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ABSTRACT. The reaction diffusion equation arises in physical situations in problems
from population growth, genetics and physical sciences. In many practical situations,
the physical domain of the problem is adequately described in cylindrical Coordi-
nates. Therefore, we consider the Fisher equation in cylindrical coordinates. We
consider the generalised Fisher equation in cylindrical coordinates from Lie theory
stand point. An invariance method is performed and the optimal set of nonequiv-
alent symmetries is obtained. Finally, the conservation laws are constructed using
‘multiplier method’. We determine multipliers as functions of the dependent and
independent variables only. The conservation laws are computed and presented in
terms of conserved vector corresponding to each multiplier.
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1. Introduction. The Fisher equation for population dynamics was first pro-
posed by Fisher in his article on advantageous genes in 1937 [10].

Up — Uge = u(l — u), (1)

where, 0 < u(x,t) < 1. Some of the history of the Fisher equation and its many
forms are described by Rosa, Bruzén and Gandarias in reference [16]. The coupling
of kinetics and diffusion gives rise to one dimensional Fisher equation whose scalar
case can be written as

up — Dugy = f(u)a (2)

where u, f(u) and D represent the concentration, kinetics and diffusion coefficient
respectively. Here the diffusion term D is taken as constant. A simple case of
nonlinear reaction diffusion equation equation is [13]

Uy — Dz, = ku(l — u). (3)

The Fisher equation belongs to the class of reaction diffusion equations that models
population growth, wave propagation of advantageous genes, reacting diffusion
process and other biological systems. In this model the linear direction of the gene
and wave propagation is assumed. A generalised form of the Fisher equation and its
modifications in the Cartesian coordinates as well as cylindrical case has attracted
the attention of researchers. In the one-dimensional case, the density dependent
diffusion is assumed. Murray [13] has investigated travelling wave solutions of the
Fisher equation. In many cases the diffusion coefficient is density dependent giving
rise to the generalised Fisher equation given by

where h(u) is diffusion coefficient depending on wu(z,t). Rosa et. al. determined
the Lie symmetries, travelling wave solutions, optimal systems and conservation
laws using Ibragimov [12] approach. In another article, Rosa et. al. [17] presented
conservation laws using multiplier approach proposed by Anco and Bluman [4, 5].
Bokhari, et. al. in [8] found Lie point symmetries of generalized Fisher equation
(4) and presented some invariant solutions for some cases. In higher dimensions, a
more generalized form of the Fisher equation can be written as

u = V- (f(u)Vu) = g(u). ()

To fit a particular model, we can write the Fisher equation in cylindrical coordinates
as many practical problems desire the use of cylindrical coordinates. By assuming
radial symmetry the equation (5) reduces to

w = = (W) = glw), ©)

which is the generalised Fisher equation in cylindrical coordinates denoted by R|u].
For a particular case, by considering the values of f(u) = wu,g(u) = u(l — u),
equation (6) becomes

ug — %(acuu:z)z =u(l —u). (7)
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Bokhari, et. al. [8] performed a Lie symmetry analysis of equation (7) and found
some invariant solution in [9]. O.0. Vaneeva, et. al. have considered the Fisher
equation in which diffusivity and reaction term satisfy the power nonlinearities [18]
and exponential nonlinearities [19] given by,

f@)u = (g(2)uug ) =

» = h(z) (8)
fx)ue — (g(x)e™ ug),

h(z)u™,

nu h(z)e™". (9)

The purpose of our study is to investigate generalised Fisher equation in cylin-
drical coordinates using Lie symmetry approach [6, 14] which is useful tool to find
invariant exact solutions. The transformation that transform the given equation
into simpler one is determined by the so called Lie symmetry generators that form
Lie algebra under the commutator operation. The classification of Lie symmetry
generators into non-equivalent classes is made easier with the help of the optimal
system of subalgebras. The reduced set of ordinary differential equations and in-
variant solutions are obtained via reduction under the optimal system. Finally,
certain conservation laws are discussed, which are useful in defining the geometri-
cal and physical description of surfaces of partial differential equations generated
by their solutions.

