a1 ) =

a1−1∏
t1=0

(1 − xa1ωa1t1
a1 ) =

a1−1∏
t1=0

(1 − xa1) = (1 − xa1)a1 (4.13)
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Similarly

a2−1∏
t1,t2=0

(1 − xωt1+t2
a2 ) =

a2−1∏
t1=0

(1 − xa2ωa2t1
a2 ) =

a2−1∏
t1=0

(1 − xa2) = (1 − xa2)a2 (4.14)

To calculate the mixed terms, we will need a second lemma, which we will call the roots and
LCM Lemma since it connects the roots of unity eigenvalues and the Least common multiples:

Lemma 2: roots-and-LCM-lemma.
a1−1∏
t1=0

(1 − xa2ωa2t1
a1 ) = (1 − xL(a1,a2))

a1a2
L(a1,a2) = (1 − xL(a1,a2))G(a1,a2) (4.15)

We will prove the Lemma shortly, but using the Lemma we can now calculate the mixed
terms in (4.10). We note that

a1−1∏
t1=0

a2−1∏
t2=0

(1 − xωt1
a1ωt2

a2) =
a1−1∏
t1=0

(1 − xa2ωa2t1
a1 ) = (1 − xL(a1,a2))

a1a2
L(a1,a2) = (1 − xL(a1,a2))G(a1,a2)

(4.16)
which gives

a1−1∏
t1=0

a2−1∏
t2=0

(1 − xωt1
a1ωt2

a2)2p1p2 = (1 − xL(a1,a2))2p1p2G(a1,a2) (4.17)

Putting these products together with their p-dependent multiplicities as given in (4.9), we have

det(1 − xDVN⊗VN (g)) = (1 − xa1)a1p2
1(1 − xa2)a2p2

2(1 − xL(a1,a2))2p1p2G(a1,a2) (4.18)

In other words, for [g] = [ap1
1 , ap2

2 ].

1
det(1 − xDVN⊗VN (g)) = 1

(1 − xa1)a1p2
1(1 − xa2)a2p2

2(1 − xL(a1,a2))2p1p2G(a1,a2)
(4.19)

Proof of the roots-and-LCM-lemma.

For the greatest common divisor of a1, a2, previously denoted G(a1, a2) we will write
for simplicity G(a1, a2) = h. We have

a1 = h â1

a2 = h â2

G(â1, â2) = 1 (4.20)

for positive integers h, â1, â2. In the product over t1 ∈ {0, 2, · · · , a1 − 1} in (4.15) it is useful
to write t1 = qâ1 + s, with s ∈ {0, · · · , â1 − 1}, q ∈ {0, · · · , h − 1}. So we have to calculate

a1−1∏
t1=0

(1 − xa2ωa2t1
a1 ) =

h−1∏
q=0

â1−1∏
s=0

(1 − xa2ωa2t1
a1 ) (4.21)
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Note that

ωa2t1
a1 = e

2πia2t1
a1 = e

2πiâ2t1
â1 = e

2πiâ2(qâ1+s)
â1 = e

2πiâ2s

â1 (4.22)

Since G(â1, â2) = 1, e
2πiâ2

â1 is a primitive root of unity of order â1. This means, using
Lemma (4.11)

â1−1∏
s=0

(1 − Xe
2πiâ2s

â1 ) = (1 − X â1) (4.23)

We can write
a1−1∏
t1=0

(1 − xa2ωa2t1
a1 ) =

h−1∏
q=0

â1−1∏
s=0

(1 − xa2e
2πisâ2

â1 ) =
h−1∏
q=0

(1 − xa2â1) = (1 − xa2â1)h (4.24)

Now observe that

L(a1, a2) ≡ LCM(a1, a2) = LCM(hâ1, hâ2) = hâ1â2

a1a2 = h2â1â2

h = a1a2
LCM(a1, a2) (4.25)

We conclude that
a1−1∏
t1=0

(1 − xa2ωa2r1
a1 ) = (1 − xa2â1)h = (1 − xhâ2â1)h

= (1 − xL(a1,a2))
a1a2

L(a1,a2) = (1 − xL(a1,a2))G(a1,a2) (4.26)

