
(3.48) Jjm (*>n,li+iffn.n+*)(«') =  ( » ) " * ,  H  >  ljn~*oo ' ’ ’

,}^ L ^ n,n+k+AOn,n+k)~l ) H  =  W ” *. K  >  L

Proof:

Note that the degree of

p . , . t > W  -  p . , .+»(«) C n ] k  t
u» -  z

so by orthonormality,

(3.50) r  ] & g t ^ i ! » . w = r
/o  w — a j 0 u> -  z

So from (3.50) we get,

(3-Sl) <¥ >„.„»*„,+»)(«.) -  F  ^ >(*)|1» . ( » ) .
y0 « > - *

Now we use (3.14) with £ =  0 and /  =  ( « ; -  *)_I together with (3.51) and 

Lemma 3.12 to get (3.47) and (3.48). Notice that

a•n,n+k+\ 
Sn,n + k

M

(^n.n+Jk+l^n.n+fc+lJ'C^n.n -l) ) •fan.n + fc^n.n + fc)

Thus us:ng (3.47), (3.48) with (3.8) yields (3.40).

■  I ■  ■  ■  |
We now show uniform
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*-

bj (3.51). Let e > 0 and define

K  =  {u>: d(w,r) > e

,

}•

Then K  is compact and V>Htn+k9n,*+k a uniformly bounded in K as

»+*(») I  ̂^(rf(U’*f))~I fQ kn,n+*(*) |*̂ nW 
< ^ ( % ^ ) )  = C 9.

Let
, M < i .

By the Vitali-Montel theorem choose a subsequence of <pn n+*ffn r+k con- 

verging uniformly on K  with limit p{w). If the full sequence did not converge 

to P[w) uniformly in K  there exists fl C K  and zH e  K, n € (1 such that

(3.52)
I ,
10»,»+*vy*+*(*«) -  -P(*)| > «, n 6 n.

But by Vitali choose O' C fl C N such that for n € fl',

»+*(*) *  -P(*)| < e/2

as n —♦ oo, n € fl'. But this contradicts (3.52) so we have uniform conver­

gence. ■

Remark

In thin chapter and in the subsequent chapters ratio and mean analogues are 

given to theorems 2.17, 2.18 and 2.19. What form the strong asymptotic 

analogues for these will take is still open to much research.

Comparative Asymptotics

When deriving Szego asymptotics on and off r, we used the Szego function. 

Howevei, when this was no longer defined we saw in Chapter 3 that we
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derived a«yvuplotics with “u” acting u  a “substitute" for D. Another option

open to h* is to consider the so called comparative asymptotic. The study

of comparative asymptotics was initiated by P. Ncvai in 1979 and continued

with his iaboratora Mal6 and Totik. The idea is the following. Pick two

Borel measures* n aud a say with weight functions / ,  and / a scy. That is 
dfA do
m  ** ft* Zia ~  /*• *et #’ *“ /»*  (/a> tiieD Pr°ve asymptotics of the

D(p,x), wliere D(p,z) is defined. It is this type<On\aOt Jj

de '*• d* '•
form l t o _

of asymptotic which will occupy our attention in the next two chapters.



Notation

Throughout, dpi will denote a finite, positive Borel measure on r C C with

pp d{n) infinite. We associate with dp a non decreasing distribution u on
. . i .  ______  i «

,'/k\ with the corresponding (vOlTLo uniquely determined by

ri /  v M v mla)dit(M) =  In >  0. <Pn(d^  *) =■ P»(*)-«" Jo

Also g will always denote a non negative d/i integrabl** function and Q a 

suitable polynomial such that either Qg±l 6 L 00 (d/i) or <?j± l is Riemann

integrable (see Definition 4.1). In both cases D(g,z) is well defnsd. We
i

also define a new measure ua[E) as follows. /ia(£ ) — / „  $d/t for all d/i
. .  . . . .  .measurable sets E. Write d/i. =  gdu and note that g will always be chosen 

such that aupp(gdfi) is infinite. Cl ,C.J . . .  will denote constants independent 

of n, z, (,w

I * •



Statement 4.2

We now state the main result to be proved in this chapter.