2. Lie point symmetry generators. In this section we look at the group
properties of equation (6) including Lie symmetries and investigate several cases
by considering function values of f(u) and g(u). The invariance generators in the
space (t,z,u) admitted by equation (6) are given by

= (10)

0 0 0
X = 1Y 2 Y -~
So T T
where ¢1,62 and 7 lie in (¢, z,u)—space. The second order extended infinitesimal
transformation X[ and second order extended infinitesimals ¢, (ij that require
to solve (6) are defined in [15, 6]. The invariance criterion for Lie symmetries is
provided below, viz.,

XPu, L (o flu)ur)e = 9(u)] 0. (11)

wp— L (zf(w)us)e=g(w)

The set of determining equations is obtained by expanding the equation (11), we
have obtained

&=0, &=0, &=0, (12)
Ful =283 + ful? + ) + 1 + Fun = O, (13)
FlE" + a6y — 26 + 2265, — 207,
—fulzn + 2270, — 2% =0, (14)
angu + 19E; — TN — TGN + [Nz + T e = 0, (15)

nfu—2f& + & =0. (16)
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Simplification lead us to the values of infinitesimals from the above set of deter-
mining equations ¢! = 0, ¢€2 = ¢ and = 0. Thus for the arbitrary f(u) and g(u),
we have

ga,tu) =0, @ tu)=c, nlz,tu) =0
Setting the value ¢ = 1 yields the symmetry generator for the equation (6) for

arbitrary values of f(u) and g(u). The symmetry generator we obtain forms the

principal Lie algebra given by
0

a.

The following special cases of f(u) and g(u) are of interest:

X, =

Case-1. f(u) =wu and g(u) = u(l —u) :
We have an additonal symmetry generator due to

0 . 0
Xa=eig ey
Case-2. f(u) =mu and g(u) = pu? :

Here, the symmetry algebra is extended by
0 0
Xo=t— —u—.
=%t "ou
Case-3. f(u) =mu™ and g(u) = pu? :
A 2-dimensional algebra is provided with
0 0

+ gz — (n+ 1)z]— — 2u—.

0
X2 = (2qt - 21;)7 o 8’&

ot

Case-4. f(u) = au™ and g(u) = u :
Via X5 and X3, below, a three-dimensional algebra is given by the addtional sym-
metries,

Case-5. f(u) = ¥/u and g(u) = u :
The algebra extended to three dimensional algebra by the addition of X5 and X3
given by,

1, 0 1, 0
X, =e nt—_ —wt =
27 " o e ou’

0 0
X3 = x% + Qnu%.

Case-6. f(u) = au™ and g(u) = u :

A two-dimensional algebra results with

0 0 0
Xo = (2mt — 2t)& +z[(n+1)m— 1]% + QmU%.
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In this study, we discuss the group properties by looking at different values of
f(u) and g(u). It further will help us in constructing the one dimensional optimal
system of subalgebras.

3. One-dimensional optimal system of subalgebras. The goal to find the
optimal set of Lie symmetries is to obtain non-similar classes known as optimal
system of subalgebras. Each element from optimal set represents the general class
of symmetry and help in constructing the general class of invariant solution. To
get this done, we follow the approach given by Olver [14] and demonstrated in [15].
The adjoint representation is given by
2
Ad(exp(eYy))(Y;) =Y — elYi, Y] + 5 [Y3, [V, Y]] =+ -, (17)

where € € R and [Y;, Y] represents the Lie product defined by
¥, Y] = YiY; - VY. (18)

The optimal system for all the cases are discussed in the next sections.

3.1. Principal case. For the principal algebra the optimal system of subalgebra
is given by,
X' =X,. (19)

3.2. Case-1 f(u) = uw and g(u) = u(1l — u). The algebra is two dimensional
which is represented as follows,

0 0 0
X — -t -t 7 X -
O T et T o
with non-zero commutator given by,
[X1, Xo] = X;. (20)

The adjoint representations for case-1 presented in Table-1.

Ad X3 Xo
X1 X1 Xy — Xy
X2 eEXl X2

Table 1: Adjoint Table

With the action of the adjoint representation on general element X = a; X7 +
a2 Xo € Lo, we obtain the one-dimensional optimal system of all the subalgebras
for the case-1 given by
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az
‘ X' =X,
as#0 ag=0 X?=+X

| | Non-similar symmetry generators.