For a general partitition [ap1
1 , ap2

2 , · · · , apK
K ], the tensor product states can be organised as

in (4.9) according to whether the eigenvalues in the two factors of the tensor product VN ⊗VN

are the same or different. When the eigenvalues are the same we get, collecting factors of the
form in (4.13) and (4.14), a factor in the determinant det(1 − xDVN⊗VN (g))

ai−1∏
i=0

(1 − xai)ai (4.27)

Collecting contributions to the determinant from cases where the eigenvalues are distinct,
noting that the distinct pairs can be any ai, aj with i, j ∈ {1, · · · , K} and using the (4.26)
formula, we have ∏

i<j∈{1,··· ,K}
(1 − xL(ai,aj))G(ai,aj) (4.28)

Collecting both cases and using the multiplicities of eigenvalues for the two cases from (4.9)
we obtain

K∏
i=1

(1 − xai)aip
2
i

∏
i<j∈{1,··· ,K}

(1 − xL(ai,aj))2pipjG(ai,aj) (4.29)

which agrees with Z(N, p, x).
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5 The refined partition function for general gauged 11-parameter matrix
harmonic oscillator system

In this section we derive the partition function for the general gauged permutation invariant
matrix harmonic oscillator. The general permutation invariant quadratic function of matrix
variables was described in [4] and the representation theoretic diagonalisation was given in [5].
The canonical quantization of the matrix quantum system was described and the canonical
partition function of the full model, including permutation invariant and non-invariant sectors
was given in [11]. The Molien-Weyl formula, which was recovered physically as a continuum
limit of the lattice formulation of the gauge invariant theory in [18], turns out, as we show
here, to be a powerful tool for calculating the partition function of the general model.

The partition function of the 11-parameter harmonic oscillator system, with SN invariance
imposed as a gauge symmetry, takes the form

Z(N,βab
0 ,βab

H ,β2,β3) (5.1)

= trHP0 exp

[
−

2∑
a,b=1

βab
0 A†

0;aA0;b−
3∑

a,b=1

βab
H

dim VH∑
m=1

A†
H,a;mAH,b;m−β2

dim V2∑
m=1

A†
2;mA2;m−β3

dim V3∑
m=1

A†
3;mA3;m

]
The path integral formulation for the quantum system, as a limit of a lattice formulation
where the covariant derivative is described in terms of parallel transport using group elements,
is given in [18]. The Hilbert space H is the Fock space generated by the matrix oscillators
A†

ij . The exponent uses linear combinations of the A†
ij oscillators organised according to the

decomposition of the matrix oscillators into irreducible representations of SN :

VN ⊗ VN = 2V0 ⊕ 3VH ⊕ V2 ⊕ V3 (5.2)

where V0 is the one-dimensional representation of SN , VH is the (N − 1) dimensional hook
representation corresponding to the Young diagram with row lengths [N − 1, 1], V2 is the
representation of dimension N(N − 3)/2 associated with Young diagram [N − 2, 2], while V3
is the irrep of dimension (N − 1)(N − 2)/2 associated with the Young diagram [N − 2, 1, 1].
The creation operators

A†
0;a , A†

H,a;m , A†
2;m , A†

3;m (5.3)

transform in the four irreps, respectively, V0, VH , V2, V3 as in (5.2). The a indices run over the
multiplicity spaces and these creation operators can be expressed as linear combinations of A†

ij

using the Clebsch-Gordan coefficients associated with (5.2), as explained in more detail in [11].
Similar remarks apply to the annihilation operators. The parameters βab

0 form a symmetric
2 × 2 matrix (with 3 parameters), the βab

H form a symmetric 3 × 3 matrix, so that alongside
β2, β3 there is a the total number of parameters is 3 + 6 + 1 + 1 = 11. By diagonalising the
matrices βHab

0 and βab
H , we find that the thermal partition function of the invariant sector

depends on 2 + 3 + 1 + 1 = 7 parameters (as does the partition function of the full Hilbert
space computed in [11]). We thus find that the most general partition function takes the form

Z(N,βa
0 ,βa

H ,β2,β3) (5.4)

= tr
H̃
P0 exp

[
−

2∑
a=1

βa
0 Ã†

0;aÃ0;a−
3∑

a=1

βa
H

dim VH∑
m=1

Ã†
H,a;mÃH,b;m−β2

dim V2∑
m=1

Ã†
2;mÃ2;m−β3

dim V3∑
m=1

Ã†
3;mÃ3;m

]
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where βa
0 , βa

H are the eigenvalues of the matrices βab
0 , βab

H respectively. The Hilbert space H̃ is
the Fock space generated by the 7 independent creation operators Ã†

0;a, Ã†
H;a, Ã†

2, Ã†
3.

