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Abstract

The unsteady three-dimensional flow of a thin slender rivulet of incompressible Newtonian
fluid down an inclined porous plane is investigated. The leak-off velocity is not specified
in the model but is determined in the process of deriving the invariant solution. A second
order nonlinear partial differential equation in two spatial variables and time and containing
the leak-off velocity is derived for the height of the thin slender rivulet. Using Lie group
analysis it is found that the partial differential equation can be reduced in two steps to
an ordinary differential equation provided the leak-off velocity satisfies a first order linear
partial differential equation in three variables. An exact analytical solution with a dry patch
in the central region is derived for a special leak-off velocity. Two models are considered,
one with the leak-off velocity proportional to the height of the rivulet and the other with
leak-off velocity proportional to the cube of the height. Numerical solutions are obtained for
the height of the rivulet using a shooting method which also determines the two-dimensional
boundary of the rivulet on the inclined plane. The effect of fluid leak-off on the height
and width of the rivulet is investigated numerically and compared in the two models. The
conservation laws for the partial differential equation with no fluid leak-off are investigated.
Two conserved vectors are derived, the elementary conserved vector and a new conserved
vector. The Lie point symmetry of the partial differential equation associated with each
conserved vector is obtained. Each associated Lie point symmetry is used to perform a
double reduction of the partial differential equation, but the solutions obtained are not

physically significant.
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Chapter 1

INTRODUCTION

1.1 Introduction

A rivulet is a thin three-dimensional fluid film which flows down an inclined plane under
gravity. The fluid is generally considered Newtonian, but it could be non-Newtonian. A
slender rivulet is a rivulet in which the rate of change in the lateral direction is greater than
the rate of change in the longitudinal direction. A rivulet in unsteady flow implies that it

changes over time.

Rivulets occur commonly in a wide range of geophysical, biological and industrial contexts,
ranging from the flow of lava to the complex fluids in industrial devices such as condensers

and heat exchangers [20].

There have been numerous studies on both the steady and unsteady state solutions of thin
slender rivulets. The original study was done by Smith [18] who obtained a similarity solu-
tion describing flow of a rivulet emanating from a point source on the plane, when surface

tension is neglected.



It is proposed to investigate the solution of a rivulet flowing down an inclined porous plane
under gravity. The rivulet is taken to be a thin three-dimensional Newtonian fluid which is
incompressible, under unsteady flow and symmetric about the line of greatest slope down

the plane.

1.2 Literature review

The problem of flow down an inclined plane has been studied for numerous years. An example
is the book by Batchelor [3] in 1967. These early studies were limited to two-dimensions or
axial symmetry. In recent years studies have been done which extend into three-dimensional
problems. Smith [18] found a similarity solution for the distribution of layer thickness in vis-
cous source flow down an inclined plane. He concluded that the asymptotic layer-thickness
profile is parabolic and that the flow spreads according to an x7 power law down the plane.
Lister [11] looked at flow from a point source and again used similarity solutions to gain
insight into the dynamics of the model. Yatim et al [20] looked at unsteady flow of a thin
slender rivulet of Newtonian fluid driven by gravity on an inclined plane. They concluded
that sessile (fixed point rivulets) rivulets exhibit a finite-time blow-up, becoming singular

everywhere at some instant.

The role of conservation laws in this problem are important as they could potentially provide
some highly useful insights into what is happening in special cases. Naz et al [15] provided
a comprehensive approach to conservation laws and the numerous methods available to find
them. In [14] Mason and Anthonyrajah derived an invariant solution by associating a Lie
point symmetry with a conserved vector. In [13] Maluleke and Mason used Lie point symme-
try generators to derive new conserved vectors from known conserved vectors and to simplify

the derivation of known conserved vectors for a nonlinear wave equation.



We will use Lie group analysis to reduce in two steps the partial differential equation for the
rivulet height in three independent variables to an ordinary differential equation. Standard
texts on Lie group analysis are ”Lie Group Analysis of Differential Equations” Volume 1
[2] and Volume 2 [1], Symmetries and Differential Equations [4] and [5], Applications of
Lie Groups to Differential Equations [16], Introduction to Symmetry Analysis [6], and the

Progress in Industry report ”Similarity Solutions for Unsteady Rivulets” [19].



Chapter 2

DERIVATION OF THE
3-DIMENSIONAL MODEL

2.1 Introduction

In this chapter we will first define the model and then use the Navier-Stokes equation and

thin fluid film theory to derive the defining partial differential equation.

The rivulet is a thin three-dimensional Newtonian fluid, which is incompressible and in
unsteady flow. The x-axis is down the line of greatest slope, the y-axis is the cross-slope
axis and the z-axis is normal to the plane. Thus we expect a partial differential equation in

three variables, x, y and t for the surface of the rivulet.

The surface of the rivulet is

z = h(z,y,t). (2.1.1)
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The flow is restricted to being symmetric about the x-axis (y = 0), thus h(z,y,t) is an even

function of y. The rivulet is bounded by the curves

y = *a(t, x). (2.1.2)

2.2 Navier-Stokes equation

The model, as outlined, enables us to use the Navier-Stokes equation which is one vector

equation. It splits into the following three components

X-component:

ov, N v, N v, N
Uy v U,
p Yy ay

v\ _ Op v, 0%v, 0%,
ot or B

5, 8_x+u 522 + Iy + 5.2 > + pgsina, (2.2.1)

y-component:

v, v, v, dv,\  Op v, v, 0%,
’)<z% T Ty T ) T oy TP e T e ) 22

Z-component:

avz+v%+v%+v% ——@%— 82vz+8202+82vz
P ‘ Y oy 02 ) T "0z M\ as2 oy? 072

ot ox p) ) — pgcosa. (2.2.3)

We consider the case in which the rivulet is slender. It varies much more slowly in the
x-direction than in the transverse y-direction. The conditions for the rivulet to be thin and
slender are

H<D<L (2.2.4)

where
H is the characteristic distance in the z-direction,
D is the characteristic distance in the y-direction (the transverse direction D ~ 2a),

L is the characteristic distance in the z-direction.

11



contact line h=0

y=a(t,x)

contact line h=0

z=h{x,y.t)

Figure 2.2.1: Rivulet flow down an inclined plane

2.3 The continuity equation

The continuity equation for an incompressible fluid is

ov, % ov,

8x+8y+8zzo'

We define:
U to be the characteristic fluid velocity in the z-direction,
V' to be the characteristic fluid velocity in the y-direction,

W to be the characteristic fluid velocity in the z-direction.

Thus the continuity equation becomes:

12

(2.3.1)

(2.3.2)



In order to create a full 3-dimensional flow we assume all three terms in (2.3.2) have the

same order of magnitude. Thus

D H
~Z ~ 2 2.3.
Vi~ U W 2 (2.3.3)

where we have written V' and W in terms of U.

The Reynolds number for the low down the plane is given by

Re — inertia force _ ULP. (2.3.4)

viscous force 1

In the thin fluid film approximation it is assumed that

Re (%)2 < 1. (2.3.5)

2.4 Characteristic time

The characteristic time is

T=z. (2.4.1)

The same value for the characteristic time is obtained if the characteristic length and velocity

in the y and z directions are used. For

D L L

Ty=—==D— =~ 92.4.2

2Ty DU U’ (24.2)
H L L

Ty= —=H— =, (2.4.3)

The three definitions for characteristic time agree, which shows that the scalings for velocity

are consistent.
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2.5 Characteristic pressure

In the x-component of the Navier-Stokes equation the pressure gradient could balance either
the viscous term or the body force due to gravity. In the y-component the pressure gradient
must balance the viscous term because there is no gravity component. Therefore we deter-
mine the scaling for pressure, P, by balancing the pressure gradient with the viscous term

in the y-direction of the Navier-Stokes equation:

dp v, 0%, O,
— ~ . 2.5.1
dy a [81‘2 * 0y? + 072 ( )
In terms of magnitudes,
P VvV Vv
— =+ = 2.5.2
D " [LQ D H2] (25.2)
and therefore
PV |(H\® [(H\?
—~u— | = — 1]. 2.5.3
5=+ | () +(5) 239
Now, H < L and H < D, and hence the characteristic pressure is
LU (D\?
P=pu—\{—| . 2.54

2.6 Dimensionless variables

We make the Navier-Stokes equations dimensionless using the dimensionless variables

. x Yo z _ P 7 t
xr= — = — Z = — = — = —
La Yy D, H> p Pa Ta
_ (% _ (% _ (s
Ve = U, Uy = Vy, Vy, = W (261)

The three components of the Navier-Stokes equation become:

x-component (2.2.1):

Re Ll 2 817$+U_8@+U_8@+U_a@
oo Tox Yoy Coz

14



n H 28217x+8217x+ngsin04 D\?
D) 0y: 072 P L)’

D\’ dp
__(f) 0$+

y-component (2.2.2):

(7) %

(2.6.2)

H\? [0y, o, o, Ov op 0% H\? 8%, 0%
R - it} Y Y Yyl — - Y Y
e(L) [az* vor Ty T 82] 8y+< ) 83‘32+<D> o 9
(2.6.3)
z-component (2.2.3):
Re E — ’ %+g@+g%+g%
L D o0 Tox Yoy Coz
op H 2 0%, H\? 9%, 0&%v, pgH cos «
= —— — — — : 2.64
az+ [ L) oz +<D> o T 0z P (26.4)
Now
H\’ H\’ H\’ D\?
Therefore the three components of the Navier-Stokes equation reduce to
v, pgL (D\* |
0= 522 + 5 <f) sin a, (2.6.6)
op 0%,
0= Yy 2.6.7
oy 022 ( )
op  pgH
__9p _ 2.6.
0 EF P cosa (2.6.8)
Expressing (2.6.6), (2.6.7) and (2.6.8) in dimensional form gives
2,
0=p 522 "+ pgsina, (2.6.9)
ap 0*v
0= Y 2.6.10
Oy th oz ( )
0= —% — pg cos . (2.6.11)
The continuity equation is
ov,  Ov,  Ov,
— = 2.6.12
ox + oy + 0z ( )
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2.7 Boundary conditions

The rivulet satisfies boundary conditions at the base z = 0 and at the free surface z =

h(z,y,t).

z =0:
vz (x,y,0,t) =0, (no slip) (2.7.1)
vy(z,y,0,t) =0, (no slip) (2.7.2)
v,(z,y,0,t) = —w(z,y,t), (porous substrate) (2.7.3)

where w is the leak-off velocity at which fluid is flowing into the porous substrate.

z=h(x,y,t)

Normal stress: In the lubrication approximation

p(xaya h7t> = Do, (274)

where pg is the atmospheric pressure.

Tangential stress: In the lubrication approximation

=0, Ty=p—=2=0 (2.7.5)

%([L’, Y, h7 t) =0, <276)
%(:ﬁ,y, h,t) = 0. (2.7.7)

Kinematic condition: A fluid particle on the surface remains on the surface, which can be

expressed as

16



D
— (z = h(z,y,t)) |.=n = 0, 2.7.8
= (2= by, 1) o (278)
where % denotes the material or convective time derivative. Hence

oh

oh oh
Uz(x7y7h7t) ==+ Uw(xaya h7t)_ + Uy(w7y7 h7t>a_y

5 o (2.7.9)

2.8 Deriving the model
Now we can derive the partial differential equation for the height, A, of the rivulet.
Firstly v,(z,y, h,t) is obtained by integrating the continuity equation, (2.6.12), with re-

spect to z from z = 0 to z = h(z,y,t) and imposing the boundary condition (2.7.3) on v, at

z=0:

" ov /hév
v.(z,y,h,t) = —w(x,y,t) — Tdz — —dz. 2.8.1
(@ht) = —ulat) = [ Gra— [ 5 (2.81)

Now using the formula for differentiation under the integral sign [7], equation (2.8.1) becomes,

h
e t) == wleg.t) = o [ ooy ds
0

oh 0o [" oh
+ Um<x7 Y, h> t)% - 8_y /0 Uy(-r? Y, %, t) dz + ’Uy(l', Y, h7 t)ﬁ_y (282)
From the kinematic condition (2.7.9), this simplifies to
h h h
% + ((%/0 vz, y, 2, t) dz + %/0 vy(z,y,2,t) dz = —w(x,y,t). (2.8.3)

Equation (2.8.3) is in the form of a conservation equation with a sink term.

We now need to solve for v, and v,. They are obtained from the Navier-Stokes equation,

equations (2.6.9), (2.6.10) and (2.6.11) and from the boundary conditions (2.7.1), (2.7.2),

17



(2.7.4), (2.7.6) and (2.7.7). Solving these equations gives

v (2, y, 2, 1) = % sina (2h — z), (2.8.4)
and
P9z oh
t) = — — (2 —2h). 2.8.5
(o, 2,0) = 2 cosa (2~ 2h) (285)

Substituting equations (2.8.4) and (2.8.5) into equation (2.8.3) and evaluating the integrals
gives

Oh _ pyg 9 (,30h\ pg . 0 5
o 3 Cosozay (h Gy) sina—(h°) —w(x,y,t). (2.8.6)

31 ox
Now we make equation (2.8.6) dimensionless using the transformations
h w
—— o yf=2 = — = =T 2.8.
where T', X, Y and H have yet to be specified. Equation (2.8.6) becomes, in its dimensionless

form:

oh*  pg H3T 0 (h*3ah*) pg . H?*T 0

We therefore choose

HPT

%cosa =1 (2.8.9)
2

g—isin& — =1 (2.8.10)

Now H, T, Y and X are unknown and p, g, u, cosa and sin « are known. So we have two
equations and four unknowns we must choose two and calculate the other two based on our

assumption. This leads to two cases.

Case 1: Change of variables
We choose H =1 and T =1, then

X = g—g sin o (2.8.11)

18



and

1
2
Y = <% cos a) . (2.8.12)
We substitute (2.8.11) and (2.8.12) into equation (2.8.8) to obtain
oh* 0 oh* 0
= h - h?) —w* t). 2.8.13

Case 2:
We specify X to be the characteristic length in the z-direction and T to be the characteristic

time. Then

3 X\® 3pcos? aX? &
H:( K _) , Y:(—“C?Sso‘ ) , (2.8.14)
pgsina T’ pgsin® T’

and equation (2.8.8) reduces to

o o [ Lo\ 9 .,
= * — ) — w* ) 2.8.1
5= o (1750 )~ 7m0 - wlen) 2815

2.9 Concluding remarks

We have now derived the defining equation (2.8.15) and as expected it is a partial differ-
ential equation in two spatial variables and the time variable. The leak-off w has been left
unspecified. Its form will be determined from the condition that (2.8.15) has an invariant

solution for h(x,y,t) and w(z,y,t).
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Chapter 3

LIE GROUP ANALYSIS

3.1 Introduction

In this chapter we will reduce equation (2.8.15) from a partial differential equation in three
independent variables to an ordinary differential equation. We will then investigate the an-

alytical and numerical solution of the ordinary differential equation in subsequent chapters.

The reduction of the partial differential equation to an ordinary differential equation is
a two step process. We will first reduce equation (2.8.15) to a partial differential equation in
two variables and then we will repeat the process and reduce it to and ordinary differential

equation.

Lie group analysis of the partial differential equations will be used to perform the reductions.
A linear combination of the Lie point symmetries of the partial differential equations (2.8.15)
will be used in the analysis. Throughout the dissertation we will consider the general case in
which the constants in the linear combination do not take special values. Special cases for

the constants do arise but they will not be investigated. It is not the aim of the dissertation

20



to perform a group classification of the solutions of the partial differential equation. The
aim is to perform a general reduction of the partial differential equation to an ordinary dif-
ferential equation for the general range of values of the parameters and investigate analytical

and numerical solutions of the ordinary differential equation obtained.

