












































(420)  timewp 2ol < e (]P0 )

uniformly for |z| < r < 1.

Now for a given 2z € C, let 7, be defined by 7,(u) = 1-28 and x,, = Qm;7,,
where mg = m, — 1, u = e, Then using Schwarz’s inequality, (4.28), (4.29)
and the definition of #; we obtain,

du, 2)
lim sup Yalddi:2)
nesco W, (ds,2)

n
(430) < [QUE)| (" = 1) iy ()] " 5 /o [7mq (01 @(8) "o 2}t

and
timeup 2295 < Q(2)] (1 = 151%) i, (0] x
2w
(4.31) X5 [ Irm 11O (o) "

Now use (1.28) and take the minimum of the righthand side of (4.20) and
(4.31) over all polynomials »,,  of degree m, — 1 to chtain

w, (gdy, z
g w,.(ar«,‘u')l
(4.2) < 1Q(2)] (1 = 121*) " wpm, (1Q1704t, 2)
and
: wlgdﬂ: 3)
h'?“':p w,(g9du, '7
(4.33) <1Q(2)| 7 (1 = [#*) " w,n, (19120 dt, 2).

Since Q has no zeros in the open unit disc by (2.46) we obtain

Q)| (1 = fel*) i, (1919, 2)

= |Q(2)| *|D(101%0, 2)|* = |D(e,2)|*
20
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Now as (4.3) holds for z = 0 we have lim,_, ., f,(0) = 1, lim,_, . |f.(2)] =1

uniformly for |z| < 1-;:-1- say and in particular for n € 0. Thus (f,(2))n €N

is niformly bounded In 5| < '; 1 8o by the Vitali-Montel thevrem select

0 € 0 C N such that lim, .o f,{2) = f(x) uniformly for |z| < r, f analytic
in |z| < r. Then we must have f(0) = 1 and |f(z)| = 1, |z| < 1. But then
this contradicts (4.36) so (4.3) is shown. Next we show (4.5). Using the
definition of K, (Lemma 1.7), (4.12) and (4.13) we have

K, (9du,2,€) _ pnlgdu, 2)ps(gdp, £')
(4'37) K,(dn, z, E) : ]%;2(—5)——(1 * o(l)l.t)
uniformly for €|, |2| < r as n — o0o. Thus using (4.3) with (4.37) yields

(4.5). Now (4.5) is (4.2) with z = 0 as p%(0) = 4, and finally (4.6) is the
same as (4.3) taking the star transform. @

We end this chapter by proving a variction of Theorem 4.8.

Lemma 4.9

Lemma 4.6 (a) holds if 4’ > 0 ... (meas) and F € L*°(du).

Proof:

This follows from (4.12), (4.13}, (3.6) and Theorem 3.10.

Theorem 4.10

Let u' > 0 g.e. (meas) in [0,2x]. Chocse g and Q as in Theorem 4.8 except
that Qg** € L*(du). Then (4.1) — (4.6) are true.

‘The proof is identical to Theorem 4.8 except that Lemma 4.9 and Theorem
3.10 are used instead of l.emma 4.6 and Lemma 4.5. »
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Then

©n(gdu, ) _ =iy
(5.2) nﬁ_%dmﬁrl-m 2 €7 )
(2) Let g aud du beasin (1) and g(d) > 0for 8 € N1 C [G, 27}, N ¢ sed
and |g(t) - g(8)| < k(¢ — 8)| when |t — 6] < § vome k and & > 0.
‘Then (5.2) holds uniformly for 0 € 0.

[15] has alsc given a comparative analogue to Theorem 2.19 (b) which
is stronger than (5.2) 2nd (5.3) in the sense that weaker conditions are
imposed on g, however uniform boundedness of , is required, in a
neighbourhood of #. We note that this boundedncss was not required in
Theorem 2.19 (b).

Let g and du satisfy the conditions of Theorem §.1. Let § > 0,
n > 0, k > 0 and suppose for 6 € [0,27], | ()] <k, t € (06,0 +
B n =012, n<glt) < kand [110040 40 < o
Then (5.2) is valid.

The followirg theorem is ‘ound in [15] and we note that the conditions
on u are weakend but those on Qg*! are strengihened. Let dy satisfy
lim,_, o ®,(du,0) = 0,let g >0, g € L'(du)(r) and choose Q such that
Qg*? are Riemann iutegrable on [0,2x]. Then under the assumptions of
(a)(1) and (b}, (a)(1) and (b) remain valid. If du is absolutely continnous
then Theorem 5.13 holds in this new setting.

We note that Theorem 5.13 is the natural analogue of (2.58) and (2.59).

Some open questions concerning these remarks will be raised at the end

of this chapter.

We can already give The proof of Theorem 5.2:


















Lemma 5.4
Let du(z) = p(z)do(2) be a positive Borel measure on 7. Then for z € 7,

el mldd)

< (rote) ™ [ L=, (as, e n o0

Proof:
We first prove a Korous identity,

Pals) - 3:(%‘%%(@. 5

611 = [ puOKaldost,e)(dol6) - (ol0) " anle)).

Well

on(s) - 1y, (da,2)

is 2 polynomial of degree n — 1. So by Lemma 1.7,

i Vo ()
e 3 A EXGE o 20) #n(90,6)| X, (do, ,2)do(8)

an
a3 ©nl(€) Koy (do, €, 2)do(€)

by orthonormality.
Also

l s

2 Jo ©n(€) Ky (do, €, 2)du(€) =0

which inplies

in
37 |, PnOKs(do,62)(o(a) " dule) =0.
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