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CHAPTER 3

MoTION WITH CONSERVED L

3.1 The Conserved Laplace-Runge-Lenz Vector Analogue
for the Equation of Motion # + fL+gr =0

The contents of §§3.1-3.4 are described in Leach and Gorringe [78]. If we intro-
duce the constraint that L is constant rather than its direction as was discussed in
Chapter 2, we may write

1

1
§L2 = §L-L = const. (3.1.1)

Upon differentiation of (3.1.1) we obtain
L-L=0. (3.1.2)

Equation (3.1.2) implies that L and L are orthogonal. It follows that equations of
motion arising from L and combinations of other vectors orthogonal to L describe
motion where L is conserved. One such orthogonal vector is # x L and hence the
equation

L+ frxL=0 (3.1.3)

describes one possible class meeting the angular momentum requirement and should
not be regarded as the most general. To generalise the results still further, we intro-

duce a zero vector gr x7, allowing us to write (3.1.3) as
rx? + frxL + grxr =0. (3.1.4)
If we further assume that f and g are arbitrary functions, it follows that the equation
r+fL+gr=0 (3.1.5)

describes motion subject to the constraint that L is constant. We now construct
Laplace-Runge-Lenz analogues for (3.1.5) using the techniques described earlier by
imposing restrictions upon the arbitrary functions f and g. It is of course also
possible to introduce additional terms such as er x L into (3.1.3), although these
types of problems which are connected with those described in §§2.10-2.17 are not

investigated here.

The vector product of r with (3.1.5) gives

L = fLxvr. (3.1.6)
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The scalar product of (3.1.6) with L is zero since the magnitude of L was initially

assumed constant.

Taking the vector product of (3.1.5) with L gives
*xL+grxL =0 (3.1.7)
which can equivalently be written as
(i-xL)'—fi-x(Lxr)—l—grxL:O (3.1.8)
using (3.1.6). The vector triple product expansion of the middle term in (3.1.8) gives
frx (Lxr) = frrL. (3.1.9)

The term second from the right in (3.1.8) can be written using two alternate forms

as
g g ;
LexL=-2L1 1.
T " (3.1.10)
and
% rxL = —grt. (3.1.11)

The two forms (3.1.10) and (3.1.11) suggest that we write

g9=91+ g (3.1.12)
so that (3.1.8) becomes
(#xL) — friL — f—} L — g% = 0. (3.1.13)

Equation (3.1.13) is trivially integrable to a constant vector if we let f = h'(r)/r

Y

g1 = h(r)h'(r) and g, = k/r?. In this case we obtain
J =#xL — h(r)L — ki (3.1.14)

which is a conserved Laplace-Runge-Lenz vector for the system described by the
equation of motion

Y k.

T+ # L+ (h(r)h’(r) + r_2) r=0. (3.1.15)
It should be noted that the structure of J given in (3.1.14) is opposite in sign to that
often used in the literature. This is done to be consistent with the results of Chapters 1

and 2. It does not seem possible to construct a general Hamilton vector analogue for

the equation of motion (3.1.15) although it is possible in special cases (see §3.5).
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Taking the scalar product of # with (3.1.15)‘gives an energy-like scalar integral

1, 1, k
I=c# 45 h(r) - = (3.1.16)

It should be appreciated that J, L and I are not independent since

J? =201 + k2. (3.1.17)

3.2 The Orbit Equation

Since there is no Hamilton-like vector in general, it does not appear possible to express
the velocity hodograph in any recognisable or useful form nor does it seem possible
to construct a velocity hodograph from the Laplace-Runge-Lenz vector analogue. It

is possible, however, in special cases (see §3.6).

As in the two-dimensional case, the existence of the Laplace-Runge-Lenz-like vector
J gives rise in a natural way to the orbit equation using J-r. However, as the motion
is truly three-dimensional we need one more scalar equation to specify the orbit
completely. As in the case of planar motion we measure the polar angle 8 from J,
but no longer confine § to be in the plane of the orbit. The scalar product of (3.1.14)

with 7 gives

Jr = (rxL)r —kr (3.2.1)

and upon rearranging
= L 3.2.2
"T % f Jcos (3:2:2)

which is one of the required equations. The other equation is obtained by taking the

scalar product of J with r=2¢, where ¢ is the azimuthal angle, giving

résin 6 + hd =0 (3.2.3)
so that i
: ho
¢ = gt (3.2.4)
Differentiation of (3.2.2) with respect to time gives
. Jrisin6f
and hence (3.2.4) becomes
: hL?
¢ = (3.2.6)

Jr2sin?g’
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The conserved quantity L2 can be written in terms of spherical polar coordinates as
L = r*(0° + sin047) (3.2.7)
which combined with (3.2.6) gives

L*(J?sin? 0 — A%L?)

-
0 = (3.2.8)
Thus we find that
X
o= L5
6 hl 1
= —/90 — = (Jsin? 0 — K2LA)H do. (3.2.9)

Using the orbit equation (3.2.2), h(r) can be expressed in terms of # and (3.2.2)
(3.2.9)

would not be possible in closed form, but may be done for certain forms of A(r)

and (3.2.9) together, fully describe the orbit. In general the integration in

3.3 The Motion in Time

Equation (3.2.8) can in theory be solved to give t as a function of 6 using the orbit
equation (3.2.2) to replace functions of r. Assuming that this is possible we may

write

t= f(0), (3.3.1)

where

f1(0) = /9 TLdn0 49 I (3:32)
“ (k+J cos 0)2(J2sin? 0 — h2(r(6))L2)

Provided (3.3.1) can be inverted to obtain 6 as a function of ¢, the orbit equation
(3.2.2) can be written as
L2
t) = .
") = T Teos(800))

#(t) can in principle be obtained by solving (3.2.9), replacing occurrences of § with

(3.3.3)

the inverse of (3.3.1). In practice, however, it is very unlikely that (3.2.8) can be

solved and even less likely that the necessary inversion would be possible.

The areal velocity or area swept out by the radius vector is given by

1
dA = or i dt, (3.3.4)
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and after dividing (3.3.4) throughout by dt¢ and equating the magnitudes of the

resulting expression gives

dA 1 . 1

Since L is conserved for this class of problems, the areal velocity is constant or, in

other words, equal areas are swept out in equal times, i.e.

1
A= 2Lt (3.3.6)

If the motion occurs on a recognisable surface, by expressing the area in terms of well-
known geometric quantities, an expression relating the period and the geometry of
the orbit can in theory be obtained. A less geometric approach would be to evaluate

(3.3.1) over a suitable fraction of the period.

3.4 Examples

1.) The three-dimensional orbits vary considerably depending on the choice of the
parameters. For h(r) = Ar, we have the three-dimensional isotropic harmonic oscilla-
tor plus the forces AL/r and k7 /r?. The addition of the angular momentum term in
the force changes the character of the conserved quantities from a tensorial nature to
a vectorial expression (see §1.7). The integration does not appear possible in closed

form and so

6 _1
¢ = —/ [sin2 9<a2 sin® 0(k + J cos 8)% — 1)] *de, (3.4.1)
o
where a? = J2A™2L7%, can only be evaluated numerically. The orbits close only

for certain choices of the parameter k. The figures below show the orbits, velocity
hodographs and angular momentum curves for increasing values of k for which the or-
bits are closed. Figures 3.4.1 and 3.4.2 show the circular orbit and velocity hodographs
respectively as a result of 7 and § remaining zero and ¢ = —2%/4 throughout the
motion. Figure 3.4.3 shows the variation of the angular momentum. Figures 3.4.4
and 3.4.5 show the orbit and the velocity hodograph respectively for an example
with four-fold rotational symmetry about J. Figure 3.4.6 shows the variation of
the angular momentum. Figures 3.4.7 and 3.4.8 show the orbit and the velocity
hodograph respectively for an example with twenty—one—fold rotational symmetry
about J. Figure 3.4.9 shows the variation of the angular momentum. Figures 3.4.10
and 3.4.11 show the orbit and the velocity hodograph respectively for an example
with fourteen—fold rotational symmetry about J. Figure 3.4.12 shows the variation

of the angular momentum.



Figure 3.4.1. The circular orbit for £ = 0, A = 1/4, 6y = 7/4, ¢o = 0, J = 2 and

L = 2. 7 and 0 are zero and ¢ = —2% /4 throughout the motion which results in the

z component of the orbit being constant and correspondingly the orbit being parallel
to the azimuthal plane. Note that the height of the orbit above the azimuthal plane
is given by L?/J. The locus of radial vectors describes a right circular cone with the
apex at the origin and the axis extending along the direction of J. The projections

of the orbit onto planes parallel to the zy, zz and yz planes are also shown.



Figure 3.4.2. The circular velocity hodograph associated with Figure 3.4.1. Since
# = rsin 0, the velocity hodograph has no z component and lies in the y—plane.
The projections of the velocity hodograph onto planes parallel to the zy, 2z and yz

planes are also shown.



Figure 3.4.3. The circular angular momentum curve associated with Figures 3.4.1
and 3.4.2. In this example the angular momentum is constant in magnitude but not
in direction. The angular momentum curve is a distance of 22 below the origin since
L is orthogonal to » and L = 2. The locus of angular momentum vectors describes a
right circular cone with the apex at the origin and the axis extending in the opposite
direction to that of J. The projections of the angular momentum curve onto planes
parallel to the L,L,, L,L, and L,L, planes are also shown.



Figure 3.4.4. The orbit for k = 1.745, A =1/4, 6y = 7/4, ¢o =0, J =2 and L = 2.

The value of k£ has been chosen to close the orbit. The orbit has four—fold rotational

symmetry about J. The projections of the orbit onto planes parallel to the zy, zz

and yz planes are also shown. The zy projection is reminiscent of a four-leafed clover.



Figure 3.4.5. The velocity hodograph associated with Figure 3.4.4. The velocity
hodograph has four—fold rotational symmetry about J. The projections of the

velocity hodograph onto planes parallel to the 2y, 2z and yz planes are also shown.



Figure 3.4.6. The angular momentum curve associated with Figures 3.4.4 and 3.4.5.
The angular momentum curve has four—fold rotational symmetry about J. In this
example the angular momentum is constant in magnitude but not in direction. The
heads of the angular momentum vectors move on the surface of a zone of a sphere
of radius L. The projections of the angular momentum curve onto planes parallel to

the L.L,, L,L, and L,L, planes are also shown.



Figure 3.4.7. The orbit for k =1.947, A =1/4, 00 =7/4, ¢ =0, J =2 and L = 2.

The value of k has been chosen to close the orbit. The motion takes place on a

dome. The orbit has twenty—one—fold rotational symmetry about J. The projections
of the orbit onto planes parallel to the zy, zz and yz planes are also shown. The zy

projection is bounded by two concentric circles.



Figure 3.4.8. The velocity hodograph associated with Figure 3.4.7 which is
reminiscent of a ball of string with a hollow centre. The velocity hodograph has
twenty-one—fold rotational symmetry about J. The projections of the velocity
hodograph onto planes parallel to the 2y, £z and yz planes are also shown. The

Ty projection is bounded by two concentric circles.
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Figure 3.4.9. The angular momentum curve associated with Figures 3.4.7 and 3.4.8.
The angular momentum curve has twenty—one—fold rotational symmetry about J. In
this example the angular momentum is constant in magnitude but not in direction.
The heads of the angular momentum vectors move on the surface of a zone of a sphere
of radius L. The projections of the angular momentum curve onto planes parallel to
the LyL,, L;L, and L,L, planes are also shown. The L, L, projection is bounded by

two concentric circles.



Figure 3.4.10. The orbit for £ = 4.097, A = 1/4, 6o = 7/4, ¢o = 0, J = 2 and

L = 2. The value of k has been chosen to close the orbit. The motion takes place on

a surface. The orbit has fourteen—fold rotational symmetry about J. The projections
of the orbit onto planes parallel to the zy, rz and yz planes are also shown. The zy

projection is bounded by two concentric circles.
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Figure 3.4.11. The velocity hodograph associated with Figure 3.4.10 which is
reminiscent of a ball of string with a hollow centre. The velocity hodograph has
fourteen—fold rotational symmetry about J. The projections of the velocity
hodograph onto planes parallel to the 2y, £z and yz planes are also shown. The

zy projection is bounded by two concentric circles.



Figure 3.4.12. The angular momentum curve associated with Figures 3.4.10 and
3.4.11. The angular momentum curve has fourteen—fold rotational symmetry about
J. In this example the angular momentum is constant in magnitude but not in
direction. The heads of the angular momentum vectors move on the surface of a zone
of a sphere of radius L. The projections of the angular momentum curve onto planes

parallel to the L, Ly, L;L, and L L, planes are also shown. The L,L, projection is
bounded by two concentric circles.
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2.) The equation of motion
. Arxr 4+ F(r)r
T = 3

has been studied in some detail by Thompson [126]. He established conditions on

(3.4.2)

F(r) in order that (3.4.2) possess an autonomous second independent first integral

quadratic in the momenta besides the energy. He concluded the following:

1) A =0and F(r) = k; a constant which is of course the Kepler-Coulomb problem

or, when k; = 0, the free particle,

2) A = 0 and F(r) = kyr® which is the three-dimensional isotropic harmonic

oscillator or

3) A=1and F(r) =k —1/r.

For case 3) he found the conserved vector
. L .
J—_—LXT+?—]C17' (343)

which i1s an analogue of the Laplace-Runge-Lenz vector for the standard Kepler
problem. Case 3) of equation (3.4.2) is of course a special case of (3.1.15) with
h = —1/r and k = —k;. It would appear, however, that the expression Thompson
uses for F'(r) is in fact incorrect and should be F(r) = k; + 1/r. The error would
appear to stem from the incorrect solution of (4.12) in his paper [126]. As a result
the sign of the angular momentum term of (3.4.3) is also in error. Case 3) of the
equation (3.4.2) is a specific example of the more general equation

. AL kA%,

r+r—3+(r—2—r—3)r:0 (3.4.4)
which has attracted a great deal of interest in connection with monopoles. It will be
treated in great detail later in this chapter (see §3.5). It should further be appreciated
that for A = 1 and F(r) = 0, (3.4.2) reduces to the equation of motion describing
an electric charge interacting with a magnetic monopole fixed at the origin, after
a suitable rescaling, for which it has been shown that analogues of the mechanical
angular momentum first integrals exist as well as some additional first integrals which
are quadratic in the momentum, but explicitly time dependent (see Moreira [101]).
The monopole system, however, has no other (time-independent) quadratic integrals
apart from the conserved energy (see §3.12). It should further be stressed that the
vector approach developed above does appear to offer more general results with far

less mathematical complexity than the approaches adopted by other writers.
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It is possible to find closed—form solutions for ¢ for the equation of motion (3.4.4)
which describes motion of an electric charge interacting with a magnetic monopole
fixed at the origin with the additional centripetal forces k7 /r? and —A2?# /r® using the
results developed earlier in the chapter. For h(r) = —A/r and k = 0, using (3.2.2)
we see that 12

rcos 8 = N (3.4.5)
This means that r has a constant projection onto J of length L?/J. The integration

in (3.2.9) is easily performed using standard methods giving

L2 % 6
¢ = arcsec (1 + F) sin §

6o

(3.4.6)

Since the modulus of the argument of the arcsec must be greater than or equal to

one and given that 8 is in the first quadrant,

. 1 T
arcsin——— < 6 < —, (3.4.7)
(14 L2/X%)? 2
The geometry of this orbit and those described below are intimately connected with

those of the Kepler problem and will be discussed at great length below.

For h(r) = —A/r and k& # 0 we have a truly three-dimensional motion for which
there exists a Laplace-Runge-Lenz analogue. The orbit may or may not be closed
depending on whether k > J or £ < J. Making the substitution = cos 6, using
partial fractions and G&R. [43, 2.266.3], (3.2.9) can be integrated. There are three

distinct cases

J#k or —k,
¢ = la,rCta.Il -J2A£2 — k- k- J({\Lj +J+k> Colse- 0
| (J + ) (5Esin?0 — (k + Jeosh)*)? | .
+ —arctan —Ji\? tIko R AT (JAL: - k) 00189- | ; (3.4.8)
2 | (= B)(5Esin0 — (k+ Jeos0)’)? ||
J =k,
¢ = l::n‘ctan i_; —2- (% * 2) cos0 , (3.4.9)

1
L2 ;2 2\ 2
2(/\—2s1n 6 — (1 + cosb) ) 0,
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1 %—24—({(—;-{-2)0050 ’

¢ = ——arctan T
2(?—2sin29 —(1- cos0)2) 2

(3.4.10)

bo
In §3.5 the geometry and orbits of the monopole-Kepler problem will be considered

in more detail as well as their connection with the standard Kepler problem.

The illustrative examples above have concentrated on the monopole because of its
physical interest, although any differentiable function A(r) could have been used. It
should be appreciated that Laplace-Runge-Lenz vector analogues do exist for truly
three-dimensional problems where only the magnitude of the angular momentum is
conserved. The orbit equation was obtained using the Laplace-Runge-Lenz vector

in two separate vector combinations.

3.5 The Conserved Hamilton and Laplace-Runge—Lenz
Vector Analogues and the Lie Algebras of the
First Integrals of the Classical MICZ Problem

The motion of a spinless test particle in the field of a Dirac monopole plus Coulomb
potential with an additional centrifugal potential has been called the MIC problem by
Mladenov and Tsanov [97] and the MICZ problem by Cordani [23] after the studies
of this problem by Mclntosh and Cisneros [94] and also by Zwanziger [134]. The
MICZ system is related to the problem of the asymptotic scattering of two self-dual
monopoles via a canonical transformation [23] which gives the reduced Hamiltonian of
a particle in an Euclidean Taub-NUT space. This in turn is related to the scattering

of slowly moving Bogomol’'nyi-Prasad—Sommerfield (BPS) monopoles [1, 2, 89].

Classically the MICZ system is described by the equation of motion
A A2
%‘+—L+(ﬁ——)i-= , (3.5.1)
r T r

where the mass is taken as unity, A is the strength of the monopole and p is the

strength of the Coulomb field. The system (3.5.1) possesses the Hamiltonian

1 A2 i
H = 2 (pp + 7'_2) - (3.5.2)
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where p = 7 is not the canonical momentum since, although [z;,z;]pg = 0 and
[z;,p;]pB = & (zizi = r?), the Poisson Bracket of components of the mechanical
momentum, p, is

[pi, pilPB = Aéiji %, (3.5.3)

where 6;; and ¢;;x are the Kronecker delta and Kronecker epsilon respectively. The
MICZ system possesses two conserved vectors which can be easily derived. Taking

the vector product of r with (3.5.1) and integrating gives
P=L-) (3.5.4)

which is known as Poincaré’s vector [107]. Taking the scalar product of (3.5.4) with

itself determines the magnitude of P as
P2 =L+ ). (3.5.5)

Taking the vector product of (3.5.1) with L and integrating gives the second conserved
vector

A
J=ixL+ L~ pi. (3.5.6)

A Hamilton vector analogue can be constructed from the Laplace-Runge-Lenz vector

analogue by taking the vector product of J with P,

K = JxP
= (i xP)xP-Ltrxp. (3.5.7)

Since there can be only five independent autonomous first integrals for a three—
dimensional system, there must be at least two relationships between the integrals.

They are
JE=2LH + i* (3.5.8)
and

J-P =\ (3.5.9)

The existence of two conserved vectors is well known for a variety of two-dimensional
problems (see Chapters 1 and 2). However, in the three-dimensional context the
presence of both vectors gives rise to a rather special geometry which we investigate

below.

If the velocity 7 is replaced by the momentum p in P and J, the Poisson Bracket

relations are given by [96]

(P, P)pB = €ijkPr, [P, J;lp = €ijkde, [Ji, Jilpp = —2H € Py (3.5.10)
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The Lie algebra of the first integrals under the operation of taking the Poisson
Bracket is then so(4),e(3) or so(3,1) depending on whether H is negative, zero or
positive. This is the same result as found for the standard Kepler Coulomb prob-
lem. It should also be noted that the Lie algebra of the Lie symmetries of (3.5.1)
is A1@so(3) whereas in the Kepler-Coulomb problem case it is AyDso(3), where
Ay and A, are the abelian subalgebras of dimension one and two respectively [79].
(See §84.1 and 4.5 respectively).

The motion of a particle described by (3.5.1) is known to be a conic section. There
do not, however, appear to have been any detailed studies of the geometry of the
orbit. Mclntosh and Cisneros [94] state that they did not find any simple algebraic
expressions for the parameters of the orbit in terms of the constants of the motion.
In what follows we will look at the geometry of the orbit in some detail to understand
the MICZ problem more fully. One important feature which emerges is that the line
of J intersects with the geometric centre of the orbit. A linear combination of P
and J naturally gives rise to two vectors one of which is parallel to the normal to
the orbital and hodographic planes and the other which is parallel to the orbital and
hodographic planes. The latter vector also behaves like a Laplace-Runge-Lenz vector
in that it provides the orbit equation in a natural way using a suitable scalar product.
Although many of the geometric relationships between features on the orbit and the
conserved quantities are fairly involved, there is a lot of insight to be gained from

this approach.

Since the orbit is a conic section, the different cases are treated separately. We begin
by looking at the hyperbolic case p = 0 followed by the parabolic case p = J and
then the more general elliptic and hyperbolic cases g > J and p < J respectively.

Throughout the subsequent discussion, § and ¢ correspond to the usual polar and
azimuthal angles of spherical polar coordinates, respectively. The equation of motion
(3.5.1) can be written as a standard Kepler problem by projecting the orbit into the
¢—plane, where now we use the line of the Poincaré vector to give the direction of
the polar axis. This is easily achieved by taking the vector product of the equation
of motion (3.5.1) with P. The effect of this operation is to project certain vector
quantities into the ¢—plane, followed by a 7/2 rotation about the projection axis and
a scaling by P. Since ? x P = v x L and r and L are orthogonal, the vector product

of (3.5.1) with P can be written as
3

(r x P)" + (I?'}[;#PI“”’) (r x P)=0. (3.5.11)
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Equation (3.5.11) is the equation of motion for the Kepler problem in the new variable
7 X P. It should also be appreciated that in the new coordinates one focus of the
orbit is centred at the origin. For the general equation of motion (3.5.1) the orbit
plane is lifted onto the cone. However, the origin remains on the ¢—plane, out of the
plane of the conic section. It will also become clear how the vector first integrals for
the MICZ problems can be projected into the ¢—plane where they become important
features of the planar Kepler problem. In the case of the elliptic orbit, the analogues
of Kepler’s three laws of motion are demonstrated on the cone and shown to have

remarkable similarities with the planar problem.

3.6 Geometric Preliminaries and the Connection with the

Kepler Problem

Before discussing the detailed geometry, there are certain geometric features of the
problem which apply in general. We let m — o and 3 be the angles between P and r
and P and J respectively.

Taking the scalar product between P (3.5.4) and r gives
cosa = A/P. (3.6.1)

The scalar product between P (3.5.4) and J (3.5.6) gives

A
cos B = P_/f] (3.6.2)
If we let the angle between J and » be 7 — 1, the scalar product between J (3.5.6)
and r, after rearranging, gives the orbit equation
12

Equation (3.6.3) describes a surface of revolution with the line of J being the axis of
symmetry and one focus of the surface centred at the origin. Since any cross—section
of the the surface of revolution in a plane parallel to J is a plane conic section, the
ratio J/u determines the shape of the surface. The constancy of the angle between
P and r means that the particle moves on the surface of a cone with vertex at the
origin. The curve of intersection of the cone and the surface of revolution (which
is termed a conicoid) is the orbit of the particle and also a plane conic section. By

virtue of (3.5.4), P, L and r are always coplanar. However, the scalar triple product

[P,J,r] = L7, (3.6.4)
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implies that P,J and » are only co-planar when r is zero, i.e. at the extremities of

the motion. It is convenient to introduce the conserved vector

A
N=P—--J. (3.6.5)
7
Taking the scalar product of N with = gives
A A
N.r=(P-2J) r=-21I2 (3.6.6)

7 p

which confirms that the orbit lies on a plane. However, the origin does not lie on
the plane since the scalar product produces a non-zero constant. It should also be
obvious that the vector IN is parallel to the normal to the orbital plane. This vector

is also orthogonal to the velocity hodograph since
. A .
N-r:(P—;J)-r:O. (3.6.7)

Clearly the origin lies on the same plane as the velocity hodograph and N is also
normal to the hodographic plane. This also means that the hodographic and orbital
planes are parallel to each other, as will be obvious from the diagrams later in the
chapter. It is also possible to construct a vector S which is a linear combination of P
and J which is parallel to the orbital plane. Using the requirement that S - N =0,
one suitable vector is found to be

S = (P + ﬁJ) . (3.6.8)

The angle, £, between P and NN is found by taking the scalar product between these

two vectors which gives

pl
P(2H)? + p2)2

cos{ =siny = , (3.6.9)
where 7 = 7 /2 — £ is the angle between the orbital plane and the vector P which can
be used to find the cartesian equation of the plane. Similarly, the angle between J

and IV is found by taking the scalar product between these two vectors which gives

—2HL)
(2HL? + p2)5 (2HN? 4 p?)7

(3.6.10)

cosn =

Using (3.6.6) the projection of  onto IN which defines the orbital plane is given by

AL

r-Nzrcos(z —
(2N + 12)}

, (3.6.11)



152

where ( is the angle between © and IV. If we fix P to lie along the —k direction and
rotate the orbit about P so that the major axis of the orbit lies in the zz—plane, the
unit normal is given by N = (cos+,0,sin+y) and correspondingly the equation of the
orbital plane described by (3.6.11) can be expressed in terms of cartesian components
as
: AP .
T cos7y + zsiny = —siny, (3.6.12)
@

where « is the angle between P and the plane of the orbit. The cartesian represen-

tation for the trajectory in spherical polar coordinates is given by

x = rsinacos¢
y = rsinasing
z = rcosa. (3.6.13)

Substituting the above expressions for z, y and z into (3.6.12) gives

APsi
r= sin y/ (3.6.14)

COS o sin+y + Sin & Cos Y cos ¢

which can be equated with the orbit equation (3.6.3) to give

M — [}(2HP? + p?)?
po DEHP + i) C°S¢). (3.6.15)

Y = arccos ( Pr]

The general features of the motion are as follows: the particle moves on a plane
section of a cone with axis of symmetry along the line of P and semi-vertex an-
gle determined by A\/P. The ratio J/u determines whether the orbit is an ellipse,
parabola or hyperbola. As » moves over the cone, L, which is coplanar with » and P,
describes a circle on its own cone which has semi-vertex angle 7 /2 —a with P its axis
of symmetry. The vector IN is parallel to the normal to the orbital and hodographic
planes whilst the vector S is parallel to the orbital and hodographic planes.

Since the projected orbit in the ¢—plane is a focus—centred conic section, it is
instructive to consider this orbit in conjunction with the orbit on a cone to
provide a better understanding of the underlying geometry. In the planar prob-
lem the conserved Laplace-Runge-Lenz vector is given by J, = J x P, where J is
of course the Laplace-Runge-Lenz vector for the complete system (3.5.1). We use

J, to denote the Laplace-Runge-Lenz vector in the ¢—plane and obtain the form
J. = (7 x P)xP — puLr X P. (3.6.16)
Taking the scalar product of (3.6.16) with (v x P) gives

J, - (rxP)=J Lrcos¢ = PPL* — uL*r, (3.6.17)
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and so
P?L

p+Ji/Lcos @’

where the azimuthal angle ¢ is measured from the line joining the focus (which is also

Ir x P|=Lr = (3.6.18)

the origin and the point where P cuts the ¢—plane) and the point of closest approach
to the focus of the curve in the plane. Equation (3.6.18) describes the usual planar
focus—centred conic section depending on the size of the eccentricity e = J, /(Lu),
i.e. elliptical for e < 1, parabolic for e = 1, hyperbolic for e > 1 and a straight line
for e = co. This equation will be investigated in conjunction with the orbit on the

cone later in the chapter. Taking the scalar product of J, with itself gives

Ji? = (JxP)-(JxP)
= L*(2HP?* + 4%). (3.6.19)
It can also be shown that
J -P=0 (3.6.20)

as 1t should be since the motion in the projected system is planar.

The angular momentum for the planar Kepler problem (3.5.11) is given by

Ly =(rxP)x(r xP)=LP (3.6.21)
and the energy integral
1 . . ulL?
=z . P) - = L[*H. .6.
Ex 2(r><P) (r x P) % P L°H (3.6.22)

In addition to these integrals (3.5.11), which is the equation of motion for the Kepler
problem in the variable » x P, has the usual Hamilton’s and Laplace-Runge-Lenz
conserved vectors which are found as follows. Using the substitution v = rxP,

equation (3.6.21) can alternatively be expressed as
Lg =uxu=u’¢Lx = u?¢P. (3.6.23)
The equation of motion (3.5.11) can be expressed in terms of u as

L3
i+ a=o, (3.6.24)

u?
which on multiplying the & term both top and bottom by ¢ can be integrated to give

ﬁA

: L,
KK:U—%Cﬁzu P

(3.6.25)
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Now, P, 4 and ¢ are orthogonal with

so (3.6.25) becomes
L. _
Ky = (rxP)'—'u?Px(rxP)
, K
= (’I" XP) —F2—TP><(1' XP), (3627)

and similarly Jg is found from K g x Lg which gives

Jx = L*(r x Py xP — pul’r X P

2

L
= L*(rx P) xP— "Tr x P. (3.6.28)

It is now apparent that (3.6.27) and (3.6.28) can be obtained directly from the stan-
dard Kepler conserved vectors (1.5.7) and (1.5.8) using the variable substitutions
p—pl?,r—rxP,?—7x P, L — Lg. It is also possible to show that

K, = Px(JxP)=P Kyg=PJ—\P,

1
J_L = JXP:-L—ZJK’ (3629)
which indicate that the conserved vectors for the MICZ problem are consistent with

those of the equivalent two—dimensional Kepler problem.

As can be expected, the presence of a Hamilton vector for the planar problem indicates
the existence of a planar velocity hodograph for the projection of the velocities in the
¢—plane. Using the techniques of §1.2 and assuming that K is in the direction of
the cartesian unit vector ¢ and P along the direction k, it is possible to show using

K in (3.6.27) that (ignoring any rotations)

) . Kg\* ptL?
2 - =
T+ (y 2 ) pi (3.6.30)

which is a circle of radius uL/P? with centre at Kx /P along the y—axis.

The presence of two orthogonal vectors in the zy—plane would seem to suggest the
existence of additional vectors lying out of the plane which would project onto the

lines of Jix and K g in the zy—plane, respectively. Two such vectors are given by

A
U=+JxP— TJP, (3.6.31)
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where the top vector passes through the point marked E on the cone
(see Figures 3.8.1, 3.9.1 and 3.10.1) and the bottom vector passes through the cor-
responding point on the opposite side of the cone. Two other such vectors are given

by
MK,

LP

which lie on the surface of the cone collinear with the two vectors directed from

T=4+Px(JxP)-22£p, (3.6.32)

the origin to the points of closest and furthest approach (infinity in the case of
the parabola and the hyperbola, see Figures 3.8.1, 3.9.1 and 3.10.1), respectively.
Note that P x U = £K, and P x T = FP%J,. Different linear combinations
of the vectors shown above can also be made. However, they are not nearly as
important as those described above because they do not appear to provide any useful
additional geometric information on the MICZ problem. In some three-dimensional
problems such as the one described here, linear combinations of conserved vectors can
be used to simplify the construction of the orbit equation as will be demonstrated
in §§3.7-3.10.

We will now consider the different types of orbits possible depending on the choice

of p.

3.7 The Geometry of the MICZ Problem with u =0

When g = 0, (3.6.2) gives f§ = x/2, t.e. J is normal to P. From (3.6.3),
rcosyp = L%/J, (the sign is positive since in this case the angle between J and
7 is acute), i.e. the projection of 7 onto J is L?/J along the line of J and the motion
is in a plane normal to J or parallel to P. The orbit is correspondingly an hyperbola
and the motion is unbounded. The salient features of the geometry are depicted in
Figure 3.7.1 which shows the orientation of the larger orbital and smaller angular mo-
mentum cones which meet at the origin. A typical hyperbolic orbit is shown together
with the construction of the Poincaré vector P from L and # and the orientation of
the vector J. Note that L and r are orthogonal throughout the motion and that
P, L and r are coplanar at any instant in time. The vectors P, J and » are only

coplanar at the turning points of the motion. It is easy to show that

AB=AL/J OB=PL/J. (3.7.1)
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Figure 3.7.1. The typical geometry of the MICZ orbit when ¢ = 0. The larger orbital
and smaller angular momentum cones are shown together with a typical hyperbolic
orbit and the orientation of P, J, —IN and S. The origin O is at the point of contact
between the two cones, F' is the focus of the hyperbola and A marks the geometric
centre of the hyperbola. The line segment AF lies along the axis of symmetry of the
hyperbola. o and 7/2 — « are the the semi-vertex angles of the orbital and angular

momentum cones respectively, 1 is the angle between J and » and 8 is between P
and J.
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Figure 3.7.2 shows the plane of the typical hyperbolic orbit together with the asymp-
totes which coincide with the images or outline of the cone when projected onto
the orbital plane. The focus can be found by considering the plane of the orbit
(see Figure 3.7.2). The equation of the hyperbola is

v u?
and the asymptotes are given by
vou
gﬂ:z =0. (3.7.3)
The modulus of the gradient of the asymptotes is given by cot a so that
a A
7= I (3.7.4)
At B, the point of closest approach, v = AL/J so that
AL L?
= — b= — 7.
a= 7 (3.7.5)
and the eccentricity, given by €? = 1 + b?/a?, is
e= P/ (3.7.6)

The distance AF = ae = PL/J = OB. In other words the distance of the focus
from the line of J equals the distance of closest approach of the orbit to the origin.
Finally we observe that the line of J passes through the geometric centre of the

double hyperbola.

It is a simple procedure to obtain the cartesian equation for the orbit. The equation

of the plane of the hyperbola on the cone is given by (3.6.12) putting v = 0 which

gives
I2
Using the first equation of (3.6.13) gives
2
r = —r-cosecarsec o, (3.7.8)
which can be substituted into the remaining equations of (3.6.13) to give
L2
r = 7
2
y = & tan ¢

L2
z = TCotasec . (3.7.9)



I<

Figure 3.7.2. The plane of the typical hyperbolic orbit when u = 0. The dashed lines
indicate the asymptotes which are also the images of the cone, F' marks the focus of

the hyperbola, B the vertex and A the geometric centre.
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Replacing cot « in (3.7.9) using (3.6.1), the y and 2z components of (3.7.9) can be

(%)2 — (%)2 =1, (3.7.10)

which is the standard cartesian representation for a hyperbola (P2.17) symmet-
rically placed about the y = 0 axis, with vertices at (L2?/J,0,+)L/J), foci at
(L*/J,0,£PL/J), eccentricity of P/A and centred at (L%/J,0,0). The height of
the top vertex a distance AL/J above the zy—plane agrees (as it should) with the
length AB (3.7.1) and the height of the focus above the centre which is a distance
PL/J agrees with the result found earlier for AF' = OB as does (3.7.10) with (3.7.2)
and (3.7.5). The transverse axis is the same length as the distance between the two
vertices 2a, i.e. 2AL/J, and the conjugate axis is twice that of b, i.e. 2L%/J, which
is consistent with (3.7.5).

manipulated into the form

If we consider the equation of the orbit in the ¢—plane, using (3.6.18) we find that

PL?

Pl = = ——
|r x P| = Lr T cosd’

(3.7.11)
i.e. the projection of the orbit into the plane describes a straight line symmetrically

placed about the ¢ = 0 axis. In the case ¢ = 0, the projection of the orbit in the

¢—plane has the length
P2 pL?
JoJ

which is consistent with the earlier result for the length of the projection of 7 on J,

(3.7.12)

i.e. OA, up to the scaling factor of P.

The equation of motion (3.5.11) for g =0 is
(rx P) =0, (3.7.13)

which has the solution
rx P=At+B, (3.7.14)

i.e. the motion in the plane is linear with respect to time. Remembering that
the z—component of the solution is constant in this case with the value L?/J, A
and B can be calculated from (3.7.9), integrating the angular momentum equation

¢ = —L/(r*sina) and using (3.7.8) to replace r. This gives

—J 0
A= ( . ) B= ( Py ) . (3.7.15)
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Alternatively, an elegant vector combination can be used to calculate the plane polar
equation of the orbit in the orbital plane. In order to extract the orbit equation using
a scalar product a new vector must be constructed from » which lies in the orbital

plane and is thus parallel to P. One suitable vector is

R =r—|r-JJ

= r——J 1.
r—J, (3.7.16)

where the J component is the projection of » on J. The vector R moves in the orbital
plane, parallel to the z—axis and is displaced from the origin by L2J/J. Measuring
the angle ¥ which lies in the orbital plane from P gives the equation for the orbit in

the orbital plane as

P-R=PRcos?¥ =—)r. (3.7.17)

Rearranging the expression (3.7.16) to obtain = as the subject of the equation and
squaring both sides of the expression produce a quadratic equation in r which can be

solved to give

J2
Note that for R = AL/J (the minimum allowed value), r = PL/J which is consistent
with the result for OB (3.7.1). Now substituting (3.7.18) in (3.7.17) we finally obtain

L4 %
r= <R2 + —) : (3.7.18)

L4
2%

2 __
B= ((%2-—2) —I—I—:;cos219)’

(3.7.19)

which is the plane polar expression for a geometric-centred hyperbola (P2.16)
symmetrically placed about the ¥ = 0 axis, eccentricity of P/X which is consistent
with (3.7.6), vertices at (0,£AL/J) and foci at (0, +PL/J) which are consistent with
(3.7.10) and (3.7.5). The distance from the centre to a vertex AL/J agrees with the
length AB and the distance from the centre to a focus PL/J agrees with the length
AF'. The length of the transverse and conjugate axes are given by 2AL/J and 2L%/J
respectively, which are twice the lengths of a and b in (3.7.5) as expected. Since the
plane polar equation describes a geometric—centred hyperbola on the orbital plane,

if follows that A marks the centre of the hyperbola in the plane.

The velocity hodograph can be obtained by individually differentiating the cartesian
components z, y and z (3.7.9), realising that the z component of the orbit is constant
with the value L?/J and using the expression ¢ = —L/(r?sina) since the orbit and
velocity hodograph are being viewed from above with P pointing in the —k direction,

i.e. the sense of the rotation of the orbit is clockwise. Note that, when the cone is
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rotated about the z—axis so that P lies along k and the vectors Kg and Jg lie
along the cartesian unit vectors j and ¢ respectively and hence mimic the behaviour
of L, K and J respectively of the standard Kepler problem, the sense of the rotation
is counter—clockwise when viewed from k as for the Kepler problem. Using the

substitutions described above gives the set of equations

z = 0
_ 7
Y= 7P
: AJ
z = —ﬁsmgé, (3.7.20)

which describes a straight line of length 2A\J/LP symmetrically placed about the
ry—plane, extending along the k direction and centred at (0, —J/P,0). Note that
the velocity hodograph is bounded. Since the sense of the rotation of the orbit is
clockwise, z starts off being negative and becomes positive as ¢ passes through zero.
The projection of the velocity hodograph into the ¢—plane is the point (0,—.J/P).
This result is consistent with equation (3.6.30) for a velocity hodograph with zero
radius, which gives using (3.6.29)

Kxg J
5 =P (3.7.21)
remembering that P was chosen to lie along the —k direction in the figures which

accounts for the discrepancy with the sign of the centre of (3.6.30).

