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ABSTRACT

The success of bag models In hadron physics seems to imply that
such models should be taken seriously as an approximation to QCD,

In this belief a two—centre harmonic ascillator "bag" is utilised

’
to describe Kaon-proton scattering. An adiabatic approximation of

the pesulting system leads to & coupled channels formulation of

the scattering prablem.

Because of its complexity a solution of the gluon coupling inside
& doublie~cenired bag wns not attempted; this turns out to be the

most important interacticn term and is simply parametrised.

Even though all potentials are approximated Dy square wells and a
variety of other approximations are made, a fair fit to the
experimental phase shift data is obtained. It seems that the
"bare* masses of the unstable barvons differ appreciably from

positions of the experimental resonances.
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PREFACE

High energy physics envelops an immense diversity of problems and
solutions to these. Therefore some aspects necessarily tend to
escape attentionj gaplng hojes arise amidst the colourful fabric.
One such hole seems to be the dynamic description of baryon-meson
scattering. Although the literature abounds with experimenta

data, theoretical work lags far behind.

This study (s an attempt to start rectifying this particylar

problem.

I would jiKe to express my sincere gratitude to my supervisor,
prof. R.H.Lemmer , who has been extremely Hhelpful under
circumstances he must have found trying at times. Every satisfied
student probably considers his supervisor an uncommonly goad
educatory I believe that my judgement in this regard carries

objectlve weight.
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1. BAG MODELS AND QUANTUM CHROMODYMAMICS

It is now belirved that we have, in quantum chromodynamics (GCDJ,
the correct description of the strong interaction be tween
hadrons. GCD describes the hadrons as compound objects consisting
of quarks. Besides the usual symmetries the quarK Lagrangian also
has local guage invariance under the group SU(3>; therefore the
quarks are characterised by an additional quantum number which Is
twhimsically) called "coiour®, Tr form a basis of the fundamental
representation of SUC3) we iequire 3 colours., The strong nuclear
force Is to be seen as a “Van der Waals force" arlsing from the

colour interaction.

Now, aince the generators of SU(3) do not commute, GCD !s a non-—
VTinear theory. This implies that the "carriers® of the GQCD
Interaction - the gluons - can interact with one another. This is
to be compared wlth quantum electrodynamics (RED) which has U(1)
symmetry; because (12 Is Abelian (commutative) the photons do

not interact amongst themselves.

Because ‘of I*s non=linear|ty GCD is not soluble by way of a
general perturbative expansion: to utilise QCD we need to make
certain phenomenoiogical assumptions, stemming from what we
believe QCD to predict, and then caleulate by way of this
"reduced QLD". The two most Important such inputs are

1) asymptotic freedom: at small dlistances and iarge momen” the
quarke behave as though they were free. Thig is seen in
scattering experiments; it is also a demonstrable consequence of
QCD in a certaln approximative framework.

I§) colour confinement: c¢ollections of quarks that do not beleng
to a colour singlet representation cunnot exlst in isolation.

Hence free quarks do not exist (as seems to be the experimental




verdictd and the potential to separate a quark from a colour
singlet increoases monotonically at large separation. Although
this has not rigorously been proven to be a result of GCD  there
are good ressons to sxpect this to be the case. The fact that GCD
on a discrete spacetime ltattice [11 gives rise to confinement is

particularly suggestive.

VYarious medels which incorporate these ideas into a @CD-like
frameworK exist £2)1. One very successful model iz the MIT bag
model (3], Here requirement (}!> is satisfled by requiring that
the outward flow of current vanishes at a prescribed boundary;
¢i) ie then implemented by modelling the guarks as essentially
free  within this boundary. The restriction on the current does
not imply 2 unique prescription for ohtaining the quark wave
functions =~ the MIT group chose to implement it by enforcing a
relation between the wave function and its product with a
specific comblnation of Dirac matrices on the boundary of the
bag. This group seems to be very successful. In fia. 1 an example
af the flt of hadron masses which has been obtained in this way
£4] is shown. Magnetic moments, charge radil and similar
properties have also been predicted with a great deal of success

using the MIT boundary conditions.

Hence we expect the bag to allow us to carry out perturbative

calculations which approximute the GCD result,
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IT HARMONIC QSCILLATOR BAG
i« Non-spherical MIT~liKe bags

The success of the MIT bag in describing the static properties of
hadrons prompts & scaktiering description along the same lines. To
this end the bag houndary conditions would have to be Implemented
for other geometries than the conventional spherical one. For
instance, the scattering process could be Imagined as a simple
colfision of twa bags which maintaln their separate identities
but exchange quarks across a mutual surface. Then solutions for
flattened bags would be reguired (fig., 13). Un the other hand the
bags could be taken o cpatesce without deforming, In which case

the geometry would be that of two intersecting spheres (flg. 1bd.

Cad hY
Fig, 1 1 Examples of aon-spherical geomet- . es which may be used

in a scattering description.

For *normal® matter (which ig nearly incomp.w >, ble) we Know that
the firet plcture 15 a better represents'ton of the physical
process at energies which are o+ the same orier of magnitude as
the bHinding enerqy of the constuents; howsver, For the case of

Interacting bags there is reason to believe that the second




picture is the more 1ikely. This is because the hadronic vacuum
Is equivalent to a dia-electic medium (21, The formation of
"bubbles" in such a medium is snergetically fa ored. Hence we
do not expect the merging of bags to be accompanied by the wusual

registing force which causes deformation.

Now, sglutions of the Dirac equation with the MIT conditions on
guch a boundary would not be attainable analytically: numerical
technigues would have to be emplored. Furthermore, there may also
be Intrinsic difficuities in thist as shown in Appendix t, a
cubic geometry for instance does not admlt a solution of the
Dirac equatien with the MIT boundary conditions. Indeed, a
prolate spherical bag is no more successful., (It should be noted
that the fallure for the cube ie hardiy less surprising than that
for the spheroid, Contrary to a widespread bellef, the sharp
etges of the cube and the lack of a well defined normal at these
edges does nok  necessarily cause problems - cf. classical

electrodynamics [51.)

In view of these difficulties another approach for modelling
quark confinement inside interpenetrating bags |s presented here.
The problem of non~sphherlcal MIT bags is currently still  under

consideration,

2. Potential models

As  is wel) Krown [B1, the jinear boundary condition of the MIT
bag s (in the spherical case’ equlvalent ta the addition of an
infinite scalar patential to the mass of the quarks outside the

boundary of the bag.
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One abvious alternative to such square wel) conflnement is
confinement Inside a harmonic oscillator potential. In direct
analogy to the MIT mode) one would add an osciilator term to the
mass of the quark:

mo— méclr2)kn? TS

The Dirac equation with such a scalar potentia) can be written as
& F-m-1r2ykeH Y =g T
<(As noted in Appendix | we use the standard representation of the

Qamma matricess
¥o=rt o
. [0 —X]
Y=roe &
["V" o]
where 0,1 are the 2x2 null and unit matrices respectivelys T are

the Pauli matrices,)

Writing the quark bispinor as
P =T atroy gy

1ECRY i e
(for the case of spherical symmetry ; Y being a vector spherigal
harmonic, K the Dirac gquantum number and M the z-prolection of

the angular momentum [4]1) one obtains two coupled equations for

Fir> and girds

d 1-K
— 4 = [fCp) + E-m - Ugtr) = 0 ceeldal
dr r
d 14K
— b ee——gdn) - E v m b VD) = O voaal)
de r

We can now obtaln a second order differential equation for each
of #Lr> and ogi{r) by differentiating the abuve equatlions and
sotving for the appropriate function:

- g 35
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2 -
o 2 Ky d K{1-KY
— & E2(mrke D ¢ g

ot =
ar?  r o gem—Cl/2ue? de rZ
Ci-K)K
f¢ry=0 P S-1)

E-m 1722 Kr 2

The equation for glr) is

2
d 2 kr K{1+K) i
T T ey — 2ecmrkr D2 - —s :
dr r E~m={1/2)kr " dr ~ i
KCL+KD : (Sb>
- ———— > ai{r)=0 ra i
g-m=C1/20krZ | i
These equations may be useful j however, their structure lack the
attractive simplicity of (1e MIT sclutions. OGreat simplification
can be obtained, however, by employing a slightly more
complicated version of the potential . 1f we add :
€1+ %0V PEREE 3} =
(that 1is we use equal amounts of scalar and time like wvector
potential) to the wmass of a particle in the Dirac equation a
Schrodinger-3ike equation for the upper componsnt of the Dirac
bispinor arises. The role of the potential in this "Schrodinger
equation" Is played by Wr).
To see this write the quarK kispinor as
x e B
Using the stapdard representation with the Dirac equation the
coupled equations for @ and X are: ir,
F. P = £+ mX (B
@B X= (E~m = Ve (B ’
It can be seen that the potential does not eccur in (8a). We can
therefore operate with ?.3 on that equation without incurring
’ |
. |
i
- - = 5 Bas, i -




derivatives of the potential.