Thgoregi 4i8

Assume dn is such that
!jJ fi

lim * n(d/x,0) =  0.

Let g >  0, g 6 t,l (dfi)(r) and Q a polynomial such that (J j*1 is Riemann

integrable. Then,

(4.1) ♦*(**», ° ) = ° ;

(4.2) lim wn[gdptx)(wH{dn,x)) 1 =  |£>(f,*)|3n—*oo

uniformly for \z\ < r < 1;

(<.3) ,ta  =  £ , ( , - . , )
n -o o  « > * ( ,)  '

uniformly for |*| < r < 1; 

(4.4) - * F T O * - . 0

uniformly for |*| < r < 1 Uid |{| < r < J;

(4.5) limo '1n{g4i)('1n{dn)) 1 = D (j-1 ,0);

(4.0) lim ^ ^ 1
<P*W

D ( g - \ z - x)

uniformly for |*| > 5  > 1.



Then F(x  + 1) — F(x) =  g(x)f(x)  and by the assumption, / (* )  < F(x). 

Thu* F(x +  1) -  F(x) <  F(x)g(x), thus F(x  +  1) < F (* )(l +  g(x)) < 

F(x) exp(tf(i)), * >  1. So by induction for some K  > 1,

m  +  1 )  <  F ( i f  +  1 )  <  F ( K )  a p ( e ( K ) )  < • . . * ■ ( 0  « > p ( E  * w )

' ( £  » (* )) . *  >
1 '

C exp I



So (4.7) 13 proved. Now as

/ ( * ) < c  +  E / W f ( 0 .

we

/w(i-«w)<c+x;/(o«(o.
*■1

Also u  g (i) < « for all x > 1 we have

< - 1  -  f

Lemma 4.4

Let d/i be an arbitrary distribution on r and define functions /  and /i as

follows:

, , t>_ ; ° '  i* i s i .  . . . _ / 1 - m j . i*i < • .
/ ( ‘ ) - \ | . | » - l ,  |*| > I; ( ’  10, |i| > 1.

Then the following are equivalent:

HR
(a)

(4.9) lim •„(<)) = 0.

(b) There exists * € C , |r| jt 1 such that 

(4-10) j i® 0k « (* ) l , «»*(rfM,*) =  /(*)•

(c) There exists * € C ,  \z\ jL 1 such that

J S L k S W I * * - ^ * * ) 52 M*); 
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(d)

(4-12)

(e)

(413J Ji?So *up “ M*)|(i -  l*l3) 1 -  o.*eC

Also for every * e  C , |z| =  I, there exists dp =  d n such that

n—oo

and none of (4.9) — (4.13) hold.

Hm !?» (* ) I’ v n(4 i.« )  - 0

Elfififl

This is Theorem 4 in ([13]) together with Lemma 4.3 I 

Lemma 4.5

Let dn satisfy limn_ 00 ♦n(0) =  0, then for all d(i measurable and Riemann 

integr&blc functions

(4.14) lim f  V . M r n » ) < M * )  »  (« =  « " ) i  n~*°° Jo Jo

(4.15) lim [  ipn(M)<p*(M)F(0)dn{6) = 0, (* =  e‘ *).
n- ,°° Jo

Remark

We note that this is stronger than Theorem 3.10 as n' > 0 n.t. implies 

l i - n . - « * » ( 0 ) = 0 .