It does not seem possible to calculate the plane polar equation of the velocity hodo-

graph on the plane using simple vector operations as was done for the orbit.

The initial conditions were chosen so that the projection of the orbit on the cone
into the ¢—plane is identical to the corresponding free particle orbit and also that
the projection of the velocity hodograph into the ¢—plane is coincident with that
of the free particle. This was achieved by solving a system of nonlinear equations
which were obtained by equating certain quantities on the cone on projection into
the ¢—plane with the equivalent quantities for the free particle. In the subsequent
discussion, the starred quantities will be used to denote the constants for the free
particle. For convenience we choose L* = 1, u* = 0 and J* = 2.25. With reference
to Figure 3.7.3, the length of the projection of » onto J must be equal in length to
the radius vector of the free particle at ¢ = 0, which gives

12 =

A

(3.7.22)
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The centre of the projected velocity hodograph was equated with that of the free
particle to force both the orbits and the velocity hodographs to coincide so that a
comparison between the two problems can be made. Comparing equations (1.5.9)

and (3.6.30) gives

K _J _ g "

J2 = F = = F, (3.7.23)
which combined with (3.7.22) can be solved to give
L2
P=—. .
= (3.7.24)
It follows from the definition of P, equation (3.5.5), that
_ L 2 *2 %
A= —L—*(L - %", (3.7.25)

The semi-vertex angle of the cone « is obtained from (3.6.1), (3.7.24) and (3.7.25)

which combine to give

(L2 _ L*2)% ) L*
o = arccos | ~————— | = arcsin (T) , (3.7.26)

i.e. the angle o only depends on the projection of the MICZ angular momentum,
L, onto the Kepler angular momentum, L*, which is directed along the line of P.
Equations (3.7.23) and (3.7.24) can be used to find an expression for J, i.e.

L2

J: L*2

J". (3.7.27)

The angle 3 was shown above to be 7/2 radians. For convenience, L was chosen to
be 1.85 and using the values for the starred quantities given above, P, A, a and J
were calculated using (3.7.24)—(3.7.27).

Figure 3.7.3 shows the hyperbolic orbit in the case where g = 0. The diagram
shows the two right circular orbital and angular momentum cones which extend
in opposite directions along the line of P with origin and point of contact at the
apices of the two cones. A selection of displacement and corresponding angular
momentum vectors have been drawn from the origin to their respective positions on
the orbital and angular momentum cones. The orbit is hyperbolic and lies on a plane
which does not include the origin. In order to illustrate the behaviour more clearly,
projections of the orbit onto planes parallel to the zy, zz and yz planes are shown,
together with projections of the angular momentum curve and the projected images
of the cones onto the respective planes. The constant magnitude of the angular

momentum is reflected by the angular momentum vectors moving on the surface



P D
Figure 3.7.3. The hyperbolic MICZ orbit and angular momentum curve for g = 0
with a selection of displacement and angular momentum vectors drawn from the
origin. The radial and angular momentum vectors move on the surfaces of two right
circular cones extending in opposite directions along the line of P with origin and
point of contact at the apices of the two cones. The projections of the orbit and
angular momentum curve onto planes parallel to the zy, zz, yz, L.L,, L,L, and
L,L, planes are also shown. The constants have the values J = 7.7006, P = 3.4225,
A= 28794, o = 0.5711, f = 7/2 and L = 1.85. The origin lies out of the orbital

plane.
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of a cone which is truncated perpendicular to the axis of symmetry to a height of
L?/P below the origin. The components of the angular momentum are given by
L = (AL cos ¢/P,\Lsin ¢/P,—L*/P) using (3.7.9) and (3.7.20). The two short line
segments drawn perpendicular to the angular momentum curve indicate the limits of

extent of the angular momentum as ¢ ranges from negative through positive infinity.

The zy projection of the orbit is a straight-line symmetrically placed about the y = 0
axis, as described by the first two equations of (3.7.9), which extends parallel to the
y—axis from right to left across the page and centred at (L?/J,0). The perpendicular
distance from the projected curve to the origin has the length L%/J which is also
the length of the projection of r onto J, i.e. OA. The projected orbit is consistent
with the planar orbit for the free particle with L* = 1, y* = 0 and J* = 2.25.
As t ranges from negative through positive infinity, the azimuthal angle ¢ ranges
between 7/2 and —7/2 and so the projection ranges from (L?/J, +00) when ¢ = 7/2
to (L?/J,L*/J) when ¢ = w/4 to (L*/J,0) when ¢ = 0 to (L?/J,—L?/J) when
¢ =—m/4to(L*/J,—00) when ¢ = —m /2. The projection of the angular momentum
curve onto its corresponding plane describes part of a semi-circle with radius AL/P
symmetrically placed about the L,—axis extending to the right of the L,—axis, i.e.
L2+ L, = (AL/P)? L, >0. As t ranges from negative through positive infinity,
the projection ranges from (0, AL/P) when ¢ = 7 /2 to ()\L/(Z%P), )\L/(2'12‘P)> when
¢ = m/4 to (AL/P,0) when ¢ = 0 to (AL/(25P),~AL/(2:P)) when ¢ = —r/4
to (0,—AL/P) when ¢ = —7/2, i.e. the semi-circle is completed. The dotted line
completes the angular momentum cone. However, it should be remembered that the

projection of the angular momentum vectors never crosses over the L,—axis.

The zz projection shows the images of the orbital and angular momentum cones with
dotted lines, together with the projections of the orbit and angular momentum curves.
Note that the zz projection of the orbit is a line with origin (L2/J,AL/J) (see the
first and third equations of (3.7.9)) parallel to the z—axis and hence parallel to the
axis of the orbital cone which confirms the well-known result that a cone intersected
by a plane which is parallel but not coincident with the axis of the cone describes
an hyperbola on the plane. The vertical height of the base of the straight line above
the zy plane has the length AL/J which is consistent with the length AB (3.7.1) and
also half the length of the transverse axis of the hyperbola, i.e. a in (3.7.5). The
orbit lies on a plane section through the orbital cone. As ¢ ranges from negative
through positive infinity, the projection ranges from (L?/J,+oc0) when ¢ = 7/2 to
(£2/J,25)L)J) when ¢ = m/4 to (L*/J,\L/J) when ¢ = 0 to (L?/J,25\L/J)
when ¢ = —n/4 to (L?/J,+00) when ¢ = —x /2. The L, L, projection of the angular
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momentum curve extends a short distance along the base of the triangle describing
the L,L, projection of the image of the angular momentum cone, perpendicular to
the L,—axis. As t ranges from negative through positive infinity, the projection
ranges from (0,—L?/P) when ¢ = 7/2 to ()\L/(Q%P),—IP/P) to (A\L/P,—L?/P)
when ¢ = 0 to (AL/(25P),—L2/P) when ¢ = —/4 to (0,~L?/P) when ¢ = —r/2,
i.e. half the length of the base of the angular momentum triangle. In other words the
angular momentum vectors will have swept over half the surface area of the angular
momentum cone. The short line segment drawn perpendicular to the zz projection
of the angular momentum curve indicates the limit of extent of the projection of the

angular momentum as ¢ ranges from negative through positive infinity.

The yz projection shows the images of the orbital and angular momentum cones
with dotted lines, together with the projections of the orbit and angular momen-
tum curves. Note that the yz projection of the orbit is hyperbolic, symmetrically
placed about the y = 0 axis and flanked by the asymptotes which are in this case
also the images of the orbital cone. The equation of the hyperbolic projection is
given by (3.7.10) with asymptotes z = fcot o y. The yz projection of the orbit
does not distort the hyperbola since the projection plane is parallel to the orbital
plane (see the second and third equations of (3.7.9)). The vertices are at (0, £AL/J),
foci at (0,+£PL/J), eccentricity of P/\ and centred at (0,0). The height of the top
vertex is a distance AL/J above the zy plane which is consistent with the length
AB (3.7.1) and also half the length of the transverse axis of the hyperbola, i.e. a
in (3.7.5). The height of the focus which is a distance PL/J above the origin agrees
with the result for AF = OB found earlier using purely geometric considerations.
The conjugate axis has the length 2L%/J, i.e. 2bin (3.7.5). As t ranges from nega-
tive through positive infinity, the projection ranges from (400, 4+00) when ¢ = /2
to (L?/J,25)L/J) when ¢ = 7/4 to (0,AL/J) when ¢ = 0 to (—L?/J,25)L/J)
when ¢ = —7 /4 to (—o0,4+00) when ¢ = —7 /2. The L, L, projection of the angular
momentum curve lies along the base of the triangle describing the L, L, projection
of the image of the angular momentum cone, perpendicular to the L,—axis. As ¢t
ranges from negative through positive infinity, the line segment extends along the full
length of the base of the angular momentum triangle from the point (AL/P,—L?/P)
when ¢ = 7/2 to (/\L/(215P),—L2/P) when ¢ = 7/4 to (0,—L*/P) when ¢ = 0
to (—/\L/(Q%P), —L2/P) when ¢ = —7/4 to (—=A\L/P,—L*/P) when ¢ = —7/2. In
other words the angular momentum vectors will have swept over half the surface area
of the angular momentum cone. The two short line segments drawn perpendicular

to the yz projection of the angular momentum curve indicate the limits of extent of



163

the projection of the angular momentum as ¢ ranges from negative through positive

infinity.

The conserved vector K g which has been rotated clockwise through /2 radians to
lie along the cartesian unit vector —j is given by (3.6.29) and has length L(ZH)% as
shown in Figure 3.7.3. The vector Jk, which is perpendicular to K, is also rotated
clockwise through 7 /2 radians to lie along the cartesian unit vector ¢. Jx has the
length PL? Kk and is conveniently drawn to the same length as K in Figure 3.7.3.
The Poincaré vector, P, which is orthogonal to J, lies along the cartesian unit vector
—k. Note that, when the cone is rotated about the z—axis so that P lies along k, the
vectors K g and Jk lie along the cartesian unit vectors 3 and 2 respectively and hence
mimic the behaviour of L, K and J respectively of the standard Kepler problem. The
components of the conserved vectors are found by taking the scalar products of the
relevant vectors with KK, Jx and —j), remembering that the projected quantities
have been rotated clockwise through 7/2 radians to preserve the alignment with the
orbit on the cone. The Laplace-Runge-Lenz analogue J is given by (3.5.6) with
p = 0 and is coincident with K g with components J = (L(2H)%, 0,0). Note that
the z—component of J is equal in magnitude to K from (3.6.29) since the vector
product with P has the effect of projecting J into the plane followed by a counter—
clockwise rotation through = /2 radians. The angle between J and 7 is acute in this
case, which accounts for the discrepancy in the sign of the cos ) term of (3.6.3). The
Poincaré vector is given by (3.5.4) and has components (0,0,—(1)2 + )\2)%). The
normal vector N (3.6.5) is perpendicular to the plane of the orbit and coincident
with —J since g = 0. The vector S (3.6.8) is parallel to the plane of the orbit and

coincident with P since p = 0.

Figure 3.7.4 shows the straight-line velocity hodograph in the case where u = 0.
A selection of velocity vectors corresponding to the displacement vectors shown in
Figure 3.7.3 has been drawn from the origin to their respective positions on the
velocity hodograph. In order to illustrate the # behaviour more clearly, projections
of the velocity hodograph onto planes parallel to the 2y, 22 and yz planes are also
shown, together with the projected images of the orbital cone onto the respective
planes. The two short line segments drawn perpendicular to the velocity hodograph
indicate the limits of extent of the velocity hodograph as t ranges from negative

through positive infinity.
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Figure 3.7.4. The straight-line MICZ velocity hodograph and hyperbolic orbit for
¢ = 0 with a selection of velocity vectors drawn from the origin. The velocity vectors
move on a plane which is parallel to the orbital plane and, as ¢t ranges from negative
through positive infinity, the velocity vectors sweep out a plane isoceles triangle lying
in the y2—plane with base of length 2AJ/LP and height J/P. The projections of the
velocity hodograph and orbit onto planes parallel to the zy, 22, yz, zy, zz and y=z
planes are also shown. The constants are chosen as for Figure 3.7.3. The origin lies

in the hodographic plane touching one vertex of the triangle.
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The 2y projection of the velocity hodograph is the point (0,—J/P) as described by
the first two equations of (3.7.20) and is consistent with the planar velocity hodograph
for the free particle with L* = 1, y* = 0 and J* = 2.25 and also (3.6.30) setting x = 0
and reversing the sign inside the y term since the velocity hodograph is being viewed
with P directed along the —k direction.

The 2 projection shows the images of the orbital cone with dotted lines, together
with the respective projections of the orbit and velocity hodograph. Note that the
tz projection of the velocity hodograph plane is a line parallel to the z—axis sym-
metrically placed about the z = 0 axis, which passes through the origin and which is
bisected by the £—axis (see the first and second equations of (3.7.20)). The projection
of the velocity hodograph is seen to be parallel to the projection of the orbit as was
shown in (3.6.6) and (3.6.7). As ¢ ranges from negative through positive infinity, the
projection ranges from the point (0, —AJ/LP) when ¢ = 7/2 to (O, ~/\J/(2%LP))
when ¢ = 7/4 to (0,0) when ¢ = 0 to (O,)\J/(2%LP)) when ¢ = —7/4 to (0, \J/LP)
when ¢ = —7 /2, i.e. the length of the projection of the velocity hodograph tends to
2M\J/LP. The two short line segments drawn perpendicular to the £z projection of
the velocity hodograph indicate the limits of extent of the projection of the velocity

hodograph as t ranges from negative through positive infinity.

The gz projection shows the images of the orbital cone with dotted lines, together
with the respective projections of the orbit and velocity hodograph. Note that the
yz projection of the velocity hodograph is a line parallel to the Z—axis symmetrically
placed about the Z = 0 axis with centre (—J/P,0) and which is bisected by the
y—axis (see the second and third equations of (3.7.20)). As ¢ ranges from negative
through positive infinity, the projection ranges from the point (—J/P,—AJ/LP) when
¢ = w/2 to (—J/P,—/\J/(Q%LP» when ¢ = 7/4 to (—J/P,0) when ¢ = 0 to
(-J/P,)\J/(2]5LP)) when ¢ = —7/4 to (—=J/P,AJ/LP) when ¢ = —x /2, i.e. the
length of the projection of the velocity hodograph tends to 2AJ/LP. The two short
line segments drawn perpendicular to the yz projection of the velocity hodograph
indicate the limits of extent of the projection of the velocity hodograph as ¢ ranges

from negative through positive infinity.

The conserved vectors Kk, Ji, J and P are drawn as in Figure 3.7.3.
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3.8 The Geometry of the MICZ Problem with u=J

From (3.6.3) a parabolic orbit exists when x4 = J. The salient features of the geometry
are depicted in Figure 3.8.1 which shows the orientation of the larger orbital and
smaller angular momentum cones which meet at the origin. A typical parabolic orbit
is shown together with the construction of the Poincaré vector P from L and # and
the orientation of the vector J. Note that L and » are orthogonal throughout the
motion and that P, L and 7 are coplanar at any instant in time. The vectors P,
J and r are only coplanar at the turning points of the motion. In this case 8 = a
which means that the line of J lies on the surface of the cone. This situation is shown
in Figure 3.8.1 which is drawn with @ < 7/4, i.e. L < X (this does not affect the
subsequent discussion). When 8 is 2¢, the particle is at B. Using the orbit equation
(3.6.3)

OB:P2/2J:BC:AB:-12-

and from the triangle AOC

AC (3.8.1)

OC = ACcosa = PA/J. (3.8.2)

Figure 3.8.2 shows the plane of the typical parabolic orbit. To determine the position
of the focus of the parabola we use the equation u? = 4av (see Figure 3.8.2) as well

as the knowledge of the ordinate at the point £ on the parabola since
CE =0Ctana = PL/J. (3.8.3)
Substituting (PL/J, P?/2J) into the equation of the parabola gives
a=1L*2J (3.8.4)

so that the focus, F', which is a above B is always between B and the intersection of
the line of P with the plane of the parabola.

It is also worth noting that the line of J could be said to be pointing to the geometric

‘centre’ of the parabola which is at infinity.

It is possible to rotate the orbital parabola on the cone into the plane. The equation

of the plane of the parabola on the cone is given by (3.6.12) with v = a which gives
zcosa+ zsina = OCsina, (3.8.5)

replacing AP/u by OC. Substituting the general expressions for , y and z in spherical
polar coordinates from (3.6.13) into (3.8.5) and rearranging gives
ocC

"7 os a(l +cos @) (3:86)




cone of r

-N

cone of L

Figure 3.8.1. The typical geometry of the MICZ orbit when p = J. The larger orbital
and smaller angular momentum cones are shown together with a typical parabolic
orbit and the orientation of P, —J, —IN and —S. The origin O is at the point
of contact between the two cones, F' is the focus of the parabola and B marks the
vertex of the parabola. The line segment AC lies along the axis of symmetry of the
parabola. a and 7/2 — « are the the semi-vertex angles of the orbital and angular

momentum cones respectively, ¥ is the angle between —J and r, § is between P and
J and ¢ is between P and V.
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Figure 3.8.2. The plane of the typical parabolic orbit when y = J. The point F
marks the focus of the parabola and B the vertex. The point C is the intersection of

the line of P and the plane of the parabola.
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Substituting for r (3.8.6) in (3.6.13) we obtain

OC sin a cos ¢
cosa(l + cos ¢)

OC sinasin ¢
cos a1 + cos ¢)
ocC

- Trewd (3.8.7)

Since the orbit lies on a plane, it is convenient to rotate the plane counter-clockwise
through (7/2 — a) radians about the y—axis to manipulate the parametric equations
into a recognisable form. In order to relocate the origin at OC, the 2 component
has the length OC' subtracted from it before performing the rotation. The rotation
matrix is given by
sima 0 —cosa
Q= 0 1 0 . (3.8.8)

cosae 0 sina

Premultiplying the row vector formed from (3.8.7) by (3.8.8) with z — 2 — OC gives

the parametric equations of the orbit rotated into the plane

X - OCcos¢ ~ acos¢
~ cosa(l +cosd)  b(1+ cos @)
v - OCsinasing  csing
~ cosa(l +cosd)  b(1+ cos )
Z = 0, (3.8.9)

where ¢ = OC, b = cosa and ¢ = OC'sin a. The first two equations of (3.8.9) can be

manipulated into the form

()_(f 4 Y_2> b*(1+cosg) =1 (3.8.10)

c2

and using the first equation of (3.8.9) it is easily shown that

bX
a—bX’

cos ¢ =

(3.8.11)

Replacing cos¢ with (3.8.11) and substituting for a, b and ¢ from above,

equation (3.8.10) can be rearranged to give

L pxt 1 ) 2y 3.8.12
(a—_m +7 =1. (.8. )
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Replacing trigonometric expressions containing « using (3.6.1), (3.8.12) can be ma-

Yi=-4 (%) (X - g) (3.8.13)

which is the standard cartesian representation for a parabola (P2.19) symmetrically
placed about the ¥ = 0 axis, vertex at (P?/2J,0) and focus at (A\?/2J,0). The
distance from the origin to the vertex P?/2J agrees with the length BC in (3.8.1)
while the distance from the origin to the focus A?/2J agrees with the length C'F
in Figure 3.8.1. The distance between the vertex and the focus L?/2J agrees with
the length BF and also (3.8.4). The Y —intercepts of (3.8.13) which have lengths
PL/J when measured from the origin are consistent with the length of CE (3.8.3).

nipulated into the form

If we consider the equation of the orbit in the ¢—plane, using (3.6.18) we find that
P?l

J(1 4 cos ¢)’

i.e. the projection of the orbit into the plane decribes a parabola symmetrically placed

about the ¢ = 0 axis with the focus at the intersection of P and the ¢—plane. The

projection of OB onto the ¢—plane has the length PL/2J, i.e. OBsina = BCsina

which agrees up to a scaling factor of P with equation (3.8.14) with ¢ = 0. The

Ir x P| = (3.8.14)

projection of CE (3.8.3) onto the ¢—plane which remains unchanged in length since
it is parallel to the ¢—plane is also consistent with equation (3.8.14) with ¢ = 7 /2

up to a scaling factor of P.

Alternatively, an elegant vector combination can be used to calculate the plane polar
equation of the orbit in the orbital plane. Following the procedure adopted in the
p = 0 case, we construct a vector R which lies in the orbital plane and is thus parallel

to J. One suitable vector is
R = r+|r - N|N+cot2er N|J

AL . [P?—2[?\ .
_ AL S B 8.
1'+JN+< 57 ) , (3.8.15)

where N is the unit vector of N which is given in (3.6.5) and is normal to the
plane of the parabola. Note that all the required scalar quantities are easily con-
structed using scalar products on combinations of the conserved vectors. The vector
R moves in the orbital plane, parallel to J and is displaced from the origin by
ALN/J + (P2 - 2L2) J/2J. Measuring the angle ¥ which lies in the orbital plane

from J gives the equation for the orbit in the orbital plane as
2

P
J-RZJRcosﬂ:7—,ur. (3.8.16)
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Rearranging the expression (3.8.15) to obtain = as the subject of the equation and
squaring both sides of the expression produce a quadratic equation in » which can be

solved to give

(3.8.17)

ﬁ
I
1%
[
I
+
—~
%
+
h
[
~——

Note that for R = 0 (the minimum allowed value), » = P?/2J which is consistent
with the result for OB (3.8.1). Now substituting (3.8.17) into (3.8.16) we finally

obtain
L?cos ¥

k= _82J(1 — COoS 219) ’

(3.8.18)

which is the plane polar expression for a parabola with vertex at the origin (P2.18),
symmetrically placed about the J = 0 axis with focus at (—Lz/(QJ),O) which is
consistent with (3.8.4). The distance from the origin or vertex to a focus L?/(2J)
agrees with the length BF. Since the plane polar equation describes a vertex centred
parabola on the orbital plane, it follows that B marks the vertex of the parabola in

the plane.

The velocity hodograph can be obtained by differentiating the cartesian components
z,y and z (3.8.7) and substituting ¢ = —L/(r?sina) to give

xr = a~C—cosa8m¢
y = —-O—Ccosacosqﬁ—afcosa
z = ~ 50 8@ cot asin ¢. (3.8.19)

Since the velocity hodograph lies on a plane, it is convenient to rotate the plane
counter—clockwise through (7/2 — a) radians about the y—axis to manipulate the
parametric equations into a recognisable form. Premultiplying the row vector formed
from (3.8.19) by Q (3.8.8) gives the parametric equations of the velocity hodograph

rotated into the plane

X = ——cotasing

oC

Y = ———cosacos¢d — —= cosc

oC oC
7 = 0, (3.8.20)
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which can be manipulated into the standard cartesian representation for an ellipse

(P2.17) using (3.8.2) and (3.6.1)

N\ 2 g 2

X Y + &L

(—E> +( J”) =1, (3.8.21)
P2

P

symmetrically placed about the X=0 axis, with semi-major and semi-minor axes
of lengths @ = p/P and b = pL/P? respectively, eccentricity of A/P = cosa and
centred at (0, —uL/P?). This result is as expected from the projection of the velocity
hodograph into the plane. The corresponding Kepler problem has a circular velocity
hodograph in the plane with radius pL/P? and centre (0, —uL/P?) from (3.6.30)
and (3.6.29) when P is directed along the —k direction and viewed from above. Con-
sequently, it is to be expected that the semi-major axis length of the ellipse described
above has the same length as the radius of the Kepler velocity hodograph when pro-
jected into the plane, i.e. asina = pL/P?. However, the semi-minor axis length
which has the same length as the radius of the velocity hodograph does not change
in length on projection into the ¢—plane since it is parallel to the ¢—plane. The
centre of the ellipse rotated into the ¢—plane also marks the centre of the circle at
(0, —u L/ P?) because the y—axis about which the rotation takes place passes through
the centre of the ellipse on the hodographic plane. As with the Kepler velocity hodo-
graph, the MICZ velocity hodograph only closes as ¢ ranges from negative through
positive infinity. The origin similarly lies on the circumference of the hodographic

ellipse.

It does not seem possible to calculate the plane polar equation of the velocity hodo-

graph on the plane using simple vector operations as was done for the orbit.

The initial conditions were chosen so that the projection of the orbit on the cone
into the ¢—plane is identical to the corresponding Kepler orbit and also that the
projection of the velocity hodograph into the #—plane is coincident with that of the
Kepler problem as shown in Figure 1.5.3 of Chapter 1. This was done in much the
same way as that described for the p = 0 case by equating certain quantities on the
cone on projection into the ¢—plane with the equivalent quantities for the Kepler
problem. In the subsequent discussion, the starred quantities will be used to denote
the constants used in Chapter 1 for the Kepler problem. The constants have the
values, as before, p* = 1.25, 5 = 0, K* = J* = 1.25 and L* = 1. The radius of
the projected velocity hodograph was equated with that of the Kepler problem to

force both the orbits and the velocity hodographs to coincide so that a comparison
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between the two problems can be made. Comparing equations (1.5.9) and (3.6.30)

and taking square roots on both sides of the resulting equation gives

*

L _p
P2 Lx

The perpendicular distance from the intersection between the line of P and the

(3.8.22)

axis of symmetry of the orbit to a point on the orbit remains unchanged in length
on projection into the ¢—plane. This distance is equal in length to the semi-latus

rectum of the plane conic section in the ¢—plane which gives

PL L*
= (3.8.23)
poom
Eliminating p* from (3.8.22) and (3.8.23) gives
2
p== 8.
L*’ (3 8 24)
and it follows using the definition of P, equation (3.5.5), that
L 2 *2 %
A= F(L - 1% (3.8.25)
and
(LY

Using (3.8.24) and (3.8.25), equation (3.6.1) can be rewritten as

L2 — L*Z 1 *
« = arccos ((——Li) = arcsin (%) , (3.8.27)

i.e. the angle a only depends on the projection of the MICZ angular momentum,
L, onto the Kepler angular momentum, L*, which is directed along the line of P.
Equating the location of the projected centre of the velocity hodograph into the plane
with the centre of the velocity hodograph of the Kepler problem gives, using (1.5.9)

and (3.6.30)
1
Ke 1(., Ng\* Jr
5 =7 (J 2 = o (3.8.28)
which can be solved for J using (3.8.24)-(3.8.26) to give
2 1
J = F(Lﬂﬁ + LT = i), (3.8.29)

which in the parabolic case J* = u* reduces to (3.8.26). Using (3.6.2), (3.8.24)-
(3.8.26) and (3.8.29), the angle B can be found to be

wr(L? — L*2)'li
(LZu*2 + L*2(J*2 _ #*2)>

, (3.8.30)

B = arccos

D=
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which in the parabolic case J* = p* reduces to (3.8.27). For convenience, L was chosen
to be 1.85 and using the values for the starred quantities given above,

P, X\, u, o, J and B were calculated using (3.8.24)-(3.8.27), (3.8.29) and (3.8.30).

Figure 3.8.3 shows the parabolic orbit in the case where 4 = J. The diagram shows
the two right circular orbital and angular momentum cones which extend in opposite
directions along the line of P with origin and point of contact at the apices of the two
cones. A selection of displacement and corresponding angular momentum vectors has
been drawn from the origin to their respective positions on the orbital and angular
momentum cones. The orbit is parabolic and lies on a plane which does not include
the origin. In order to illustrate the bahaviour more clearly, projections of the orbit
onto planes parallel to the zy, zz and yz planes are shown, together with projections
of the angular momentum curve and the projected images of the cones onto the re-
spective planes. The constant magnitude of the angular momentum is reflected by
the angular momentum vectors moving on the surface of a cone which is truncated
perpendicular to the axis of symmetry to a height of L?/P below the origin. The com-
ponents of the angular momentum are given by L = (AL cos ¢/P, AL sin ¢/ P, —L?/ P)
using (3.8.7) and (3.8.19).

The zy projection of the orbit is also parabolic as described by the first two equations
of (3.8.7) which can be manipulated into the form

, PL; PL
y =457 (»’C - —27) ; (3.8.31)

which is the cartesian representation of (3.8.14) scaled by P, symmetrically placed
about the y = 0 axis, vertex at (PL/2J,0) and focus at the origin. The distance from
the origin to the vertex PL/2J agrees with the length of the projection of OB into
the zy—plane, i.e. OBsina = BC'sin a. Since this distance is equal to @ in (3.8.31),
this confirms that the origin is at a focus. The y—intercepts of (3.8.31) which have
lengths PL/J when measured from the origin are consistent with the length of the
projection of C'E (3.8.3) into the xy—plane which is unchanged in length since it lies
parallel to the zy—plane. It is worth noting that the focus of the parabola on the
cone does not project onto the focus of the parabola projected into the zy—plane
in general. The projected orbit is consistent with the planar parabolic Kepler orbit
with L* = 1 and g = J* = 1.25. Ast ranges from negative through positive infinity,
the azimuthal angle ¢ ranges between 7 and —= and so the projection ranges from
(—o00,+00) when ¢ = 7 to (0, PL/J) when ¢ = 7/2 to (PL/2J,0) when ¢ = 0 to
(0,—PL/J) when ¢ = —n/2 to (—oo,—00) when ¢ = —m. The projection of the

angular momentum curve onto its corresponding plane describes part of a circle with
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Figure 3.8.3. The parabolic MICZ orbit and angular momentum curve for u = J with

a selection of displacement and angular momentum vectors drawn from the origin.
The radial and angular momentum vectors move on the surfaces of two right circular
cones extending in opposite directions along the line of P with origin and point of
contact at the apices of the two cones. The projections of the orbit and angular
momentum curve onto planes parallel to the zy, zz, yz, L Ly, L;L, and L,L, planes
are also shown. The constants have the values yu = 7.9145, J = 7.9145, P = 3.4225,
A =2.8794, a = 0.5711, § = 0.5711 and L = 1.85. The origin lies out of the orbital

plane.
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radius AL/P symmetrically placed about the L,—axis, i.e. L2+ L,* = (AL/P)%. Ast
ranges from negative through positive infinity, the projection ranges from (—AL/P,0)
when ¢ = 7 to (0,AL/P) when ¢ = 7/2 to (AL/P,0) when ¢ = 0 to (0,—AL/P)
when ¢ = —7/2to (—=AL/P,0) when ¢ = —, i.e. the circle is completed. The dotted
line completes the angular momentum cone. However, it should be remembered that
the projection of the angular momentum vectors only closes as ¢ ranges from negative

through positive infinity.

The zz projection shows the images of the orbital and angular momentum cones
with dotted lines, together with the projections of the orbit and angular momentum
curves. Note that the zz projection of the orbit is obtained by manipulating the first
and third equations of (3.8.7) into the form

t +)\P < <PL 3.8.32
Z = —CO Zz —_— — -_—
6% J, OO_:E_2J, ( )

which is the equation of a straight line with slope — cot & and z—intercept AP/J in
agreement with (3.6.12). The slope of the line is the same as that of the cone and
confirms the well-known result that a cone intersected by a plane which is parallel
to a face of the cone describes a parabola on the plane. The z—intercept is given
by the length of OC which is consistent with Figure 3.8.1. The orbit lies on a plane
section through the orbital cone. As ¢ ranges from negative through positive infinity,
the projection ranges from (—oo,+o00) when ¢ = 7 to (0, A\P/J) when ¢ = = /2
to (PL/2J,AP/2J) when ¢ = 0 to (0,AP/J) when ¢ = —7/2 to (—o0,+00) when
¢ = —n. The L,L, projection of the angular momentum curve extends along the base
of the triangle describing the L, L, projection of the image of the angular momentum
cone, perpendicular to the L,—axis. As t ranges from negative through positive
infinity, the projection ranges from (—AL/P,—L?/P) when ¢ = = to (0,—L?*/P)
when ¢ = 7/2 to (A\L/P,—L*/P) when ¢ = 0 to (0,—L?/P) when ¢ = —7/2 to
(=AL/P,—L?/P) when ¢ = —m, i.e. the full length of the base of the angular
momentum triangle. In other words the angular momentum vectors will have swept

over the entire surface area of the angular momentum cone.

The yz projection shows the images of the orbital and angular momentum cones
with dotted lines, together with the projections of the orbit and angular momentum
curves. Note that the yz projection of the orbit is obtained by manipulating the
second and third equations of (3.8.7) into the form

PIL? AP
y? = 4575 (z - Q_j) : (3.8.33)
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which is the equation of a parabola symmetrically placed about the y = 0 axis, ver-
tex at (0, AP/2J) and focus at (0,P3/(2)\J)). The distance from the origin to the
vertex AP/(2J) agrees with the length of the projection of OB into the yz—plane,
i.e. OBcosa = BCcosa. The y—components of (3.8.33) when 2 = OC = A\P/J
which have the length PL/J when measured from the origin are consistent with
the length of the projection of CE (3.8.3) into the yz—plane which is unchanged in
length since it lies parallel to the yz—plane. It is worth noting that the focus of
the parabola on the cone does not project onto the focus of the parabola projected
into the yz—plane in general. As ¢ ranges from negative through positive infinity,
the projection ranges from (+oco,+00) when ¢ = 7 to (PL/J,AP/J) when ¢ = 7/2
to (0, A\P/2J) when ¢ = 0 to (—=PL/J,AP/J) when ¢ = —7/2 to (—o00,+00) when
¢ = —w. The L, L, projection of the angular momentum curve lies along the base of
the triangle describing the L,L, projection of the image of the angular momentum
cone, perpendicular to the L,—axis. As ¢ ranges from negative through positive infin-
ity, the line segment extends along the full length of the base of the angular momen-
tum triangle from the point (0, ~L?/P) when ¢ = 7 to (A\L/P,—L?/P) when ¢ = 7/2
to (0, —L?/P) when ¢ =0 to (—AL/P,—L?/P) when ¢ = —x/2 to (0,—L?/P) when
¢ = —m. In other words the angular momentum vectors will have swept over the

entire surface area of the angular momentum cone.

The conserved vector K g which has been rotated clockwise through 7/2 radians to
lie along the cartesian unit vector —3 is given by (3.6.29) and has length JL/P as
shown in Figure 3.8.3. The vector J g, which is perpendicular to K, is also rotated
clockwise through 7/2 radians to lie along the cartesian unit vector 2. Jg has
the length PL?Kk and is conveniently drawn to the same length as Ky
in Figure 3.8.3. The Poincaré vector, P, no longer orthogonal to J, lies along the
cartesian unit vector —k. Note that, when the cone is rotated about the z—axis so
that P lies along k, the vectors Kk and Jk lie along the cartesian unit vectors j
and 2 respectively and hence mimic the behaviour of L, K and J respectively of the
standard Kepler problem. The components of the conserved vectors are found by
taking the scalar products of the relevant vectors with K K Jx and —j), remember-
ing that the projected quantities have been rotated clockwise through 7 /2 radians to
preserve the alignment with the orbit on the cone. The Laplace-Runge-Lenz ana-
logue J is given by (3.5.6) with p = J and has components J = (JL/P,0,—~\J/P).
Note that the z—component of J is equal in magnitude to Kk from (3.6.29) since
the vector product with P has the effect of projecting J into the plane followed
by a counter—clockwise rotation through /2 radians. The Poincaré vector is given

by (3.5.4) and has components (0,0,—(L2 + /\2)%). The normal vector IV (3.6.5)
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is perpendicular to the plane of the orbit and using (3.6.29) and (3.8.24) the com-
ponents are found to be (—L*cot a,0,—L*). The vector S (3.6.8) is parallel to the
plane of the orbit and coincident with J from (3.6.8).

Figure 3.8.4 shows the elliptical velocity hodograph in the case where p = J. A
selection of velocity vectors corresponding to the displacement vectors shown in
Figure 3.8.3 has been drawn from the origin to their respective positions on the
velocity hodograph. In order to illustrate the # behavior more clearly, projections
of the velocity hodograph onto planes parallel to the zy, 2 and y2 planes are also
shown, together with the projected images of the orbital cone onto the respective

planes.

The &y projection of the velocity hodograph is obtained by manipulating the first
two equations of (3.8.19) into the form
2 2

&? + (y + %12;—) = (’]‘D—f) ; (3.8.34)
which is the equation of a circle in cartesian coordinates symmetrically placed about
the & = 0 axis, radius uL/P? with origin (0, —pL/P?) and is consistent with the pla-
nar velocity hodograph for the parabolic Kepler orbit with L* = 1 and
p = J* =1.25 and (3.6.30) reversing the sign inside the § term since the velocity hodo-
graph is being viewed with P directed along the —k direction. The semi-major axis
length of (3.8.21) projected into the £y—plane reduces to the length of the radius, i.e.
asina = ul/P?, as it should. The semi-minor axis length of (3.8.21) is unchanged
in length on projection into the zy—plane because it is parallel to that plane and the
location of the origin agrees with that of (3.8.21) because it lies along the y—axis.
As t ranges from negative through positive infinity, the projection ranges from the
point (0,0) when ¢ = 7 to (uL/P* —uL/P?) when ¢ = 7/2 to (0,—2uL/P?) when
¢=0to (—uL/P? —uL/P?) when ¢ = —7/2 to (0,0) when ¢ = —x, i.e. the circle
is completed. The dotted line completes the projection of the velocity hodograph.
However, it should be remembered that the projection of the velocity vectors only

closes as t ranges from negative through positive infinity.

The %2 projection shows the images of the orbital cone with dotted lines, together
with the respective projections of the orbit and velocity hodograph. Note that the 22
projection of the velocity hodograph is obtained by manipulating the first and third
equations of (3.8.19) into the form

(3.8.35)

z2=—cotaz, |z|< =
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Figure 3.8.4. The elliptical MICZ velocity hodograph and parabolic orbit for y = J

with a selection of velocity vectors drawn from the origin. The velocity vectors move

on a plane which is parallel to the orbital plane and, as ¢ ranges from negative

through positive infinity, the heads of the velocity vectors trace out a complete

ellipse. The projections of the velocity hodograph and orbit onto planes parallel to

the zy, £z, ¥z, zy, zz and yz planes are also shown. The constants are chosen as for

Figure 3.8.3. The origin lies on the hodographic plane and touches the circumference

of the hodographic ellipse.
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which is the equation of a straight line with slope — cot o which passes through the
origin and which is bisected by the #—axis. The projection of the velocity hodograph
is seen to be parallel to the projection of the orbit as was shown in (3.6.6) and (3.6.7).
As t ranges from negative through positive infinity, the projection ranges from the
point (0,0) when ¢ = 7 to (uL/P? —ur/P?) when ¢ = 7/2 to (0,0) when ¢ = 0
to (—pL/P? uA/P*?) when ¢ = —n/2 to (0,0) when ¢ = —x, i.e. the length of the
projection of the velocity hodograph tends to 2u/P.