This form has beer used in conjunction with a harmonic oscillater
by Ravndal [71. He chose a potential of the form (the numerical
factors are for convenience’

(17183 ¢1+ Yo ok%e2 T

Then &he the small compenent of the quark bispiner is determined
by the equation
[92 - ciromeemn? + €2-nd)] g =0 IRETN

Making the same separation into radial and angular parts as abowe
we  obtain for  #¢r)  an  expression very similar to the
Schrodinger equation for a harmonic oscillator potential. The
enly difference is that the energy eigenvalue now occurs both

linear)ly and guadratically, as can be seen in <10).

The solutions of (103 subject to the boundary condition that the
wave function be normalizable are confluent hypergeometric

functions (see belawl, and the energles are given by

(8 -m) (€ +m>" =273k 2041 +3/2> ) EESEH =
The symbols have exactly the same significance as in the non- ‘
retativistic cagse ¢+ n =0, i, ... and i =0, 1, ... are the
radial and angular quantum numbers respectively.

The spin-up spinor wWith guantum numbers n,] and m is
=l v g PP axpe~k2r2/25FCon, 14as2y 1202y ‘
17cgamy o+ Y ST
(where %%=¢1/93k3(E+m) e
and F Is the confluent hypergeometric function ; N is a -
normal isation constant.)
I
l.
- .. e 3 o i o




as in  the non-relativistic case this has no negative energy
solutions. Therefore the antiparticle states have to be found in
some other way. For this we note that the zeroth component of the
electrodynamic vector potential couples with opposite sign to
particle and antiparticle states (since it Is accompanied by the
slectric charge of the particle/ antiparticle in that case).
Hence we snould make a similar change of sign here, so that the
potential for our antiparticle states is

(1718 ¢1- %k 32 [T

We thus get a negative energy spectrum which is the mirror image
of the positive energy spectrum. Because this arises from a
different potential, however, the particle and antipanticle
states will not be orthogonal to one another, As we shall see
later on, thls might pose a problem. <(Extensive use of these
negative energy states will be made: we shall assume al) of the
negative energy states to be populated by "sea® quarks te form a
Dirac sea. This implies that the non-vanishing operations an our
yacuum  are the annhitation of a negative energy guark or the

creation of a positive energy guark.)
3. Two-centre harmonic osciliator

We can now extend the above description to include non~spherical
geometries too. The picture sketched by the second drawing in
fig. § will be simulated- i,e. that of twe bags coalescing
without deformlng. Thls 1Is modelled by using a ‘twe-tentre
harmonic oscillator potential in the Dirac equation. We write =
uging cylindrical polar coordinates -

Ueityz ) = (k38 U Yo L iz ) 2ap®) RRET->
(Gee fig. 2)

This potential descrlbes two separate harmonic oscillatars In the




-asymptotic region (i.e. #or the separation between their centres

= 2z, large). On the wther hand the confining potential becomes a

single harmonic oscillator when the separation vanishes.
Toe see how solutions with this potential Took we again assume &

aplin-up quark, that is

ced (18

b [
Q

V(72)

—
2
Fig. 2 : Two—~centre harmonic oscillator: z-dependence

F is written in the form
F o= $(Papdhiz) s YA
and the Dirac equation separates, Details of the solutions in the

three coordinates are given in appeadix 2.

It should be noted that the functions h(z) (DCDPEJ-E’K(IZ(—ZO)]
where Dp are parabolic cyiinder functions) fall into two distinct
categories: slhce the equation ip 2z is unchanged by the
transformation z - ~z we Know that "z-parity® ie a good quantum
numberj hence we‘ge(: solutionse which are eilier odd or even under

this transformation.
The eigenenergies are found to be given by

10




(E‘m)(EH‘!\)‘/z =(2/3)kwﬁ2qf+im?:+p+3/2) el (182
With nas 0, 1, cou pmy = cavy =1y 0, 1, oo and Imgl KN L P S
restricted by the z-parlty conditions (figure 3):
even & D ¢z=0)=0

odd Dp(z=0)=0.

aven

o ocld
‘\‘—/////1 z

Fig. &: Continuity of the wave function and its derivative at

z=0 restricts the quantum number p.

The centres of the oscillators are situated at +z4 and -z
respectively. Thus p will change as 2y changes, and the enerqy

eigenvalues become functions of zy-

In flg. 4 the lowest few energy lavels are shown as a function of
zg for massless yuarks. We note that since the potential becomes
twe oscillators in the asymptotic region, each level in the
spherical 1imit corresponds to two asymptotic lavels: oane with
posltive “z~parity” and the other with negative "z~parity". This

fact will be used later on.

Flg, 5 displays the effect of having a single massive qﬁark on
the around state. As in the MIT bag the energy is seen not to be
very sensitive to the quark mass. WNote that the energies are
scaled by the osciliator constant K; this will In  turp be
inversely proportional to any "radlus of confinement®, for

instance the r.m.s radius, We return to this point below,

1

|
|
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4. Adiabatic approximation af particle energies

The energies of the quarks do npot constitute the onty
contributions to the mass of hadrons built up out of them. It is
well Krown [31 that contributions from e.g. the volume energy of
the bag and the interactions between the guarks will have to be
taken into account. @&t Jeast the flrst of these will depend
strongly on  the "radius® of the badron, which alse scales the

energy levels of the quarks.

Hence, whereas the inverse proportiaonallty of our energy levels
on the bag radius implies that the gquark energies alwars decrease
as the bag radius increases, the energy of the hadron itself is
minimised at a certain #inite radius., This Is significant for two
reasons:

-in an adiabatic approximation of tne scattering of hadrons we
would therefore minimise the energy of the system at each
separation (=2z,) to determine the radil of the scattering bags.
~finding this minimum (s also squivalent toe mimicking the non-

tinear boundary condition of the MIT bag.

We only inciude the guark energies and kthe volume energy., At a
separation of 2z0 the total volume of twe Intersecting bags,
each of radius R is

Vol=(2/3mR® + WR2zg + (1/mmag? TN
Furthermore the quark energles are proportional to X fram (18);
one must therefore find a refation between k and R to be able to
minimise the energy. In this regard we follow Ravwndal I73, who
deflnes the radius as the distance from the centre in the
spherical ground state at which the large conponent of the wave
function has fallen to [/V® of its ariginal value. This

determines the relation between R and ki

14




R= {Q/K) L0273 (2N, s rrugh #3203 L0200

Minimisation of the energies can now be done straightforwardly.
As  an example each bag was populated with 3 massless guarks in
their ground state. The energy was then minimised at various
values aof 2qy Keeping 24 fixed, As can be seen in fig. &, the
energy of the &-quark system shows & general) decrease in energy
as 2 decreases. In a Born-Oppenhzimer~like picture we would
interpret the total energy of the system as the potentia) between
the two particles (since all the guarks remain in the ground
state three quarks are on the left hand side asymptotically and
three on the right hand side); this would then be seen as an
attractive potential. Note that the energies and separations are
scaled by the volume energy parameter B . The way in which the
radius ©f the "bap" changes as a funtion of the separation to
give riss to the attractive potential can be seen in the radius-

separation plat, fig. 7.