Prosfl

We have by Theorem 3.8 that

lim ! & #  =  1 
*>;(*)

lim & * M - .
n—*°° V’ n W

+

uniformly for |*l =  1. Now suppose F(z) = zK, (* =  e* ) then for example

the left-hand side of (4.15) becomes after an application of Theorem 3.8 
atr

[  K V n W r t + t - l l* )^  + «(!)]** (* ) -  0 Jo
by orthonormality as n -* oo. Now given F  continuous and 2ir periodic, we 

can always find a trigonometric polynomial T such that ||jF — T’ Hi,-([o12ir|5 

and || F -  r|U «(4p)(fo,iff|) are arbitrarily small. Hence,

I r  -  / ”  m * IUo 'o  ̂ I

= |/o”  |p.|! r(«)rfp(*) - 1 "  T {» )4 »+ j ”  h»„|*(F<#) -  T ( t ) ) M ' )

+f ’’(m -  m)* j

< | jf  j o ’ m d t

+  l l^ ~  ^ l i t —(rfM)do,a*j ) ' 1 +  2 ’rll^ “  J 1lL-(io,a*|)

So (4.14) is true for F  continuous and 2k  periodic. Similarly (4.15) is true 

under the same conditions. Next if F  is Riemann integrable we can choose 

G continuous and 2*  periodic such that ||F -  G||t j ,  is arbitrarily small. By 

a slightly more complicated argument [27, Theorem 1.5.4, p.11], (4.14) is 

true for F. Now as (4.14) is true for F , we have using (4.14) with F(0) •=

(F W ) (F(0)) and the Schwan inequality that

(4.16) limsupl I  ipn(k)'p*(t)F[9)dti ( 0 ) \ < l  \ F($)\dO, (* = e’ *). 
» —OO I/o  I JO
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Proof:

We have by Theorem 3.8 that

lira v» -o o  *>;(*)

and

lim
R - O O

uniformly for |z| =  1. Now suppose F(z) =  zK, (s =  e*®) then for example 

the left-hand side of (4.15) becomes after an application of Theorem 3.8

j o *'*+*(*)*>;+*-1(*) [l +  o(l)] dn{8) -  0

by orthonormality as n —» oo. Now given F  continuous and 2r  periodic, we 

can always find a trigonometric polynomial T such that ||F — 7,||£w([ol2ir]) 

and ||F- r|jL« (<4M)(|0i2,|) are arbitrarily small. Kence

I \p H\*F(0)dn(0) -  [ 2, F{0)d8
I/o Jo

I flw flw fiw
-  |/o -  Jo m < »  + I  -  T ( » ) ) d m  +

/
7w I

(r (* ) -  f (o))<w

< \ C -  ( “ m d e l  +
\Jo Jo I

+ ||f  -  • i  +  2x||f  -  r||t « (|0>air])

=  o(l) as n —» oo.

So (4.14) is true for F  continuous and 2* periodic. Similarly (4.15) is true 

under the same conditions. Next if F  is Riemann integrable we can choose 

G continuous and 2* periodic such that ||F — G||t , ,  is arbitrarily small. By 

a slightly more complicated argument [27, Theorem 1.5.4, p.11], (4.14) is 

true for F. Now as (4.14) is true for F, we have using (4.14) with F(0) =
(F [0 ))l/2(F(9))l,i  and the Schwars inequality that

(4.16) lim^upl t  ipn(z)(p*(z)F (e)dn(e)\<[  ]F(tf)|<ftf, ( 
n—oo |/o I Jo



So then we have, using (4.16)

riw
lim sup I [  'pn<p*(z)F(0)du($)
»-*oo \jQ

<  UlQBttpl /  % .P *p )(F (« )  -  
n->oo |/o

j ™ , !  f Q G(B)ipnv>*n[z)du{0) |

ra* , I f 3'  ____
< yo -c(# )| 4#  + G(tf)v>n^>;(*)i//iW

(by (4.16) as F — G is Riemann integrable)
_-* 0

using the fact that ||/'’ -  GJ|ta is arbitrarily small and that (4.15) holds for 

continuous G.