The yz projection shows the images of the orbital cone with dotted lines, together
with the respective projections of the orbit and velocity hodograph. Note that the
yz projection of the velocity hodograph is obtained by manipulating the second and
third equations of (3.8.19) into the form

. 2 . 2
y+ 4 z
( yfz) +(E> =1, (3.8.36)

Pz P2

which is the equation for an ellipse symmetrically placed about the z = 0 axis, with
semi—major axis length p)/P? which is just the projection of the semi-major axis
of (3.8.21) onto the yz—plane, i.e. acosa, semi-minor axis length pL/P? which is
consistent with that of (3.8.21) since it is parallel to the yz—plane, eccentricity of
(1—L2?/)\?)% and centred at (—uL/P?,0) which also agrees with the centre of (3.8.21)
which lies along the y—axis. It is worth noting that the focus of the ellipse on the cone
does not project onto the focus of the ellipse projected into the yz—plane in general.
As t ranges from negative through positive infinity, the projection ranges from the
point (0,0) when ¢ = 7 to (—uL/P? —puA/P?) when ¢ = w/2 to (—2uL/P?,0) when
¢ =0 to (—uL/P? u)/P?) when ¢ = —7/2 to (0,0) when ¢ = —m, i.e. the ellipse
is completed. The dotted line completes the projection of the velocity hodograph.
However, it should be remembered that the projection of the velocity vectors only

closes as t ranges from negative through positive infinity.

The conserved vectors Kg, Jx, J, P, N and S are drawn as in Figure 3.8.3.
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3.9 The Geometry of the MICZ Problem with p > J

From (3.6.3) an elliptic orbit exists when ¢ > J. The salient features of the geometry
are depicted in Figure 3.9.1 which shows the orientation of the larger orbital and
smaller angular momentum cones which meet at the origin. A typical elliptical orbit
is shown together with the construction of the Poincaré vector P from L and # and
the orientation of the vector J. Note that L and r are orthogonal throughout the
motion and that P, L and r are coplanar at any instant in time. The vectors P, J
and 7 are only coplanar at the turning points of the motion. It follows from (3.6.1)
and (3.6.2) that u/J = cos 3/ cosa and so § < a. The particle is at A and D when
¥ = a + f and a — 3 respectively. Making use of the orbit equation (3.6.3)

L*J L*J
OA = OD = : 9.1
p/J — cos(a+ B) p/J — cos(a — fB) (3.9.1)
Using u/J = cos 8/ cos a,
% —cos(a = ) = tan asin(a £ §) (3.9.2)
so that (3.9.1) becomes
AL/J AL/J
A= ————— D=—"—rH0. 9.
sin(a + 3) 0 sin(a — 3) (3.9:3)
We let the angle ACO be p. Applying the sine rule to the triangles ACO and DCO
AC 04 ¢cp 0D 0D 3.0.4
sin(a + 8)  sinp’ sin(a—pB) sin(r —p) sinp (3:94)
so that AC . OA
_sin(a+p) 04 _, (3.9.5)

CD = sin(a—p) OD
from (3.9.3). Hence the line of J passes through the geometric centre of the ellipse.

To calculate the position of the focus and the eccentricity of the ellipse we must
establish the length of the semi-major axis, BC, and BE. To find the length of the

semi-major axis we use the cosine rule on triangle ADO to give

AD? = OA?’+0D*—-20A.0D cos2a

(AL 2 1 1 2 cos 2a 396
B (7) [sinZ(a + 3) + sin’(a — B)  sin(a + B)sin(a — B) (3.9.6)




Q < by cone of r
Ny

cone of L

AP

P

Figure 3.9.1. The typical geometry of the MICZ orbit when g > J. The larger orbital
and smaller angular momentum cones are shown together with a typical elliptical orbit
and the orientation of P, —J, —IN and S. The origin O is at the point of contact
between the two cones, F is the focus of the ellipse and C' marks the geometric centre
of the ellipse. The line segment AD lies along the axis of symmetry of the ellipse.
a and 7/2 — « are the the semi-vertex angles of the orbital and angular momentum
cones respectively, ¢ is the angle between —J and 7, B is between P and J, £ is
between P and IN and 7 is between J and IN.
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After tedious, but routine, manipulation of (3.9.6) we observe that the semi-major
axis @ = & AD has length
_ (2H/\2 + /ﬁ)%
a= Y . (3.9.7)
It should of course be remembered that for an elliptic orbit H is negative. To find
B(C and BE we need expressions for OB and OC. Applying the cosine rule to the

triangles ACO and DCO

AC* = 0A*+0C? —20A.0C cos(a + B)
CD? = 0OC?+0D?-20C.0D cos(a — f)

and so
0C - OD? — QA?
~ 2[0D cos(a — B) — OAcos(a + f)]
J
= oF (3.9.8)

Remembering that the angle ACO was called p we apply the sine rule to the triangles
ABO and BDO to obtain

OB _ OA (3.9.9)
sin(p+a+8)  sin(p+f) .
oF - 9D (3.9.10)
sin(p —a+B)  sin(p+B) .
Dividing (3.9.9) by (3.9.10) gives
s%n(p —a+f) _ 04 _ s%n(a ) (3.9.11)
sin(p+a+p) OD sin(a+f)
which leads to
¢ cos 283 — cos 2« 3.9.12)
np= 9.
anp sin 23 (
Combining (3.9.12) with (3.9.9) after some routine manipulation we find
AP
0B ="~ (3.9.13)

Now applying the cosine rule to the triangle BCO, the length BC is found to be

1

= S [(2HP? + p?) (2HX* + ;ﬁ)]% . (3.9.14)

BC

In the triangle BEO

PL
BE =OBtana = —. (3.9.15)
I
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The standard expression for the eccentricity is given by

2
2 - 1 _BE

a? — BC?
2HP? +p* (14 m?)
2HM? + p? ~m2(1+c2)’

(3.9.16)

where c is the slope of the plane of the ellipse (coty) and m is the slope of the cone
(cot ).

The focus is located at F', ae to the left of C, and

(2HP? + ;i2)2

F =
¢ —2H

(3.9.17)

By comparing (3.9.17) with (3.9.14) and recalling that H is negative we see that
CF > CB and so the focus is between A and B.

It is possible to rotate the orbital ellipse on the cone into the plane as was previously
done in the parabolic case. Substituting for r (3.6.14) in (3.6.13) we obtain

OB sin v sin « cos ¢
T =
cos asiny + sin « cos 7y cos ¢
OB sin vy sin asin ¢
y = : :
cos asiny + sin & cos 7y cos ¢
OBsinvycosa
z = i (3.9.18)

. . ?
COs @ siny + sin & cos 7y cos ¢

replacing AP/p by OB. Since the orbit lies on a plane, it is convenient to rotate the
plane counter—clockwise through (7/2 — v) radians about the y—axis to manipulate
the parametric equations into a recognisable form. In order to relocate the origin
at OB, the z component has the length OB subtracted from it before performing
the rotation. Premultiplying the row vector formed from (3.9.18) by (3.8.8) with «
replaced by v and z — z — OB gives the parametric equations of the orbit rotated

into the plane

X - OB sinacos ¢ _ acosg
" cosasiny +sinacosycos¢ b+ ccos
v — OB sinysin asin ¢ _ dsin¢

cosasiny +sinacosycos¢ b+ ccos ¢

7 = 0, (3.9.19)
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where a = OBsina, b = cosasiny, ¢ = sinacosy and d = OB sinasinvy. The first

two equations of (3.9.19) can be manipulated into the form

(§Z+Ef)@+wam@2=1 (3.9.20)

a? = d?

and using the first equation of (3.9.19) it is easily shown that

cos ¢ = . (3.9.21)

Replacing cos¢ with (3.9.21) and substituting for a, b, ¢ and d from above,

equation (3.9.20) can be rearranged to give

1 2y2 , 207,

Replacing trigonometric expressions containing o and <y using (3.6.1) and (3.6.9),

(3.9.22) can be manipulated into the form

1 1 2 2
X gpenremtene @) (v Vo
(H)24,2)% L e

i (~2H)?

which is the standard cartesian representation for an ellipse (P2.17) symmetrically
placed about the ¥ = 0 axis, with semi-major and semi-minor axes of lengths
a = (2HN + p2)3/(—=2H) and b = L/(—2H)z respectively, eccentricity of
(2HP? + 4?7 /(2H)? + u?)? which can be expressed in terms of ¢ = coty and
m = cota as c¢*(1 + m?)/(m?*(1 + %)) (¢f. (3.9.16) and (3.9.25)) and centred at
(—(2HP2 + )7 (2HN + 42z /(=2H ), 0). The semi-major axis length is consistent
with (3.9.7) and the location of the centre of the ellipse is consistent with the result
for the length BC (3.9.14). Similarly the eccentricity is in agreement with (3.9.16)
and similarly b agrees with (3.9.28). The Y —intercepts of (3.9.23) which have lengths
PL/u when measured from B are consistent with the length of BE (3.9.15).

If we consider the equation of the orbit in the ¢—plane, using (3.6.18) we find that

PL

P| =
Ir P p+Ji/Lcosd

, >, (3.9.24)
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i.e. the projection of the orbit into the plane describes a focus—centred ellipse sym-
metrically placed about the ¢ = 0 axis with the focus at the intersection of P and
the ¢—plane. It is well-known that the intersection of a plane and a right circular
cone describes a conic section on the cone. The projection of the conic section into
the ¢—plane, perpendicular to P, also describes a conic section which has its focus

at the apex of the cone. The eccentricity is easily seen from (3.9.24) to be

A
L

1
2

1
- ;(zmﬂ 4 pd)? = % (3.9.25)

€

where c is the slope of the plane of the ellipse and m is the slope of the cone. Since
H <0, (2HX? 4+ 42" > u~? and so it is clear that ¢* < e. Note also that the
eccentricities of both the ellipse on the cone and in the plane are determined only by

the respective slopes of the plane of the ellipse on the cone and of the cone itself.

Note that (3.9.16) is equivalent to (3.9.25) when A = 0. It should also be appreciated
that, although P does not pass through the focus of the ellipse on the cone, it does
mark the focus of the ellipse in the plane. The projection of the intersection point of
the line of J and the plane of the ellipse on the cone marks the geometric centre of
the ellipse on the ¢—plane. Note also that P behaves like L in the standard Kepler

problem and J like the usual Laplace-Runge-Lenz vector.

The semi—major axis length a of the ellipse on the cone is reduced in length by the
factor siny when projected into the plane due to its inclination with respect to P

and so the projection
plL
—HP

is consistent with the result for the semi—major axis length of the projected ellipse

from (3.9.24)

2asiny = ADsiny = (3.9.26)

P N P L uL
u—JiJL p+J /L —H

The semi—minor axis length, however, remains unchanged on projection onto the

24" (3.9.27)

#—plane, since it is parallel to the ¢—plane. This is easy to verify by calculating the

semi—minor axis length b on the ellipse on the cone using

L L
b=a(l—-e*)? = ——. (3.9.28)
(—2H)*
Similarly the ellipse in the ¢—plane has a semi-minor axis length of
L PL
b =a*(1 —e?)?2 = ——, (3.9.29)
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which is the same length as (3.9.28) up to a scaling factor of P. The relationship
between the eccentricities, using (3.9.28), (3.9.29) and the results that b* = Pb,

a* = Pasin7y, is given by
e? =1 —sin’y (1 — 6*2) . (3.9.30)

The projection of AB = a — BC onto the ¢—plane has the length (pL — L(2HP? +
p2)%)/(—2HP) which agrees up to a scaling factor of P with equation (3.9.24) with
¢ = 0. The projection of BE (3.9.15) onto the ¢—plane is unchanged in length since
it is parallel to the ¢—plane and is also consistent with (3.9.24) with ¢ = 7/2 up to
a scaling factor of P. The projection of BD = a + BC onto the ¢—plane has the
length (pL + L(2H P? +p2)%)/(~2HP) which agrees up to a scaling factor of P with
equation (3.9.24) with ¢ = 7.

Alternatively, an elegant vector combination can be used to calculate the plane polar
equation of the orbit in the orbital plane. Following the procedure adopted in the
u = J case, we construct a vector R which lies in the orbital plane and is thus parallel

to S. One suitable vector is

R = r—lr.]\fl
|- N|
J A
= r——J. 9.31
T ow (3.9.31)

Note that all the required scalar quantities are easily constructed using scalar prod-
ucts on combinations of the conserved vectors. The vector R moves in the orbital
plane normal to IN and is displaced from the origin by J/2H. Measuring the angle
¥ which lies in the orbital plane from S gives rise to the equation for the orbit in the
orbital plane. Although the origin of S is located at the apex of the cone whilst R
has its origin at the intersection of J and the plane of the orbit, the scalar product
of S and R still gives rise to the orbit equation. This is because the scalar product
between R and a combination of S and an offset dS added or subtracted to S in
order to produce a vector which is parallel to S but originating from the same point
as R,i.e (1 £d)S - R = (1%xd)SRcos? can be scaled throughout by 1 + d. Taking
the scalar product of S and R gives

S -R=SRcosd = (2HN? 4 p*)(=2Hr — p). (3.9.32)

1
4 \H?
Rearranging the expression (3.9.31) to obtain » as the subject of the equation and
squaring both sides of the expression produce a quadratic equation in r which can be
solved to give

1?\?
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Note that, when R = b = L/(—QH)% (the minimum allowed value), r = u/(—2H)
which is consistent with the result for OQ (3.9.49). Now substituting (3.9.33)
in (3.9.32) we finally obtain

L2

R’ = = (3.9.34)

__ 2HP?4u?\ _ 2HP?24,2 ’
((2 2H/\2+u2) i3 7 €08 20

which is the plane polar expression for a geometric—centred ellipse (P2.16) symmetri-
cally placed about the ¥ = 0 axis, with eccentricity of (2HP? + u2)z/
(2HN? + 42)7, with semi-minor axis length L/(—2H)z and semi-major axis length
(2HX* + /ﬂ)%/(—QH) which are consistent with (3.9.16), (3.9.28) and (3.9.7) respec-
tively. The distance from the origin to a focus (2HP? + u2)2 /(—2H) agrees with the
length C'F (3.9.17) and also the distance ae which confirms that the origin is in the
centre of the ellipse. Since the plane polar equation describes a geometric—centred
ellipse on the orbital plane, it follows that C' marks the centre of the ellipse in the
plane and correspondingly AC = CD which is the same result as obtained using

geometric considerations (cf. (3.9.5)).

The velocity hodograph can be obtained by differentiating the cartesian components
z,y and z (3.9.18) and substituting ¢ = —L/(r¥sina) to give

z = 5§cosasin¢
y = ———=cosacos¢ — ——cotysina
OB OB
= L t 7y sin ¢ 3.9.35
: = —ppcosacotysing. (3.9.35)

Since the velocity hodograph lies on a plane, it is convenient to rotate the plane
counter—clockwise through (7/2 — 7) radians about the y axis to manipulate the
parametric equations into a recognisable form. The rotation matrix is given by (3.8.8)
with o replaced by 7. Premultiplying the row vector formed from (3.9.35) by @ (3.8.8)

gives the parametric equations of the velocity hodograph rotated into the plane

: L cosa
X = — 1
OB sin~y sin ¢
Y = —O—Bcosacos¢—O—Bcot7sina

7 = 0, (3.9.36)
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which can be manipulated into the standard cartesian representation for an ellipse

(P2.17) using (3.9.13) and (3.6.1)

2

. . 2
X Y + L(2HP? + 4?2
| + 2 —F LR Y (3.9.37)
!2H/\2F-|,-p,2!7 }3—2

symmetrically placed about the X = 0 axis, with semi-major and semi-minor axes of
lengths a = (2HA? + /12)%/P and b = uL/P? respectively, eccentricity of
/\(ZHP2 + u2) %/(P(QH/\z + ;ﬂ)%) and centred at (O, —~L(2HP? + pz)%/P2). This
result is as expected from the projection of the velocity hodograph into the plane.
The corresponding Kepler problem has a circular velocity hodograph in the plane
with radius uL/P? and centre (0, —L(2HP? + ,u"’);'/PZ) from (3.6.30) and (3.6.29)
when P is directed along the —k direction and viewed from above. Consequently, it is
to be expected that the semi—-major axis length of the ellipse described above has the
same length as the radius of the Kepler velocity hodograph when projected into the
plane, i.e. asiny = uL/P?. However, the semi-minor axis length which has the same
length as the radius of the velocity hodograph does not change in length on projection
into the ¢—plane since it is parallel to the ¢—plane. The centre of the ellipse rotated
into the ¢—plane also marks the centre of the circle at (O, ~L(2HP? + u2)é‘/P2)
because the y—axis about which the rotation takes place passes through the centre
of the ellipse on the hodographic plane. As with the Kepler velocity hodograph, the
MICZ velocity hodograph is closed. The origin similarly lies within the circumference

of the hodographic ellipse.

It does not seem possible to calculate the plane polar equation of the velocity hodo-

graph on the plane using simple vector operations as was done for the orbit.

We are now in a position to describe the analogues for Kepler’s three laws of motion

on the cone (see Bates [6] for a different approach using differential geometry) :-

(1) For negative energy the orbit is elliptical. However, the origin is not coplanar

with the ellipse.

(i1) Equal areas are swept out on the cone in equal times. The proof of this is quite
simple. The element of area on the cone is given by (denoting the quantities
on the cone with the subscript MK and those in the plane with L MK)

1
dAmk = 57 x 7 di, (3.9.38)
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and so Ay 1
T - §L (3.9.39)
and, since L is constant, dﬁ];lK is constant. Note that for the ellipse on the
¢—plane
¢%fK:a@x;nx@xpﬂ=%ﬁR (3.9.40)

Note that the constant of proportionality has changed. Upon dividing (3.9.40)
by P2?, since we are dealing with an area, it is clear that the rate of in-
crease in area on the cone is larger than on the projected ellipse by the factor

P/L =1/sina > 1.

The surface area extending from the base of the orbital cone to the line of the

orbit is found by integrating (3.9.39) over the period of the motion which gives

1 2 .
AMKzg/'r%ma¢a. (3.9.41)
0

Substituting for 72 from (3.6.14) we can express the integrand in terms of ¢ and

obtain

OB?tan%?y [2r d¢
2sina  Jo (cotatan+y + cos@)?’

Using G&R[43, 2.554.3 with n=2], the expression for the area becomes

Aug = (3.9.42)

(3.9.43)

OB? cot atan®y 2m dé
Amk /0

~ 2sin a(cot? atan?y — 1) cotatany + cos ¢

From G&RJ[43, 3.661.4] we see that

Viie 2
A ”)lpo(( “ ),a>|b|, (3.9.44)

a-+bcosz (a% — b2 a2—b2)%

where P, is the zeroth Legendre polynomial and hence (3.9.43) can be reduced

to
OB? cot artan® v 2

- 2sin a(cot? artan?y — 1) (cot? atan?y — 1)%'

Amk (3.9.45)

Using (3.9.13) to replace OB, and (3.6.1) and (3.6.9) to replace trigonometric

functions of a and «, equation (3.9.45) can be simplified to give

wul
AMk = ———7- 9.4
MK (C2H)P (3.9.46)
The area of the ellipse projected in the plane is given by
*b* L2
A == = £ (3.9.47)

P2 P(=2H)3/?
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We must now try to express the geometric quantities appearing in the expres-
sions for the surface area in terms of the dynamical parameters. With reference
to Figure 3.9.1, if we place a right-handed cartesian coordinate system with
origin at O with the triangle OBC lying in the zz—plane, the coordinate at
the point @ is given by (—=BC'sin~y,CQ, BC cosy + OB). The length of OQ is

then easily found from
0Q* = CQ*+ BC® + OB® + 20B.BC cos v (3.9.48)
and after routine maniplation is found to be

0Q = _QLH (3.9.49)

The quantity we term R, or ‘generalised’ semi—major axis, can be expressed as

R= %(OA +op) = (=) (3.9.50)

The expression for the surface area on the cone (3.9.46) can now be written as

Amk = F_%L)w = %W(OA +0D) CQ =7 0Q.CQ, (3.9.51)
and so we observe that the surface area of the section of cone between the origin
and the line of the orbit is given by the product of the semi-minor axis length of
the ellipse on the cone and the average of the minimum and maximum distances
on the orbit from the origin. This is like a ‘generalised’ semi—-major axis, except
that the distance is now out of the plane of the ellipse. Indeed the projection of
(OA + OD) is exactly twice the length of the semi-major axis of the projected
ellipse. The area can also be described by the last term of (3.9.51), which is
understandable when one considers the projection of OQ in the ¢—plane. The
projected length OQ) is the distance between the closest point on the ellipse
from the geometric centre and the focus. For the planar ellipse this distance is
well-known to have the same length as that of the semi-major axis. It is then

not surprising that the area can also be expressed in this way.

As expected the ratio of Ay /Aink is again P/L which is the same ratio as we
obtained for the areal velocities. Alternatively we can consider an infinitesimal
area on the cone stretching from the origin to two closely spaced points on the
orbit. If we project this area into the plane, it is clear that the projection is
just AAjpmrx = AApmksina which, extended over the complete area in both

cases, is the result we obtained previously.
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(iii) Equation (3.9.39) can be integrated over one revolution to give an alternate

expression for the area,

1
Ankc = 5LT. (3.9.52)
Equating (3.9.46) with (3.9.52) gives the analogue of Kepler’s third law, i.e.,

2rp 27r(a*/L)% B o1 R2
1

, (3.9.53)

(-2H)3 uro s
where R = (OA 4+ OD)/2 and a* is the semi-major axis length of the ellipse
projected onto the plane. Thus it is obvious that on the cone, the ‘generalised’
semi-major axis is half of the maximum and minimum lengths of r, just as
the semi—major axis is in the ellipse when the focus is in the plane. It is also
possible to express (3.9.53) in terms of the semi—minor axis of the ellipse on the
cone which has the same length as the semi—minor axis of the projected ellipse
after scaling by P. This expression is equivalent for both ellipses, (ignoring the
scaling by P)

T = 2mub®/ L3, (3.9.54)

Bates [6] was only able to express Kepler’s third law in terms of the expression
involving the energy (the first equation of (3.9.53)) since he did not study the
geometry of the orbit.

The values of the constants used to draw Figures 3.9.2 and 3.9.3 were calculated
in the same way as was done for the case u = J, except that J* = 0.95 as was
chosen in Chapter 1 for the elliptic Kepler orbits. L was again chosen to be 1.85 and
P, )\, u, a, J and B were calculated using (3.8.24)-(3.8.27), (3.8.29) and (3.8.30).

Figure 3.9.2 shows the elliptic orbit in the case where p > J. The diagram shows
the two right circular orbital and angular momentum cones which extend in opposite
directions along the line of P with origin and point of contact at the apices of the two
cones. A selection of displacement and corresponding angular momentum vectors has
been drawn from the origin to their respective positions on the orbital and angular
momentum cones. The orbit is elliptical and lies on a plane which does not include the
origin. In order to illustrate the behaviour more clearly, projections of the orbit onto
planes parallel to the zy, £z and yz planes are shown, together with projections of the
angular momentum curve and the projected images of the cones onto the respective
planes. The constant magnitude of the angular momentum is reflected by the angular
momentum vectors moving on the surface of a cone which is truncated perpendicular

to the axis of symmetry to a height of L2/ P below the origin. The components of the
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Figure 3.9.2. The elliptical MICZ orbit and angular momentum curve for g > J with

a selection of displacement and angular momentum vectors drawn from the origin.
The radial and angular momentum vectors move on the surfaces of two right circular
cones extending in opposite directions along the line of P with origin and point of
contact at the apices of the two cones. The projections of the orbit and angular
momentum curve onto planes parallel to the zy, zz, y2, L. L,, L. L, and L, L, planes
are also shown. The constants have the values p = 7.9145, J = 7.4101, P = 3.4225,
A =2879%, a = 0.5711, f = 0.4542 and L = 1.85. The origin lies out of the orbital

plane.
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angular momentum are given by L = (AL cos ¢/P, AL sin ¢/P,—L?/P) using (3.9.18)
and (3.9.35).

The zy projection of the orbit is also elliptical as described by the first two equations
of (3.9.18) which can be manipulated into the form

2 2
T+ _2’;”,(2HP2+/12)% Yy _
- +—2L—] =1 (3.9.55)
—2HP (2mb

which is the cartesian representation of (3.9.24) scaled by P, symmetrically placed
about the y = 0 axis, with semi-major axis length pL/(—2HP) (3.9.26) which
is the projection of the semi-major axis length a of (3.9.23) onto the zy-—plane,
i.e. asin~y, semi-minor axis length L/(—2H)2 (3.9.28) which is the same length as
the semi—minor axis of (3.9.23) since it is parallel to the zy—plane, eccentricity of
(2HP? + u2)z/pu which can be expressed in terms of ¢ = coty and m = cot e as
c/m (cf. (3.9.16) and (3.9.25)) and centred at (—L(ZHP2 +,u2)%/(—2HP),O) which
is the length —BC'sin+y and also the distance —ae which confirms that the origin is
at a focus. The y—intercepts of (3.9.55) which have lengths PL/u when measured
from the origin are consistent with the length of the projection of BE (3.9.15) into
the zy—plane which is unchanged in length since it lies parallel to the zy—plane.
It is worth noting that the focus of the ellipse on the cone does not project onto
the focus of the ellipse projected into the zy—plane in general. The projected or-
bit is consistent with the planar elliptical Kepler orbit with L* = 1, u* = 1.25 and
J* = 0.95. As t ranges over one period and choosing the azimuthal angle ¢ to range
between m and —=, the projection ranges from (—PL/(,u — q),O) when ¢ = 7 and
q = (2HP? + 42)2, to (0, PL/u) when ¢ = 7/2 to (PL/(,u + q),O) when ¢ = 0 to
(0,—PL/u) when ¢ = —7/2 to (—PL/(,u - q),O) when ¢ = —n. The projection
of the angular momentum curve onto its corresponding plane describes a circle with
radius AL/P symmetrically placed about the L,—axis, i.e. L,*>+ L,2 = (AL/P)%.
As t ranges over one period, the projection ranges from (—AL/P,0) when ¢ = 7 to
(0,\L/P) when ¢ = 7/2 to (A\L/P,0) when ¢ =0 to (0,—AL/P) when ¢ = —7/2 to
(=AL/P,0) when ¢ = —m, i.e. the circle is completed. The projection of the angular

momentum vectors describes a circle after one revolution of the orbit.
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The zz projection shows the images of the orbital and angular momentum cones
with dotted lines, together with the projections of the orbit and angular momentum
curves. Note that the zz projection of the orbit is obtained by manipulating the first
and third equations of (3.9.18) into the form

AP PL PL
z=—cotyz+ —, ——— << —r (3.9.56)

I B—q kg
which is the equation of a straight line with slope —coty and z—intercept AP/u
in agreement with (3.6.12). The straight-line projection confirms the well-known
result that a cone intersected by a plane which is at an angle, 7, to the symmetry
axis which is larger than the angle between the sides of the cone and the symmetry
axis, but less than #/2 radians describes an ellipse on the plane. The z—intercept
is given by the length of OB which is consistent with Figure 3.9.1. The orbit lies
on a plane section through the orbital cone. As t ranges over one period, the pro-
jection ranges from (-—-PL/(;L —q),A\P/(p — q)) when ¢ = m, to (0,A\P/u) when
é=17/2to (PL/(/L +q), \P/(p + q)) when ¢ = 0 to (0, AP/u) when ¢ = —7/2 to
(—PL/(y —q),AP/(p — q)) when ¢ = —w. The L, L, projection of the angular mo-
mentum curve extends along the base of the triangle describing the L, L, projection
of the image of the angular momentum cone, perpendicular to the L,—axis. As ¢
ranges over one period, the projection ranges from (—AL/P,—L?/P) when ¢ = =
to (0, —L?/P) when ¢ = 7/2 to (AL/P,—L*/P) when ¢ = 0 to (0,—L?/P) when
¢ =—7n/2to (—=AL/P,—L*/P) when ¢ = —nx, i.e. the full length of the base of the
angular momentum triangle. In other words the angular momentum vectors will have

swept over the entire surface area of the angular momentum cone.

The yz projection shows the images of the orbital and angular momentum cones
with dotted lines, together with the projections of the orbit and angular momentum
curves. Note that the yz projection of the orbit is obtained by manipulating the
second and third equations of (3.9.18) into the form

L 2 2
—HP | ] =1 (3.9.57)
A2HP?2442) 1
—2HP (-2H)2

which is the equation of an ellipse symmetrically placed about the y = 0 axis, with
semi-major axis length A(2HP? + p2)7 /(—2HP) which is equivalent to the projec-
1
3

tion of a (3.9.7) onto the yz—plane, i.e. acos+, semi-minor axis length L/(—2H)

unchanged in length from (3.9.28) since it is parallel to the yz—plane, eccentricity

of (2HP4 + A2p2) 5/</\(2HP2 + /ﬂ)%) which can be expressed in terms of ¢ = cot vy
and m = cota as <c2(1 + m?) - mz)i/(mc) (cf. (3.9.16) and (3.9.25)) and centred
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at (0, )\p/(—QHP)) where the z—component is just the projection of OC onto the
yz—plane, i.e. OC cosfB. The y—components of (3.9.57) when z = OB = AP/pu
which have the length PL/p when measured from B are consistent with the length
of the projection of BE (3.9.15) into the yz plane which is unchanged in length since
it lies parallel to the yz—plane. It is worth noting that the focus of the ellipse on
the cone does not project onto the focus of the ellipse projected into the yz—plane
in general. The relationship between the eccentricity e of the elliptical projection in
the yz—plane and that of the elliptical projection in the zy—plane, e*, is found to be
e? = a*?/a*(e*? — 1) + 1 where the superscript * refers to the equivalent quantities in
(3.9.55). Note that the semi-minor axis lengths of both projections are not involved
in the relationship between the two eccentricities. The relationship between the ec-
centricity e of the elliptical projection in the yz—plane and that of the ellipse on the
cone, ef, has the same structure as that shown above, with e* replaced by et. As ¢
ranges over one period the projection ranges from (O,AP/(M — q)) when ¢ = 7 to
(PL/p,AP/p) when ¢ = w/2 to (O,AP/(;H-q)) when ¢ = 0 to (—PL/u, A\P/u) when
¢ = —7/2 to (O,AP/(,U - q)) when ¢ = —w. The L,L, projection of the angular
momentum curve lies along the base of the triangle describing the L, L, projection of
the image of the angular momentum cone, perpendicular to the L,—axis. As ¢ ranges
over one period the line segment extends along the full length of the base of the an-
gular momentum triangle from the point (0, —L?/P) when ¢ = = to (AL/P,—L%/P)
when ¢ = 7/2 to (0,—L%/P) when ¢ = 0 to (—AL/P,—L*/P) when ¢ = —7/2 to
(0,—L?/P) when ¢ = —. In other words the angular momentum vectors will have

swept over the entire surface area of the angular momentum cone.

The conserved vector Kx which has been rotated clockwise through = /2 radians
to lie along the cartesian unit vector —j is given by (3.6.29) and has length
L(2HP? + ,uZ)%/P as shown in Figure 3.9.2. The vector Jg, which is perpendic-
ular to K, is also rotated clockwise through /2 radians to lie along the cartesian
unit vector ¢. Jx has the length PL2Kg and is conveniently drawn to the same
length as K in Figure 3.9.2. The Poincaré vector, P, no longer orthogonal to J,
lies along the cartesian unit vector —k. Note that, when the cone is rotated about
the z—axis so that P lies along k, the vectors K and Jg lie along the carte-
sian unit vectors J and z respectively and hence mimic the behaviour of L, K and
J respectively of the standard Kepler problem. The components of the conserved
vectors are found by taking the scalar products of the relevant vectors with Kx,
Jx and -P, remembering that the projected quantities have been rotated clock-
wise through 7 /2 radians to preserve the alignment with the orbit on the cone. The

Laplace-Runge-Lenz analogue J is given by (3.5.6) with g > J and has components
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J = (L(2HP2 + u?)z/P,0, —)\p/P). Note that the z—component of J is equal in
magnitude to Kk from (3.6.29) since the vector product with PP has the effect of pro-
jecting J into the plane followed by a counter—clockwise rotation through /2 radians.
The Poincaré vector is given by (3.5.4) and has components (0, 0, —(L*+ /\2)%). The
normal vector N (3.6.5) is perpendicular to the plane of the orbit and using (3.6.29)
and (3.8.24) the components are found to be (—L* cot v, 0, —L*). The vector S (3.6.8)

is parallel to the plane of the orbit and using (3.6.29) the components are found to
be (uL(2HP? + p?)7[(2AHP),0, —(2H P + 2)/(2H P)).

Figure 3.9.3 shows the elliptical velocity hodograph in the case where u > J. A
selection of velocity vectors corresponding to the displacement vectors shown in
Figure 3.9.2 has been drawn from the origin to their respective positions on the
velocity hodograph. In order to illustrate the # behaviour more clearly, projections
of the velocity hodograph onto planes parallel to the zy, £z and y2 planes are also
shown, together with the projected images of the orbital cone onto the respective

planes.

The 2y projection of the velocity hodograph is obtained by manipulating the first
two equations of (3.9.35) into the form

. . L L 2 pL 2
&’ + (y + ID—2(2HP2 + ;ﬂ)z) = (F,;) , (3.9.58)

which is the equation of a circle in cartesian coordinates symmetrically placed about
the £ = 0 axis, radius pL/P? with origin (O,—‘L(2HP2 + /ﬂ)%/P?) and is consis-
tent with the planar velocity hodograph for the elliptical Kepler orbit with L* = 1,
p = 1.25 and J* = 0.95 and (3.6.30) reversing the sign inside the g term since the
velocity hodograph is being viewed with P directed along the —k direction. The
semi-major axis length of (3.9.37) projected into the £y —plane reduces to the length
of the radius, i.e. asiny = pL/P?, as it should. The semi-minor axis length of
(3.9.37) is unchanged in length on projection into the zy—plane because it is parallel
to that plane and the location of the origin agrees with that of (3.9.37) because it lies
along the y—axis. As t ranges over one period, the projection ranges from the point
(0, L(u—q)/P2) when ¢ = 7 to (Lu/P?,—Lq/P?) when ¢ = 7/2 to (O, —L(p—{-q)/PZ)
when ¢ = 0to (—Lu/P? —Lq/P?) when ¢ = —7/2 to (0, L(,u—q)/Pz) when ¢ = —,
i.e. the circle is completed. The projection of the velocity vectors describes a circle

after one revolution of the orbit.



Figure 3.9.3. The elliptical MICZ velocity hodograph and elliptical orbit for u > J

with a selection of velocity vectors drawn from the origin. The velocity vectors move

on a plane which is parallel to the orbital plane and, as ¢ ranges over one period,
the heads of the velocity vectors trace out a complete ellipse. The projections of the
velocity hodograph and orbit onto planes parallel to the zy, 2z, yz, zy, zz and yz
planes are also shown. The constants are chosen as for Figure 3.9.2. The origin lies

on the hodographic plane inside the circumference of the hodographic ellipse.
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The zz projection shows the images of the orbital cone with dotted lines, together
with the respective projections of the orbit and velocity hodograph. Note that the zz
projection of the velocity hodograph is obtained by manipulating the first and third
equations of (3.9.35) into the form

5= —cotqd, |i| < KPL;, (3.9.59)
which is the equation of a straight line with slope — cot~y which passes through the
origin and which is bisected by the £—axis. The projection of the velocity hodograph
is seen to be parallel to the projection of the orbit as was shown in (3.6.6) and (3.6.7).
As t ranges over one period, the projection ranges from the point (0,0) when ¢ = =
to (uL/P?,—\q/P?) when ¢ = 7/2 to (0,0) when ¢ = 0 to (—,uL/P2,/\q/IP2) when
¢ = —7m/2 to (0,0) when ¢ = —m, i.e. the length of the projection of the velocity
hodograph tends to 2(2H\? + ,uz)%/P.

The yz projection shows the images of the orbital cone with dotted lines, together
with the respective projections of the orbit and velocity hodograph. Note that the
yz projection of the velocity hodograph is obtained by manipulating the second and
third equations of (3.9.35) into the form

i+ L2HP? 4+ )t é :
B + B =1, (3.9.60)

z SRHP? + g

which is the equation for an ellipse symmetrically placed about the z = 0 axis,
with semi-major axis length A(2H P? + u2)2/P? which is just the projection of the
semi—major axis of (3.9.37) onto the yz—plane, i.e. acos~, semi—minor axis length
pL/P? which is consistent with that of (3.9.37) since it is parallel to the yz—plane,
eccentricity of (1 —p2L?/(N\*(2H P? +p2))>% and centred at (-L(QHP2 +u%)z /P2, O)
which also agrees with the centre of (3.9.37) which lies along the y—axis. It is worth
noting that the focus of the ellipse on the cone does not project onto the focus of
the ellipse projected into the yz—plane in general. As ¢ ranges over one period, the
projection ranges from the point (L(u —q)/ P?, O) when ¢ = 7 to (—Lq/P?, —\q/P?)
when ¢ = 7/2 to (—L(,u-}-q)/Pz, 0) when ¢ = 0to (—Lq/P? \q/P?) when ¢ = —7 /2
to (L(p - q)/P2,0) when ¢ = —m, i.e. the ellipse is completed. The projection of

the velocity vectors describes an ellipse after one revolution of the orbit.

The conserved vectors Kg, Jx, J, P, N and S are drawn as in Figure 3.9.2.
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Figure 3.9.4 geometrically demonstrates the construction of L corresponding with
Figures 3.9.2 and 3.9.3. The parallelograms which represent the magnitude of
L = 7 x 7 have equal areas as a consequence of L being conserved. In this case
the parallelograms are no longer confined to the same plane as was the case with the
Kepler problem (see Figure 1.5.5). The orbital cone is shown together with the orbit,
velocity hodograph and the zz and yz projections of the orbit, velocity hodograph
and images of the cone. The dotted line linking opposite vertices divides the paral-
lelogram in two which gives a geometric representation of the constant magnitude of

the areal velocity.