The SN invariant partition function is a weighted counting of Fock space states generated
by the seven types of oscillators

Ã†
0,a, a ∈ {1, 2} weighted by e−βa

0

Ã†
H,a;m, a ∈ {1, 2, 3} weighted by e−βa

0

Ã†
2;m weighted by e−β2

Ã†
3;m weighted by e−β3 (5.5)

with the insertion of the SN projector. As explained in section (3.2), the weighted counting
of invariants takes the form

Z(N, βa
0 , βa

H , β2, β3) == 1
N !

∑
σ

( 2∏
a=1

Z
(σ)
V0

(e−βa
0 )
)( 3∏

a=1
Z

(σ)
VH

(e−βa
H )
)

Z
(σ)
V2

(e−β2)Z(σ)
V3

(e−β3)

(5.6)
where each factor is an inverse determinant of Molien-Weyl form ( see in particular equa-
tions (3.24) and (3.22) ).

5.1 Molien-Weyl determinants for VN , V0, VH

The natural representation VN decomposes as

VN = V0 ⊕ VH (5.7)

For the Fock space generated by an oscillator in the trivial one-dimensional representation,
the counting function is

ZV0(x) =
∑

p

1
Sym p

1
(1 − xDV0(σ(p)))

=
∑

p

1
Sym p

1
(1 − x) (5.8)

Next we consider oscillators in the representation VN and a permutation σ with cycle
structure of the form [ap1

1 , ap2
2 · · · apK

K ]. This permutation belongs to a subgroup of the form
Zp1

a1 × Zp2
a2 · · · × ZpK

aK
in SN . The eigenvectors are of the form

|ωti
ai

; αi⟩ with i ∈ {1, 2, · · · , K} , ti ∈ {0, 1, · · · , ai − 1} , αi ∈ {1, 2, · · · , pi} (5.9)

with eigenvalues ωri
ai

each with multiplicity pi. The total number of eigenvectors is p1a1+p2a2+
· · ·+ pKaK = N and these eigenvectors span VN . Therefore, the determinant is (using (4.11))

det(1 − xDVN (σ)) =
K∏

i=1

ai−1∏
ti=0

(1 − xωti
ai

)pi =
K∏

i=1
(1 − xai)pi (5.10)

We also have

det(1 − xDV0(σ)) = (1 − x) (5.11)

and

det(1 − xDVN (σ)) = det(1 − xDV0⊕VH (σ)) = det(1 − xDV0(σ)) det(1 − xDVH (σ)) (5.12)
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We conclude that

det(1 − xDVH (σ)) = 1
(1 − x)

K∏
i=1

(1 − xai)pi (5.13)

The Molien-Weyl formula then becomes:

ZVH
(x) =

∑
p⊢N

(1 − x)
Sym p

∏
i

1
(1 − xai)pi

(5.14)

5.2 Using S2VN and Λ2VN to get the determinants for V2, V3

The eigenvectors of σ, with cycle structure [ap1
1 , ap2

2 , · · · , apK
K ] in VN ⊗ VN are

|ωti
ai

; αi⟩ ⊗ |ωtj
aj ; αj⟩ (5.15)

where

i, j ∈ {1, 2, · · · , K}
ti ∈ {0, 1, · · · , ai − 1}
tj ∈ {0, 1, · · · , aj − 1}
αi ∈ {0, 1, · · · , pi} , αj ∈ {1, · · · , pj} (5.16)

It is known that the symmetric tensor power decomposes as

S2(VH) = V0 ⊕ VH ⊕ V2 (5.17)

and
Λ2VH = V3 (5.18)

These decompositions are described in detail in [10]. A dimension count to check the first
equation is

N(N − 1)
2 = 1 + (N − 1) + N(N − 3)

2 (5.19)

One also checks that the hook formula for [N − 2, 1, 1] agrees with (N − 1)(N − 2)/2.
Since VN = V0 ⊕ VH , we can use the above to find