Case-I Case-II

The following are the complete details for each leaf:
Case I. as # 0 with adjoint action on X7, we have obtained

X' = Ad(e®™)X = apX5. (21)
Case II. as = 0 with adjoint action on X5, we possess

X' = Ad(e***)X = £X. (22)

3.3. Case-2. f(u) = mu and g(u) = pu?.

zero commutator for this case is given by,

The algebra along with their non-

Xi=—, Xo=t— —u—; [X1,Xo]=X\.
u

For the given case, the one dimensional optimal system is same as in case-1 shown
in Table-1, since the algebra is same.
ag
ag 750 32:0 ‘

\ \ —equi . ,
Case-l  Case-Il Non-equivalent symmetry generators.

X=X,
X2=4X,

3.4. Case-3. f(u) = mu™ and g(u) = pu?. The non-zero commutator for
this case is given by,

(X1, Xo] = 2(¢ — 1) X1. (23)

The adjoint representations are shown in Table-2, when f(u) = mu™ and g(u) =
pul.

Ad X, X,
Xl Xl XQ - 2€(q - l)Xl
X, el X, X,

Table 2: Adjoint Table

By the action of the adjoint representationgeneral on general element X =
a1 X1 4+ a2 X5 € Lo, we obtain the one-dimensional optimal system given by
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az

/\ X=X,
X2 = 01X1 + X2
32750 ag‘:O X3 — Xl
q#1 q=1 Case-1I1 Non-similar symmetry generators.

\ \
Case-I Case-II

Here are given all of the details for each leaf:
Case I. as # 0 and ¢ # 1 . By the adjoint action on X7, we possess

X' = Ad(e"®)X = a3 Xy = Xo. (24)
Case II. as # 0 and ¢ = 1 . With the adjoint action on X; for € = a, we have
X' = Ad(e®™)X = a; X1 + X». (25)

Case-11I. a; = 0. For this case we apply adjoint action for any Y and for any ¢, we
obtain

X = Ad(e)X = X. (26)

3.5. Case-4. f(u) = au™ and g(u) = u. The algebra with basis X3, X5 and
X3 extend to three dimensional algebra as follows,

_ 0
X1 = 3¢
_ .9 2.9
X2 = x% + Euafu,
X3 _ e—nt% + ue—nt%’
with the non-zero commutator is given by,
[Xl,Xg] = —’I’LXS. (27)

The adjoint representations are given in Table-3, when f(u) = mu™ and g(u) = u.

Ad X3 Xy X3
X1 X1 XQ 6n6X3
X2 X1 X2 X3
X3 X1 - n6X3 XQ X3

Table 3: Adjoint Table

The one-dimensional optimal system of all subalgebras for this case is de-
termined by the adjoint representation, when applied on general element X =
a1 X1+ asXe +a3Xs3 € Eg given by,
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aj

X' = X) + X,
X=X,
a17#0 a;=0 X? =Xy + X3
Xt =4X,
70 ay=0 as#0 a2=0  Non-equivalent symmetry generators.

\ \ \ \
Case-I Case-II  Cage-III Case-IV

Each leaf is described in detail as follows:
Case I. a; # 0 and as # 0. We find the basis for optimal system using the adjoint
action on X3 for € = a,

X' = Ad(e"®3) X = X, + Xo. (28)

Case II. a1 # 0 and ay = 0. For this case, we obtain the basis for optimal system
by the adjoint action on X3 for € = a,

X' = Ad(e*™)X = X;. (29)
Case III. a; = 0 and as # 0. By the adjoint action on X; for € = a, we discover,
X' = Ad(eX)X = o Xo + X3, (30)

where a = Xin| £ a—lg\
Case 1V. a; = 0 and as = 0. By the adjoint action on X; and for € = a, we own

X' = Ad(e“) X = £X;. (31)

3.6. Case-5. f(u) = {/u and g(u) = u. In this case non-zero commutator is,
1

(X1, Xo] = _ﬁXQ, (32)

and the algebra is three dimensional where X7, Xo and X3 are to be considered as
follows,

_ 0
Xl — ot
_ ,—1to -1y 9
X9 =e m 5 Tue mi g,
_ .0 9
X3 =Ty + 2nuy,.