Figure 3.9.5 shows both the projected displacements and corresponding projected
velocities in the zy and zy planes at regular time intervals for the MICZ problem.
The projections of the displacements and the corresponding velocities both in this
diagram and in the following three figures are coincident with those of the standard
Kepler problem as shown in Figures 1.5.2, 1.5.5 and 1.5.6 when the cone is rotated
about the z—axis so that P lies along k and the vectors Kx and Jg lie along the
cartesian unit vectors 3 and 2 respectively and hence mimic the behaviour of L, K
and J respectively of the standard Kepler problem, on account of the choice of con-
stants as described earlier in §3.8. The shaded regions confirm Kepler’s second law
in the plane that equal areas are swept out in equal times. This result also extends
to the cone where equal areas are swept out on the surface of the cone in equal times.
However, the area swept out on the cone is larger than that swept out in the plane
by the factor P/L. It should be obvious that the initial phase difference between the
projected displacement and projected velocity vectors in the zy and 2y planes is 7 /2
radians as the projected displacement lies along the +z—axis at ¢ = 0 while the pro-
jected velocity is purely along the +y—axis. The phase difference in general between
the projected displacement and projected velocity vectors is not constant as with the
Kepler problem since (r x P) - (# x P) = L?rr which is nonzero except when 7 = 0,
i.e. at the extremities of the motion. This is also evident by comparing the angle
between the corresponding projected displacement and projected velocity vectors for
a range of time intervals using the solid round time markers on the projected orbit
and the corresponding solid square time markers on the projected velocity hodograph
and counting the number of round markers from the rightmost vertex of the ellipse
in a counter—clockwise direction to the projected displacement of interest and then
counting off the same number of square markers on the projected velocity hodograph
starting from the square marker at the top of the projected velocity hodograph (since
at t=0 the projected velocity is purely along the +y—axis) in a counter—clockwise

direction to obtain the corresponding projected velocity or vice versa. Note, how-
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Figure 3.9.4. The elliptical MICZ orbit with its corresponding velocity hodograph

associated with Figures 3.9.2 and 3.9.3 demonstrating the construction of L. The
area of the parallelograms which are now no longer confined to a plane is equal to
the constant magnitude of L. The orbital cone is shown together with the orbit,
velocity hodograph and the projection of the orbit, velocity hodograph and images
of the cone onto planes parallel to the zy, zz, yz, £y, £z and yz planes. The dotted
lines linking opposite vertices divide the parallelograms in two and give a geometric

representation of the constant areal velocity. The constants are chosen as for

Figure 3.9.2.
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Figure 3.9.5. The projection of the MICZ orbit and corresponding velocity hodograph
into the zy and zy planes. The circles (—e—e—e-) show the projected displacements of
the particle at the time intervals :7/24, 1 = 0,...,24 and the squares (-w=-u-) give
the corresponding projected velocities. The phase difference between the projected
velocity and displacement vectors is not constant although it is a constant 7 /2 radians
between the projected displacement vector and the vector directed from the centre of
the projected velocity hodograph to the head of the corresponding projected velocity

vector. The constants are chosen as for Figure 3.9.2.
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ever, that the phase difference between the projection of the radial vector into the
zy—plane, r x P, and the vector directed from the head of the Hamilton vector K i
(the geometric centre of the elliptical velocity hodograph scaled by P) to the head of
the projection of the velocity vector into the Zy—plane, 7 x P, i.e. (7 x P) — K,
is a constant 7/2 radians since (r x P) - ((1' x P) — KK) = 0 which is as expected
from the behaviour of the Kepler problem (see §1.5). It should also be noted that
the displacement on the cone directed from the point B to the head of the vector
7, i.e. + OBP, does not move in phase with the corresponding velocity vector on
the hodographic plane directed from the head of the scaled Hamilton vector K /P
(the geometric centre of the elliptical velocity hodograph) to the head of the vector
7, ie T+ KKJ/X\P/P, since (7 + OBP) (v + KKJ/X\P/P) = Arr /P — X% /p
which is nonzero except when r = 0, i.e. at the extremities of the motion. This
behaviour is also evident on superimposing the combined hodographic plots shown in
Figure 3.9.7 with the combined displacement plots shown in Figure 3.9.6 and trans-
lating the combined hodographic plots so that the common geometric centre of both
velocity hodographs is coincident with the origin of the displacement plots. Since the
corresponding displacements on the orbital cone and velocities on the hodographic
plane described above have been rotated into the plane about the y, y—axis, they lie
in the same horizontal line as those in the zy, 2y projections and as a result it can
be seen that by horizontally stretching the corresponding displacement and veloc-
ity vectors of the projected problem until the respective points on the unprojected
problem the angle between the corresponding displacement and velocity vectors is no
longer constant at 7/2 radians which qualitatively confirms the result shown above.
Alternatively, if in addition to the translation and superposition described above, the
velocity hodograph plots are rotated clockwise through 7 /2 radians about their com-
mon geometric centre, it is apparent that the corresponding projected displacements,
projected velocities and the origin are collinear which demonstrates the constant 7 /2
phase difference, but this is not the case for the corresponding quantities on the cone
which have been rotated into the plane. In summary, the phase difference between r
and 7 is not constant in the MICZ problem which is also the case between r x P and
7 x P for the projected quantities of the MICZ problem, but the phase difference
between r x P and r x P — K is constant at /2 radians or, in other words, the
projection of the radial vector directed from the origin which is also a focus of the
ellipse in the plane moves in phase with an offset projected velocity vector directed
from the head of the scaled Hamilton vector (the geometric centre of the elliptical

velocity hodograph scaled by P).
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Figure 3.9.6 shows both the orbit on the cone which has been translated and then
rotated into the zy—plane about B as given by (3.9.23) together with the zy pro-
jection of the orbit as given by (3.9.55) for purposes of comparison, when the cone
is rotated about the z—axis so that P lies along k and the vectors Kx and Jg
lie along the cartesian unit vectors 3 and z respectively and hence mimic the be-
haviour of L, K and J respectively of the standard Kepler problem. The circles
and squares show the respective displacements of the particle at equal time intervals
and would normally be vertically aligned with each other when viewed from above
provided the orbital ellipse is in its usual position on the cone. Note that the circles
are aligned with the corresponding squares along parallel horizontal lines since the
rotation of the orbit is performed about the y—axis. Note that the centre of the el-
lipse projected into the zy—plane is a distance L(2H P? + ;ﬂ)%/(—ZHP) or ae along
the z—axis from the origin which means that the origin marks the focus of the ellipse
projected into the zy—plane. However, the origin or equivalently the point B does
not have the same geometrical significance in the case of the ellipse on the cone since
the centre of that ellipse is a distance (2HP? + u2)2(2HA? + p2)z /(=2H ) or BC
along the z—axis from the origin. The semi-major axis of the ellipse on the cone
has length (2HA? 4 p2)z /(—2H) which is scaled by the factor sin~y when projected
into the zy—plane whilst the semi-minor axes of both ellipses have the same length
L/(-2H )15 since the semi—minor axis of the ellipse on the cone is parallel to the

zy—plane.

Figure 3.9.7 shows both the velocity hodograph on the hodographic plane which has
been rotated into the #y—plane about O as given by (3.9.37) together with the &y
projection of the velocity hodograph as given by (3.9.58) for purposes of comparison,
when the cone is rotated about the z—axis so that P lies along k and the vectors K g
and Jk lie along the cartesian unit vectors 7 and ¢ respectively and hence mimic the
behaviour of L, K and J respectively of the standard Kepler problem. The circles and
squares show the respective velocities of the particle at equal time intervals and would
normally be vertically aligned with each other when viewed from above provided the
hodographic ellipse is in its usual position on the hodographic plane. Note that the
circles are aligned with the corresponding squares along parallel horizontal lines since
the rotation of the velocity hodograph is performed about the y—axis. Note that the
centre of the hodographic ellipse is a distance L(2HP? + u2)2/P? or Ki /P along
the y—axis from the origin which is also the case for the circle and so the centres
coincide as can be seen by comparing (3.9.37) with (3.9.58). The semi-~major axis of
the ellipse on the hodographic plane has length (2HA? + ,u:")%/P which is scaled by

the factor siny when projected into the £y—plane whilst the semi-minor axis of the
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Figure 3.9.6. The elliptical orbit on the cone corresponding with Figure 3.9.2 which
has been translated and then rotated into the zy—plane together with the zy
projection of the orbit. The circles (—e—e—e-) show the projected displacements of
the particle at the time intervals :7°/24, ¢ = 0,...,24 and the squares (-=-=-u-) give
the corresponding positions on the orbit on the cone when translated and rotated
into the same plane. Note that the circles are aligned with the corresponding squares
along parallel horizontal lines since the rotation of the orbit is performed along the

y—axis. The constants are chosen as for Figure 3.9.2.
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Figure 3.9.7. The elliptical velocity hodograph corresponding with Figure 3.9.3 which
has been rotated into the zy—plane together with the £y projection of the velocity
hodograph. The circles (—e—e—e—) show the projected velocities of the particle at the
time intervals ¢7°/24, ¢ = 0,...,24 and the squares (—w-=-=-) give the corresponding
velocities on the hodograph on the hodographic plane when rotated into the same
plane. Note that the circles are aligned with the corresponding squares along parallel
horizontal lines since the rotation of the velocity hodograph is performed along the

y—axis. The constants are chosen as for Figure 3.9.2.
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ellipse has the same length as the radius of the circle uL/P? since the semi—-minor

axis of the hodographic ellipse is parallel to the zy—plane.

The relationship between the periodic time of the orbit and the length of the gen-
eralised semi-major axis is identical to that shown in Figure 1.5.22 for a family of
ellipses which have been rotated off the cone and into the plane and have the same
dimensions as those shown in Figure 1.5.21. It must be appreciated, however, that R,
the generalised semi—major axis, is a factor 1/ sin « times larger than the semi-major
axis length of the same ellipse projected into the zy—plane and that p is a factor
of (1/sin«)® (using (3.8.24) and (3.8.26)) times larger than u* for the equivalent
problem in the plane and as a result the ratio 7' = QWR%/,U% = 27ra*%/,u*% is form

invariant for the choice of initial conditions described in §3.8.

3.10 The Geometry of the MICZ Problem with u < J

The treatment for the hyperbolic orbit is very similar to that used in the elliptical
case, provided we ensure that the orbit is on the top branch of the hyperbola. For
motion along the bottom branch the directions of P and J would need to be reversed.
From (3.6.3) a hyperbolic orbit exists when g < J. The salient features of the
geometry are depicted in Figure 3.10.1 which shows the orientation of the larger
orbital and smaller angular momentum cones which meet at the origin. A typical
hyperbolic orbit is shown together with the construction of the Poincaré vector P
from L and 7 and the orientation of the vector J. Note that L and r are orthogonal
throughout the motion and that P, L and r are coplanar at any instant in time.
The vectors P, J and r are only coplanar at the turning points of the motion. The
particle is at A when ) = 8+ « and would be at D if 8 and a were changed to = — 3

and m — « respectively giving an effective angle . = § — a.

The expressions for OA and OD are as given in (3.9.3). Applying the sine rule to the
triangles ACO and DCO, we again find that AC' = DC' and so the line of J passes
through the geometric centre of the double hyperbola. Application of the cosine rule
to the triangle ADO leads to

(2HA? + p?)3

a=AC = ¥ ,

(3.10.1)



cone of r

cone of L

Figure 3.10.1. The typical geometry of the MICZ orbit when ¢ < J. The larger orbital
and smaller angular momentum cones are shown together with a typical hyperbolic
orbit and the orientation of P, —J, —IN and —S. The origin O is at the point
of contact between the two cones, F' is the focus of the hyperbola and C marks
the geometric centre of the hyperbola. The line segment DB lies along the axis of
symmetry of the hyperbola. « and 7/2 — o are the the semi-vertex angles of the
orbital and angular momentum cones respectively, % is the angle between —J and »,
B is between P and J, { is between P and IN and 75 is between J and IV.



196

where the energy is of course positive for hyperbolic motion. In fact it eventuates
that the quantities AC', CD, AD, OA, OB, OC, OD, BC, BE, CF and e amongst
others are the same for the hyperbola as they are for the ellipse with the exception
that explicit occurrences of —H are replaced by H. This even extends to the location
of the focus which is still between A and B even though the formulae for BC' and
C'F are the same as their elliptical counterparts. The reason for this is that C is now

to the right of B rather than to the left as it was in the elliptical case.

It is possible to rotate the orbital hyperbola on the cone into the plane as was done

previously with the elliptical case. For the hyperbolic case we obtain

1 1 2 2
(X—zzlf—u(QHP2+u2)5(2HV+u2)5) _( Y ) —1

(3.10.2)

% L
it em¥

which is the standard cartesian representation for a hyperbola (P2.17) symmetrically
placed about the Y = 0 axis, with vertices at ((2HP2 + pu2)z(2HN? + p)7 ) (2H i) +
(2ZHMN+4?)? /2H,0), foci at ((2HP?+42)F (2HN2+4?)F [ (2H p)£(2H P*+4i)% /2H,0)
eccentricity of (2HP? + ,u2)%/(2H/\2 + ;ﬂ)% which can be expressed in terms of
¢ = coty and m = cota as c*(1 + m?)/(m?*(1 + ¢*)) (¢f. (3.9.16) and (3.9.25))
and centred at ((2HP2 4 u2) 2 (2HA + 42)2 /(2H ), 0). The distance from the centre
to a vertex (2HM? + 42)3 /2H agrees with the length AC (3.9.7) (with the sign of H
reversed) and the distance from the centre to a focus (2H P? 4 u?)3 /2H agrees with
the length CF (3.9.17) (with the sign of H reversed). The transverse axis AD (3.9.7)
(reversing the sign of H) is the same length as the distance between the vertices 2a
and the length of the conjugate axis is twice that of b (3.9.28) (with the sign of H
reversed). The location of the centre of the hyperbola is consistent with the result
for the length BC (3.9.14) (with the sign of H reversed) and the eccentricity is in
agreement with (3.9.16). The Y —intercepts of (3.10.2) which have lengths PL/p
when measured from the origin are consistent with the length of BE (3.9.15).

If we consider the equation of the orbit in the ¢—plane, using (3.6.18) we find that
the projected orbit is, mutatis mutandis, the same as for the elliptical case (3.9.24).
The projected orbit is also hyperbolic symmetrically placed about the ¢ = 0 axis and
the focus is, as for the elliptical case, at the point where P crosses the ¢—plane. The
eccentricity is also given by (3.9.25). The transverse axis is the same length as the
distance between the two vertices (2a*/P) in (3.9.27) (with the sign of H reversed)
and also agrees in length with the projection of the transverse axis of (3.10.2) onto
the ¢—plane, i.e. 2asiny. The length of the conjugate axis is twice that of b*/P
in (3.9.29) (with the sign of H reversed) which is the same length as the conjugate axis

-~
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of (3.10.2) since it is parallel to the ¢—plane. The projection of AB onto the ¢—plane
has the length (L(QHP2 +pu?)7 — L,u) /2H P which agrees up to a scaling factor of P
with equation (3.9.24) with ¢ = 0. The projection of BE (3.9.15) onto the ¢—plane
is unchanged in length since it is parallel to the ¢—plane and is also consistent
with (3.9.24) with ¢ = 7 /2 up to a scaling factor of P.

Alternatively, an elegant vector combination can be used to calculate the plane polar
equation of the orbit in the orbital plane. The procedure closely follows that described
in the elliptical u > J case. The vector R is also given by (3.9.31) without any change
of sign. Taking the scalar product of § and R also gives (3.9.32) where r is given
by (3.9.33). The plane polar expression for the orbit is given by

2l
R = N : : (3.10.3)
(B Z2) + MIPEEE o 29)

which is the plane polar expression for a geometric—centred hyperbola (P2.16) sym-
metrically placed about the ¥ = 0 axis, eccentricity of (2H P? + )z /(2HA? + p?)3,
vertices at (:i:(2H)\2 + u?)2/2H, 0) and foci at (i(?HP2 + p2)5 /2H, O). The ec-
centricity is consistent with (3.9.16) and the distance from the origin to a vertex
(2HA? + y?)7 /2H agrees with the length AC (3.9.7) (with the sign of H reversed).
Similarly the distance from the origin to a focus (2HP? + )7 /2H agrees with the
length C'F (3.9.17) (with the sign of H reversed) and also the distance ae which
confirms that the origin is at the centre of the hyperbola. The length of the trans-
verse and conjugate axes are (2H 2 + p?)7/H and 22L/H? which are twice (3.9.7)
and (3.9.28) respectively (with the sign of H reversed) as expected. Since the plane
polar equation describes a geometric—centred hyperbola on the orbital plane, it follows
that C' marks the geometric centre of the hyperbola in the plane and correspond-

ingly AC = CD which is the same result obtained using geometric considerations

(¢f. (3.9.5)).

The velocity hodograph can be obtained by rotating the plane of the hyperbola on
the cone about the y—axis in the same way as was done for the elliptical case. For the

hyperbolic case we obtain the standard cartesian representation for an ellipse (P2.17)

X Y (V4 LeHP + 23\’
i 2
— | + 21 T =1, (3.10.4)
jZH/\2I;|-u2!2 Pz




198

symmetrically placed about the X=0 axis, with semi-major and semi-minor axes of
lengths a = 1 (2HX? + 4®)2/P and b = uL/P? respectively, eccentricity of
A (QHP2 + u2) 2/ (P(QH/\2 + uz)%) and centred at (O, —L(2HP? + ,uz)%/Pz). This re-
sult is as expected from the projection of the velocity hodograph into the plane. The
corresponding Kepler problem has a circular velocity hodograph in the plane with
radius pL/P? and centre (O, —L(2HP? + ,u2)%/P2) from (3.6.30) and (3.6.29) when
P is directed along the —k direction and viewed from above. Consequently, it is to be
expected that the semi-major axis length of the ellipse described above has the same
length as the radius of the Kepler velocity hodograph when projected into the plane,
i.e. asiny = puL/P? However, the semi—minor axis length which has the same length
as the radius of the velocity hodograph does not change in length on projection into
the ¢—plane since it is parallel to the ¢—plane. The centre of the ellipse rotated into
the ¢—plane also marks the centre of the circle at (0, ~L(2HP? + ,u2)%/P2> because
the y—axis about which the rotation takes place passes through the centre of the
ellipse on the hodographic plane. As with the Kepler velocity hodograph, the MICZ
velocity hodograph does not close, but is bounded by the image of the asymptotes
of the planar Kepler velocity hodograph (translated to the origin) when projected up
onto the hodographic plane. The origin similarly lies outside the circumference of the

completed hodographic ellipse.

It does not seem possible to calculate the plane polar equation of the velocity hodo-

graph on the plane using simple vector operations as was done for the orbit.

The parametric equations for the asymptotes of the hyperbola on the cone can be
found by rotating the parametric equations for the asymptotes of the hyperbola
(3.10.2) which we denote (X,Y,0)7 back onto the cone. Denoting the rotated para-

metric equations by (z,y,2)7, the equation describing the inverse transformation is

z X 0
y | = @'l Y | + 0o |, (3.10.5)
Z OB

where o = 7 in the matrix Q (3.8.8). The parametric equations can now be written

as
z t
1
_ @mir, 1 2 o8 |, 3.10.6
Y i( ! (2H)%u(2HP T )2) ( )

z —2(2HP? 4 p?)5t + 22
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where the z and y components given above in (3.10.6) are also the parametric equa-
tions for the projection of the asymptotes of the hyperbola on the cone into the
zy—plane. The z and y components of the limits of extent of the elliptical velocity
hodograph on the cone can be obtained by finding the intersection of the cartesian
equation for the circular projection of the velocity hodograph in the zy—plane given
by (3.6.30) and (3.6.29)

. . L 1\? A

i+ (i+ 2P +)t) = (53) (3.10.7)
and the cartesian equations for the projection of the asymptotes (translated to the
origin) which are (using (3.10.6))

(2H)%Pdc.A (3.10.8)

j==

Substituting for g (3.10.8) in (3.10.7) gives

. L(2H)?

i = £ LCH) (3.10.9)
P(2HP? + u2)}

. OHL

Jo = — (3.10.10)

(HP? + ?)F

which are consistent with the expressions obtained in Chapter 1 (see (1.5.12)). The

2 component is obtained from (3.9.35) and can be written as

(2H) \
5

Ze = —cotyr = F

(3.10.11)

Alternatively the limits of extent can be found from the intersection of the parametric
equations for the asymptotes on the cone (3.10.6) (translated to the origin) with the
parametric equations for the hodographic ellipse (3.9.35).

The values of the constants used to draw Figures 3.10.2 and 3.10.3 were calculated
in the same way as was done for the case u = J, except that J* = 2.25 as was chosen
in Chapter 1 for the hyperbolic Kepler orbits. L was again chosen to be 1.85 and
P, )\ i, a, J and 8 were calculated using (3.8.24)—(3.8.27), (3.8.29) and (3.8.30).

Figure 3.10.2 shows the hyperbolic orbit in the case where u < J. The diagram
shows the two right circular orbital and angular momentum cones which extend
in opposite directions along the line of P with origin and point of contact at the
apices of the two cones. A selection of displacement and corresponding angular

momentum vectors has been drawn from the origin to their respective positions on
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Figure 3.10.2. The hyperbolic MICZ orbit and angular momentum curve for u < J
with a selection of displacement and angular momentum vectors drawn from the
origin. The radial and angular momentum vectors move on the surfaces of two right
circular cones extending in opposite directions along the line of P with origin and
point of contact at the apices of the two cones. The projections of the orbit and
angular momentum curve onto planes parallel to the zy, =z, yz, L;L,, L.L, and
L,L, planes are also shown. The constants have the values p = 7.9145, J = 10.1802,
P =3.4225, A = 2.8794, o = 0.5711, § = 0.8578 and L = 1.85. The origin lies out of
the orbital plane. ’
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the orbital and angular momentum cones. The orbit is hyperbolic and lies on a plane
which does not include the origin. In order to illustrate the behaviour more clearly,
projections of the orbit onto planes parallel to the zy, zz and yz planes are shown,
together with projections of the angular momentum curve and the projected images
of the cones onto the respective planes. The constant magnitude of the angular
momentum is reflected by the angular momentum vectors moving on the surface
of a cone which is truncated perpendicular to the axis of symmetry to a height of
L?/P below the origin. The components of the angular momentum are given by
L = (ALcos¢/P,A\Lsin$/P,—L?/P) using (3.9.18) and (3.9.35). The two short line
segments drawn perpendicular to the angular momentum curve indicate the limits of

extent of the angular momentum as ¢ ranges from negative through positive infinity.

The zy projection of the orbit is also hyperbolic as described by the first two equations
of (3.9.18) which can be manipulated into the form

2

L 2 2\ ?
r — 55(2HP* + 2
( z7 = L) ) -] =1 (3.10.12)
2HP (2H)%

which is the cartesian representation of (3.9.24) scaled by P, symmetrically placed
about the y = 0 axis, with vertices at (L(2HP2 + 42)7/(2HP) + yL/(2HP),O>,
foci at (L(QHP2 + u2)2/(2HP) + L(2HP? + ,u2)%/(2HP),O), i.e. one focus is at
the origin as expected, eccentricity of (2HP? + ,uz)%/,u which can be expressed in
terms of ¢ = coty and m = cota as ¢/m (¢f. (3.9.16) and (3.9.25)) and centred at
(L(ZHP2 + ,uz)%/(2HP),0). The distance from the centre to a vertex uL/(2HP)
agrees with the length of the projection of AC onto the zy—plane, i.e. ACsin~y.
Similarly the distance from the centre to a focus L(2H P? + u2)z /(2H P) agrees with
the length of the projection of BC onto the zy—plane, i.e. BC sin~y. The transverse
axis is the same length as the distance between the two vertices 2a and also agrees in
length with the projection of the transverse axis of (3.10.2) onto the zy—plane, i.e.
2asinvy. The conjugate axis has the length 2b, .e. 23 [/Hz, which is the same length
as the conjugate axis of (3.10.2) since it is parallel to the zy—plane. The location of
the centre of the hyperbola is consistent with the result for the length of the projec-
tion of BC (3.9.14) (with the sign of H reversed) into the zy—plane, i.e. BCsin~,
and also the distance ae which confirms that the origin is at a focus. The asymptotes
are given by y = :I:((2H)15Pa:/p — L(2HP? + /L2)%/((2H)17/¢)), i.e. a combination of
the first two equations of (3.10.6). The y—intercepts of (3.10.12) which have lengths
PL/up when measured from the origin are consistent with the length of the projection
of BE (3.9.15) into the zy—plane which is unchanged in length since it lies parallel
to the zy—plane. It is worth noting that the focus of the hyperbola on the cone
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does not project onto the focus of the hyperbola projected into the zy—plane in gen-
eral. The projected orbit is consistent with the planar hyperbolic Kepler orbit with
L*=1and p* =1.25, J* = 2.25. As t ranges from negative through positive infinity,
the azimuthal angle ¢ ranges between 7 — arccos(1/e*) and —x + arccos(1/e*), where
e = (2HP? + ,uz)%/u and the projection ranges from (—oo,+00) when
¢ = m — arccos(1/e*) to (0, PL/u) when ¢ = /2 to (PL/(,u + q),O) when ¢ = 0
where ¢ = (2HP? + ©2)% to (0,—PL/p) when ¢ = —7/2 to (—oo,—00) when
¢ = —m + arccos(1/e*). The projection of the angular momentum curve onto its
corresponding plane describes a circle with radius AL/P symmetrically placed about
the L,—axis, i.e. L*>+ L, = (AL/P)? L, > —ALu/(Pq). As t ranges from nega-
tive through positive infinity, the projection ranges from (—/\L,u/(Pq), (ZH)%)\L/q)
when ¢ = m — arccos(1/e*) to (0, \L/P) when ¢ = 7/2 to (AL/P,0) when ¢ = 0
to (0,=AL/P) when ¢ = —=/2 to (—ALu/(Pg),—(2H)?\L/q) when ¢ = —m +
arccos(1/e*), i.e. the circle is not completed even as ¢t ranges from negative through
positive infinity. The dotted line completes the angular momentum cone. However,
it should be remembered that the projection of the angular momentum vectors never

closes as t ranges from negative through positive infinity.

The zz projection shows the images of the orbital and angular momentum cones
with dotted lines, together with the projections of the orbit and angular momentum
curves. Note that the zz projection of the orbit is obtained by manipulating the first
and third equations of (3.9.18) into the form

AP PL
z=—cotyz+ —, —oo<z< —) (3.10.13)
p ktgq
which is the equation of a straight line with slope —cot~y and z—intercept AP/u in
agreement with (3.6.12). The straight-line projection confirms the well-known result
that a cone intersected by a plane which is at an angle, «y, to the symmetry axis which
is smaller than the angle between the sides of the cone and the symmetry axis but
larger than zero describes an hyperbola on the plane. The z—intercept is given by the
length of OB which is consistent with Figure 3.10.1. The orbit lies on a plane section
through the orbital cone. Ast ranges from negative through positive infinity, the pro-
jection ranges from (—oo, +00) when ¢ = m—arccos(1/e*) to (0, AP/y) when ¢ = 7 /2
to (PL/(,u +q),A\P/(p+ q)) when ¢ = 0 to (0, \P/x) when ¢ = —7 /2 to (—o0, +00)
when ¢ = —n + arccos(1/e*). The L L, projection of the angular momentum curve
extends along the base of the triangle describing the L, L, projection of the image of
the angular momentum cone, perpendicular to the L,—axis. As ¢ ranges from nega-
tive through positive infinity, the projection ranges from (—)\L,u/(Pq), -L2/P) when
¢ = m — arccos(1/e*) to (0, —L%/P) when ¢ = n/2 to (\L/P,—L?/P) when ¢ = 0 to
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(0,—L?/P) when ¢ = —m/2 to (—ALy/(Pq),—[ﬂ/P) when ¢ = —7 + arccos(1/e*),
i.e. only a section along the length of the base of the angular momentum triangle. In
other words the angular momentum vectors will never sweep over the entire surface
area of the angular momentum cone even as the time ranges from negative through
positive infinity. The short line segment drawn perpendicular to the zz projection
of the angular momentum curve indicates the limit of extent of the projection of the

angular momentum as t ranges from negative through positive infinity.

The yz projection shows the images of the orbital and angular momentum cones
with dotted lines, together with the projections of the orbit and angular momentum
curves. Note that the yz projection of the orbit is obtained by manipulating the
second and third equations of (3.9.18) into the form

2 2
Ap
2+ 555
Zrwp | | L | oy (3.10.14)
M2HP?24,2)2
2HP (2}

which is the equation of an hyperbola symmetrically placed about the y = 0 axis,
with vertices at (O,—/\,u/QHP + AM2HP? + pz)%/2HP), foci at (O,—/\,u/QHP +

(2HP* + /\2/12)%/2HP), eccentricity of (2HP4 + A2u2) 5/()\(2HP2 + ,u2)%) which

can be expressed in terms of ¢ = coty and m = cota as (02(1 + m?) — m2) 2 /(me)

(cf- (3.9.16) and (3.9.25)) and centred at (O,—/\,u/(2HP)). The distance from the
centre to a vertex \(2HP? + u?)7 /2H P agrees with the length of the projection of
AC onto the yz—plane, i.e. AC cos~. The transverse axis is the same length as the
distance between the two vertices 2a and also agrees in length with the projection
of the transverse axis of (3.10.2) onto the yz—plane, i.e. 2acosy. The conjugate
axis has the length 2b, i.e. Q%L/H'lz‘, which is the same length as the conjugate axis
of (3.10.2) since it is parallel to the yz—plane. The location of the centre of the
hyperbola is consistent with the result for the projection of OC (3.9.8) (with the sign
of H reversed) onto the yz—plane, i.e. OC cos. The y—components of (3.10.14)
when z = OB = AP/u which have the length PL/u when measured from B are
consistent with the length of the projection of BE (3.9.15) into the yz—plane which
is unchanged in length since it lies parallel to the yz—plane. The asymptotes are
given by z = (:t/\(QHP2 +u?)7y/(LP(2H)?) — /\;L/(2HP)) which are clearly not the
images of the cone, i.e. z = + cot ay. It is worth noting that the focus of the hyper-
bola on the cone does not project onto the focus of the hyperbola projected into the
yz—plane in general. The relationship between the eccentricity e of the hyperbolic
projection in the yz—plane and that of the hyperbolic projection in the zy—plane,

e*, is found to be e? = a*?/a?(e*? — 1) + 1 where the superscript * refers to the
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equivalent quantities in (3.10.12). Note that the semi-conjugate axis lengths of both
projections are not involved in the relationship between the two eccentricities. The
relationship between the eccentricity e of the hyperbolic projection in the yz—plane
and that of the hyperbola on the cone, ef, has the same structure as that shown
above, with e* replaced by ef. As ¢ ranges from negative through positive infinity,
the projection ranges from (co,00) when ¢ = 7 — arccos(1/e*) to (PL/u, \P/u)
when ¢ = 7 /2 to (O,AP/(,U + q)) when ¢ = 0 to (—PL/u,A\P/u) when ¢ = —7/2 to
(—o00,00) when ¢ = —x + arccos(1/e*). The L, L, projection of the angular momen-
tum curve lies along the base of the triangle describing the L,L, projection of the
image of the angular momentum cone, perpendicular to the L,—axis. As t ranges
from negative through positive infinity, the line segment extends along the full length
of the base of the angular momentum triangle from the point ((2H)%/\L/q, —~L2/P)
when ¢ = m — arccos(1/e*) to (AL/P,—L?/P) when ¢ = n/2 to (0,—L?/P) when
$ = 0 to (—AL/P,—L*/P) when ¢ = —=/2 to (—(2H)AL/q,—L*/P) when
¢ = —m+arccos(1/e*). In other words the angular momentum vectors will have swept
over more than half of the surface area of the angular momentum cone. The two short
line segments drawn perpendicular to the yz projection of the angular momentum
curve indicate the limits of extent of the projection of the angular momentum as ¢

ranges from negative through positive infinity.

The conserved vector K g which has been rotated clockwise through 7 /2 radians to lie
along the cartesian unit vector —j is given by (3.6.29) and has length
L(2HP? + p?)2 /P as shown in Figure 3.10.2. The vector Jx, which is perpendicu-
lar to Kk, is also rotated clockwise through /2 radians to lie along the cartesian
unit vector 2. Jx has the length PL?Kk and is conveniently drawn to the same
length as Kk in Figure 3.10.2. The Poincaré vector, P, no longer orthogonal to J,
lies along the cartesian unit vector —k. Note that, when the cone is rotated about
the z—axis so that P lies along k, the vectors Kx and Jg lie along the carte-
sian unit vectors j and 2 respectively and hence mimic the behaviour of L, K and
J respectively of the standard Kepler problem. The components of the conserved
vectors are found by taking the scalar products of the relevant vectors with Kk,
Jx and —15, remembering that the projected quantities have been rotated clock-
wise through 7 /2 radians to preserve the alignment with the orbit on the cone. The
Laplace-Runge-Lenz analogue J is given by (3.5.6) with ¢ < J and has components
J = (L(QHP2 + /ﬂ)%/P,O,—/\p/P). Note that the z—component of J is equal in
magnitude to Kk from (3.6.29) since the vector product with P has the effect of pro-
jecting J into the plane followed by a counter—clockwise rotation through = /2 radians.
The Poincaré vector is given by (3.5.4) and has components (0, 0,—(L*+ /\2)%). The
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normal vector N (3.6.5) is perpendicular to the plane of the orbit and using (3.6.29)
and (3.8.24) the components are found to be (—L* cot 7,0, —L*). The vector S (3.6.8)
is parallel to the plane of the orbit and using (3.6.29) the components are found to
be (uL(2HP? + u?)7 /(2AH P),0,—(2H P* + )/ (2H P)).

Figure 3.10.3 shows the elliptical velocity hodograph in the case where p < J. A
selection of velocity vectors corresponding to the displacement vectors shown
in Figure 3.10.2 has been drawn from the origin to their respective positions on
the velocity hodograph. In order to illustrate the # behaviour more clearly, projec-
tions of the velocity hodograph onto planes parallel to the g, 22 and yz planes are
also shown, together with the projected images of the orbital cone onto the respective
planes. The two short line segments intersecting the velocity hodograph indicate the
limits of extent of the velocity hodograph as t ranges from negative through positive

infinity.

The %y projection of the velocity hodograph is obtained by manipulating the first
two equations of (3.9.35) into the form

AN 2HL
”—) ; ys—( , (3.10.15)

L 1\ 2
.2 o L ogp? 2—) :(

which is the equation of a section of a circle in cartesian coordinates symmetrically
placed about the # = 0 axis, radius uL/P? with origin (0, —L(2HP? + pz)%/P2)
and is consistent with the planar velocity hodograph for the hyperbolic Kepler or-
bit with L* = 1, p = 1.25 and J* = 2.25 and (3.6.30) reversing the sign inside
the y term since the velocity hodograph is being viewed with P directed along the
—k direction. The semi-major axis length of (3.9.37) projected into the zy—plane
reduces to the length of the radius, i.e. asiny = uL/P?, as it should. The semi-
minor axis length of (3.9.37) is unchanged in length on projection into the zy—plane
because it is parallel to that plane and the location of the origin agrees with that
of (3.9.37) because it lies along the y—axis. As t ranges from negative through pos-
itive infinity, the projection ranges from the point ((QH)%L,u/(Pq), ~2LH/q) when
¢ = w — arccos(1/e*) to (Lu/P* —Lq/P*) when ¢ = 7/2 to (0, —L(,u—i—q)/P2) when
¢ =0 to (—Lp/P? —Lq/P?) when ¢ = —7/2 to (—(2H)5Ly/(Pq), —2LH/q) when
¢ = —m + arccos(1/e*), i.e. the circle is not completed even as ¢ ranges from neg-
ative through positive infinity. The dotted line completes the velocity hodograph.
However, it should be remembered that the projection of the velocity vectors never
closes as t ranges from negative through positive infinity. The two short line segments

intersecting the Zy projection of the velocity hodograph indicate the limits of extent
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Figure 3.10.3. The elliptical MICZ velocity hodograph and hyperbolic orbit for p < J
with a selection of velocity vectors drawn from the origin. The velocity vectors move
on a plane which is parallel to the orbital plane and, as ¢ ranges from negative
through positive infinity, the heads of the velocity vectors trace out a section of an
ellipse. The projections of the velocity hodograph and orbit onto planes parallel to
the zy, 2, yz, zy, zz and yz planes are also shown. The constants are chosen as for
Figure 3.10.2. The origin lies on the hodographic plane outside the circumference of

the hodographic ellipse.
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of the projection of the velocity hodograph as ¢ ranges from negative through positive

infinity.

The 2z projection shows the images of the orbital cone with dotted lines, together
with the respective projections of the orbit and velocity hodograph. Note that the zz
projection of the velocity hodograph is obtained by manipulating the first and third
equations of (3.9.35) into the form

z=—cotyz, |z]|< ’;—f, (3.10.16)
which is the equation of a straight line with slope — coty which passes through the
origin and which is bisected by the £—axis. The projection of the velocity hodograph
is seen to be parallel to the projection of the orbit as was shown in (3.6.6) and (3.6.7).
As t ranges from negative through positive infinity, the projection ranges from the
point ((QH)%L,u/(Pq), —(ZH)%/\/P) when ¢ = 7 —arccos(1/e*) to (uL/P?% —\q/P?)
when ¢ = 7/2 then to (0,0) when ¢ = 0 to (—uL/P? Aq/P?) when ¢ = —7/2 to
(—(ZH)%LN/(Pq), (2H)%/\/P) when ¢ = —n + arccos(1/e*), i.e. the length of the
projection of the velocity hodograph tends to 2(2HA? + 2)z/P. The two short line
segments intersecting the £z projection of the velocity hodograph indicate the limits
of extent of the projection of the velocity hodograph as ¢ ranges from negative through

positive infinity.

The yz projection shows the images of the orbital cone with dotted lines, together
with the respective projections of the orbit and velocity hodograph. Note that the
yZz projection of the velocity hodograph is obtained by manipulating the second and
third equations of (3.9.35) into the form

i+ HQHP+ )} N é 2_1
=3 Pr(2HP? 4 p2)5 ’

. 2HL
y < — T (3.10.17)
(2HP? + u?)2
which is the equation for an ellipse symmetrically placed about the 2 = 0 axis,

with semi-major axis length A(2HP? + u2)2z/P? which is just the projection of the
semi-major axis of (3.9.37) onto the yz—plane, i.e. acos+y, semi—minor axis length
pL/P? which is consistent with that of (3.19.37) since it is parallel to the yz—plane,
eccentricity of (1 —p?L?/(N*(2H P? +p2))) 2 and centred at <~L(2HP2 +u%)z /P2, 0)
which also agrees with the centre of (3.9.37) which lies along the y—axis. It is worth
noting that the focus of the ellipse on the cone does not project onto the focus of the

ellipse projected into the yz—plane in general. As ¢t ranges from negative through
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positive infinity, the projection ranges from the point (—QLH/q, —(2H)%)\/P) when
¢ = 7 — arccos(1/e*) to (—Lg/P? —A\q/P?) when ¢ = 7/2 to (—L(p + q)/Pz,O)
when ¢ = 0 to (—Lg/P? A\q/P?) when ¢ = —7/2 to (—2LH/q, (2H)%)\/P) when
¢ = —m + arccos(l/e*), i.e. the ellipse is not completed even as ¢ ranges from
negative through positive infinity. The dotted line completes the velocity hodograph.
However, it should be remembered that the projection of the velocity vectors never
closes as t ranges from negative through positive infinity. The two short line segments
intersecting the yz projection of the velocity hodograph indicate the limits of extent
of the projection of the velocity hodograph as t ranges from negative through positive

infinity.

The conserved vectors Kk, Jx, J, P, N and S are drawn as in Figure 3.10.2.

3.11 Discussion

Using the first integrals of the MICZ system it has been possible to describe, using
very elementary methods, the complete geometry of the orbits. Despite the com-
ments of McIntosh and Cisneros [94] referred to earlier, the orbital quantities can be
expressed fairly simply in terms of the conserved quantities and orbit parameters.
In particular the distance from the origin to the geometric centre of the orbit, OC,
is proportional to J in both the elliptical and hyperbolic cases. The distance from
the origin to the intersection of the axis of symmetry of the cone and the plane of
the orbit, OB, is proportional to P. It is also of physical interest that OC becomes
shorter with increasing magnitude of the energy and that OB becomes shorter with
increasing Coulomb constant and longer with increasing monopole strength. The
orbit of the MICZ problem is described by the intersection of a plane and a right cir-
cular cone, and the projection of the orbit into the ¢—plane is a focus—centred conic
section which corresponds naturally with the orbit of the standard Kepler problem.
Analogues of Kepler’s three laws of motion have been obtained and shown to be

natural extensions of the laws in the plane.

The roles of the two vectors P and J are very similar to their analogues in the
classical Kepler—-Coulomb problem in that P, like the angular momentum, determines
the orientation in space and J, like the Laplace-Runge-Lenz vector, determines the
orientation of the orbit within the orientation induced by P by pointing along the
direction of the location of the geometric centre of the orbit and the direction of the

major axis. A linear combination of P and J naturally gives rise to two vectors
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one of which is parallel to the normal to the orbital and hodographic planes and the
other which is parallel to the orbital and hodographic planes. The latter vector S also
behaves like the Laplace-Runge-Lenz vector in that it provides the orbit equation

for the orbit on the tilted plane in a natural way.

