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Abstract

The work presented in this thesis focuses on the creation of customised structured

light beams, their analysis, characterisation and application in optical trapping and

tweezers.

In the first Chapter, we start by presenting an over-view of the thesis as well as

a review of literature on laser beam shaping and its applications in optical tweezers.

A theoretical description and definitions of customised laser modes utilised in this

thesis such as LG and HG beams are presented in Chapter 2. Concepts on digital

laser beam shaping techniques to realise customised structured light fields are de-

scribed in Chapter 3. Two methods of generating customized laser modes namely

complex amplitude modulation and phase only modulation are considered. Based

on the ability of the SLM to create multiple beams simultaneously, the multiplexing

concept is also discussed. Following the same line, a new approach to obtain mul-

tiple vector beams on a single hologram is presented. In addition, an approach to

create shape invariant vector flat-top beams is discussed. Since we are also inter-

ested in the application of these custom light fields in optical tweezers, we discuss

the fundamentals of optical trapping in Chapter 4.

Experimental realisation of LG and HG beams is then presented in Chapter 5.

With the use of the beam shaping methods in Chapter 3, we demonstrate light

beam shaping and multiplexing. In addition, a quantitative analysis to determine

the multiplexing properties of SLMs as well as an investigation on the maximum

number of beams that can be multiplexed is presented.

A novel experimental method that enables the simultaneous generation of many

vector beams using a single digital hologram is described in Chapter 6. This method

is interferometric in nature and relies on the multiplexing concept. We demonstrate

the simultaneous generation of multiple vector vortex beams each with various po-

larization distributions. The flexibility of our approach is further confirmed through

the creation of multiple vector Bessel beams.

Finally in Chapter 7, we present the application of our structured light fields in

an optical trapping and tweezers system. The vector flat-top beam is firstly consid-

ered where a new holistic classical and quantum toolkit to analyse this beam during

propagation is presented. The experimental realisation of such beams which exploits

the polarisation dependent efficiency of spatial light modulators is described. We

then demonstrate the versatility of our vector flat-top beam in an optical trapping
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and tweezing application. Following the experimental generation of multiple vector

beams in Chapter 6, a novel vector holographic optical trap with arrays of digitally

controlled Higher-Order Poincaré Sphere (HOPS) beams is also presented. We em-

ploy a simple set-up using a spatial light modulator and show that each beam in

the array can be manipulated independently and set to an arbitrary HOPS state,

including replicating traditional scalar beam HOTs. We demonstrate trapping and

tweezing with customized arrays of HOPS beams comprising scalar orbital angular

momentum and cylindrical vector beams, including radially and azimuthally polar-

ized beams simultaneously in the same trap. Our approach is general enough to be

easily extended to arbitrary vector beams.
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Poincaré sphere, arrows depict the polarization state for each of them.

Polarization state after an analyzer at (b) 00, (c) 450, (d) 900. Modes

one to six correspond to a Poincaré sphere defined by a topological
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Chapter 1

Introduction

1.1 Motivation and thesis overview

The structuring, tailoring or shaping of light in its incoherent or coherent form is

a process which involves the redistribution of the intensity of a beam of optical

radiation [1]. This phenomena dates back at least to the third century. Archimedes

equipped an army of soldiers with flat mirrors (polished metal surfaces) which they

used to redirect the sun’s rays towards a common target. This was reportedly the

first beam shaping method that divided a single input beam (the sun) into multiple

light sources before redistribution to a common target [1]. In addition to being

the first multi-faceted structuring of light, it is an example of the tailoring of an

incoherent source of light. The concept of shaping incoherent light source carried

on into the 1700s where Georges-Louis Leclerc de Buffon (1748) developed the idea

of apportioning a lens to reduce its mass forming concentric rings on its surface [1].

Fresnel then used this idea in 1820 to construct what is known today as the Fresnel

lens for use in light houses. The Fresnel lens would redistribute the illuminating

light source to follow a narrow path allowing it to propagate over long distances.

This resulted in the first record of a physical beam shaping optic[1].

Undoubtedly, the invention of the laser, first predicted by Einstein in 1917 [2]

and demonstrated by Maiman in 1960 [3] then led to modern day beam shaping

of coherent light sources. In 1965, Frieden demonstrated lossless structuring of

coherent light beams [4]. He developed this through geometric means by employing

aspheric lenses that transformed an input Gaussian mode into a beam with a uniform

peak intensity distribution (flat-top) [4]. More physical beam shaping optics have

since been developed ranging from spiral phase plates, axicons and q-plates which
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modulate the phase,intensity and polarization of some input optical field creating

customized structured light fields [5–7]. Further technological advances resulted in

the development of additional and relatively flexible laser beam shaping elements.

Coupled with the fabrication of these modern diffractive and/or refractive optical

elements, novel techniques have since been elucidated to generate arbitrary spatial

modes of light, internal [8] as well as external to resonator cavities [9–13]. Among

the several beam shaping methods, digital holographic beam shaping stands out as

one of the most prevailing methods, stimulated by the introduction of modern digital

devices, such as Spatial Light Modulators (SLMs) and Digital Micromirror Devices

(DMDs) [14–16].

In general, the resulting engineered light fields have been found useful in a myr-

iad of research applications in Physics, Biology and Engineering [6]. At present,

implementation techniques to realise arbitrary complex custom light fields together

with the tools to analyse the resultant beams have not been extensively investigated

and as such continue to be a topic of research interest. Following the same line,

an interesting class of light beams are those structured to have orbital angular mo-

mentum (OAM) and polarisation coupled in a non-separable manner such that they

present some quantum-like properties. For this reason, the aim of this thesis is to

explore different approaches to shape the spatial and polarisation degrees of free-

dom of light waves as well as to develop novel experimental methods to implement

these concepts. Furthermore, we wish to describe a new approach that utilises clas-

sical and quantum tools to characterise and analyse the properties of the resultant

tailored light fields. Finally, we describe their applications in optical trapping and

tweezers system although these structured light fields will be beneficial to other laser

based applications too.

The content of this thesis is arranged as follows:

Chapter 2 presents an introduction to the theory of scalar and vector light beams.

We firstly consider the wave equation in its scalar form taking into account the

paraxial approximation. Solutions to the scalar Helmholtz equation in cylindrical

and rectangular coordinates obtaining Laguerre (LG)and Hermite Gaussian (HG)

modes, respectively, are discussed. Further more, we will consider the non-diffracting

Bessel-Gauss beams as well as flat-top beams. We then consider the vectorial wave

equation and the solution thereof, with particular interest in cylindrically symmetric

vector vortex beams. The geometrical representation of the polarisation states of

2



1.1. MOTIVATION AND THESIS OVERVIEW

these cylindrical vector vortex beams on a sphere called the Higher order Poincaré

sphere (HOPS) is then presented and discussed.

In Chapter 3, we present the theoretical concepts of laser beam shaping using

digital holography. We began by introducing the LG and HG infinite basis sets

and consider these as our programmable modes. Thereafter, we give a detailed

explanation of beam shaping using two normally used methods: phase-only and

complex amplitude modulation, followed by an in depth guide on the creation of the

digital holograms. We will then consider the theory of generating flat-top beams in

particular vector flat-top beams which are shape invariant during propagation. We

show that our field may be well represented by a super-Gaussian intensity profile

and derive expressions for the beam size and divergence . Finally, we present the

concept related to the creation of multiple vector light fields using a single hologram

and how this translates to realising multiple HOPS beams simultaneously.

The theory on the fundamentals of optical trapping and tweezers is briefly pre-

sented in Chapter 4. We describe the respective forces associated with an optical

trapping and tweezers system. Two common regimes used to describe the trapping

force with respect to the particle size relative to the laser beam wavelength are pre-

sented. It is important to note that this thesis’s main focus is on the creation of

structured light fields and optical trapping was chosen as an immediate application

of these customized light beams. As such we will not go into detail on the optical

trapping dynamics.

In Chapter 5, we experimentally investigate the multiplexing capabilities of

the phase only HoloEye SLM using Laguerre-Gaussian (LG) and Hermite-Gaussian

(HG) modes as our beams of choice. We employ the multiplexing concept described

in Chapter 3 to simultaneous generate approximately 200 spatial modes encoded on

a single hologram. We describe the experimental implementation of this method

as well as present a quantitative analysis of the highest possible number of modes

that can be multiplexed on a SLM. The quality of the generated beams is deter-

mined by performing 2D correlation measurements of the experimentally obtained

images against theoretical. The correlation factor ranges from 1 to 0 for identical

and non-identical images respectively.

Chapter 6, introduces a novel experimental technique that enables the rapid

generation of any cylindrical vector beam (CVB) and allows for the simultaneous

generation of multiple vector beams (vector-beam multiplexing) using a single holo-
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gram. Our proposed method is interferometric in nature but differs from the rest as

it relies on dividing the wavefront of the initial beam and not its amplitude. This

principle allow us to split the original beam into many that can be later recombined

in pairs to generate multiple vector beams simultaneously. The phase, amplitude

and shape of each beam can then be digitally manipulated in an independent way

to generate any vector beam without the need to manipulate any external optical

element. That is, any combination of multiple vector beams can be generated by

simply changing the digital hologram displayed on the SLM.

In Chapter 7, we demonstrate the application of the presented structured light

beams in an optical trapping and tweezers system. Using the multiplexing concept

discussed in Chapter 3 we firstly show the flexibility and dynamics of our holo-

graphic optical trap (HOT) by arranging multiple trapped particles into different

2D configurations. We then describe the experimental realisation of propagation in-

variant vector flat-top beams. In our generation method, we simply tune the initial

polarisation and show a graduate evolution from Gaussian to vortex beam, with a

flat-top as the superposition. Since both beams are eigen modes of free-space, so

is the vector superposition. We calculate and measure the Stokes parameters of

this beam, and introduce a new approach to analyse such beams where we apply

a quantum toolkit to study the non-separability and vector nature (vector quality

factor) of the vector flat-top beam, showing that all properties are conserved and

invariant during propagation. We then use our vector flat-top beam in an optical

trapping and tweezing experiment, demonstrating the control of micrometer sized

particles.

Furthermore, we present a new holographic optical trap (HOT) for arbitrary

higher order Poincaré sphere (HOPS) beams that allows for multiple HOPS beams

to be delivered into a trap in some desired array. Each HOPS beam in the array

is independently controlled by an SLM and may be switched from scalar states (on

the poles of the HOPS) to cylindrical vector vortex beams (on the equator of the

HOPS). By this approach, we are able to tailor on-demand the 3D shape of the

optical forces at specific locations inside the optical trap. To show the potential

of this technique, we simultaneously compare the trapping strength of cylindrical

vector vortex and scalar vortex beams in the same trap.

Finally in Chapter 8, we conclude the thesis by summarising our contributions

to the field of structured light fields and possible future work within this field.
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1.2 Laser beam shaping

Structured light, refers to the ability of engineering or shaping light’s properties cre-

ating custom light fields that can be employed in laser-based applications. In this

particular topic, the intensity, phase and polarization degrees of freedom are tailored

to suit a given application. Previously, structured light only considered the shap-

ing of light’s intensity creating different spatial patterns [6]. However, technological

advances in the last 40 years have seen the development of optical devices with the

ability to control the phase, amplitude and polarization of light[6, 16, 5]. This has

since opened alternative avenues towards the realisation of many more applications

in the fields of classical and quantum optical communication, high resolution mi-

croscopy, optical metrology and optical micro and nano-manipulation to mention a

few [6, 17–21].

Most of the refractive, adaptive or diffractive optics were hard coded physical

devices designed to generate a specific mode once fabricated. Due to the restrictive

nature of physical optics, other laser beam shaping devices with some degree of

flexibility such as SLM were then later developed. SLMs are digitally controlled

devices with a miniaturized screen (approximately 15.36 × 8.64 mm for HoloEye

SLMs) consisting of hundreds of pixels each containing thousands of liquid crystal

molecules. The orientation of the molecules in each pixel prescribes how the SLM

will modulate the impinging beam (set to some linear polarisation state) i.e. phase-

only, amplitude only or both amplitude and phase. The device is controlled by

means of a regulated voltage that rotates the liquid crystal molecules by a predefined

angle, resulting in a birefringent material for the impinging linearly polarized light.

The voltage is adjusted for each individual pixel using digital holograms which are

basically grayscale images with 255 shades of gray (example images presented in

Chapter 3). These images are of the same resolution as the SLM screen such that

a pixel by pixel mapping of the hologram (gray level image) and screen is realised.

Once the hologram is encoded on to the SLM a local phase shift is induced by the

rotation of the molecules in each pixel of the SLM, thereby engineering the incident

field. Apart from manipulating the phase and amplitude of an input field, SLMs

can also be used to modulate the polarization.

SLMs demonstrate a very high degree of accuracy in generating custom light

fields [22, 23]. This was demonstrated by the high mode purity values (0.97) obtained

with experimentally generated Laguerre Gaussian modes using a phase only SLM
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[22, 23]. In addition, unlike hard coded optical elements, digital holographic devices

such as the SLM are very flexible. Since these devices are computer controlled,

they can be linked to other interfaces in the form of touch screens [24, 25]. This

feature has afforded, the development of user-friendly multi-touch screens for optical

tweezers [26, 24, 25]. Using multi-touch screens, rapid reconfiguration of the digital

hologram can be achieved [27, 18], allowing one to change the shape and/or position

of the output field. This is an additional property of the SLM that has shown many

advantages in optical tweezers [28], particle tracking [20, 18] and the characterization

of complex light fields [29–35] among many others.

Remarkably, SLMs afford the simultaneous generation of multiple light beams

(multiplexing), a feature that has had a great impact in optical communication,

optical microscopy and optical tweezers [36–42]. In optical communication, the si-

multaneous creation of multiple spatial modes has been identified as a means to

increase data transmission rates [36]. This was demonstrated using over 100 modes,

where each spatial mode represented a data transmission channel in free space op-

tical communication [36, 37]. With respect to optical microscopy, depth of field

multiplexed imaging using a high resolution SLM has been realised [40, 41]. The

implementation of this technique involved the use of an SLM to achieve simultane-

ous imaging at various focal planes within the sample under investigation [40]. By

encoding a superimposition of multiple Fresnel lens holograms on the SLM, an array

of multiple beams was created with each adjacent beam focusing at a specific plane

as dictated by the SLM [40]. Importantly in optical tweezers, multiplexing has been

exploited to generate multiple optical traps through the incorporation of an SLM

forming what is commonly known as holographic optical tweezers (HOTs) [43–45].

By programming on the SLM a phase function that transforms the input light field

into an array of multiple high intensity beams in the trapping plane simultaneously

creating multiple optical traps [43–45]. As a result of the dynamic properties of the

SLM, the arrays of optical traps can be rearranged to form any shape on demand

[44, 45]. With the use of multi-touch devices coupled with a network system in-

tuitive remote monitoring and multi-particle manipulation has been demonstrated

[25]. Furthermore, this has opened doors to a non-invasive means of micro and/or

nano-structure assembly [44, 45]. Generally, multiplexing is granted due to the su-

perposition principle in optics [46] which, by virtue of digital holography, allows the

addition (multiplexing) of several holograms written into a single one. Each holo-
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gram of the superposition can be programmed to generate specific beam shapes at

particular locations in the observation plane.

As mentioned previously, the SLM is typically designed to modulate the phase

but it can be used to modulate amplitude as well by complex amplitude modulation

[9, 10]. For this work, we employed a phase only HoloEye Pluto VIS SLM as our pri-

mary beam shaping element. A more detailed discussion on how to generate custom

light fields by modulating the phase of a reference beam will be presented in Chapter

3. We will further describe an example technique of modulating the amplitude of

the input beam using a phase only SLM via complex amplitude modulation.

1.3 Polarization shaping in light waves

The ability to tailor the spatial properties of light thereby generating custom scalar

fields has significantly changed the landscape of photonic-based applications as pre-

viously discussed. This is also the case for complex light fields classically entan-

gled in polarization and phase, a topic which has gained research interest of late

due to their various applications. In particular, classically entangled fields with

cylindrical symmetry, commonly known as Cylindrical Vector Beams (CVB), are

nowadays routinely used in fields such as laser material processing, optical tweezers,

high-resolution microscopy, optical metrology, and classical and quantum commu-

nication, among many others [47, 21, 6, 17, 48]. For example in super resolution

imaging techniques such as stimulated emission depletion microscopy (STED), vec-

tor beams are employed as they enable the manipulation of the depletion region

allowing imaging beyond the diffraction limit [19]. By controlling the polarisation

states of the input beam the excitation point spread function can be manipulated

on demand [49, 19]. However for this work, we are mainly interested in their ap-

plication in optical tweezers and the benefits thereof which will be discussed later.

Prior to considering the application of vector beams in optical tweezers, one needs to

consider the generation schemes of such vector light fields. The generation of CVB

has been achieved internal or external to laser cavities, using geometrical phase

elements [50, 7, 51, 52] or optical interferometers [53, 54]. With geometric phase

elements such as the q-plate, only a specific vector beam can be generated at a time

[5] for which the output phase, amplitude and polarization cannot be manipulated

further. For interferometric generation, two vortex beams with opposite topological

charge and orthogonal polarizations are recombined interferometrically to generate
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CVB with various polarization distributions and spatial shapes. Remarkably, inter-

ferometric techniques have been fueled by the advent of SLMs, which have provided

with one of the most flexible and versatile methods to shape light [15, 16, 55]. For

this case, the amplitude, phase and polarization can be modulated on demand [29].

Importantly, SLMs also enable the simultaneous generation of multiple scalar beams

(multiplexing), a feature that has found applications in optical tweezers and optical

communications [44, 56, 57, 36, 58].