3.2 First stage in the Lie point symmetry reduction of
the partial differential equation
We first expand the derivatives in (2.8.15)
% — 3h? (ZZ) —h?’g: +3h2?+w(9€ y,t) = 0. (3.2.1)
We write the derivatives in subscript notation so that (3.2.1) is expressed as
he — 3h2h% — hPhyy + 3hhy + w(x,y,t) = 0. (3.2.2)
Equation (3.2.2) is of the form

F(t,z,y,h,hy, hy, by, by, w) = 0. (3.2.3)

Now since F' contains derivatives of h up to second order, we need the second prolongation

of X, which for the derivatives in (3.2.3) is

d o) 9} o) ) ) 9
2] _ 12 2 ¢ o o o0
ST +& 2y oy +Claht +Gy +C38hy +<‘338hyy (3.2.4)

where {' = &(t,2,y,h), € = &(t, 2, y,h), & = E(t,2,y,h) and n = n(t,z,y, h).

The unknown functions are &', &2, €3 and 1. We first calculate (i, (5, (3 and (33 by us-
ing

Gi=Di(n) — Dy (€F), i=1,2,3... (3.2.5)

21



Cij = Dj (&) — hiiD; (€7), 4,5 =1,2,3... (3.2.6)

where
0 0 0 0 0
Di=D;,=—+h h h h 2.
VT gy T T g, e, T g, (3:2.7)
0 0 0 0 0
Dy =D, =+ = — — — ... 2.
2 == 5 + hx@h + hm@ht + hm@hz + hwc‘?hy (3.2.8)
0 0 0
Ds=D,=—+h,— +hy—+hpy=—— +hypy—... 2.
2T = gy T an T tgn, T tegn, T, (3:2:9)
Therefore
77 on ot 08! o¢? o¢? 3 og°
vy - a5 — — —= 2.1
==y gy ~ gy — gy~ hatgy ~ Mg = gy = Iy (32:10)
S T S S o€
G = Go = gy +hagy = g = b = b = W = by = haly o, (32:11)
77 on ogt 08! S o¢? o8, 353
= —hy—— — 2.12
and
0%n an 9*n o0%n ¢! o0&t o0%¢t
(33 = Gyy = a_yg + hyy% + 2hya oh + hiahQ — 2hgy—— By — 2hyyhy—- oh — hy 0y
851 8251 28251 852 852
— — =2 - —92h.. > _ 9 =
hilvy, 9 hihy—=——— By hih, BTe Doy dy Py hy o
2¢2 e? 92€2 , 022 o3
— hy 0y — hxhyy% — thhyéyah h.h, o 2hyya—y
353 8253 ag?} ) 8253 5 8253
-9 = _h,—> — —2 — 2.1
gyl oh y 0y? Ml oh hy 0yoh hy oh?’ (3:2.13)
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So the prolongation of X, (3.2.4), becomes

X =g gt +& +§32 + a% + [gz + htgz htaa—il - h?%—i — hy %52 hthx%—i
—hy%—gg - hxhy%—ﬂ a?% BZ + ygz hta;yl hthy%—i — by %ﬁj h hyif;
—hy%—f - hgaaﬂ ai + [% + hy, gz +2h, ;;h + 12 gh2 2hy, 8;1 thyhyaa—ghl
_ht?—;; — hthyy%—i — 2hsh, 5222 — hih (22521 - zhxyaa—fj - 2hmyhyg—§; — hy, %2;22
—hyhy, a;; 2h,h, 5222 hoh %Q}f; - zhyyaa—i — 2hyyhy%—i — h, %2523 - hyhyy%—i
—2h? g;g; —h %2523} Giyy. (3.2.14)
We now calculate
XPF|p_y =0, (3.2.15)
where X is given by (3.2.14) and F is given by
F = hy — 3h?h% — h*hyy + 3h2hy + w(t, z,y). (3.2.16)
We evaluate (3.2.15) at F' = 0, by substituting
Ryy = ;3 ];; 3hh. + 3hh, + w : (3.2.17)

to obtain
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hy on an an
. 2 h2
Ghhyn — 3h77+9hh7] 9hh,n — Shn—i-ﬁhhzn—i—a ah-|—3 I
+ 3%, % —6h%h g” 6h%h? gz h3g 7 ht% + 3h%h2 gz 3h%h, gz
877 3 9 3 2a Ui o' 2351 o¢!
Won 2N hya on " hgpe TV wi’ = o~ "an O
1 1 a (9 1
;h ; + 6h2hy 12 ai + 20 hy—— + 2h>hy,h,, ;h
a¢! a¢!

dy
85 8261

*hih? 2 — hi—— + 2h°h;h
= 3h°hih,—~ + 3h"hih, ah +w o + M 5o

Y oh
o 0 L, 08,08 08, 08
o — hihy I — 3h°h, Dy 3hhxah+6hhh dy +6hhhy8h

o2 D2 922 o¢? o2 D2
3 3 3 . 2h h2 h2h2
+2h hgcy—a +2h hxyhyah + h’h, 3y + hih, o 3h Vo +3 "

a , 8252 s 02§2 , e’ e

o3 ag o¢? 853
912 2 272 213
B0 hy o = 30 hahy o+ Ohhy s o Ghhy

o o 2,308 2y, 08 o8 4
o+ 2w o Zhehy e — Gh* i o 6k hahy 5+ 2why i+ Wy
08 15,308 o, , 08 08 18,2 0% 5 30°C

= =49
v~ Iy + 3 haly e why e £ AN W =

+ hy

— 3h%h,——
251
0y?

6261
3 2
+ W hihy

— 3h2hih, + 6h*h;h, + h3h,

2 0¢!
L oh

+ w, €% — hy

+h

— hh

¢ 2,208 2, 08
oy Sty R
0253

+ 2hy——

+ hih =0.

(3.2.18)

Since &1, €2, €3 and 7 are independent of the derivatives of h we can separate (3.2.18) by
U]

derivatives of h and determine expressions for &%, €2, €2 and 7. This gives
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h2 3 — Sh% e ghz —0, (3.2.19)
h, : 6hzg + tha;é;]h + 88—5: + 3h? a;; — h? %2;3 =0, (3.2.20)
Ry 3hn +88—;+3h2%f 6h28(,§ 0, (3.2.21)
hy : 30+ haa_gl + 3h3%§ zh%—i =0, (3.2.22)
R: 51%—2;%22—2%32 [324—%—2%—?}@0—%—%22 +thZ (3.2.23)

Since equation (3.2.19) is equi-dimensional, we look for a solution for 7 of the form
n(t,z,y,h) = Ah', (3.2.24)

where A = A(t, z,y). By direct substitution of (3.2.24) into (3.2.19) it is found that r = —3

and r = 1 and therefore

A(t,z,y)

3 + B(t,x,y)h. (3.2.25)

n(t,z,y,h) =

Substituting (3.2.25) into equations (3.2.20), (3.2.21) and (3.2.22) enables us to separate

these equations by powers of h since £, €2 and &3 are independent of h. This gives

§t) = et + cu, (3.2.26)
& (x) = cor + ¢5, (3.2.27)
Ey) = 2(362 — 1)y + ce, (3.2.28)
n(h) = %h(@ —a), (3.2.29)
Hence
X = (et + q)% + (cor + %)(% + (%1(302 —c)y + 06) % + ;(cg — cl)h% (3.2.30)
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and the Lie point symmetries of the partial differential equations (3.2.1) are

9 10 1,0
o 47y 2"on’
o9 30 1 9

X, g0 3,9 1,0
2= Y ey T an

X1:

0
X3_§7
0
X, = —
4 a$7
0
X = —
5 ay’

(3.2.31)
(3.2.32)

(3.2.33)
(3.2.34)

(3.2.35)

provided that the remaining condition (3.2.23) is satisfied. When (3.2.26) to (3.2.29) are

substituted into (3.2.23) it becomes the following first order linear partial differential equation

for the leak-off velocity w(t, x,y):

(ct+c)a—w+(cm+c)a—w w
A P

If ¢; # 0 and ¢y # 3¢y, the general solution to (3.2.36) is

w = (Clt + 63)%<%_3> U(Qb, ,QZ))7

where U is an arbitrary function and

CoX + Cs

(crt + 04)% ’

T(Ber—a)y+as
¢ = 3co—cy °
(Clt -+ C4) dey

+ 1(3 )+
—(3co — ¢ cel — =
2 1)Y 6 8y

1 (co — 3c1) w. (3.2.36)

2

(3.2.37)

(3.2.38)

(3.2.39)

Now h = ®(t, z,y) is a group invariant solution of the partial differential equation provided

X (h=®(t,2,y)) lh=0 = 0,

that is, provided

0P 0P 1 0P
(ert +ea) g + (2w +e5) 5+ (; Bz —e) y + 06)8—y
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Equation (3.2.41) is a first order linear partial differential equation for ®(¢,z,y). The form
of the left hand side of (3.2.36) and (3.2.41) is the same which means that w and ¢ will
depend on the same similarity variables, ¢ and . Since h = ®(¢, z,y), the general solution

for h is

h= (ert +c)* B0 G0, 0), (3.2.42)

where ¢ and 1 are defined by (3.2.38) and (3.2.39).

Substituting (3.2.37) and (3.2.42) into the defining partial differential equation, (2.8.15)
and simplifying we obtain

9 1\* 2 oG oG 3 1\ oG

— 2 _ 1) 2 B= _|_C_2__|__ 2 _ 2 h—

16 a6 3) oY oY i 0o 4 \c¢g 3 oY

628

1 Co 1
25 (¢*) -3 (C—l - 1) G = U(6,v) =0. (3.2.43)

The original partial differential equation has now been reduced from an equation in three
variables to one in two variables. We now reduce this partial differential equation in two
variables to an ordinary differential equation. This requires a second Lie point symmetry

reduction.

3.3 Second stage in the Lie point symmetry reduction
of the partial differential equation

The next step requires us to work from equation (3.2.43) and repeat the Lie group reduction.
We therefore first expand the derivatives in (3.2.43) and write the derivatives in subscript

notation. We consider the general case in which ¢; # 0. This gives

F(¢7¢7G7 G¢7Gw7Gw¢7U) - 0; (331)
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F = —cl(a——)QGQGi—l——cl(a——) G3G¢¢+Q¢G¢+3(oz—%)z/}Gw—f—SaGQGd)—%(a—

NG—1u

&1

(3.3.2)

In order to find the Lie point symmetries of (3.3.1) we need to calculate the second prolon-

gation of X, of the form

0 0 0 0
x2 = - —

where £ = £, v, G), & = (¢, 1, G), and n = n(¢, 1, G).
We first calculate (;, (5 and (59 from the definitions

Gi=D;(n) —hD; (€%), i=1,23...

Gi = Dj (&) — hisD; (€F), i,j=1,2,3...

where
0 0 0 0
Di=D
1= Do =55 T Cogg T Gsga, T Coga
0 0 0 0
Dy=D
2 Y = 8¢+Gw8G+G¢¢8G +G¢¢,8G
Hence

G =Gy
n an o' o0& o¢?
a¢+G¢ G¢a¢ Gl Gw(% oGy
G2 = Gy
on an o¢! o' o 08
= 55+ Gugg — Gogy — GeGugg — Gugy — Gl
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(3.3.3)

(3.3.4)

(3.3.5)

(3.3.6)

(3.3.7)

(3.3.8)

(3.3.9)



and

a2 = Gy
0%n n 01 0%n o¢!
= — 4 2G4+ G2 = — 2G gy
g T P20 guaa T Giage ~ ey,
afl 8251 851 8251 3251
— 2G¢¢G¢% — G¢8_zb2 — G¢GW% — 2G¢G¢m - G¢Gi ez
852 852 8252 ) 8252 3 82§2
_ % _ &gl o lS 3l s 3.1
2Gyy 0 SGwGW(?G Gy e 2G¢3¢8G G@Z’@G? (3.3.10)
The second prolongation, (3.3.3) becomes
0 0 0 0

9, 9,
2] — g1 2 2 7 - _— __ _
X £8¢+§0¢+U3G+C18G¢+<28G¢+<228GW

a9 0 0 00 O (08 L 08N L (08
_£G_¢+£@+U8G+[8¢+G¢8G G¢<E)¢+G¢8G> G¢(a¢

2\l o [on . o oet e 2¢r 0e\] 0
*Q%ﬂ&zﬂ@+%@ “o\ae TCaa) ~ 9 \ap T%aac )| aa,
o ooy Pu |, ot o et

il 20 _9 7 7 )
+{an—FGﬂ,waG—i—QGwad}aG-i-Gwa(p Gy aw—i-GwaG Gy 9u?
861 a2§1 852 652 8252 a§2 8252
+G¢¢%+Gwm> — 2Gyy ( — Gy a—wg—i—wa%-i—Gw

ERe] 900G

8251 6261 ) 8252 8252 a
CT i SEC i 3 B | 311
Gov (awa TGy aG2) e (a¢aG TCve )| aay, (3:3.11)

We now calculate the determining equation

XOF|p_y =0, (3.3.12)

where X2 is given by (3.3.11) and F is given by (3.3.2).

We expand (3.3.12) and evaluate it at F' = 0 by replacing G, using, (3.3.2),

1\? 16 | 27 1\? 3 1
o (o-3) Ow =g [‘E“ (a-3) @t -as6. - (a-3)ves
1 1
+3CBG2G¢ + 5 (Oé — 1) G+ C—U((b, 1/1):| . (3313)
1
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The determining equation becomes

a€Gy = €Uy + (0 - VG — U + Jarla - 3G

+ 3 [—%cl(a _ %)%;Gi _ %¢G¢ - %(a - %)ww 4+ 30GG, + %(a 14 QLGU}

606Gy — (o~ 1)+ a6 [g—g 4 G¢g—g _ G%-i - G;g—i - Gﬂa—i - G¢G¢g—§]

~ 3a? [g—g 4 G@—Z _ G¢%—i - G;g—g - ng—i - G¢G¢g—§]

4 %cl(a - é)QGQGw [g_l + G¢g—g _ @Z—i - G¢ng—g - G@-fj - Gig—i]

+ 2 %)w [‘;—Z + ng—g _ Gd,g—i - G¢G¢g—g - ng—i - Gig—g}

+ %cl(a — %)2G3 B%; +2Gy, 822877G + G, 3272 — 2G¢¢g—§; — QGwng—g

—Gy 22521 - 2G¢Gw3@;—§; - Gﬁfp% — Gy ?;fj - 2G, ;;2; -Gy ggz}

- i—gcl(a - %)202013—2 _ a¢G¢g—g _ z(a _ %)¢G¢g—g 4 3aG2G¢g—g + %(a _ 1)G§—Z
%U?—Z - %cl(a - %)2G2G¢Gig—g + aqujg—g - Z(a - %)¢G¢G¢g—g

_ 304G2G§,g—g - 1)GG¢Z—2 _ %UGJS—% + %701(04 _ %)2G2Gig—i 4 2a¢G¢g—i

. %)wng—i - 604G2G¢g—i ~(a- 1)Gg—§; - Ug—i - rea X

+ 3a¢G¢G¢g—€G2 + Z(a - %)@bebg—g — 9aG2G¢G¢g—§ — ;(a - 1)GG¢Z—€G2 — gUG¢Z—§ = 0.

(3.3.14)

Since ¢!, €2 and 7 are independent of the derivatives of G we can separate (3.3.14) by deriva-

tives of G and solve for &1, €2 and 7.