- o, Bow 3
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111 SCATTERING FORMALISM

1. The Born-Oppenheimer approximation

A useful method of solving scattering problems of compound
particles at low energies (that is energies at which the relative
motion of the particles s nuch slower than the internal motion
of the constituents) s the sa~called Born~Oppenhe imer
approximation., In this approximation one calculates the total
energy of the scattering particles at each separation; the
difference between this and "Se energy in the asymptatic region
is taken as the potentia’ for the scattering Interaction. This
method is commonly used in molecular physics; for inatance, the
binding energy of the jonized hydrogen molecuyle is approximated

excel.ently In this manner.

The Born-Oppenheimer approximation Is motivated as followst [f
the separation between the particies were constant, the Fforce
between them would be equal to the derivative of the total energy
with respect to the separation. Hence we expect the same tc be
true if the relative motion |s much slower than the internal
motlon of the particies. S8ince the force is by definition equa
to the derivative of the patential, this implles that in this
adiabatlc 1imlt the potentlial is just the total energy (to within

an addltive constantd.

As  an excercise In using this approximation we first solved the
follawing simple one dimensional problem., Two coalescing square
wells, one <dontaining one particle and the wother two, were
scattered off one another using this approximation. Appendix 3

contains more details of this calculation.

18




Implicit in the Born-Oppenhe imer
introduction of & collective coordinate:

centres—of-mass of the scattering oblects.

2, R as collective coordinate

approximatian is the

the distance bhetween the

The

Born-Oppenheimer

potential

then otcurs in the Schrodinger equation Involving this

coordinate.

The gquality of an approximation using the centre-of-mass depends -

on the degree of localization of the constituents of the

scattering objects. Since one believes that the quarks inside &
hadron are totally confined to a region of space (inside of which
should be well

they are essentially free), this reguirement

satisfied in our case. To introduce this description we shaill
follow a simplified version of the method of Lemmer and Toepffer

[8] that was used to describe the scattering of twao heavy ions.

It should also be pointed out that we shall follow these authars

in using a Schrodinger equation to obtain the wave function for

relative motion. As will be seen, we shall

be working in a region

H - —_ R
RELATIVE Zu R 3R IR

where relativistic effects might just start to he important for

thiss in the 1ight of the schematic nature of the calculation the
complicatlions of a full relativistic treatment was Hhowever J
considered unwarranted, ]
¥
The Hamiltonian is divided Inte three parts: [
H = Hinrr * MeeLaTive ¥ HaLuon B i
The Hamiltorian iavalving relative motion Is - '

42 103 .0
- ERES-2




2. R as collective coordlnate

Impiicit in the Born-Oppenhe imer approximation is the
introduction of & collective coordinate: the distence between the
centres—of-mass of the scattering objectzs. The Born-Oppenheimer
potential then occurs in the Schrodinger equation jnvalving this

coordinate,

The quatity of an approximation using the centre—of-mass depends
on the degree of localization of the constituents of the
scattering objects. Since one believes that the quarks inside a
Hiadron are totally confined to a region of space Cinside of which
they are essentixlly freed, this requirement should be well
satisfied in our case. To introduce this description we shail
follow a simplified version of the method of Lemmer and Taepffer

(83 that was used to describe the scattering of two heavy lons.

It should also be pointed cut that we shall follow thegse authors
in using a Schrodinger equation to obtain the wave function for
retative motion. As will be gewn, we shall be working in a region
where relativistic effects might Just start to be impartant for
this; in the tight of the schematic nature of the calculation the
complications of a ful) relativistic treatment was however

congidered unwarranted.

The Hamiltonlan is divided into three parts:

M= Mg * Prewative * HoLuon YY)
The Hamiltonian involving relative motion s
2
~h 103 2‘)_

" s = — =g RS
RELATIVE = 1R SR T IR




¢where a orm involuing collective rotations has been omittedd.

The eigenstates of the intrinsic Hamiltonian are now introduced:

(HHINTRH‘)=E15”| v ea (B

These states normally refer to particles made up of the quacks

described by the solutions of the two-centre Dirac esquation (as
in Chapter 1II>. Hepece !i> could be a meson, in which case it
consists of a quark In a positive energy eigenstate and an
antiquark in a negative energy elgenstate. Hc. ~ver, as we shall e
see Jater, the particles in the incoming channel are not such
! eigenstates. In general our “physical” states are therefore
superpositians of the elgenstates: :

I\X)=ZCM,H) oA
Using these we can expand the scattering wave function as
(l/R);w“(R)IK) «es (5

-1 To soive the Schrodinger equation with this expansion of the wave

function we note that the intrinsic eigenstates will depend

- parametrically onm the separation R between the two bags. .
2 Employing ¢2) we obtain a set of coupled equations for the

amplitudes wuCR):

2,2
~h%|a 2
. (-——‘——-2 + CKIGRIXY| - (E-By) + <0(iHGL(0<>)w,(<R) =
2/14 dR’
: #2 . d o2 ;
z {— [240IdRIX> —— + (XId“RIX>] —E“,— (D(IHBLIDO)w,J(R) R
wga dr
with

a
B & ltyyrptos =T 10, I,
Bar® Aot =T Oy

The third term in the Hamiltonlan, corresponding to gluen

exchange, Is at tnis stage still undetermined. We shall return to

20




this Tater on.
8. Second quantized form of scattering formalism

We nate that

i3 the scattering problem will involve the creation and
destruction of particles/antiparticies and

i identical particles will ozecur, which have te  be

antisymmetrized properly.

This {(mmediately suggests the wvse of the method of second
quantization. We should therefore write the operaters in
the coupled equations <(4) a In second quantized <form. The
differential operators d/dR and d2/dR® will he considered hera;
HgLuon 15 discussed elsewhere.

To weite d/dR and d?/dR% In second quantization we expand the
ground state as a Slater determinant, and operate on this with

the operators.

1Y d/dR In second quantization

The Stater determinant corresponding to a ground state with N
particles is
1

<Xy xg oae oyl B8 TRELPL 1 gty L

Ba02> P2 Ly,

) 3
By actually expanding the Slater determinant one sees that diffe-
rentiation with respect to R will affect ane column at & time:
—_ A

Xy xp v xy) B8 TRl O Py L AR 900 Bty L

a2 P 1ou P2 B2 ...

21




¥ a sum of one and two body operators,

Using completeness we write

t Aad !
¢a(1)=§¢*(i)‘[wdx Butxr Prixr mEixiariad fi1> ;

IR Sy et e, and extracting the  common i
d/dRi 3.8 = Z (“ld/de/S)cucfg t 8.8 > I
%

d/dRi 3.8 = Z(“ld/de/S)Cchg t 8.8 > R tel
%

Hence we see that d/dR |s s single particle operator; in  the ,:

aboye expression it rep]aces,ﬂ by &,

i1 d®/arR? In second quantization

N This Is obtained by differentiating our previous result with
respect to R. We must remember that

-the operators ¢ depend on R th.-aselves

- i =-in an expression 1iKke

PANEIERIEE

- we cannot use completeness since dR is not a normal * operator:

. it operates on the parametric depeéndence of the states,

Ue then obtain
2, 4r? ” 2 1 ¥ 1.t
. d“/dR® 16.5> [;(o(ld RIB Cuca +‘ﬂ“(o(ldR|S></a|de!)c,cﬁc,‘c 16.8>

Combining these results with (4) enables us to actually carpy out

a cateulation with this formallsm.

NCRRS:24
3 So this {s a sum of cne and twp body operators, "
i
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1V, KAON-PROTON SCATTERING

1. Experimental data

Recent years have seen a tremendous Iperease in the guantity and

quality of data on Kaon=-protoh (K+p) scattering. A variety of :
products result from such scattering: besides elastic scattering, H

reactions 1ike K¢p —3T+Z and Kep ~=>T+.\ are observed. The o

experiments have outlined Interesting structure in the varieus

channels.