3.12 The Lie Algebras of the Classical Monopole—Oscillator
and Related Problems

The Lie point symmetries of the equation of motion for an electric charge interacting
with a magnetic monopole (taken as fixed at the origin) have been studied by Moreira

et al. [101]. They concluded that the equation of motion describing the above system
LA
#+5L=0 (3.12.1)

possessed six symmetries (see §4.1) and the corresponding Lie algebra
s0(2,1)®so(3). In addition to the well-known Poincaré vector [107]

P=1L-) (3.12.2)

with which the algebra so(3) is usually associated they further obtained another three

scalar first integrals

1. .

L o= G (3.12.3)
I, = (tr—7)r (3.12.4)
Iy = (th—7)(th —7) (3.12.5)

the first by inspection and I; and I5 using Lutzky’s method [87].

Jackiw [56] applied Noether’s theorem to the Lagrangian corresponding to (3.12.1)
(with an additional potential term proportional to r~%). He obtained the integrals
(3.12.3)—(3.12.5) which also included the contribution from the extra potential term
and observed that the commutators of the integrals possessed the algebra o(2,1).
He emphasized the close connection between the monopole problem and the Kepler-
Coulomb problem by observing that the algebras of the commutation relations of the
first integrals are in both cases six-dimensional although there are some differences
in detail. As far as the Lie algebras of the symmetries of the differential equations are
concerned, the monopole has the six-dimensional algebra so(2, 1) @ so(3) whereas the

Kepler—Coulomb problem has the five-dimensional algebra A; @ so(3) (see Leach and
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Gorringe [79]). The A, contribution to the algebra is as a result of invariance under
time translation and rescaling. It was also demonstrated in Gorringe and Leach [40]
that the Lie algebra corresponding to the Kepler-Coulomb problem is also found for

all central force problem where the force obeys a power law.

In their study of the Lie point symmetries of the differential equation
4 f(r)L + g(r)r = 0 (3126

Leach and Gorringe [79] discovered that the equation
. A L
T+r_3L+ <T~4—e>r =0 (3.12.7)

possessed the algebra sl(2, R) @ so(3), regardless of the values of the parameters A, u
and ¢ provided that both A and g are not simultaneously zero. In the case where A
and u are both zero, (3.12.7) would have the twenty—four element algebra, si(5, R),

of the three—dimensional linear system.

It was also observed that, for ¢ = 0, the sl(2, R) algebra associated with (3.12.7)
consisted of invariance under time translation, a self-similar transformation and a
conformal transformation. The introduction of € replaces the latter two symmetries,
(see §4.4), but the algebra remains s/(2, R). We note that in Leach and Gorringe [79]
the algebra sl(2, R), which is isomorphic to so(2, 1), is preferred to the so(2,1) which
is often used in the literature. The elements of this algebra generate infinitesimal
transformations in (r,t) space and we believe it is better to use sl(2, R) to avoid the

suggestion of rotation in the physical space.

When ¢ = —w?, (3.12.7) is referred to as the monopole-oscillator, although strictly
speaking it is not due to the presence of the ur~*r term. For the special case y = —\?
McIntosh and Cisneros [94] observed an increase in the number of first integrals. The
reason for the increase will become clear in the subsequent discussion. Curiously the
presence of the r=2 potential relates the problem more closely to currently studied
physical models of monopole motion (see for example Mladenov and Tsanov [97],

Cordani [23], Atiyah and Hitchin [1, 2] and Manton [89]).
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We now study the properties of the first integrals of (3.12.7) for general values of p
and for ¢ = —w? (monopole-oscillator), ¢ = 0 (monopole-free particle) and & = w?
(monopole-repulsor). When p# — A?, we find that the Lie algebra of the six first
integrals under the operation of taking the Poisson Bracket is sli(2, R) @ so(3) which
is the same algebra as for the point symmetries of the differential equation under
the operation of taking the Lie Bracket. The orbit equations are then constructed

using the energy-like first integral and the roles played by the parameters A and

are investigated especially in the case p = —\2.

3.13 The Lie Algebras of the First Integrals of the
Monopole—Oscillator, Monopole—Free Particle
and Monopole—Repulsor

We consider the three related problems.

1) The monopole-oscillator
LA 7
r-}-r—SL—i— (r—4+w2)r = 0. (3.13.1)
2) The monopole-free particle
. A w
F+ S+ S =0, (3.13.2)
3) The monopole-repulsor

D) T
T+T'_3L+ (F—w>r:0. (3133)

Taking the vector product of » with (3.13.1), (3.13.2) and (3.13.3) separately yields

in all cases Poincaré’s vector

P=1L ). (3.13.4)
In component form, (3.13.4) can be written as
/\.’I,'l
P = T2P3s — T3Pz — T T
A.'Ez
Py = 2spr—aips — ——
/\.’1,'3

Pz = zip2 — z2p1 — o (3.13.5)
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where the mechanical momentum p = (p1, p2, p3) = 7. Using the mechanical momen-
tum the basic Poisson Bracket relations are

T
[ziz;lpB =0,  [zi,pilpB =635, [pispilPB = Aeiji 77]; (3.13.6)

and we immediately obtain the well-known result (see Mladenov [96])
[P Pilpe = €iju Px (3.13.7)

and the usual so(3) symmetry.

Taking the scalar product of (3.13.1) with #, 7sin2wt and # cos2wt in turn and

integrating by parts we obtain

1
L = 5 (p-p — 7% +w2r2) (3.13.8)
_ 1, I 2,2
I, = 5 Sin 2wt | pp— 5 —wr’ ) —wp-r cos 2wt (3.13.9)
r
1 H 2.2 :
I; = 5 ¢os 2wt [pp— = —w'r" | +wp-rsin 2wt (3.13.10)
r

I is, of course, the Hamiltonian of the system. The Poisson Bracket relations amongst

the Is are
(I, Llps = 20ls,  [Io, Llps = —2wly,  [Is, 1] = 20l (3.13.11)
and so the algebra of the Is is s{(2, R). It can be shown that
(P Iilpe =0 V4,5, (3.13.12)

which confirms that the algebra of the first integrals of (3.13.1) is given by
sl(2, R) ® so(3). The integrals are not independent since

Nypu=P +uo(E+1-1} (3.13.13)

which is a hyperboloid of one sheet in the six-dimensional space of first integrals.

We now turn our attention to the second equation of motion (3.13.2). Taking the
scalar product of (3.13.2) with 7, t# and t*# in turn and integrating by parts we find
that

1 p

J = 5 (p~p - T_Z) (31314)
1 u 1
1 1

Jy = = t* (p-p — ﬂ) —tpr + = . (3.13.16)
2 r? 2
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Ji represents the Hamiltonian. The Poisson Bracket relations amongst the Js are
[J1, J2)pB = J1, [J2, J3lpe = J3, [J3, Ji]lpB = —2J, (3.13.17)

which is an alternate representation of si(2, R). Replacing I by J in (3.13.12) leaves
the result unchanged and so the algebra is s{(2, R) @ so(3). The integrals are related
by

Myp=P +4J2 —4JJ; (3.13.18)

which is the same surface as given by (3.13.13).

The above procedure is again repeated for the third equation (3.13.3). The scalar
product of 7,7 sinh 2wt and # cosh 2wt with (3.13.3) gives

1
K = = <p-p _E_ w2r2> (3.13.19)
2 r?
1
K, = 5 sinh 2wt (p-p - % + w2r2> — wp-r cosh 2wt (3.13.20)
r
1
Ky = 5 cosh 2wt (p-p - 7’% + w2r2> + wp-r sinh 2wt. (3.13.21)

K, is the Hamiltonian of the systen and the Poisson Bracket relations amongst the

Ks are
(K1, Kalpe = 2wKs, (K2, K3)lpp = —2wK,y, [K3,Kilpp = —2wK, (3.13.22)

which is again s/(2, R). All the Poisson Brackets between Ps and Ks are zero as in
the previous cases and so the algebra of the first integrals is again sl(2, R) @ so(3).
The integrals are related to each other through

Mi4p=P +w K+ K2 - K2 (3.13.23)

which is again an hyperboloid of one sheet.

The structure of (3.13.18) can be manipulated more into the form of (3.13.13) and
(3.13.23) by defining

oW =S+ T, 2p=J 2= Ji—J (3.13.24)
so that (3.13.18) becomes

Miypu=P+J2+ I - J2 (3.13.25)
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On close inspection of (3.13.13), (3.13.23) and (3.13.25) the structure is similar, but in
each case the ordering of the indices different. This could be rectified by relabelling,
but the above exercise shows that K;, K,, K3 for instance are not obtained from
I, I,, I5 respectively under a canonical transformation. In fact the associations are
Ko 13, Ky 1, K31, This phenomenon was observed some time ago in connec-

tion with the quadratic first integrals of systems possessing quadratic Hamiltonians

(see Leach [71]).

The monopole-oscillator problem can be treated in much the same way as the
monopole-Kepler problem. By taking the vector product of P with the equation
of motion (3.13.1) the equation on the cone can be projected into the plane, further
rotated through /2 about the projection axis, and scaled by P. The differential

equation becomes

L'(N + p)

+wilrx P=0. 3.13.26
|”'XPI4 LU)”' ( )

(r x P)" + (
Note that the angular momentum component of the equation of motion contributes
to the centripetal force term of the equivalent central force problem. Similarly the

equation of motion for the monopole—free particle (3.13.2) can be written as

LA(\?
(r x P)" + <—(—-—+%))r xP =0 (3.13.27)
[r x P
and for the monopole-repulsor (3.13.3) as
40)2
(r x P) 4+ (M - w2) rx P =0. (3.13.28)
|r x P|
Note that in the case y = —\?, (3.13.26) becomes a three-dimensional isotropic

harmonic oscillator in terms of the vector » x P. The three-dimensional isotropic
harmonic oscillator has twenty one first integrals quadratic in the velocities (L;; gives
three, A;; six, Bj; six and Cj; six, see §3.20) and the orbit of 7 x P can be obtained

from the nine autonomous integrals.
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3.14 The Geometry of the Monopole—Oscillator

Let the angle between Poincaré’s vector, P, and # be 7 — . Using (3.13.4) the scalar

product of P with © gives

oz——/l 3.14.1
Cos =P (3.14.1)

which confirms that the motion is on the surface of a right circular cone of semi-vertex
angle o and axis of symmetry along the line of P. Although the angular momentum,
L, is not conserved, its magnitude, L, is. Since [P, L, 7] is zero, L describes a right
circular cone of semi-vertex angle (/2 — «). The salient features of the geometry
are depicted in Figure 3.14.1 which shows the orientation of the larger orbital and
smaller angular momentum cones which meet at the origin and a typical orbit for
the case u = —A%. Note from the diagram how the vector P is constructed from the
vectors L and —A#, where —A# is in the opposite direction to » and scaled by A.

From (3.13.4) and (3.14.1) it follows that

) L
sina = — (3.14.2)
Since the plane polar angle « is constant,
L = r’sinad, (3.14.3)

where ¢ is the azimuthal angle in the plane through O, perpendicular to P. The

orbit equation is easily obtained by rewriting (3.13.8) in terms of r

i (211 AT wz,ﬂ) : (3.14.4)

2
Using (3.14.2) and (3.14.3), 7 can be expressed in terms of ¢ as follows

£ dr
r2d¢

r =

(3.14.5)

and 7 in (3.14.4) can be replaced using (3.14.5) and solved to give the orbit equation

L2 -
r? = a (3.14.6)

i (B w12 - ) eos (2 (9 - 40))

provided I2 > w?(L?—p) > 0. It is now a simple matter to plot the orbit remembering

that the plane polar angle a remains constant. In cartesian coordinates

T = rsinacos¢
y = rsinasing

z = rcosa, (3.14.7)
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Figure 3.14.1. The typical geometry of the monopole-oscillator orbit when pu = —A2.

The larger orbital and smaller angular momentum cones are shown together with a
typical orbit and the orientation of P. The origin O is at the point of contact between
the two cones, A marks one of the two points of furthest approach from O and E
one of the two points of closest approach. The orbit is not a conic section although
certain projections are conic sections. a and 7/2 — « are the the semi-vertex angles

of the orbital and angular momentum cones respectively.
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where r is calculated from (3.14.6), and « is determined from (3.14.1) or (3.14.2).
Equation (3.14.6) is very reminiscent of the orbit equation for the three-dimensional
isotropic harmonic oscillator (see (1.7.16)). This comes as no surprise since, for
g = —A?, (3.13.1) can be rewritten as a three-dimensional isotropic harmonic oscilla-
tor as shown earlier in (3.13.26). In this case (3.14.6) is equivalent to equation (1.7.16)
where the role of L? has now been replaced by P? and A% by w?. The réles of u and

1
A can be seen in (3.14.6). The orbit is not closed unless (L2 — ,u) ? and (L2 -+ /\2)

are commensurate. The orbit precesses counter—clockwise if L — u < L? 4+ A% and

1
2

clockwise if L2 — u > L% 4+ 2. For u = —\? the orbit closes after one revolution and
the projection of the orbit onto the ¢—plane is an ellipse. The orbit on the cone is
not elliptical, but rather is as if the ellipse were lifted from the plane and bent to fit

onto the surface of the cone.
The angular momentum for the planar three-dimensional isotropic harmonic
oscillator (3.13.26) with x4 = —A? is given by
Lo=(rx P)x(rx P)=L*P (3.14.8)
and the energy integral by
Eo = %(7’- x P)-(r x P)+ %wz(r x P)-(r x P) = L*I,. (3.14.9)

In addition to these integrals a unit Laplace-Runge-Lenz vector can be constructed
for the equation of motion of the three-dimensional isotropic harmonic oscillator in
the variable » x P using a variation of Fradkin’s method described in §§1.6 and 1.7

which gives

. oF\ — 1 oF .
JO = (F~U8_ﬁ>rXP+E8—U(rXP)XLO
oF\ — 1 OF .
= (F—UEJ)TXP—FZ—IE%(TXP)XP, (31410)

where U = 1/|r x P| = u/L and F = (Eo + (Eé—uﬂ[%)l/z - L?)U2)1/2/
(4E3 — 4w2L20)1/4. Making the necessary substitutions, (3.14.10) can be simplified
and scaled by Jo to give

Jo\? -1 —
Jo = =+ (f’)) [Eo +wdo — LEU?| ™ (o + wlo)r x P —

U(# x P) x Lo), (3.14.11)
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where
E2 %
Jo = (w—‘j ~ L"‘O) : (3.14.12)

The choice of the arbitrary function Q(FEo) is again motivated by the structure of
the Jauch—Hill-Fradkin analogue and is found to be
E
Q(Eo) = == (3.14.13)

w

which is consistent with (1.7.4). Equation (3.14.11) can be simplified following the

procedure described in §1.7 to give

1 B
Jo =+Jo ); (r x P (+ x P) x P) , (3.14.14)

el|lr x P|? — b? pLe
(Ir x P

and similarly the corresponding Hamilton vector can be constructed using

KO = PXJO

1 — )3 2
= o= (@ P« P_rxP . (3.14.15)
3 \ P2L?
e<a2—|rxP|2)

The same restrictions apply as for the three-dimensional isotropic harmonic oscillator
regarding the discontinuities and the choice of sign of the Laplace-Runge-Lenz and
Hamilton vector analogues. In fact (3.14.14) and (3.14.15) are identical in form
to (1.7.7) and (1.7.8) using the variable substitutions A - w, r - » X P, # — 7 x P,
L — Lo remembering that the semi-major and semi—minor axis lengths are scaled
by P as a result of the projection and so a*/P? and b*/P? in (3.14.15) and (3.14.14)
respectively have the same length as a® and b* respectively in (1.7.8) and (1.7.7).
It should also be noted that Jo and Ko as given by (3.14.14) and (3.14.15) are
rotated counter—clockwise through m/2 radians from the expected positions 2 and —3
respectively. This is in agreement with the projection of the orbit into the ¢—plane
which is also rotated counter—clockwise through 7 /2 radians and scaled by P. In the
diagrams that follow Jo and Ko will be rotated clockwise through 7 /2 radians to lie
along the cartesian unit vectors ¢ and —j respectively in such a way that when the
cone is rotated about the z—axis so that P lies along k, Jo and K lie along the
cartesian vectors ¢ and j respectively and hence mimic the behaviour of L, J and K

respectively of the three-dimensional isotropic harmonic oscillator.

The choice of the arbitrary function Q(Eo) (3.14.13) gives rise to the Jauch-Hill-

Fradkin tensor analogue
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Ay = [Q(Eo)i[Qz(Eo)—Iﬂo]%] Toio; +

|Q(B0) T [@*(F0) - 13]] (B x Fo), (P x Jo)

t J
L/, .
= = ((# x P)i(# x P); +w? (r x P),(r x P),). (3.14.16)
Making the substitution » x P = u and scaling (3.14.16) by w gives the equation of
the velocity hodograph
al (2EoI — A)u = w*L3. (3.14.17)
Since P is constant, the motion is planar and for convenience we assign ug to be the
variable in the direction of P. The eigenvalues of the 2x2 matrix in (3.14.17) which

determine the velocity hodograph in the plane, are
1
\=Eo + (B} —w'L})”, (3.14.18)

and, if we rotate the velocity hodograph (3.14.17) so that the cartesian unit vectors

t and j become principal axes we obtain

2 2
N 2| =1 (31419)
(Eo — (B3 —w?L})7)” (Eo + (B3 — w?L3)7)?
Equation (3.14.19) can be simplified to obtain
2 2
|+ | =1 (3.14.20)
L(11+(Il2—w2P2)%')2 L(Il—(lf—uﬂpl’)%)
P P

which is the equation of an ellipse symmetrically placed about the z—axis, with

1
semi—major axis of length L(Il + (L% - w2P2)%)2/P, semi-minor axis of length
1
2

L 1
L([l_(jlz—w"’Pz)%) ? / P and eccentricity (4(]12—w2P2)) ! (11—(112—W2P2)%) [(WP).

The equation of the orbit is then given by
ul (2Eol — A)u = L3, (3.14.21)

If we rotate the orbit (3.14.21) so that the cartesian unit vectors ¢ and j become the

principal axes we obtain

2 2
= |+ = - =1 (3.14.22)
(Bo-(Bg-w212)F)” (Bo+t—wr2)})?

w w
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Equation (3.14.22) can be simplified to obtain

2 2
z )
3| T — | =1 (3.14.23)
L(Il+(112—:2p2)5)2 L(Il—(lf—w2P2)7)2
w wP

which is the equation of an ellipse symmetrically placed about the z—axis, concentric
to (3.14.20), with semi-major axis of length L(h + (I,* — w2P2)%)5/(wP), semi—

1 1
minor axis of length L(Il ~(I* - w2P2)%) */(wP) and eccentricity (4([12 — szz)) !

1
(11 —(I,* - w2P2)%) ?/(wP). Note that both (3.14.20) and (3.14.23) describe the
projection of the velocity hodograph and the orbit in the ¢—plane without the scaling
by P since the equations are now written in terms of the components of 7 and r rather

than those of # x P and r x P respectively.

The presence of two orthogonal vectors in the zy—plane would seem to suggest the
existence of additional vectors lying out of the plane which would project onto the

line of Jp and Ko in the zy—plane. Two such vectors are given by

Ao
U=+Jo— —L—OP (3.14.24)

which lie on the surface of the cone collinear with the two vectors directed from the

origin to the two points of closest approach. Two other such vectors are given by

AKo »

V=1Ko- P (3.14.25)

which lie on the surface of the cone collinear with the two vectors directed from
the origin to the two points of furthest approach. Note that P xU = +Ko and
PxV = FJo. Different linear combinations of the vectors shown above can also
be constructed. However, they are not nearly as important as those described above
because they do not appear to provide any useful additional geometric information

on the monopole-oscillator problem.

In the case ¢ = —A? the parametric equations for the orbit can be obtained by
substituting for r from (3.14.6) in (3.14.7) to give
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. = Lcos ¢
(11 — (I2 — w2 P?2)2 cos 2(}3)5
Lsin ¢
y = ] 1
(11 — (I} — w?P?)32 cos 2¢) :
A
z = . (3.14.26)

=

(11 — (I2 — w2 P2)% cos 2(]5)

For this case the equation of motion (3.13.26) becomes that of the three-dimensional

isotropic harmonic oscillator in the variable » x P. The orbit equation is then given
by
lr x P> = L*r? =

L2P?
. (3.14.27)
2

I, — (112 - w2P2) cos 2¢’
i.e. the projection of the orbit into the ¢—plane describes a geometric—centred ellipse
symmetrically placed about the x—axis with the centre at the intersection of P and
the ¢—plane. It is well-known that the intersection of a plane and a right circular
cone describes a conic section on the cone. However, in this case, although the
projection of the orbit on the cone into the ¢—plane describes a geometric—centred
ellipse, the orbit on the cone does not lie on a plane. The zz and yz projections
of the orbit on the cone will be studied later in the section where it will be shown
that this peculiar geometry is the result of the intersection between the cone and a
surface which is closely related to two different conic sections. This association gives
an interesting geometric interpretation as to why the three-dimensional isotropic
harmonic oscillator ellipse differs from that of the Kepler problem. The eccentricity

of the ellipse is given by
1 L L

— (417 - *PY))* (I — (I} - w*P?)?)

.14.2
— (3.14.28)

which no longer appears to be related in a transparent way to the slope of the cone
(cot ) as was the case in the MICZ problem. Note also that P behaves like L in the

three-dimensional isotropic harmonic oscillator.
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It is easy to show using the orbit equation (3.14.6) that the maximum length of the
vector P, rmax on the surface of the cone is reduced in length by the factor sina
when projected into the ¢—plane due to its inclination with respect to P and so the

projection

Pmax SIN ¢ =

L 2 2 p2\ 1 7 1
W—P(I1 + (I —w?P7)? = 517 % Plaas, (3.14.29)

is consistent with the result for the semi-major axis length of the projected ellipse
from (3.14.27) up to a scaling factor of P and ignoring the rotation brought about
by the transformation. Similarly the minimum length of the vector =, rp;, on the
surface of the cone is reduced in length by the same factor sin @ when projected into

the ¢—plane due to its inclination with respect to P and so the projection

: L nt 1
Tmin SID @ = —P<Il —(I? - w2P2);)2 = F[r X P|min (3.14.30)

W

is consistent with the result for the semi-minor axis length of the projected ellipse
from (3.14.27) up to a scaling factor of P and ignoring the rotation brought about
by the transformation. Note also that the orbit on the cone does not lie in a plane
as was the case for the monopole-Kepler problem. The orbit resembles the outline
of a saddle which is draped over the cone in such a way that its projection describes

a geometric—centred ellipse.

The parametric equations for the velocity hodograph can be obtained by differentiat-
ing the cartesian components z, y and z (3.14.26), substituting for ¢ = —L/(r?sin a)

to give

(11 + (I} — w?P?) %) sin o sin ¢
(I — (17 — w2P?)% cos 2¢)?

(11 (I — w?P?%)2 )smacosqb

(Il — (I? — w?P?)3 cos 2(;5)5

s = (I? — w*P?)7 cos asin 24 _ (3.14.31)

(11 — (I2 — w?P?)7 cos 2¢) ?
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The analogues of Kepler’s three laws of motion for this system then become :—

(i)

For positive energies the orbit resembles the outline of a saddle which is draped
over the cone in such a way that its projection describes a geometric—centred

ellipse. The origin is not coplanar with the orbit.

Equal areas are swept out on the cone in equal times. As in the monopole-
Kepler problem, the area swept out on the cone is given by (denoting the
quantities on the cone with the subscript MO and those in the plane
with L MO)

1 :

dAMo = 51‘ X dt (31432)

and so dA .

Mo _ L.

FTa 2L const. (3.14.33)

Similarly for the ellipse in the ¢—plane

dAipo 1 . 1

0 5](r x P) x (# x P)| = S L*P. (3.14.34)

After rescaling dAp0/dt by P2, since we are dealing with an area, it is clear
that the rate of increse in area on the cone is larger than on the projected ellipse
by the factor P/L = 1/sin « as was the case for the MICZ elliptical orbit.

The surface area extending from the base of the orbital cone to the line of the

orbit is found by integrating (3.14.33) over the period of the motion which gives

1 27 .
Ao = 5 / r?sin ad dt. (3.14.35)
0
Substituting for r? from (3.14.6) we can express the integrand in terms of ¢ and
obtain ) , P2y
Apo = —sina/ ¢ - . (3.14.36)
2 o I — (I} —w?P?)2 cos 2¢

Making the substitution n = 2¢ gives

P?si 4 d
Ano = =512 / L (3.14.37)
L 0 1—(1—w?P?/I?)3cosy
which can be integrated using G&R[43, 3.613.1 with n=0] to give
L
Ao = =, (3.14.38)
w
The area of the ellipse projected in the plane is given by
PL?
Aiyo = mab= """, (3.14.39)

w
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which upon rescaling by P? gives

w2 .
Aipo = Py = Aposina, (3.14.40)

and so we observe that the surface area of the section of cone between the origin

and the line of the orbit is inversely proportional to w.

As expected the ratio of Apx/ALmk is again P/L which is the same ratio as we
obtained for the areal velocities. Alternatively we can consider an infinitesimal
area on the cone stretching from the origin to two closely spaced points on the
orbit. If we project this area into the plane, it is clear that the projection is just
AAimo = AApmosina which, extended over the complete area in both cases,

is the result we obtained previously.

(iii) Equation (3.14.33) can be integrated over one revolution to give an alternate

expression for the area,

1

Awo = FLT. (3.14.41)

Equating (3.14.38) with (4.14.41) gives the analogue of Kepler’s third law, i.e.,
2

T=" (3.14.42)
w

for both the orbit on the cone and the orbit in the plane, i.e. the period is

inversely proportional to w.

The initial conditions were chosen so that the projection of the orbit on the cone
into the ¢—plane is identical to the corresponding three-dimensional isotropic har-
monic oscillator orbit and also that the projection of the velocity hodograph into
the ¢—plane is coincident with that of the oscillator as shown in Figure 1.7.2 of
Chapter 1. This was done in much the same way as that described for the MICZ
problem by equating certain quantities on the cone on projection into the ¢—plane
with the equivalent quantities for the three-dimensional isotropic harmonic oscillator.
In the subsequent discussion, the starred quantities will be used to denote the con-
stants used in Chapter 1 for the oscillator. The constants have the values, as before,
p=1.25 05=0,a, =1.8939, \* = (u3/a}®)7, E* = 0.4694 and L* = 1. Combina-
tions of the semi—major and semi-minor axis lengths for both the projections of the
velocity hodograph and the orbit of the monopole-oscillator were equated with the
corresponding expressions for the three-dimensional isotropic harmonic oscillator to
force both the the velocity hodographs and the orbits to coincide so that a comparison
between the two problems can be made. Multiplying the squares of the lengths of the

semi-major and semi-minor axes for both the projection of the monopole-oscillator
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velocity hodograph (3.14.20) and making a comparison with the same quantity in the

case of the three-dimensional isotropic harmonic oscillator gives

_\PI

W = 12

(3.14.43)

Summing the squares of the lengths of the semi-major and semi-minor axes for both
the projection of the monopole-oscillator velocity hodograph (3.14.20) and making
a comparison with the same quantity in the case of the three-dimensional isotropic
harmonic oscillator gives, using (3.14.43),

_ PE"

L = Iz (3.14.44)

Repeating the above procedures for the projection of the monopole-oscillator orbit
(3.14.23) and making the same comparisons with the three-dimensional isotropic

harmonic oscillator gives

ML 3.14.45
W= 14.
PL* (3.14.45)
and eliminating w from (3.14.43) and (3.14.45) gives
L2
P=— 14.
T (3.14.46)

which is the same result obtained previously for the MICZ problem, and substituting
this result in either (3.14.43) or (3.14.45) gives

w =A%, (3.14.47)

and similarly substituting (3.14.46) in (3.14.44) gives

L2
L= 5" (3.14.48)
Using the definition of P it can be shown that
L 1
A= ET(L2 - L), (3.14.49)

and using (3.14.1) and (3.14.2)

[2 — [*? L L*
o = arccos (—(—L—~£) = arcsin (f) , (3.14.50)
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as was found for the MICZ problem. Note that the angle « only depends on the pro-
jection of the monopole-oscillator angular momentum L onto the three-dimensional
isotropic harmonic oscillator angular momentum L* which is directed along the line
of P. The magnitude of Jo can also be expressed in terms of L and L* using the
above expressions (3.14.46)—(3.14.48) to obtain

L4
= W2
For convenience, L was chosen to be 1.85 and using the values for the starred quan-
tities given above, P, w, I, A,  and Jo were calculated using (3.14.46)-(3.14.51).

Jo (B2 - A2L%) : (3.14.51)

Figure 3.14.2 shows the orbit for the monopole-oscillator where y = —\2. The dia-
gram shows the two right circular orbital and angular momentum cones which extend
in opposite directions along the line of P with origin and point of contact at the apices
of the two cones. A selection of displacement and corresponding angular momentum
vectors has been drawn from the origin to their respective positions on the orbital
and angular momentum cones. The orbit resembles the outline of a saddle which
is draped over the cone in such a way that its zy projection describes a geometric—
centred ellipse. The origin is not enclosed by the orbit. In order to illustrate the
behaviour more clearly, projections of the orbit onto planes parallel to the zy, zz and
yz planes are shown, together with projections of the angular momentum curve and
the projected images of the cones onto the respective planes. The constant magnitude
of the angular momentum is reflected by the angular momentum vectors moving on
the surface of a cone which is truncated perpendicular to the axis of symmetry to

a height of L?/P below the origin. The components of the angular momentum are
given by L = (AL cos ¢/ P, AL sin ¢/P,—L?/P) using (3.14.26) and (3.14.31).

The zy projection of the orbit is elliptical as described by the first two equations of
(3.14.26) which can be manipulated into the form

2 2

z y
I +

=1 (3.14.52)

D=

L(11+(112—W2P2)%) L(Il—(zg_uﬂpz)%)
wP wP

which is the cartesian representation of an ellipse symmetrically placed about the
1

z = 0 and y = 0 axes, with semi—major axis length a = L(Il +(I,® ——szz)%) */(wP)

which is the projection of ryay onto the zy—plane, i.e. rmaxsina, semi-minor axis

1
of length b = L(h — (I, - w2P2)%) * /(wP), which is the projection of rmi, onto the

1
zy—plane, i.e. Tmissin «, eccentricity of (4(]12 ——w2P2)) (11 —(L® —w2P2)%) ?/(wP)
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Figure 3.14.2. The monopole-oscillator orbit and angular momentum curve for

p = —A? with a selection of displacement and angular momentum vectors drawn
from the origin. The radial and angular momentum vectors move on the surfaces
of two right circular cones extending in opposite directions along the line of P with
origin and point of contact at the apices of the two cones. The projections of the orbit
and angular momentum curve onto planes parallel to the zy, zz, yz, L,L,, L. L, and
L,L, planes are also shown. The constants have the values w = 0.4289, P = 3.4225,
A=28794, a =0.5711, L = 1.85 and I; = 1.6065. The origin is not enclosed by the
orbit.
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and centred at the origin. The projected orbit is consistent with the planar ellip-
tical three-dimensional isotropic harmonic oscillator orbit with x; = 1.25, 65 = 0,
ap = 1.8939, A* = (ux/ad)z, B* = 0.4694 and L* = 1. As ¢ ranges Over one pe-
riod and choosing the azimuthal angle ¢ to range between = and —n, the projection
ranges from (—a,0) when ¢ = 7 where a = ryasina and b = ry,sina to (0,)
when ¢ = 7/2 to (a,0) when ¢ = 0 to (0,—b) when ¢ = —7v/2 to (—a,0) when
¢ = —7. The projection of the angular momentum curve onto its corresponding
plane describes a circle with radius AL/P symmetrically placed about the L,—axis,
ie. L;>+ L, = (AL/P)* Ast ranges over one period, the projection ranges from
(=AL/P,0) when ¢ = 7 to (0,AL/P) when ¢ = 7/2 to (AL/P,0) when ¢ = 0 to
(0,—-AL/P) when ¢ = —7/2 to (—AL/P,0) when ¢ = —nx, i.e. the circle is com-
pleted. The projection of the angular momentum vectors describes a circle after one

revolution of the orbit.

The zz projection shows the images of the orbital and angular momentum cones
with dotted lines, together with the projections of the orbit and angular momentum
curves. Note that the zz projection of the orbit is obtained by manipulating the first
and third equations of (3.14.26) into the form

2

z X

- - | ——] =! (3.14.53)
(o) | Gt
subject to the condition that
L 2 2 p2y1) 2
o] < — (I + (17 - P?)?) (3.14.54)

which is the cartesian representation of a section of a hyperbola symmetrically placed
about the z = 0 and z = 0 axes, with vertices at (0, +a) where a = )\(Il —(I? -

w2P2)%)%/(wP) and b= L/ (4([12 - w2P2))% foci at (0,=+(a? + b%)7), eccentricity of
(a2 + bQ)%/a and centred at the origin. The distance from the centre to a vertex a
agrees with the length of the projection of rmin onto the zz—plane, i.e. Ty, cos a.
The transverse axis is the same length as the distance between the two vertices 2a.
The conjugate axis has the length 2b. The asymptotes are given by z = az/b, i.e.
a combination of the first and third equations of (3.14.26). The relationship between
the eccentricity e of the hyperbolic projection in the zz—plane and that of the ellip-
tical projection in the zy—plane, e*, is found to be e? = 1/m2b2/(a*2(1 - e*z)) +1,
where m is the slope of the cone (cot ) and the superscript * refers to the equiv-
alent quantities in (3.14.52). Note that the semi-transverse axis length of (3.14.53)
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and the semi-minor axis length of (3.14.52) are not involved in the relationship be-
tween the two eccentricities. The magnitude of the limits of extent of the variable
z which are indicated with two dotted lines parallel to the z—axis agree with the
length of the projection of rmax onto the zy—plane, i.e. Tmaxsina. The magnitude
of z at these two points agrees with the height of the projection of ry,, onto the
zz—plane, i.e. rmaxcosa. As t ranges over one period, the projection ranges from
(—c,d) when ¢ = 7 where a = rmincos @, ¢ = rmaxsina and d = . cosa to (0, a)
when ¢ = 7/2 to (c,d) when ¢ = 0 to (0,a) when ¢ = —7/2 to (—c¢,d) when ¢ = —n.
The L,L, projection of the angular momentum curve extends along the base of the
triangle describing the L, L, projection of the image of the angular momentum cone,
perpendicular to the L,—axis. As ¢ ranges over one period, the projection ranges
from (—AL/P,—L?/P) when ¢ = 7 to (0, —L?/P) when ¢ = 7/2 to (A\L/P,—L*/P)
when ¢ = 0 to (0,—L?/P) when ¢ = —7/2 to (~AL/P,—L%/P) when ¢ = —m, i.e.
the full length of the base of the angular momentum triangle. In other words the
angular momentum vectors will have swept over the entire surface area of the angular

momentum cone.

The yz projection shows the images of the orbital and angular momentum cones
with dotted lines, together with the projections of the orbit and angular momentum
curves. Note that the yz projection of the orbit is obtained by manipulating the
second and third equations of (3.14.26) into the form

2

e —7| ~! (3.14.55)
m )‘(11+(112—w2pz)5)
wP

subject to the condition that

L 1
vl < — (I — (17 = w?P?)2)? (3.14.56)

which is the equation of a section of an ellipse symmetrically placed ablout the
y = 0 and 2z = 0 axes, with semi-major axis length a = )\(Il + (I} —w2P2)%)E/(wP),
which is equivalent to the projection of Tmax onto the yz—plane, i.e. ry.x cos a, semi—
minor axis length b = L/ (4([12 - w2P2))I, eccentricity of (a> — %)z /a and centred
at the origin. The relationship between the eccentricity e of the elliptical projection
in the zz—plane and that of the elliptical projection in the zy—plane, e*, is found
to be e? = 1/m?b?(e** — 1)/b*? + 1, where m is the slope of the cone, (cot ), and
the superscript * refers to the equivalent quantities in (3.14.52). Note that the semi—

major axis lengths of both projections are not involved in the relationship between
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the two eccentricities. The magnitude of the limits of extent of the variable y which
are indicated with two dotted lines parallel to the z—axis agree with the length of
the projection of ryin onto the zy—plane, i.e. 7y, sina. The magnitude of z at these
two points agrees with the height of the projection of rp;, onto the zz—plane, i.e.
Tmin COS . As ¢ ranges over one period, the projection ranges from (0,a) when ¢ = =
where a = T'max COS @, € = ryinsina and d = ryiz cosa to (¢, d) when ¢ = 7/2 to (0, a)
when ¢ = 0 to (—c¢,d) when ¢ = —7/2 to (0,a) when ¢ = —x. The L, L, projection
of the angular momentum curve lies along the base of the triangle describing the
Ly, L, projection of the image of the angular momentum cone, perpendicular to the
L,—axis. As t ranges over one period, the line segment extends along the full length
of the base of the angular momentum triangle from the point (0, —L?/P) when ¢ = =
to (A\L/P,—L?/P) when ¢ = x/2 to (0,—L?*/P) when ¢ = 0 to (—AL/P,—L*/P)
when ¢ = —m/2 to (0, —L?/P) when ¢ = —=. In other words the angular momentum

vectors will have swept over the entire surface area of the angular momentum cone.

The conserved vector K¢ which has been rotated clockwise through 7/2 radians
to lie along the cartesian unit vector —j is given by (3.14.15) and has length
(E%/w?® — L3)7 and is scaled by L for convenience in Figure 3.14.2. The vector
Jo, which is perpendicular to Ko, is also rotated clockwise through /2 radians to
lie along the cartesian unit vector i. Jo also has the length (E2/w? — L3)? and
is similarly scaled by L in Figure 3.14.2. The Poincaré vector, P, lies along the
cartesian unit vector —k. Note that, when the cone is rotated about the z—axis so
that P lies along k, the vectors K¢ and Jo lie along the cartesian unit vectors 3
and % respectively and hence mimic the behaviour of L, K and J respectively of
the standard three-dimensional isotropic harmonic oscillator. The Poincaré vector is
given by (3.13.4) and has components (0, 0,—(L*+ )\2)%).