We consider the general case in which

1
a # 3 and a # 0. (3.3.15)
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By separating according to the derivatives GG gy and G,y it can be shown that

¢ =¢'(9) (3.3.16)

and by separating according to G4G', we obtain

£ = (o, 1) (3.3.17)
Also,
2 @ SGZ + 3G§Z 30 =0, (3.3.18)
Gy - Z(a——>£2——( —l)gn— cb%i +3aG2%—§+— (o — )GQSZ

+ - -) gf; —cl(oz 1)2G3£—ana _ % (o — ) G3(§£ —0, (33.19)
Gg: &' — (Zl + 3nG — ¢—¢ + 3(}2%1 + ¢8—§; — 6G2gf; 0, (3.3.20)

R —é§1U¢—i£2Uw+(a—1)n+ 3U77+a¢ S~ G2§Z 2 ) SZ

%cl(a - -) G3§;2 %( )Ggg + Ugg (- 1)Gg—i - Ug—i ~0.

(3.3.21)

Now (3.3.18) is an equi-dimensional differential equation. Therefore we look for a solution

of the form
n(o, v, G) = AG", (3.3.22)

where A = A(¢,1)) and r have to be determined. By substituting (3.3.22) into (3.3.18) we
find that »r = —3 and » = 1. Thus

B(¢,¢)
G3

We then substitute this result for n into equations (3.3.19), (3.3.20) and (3.3.21). This

= A($,9)G + (3.3.23)

eliminates 7 in these equations, and we can then separate by powers of G in equations

(3.3.19) and (3.3.21) and solve for &', €% and 7. This gives
1 2 _ 3 1
& =4¢, & =4y, n=4G, (3.3.24)
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where A is now a constant. When we substitute the solutions for £, £€2 and 7 into equation

(3.3.20) we obtain
ou 30U 1

— 4+ -— = =U. 3.3.25
96 "1V T 2 (3:3.25)
The Lie point symmetry of (3.2.43) is therefore
1
MU P 320

96 4 90 279G

provided U (¢, 1) satisfies (3.3.25).

Equation (3.3.25) is a first order linear partial differential equation for U(¢,v). It can
be solved by integrating the differential equations of its characteristic curves. The general
solution of (3.3.25) is

U=¢2V(n). n=—. (3.3.27)

where V' is an arbitrary function. The similarity variable n defined in (3.3.27) is not to be

confused with the function 7 in the Lie point symmetry (3.2.4).

Now G = ®(¢,1) is a group invariant solution of the partial differential equation (3.2.43)
provided
X(G—®)|g=9 =0, (3.3.28)

which expands to

oG 3 0G 1
¢a—¢+1¢%:§

Equation (3.3.29) is a first order linear partial differential equation for G(¢,). The left

G. (3.3.29)

hand side of (3.3.29) has the same form as the left hand side of (3.3.25) for U(¢,v) and
the similarity variable 7 is therefore the same for the two solutions. The general solution of
(3.3.29) is

G = ¢2H(n), (3.3.30)
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where 7 is defined in (3.3.27) and H is an arbitrary function.

We now substitute G and U into (3.2.43) and simplifying we obtain

9 1\ d A\ 3 d 1d 3 1
= —— ) —(H*~=— |+ >a— (nH?®) —~— (nH) + -H (1 — 3aH?) — =V = 0.
1601(a 3) dn( dn>+4adn(n ) 4d77( >+4 ( o) a1
(3.3.31)
Equation (3.2.43) was an equation for G and U in the two variables ¢ and ¢ while (3.3.31) is
an equation for 4 and V' in one variable, n. Finally we express the similarity variable n and

h and w in terms of the original variables ¢, z,y. We use (3.2.37) and (3.2.42) from stage 1
of the reduction and (3.3.27) and (3.3.30) from stage 2. This gives

1
[ (3ca — 1)y + co] (crt + ¢q)

n= S : (3.3.32)
(2w +¢5)1
(cox + c5)%
Wt y) = 229 ), (3.3.33)
(Clt + 64)5
and
1
w(t,z,y) = MVW). (3.3.34)
(Clt -+ C4> 2
3.4 Boundary of the rivulet
The boundary of the rivulet is given by
y = *a(t, x). (3.4.1)

Thus, on the curves y = +a(t, x) the height of the rivulet vanishes which implies that

h(t,z,+a(t,z)) =0 (3.4.2)
for all ¢ > 0 and x > 0.
Hence from (3.3.32) and (3.3.33),
Wt 2, %alt, ) = 2 0 +a(t, 1) = 0 (3.4.3)
(cit + cq)2
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and therefore

H(n(t,z,£a(t,z))) = 0. (3.4.4)

Consider first the interface y = +a(t, x). Since (3.4.2) holds for all ¢ > 0 and all z > 0,

h h
%(t,x,a(t, x)) =0, %(t,x,a(t,x)) = 0. (3.4.5)
But
1 Lan
Ot walt,a)) = — LT gy o g,y 4 22X ANy ) — 0
ot 2(ert + cq)2 (c1t +cq)7 dn Ot
(3.4.6)
Now, in general,
dH
il 3.4.7
. (3.47)
and using also (3.4.4) it follows from (3.4.6) that
%(t,x, a(t,z)) = 0. (3.4.8)
Similarly it can be shown that
%(t,x, a(t,z)) =0 (3.4.9)
and therefore
n(t,xz,a(t,x)) = A, (3.4.10)
where A is a constant. From (3.4.4) it follows that
H(A) = 0. (3.4.11)
Similarly by considering the interface y = —a(t, x) and from symmetry it can be shown that
n(t,x,—a(t,x)) = —A (3.4.12)
and
H(—A) = 0. (3.4.13)
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Now, using (3.3.32) for 7, equation (3.4.10) becomes

N

[zl; (3ce —c1)al(t,z) + 06] (c1t + c4) —A (3.4.14)

(cot + ¢5)3

and therefore
1 3
—(3ca — 1) a(t,x) = MA — Cg. (3.4.15)
4 (Clt + 04)Z
But
1
3co — 1 =31 (o — g) #0 (3.4.16)
since we are assuming that a = 2 # 5. Thus (3.4.15) gives
4 i 4
alt,z) = (cox o)t A (3.4.17)
Bea—c1) (et +a)t Bea—a)

Similarly, we find from (3.4.12) that
4 iA 4
alt,z) = (r +c5)id U (3.4.18)
(3cg — 1) (1t + ¢q)4 (3co — 1)

Subtracting (3.4.17) from (3.4.18) gives ¢g = 0 and therefore

4A (e )
a(t,x) = (Bca — 1) (ert + ¢4)

(3.4.19)

A= sw

We choose ¢; = 0 so that a(t,z) = 0 when x = 0. Thus the boundary of the rivulet is

y = +a(x,t) where
3 3
4Acyx1
alt,r) = @7 : (3.4.20)
(Bcg —cr1)(crt +cq)t

and
. (3.4.21)

Since ¢5 = 0 and ¢g = 0, equations (3.3.32), (3.3.33) and (3.3.34) for n, h and w simplify to

(Bca — )t +ca)t y (3.4.22)

3 3
4 Tra
4cy
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(Clt + C4)§
w(t,z,y) = — 2V (n). (3.4.24)
(ert + cq)2

3.5 Transformation of variables

In order to simplify the problem we consider the transformation from n, H, V to &, K, W
where

=M H=pK V=8W (3.5.1)

and the constants A, u and 3 have still to be specified. The ordinary differential equation

(3.3.31) becomes, after simplification,

2
i (O‘_ 1) e (K dK>+3O‘“ 7 (¢17) - R KRt =

16 3 dﬁ d& 4 df 4 4 c1
(3.5.2)
We choose
9 1\? B
k ~3) 2Bt 2_q1 P _q 5
1661 (a 3> K y Op ) i (3 ) 3)
and solving for A, u and § we obtain
4ot 1 1
A= , p=—, f=—. (3.5.4)
ef(0-p) VR Ve
The ordinary differential equation (3.5.2) becomes
d dK 3d 1d 3
— (| K= S (K - = (EK)+-K (1 -3K* - W =0. 5.
d§( dg) dae 1) = e (€8 + K (1= 3K7) 0 (355)
Now a = 2. Using (3.4.22), (3.4.23) and (3.4.24) we obtain
%
¢ = (t+ %> . (3.5.6)
C1 €Tra
T2
t+ C—4> :
C1



1
€2

DEEENES
=)
C1

At the boundary interface, y = +a(t, z), the height of the rivulet vanishes and we find as

w(t,z,y) = W(¢). (3.5.8)

before

E(t,x, ta(t,z)) = £A (3.5.9)

where A is a constant that satisfies
K(+A) =0. (3.5.10)

Hence from (3.5.9),
3
1A
at,z) = — (3.5.11)

(=)
C1

-

3.6 Concluding remarks

We have reduced the defining partial differential equation to an ordinary differential equation.
This required a two step Lie group analysis. We can now investigate the analytical and

numerical solution of the reduced model.
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Chapter 4

ANALYTICAL AND NUMERICAL
SOLUTIONS FOR A RIVULET ON
A POROUS SUBSTRATE

4.1 Introduction

We have reduced equation (2.8.15) from a partial differential equation in three variables
to equation (3.5.5), an ordinary differential equation. We can now look for analytical and

numerical solutions.
Equation (3.5.5) is a nonlinear second-order ordinary differential equation for K (&) and

contains the function W (§) which has not yet been specified. Since W (§) is an independent

function of £ we can choose its form to enable us to find analytical and numerical solutions.
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4.2 Mathematical formulation

The problem is to solve the ordinary differential equation (3.5.5) for K (§) for some choice for
W (€) subject to boundary conditions. At the interface y = +a(t, x) the boundary condition
is

K(+A) =0, (4.2.1)
where A is a constant that has to be determined. A second boundary condition on K (&) is

obtained from the condition that since the line y = 0 is an axis of symmetry,

V,(2,0,2t) = 0. (4.2.2)
Now from (2.8.5),
V, = % Cos ag—z (z —2h), (4.2.3)

and condition (4.2.2) is therefore satisfied provided

g—Z(Jc,O, z,t) = 0. (4.2.4)

But using (3.5.6) and (3.5.7) it follows that
oh 1 dK
a_y(‘ruywzat) = 1—%d_§7 (425)
xi <t + %)

and therefore condition (4.2.4) is satisfied provided

dK

E0=0 (4.2.6)

One further condition has to be satisfied by the rivulet, that is the mass flux across the

contact line y = +a(t, x), is zero. Let

h
Qul,y.t) = / va(, g, 2 )z, (4.2.7)
0
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h
Qy($7y7t) = / Uy<x7y727t)dza (428)
0

and using (2.8.4) and (2.8.5) for v, and v, we obtain

Q. (x,y,t) = P9 in ah?, (4.2.9)
3
— h
Qy(z,y,t) = 3—5 coS ahgg—y. (4.2.10)

Consider first the mass flux across the segment y = +a(t, z). Now

mass flux across the contact line y = +a(t,x) < Qy(x,a(t,z)) cosa — Qu(x, a(t,z))sinq,

(4.2.11)
where « is the angle the tangent to the contact line makes with the z-axis. But
_ Py . 3 _
Q:(z,a(t,x),t) = 3, Sin ah®(z,a(t,x),t) = 0. (4.2.12)
1L

Since h = 0 on the contact line. Thus, the mass flux across the contact line y = +a(t, x)

vanishes provided

Qy(@, a(t,z),t) =0, (4.2.13)
that is provided
oh
hi”a—y\y:ﬂ(m) = 0. (4.2.14)

Using (3.5.7) for h(t,z,y), condition (4.2.14) becomes

dK

K3(A)d—£(A) = 0. (4.2.15)

Similarly it can be shown that the mass flux across the contact line y = —a(t,x) vanishes
provided

KS(—A)%(—A) = 0. (4.2.16)

Although K (+A) = 0, the product in (4.2.15) and (4.2.16) may not necessarily vanish if the

magnitude of % tends to infinity as £ tends to +A.
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The problem is therefore to solve the differential equation

d dK 3d
e (175 ) + g () -

1d 3 5
1% (EK) + 1K (1-3K?% -W =0, (4.2.17)
for K (&) for some choice of W (&) subject to the boundary conditions

dK

(0) =0, (4.2.18)

where the constant A has to be determined. The solution for K (£) must satisfy the condition

K?’(:I:A)%(—I_-A) = 0. (4.2.19)

Once K(§) and A have been derived, h(t,z,y), w(t,z,y) and a(t,z) are obtained from

ht,a.y) = ——K(©). (4.2.20)
t+§—‘1‘>2

wlt,z,y) = —— W), (4.2.21)
t+§—‘1‘>2

aft,z) — — AT (4.2.22)

where the similarity variable £ is

§ = (t + —) ' % (4.2.23)
xTra

The mean velocity averaged over the height of the fracture is

* _ ]' " . pg . 2
vi(x,y,t) = 7 ve(x,y, 2, t)dz = 3, sin ah”, (4.2.24)
0 H
vi(z,y,t) = 1 /hv (z,y,z,t)dz = _—pgcosahQ@ (4.2.25)
Y ' Ys - h 0 Yy Y5 2, - 3/jj ay ce
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Expressed in dimensionless form and using (2.8.9) and (2.8.10), the mean velocities are

vi(z,y,t) = h?, (4.2.26)
h
v, (2,y,t) = —h2g—y. (4.2.27)

Using (3.5.7) for h, (4.2.26) and (4.2.27) become

Up (2,9, 1) = ﬁl@(@, (4.2.28)

LJ(Q(Q%-
(t+2) “

The mean velocity can therefore be calculated once K(§) has been found.

vy (z,y,t) = (4.2.29)

We will choose ¢ = 0 although values of o+ > 0 can be considered if the solution is not

well behaved at ¢ = 0. From (3.2.30) the Lie point symmetry which generates the solution is

0

0 0 1 0 1
X=t— —+-Ba—-1)y—+=-(a—1)h— 4.2.30
gt Tty t1Ba - Dyg +oa-Dhgy, (4.2.30)
where o = 2.
4.3 Analytical solution
Consider a leak-off velocity of the form
3 2
W(e) = 1K (1-3K7). (4.3.1)
For leak-off into the substrate, W (&) > 0. Thus K (&) lies in the range 0 < K(§) < \/ig

Equation (4.2.17) reduces to

d dK 3d
e (175 ) + g () -

1d
id (EK) = 0. (4.3.2)
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Equation (4.3.2) can be integrated immediately once with respect to £ to obtain

dK 3 1

where a is a constant. By imposing either the boundary conditions (4.2.18) and (4.2.19) at

¢ = A or the boundary condition (4.2.18) at £ = 0 it can be shown that a = 0. Hence

dK 1
K2% = ¢ (1-3K?%). (4.3.4)

which is variable separable and can be written as

K?dk 13
T — X (¢, 4.3.
137 1% (4:3.5)
Integration of (4.3.5) gives
1 1+V3K 3
In — K ==+, 4.3.6
2V3  |1-— \/§K] 3¢ (438)
where b is a constant. But since K(+A) = 0,
b 52 (4.3.7)
8
Hence
1 1 K
n|-* V3K K=2 (& - A%, (4.3.8)
2v3  |1-V3BK 8

which is an exact implicit solution for K (£). The constant A is not determined and can be

given arbitrary positive values.