Other methods utilize an interferometric approach where two scalar beams with

orthogonal polarization states carrying opposite orbital angular momenta (OAM)

(i.e. opposite topological charges) are coaxially superimposed. In this case the

OAM and polarization of each beam is independently altered by a spiral phase plate

and a set of half and quarter wave plates, respectively. This approach, in general,

can only produce one vector beam at a time. To overcome this limitation, one of the

aims of this work is to investigate an SLM based and novel approach of implementing

the simultaneous generation of multiple vector beams.

1.4 Gaussian to flat-top laser beam shaping

The need to transform the fundamental Gaussian beam (continuously varying in-

tensity profile with a peak at the centre) to a flat-top beam (uniform peak intensity

profile with steep roll off edges) [59, 60, 14] continues to be a topic of research. This

has been driven by the many laser-based applications where a beam with uniform

irradiance is preferred, for example in laser material processing. The creation of

such beams is in general a difficult task as it requires an infinite spatial frequency

spectrum which ideally cannot be realised in the laboratory. As such, only close

approximations to this problem can be achieved in reality, some of which are super-

Gaussian, super-Lorentzian, Fermi-Dirac, and flattened Gaussian beams. [14, 61–

64]. Nonetheless, several methods to generate flat-top beams external of the laser

cavity have been presented ranging from refractive intensity mapping [60], to diffrac-

tive interference-based designs [59, 65] which are implemented using digital micro

mirrors [66] or SLMs [15]. In some cases, intra-cavity transformation from Gaus-

sian to flat-top has been demonstrated (i.e. flat-top beam creation from the source)

[67–72].

Although many generation methods have been demonstrated, the resultant flat-

top beams have some limitations. These include their inability to maintain their
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uniform peak intensity profile during propagation in other words the desired flat-

top only occurs at a specific plane [73–75]. This configuration requires complicated

relay imaging systems to ensure that the desired uniform irradiance occurs at the

target plane even though it is expected that the beam profile should remain invariant

within the Rayleigh range equivalent. A solution to this problem in the form of vector

flat-top beams has been demonstrated recently [76]. This has seen a wide range of

generation techniques emerge [77–81, 71] yet the properties of these vector flat-top

beams have not been extensively investigated.

Here we demonstrate a holographic means of creating vector flat-top beams by

exploiting the polarisation dependency of SLMs. This approach involves the coaxial

superposition of a Gaussian beam and a vortex beam, resulting in a flat-top beam

[82, 83]. Along this line, our aim is to present a novel tool that employs classical

and quantum principles to characterise and analyse such structured light fields.

This work will advance that of others on this topic by providing a holistic toolkit

comprising both classical and quantum approaches for the analysis of such structured

light beams, which we believe will be invaluable for their application, for example,

in optical traps and laser materials processing.

1.5 Structured light fields and optical tweezers

Optical trapping and/or optical tweezing was first experimentally realised in 1970

[84], and have since become a versatile non-invasive tool to manipulate micro and

nano matter. Important to their discovery was the proposed idea that light carries

momenta: linear momentum (dating back to at least as far back as Kepler), spin

angular momentum [85, 86] and OAM [87], such that a change in momentum results

in a force being transferred to matter. In the field of physics, these light-matter

interactions in particular optical forces exerted on atomic ensembles led to the in-

vention of powerful techniques for laser cooling [88–90], which in turn paved the way

to the realization of Bose-Einstein condensates [91, 92]. From a biological point of

view, optical tweezers provided a non-mechanical and relatively non-invasive tool (if

low laser intensities are employed) for the study of biological matter. This made it

possible to study and enable the understanding of some of the complex properties

transpiring inside a cell or to investigate the physical properties of DNA all of this

done with the aid of additional spectroscopic or imaging tools [93–98]. There are

numerous applications that have been facilitated by optical tweezers and these can
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be found in the following Refs. [99–103] and references therein.

An important and major advancement in optical manipulation techniques came

about from the field of structured light[6], particularly the utilisation of Spatial

Light Modulators (SLMs) [15, 16] to create digitally controlled holographic optical

traps (HOTs) [104, 43, 105]. SLMs as previously mentioned are digitally controlled

devices which operate on liquid crystal technology that allow, amongst other things,

a fast and precise generation and control of almost any beam shape, their digital

focusing and propagation, as well as the simultaneous generation and detection of

high numbers of individual beams [106, 36]. This computer controlled device has

been used to control multiple particles in 2D and 3D configurations enabling the

assembling of micro structures [28, 107–110] as well as transportation of trapped

particles along exotic trajectories [111–119].

The above mentioned work was performed using scalar light fields, while recently

vector states of light have become a topic of research interest and continues to

be investigated [47, 120]. Of particular attention are the implementation methods

in creating these vector states of light. These have since progressed from simple

interferometric techniques, with the ability to generate only one vector beam, to

more complex but advanced arrangements relying on computer controlled devices

such as SLMs [55, 121, 47, 42, 122]. Importantly, there is great interest in using such

vector light fields in optical trapping and manipulation due to the improved focusing

ability of certain vector states of light [123–131] thereby enhancing the trapping

efficiency [132, 123]. An example of the benefits of these beams was demonstrated

by Michihata et al. where they pointed out that radially polarized beams improve the

axial trapping strength by approximately 2× compared to linearly polarized beams.

This however was at the expense of a decrease in the transverse strength by about

a half [123]. Other research work has shown that radially and azimuthally polarized

beams have higher axial trapping forces on core-shell magnetic microparticles as

compared to the fundamental Gaussian beam [124]. On comparing azimuthally

and radially polarization states in vector beams, it has been demonstrated that

the azimuthally polarized beam exhibits a stronger lateral trapping force compared

to the radially polarized beam [125, 126]. These topical beams are geometrically

described by states on a generalized Poincaré Sphere [133, 134], the so-called Higher-

Order Poincaré Sphere (HOPS), to account for the total angular momentum of light,

that is spin angular momentum (SAM) and OAM [133]. A detailed description and
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discussion of this geometric representation of polarization states on a sphere will be

presented in Chapter 2.

1.6 Conclusion

We began the Chapter with a motivation and an overview of the thesis. This was

followed by a literature review, as guided by the thesis summary, where we considered

the different approaches and means of achieving the creation of structured light fields

that have been demonstrated. We then considered the application of these custom

light fields in optical tweezers as this is the immediate application that we identified

as part of the scope of this thesis. The next Chapter focuses on the theory of

these structured light waves which we will consider in this work as well as some

mathematical concepts which will be useful in the analysis of these custom modes.
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Chapter 2

Structured scalar and vector

light fields

All propagating electromagnetic waves are governed by Maxwell’s equations. In this

Chapter we revisit the wave equation starting from Maxwell’s equations and their

respective relations. We then consider the solutions to the wave equation within

the paraxial regime taking into account the scalar and vector cases. For the scalar

case we pay particular interest to the solutions given in cylindrical and rectangular

coordinates as well as consider Bessel-Gauss and flat-top beams. Thereafter, we

consider a general solution of the vector Helmholtz wave equation, which includes

the polarization component of the wave equation, a property of light waves normally

neglected in the scalar case. Finally, a discussion on light fields whose polarisation

and spatial distribution are coupled in a non-separable manner is presented focusing

on the geometric representation of the polarization states of such light fields on a

sphere.

2.1 Scalar light fields

Scalar light fields are light waves characterised by intensity profiles with a uniform

polarization distribution. These, like any electromagnetic wave, can be described by

the paraxial Helmholtz wave equation. The Helmholtz wave equation is derived from

Maxwell’s equations which were a result of experimentally observed phenomena in

light waves[135]. For an electromagnetic field propagating in free space, Maxwell’s

equations are expressed as follows,

∇ ·D = 0, (2.1)
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∇ ·B = 0, (2.2)

∇×E = −∂B

∂t
, (2.3)

∇×H =
∂D

∂t
. (2.4)

D, B, E and H are the electric displacement, magnetic induction, electric field

vector and magnetic field vector, respectively, and ∇ is the differential operator. D

is related to the electric field vector by D = ε0E, while B is related to the magnetic

field vector by H = (1/µ0)B. With the permeability and permittivity given by µ0

and ε0, respectively, and relate to the speed of a propagating electromagnetic wave

c = 1/
√
ε0µ0. The wave equation can be derived from Faraday’s induction law (Eqn.

(2.3)), by taking the curl to obtain,

∇× (∇×E) = −∂(∇×B)

∂t
, (2.5)

and employing the vector identity, ∇ × (∇ × E) = ∇(∇ · E) − ∇2E, Eqn. (2.5)

becomes,

∇(∇ ·E)−∇2E = −∂(∇×B)

∂t
. (2.6)

The wave equation is then obtained by substituting Eqn. (2.1) and Eqn. (2.4)

into Eqn. (2.6) and using the magnetic and electric field relations to the magnetic

induction and electric displacement, respectively, the following equation is obtained

∇2E− 1

c2

∂2(E)

∂t2
= 0. (2.7)

Applying separation of variables to separate the spatial component from the tem-

poral component in the above equation we obtain the time-independent Helmholtz

wave equation [136, 135],

(∇2 + k2)u(x, y, z) = 0 (2.8)

where ∇2 is the Laplacian operator ( ∂2

∂2x
+ ∂2

∂2y
+ ∂2

∂2z
), k is the wave vector defined

by k = 2π/λ and u(x, y, z) defines the amplitude of related field.

Considering the conditions for the paraxial approximation, given by Eqn. (2.9),

for an electromagnetic field primarily propagating in the z direction. The condi-

tion states that the amplitude, u(x, y, z), has very small variations along the axial

direction z compared to the transverse x and y amplitude and phase variations.

| ∂
2

∂2z
u(x, y, z)| << k| ∂

∂z
u(x, y, z)| (2.9)
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2.2. LAGUERRE-GAUSSIAN BEAMS

Such that by neglecting the z component in the Laplacian of Eqn. (2.8), the

Helmholtz equation can then be approximated by

(∇2
⊥ + 2ik

∂

∂z
)u(x, y, z) = 0, (2.10)

where ∇2
⊥ is the transverse, x-y, component of the Laplacian. Equation (2.10)

therefore forms the paraxial approximation of the Helmholtz equation.

The paraxial approximation provides a good description of laser beam propaga-

tion where the divergence angle is small. There are many solutions to the paraxial

Helmholtz wave equation and these can be obtained in cylindrical or rectangular

coordinates. Some of these solutions include Gaussian, Laguerre-Gaussian, Hermite-

Gaussian, Bessel-Gaussian and Super-Gaussian functions which we implemented in

this thesis and are discussed in the following sections

2.2 Laguerre-Gaussian beams

Solutions to the Helmholtz wave equation in the paraxial regime can be given in

cylindrical and Cartesian coordinates. The former is given in terms of the generalized

Laguerre polynomials L`p modulated by a Gaussian envelope, which forms an infinite

orthogonal set of solutions, known as the Laguerre-Gaussian, LG`p, modes [137]:

LG`p(ρ, ϕ, z) =

√
2p!

π(`+ p)!

[√
2ρ

ω(z)

]`
L`p

[
2ρ2

ω2(z)

]
exp[i(2p+ `+ 1)ζ(z)]

ω(z)

exp

[
− ρ2

ω2(z)

]
exp

[
−ikρ2

2R(z)

]
exp[−i`ϕ], (2.11)

where, (ρ, ϕ, z) is the position vector of the cylindrical coordinates, ` is an integer

number that accounts for the number of times the phase wraps around the optical

axis, p is a positive integer that accounts for the number of maxima (p + 1) along

the transverse direction. Each solution represents a paraboloidal wave with radius

of curvature R(z) = z[1 + (zR/z)
2], beam waist ω0 and Rayleigh range zR; ω(z) =

ω0

√
1 + (z/zR)2 is the beam width as function of z and ζ(z) = arctan(z/zR) is the

Gouy phase. Figure 2.1(a) shows the intensity distributions of the first few LG`p(x)

modes with combinations of p = [0, 1, 3] and ` = [0, 1, 2, 4].
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2.3. HERMITE-GAUSSIAN BEAMS

2.3 Hermite-Gaussian beams

In Cartesian coordinates, the paraxial wave equation allows as solutions the Hermite-

Gaussian modes, HGnm, a product of Hermite polynomials H(x) and a Gaussian

envelope, with n and m positive integers:

HGnm(x, y, z) =
1

ω(z)

√
2−(n+m−1)

πn!m!
exp [i(n+m+ 1)ζ(z)]

Hn

[√
2x

ω(z)

]
Hm

[√
2y

ω(z)

]
exp

[
−x

2 + y2

ω2(z)

]
exp

[
−ik(x2 + y2)

2R(z)

]
exp[−ikz]. (2.12)

The parameters ω, R(z), ω0, zR and ζ(z) have the same definitions as for the LG`p

modes. The positive integer subindexes n and m are related to the number of bright

lobes of the transverse intensity profile along x and y, respectively. Figure 2.1 (b)

shows the intensity profile of the modes described by combinations of n = [0, 1, 2, 3]

and m = [0, 1, 2]. A detailed discussion on the generation of digital holograms to

Figure 2.1: Theoretical 2D intensity profiles of LG`p and HGnm modes. Intensity

distribution of (a) LG modes with l = [0, 1, 2, 4], p = [0, 2, 4] and (b) HG modes

with n = [0, 1, 2, 3] m = [0, 1, 2].

create these structured light fields is presented in Chapter 3 while their experimental

realisation is presented in Chapter 5.

2.4 Bessel-Gauss beams

Bessel-Gauss beams form another solution set to the Helmholtz wave equation. This

particular solution set was first realised by Durnin [138] who found these beams to

be non-diffracting and demonstrate invariance during propagation. These beams are

mathematically described by Bessel functions and are characterised by a central on
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2.5. FLAT-TOP BEAMS

axis intensity and an infinite number of concentric rings as shown by the first image in

Fig. (2.2). In theory, these beams are expected to carry an infinite amount of energy

as they have an infinite number of rings extended over an infinite space. However,

this is not experimentally possible as such one can only generate an approximation

in the form of a Bessel-Gauss beam described as

BG(ρ, ϕ, z) =
ω0

ω(z)
exp

[
i

(
k − k2

r

2k

)
z − iζ(z) + i`ϕ

]
J`(krr/(iz/zR))×

exp

[(
−1

ω2(z)
+

ik

2R(z)

)(
r2 +

k2
rz

2

k2

)]
, (2.13)

where J` is the `th-order Bessel function, kr is the radial wave-vector and ω0 is

the initial beam waist. The parameters ω(z), zR, R(z) and ζ(z) have the same

definitions as for those presented in section 2.2. When z = 0, the above equation

(2.13) reduces to

BG(ρ, ϕ, 0) = J`(krr) exp

[
−
(
r2

ω0

)2

+ i`ϕ

]
, (2.14)

which is the Bessel function with a Gaussian envelope. The zero-order (`=0) and

higher-order (`=... -3, -2, -1, 0, 1, 2, 3,...) Bessel beams both exhibit non-diffracting

properties over relatively long propagation distances. Figure 2.2 shows theoretical

2D intensity distributions of zero-order and higher order Bessel beams. This set

of beams is of particular interest because of their non-diffracting and self-healing

properties as well as their ability to carry OAM a characteristic we will consider in

section 6.5 of Chapter 6.

Figure 2.2: Theoretical 2D intensity profiles of the zeroth order Bessel-Gauss beam

(first image) and higher order Bessel-Gauss modes with OAM `=1,2,4 modes

2.5 Flat-top beams

Flat-top beams are modes of light characterised by uniform peak intensity distribu-

tion with very steep roll off edges. These can be classified as the Fermi-Dirac beam,
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2.6. VECTOR LIGHT FIELDS

the super-Lorentzian beam, the super-Gaussian and the flattened-Gaussian [14]. As

an example lets consider the super-Gaussian which is mathematically described by,

IFT (r) =
41/NN

2πω2
FTΓ(2/N)

exp

[
−2

(
r

ωFT

)N]
, (2.15)

where r is the radial coordinate, ωFT is the flat-top beam size in the super-Gaussian

approximation and N defines the order of the beam. By setting N = 2 the beam

will have a Gaussian profile. As the order, N , is increased the intensity profile of

the beam evolves from a Gaussian to a flat-top as illustrated in Fig. (2.3).

Figure 2.3: (a) Shows the transverse profiles of a Gaussian (N=2) evolving to a

Super-Gaussianb(N=40) while (b) are the corresponding 2D intensity distributions.

2.6 Vector light fields

In the above sections we have considered structured light fields in their scalar form

where the polarization component in the generation process is neglected [139]. The

polarization component is associated with the electric (E) field of a light wave where,

E, has some magnitude (amplitude of the field) in some defined orientation (direc-

tion) hence a vector quantity. As such, it then follows that light waves have a vector

nature. The vector nature can be described by the polarzation structure associated

with the light wave. Similar to customized structured scalar light fields, one can tai-

lor the polarization degree of freedom by modulating the orientation of the electric

field (E) creating structured vector light fields commonly known as vector beams.

Considering the transverse x − y plane, the electric field, E, can be indepen-

dently chosen to orient along the x (Ex) or y (Ey) directions thereby defining the
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2.6. VECTOR LIGHT FIELDS

polarisation of the electromagnetic wave as polarized in the x direction for (Ex) and

polarised in the y direction for (Ey). A coaxial superposition of the (Ex) and (Ey)

polarization components where each component can have a unique amplitude and

phase results in a beam with custom polarization states. The individual amplitude

components will thus contribute to the transverse intensity profile of the resulting

beam given by |E|2. In this way by performing a coaxial addition of beams with

orthogonal polarization states and various amplitudes and phases vector light fields

or vector beams can be created. These are generally characterised by an inhomoge-

neous polarization distribution across their spatial intensity profile. The orientation

of the electric field for an incident light wave can be altered on demand using optical

elements such as wave plates. This change can be mathematically traced using Jones

vector representation of polarized light presented in the next section.

A common example of vector light fields are cylindrical vector vortex beams

which are a solution to the vector Helmholtz wave equation in cylindrical coordi-

nates. These can be generally defined as linear combinations of scalar vortex beams

with opposite OAM indices and orthogonal polarization states (usually circular) [47].