Figure 3.14.3 shows the velocity hodograph for the monopole-oscillator where
i = —M2. A selection of velocity vectors corresponding to the displacement vectors
shown in Figure 3.14.2 has been drawn from the origin to their respective positions
on the velocity hodograph. In order to illustrate the # behaviour more clearly, pro-
jections of the velocity hodograph onto planes parallel to the £y, 22 and 72z planes are
also shown, together with the projected images of the orbital cone onto the respective

planes.
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Figure 3.14.3. The monopole-oscillator velocity hodograph and orbit for p = —A
with a selection of velocity vectors drawn from the origin. The velocity vectors are
not confined to a plane although, as ¢ ranges over one period, the heads of the velocity
vectors projected into the zy—plane trace out a complete ellipse. The projections of
the velocity hodograph and orbit onto planes parallel to the zy, 2z, yz, zy, zz and
yz planes are also shown. The constants are chosen as for Figure 3.14.2. The origin

is enclosed by the velocity hodograph.
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The zy projection of the velocity hodograph is obtained by manipulating the first
two equations of (3.14.31) into the form
2 2
z y

L
2

=1 (3.14.57)

1
L(11+(If—w2pz)%) L(Il——(lf—aﬂP?)%) :

which is the cartesian equation of an ellipse concentric to (3.14.52) symmetrically
placed about the # = 0 and y = 0 axes, with semi-major axis of length a = L(Il +
(I, — w2P2)%)%/P, semi-minor axis of length b = L(Il — (I,* - w2P2)%)%/P and
eccentricity (4(]12 — w2P2)) ‘ (11 — (L% - w"’Pz)%) %/(wP) and centred at the origin.
The projected velocity hodograph is consistent with the planar velocity hodograph for
the elliptical three-dimensional isotropic harmonic oscillator with u; = 1.25, 65 = 0,
al = 1.8939, \* = (u/a;®)7, E* = 0.4694 and L* = 1. As t ranges over one period,
the projection ranges from the point (0,5) when ¢ = 7 where a = wrp.,sin a and
b = wrmipsina to (a,0) when ¢ = 7/2 to (0,—b) when ¢ = 0 to (—a,0) when
é = —7m/2 to (0,b) when ¢ = —, i.e. the ellipse is completed. The projection of the

velocity vectors describes an ellipse after one revolution of the orbit.

The zz projection shows the images of the orbital cone with dotted lines, together
with the respective projections of the orbit and velocity hodograph. Note that the 2
projection of the velocity hodograph is obtained by manipulating the first and third
equations of (3.14.31) into the form
.o A4B%cot?az® [ (A+ B)sin®a — 2?
" (A+B) ((A + B)?sin’a — 2B:&2) ’
where A = I; and B = (I? — w?P?)z, which describes a butterfly-shaped curve

symmetrically placed about the £ = 0 axis and is reminiscent of quartic curves such as

(3.14.58)

the lemniscates of Bernoulli and Gerono. As ¢ ranges over one period, the projection
ranges from the point (0,0) when ¢ = 7 where a = wrpax sin o and b = wWry;, sin a to
(a,0) when ¢ = 7/2 to (0,0) when ¢ = 0 to (—a,0) when ¢ = —7n/2 to (0,0) when
¢ =—m.

The yz projection shows the images of the orbital cone with dotted lines, together
with the respective projections of the orbit and velocity hodograph. Note that the
yz projection of the velocity hodograph is obtained by manipulating the second and
third equations of (3.14.31) into the form
2 4B? cot? ay? ( y* + (B — A)sin? )
(B — A) (B— A)?sinfa+2By?)’

(3.14.59)
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where A = I, and B = (I? — w*P?)%, which describes a butterfly-shaped curve
symmetrically placed about the § = 0 axis and is reminiscent of quartic curves such as
the lemniscates of Bernoulli and Gerono. As t ranges over one period, the projection
ranges from the point (b,0) when ¢ = 7 where a = wrpasina and b = wWry;, sin a to
(0,0) when ¢ = 7/2 to (—b,0) when ¢ = 0 to (0,0) when ¢ = —7/2 to (b,0) when
¢ = —m.

The conserved vectors Ko and Jo are scaled by L for convenience while P is drawn

as in Figure 3.14.2

Figure 3.14.4 shows the same orbit and velocity hodograph as those shown in Figure
3.14.3 but rotated about the z, Z—axis in such a way that the z—maxima are vertically
aligned above the z,& axis. This was done to investigate whether the 22 and yz
projections of the velocity hodograph could be rotated onto principal axes in both
orthogonal planes in such a way that their structure became more transparent. The
angle of rotation about the z—axis was calculated as follows. Replacing occurrences

of ¢ with p to avoid confusion, the Z component of (3.14.31) becomes

B cosasin2p

(A— Bcos2p)z’

Ho=p)= (3.14.60)

where A = I, and B = (I2 — w?P?)7, which can be differentiated with respect to p

to give

dz B?cosa (cos?2p — 2 cos2p + 1
Lo ( 5 ) (3.14.61)
dp (A — Bcos2p)2

To calculate p at a maximum or a minimum we set (3.14.61) equal to zero and solve

the resulting quadratic equation in cos2p to obtain

A+ (A? - B?)2
5 .
Only the smaller of the two solutions shown in (3.14.62) is of physical interest. The

(3.14.62)

cos2p =

azimuthal angle at the maximum or minimum z value is given by

= arctan __y(é =) = arctan (B—A) (1 +cos2p)
7= et ($(¢:P)) ‘ (i(B-i-A)(l—coquS)

using the first two equations of (3.14.31), which can be solved using the smaller of
the two solutions in (3.14.62) to obtain

Np=] V=

) , (3.14.63)

A— B)

4 = Farctan (EA 7B ) , (3.14.64)

] W



Figure 3.14.4. A counter—clockwise rotation of the monopole-oscillator velocity
hodograph and orbit for u = —A? as shown in Figure 3.14.3 through 0.4826 radians
about the z, z—axis so that the z maxima are vertically aligned above the z, z—axis.
The projections of the velocity hodograph and orbit onto planes parallel to the zy,
tz, yz, zy, xz and yz planes are also shown. Note that the conic section properties
of the zz and yz projections of the orbit are no longer apparent and also the lack of
any recognisable structure for the £z and yz projections of the velocity hodograph.

The constants are chosen as for Figure 3.14.2.
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where the top sign gives the azimuthal angle for the Z—maximum and the lower sign
the angle for the z—minimum. The second z—maximum is separated from the first
z—maximum by 7 radians which is also the case for the two z—minima. Substituting
the values for the constants as used in Figures 3.14.2 and 3.14.3, the azimuthal
angle vy corresponding to the Z—maximum value closest to the origin was found to
be v = —0.4826 radians. The conserved vectors Ko and Jo are scaled by L for

convenience while P is drawn as in Figure 3.14.2.

Figure 3.14.4 shows the results of performing a counter-clockwise rotation of both
the orbit and the velocity hodograph by 0.4826 radians about the z,z—axis. The

rotated coordinates (X,Y, Z)T are obtained from the equation

X cosy —siny 0 x
Y [ =] siny cosy 0 v |- (3.14.65)
VA 0 0 1

Referring to Figure 3.14.4 it can be seen that the projection of the orbit into the
zy—plane describes an ellipse rotated about the z—axis whilst the zz and yz pro-
jections now resemble figure-of-eight shaped curves which would not be obviously
associated with conic sections (cf. Figure 3.14.3). This shows the importance of using
principal axes in order to study the zz, 2z, yz and y2 projections of the orbit and

velocity hodograph in particular.

The projection of the velocity hodograph into the zy plane also describes an
ellipse rotated about the z—axis whilst in the case of the gz projection of the ve-
locity hodograph, the z—maxima now coincide at a point along the Z2—axis unlike
the yz projection shown in Figure 3.14.3. The fact that this projection is not de-
scribed by a single line shows that the velocity hodograph cannot be obtained from
two intersecting sheets as was the case with the orbit (see (3.14.53) and (3.14.55)).
The &z projection is seen to retain a figure—of-eight shape which is again not a sin-
gle line. In conclusion it appears that the velocity hodograph cannot be simplified
through rotation onto suitable principal axes and only the £y projection appears
to be associated with a conic section. The short dotted line segments joining the
Z—maxima and minima on the velocity hodograph have also been projected into the
zy—plane where they confirm that the z—maxima lie along the z,z—axis while the
Z—minima lie in a line which on projection into the zy—plane is not orthogonal to
the z, z—axis. Alternatively, referring to equation (3.14.63), a 2—maximum and its
closest z—minimum are separated by an azimuthal angle of 2|y| # 7 /2 radians. This

further indicates that the 2z and yz projections are not described by single lines.
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The conserved vectors K¢ and Jo are scaled by L for convenience while P is drawn

as in Figure 3.14.3

Figure 3.14.5 geometrically demonstrates the construction of L corresponding with
Figures 3.14.2 and 3.14.3. The parallelograms which represent the magnitude of
L = r X 7 have equal areas as a consequence of L being conserved. In this case the
parallelograms are no longer confined to the same plane as was the case with the
three—-dimensional isotropic harmonic oscillator (see Figure 1.7.3). The orbital cone
is shown together with the orbit, velocity hodograph and the zz and yz projections of
the orbit, velocity hodograph and images of the cone. The dotted line linking opposite
vertices divides the parallelogram in two which gives a geometric representation of

the constant magnitude of the areal velocity.

Figure 3.14.6 shows both the projected displacements and corresponding projected
velocities in the zy and zy planes at regular time intervals for the monopole-oscillator
problem. The projections of the displacements and the corresponding velocities both
in this diagram and in the following three figures are coincident with those of the
three—dimensional isotropic harmonic oscillator problem as shown in Figures 1.7.2,
1.7.3 and 1.7.4 when the cone is rotated about the z—axis so that P lies along k
and the vectors Kk and Jg lie along the cartesian unit vectors j and ¢ respectively
and hence mimic the behaviour of L, K and J respectively of the three-dimensional
isotropic harmonic oscillator problem, on account of the choice of constants as de-
scribed earlier in §3.14. The shaded regions confirm Kepler’s second law in the plane
that equal areas are swept out in equal times. This result also extends to the cone
where equal areas are swept out on the surface of the cone in equal times. However,
the area swept out on the cone is larger than that swept out in the plane by the fac-
tor P/L. It should be obvious that the initial phase difference between the projected
displacement and projected velocity vectors in the zy and £y planes is 7/2 radians
as the projected displacement lies along the +z—axis at ¢ = 0 while the projected
velocity is purely along the +y—axis. The phase difference in general between the pro-
jected displacement and projected velocity vectors is not constant as with the three—
dimensional isotropic harmonic oscillator problem since (r x P) - (7 x P) = L*rr
which is nonzero except when 7 = 0, i.e. at the extremities of the motion. This is
also evident by comparing the angle between the corresponding projected displace-
ment and projected velocity vectors for a range of time intervals using the solid round
time markers on the projected orbit and the corresponding solid square time markers
on the projected velocity hodograph and counting the number of round markers from

the rightmost vertex of the ellipse in a counter—clockwise direction to the projected
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Figure 3.14.5. The monopole-oscillator orbit with its corresponding velocity
hodograph associated with Figures 3.14.2 and 3.14.3 demonstrating the construction
of L. The area of the parallelograms which are now no longer confined to a plane
is equal to the constant magnitude of L. The orbital cone is shown together with
the orbit, velocity hodograph and the projection of the orbit, velocity hodograph
and images of the cone onto planes parallel to the zy, zz, yz, Ty, 2z and yz planes.
The dotted lines linking opposite vertices divide the parallelograms in two and give

a geometric representation of the constant areal velocity. The constants are chosen
as for Figure 3.14.2.
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Figure 3.14.6. The projection of the monopole-oscillator orbit and corresponding
velocity hodograph into the zy and 2y planes. The circles (—e—e—e-) show the
projected displacements of the particle at the time intervals :7/24, 1 = 0,...,24
and the squares (—wwm) give the corresponding projected velocities. The phase
difference between the projected velocity and displacement vectors is not constant
although the projected displacement vector shifted in time by 7/2 radians moves in
phase with the corresponding projected velocity vector. The constants are chosen as
for Figure 3.14.2.



231

displacement of interest and then counting off the same number of square markers
on the projected velocity hodograph starting from the square marker at the top of
the projected velocity hodograph (since at =0 the projected velocity is purely along
the +y—axis) in a counter—clockwise direction to obtain the corresponding projected
velocity or vice versa. Alternatively, if the projected velocity hodograph plot is ro-
tated clockwise through 7 /2 radians about the geometric centre of the ellipse, it is
apparent that the corresponding projected displacements, projected velocities and
the origin are not collinear except at the vertices of the ellipses. Note, however, that
the projected radial vector (v x P)(t) with the addition of 7/2 radians to its argu-
ment, i.e. (r x P)(7/2+1t) moves in phase with the vector (# x P)(¢) since projected
radii drawn from the origin to the solid round time markers on the projected orbit
also pass through the solid square time markers on the projected velocity hodograph.
This behaviour is also apparent from the parametric representation of the plane polar
angle between the projected displacement and the z—axis which can be expressed in
terms of the tangent of a function of ¢ which can be converted into an equation of
the same form as that for the parametric representation of the plane polar angle be-
tween the projected velocity and the z—axis which involves a cotangent of the same
function of ¢ through the addition of 7/2 radians to the argument of the tangent
function and vice versa (see (1.7.21)—(1.7.22)). Further, as in the case of the three—
dimensional isotropic harmonic oscillator (see Figure 1.7.3), the sum of the plane
polar angle between the projected displacement and the z—axis at the time (7 /2 —t)
and the plane polar angle between the projected velocity and the £—axis at the time
t is equal to 7 radians realising that the solid round and solid square time markers on
the projected orbit and projected velocity hodograph respectively represent the pro-
jected displacement and projected velocity of the particle at the regular time intervals
iT/24 = in [(12X*),: = 0,...,24 and so an addition of 7/2 radians to the argument
of time represents a shift of 6 consecutive time markers along either the projected
orbit or the projected velocity hodograph which does not necessarily correspond with
a plane polar angular shift of 7/2 radians. In other words the regular time intervals
do not correspond with regular increments of the plane polar angles and as a result
the collinearity between the origin, the projected displacements shifted in time by
7/2 radians and the projected velocities is no longer present when the markers are
drawn at regular increments in terms of the plane polar angles. In summary, the
phase difference between r and = is not constant in the monopole-oscillator prob-
lem which is also the case between » x P and » x P for the projected quantities of
the monopole—oscillator problem although in the projected problem the origin, the

displacements shifted in time by 7 /2 radians and the velocities are collinear.
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The relationship between the periodic time of the orbit and the length of the gener-
alised semi-major axis rmax is identical to that shown in Figure 1.7.11 for the family
of orbits which have the same generalised semi-major axis lengths as those shown
in Figure 1.7.10. It must be appreciated, however, that R, the generalised semi-
major axis, is a factor 1/sin « times larger than the semi-major axis length of the
orbit projected into the zy—plane whilst x is equal in magnitude to A* for the equiv-
alent problem in the plane and as a result the ratio 7' = 27 /w = 27/)* is form

invariant for the choice of initial conditions described earlier in §3.14.

From (3.14.55) we obtain a rather important result. The intersection of a suitable
elliptical cylinder with axis of symmetry lying in the ¢—plane and a right circular
cone with apex on the ¢—plane and axis of symmetry perpendicular to the plane
has a projection in the ¢—plane which describes a geometric—centred ellipse. Al-
ternatively from (3.14.53) the intersection of a suitable hyperbolic sheet with axis
of symmetry lying in the ¢—plane and the right circular cone described above also
has a geometric—centred elliptical projection in the ¢—plane. In contrast, the MICZ
problem showed that the intersection of a plane and a right circular cone with apex
on the ¢—plane and axis of symmetry perpendicular to the plane has a projection
in the ¢—plane which describes a focus—centred conic. These two results give a geo-
metric interpretation of the reasons for the difference in location of the origin in both
the Kepler and three-dimensional isotropic harmonic oscillator problems. In most
textbooks dealing with the subject, the connection between the orbit of the Kepler
problem and the plane section of the cone is usually mentioned. However, no expla-
nation as to why this is the case has been proposed. In fact the geometric-centred
elliptical orbit of the three-dimensional isotropic harmonic oscillator is also an ellip-
tical conic section, although from what we have seen above its connection with the
cone is more involved. The results above demonstrate that the plane section of the
cone is naturally associated with the plane polar focus—centred representation of the
conic section and the intersection of the elliptical cylinder with the cone with the

geometric—centred cartesian representation of an ellipse.

Figure 3.14.7 shows the orbit for the monopole-oscillator where p = 8L2/9 — A?/9.
The diagram shows the right circular orbital cone extending along the line of P with
origin at the apex of the cone. The equation of motion in this case is given by (3.13.1)
with the corresponding orbit equation (3.14.6) whilst for the projection of the motion
into the ¢—plane, the equation of motion is given by (3.13.26) with corresponding
orbit equation |r x P|? equal to L? times equation (3.14.6). The energy of this
orbit, Iy, is chosen to be 1.1824 whilst the argument of the cosine term in (3.14.6) is
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Figure 3.14.7. The monopole-oscillator orbit for u = 8L2/9—A2/9. The radial vectors
move on the surface of a right circular cone extending along the line of P with origin
at the apex of the cone. The heads of the radial vectors move on the surface of a
frustrum of the orbital cone. The orbit has two—fold rotational symmetry about P
and circles the origin three times before closing. The projections of the orbit onto
planes parallel to the zy, zz and yz planes are also shown. The constants have the
values w = 0.4289, P = 3.4225, A\ = 2.8794, a = 0.5711, L = 1.85 and I; = 1.1824.
The origin is not enclosed by the orbit.
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2(¢ — d0)/3. The orbit is closed since (L? — 4)7 and (L2 + A?)7 are commensurate
and circles the origin three times before closing. The tips of the radial vectors move
on the surface of a frustrum of the orbital cone whilst the orbit in the ¢—plane has
two interlocking lobes which are a reflection of the periodicity of the cosine term of
(3.14.6). The orbit on the cone has two—fold rotational symmetry about P. The
origin is not enclosed by the orbit. In order to illustrate the behaviour more clearly,
projections of the orbit onto planes parallel to the zy, zz and yz planes are shown,
together with the projected images of the cones onto the respective planes. The

magnitude of the angular momentum is constant throughout the motion.

Figure 3.14.8 shows the velocity hodograph for the monopole-oscillator where
p =8L%/9 — )%/9. In order to illustrate the # behaviour more clearly, projections of
the velocity hodograph onto planes parallel to the 2 and gz planes are also shown

and seen to display a certain symmetry. The velocity hodograph is also closed.

Figure 3.14.9 shows the orbit for the monopole-oscillator where p = —8L% — 9)\Z.
The diagram shows the right circular orbital cone extending along the line of P with
origin at the apex of the cone. The equation of motion in this case is given by (3.13.1)
with the corresponding orbit equation (3.14.6) whilst for the projection of the motion
into the ¢—plane, the equation of motion is given by (3.13.26) with corresponding
orbit equation |r x P|?> equal to L? times equation (3.14.6). The energy of this
orbit, I, is chosen to be 5.4230 whilst the argument of the cosine term in (3.14.6)
is 6(¢ — éo). The orbit is closed since (L — ,u)% and (L? + )\2)% are commensurate
and circles the origin only once before closing. The tips of the radial vectors move on
the surface of a frustrum of the orbital cone whilst the orbit in the ¢—plane has six
distinct bulges which are a reflection of the periodicity of the cosine term of (3.14.6).
The orbit on the cone has six—fold rotational symmetry about P. The origin is not
enclosed by the orbit. In order to illustrate the behaviour more clearly, projections
of the orbit onto planes parallel to the zy, 2 and yz planes are shown, together with
the projected images of the cones onto the respective planes. The magnitude of the

angular momentum is constant throughout the motion.

Figure 3.14.10 shows the velocity hodograph for the monopole-oscillator where
p = —8L%* — 9)2%. In order to illustrate the # behaviour more clearly, projections
of the velocity hodograph onto planes parallel to the 2z and yz planes are also shown

and seen to display a certain symmetry. The velocity hodograph is also closed.



Figure 3.14.8. The monopole-oscillator velocity hodograph for p = 8L%/9 — A\%/9.
The projections of the velocity hodograph onto planes parallel to the 22 and y2z planes
are also shown. The constants are chosen as for Figure 3.14.7. The origin is enclosed

by the velocity hodograph.
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Figure 3.14.9. The monopole-oscillator orbit for 4 = —8L? — 9A?. The radial vectors
move on the surface of a right circular cone extending along the line of P with origin
at the apex of the cone. The heads of the radial vectors move on the surface of a
frustrum of the orbital cone. The orbit has six—fold rotational symmetry about P
and circles the origin only once before closing. The projections of the orbit onto
planes parallel to the zy, zz and yz planes are also shown. The constants have the
values w = 0.4289, P = 3.4225, A = 2.8794, o = 0.5711, L = 1.85 and I, = 5.4230.
The origin is not enclosed by the orbit.
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Figure 3.14.10. The monopole-oscillator velocity hodograph for p = —8L%2—9)2%. The
projections of the velocity hodograph onto planes parallel to the £z and y2 planes
are also shown. The constants are chosen as for Figure 3.14.9. The origin is enclosed

by the velocity hodograph.
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3.15 The Geometry of the Monopole—Free Particle

The treatment of the monopole—free particle closely follows that for the monopole-
oscillator problem. Again the motion takes place on a right circular cone of semi-
vertex angle o and axis of symmetry along the line of P. Although the angular
momentum, L, is not conserved, its magnitude, L, is. Since [P,L,7] is zero, L
describes a right circular cone of semi-vertex angle (7/2 — ). The salient features of
the geometry are depicted in Figure 3.15.1 which shows the orientation of the larger
orbital and smaller angular momentum cones which meet at the origin and a typical
orbit for the case p = —A2?. Note from the diagram how the vector P is constructed

from the vectors L and —A#, where —A# is in the opposite direction to r and scaled

by A.

Applying the same method as used to determine the orbit equation of the monopole—
oscillator gives using (3.13.14) and (3.14.5)

(Iitxﬂzy(qﬁ—%)} = (L;;lﬂ)%, (3.15.1)

where we have chosen the positive root of (3.15.1), i.e. the argument of the cosine
is restricted to the interval (—7/2,7/2). When g = — A%, the projection of the orbit
on the ¢g—plane is a straight line and so the orbit on the cone is a hyperbola. When

rCOoSs

p # —A?, the projection of the orbit on the g—plane is reminiscent of a Newton—Cotes
spiral and the orbit on the cone is a twisted hyperbola. Some representative orbits

and their projections are depicted in Figures 3.15.2-3.15.7.

The monopole-free particle with g4 = —A? belongs to the class of problems studied
previously in §§3.1-3.11 which possess a Laplace-Runge-Lenz analogue. Using the
notation of equation (3.1.15) with 2(r) = —A/r and k = 0, the Laplace-Runge-Lenz
analogue (3.1.14) is found to be

A
J=rxL+—-L=rxP. (3.15.2)
r

The scalar product of (3.15.2) with P is zero and hence J is perpendicular to P and
lies on the plane. The scalar product of (3.15.2) with » reveals that the projection of
r onto J is a constant L?/J = L/(QH)% and so the motion is on a plane perpendicular
to J and hence parallel to P. This is consistent with the orbit on the cone describing

a hyperbola.
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Figure 3.15.1. The typical geometry of the monopole—free particle orbit when
p = —A%. The larger orbital and smaller angular momentum cones are shown
together with a typical hyperbolic orbit and the orientation of P, J, —IN and S.
The origin O is at the point of contact between the two cones, F' is the focus of the
hyperbola and A marks the geometric centre of the hyperbola. B marks the point
of closest approach from O. The orbit is a conic section as are certain projections.
a and 7 /2 — a are the semi—vertex angles of the orbital and angular momentum cones

respectively, ¥ is the angle between J and r and 8 is between P and J.
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The geometry of the monopole—free particle in the case u = —A? is identical to that
described in Figures 3.7.3 and 3.7.4. Figure 3.15.2 shows the hyperbolic orbit for
the monopole-free particle where y = —\? for a different set of initial conditions

from those used in Figure 3.7.3. The diagram shows the right circular orbital cone
extending along the line of P with origin at the apex of the cone. The equation
of motion in this case is given by (3.13.2) with the corresponding orbit equation
(3.15.1) whilst for the projection of the motion into the ¢—plane, the equation of mo-
tion is given by (3.13.27) with corresponding orbit equation |» x P| equal to L times
equation (3.15.1). The energy of this orbit, Ji, is chosen to be 0.4771 whilst the argu-
ment of the cosine term in (3.15.1) is (¢ — ¢). The orbit is not closed and approaches
asymptotically before leaving asymptotically, a process which is repeated for the pro-
jection of the orbit in the ¢—plane. The orbit on the cone is hyperbolic as is the yz
projection of the orbit and correspondingly the zy and zz projections of the orbit
are straight lines. The orbit on the cone has no rotational symmetry about P. The
origin is not enclosed by the orbit. In order to illustrate the behaviour more clearly,
projections of the orbit onto planes parallel to the zy, zz and yz planes are shown,
together with projections of the angular momentum curve and the projected images
of the cones onto the respective planes. The magnitude of the angular momentum is

constant throughout the motion.

Figure 3.15.3 shows the straight-line velocity hodograph for the monopole—free par-
ticle where u = —\% for a different set of initial conditions from those used in
Figure 3.7.4. In order to illustrate the » behaviour more clearly, projections of the
velocity hodograph onto planes parallel to the £y, 2z and yz planes are also shown,
together with the projected images of the orbital cone onto the respective planes.
The velocity hodograph is bounded at both ends by the tangents to the asymptotes

of the orbit on the cone.

From (3.7.10) we obtain a rather important result. The intersection of a suitable
hyperbolic sheet with axis of symmetry lying perpendicular to the ¢—plane and a
right circular cone with apex on the ¢—plane and axis of symmetry perpendicular
to the plane has a projection in the ¢—plane which describes a straight line. Al-
ternatively from (3.7.9.1) and (3.7.9.2) the intersection of a plane perpendicular to
¢—plane and the right circular cone described above also has a straight-line projec-
tion in the ¢—plane. Since the monopole—free particle problem with p = —A? is also
an MICZ monopole, the degenerate conic section in the ¢—plane describing the three-

dimensional free particle orbit (3.7.11) is consistent with either the projection of a
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Figure 3.15.2. The monopole—free particle hyperbolic orbit and angular momentum

curve for 4 = —\? with a selection of displacement and angular momentum vectors
drawn from the origin. The radial and angular momentum vectors move on the
surfaces of two right circular cones extending in opposite directions along the line of
P with origin and point of contact at the apices of the two cones. The projections
of the orbit and angular momentum curve onto planes parallel to the zy, zz, yz,
L.L,, L,L, and L,L, planes are also shown. The constants have the values w = 0,
P =3.4225, A = 28794, o = 0.5711, L = 1.85 and J; = 0.4771. The origin lies out
of the orbital plane.
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Figure 3.15.3. The monopole-free particle straight-line velocity hodograph and
hyperbolic orbit for 1 = —A? with a selection of velocity vectors drawn from the
origin. The velocity vectors move on a plane which is parallel to the orbital plane
and, as t ranges from negative through positive infinity, the velocity vectors sweep
out a plane isoceles triangle lying in the yz—plane with base of length 2AJ/LP and
height J/P. The projections of the velocity hodograph and orbit onto planes parallel
to the 2y, 22, yz, zy, £z and yz planes are also shown. The constants are chosen as
for Figure 3.15.2. The origin lies in the hodographic plane touching one vertex of the

triangle.



236

plane conic section or the projection of the intersection of a hyperbolic sheet with a

right circular cone.

Figure 3.15.4 shows the orbit for the monopole—free particle where y = 35L%/36 —
A?/36. The diagram shows the right circular orbital cone extending along the line of
P with origin at the apex of the cone. The equation of motion in this case is given
by (3.13.2) with the corresponding orbit equation (3.15.1) whilst for the projection
of the motion into the ¢—plane, the equation of motion is given by (3.13.27) with
corresponding orbit equation |r x P| equal to L times equation (3.15.1). The energy
of this orbit, Ji, is chosen to be 0.0133 whilst the argument of the cosine term
in (3.15.1) is (¢ — ¢o)/6. The orbit is not closed and spirals inwards asymptotically,
circles the origin twice before spiralling outwards asymptotically, a process which is
repeated for the projection of the orbit in the ¢—plane. The orbit on the cone has no
rotational symmetry about P. The origin is not enclosed by the orbit. In order to
illustrate the behaviour more clearly, projections of the orbit onto planes parallel to
the zy, zz and yz planes are shown, together with the projected images of the cones
onto the respective planes. The magnitude of the angular momentum is constant

throughout the motion.

Figure 3.15.5 shows the velocity hodograph for the monopole—free particle where
p = 35L%/36 — A?/36. In order to illustrate the # behaviour more clearly, projections
of the velocity hodograph onto planes parallel to the 2z and yz planes are also shown
and seen to display a certain symmetry. The velocity hodograph is bounded at both
ends by the tangents to the asymptotes of the orbit on the cone.

Figure 3.15.6 shows the orbit for the monopole—free particle where p = —3L? — 4)2.
The diagram shows the right circular orbital cone extending along the line of P with
origin at the apex of the cone. The equation of motion in this case is given by (3.13.2)
with the corresponding orbit equation (3.15.1) whilst for the projection of the motion
into the ¢—plane, the equation of motion is given by (3.13.27) with corresponding
orbit equation |r X P| equal to L times equation (3.15.1). The energy of this orbit, Ji,
is chosen to be 1.9083 whilst the argument of the cosine term in (3.15.1) is 2(¢ — o).
The orbit is not closed and approaches asymptotically before leaving asymptotically,
a process which is repeated for the projection of the orbit in the ¢—plane. The
orbit on the cone is hyperbolic as are the zy and zz projections of the orbit and
correspondingly the zz projection of the orbit is a straight line. The orbit on the
cone has no rotational symmetry about P. The origin is not enclosed by the orbit.

In order to illustrate the behaviour more clearly, projections of the orbit onto planes



Figure 3.15.4. The monopole-free particle orbit for u = 35L?/36 — A\2/36. The

radial vectors move on the surface of a right circular cone extending along the line

of P with origin at the apex of the cone. The orbit on the cone resembles a twisted
hyperbola which approaches asymptotically, circles the origin twice before leaving
asymptotically. The projections of the orbit onto planes parallel to the zy, zz and yz
planes are also shown. The constants have the values w = 0, P = 3.4225, A = 2.8794,
a=0.5711, L = 1.85 and J; = 0.0133. The origin is not enclosed by the orbit.
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Figure 3.15.5. The monopole-free particle velocity hodograph for p = 35L2/36 —
A%/36. The projections of the velocity hodograph onto planes parallel to the £z and
vz planes are also shown. The constants are chosen as for Figure 3.15.4. The origin

is enclosed by the velocity hodograph.



Figure 3.15.6. The monopole-free particle orbit for y = —3L% — 4)\2. The radial

vectors move on the surface of a right circular cone extending along the line of P

with origin at the apex of the cone. The orbit on the cone is hyperbolic. The
projections of the orbit onto planes parallel to the zy, zz and yz planes are also
shown. The constants have the values w = 0, P = 3.4225, A = 2.879%4, a = 0.5711,
L =1.85 and J; = 1.9083. The zy and yz projections of the orbit are also hyperbolic

while the zz projection is a straight—line. The origin is not enclosed by the orbit.



Figure 3.15.7. The monopole-free particle velocity hodograph for u = —3L? — 4%
The projections of the velocity hodograph onto planes parallel to the £z and yz planes

are also shown. The constants are chosen as for Figure 3.15.6.
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parallel to the zy, zz and yz planes are shown, together with the projected images
of the cones onto the respective planes. The magnitude of the angular momentum is

constant throughout the motion.

Figure 3.15.7 shows the velocity hodograph for the monopole—free particle where
p = —3L% — 4)?. In order to illustrate the # behaviour more clearly, projections of
the velocity hodograph onto planes parallel to the 22 and 32 planes are also shown.
The velocity hodograph is bounded at both ends by the tangents to the asymptotes

of the orbit on the cone.

3.16 The Geometry of the Monopole—Repulsor

The treatment of the monopole-repulsor closely follows that for the monopole-
oscillator problem. Again the motion takes place on a right circular cone of semi-
vertex angle o and axis of symmetry along the line of P. Although the angular
momentum, L, is not conserved, its magnitude, L, is. Since [P, L,r] is zero, L de-
scribes a right circular cone of semi-vertex angle (7/2 — «). The salient features of
the geometry are depicted in Figure 3.16.1 which shows the orientation of the larger
orbital and smaller angular momentum cones which meet at the origin and a typical
orbit for the case p = —\2. Note from the diagram how the vector P is constructed
from the vectors L and —A#, where —A# is in the opposite direction to » and scaled

by A.

Using the methods described earlier, (3.13.19) and (3.14.5) can be solved to obtain

the orbit equation

L
r? = — (3.16.1)

- K, + (Klz + w?(L? — #))5 cos (2 (ZL:_F;/\‘Z)% (¢ — ¢0))

provided L? — 4 > 0. The value of r becomes infinite when the denominator

of (3.16.1) becomes zero. This happens for
K,

cos 2y = —
(K? +w2(L2 — )

, (3.16.2)

N|=
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Figure 3.16.1. The typical geometry of the monopole-repulsor orbit when y = —\2.
The larger orbital and smaller angular momentum cones are shown together with a
typical orbit and the orientation of P. The origin O is at the point of contact between
the two cones and A marks the point of closest approach from O. The orbit is not
a conic section although certain projections are conic sections. « and 7/2 — « are
the semi-vertex angles of the orbital and angular momentum cones respectively. The

angular momentum is constant in magnitude but not in direction.
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where 1 denotes the argument of the cosine function in (3.16.1). In the case y = —\?
the projection of the orbit in the ¢—plane is an hyperbola centred on O. On the
cone, however, the orbit is no longer hyperbolic, but fits the cone in such a way
that the projection remains hyperbolic. It is now a simple matter to plot the orbit

remembering that the polar angle « remains constant. In cartesian coordinates

x = rsinacosg
y = rsinasing
z = rcosa, (3.16.3)

where r is calculated from (3.16.1), and « is determined either from (3.14.1)
or (3.14.2). Equation (3.16.1) is very reminiscent of the orbit equation for the three—
dimensional isotropic repulsor which is not surprising since for g = —\?, (3.13.3)
can be rewritten as an isotropic repulsor as shown earlier in (3.13.28). The rdles of
p and A can be seen in (3.16.1). When (L? — u)% > (L* + /\2)%, the range of ¢ is
reduced. However, when (L? — p)% < (L*+ /\2)%, the range of ¢ is increased and
the projection of the orbit in the azimuthal plane may spiral around the origin if
(L* — ,u)%/(LZ + )\2)% is sufficiently small. For y = —)? the orbit is unbounded as
t ranges from negative through positive infinity and the projection of the orbit onto
the azimuthal plane is hyperbolic. The orbit on the cone is not hyperbolic, but rather
is as if the hyperbola were lifted from the plane and bent to fit onto the surface of

the cone.

The treatment for the monopole-repulsor closely follows that for the monopole-
oscillator. The angular momentum for the planar three-dimensional isotropic re-

pulsor (3.13.28) with pu = —A? is given by
Lp=(rxP)x (rx P)=LP (3.16.4)
and the energy integral by
Ep = %(r x P)- (¢ x P)— %uﬂ(r x P)-(r x P) = L*K;. (3.16.5)

In addition to these integrals a unit Laplace-Runge-Lenz vector can be constructed
for the equation of motion of the three-dimensional isotropic repulsor in the variable
r x P using a variation of Fradkin’s method described in §§1.6 and 1.7 which gives

. oF\ — 1 OF
= —U-— — 5 (r x P
Jr (F U8U>’I'XP+L%%8U(’I’X )XLR

oF\ — 1 OF ,.
= (F—Ua_>TXP+LP2%(TXP)XP, (3166)
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where U = 1/[r x P| = u/L and F = (LRU? + (B} +w*13)"* — Ep)""/
(4E% + 4w2L§2)1/4, Making the necessary substitutions, (3.16.6) can be simplified
and scaled by Jg to give

Jr\? -1 _
Jn = + <l") [wir = Br + 1307 7 (wlr — Br)r < P +
2w
U(# x P) x Lg), (3.16.7)
where )
E} | 2)°
Jan= |3+ 1k (3.16.8)

The choice of the arbitrary function Q(FEg) is again motivated by the structure of
the Jauch—Hill-Fradkin analogue and is also found to be

Q(ER) = Ln (3.16.9)

w

which is consistent with (1.7.4). Equation (3.16.7) can be simplified following the

procedure described in §1.7 to give

1 b,
Jr=+Jr % (r x P+ o (7 X P) X P) , (3.16.10)
e([r x P|? + b2)

and similarly the corresponding Hamilton vector can be constructed using

Kr = PxJg

2_113 2
= +Jr (e ) : (rxP— : (1"><P)><P>.(3.16.11)

e(|r x P|? — a2)§ PL

The same restrictions apply as for the three-dimensional isotropic harmonic oscillator
regarding the discontinuities and the choice of sign of the Laplace-Runge-Lenz and
Hamilton vector analogues. In fact (3.16.10) and (3.16.11) are identical in form to
the Laplace-~Runge-Lenz and Hamilton vector analogues for the three—dimensional
isotropic repulsor using the variable substitutions A - w, r - r x P, # —» » x P,
L — Lo remembering that the semi-transverse and semi-conjugate axis lengths
are scaled by P as a result of the projection and so a?/P? and */P? in (3.16.11)
and (3.16.10) respectively have the same length as a? and % in the case of the three-
dimensional isotropic repulsor. It should also be noted that Jx and Kr as given by
(3.16.10) and (3.16.11) are rotated counter—clockwise through /2 radians from the
expected positions z and —j respectively. This is in agreement with the projection
of the orbit into the ¢—plane which is also rotated counter—clockwise through /2
radians and scaled by P. In the diagrams that follow Jg and Kg will be rotated
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clockwise through 7 /2 radians to lie along the cartesian unit vectors 7 and —j respec-
tively in such a way that when the cone is rotated about the z—axis so that P lies
along k, Jo and Ko lie along the cartesian vectors ¢ and j respectively and hence
mimic the behaviour of L, J and K respectively of the standard three-dimensional

isotropic repulsor.

The choice of the arbitrary function Q(Fgr) (3.16.9) gives rise to the Jauch-Hill-

Fradkin tensor analogue
Aij = [Q(ER) + |Q*(Er) + LE] 5] TriJp; +

[Q(ER) + [Qz(ER) + L}Zg] %J (P X jR) (P X jR)

g J
1,. .
= = ((# x P)i(# x P); —w? (r x P),(r x P),) . (3.16.12)
Making the substitution » x P = u and scaling (3.16.12) by w gives the equation of

the velocity hodograph
wl (2ERI — A)u = —w?L%. (3.16.13)

Since P is constant, the motion is planar and for convenience we assign us to be the
variable in the direction of P. The eigenvalues of the 2x2 matrix in (3.16.13) which

determine the velocity hodograph in the plane are
1
A= Ep¥ (EL+w'l})?, (3.16.14)

and, if we rotate the velocity hodograph (3.16.13) so that the cartesian unit vectors

7 and j become principal axes we obtain

2 2
A . - < | =1.  316.15)
1\ 7 1 5
(Er+ (ER +w?L})7)? (B +w?L})? — Eg)?
Equation (3.16.15) can be simplified to obtain
2 2
: -l - 4 —| =-1, (3.16.16)
L((K§+W2P2)%-K1) g L<K1+(K12+W2P2)%) ?