In order to investigate the properties of the solution consider the expansion of (4.3.8) for
small values of K. Since at the contact line, K = 0, this expansion should be applicable
near the contact line. Now if [¢] < 1,

2 3 4 5

eS8 & E 6
Im(l+e)=e-75+7 4+5+O(e), (4.3.9)
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as € — 0. Using (4.3.9) to expand (4.3.8) we obtain

9 3
K3+ 5K5+ =3 (& — 4%, (4.3.10)

as K — 0. Since the left hand side of (4.3.10) is positive we conclude that ¢ > A% and

therefore that the rivulet flows in the region £ < —A and £ > A. The range of the rivulet at

a given value of x and time t is therefore

— Azt Azt
tz 3

—00 <y <

<y < oo. (4.3.11)

There is therefore a dry patch in the flow defined by

3 3
_g“ <y< ’Z“. (4.3.12)
For a fixed value of time ¢ the width of the dry patch increases as z increases down the
inclined plane. The dry patch is a result of fluid leak-off into the porous substrate. Dry
patches in rivulets due to other mechanisms have been found. For example, Holland, Wilson

and Duffy [8] found slender dry patches in rivulets on an inclined plane that is either heated

or cooled and includes surface tension effects.

From (4.3.10) and to lowest order in K,

K(¢) = (§)§ (& — 4%)3, (4.3.13)

and therefore

= (4.3.14)
I TEROk
Hence
dK dK
—_— = - A, — A. 4.3.1
d£—> oo as & — ,d£—>ooas§—> (4.3.15)
Also
h 3
oh _ v (4.3.16)



thus

h — Azt Oh Azs
on — —00 as y — 1m , Oh — 00 as y — :f (4.3.17)
Ay t1 Oy t1

The magnitude of the gradient g—z is infinite at the edge of the dry patch. The lubrication
approximation, % << 1, therefore breaks down at the edge of the dry patch.
From (4.2.20), the height of the rivulet is given by

hit,z,y) = (%) K(€). (4.3.18)

From (4.3.4), K (&) is an increasing function of £ for 0 < K < \% and from (4.3.4), K(§) —

=

as & — +o0.

The leak-off velocity w(t, z,y) is obtained from (4.2.21) and (4.3.1):

w(t, z,y) = zﬁf((g) (1-3K2(c)). (4.3.19)

3
2
It increases from zero at the edge of the dry patch where K = 0, and reaches a maximum

value for given x and ¢ of

122
maxr — L 39 4.3.20
v 6 ¢3 ( )

when K = % and tends to zero as £ — +o0.

4.4 Numerical method

In this section we outline the numerical method. In order to find the constant A, which

occurs in the equation of the contact line and the boundary condition
K(+A) =0, (4.4.1)

we let

K(0) = b, (4.4.2)



where b is a constant to be determined. For a given choice of W (&) we seek a solution for
the pair, b and A. This converts the boundary value problem into an initial value problem.

The initial value problem is as follows

d% (Kff%) + zd% ((K°) — id% (EK) + ZK (1-3K* -W (& =0, (4.4.3)
dK(0)
e 0, (4.4.4)
K(0) = b, (4.4.5)

where we seek b such that K(£A) = 0 has a solution for some A.

Since W (§) is an arbitrary function of &, we can choose the form it takes. This gives rise

to two interesting cases, when W () is proportional to K () and when it is proportional to

K(¢)°.

The numerical solutions were found using a shooting method. The in-built ordinary dif-
ferential equation solver in Mathematica 7 was used. Mathematica was chosen instead of
Matlab. Although Matlab treats the infinite derivative of K(§) at & = +A better than
Mathematica, the graphs produced by Mathematica were easier to read and interpret. In
addition the use of the manipulate function in Mathematica enables us to investigate more
than one solution and acquire insight for the solution without running the code numerous

times.

4.5 Numerical solution for leak-off velocity proportional

to height of the rivulet

Consider

W(¢) = BK() (4.5.1)
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where [ is a positive constant. Then from (4.2.20) and (4.2.21), with ¢4 = 0,

W(e) = 5@. (4.5.2)

The leak-off velocity is therefore proportional to the height A(t, x, y) of the rivulet. It depends
on time explicitly and is inversely proportional to ¢. The initial value problem (4.4.3), (4.4.4)
and (4.4.5) becomes

d dK 3d 1d 3 4
3 (K?’d—g) + 1 (¢K°) — 13 (EK) + 1 <1 — gﬁ — 3K2) K =0, (4.5.3)
K(0) =0, (4.5.4)
dK
d_§<o) =0, (4.5.5)
where we seek b such that
K(£A)=0 (4.5.6)

has a solution for some value of A.

The similarity variable, &, is given by (4.2.23) with ¢4 = 0:

~+
<

£=-—2. (4.5.7)

&
oo

When we are investigating the dependence of h on y the other variables, z and ¢, are set

equal to unity. When we are considering the dependence of h on x we set y =0 and ¢ = 1.

Consider the solution for a range of values of the leak-off parameter . We start with
no leak-off, 8 = 0, and then consider increasing values, 8 = 0.1, 5 = 0.2, .... We can expect
that there will be an upper limit to the value of 5 because the rivulet will not flow down
the plane if the the leak-off is too strong. Now b = h (1, 1,0), is the height of the rivulet at

t=1,x=1and y = 0. To illustrate the procedure consider § = 0 and b = 0.2. The value
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of A is increased from A = 0 until the boundary conditions K (+A) = 0 are satisfied which
determines A. It is only for this specific value A = 0.094 that the boundary condition is
satisfied when = 0 and b = 0.2. The cross section of the rivulet at x =1,t =1 for § =0

and b = 0.2 is shown in Figure 4.5.1.

1.0

0.8~
0.6 -

h,1,y) i
041

1T

L L L L Il
-0.2 -0.1 0.0 0.1 0.2

y

Figure 4.5.1: Leak-off parameter 8 = 0. A cross-section of the rivulet at x = 1, t =1, for
b= 0.2. The value obtained for A was A = 0.094

Keeping 8 = 0, a range of positive values of b are considered and in each case the corre-
sponding value of A is obtained. It is found that as b increase the value of A increases and

the rivulet becomes higher and broader as illustrated in Figure 4.5.2 for § =0 and b = 0.4.
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Figure 4.5.2: Leak-off parameter B = 0. A cross-section of the rivulet at xt =1, t = 1 for
b= 0.4. The value obtained for A was A = 0.346

For b = 0.57 the solution of the boundary conditions K (+A) = 0 is A = oo and the

rivulet becomes infinitely wide. This is illustrated in Figure 4.5.3.

1.0

0.8

0.6;
ha 1y |
0.4

0.2-

0.0l

Figure 4.5.3: Leak-off parameter B = 0. A cross-section of the rivulet at xt =1, t = 1 for
b= 0.57. The value obtained for A was A = oo
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For b > 0.57 the rivulet remains infinitely wide and the leak-off becomes stronger in the
central region in the region of the axis of symmetry. This is illustrated in Figure 4.5.4 for

£ =0 and b = 0.65.

20 —————
156
h(,1,y) 10l

051

ool .

Figure 4.5.4: Leak-off parameter f = 0. A cross-section of the rivulet at v =1, t = 1 for
b= 0.65. The value obtained for A was A = oo

The relation between the height b and the boundary value A for f = 0 is shown in Figure
4.5.5.
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Figure 4.5.5: Leak-off parameter 5 = 0. The boundary value A plotted against the height,
b= K(0). The mazimum value of b is byq, = 0.57

There are some points in Figure 4.5.5 not on the main locus of points but this is a feature
of the shooting method for which there can be outlying points. We see that, for § =0, as b
increases from b = 0 to b = 0.57 the corresponding value of A increases steadily from zero

and that A — oo as b — 0.57.

The value f = 0.1 is then chosen. It is found that the range of b is decreased. As b in-
creases from b = 0 to b = 0.51 the corresponding value of A increase from zero to infinity.

This is illustrated in Figure 4.5.6.
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Figure 4.5.6: Leak-off parameter § = 0.1. The boundary value A plotted against the height,
b= K(0). The mazimum value of b is byq, = 0.51

For 5 =0.2, § = 0.3 and § = 0.4 the range of b steadily decreases from 0 < b < 0.44 to
0 < b < 0.36 and finally to 0 < b < 0.25 as illustrated in Figures 4.5.7 to 4.5.9.
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Figure 4.5.7: Leak-off parameter § = 0.2. The boundary value A plotted against the height,
b= K(0) where by, = 0.44
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Figure 4.5.8: Leak-off parameter 5 = 0.3. The boundary value A plotted against the height,
b= K(0) where bya,: = 0.36

53



012 .
010
008 .

0.06

002

0.2 0.4 0.6 0.8 1.0

Figure 4.5.9: Leak-off parameter § = 0.4. The boundary value A plotted against the height,
b= K(0) where bya, = 0.25

When 5 = 0.487 there are no values of b > 0 for which K (+A) has a finite solution. The
value 8 = 0.487 is therefore the limiting value of the leak-off parameter for the rivulet flow
to exist. The values of the leak-off parameter 5 and the corresponding maximum values of
b are listed in Table 4.5.1. We see that the leak-off parameter cannot exceed the maximum
value 5 = 0.487. For values of f in the range 0 < § < 0.487 and for any given value of A in
the range 0 < A < oo, there is a solution for the height b = K(0) = h(1,1,0) and therefore
a solution to the problem exists. As A increases and therefore as the width increases, the
height b increases and therefore the depth of the rivulet increases. If the height b is given
then a solution to the rivulet problem will only exist for a certain range 0 < b < b, Where

bmaz depends on the leak-off parameter 5 and decreases as [ increases.

Consider now the properties of the solution. We first fix the initial height b = K(0) at

a range of values and for each value of b we investigate how the width of the rivulet changes
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Table 4.5.1: The maximum value of b = K (0) for values of the leak-off parameter (3

15} maximum b

0 0.57

0.1 0.51

0.2 0.44

0.3 0.36

0.4 0.25
0.487 0

as the strength 3 of the leak-off velocity is increased from g = 0. Consider first b = 0.2, in
Figure 4.5.10 the cross-section of the rivulet is plotted at + = 1 and ¢t = 1 with b = 0.2 and

for 8= 0.1, 0.429 and 0.4399.
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Figure 4.5.10: Cross-section of the rivulet at x = 1, t = 1, for initial height b = 0.2 and
leak-off parameter § = 0.1, 0.429 and 0.4399

We see that if the initial height b remains fixed then the rivulet becomes wider as the

strength 3 of the leak-off velocity increases.

For f = 0.44 the cross-section of the rivulet becomes infinite as shown in Figure 4.5.11
and in agreement with Table 4.5.1, while for § = 0.441 the rivulet is infinitely wide but
the drainage is greater at the centre as shown in Figure 4.5.12. The drainage at the centre

becomes stronger as 3 increases beyond g = 0.441.
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Figure 4.5.11: Cross-section of the rivulet at x = 1, t = 1, for initial height b = 0.2 and

leak-off parameter g = 0.44
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Figure 4.5.12: Cross-section of the rivulet at x = 1, t = 1, for initial height b = 0.2 and

leak-off parameter f = 0.441

Consider next the initial height b = 0.4. In Figure 4.5.13 the cross-section of the rivulet
is plotted at x = 1, t = 1 with b = 0.4 and § = 0, 0.15 and 0.23. We again see that if the
initial height b is kept fixed then the rivulet becomes wider as the strength 3 of the leak-off

velocity increases.
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Figure 4.5.13: Cross-section of the rivulet at x = 1, t = 1, for initial height b = 0.4 and
leak-off parameter B =0, 0.15 and 0.23

For g = 0.2597 the width of the cross-section is still finite. We see from Figure 4.5.14
that for 8 = 0.26 the cross-section of the rivulet becomes infinite. For g = 0.261 the rivulet
continues to be infinitely wide but the drainage becomes strongest at the centre as shown in

Figure 4.5.15.
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Figure 4.5.14: Cross-section of the rivulet at x = 1, t = 1, for initial height b = 0.4 and
leak-off parameter g = 0.26
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Figure 4.5.15: Cross-section of the rivulet at x = 1, t = 1, for initial height b = 0.4 and
leak-off parameter f = 0.261

We know from Table 4.5.1 that the maximum value of b for the leak-off 7 > 0is b = 0.57.
We therefore consider next the initial height b = 0.5. In Figure 4.5.16 the cross-section of
the rivulet is plotted at x =1, ¢t =1 with b= 0.5 and =0, 0.05 and 0.115.
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Figure 4.5.16: Cross-section of the rivulet at x = 1, t = 1, for initial height b = 0.5 and
leak-off parameter B =0, 0.05 and 0.115

If the initial height is fixed at b = 0.5 we see again that the width of the rivulet increase as
the strength 3 of the leak-off velocity increases. For f = 0.123 the width of the cross-section
is still finite but from Figure 4.5.17 we see that the cross-section of the rivulet becomes in-
finite when 8 = 0.125. For larger values of 3 the cross-section of the rivulet remains infinite
but with stronger drainage at the centre as illustrated in Figure 4.5.18 for g = 0.126. The

maximum value of 3 for a finite cross-section is less than when b = 0.4.
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Figure 4.5.17: Cross-section of the rivulet at x = 1, t = 1, for initial height b = 0.5 and
leak-off parameter = 0.125
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Figure 4.5.18: Cross-section of the rivulet at x = 1, t = 1, for initial height b = 0.5 and
leak-off parameter = 0.126

As we have observed, from Table 4.5.1, the maximum value of b for § > 0 is b = 0.57,
when we increased b to b = 0.6 we found that for all values of 5 > 0 the cross-section of the
rivulet was infinite with strongest leak-off at the centre. The same occurred for b = 0.8 and

b=1.

In summary, when the initial height b is fixed and ( is increased from § = 0 the rivulet
becomes wider. For a given value of b < 0.57 there is a maximum value of 5 > 0 for the
cross-section of the rivulet to remain finite as shown in Table 4.5.2. The maximum value of
[ decreases as the initial height b increases and decreases to § = 0 as b increases to b = 0.57.
We conclude that for a given value of the initial height b a wider rivulet is needed to maintain
a stronger leak-off velocity. As b increase the range of values of 3, for leak-off in a rivulet

with finite cross-section, decreases.