Such modes can be mathematically represented as,

U(r, θ) = AR(r)ei`1θ1R̂ + [AL(r)e−i`2θ2 ]eiδL̂ (2.16)

where, R̂ and L̂ are the right and left circular polarization vectors while A(r)R

and A(r)L are the respective radial profiles of the beams. The azimuthal angle is

defined by θ and the OAM is given by ` for which ` ∈ Z. The term eiδ introduces

an additional phase term where δ = {0, π}. By setting `1 = `2 = +1 or −1, θ = θ1

= θ2 and δ = 0 or π, a common set of cylindrical vector vortex beams given by the

following equations,

TM =
1√
2

(
eiθR̂ + e−iθL̂

)
,

TE =
1√
2

(
eiθR̂− e−iθL̂

)
,

HEe =
1√
2

(
eiθL̂ + e−iθR̂

)
,

HEo =
1√
2

(
eiθL̂− e−iθR̂

)
(2.17)

is obtained. The above equations mathematically describe the four fundamental

low order cylindrical vector vortex beams whose theoretical intensity profile and

polarisation maps are as shown in Fig. (2.4). The above structured vector light

fields demonstrate non-separability between the spatial and polarisation degrees of
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2.7. JONES POLARISATION VECTORS

Figure 2.4: Theoretical intensity and polarization states of common low order cylin-

drical vector vortex beams with (a) radial, (b) hybrid even, (c) azimuthal and (d)

hybrid odd polarisations

freedom. The spatial profile of these modes is governed by the selected OAM define

by `.

2.7 Jones polarisation vectors

Any arbitrary polarization state associated with a light wave can be represented by

the sum of two orthogonal and linearly polarized components as

E(z, t) = Ex cos(ωt− kz + δx)x + Ey cos(ωt− kz + δy)y (2.18)

where the angular frequency is given by ω = 2πf , k is the wave number, δx and δy

are the corresponding phases and Ex and Ey are the amplitudes. Using Jones vector

notation the above equation can be expressed as

E(z, t) =

Ex
Ey

 =

Ex cos(ωt− kz + δx)

Ey cos(ωt− kz + δy)

 . (2.19)

Equation (2.19) can also be represented in complex notation as shown in the follow-

ing,

E(z, t) =

Ex exp i(ωt− kz + δx)

Ey exp i(ωt− kz + δy)

 = exp i(ωt− kz + δx)

 Ex

Ey exp iδ

 (2.20)

where δ is the phase difference between the Ex and Ey components given by δ=δy-

δx. For simplicity the common phase factor can be neglected such that Eqn. 2.20

becomes

E(z, t) =

 Ex

Ey exp iδ

 (2.21)
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2.7. JONES POLARISATION VECTORS

which is the Jones vector representation of an electromagnetic wave. The normalized

Jones vector is then expressed as

E(z, t) =
1√

E2
x + E2

y

 Ex

Ey exp iδ

 . (2.22)

The above Jones vector can describe any arbitrary polarization state, for example

linear polarization can be realised when Ex = cos θ, Ey = sin θ and δ = 0. In the case

of horizontal and vertical linear polarization states, θ must be equal to 0 and π/2,

respectively, while any other linear orientation can be obtained by varying θ provided

δ = 0. Circular polarisation states can be obtained by equally superimposing Ex

and Ey but a relative phase difference between the two of δ = π/2 is required for

right circular polarisation (RCP) and δ = −π/2 for left circular polarisation (LCP).

The four described polarization states (vertical-V, horizontal-H, RCP and LCP) can

be mathematically represented using Jones vector notation by

V =

0

1

 , H =

1

0

 , LCP =
1√
2

 0

−i

 , RCP =
1√
2

 0

+i

 . (2.23)

Using the equations in 2.23, diagonal (D), anti-diagonal (A), RCP and LCP can be

expressed by linear combinations of vertical and horizontal polarization as shown

below,

A =
H − V√

2
, D =

H + V√
2

, LCP =
H − iV√

2
, RCP =

H + iV√
2

. (2.24)

For polarisation states which lie between linear and circular, i.e. elliptically po-

larised, the Jones vector can be generalised to,Ex
Ey

 =

cos θ cosψ ± i sin θ sinψ

sin θ cosψ ∓ i cos θ sinψ

 (2.25)

where ψ = arctan (Ex/Ey) describes the ellipticity of the polarization and θ is the

angle between the major axis of the ellipse and the horizontal axis (Fig. 2.5 (a)).

Another way of representing polarization employed a geometric approach in

which any polarization state could be described is on a sphere. This approach

was first introduced by Poincaré in 1892 giving birth to what is now known as the

Poincaré sphere (Fig. 2.5 (b)). In this representation, cartesian coordinates (x, y, z)

using the conversions, x = r cos 2θ cos 2ψ, y = r cos 2θ sin 2ψ and z = r sin 2ψ, are

transformed to spherical coordinates (r, θ, ψ). In the spherical coordinate system, r

is the radius, θ is the azimuthal angle and ψ is the polar angle. It can be seen from
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Figure 2.5: (a) Shows a geometric representation of the polarisation ellipse while (b)

illustrates the different polarisation states as represented on the Poincaré sphere.

this representation that the angles θ and ψ can be related to polarisation ellipse

making the Poincaré sphere an alternative representation of any polarization state.

On the sphere, all possible linear states lie on the equator, the circular polarisation

states are located on the poles and everywhere else are elliptical states. Basically,

any polarization state on the sphere (Fig. 2.5 (b)) can be realised for θ ∈ [0, π] and

ψ ∈ [-π/4, π/4].

So far we have considered polarization representations in which it is assumed

that the initial polarisation state of the light wave is known. However, in some cases

the polarisation of the initial beam is not known. As such, for one to determine the

polarisation state of any light field we need to consider Stokes parameters which we

discuss in the next section.

2.8 Stokes parameters

In section 2.7, we note that Jones vectors are only applicable to polarized light. In

1852 George Gabriel Stokes proposed a new approach for determining the polariza-

tion state of any beam [135]. The approach involves four experimental measurements

coupled with some theoretical calculations on the light wave of unknown polariza-

tion from which one can then mathematically determine the light’s polarization.
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The measurable parameter are known as the Stokes parameters. These parameters

are defined by a set of six intensity measurements which are

S0 = I0 = |Ex|2 + |Ey|2,

S1 = IH − IV = |Ex|2 − |Ey|2,

S2 = ID − IA = E∗xEy + ExE
∗
y ,

S3 = IR − IL = i(E∗xEy + ExE
∗
y). (2.26)

where I0 is the intensity of the initial beam while IH , IV , ID, IA, IR and IL are the

transmitted intensities through a linear polarizer set at horizontal, vertical, diagonal,

anti-diagonal, right circular and left circular polarization transmission, respectively.

Stokes parameters generally indicate which state of polarization is dominant in a

given light field, for example if S1<0 then the polarization state of field is closer to

vertical linear polarization. The same applies to parameters S2 and S3. From Eqn.

2.26, it can be deduced that I0=IH+IV =ID+IA=IR+IL. It then follows that the

Stokes parameters can be expressed as,

S0 = I0,

S1 = 2IH − I0,

S2 = 2ID − I0,

S3 = 2IR − I0. (2.27)

Similar to Jones vectors, one can use Stokes parameters to represent various po-

larisation states and for linearly polarized light the Stokes parameters are expressed

as [135],

S =


S0

S1

S2

S3

 =


|Ex|2 + |Ey|2

|Ex|2 − |Ey|2

2ExEy cos δ

2ExEy sin δ

 =


|E|2

|E|2 cos 2θ

|E|2 sin 2θ

0

 (2.28)

where E is the amplitude, Ex = E cos θ, Ey = E sin θ, θ is the angle between the

electric field and the x axis while δ is the relative phase difference. As such the

corresponding Linear horizontal (H), vertical (V), diagonal (D), anti-diagonal (A),

Left (L) and right (R) circular polarization states are given by

H =


1

1

0

0

 , V =


1

−1

0

0

 , D =


1

0

1

0

 , A =


1

0

−1

0

 , L =


1

0

0

1

 , R =


1

0

0

−1

 (2.29)
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where θ = 0 for (H), θ = π/2 for (V), θ = π/4 for (D), θ = −π/4 for (A) with respect

to the linear polarization states and for the circular states S1 and S2 are both 0.

Equation (2.29) forms the normalized Stokes parameters from which the following

relation can be deduced

S1

S0
= cos(2ψ) cos(2θ),

S2

S0
= cos(2ψ) sin(2θ),

S3

S0
= sin(2ψ). (2.30)

The above ψ and θ have the same definitions of ellipticity and orientation angle,

respectively, as mentioned in the previous sections and the associated equations in

(2.30) also relate to the Poincaré sphere in section 2.7.

ψ =
1

2
arctan(

S3

S0
), θ =

1

2
arctan(

S2

S1
). (2.31)

As such any arbitrary polarisation state can be obtain as defined by ψ and θ given

in Eqn. (2.31).

Similar to the Poincaré sphere which is used to describe polarization states,

OAM states can also be represented on a sphere known as the Bloch sphere. This

geometric representation of OAM relies on the fact that Laguerre-Gaussian (LG`p)

modes can be given by linear superpositions of Hermite-Gaussian (HGnm) modes

[139]. To help us describe this sphere, we consider spatial OAM modes in the form

of Laguerre-Gaussian beams such that the various OAM states on the sphere can

be mathematically expresses as,

U(r, θ) = cos(
ψ

2
)LG`10 + sin(

ψ

2
)LG`20 eiθ (2.32)

where the terms cos(ψ/2) and sin(ψ/2) define the weightings of each mode and θ

is the inter-modal phase. The geometric representation of OAM states on a sphere

with respect to LG`p modes is as illustrated in Fig. 2.6. In this representation,

each LG`p mode is associated with a unique point on the sphere such that opposite

OAM states are situated at the poles (i.e. `1 = +1 and `2 = −1). On the equator

are equally weighted superpositions of LG`1p and LG`2p modes resulting in (HGnm)

modes. Thus far, the polarization and OAM spheres have been described separately

yet vector light fields take into account the total angular momentum of light waves,

that is, spin angular momentum (SAM-polarization) and OAM. Following the two

geometric representations discussed above, the total angular momentum can also be
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Figure 2.6: A geometric representation of OAM states on the Bloch sphere with

pure OAM states `1 = +1 and `2 = −1 located at the poles.

described on a sphere called the higher order Poincaré sphere which is presented in

the next section.

2.9 Higher Order Poincaré Sphere (HOPS) beams

As mentioned in the previous section, the combined polarisation and OAM state

of each cylindrical vector vortex beam can be geometrical represented by a point

on a sphere called a Higher Order Poincaré Sphere (HOPS) shown in Fig. (2.7).

In this geometric representation, the scalar beams consisting of the left and right

circularly polarisation (separable states) are located on the poles, while the cylin-

drical vector vortex beams with a spatially inhomogeneous polarization distribution

(non-separable states) lie along the equator and the elliptical polarizations (partially

non separable states) are situated in between the poles and the equator.

U(r, θ) = cos(
ψ

2
)LG`0eiθ/2R̂ + sin(

ψ

2
)LG−`0 e−iθ/2L̂ (2.33)

The HOPS can be mathematical described by the above equation which is derived

from Eqn. (2.17), where the amplitudes AR(r) and AL(r) are chosen to be cos(ψ/2)

and sin(ψ/2), respectively, while θ ∈ [0, 2π] and ψ ∈ [0, π]. In this case the Stokes

parameters can then be expressed such that they take into account both OAM and
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Figure 2.7: The positions of the polarisation states on the high order Poincaré sphere

are as shown in (a) and (b). The sphere on the left defined by OAM `= +1 shows

the radial (S+1
1 ) and spiral (S+1

2 ) polarization states while the sphere on the right

defined by OAM `= −1 shows the hybrid states (S−1
1 and S−1

2 ).

polarization as represented on the higher order Poincaré sphere in the following

manner,

S`0 = |Ψ`
R|2 + |Ψ`

L|2,

S`1 = 2|Ψ`
R||Ψ`

L| cos(δ2 − δ1),

S`2 = 2|Ψ`
R||Ψ`

L| sin(δ2 − δ1),

S`3 = |Ψ`
R|2 − |Ψ`

L|2. (2.34)

2.10 Conclusion

In this Chapter we presented scalar light fields by taking into account the general

Helmholtz wave equation within the paraxial approximation for a propagating light

wave. Analytical solutions to the wave equation in cylindrical coordinates (Laguerre-

Gaussian beams), rectangular coordinates (Hermite-Gaussian beams) were consid-

ered as well as Bessel-Gaussian and super-Gaussian (flat-top) beams. We introduced

vector light fields with particular interest in cylindrical vector vortex beams. Math-

ematical representations of polarization using Jones vectors and Stokes parameters

were presented. Furthermore, geometric representations of polarization (SAM) and

OAM states on spheres called the Poincaré and Bloch spheres, respectively, were
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discussed. Along this line, a geometric representation of the total angular momen-

tum of a light wave in the form of the higher order Poincaré sphere was discussed.

We were particularly interested in the aforementioned modes as the following Chap-

ters of this thesis focus on the experimental realisation as well as the analysis and

characterization of such structured scalar and vector light fields.
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Chapter 3

Laser beam shaping using

digital holographic techniques

3.1 Introduction

The tailoring of lights spatial profile can be achieved by modulating its amplitude

or phase and in some cases, both by complex amplitude modulation. This can be

realised by employing a transfer function capable of modulating either the ampli-

tude or the phase or both. Since the HoloEye Pluto SLM used in this work only

allows the modulation of only the phase, there are several other techniques that have

demonstrated the indirect modulation of the amplitude using these phase only de-

vices [10, 11, 22, 23, 140–143]. In addition, all the structured light beams presented

in the following Chapters are realised with an SLM. As such this Chapter will be

limited to digital beam shaping methods although such customized light fields can

also be obtained from physical hard coded optics such as phase plates, q-plates and

meta materials to mention a few [6].

In this Chapter, we explain laser beam shaping using computer controlled devices

such as SLMs since these digital devices provide on demand a very accurate, flexible

and relatively fast holographic means to tailor light’s spatial profile. Using the

customised laser modes discussed in Chapter 2 as examples, we present a detailed

guide on how to generate the necessary holograms to create these structured light

beams. Our guide only considers two major beam shaping methods which are (i)

phase only modulation and (ii) complex amplitude modulation where the latter

method requires the modulation of both amplitude and phase. We also describe

the general basics through which multiple beams can be generated using a single
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3.2. PHASE MODULATION

hologram (multiplexing). From the multiplexing concept, we then present a new

approach of realizing multiple vector beams and effectively arrays of higher order

Poincaré sphere beams.

3.2 Phase Modulation

Firstly, let us consider an input light beam which can be mathematically described

by, UA = Uae
i`φa where Ua is the amplitude and φa defines the phase. This beam

can be transformed into a new light field, UB = Ube
i`φb , where Ub and φb represent

the amplitude and phase of the new optical field. This transformation is governed

by a transfer function given by [16]

t =
UA
UB

=
Ua
Ub
ei`(φa−φb) (3.1)

and is associated with the physical optical element used to achieve the desired mod-

ulation.

In the case of phase only modulation where UA = UB, that is the amplitude of

the respective transmission function is unity, confirming that a phase-only response

is required. The light is only redirected to specific regions according to the encoded

phase function. Since light is only being redirected, one would expect the input

amplitude to be the same as the amplitude of the new desired light field hence a unity

amplitude term in the transmission function. Experimentally, this is not possible

due to losses within the optical system which cannot be avoided. In general, phase

only modulation has a higher conversion efficiency compared to complex amplitude

modulation which is discussed later in this Chapter. As an example of phase only

modulation, a beam can be propagated to some position in the transverse plane using

a phase-only blazed grating. To generate a beam with some OAM, an azimuthal

phase profile is encoded on the SLM as shown in Fig (3.1). The phase hologram

encoded on the SLM is given by mod[φa−φb, 2π]. Normally, the initial light field is

a plane wave characterised by a flat phase, such that the programmed hologram is

just the modulus of the desired phase, mod[φb, 2π]. It is important to note that for

this type of modulation the desired intensity pattern forms in the far field [16].

3.2.1 Multiplexing scalar modes using phase holograms

In order to generate a phase-only hologram capable of reproducing the amplitude

changes in LG`p modes, it is sufficient, in a first approximation, to encode the changes
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3.2. PHASE MODULATION

Figure 3.1: A schematic showing a phase only fork hologram used to generate a

vortex mode. The required azimuthal phase is shown by the inset. By altering the

period blazed grating, the generated vortex mode can be redirected to any position

in this case from A to B.

of sign given by the Laguerre polynomial L`p in the radial direction. This, in combi-

nation with an azimuthal phase variation, generates the transfer function[22],

t(ρ, ϕ) = exp {i [`ϕ+ πΘ(ρ)]} , (3.2)

where, Θ(ρ) is the Heaviside function that takes into account the sign variations of

the Laguerre-Gauss function and is given by,

Θ(ρ) = Θ

[
L|`|p

(
2ρ2

ω2
0

)]
. (3.3)

The above transfer function can be encoded on the SLM along with a linear phase

grating, to separate the different diffraction orders. The transfer function of a linear

phase grating is given by,

tg(x, y) = exp [i2π(ux+ vy)] , (3.4)

where u and v are the spatial frequencies of the grating along the horizontal and

vertical direction respectively. A lens of focal length f is placed at a distance f

from the SLM to separate the diffraction orders in the focal plane of the lens. The

final coordinates U and V of the first diffraction order are related to the grating

frequencies, the focal length f and the wavelength of the incident field, by the

relations U = uλf and V = vλf , respectively. Hence, the transfer function in terms
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3.2. PHASE MODULATION

of U and V takes the form,

tg(x, y) = exp

[
i2π

(
x
U

λf
+ y

V

λf

)]
. (3.5)

Hence, the hologram to generate the LG`p mode combined with the diffraction grating

takes the final form,

Φ = mod

{
`ϕ+ πΘ

[
L|`|p

(
2ρ2

ω2
0

)]
+ 2π

(
x
U

λf
+ y

V

λf

)
, 2π

}
. (3.6)

In the above equation, mod[x] represents the modulus function that wraps the

phase around 2π. A similar approach can be followed to generate HGnm beams

[143]. Figure 3.2 shows the amplitude, phase and holograms for LG`p 3.2(a) and

HGnm 3.2(b) modes.