P P
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which is the equation of a hyperbola symmetrically placed about the y—axis, with
g 1
vertices at (O,j:L(Kl + (K? + w2P2)5)2/P), foci at (O,:I:L (4(1(12 + szz))4/P)

1
1

eccentricity of (4(1(12 + w2P2)) ((K12 + w2P2)% — Kl) ?/(wP) and centre at (0,0).

b

The equation of the orbit is then given by
u’ (2ERl — A)u = L%, (3.16.17)

If we rotate the orbit (3.16.17) so that the cartesian unit vectors 2 and j become the

principal axes we obtain

2 2
U
_ 1 Y at _| =1 (3.16.18)
1\ 72 1 2
(Ba+(Bg+arL3)?) ((B3+wr12)%-Er)

Equation (3.16.18) can be simplified to obtain

2 2
- - y _| =1 (3.16.19)
L((Kf +W2Ijj)%_K1) ’ L(K1+(Kf;w2P2)%) ’

which is the equation of a hyperbola symmetrically placed about the z—axis, vertices
1
r

at (£L((K? + w?P?)? — Ki) : [(@P),0), foci at (£L(4(K? + w?P?))*/(wP),0),
eccentricity of (4([(12 + w2P2))%((K12 +w?P?)7 + K1>%/(wP) and centre at (0,0).
Note also that w? times equation (3.16.16) is conjugate to (3.16.19) and also that the
sum of the inverse squares of the eccentricities of (3.16.19) and (3.16.16) add to unity
as for a conjugate pair of hyperbolae. The lasymptotes for both sets (1)f hyperbolae
are given by y = :I:(K1 + (K? + w2P2)%) 5$/((K12 + w2P?)3 — K1)5. Note that
both (3.16.16) and (3.16.19) describe the projection of the velocity hodograph and the
orbit in the ¢—plane without the scaling by P since the equations are now written in

terms of the components of # and 7 rather than those of # x P and » x P respectively.

The presence of two orthogonal vectors in the zy—plane would seem to suggest the
existence of additional vectors lying out of the plane but which would project onto

the line of Jg and K in the zy plane. Two such vectors are given by

Mg
U=x+Jp-— TRP, (3.16.20)



242

which lie on the surface of the cone collinear with the two vectors directed from the

origin to the points of closest and furthest approach (infinity), respectively. Two
other such vectors are given by

AKp
V=+4Kp- TRP. (3.16.21)

Note that P x U = +Kpg and PxV = FJr. Different linear combinations of
the vectors shown above can also be constructed. However, they are not nearly as
important as those described above because they do not appear to provide any useful

additional geometric information on the monopole-oscillator problem.

In the case g4 = —A? the parametric equations for the orbit can be obtained by
substituting for r from (3.16.1) in (3.16.3) to give

Lcos ¢
r = T
(Kl + (K2 4 w?P?)7 cos 2¢) :
Lsin ¢
y = ) 1
(Kl + (K% 4 w?P?)% cos 2(]5) :
A
z = . (3.16.22)

N

(K1 + (K? +w2P?)3 cos 26)

For this case the equation of motion (3.13.28) becomes that of the three-dimensional
isotropic repulsor in the variable # x P. The orbit equation is then given by
L*P?
lr x P|* = L%? = T : (3.16.23)
Ky + (K\? + w2P?)? cos 2¢

i.e. the projection of the orbit into the ¢—plane describes a geometric—centred hy-
perbola symmetrically placed about the z—axis with the centre at the intersection of
P and the ¢—plane. It is well known that the intersection of a plane and a right cir-
cular cone describes a conic section on the cone. However, in this case, although the
projection of the orbit on the cone into the ¢—plane describes a geometric—centred
hyperbola, the orbit on the cone does not lie on a plane. The zz and yz projections of
the orbit will be studied later in the section where it will be shown that this peculiar
geometry is the result of the intersection between the cone and a surface which is
closely related to two different conic sections. This association gives an interesting

geometric interpretation as to why the repulsor hyperbola differs from that of the
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Kepler problem. The eccentricity of the orbital hyperbola is given by
1 4 ]{2 2P2 4l 2 2 2 1 %
;1-5( (KT +w*P?)* (Ko + (K? +w?P?)3) (3.16.24)
which no longer appears to be related in a transparent way to the slope of the cone

(cot @) as was the case in the MICZ problem. Note also that P behaves like L in the

standard three—dimensional isotropic repulsor.

It is easy to show using the orbit equation (3.16.1) that the minimum length of the
vector P, Tmin on the surface of the cone is reduced in length by the factor sin «
when projected into the ¢—plane due to its inclination with respect to P and so the

projection

: L Loy
Pnin SID @ = ;ﬁ(u{f +w'PY: - K;)" = 517 % Pl (3.16.25)

is consistent with the result for the semi-transverse axis length of the projected
hyperbola from (3.16.19) up to a scaling factor of P and ignoring the rotation brought
about by the transformation. Note also that the orbit on the cone does not lie in a
plane as was the case for the monopole-Kepler problem. The orbit resembles a bent
hyperbola which is draped over the cone in such a way that its projection describes

a geometric—centred hyperbola.

The parametric equations for the velocity hodograph can be obtained by differen-
tiating the cartesian components z, y and z (3.16.22) and substituting for ¢ =

—L/(r?sin o) to give

((K?+w?P?)} - Ky) sinasin ¢

i = — .
(K1 + (K? + w?P?)7 cos 2¢)°

. (K1 + (K? +w2P2)%) sin « cos ¢

y = - 1
(Kl + (K2 + w?P?)7 cos 2¢) :

s = (K? + w?P?)7 cos asin 24 (3.16.26)

[T

(K1 + (K? + w?P?)7 cos 2¢)
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The values of the constants used to draw Figures 3.16.2 and 3.16.3 were calculated
in the same way as was done for the monopole-oscillator case, except that the cal-
culations were done using the semi-transverse and semi-conjugate axes in place of
the semi-major and semi-minor axes respectively, in the equivalent calculations to
those determining equations (3.14.43)-(3.14.50). In the subsequent discussion, the
starred quantites will be used to denote the constants used in the three—dimensional
isotropic repulsor. The resulting equations for P, w, K, A and « were found to be
identical in structure to those of (3.14.46)-(3.14.50) replacing occurences of I; by the
energy of the monopole-repulsor, Ky, and E* by the energy of the three-dimensional
isotropic repulsor. The constants have the values uj = 1.25, 85 = 0, af = 1.8939,
A = (u;/a®)z, E* = —0.1906 and L* = 1. For convenience, L was chosen to be 1.85
and using the values for the starred quantities given above, P, w, K;, A and o were
calculated using (3.14.46)—(3.14.50). The magnitude of Jg was found to be

L4

Jr = 2+ L2

(B4 221%) : (3.16.27)

Figure 3.16.2 shows the orbit for the monopole-repulsor where p = —A?. The diagram
shows the two right circular orbital and angular momentum cones which extend in
opposite directions along the line of P with origin and point of contact at the apices
of the two cones. A selection of displacement and corresponding angular momentum
vectors has been drawn from the origin to their respective positions on the orbital and
angular momentum cones. The orbit resembles a bent hyperbola which is draped over
the cone in such a way that its zy projection describes a geometric—centred hyperbola.
The origin is not enclosed by the orbit. In order to illustrate the behaviour more
clearly, projections of the orbit onto planes parallel to the zy, zz and yz planes are
shown, together with projections of the angular momentum curve and the projected
images of the cones onto the respective planes. The constant magnitude of the angular
momentum is reflected by the angular momentum vectors moving on the surface of
a cone which is truncated perpendicular to the axis of symmetry to a height of
L?/P below the origin. The components of the angular momentum are given by
L = (MLcos ¢/P,\Lsin¢/P,—L?/P) using (3.16.22) and (3.16.26). The two short
line segments drawn perpendicular to the angular momentum curve indicate the
limits of extent of the angular momentum as ¢ ranges from negative through positive

infinity.
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Figure 3.16.2. The monopole-repulsor orbit and angular momentum curve for

p = —A% with a selection of displacement and angular momentum vectors drawn
from the origin. The radial and angular momentum vectors move on the surfaces
of two right circular cone extending in opposite directions along the line of P with
origin and point of contact at the apices of the two cones. The projections of the orbit
and angular momentum curve onto planes parallel to the zy, z2, yz, L,L,, L.L, and
L,L, planes are also shown. The constants have the values w = 0.4289, P = 3.4225,

= 2.8794, o = 0.5711, L = 1.85 and K; = —0.6524. The origin is not enclosed by
the orbit.
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The zy projection of the orbit is hyperbolic as described by the first two equations
of (3.16.22) which can be manipulated into the form

2 2
z Y 1 (3.16.28)
— T = . .
L((K§+w2P2)%~K1) y L(K1+(K?+w2P2)%) ’
wP whP

which is the cartesian representation of a hyperbola symmetrically placed about the
z = 0 and y = 0 axes, with vertices at (+a,0) where a = L((Kl2 + w2P2)% —
Kl) %/(wP) and b = L(Kl +(K12+w2P2)%) %/(wP), foci at (j:(a2+b2)%, 0), eccentric-
ity of (a2+b?)2 /a and centred at the origin. The distance from the centre to a vertex a
agrees with the length of the projection of rpy;, onto the g—plane, i.e. rpi,sina. The
transverse axis is the same length as the distance between the two vertices 2a. The
conjugate axis has the length 2b. The asymptotes are given by y = bz/a, i.e. a combi-
nation of the first and second equations of (3.16.22). The projected orbit is consistent
with the planar hyperbolic three-dimensional isotropic repulsor orbit with u} = 1.25,
03 =0, ar = 1.8939, \* = (pr/ar®)z, E* = —0.1906 and L* = 1. As ¢ ranges from neg-
ative through positive infinity, the azimuthal angle ¢ ranges between 7 /2 — § where
6 = arccos(Kl/(Kf + w2P2)%)/2 and —7/2 + 6 and the projection ranges from
(+00,+00) when ¢ = 7/2 — 6 to (c,d) when ¢ = 7/6 where ¢ = 3%2%[//(2(2]&’1 +
(Kf—[—w2P2)%) ;—) andd =221,/ (2(2]&’1 +(K12+w2P2)%);—), to (a,0) when ¢ = 0 where
a = rmnsina to (¢, —d) when ¢ = —x/6 to (400, —00) when ¢ = —7/2+ 8. The
projection of the angular momentum curve onto its corresponding plane describes
a section of a circle with radius AL/P symmetrically placed about the L,—axis,
i.e. L2+ L,> = (AL/P)?. As t ranges from negative through positive infin-
ity, the projection ranges from (f,g) when ¢ = 7/2 — § where f = /\L((KI2 +

W P?)i ~ K)) %/(2P2(1(12+w2P2)%) > and g = AL(K1 + (I(f+w2P2)%)%/(2P2(K12 +
w2P2)%)% and to (3%/\L/(2P),/\L/(2P)) when ¢ = 7/6 to (AL/P,0) when ¢ =0 to
(35AL/(2P),~AL/(2P)) when ¢ = —7/6 to (f,—g) when ¢ = —x/2+ 6, i.c. the
circle is not completed even as t ranges from negative through positive infinity. The
dotted line completes the angular momentum cone. However, it should be remem-
bered that the projection of the angular momentum vectors never closes as t ranges

from negative through positive infinity.
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The zz projection shows the images of the orbital and angular momentum cones
with dotted lines, together with the projections of the orbit and angular momentum
curves. Note that the zz projection of the orbit is obtained by manipulating the first
and third equations of (3.16.22) into the form

2

d z
) ar| T (3.16.29)
(4(Kf+w2pz))% ’\(K1+(Kf+w2p2)§)
wP

subject to the condition that

1

L
2l > — (K2 +w?P?) — K,)* (3.16.30)

which is the cartesian representation of a section of a hyperbola symmetrically placed
about the £ = 0 and z = 0 axes, with vertices at (+a,0) where a = L/(4(K12 +
w2P2))% and b = )\(Kl + (K} +w2P2)%) %/(wP), foci at (£(a?+ %)7,0), eccentricity
of (a® + b2)15/a and centred at the origin. The transverse axis is the same length
as the distance between the two vertices 2a. The conjugate axis has the length 2b.
The asymptotes are given by z = bz/a, i.e. a combination of the first and third
equations of (3.16.22). The relationship between the eccentricity e of the hyperbolic
projection in the zz—plane and that of the hyperbolic projection in the zy—plane,
e*, is found to be e? = m?a**(e*? — 1)/a® + 1, where m is the slope of the cone,
(cot @), and the superscript * refers to the equivalent quantities in (3.16.28). Note
that the semi—conjugate axis lengths of both projections are not involved in the
relationship between the two eccentricities. The magnitude of the lower limit of
extent of the variable z which is indicated with a dotted line parallel to the z—axis
agrees with the length of the projection of rmin onto the xy—plane, i.e. ry,sina.
The magnitude of z at this point agrees with the height of the projection of 7y, onto
the zz—plane, i.e. Tmincos a. As t ranges from negative through positive infinity, the
projection ranges from (400, +o00) when ¢ = m/2 — 6§ where § = arccos (1{1/(1(12 +

1
2

w2P2)%)/2 to (¢,d) when ¢ = 7/6 where ¢ = 3%2%L/(2(2K1 + (K + w2P2)%) )
1

and d = 2%/\/(21(1 + (K? + w2P2)%)2, to (TminSin @, rmipcos ) when ¢ = 0 to

(¢c,d) when ¢ = —7/6 to (+00,400) when ¢ = —7/2 4+ 6. The L,L, projection of

the angular momentum curve extends along the base of the triangle describing the

L. L, projection of the image of the angular momentum cone, perpendicular to the

L,—axis. As t ranges from negative through positive infinity, the projection ranges
1
from (f,—L?/P) when ¢ = 7/2—§ where f = /\L((Kl2 +w?P?)3 —K1>2 /(2P2(K12 +
i 1
w*PY)1)? to (35AL/(2P),—L*/P) when ¢ = /6 to (\L/P,—L?/P) when ¢ = 0
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to (33AL/(2P),~L?/P) when ¢ = —x/6 to (f,—L*/P) when ¢ = —7/2 + 6, i.c.
only a section along the length of the base of the angular momentum triangle. In
other words the angular momentum vectors will never sweep over the entire surface
area of the angular momentum cone even as the time ranges from negative through
positive infinity. The short line segment drawn perpendicular to the zz projection
of the angular momentum curve indicates the limit of extent of the projection of the

angular momentum as ¢ ranges from negative through positive infinity.

The yz projection shows the images of the orbital and angular momentum cones
with dotted lines, together with the projections of the orbit and angular momentum
curves. Note that the yz projection of the orbit is obtained by manipulating the
second and third equations of (3.16.22) into the form

2

Z Y

. — | =1 (3.16.31)
" SO —_—
A((I\?+w21’;)2 —1‘1) (4(K2+w2P?))®

which is the equation of a hyperbola symmetrically placed about the ¥y = 0 and
1

z = 0 axes, with vertices at (0, +a) where a = )\((Kf +w?P?)z — 1(1)2/(wP) and

b=1L/ (4(1{12 + w2P2))I, foci at (O,:i:(a2 + bz)%), eccentricity of (a2 + %)% /a and

centred at the origin. The distance from the centre to a vertex a agrees with the
length of the projection of rmi, onto the yz—plane, t.e. rn, cosa. The transverse
axis is the same length as the distance between the two vertices 2a. The conjugate
axis has the length 2b. The asymptotes are given by z = ay/b, i.e. a combination
of the second and third equations of (3.16.22). The relationship between the eccen-
tricity e of the hyperbolic projection in the yz—plane and that of the hyperbolic
projection in the zy—plane, e*, is found to be € = 1/m?b?(e*? — 1)/6*? + 1, where
m is the slope of the cone, (cot ), and the superscript * refers to the equivalent
quantities in (3.16.28). Note that the semi-transverse axis lengths of both projec-
tions are not involved in the relationship between the two eccentricities. As t ranges

from negative through positive infinity, the projection ranges from (+o0,+00) when
¢ = 7/2 — 6 where § = arccos(Kl/(Kl2 + w2P2)%>/2 to (¢,d) when ¢ = 7/6 where
c = 25L/(2(2K: + (K7 + w2P2)%)%) and d = 27\/(2K: + (K? + WZPZ)%)%,
to (0,”mincos@) when ¢ = 0 to (—c¢,d) when ¢ = —7/6 to (—oo,+00) when
¢ = —m/2+ 6. The L, L, projection of the angular momentum curve extends along
the base of the triangle describing the L,L. projection of the image of the angular
momentum cone, perpendicular to the L,—axis. As ¢ ranges from negative through

positive infinity, the projection ranges from (g, —L?*/P) when ¢ = m/2 — § where
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g = M(Ky + (K2 + w2P2)%)%/(2P2(K%’ +w?P?)7)? to (AL/(2P),—L?/P) when
¢ = n/6 to (0,—L?/P) when ¢ = 0 to (=AL/(2P),~L*/P) when ¢ = —r/6 to
(—g,—L?*/P) when ¢ = —7/2 + 6, i.e. only a section along the length of the base
of the angular momentum triangle. In other words the angular momentum vectors
will never sweep over the entire surface area of the angular momentum cone even as
the time ranges from negative through positive infinity. The two short line segments
drawn perpendicular to the yz projection of the angular momentum curve indicate
the limits of extent of the projection of the angular momentum as ¢ ranges from

negative through positive infinity.

The conserved vector K i which has been rotated clockwise through 7 /2 radians to lie
along the cartesian unit vector —j is given by (3.16.11) and has length
(E%/w? + L%)? and is scaled by L? for convenience in Figure 3.16.2. The vector
J r, which is perpendicular to K g, is also rotated clockwise through 7/2 radians to
lie along the cartesian unit vector 3. Kg also has the length (E%/w? + L%)? and
is similarly scaled by L? in Figure 3.16.2. The Poincaré vector, P, lies along the
cartesian unit vector —k. Note that, when the cone is rotated about the z—axis so
that P lies along k, the vectors Kr and Jp lie along the cartesian unit vectors j
and t respectively and hence mimic the behaviour of L, K and J respectively of
the standard three-dimensional isotropic repulsor. The Poincaré vector is given by

(3.13.4) and has components (0,0, —(L* + /\2)%>.

Figure 3.16.3 shows the velocity hodograph for the monopole-repulsor where
p = —A%. A selection of velocity vectors corresponding to the displacement vectors
shown in Figure 3.16.2 has been drawn from the origin to their respective positions
on the velocity hodograph. In order to illustrate the # behaviour more clearly, pro-
jections of the velocity hodograph onto planes parallel to the £y, 2z and gz planes are
also shown, together with the projected images of the orbital cone onto the respective

planes.

The zy projection of the velocity hodograph is obtained by manipulating the first
two equations of (3.16.26) into the form

2 2
Y - & | =1, (3.16.32)

1
L(K1+(K12+W2P2)%) L((K12+w2P2)7—K1> ‘
P P

[N




Figure 3.16.3. The monopole-repulsor velocity hodograph and orbit for u = —\Z

with a selection of velocity vectors drawn from the origin. The velocity vectors
are not confined to a plane although, as ¢ ranges from negative through positive
infinity, the heads of the velocity vectors projected into the zy—plane trace out a
hyperbola. The projections of the velocity hodograph and orbit onto planes parallel

to the £y, 22, ¥z, zy, zz and yz planes are also shown. The constants are chosen as for

Figure 3.16.2.
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which is the cartesian equation of a hyperbola symmetrically placed about the # = 0

1
and § = 0 axes, with vertices at (0, £a) where a = L(Kl + (K2 + w2P2)%) ?/P and
b= L((I(12+w2P2)%—K1)§/P, foci at (O, :t(a2+b2);'), eccentricity of (a2+b2)% /a and

centred at the origin. The transverse axis is the same length as the distance between
the two vertices 2a. The conjugate axis has the length 2b. The asymptotes are
given by § = ai/b, i.e. a combination of the first and second equations of (3.16.26).
Note that the asymptotes of (3.16.32) have the same gradient as the asymptotes
of (3.16.28) which confirms that w? times (3.16.32) is conjugate to (3.16.28). The
projected velocity hodograph is consistent with the planar velocity hodograph for the
hyperbolic three-dimensional isotropic repulsor with uf = 1.25, 63 = 0, a% = 1.8939,
A* = (MZ/GZS)%> E* = —0.1906 and L* = 1. As t ranges from negative through
positive infinity, the projection ranges from (—o0, —oo) when ¢ = 7/2—§ to (—c, —d)
when ¢ = 7/6 where ¢ = 27 L((K?+w?P?)% — K1)/ (2P (2K1 + (K} +w?P?)3 )) and
d = 3325 L(Ky + (K? +w?P)F) /(2P (2K, + (K? + w? P?)%) ) and to (0, —a) when

1
¢ = 0 where a = L(Kl +(K12+w2P2)%) ? /| P which is w times the semi-conjugate axis
length of (3.16.28), to (¢, —d) when ¢ = —7/6 to (+00, —00) when ¢ = —7/2+6, i.e.
the projection of the velocity vectors describes a hyperbola as ¢ ranges from negative

through positive infinity.

The %2 projection shows the images of the orbital cone with dotted lines, together
with the respective projections of the orbit and velocity hodograph. Note that the z2
projection of the velocity hodograph is obtained by manipulating the first and third
equations of (3.16.26) into the form

. 4B%cot? ai? ( (B — A)sin’ a + ¢ ) , (3.16.33)

T T(B-A \(B-A)sin’a+ 2Bi?

where A = K; and B = (K2 + w?P?)3, which is closely related to (3.14.58). As't
ranges from negative through positive infinity, the projection ranges from (—oo, —00)
when ¢ = 7/2 — § to (—c,—d) when ¢ = 7/6 where ¢ = Z%L((Kl2 + w?P?)5 —
1
K1)/ (2P(2K: + (K? + w?P?)})?) and d = 3523 \(K? + w?P%)3 /(2P (2K + (K7 +
2P2 )5) and to (0,0) when ¢ = 0 to (¢,d) when ¢ = —7/6 to (400, +00) when
—7/2+
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The yz projection shows the images of the orbital cone with dotted lines, together
with the respective projections of the orbit and velocity hodograph. Note that the
yz projection of the velocity hodograph is obtained by manipulating the second and
third equations of (3.16.26) into the form

_ 4B? cot? ay? 12— (A+ B)sin?a
2 Y ( v —(4+5) ) (3.16.34)

“ T T(A+B) \2By?— (A+ B)*siita

where A = K; and B = (K? + w2P2)%, which is symmetrically placed about the
2 = 0 axis and closely related to (3.14.59). Ast ranges from negative through positive
infinity, the projection ranges from (—o00, —0o0) when ¢ = /2 — é to (~c, —d) when
¢ = /6 where c = 3527 L(Ki + (K} + w?P?)7)/(2P(2K: + (K? + w?P?)$)*) and
1
d = 3323 \(K? + w?P?)3/(2P (2K + (K} + w?P?)5)?) and to (—a,0) when ¢ = 0
1
where a = L(Kl + (K? + wzpz)%)z/P which is w times the semi-conjugate axis
length of (3.16.28), to (—c,d) when ¢ = —7/6 to (—oo0,+00) when ¢ = —7/2 + 6.

The conserved vectors K g and Jg are scaled by L? for convenience while P is drawn

as 1n Figure 3.16.2

From (3.16.29) we obtain a rather important result. The intersection of a suitable
hyperbolic sheet with axis of symmetry lying in the ¢—plane and a right circular
cone with apex on the ¢—plane and axis of symmetry perpendicular to the plane has
a projection in the ¢—plane which describes a geometric—centred hyperbola. Alter-
natively from (3.16.31) the intersection of a different hyperbolic sheet with axis of
symmetry perpendicular to the #—plane and the right circular cone described above
also has a geometric-centred hyperbolic projection in the ¢—plane. In contrast, the
MICZ problem showed that the intersection of a plane and a right circular cone with
apex on the ¢—plane and axis of symmetry perpendicular to the plane has a projec-
tion in the ¢—plane which describes a focus—centred conic. These two results give
a geometric interpretation of the reasons for the difference in location of the origin
in both the hyperbolic Kepler and three-dimensional isotropic repulsor problems. In
most textbooks dealing with the subject, the connection between the orbit of the
Kepler problem and the plane section of the cone is usually mentioned. However,
no explanation as to why this is the case has been proposed. In fact the geometric-
centred hyperbolic orbit of the repulsor is also a hyperbolic conic section, although
from what we have seen above its connection with the cone is more involved. The

results above demonstrate that the plane section of the cone is naturally associated
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with the plane polar focus—centred representation of the conic section and the inter-
section of the hyperbolic sheet with the cone with the geometric—centred cartesian

representation of the hyperbola.

Figure 3.16.4 shows the orbit for the monopole-repulsor where u = 63L%/64 — \%/64.
The diagram shows the right circular orbital cone extending along the line of P with
origin at the apex of the cone. The equation of motion in this case is given by (3.13.3)
with the corresponding orbit equation (3.16.1) whilst for the projection of the motion
into the ¢—plane, the equation of motion is given by (3.13.28) with corresponding
orbit equation |r X P|? equal to L? times equation (3.16.1). The energy of this
orbit, K3, is chosen to be zero whilst the argument of the cosine term in (3.16.1) is
(¢ — ¢0)/4. The orbit on the cone spirals inwards asymptotically, circles the origin
twice before spiralling outwards asymptotically and ultimately closes as t ranges from
negative through positive infinity, a process which is repeated for the projection of
the orbit in the ¢—plane. The orbit on the cone has no rotational symmetry about
P. The origin is not enclosed by the orbit. In order to illustrate the behaviour more
clearly, projections of the orbit onto planes parallel to the zy, zz and yz planes are
shown, together with the projected images of the cones onto the respective planes.

The magnitude of the angular momentum is constant throughout the motion.

Figure 3.16.5 shows the velocity hodograph for the monopole-repulsor where
p = 63L%/64 — X?/64. In order to illustrate the # behaviour more clearly, projections
of the velocity hodograph onto planes parallel to the z and 3z planes are also shown
and seen to display a certain symmetry. The velocity hodograph is bounded at both
ends by the tangents to the asymptotes of the orbit on the cone.

Figure 3.16.6 shows the orbit for the monopole-repulsor where u = —3L* — 4A%. The
diagram shows the right circular orbital cone extending along the line of P with origin
at the apex of the cone. The equation of motion in this case is given by (3.13.3) with
the corresponding orbit equation (3.16.1) whilst for the projection of the motion into
the ¢—plane, the equation of motion is given by (3.13.28) with corresponding orbit
equation |r x P|? equal to L? times equation (3.16.1). The energy of this orbit, Kj,
is chosen to be 0.7789 whilst the argument of the cosine term in (3.16.1) is 4(¢ — ¢o).
The orbit is not closed and approaches asymptotically before leaving asymptotically,
a process which is repeated for the projection of the orbit in the ¢—plane. The orbit
on the cone is not hyperbolic and neither are the zy, rz and yz projections of the
orbit. The orbit on the cone has no rotational symmetry about P. The origin is not

enclosed by the orbit. In order to illustrate the behaviour more clearly, projections
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Figure 3.16.4. The monopole-repulsor orbit for p = 63L%/64 — )\?/64. The radial
vectors move on the surface of a right circular cone extending along the line of P
with origin at the apex of the cone. The orbit on the cone approaches asymptotically,
circles the origin twice before leaving asymptotically. Both branches of the orbit meet
at infinity. The projections of the orbit onto planes parallel to the zy, zz and yz
planes are also shown. The constants have the values w = 0.4289, P = 3.4225,
A= 28794, o = 0.5711, L = 1.85 and K; = 0. The origin is not enclosed by the
orbit.



Figure 3.16.5. The monopole-repulsor velocity hodograph for u = 63L2?/64 — \?/64.
The projections of the velocity hodograph onto planes parallel to the 2 and 3z planes
are also shown. The constants are chosen as for Figure 3.16.4. The origin is enclosed

by the velocity hodograph.



> Ny

Figure 3.16.6. The monopole-repulsor orbit for 4 = —3L? — 4)2. The radial vectors
move on the surface of a right circular cone extending along the line of P with origin
at the apex of the cone. The orbit on the cone is not hyperbolic and nor are the
projections of the orbit into the respective planes. The projections of the orbit onto
planes parallel to the zy, zz and yz planes are also shown. The constants have the
values w = 0.4289, P = 3.4225, A = 2.8794, o« = 0.5711, L = 1.85 and K, = 0.7789.
The origin is not enclosed by the orbit.



Figure 3.16.7. The monopole-repulsor velocity hodograph for p = —3L? — 4)\2. The
projections of the velocity hodograph onto planes parallel to the 2 and g2 planes

are also shown. The constants are chosen as for Figure 3.16.6.
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of the orbit onto planes parallel to the zy, zz and yz planes are shown, together with
the projected images of the cones onto the respective planes. The magnitude of the

angular momentum is constant throughout the motion.

Figure 3.16.7 shows the velocity hodograph for the monopole-repulsor where
g = —3L? — 4)X2. In order to illustrate the # behaviour more clearly, projections of
the velocity hodograph onto planes parallel to the 2z and 3z planes are also shown.
The velocity hodograph is bounded at both ends by the tangents to the asymptotes

of the orbit on the cone.

3.17 The Stationary Solutions

In the preceding discussion we have studied dynamical solutions to
equations (3.13.1)—(3.13.3). There has been some interest in the existence of static
solutions of the Bogomolny-Prasad-Sommerfield equations (¢f. Manton [88]). For
completeness we consider the existence of static solutions to the equations of motion
mentioned above. The requirement for a static solution is that » remain constant, in

which case both r and L are zero.

3.17.1 The Monopole—Oscillator

From the equation of motion (3.13.1), a static solution is obtained when

4 14
ro= ~—2,
w

(3.17.1)
i.e. p must be negative. The first integrals (3.13.8)-(3.13.10) take the values

L=w-p)? L=0 IL=0. (3.17.2)

3.17.2 The Monopole—Free Particle

From the equation of motion (3.13.2) a static solution is only possible if 4 = 0. The
values of the first integrals (3.13.14)—(3.13.16) are then

=0 Jy=0 Jy=—r (3.17.3)

where the value of r is arbitrary.
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3.17.3 The Monopole—Repulsor

From the equation of motion (3.13.3) a static solution is possible when

=t (3.17.4)

w

i.e. p must be positive. The values of the integrals (3.13.19)—(3.13.21) are then
Ky =-wp? Ky=0 Ks3=0. (3.17.5)

In each case a stationary solution is possible. In the case of the monopole-oscillator
and the monopole-repulsor the radial distance is determined by the relative strengths
of the centrifugal potential and the oscillator or repulsor respectively. For the free
particle no forces are acting and so there is no restriction on the value which 7 can
take.

3.18 Discussion

The equations of motion (3.13.1)-(3.13.3) for the monopole-oscillator, monopole-
free particle and monopole-repulsor admit a rich structure. For general A and u they
are unusual in that the Lie algebra of the commutators of the point symmetries of
the equations of motion is the same as that of the Poisson Brackets of the six first
integrals namely sl(2, R) ® so(3). The orbit equations are very characteristic of the
two—dimensional analogues except that now the two-dimensional curves are lifted
onto the surface of a cone which is a characteristic of the monopole. The possibility
of a ‘hyperbolic’ orbit wrapping itself round on an invisible cone a number of times

is in itself interesting.

It is interesting to note that the orbits on the cone are in general not conic sections.
However, the projections when g = —\? are either conic sections or lie along conic
sections except in the case of the monopole—free particle where the orbit, an hyper-
bola, is a conic section. This may indeed be related to the existence of a conserved
Laplace-Runge-Lenz vector for the latter problem, which is perpendicular to P. In
the case p = —A?, the orbit of the monopole-oscillator is described by the inter-
section of an elliptical cylinder and a right circular cone and the projection of the
orbit into the ¢—plane is a geometric—centred ellipse which corresponds naturally
with the orbit of the three-dimensional isotropic harmonic oscillator. Analogues of
Kepler’s three laws of motion have been obtained and shown to be natural extensions

of the results for the three-dimensional isotropic harmonic oscillator in the plane.
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The vector P determines the orientation of the orbit in space. Similarly, in the case
¢ = —A% the orbit of the monopole-repulsor is described by the intersection of a
hyperbolic sheet and a right circular cone and the projection of the orbit into the
¢—plane is a geomteric-centred hyperbola which corresponds naturally with the orbit

of the three—dimensional isotropic repulsor.

3.19 The First Integrals Associated with the Lie

Symmetries of the Monopole—-Oscillator

The monopole-oscillator, with equation of motion
LA © )
r+;§L+ ;Z'H" r=20 (3.19.1)

has the following Lie symmetry generators

0
G1 = E
: 0 0 9] 0
G, = 31n2wt§+wcos2wt(:c5;-!—3/8—!/-{-2&)
= sin2 t2+ 2wt —
= sin2wt o +wr cos 2wt
0 ) 9] 0 0
Gs = cos2wta—wsm?wt(a:a—m%—ygg—kz%)
— cos 2t 2 — wrsin 2wt 2
= cos2wt o —wrsin2wt =
0 0
G+ = 75, Ve,
0 0
G = 5%
0 0

For complete details of the derivation of the generators see Chapter 4.
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In §P3.2 we noted that for a three-dimensional problem we would find five indepen-
dent first integrals per generator provided the equations for the characteristics can
be solved. An example of this has been given by Leach in his treatment of the Kepler
problem [72] in which all of the autonomous first integrals, energy, angular momentum
and Laplace-Runge-Lenz vector were found from the generator of time translations
d/0t. Certain first integrals are naturally associated with certain generators: 9/0t
is associated with energy, and the generators 20/0y — yd/0z, ©0/0z — 20/0x and
y0/0r — £0/0y with rotational invariance (in this problem not angular momentum
which is not conserved). The integrals which naturally relate to G, and G5 are not
a priori obvious and will be investigated below. It must, however, be stressed that
each generator is capable of providing the full set of integrals, although the manipu-

lations involved may be rather contrived.

According to the Lie method as described in §P3.2, a function I(¢,¢;,...,¢;) which
is associated with a symmetry G is a first integral if
GMI =0 (3.19.3)
and 4
m =0, (3.19.4)
tg=o

where E (t,q;,...,4¢;) = 0 is the equation of motion (3.19.1). Substituting the first
extension of the time invariance symmetry G in (3.19.3) gives the characteristics as

solutions to the associated Lagrange’s system

dt de dy dz di dj_ d:

R ki (3.19.5)
They are

Uy =2 V1 = z

up=y vz=9y

Uz = 2 V3 = Z., (3196)

which are individually invariant under the infinitesimal transformation generated by

GEI]. Substituting for the equation of motion reveals

U = U = —)\r_3(u2v3 — U3Vy) — (/17*4 + w2)u1
Uy =vy Dy = —Ar % (uavy — uyv3) — (ur™ + w?)ug
Us =vs O3 = —Ar > (urvg — upvy) — (pr~*t + w?)us, (3.19.7)
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and the corresponding Lagrange’s system for (3.19.4) is

du; _ dug  duz dv;
7)1_ T vy vy —Ar=3(ugvs — uzvy) — (ur—* + w?u,
N dvz
T =3 (ugvy — ugws) — (prmt + w?)uy
dvs

= (3.19.8)

—Ar=3(uqvy — ugvy) — (pr—* + w?)us’

Our interest is in finding a first integral which is invariant under time translation and
thus we do not need to introduce an auxiliary time variable [55]. For convenience
we shall denote the ith member of (3.19.8) as (3.19.8.7, 7 = 1, 6) and then form the

combination
(pr™ + w?) [u1(3.19.8.1) + u2(3.19.8.2) + u3(3.19.8.3)] +
v1(3.19.8.4) + v2(3.19.8.5) + v3(3.19.8.6) (3.19.9)
which gives

d[}od+ g vl + 5o — a4 Fwl(uf+u+ud)

2
0

(3.19.10)

which is just the differential of the required characteristic and, reverting to the original
coordinates, becomes

1/,
L== (r By w2r2> . (3.19.11)

2 r2

The result for w = 0 1s obvious.

If Is is a first integral associated with Gg, then the characteristics of (3.19.3) are

found from

dt dx_d_y__dz_d:i’_d_g)*dz'

—=— - =— — 3.19.12
0 Yy -z 0 Y -z 0 ( )
and are
up =t vy = &% +
up = 22+ 3% vy = (z§ — y&)(ugvy) "2 (3.19.13)

Uz = 2 v3 = 2.
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Since
U =1 vy = 2uyvy)? [/\r‘3v2v3 —(prt+w?)(1 - v%)%]
ty = 2(upvy)2(1 — v2)7 Dy = (1 — v2)3(ugvy)~3 {/\r“” [(1 — v2) Ty — u3(u2v1)%]
— v1Vg + ugvp(pr~* + w2)}
U3 = U3 by = —Ar=3(ugvy)3vy — (ur—* + w?)ua, (3.19.14)

where 72 = uy + u3?, the characteristics of (3.19.4) are found from

du1 _ d'l.L2 _ d’LL3
1 2ugvy)z (1 —v2)z s
d'Ul

2(uzv1)F [Ar=3vavs — (ur—* + w?)(1 — v2)3]

. dvg
(1-— v%)%(ugvl)*% {/\r—3 [(1 — ’U%)%U2U3 - U3(U2’U1)%:‘ — V1V + ugua(pur—* + w2)}
dv
= — : (3.19.15)
—Ar—3(ugvy)2vy — (pr—* + w?)us
Making the combination
1
5 [0102(u201) 7% + husr™] (3.19.15.2) — hupr™3(3.19.15.3)
1 1
+ 5 uzva(upvr) T (3.19.15.4) + (uzv1)7(3.19.15.5) (3.19.16)
gives
d v2(u2v1)% — Augr™!
| - 7] (3.19.17)
which gives the first integral
A
Is = 2§ — y& — TZ (3.19.18)
Similarly I and I5 corresponding to G4 and G5 can be determined by cyclic permu-
tations
Iy = yz—zy— Az
r
: LA
Iy = zi—zs- 22 (3.19.19)

r
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We immediately recognize that Iy, I5 and I¢ are the components of the conserved

vector

P=L-\ (3.19.20)

which is just the Poincaré’s vector for the simple charge monopole problem [107, 101].
It is interesting to note that the additional term (pr~* + w?)r does not destroy the
structure of this vector. In light of the algebra of the two problems being identical

this should not really be surprising. The result is unchanged for w? = 0.