Lemma. 4.6

Let dfi satisfy limn_ 00 $„(0 ) =  0. Let F  be a dp measurable and Riemann 

integrable function. Then for all 0 < r < 1,

(a)
Urn G ,W v ,F ,.) =  P (F ,m)

♦ OO

holds uniformly for |z| < r < 1. Further, let G be a bounded dfi measurable

function said let z =  e .  h G is continuous at 0 then

lim C„(^,G ,«) = C(f)R-*00

and if G is uniformly continuous on an open set Q C [0, 2k ] then given any 

compact fl' C 0 ,

(4.17)

uniformly for $ € O'.



Proof:

■ — H I
The proof of (a) follows by the definition of Gn, K n, Lemma 4.5, (4.12) and

(4.13). Next we prove (4.17). First note that if u =  ert, using (4.12), (4.13) 

and the definition of we have,

(4.18) U m
oo 2 tt / “ | *-«| J| i f . ( » ,« )| V (* )= 0

Jo

uniformly for \z\ =  1.

Also, by orthonormality and the definition of K n we have

( 4 1 9 ) ^  / ’ V „ ( . , « ) ! % ( ( )  - ! . ( • -  «“ )• 
J °

Now fix 6 € (0, l). Ther. Gn(dn,G,z) =  Ix +  J2 where

2’  V * t s *  ' '

Now if |t — #| > 6 then

-« |  J 2 a i n ( i ^ ) | > < V .

Thus

<  lim f  l* . ( » .« )| , | » - ^ , 0
"-•00 2ir > S C263

(by (4.18)) uniformly for |z| =  1. Thus by (4.19) and the fact that G is

bounded independent of n gives that

(420) /„

uniformly for |*| =  1.

0 as rt —» oo



Next

< 1 ^  /  (c ( i )  -  c (#))|jt. ( . , « ) !% ( « )  

+ 1 ^  /  (OW  -  g («))|k „ ( z ,«)|3</m(0
2 *  J\t-0\<S

< o ( l )  +  C , n j *  |C («)-0(#)| .

Thus we have,

- . 5  j [ t o 0 . w i « . ( * . » ) r * ‘ w  -  c («)

<  o (l) +  C3 max |G(«) -  G(*)|.

So if C is continuous, let 6 —» 0. Then by definition of Gn, (4.18) and (4.19)
_

the result holds. If G is uniformly continuous, the modulus of continuity 

v>(G,6) —► 0 as 6 -»  0. So use (4.21) to yield reralt.

Lemma 4.7

Let d/i be a distribution on r. Let g be a non negative d/i integrable function, 

such that gdfA is also a distribution. Let m be a non negative integer. Then 

for all n > m and for all s £ C we have,

<4 J 2 > ic iv . ) .

(where C ( 0  = **.(«“ ))•

Proof:

By the definition cf Wn and K n and (1.28) we have that

wn(gdn,z) < Jq |%-i(»)|*»(04#*(0t (u * «")
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for every »rn_ j of degree n — 1. Now set

* n - iH  =

of degree n — 1. Then,

v n{3dn,*) 
• h ( ^ . * )

which gives (4.22)
■

. f K M C f e

i h  /  Kt-W I*I-*1*— •(*• * ) l*»(04#*(«) 

=  I C I V * )

Next, by (1.26) we have

Thus by the Schwari inequality,

- { h j 0

= #rn( ^ , # , * ) G fi+m( d /4 , l d , 0~1,* )  

which gives (4.23) ■

We can now give the p roo f o f  Theorem  4.8.

Proof:

We first show that (4.2) is true, so chaose a polynomial Q such that Q has 

no zeros in |*| < 1 and such that Qg** is Riemann integrable. Let m, be



the degree of Q. Choose ma a positive integer and let ir be a polynomial 

of degree m3. Put m =  m, +  ma so that x m — Now with Lemma

.7, n > m and for every i  € C , we have

w»(g<<M,«) =  u>w- M((</i,») . u>w(gdM,«)
w jd n ,z )  wn(d/x,z) wn_ m(dfi,z)

5  ■ h - w r « . - ( < f c  i c i

Hence we get,

(4.24)

and similarly

wn{gdn,z)

(4.25) wn(dfi,z)----
wn+m

Next, using (1.20) we obtain that
 ̂ I  I B u

(4.20) (ti/n+1 (d/i,*)) 1 =  (u;B(dM ,*))"1 +  \pn{dn,z)\2.