Figure 3.2: Digital holograms, phase and amplitude for LG`p and HGnm modes. The

first row shows the amplitude while the corresponding phase profiles are given in

the second row. Phase only and complex-amplitude modulation (CAM) holograms

shown in the third and fourth row, respectively were encoded on the SLM to generate

(a) LG`p and (b) HGmn modes.

To generate multiple beams simultaneously, we combined on a single hologram a

superposition of multiple holograms, each with a unique spatial carrier frequency, as

illustrated in Fig. 3.3(a). Clearly, each spatial frequency (u, v) directs the generated

beam to a particular location in the Fourier plane, as illustrated in Fig 3.3(b).
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3.3. COMPLEX AMPLITUDE MODULATION

Figure 3.3: (a) A superposition of holograms with unique carrier frequencies (grat-

ing) forming a single hologram encoded on to the SLM. The unique carrier frequen-

cies correspond to a specific spatial position, on the Fourier plane, of the encoded

modes as shown in (b).

Overlapping between the multiplexed modes can be avoided by taking into account

the spatial bandwidth of the beams to be created. The spatial bandwidth in the

Fourier plane, as a function of the second moment beam size and beam quality factor

M2 for each mode is given by,

ωf =
M2λf

πω0
(3.7)

where ω0 is the initial programmed size on the SLM. The spatial bandwidth ∆u

of the beam is then ∆u = ωf/λf . Given that the position in the Fourier plane

of each beams along both coordinates is defined by U = uλf and V = vλf , the

bandwidth will be given by ∆U = ∆uλf and ∆V = ∆vλf . This relation provides

an optimum distance by which to separate the modes ensuring no overlap. If for

example, we choose ∆U = ωf , then the separation in grating spatial frequencies

between neighboring modes would be

∆u =
M2
i

πωi
+
M2
i+1

πωi+1
(3.8)

where ωi and ωi+1 is the second moment beams size of each mode. The final hologram

ΦM for M multiplexed beams takes the form,

ΦM =

M∑
j=1

mod

[
`jϕ+ πΘj(ρ) + 2π

(
x
Uj
λf

+ y
Vj
λf

)
, 2π

]
. (3.9)

Specific modes and their positions in the Fourier plane can be selected by properly

choosing `j , Θj(ρ) and (Uj , Vj).

3.3 Complex Amplitude modulation

As was mentioned in the introduction, it is possible to change the amplitude and

phase using complex amplitude modulation on a phase-only device. This can be
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3.3. COMPLEX AMPLITUDE MODULATION

achieved by incorporating the amplitude term into the phase term such that by

modulating the phase, to obtain the desired optical field, the amplitude is also

changed. There are several approaches to complex amplitude modulation that have

been reported in the literature [141, 10]. In this holographic technique, beam shaping

is achieved by redistributing light such that the desired beam is generated in the

first diffraction order. The unwanted light is therefore redirected to either higher

diffraction orders or to the undiffracted zero order. In the latter case, the phase depth

of the encoded hologram is decreased while for the former the spatial frequencies

are increased resulting in higher diffraction angles [16]. As expected, this technique

unfortunately has a much lower conversion efficiency but presents better modulation

as control of both phase and amplitude is enabled. For this case the desired beam

shape or pattern forms in the near field as such relay optics are required to propagate

the beam to the detector [16].

3.3.1 Multiplexing scalar modes using complex amplitude modula-

tion

Complex amplitude modulation can be achieved in many ways, however in this thesis

we will only focus on the method proposed by Arrizon et al. [10] that produces the

highest quality mode compared to other methods [142, 141]. To start with, lets

consider a field of amplitude A(r) and phase φ(r) of the form,

U(r) = A(r) exp[iφ(r)] (3.10)

with A(r) and φ(r) in the intervals [0,1] and [−π, π], respectively. One way to

indirectly modulate the amplitude from phase modulation can be done by writing

Eq. 3.10 as

h(r) = exp{iΦ[A(r), φ(r)]} (3.11)

Everything reduces to finding the function Φ[A(r), φ(r)]. This can be done by ex-

panding Eq. 3.11 as a Fourier series of the form

h(r) =

∞∑
q=−∞

cAq exp[iqφ(r)], (3.12)

where,

cAq =
1

2π

∫ π

−π
exp{iΦ[A(r), φ(r)]} exp[−iqφ(r)]dφ. (3.13)

The field U(r), can be recovered from the first term of the above equation provided,

cA1 =
1

2π

∫ π

−π
exp{iΦ[A(r), φ(r)]} exp[−iφ(r)]dφ = A(r)a, (3.14)
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3.3. COMPLEX AMPLITUDE MODULATION

with a a positive constant. Equation 3.14 can be fulfilled if,∫ π

−π
sin{iΦ[A(r), φ(r)]}dφ = 0, (3.15)

∫ π

−π
cos{iΦ[A(r), φ(r)]}dφ = 2πa, (3.16)

which provides an appropriate basis to determine Φ[A(r), φ(r)]. In Eqn. (3.16) the

value of the constant a is in the interval [0,1], which limits the efficiency of the

generated hologram. While different solutions to Eqns. (3.15) and (3.16) can be

found, here we will only focus on a solution with odd symmetry, namely,

Φ[A(r), φ(r)] = f [A(r)] sin[φ(r)], (3.17)

which corresponds to type 3 hologram in reference [10], according to which h(r) =

exp{if [A(r)] sin[φ(r)]} can be expanded, using the Jacobi-Anger identity as,

exp{if [A(r)] sin[φ(r)]} =
∞∑

s=−∞
Js{f [A(r)]} exp[isφ(r)], (3.18)

where, Js are the Bessel function of order s. Direct comparison of Eqns. (3.18) and

(3.12) yields,

cAq (r) = Jq{f [A(r)]}. (3.19)

Equation 3.14 yields the final expression

cA1 (r) = J1{f [A(r)]} = A(r)a, (3.20)

where J1(x) is the first order Bessel function. Finally, f [A(r)] can be obtained by

numerical inversion of Eqn. (3.20) as,

f [A(r)] = J−1
1 [A(r)a] (3.21)

The inversion of J1(x) is guaranteed in the interval [0, xm], being xm = 1.84 the value

where J1(x) reaches its first maximum J1(xm) = 0.5819. This restriction limits the

values of φ[A(r), φ(r)] to the reduced domain [−0.586π, 0.586π], which implies that

the maximum phase shift that can be obtained with this method is ∆φ = 1.17π.

To generate the required holograms to transform an input light field into LG`p or

HGnm, we can consider the SLM to be located at z = 0 and simplify Eqns. (2.11)

and (2.12) in Chapter 2 as,

LG`p(ρ, ϕ, 0) =
1

ω0

√
2p!

π(`+ p)!

[√
2ρ

ω0

]`
L`p

[
2ρ2

ω2
0

]
exp

[
− ρ

2

ω2
0

]
exp[−i`ϕ] (3.22)

33



3.4. FLAT-TOP GENERATION USING PHASE MODULATION

and

HGnm(x, y, 0) =
1

ω0

√
2−(n+m−1)

πn!m!
Hn

[√
2x

ω0

]
Hm

[√
2y

ω0

]
exp

[
−x

2 + y2

ω2
0

]
, (3.23)

respectively. The phase φ(r) and amplitude A(r) can be easily obtained from the

above equations and inserted into Eqn. (3.21) and finally in Eqn. (3.17) to obtain

the desired hologram, which will take the form

Φ = f [A(r)]] sin

[
φ(r) + 1.17π

(
x
U

λf
+ y

V

λf

)]
. (3.24)

Figure 3.2 (fourth row) shows examples of the holograms obtained as described

above to generate LG`p and HGnm modes. Multiplexing of LG`P and HGmn can be

achieved by encoding a hologram of the form,

ΦM =

M∑
i=1

f [A(r)] sin

[
φi(r) + 1.17π

(
x
Ui
λf

+ y
Vi
λf

)]
, (3.25)

where, A(r)i and φ(r)i represents the amplitude and phase of the encoded mode,

respectively, Ui and Vi are the final positions of each mode in the vertical and

horizontal direction, respectively. Figure (3.3) shows multiplexing of three HGmn

modes HG01, HG11 and HG22 with different grating frequencies.

3.4 Flat-top generation using phase modulation

One of the many techniques of realising a flat-top beam from an input Gaussian is

through modulating phase. This method relies on the size of the input Gaussian

which is governed by a dimensionless parameter β given by[1, 14],

β =
2
√

2πωGωFT
λf

(3.26)

where ωG and ωFT are the Gaussian and flat-top beam sizes while f is the focal

length of the fourier lens which is placed between the modulating element and the

focal plane where the flat-top forms. In this case, the phase function required to

obtained a flat-top is as follows,

φ(r) = β

√
π

2

∫ √
π

ωFT

0

√
1− exp(−ρ2) (3.27)

This function is radially symmetric and transforms a circular Gaussian beam of size

ωG into a circular flat-top (Fig. 3.4 (b)) of width ωFT .

A major drawback to this technique is the degradation of the created flat-top

upon propagation as previously mention in Chapter 1. A solution to this problem

is presented in the following section.

34



3.5. SHAPE INVARIANT VECTOR FLAT-TOP BEAMS

Figure 3.4: Experimental circular flat-top generation using an SLM. By encoding a

phase function, the desired flat-top forms at the focal plane of a fourier lens (FL) as

illustrated.

3.5 Shape invariant vector flat-top beams

In this section, we begin by illustrating the propagation dynamics of Super Gaus-

sian beams. As was explained in the previous section, these beams can be digitally

generated using SLMs where an input Gaussian beam is transformed into a flat-top

at the focal plane of a focusing lens [14]. However, the resulting uniform peak inten-

sity distribution degrades while the beam propagates in space as illustrated in Fig.

(3.5). Shape invariant vector flat-top beams which are described in the subsequent

sections present a solution to this problem. As such, we present analytical simula-

tions of propagation invariant vector flat-top beams which can be obtained from a

coaxial superposition of a Gaussian and a donut beam with orthogonal polarization

states.

3.5.1 Vector flat-top beams

Without any loss of generality, imagine that a Gaussian beam in some linear polari-

sation state is incident on a SLM and consider that the SLM is orientated to diffract

only the horizontal component, passing the vertical component undiffracted. If

no grating is added to the SLM phase pattern then the undiffracted beam (vertical

component) will be collinear with the diffracted (horizontal) component of the initial

beam. One can see that by careful choice of the initial polarisation and programmed

phase pattern, an engineered beam can be created (one could also of course alter

the initial beam profile too, but this would be akin to altering the phase profile on
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Figure 3.5: Propagation of a flat-top beam (radius of 1 mm and wavelength of

λ = 532 nm) using the flatten Gaussian beam approximation, clearly showing that

the advantage of the initial uniform intensity is quickly negated. Some example

profiles during this propagation are shown in the bottom panel, with the initial flat-

top beam shown in blue and the final beam after 5 m shown in red, with complex

shapes in-between.

the SLM). We can formulate this mathematically by writing the initial beam in the

Jones matrix form (in the horizontal/vertical basis) as

u0(r) = exp
(
−(r/w)2

) √1− α
√
α

 , (3.28)

so that the output beam after an SLM phase of exp(iψ(r, φ)) is

u(r, φ) = exp
(
−(r/w)2

) √α exp(iψ(r, φ))
√

1− α

 . (3.29)

Now if the SLM phase screen is set to create a vortex mode of topological charge

` = 1 (or −1), then the output beam after some filtering (see experimental discus-

sion) yields
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Figure 3.6: In the top frame we show example plots of the vector intensity profile

as α is changed, evolving from a vortex to a Gaussian with a near flat-top beam at

a critical superposition state of an equal weighting. Cross-sections of this evolution

are shown in the bottom panel for the three cases of interest, with a flat-top beam

clearly shown at the intermediate value of α.

UFT (r, φ, z) =
√
αLG00(r, φ, z)êH +

√
1− αLG01(r, φ, z)êV, (3.30)

where LGp`(r, φ, z) refers to the Laguerre-Gaussian modes of radial order p and

azimuthal order `, i.e., a Gaussian and vortex mode in the above with with p = 0,

and the vectors denote the horizontal and vertical components of the Jones matrix.

Such an LG0`(r, φ, z) mode may be expressed as

LG0`(r, φ, z) =

√
2

πw2(z)|`|!

(√
2r

w(z)

)|`|
× exp

(
− r2

w2(z)
+ ik

r2

2R(z)

)
exp(i(1 + |`|)ζ(z)), (3.31)
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where ζ(z) = arctan(z/zR), w(z) = w0

√
1 + (z/zR)2, R(z) = z(1 + (zR/z)

2) ,

zR = πw2
0/λ and have the same physical meanings defined in Chapter 2. w0 is

the Gaussian beam width and λ is the wavelength to give a Gaussian divergence of

θ0 = λ/(πw0). The intensity of such a beam is dependent on the initial polarisation

of the Gaussian beam, which is easily changed with wave plates and a polariser, but

which in general is given by

I(r, φ, z) = α|LG00(r, φ, z)|2 + (1− α)|LG01(r, φ, z)|2, (3.32)

with some example plots shown in Fig. 3.6. Our desired flat-top beam appears

near the equal weighting superposition state. We note from Eq. (3.32) that the

intensity profile as a function of propagation distance is known analytically since each

orthogonal polarisation component is analytic. Intriguingly, the two modes making

up I(r, φ, z) have exactly the same Rayleigh distance, and hence the contribution of

each to the desired beam remains invariant during propagation. This is because the

beam sizes after the SLM are not the same: the vortex mode is a factor
√
|`|+ 1

bigger, just the right amount to counter the increase in divergence due to the larger

mode number. To see this, if the Rayleigh distance of the Gaussian mode is Z00 and

that of the vortex mode Z01 then

Z01 =
πw2

01

M2λ
=
π(w00

√
|`|+ 1)2

(|`|+ 1)λ
=
πw2

00

λ
= Z00

A consequence of this is that the intensity profile of the vector superposition main-

tains its intensity profile during propagation, albeit with a change in size. This is

also true for the special case of α = 0.5 where we find a propagation invariant flat-top

beam, as shown in Fig. 3.7. Because the final intensity appears as an incoherent mix

of the two components, the second moment beam width (wFT ), divergence (θFT )

and resulting scalar beam quality factor, M2
FT , can be analytically calculated from

the weighted sum of the modal values [144], which simply gives

wFT = w0

(
α+ (1− α)

√
1 + |`|

)
,

θFT =
M2
FTλ

πwFT
,

and

M2
FT = α+ (1− α)(1 + |`|).
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Figure 3.7: Propagation of a vector flat-top beam with w0 = 1 mm over an extended

distance of 10 m for a wavelength of λ = 532 nm. The peak intensity has been

normalised to unity in order to visualise the intensity shape evolution. It is clearly

seen that the profile is propagation invariant.

It is not only the intensity profile that remains invariant but the vector nature

too, for which we demonstrate experimentally and outline an analysis toolkit in

section (7.2).

3.6 Cylindrical vector vortex beams

In this section we consider the concept of digital generation of cylindrical vector

vortex beams. We present a novel approach which employs interferometric means to

simultaneously generate multiple vector beams using a single hologram (vector beam

multiplexing). Furthermore, we extend this concept to realise arrays of higher order

Poincaré sphere beams. This approach follows the multiplexing concept previously

described in section (3.2.1).

3.6.1 Interferometric generation of vector vortex beams

In general, CVB can be generated as linear combinations of optical vortices of op-

posite topological charge ` (with ` ∈ Z) and orthogonal circular polarization as

[133, 145, 146],

Ψ = Ψ`
Rei`φeiα1 êR + Ψ−`L e−i`φeiα2 êL (3.33)

where, the unitary vectors êR and êL represents the right and left circular polar-

ization with corresponding amplitudes Ψ`
R and Ψ`

L. φ is the azimuthal angle of the
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Figure 3.8: (a) Several holograms are multiplexed with appropriate gratings to gen-

erate two sets of beams, one traveling along path A and another along B. The

topological charges of each set should be selected carefully to generate the desired

CVB. (b) By recombining the beams on paths A and B with appropriate orthogonal

polarizations and phase delays any vector beam can be generated. This figure only

depicts the principle behind our generation method, the holograms shown here do

not correspond to the intensity profiles shown. The same applies for the topological

charges, they have to be carefully chosen to generate the desired vector beam.

cylindrical coordinates. As mentioned before, in order to generate multiple CVB

simultaneously, two independent sets of scalar beams traveling along different paths

are first generated. This can be easily achieved on the SLM by multiplexing each

beam’s hologram with different spatial gratings into a single hologram, as illustrated

in Fig. 3.8(a). The spatial shape, amplitude and phase of each beam can be ma-

nipulated accordingly via the digital hologram. The purpose of sending two sets of

beams along different paths is to rotate the polarization of each group to orthogonal

circular polarization êL and êR, as illustrated in Fig. 3.8(b). Coaxial superposition

of these two sets of beams enables the generation of the desired CVB. Manipula-

tion of the spatial shape and phase difference between both beams, via the digital

hologram, makes possible to generate CVB with various polarization states as con-

ceptually illustrated in Fig. 3.8, were four CVB are shown. It should be stressed

that the gratings shown in this figure should only be taken as illustration of our

concept. Analogously the intensity profiles and CVB shown only illustrates the con-
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cept, as the intensity, topological charge and phase shift of the beam within each

group has to be properly selected.