Fig. 1 shows the s-wave phase shifts extracted from the elastic
channel data for the isospin zero channel (taken from [91>. Two
clear peaks, corresponding to Jambda resonances at 1880 and 1800
o MeV respectively, are discernible. The effect of these resonances
can  also clearly be seen in the varlious Inelastlc channels. x

Similar resonant structure shows up in the T=i channel, Here It '

Is the slgma resonances at 1750 and 2000 MeV which are seen. &

The significance of these observatlons becomes clear if the
participating hadrons are analyzed in terms of their quark
constityents, We shall use u, d and s to denote the up, down and
. strange quarks respectively , and welte U , d and 3 for the
respectlve antiguarks. The proton consists of the three quarks

{uud) (the braces (ndicate that these are (o be coupled to the

correct sping Isospin and colour — see belowd, and the Kaon of
the pair {Us) . Both lambda and sigma are made up of the three .
quarks {uds}. (They differ in spin and isospin guantum numbers.)

Thus we can see that tiie annihilation of an up quark with an

anti-up has to take place for these resonances to occur,

1
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Flg. 1 1 Scattering Amplitude tn the T=0, 1=0 channel extracted

from experimental datap from [PI.

2. Antlsymmetr|zed operators

An  Important side Iseue las the construction of creation and
annjhilatlion nperators of the hadrons we shall be modelling which
have the correct symmetry propertles. This is not trivial since

i) second guantization will ensure that the operaters are totally
antlsymmetrics however, they also have to be totally
antisymmetric with respect to colour exchange to belong to a
calour singiet. This antisymmetrization must be done "by hand®.

11> in the case of the baryons we shall have to couple 8 quarks,

2 or more of which might be jdentical, to good spin and (seepin,

We shall be Interested in 3 types of particles: Kaon, protony

and 1ambda.
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ay Kaon
Berause this meseon consists of a quark-antiquark pair, it fis
relatively simple to construct a colour singlet: the quark and
antiquark must have the same colour labe), and we should sum over

all three possible values of this labei.

Furthermore the Kaon has spin S=0. Hence the creation operator
for a negatively charged Kaon can be written as

w S = Z (2 12 =m0 wsl, (g, cer (0 ET

= AT T, ceduy <o+ s;’\,‘u)u‘/g 2331

= 1//;"%@2 Ceruy (g TS
(where s and u are strange and up quark annihilation operators
respectively; c stands for colour; T ranges over the 2 possible
spins and o(,/e refer to any other quantum numbers. o must be
such that In the asymptotic region it refers to the lowest
positive energy eigenstate since we Know the Kaon to be an
unexcited meson. Similariy A must refer to the lowest - least

negative -~ negative energy eigenstate asymptoticaliyv.)

At this stage we may address ocurselves to the question of the
mass of the s quark, This is believed to be more massive than the
4 and d quarks [4]; since we have seen ja chapter I1 that the
energy levels are not very sensitive to quark masses we shall
slmply set all quark masses equal to =zero as a  working

approximation.

i) tambda
As mentioned, this consists of v, d and s quarks arranged In a
colour singlet. The u and d are coupled to isospin T=0. So to

construct the lambda creation operator we first obtain an

operator consisting of the right combination of these two to
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cougle to T=0 (for specific colours | and 25t

\J 1 T
Bgre12) = ta' (DA <D g 1og pymtz My=o

(q denctes a u or d annihilation operator, depending on the

aa(2)

isospin projection T

We can now show that the sum of the spin and and isospin of any
such two-guark combination of up and down quarks In  the same
spatial state should be an even number [103, We have that
! i Teas
Ogrti2) = (qz(l)q (Big g MgMy
= gt (12 T 172 T8 M) Cri By 172 Tyl T Mpd
SURSITLNE S
On the other hand, if we swop the colours 1 and 2 we see that
i s+7 l
agrea1) = ~(-»% Tagpc12) e
(where we have made use of
1Y q13q2> = —q(2>q(1): the operators anticommute and
Lty l=8
Y (1729 1/2 V'zls M) = (=) <1/2U'2 172 T8 Mgy %

But we must have antisvmmetry in colour alone; this proves that

S+T=even,

Therefore the operator @ has $§=0 and

T ! g
Q5=O’Tﬂﬁ(12)=§t(1/2$ 1/2f—VI0 0¢tr2 T 1/2 ~T10 U)qvt(l)gv.’I(Z)

b (I/E)Eur(l)d)(2)*'\{(1)d:(2)-d$(l)u[(2)+
alcsuf ez e
3 +
To get the ol tambda  operator (wlthout colour
antisymmetrization?> this ls simply multiplied with an s-quark
creation operator with the same spln as the lambda - spin up in
our case. Colour antisymmetry is obtalned by simply permuting the
colours amongst the 3 quarks , picking up a factor of ~! for each
permutation. Using the antisymmetry of G under colour exchange
thig can be wrltten as
1

ot 1
A= 17 E Toge<1225) 21
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¥ \ ) 1 1 1
= 1A/F L Bgg 128 (3 + Gpg(II)s (2) + Ggpl2325 <12]  ...(D)

C denotes a cyclic permutation of the colour labels.

iti) Proton
The proton creation operator can now be canstructed along the
same ]ines. @& differcot structure arises, however, because there
is not any particular pair of operatars which is coaupled to a
definite spin or {sespin. Hence we are faced with terms of the 5
form s
ta;.ruz)qf,r(anvz 1/2 mg '“r.s 43 MS t/2T11/2 mE)(T My /2% !
B2 M) 9 g 1o, el (3 |
where O |s agaim & two-quark operator which must be constructed g

under the condition that StT=even.

Now we would expect that, In dlrect anziegy to the above, we

should Form a Iinear superposition of =ush terms with *he colour
index eyclically permuted:

5 i it 1

(p') = [Gﬂ(lZ)q (31 + [Q“

{with each term coupled to ms=mt“1/2 as 3bove.)

The Fact that we are now dealing with ident:zal particles in  the
game spatial state, however . leads to a remarksble

P EINE SO :

(23)q (1] + [GS’\HI)Q (237 <

simplification. The spin and isospin may be recoupied as follows: i
]

1 t ¥, Yo t ki
iy (“QS7<23”’": ’”*,= + [QST(Z’:IVQ (1)}m.ms

12 1/2 8
=Y [EEF I EE A T E T IE T ¢ )
) 12 1/2 8

/2 172 T
3} IQG,T,(12)Q (3)Jms

172 1/2 7T Me

= [Ogp(31q <2)]ms m

Hence 1t follows that all three terms can be wrltten in terms of

i t
19 (raic2el s
Q4 ()8gpl@B iy

(p')t= [Q;T(IZ)QY(S)]M mﬁ* 2521_ J2s+1 287+ TV2T+ 12T+
s -
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1/2 1/2 8 /2 1/2T° 1 1
< 3 (GS,T,(12)Q 1

>
2128 /21727 Ms Me
RO 2.1 S A Y S T
gl o —zul qf Wl 1 gt o
* ul d‘ uy 2u‘ d" up ut d* vy
FE N tozal ot ool
o hoal v ol up oy -2u) o) o 2 Cegsy

3. ldentification of the relevant scattering channels

The expansion of scattering wave function (IIl.5) contains an
infinite number of termsj; we must now make an appropriate
truncation. Because of the strong resonant behaviour of the phase
shifts a drastic truncation seems viable. Hence only two (udsi-
states of correct isospin (that is two lambda-like states for
T=0) will be included in the basis alopg with the colliding
hadron  states. The (uds)-~states should lie around 1470 and 1800
MeV respectively for the T=0 case, which we shall consider in our

caleulation.

Constructing the correc. incoming channel intrinsic state
requires some care. Obviously we wauld like all of the quarks in
the proton and kaen to be in their ground states in the
asymptotic region (i.e. for large R). However, in our two-centre
oscillator description this ground state is degenerate (see fig.

2.