Consider now how b and 3 vary for a fixed value of the half width A. In Figure 4.5.19 the

boundary value A is fixed at A = 0.7. As the initial height b is increased the leak-off param-
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Table 4.5.2: The maximum value of the leak-off parameter S for a rivulet with finite cross-

section for values of the initial height h = K(0)

b maximum [

0 0.487

0.2 0.44

0.4 0.26

0.5 0.125
0.578 0

eter 0 decreases to maintain the boundary value A = 0.7. When b increases to b = 0.502,
the leak-off parameter reduces to g = 0. The results of Figure 4.5.19 are as expected. They
show that as the strength of the leak-off increases the height of the rivulet decreases. The

stronger the leak-off velocity the thinner the rivulet.
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Figure 4.5.19: Cross-section of the rivulet at x = 1, t = 1 with A = 0.7 and a range of
heights b = H(1,0,1) and leak-off parameter (3

We next investigate how the rivulet evolves with time. In Figures 4.5.20, 4.5.21 and
4.5.22, b and [ are kept fixed and time t is given a range of values. The values chosen for
b are b = 0.2, 0.4 and 0.5 which are the same as in Figures 4.5.10, 4.5.13 and 4.5.16. For
each value of b the value chosen for (8 is the limiting value for the rivulet to have a finite
cross-section, § = 0.439, 8 = 0.2597 and § = 0.123. The boundary y = a(t,x), given by
(4.2.22), is plotted against y for ¢ = 0.1, 1 and 10. The value of A is obtained from the
boundary condition K(A) = 0. We see that as time increases the width of the rivulet de-
creases and it becomes narrower as it flows down the inclined plane. This is consistent with
the time dependence in (4.2.22) for a(t,x). The calculated value of A increases across the

three figures causing the width of the rivulet to be greater at a given time.
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Figure 4.5.20: Rivulet for b= 0.2, § =0.439 and A = 0.1 at timest = 0.1, 1 and 10

-10 -

Figure 4.5.21: Rivulet for b= 0.4, § = 0.2597 and A = 3.2 at times t = 0.1, 1 and 10
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Figure 4.5.22: Rivulet for b= 0.5, § =0.123 and A = 3.8 at timest = 0.1, 1 and 10

Finally we investigate how the rivulet evolves as the leak-off parameter 3 is increased. In
Figures 4.5.23, 4.5.24 and 4.5.25, b and t are kept fixed and  is given a range of values. We
again choose b = 0.2, 0.4 and 0.5 and take ¢t = 1. In each figure the values of g range from
zero to the maximum value for the cross-section of the rivulet to be finite. For each pair of
values of b and 8 the constant A is obtained from the boundary condition K(A) = 0. The
boundary y = a(t, x), given by (4.2.22), is plotted against x for ¢ = 1. We see again that if b
and t are kept fixed then the rivulet becomes wider as the leak-off parameter 3 is increased

in agreement with Figures 4.5.10, 4.5.13 and 4.5.16.
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Figure 4.5.23: Rivulet for b=10.2, t =1 and 8 =0, 0.42 and 0.439

Figure 4.5.24: Rivulet for b=10.4,t =1 and 8 =0, 0.21 and 0.259
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Figure 4.5.25: Rivulet for b=0.5,t=1 and =0, 0.1 and 0.123

4.6 Numerical solutions for the leak-off velocity pro-
portional to the cube of the height of the rivulet

Consider next

W(E) = BK* (&) (1.6.1)
where, for leak-off, 5 is a positive constant. It follows from (4.2.20) and (4.2.21) that
h3
w(t,x,y) = M (4.6.2)

x
The leak-off velocity is proportional to the cube of the height and inversely proportional to
the distance # down the plane. Equation (4.6.2) compares with the leak-off velocity (4.5.2)
considered in Section 4.5. Using (4.6.1) the initial value problem (4.4.3), (4.4.4) and (4.4.5)

becomes
d dK 3d 1d 3 4
3 (Ki”d—g) tld (EK°) — 13 (EK) + 5 [1 — (3 + gﬂ) KQ} K =0, (4.6.3)
dK

68



where b is to be found such that

K(£A) =0 (4.6.5)
has a solution for some positive constant A. The similarity variable is

e (4.6.6)
T

e

As in Section 4.5 when we are considering the dependence of h on y we set x = 1,1t =1 and
when we are considering the dependence of h on x we set y = 1, t = 1. The structure of
Section 4.6 is the same as Section 4.5 so that the two models, W = K and W = SK? can
be compared more easily. The two models give the same result for f = 0 when they reduce

to rivulet flow with no leak-off.

We first consider the solution for a range of values of the leak-off parameter 3, from g =0
to the limiting value of § for a solution with leak-off to exist. The method is the same as in
Section 4.5 where it was illustrated in Figures 4.5.1 to 4.5.5 for § = 0 which again applies
here. A graph of the constant A, which is the half-width at x = 1, t = 1 plotted against b

for # = 0 is shown in Figure 4.5.5.
The value f = 0.25 is next chosen. The range of b is found to be smaller than when

£ =0. As b increases from b = 0 to b = 0.54, the constant A increases from zero to infinity

as shown in Figure 4.6.1.
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Figure 4.6.1: Leak-off parameter f = 0.25 the boundary value A plotted against the height
b= K(0). The mazimum value of b is by = 0.53

As [ increases the range of values of b steadily decreases, as shown in Figures 4.6.2 to

4.6.8 for values of § from § = 0.5 to § = 8.
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Figure 4.6.2: Leak-off parameter B = 0.5. The boundary value A plotted against the height
b= K(0) where bya, = 0.5
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Figure 4.6.3: Leak-off parameter = 0.75. The boundary value A plotted against the height
b= K(0) where bya, = 0.47
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Figure 4.6.4: Leak-off parameter 8 = 1. The boundary value A plotted against the height
b= K(0) where by, = 0.44
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Figure 4.6.5: Leak-off parameter 8 = 2. The boundary value A plotted against the height
b= K(0) where bya, = 0.37
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Figure 4.6.6: Leak-off parameter 5 = 4. The boundary value A plotted against the height
b= K(0) where bpa, = 0.3
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Figure 4.6.7: Leak-off parameter § = 6. The boundary value A plotted against the height
b= K(0) where by, = 0.25
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Figure 4.6.8: Leak-off parameter § = 8. The boundary value A plotted against the height
b= K(0) where by, = 0.22

As [ increase above 10 the range of b for which a solution exists decrease to lie between
zero and 0.2. When f is significantly large, approximately 48, there are no values of b > 0
for which K(+A) = 0 has a finite solution for A. However for all values of § > 10 the
maximum values of b for a solution to exist are very close and so § = 11 can be viewed as
the limiting value of § and therefore the strongest leak-off for the rivulet flow to exist. In
Table 4.6.1, the values of the leak-off parameter g and the corresponding maximum values
of b are listed.

There is therefore an upper limit, g = 11, on the leak-off parameter 3 for the rivulet flow
with finite cross-section to exist. The solution of the initial value problem exists with leak-off
for 0 < 8 < 11. From the graphs of A against b we see that A is an increasing function of b
and therefore wider rivulets are thicker rivulets. If the initial value of K(0) = b is given a
solution will exist only if b < b,,q, Where b,,,, depends on 3 and decreases as [ increases.

We next investigate the properties of the solution. We fix the initial height b = K(0) at a
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Table 4.6.1: The maximum value of b = K(0) for values of the leak-off parameter 5 where
W = K3

£ | maximum b

0 0577
0.25 0.5345
0.5 0.5
0.75 0.4715

1 0.44725
2 0.37797
4 0.301511
6 02581989
8 0.2294158
10 | 0.208851442
11 0
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range of values and for each choice of b we investigate how the width of the rivulet changes
as the leak-off parameter g is increased from § = 0. We choose the same values for b, 0.2,

0.4 and 0.5, as used in Section 4.5.

In Figure 4.6.9 the cross-section of the rivulet is plotted at x = 1, ¢t = 1, with b = 0.2
and for § = 0.541, 5.5 and 10. We see that if b is kept fixed the rivulet becomes wider as the
leak-off parameter ( increases. For g = 11, the cross-section of the rivulet becomes infinite
as shown in Figure 4.6.10. For g = 11.5 the width of the rivulet remains infinite and the

drainage is strongest on the central region as shown in Figure 4.6.11.

h,1,y)
1.0

0.6+

0.4r-

-0.4 0.4

Figure 4.6.9: Cross-section of the rivulet at v = 1, t = 1 for initial height b = 0.2 and leak-off
parameter = 0.541, 5.5 and 10
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Figure 4.6.10: Cross-section of the rivulet at x = 1, t = 1 for initial height b = 0.2 and

leak-off parameter § = 11
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-0.4 -0.2 0.0 0.2 0.4

Figure 4.6.11: C'ross-section of the rivulet at x = 1, t = 1 for initial height b = 0.2 and

leak-off parameter f = 11.5

In Figure 4.6.12 cross-sections of the rivulet are plotted at x =1, t = 1, for b = 0.4 and
£ =0.95, 1.35 and 1.6. The rivulet again becomes wider if the initial height b = K (0) is kept

fixed and the strength of the leak-off is increased. For g = 1.625 the width of the rivulet
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becomes infinite as illustrated in Figure 4.6.13 and for § = 2 the cross-section is infinite with

strongest leak-off at the central region as shown in Figure 4.6.14.
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h1,1,y)
1.0~

0.6+

-15

Figure 4.6.12: Cross-section of the rivulet at x = 1, t = 1 for initial height b = 0.4 and
leak-off parameter f = 0.95, 1.35 and 1.6
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Figure 4.6.13: Cross-section of the rivulet at x = 1, t = 1 for initial height b = 0.4 and
leak-off parameter § = 1.625
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Figure 4.6.14: C'ross-section of the rivulet at x = 1, t = 1 for initial height b = 0.4 and

leak-off parameter = 2

In Figure 4.6.15 the cross-section of the rivulet at x = 1, ¢ = 1 for b = 0.5 is plotted for
£ =0.1, 0.44 and 0.49. Again we see that with b kept fixed the rivulet becomes wider as the

leak-off parameter 3 is increased. The width of the cross-section becomes infinite at g = 0.5
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as shown in Figure 4.6.16. When 3 = 0.54 the cross-section is infinite and the drainage is

strongest in the central region as shown in Figure 4.6.17.

h1,1,y)
101

0.8+

0.6+

Figure 4.6.15: Cross-section of the rivulet at x = 1, t = 1 for initial height b = 0.5 and
leak-off parameter § = 0.1, 0.44 and 0.49
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Figure 4.6.16: C'ross-section of the rivulet at x = 1, t = 1 for initial height b = 0.5 and
leak-off parameter g = 0.5
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Figure 4.6.17: C'ross-section of the rivulet at x = 1, t = 1 for initial height b = 0.5 and

leak-off parameter = 0.54

From Table 4.6.1 the maximum value of b for positive values of 3 is b = 0.577. When b
was increased to b = 0.6 we found that for all 5 > 0 the cross-section of the rivulet is infinite

with strongest leak-off in the central region and the same occurred for b = 0.8 and b = 1.0.

We have found that when the initial height b is fixed the rivulet becomes wider as ( is
increased from zero. For a given value of b < 0.577 there is a maximum positive value of 3
for the cross-section of the rivulet to remain finite. A selection of the maximum values of
[ are listed in Table 4.6.2. The maximum value of # decreases to § = 0 as b increases to

b = 0.577. The results are similar to those obtained in Section 4.5 for W = K.
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Table 4.6.2: The maximum value of the leak-off parameter S for a rivulet with finite cross-

section for values of the initial height b = K(0) when W = SK?

b maximum [
0.2 11
0.4 1.625
0.5 0.5
0.577 0

We next consider how b and § vary for a fixed value of the half-width A. In Figure
4.6.18, A is held fixed at A = 0.7. We see that as the height b = h(1,1,0) is increased the
leak-off parameter § decreases to maintain the half-width at A = 0.7. When b increases to
b = 0.501 the leak-off parameter reduces to zero. The graphs in Figure 4.6.18 show that as
the strength of the leak-off increases the height of the rivulet decreases as expected. We see

again that the greater the leak-off velocity the thinner the rivulet.
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Figure 4.6.18: Cross-section of the rivulet at x = 1, t = 1 with A = 0.7 and a range of height

b and leak-off parameter [

Consider next the evolution of the rivulet with time. In Figures 4.6.19, 4.6.20 and 4.6.21
b and [ are kept fixed and time is given a range of values. We take b = 0.2, 0.4 and 0.5
which are the same values as in Figures 4.6.9, 4.6.12 and 4.6.15 and also in Figures 4.5.20
to 4.5.22 which are the corresponding figures in Section 4.5. For each value of b the value
chosen for § is the limiting value for the rivulet to have a finite cross-section. The bound-
ary y = =ta(t,z), where a(t,z) is given by (4.2.22), is plotted against x for ¢ = 0.1, 1
and 10. The half width A is obtained from the boundary condition K(A) = 0. The three

figures show that as time increases the width if the rivulet decreases and it becomes narrower.
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a(t, x)

-10 -

Figure 4.6.19: Rivulet for b= 0.2, f = 10.998 and A = 0.6 at timest = 0.1, 1 and 10
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Figure 4.6.20: Rivulet for b = 0.4, f = 1.6249 and A = 3.4 at times t = 0.1, 1 and 10
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Figure 4.6.21: Rivulet for b =054, 8 = 0.49 and A = 2.8 at timest = 0.1, 1 and 10

Lastly, we investigate the dependence of the profile of the rivulet on the leak-off parameter
B. In Figures 4.6.22 to 4.6.24, b and t are kept fixed and 3 is given a range of values. We
again choose b = 0.2, 0.4 and 0.5 and take t = 1. In each figure the values of [ range
from zero to close to the maximum value for the cross-section to be finite. For each pair, b
and [, the constant A is obtained from the boundary condition K(A) = 0. The boundary
y = za(l,z) is given by (4.2.22) and is plotted against = for ¢ = 1. We see again from
the three figures that if b and ¢ are kept fixed then the width of the rivulet increases as the

leak-off parameter 3 increases, in agreement with Figures 4.6.9, 4.6.12 and 4.6.15.

91



4L

Figure 4.6.22: Rivulet for b= 0.2 and = 0.2, 7.5 and 10
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4L

Figure 4.6.23:

Rivulet forb=0.4,t=1and =0, 1.1 and 1.6
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Figure 4.6.24: Rivulet for b= 0.5, t =1 and =0, 0.45 and 0.49

4.7 Comparison of the numerical solution of the two
leak-off models

In the first leak-off model for the rivulet,

h(t,z,y)

. (4.7.1)

W(f) :BK(f)v U)(Zf,.ilj,y):ﬂ

and in the second model

W) = BEP (), w(t,ay) = g1 B0 (4.7.2)

T

In the first model the leak-off velocity is proportional to the height h and inversely propor-
tional to the time ¢. It decreases like 7 and there is also time dependence in h(t, z,y). In

the second model the leak-off velocity is proportional to the cube of the height and inversely
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proportional to x. It decreases like % as x increases down the plane and there is also depen-
dence on z in h(t,z,y). In the first model the leak-off velocity decreases as time increases
while in the second model it decreases as = increases down the inclined plane. The two

models behave in the same way although there are quantitative differences.

The shooting method was a successful numerical method for both models. From Tables
4.5.1 and 4.6.1, there was a maximum value of the initial condition b = h(1,1,0) for a given
value of # in both models. The range of values of the leak-off parameter 3 for solution with
finite cross section to exist was an order of magnitude greater in the second model. Initially
A increased slowly as b increased from zero but it increased rapidly and tended to infinity

as b approached its maximum value.

We found that for both models if the height b = h(1,1,0) is kept fixed then as the leak-off
parameter is increased the width of the rivulet increases. This is illustrated in Figures 4.5.10,
4.5.13 and 4.5.16 for the first model and in Figures 4.6.9, 4.6.12 and 4.6.15 for the second
model. The values b = 0.2, 0.4 and 0.5 were used in both sets of figures. For each value
of b there was a maximum value of 5. The maximum values of § are listed in Tables 4.5.2
and 4.6.2. The range of values of b is the same in both models because the maximum value
of the height b corresponds to no leak-off, 5 = 0. The range of values of 8 is an order of

magnitude greater for the second model.

From (4.2.22) the constant A is the half-width of the rivulet at x = 1, ¢t = 1. The way
the b and 8 vary for a constant value of A, A = 0.7 for example, is illustrated in figures
4.5.19 and 4.6.18. The maximum value of b corresponds to no leak-off, 7 = 0, and is the
same in both models. As the leak-off parameter increases from 5 = 0 the height decreases in

both models as expected. In the first model, 8 — 0.487 as b — 0 while in the second model,
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b — 11 as b — 0.

The evolution of the boundary profile of the rivulet with time is shown in Figures 4.5.20,
4.5.21 and 4.5.22 in the first model and in Figures 4.6.19, 4.6.20 and 4.6.21 for the second
model. In both sets of figures, b = 0.2, 0.4 and 0.5 and the values chosen for § are close
to the maximum values for a rivulet with a finite cross-section to exist. In both models the
rivulet becomes narrower as the time increases. The thickness of the rivulet increases as b

increases and we see that in both models the thicker rivulets are wider rivulets.

Finally, the dependence of the boundary profile on the leak-off parameter  was illustrated
for the first model in Figures 4.5.23 to 4.5.25 and for the second model in Figures 4.6.22 to
4.6.24. The range of b, 0 < b < 0.577 is the same in both models. The values for b where
again b = 0.2, 0.4 and 0.5 and S ranged from zero to close to the maximum value for the
rivulet to exist with finite cross-section. In both models, when b is fixed, the width of the

rivulet increases when (8 was increased in agreement with previous observations.