If I is the first integral associated with G, the characteristics of (3.19.3) are

2

Uy = sin$2wt vy = sin 2wt(z — wz cot 2wt)2
Up = — v vy = sin 2wt(y — wy cot 2wt)?
sin 2wt
- = sin 2wi(3 £ 2wt )? 3.19.21
u3_sin2wt vz = sin 2wt (2 — wz cot 2wit)”. (3.19.21)
Since
) 2 L
= sin 2wt (urvr)?
) 2 1
Y2 = sin 2wt (uzvz)?
) 2 1
Ys = sin 2wt (u3vs)?
1 _ -
) 20} A L L Y 1
= e {0 =] (o= )l
203 Al '
: Y2 L L 2 M ;
- = - +lw?-E
v2 sin 2wt { p% L(u;gv]) (UIUB) ] (w P2) "2
203 Al 7
. V3 1 1 2 1 L
vy = S 2wl {—p—% - (U102)2 — (u2v1)2- + (UJ — ?> u;}, (31922)

where p = u; + uy + us, the characteristics of (3.19.4) are found from the associated

Lagrange’s system
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duy dug dU3

(w1v1)

=

- . (3.19.23)

(If it were necessary to introduce time as an auxiliary variable in (3.19.23), it would
be in the form 2d¢/ sin 2wt as can be seen from (3.19.22)). Making the combination

(% — w2> [(3.19.23.1) + (3.19.23.2) + (3.19.23.3)] +dvy +dvy +dvs (3.19.24)
P
gives
d[vl+v2+v3-%—w2p]
0

and again the term in parentheses is the characteristic. Rewriting in terms of physical

(3.19.25)

coordinates and scaling by a factor of % we obtain

1 .. .
I, = 3 sin 2wt <r P — % — w2r2) — wr - 7 cos 2wt. (3.19.26)
r

Adopting a similar technique for G3 yields

1 . ..
I; = 3 cos 2wt (r -r — % — w2r2> + wr - 7 sin 2wt. (3.19.27)
r

As can be expected, I;, I, and I3 are not independent. Taking the product P - P
where P is given in (3.19.20), gives

P? =L+ )\ (3.19.28)
and so L? is a constant. It can then be shown that

B+ I2=1}—w* (L —p). (3.19.29)
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For w = 0 the integrals reduce to

L /. . p 1 .
12:§t<1°'7'—r—2)—§1"7' (31930)
which is just lir%(12/2w), and
1 .. o1
Iazgtz(r-r—r—2>—tr-r+§r-r (3.19.31)

which is is lirr(l)(fl — I3) /2w,

3.20 Discussion

The monopole-oscillator with or without the extra force described by the equation
of motion

++%L+(%+wﬂr:0 (3.20.1)

T r

is rather interesting in terms of its algebra. From a geometric point of view its pos-
session of the six—dimensional symmetry algebra s{(2, R) @ so(3) is unusual. It should
be remembered that the Kepler problem has only a five-dimensional algebra. For the
monopole-oscillator, the algebra is insensitive to the values of the parameters A, p,
and w?. The algebra only degenerates to the twenty—four element s{(5, R) when both
A and p are zero. The parameters A and p can be separately zero without affect-
ing the algebra which implies that the two terms are equivalent in their symmetry

breaking effect.

The structure of the integrals I, I, and I3 illustrates a feature previously observed
with the first integrals of quadratic Hamiltonians [56]. The three-dimensional isotropic

harmonic oscillator with equation of motion
P+wlr=0 (3.20.2)
has the following first integrals which are quadratic in the velocities:

Aij = 1;0; + ;x5
B,’j = (11.71'.’1',‘]‘ - ;ci:cj) sin 2wt — w(:v,-a'vj + :.C,'CL‘J') cos 2wt

Ci; = (&iz; — zizj)cos 2wt + w(ziz; + Tiz;) sin 2wt, (3.20.3)
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where the indices range over the values 1, 2, 3. These integrals correspond to our
(1, G2 and G5 of the monopole-oscillator problem which are in fact symmetries
of (3.20.2) as well. The g and X terms of (3.20.1) seem to dispose of the non-—
diagonal terms (¢ # j terms). Something else worth noting is that the z;z; term in
the A;; tensor changes sign in both the Bj; and Cj; terms. For (3.20.1), however, it
is only the sign of the harmonic component and not the inverse square part of the
potential which changes sign in both I, and I3, which would imply that the inverse
square potential adds to the angular momentum contribution to the kinetic energy

of the motion.

It can be seen that the generators obtained via Lie’s method do give rise to the first
integrals, although a certain amount of mental dexterity may in fact be required.
Our emphasis has so far been on the natural first integral associated with a par-
ticular generator. It turns out that a more transparent derivation of /s (3.19.18)
would be through (3.19.23) which has a simpler and more symmetric structure. The

combination is

[(vs/u)

Mua/p?) "% (ug + u2)(3.19.23.3) — (uz/v1)7(3.19.23.4) +

=

+ Mus/p*)?] (3.19.23.1) — [(v1/u2)® — Aus/p")?] (3.19.23.2) —

(u1/v2)7(3.19.23.5). (3.20.4)

Although it can be argued that either the direct method or Noether’s theorem are far
more mechanical to apply, one must remember that the latter requires the existence
of a Lagrangian as well as a guess at the velocity dependence of the integral and, in
the former, the velocity dependence condition. If, however, there exist integrals which
are not linear or quadratic in the velocities, the correct choice of velocity dependence

can be very difficult, if not impossible.



CHAPTER 4

SYMMETRIES AND THE EXISTENCE OF CONSERVED
VECTORS

4.1 Preliminaries

A second order differential equation is invariant under a Lie point transformation
generated by a symmetry generator, G, if the twice extended symmetry generator,
G®, acting on the differential equation is zero whenever the differential equation
holds, i.e.,

G[ZJE (q,‘, q'i, q, =0. (4.1.1)

-0

In a three-dimensional cartesian basis G is given by (see (P3.17))

0 0 0

0
G=r ote gt i, (4.12)

ot
where 7, £, n and ( are functions of ¢, z, y and z. The twice extended generator in

this basis is then

.. 0 . 9 s 0
GFl = G+ (6= 1) 5o+ (1 —4F) o+ ((=27) 7

+ (- 2&7 — 27) EF + (7 — 2§71 — y7) a5 + (¢ — 227 — 27) %'(4'1'3)

The total derivatives of 7 can be expressed in terms of partial derivatives as

or .o0r .oOr Ot

P= Gtigtigtigy (4.1.4)
. %_}_2, 0*r Lo 0%r Py o*r
T e T 5ot VY Byt T 7 0t
+ .2221+.2Q2_7'_+.2§2+2..827’
T o Y 5z T 522 T By
2 2
boogs 0T s 9T 40T 0T 00 (4.1.5)

vz 0y0z + 020z oz +y dy 0z

and similarly for the total derivatives of £, 7 and (.
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Application of (4.1.3) to the standard Kepler problem gives rise to the following

symmetry generators [110]

0
G1 = E
0 2 0 0 0
G, = taﬁ-g(w%‘iﬂ/a—y%—za)
0 0
G3 = Zz % -y 52-
0 0
G4 = T & —Z %
0 0
Gs = ¥y 5:;—'1' a—y (416)
which have the following non-zero commutation relations
[Gla G2] = Gl
[Gs3,Gs] = Gs, [G4,Gs] =Gs, [Gs,G3] =Gy (4.1.7)

from which it is evident that the Lie algebra is the direct sum A, @ so(3). Gs, G4
and Gs are a result of the invariance of (1.5.1) under rotation, G represents in-
variance under time translation and (;, the generator often associated with the
Laplace-Runge-Lenz vector, indicates invariance under the similarity transformation
(t,r) = (&,7:t=~t, r= 'y%i'). It should of course be realised that any of the first
integrals can in fact be constructed from any of the generators (4.1.6) and so the as-
sociation is not strictly accurate in a mathematical sense although it is in a geometric
sense. The two—dimensional algebra A, connected with GG; and GG, has recently found
application in the analysis of one-dimensional nonlinear second order differential

equations [76, 11].

Since the Kepler problem and the time-dependent Kepler problem are related by a

point transformation, they both possess the same algebraic structure [73].
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The symmetries of the charge-monopole described by the equation
. 7

have been studied in some detail by Moreira et al. [101]. They found the following

set of generators

i3}
G = e
0 1 0 0 0
Gy = tﬁ+§<$%+y5§+za)
Gs = t|t 2 + 9 + _3_ + ﬁ
T et e oy ae
0 0
G4 = =z 5; -y E
0 0
G5 = X & —Z %
0 0
which possess the non-zero commutation relations
[Gla G2] = Gla [G27 G3] = G3a [G37 Gl] = _2G2
(G4,G5] = G, [G5,Gs] =G, [Gs,G4] =Gs. (4.1.10)

In this case the algebra is the direct sum of the subalgebras {G;,G,,G3} and
{G4,Gs,Gs} and is sl(2,R) @ so(3). (Moreira et al. [101] use so(2,1) rather than
sl(2, R)). Since the algebraic structure of (4.1.8) is more complex than that of the
Kepler problem (1.5.1), as Thompson [126] has already noted, the charge monopole

problem cannot be related to the Kepler problem by a point transformation.
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4.2 The Lie Symmetries of the Equation of Motion
F+ f(r)L+g(r)r=20

It would seem sensible to consider the symmetries of the more general equation
¥+ f(r)L 4+ g(r)r=0 (4.2.1)

since for f = 0 and g(r) = p/r® we regain the Kepler problem, and for f(r) = u/r
and g(r) = 0 we obtain the charge monopole problem. One further class of problems
which are also described by (4.2.1) has the equation of motion

. A / k.

T+ ——(IlL + (h(r)h (r)+ —2) =0 (4.2.2)

r r

which has already been shown in §3.1 to possess Laplace-Runge-Lenz-like vectors.

Since the angular momentum has a regular structure in a cartesian basis, it makes
sense to do the calculation in this basis to provide a further computational check
through certain regularities in the determining equations. Thus we may write (4.2.1)

as
& + flyz—2zy)+gz=0
i + flei—z2)+gy=0
2 + f(zy—yz)+g2z=0. (4.2.3)

The second extension (4.1.3) is now applied to (4.2.3) individually with all the deriva-
tives expanded using (4.1.4) and (4.1.5). Upon each subsequent application of (4.1.3)
&, ¢, # are replaced in (4.1.3) using (4.2.3). Since we have assumed a point transfor-
mation, the terms can be collected as coeflicients of various combinations of powers
of the total time derivatives £, y and z and coefficients of linearly independent com-
binations then set to zero. This operation is extremely tedious to do by hand and
the symbolic manipulation code REDUCE [112] was used to obtain the determining
equations which were subsequently solved by hand. Forty eight partial differential
equations were obtained, twelve of which were repeats of the six second-order equa-
tions for 7 (4.2.4) below. The equations are listed in groups according to the order

in which they were analysed.
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0x?
0%¢
0y?
¢
022
0%
0zdy

0%¢
Oy0z

0%
2 020z

0*r

0*r

0 0z 0y =0
0*r

0 Oy0z =0
0*r

0 5870
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(4.2.4)

(4.2.5)
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0%y 0*r or or
ozdy 2 0zdt +J (y 0z 2z 8—y>
d*n 0*r or or
‘ooz = ° 628t+f(2x a*y_y£>
0%y or or
0% or
a2 = Vo
0% or
o7~ Ty
0% 0°r or or
922 aaﬁf(may ya_x)
s (oo
ozdy Y Jy 0z
*¢ o*r f or _9 &
dydz _  dyot ‘oz " oz
0% 0t or or
25— = 288t+f(y5——za—y) (4.2.7)

0%¢ ot ¢ o0& o¢ on or or or
25a0 w”(%** 9: oy Car) I\ T gy Za?)‘“
d*n 0%t o€ on On ¢ or or or
2990t 6t2+f(28 T Tar Yoy T ””%Hya_y“&)‘
0% 0*r On a¢ o¢ 0¢ or or or
‘om0t ﬁ*f(xaz”ay_ya_x_yaz AP PR Pl
9
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258557-*-]‘(3;2—{-}-2%—1’%—23—2— —z%) - ZTf(wHszC)
+ 2$gg—;=O

2aa:§t+f( %H%—ygﬁ-zg—“r +y%§) + ny(warynJrzC)
+ 2xg%=0

28ajgt+f(zg_§:+yg_z_zg—z_xg_c+C+Z%§) + ZTf,(mﬁernvLZO
+ 2ygg£=0

2;:gt+f<z%+xg—z—ygg—$%*f—$%) - mTf(:v£+yn+zC)
+ 2yg%=0

2;:gtJrf(xgngy%—zg—g—y%—n—y%) - y%(:vfﬂmwtz{)
+ 2zgg—;=0

2g§t+f(xg—z+z%-w%-y%+€+wg—;> + -x%(xéer?H-ZC)
+ 2zg%:0

(4.2.9)

%i—g—+f(y%—z%¥>+g (5-1-256% - wg—i—yg—j—»?%)

/

+ Lt tyn+20)=0

2 0 %, 0 0 0 0
877—+—f z——g—x—C +g n+2y—T — alc—n—y—n—z—77
Oz dy 0z

/

I (& +yn+20) =0

r
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0*¢ On o¢ or ¢ a¢ ¢
8t2+f<$8t_y8t Tolit2eg - Ta 53]_287>

/

+ %(I£+yn+ZC)=0

(4.2.10)

where ’ denotes differentiation with respect to r.

The solution of (4.2.4) is
T =a(t)+ b(t)x + c(t)y + d(t)=. (4.2.11)

Substituting 7 (4.2.11) into (4.2.5) gives rise to consistency requirements between
third order mixed derivatives. Two distinct cases emerge. If f = 0, b, ¢ and d remain
unspecified. If f # 0, b, ¢ and d are simultaneously zero. We analyse these cases in

more detail.

4.3 The Case f =0

The solutions of (4.2.5), (4.2.6) and (4.2.7) are
& = (l}m+éy+dz)m+km+ly+mz+n
n = (bx+éy+dz>y+p:c+qy+rz+s
¢ = (bm+éy+dz)z+tx+uy+vz+w, (4.3.1)

where the functions & through w depend only on time. (In circumstances where
confusion may arise between the functions r(¢) and t(¢), and the variables r and ¢,

clarification will be given).

Substituting (4.2.11) and (4.3.1) into (4.2.9) forces I, m, p, r, t and u to be constant
and, if g is not constant, b, ¢ and d to be zero as well. For the sake of completeness

we consider the case ¢ = «, a constant. Then b, ¢ and d satisfy the equations
b+ab=0, ¢+ ac=0, d+ad=0. (4.3.2)

Solving (4.2.8) we obtain
2%k = 2§ =20 = &, (4.3.3)
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and from (4.2.10)
k+2a=0 #n4+an=0
§+2ca=0 3S+as=0
b+2a=0 +aw=0. (4.3.4)

Solving (4.3.2) gives rise to six free constants, two for each of the b, ¢ and d, three
for a from (4.3.3) and (4.3.4), k, q and v each add one more and n, s and w give
six more. In addition to these eighteen, [, m, p, r, ¢ and u are constant, making
twenty—four in total. Hence the Lie algebra is the twenty—four-dimensional s{(5, R).
This is not surprising as for & > 0 we have the three-dimensional isotropic harmonic
oscillator, for @ = 0 the three-dimensional free particle and for a < 0 the three-

dimensional isotropic repulsor.

When ¢ is a nontrivial function, I, m, p, r, t and u are constants from (4.2.11),
(4.3.1) and (4.2.9) and b, ¢ and d are zero. Using (4.2.8) we again obtain (4.3.3)

which can be integrated to give

S O 1 B
ko= 5(&-{-[&), qh2(a+Q)> v_2(a+V), 1—2[/7
1 1 1 1 1
— —_ = - = — = — = — 4..
m 2M, P 2P, r 2R, t 2T, u 2U, (4.3.5)

where the constants are denoted by upper case symbols. Equations (4.2.10) now

become

!
a®z + 27+ 2¢(n + 2zd) + % [dr2 +z(Kz+ Ly + Mz + 2n)

+ y(Pz+Qy+ Rz+2s)+2(Tc+Uy+ Vz+2w)] =0 (4.3.6)

!
a®y + 254 29(s +2ya) + % [drz +z(Kz+ Ly + Mz + 2n)

+ y(Pz+ Qy+ Rz+2s) +z(T:c+Uy+Vz+2w)] =0 (4.3.7)

!

a®z + 20+ 29(w + 2za) + Z—:i [ar* + 2(Kz + Ly + Mz + 2n)

+ y(Pz+Qy+ Rz+2s)+2(Tx+Uy+Vz+ Qw)} =0, (4.3.8)

where a(® represents d°a/d#®. This convention is also used below.
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Combining y x (4.3.6)—2 x (4.3.7) and z x(4.3.6)—z x(4.3.8) and suitably rearranging

we obtain
(yn —zs)g = —(yn — z3)
(zn —zw)g = —(zft — z0) (4.3.9)

and, since ¢ is a nontrivial function of r, it follows that n, s and w are zero.
Equations (4.3.6), (4.3.7) and (4.3.8) reduce to the single equation

(Ke+Ly+ Mz)z+ (Pz+Qy+ Rz)y+(Tz+Uy+Vz)z = —5 [a(3) +4ga +g'riz] .

4.3.10
The partial derivative of (4.3.10) with respect to time gives ( )
a4 (49 + ¢g'r)a = 0. (4.3.11)
If g is to be unspecified,
a = 0
a = Ao+ Apt. (4.3.12)
Equation (4.3.10) now becomes
(Kz+ Ly + Mz)z + (Pe+ Qy+ Rz)y + (Tz + Uy + V2) 2 = —— (4g + g'r) As.
(4.3.13)

It is evident that P = —L, T = —M and U = —R which gives rise to the so(3)
subalgebra. For general g, K = Q =V = A; = 0 and the algebra is A; ®so(3), where
the subalgebras A; and A; used throughout are not to be confused with constants
having the same symbol. However, if ¢ is to be specified through (4.3.13), we can
have K = Q =V and (4.3.13) becomes

; r
IXT‘z =—-

. (49 + ¢'r) A, (4.3.14)

from which we find that for A; nonzero

U

9= ZATaAR) (4.3.15)

which can equivalently be written as

g = pre, (4.3.16)



where & = —4A; /(A1 + K). The generators are then

Gy = xaa_z_za%
Gs = y%~x%
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(4.3.17)

which have the algebra A; @ so(3) as was found for the Kepler problem (1.5.1) by
Prince and Eliezer [110] and Leach [72]. The Kepler problem is recovered when

A+ K= g— A;. G5 can be more concisely written as G = t0/0t

notation of (4.3.16). See §1.8.

Equation (4.3.11) may alternatively be written as
rg +49 = —4e
o —4ea = 0

which gives

and

a:A0+A1t+A2t2+A3t3, e=10

a = Ao + Alt + A262t6 -|- A ~2te!/ ) € # O

—2/ard/0r in the

(4.3.18)

(4.3.19)

(4.3.20)

(4.3.21)

Substituting (4.3.19)-(4.3.21) into (4.3.10) we see that, for e = 0, K = Q@ =V =

As=0and P=—L, T =—M and U = —R. Thus the equation of motion

'i"+ﬂ4r:0,
r

(4.3.22)
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has the symmetries

0
G] —_— &

Gy, = ZtQ mi-l- £+ 0
R TR PR WL

Gs = (tg+'£a+ya+ ﬁ)
ot 0 0 0
Gom ol el wam

The Lie algebra of the generators is si(2, R) ® so(3) which we recognize as the same

as that found for the charge monopole problem (4.1.8) by Moreira et al. [101].

Whene#0, K=Q=V =4, =0and P=~L, T =—-M and U = —R. The
equation of motion

) @

T+ <r_4 - c) r=20 (4.3.24)
has the symmetries

3}
Gl:a

G = o (e_mg”gwgﬂg)

ot Ox Jdy 0z
_ =22 172 Y 9 i _ 2 _ 2
Gs = e <6 ot "oz Yoy "oz

0 0
Ga = 83/ R
0 0
G5 = .’IJ&—ZE
0 0

The algebra is again sl(2, R) ® so(3).
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To summarize the case f = 0, we have three distinct results with increasing richness

as ¢ 1s more tightly specified. For the central force problem
7 +g(r)r=0 (4.3.26)

we have the usual four symmetries associated with invariance under a time translation

as well as under rotation. When ¢ is a power law so that the equation of motion is
r+ ur®r =0, (4.3.27)

the above four symmetries are replicated plus a further one added indicating invari-

T .3.2

there 1s the further addition of an inversion transformation between t and r the
third equation of (4.3.23), as is found in the case of the symmetry of the one-

dimensional free particle (this generator can in fact be written more concisely as

#(t 8/t +r 8/0r)).

the generator corresponding to self-similar transformations disappears, yet the al-
gebra remains the six-dimensional si(2, R) & so(3). Finally, when the equation of
motion takes the form

T +er=0, (4.3.30)

which describes a three-dimensional isotropic harmonic oscillator for ¢ > 0, the
three—dimensional free particle for € = 0 and the three-dimensional isotropic repulsor

for € < 0, the algebra becomes the twenty—four-dimensional si(5, R).

Despite the existence of a Laplace-Runge-Lenz vector in the classical Kepler prob-
lem, we have shown that this does little to influence the construction of the sym-
metry algebra. Apart from the three-dimensional isotropic harmonic oscillator, all
power law central force problems possess the same number of symmetries, yet global
(or even local) representations for a Laplace-Runge-Lenz-like vector are rarely pos-
sible. Although the Kepler problem is regarded as unusual because of the Laplace-
Runge-Lenz vector, in terms of the symmetry algebra of its equation of motion it is

just one of an infinite number of problems.
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4.4 The Case f #0
We now return to the general equation (4.2.1) and attempt to obtain the symmetries.
We recall that b, ¢ and d were zero and this simplifies (4.2.11) and (4.3.1) to give

T = a

¢ = kx+ly+mz+n

n = prtqytrz+s

( = tr+uy+vz+ w, (4.4.1)

where all lower case latin letters excluding z , y and z are functions of time. The set

of equations (4.2.8) now reduces to

2% — a+f[y(m+1t)—z(l+p)| =0

2¢ — Ez—{—f[z(l-*—p)—:c(r—{—u)]:o
20 — a+fa(r+u)—y(m+1)] =0 (4.4.2)
which give
% =2=20=2a (4.4.3)
l+p=0, m+t=0, r+u=0. (4.4.4)
Equations (4.2.9) now become
2 — ZTJN®+f[z(k—q—v—d)—w]:0 (4.4.5)
2m  + ny/CI)-l-f[—y(k—q—v—d)—{-s]:O (4.4.6)
% — xTJUq>+f[—:c(k—q+v+d)—n]=o (4.4.7)
2 + ZTJU<I>+f[z(k—q+v+d)+w]:0 (4.4.8)
o%f y7ﬂ¢+f[—y(k+q-v+a)—s]=0 (4.4.9)
% + 9”7]”<I>+f[x(k+q—v+a)+n]=o, (4.4.10)
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where @ = z(kz + n) + y(qy + s) + 2(vz + w) and the r in the denominator is the
variable r and not the function r(t).

Adding (4.4.5) to (4.4.8), (4.4.6) to (4.4.9), (4.4.7) to (4.4.10) and using the results
of (4.4.4) we find that

k=qg=v (4.4.11)
® = kr? + zn 4+ ys + zw. (4.4.12)

This reduces the number of independent equations in (4.4.5) to (4.4.10) to three,
say (4.4.5), (4.4.7) and (4.4.9). Multiplying these by 2, z and y respectively and

adding we obtain

T [27"— (rf’—}—f)n} + y [Qi— (rf'—}-f)s} + 2z [2i—(rf'+f)w]

— 2 [krf 4 (k+a)f] =0 (4.4.13)
from which it is evident that

krf +(k+a)f = 0 (4.4.14)

2% —(rf'+fln = 0 (4.4.15)

26— (rf'+f)s = 0 (4.4.16)

20— (rf'+ flw = 0. (4.4.17)

Equation (4.4.14) has a solution for f if

k+a=vk (4.4.18)
where v is a constant and correspondingly

f=ArT", (4.4.19)

for A also a constant. The possibility ¥ = a = 0 leads to just the four symmetry case
with algebra A; @ so(3). Otherwise f will be zero and this case has been treated
in §4.3. Combining (4.4.3) and (4.4.18) gives

a(3 —v) =0. (4.4.20)

We treat the cases v = 3 and v # 3 separately. If v = 3, (4.4.15)-(4.4.17) immediately
givesn=s=w=0and r t, [, p, m and u constant. Using (4.4.4) these constants
give the so(3) subalgebra. Equations (4.2.10) all reduce to

P
rg' +4g = 5= —4e, (4.4.21)
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using @ = 2k from (4.4.18), and ¢ is a constant. Solving equation (4.4.21) gives

_K
For e = 0,
f=5
7
g = r—4
k = A1 +A2t
a = Ag+ 241t + Axt? (4.4.23)

which give rise to three symmetries in addition to the usual so(3) generators, viz.

0
G1 = E
0 0 0 0
Gg = 2t&+x8_x+y@+2$
0 0 0 0
— 42 2 —_ - -
Gy = t at+t<:v 8w+y3y+zaz) (4.4.24)

and the algebra is sl(2, R) @ so(3).

As shown before, the vector product of » with the equation of motion corresponding

to (4.4.23)

. A I
r+ 7‘_3L + r—4’l' = (4425)
gives rise to Poincaré’s vector P
P=L-)r (4.4.26)

after integrating with respect to time. This vector is incidentally also conserved for
the equation of motion of the charge-monopole problem (4.1.8). Taking the vector
product of the equation of motion (4.4.25) with (4.4.26) gives the projected and

rotated equation of motion

LA(\?
1"'><P+((—ti_—f)>rxP:0 (4.4.27)
|r x P|

which is equivalent to the central force case (4.3.22) in the variable 7 X P

(see §3.5 for a geometric interpretation of taking the vector product with p).
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For ¢ # 0,
k = Aleml/2 — 1‘126*2“1/2
o = Ao+ (A 4 Aem”). (4.4.28)

In addition to the so(3) generators we obtain

0
Gy = 5
. paet/? —1/22 i ﬁ ﬁ
Gz = e & Ve s
_ m2el? —1/22_ ﬁ_ Q_ g
Gs e (e 5 % 52 y@y 25 (4.4.29)

and again the algebra is s{(2, R) @ so(3). Similarly, taking the vector product of the

equation of motion corresponding to (4.4.28)
A U
T+73L+<r_4_6)":0 (4.4.30)

with P gives the projected and rotated equation of motion

LY(X° + p)

Px P+
( |7'><P|4

- e) rxP=0 (4.4.31)

which is equivalent to the central force case (4.3.24) in the variable r x P.

When v # 3, from (4.4.20) and (4.4.3)

a = Ao + A1t, k [{0 (4432)

From (4.4.18)
A= (v — 1)K, (4.4.33)

and, if v = 1, A, is zero. Equations (4.2.10) yield K, zero, the usual so(3) constants
and n = s = w = 0 so that the algebra is A; @ so(3). For v # 1, (4.2.10) again gives
Ko zero and so A; from (4.4.33). The algebra is again A; @ so(3).
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4.5 Discussion

The equation of motion
*+ f(r)L + g(r)r =0 (4.5.1)

is seen to possess the algebra A; @ so(3) for general f and g with A; representing
invariance under time translation and so(3) the usual rotational invariance. Special

cases of (4.5.1) with additional symmetry are

T+ prr =0 (4.5.2)
7+ :‘—47' =0 (4.5.3)
Pt (% _ 6) = (4.5.4)
P+er=0 (4.5.5)
it %L + %r =0 (4.5.6)
%+%L+ (%—e)r =0. (4.5.7)

The five-dimensional algebra of (4.5.2) was found to be Ay @ so(3) where the A,

algebra represents invariance under the self-similar transformation

RN

t=4t r=~v"ar (4.5.8)

as well as invariance under time translation. The interesting point about (4.5.2)
is that, as far as symmetries are concerned, there is no distinction made between
the Kepler problem and any other power law central force apart from the three—

dimensional isotropic harmonic oscillator.

The equations of motion (4.5.3) and (4.5.4) both possess the algebra si(2, R) @ so(3)
regardless of the values of the parameters. They may be regarded as direct exten-
sions of the results of Moreira et al. [101] for the algebra of the charge monopole
problem. Equation (4.5.5) has the twenty—four-dimensional algebra si(5, R) of the
three-dimensional isotropic harmonic oscillator, free particle or repulsor depending
on whether € >, =, < 0 respectively. Equations (4.5.6) and (4.5.7) have the algebra
sl(2, R) ® so(3) and also possess Poincaré vectors which project and rotate them onto
equations of motion equivalent to (4.5.3) and (4.5.4) respectively, in terms of the

vector rx P.
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The term prr—*

can be interpreted as a centripetal force (Newton-Cotes) and the
term er represents a three-dimensional isotropic harmonic oscillator, free particle or
repulsor depending on whether € >,=,< 0 respectively. The latter term does not
affect the algebra nor the integrability of the equation. It should also be observed
that L is constant in both (4.5.6) and (4.5.7). We note that the motion continues to

be on the surface of a cone. Another scalar integral

I = 3 (1-_2 — f—z - erz) (4.5.9)

also exists. Equation (4.5.7) does not belong to the class of problems (4.2.2) treated
by Leach and Gorringe [78]. However, when u = —\?, (4.5.6) does and in addition

to the three integrals above, there is also the conserved vector
A
J = rxL+-L
r
= »xP (4.5.10)

from which the orbit equation is easily obtained by taking the scalar product with =
(see §3.7).

It is at first glance surprising, however, that the four-dimensional algebra of the MICZ
problem (3.5.1), A; @ so(3), is different from that of the five-dimensional algebra of
the Kepler problem (1.5.1), A; @ so(3), since the MICZ problem has a conserved
Poincaré vector which projects and rotates it onto the equation of motion for the
Kepler problem in terms of the vector 7 X P (see (3.5.11)). It should also be pointed
out that in the case of the Kepler problem, the self-similar symmetry is a harbinger
of Kepler’s third law (1.5.48), while in the MICZ problem, although an analogue of
this conservation law is present (3.9.53), it goes undetected using the symmetry treat-
ment. Similarly, the six—dimensional algebra of the monopole-oscillator (3.13.1) with
p = =A%, sl(2,R) ® so(3), is different from that of the twenty—four-dimensional
algebra of the three-dimensional isotropic harmonic oscillator (1.7.1), si(5, R), al-
though the monopole-oscillator has a conserved Poincaré vector which projects and
rotates it onto the equation of motion for the three-dimensional isotropic harmonic
oscillator in terms of the vector »x P (see (3.13.26) with p = —A?). In the case of
the three-dimensional isotropic harmonic oscillator, the self-similar symmetry also
signals a Kepler-type third law (1.7.48), whilst in the monopole-oscillator problem,
despite having an analogue of this conservation law (3.14.42), it is again overlooked
by the symmetry treatment. One obvious drawback of using the Lie method is that,
although the relationship between the MICZ and monopole-oscillator problems with

the Kepler and oscillator problems respectively is obvious from a geometric point of
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view (i.e., a simple projection and rotation), this relationship goes undetected us-
ing the Lie analysis. It is not surprising then that the conservation laws (3.9.53)
and (3.14.42) are not obviously apparent by looking at the symmetries of the equa-
tions of motion of the MICZ and monopole-oscillator problems respectively, since the

conservation laws are not obviously associated with a point transformation as with
their central force counterparts.

From these results it can also be concluded that the existence of symmetry and
the existence of conserved vectors of the Laplace-Runge-Lenz type appear to be
unrelated. The reason would appear to stem from two inherently dissimilar structures
which, in the case of the Kepler problem and the charge monopole problem, neatly
overlap.



CONCLUSIONS

The technique of applying vector operations directly to the equation of motion for the
type of problems discussed in the earlier chapters has been shown to be very effective
in the determination of conserved vectors. It is also very economical in terms of the
amount of algebra required to obtain a solution. Due to the vector nature of the first
integrals obtained using this method, the results are much easier to interpret than
those which provide the integrals as separate components. For these reasons, this
approach should be tried initially before resorting to more involved techniques such
as Fradkin’s method [29], the Lie technique, Noether’s theorem or Whittaker’s direct
method [129].

The role of the angular momentum for these types of vector equations of motion is seen
to be rather important. In Chapter 1 problems arising from the requirement that both
the magnitude and direction of the angular momentum be restricted were studied in
some detail. A general technique for finding conserved vectors of the Laplace-Runge—
Lenz type was outlined and applied to the Kepler problem amongst other radially
and angularly dependent equations of motion. Two non-conserved orthogonal vectors
which are closely related to the scalar Lagrangian and also the Hamilton and Laplace—
Runge-Lenz vectors were investigated for the Kepler problem and a possible method
of construction was also developed for more general problems. Fradkin’s method
of finding conserved vectors and tensors was also studied and applied to the three—
dimensional isotropic harmonic oscillator. A non-conserved tensor which is closely
related to the scalar Lagrangian and also the Jauch-Hill-Fradkin tensor was also
investigated for the three-dimensional isotropic harmonic oscillator together with a
possible method of construction for more general problems. A comparison between
the Kepler problem and the three-dimensional isotropic harmonic oscillator was done
in order to illustrate the inherent similarities and differences between the two most
important central force problems. Analogues of Kepler’s laws of motion were obtained
for the oscillator and the third law was shown to have a connection to that of the
Kepler problem. The self-similar symmetry of the general central force problem was
used to construct first integrals for the general central force problem and the Kepler
problem was shown to be anomalous in that it is the only central force problem
(apart from the free particle) which has a Laplace-Runge-Lenz vector analogue which
is quadratric in the velocity. It was also possible to find a more general class of non-
autonomous, radially dependent equations of motion possessing a Laplace-Runge-
Lenz analogue which had previously been obtained using more involved techniques,

by applying simple vector operations directly to the equations of motion.
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In Chapter 2 it was shown that only the conservation of the direction of the angular
momentum is required to fix the orbit in a plane. Making use of this relaxed angular
momentum requirement it was possible to construct general classes of radially and
angularly dependent problems having conserved Laplace-Runge-Lenz analogues, one
of which had appeared previously in the literature in connection with the most general
quadratic invariants for a two—dimensional integrable time-independent Hamiltonian.
The time invariance Lie symmetry was then used to determine the components of the
Laplace-Runge-Lenz vector as well as another integral which was previously obtained
by calculating the Poisson bracket between the two components of the Laplace-
Runge-Lenz vector in order to show that all conserved quantities can be obtained from
any of the Lie symmetries and not only from the geometrically associated symmetry.
Another class of velocity dependent and radially dependent problems was found which
had conserved Laplace-Runge-Lenz vectors, of which one particular case was well-
known in the literature in connection with the low level motion of artificial satellites.
Two classes of related problems having focus—centred and geometric—centred conic
section orbits were studied in some detail because of their connection with the Kepler
problem and the three—dimensional isotropic harmonic oscillator. The presence of a
conserved tensor for the oscillator-like equation of motion led to the application of
Fradkin’s method in this non—conservative system. A connection between certain
classes of these problems and the usual central force problems was also obtained.
For two restricted classes of problems selected from those mentioned above, it was
also possible to find analogues of Kepler’s three laws of motion and relate the period
of elliptical motion to a fractional power of the semi-major axis length and also
to investigate the role that eccentricity plays in the analogue of Kepler’s third law.
The self-similar Lie symmetry was also used in both of these problems to verify the
eccentricity dependence of Kepler’s third law. Interestingly, the velocity hodographs

were no longer found to resemble their central force counterparts.

In Chapter 3, the magnitude but not the direction of the angular momentum was now
required to be conserved. This prompted the study of a number of angular momentum
dependent and radially dependent problems which are well-known in the literature,
but have not been studied in any great detail from a geometric point of view. These
include the MICZ monopole, the monopole—free particle, the monopole—oscillator and
monopole-repulsor which are closely related to the Kepler problem, the free parti-
cle, the three-dimensional isotropic harmonic oscillator and the three-dimensional
isotropic repulsor respectively. This prompted a careful investigation of the similar-
ity between the orbits and velocity hodographs of the Kepler problem, free—particle,

three—dimensional isotropic harmonic oscillator and repulsor. Most textbooks men-
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tion the fact that the orbit equation for the Kepler problem is connected with g plane
section of a cone, implying that the connection is almost coincidental. The results of
Chapter 3 demonstrate why the Keplerian focus—centred orbit is related to a plane
conic section. There it was shown that the projection of any plane section through a
right circular cone perpendicular to the axis of the cone gives rise to a focus—centred
conic, with the apex of the cone situated at one focus. In most textbooks no connec-
tion between the elliptical orbits of the three-dimensional isotropic harmonic oscil-
lator and the elliptical plane sections of a right circular cone is mentioned although,
using the argument put forward by most authors regarding the Kepler problem, the
oscillator ellipse should also be connected with the elliptical plane sections of a right
circular cone. From the results of Chapter 3 this is not the case since the projection
of a plane section of a right circular cone is naturally associated with a focus—centred
conic. In the case of the three-dimensional isotropic harmonic oscillator ellipse, the
geometrically centred orbit is naturally associated with the projection of the intersec-
tion of a geometrically centred elliptical cylinder (with symmetry axis perpendicular
to the axis of symmetry of the cone and in the plane of the apex of the cone) and the
cone. The circular velocity hodograph for the Kepler problem was also shown to be
associated with the projection of an elliptical plane section of a right circular cone,
whilst the elliptical velocity hodograph for the three-dimensional isotropic harmonic
oscillator is associated with a more complicated structure on the cone. The straight-
line free particle orbit was shown to be naturally associated with either the projection
of a plane (parallel to the symmetry axis) section of a cone, or the projection of the
intersection of a geometrically centred hyperbolic sheet (with symmetry axis parallel
to the axis of the cone) and the cone. The single point velocity hodograph for the free
particle was also shown to be associated with the projection of a straight line veloc-
ity hodograph perpendicular to the projection plane. The hyperbolic focus—centred
Keplerian orbit was shown to be naturally associated with the projection of a hy-
perbolic plane section of a right circular cone, whilst the geometric—centred repulsor
orbit was naturally associated with the projection of the intersection of a geomet-
rically centred hyperbolic sheet (with symmetry axis perpendicular to the axis of
symmetry of the cone and in the plane of the apex of the cone) and the cone. The
open circular velocity hodograph for the hyperbolic Kepler problem was also shown
to be associated with the projection of a piece of an elliptical plane section of a right
circular cone, whilst the hyperbolic velocity hodograph for the repulsor is associated
with a more complicated structure on the cone. By applying vector techniques di-
rectly to the equations of motion it was possible to completely describe the MICZ
monopole, monopole—free particle, monopole-oscillator and monopole-repulsor prob-
lems and obtain several new results stemming from the rich geometry of the Laplace-

Runge-Lenz analogues as well as explore new classes of problems possessing conserved
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vectors. It was also possible to apply Fradkin’s technique to the projected equation
of motion for the monopole—oscillator and monopole-repulsor problems to find con-
served vectors and tensors. The Lie symmetries were also used to determine the
conserved vectors for the monopole-oscillator problem, although this time the geo-

metric symmetry associated with the conserved quantity was employed.

It would appear at this stage that it is possible to generalise the results of
Chapters 2 and 3 to include problems where neither the magnitude nor the direction

of the angular momentum is conserved. Equations of motion of the form
r+al+br+cr=0
appear to possess a generalised Poincaré vector
P=L-)r

provided certain simplifying assumptions are made. These type of problems may well
provide interesting comparisons with their two-dimensional analogues particularly
regarding analogues of Kepler’s third law. These are problems to be considered in
the future.

The results of Chapter 4 demonstrate that the Lie symmetry technique which can
often provide very useful information on the geometric properties of differential equa-
tions is not always helpful such as in situations where two differential equations can
be transformed into one another using only simple vector operations applied to the
equations of motion which are not described by point transformations (see §4.5). The
advent of freely available computer software such as the program LIE [50] which can
entirely automate the extremely tedious calculations involved in applying the Lie
method now makes it possible to apply this technique to representative examples of
a general equation where previously the work and the inevitable mistakes involved in

doing the calculations by hand made it impractical.

Due to the vector nature of many of the problems arising in electrodynamics, it would
appear that the vector techniques applied here could be implemented successfully on
similar types of problems. One such example of a vector equation of motion describes
the path of an electron in a magnetic field, which moves in a helix on the surface
of a cylinder. Other problems worth considering would be the equation of motion
of an electric point charge in the field of a magnetic dipole, for which several first
integrals are already known [100]. It might also be worthwhile to consider extensions

to multipole potentials.
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