Thie degenerscy |s now utifised to get the ceorrect partitiening
of quarks to give the Kaon on one side of the centre of mass and
the proton on the other, We shall lable the energy levels
aceor ding  to  the value of the quantum number p at 20=0‘ and
assume that the other quantum numbers (mep and LS Y are zero

except when an expliclt statement to the contrary is made. As tan
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be seen in fig. 2, the sum of wave functions 0 and 1 will give 3
wave function which ie locallzed on the right hand side of the
centre asymptotically, while the difference between 8 and 1 is
totally localized on the left hand side of the centre. Therefore
a product of sums of wave functions will give us the appropriate
partitioning; for & Kaon on the left hand side and a proton on
the right hand side we would write the total wave function as
Csuppressing all other lables)

LP = C(so*-sl)(un#ul)) ((dn-dl)(uv'u‘)(uo—ui)).

u, d and s now represent the rolevant wave functions; the
subscripts denote the value of p of the wave function at zero
separation, If we now replace the wave functions above by their
respective second guantized creation and annihilation operators we

obtzin the partitioned system with full antisymmetry.

Flg. 2 : The degeneracy of the ground state for large 2z, Is

utllised to separate the Kaon and proton.
In  summary then, we ehall include three channels in our
calcutation:
102=CK)y (P 1D 8
1> ,)12>=1ambds in approptiate state of excitation

(where the subscripts Je and el denote that the constituent

2%




quarks are asymptotically on the laft and right hand sides
respectively before antisymmetrization; 1D.S) denotes the filled

Dirac sea,)

4. States luded in calculation

The exclted states of the lambda which are going to be included
in the calculation must now be specified explicitly., The spectrum
of t=0, s=1/2 lambdas is indicated in tabie (. We can thus see
that we are interested i» modelling the first and second excited

states of appropriate spin.

Bach of the first two excited states will be multiply degenerate
Cany of the three guarks may be excited) if we taKe the mass of
the lambda to stem only from the quark energies. By realising
that the inter—quark interaction energy will also be an important
contribution to the mass it is, however, possible to argue which
arrangement will have the Jowest mass and will therefore
repregent the first excited state. Since the lambda will be

rvstricted to shapes which are almost spherical (to mimic colour

" confinement) this argument wil) be based or the spherical MIT £42

resdits, We note that

~the most important contribution to the interaction energyr is the
magnetic energyis it is of the form CE.E; sy with C a positive
constant.

~C will depend on the mass of the quarkKs involued in the
interaction— it is maximal for massless quarks. Although we made!
all  the quarks as being massless, it is Known that the strange

quark in fact has a mass of about 200 MeV {41,

~For the u &nd d quark in a spin zero state we have ﬁ. Fd =3 and
>y - P
. @ #Tp=01  [# they have spin one we have ‘Tu'?d” and T, «Tr

Tp = -4,
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Lambdas Sigmas

1116 POL 1193 P11
| 1405 801 1365 Pi3
N~ 1520 D03 1580 013
. 1600 POL 1620 811
1670 801 1460 P11
1690 DOZ 1670 D13
1800 901 1750 811
1800 POI 1775 D13 )
1820 FoS 1915 F15 '
1830 DOS

Table 1 : Excited states of the sigma anc tambda, (670 DI{23 means
a resonance at 1470 MeY with angular momentum 1=2

(i.e. D-wave), isospin T=i and total spin J=3/2.
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Therefore, if the relation between mass and magnetic energy in
the exclted levels resembles the relation in the ground state (as
one expects it should) the first excited state will have an
excited s quark. On the other hand & more detailed knowledope of
the relative magnitudes of the varicus contributions to the
hadron mass will be required to identify the second excited
state; we shall simply assume this to have both the u and the d

in the first excited state, with the s In the ground state.

Both these states have ne=0 Cand hence mg=0)3 any excltation of
these degrees of freedom will Just increase the mass of the

regonantes.

One further subtiety to npote is that the erlindrical
eigenfunctions do not necessarily have good angular momentum in
the spherica) 1imit. Therefore the coupling to good angular
momentum must in general be done explicitly by utilising the
degeneracy of the cylindrical eigerfunctions. [t turns out,
however, that the jowest Tevel and the first exc)ted Jevel have
1=0 and I=i respectively; since we are only emploving these
Jevels we do not have to carry out further coupling te good

angular momentum.
5. Caleulation of diagrams and matrix elements

A. The operators d/dR and :1:"7/clR2
We are now In a position to calculate the matrix elements
required for the solution of the coupled equations, (III.&).
First we note that the operators ¢cd/dR and d2/dR2) conserve
i) spin, caleur and flavor, since they do not operate on these
quantum numbers.

i1y parity with respect to reflection through the plane z=0. Ag
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will be recalled, this is & good quantum number for the intrinsic
states; because the two operators affect only the parametric

varjables, this will remain unchanged.

Further we remember that d/dR is a single particle operator;
d2/0R% is a combination of ons and two particle operators. The
required matrix elements are now calculated as follows:

~the general form of each particle (disregarding spin, colour and
spatial quantum numbers) iz inserted Into the appropriate state
vector; so for o= 0 we wrlte

1

10y = (sru pAsH urd?)lblrac seal

The operaters are then Inserted between these state vectors, and
the contractions carrlied out, This will give rise to restrictions
on the colours and spins of the particles to obtain proper

matching,

~the full antisymmetrized form of the operator cerresponding to
each particle is then considered to calculate the spectroscopic
factor of each such contraction, I.e. the fraction of the product
state wvector which has matching colour and spin. Thus we shall

also find which spatial states are invalved in each diagram,
Thegse steps wlil) now be taken in turn.

Non~vanighing contractions
The dlagra:;ns connecting the various channels via the one papticle

operators are given in table 25 table 3 lists the same for twa-

particle operators.

a3




Table 2 1 Non-vanishing diagram for one body operator. It cccurs

twice: the & can annhilate with either u in the

proton.
G
ad
°
3
k3
-3}
o
o o
T
3
s “

Table 3 : Non-vanishing diagrams for twe body operator. Each
diagram occurs four times: the Interaction can
invelve elther u quark in the proton and the second
order expansion generates each topologicaltly

distinct diagram twice.

8 12/D oota®RITH + Gotd®RITY - oora®Rif - <1o1a®RITL>
~ct1g®RITEY - (51082mT + 011d®RIB + <1t1a2RIT1)

-] and c)
1read@ «onia?rITe) - aora®RiTor - eiid?RIT) ¢+ CL11a®RITO)
+ ¢001d%R1T0) ~ (10142RIBO> - 011aZRIBOY + (11162RITOYD
Table 4 : Expansions of diagrams in table 2 for first excited
Tambda. The expansion with the second sxclted lambda

involves simiiar expansjons with 0é—>! In the lambda.
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Matching coeff.cients

The diagram shown in fig. 3 {(which occurs In contracting
<01d2/dR%115) will be considered In detall herej results for the

other diagrams follaow in simitar fashion.

s
a
u
T
d
Fig. 38 : Example of diagram connecting the incoming channet to

the first excited lambda.

Initlally we take the quarks In the Kkacn to have a particular
colour - say t, 1In fig., B we see that the s-quarks in the Kkaon
and lambda must have the same colour and spin., This means that
onty the part of the kaon state vector which has the s—quark in
the spin-up state contributes (the s quark in the )ambda has spin
up)j hence the anti-up must be spln down. Furthermore, the u and
d in the lambda are coupled ta spln @, lsaspln O3 therefore onty
the part of the proton wave functlon which also has these quantum

numbers |s coupled to the lambda.

Adding up the coefficients of the wave functions which satissy
these conditions we arrive at a weight of -1/8 (where the fact
that the anti-up quark can contract with either up in tae proten

has contributed a factor 2); but this is true for each of the

35
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three possible colours of the s-quark so that the coefficient for
this dlagram Is ~—1. S%urthermore there are two tcpolegically
equivalent contractions which can glve rise to this diagram,

Hence this diagram is eventually accompanied by a facter of ~2.

The spatial levels of the participating quarks must now be
considered, We let the subscript e derote a guark which is on
the left hand side asyimptotically (see iV.3) so that e.qg.

81, = IWVZ (5g + 8y ne(Ba>
Cthe subseripts 0 and 1 refer to the value of the quantum number
P at zo=0; hence 0 represents the lowest symmetric level and |
the lowest asymmetricy. Simijarly

Sy = 1VF Kep - ). ceatsw
In thls notation
K™= (4 Uyg?
P Lugy vy dyy?