4.8 Conclusion

There are few known analytical solutions for the rivulet flow down an inclined plane. The

analytical solution which we obtained has leak-off velocity

3h  9h3

which is a linear combination of the two leak-off velocities considered numerically. The
analytic solution is interesting because it has a dry patch in the central region. The dry
patch is due to leak-off into the porous substrate. For the solutions in the literature with a
dry patch, the dry patch is caused by thermal and surface tension effects.

The shooting method was an effective numerical method for solving the boundary value
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problem (4.2.17) and (4.2.18) for the two models of leak-off velocity considered. We were able
to obtain intervals for the values of the parameters and determine the essential properties of
the two solutions.

Other models for the leak-off velocity could be considered as future work. In the models
considered so far the leak-off velocity depended explicitly on ¢ and x. A model in which it

depends explicitly on y is

K* h*
52(6) w(t,z,y) = BE (4.8.2)

Wi(&) =5

The leak-off velocity (4.8.2) is an even function of y as required and becomes larger in the
central region. It may represent a solution with a dry patch in the central region due to the

strong drainage in the central region.
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Chapter 5

CONSERVATION LAWS

5.1 Introduction

In this section we will investigate conservation laws for the partial differential equation
(2.8.15) with zero leak-off velocity. We will use three different methods to find the conser-
vation laws and compare the results obtained from each method. Finally we will associate
the conserved vectors with a Lie point symmetry and discuss the physical significance of the

conserved vectors.

A conserved vector for the m'™ order partial differential equation for u(z?!, 22, ..., 2™),
E($,U,U(1),U(2),....,U(m)) = 0, (5.1.1)
where z = (2!, 22, ....,2") and u(k) denotes the k" order partial derivatives of u, is defined

as an n-tuple T' = (T',T?,....,T") such that
D;T" =0, (5.1.2)

where D; is the total derivative with respect to z¢, holds for all solutions of the partial dif-

ferential equation (5.1.1). Equation (5.1.2) is called a local conservation law.
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5.2 Elementary conserved vector

The partial differential equation (2.8.15) with leak-off velocity w = 0 can be written as

oh 0 ) Oh
—+ =B+ (-r*— ) =0. 5.2.1
8t+8$< )+8y< ay) ( )
When expanded, (5.2.1) is
he + 3h*h, — 3h*h. — h’hy, = 0. (5.2.2)

We regard t,z,y, h, hy, hy, hy and all higher partial derivatives of h with respect to ¢,z and

y as independent. Then (5.2.2) becomes

Dy (h) + Da(h?) + Ds(—h*h,) = 0, (5.2.3)
where
Dy=D, = %+h$%+hm%+hm%+hw%+..., (5.2.5)
Dy=D, = a—y+hy%+hty%+hzyai}%+hyyaihy+.... (5.2.6)
Equation (5.2.3) has the same form as (5.2.1). From (5.2.3),
T'=h, T*=h* T°=—-h’h, (5.2.7)

is a conserved vector for the partial differential equation (5.2.1). It is referred to as the

elementary conserved vector.
We investigate if there are other conserved vectors for the partial differential equation (5.2.1).

In order to look for possible conserved vectors for (5.2.1) we will use three different methods,

namely the direct method, the multiplier method and the partial Lagrangian method.
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5.3 Direct method

Consider the partial differential equation (5.2.1). We now look for a conserved vector with

components of the form

T =T (t,z,y,hhy), T? =T*(t,z,y,h,hy), T°=T3(t,z,y,h,h,). (5.3.1)

Conserved vectors of this form are more general than the elementary conserved vector (5.2.7).

For (5.3.1) to be a conserved vector the components must satisfy
D\T" + DyT? + D3T?|ppp = 0, (5.3.2)

where the total derivatives Dy, Dy and D3 are defined by (5.2.4) to (5.2.6). Substituting
(5.3.1) into (5.3.2) gives

or' . oT' . 9T' 9T* . 9T*  9T* 9T%  9r* . OT"
h h h [ h Y —0. (53
ot + 1y oh +hy o, + B + ah + oh. + ay +ny ah + yyahy|pDE 0. (5.3.3)

Now from equation (5.2.2) we have
he = 3h*h, + h’hy, — 3h°h,. (5.3.4)

Equation (5.3.4) is substituted into equation (5.3.3) to obtain

or' o1 or'  or?  OT® . 0T 0T
90 % 32k 4 h3h, — 3h2h,] 4+ h h hey o 4
o T o By Wy = 30ha] + hu g+ T b o har e
ors  oT
o h, 3.
g by =0 (5.3.5)

Since T" depended on h; it now depends on h,,. We cannot therefore separate (5.3.5) by
hyy. However, Ti, T, and T3 are independent of hy and h,, and we can therefore separate

(5.3.5) by the second derivatives hy and hy,

oT!
hyt : —_— = 3.
tt ﬁht 07 (5 3 6)
oT?
haw: g =0, (5.3.7)

100



oT! o1 T oT' OT*  9T* OT*  OT® T

R: W+3h2h§W—:%iﬁhmﬁ+h3hyy o "o Thegn T 3 +hy— +hyyahy = 0.
(5.3.8)
From (5.3.6) we obtain
T =T (t,2,9,h) (5.3.9)
and from (5.3.7)
T? =T?(t,x,y,h). (5.3.10)

Hence T" does not depend on h,, and we can now separate (5.3.8) by the second derivative

Py

ort o1
Ry R+ — =0. 3.11
vy oh + oh, 0 (5.3.11)
Integrating (5.3.11) with respect to h, we obtain
T°(t,z,y,h,hy) = —h hy% + A(t,z,y,h). (5.3.12)
We now substitute (5.3.12) into (5.3.8) to obtain
oT* oT* ort o1 oT? O*T'  0A 02T
—— 4 3h*h)—— — 3h*h, he——— h’h — — ’h)——
o on or T ) e
oT! 0A
_qp2p29L” oA _
BN}~ + By = 0. (5.3.13)

Since T',T? and A are independent of the first derivatives of h we can therefore separate

(5.3.13)by first derivatives.

T
2. _
h 5 =0 (5.3.14)
O’T' DA
. _ 33 oo
hy : 8y8h+ o =0 (5.3.15)
T 9712
hy : _3h286_h + aa—h =0, (5.3.16)
oT'  9T?*  9A
: 91 . 3.1
R 8t+85£+8y 0 (5.3.17)

We integrate (5.3.14) twice with respect to h to obtain

T' = B(t,z,y)h + C(t,x,y) (5.3.18)
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and substituting (5.3.18) into (5.3.16) and integrating with respect to h we obtain
T? = B(t,z,y)h* + D(t,z,y). (5.3.19)

We now substitute (5.3.18) into (5.3.15) which gives

DA ,OB
o = "o, (5.3.20)

and since B(t,z,y) is independent of h we can integrate (5.3.20) with respect to h to obtain

1 B
A(t,x,y,h) = Zh4%—y + E(t,z,y). (5.3.21)

We now substitute (5.3.21) and (5.3.18) into (5.3.12) which gives

1 ,0B
T3(t,z,y,h, h,) = —h*h, B + Zh‘*g—y +E. (5.3.22)

Finally substituting (5.3.18), (5.3.19) and (5.3.21) into (5.3.17) we obtain

2
h@_B_i_@ h38_B 8_D 1h4aB aE_()

—_—t — = 3.2
ot Tt T or Tar T o T oy (5:3.23)

Now, since B, C', D and E are all independent of h we can separate (5.3.23) by powers of h.

0°B
ht - = 3.24
0B
3. _
h? o 0, (5.3.25)
0B
: —_— = 3.2
h oy 0, (5.3.26)
oC 0D 0OF

From equations (5.3.25) and (5.3.26) we can deduce that B = B(y). We can therefore

integrate (5.3.24) with respect to y to obtain

B(y) = coy + 1. (5.3.28)
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Substituting (5.3.28) into equations (5.3.18), (5.3.19) and (5.3.22) it follows that

T' = cyyh + cth + C(t, 2, y), (5.3.29)
T? = cyyh® + c1h® + D(t, 2, v), (5.3.30)
1
T3 = —ngh3hy — 01h3hy + Zc2h4 + E(t,z,y). (5.3.31)

In equations (5.3.29) to (5.3.31) when ¢; and ¢, are both set to zero, we obtain
T'=C(t,z,y), T*>=D(t,z,y), T?=E(t, x,vy), (5.3.32)

where C, D and E must satisfy (5.3.27).

Since (5.3.27) is satisfied without imposing the partial differential (5.2.1), the components

(5.3.32) form a trivial conserved vector. Hence C', D and E are set to zero.

Setting ¢; = 1 and ¢, = 0, we obtain the elementary conserved vector
T'=h, T?=1h T3=—-hh,. (5.3.33)
Setting ¢; = 0 and ¢, = 1 we obtain a second conserved vector
T' =yh, T? =yh®, T?=—yhh,+ ;h*. (5.3.34)

Equations (5.3.33) and (5.3.34) are the components of the first two conserved vectors for the
partial differential equation (5.2.1) obtained by the direct method. We will now investigate
the conserved vectors that are derived using the multiplier method and the partial Lagrangian

method.

103



5.4 Multiplier method

Consider again the partial differential equation

oh 0 oh 0

- 2 p3Z —(h3) = 4.1

ot ay( 8y)+8:v( ) =0 (54.1)
which can be expanded as

he — 3h*h. — h’hy, + 3h*h, = 0. (5.4.2)

A multiplier A for the equation (5.4.1) has the property that [15]
A (hy = 3R°h% — B’hyy + 3h°h,) = DT + D,T? + D, T? (5.4.3)

for all functions h(t,z,y) where the total derivatives are defined by (5.2.4) to (5.2.6). The
right hand side of equation (5.4.3) is a divergence expression and T, T? and T? are the

components of the conserved vector T = (T, T2, T?) [15].

We will consider a multiplier of the form
A= (t,z,y, h,hi, hy, hy). (5.4.4)

We operate on (5.4.3) with the Euler operator defined by

%, %, 8 5, 82 i
Ep == —Di=— — Dy=—— — Dy=—— + D?*—— + D, D, ——
"o Pah  rah,  Cvam, TVt oh, T o,
8> i 8> 82
DD, —— + D? D,D,—— + D? — ... 5.4.5
Oy S T e ah, T v an, T Pvan,, (5.4:5)
Equation (5.4.3) becomes

Ey [A (he = 30°R] — h’hyy + 30°h,)| = By, [DT" + D, T + D,T°] . (5.4.6)

Now the Euler operator has the property that it annihilates divergence expressions. Hence

E, [D,T" + D, T? 4+ D,T?] =0 (5.4.7)
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and (5.4.6) reduces to

Ep, [A (hy — 3h%h% — Bhy, 4 3h%h,)] = 0. (5.4.8)

Equation (5.4.8) is the determining equation for the multiplier A. The expansion of (5.4.8)
gives rise to the following equation,

OA

o (1= 302 — Whyy & 31°hs) + A [~6hh) — 317 hy, + Ghh,]
A A
_D, g_h (he — 3hh2 — BPhy, + 3h%R,) + A} - D, [ 0

t

o (e = 31°1;
A
—hPhy, + 3hh,) + 3h*A] — D, {a_

o (e = 30°hy = WPhyy + 3h°h,) — 617Dy A
Y
— D2 [h*A] = 0.

(5.4.9)
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Expanding the total derivatives in (5.4.9) and simplifying gives

A A
(e = 8212 — Db+ 821.) O 4 A [~GhIE — 342y, + 6hh] — % 4 (~h
0?A %A
—_— —hy + 3R*Kh% + h3h,,, — 3h*h,) h
iy (et 3G Wy ) M ohan,

oA OA
o~ Man T (=he + 30°h2 + hPhy, — 3R%h,) hy

Oh

+3h*h. + h’hy, — 3h7h,)

2 a2 0\
+ (6hh + 3h*hy, — 6hhy) hy—— 5
t

DA
= g+ (i o+ 30K + By — 30%he) b

+ (=he + 3h*h% 4+ h’hy, — 3h%h,)

92\ oA oA
L 3nh, S — b, —
Oh,Ohy 3 “on, "oh,

92\ OA OA

OA
h 6h2h,h
Y oh, ok won, ~ "on,

+ B Ry —— o
0%\
O0x0h,,

A ,
gty (—h¢ + 3h°h2 + B’hyy — 3h*h,)

ox
2N oA
9712 . 2p YO 2 2 I _
3h°h,) hmahah 3h%h, T (6hh? + 3h*hy, — Ghh,) hzahx . o,
2N oA

OA
27,2 3 2

+ (=hy + 3R + h*hy, — 3h°hy,) hat g o~ hetgp ~ 3h2hﬂa—hx + (=h¢ + 3h°h;

0\

OA OA
2 2 212 3
onz 3h hay ;= — 3h hxy—ahy + (—he + 3h%h2 + hPhy,

A ) oA oA 5, OA _
G o, +6hhhxyah T +6hha—+( he + 3h°h

O*A OA O*A
12hh2A + 6h%h2 ——~ *hy + BPhyy = 3h%h, ) by ——
oy, + 61y + (=l + 3Ry + hhy, 3hh)hyahahy

+ (=he + 3h°h; + h’hy,

oA 6hh,A — 3h%h,, oA

0P hyy — 3h2hy) By

—3h%h,) h + WP Ry ——

+h3hy, — 3h%h,)

A
+ 6h2hyhy - 0

A
+ (6hhZ + 3h*hy, — 6hhy) hy—— 0 o

Voh, + (—he + 3h%h% 4+ h’hy,
0%\ OA

o 82A
“onohn, “oh,

Y OhgOh,,

OA
+ 6h*hyhye—— +

912
3h%h,) h o

(=h¢ + 3h*h + h’hy, — 3h*h,) h

OA oA
_3p2p I 2 2 oA
3Ry g 6y 61y 7

OA

02\

vy ahi
oA O?A oA O?A O?A
h3— — th — —Rh%h 3
Y Dh,, Dy s Y 9y Y yoh ~ g o yoh,

vy ah

0*A 0*A oA O*A oA oA
. _ h3h th iy h?)h 2 2712 . 2712
9 5y, wogdh, O gy vagan O = 30 hy = Sy

+ (—hy + 3h%R% + h®hy, — 38%h,) h

+ 6h*h,h + hh

— h*h
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_ h?’h;% — 3h%h hytg;; xn hyta?;/;t 3h2hyhyx§_li\x - h3hyhyx%
- Bthyhyyg_fj; - hghyhyy% = Wy a(ig = 3h°hyhy g}? %y 8?;2h

B hghzt% ~ W huhys 8228/\}1 3hythyy% — ym% - 3h2hth§_}i

- h3hyhyx% — b’ ythyxaijé\ht — hghzmgT[; - h3hyyhyx%§hy 13 yy%

— 3h*h,, A — 3h2hyhyyg—;; — h3hyyg_2 _ h%wyy% _ h3hythyy% 3 yzhyy%
~Ihy, gh/; h3hyyt§;i\ hghng_;i B hghyyyg—,g =0 (5.4.10)

Now t,z,y, h, and the partial derivatives of h are regarded as independent. Also the multi-

plier A does not depend on the second and third partial derivatives of h. We can therefore

separate (5.4.10) by the second and third partial derivatives of h. Consider first the third

derivatives of h.

OA n
Ohy

OA

Ohy
OA

Oh,,

—_p3 ==
—_p3 ==

3=

OA

3

h?— o =0,
OA

3 —

+h o =0,
OA

3

+h°— 6h =0.