To multiplex various CVB spatially separated in the far field, each must be

encoded with a unique carrier frequency. This can be achieved by adding a linear

phase grating to the hologram of each beam. Linear gratings in combination with

spatial filters are commonly used to isolate the first diffraction order from undesired

zero and higher diffraction orders. The transfer function of a linear phase grating is

given by [106],

tg(x, y) = exp

[
i2π

(
x
U

λf
+ y

V

λf

)]
, (3.34)

where U and V are the spatial coordinates of the generated beam in the far field,

achieved with a Fourier lens of focal length f . U and V are related to the grating

frequencies (u, v) as U = uλf and V = vλf . Here, λ is the wavelength of the input

light beam. The final expression for the multiplexed hologram that we display on

the SLM to generate a number M of CVB takes the final form,

ΦM = mod


M∑
j=1

[
hj + 2π

(
x
Uj
λf

+ y
Vj
λf

)]
+

M∑
k=1

[
hk + 2π

(
x
Uk
λf

+ y
Vk
λf

)]
, 2π


(3.35)

where, mod{·} represents the modulus function that wraps the phase around 2π.

The first sum represents the scalar modes traveling along path A whereas the second

one, those traveling along path B. hj and hk represent the holograms required

to generate each scalar beam. In order to generate each CVB, the coordinates

(Uj , Vj) of each beam generated by the hologram hj is carefully selected to match

the coordinates (Uk, Vk) of the beam generated by the hologram hk.

3.6.2 Creating multiple higher order Poincaré sphere beams

Again to explain the concept of generating multiple higher order Poicaré beams, we

use the Laguerre Gaussian basis as an example mathematically given as

U(r) = LG`1p1eiα1R̂ + LG`2p2e−iα2L̂. (3.36)

Here R̂ and L̂ represent the unitary vectors of the right and left circular polarization,

respectively, and LG`1p1 and LG`2p2 are the amplitudes of each orthogonal component

and represent the well-known Laguerre-Gaussian modes with azimuthal and radial

indexes ` and p, respectively, while α1 and α2 define modal phases. In this study,

we will restrict ourselves to modes with `1 = −`2 = ±`, α1 = 0 and α2 = α in order

41



3.6. CYLINDRICAL VECTOR VORTEX BEAMS

Figure 3.9: Geometric representation of vector beams with arbitrary polarization

states on the higher-order Poincaré sphere, for (a) ` = l and (b) ` = -l. Each

vector beam is digitally generated by encoding a multiplexed hologram consisting

of two beams with unique carrier frequencies, as shown in (c) (i), propagating along

different paths, that upon coaxial superposition, can create a specific higher-order

Poincaré beam (position 1 in (a)). Manipulation of the programmed holograms

allows digital creation of any arbitrary polarization state on the sphere (examples

denoted by positions 2, 3 and 4 in (a) and the corresponding hologram pairs are

given in (c) (i)). Superposition of these multiplexed hologram pairs results in the

simultaneous generation of multiple HOPS beams at unique spatial positions as

shown in (c) (ii).

to create HOPS beams

U(r,Φ,Θ) = cos

(
Φ

2

)
LG`0e−iΘ/2R̂ + sin

(
Φ

2

)
LG`0eiΘ/2L̂, (3.37)

where Φ ∈ [0, π] and Θ ∈ [0, 2π] are the coordinates on the HOPS, as shown in

Fig. 3.9 (a) and (b). In this geometric representation, the left and right circularly
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polarized OAM states are located on the poles (our scalar vortex beams); the cylin-

drical vector vortex beams lie along the equator; and intermediate states occupy the

rest of the sphere. Such beams have been created by a myriad of techniques [51, 42]

and found many applications [147, 120, 17].

To generate a single vector beam, we follow the same approach presented in

section (3.6.1). To realize HOPS beams is necessary to superimpose appropriate

scalar beams with orthogonal polarizations. The beauty of this approach lies in the

fact that all properties of each individual beam can be manipulated digitally, without

any mechanical component, allowing the generation of any beam on the HOPS. For

example, to generate all cases shown in Fig. 3.9 (a), labeled as 1, 2, 3, and 4, one

needs only to adjust the relative phase and amplitude of each scalar beam, associated

to the parameters Θ and Φ, respectively. For the case of the radially polarized beam,

labeled as 1, the corresponding parameters are: ` = 1, Φ = π/2 and Θ = 0 (see

Fig.3.9 (c, i) inset 1). By superimposing each of the multiplexed pairs of holograms

into a single hologram, as shown in Fig. 3.9 (c) (ii), the simultaneous generation of

multiple vector beams can be realized.

3.7 Conclusion

In this Chapter, digital beam shaping techniques were presented with particular

interest in phase only modulation and complex amplitude modulation. A detailed

explanation on the generation of the phase only and complex amplitude holograms,

using LG and HG modes as examples was presented. Along the same line the con-

cept of creating multiple light beams simultaneously (multiplexing) was described.

We introduced the concept of creating shape invariant flat-top beams which was

confirmed by analytical simulations. Finally, a novel approach of creating multiple

vector beams which employs the multiplexing concept was presented. Furthermore,

the theoretical aspects of generating arrays of HOPS beams was also presented.

The experimental realization as well as the analysis and characterization of these

structured light fields is presented in Chapters 5, 6 and 7.
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Chapter 4

Fundamentals of optical

trapping

4.1 Introduction

In this Chapter we briefly discuss the fundamentals of optical tweezers and consider

the theoretical aspects used to model the forces acting on trapped particles of dif-

ferent sizes with respect to the wavelength of the trapping laser. Since the focus

of this thesis is on the creation of custom structured light fields, we do not go into

detail regarding the optical trap dynamics but however utilize optical tweezing as

an immediate application for our structured light fields.

The concept of optical tweezers can be described as a process in which a micron

sized particle is confined in 3 dimensional space using a single laser beam that has

been tightly focused by a high numerical aperture objective lens [148–150]. The

dynamics of trapping a transparent micro particle using a single beam is governed

by two forces, the gradient and scattering forces due to the refraction and reflection of

the incident light rays, respectively. In the case of the scattering force, the impinging

irradiation reflects off the particle, exerting a force per unit area on the particle

(radiation pressure) which pushes the particle in the direction of propagation. The

gradient force, however, acts in the direction of the spatial intensity gradient (i.e.

towards the most intense region of the beam), both in the transverse and propagation

planes (Fig. 4.1). In order to realise a stable three-dimensional trap, the gradient

force in the axial direction must be greater than the scattering force so as to overcome

the radiation pressure. This requires a very steep intensity gradient, which is realised

by tightly focusing the laser beam on to a diffraction-limited spot by using a high
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numerical aperture objective. The trapping force is typically in the femto to pico-

Figure 4.1: Schematic illustrating a single beam optical trap. (a) Shows the net

force in the lateral direction towards the most intense region of the focused incident

beam while (b) shows an equilibrium state between the scattering forces (in red)

and the gradient force (in black) in the axial direction.

newtown range. These optical forces associated with an optical tweezer can be

explained using two theoretical concepts: ray optics and Rayleigh theory which

depend on the particle size. The following sections will give a brief description of

these two theoretical concepts.

4.2 The ray optics regime

Ray optics theory is used to model the trapping forces when the dimension of the

particle a is much larger than the wavelength λ [151]. We can calculate from ray

optics the optical forces and it is worth noting that as the size of the trapped object

becomes bigger, the forces acting on it decrease. The expression of the force caused

by a single ray of a power P can be written as follows [151]:

F =
nmP

c
(1 +Rcos(2θ))−

(
T 2[cos(2θ − 2φ) +Rcos(2θ)]

1 +R2 + 2Rcos(2φ)

)
k

+
nmP

c

(
Rsin(2θ)− T 2[sin(2θ − 2φ) +Rsin(2θ)]

1 +R2 + 2Rcos(2φ)

)
i (4.1)

where θ and φ are the angle of incidence and refraction respectively. R and T are

the Fresnel reflection and refraction coefficients, and i and k are a perpendicular
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unit vectors. The trap can be strengthened by maximizing the force in the z-

direction. This is better if an objective with a high numerical aperture (NA) is

used. These optical forces are based on the third law of Newton, due to an exchange

of momentum happening between the photon and the bead, a force proportional

to the light intensity arising from refraction. This force can be in the direction of

the gradient intensity if the refraction index of the sphere np is higher than that

of the medium nm. In the case where the refraction index of the sphere is lower

than the refraction index of the surrounding medium the opposite effect is observed.

For the ray optics case we are able to control and manipulate some micron-sized

particles such as biological cells however it’s difficult to trap some viruses which are

smaller than 100 nm. Therefore, for particles much smaller than the wavelength the

Rayleigh regime is considered and is described in the following section.

4.3 The Rayleigh regime

In this regime, the trapped particle is much smaller than the wavelength of the

incident laser beam such that it is considered a dipole [152]. The electric field

of the incident light acts uniformly on the particle at a given instant [148, 152].

Similarly, for this regime, the forces acting on the nano particle are divided in two;

the force due to radiation pressure (scattering force) and the gradient force related

to the intensity distribution of the laser beam. The scattering force is proportional

to the scattering cross section and therefore increases according to the following

equation [152];
#»

F scat(
#»r ) =

8πnm
3c

(ka)4a2

(
m2 − 1

m2 + 2

)
I( #»r ) (4.2)

where k = 2π
λ is the wave number in the medium and I(r) is the intensity profile

of the irradiating laser beam. When m − 1 << 1 the scattering force scales to

(np − nm)2a6. However, the gradient force has a linear relation to the polarisability

given by
#»

F grad(
#»r ) =

2πnm
c

a3

(
m2 − 1

m2 + 2

)
#»∇I( #»r ) (4.3)

and scales to (np − nm)a3 for a small difference in the particle and medium indices

of refraction. Considering the paraxial regime of a propagating Gaussian beam, the

intensity profile of the the beam can be expressed as

I( #»r ) =
2P

πw(z)2
exp

(
−2r2

w(z)2

)
(4.4)
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at some propagation distance z from the focus and a radial distance r from the

propagation axis. Where w(z)2 = w2
0(1 + ( zz0 )2), z0 =

πw2
0

λ , w0 is the waist of the

beam and P is the power of the incident laser beam. The radial trapping stiffness kr

and the axial trapping stiffness kz can, respectively, be obtained using the following

equations

kr =
32P

3w4
0c
a3(np − nm) (4.5)

kz =
64P

3k2w6
0c
a3(np − nm) (4.6)

Equations 4.5 and 4.6 hold if the conditions m−1<<1 and
#»

F grad
#»z >>

#»

F scatt

are assumed, respectively.Thus far we have considered two case where the particle

is much greater and much smaller than the trapping laser beam wavelength. The

next section takes into account when the particle diameter is approximately equal

to the laser beam wavelength.

4.4 The Mie regime

The Rayleigh approximation described in the previous section is valid for particles

much smaller than the wavelength and does not apply for a particle with a diameter

comparable to the trapping laser beam wavelength (a ≈ λ). As such, a more general

approach referred to as the Generalized Lorenz-Mie Theory (GLMT) is employed.

This approach enables the modelling of the scattering fields and radiation forces that

act on a particle of any size being trapped by a Gaussian beam or other general beam

shapes [153]. The optical trapping forces in this case are expressed with respect to

3 cross-section in the transverse x, y planes and the axial z plane. This force is

mathematically described by equation (4.7) [153].

#»

F ( #»r ) =
n2

c
I0 [x̂Cpr,x( #»r ) + ŷCpr,y(

#»r ) + ẑCpr,z(
#»r )] (4.7)

where I0 = 2P/πω2
0 is the intensity of the beam irradiating the particle with a

power P while Cpr,x, Cpr,y and Cpr,z are the respective cross sections[154, 155]. The

necessary forces required to trap particles with respect to their size and trapping

wave length using a plane wave have been discussed. The next section will consider

the concept of holographic optical trapping.

47
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4.5 Holographic optical traps

Light forces in optical tweezers provide adequate forces to manipulate micro and

nano particles and arrange them into various configurations in 2D and 3D [117, 28,

21, 6, 43]. The ease at which these micro particles are assembled has been made

possible by the dynamic properties of SLMs being integrated into optical tweezers

forming what is conventionally known as ”Holographic optical traps”. A schematic

illustration of miniaturized particles arranged to spell the word ”WITS” using a

dynamic holographic optical trap is shown in Fig. (4.2).

Figure 4.2: Schematic illustrating multiple optical traps arranged into unique con-

figurations as dictated by a holographic optical trap.

The introduction of holographic optical tweezers has enabled the generation of

multiple traps in a desired array or arrangement (Fig. (4.2)) each manipulated

independently of its nearest neighbour [6, 21, 28, 117]. HOTs also provided a means

to real-time manipulation of trapped particles by simply encoding arbitrary phase

patterns on the SLM demonstrating its flexibility. In addition, more complex laser

beam structures have since enabled other features such as trapping of low refractive

index particles. The ability to trap with structured light fields also resulted in an

improved trapping efficiency[125, 126, 123].

Generally, HOTs are designed from the convectional optical tweezers system

but instead one of the mirrors directing the laser into the trap is replaced with

an SLM as shown in Fig 4.3. The effect of the dynamics of the SLM, i.e. the

ability to manipulate particles by altering the encoded hologram, is realised when

the SLM is at the conjugate plane of the objective lens. Normally this is achieved
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Figure 4.3: Schematic illustrating an SLM controlled optical trap where the SLM

is imaged onto the back entrance of the objective lens (conjugate plane) using a

telescope (f1 and f2). Using this configuration, a change in the encoded hologram

causes a change in the beam position in the trapping plane.

using relay optics to image the SLM plane to the conjugate plane of the objective.

The versatility of the structured light fields discussed in Chapters 2 and 3 will be

demonstrated in a holographic trap presented in Chapter 7 as such it was worthwhile

to briefly introduce this concept.

4.6 Conclusion

To summarize this Chapter, the fundamental forces responsible for optical trapping

were briefly discussed. We then consider the three common theoretical concepts used

to model the trapping force in an optical tweezers system with respect to the size

of the particle being trapped. Finally, we briefly described the basics of holographic

optical traps and its benefits thereof.
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Chapter 5

Generation and manipulation of

scalar beams using an SLM

5.1 Introduction

Laser beam shaping using computer controlled devices such as spatial light modu-

lators has become a relevant tool in modern day optics laboratories. Importantly,

these digital devices provide on demand a very accurate, flexible and fast holographic

means to tailor light’s spatial profile. In addition, this digital holographic approach

allows the simultaneous shaping and generation of several beams (multiplexing),

a feature which has been found very useful in numerous laser based applications.

In this Chapter, we demonstrate the experimental realisation of light beam multi-

plexing using Laguerre-Gaussian and Hermite-Gaussian modes as our chosen scalar

light fields. The experiments presented here are based on the hologram generation

and multiplexing concepts discussed in Chpater 3 section (3.2.1). We qualitatively

compare the beam shaping techniques used by performing 2D image correlation of

the experimentally generated modes against theoretical images. Additionally, we

present a quantitative analysis on the multiplexing capabilities of SLMs to assess

the maximum number of beams that can be multiplexed on a single SLM, in which

we show multiplexing of approximately 200 modes. Finally, theoretical simulations

which take into account different SLM resolutions are presented.
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5.2 Experimental implementation of mode multiplexing

A schematic of the multiplexing setup is shown in Fig. 5.1. The laser source, linearly

polarized, was expanded using a telescope constituting a 10× microscope objective

and a lens L1 of focal length f = 100 mm to approximate a plane wave. The

expanded beam impinged onto a reflective SLM, Holoeye Pluto, with a resolution

of 1920 × 1080 pixels and a pixel pitch of 8 µm. The SLM screen was split into

three sections which enabled independent hologram addressing on each third [36].

A multiplexed hologram to generate LG`p, HGnm or a combination of modes was

encoded on each third of the SLM. Each mode was encoded with a unique carrier

frequency, as explained in section 3.2, to separate all modes in the far field. The far

field was obtained using a 2f configuration system, in which a lens of focal length

f = 250mm (L2) was inserted halfway between the SLM and the detector, located

at 2f from the SLM. All the multiplexed modes were generated in the 1st diffraction

order which was separated from the rest using a spatial filter. The mode quality of

the generated modes was tracked using 2D image correlation, as will be explained

in the next section.

Figure 5.1: Schematic representation of a mode multiplexing setup. A laser beam

(λ = 532 nm) is expanded using a 10× microscope objective (MO) and a collimating

lens L1 on to a reflective SLM where a hologram of multiplexed LG`p and HGmn

modes is displayed. The desired modes are generated in the focal plane of the Fourier

lens L2 (Screen) with unique spatial positions.
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5.3 Analysis of mode quality

The quality of the experimentally generated modes was quantified by correlating

their intensity profile against their theoretical counterpart, represented by images

A (experimental) and B (theoretical) respectively. The 2D images correlation was

computed as,

C =

∑
i

∑
j(Aij − Ā)(Bij − B̄)√∑

i

∑
j(Aij − Ā)2

∑
i

∑
j(Bij − B̄)2

, (5.1)

where C, the correlation coefficient, is a dimensionless parameter that measures the

similarity between two images, 0 for nonidentical images and 1 for identical images.

Aij and Bij are the intensity values per pixel. Ā and B̄ are the mean intensity

values of A and B respectively. In this approach, an overlap of the experimentally

generated and theoretical images both with identical x×x pixel dimensions is per-

formed. This way a pixel to pixel comparison of the experimental intensity profile

and beam structure to that of the theoretical is performed. In this case, C=0 means

the experimental mode is not identical to the theoretical and C=1 the modes are

identical. In these experimental measurements, external filters were employed to

filter out any noise resulting in an improved signal to noise ratio on the detector

with no additional post image processing required.