S2(VN ) = S2(V0) ⊕ S2(VH) ⊕ Sym ((VH ⊗ V0) ⊕ (V0 ⊗ VH))
= V0 ⊕ (V0 ⊕ VH ⊕ V2) ⊕ VH

= 2V0 ⊕ 2VH ⊕ V2 (5.20)

and
Λ2(VN ) = Λ2(VH) ⊕ Λ ((V0 ⊗ VH) ⊕ (V0 ⊗ VH)) = V3 ⊕ VH (5.21)

These equations imply that

det(1 − xDS2(VN )(σ)) = det(1 − xDV0(σ))2 det(1 − xDVH (σ))2 det(1 − xDV2(σ)) (5.22)

and
det(1 − xDΛ2(VN )(σ)) = det(1 − xDVH (σ)) det(1 − xDV3(σ)) (5.23)

which can be used to calculate det(1−xDV2(σ)) and det(1−xDV3(σ)) from the determinants of
the symmetrised and anti-symmetrised powers along with those for V0, VH . The determinants
for V0 and VH are already given in section 5.1. We will now calculate the determinants for
the symmetrised and anti-symmetrised square of VN .
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5.3 Molien-Weyl determinant for S2(VN )

Consider S2(VN ). We list a complete set of eigenvectors, corresponding eigenvalues with
multiplicities, and the factor det(1 − xDS2(VN )(g):

Case 1. Different powers of the same root of unity ωai on the two tensor factors:

Eigenvectors (|ωt1
ai

; α1⟩ ⊗ |ωt2
ai

; α2⟩ + |ωt2
ai

; α2⟩ ⊗ |ωt1
ai

; α1⟩)
α1, α2 ∈ {1, · · · , pi}, t1 < t2 ∈ {0, · · · , ai − 1}

Eigenvalues ωt1+t2
ai

Multiplicity = p2
i (5.24)

For each ai this contributes to the determinant det(1 − xDS2(VN )(σ)) a factor

F1(ai) =
∏

t1<t2∈{0,1,··· ,ai−1}
(1 − xωt1+t2

ai
)p2

i (5.25)

Case 2. Same power of the same root of unity on the two tensor factors with different
ai-subsets chosen from the pi possibilities:

Eigenvectors (|ωt
ai

; α1⟩ ⊗ |ωt
ai

; α2⟩ + |ωt
ai

; α2⟩ ⊗ |ωt
ai

; α1⟩)
α1 < α2 ∈ {1, · · · , pi}
Eigenvalues ω2t

ai
Multiplicity = pi(pi − 1)/2 (5.26)

This contributes to the MW-determinant a factor

F2(ai) =
ai−1∏
t=0

(1 − xω2t
ai

)pi(pi−1)/2 (5.27)

Case 3. Same power of the same root of unity on the two tensor factors with same ai-subsets:

Eigenvectors |ωt
ai

; α⟩ ⊗ |ωt
ai

; α⟩ ; t ∈ {0, · · · , ai − 1} ; α ∈ {1, · · · , pi}
Eigenvalues ω2t

ai
Multiplicity = pi (5.28)

This contributes a factor

F3(ai) =
ai−1∏
t=0

(1 − xω2t
ai

)pi (5.29)

Case 4. Finally we have the case where the two tensor factors contain eigenvectors involving
different roots of unity:

Eigenvectors (|ωt1
ai

; α1⟩ ⊗ |ωt2
aj

; α2⟩ + |ωt2
aj

; α2⟩ ⊗ |ωt1
ai

; α1⟩) i ̸= j ∈ {1, · · · , K}
t1 ∈ {0, 1, · · · , ai − 1}, t2 ∈ {0, 1, · · · , aj − 1}

α1 ∈ {1, · · · , pi}, α2 ∈ {1, · · · , pj}
Eigenvalues ωt1

ai
ωt2

aj
Multiplicity pipj (5.30)
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This leads to the factor

F4(ai, aj) =
ai−1∏
t1=1

aj−1∏
t2=1

(1 − xωt1
ai

ωt2
aj

)p1p2 (5.31)

We show in appendix A that

F1(ai) =
∏

t1<t2∈{0,··· ,ai−1}
(1 − xωt1+t2

ai
)p2

i = (1 − xai)
aip2

i
2

(1 − x
ai

G(2,ai) )
G(2,ai) p2

i
2

(5.32)