The adjoint representations are described in Table 4, when f(u) = {/u and g(u) =
u.

Ad X, Xo X3
X, X en X, X5
X2 X1 - %GXQ X2 X3
X3 X1 Xo X3

Table 4: Adjoint Table
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The one-dimensional optimal system of all subalgebras is determined by the ad-
joint representation, when operated on general element X = a1 X7 +asXs+a3X3 €
L3 given by

al
X'=X; + X3
/\ X2 — X
a1 #0 a;=0 X3 =£X5 + c3X3
/\ X4 = X3
a3 70 az=0 70 a2=0  Non-similar symmetry generators.

\ \ \ \
Case-I Case-Il  (Cage-III Case-IV

Each leaf is discussed in detail as follows:
Case I. a; # 0 and a3 # 0 . By the adjoint action on X5, we possess

X' = Ad(e**)X = X1 + X;. (33)
Case II. a; # 0 and az = 0. With the adjoint action on Xo, we acquire
X = Ad(e**)X = X;. (34)

Case III. a1 = 0 and ag # 0. As a result of an adjoint action on X; and for € = a,
we have received

X' = Ad(eX1)X = + X, + c3X3, (35)

where a = (n)in| + a—12|
Case IV. a1 = 0 and as = 0. The adjoint action on X; and for € = a provide

X' = Ad(e“)X = X3. (36)

3.7. Case-6. f(u) = au™ and g(u) = 3/u. The algebra is two dimensional
algebra and basis X7, X5 are represented as follows,

0

X = —
1 ata

0 0 0
with non-zero commutator,

[Xl,XQ} = 2(m - 1)X1 (37)

The adjoint representations are listed in Table 5, when f(u) = au™ and g(u) = /u.

Ad X1 X2
X1 Xl X2 - 2€(m - l)Xl
X2 625(m71)X1 X’2

Table 5: Adjoint Table
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With the action of the adjoint representation on general element X = a; X; +
as X9 € Lo, the one-dimensional optimal system of all the subalgebras for this case
are given below

ag

/\ X'=X,
X2 =C1 X1 + X2
a27é0 32:0 XS — X1
/\ . .
m#1 m=1 Case-III Non-similar symmetry generators.

\ \
Case-I Case-II

Details for each leaf are provided below:
Case I. as # 0 and m # 1 . We accomplish this by the adjoint action on X; for
€=a,

X' = Ad(e™™)X = a, X5 = X, (38)

Case II. as # 0 and m = 1 . By the adjoint action on X; for € = a, we have
obtained

X' = Ad(e")X = a1 X1 + X (39)
Case I1I. ay = 0. The adjoint action for any Y and for any e results in

X = Ad(e)X = X, (40)

4. Reduction and similarity solutions. The optimal system of subalgebras
from section-3 will be used to reduce the equation-(6). The procedure is well-
known and it is outlined in [6, 14, 11] and demonstrated in [15]. The characteristic
equation is given by

dt dx du
fl(t, Z, u) B gz(tv €, u) B n(tv €, u) '
Complete reduction is presented for each case that was investigated in this study
for different value of f(u) and g(u). Reductions of equation (6) for a nontrivial
symmetry generator from the optimal system (section 3) is given as follows:
For instance, we consider X? from Case-3.

(41)

X% =1 X1+ Xo,
and its respective invariant variables are appeared as,
u= F(a)(b%ﬁ
(2qt;—_cl— 2t)x2(:7;11).

thus the invariant solution is computed as,

1
o= =
2

"= F(EMCE725§1” Vs (42)
2 q—1
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Therefore, (42) represents the solution of the equation (6) if F satisfies the ODE,

1 /2
AmF" o F(q—1)*F +na®(q—1)°F ",

+(g+2n+Dalg— )FF + F*(n+1)] = 0.

The complete set of reduced ODEs under the optimal system is presented in Tables
6,7,8,9,10 and 11.

Generators ‘ Reduced ODE ‘ Similarity Solutions

‘ For Principal case. ‘

1"

X=X, F'—lF 4+ 1F()=0| u=F(a)
o=

Table 6: Reduction set of ODEs

Generators ‘ Reduced ODEs ‘ Similarity Solutions

For Case 1. ‘

X' = X, aF?—aFF —aF "~ FF =0 | u=F(a)e
o=

/ 72 7
X? =X, FF +aF +aoFF +aF — | u=F(z)
aF? =0

a=zx

For Case 2.