-
A = sy uy dyd

We therefore find that If we contract the operators corresponding

te these particles under the assumption that the necessary spin

and celour maiching has already been done we obtain the fellowing

combination of matrix elements:

1202/ €001a%R1TY + 10163RITH - 001a2RIBL ~ <1o1a2RIB)
—011d®RITD = Lid?RITE + 011a®RIBD + 41a?R1T1

This |s now multiplled by the factor -2 derived above.
The expansions of ather diagrams are listed in table 4.
The matrix etements indicated by the above calculation can now he

calculsted. We shall copsider particle-particle and particle~hale

matrix elements separately.
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ayparticle~particle matrix elements

Consider the operator d/dR. The single particie matrix element
(S.pum.e.s F12=(1ld/de2) can be written as (assuming &1l

particles to be massiess)

el S

2
5 1d Loga 8t
= | g (@ —— —_— — 3 PSS
S ] #

fdar E
The differential equation for $, is

1
2 _La 02, p2 2 -
02 - SBtazig® e ph s By 18, =0 T
We substitute for p2 (= V2 , from this. Also, R=Zzo. Hence:
1 £, 1 dd a® t
£ =-—-d3x<(1¢._2) pit e XIEIES )
12 2 ¢‘ dz 98 ¢l ¢2 1 zD ¢l 2

€ 2 ¢,
‘““?51 teizl-zg) ./o } )

dzg
and

- im, - z 2

$o = ATEWCL MWD T 2000120 2010y, (4 P72 [1]
o caaf12)

Hence this depends on zy in 5 ways l.e. in
—the normalisation constant C,
—the Index Py
o in the argumant of the parabelic cylinder function Dp
~z5 fteelf in the argument of this function

-9(2 tn the radlal functien hnzm
As shown [n appendix 4, the Integrals over the radlal variable P

can be done analytically, The integrals aver z have to be done

numerically, however.
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In fig, 4 the results of these calculations are shown . Fig. §
contains results for the s.p.m.e’s of dz/dRz, which are

calculated in simllar fashion.
b) particle~hale matrix elements

The matrix elements ﬁ!2=<lid/dR|§) are calculated using the
o ~ ot

charge conjugation operator § 1 €= 1% and Tp= €Y witn D the

charge canJugate b!splnor of ? . Therefore

3 ; *

o fd ‘f(i/amc:f; ° i ot

= [t g ¢-EP-J Cardr)

; N3
Ano o] (e

(where we have wused the standard representation of the Dirac
matrices.?

3y (_751(‘ "3¢2+ 13¢z),

UTFEN
€ @RIz R Ea)z

Figs, & and 7 show the values of these matrix elements as well as
the particle~antiparticie matrix elements of u:lz/dR2 as a functlon

of the separation variable R,

B. Gluon interaction
The Hamiltonlan of the gluon Interactlon can in general bhe
written as [&]

Houme = a(ATa) « b (ETNR R + clow AR crnr
8ince we have ignored the interaction between gquarks in
constructing e.g. our Intermediate states, and since this
interaction s spin-dependent, we must suppress the spin-—
dependence In (14) too in order to retain a sense of consistency.
B0 this part of S_Ile liimlltonlan Is simply taken to he

Houn = A A A NN
Now it Is sasy to prove [41 that the effect of )\. Xlnn a colour
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0.276

0.280

09.226

A 0.200
0.176
0.150
0.125
0.100
CEt 0.075

8.850

. 0000 i

-0.028

R -8.050

a 1 2 3 + s
. 20 wk)
i LEOEND® LEVELS fed v

LRVEDL LODX: (P1 Ni P2 N2 M)

Flg. 4 : Partlicle~particle matrix elements: (t1dRI2)
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-0.0:

R EEN~ TND

~0.02

=C.03

-0.04

-¢.08

-0.06

-0.07

S -g.08

3 LEBGEND: LEVELS B e

LRVEL CODR: (P1 N1 F2 N2 M}

Fig. 5 1 Particie-particle matrix elements: <Ud2RI2>
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Fig.

=N RO

&

a.030

0,026

0.9020

0.018

e.0t0

0,008

a.000

~0.008

~0.010

~0.016

~0.020

LEGEND® LEVELS

H 3 4 8 8 7
20 (3K}
4—e—e Q0100 F-pt 10000 S-u—a 10200

LEVRL CODE: (Pi N1 P2 N2 M)

: Particle-hole matrix elements: (1{dRi2)
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0.008
2.007 i
Q.q08
0.008

0.004

.003
3 - 9.002
0.001 H

0.000

-0.001

~0.002

=axw mo

~0.003

» ~0.004

Y ~0.006

-0.406

i ~-¢.007
~0.008

-D.008

-0.010

1 B 3 0 3 5 7
[+ 20 (uK)
LEOENOT LEVELS ~ 4—e— 00100 s 10000 #—w—st 10200

LEVRL CODB: (Pt N1 P2 N3 M)

Flg. 7 3 Particle~hole matrix elements: (1Id2Rl2)
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singlet baryon is to multipiy the wave function by -8/3. UWe
therefore calculate these matrix elements Just as we did
previouslty with twoc body matrix elements, and eventually multiply

our result by -8/3 jnstead of 3.

We did not calculate the coupling between the two lambdas: this
~epresents a higher order effect (that Is incoming charnel -—3

tambda; > lambday.)

4, Solution of the coupled equations

At this stage we should again stress the crudeness of our model:
i3 our phenomenoiagical bag model is no more than a convenient
tools for instance, the fact that the particlie and antiparticle
states are not orthogonal shows that this is not a wery exact
modsai .

i1 even ‘"better® bag modeis 1ike the MIT-bag require ather
corrections - e.g. for spurious centre~of-mass motion. This has
been neglected.

i1i> we are using a seriously truncated basis to expand the
scattering wave function.

iv> the Born-Oppenheimer approximation is being employed.

) the gluen interaction i3 introduced in the form of free
parameters; even then this is only included to first order.

vi) the hadrons are assumed to be pure three quark or quark-
antiguark states.

viidthe relative wave function is treated non-relativistically.

Thorefore we should obujously not trust our results In  anything

but broad outline.
Hance it was decided that salving the set of coupled equations in
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their "full splendour” would not be in Keeping with the spirit of
the rest of the work. The following simplifications were
subsequently made:

i) all potentials werc set equal to zero outside a Jjeining radius
Ra; inside this they were replaced by their average values for
R<Ra. Ra was chosen to optimise the similarity between the sgquare
wel) approximation and the true potentials.

ii? the Coulomb potential was simply ignored.

111} colour confinement of the lambdassigma states was ensured by
simply erecting an extremely high square well potential at the

Joining radius.

Furthermore, a constant Imaginary potential was added to the
Born-Oppenheimer “potential® E in ¢II1,8) to simulate the effect
of background (non-resonant) scattering into channels that are

not included in the calculation explicitiy.

Now the problesr ¥ soluing the N coupled equations can be reduced
to a matrix eigenvalue problem as follows :
111.6 can be written as

%

W+ Fl+ GW=0 FERRS -3
where W is a column matrix of size N with ontries the expansion
coefficients w of I11.5:

e

W= 1wy

)
Wz
1] ERE ¥
By comparing (17) and (I11.4) we see that the generic element of
Fis
Furg = < oK'LdRYo>
also

2, 2,
e“-=-ﬁ£;—c<ssm.~ B+ <o THg oy 1903 + (ela®RINS,
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F and 6 are constant NxN square matrices in the 1Jight of our

square well approximation.

This is a matrix equation which must be solved subjsct to the

boundary conditions

WR=0>=8 (N condi tionsd Loi8a)
and
Wror = [ (550 KeRue T oR) gy (N zonditions)
sgpe M Rezikg
I
: . .18

wnere ko2 = B - £y
and K2 = BbiEL-B) X% 0

E = centre of mass energy

SiJ = g-matrix element for i,J open channels.
In writing decaring exponentials for all channels ather than the
incoming, we have assumed that these channels are closed (Ey YE).
This is indeed the case In our calcuiaiion ~ because af calour
confinement the lambdas cannot penetrate intoc the asymptotic
region., Hence Bgps Spp v+ are not S-matrix elements; we continue

to Yabel them with S, however. These, as well as the S-matrix

T element Sy are obviously functions of the enérgy {EY .