F2(ai) =
ai−1∏
t=1

(1 − xω2t
ai

)
pi(pi−1)

2 = (1 − x
ai

G(2,ai) )
G(2,ai) pi(pi−1)

2 (5.33)

F3(ai) =
ai−1∏
t=1

(1 − xω2t
ai

)pi = (1 − x
ai

G(2,ai) )G(2,ai)pi (5.34)

F4(ai, aj) =
ai−1∏
t1=1

aj−1∏
t2=1

(1 − xωt1
ai

ωt2
aj

)p1p2 =
ai−1∏
t1=0

(1 − xaj ω
ajt1
ai )pipj

= (1 − xL(ai,aj))G(ai,aj)pipj (5.35)

Collecting terms

1
det(1 − xDS2(VN )(σ))

=
∏

i

(F1(ai)F2(ai)F3(ai))−1 ∏
i<j

(F4(ai, aj))−1 (5.36)

Using the equations (5.32), (5.33), (5.34) and (5.35), we have

1
det(1 − DS2(VN )(σ))

=
∏

i

1

(1 − x
ai

G(2,ai) )G(2,ai)
pi
2 (1 − xai)

aip2
i

2

∏
i<j

1
(1 − xL(ai,aj))G(ai,aj)pipj

(5.37)

5.4 Molien-Weyl determinant for Λ2(VN )

We now consider the antisymmetric squared tensor power Λ2(VN ) and list a complete set of
eigenvectors, corresponding eigenvalues with multiplicities, and the factor det(1−xDΛ2(VN )(g).

Case 1. Different powers of the same root of unity ωai in the two tensor factors:

Eigenvectors (|ωt1
ai

; α1⟩ ⊗ |ωt2
ai

; α2⟩ − |ωt2
ai

; α2⟩ ⊗ |ωt1
ai

; α1⟩)
α1, α2 ∈ {1, · · · , pi}, t1 < t2 ∈ {0, · · · , ai − 1}

Eigenvalues ωt1+t2
ai

Multiplicity = p2
i (5.38)

For each ai this contributes to the determinant det(1 − xDS2(VN )(σ)) a factor

F1(ai) =
∏

t1<t2∈{0,1,··· ,ai−1}
(1 − xωt1+t2

ai
)p2

i (5.39)
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Case 2. Same power of the same root of unity on the two tensor factors with different
ai-subsets chosen from the pi possibilities:

Eigenvectors (|ωt
ai

; α1⟩ ⊗ |ωt
ai

; α2⟩ − |ωt
ai

; α2⟩ ⊗ |ωt
ai

; α1⟩)
α1 < α2 ∈ {1, 2, · · · , pi}
Eigenvalues ω2t

ai
Multiplicity = pi(pi − 1)/2 (5.40)

This contributes to the MW-determinant a factor

F2(ai) =
ai−1∏
t=1

(1 − xω2t
ai

)pi(pi−1)/2 (5.41)

There is no Case 3 or corresponding F3 factor, unlike the S2(VN ) case.

Case 4. Finally we have the case where the two tensor factors contain eigenvectors involving
different roots of unity:

Eigenvectors (|ωt1
ai

; α1⟩ ⊗ |ωt2
aj

; α2⟩ − |ωt2
aj

; α2⟩ ⊗ |ωt1
ai

; α1⟩) i ̸= j ∈ {1, · · · , K}
t1 ∈ {0, 1, · · · , ai − 1}, t2 ∈ {0, 1, · · · , aj − 1}

α1 ∈ {1, · · · , pi}, α2 ∈ {1, · · · , pj}
Eigenvalues ωt1

ai
ωt2

aj
Multiplicity pipj (5.42)

This leads to the factor

F4(ai, aj) =
ai−1∏
t1=1

aj−1∏
t2=1

(1 − xωt1
ai

ωt2
aj

)p1p2 (5.43)

Collecting the different cases, for a permutation σ with cycle structure [ap1
1 , ap2

2 , · · · , apK
K ]:

det(1 − DΛ2(VN )(σ) =
∏

i

F1(ai)F2(ai)
∏
i<j

F4(ai, aj) (5.44)

Using the equations (5.32), (5.33), (5.35), the Molien-Weyl generating function for invariants
is:

1
det(1 − xDΛ2(VN )(σ))

=
∏

i

(1 − x
ai

G(2,ai) )
pi
2 G(2,ai)

(1 − xai)
aip2

i
2

∏
i<j

1
(1 − xL(ai,aj))G(ai,aj)pipj

(5.45)

The equations (5.45), (5.37) and (2.14) show that

1
det(1 − xDΛ2(VN )(σ))

1
det(1 − xDS2(VN )(σ))

= 1
det(1 − xD(VN⊗VN )(σ))

(5.46)

which is as expected since

det(1 − xD(V ⊕W )(σ)) = det(1 − xD(V )(σ)) det(1 − xD(W )(σ)) (5.47)

and VN ⊗ VN = S2(VN ) ⊕ Λ2(VN ).
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5.5 Molien-Weyl determinants for the irreps V2, V3

Using the decomposition into irreducibles obtained as equation (5.21) from section 5.2

Λ2(VN ) = VH ⊕ V3 (5.48)

we have

det(1 − xDΛ2(VN )(σ)) = det(1 − xDVH (σ)) det(1 − xDV3(σ)) (5.49)

Hence
1

det(1 − xDV3(σ)) = det(1 − xDVH (σ))
det(1 − xDΛ2(VN )(σ))

(5.50)

Therefore, for σ having a general cycle structure [ap1
1 , ap2

2 , · · · , apK
K ], using (5.13) and (5.45),

we have:

1
det(1 − xDV3(σ)) = 1

(1 − x)
∏

i

(1 − xai)pi ×
∏

i

(1 − x
ai

G(2,ai) )
pi
2 G(2,ai)

(1 − xai)
aip2

i
2

×
∏
i<j

1

(1 − xL(ai,aj))
aiaj pipj
L(ai,aj )

(5.51)

To obtain the Molien-Weyl determinant for V2 we use the decomposition (5.19) from
section 5.2

S2(VN ) = 2V0 ⊕ 2VH ⊕ V2 (5.52)

We have

det(1 − xDS2(VN )(σ)) = (det(1 − xDV0(σ)))2(det(1 − xDVH (σ)))2(det(1 − xDV2(σ))) (5.53)

This allows us to write (det(1 − xDV2(σ)))−1 in terms of determinants, notably (5.10)
and (5.37), which we have already calculated:

(det(1 − xDV2(σ)))−1

= (det(1 − xDV0(σ)))2(det(1 − xDVH (σ)))2 det(1 − xDS2(VN )(σ))−1

= (det(1 − xDVN (σ)))2 det(1 − xDS2(VN )(σ))−1

=
(∏

i

(1 − xai)2pi

)
det(1 − xDS2(VN )(σ))−1 (5.54)

=
∏

i

(1 − xai)2pi
∏

i

1

(1 − x
ai

G(2,ai) )
pi
2 G(2,ai)(1 − xai)

aip2
i

2

∏
i<j

1
(1 − xL(ai,aj))G(ai,aj)pipj

5.6 Physical partition function

We can now use the results for the Molien-Weyl determinants obtained above to make the
formula (5.6) explicit. It is convenient to define x1 = e−β1

0 , x2 = e−β2
0 for the irrep V0,
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x3 = e−β1
H , x4 = e−β2

H , x5 = e−β3
H for the irrep VH , x6 = e−β2 For V2 and x7 = e−β3 for V3.

The product of Molien-Weyl determinants with the respective xi’ s is
1

det(1 − x1DV0(σ))
1

det(1 − x2DV0(σ))
1

det(1 − x3DVH (σ))
1

det(1 − x4DVH (σ))
1

det(1 − x5DVH (σ))

× 1
det(1 − x6DV2(σ))

1
det(1 − x7DV3(σ)) (5.55)

For [σ] = [ap1
1 , ap2

2 , · · · , apK
K ]

Z(N,p;x1, · · · ,x7)

= 1
det(1−x1DV0(σ))

1
det(1−x2DV0(σ))

1
det(1−x3DVH (σ))

1
det(1−x4DVH (σ))

1
det(1−x5DVH (σ))

× 1
det(1−x6DV2(σ))

1
det(1−x7DV3(σ))

= (1−x3)(1−x4)(1−x5)
(1−x1)(1−x2)