X'= X, mF* + mFF" + apF? =0 u=F(z)
a=zx

X% =X Och2+mFFN+mFl2—o¢F:O = @
a =2

Table 7: Reduction set of ODEs
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Generators ‘ Reduced ODEs ‘ Similarity Solutions
For Case 3. ‘
X' =X, 402G !
¢ + 20 + D -
1)FF a@Taq 26D
_2q 2 12 "
+a-1(q—1)*[F n+ F F]
_ =3 1 9 ga-1. 2
a?2@1 4+ 2D (n—l—l)F } =0 | u= F(taz nF1 )m ntl
a= th%
X2=cX1+ Xy | AmF" '[o®F(q — 1)°F +
2
na’(q —1)°F
+(g + 2n + a(g — l)FF/ + | u= F(av)xﬂ%rl
F*(n+1)]=0
_ 1 (2qtte—2t), 2la=D
, =5 g @
X=X mF"F’ LT amnF"'F’ = F(x)
amF"F —apF?1=0
a=zx
Table 8: Reduction set of ODEs
Generators ‘ Reduced ODEs Similarity Solutions
For Case 4. ‘
X'=X1 + X, n*F"F — F [4n®F™ + 4nF" +
2
n’]
+[n? + 4nF™F + AF™ — | u = F(—In(z) + t)2?/™
nPF Pl =
a=—In(z)+t
X2 =X, F'F —anF " 'F° —aF"F' — | u= F(z)zm
alF =0
2(q—1)
] o= % (21175(;761*21)‘% e
X3 =X, 4 X3 FrE 4 LInPFT — dn(n +
)FF'
FA(n+ 1) F2+ F* —nF =0 | u= P(nn@=ey, 55 ot
o= et —nin(z)
X' =X, aF"|F"  + F'F 4| u=F(a)e"
omF"ilF/2 =0
o=

Table 9: Reduction set of ODEs
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Generators ‘ Reduced ODEs ‘ Similarity Solutions
For Case 5. ‘
1 " 2 ’
X =X1+ X3 [nF +F F~ —4n(l4+n)F +
An2(1+n)FIFY" +n[F—F'| = | u = F(=In(z) + t)z>"
0
a=—In(z)+t
2 1 (I—n) 12
X =X nFnF —aF = F

—anFY"F" —anF =0

X3 = Xo +cXs5
Cc =

77 72
(nne—a(l—Qn))[nF +F F—l

—4n(1 + n)F/
+4n?F(1+n)]FV" —F1=0 | u= F(e%n—ln(az))z%etn"
a=enn— In(z)
X=X, An2FFY™ 4+ anFFY™ — F' + | u = F(a)z®
F=0
a=t
Table 10: Reduction set of ODEs
Generators ‘ Reduced ODEs ‘ Similarity Solutions
For Case 6. ‘
X'=X, a2 ([(n + )m — 1)%[F —

Fl/m}

—4m(n + 1)F"F?

—1 —m
o2m—22m-—2

-5 3m 12
+[a 2m—2 o 2m—2 (m—l)(nF +
FF”)F*];

2m

_oF qTmE o Tm—2 (% + (n + | u=F(a)gmmtmT
Z)m)|(m —1)F"] =0
—2(m—1)
o = tx mntm—1
X?=cX1+ X2 [(n + Dm — 1*FY™ 4+

1"

4F™a?(m —1)*F
+4F" 'na®(m — 1)°F
—8a(m—1)[L +(n+L)m]F"F’
~lln + m — 1°F +
F"Fm?*(n+1)=0

12

u= F(a)mmﬁr%

FoF 4 5aF'F° + aF°F +
aFm =0

—2(m—1)
_ 1 (@mt—2t4l)zmntm—1)
2 m—1

u = F(a)

a=t

Table 11: Reduction set of ODEs
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The complete set of ODEs corresponding to each case under optimal system is
presented in this section. In the next session we will look for some conservation laws.
In many practical situations, the physical domain of the problem is adequately
described in cylindrical Coordinates. Therefore, we consider the Fisher equation in
cylindrical coordinates. We also consider our PDE in cylindrical coordinates as the
Bessel functions arises in the form of invariant solutions when reduced to ODEs by
similarity variables. We presented some of the invariant solutions that how Bessel
functions can arise from PDE solutions. For instance, consider the basis X! = X;
from the principle case, the corresponding reduced ode is given by:

" 1 ’ 1

F ——F +—-F =0 43
L 4 F(a) (43)

where, u = F(«) and o = z are the similarity variables. The above form of the

DE is modified Emden/Fowler ordinary differential equation.