So using (4.12) we may deduce that

Urn -  1n-oc Wn+1(dM,j-)

uniformly for \z\ < 1. Thus for every fixed m,

n-.°ou>n+m(dM.*) « - « »  w»(dM,*)

uniformly for |«j < 1.

Now using Lemma 4.6, (4.24) and (4.25) become

(4-28> “f ^ ^ f s K w r v d d v .) .
so



« -29> * - - r  % $ £ ) -

uniformly for \z\ < r < 1.

Now for a given * € C , let nl be defined by * ,(« )  — 1 — zd and r m =  Q ir^ ma

where m3 =  m3 — 1, u =  e%*. Then using Schwars’s inequality, (4.28), (4.29) 

and the definition of * , we obtain,

lim su p — tJ * »—»oo rvn(dn,z)

(4.30) <  l o w r ’ C -  W J - K w l - . s j f K W l ’ I O W l V f l *

!,rm . w r  X

Now use (1.28) and take the minimum of the righthand side of (4.30) and 

(4.31) over all polynomials ir of degree ma — 1 to obtain

and

(4.33)

Since Q has no zeroe in the open unit disc by (2.46) we obtain

=  |0(»)|-, |D(!<5lV*)r =  |n(«.«)|1



and similarly

mnmnn|o(«)|-*(i -  M *)-  

uniformly for |*| < r < 1.

H M !
Thus letting ma -»  oo in (4.32) and (4.33) yields (4.2). Now we show (4.1)

and (4.3). Firstly, as

- i / a

and as logg 6  Lx[0,2jt] we have D(g,0) > 0. So putting * =  0 and using 

(4.2) we have,

lim tt'n =  D{g,0)~l =  D ( g - \ 0).
00 W n * (dfl,Q)

So (4.3) holds for s =  0. But as (4.3) holds for * =  0 together with y?n(°) 

1 n(du), (1.18) and (3.6) we have (4.1). We show (4.3) in more generality 

uniformly for |*| < r < 1. Now by (4.13) and (4.2) we have that,

« 34> - 10 ' " ' ' ' * ' '  

uniformly for |*| < r < 1.

Put

We must show that, 

(4.35)

I, I . J..IL

Ji® /« (* )  =  1

for |*| < r < 1. Now /„ (* )  is analytic in |*| < 1 and has all its* n V /  1*1 ^  r 'n

zeros in |*| > 1. Assume that (4.35) is not true. Fix 0 < r < 1, < > 0. Then 

there exiscs 11 C N, and (*n), n € fl such that as n —* oo, n <= 0 , |*n| < r,

(4.36) | /»(*J - l|  > «•

01

&



Now as (4.3) holds for s — 0 we have limn_ 00 /„(0 ) =  1, lin»n_ 00J/n(*)| =  1

say and in particular for n 6 fl. Thus ( / R(*))n 6 fluniformly for |*| <
r +  1is -niformly bounded in |*| < ——— . So by the Vitali-Montel theorem select

2
fl ' C (] C N such that limn€n, / n(«) ~  /(* )  uniformly for |*| < r , f  analytic 

in |*| < r. Then we must have /(0 ) =  1 and ) /(* )| =  1, |*| < 1. But then 

this contradicts (4.36) so (4.3) is shown. Next we show (4.5). Using the 

definition of K n (Lemma 1.7), (4.12) and (4.13) we have

K n(gdfitxt Q _  <p*n{gduyz)<p*n{gdn, j')

1
o

uniformly for |£|, |*| < r as n —* oo. Thus using (4.3) with (4.37) yields 

(4.5). Now (4.5) is (4.3) with * -  0 as v?*(0) =  and finally (4.6) is the 

same as (4.3) taking the star transform.