(5.4.11)
(5.4.12)

(5.4.13)

Equations (5.4.11), (5.4.12) and (5.4.13) are all identically satisfied and therefore give no

information on the form of A.
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We next separate equation (5.4.10) by the second derivatives of h.

By - g—;; =0, (5.4.14)

Py gszi =0, (5.4.15)

Byt : g;l\y +h? a?j?/;t =0, (5.4.16)
2 2 2

gy 22_//2 - ;t@/f\u - aia?zx * aja?zy =9 (5.4.17)

by g—}/; =0, (5.4.18)

Py oA O°A 0. (5.4.19)

3 h =
on, " oyon,
From (5.4.14) and (5.4.15), A is independent of h; and h,. Thus (5.4.16) reduces to

OA
— =0 5.4.20
0 (5.4.20)
and therefore A is also independent of h,. Equation (5.4.17) reduces to

oA

= =0 (5.4.21)

Equations (5.4.18) and (5.4.19) are identically satisfied. Thus
A=At z,y). (5.4.22)

The determining equation (5.4.10) reduces to

ON . 0N LOPA
A A A.
50 T gy H g =0 (5.4.23)

Since A is independent of h, equation (5.4.23) can be separated by powers of h:

hO % =0, (5.4.24)
A
h? g—x =0, (5.4.25)
O*A\
3. —
h? = 0. (5.4.26)
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From (5.4.24) and (5.4.25) it follows that A = A(y). Integrating (5.4.26) twice with respect
to y we obtain

Aly) = a1 + oy, (5.4.27)

where ¢; and ¢y are constants.

From (5.4.3) and (5.4.27) we obtain by elementary manipulations

(c1 + coy) [ht + 3h%h, — 3h2h§ — h3hyy} = D, [c1h + coyh]l + D, [clhg + @yhﬂ

1
+ D, [cl (=h’hy) + ¢ (—yh?’hy + Zh‘*ﬂ ,

(5.4.28)

for arbitrary functions h(t,z,y). When h(t,z,y) is a solution of the partial differential
equation (5.4.2), then the left-hand-side of (5.4.28) is zero and

1
Dy [e1h + coyh] + D, [clh3 + CthS] +D, [cl (—h3hy) + co (—yh3hy + Zh4)] =0. (5.4.29)

Any conserved vector for the partial differential equation (5.4.1) with multiplier A(t, z, y, h, hy, ha, hy)

is therefore a linear combination of the two conserved vectors
T'=h, T°=h* T*=—-h’h,, (5.4.30)

1
T' =yh, T? =yh® T°=—yh*h,+ Zh‘*. (5.4.31)

The conserved vectors (5.4.30) and (5.4.31) are the same as the conserved vectors obtained
using the direct method. In order to investigate other conserved vectors we would need to
consider multipliers that depend on second and higher derivatives of h. When we consid-
ered a multiplier which depended only on first order derivatives the determining equation,
(5.4.10), contained many terms. When considering multipliers with higher derivatives com-

puter algebra could be used to simplify the calculations.
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5.5 Partial Lagrangian

Once again we start from the partial differential equation (5.2.1) in the expanded form
(5.2.2):
E = hy — 3h*h% — h*hy, + 3h*h, = 0. (5.5.1)

In order to introduce the idea of a partial Lagrangian consider the k'-order partial differ-
ential equation
E (:K, h, h(l),h(g),....,h(k)) =0 (5.5.2)

where z = (2!, 2%, ..., 2") denotes the n independent variables and h(; denotes the collection

of all i-order partial derivatives of h. Then if there exists a function L (ZL‘, h, hay, by, ..., h(l))
where [ < k such that

Ep (L) |p=0 =0 (5.5.3)

where Ej, is the Euler operator, then L is called a Lagrangian of equation (5.5.2). Not
all partial differential equations have a Lagrangian. Suppose that equation (5.5.2) can be

written as

E=E"+E'=0. (5.5.4)

Then a partial Lagrangian of equation (5.5.3) is defined as follows [10].

Definition. If there exists a function L = L(z, h, hqy, ..., hqg)), I <k and a non-zero function
f such that (5.5.4) can be written as

EhL’EO—&-El:O - fEl (555)

then, provided E' # 0, L is called a partial Lagrangian of equation (5.5.4). Otherwise it is

the standard Lagrangian.

110



As a partial Lagrangian of the partial differential equation equation (5.5.1) consider

1
L= §h3h§ + h*h,. (5.5.6)

The Euler operator is defined by equation (5.4.5):

S R N

o o, o YBh, + ... (5.5.7)

Therefore
1 3
Ej, {h?’hx + §h3h§] = =5 hhy = Why,. (5.5.8)
Now from the partial differential equation (5.5.1)

h’hyy = hy 4 3h*h, — 3R°hy. (5.5.9)

Substituting (5.5.9) into (5.5.8) and simplifying gives

Ey, {h%z + %h?’hf,] |E=0 = — (ht + 3h%h, — gm;) : (5.5.10)
Define
E' = hy + 3h*h, — gh%; (5.5.11)
and
E’°=E-FE'= —gh%i — h3hy,. (5.5.12)
Then (5.5.10) becomes
Ey [h3hx 1 %hi”h;} |p—o = fE", (5.5.13)
where f = —1 and
E=E"+E' (5.5.14)

where E° and E' are defined by (5.5.11) and (5.5.12). Hence L defined by (5.5.6) is a partial

Lagrangian of the partial differential equation (5.5.1).
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In order to obtain a conserved vector we first derive the partial Noether symmetry [10],

0 0 9, 0
el O | o o 3 g o
X =& (t,z,y,h) Py + & (t,z,y,h) B +&° (t,z,y, h) o +n(t,x,y, h) 55" (5.5.15)

The determining equation for the partial Noether symmetry is

X(L)+L (D' + D& + D,&*) = D;B'+D,B*+D,B*+(n — 'uy — Euy — Euy) Ey(L)|po
(5.5.16)
where L is the partial Lagrangian and B!, B2 and B? are the components of the gauge vector.

We consider gauge functions of the form
B'=B'(t,z,y,h),i=1,2,3. (5.5.17)

The gauge functions are obtained from (5.5.16) in the process of deriving the partial Noether
symmetries. Once the partial Noether symmetry and gauge functions have been derived the
components of the conserved vector are given by
T' =B —¢'L— (n— &) B (L) + Y Digyt, (n = € hi) Buayiy 1, (L) (5.5.18)
s>1
The partial Lagrangian (5.5.6) does not depend on second order and higher order partial

derivatives of h. The summation term im (5.5.18) is then identically zero and

oL
En(L) = 5.

(5.5.19)

We start by evaluating the terms in the determining equation (5.5.16). Now with the partial

Lagrangian L given by (5.5.6),

3
X(L)=n [Qthi + 3h2hx} + (h° + (R h, (5.5.20)
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where ¢, and ¢, are given by (3.2.11) and (3.2.12). Hence

1 1

X{L)=n Ehzhz + 3h2hm} + b {? + h, gz ht?; — hyh, %i
08 _ ;208 353 353 3 877 an

o o0 og o2 653 06
—h;—— 8y hthy% — hy—— ay —h hy oh — hya_y _ hy% 7

where & = £'(t,x,y,h) and n = n(t,z,y, h). Next we determine

L (D' + D&% + Dy&%)

_(Lysp2 s 0 - ﬁ O\ (2 9
—(therhhx)[(atJrht &gy gy )€+ (5,0

¢! o ,0¢ S, T T
3 2 2 2 2 2 3
2h [hy—at —|—hthy oh +h v D + h, hy an —I—hy oh hy oh
¢! ot a2 o2 o 93
3 2
+h {h -y + hihy (9h+h_8 —I—hx—ah—l—h—ay—l—hhyah .

Finally using (5.5.13) we have

(7] - §1ht - §2hx - fghy) En(L)|g=o

— (1= E'hy = Ehy — E'h)) (§

Shehy = hy 3h2hx)

3 3 3
= §h2nh§ — nhy — 3h*nh, — §h2§1hth§ + E'h? + 3h* ¢ hyhy, — §h2§2hxh§

3
+ Ehihy + 32K, — THER, + Ehih, + 302 h,h.
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We now substitute equations (5.5.21), (5.5.22) and (5.5.23) into the determining equation

for the partial Noether symmetry, (5.5.16), which becomes

7 Ethf +3h2h4 + b3 Bn +hy gz ht?;l hehg 8;}: hma;: hi%—i —hygi
—hyh, %ﬂ + {h g” +h§gz hthy(?fl hthjgi hmhy8;2 h h;gﬁ:
—h2%53 hi%ﬂ + = Lys [hj%it +hth§%§: + hﬁf +h hi%ﬁj +h§%§ + hzaéi
+ R3 {h 38_§;+hth (ZghlJrh %—52+h§%—5§+h %—§+h hy%é: :aa—ilJr taa—ilJraa—B:

oB? 9B3 OB3 3
+ hy T 99 + h, o T §h2nh§ — nhy — 3h*nh, — 5hzglhthj + &2

+ 3R%€ o, — gh%?hzhz + Ehyhy + 3h2E2H2 — §h2§3h§ + Ehyhy + 302 hy .

(5.5.24)

Since &Y, n and B® are independent of the derivatives of h we separate (5.5.24) by powers

and products of the derivatives of h. Consider first

h? =0, (5.5.25)
, L og g 5 2
hehy 5 — R+ ah =& 4+ 3n%¢, (5.5.26)
&t
hyht . _h3a_y = 53. (5527)
Hence
=0, €=0, &=0 (5.5.28)

and the determining equation (5.5.24) reduces to

St vanen ] o (90 00 0] 4 00 pa0n] _ 08" o
n[2hhy+3hhx}+h 5 +h8h +h hy8y+hy8h = 5 + hy o

+a_32+h832+833+h633
ox * Oh oy Y Oh

3
+ §h2nh§ — nhy — 3h*nh,. (5.5.29)
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We now separate equation (5.5.29) by the remaining derivatives of h:

h % =0, (5.5.30)
b aalzl — (5.5.31)
h, aa—iz = 6h*n + h* gh (5.5.32)
hy : 8(5 g~ gz (5.5.33)
R ag + aalf + 6;;3 = h3g—x. (5.5.34)
From (5.5.30),
n=n(tzy). (5.5.35)

Since 7 does not depend on h we can integrate equations (5.5.31), (5.5.32) and (5.5.33) to

obtain the following results:

B'(t,x,y,h) = hn + At, z,y), (5.5.36)
B(t,3,, h) = 2h*n + C(t, 2,), (5.5.37)

Bi(t,a,y,h) = 21O

g, t Dby, (5.5.38)

We then substitute equations (5.5.36) to (5.5.38) into (5.5.34) which gives

877 8A+2h3077 oC

1.,0°n 0D  40n
ot o SRR L R il (5:5.39)

Since 7 is independent of h we can separate equation (5.5.39) by powers of h:

h* giyz =0, (5.5.40)
h? % =0, (5.5.41)
h - % =0, (5.5.42)
R: % - % + %—l; = 0. (5.5.43)
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From (5.5.41) and (5.5.42) it follows that

n=mn(y) (5.5.44)

and therefore from (5.5.40),
n(y) = biy + b, (5.5.45)

where b, and by are constants. From (5.5.28) and (5.5.45) the partial Noether symmetry is

0

Substituting (5.5.45) into equations (5.5.36), (5.5.37) and (5.5.38) we obtain the gauge func-
tions for B, B? and B3,

B! = byyh + byh + A(t, z,y), (5.5.47)

B? = 2byyh® + 2byh° + C(t, 7, y), (5.5.48)
1

B3 = Zblh‘* + D(t,z,y), (5.5.49)

where A, C' and D satisfy the condition (5.5.43).

Since the partial Lagrangian L, given by (5.5.6), does not depend on the second partial

derivatives of h, the conserved vector (5.5.18) reduces to

: : : oL
T'=B —¢L— (n—&h —Ehy — Ehy) . (5.5.50)
and further since ¢! = ¢2 = €3 = 0 by (5.5.28),
i i oL .
T"'=DB"— nf)hi’ 1=1,2,3. (5.5.51)
Hence
oL
Tl — Bl St
Ton,
= biyh + bah + A(t, z,y), (5.5.52)
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oL

T2 — .82 .
Ton,
= biyh® + boh® + C(t, 2,y), (5.5.53)
oL
T3 — BS St
Ton,
1
— (Zf# — thhy) by — boh*h, + D(t,x,y). (5.5.54)

When b; = by = 0 we obtain the conserved vector

T' = At,z,y), T* = O(t,z,y), T? = D(t,z,y) (5.5.55)

where A, C' and D satisfy (5.5.43). Since (5.5.43) is satisfied independently of the partial
differential equation, (5.5.55) is a trivial conserved vector. We therefore set A =0, C' =0
and D = 0.

Setting by = 0 and by = 1 gives
T'=h, T*=h* T°=—h’h, (5.5.56)
which is the elementary conserved vector. Setting by = 1 and by = 0 gives
Tt =yh, T? =yh?, T°=—yh3h,+ 1h*. (5.5.57)

The conserved vectors (5.5.56) and (5.5.57) are the same conserved vectors as found using
the direct method and the multiplier method. In order to find other conservation laws, if
they exist, we would need to include partial derivatives of h in the gauge functions, B!, B?
and B?. The derivation will be longer but computer algebra may be able to assist with the

calculations.
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5.6 Generating new conserved vectors from known con-
served vectors

Conservation laws for a partial differential equation can be generated from known conserved
vectors for the partial differential equations and known Lie point symmetries of the partial
differential equation.
Consider the partial differential equation
% - % (r?) — a?y (h?’gZ) =0 (5.6.1)

and let T = (T, 7% T?) be a conserved vector for (5.6.1) and X a Lie point symmetry
generator of (5.6.1). Then

T = X(T%) + T Dy (&%) — T*Dy(¢%), i=1,2,3 (5.6.2)
are the components of a conserved vector for (5.6.2), that is
D, TF =0 (5.6.3)

for all solutions of the partial differential equation (5.6.1).