16> Is now converted into a set of 2N first order equations by

writing

- 2y

Yzl vea L9,
Therefore

W o [w

2 - -

v -6 ~F Y caaC20)
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This system i% solved by making an expanential ansatz:

[ =[m]= e“‘[?]
v g Loag21)

This gives us 2N eigenvalues , )\.,Azl.. .sz and 2N elgenvectors -~
Tys Tps o+« o Ty The general solution for W is then

TeRym AR AR = AR

TiRom a2 M v a @ MR a2yt 22

The a’s can now be found by using the 2N boundary cuonditions

(18). This means solving the matrix equation (writing

-
= r:li

LEZ' )

St ‘12 e Sreany 1
€21 €22 v C2¢2N) %2
b B B B
SNt A CNZ)\ o CN()‘ZN) :
R R
u.-m,): "Re s <).-1k1>;t g - aikpe®e Lol
R R R,
pKpre ey AgRpre e,y o0 s AR 6% a0y '
L3 1 H H
R AR R
(/\,+KN)e i ke s (MKN)a' ENTPN :
=[p —‘
]
i ~—> N zeros, corresponding to each w being =
0 at the origin
o Tie R ——> incoming wave for sach of the
a incoming channels
b
Le 23
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The solution of (23) glves us Bgx By eanBipyy e From (22) we thus
obtain W(R), and hence 500, 501 ovs from <18,

7. Results

In the final caleculation the following parameters are free:

~the mass of the Kaon-proton system when the two bags have fused.
We do not expect this to differ too much from the sum of the free
kaon and proton masses; on the other hand it will obviously not
be identical to this zum because of the gluon Interaction.

~the free masses of the two lambdas (that is the mass as it would
be measured if the lambda were a stable particte; the word “free”
Is wused to distinguish this from the position of the measured
resonance). Bacause of the strong coupling between the wvarious
channeis thls wll! not be identical to the position of the
observed resonance.

~the magnitudes of the gluen interaction matrix elements.

~an imaginary potential which is required to mimic non-resonant
scattering into channels not explicitly included in the

calculation.

These parameters were estimated by adjusting them until
approximate agreement wlith the scatteping ampl)tudes extracted
from experimental data was obtained. Since the scattering
amplitude for the s-—wave isospin zero channe) has been extracted

as such, thls can be done stralghtforwardly.

It turns out that the gluon coupling terms are quite dominantg
the matrix elements arising from the operation of the Kinetic
energy operator on the eigenstates of the Intrinsic Hamiltonian

are entirely negligible.

a7




As can be seen in fig. 5 the amplitude calculated in this way
mimics the main features of the extracted amplitude fairly well.
Table 5 lists the values of the parameters which result in this

fFit.:

Because we have chosen to ignore the spin dependence of the gluon
interaction, our parametrized coupling elements can not be
compared to calculated matrix elements for spherical bags
directly. On the other hand we can compare the orders of
magnitude thus obtained: WViollier [51 found the diagenal ground
state gluon matrix element to be around 0,2 GeV; our values are
somewhat smaller, as is to be expected from the fact that the
matrlx. elements ‘nvolved in our calculation couple particle

atates to antiparticle states.

The free masses of the excited lambdas are interesting: we find
the first excited state, which resonates at about 1480 MeV to
have a free mass of about 1300 MeV. The higher lying Jambda moves
even further: the resonance at 1800 MeV is due to a state with
free mass 1380 MeV. These results are of course very important if
one wants to fit the static properties of the hadrons with some

bag model .
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Glvon coup.ing elements:
(01HGLH>= 0.G27 GeV
(OIHBLX2>= 0.10 GeV

Free masses of particles:

S-quark system 1.410 GeV
First excited lambda: 1.300 8eV
Second excited lambda: 1.380 GeY

Imaginary potential well depth: 0.075 GeV

Table § &+ Parameters obtained in fit of scattering amplitudes.

49




t.g04 i
L
{
.76+
3 expenimenta)
| 4 this work
.50+
IR i
- A
=y , [
0425+
B 0.00+
. T 3 T v T u T
1.8 1.8 1.7 1.8 1.9 2.0 2.1
N ENEROY (0EV)
Flg., Pa : Imaglnary part of scattering amplitude: calcuisted and
F extrazted from experimental data.
50
i
i
i
. . aa . - % 3 il




.50
J
0,254
o é 0.004
: H
¢
-0.26-)
. 050 . . — .
. R 1.5 1.6 1.7 1.8 t.9 2.0 2.1

ENERGY (DEV)

Fig, Sb : Real part of scattering amplitudes calculated and

- extracter from exparimental data.

5t




V. CONCLUSION AND OUTLOOK

The work described above is incomplet. in various respecte. Most
impertant is the lack of Knowledge about the gluon matrix
elements. To caleculate these properly one would specify the
restrictions which determine the gliuon eigenstates~ e.g. that
they satisfy the MIT gluon boundary condlitions at the "boundary”
of the combined bag, where the boundary is determined as in
chapter II. Then the giuon eigenmodes would be calculated and the
values of the required matrix elements ascertained by making a

perturbative expansion (as can be dome inside the bag [(61.)

A  further aspect that should be treated more carefully s the
caleculation of the hadronic state vectors. There is good reason
to believe ({113 that the mesons, for ins‘ance, are not pure
quark-antiquark pairs; the gluon component as welil as the multi-~
C(quark-antiquark) component of the wave function might in this
case not be negligible. Also, the description of the excited
lambdas used in this research might well turn out to be incorrect
i+ the spectroscopy !s done in more detail by including inter-

quark interactions.

It Is also obvious that the scheme of confinement utilised here -~
the sum of equal amounts of scalar and timeliKe vector potentials
- Is not to be seen as anything but & convenient mode). The
effect of the non-orthogonallty of the particle and antiparticie

states, for instance, should be investigated.

On the positive side a few Interesting conclusions can be madet

-there might be a funcdamental problem with non~spherical MIT
.

bags .

~an order-of-magnitudc estimate of the size of the gluon matrix
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elements has been obtained.

~the static masses of the excited lambdas, as opposed to the
position of the resonances caused by them, has been estimated.
Since this dees differ from the static value appreciably one
concludes that attention has to be paid to such dynamic aspects
if one wants to fit the static properties of the unstable hadrons
(which are, after all, measured in scattering experiments.) Thus

Ffar this aspect seems to have been ignored L{LJ.
Finally the mere fact that this calculation could be carried out
is of some importance; this methed could, in a more refined form,

be wuseful in a wide variety of situations lnueolving the strang

interaction
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APPENDIX 1 : CUBIC MIT BAG 4

We want to solve the Dirac equation with the linear MIT ounisry

cendition

—-‘fﬁi"“? RATEH

(n is the inward normal unit vector)

satisfied on the edges of a cube. Tou this end we make the usuval

separation of the quark bispinor inte two spinors:

g - ¢ RS
X -

and obtain from the Dirac equation the coupled equations <(using

3 the standard representation)

o FEPP = (Ermad % <30

o @FTX = E-m- ve e (30D

Inside tha box UV = 0; hence we obtain (by operating with o.p on

(32> and using ¢(3b> )

k% = o Loacdad
- with k2 = £2.m%,
Similariy:
c 2B X= 0 L4

B Hence both cemponents of both @ and X are superpositions of plane

: waves with the size of the wave vector equal to k., Therefere, in

generalt
o
] =m/dak AckrelkT co<Sa)

mfugk Bctre BT j
ok |
and o :‘1
X = @ Em g ='}3—z -%-)-(-—i]); @/ cErmd ;
& rigd -2
‘i’i ¥ O3
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.
=iz@m| fa% ca@rk,rBR ck, -ik pvel KT
R %"y

3, . AR ik
é&kh (A(k)(kx+!Ky> B(k)kz}a
PR YY)

e now consider a specific edge; say x=a . Here the outward

narmal is

A A
"= x
and hence

ny =Y.