We end this chapter by proving a variation of Theorem 4.8.

Lemma_19

Lemma 4.6 (a) holds if /ti' > 0 u.t. (meaa) and F  6 L°°{dfi).

This follows from (4.12), (4.13), (3.6) and Theorem 3.10.

Theorem 4.10

Let n' > 0 a.e. [meat) in [0,2jtJ. Choose g and Q as in Theorem 4.8 except 

that Qg±l € L°°(<fyt)* Then (4.1) — (4.6) are true.

Proof:

The proof is identical to Theorem 4.8 except that Lemma 4.0 and Theorem 

3.10 are used instead of Lemma 4.6 and Lemma 4.5.





C h apter S

In Chapter 4, we considered comparative asymptotics off r. Now we con-
■  ■  ■  

tinue our study of comparative asymptotics except we consider the case of 

asymptotic? on t.

Notation.

Throughout /* and a  will denote positive finite Borel measures on r. supp(dn) 

and aupp(do) will be infinite, <pn{z) =  <pn(d/i,z) will always be the nth 

orthonormal polynomial with respect to d/i, uniquely determined by

1 /•*'

g will be a non negative dp integrable function and Q a suitable polynomial 

such that Qg±l  €  L°°(dn). g will be choeen such that aupp(g'lu) is infinite.
m

D(p,z)  and D(p, *, ex) will denote the interior and exterior Szcgo functions 

with rejpect to p. If p is a continuous function

I S
ax p — jj<€r

will be the Lipschitz constant with respect to p. C x,C i t . . .  will denote con­

stants indepedent of n,*,{,u>. We denote by r€(*) =  (e*“ : \9 -  «| < f } ,
■jz =  «**' the open arc neighbourhood of z €  r and rt (z) =  {e*®: -  a| <  e },

* =  e’ # the corresponding closed arc.

Statem ent^

The main results to be proved in this chapter are the following.
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Let dn be such that limw_f00 * n(d/i,0) =  0. Let g >  0 and g G L x(dn)(r). 

Choose Q such that Qg±l  G L°°(dfi)(r). Let |z| =  1 and let g be continuous 

for 9 G [0,2*]. Then we have,

(5.1) lim =  9(9), 9 G (0,2*].

m M
Further, if g is uniformly continuous on O C [0,2s], H open then for every 

compact f t 'C f i  (5.1) hoida uniformly for 9 G O'.

Theorem 5.2

T heorem 5.11

Let /i and a be two finite, positive Borel measures on r. Let n and a

have weight functions wt , w3 respectively, wt , w2 > 0  a.e. (meas). Let 

p =  u /Jw j) " 1 --- be positive, continuous and 2* periodic on r. Fur- 

ther let Cp(*) <  C, i  G i  C t  where 7 is an arbitrary subset of r. Then, 

limn-.oo^n(*)(v,n(d<7»*)) ~1 =  D (P *>ex)  uniformly fcr * G 7 .



lim
»-*o° ¥>»(«’*)

(2) Let g and dn bt as in (1) and g(0) >  0 for 9 G fl C [0,2ir], 0  c’ ised 

and |f(f) — y(0)| < k(t — tf)j when |t -  6\ < 6 dome k and S >  0. 

Then (5.2) holds uniformly for 0 6  0 .

(b) [15] hai also given a comparative analogue to Theorem 2.19 (b) which 

is stronger than (5.2) and (5.3) in the sense that weaker conditions are 

imposed on g, however uniform boundedness of <pm is required, in a 

neighbourhood of 9. We note that this bound sdncss was not required in 

Theorem 2.19 (b).

Let g and dft satisfy the conditions of Theorem 5.1. Let 6 >  0. 

»  >  0, k >  0 and suppose for 6 G [0,2>r], jp n(e*‘ )| <  k, t €  (9 -  6,0 +  

6), n «  0, 1, 2, . . . ,  r) <  y(t) <  k and / / * /  { dn(t) <  oo.