5. Conservation laws. The study of conservation laws for the partial differ-
ential equations is significant because they explain the geometrical properties of
the surface formed by solution and are simply mathematical objects. Conservation
laws via multiplier approach are presented by Rosa and Gandarias in [16]. Rosa
and Gandarias in [16] investigated the conservation laws of the generalised Fisher
equation (6) in three cases, each with distinct values of f(u) and h(u) and com-
puted some multipliers and corresponding conservation laws with no dependence
on variable u;. We follow the direct approach [3, 1, 7, 2] to find conservation laws
presented in Anco and Bluman [4, 5]. In this work, we use the multiplier approach
to compute the conservation laws of the generalised Fisher equation in cylindri-
cal coordinates for different value of f(u) and g(u). Multipliers are dependent on
variables {z,t,u} for which the corresponding conservation laws are formulated.
Consider a multiplier A(x,t,u) satisfying

E.(AR[u]) =0, (44)
where FE, represents the Euler operator given as

0 0 o} 0 0
E=2-p2 +p,0,- +D,0,-% + DD, ...,
Ou Y ouy + Mg + * Oty R " Quyy (45)

and D,, D, are total derivative operators and can be represented as,

9 +uai+u"i+ 1=1,2
Ot L u gl dus T

D; =

A conserved vector is a conserved quantity of (6) which is a 2-tuple T' = (T, T%)
such that it holds for all solutions of equation-(6) given as,

D, Tt + D,T® = 0. (46)
The multipliers A{z,¢,u} of the PDE (6) has the property
DT (z,t,u) + D, T t(w,t,u) = A(x, t,u)R[u). (47)

where multipliers A are depending independent variables on x, ¢ and dependent
variable u.s
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5.1. Multipliers and corresponding conservation laws. Consider the mul-
tipliers by A(z,t,u) and expanding the expression (47) which is the invariance
criteria to find conservation laws, leads us to the expression helps in finding the set
of determining equations as follows:

_xf/(u)Auui - l‘f(U)Aqum - xg(u)Au - xgl(u)A
+f(w) Ay + 2z f (W) Ayu? — xA; — 2f (u)Ay — 2 f (u)Agy (48)
—2f(u)Ayuy — xf(u)Auuui - 2If(u)Auxui =z f(u)Ayzz = 0.
The above equation is an algebraic equation in terms of u, its derivatives, products
and powers of derivatives. We compare like terms to earn system of following
determining equations

zf(u)Ay = 0z f(u)Ayy +2f (W)Ay =0 (49)
2xf(u)Ayz + f(u)Ay, =0 (50)
rf(u)Age + f(w)Ay + 2g(u)Ay + A + 29" (W)A  =0. (51)

By solving above system, for different values of f(u) and g(u), we obtain different
multipliers as well as their corresponding conservation laws for each case that are
discussed here:

5.1.1. Conservation laws for Case-1. The set of equations (49, 50, 51) that
follow take the form:
fouui — zulyUpy — x(u(l - u))Au —x(l —2u)A + ul, + QIEAuUi —xAy
—2ul, — zulpp — 2ulh uy — quuuui — ZxUAWUi — zul gz = 0.
After comparing like terms and solving system of determining equations, we obtain

the multiplier
A=cre? [IO(\@x)] +cge”t [Kg(\@x)], (52)

where Io(v/2z) and Ky(v/2x) denote modified Bessels functions of first and sec-
ond kind of order zero, respectively. From the equation (52) for multiplier Ay =
et [IO(\@;E)], equation (47) leads us to the characteristic equation corresponding
to multiplier Aq:

T} + Tyuy + Ty e + Ty + T g + Ty gy =
e o (Yx)](zuy — wuy — 2U2 — TUUL, — TU + TU?)