A straightforward correlation measurement of the generated modes provides in-

formation about their quality as a function of their structure complexity. Figure 5.2

(top) shows the transverse intensity profile of the modes LG2
3, LG4

4, HG44 and HG73

generated through complex amplitude modulation. Their corresponding correlation

coefficients are C = 0.96, C = 0.93, C = 0.97 and C = 0.96. A cross-sectional plot

of the mode’s intensity profile, illustrating the intensity variations across the beam,

is also shown in Fig. 5.2 (bottom). From the chosen modes in figure 5.2 the HGnm

modes demonstrate higher correlation values than LG`p. A comparison of the mode

quality between the two beam shaping techniques, phase-only and complex ampli-

tude modulation (CAM),was also performed. Figure 5.3 shows the theoretical (top)

intensity profile of the modes LG3
1, LG1

2, LG2
3, LG4

4, HG12, HG12, HG31, HG23

and HG44 along with their corresponding experimental profiles generated through

phase-only (Fig. 5.3 center row) and CAM (Fig. 5.3 bottom row). As expected,

the correlation values decreases as the complexity of the modes increases. More-

over, the correlation values are always higher for modes generated through CAM

since this method provides control of both phase and amplitude while in phase only
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Figure 5.2: Experimental and theoretical intensity profiles of LG`p and HGnm modes

with corresponding correlations values C (top row). Cross-sectional intensity profile

along the dashed line comparing theory and experiment (bottom row) where the

horizontal axis if the radial profile in mm and the vertical axis is the normalized

beam intensity. Notice how the correlation values decrease as the mode complexity

increases.

modulation only the phase of the incident beam can be manipulated.

5.4 Beam quality of multiplexed modes

In order to quantify the maximum number of modes an SLM can support, we tracked

the correlation for a specific mode while increasing the number of multiplexed modes.

Our threshold for a good quality mode was set at a correlation C = 0.8, which is

the maximum correlation value that a theoretical mode can achieve when compared

to its own binary version, horizontal line in Fig. 5.4. In our experiment, we split

the SLM’s screen in three independent sections, each of which was addressed with

its own multiplexed hologram. In this way, each third of the SLM behaves as an

independent SLM and can be illuminated with the same source or with different

sources and/or wavelengths, increasing the number of multiplexed modes by a factor

of three [36]. Next, we encoded arbitrary modes on each third of the SLM and

tracked the correlation of one of them, while increasing the number of multiplexed

modes. This procedure was carried out for both multiplexing schemes and compared

afterwards. Figure 5.4 (a) shows the correlation as a function of the number of

modes for phase-only holograms whereas Fig. 5.4(b) shows the same measurements

for CAM holograms. Notice how the correlation values decay very rapidly for phase-

only holograms, enabling multiplexing of only 75 modes with correlations higher that

C = 0.8. On the contrary, for CAM, the correlation coefficient remains higher than

0.8 for up 192 modes. The obtained correlation values and number of modes are for
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Figure 5.3: The top row shows the theoretical intensity profile of LG`p (left) and

HGnm (right) modes. Second and third row show experimental intensity profiles

of phase only and complex amplitude modulation (CAM), respectively. Notice that

CAM allows for higher correlation values.

Figure 5.4: Correlation of an LG1
2 while increasing the number of multiplexed modes

for phase-only (a) and CAM (b) modulation. Notice that only 75 modes with C >

0.8) were achieved with phase-only modulation while CAM allows multiplexing of

192 modes.

this specific case and exhibit slight variation according to the selected modes when

multiplexing. In other words, the observed variations emanate from the addition

of more spatial modes which is done in a random manner, i.e. a different mode is

multiplexed each time, thereby resulting in the random variations in our plots. If

the same mode is used for multiplexing a more smooth decay in the correlation is

expected with increase in the number of modes. In this case we are mainly concerned

with the general trend and importantly that CAM enables the generation of much

larger mode sets compared to phase only modulation.

Figure 5.5 shows six sets of multiplexed modes, captured with a CCD camera
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(Pointgrey, 1288 × 964 pixels, 3.75 µm pixel size). By properly choosing the grating

period of each multiplexed mode, we generated 25, 36, 42 and 49 modes, as shown

in Fig. 5.5(a), (b), (c) and (d) respectively. These figures also illustrates that we

can generate, modes from the same set Fig. 5.5 (a),(b) and (d) or from different

sets Fig. 5.5(c) and (f).

Figure 5.5: Experimental intensity profile of (a) 25, (b) 36, (c) 42 and (d)-(f) 49 mul-

tiplexed modes. (a), (b), (d) and (e) shows multiplexed modes from the same basis

set, LG`p or HGnm whereas (c) and (f) shows multiplexed modes from both basis.

The images only show a maximum of 49 multiplexed modes due to the limitations

of the detector.

A simulation of multiplexed beams was carried out using the Fraunhofer approx-

imation of the angular spectrum method (far field), to extend our results to other

SLM’s screen resolutions. Again, the intensity profile of the simulated mode was

correlated against the theoretical. The modes generated through these simulations

are, non surprisingly, of higher quality but clearly illustrate a decay in the correla-

tion, as the pixel resolution decreases from 1700 × 1700 to 500 × 500 [Fig. 5.6(a)].

For this plot, a single mode (LG1
2) was generated and its correlation was tracked

while decreasing the pixel resolution. The simulated and theoretical images use the

same equations however to simulate the decrease in beam quality observed in the

experiment, a series of images with a gradual decrease in resolution (i.e. pixelated)

were generated. This way, a pixelated image is obtained with each decrease in pixel

resolution as illustrated in Fig. 5.6(a) and compared with the initial high resolution
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theoretical image to obtain the corresponding correlation value. The insets shows

the intensity profile of this modes at various resolutions. We also simulated the cor-

relation as a function of the number of multiplexed modes for different resolutions,

as shown in Fig. 5.6(b). As in the experiment, the correlation coefficient decreases

as the number of modes increases. The insets of this figure, shows the intensity

profile of the simulated modes for a resolution of 500 × 500 pixels as we increased

the number of multiplexed modes.

Figure 5.6: (a) Simulated correlation curve for various SLM resolutions. (b) Simu-

lated correlation curves for 225 multiplexed modes using different resolutions. For

these simulations we tracked the mode (LG1
2, but similar result can be obtained with

other modes.

5.5 Conclusion

In this Chapter, holographic laser beam shaping using a phase only spatial light

modulators was presented. We demonstrated the capability of these devices to gen-

erate multiple structured light fields simultaneously. We use two basis sets of spatial

modes, Laguerre-Gaussian and Hermite Gaussian, as examples to help demonstrate

the multiplexing concept. We firstly considered the experimental generation of our

modes using phase-only holograms where the amplitude is left as a free variable.

Thereafter we took into account the amplitude, through the generation of our modes

using complex amplitude modulation. We showed that of the two beam shaping tech-

niques, complex amplitude modulation reproduces tailored spatial modes of higher

quality compared to phase only modulation. We then presented an analysis of the

quality of the created spatial modes while increasing the number of multiplexed

beams from 1 up to 225. The analysis provided useful information on how the mode

quality decreases as the number of multiplexed modes increases with respect to the
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SLMs resolution. Furthermore, a theoretical analysis of the mode quality as function

of the resolution of the screen was presented. The results revealed, as expected, that

the quality of the modes decays as the screen’s resolution decreases and therefore

fewer number of multiplexed modes can be generated.
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Chapter 6

Generation of multiple complex

vector light fields

6.1 Introduction

In Chapter 5, we demonstrated that SLMs can simultaneous generate multiple struc-

tured scalar light fields by modulating only the phase or through complex amplitude

modulation where we shape both phase and amplitude. However, in our laser beam

shaping guide, we did not pay any particular attention to the polarization of the

resultant customized spatial modes. As such in this Chapter following the same mul-

tiplexing concept, we put forward a novel technique that exploits the superposition

principle in optics to enable the simultaneous generation of many vector beams using

a single digital hologram. Previously, these complex light fields have been generated

through a combination of physical optical elements such as spiral phase plates, q-

plates and quarter wave plates. However, such ”hard-coded” optical devices present

some restrictions such as their inability to generate multiple structured light fields

simultaneously. This has stimulated a wide range of generation techniques based on

computer controlled devices such as SLMs.

Here we present the experimental realisation of structured vector light fields

by shaping the phase, amplitude and polarization of some initial input field using

an SLM. Our method is purely digital based on the concept discussed in Chapter

3 section (3.6.1) and allows the generation of a wide variety of vector beams by

simply changing the encoded digital hologram. As proof-of-concept, we demonstrate

simultaneous generation of vector beams with different polarization states on the

High Order Poincaré Sphere (HOPS). To further show the flexibility of our approach,
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we on demand create multiple vector Bessel modes using the same experimental set

up by simply altering the programmed digital hologram. This generation technique

will be of impact in the context of quantum and classical communication, optical

micro-manipulation and super resolution microscopy.

6.2 Experiment realisation and implementation

To experimentally demonstrate the simultaneous generation of multiple cylindrical

vector beams (CVB), we used a horizontally polarized laser and a reflective SLM

(Holoeye Pluto) to generate multiplexed scalar beams. A schematic representation

of the implemented setup is shown in Fig. 6.1. On the SLM, a set of holograms

were multiplexed to generate two sets of scalar fields, each with a unique carrier

frequency (grating). The frequency of each grating is carefully selected to separate

the multiplexed holograms into two groups, one traveling along path A and another

along path B. To accomplish this, the holograms are multiplexed such that the

grating frequencies within each group are relatively small compared to the grating

of the two different sets. The beams propagating along path A are kept with the

same horizontal polarization while the ones traveling along path B are rotated to

vertical polarization by means of a Half-wave plate (HWP) orientated at 45◦. Both

sets of beams are recombined into a single set, using a Polarizing Beam Splitter

(PBS). To simplify the overlapping of all beams, a judicious choice of the gratings is

encoded so that the alignment of one ensures the alignment of the rest. A Quarter-

Wave Plate (QWP) set at 45◦ transforms the states of polarization to left- and

right-handed, respectively, to generate in this way multiple CVBs, each with its

own polarization state or spatial shape. The resulting CVBs were observed with a

CCD camera and their state of polarization analyzed with a linear polarizer placed

before the CCD. A further analysis of their quality was performed using the vector

quality factor, a measure that assigns the value 1 to pure vector beams and 0 to

scalar beams. In this proof-of-principle experiment we restricted ourselves to the

generation of vector beams with cylindrical symmetry (CVB) but any other vector

beam can be generated by simply modifying the displayed hologram.

59



6.3. MULTIPLEXING OF HIGH ORDER POINCARÉ SPHERE BEAMS

Figure 6.1: Schematic representation of the implemented setup to generate multiple

cylindrical vector beams. SLM: Spatial light modulator; DSM: D-shaped mirror;

M1,2: mirrors; PBS: Polarizing beam splitter; QWP: Quarter-wave plate; HWP:

Half-wave plate: L: Lens.

6.3 Multiplexing of high order Poincaré sphere beams

The Higher Order Poincaré Sphere (HOPS) is a very useful geometrical interpreta-

tion of CVB, according to which any vector state can be represented as a point (α,φ)

on a sphere [133, 145, 51]. In this representation, left and right circularly polarized

states are positioned on the poles, CVB are located along the equator and states

with elliptical polarizations occupies the rest of the sphere. A mathematical repre-

sentation can be derived from Eq. 3.33 by choosing, Ψ−`R = cos(ϕ/2), Ψ`
L = sin(ϕ/2)

and −α1 = α2 = α/2 as,

Ψϕ,α = cos
(ϕ

2

)
ei`φe−iα/2êR + sin

(ϕ
2

)
e−i`φeiα/2êL, (6.1)

where α ∈ [0, 2π] and ϕ ∈ [0, π]. In this representation, each ` value gives rise to

a unique HOPS. The digital method presented here enables the generation of any

CVB on the full Poincaré sphere. Moreover, it allows for the generation of CVB

corresponding to different HOPS. For example, by simply varying the phase offset

eiα, we can generate any vector mode along the equator. In addition, we can vary
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Figure 6.2: (a) Intensity profile of twelve multiplexed CVB from the High Order

Poincaré sphere, arrows depict the polarization state for each of them. Polarization

state after an analyzer at (b) 00, (c) 450, (d) 900. Modes one to six correspond to

a Poincaré sphere defined by a topological charge ` = +1 (e), whereas modes six to

twelve corresponds to a topological charge ` = −1(f).

the weighting terms, related to ϕ, on either path of the interferometer by changing

the phase modulation depth of the encoded hologram to move from a full vector

mode to a full scalar mode on either pole of the HOPS, as previously demonstrated

in [156, 157]. Figure 6.2 illustrates the simultaneous generation of twelve modes,

defining two different HOPS, one associated to ` = +1 [Fig. 6.2(e)] and the other

to ` = −1 [Fig. 6.2(f)]. Multiplexing of these twelve higher order Poincaré beams

(HOPB), required the multiplexing of twenty four holograms, to generate twelve

beams traveling along path A and twelve along path B. Table 1 contains specific

values α, φ of each generated mode. This table also shows the phase difference ∆ϕ

between êR and êL, a value that is encoded in the SLM to generate the desired CVBs.

Here we also show the frequency values (u, v) used for each encoded hologram. The

values (uA, vA) correspond to the beams encoded along path A, where as the values

(uB, uB) to those traveling along path B.

To test the robustness of our proposed method, we measured the quality of the

multiplexed modes using the Vector Quality Factor (VQF) [158, 35]. The VQF
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Table 6.1: Experimental values of generated HOPS modes.

n 1 2 3 4 5 6 7 8 9 10 11 12

α 0 0 π 0 π/2 3π/2 0 0 π 0 π/2 3π/2

ϕ 0 π π/2 π/2 π/2 π/2 0 π π/2 π/2 π/2 π/2

∆α − − π/2 π/2 π/2 π/2 − − π/2 π/2 π/2 π/2

uA −.28 − −.28 −.18 −.28 −.18 −.15 − −.15 −.12 −.15 −.12

vA .13 − .07 .07 .05 .05 .13 − .07 .07 .05 .05

uB − .15 .12 .15 .12 .15 − .27 19 .27 .19 .27

vB − .15 .12 .15 .12 .15 − .27 19 .27 .19 .27

measures the purity of a vector beam, assigning a value 0 to scalar modes and

the value 1 to vector modes. The methodology to determine the VQF is further

explained in the appendix. From our generated modes, we randomly selected two

of them and measured their VQF before and after multiplexing. We deliberately

selected a scalar and and a vector mode (mode labeled as 8 and mode labeled as 3).

For the scalar case, we obtained a value V QFb = 0.01 before multiplexing and a value

V QFa = 0.01 after multiplexing. For the vector beam we obtained V QFb = 0.98

and V QFa = 0.96, respectively. This strongly indicates that multiplexing of twelve

CVB does not affect their purity.

6.4 Bell states

As another example to highlight the capabilities of our technique, we multiplexed

sixteen Bell states, eight of which were generated with ` = ±1 and eight with ` = ±2.

Bell states are of great relevance in optical communication and quantum computing

[29, 48, 159], mathematically they can be represented as,

TM =
1√
2

(
ei`φeR + e−i`φeL

)
, (6.2)

TE =
1√
2

(
ei`φeR − e−i`φeL

)
, (6.3)

HEe =
1√
2

(
ei`φeL + e−i`φeR

)
, (6.4)

HEo =
1√
2

(
ei`φeL − e−i`φeR

)
(6.5)

Figure 6.3 shows the intensity profile of the 16 Bell states generated by properly

adjusting the hologram’s topological charge and phase. To generate the TM modes,
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two holograms with opposite topological charges −` and +` were multiplexed on

the hologram, with frequency grating values similar to the previous case. A similar

Figure 6.3: (a) Experimental intensity profile of sixteen multiplexed CVB with eight

orthogonal polarization states, indicated by the arrows, for ` = 1 and ` = 2. Intensity

profile of the CVB when a linear polarized is placed at (b) 0◦, (c) 45◦, (d) 90◦ and

135◦.

procedure is applied to generate the mode TE, but in this case, a π phase offset

between both beams is digitally encoded on the hologram. To generate the HEo

and HEe modes, we simply interchange the ` values in the hologram. The intensity

profile after an analyzer orientated at ϕ = 0◦, 45◦, ϕ = 90◦ and 135◦, inserted before

the CCD, are shown in Figs. 6.3(b), 6.3(c), 6.3(d) and 6.3(e) respectively. In this

case, the VQF values before and after multiplexing for a randomly selected mode

are V QFb = 0.99 and V QFa = 0.98, respectively. Showing that the purity of the

generated CVB remains practically constant even after multiplexing.

6.5 Generating multiplexed vector Bessel-Gauss beams

To show that our technique can be applied to CVB with other spatial shapes, we

multiplexed sixteen Vector Bessel Beams (VBB). While previous methods have used

SLMs to generate single VBB [160, 161], here we show the multiplexing of sixteen

VBB simultaneously. To generate these modes, we can substitute the amplitude

terms Ψ−`R and Ψ`
L of Eqn. (3.33) (Chapter 3) by J−`(ktρ) and J`(ktρ), respectively.

Here, J`(x) is the Bessel functions of the first kind and kt is the transverse component

of the wave vector. Bessel beams of any order can be easily generated by encoding

a digital axicon on an SLM[106]. To generate multiple VBB simultaneously, we

proceed in an analogous way as before by first generating two sets of scalar Bessel

beams, J±`(ktρ). Experimentally, we can not generate a pure Bessel beam, as it will

carry infinite energy. Instead, we generate a Bessel-Gaussian beam, by multiplying

the term J−`(ktρ) by a Gaussian envelope exp(−ρ2/ω2
0), where ω0 is the beam width.
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Figure 6.4: (a) Experimental intensity profiles of sixteen multiplexed vector Bessel

beams with eight orthogonal polarization given by ` = ±1 and ±2. Corresponding

intensity profile when an analyzer at (b) 0◦, (c) 45◦, (d) 90◦ and (e) 145◦ is placed

before the CCD camera. (f) Far field intensity profile of Bessel beams.