Sa the linear boundary condition is

iloo o 1|P= ? )

0 ¢ (0
¢ -t ¢ 0
~t 0 ¢ g

for x=a ; 3l1 ¥ and z on the face .

This requires that, for all K, K, and K, having ik
~1/¢Emd tAk, + BCK =ik )} = B Leidrad
S1/CEAMI CACK HiK) = BK D = A e (7b)

The only solution of this is the trivial solution; there exists
no solution to the cubic bag if the boundary conditian (12> s

adhered to.
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APPENDIX 2 : TWO-CENTRE HARMONIC OSCILLATOR BAG

For the two-centre case the scalar part of the potential is (in
cylindrical coordinates) :

- 3 S-S
Vo =riekliazi-zp? ¢+ oo Lk,
and the time part vectcr potential is, by prescription, equal to

it.

Therefore we get For the upper component ©f the spin up top
companant of our quark bispinor
2 _ 4 p 32,02 2 ”

v K7Lzl 20)4?]4'? )* 0 a2
where

d= (1903 E4m>
and pZ=gZom?,
Now, in cylindrical coordinates

5 1Y) 3 [ L

=2 8,1 L2 Set®
;i Pyt et w
The separation s effected by writing
o=f(E)g(Prhiz).
The separated equations are
11d - 2
---(/,_).o(/o i“;z+f§=n L.adad
f,o dp #
+ mlg = oataby
dwz
2
t d®n
4 2 2
~—  ~oftizl-z2 + P2fy =0 Y T
iy «izl-zg f c
(mith'f a separation constant)
Therefore
-ap Imy/2  Imgl (2,2
#epyme ™" iy I Lt xFe® T

np=0,1,20.0 )
where L'r': is a reduced Laguerre poiynomial of the indicated crder.

gofn=e"“r‘F e (Sh)
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(Mg weas =0y eeen yimpléne )
h<z>=optf5'u<|z|~z0>1 or s
h<z>=sgn<z>optfé’quzn—zo>3

with Dy a parabalic cylinder function. p is to be found from the
boundary conditions. The equation in z iz unaffected by the
transformation z ~> ~z. Therefore parity with raspect to this
transformation is a good quantum number: the function must be
either even or odd under this transformation (these being
respectivety the first and second solutions in (5¢)Y. For h(z)
and its derivative to be continuous at z=d this reguires that

D 0~(Zxzq] = 0 Codd parity) or e
Dp[—ffn(zu] = 0 Ceven parity).

Finally the energy of of such a solution is obtained from the
relation

(E ) €€ +my 172 ka/z[(2/3)(2]1/4lm\,l0p+3/2)1 T
Nots that the zg-dependence of the resulting eigenvalue €= Etzgd

resides inthe function p = plzgd.
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APPENDIX 3 : ONE DIMENSIONAL SGQUARE WELL SCATTERING
Introduction

The scattering of two infinite l-dimensional square wells wili be
considersd. Each has width 2d, and each is assumed to contain &

a 1gle particle) the particles are assumed to have the same mass.

The calculation will be based on the Born=Dppenheimer

approximation; caleulations are non-pelativistic,
Mode]

During the collision the 2 particies are assumed to co-exist in a
combined square we'l. In the centre of this we finsert a -
function potential to simulate 3-dimensional scattering, as

follows:

1
1 2
| ; ”V(x)-ﬁ— 086
! P

{

—-a M—JR ;

Fig. 1: The scattering potential ig assumed to be an infinite
square well with & central barrier; the height of the
barrier and the width of the square well are functiaons

of the separation between the "bags".
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The sice of the interior potential was chosen according to

(maximym cross-sectional area of 3D bag) - (contact aread
Q= CoRtact anes

2

2t ta~ayZrg®czad-a?) L)

{whers the factor 1/1:)2 ennsures the correct dimensions.}

As can be seen In ¥ig. 1, the length of the combined well - a ~
is related to the diastance between the centres of the "bags®, R,
by

a=d+R/2, v ek2)

One particle was chosen to be in the lowest negative parity state
<17y and the other in the Jowest positive parity state, (l*); #o

transition from these levels was allowed.
Results
For the indicated potential the energy lTeveils are glven in terms

of the size of the square well and the interjor potential by (cf.

Flugge (121D

=n 2
&, =h%k 2/ c2m) et
where
~Kqa=n for even parity states veetdad
~Kaeotdk ar=- for odd parity states e l4b)

Using this 4the energy levels of the required states can be

calculated a3 a function of the separation R - see fig. 2.

Then, in the Born-Oppenheimer approximation, the effective
scattering potential is given by

VeRyml EVTeRY ~ ERYCRY 3 - 1 BV - BV 3. SN
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o

The size of the interior potential was chosen according to

(maximum cross-sectional ares of 3D bap) ~ (contact areal
Qe €ontact arga

=t¢a-d) 2a?czag-aDr1 et

twhere the factor 1/d2 ennsures the correct dimensions.)

Az can be seen in fig. 1, the length of the combined well - a -
is related to the distance between the centres of the *bags", R,
by

a=d+R/2. seed2

One particle was chosen to be in the jowest negative putity state
(17> and the other in the lowest positive parity state, ¢1™); no

transition from these levels was allowed.
Results
For the indicated potential the energy levels are given in terms

of the size of the square welj and the interior potential by (cf.
Flugge 1121)

—h2k 2
E =h%k “/(2m) P -]
where
for even parity states ceeCdad
—-Kncut(kna>=-ﬂ_ for odd parity states aee(dby

Using this the energr levels of the required states can be

calculated as a function of the separation R - see fig. 2.
Theny Iln the Born-Oppenheimer approximation, the effective

scattering potential |s given by

wromt BITRY - EVGRY 1 -1 BV - BN e 3. L (D)
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d 2d Y

Fig. 2 : Lowsst 2 energy levels as a function of the separation.

The resulting potential was approximated by a triangultar barrier,
as shown in fig. 8. For such a barrier an analytic expression can
be found for the transmission coefficient, since the wave
function in the region of the potential is a superposition of the

two Airy functions .

V)
o
£ 1"
2Zma*, 4
2
L
E—— R
Fig. 31 Born-Oppenheimer potential and trianguiar ' “~ier
approximation.
The transmission coefficient is plotted as a functi. energy

In #ig, 4. (Energles are scaled by the particle mass.) We see
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that the transmission function is a smooth, slowly changing
function of the energy = the change from T~0 to Te~1 takes place
in the range E~0,5 x barrier height to E~1,5 x barrier height.

T o] i = e =

/

/’
-
= s . L
£ 3 5 Y "

Sk
e height of triangular barrierJ

Fig. 4 : Transmission function as a function of energy.
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APPENDIX 4 : INTEGRALS OF LABUERRE FUNCTIONS WITH DIFFERENT E
ARGUMENTS I

i

We need to calculate integrals of the form
Tiz® f
Let
2,2,
% ey
ble then obtain r
© *
= ™, 2, M = (I XD YS2 Mg P,
Yyg= «ran )_fo-dy »Me Ly L3y > ooz
Cwith o = .JL)
[

z 2
22,m02 4 2,22, Wb a2 M 220 M 22
dot, 2™ %cat, 20 PN, 2oL, 20%) Lt

R The ogenerating function of the Laguerre polynomials 1s now |
e employed 1 1
b L = & XU gy gy ) ‘
- his aives

;s’thJ

fdr M=+ r/2 = ys/Cl=8) = Yt/ U8 0oy oy o) gy ™

R R Y 5 '
T This integral Is easily calculated: it represents & gamma

function., Eguating for each order of s and t , and doirg the

appr‘apriate binomial expansions we finatly get

o ml &x™ B arben  (mratndt v«“’ 2w

: e ST B R

. fex 20 a=0 i capmyt TRE
T

(for b  a, which can always be arranged.)
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