After comparing the terms of highest order wuy,, u,,., we obtain the set of determin-
ing equations:

T, = —xueftlo(\[?x) (53)

T. =0 (54)

By solving the above set of equations, we obtain the set of local conservation laws
of (6) for the case when f(u) = u and g(u) = u(1 — u) which are presented in the
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form of conserved vectors T;, = (T, T%), where n =1, 2:

T = (xueft[lo(\@x)], %(\/ixu%ft[ll(\/ix)} — :cueft[lo(\@x)]uac)), (55)

Ty = (zue ' [Ko(V2z)], —%(\/ﬁxuze%[Kl(\/ﬁx}] — zue™" [Ko(\/ix)]ux)) (56)

which corresponds to the multipliers {A1, As} which are given by {e~*[Io(v/2x)],
e *[Ko(v/2z)]} respectively. Following the same procedure we find the conserved
vectors corresponding to each multipliers for the rest of the cases as well.

5.1.2. Conservation laws for Case-2. The multipliers for the case when we
consider the following values of function f(u) = au and g(u) = pu? are given by:

A = e1[Jo(V22)] + eo[Yo(V22)). (57)
For the multiplier A; = [Jo(v/27)], we deduce the conserved vectors:
—%(ﬁmﬂ [ (vV22)]) — zu[Jo(v20)]up).  (58)

For the multiplier Ay = [Yy(v/22)], we find

Ty = (T", T*) = (zu[Jo(V22)],

Ty = (T, T%) = (zulYy(V2z)), —%(\/imﬁ [Yl(\/ix)]) — 2u[Yo(V22)]us). (59)

5.1.3. Conservation laws for Case-3. The multipliers for the case when f(u) =
mu™ and g(u) = pu? are given by:

A= e o) + caln(a)]. (60)
For the multiplier Ay = e*pq“q_lt, we obtain the conservation laws given in the
vector forms:

T = (T, T*) = (gc.e_”q“rlt7 —xmu"e‘pq“q*”ugj). (61)

For the multiplier Ay = e~P94" 't(Inz), we derive Ty = (T, T) which is given by
mun+1

T, = (xue*pq“q_lt(lnx), fxmu"e*pq“q_lt(lnx)ux + equ“q_lti). (62)
m

5.1.4. Conservation laws for Case-4. The multipliers for the case when f(u) =
mu™, g(u) = u for all n, are given by,

A=et [cl + czln(as)]. (63)

t

Corresponding to multiplier A; = e™*, we acquire

Ty = (T, T*) = (zue™", —ze e 'uy). (64)

Conservation law corresponding to the multiplier A; = e~ !(Inz), we possess

Ty = (T, T") = (zue”*(Inx), —ze e '(Inx)u, + ). (65)
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5.1.5. Conservation laws for Case-5. The multipliers for the case when f(u) =
Yu, g(u) = u for all n, are given by

A = e ey + ealn(x)). (66)

For the multiplier A; = e~t, we obtain

T = (T, T%) = (vue™", —zuze " {u). (67)

Conservation law corresponding to the multiplier A; = e~ tin(z), given by

Ty = (T, T*) = (zue”ln(x), — Vue (

n
e In(x)ruy). (68)

In a recent work, Anco [2] proposed a study that establishes a connection be-
tween multipliers and the variational symmetry that underlies Noether’s theorem.
As previously stated, all of the conservation laws obtained by the multiplier ap-
proach have a clear application in mathematical analysis. Although some con-
servation laws describe physical quantities and explain natural phenomena like as
momentum, energy, and object motion, the rest of the conservation laws describe
the geometry of the surface formed by the partial differential equation.

6. Conclusion. The Lie symmetry analysis of the generalised Fisher equation
in cylindrical coordinates (6) was performed for arbitrary values of functions f(u)
and g(u). One dimensional optimal system of subalgebras were classified and their
detailed case-by-case study was presented through tree-leaf diagrams. Reduction
has been performed and a complete set of reduced ordinary differential equation
under the optimal system was listed in Tables 6, 7, 8, 9, 10 and 11. Furthermore, we
presented some conservation laws in the conserved form for the generalised Fisher
equation in cylindrical coordinates.
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