Then (5.2) is valid.

(c) The following theorem is found in [15] and we note that the conditions 

on /* are weakend but thoee on Qg±l  are strengthened. Let dn satisfy

0) -  0, let g >  0, g €  L l (dn)(r) and choose Q such that 

Qg±l  are Riem&nn integrable on [0,2*]. Then under the assumptions of 

(a )(1) and (b), (a )(1) and (b) remain valid. If dn is absolutely continuous 

then Theorem 5.13 holds in this new setting.

(d) We note that Theorem 5.13 is the natural analogue of (2.58) and (2.59).

(c) Some open questions concerning these remarks will be rataed at the end

of f.his chapter.

We can already give The p r o o f  o f  T h eorem  5.2:
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Proof:

We assume first that g{8) >  0. By continuity of g, we may also assume 

without loss of generality that Q(eif) ^  0. Now we use the inequalities 

(4.22) and (4.23) with xm =  Q together with (4.17) and (4.27) to deduce the 

result for this case. Next if g(8) =  0 and t >  0 then using (1.28) we have

that

(5.3)
(gdu.z) wM({g +■ t)dn,z)

0 <  ■ J <  — - — L -»  g{8) +  t as n
wn[dn,z) tun[dfi,z)

■* oo

by the case above. Letting e -> 0 in (5.3) gives the result pointwise. Next 

we show uniform convergence on O' under the given assumptions. Suppose 

as before that g(0) >  0, 8 €■ fl ' and assume as before that Q(e*#) #  0 for 

8 € 0  . Thus uniform convergence follows as in Lemma 4.6, since g~ and 

Q ~l are bounded away from sero and so uniformly contiguous on some open 

neighbourhood of O'. Now without the above assumption let « >  0 and write 

fij(e ) =  {8 €  n ':  ?(<?) >  e} and 0^(<) =  {8 €  fl#: g{8) <  e}. Then we have 

uniform conveigence in (5.1) on ft't (t) by the result just proved. As c > 0 is 

arbitrary it is enough to shovr that for large enough n independent of 8,

w jg d u ,  *
r <  3<. («  =  <■')

.

holds for 8 6  01(e). But this is tme by observing that we have uniform con­

vergence on Oj(e) in the limit in (5.3) according to the result just established.

So we are done. ■

Remark;

We note that the above result holds if p' >  0 a.e. (meas) by (3.6).

We can now proceed to prove Theorem 5.11. We need first some auxiliary 

results.

97



Lemma 5.3

Let n and a be finite Borel measures on r. Suppose d\i =

* (* " )  -  <. (0)(ta(0)) where tj and *3 are non negative 

nomials. Then,
• •• ' ■

(5.4)

and

poly-

lim a, ex)
u—oo <pn(do,z)

uniformly on compact subsets o f  { * :  |*| >  1, * ^  exp(»/?fc), k =

where is the set of zeros of tj and ta.

Proof:

By Lemma 2.3 there exist algebraic polynomials P. and P~ such that

which implies

* ?

with zeros in |*| <  1. We make the important observation' that it is sufficient 

to prove the result for

•. -  l n ( « ‘ *>r. •, - 1

*a =  l^a(*<#)|2* *i =  1 

by (2.32) and the fact that Borel measures are closed under mult.plici ion 

of non negative trigonometric polynomials. Thus it is enough to prove the 

result for

dn(g) m |s -  *o|2do{z),  s -  e*f ,

du
Zq fixed such that |?0| < 1. Now let £<, =  ( f0) -1 . V  z0 =  0 then p -  —

do

V>n(da.z)

D (p ,z fex) -  exp(O) «a 1. 

08
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So the result holds trivially. Suppose then without loec of generality that 

z0 /  0, that is £0 ^  oo. Let

G„+a(*) =  (* “  *o)(* ~  *o) * M  ~

an as in Lemma 1.5.