Figure 6.4(a) shows a set of sixteen multiplexed vector Bessel modes with ` = ±1.

The corresponding intensity profile for the analyzer placed at ϕ = 0◦, ϕ = 45◦.

ϕ = 90◦ and ϕ = 135◦ are shown in 6.4(b), 6.4(c), 6.4(d) and 6.4(e), respectively.

Moreover, as it is well-known, the intensity profile of a Bessel beam forms a delta

ring in the far field. This provides with a straight forward way to confirm that in

fact, we are generating Bessel beams, as illustrated in Fig. 6.4(f).

6.6 Conclusion

In this Chapter we presented a novel method to generate and multiplex vector modes

using a single SLM. This method is purely digital and is based on the multiplexing

concept (discussed in Chapter 3) implemented with a single hologram displayed

on an SLM. Multiple holograms with unique grating frequencies are superimposed

to form a single hologram such that the multiplexed beams are propagated along

two separate paths before recombination by interferometric means generating the

desired VVB. The digital implementation of our technique provided on demand

full control of each beam’s amplitude weighting, spatial shape and phase, enabling

the generation of arbitrary vector beams on the higher order Poincaré sphere. We
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showed the on demand simultaneous creation of 16 VVB on the HOPS, however

our method allows the generation of many more and is not limited to vector vortex

beams as was demonstrated with vector Bessel beams. Finally, it should also be

considered that any beam shaping method based on a multiplexing approach suffers

from an intensity decrease after the addition of each hologram, which is proportional

to the number of multiplexed beams. Hence, the maximum number of beams that

can be multiplexed on a single hologram depend among other things on the specific

device as was discussed in Chapter 5.
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Chapter 7

Holographic optical trapping

with structured light fields

7.1 Introduction

Optical manipulation studies continue to be topical and have gained momentum

over the years particularly the application of structured light fields to manipulate

micron sized objects [6]. These structured light fields can be created by several

different methods as was discussed previously. In this Chapter we demonstrate

optical trapping and tweezing using some of the customized light fields presented in

the previous Chapters. We begin with a simply experiment (section 7.1.1) where

we test our holographic optical trap by creating multiple traps using laser beam

multiplexing.

Secondly, a holistic classical and quantum toolkit to analyse the dynamics of vec-

tor flat-top beams during propagation is presented. For the classical case, spatially

resolved Stokes measurements (presented in Chapter 2) were performed to deter-

mine the polarization structure of the vector flat-top beam. With respect to the

quantum case, we employ the vector quality factor (VQF) (detailed explanation in

the appendix) which gives a quantitative measure of the vector nature of our beam.

We then describe the experimental realisation of these shape invariant vector flat-

top beams and employ our toolkit to characterise and analyse our beam. Thereafter

we demonstrate the versatility of these beams in an optical trapping and tweezing

application.

Finally, based on the novel experimental technique for realizing multiple arbi-

trary vector light fields presented in Chapter 6, we present a new tool in which we
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employ vector beams in optical tweezers to form a vector holographic optical trap

(HOT). As a proof of principle, we present a vector HOT with arrays of digitally

controlled Higher-Order Poincaré Sphere (HOPS) beams. Our digital holographic

approach allows independent manipulation of each vector beam such that arbitrary

HOPS states can be attained. Following the generation technique presented in Chap-

ter 6, we direct multiple vector beams into an optical tweezers system. A classical

analysis of the created array of vector beams to determine each beam’s polarization

state is presented. We demonstrate trapping and tweezing with customized arrays of

HOPS beams comprising scalar and cylindrical vector beams, including radially and

azimuthally polarized beams simultaneously in the same trap. As an immediate ap-

plication we demonstrate simultaneous real-time calibration with linear, radial and

azimuthal states allowing real-time comparison of the individual beam’s transverse

trapping strengths. Similar to the generation method presented in Chapter 6, this

approach is general enough to allow the realisation of arbitrary vector beams in the

trapping plane and can further be implemented with DMDs which have fast refresh

rates [162].

7.1.1 Holographic multiplexing in optical tweezers

Structured light fields have been employed in optical trapping and tweezing to

demonstrate multiple beam trapping and manipulation [28, 43]. To test our holo-

graphic optical tweezers system we generated multiple optical traps using an SLM,

as shown in Fig. (7.1). By multiplexing a set of 9 holograms we created 9 beams

from a single input beam incident onto the SLM forming 9 optical traps in the trap-

ping well. The resultant 9 traps can be independently manipulated by altering the

encoded hologram thereby moving each trapped particle (2 µm in size). We further

show the dynamics of our holographic optical tweezers by rearranging the particles

in such a way that the WITS logo is generated as shown in Fig. (7.1). During the

process of re-arranging the beads, each beam was moved with a spatial step size

of approximately half the bead diameter (1µm) to ensure that beads do not escape

from each trap. We observed that for a step size greater than 4µm the beads will

escape from the trap since at this distance the beads will be beyond the attractive

force of the laser beam intensity. The process of re-arrangement process could be

achieved at an optimum time of 135s and this was limited by the SLM’s refresh rate.
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Figure 7.1: Experimental frames showing 2 µm silica beads initially trapped in a 3

× 3 array at t = 0s and then holographically manipulated to spell each letter of the

WITS logo. The complete process of arranging the particle to spell each letter took

t=135s. In the first row, second column the trap holds two beads such that the bead

is of lower contrast compared to the other traps with a single bead each.

7.2 Creation and analysis of propagation invariant flat-

top beams

In this section we present the toolbox to analyse vector flat-top beams and as our

primary novel step, we apply quantum measurements to understand the vector prop-
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erties of these beams. The following section then describes the experimental gener-

ation of these propagation invariant vector flat-top beams

The usual analysis of vector beams makes use of the Stokes measurements to

determine the degree of polarisation at each point on the beam [47]. We will later

show examples of this measurement which we deem well known and therefore not

required to be explained here in detail. Suffice to say that the usual polarisation

projections allows one to calculate the Stokes parameters (discussed in Chapter 2)

following

S0 = IH + IV ,

S1 = IH − IV ,

S2 = ID − IA,

S3 = IL − IR.

(7.1)

Instead we introduce a quantitative measure of the vector nature of the beam,

the vector quality factor [35], by employing quantum tools of non-separability to

our vector beam [158]. This approach exploits the similarities between quantum

entanglement and non-separable states of classical light [163, 164, 17, 165]. The VQF

may be found by performing a state tomography of the vector beam at any location,

and thus provides a quantitative measure of how the vector nature of the beam

changes during propagation. The approach requires inner product measurements on

each polarisation component of the field in order to reconstruct the density matrix,

from which the non-separability of the beam, i.e., its vector quality factor (VQF),

can be found from

VQF = Re


√√√√1−

3∑
i=1

X2
i

 , (7.2)

where the Xi parameters can be calculated from twelve projective measurements

comprising six spatial intensities for each polarisation state, given by [35]

X1 = (I13 + I23)− (I15 + I25),

X2 = (I14 + I24)− (I16 + I26),

X3 = (I11 + I21)− (I12 + I22).

(7.3)

with the Iij illustrated graphically in Fig. (7.2). The VQF varies from 0 for scalar

beams to 1 for vector beams. For the case of Eqn. (3.32) presented in Chapter 3,
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Figure 7.2: (a) Illustration of the twelve projective measurements needed to calculate

the VQF: six spatial projections (shown as holograms) for each of two polarization

states. An example of an actual measurement is shown in (b). Experimental data

where only the on-axis intensity (measured at the white crosshairs) is used to deter-

mine the desired parameters Iij from the inner product of the projections on SLM2

and the incoming beam using lens L4, as shown in Fig. 7.3

the calculated VQF is VQF = 2|
√
α(1− α)|; for the desired flat-top beam when

α = 0.5 we expect a perfect vector state with VQF = 1 throughout its propagation

in free-space.

7.2.1 Generation of vector flat-top beams

The experimental setup used to create our vector flat-top beams is shown in Fig. 7.3.

Our vector flat-top beam was generated by illuminating a vortex hologram (an

example is given in the inset of Fig. 7.3) with an expanded Gaussian laser beam

(λ = 532 nm). The Gaussian beam was expanded passed through a combination

of wave plates and a polariser to control its linear state of polarisation, and then

directed onto the liquid crystal display (LCD) of a SLM (HoloEye, PLUTO-VIS,

with 1920× 1080 pixels of pitch 8µm and calibrated for a 2π phase shift at 532 nm)

labeled SLM1. The LCD was addressed with a hologram of an azimuthal phase of

topological charge ` = 1 without any grating.

The energy into the first diffracted order is a function of the incoming beam’s
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Figure 7.3: (a) Experimental set-up to create, propagate and analyse vector flat-

top beams. A spatial light modulator (SLM1) is used to modulate the incident

beam with the desired mode being created after some spatial filtering using a pin-

hole (A) between two lenses which relay the plane of the SLM to the detector.

Insets show evolution from vortex to Gaussian with the flat-top as the intermediate

state when the incident polarization is rotated from horizontal to vertical. (b) The

characterisation comprised three approaches: (i) a propagation test with the aid of

lens L3, (ii) a Stokes analysis with the QWP and POL2, and (iii) a quantum inspired

measurement to obtain the vector quality factor, using polarisation and spatial mode

projections with HWP2 and SLM2.
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polarisation and so usually the incoming polarisation is set to one orientation (hori-

zontal in our experiment). Ideally, there is no diffraction for the vertical polarisation

component and 100% for the horizontal due to the birefringence of the liquid crys-

tals themselves [16]. This fact was exploited to control α in our superposition state

(the weighting of the two modes) by controlling the incoming beam’s polarisation.

In fact SLMs are not 100% efficient but even this can be compensated for by simple

adjustment of the polariser’s angle. The output beam was then a superposition of

the horizontally polarised (diffracted) vortex beam and the vertically polarised (un-

diffracted) Gaussian beam. The result of this polarisation control for vector mode

Figure 7.4: Measured intensity profiles as the polarisation state of the initial beam

was altered, showing the expected evolution from (a) vortex to (d) Gaussian with

a flat-top beam as an intermediate superposition state shown in (c). The experi-

mentally measured cross-sections (black data points) are shown with the theoretical

profiles in purple, with the insets showing measured 2D intensities.

control is shown in Fig.( 7.4), where it is evident that indeed we are able to create a

good approximation to a flat-top beam. On close inspection, one sees that while the

beams are rotationally symmetric there is a slight intensity variation, particularly

in the vortex beams. This is because even small offsets in the vortex center, or any

minor misalignment, will result in intensity variations about the ring of light. In

our case, this is negligible as seen by the quality of the flat-top beam. Note that in

the experimental set-up we employed an aperture. The reason for this, which is not

highlighted in prior flat-top studies, is that contrary to theory the programming of a

vortex pattern on the SLM does not give rise to the desired LG01 mode but instead a

mode of the form LG00 exp(i`φ). The latter is missing the required amplitude term

of the LG01 mode and is referred to as a hypergeometric beam [166] which may be

expressed as a superposition of many Laguerre-Gaussian modes. We have recently
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shown that the impact of this is the emergence of many radial modes in addition to

the desired p = 0 mode and hence a reduced energy into the LG01 mode structure

[167]. We illustrate the effect this has in Figs. (7.5 (a)) and (7.5 (b)). We see that

the measured modes have an unwanted radial structure, which can be removed to

produce the desired mode structure shown in the insets.

Figure 7.5: (a) Vortex beam with many rings, indicative of several radial modes.

(b) The superposition of the many radial modes results in a flat-top beam with

an evident halo. By employing a spatial filter, the radial modes can be removed,

producing the desired beam shapes shown in the insets.

We therefore employ a spatial filter to remove the unwanted p modes producing

the desire mode after the filter, albeit with less energy. This is possible because

the mode sizes follow the relation ωp` =
√

2p+ `+ 1ω0, where w0 is the Gaussian

beam width. This implies that modes of p > 0 for a given ` can easily be filtered by

judicious selection of the aperture radius, since they are all bigger than the p = 0

structure. In our scheme this energy reduction can be compensated for by adjusting

the angle of the polariser to bring α back to the desired weighting.

After the required filtering to produce the desired beam, the vector state of this

beam was analysed by a sequence of Stokes measurements and VQF measurements,

with the results for the Stokes measurements shown in Fig.( 7.6). The experimental

results agree excellently with theoretical predictions. The VQF measurements like-

wise agree, with VQF = 0.97 (experiment) compared to VQF = 1 (theory), both

are unchanged during propagation [an example measurement is shown in Fig. (7.2

(b)). Next we tested the propagation of the vector flat-top beam by passing the

beam through a focusing lens. The result is shown in Fig. (7.9), confirming the

propagation dynamics of the beam. We confirm that the beam remains shape in-

variant during propagation from the near to the far field (see Fig. (7.7)). From a
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Figure 7.6: (a) Calculated and (b) measured polarisation state of the beam via a

Stokes projection with (c) and (d) showing the theoretical and measured Stokes pa-

rameters and extracted inter-modal phase (our azimuthal phase). The slight differ-

ences in the experimental results from the theory can be attributed to imperfections

in the experimental setup as the beam propagates through the optics.

beam propagation analysis (as shown in Fig. 7.8), we find an experimental M2 =

1.42, which is in very good agreement (within 5%) with the theoretical value of M2

= 1.5. The cross-sections of the beam at each plane are shown in Fig.(7.9).

7.2.2 Vector flat-top optical trap

An optical trap was constructed to compare the trapping ability of the Gaussian and

flat-top beams. Both beams were passed through an objective lens of magnification

100 × and focused into a trapping well of a depth of 400 µm that was filled with

glass beads of a diameter of 2 µm that were diluted in water. The resulting images

of the trapped beads were captured by an inverted vertical white light illumination
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Figure 7.7: Experimental confirmation that the vector flat-top beam remains shape

invariant both in the (a) near field and (b) the far field. The experimentally measured

cross-sections (black data points) are shown with the theoretical profiles in purple,

with the left panels showing measured 2D intensities.

Figure 7.8: Propagation analysis of the vector flat-top beam. The beam radius was

calculated using a second moment approach, shown as the data points, and plotted

with the probable propagation trajectory (solid curve).

system with the CCD detector below the trap. With this arrangement, we were

able to demonstrate successful trapping with both beams, an example of which is

shown in Fig. 7.10 for the case of the flat-top beam. To quantitatively compare the

two beams, we performed a drag force calibration test. This involved establishing

a controlled velocity of the medium with a piezo driven translation stage. The
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Figure 7.9: Experimental confirmation that the vector flat-top beam remains shape

invariant during propagation. The experimentally measured cross-sections (black

data points) are shown with the theoretical profiles in purple, with the insets showing

measured 2D intensities.

resulting escape velocity of the bead could be recorded for a given delivered power

level and used to determine the drag force from which the trapping strength could

easily be inferred. The results of this are shown in Fig. 7.11. Here, we see that the

trapping strength of the two cases are similar. This is understandable: while the

flat-top beam has a larger gradient in intensity, it has a lower peak value, resulting

in a comparable force to that of the Gaussian case. This may be advantageous in

trapping delicate structures, e.g., living cells, since the required trapping strength is

achieved at lower peak intensity, thus reducing the likelihood of thermal damage.
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Figure 7.10: We illustrate with example frames the use of a vector flat-top beam

to trap micrometer sized glass beads. The frames show the movement of a trapped

bead (white dashed circle) in a squared trajectory around an untrapped bead (red

square) stuck onto the glass slide.

Figure 7.11: Here, we show the results of a drag force calibration test, showing that

the Gaussian beam (blue) performs only marginally better than the flat-top beam

(orange). Each data point is an average of six repeats. The similarity in the plots is

expected given that the gradient of the edge in the flat-top beam is higher, but the

peak intensity is lower, hence, negating the benefit.

7.2.3 Discussion

The polarisation structure of the beams investigated here can be altered to the

left/right basis from the horizontal/vertical; one then immediately recognises that

they have been identified and characterised as exotic morphologies [168–170], having
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found many applications in the field of singular optics [171]. Recently it has even

been suggested that such beams may offer some resilience to turbulence [172]. Should

this be true, the propagation invariance and turbulence invariance would open new

avenues to explore. An as yet unexplored field would be that of the preservation of

entangled states with this superposition: if there is no modal coupling in the noisy

channel (e.g., turbulence) as is the case in free-space, then the non-separability would

likewise remain invariant through the quantum channel.

Here we have considered the use of these beams in free-space and under paraxial

conditions with focusing. For completeness we point out that under very tight

focusing one would expect the vector state to change when the conditions become

non-paraxial [173]. This effect could likewise do with further study.

To summarize, we have presented a simple method to generate vector flat-top

beams. Our experimentally generated beam presented a good approximation to

the analytical solution as confirmed by the M2 values of 1.42 (experimental) and 1.5

(theory). A modern approach to investigate the properties of our created vector flat-

top beam by characterizing the propagation dynamics, polarization and vector state

was presented. From our results we showed that one can tailor the flat-top beam to

be shape invariant during propagation. Furthermore, we introduced a holistic and

new approach that utilises classical and quantum concepts to analyse such beams.

Using this tool kit we confirmed invariance in the polarization and vector nature

of the vector flat-top beams. Finally, we demonstrate the versatility of our created

vector flat-top in an optical trapping and tweezing application however can also

be useful in the field of material processing. The presented analysis tool kit will

be invaluable for characterising and investigating the classical and quantum like

properties of such structured light fields which have been found useful in numerous

laser based applications.