A proof of the result for the general case is given by Kara and Mahomed [9, 12]. The
generated conservation law (5.6.3) may be trivial. The conserved vector T, may be a linear
combination of known conserved vectors or zero. In (5.6.2), X is prolonged to as many

partial derivatives as required and the total derivatives D; are defined by

0 0 9, 0 0
Dy =D, = — 6.4
1 t at+htah+httah +hzta +hytah (56 )
0 0 9, 0 0
Dy =D, = Ep + hm% + h“a_ht + hma_hx + hy‘”a_hy e (5.6.5)
0 0 0 0 0
D3y=D, = — —.. 6.
3 y 8y+hyah+htyaht hxyathrhyyahy (5.6.6)
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The linear combination of the Lie point symmetries of the partial differential equation (5.6.1)
is given by (3.2.30). Since there is no constant ¢z in (3.2.30) we rename ¢4 as ¢, ¢5 as ¢4 and
¢ as 5. The Lie point symmetry (3.2.30) becomes

0o 1 0
(3C2 - Cl) Yy + C5> a—y + 5 (CQ — Cl) h% (567)

1

4

0 0
X—(Clt+03)§+(02$+04)%+(

We now investigate if new conserved vectors can be generated from the known conserved
vectors (5.5.56) and (5.5.57) using (5.6.2) with X given by (5.6.7). In expanded form the

components of (5.6.2) are

T! = X(TY) + T Dy (€%) + T D5 (€%) — T? Dy (€Y) — T3 D5 (€1), (5.6.8)
T? = X(T?) + T?Dy(¢") + T?D3(&%) — T'D1(§%) — T°D(€%), (5.6.9)
T3 = X (T?) + T3Dy(€%) + T3 Do(€2) — T Dy (€3) — T? Dy (7). (5.6.10)

We consider first the elementary conserved vector 1" with components

h
T'=h, T*=hn T3= —h?’g—y (5.6.11)

and start by calculating T from equation (5.6.8). In order to find 7! we need to determine

each term of equation (5.6.8):

X(T) = %(02 _ e, (5.6.12)
T'Dy(€2) = eyh, (5.6.13)
T' D5 (%) = i (3¢cy — 1) h, (5.6.14)
T2Dy(£Y) = 0, (5.6.15)
T3Ds(¢Y) = 0. (5.6.16)

Substituting equations (5.6.12) to (5.6.16) into (5.6.8) we obtain

T1:§(3C2—Cl>h:

! 3¢y —cy) T 5.6.17
4

A~ w
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We now calculate T2 starting from (5.6.9):

X(T?) = 2(02 — ), (5.6.18)
T?Dy(¢Y) = e1h?, (5.6.19)
T?D5(€%) = i (3cy — 1) b, (5.6.20)
T'D,(¢%) =0, (5.6.21)
T3 D3(£%) == 0. (5.6.22)

Substituting equations (5.6.18) to (5.6.22) into (5.6.9) we obtain

T? = Z (3ca — 1) h® = 2 (32 — 1) T™. (5.6.23)

Finally we calculate T2 from equation (5.6.10) once again determining each term in the

equation starting from the first:

0 0 0 0 0
3\ __ 17 2 7 3 7 . _ _ 13
X(T7) = &5, + &5 +¢ tgn + Sgn [—h%h,]

ox dy
= —;(CQ —c1)h’hy — K¢, (5.6.24)
Now from equation (3.2.12)
¢, = %(—02 o)y, (5.6.25)

Hence equation (5.6.24) becomes,

X(T%) = —}1(5@ — 7e1)hPhy,. (5.6.26)
Also
T°Dy (&) = —h’hycy, (5.6.27)
T°Dy(€%) = —h’hyca, (5.6.28)
T'Dy(€%) =0, (5.6.29)
T?Dy(€%) = 0. (5.6.30)
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Substituting equations (5.6.26) to (5.6.30) into (5.6.10) we obtain

3 3
1= _1(302 —c)h’hy, = 1(302 — )77 (5.6.31)

*

Thus the generated conserved vector satisfies

T, = (T} T2 T3 = 2(3@ — ) (T, T2, T%) (5.6.32)
and therefore
3
T* = — (362 — Cl) T. (5633)

4

The generated conserved vector T is a constant multiple of the elementary conserved vector

T and is therefore not a new conserved vector.

In order to distinguish between the two conserved vectors we will denote the second conserved
vector by S. Thus

1
St =yh, S*=yh® S*=—yh’h, + 7 (5.6.34)

Equations (5.6.8) to (5.6.10) for the generated conserved vector apply for the second con-

served vector with T" replaced by S.

Consider first S} given by

Sy =X (S") +8'Dy (&%) + 5'D;5 (€%) — 5D, (¢') — S°D5 (£1) . (5.6.35)
Then
X(sh = }1(5@ — 3c1)yh + csh, (5.6.36)
S'Dy(£%) = coyh, (5.6.37)
S'Ds(€3) = % (3cy — 1) yh, (5.6.38)
S2Dy(£Y) =0, (5.6.39)
S®D3(£Y) =0 (5.6.40)
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Substituting equations (5.6.36) to (5.6.40) into (5.6.35) we obtain
Si = (362 — Cl) yh + C5h = (362 — Cl) 5(12) + C5T1.
We now calculate S? given by

S? =X (S%) +5°Dy (€') + 5?D; (€%) — S'Dy (£%) — S®Ds5 (£7)

and again determining each term in the equation starting with the first term:

1

X (5% = 1(902 — Tey)yh® + csh?,
S2Dy(€Y) = yhicy,

1
S*Ds(&%) = 1 Be—a) yh?,
S'Di(€%) =0,
S?D3(£%) = 0.

Substituting equations (5.6.43) to (5.6.47) into (5.6.42) we obtain
Sf = (3C2 — Cl) yh3 + C5h3

= (362 — Cl) 82 + C5T2.

Finally we calculate S? from the equation

S3 =X (%) +5°Dy (€') + S°Dy (€%) — 5" Dy (€7) — 5°Dy (€%) .

once again determining each term in the equation starting from the first:

0 0 1 0
X(S3) — [(clt + 63)5 + (cow + 04)% + (ZL(BCQ — )y + 05) 8_y

1 0 0 N
+ (§h<62 — Cl)) % + <y8_hJ (—yh hy + Zh )

4 2
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_ {1(3@ — )y + c5] (—h¥h,) + ;(CQ ) (—yhhy) + ~(cs — 1)

(5.6.41)

(5.6.42)

(5.6.43)

(5.6.44)

(5.6.45)

(5.6.46)

(5.6.47)

(5.6.48)

(5.6.49)

h* — yh3¢,.

(5.6.50)



Now ¢, has already been calculated and is given in equation (5.6.25) as

1
Gy = g(=e2 =)y (5.6.51)

Therefore equation (5.6.50) becomes,

3 3 1 4 3
X(57) = 2(ez = ea)(=yh*hy + 1 0%) + cs(=h"hy). (5.6.52)
Also
A§&@U=QGWW%+EWL (5.6.53)
1

S*Dy(€%) = ca—yh’hy + 1Y), (5.6.54)
S'Dy(€%) =0, (5.6.55)
S2Dy(€%) = 0. (5.6.56)

Substituting equations (5.6.52) to (5.6.56) into (5.6.49) we obtain
‘f:@@—QNWM@+%MHm%m%Q
= (3cy — 1) S® + 5T, (5.6.57)
The generated conserved vector therefore is
S, = (81,52, 5%) = (3¢, — 1) (51, 5%, 8°) + ¢ (T", T2, T%) (5.6.58)

which in vector form is

S* = (302 — Cl) S -+ C5T. (5659)

The generated conserved vector is a linear combination of the two conserved vectors, S and

T, we have already found. It is therefore not a new conserved vector.

In both cases the generated conserved vector does not lead to a new conserved vector.
However we can use the results derived in this section to determine the Lie point symmetry

associated with each conserved vector.
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5.7 Associated Lie point symmetries

A Lie point symmetry X of a partial differential equation is said to be associated with a
conserved vector T' for the partial differential equation if the generated conserved vector T,

is zero [9, 12]. Thus from (5.6.2), X is associated with 7" provided
X (T +T'Dy (6¥) = T"Dy (¢') =0, i=1,2,...,n. (5.7.1)

Sjoberg [17] has shown that if a partial differential equation of order ¢ admits a Lie
point symmetry X which is associated with a conserved vector T for the partial differential
equation, then the partial differential equation can be reduced to an ordinary differential
equation of order g—1. A double reduction can therefore be performed on a partial differential
equation (PDE) of order ¢ by a Lie point symmetry X of the PDE associated with a conserved
vector for the PDE. The first reduction is to reduce the PDE to an ordinary differential
equation (ODE) of order g and the second reduction is to reduce the ODE of order ¢ to an
ODE of order ¢ — 1.

We now investigate when the Lie point symmetry

0 0 1 0 1 0
X = (Clt + Cg) a + (CQ$ —+ 04) % + <Z_L (302 — Cl) Yy —+ C5> a_y + 5 (CQ — Cl) h% (572)
of the partial differential equation (5.2.1),
oh 0 0 oh
— 4+ = (== (Rh=— ]| =0 5.7.3
6t+8x( ) 8y( 8y) ( )
is associated with conserved vectors
T: T =h, T* =1 T°=—h’h,, (5.7.4)
1
S : S'=yh, S*=yh® S°=—yh’h,+ k", (5.7.5)

4

for the PDE (5.7.3). We will also investigate the double reduction of the partial differential

equation (5.7.3) by associated Lie point symmetries.
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Consider first the elementary conserved vector given by (5.7.4). Then from (5.6.33),

T, — Z (3c— ) T (5.7.6)

and therefore the Lie point symmetry (5.7.2) is associated with the elementary conserved

vector provided
C2

(5.7.7)

W =

(&1
The associated Lie point symmetry is

— +C5=— — —Clh—. (578)

ox dy 3 0Oh

0 1 0 o 1 0
X = (Clt + C3) & + <§CQSC + C4>

Consider next the conserved vector (5.7.5). Since from (5.6.59),
S* = (302 — Cl> S + C5T (579)

the Lie point symmetry (5.7.2) is associated with the conserved vector S provided

& 1
o= i =3 and c5 = 0. (5.7.10)

The associated Lie point symmetry is

o 1 0

0 1
X = (Clt + 63) a + (§CQ$ + 04) - — —Clh—

oo~ geiho (5.7.11)

For the general case the partial differential equation (5.7.3) is reduced by the Lie point

symmetry (5.7.2) to the ordinary differential equation (3.3.31) with V' = 0:

9 1\’ d dH\ 3 d 1d 3 1

= —— ) —(H*~=— |+ >a— (nH?®) —~— (nH) + -H (1 — 3aH?) — =V = 0.

1601(a 3) dn( dn>+4adn(n ) 4d77(77 >+4 ( aHl?) a1
(5.7.12)

Equation 5.7.12 is independent of ¢5. When a = % the ordinary differential equation (5.7.12)

reduces to

d

o () = T (gH) 4 3H (1= 1) =0 (5.713)
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This result clearly illustrates double reduction of a partial differential equation by an asso-
ciated Lie point symmetry. The partial differential equation (5.7.3) was order ¢ = 2 while
the ordinary differential equation (5.7.13) is of order ¢ — 1 = 1. Equation (5.7.13) can be

expressed as
d

Urm (H*—H)=2(H’—-H) (5.7.14)

which is variables separable. The solution of (5.7.14) is
H?®— H=Cn? (5.7.15)

where C'is a constant. Equation (5.7.15) is an implicit cubic equation for H.
To investigate the boundary conditions consider 1 and h given by (3.3.32) and (3.3.33)

with the constants ¢4, ¢5 and ¢g renamed as c3 ¢4 and cs:

=

[i (3ca — 1)y + 65] (1t + ¢3)

n(t,z,y) = 5 : (5.7.16)
(o +cq)
Cox + ¢ %
h@xw%:(;t+£) H(n). (5.7.17)

Consider first the Lie point symmetry (5.7.8) associated with the elementary conserved

vector. Then 3¢, — ¢; = 0 and ¢5 # 0. Thus

N

t
g=Clatte)t (5.7.18)

(o + ca)
The similarity variable n is independent of y and therefore h = h(t,z). The symmetry

boundary condition

oh
=0: — =0 5.7.19
Y 2y ( )
is identically satisfied. The condition at the boundary of the rivulet,

y = *a(t,z): h=0 (5.7.20)
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cannot be imposed for H # 0 because h is independent of . The solution (5.7.15) is a trivial
solution of the partial differential equation but it does illustrate the double reduction of a
partial differential equation by an associated Lie point symmetry.

For the Lie point symmetry (5.7.11) associated with the second conserved vector, S, we
have ¢5 = 0 and (5.7.18) gives n = 0. To analyse this special case we would need to return
to the derivation of the invariant solution and set 3¢y = ¢; and ¢; = 0 at the start of the

derivation. We will not do that in this dissertation.

5.8 Concluding remarks

We were able to derive two conservation laws and therefore two conserved vectors for the
partial differential equation for the height of the rivulet with zero leak-off velocity. One
conserved vector was the elementary conserved vector while the second conserved vector was
new.

Three methods were used to derive the conserved vectors, the direct method, the mul-
tiplier method and the partial Lagrangian method. Each method required an assumption
which restricted the range of conserved vectors that could be derived. The direct method
required an assumption on the variables on which the components of the conserved vec-
tor depend, the multiplier method an assumption on the variables on which the multiplier
depends and the partial Lagrangian method an assumption on the variables on which the
gauge function depend. To search for more conservation laws these quantities would have to
depend on higher derivatives. This would make the calculations much longer but they could
be considered with the aid of interactive computer packages.

We were not able to derive new conserved vectors from the known conserved vectors and
the Lie point symmetries of the partial differentials. The calculation however gave the Lie
point symmetry of the partial differential equation associated with each conserved vector.

The Lie point symmetry associated with second conserved vector was a special case (c¢5 = 0)
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of the Lie point symmetry associated with the elementary conserved vector. The results
clearly illustrated the double reduction of a partial differential equation to an ordinary dif-
ferential equation by an associated Lie point symmetry although the solution of the ordinary

differential equation lead to a solution of the problem that was not physically significant.
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Chapter 6

CONCLUSION

By not specifying the form of the leak-off velocity in the model, considerable analytical
progress could be made. The partial differential equation for the height of the rivulet had
an invariant solution and could be reduced to an ordinary differential equation in two steps
provided the leak-off velocity satisfied a linear first order partial differential equation in three
variables. The solution of this partial differential equation for the leak-off velocity was quite
general and permitted physically significant models for the leak-off velocity to be considered
and compared.

Most of the known solutions for rivulet flow down an inclined plane are numerical so-
lutions. The analytical solution we derived may be useful for checking the accuracy of
numerical methods for rivulet flow down an inclined plane. The leak-off velocity in the an-
alytical solution is a linear combination of the leak-off velocities we considered in the two
numerical solutions. The analytical solution contained a dry patch in the central region of
the rivulet and confirmed that dry patches can occur in rivulet flow. For known solutions of
rivulet flow with a dry patch, the dry patch is caused by thermal and surface tension effects
[8]. In our analytical solution the dry patch is due to fluid leak-off into the porous substrate.

We found that the shooting method was an effective method to derive the numerical
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solution for rivulet flow down an inclined plane. It transformed the boundary value problem
into an initial value problem. The boundary of the rivulet was determined by the shooting
method as well as the initial value of the unknown functions. The two numerical solutions
clearly demonstrated how the fluid leak-off at the porous based determined the width and
height of the rivulet.

Two conserved vectors for the partial differential equation for the height of the rivulet
with no leak-off at the base were found. One conserved vector was the elementary conserved
vector while the second was a new conserved vector. The three methods of deriving the
conserved vectors gave the same results. The multiplier method gave first a multiplier and
further elementary operations had to be performed to derived the conserved vector. The
direct method gave the conserved vector explicitly at the end of the calculation. In the
partial Lagrangian method the conserved vector was calculated from a formula once the
gauge functions and Noether symmetry had been obtained. New conserved vectors were
not derived from the Lie point symmetry of the partial differential equation and the known
conserved vectors, but the calculation gave the Lie point symmetry associated with each
conserved vector. The double reduction of a partial differential equation by an associated
Lie point symmetry was clearly illustrated but the solution obtained by the double reduction
was not physically significant.

In all calculations of Lie point symmetries and invariant solutions and in the derivation
of conservations laws only the general case was considered. Special cases in which the con-
stants in the linear combination of the Lie point symmetries take special values were not
considered. These special cases may lead to non-trivial solutions and should be investigated
as further work.

Extensions of the research undertaken in this dissertation could be considered. Rivulets
consisting of non-Newtonian fluids such as power-law fluids could be investigated by the

analytical and numerical methods developed in this dissertation. Other leak-off velocities at
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the porous based could be studied. In the two models we considered the leak-off velocity
depended explicitly on ¢ and x as well as on the height h. A model in which the leak-off
velocity depends explicitly on y as well as on h could be investigated. Rivulet flow with
leak-off at the base together with thermal and surface tension effects could be investigated.
Higher order conservation laws in which the conserved vectors depend on higher derivatives
could be considered as well as conservation laws for the partial differential equation for the
rivulet height containing the leak-off velocity. An investigation of higher order conservation

laws may require the assistance of interactive computer packages.
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