3»
Qh+ J * ) ( z) mda(x) =  t ,  m =  0 , . . .  ,n

o

Jo

Jo nK ’  K l2 T 7 n aW .  m =  0.

by Lemma 1.5. So we have shown

( . 4  z : ' - 2........ -

Also for z e r ,  (* -  Zq) (z -  S0) =  - z i 0\z -  *o|3, so

Jo

=  ( 0,\ a(d a )«B, m =  0

by Lemma 1.5. So we have,

f o ,

m =  1 ,2 , . . . , » ,

i s i

(5.7)
1 2 * if-a (<&»)<».„ m =  0.

00

m =  1 ,2 ,. . . ,n ,  
=  (



So (5.6) and (5.7) yield, (5.5). Next it follows from (5.5) that if we expand 

<?«+a to

l i m=0

we must have two terms higher order than n and sincc Qn+2 is monic, we

must have by definition of C?n+, ,

(5.8) ( * - * 0) ( * - ^ 0) # n(*) =  * n+a(«ia,*)+ /?n+1* rt+1(da,*) +  a n«;(dflr,z). 

A bo by definition of dfi — |*-*o|2<ia and (5.6) with m =  0 we have dp <  Ada

and

(»•«)

Thus (5.9) implies that

(5.10)

l l ida )  <  4iUdu).

I « J  < 4|i0an(d#/)| -»  0 as n - f  oo

by (3.6). Now divide (5.8) by ♦ b+ i (<&t, *), set * =  f 0 and we obtain

—* oo(5 11) 0 = _  a» * n(da' £o) _| u  n

by (5.10) and Theorem 3.8. Next divide (5.8) by * n(<Ar,«). Use (5 10), (5.11) 

and Theorem 3.8 to yield

!) "  *»>(*_  l o ) « r ( " ^ ) l  ~  *(* -  •*»>• 1*1 ^  »•

Now using (2 39) we have *(* - * „ ) “ * =  D(p,z,ex) .  Thus we have that

r  * . M  v  ,  ,  i .

uniformly for |r| >  R > 1, ;; ^  Sq, />(*) =  |* — *0|J where the uniformity 

follows by (5.10) and Theorem 3.8. Now recalling the definition of * „  and 

$ n(do) we must show that

Um -  »•
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If \zq| <  1 (5.13) together with (1.20) give* the result. Next if |*0| =  1, then

we notice that the following is true 

(5.14) = meas r.

This is because
I ' .

meas rI\vn(*)\*M*)  -  
r

=  /  k i . ( * ) i v w < 0 +  /  i<pn(*)rrfM .(o  -  /  Mi
\Jr J r  J r  I

<  J | (k n (* )| V (* ) ~  l)\d$ +  J\<pn{z)\2dn.{$)

— Iy +  / j .

J, —» 0 by (3.11) and I2 —» 0 by (3.45). Thus given e >  0 we have for n >  N  

by (5.13) and (5.14)

• ,

< (1 +  <fr2(4*) • =“  /  | * n ( ^ .* ) r ^
2t M m m

which implies

(5.15)

i
l

l
”r

lrr

and

(5..6) 1 - 3 < £ ( 1 +  <) ^ ( S  

(interchanging dp and da). So letting (  -*  0 by (5.15) and

result. ■
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Let dfi(t) =  p(z)da(z)  be a positive Borel measure on r. Then for * €  r,

Lemma 5.4

¥>n(*) _  J n W  
<pn{do,z) ' i j d a ) .

i t

Proof:

We first prove a Korous identity,

*>„(*)

(5.17)
• 2»

2jt

Well

¥>»(*) 2 f l M

is a polynomial of degree n -  1. So by Lemma 1.7,

w

*>»(*) ? n -M
'Tn(^)

.

2*

2jt

by orthonormality

Also
>2*

2jt

which implie

• 2tr

2jt ( ^ . { . i K o M r V o  =  0.
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