∏
i

1
(1−xai

3 )pi

1
(1−xai

4 )pi

1
(1−xai

5 )pi

×
∏

i

(1−xai
6 )2pi

∏
i

1

(1−x
ai

G(2,ai)
6 )

pi
2 G(2,ai)(1−xai

6 )
aip2

i
2

∏
i<j

1
(1−x

L(ai,aj)
6 )G(ai,aj)pipj

× 1
(1−x7)

∏
i

(1−xai
7 )pi

∏
i

(1−x
ai

G(2,ai)
7 )

pi
2 G(2,ai)

(1−xai
7 )

aip2
i

2

∏
i<j

1
(1−x

L(ai,aj)
7 )G(ai,aj)pipj

(5.56)

The general invariant partition function is

Z(N ; x1, · · · , x7) =
∑
p⊢N

1
Sym p

Z(N, p; x1, · · · , x7) (5.57)

Note that when we set xi → x, the expression simplifies to (2.14) and we recover, as expected,
the partition function of the unrefined theory .

6 Summary and outlook

In this paper we have calculated the partition function for matrix quantum mechanics with
gauged permutation symmetry. We found explicit formulae for the case of harmonic oscillator
systems as a sum over partitions of N , where the summands depend on elementary number
theoretic functions of the partitions. The phase structure of these partition functions will
be studied in detail in upcoming work [22]. The rapid growth of the number of invariant
states as a function of the number of oscillators (as evident from the sequences given in [4]
and [23]) leads us to expect that the partition function given in (2.11) and (2.14) will have the
characteristics of a system with vanishing Hagedorn temperature at large N similar to what
is encountered in tensor quantum mechanics with continuous symmetries [24, 25] related to a
similar growth of the number of states [23, 26–28]. This is to be contrasted with the finite
Hagedorn temperature observed in multi-matrix systems [29], which has been revisited with
an interpretation in terms of small black holes in AdS [30–32]. The finite N formulae for both
canonical and micro-canonical ensembles available in the systems studied here make these a
very interesting set-up to study the approach to the transition at large N and the relation
between the behaviours of the canonical and micro-canonical ensembles in this approach.
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Finite group gauge symmetries have been considered in lattice gauge theory [33–36] and
comparisons between the phase structure of the quantum mechanical models at hand with
phases encountered in lattice gauge theory form additional motivation for the thermodynamic
investigations of the partition functions derived here.

It is also worth noting that the canonical partition functions studied here (equa-
tions (2.11), (2.17), (5.57) and (5.56)) can be summed up into rational functions of the
form P (x)/Q(x) and as such define Hilbert series for commutative rings. The denominators
encode information about the generators of the ring. They have a graph-theoretic interpreta-
tion, as observed and illustrated in [4], and as studied in more detail in [6]. The numerators
encode relations between the generators, as well as higher order relations. Applications of
Hilbert series in connection with group invariants with physical applications are an active
area of research in particle physics and string theory (see e.g. [37–40]). The structure of these
rational forms for the partition functions given here, and the elucidation of the generators
and relations encoded, is an interesting subject of further study.

The group-theoretic solutions to the 13-parameter Gaussian matrix model [5] (and related
models for symmetric matrices having vanishing diagonals [10], multi-matrix models [6] and
tensor models [41]) along with the calculations of partition functions using techniques
developed here and the path integral formulation in [18] set up the framework for the study of
interesting perturbations of these models by higher order permutation invariant interactions.
Any permutation invariant polynomial function of degree greater than two can be viewed
as an interaction term. In the matrix data science applications of zero-dimensional matrix
models such polynomials of degree 3 and 4 have been used to detect and rank the strengths of
non-Gaussianities real-world matrix ensembles [8–10]. Adding the higher ranked polynomial
functions to matrix models and performing perturbative calculations of correlators will be
useful in these applications. Analogous calculations in the matrix quantum systems will allow
us to investigate the effect of interactions on thermodynamic features. It will be interesting
to investigate the existence of double scaling limits analogous to the melonic limits of tensor
models [42, 43]. The phase structures of the perturbed models should be accessible to hybrid
Monte Carlo methods which have been applied to multi-matrix systems in the context of
BFSS [16] and BMN [17] models [44–47].
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A Computation of products over roots of unity

Here we calculate

F1(ai) =
∏

t1<t2∈{0,··· ,ai−1}
(1 − xωt1+t2

ai
)p2

i (A.1)

We first calculate

F̂1(ai) ≡
∏

t1<t2∈{0,··· ,ai−1}
(1 − xωt1+t2

ai
) (A.2)

Note that (1 − xωt1+t2
ai

) is unchanged when we swop t1, t2. This means

(F̂1(ai))2 =
∏

t1 ̸=t2∈{0,··· ,ai−1}
(1 − xωt1+t2

ai
) (A.3)

This can be calculated as follows:

(F̂1(ai))2 =
ai−1∏
t1=1

∏
t2 ̸=t1

(1 − xωt1+t2
ai

)

=
ai−1∏
t1=1

1
(1 − xω2t1

ai )

ai−1∏
t2=0

(1 − xωt1+t2
ai

)

=
∏
t1

(1 − xaiωt1ai
ai

)
(1 − xω2t1

ai )
(A.4)

where we used Lemma 1 (equation (4.11)) for the product over t2. Simplifying further

(F̂1(ai))2 =
ai−1∏
t1=0

(1 − xaiωt1ai
ai

)
(1 − xω2t1

ai )
=
∏
t1

(1 − xai)
(1 − xω2t1

ai )
= (1 − xai)ai

∏
t1

1
(1 − xω2t1

ai )
(A.5)

If ai is odd, ω2
ai

is a primitive ai’th root of unity and we have (using Lemma 1 ):

ai−1∏
t1=0

1
(1 − xω2t1

ai )
= 1

(1 − xai) (A.6)

If ai is even we can write t1 = ai
2 r + s with r ∈ {0, 1}, s ∈ {0, · · · , ai

2 − 1}:

ai−1∏
t1=1

1
(1 − xω2t1

ai )
=

∏
r∈{0,1}

ai
2 −1∏
s=0

1
(1 − xωair+2s

ai )

=
∏

r∈{0,1}

ai
2 −1∏
s=0

1
(1 − xωs

ai
2

)

=
∏

r∈{0,1}

1
(1 − x

ai
2 )

= 1
(1 − x

ai
2 )2

(A.7)
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The odd and even cases can be collected by expressing the result in terms of GCD(2, ai) ≡
G(2, ai) which is 2 if ai is even, and 1 if ai is odd. Hence

ai−1∏
t1=0

1
(1 − xω2t1

ai )
= 1

(1 − x
ai

G(2,ai) )G(2,ai)
(A.8)

We conclude that

∏
t1 ̸=t2∈{0,··· ,ai−1}

(1 − xωt1+t2
ai

) = (1 − xai)ai

(1 − x
ai

G(2,ai) )G(2,ai)
(A.9)

and

F̂1(ai) = (1 − xai)
ai
2

(1 − x
ai

G(2,ai) )
G(2,ai)

2

(A.10)

F1(ai) =
∏

t1<t2∈{0,··· ,ai−1}
(1 − xωt1+t2

ai
)p2

i = (1 − xai)
aip2

i
2

(1 − x
ai

G(2,ai) )
p2

i
G(2,ai)

2

(A.11)

The factors F2(ai), F3(ai) can be computed using (A.8). They are

F2(ai) =
ai−1∏
t=1

(1 − xω2t
ai

)pi(pi−1)/2 = (1 − x
ai

G(2,ai) )G(2,ai) pi(pi−1)/2 (A.12)

and

F3(ai) =
ai−1∏
t=1

(1 − xω2t
ai

)pi = (1 − x
ai

G(2,ai) )G(2,ai)pi (A.13)

Collecting the factors

F1(ai)F2(ai)F3(ai) = (1 − xai)
aip2

i
2 (1 − x

ai
G(2,ai) )

pi
2 G(2,ai) (A.14)

Now consider the factor that depends on ai, aj , which is simplified using (4.11) and (4.15)

F4(ai, aj) =
∏
t1,t2

(1 − xωt1
ai

ωt2
aj

)pipj

=
∏
t1

(1 − xa2ωa2t1
a1 )pipj

= (1 − xL(ai,aj))
aiaj pipj
L(ai,aj )

= (1 − xL(ai,aj))G(ai,aj)pipj (A.15)
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