7.3 A vector HOT with multiple HOPS beams

A schematic representation of the experimental setup used to generate arrays of

optical traps with multiple vector beams is illustrated in Fig. 7.12. In our imple-

mentation, we used a horizontally polarized laser beam (λ = 532 nm, Coherent

Verdi G) incident on a reflective SLM (Holoeye Pluto) aligned to modulate horizon-

tal polarization for multiple vector beams generation. The inclusion of a telescope

(lenses L1 and L2 in the figure; f1 = 500 mm, f2 = 1000 mm) is a crucial step
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Figure 7.12: Schematic illustration of the experimental set-up used to simultane-

ously create multiple HOPS beam optical traps. An example multiplexed hologram

pair used to generate two scalar beams traversing along two separate paths is shown

in the insert on the right. Insert 1 shows example HOPS beams with radial and

azimuthal polarization distributions. The generated vector beams were simultane-

ously directed into the microscope objective to create multiple optical traps. An

inverted microscope comprising white light source, dichroic mirror, lens and CCD

camera was used to image the trapped beads. Insert 2 shows an experimental image

of a vertical array of vector beams in the trapping plane as observed on the CCD

through back reflection off the sample container.

required to send the HOPS beam into the optical trap. On one hand, by placing the

lenses following a 4f configuration, it images the SLM plane at the front focal plane

of the microscope objective (100× Nikon oil immersion, N100X-PFO, NA 1.3). By

doing this, unique propagation angles (as programmed on the SLM) will translate

into unique (xi,yi) positions in the trapping plane: beams from the SLM propagate

at differing angles which are mapped to positions with L1. The set-up converges

the light at the PBS for interferometric recombination to produce the desired vector

beams. To recreate the position control in the trap, L2 maps position to angle such

that each vector beam incident at the objective will be focused to a unique posi-
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tion. On the other hand, focal length of the lenses of the telescope where chosen

to ensure a 2x magnification to expand the beams and fill the entrance pupil of the

microscope objective, ensuring tight focusing, then providing the necessary intensity

gradient for trapping. A half wave plate (HWP) was introduced along path V to

rotate the polarization from horizontal to vertical such that coaxial superposition of

orthogonal polarization states was attained. The introduction of a HWP results in

an optical path difference and potentially undesired phase delays which may cause a

rotation in the polarization states of the generated vector beams. Since our created

vector beams were cylindrical symmetric, the rotational effect cannot be observed.

Nevertheless, to keep the system general, the optical path difference was corrected

for by performing translation adjustments of the mirror in path U, countering the

unwanted phase shift. The objective focused the beams into a sample container of

depth 400 µm holding 2 µm diameter silica beads diluted in deionized water. An in-

verted microscope setup with an illuminating white light-emitting diode and a CCD

camera was used to image the trapped beads. A dichroic mirror (DM) was used to

reflect the vector beams into the objective while allowing white light from the light

emitting diode to pass through to the CCD camera.

7.3.1 Arrays of HOPS beams

Using our approach, we created a square array of 3× 3 HOPS beams with topolog-

ical charges ` = 1 and ` = 2 for 9 arbitrarily chosen polarization structures, and

delivered these through the system. The intensity of the experimentally generated

array of HOPS beams is shown in Fig. 7.13 (a) while a single shot experimental

image of the polarization map determined using Stokes measurement is presented

in Fig. 7.14. Intensity differences between vector beams in the bottom row in com-

parison to those at above rows arise from the distinct deflection angles out of the

SLM, such that the more intense are less deflected from the undiffracted zero order.

Importantly, by adjusting the phase modulation depth on the encoded hologram,

equal intensity distributions can be easily attained. All 9 beams were delivered to

the desired locations (xi, yi) in the trapping plane, here designed to be in a square

array. Table 7.1 contains the values of the beam positions at the trapping plane as

observed on the image, their corresponding grating frequencies (xu, yu) and (xv, yv)

for paths U and V, respectively, and the calculated angles relative to the undiffracted

zero order beam as determined according to Eqn. 3.35 in Chapter 4. These values
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Figure 7.13: (a) Experimental image of a 2D array of 3×3 HOPS beams (topological

charges of ` = 1 and ` = 2) at the desired locations in the (x, y) plane. (b)-(d) Shows

experimentally determined polarization maps of beams 1, 2 and 3, confirming the

vector nature of the created beams. The inserts are theoretically simulated intensity

and polarization distributions of the beams.

clearly show that by modifying grating frequencies in the hologram, we can chose

the arrangement of the vector beams at will. To determine the quality of each HOPS

beam, we performed a spatially resolved Stokes measurement [174, 47]. Figure 7.13

(b)-(d) shows the measured polarization distributions of beams 1, 2 and 3 of the 9

multiplexed vector beams. The inserts show the corresponding theoretically gener-

ated intensity and polarization distributions, which are in good agreement with the

experimental results confirming the creation of vector beams. Because the beams

are created in a 2D array, the measurements could be performed simultaneously on

all 9 beams.

7.3.2 2D Optical traps with arrays of HOPS beams

In previous sections we described how to create arrays of reconfigurable HOPS

beams; now we wish to employ this in a vector HOT. To this end, we projected
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Position (xi,yi) (pixels) θ (rad) xu yu xv yv

(130,790) 0.008 −0.05 0.15 0.21 0.15

(450,790) 0.008 −0.08 0.15 0.18 0.15

(770,790) 0.008 −0.11 0.15 0.15 0.15

(130,460) 0.005 −0.05 0.10 0.21 0.10

(450,460) 0.005 −0.08 0.10 0.18 0.10

(770,460) 0.005 −0.11 0.10 0.15 0.10

(130,130) 0.001 −0.05 0.05 0.21 0.05

(450,130) 0.001 −0.08 0.05 0.18 0.05

(770,130) 0.001 −0.11 0.05 0.15 0.05

Table 7.1: Positions, angles and grating frequencies for the created 3×3 square array

of HOPS beams .

Figure 7.14: A single shot experimental image of the polarization maps of a multi-

plexed 2D array of 3×3 HOPS beams (topological charges of ` = 1 and ` = 2). The

insets are theoretical simulations of the expected polarization distribution.

an array of created vector beams into the entrance pupil of the objective with each

HOPS beam at an appropriate incident angle so as to produce the desired 2D array
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of traps. By way of example, we trapped beads in a triangular array, illustrated in

Fig. 7.15 (a) and shown experimentally in (b). Figure 7.15(b) shows six particles of

diameter ≈2 µm, trapped with ≈10 mW of average power arranged in a triangular

configuration. Since our approach allows the independent creation of any arbitrary

polarization state on the HOPS, we demonstrated multiple optical traps with six

arbitrary positions on the HOPS, as shown in Fig. 7.15 (c). Here we also make

clear that the vector HOT can also reproduce traditional scalar HOTs: two of the

six beams in the triangular array are in fact scalar OAM beams from the poles of

the HOPS. All beam insets in Fig. 7.15 (b) are experimentally measured intensity

profiles, and insets in (c) show the intensity after a linear polarizer, as explained in

the caption.

7.3.3 Optical forces in our vector HOT

Finally, as a proof-of-concept application of our technique, we trap three beads

simultaneously in a linear array and performed a drag force test. We create HOPS

beams that are radially, azimuthally and linearly polarized at the plane of the trap,

as shown in Fig. 7.16. Such a configuration allows for the direct comparison of the

trap stiffness for each beam. First, we corroborated that the trapping strength of

each beam is position independent. For this, we interchange beam 1 (azimuthal)

with beams 2 (linearly) and 3 (azimuthal). That is, from position x to position y

and z. We find that the outcome was independent of position. Radially polarized

beams exert the weakest trapping force, as compared to azimuthally and linearly

polarized beams which remain trapped for higher speeds of ∼ 55 µm/s and 64 µm/s,

respectively. Some frames of this test are shown in Fig. 7.16 and the associated media

file.

We measured the lateral trapping strength of each beam, with the results shown

in Table 7.2. From the results we observe that the linearly polarized scalar beam

has the strongest transverse trapping force, with the radially polarized beam the

least. These results are in agreement with previous reports [125, 126, 123].

7.3.4 Discussion

The approach we have outlined allows arbitrary arrays of vector beams to be cre-

ated and delivered to a trap, resulting in the demonstration of a vector HOT with

multiple beams. Importantly, as we have shown, the vector HOT can be reduced
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Figure 7.15: (a) Schematic of our vector HOT, with 2 µm silica beads to be trapped

in a triangular pattern inside a trapping well of height 400 µm. (b) Experimen-

tal image of the six trapped beads with the corresponding measured intensity of

each trapping HOPS beam, overlaid with the respective polarization structure. The

HOPS beams can be geometrically represented on the HOPS as shown in (c). Insets

in (c) show the measured intensity profiles, as well as those after projection through

a linear polarizer set to vertical transmission, confirming the state of each mode.

Note that here we have demonstrated simultaneous trapping with vector and scalar

OAM beams with the same HOT.

to a traditional scalar HOT by simply switching one hologram off, and is versatile

enough to allow both scalar and vector beams to be used in the same trap. As with

traditional HOT, the hologram efficiencies must be adjusted to ensure the power

delivered to each trap is as desired. In our experiments, we paid particular atten-

tion to this fact, particularly in the trapping stiffness tests, to ensure that only the

polarization structures differed and that each beam has the same power at the trap.

Related to this is the importance of due care with choice of optics in the delivery

system in order to maintain the desired polarization structure of the beams in the
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Figure 7.16: Real-time calibration of multiple vector beam traps consisting of radial,

linear and azimuthal polarization states. At some set stage velocity the weakest

radially polarized trap (bead 1) results in the bead escaping while the beads in

the stronger traps (beads 2 and 3) remain trapped. Arrows show the direction of

motion of the stage while the particle in the white dotted circle serves as a stationary

reference.

vector HOT.

In this work, we have demonstrated the vector HOT using SLMs, HOPS beams

and 2D arrays of traps. The SLM may be replaced with equivalent technology for

faster refresh rates, e.g., digital micro-mirror devices (DMDs). Similarly, it should

be noted that the HOPS beams are an example only and that any arbitrary vector

beam can be created at each location in the HOT array. Moreover, by switching off

one component of the vector field at the SLM, the well-known scalar holographic

trap can be reproduced, and as we have shown, vector and scalar beams may be

produced at the same time in the same trap array. Given the many applications of

scalar holographic traps, it is reasonable to assume that this new vector holographic

trap too will find many applications. For example, in the trapping of gold nano-

particles for plasmonic studies where vector beams have known benefits. Other

applications are inducing optical chirality in form birefringent structures, exploiting

known vector trapping efficiency to adjust trapping strengths, e.g., in biological

matter control with the same modal conditions (power and intensity profile) but

differing polarizations for differing trap stengths. This device can also be employed

to execute fibre traps with vector modes, the natural modes of most fibres, and even
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Power (mW ) Linear Azimuthal Radial Hybrid odd Hybrid even

40 2.7± 0.4 2.4± 0.3 1.8± 0.3 2.5± 0.2 2.2± 0.3

35 2.1± 0.3 1.6± 0.5 1.4± 0.4 1.7± 0.5 1.5± 0.4

30 1.6± 0.2 1.2± 0.2 1.1± 0.1 1.3± 0.2 1.2± 0.1

25 1.2± 0.2 1.0± 0.2 0.9± 0.2 1.1± 0.1 1.0± 0.2

20 0.8± 0.2 0.6± 0.1 0.5± 0.1 0.7± 0.1 0.5± 0.1

15 0.5± 0.03 0.4± 0.1 0.4± 0.04 0.5± 0.05 0.4± 0.04

Table 7.2: Transverse trapping stiffness (pN/µm) as a function of laser power (mW ).

in fundamental studies of light-matter interaction to compare phase singularities

with polarization singularities (scalar OAM being an example of a phase singularity

with the vector HOPS having a polarization singularity). Finally, by following the

advances of scalar HOT, it will be possible to adjust the trapping plane of each vector

beam by adding individual digital lenses to each beam [16] for the realization of 3D

traps [175].We believe that since our system can produce both vector and scalar

beams holographically at the same time, the addition of the polarization degree of

freedom through vector beams will open new applications to follow.

To summarize, we introduced and demonstrated a new tool to manipulate mi-

cron sized particles in any 2D arrays using HOPS beams. As examples we showed

vector beams arranged in square, triangular and linear arrays. External character-

ization of the created arrays of vector beams to determine their polarization state

was presented. Optical trapping using multiple vector beams was demonstrated in

a which the trapped particles were arranged in a triangular and linear array. We

showed independent digital control of each vector beam by manipulating the en-

coded hologram on the SLM. importantly, we demonstrated that several states on

the HOPS can be obtained digitally, including those associated with the traditional

scalar HOTs. Furthermore, we showed that one can on-demand adjust the trans-

verse optical forces inside the optical trap by changing the polarization state of the

trapping beam. This enabled the simultaneous realization of many traps with differ-

ent trapping strength for the same laser power. However our vector HOT tool may

be further advanced and will prompt interest from the structured light and optical

manipulation communities alike.
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7.4 Conclusion

In this Chapter we demonstrated the dynamics of a holographic optical trap by

generating 9 traps which where then digitally manipulated into different configura-

tions. An all inclusive toolkit to analyse the polarization and vector properties of

structured light fields was presented with the shape invariant vector flat-top beam

as our chosen customized light beam. From our analysis, the vector state as well as

the spatial profile of our vector flat-top are preserved during propagation. We then

employed this beam in an optical trap and compared its trapping strength to that of

a Gaussian beam. Finally, we presented a new holographic optical trap which allows

the use of both scalar and vector light fields in the same trap simultaneously. The

HOT was shown to be purely digital and enabled the realisation of arbitrary polar-

ization states in the trap as described on the HOPS. We further showed that one

can digitally tailor the trapping strength by simply changing the polarization state

and this was achieved digitally without any mechanical adjustment of the physical

optics.
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Chapter 8

General conclusions and outlook

8.1 Conclusions

We have presented in detailed the creation and analysis of structured light fields in

scalar and vector form. In our discussions we considered the theoretical concepts

as well as the experimental aspects to obtain these customized light beams. The

versatility of these light beams was then demonstrated in an optical trapping and

tweezers application.

We began in the first Chapter with a motivation and overview of our study which

was followed by a detailed literature review of the different methods of creating

structured scalar and vector light fields. A brief discussion on the previous work in

which these custom light fields were employed in optical tweezers was also presented.

We then presented the Helmholtz wave equation within the paraxial approxi-

mation as well as the corresponding solutions such as Laguerre-Gaussian, Hermite-

Gaussian, Bessel-Gauss and flat-top beams which were our structured light fields of

choice. In addition we consider the vector nature of light and its relation to vector

light fields. A geometric representation of vector light waves on the higher order

Poincaré sphere was presented together with how any arbitrary polarization state

can be accessed. As an example, we chose cylindrical vector vortex beams as these

have recently stimulated a lot of research interest [6, 17].

Following the theory associated with our structured light fields of choice pre-

sented in Chapter 2, we outlined in Chapter 3 the process of digital hologram gener-

ation for the creation of our desired modes . To obtain these holograms, we consid-

ered phase-only and complex amplitude modulation as our beam shaping techniques.

A discussion on obtaining multiple structured light beams (multiplexing) simulta-
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neously using these two beam shaping methods was presented. In addition, we

described a theoretical concept of creating shape invariant flat-top beams. To this

end, analytical simulations demonstrating shape invariance of vector flat-top beams

were presented. Following the multiplexing approach of generating multiple beams,

we presented a novel concept of realising multiple vector beams using a single holo-

gram. Since the resultant light fields were to be employed in an optical tweezers

system, the fundamentals of optical trapping were then briefly described in Chapter

4.

Using digital holography as well as the Laguerre-Gaussian and Hermite-Gaussian

beams as our example basis set, we then experimentally demonstrated the multiplex-

ing concept in Chapter 5. A comparison of the phase-only and complex amplitude

modulation beam shaping methods was conducted and we showed that of these two

techniques, complex amplitude modulation reproduces optical modes with higher

qualities as it modulates both the phase and amplitude of the incident beam. How-

ever this method suffers from being less efficient as most of the input beams energy

is distributed to higher orders or the zero order [15]. From our quantitative anal-

ysis of the mode quality as function of the resolution of the screen’s digital device

we demonstrated multiplexing of approximately 200 modes. From the analysis we

revealed, as expected, that the quality of the modes decays as limited by the SLM

resolution as the number of multiplexed modes increased.

In Chapter 6, we then presented a novel method to generate and multiplex vector

modes using a single SLM. This technique was based on the multiplexing concept im-

plemented in Chapter 5 and employed an interferometric approach. By multiplexing

several holograms, it was possible to split an input light beam into many more, each

with their own spatial shape and phase. The multiplexed holograms were split into

two groups to generate two sets of beams travelling along two spatially separated

paths where each set is endowed with left and right polarizations, respectively, and

then interferometrically recombined to generate the desired set of cylindrical vec-

tor beams (CVB). We further demonstrated that the digital nature of this method

allows full control of each beam’s amplitude weighting, spatial shape and phase,

which enables the generation of arbitrary vector beams with various spatial shapes

and polarization distribution. For this work, we only generated cylindrical vector

beams but our technique can be applied to any other geometry. Although we only

showed the generation of sixteen CVB, this technique allows for the generation of
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many more.

Finally in Chapter 7, we demonstrated the application of our customized struc-

tured light fields in an optical tweezers system. As a first test, we used laser beam

multiplexing to generate multiple optical traps. We presented a modern holistic

tool-set which we used to confirm that vector flat-top beams are shape invariant

during propagation and their vector nature is also preserved. Thereafter, our ex-

perimentally generated shape invariant vector flat-top beam was then characterised,

analysed and then employed in an optical trap. This demonstrated that our vec-

tor flat-top beam can be easily delivered through standard optical set-ups involving

focussing lenses with out alteration of its shape. In addition, using our quantum

toolkit we revealed the non-separability of our beam which remained unchanged

during propagation.

We then presented a novel vector holographic optical trap for the delivery of 2D

arrays of traps using HOPS beams. We created example arrays (square, triangular

and linear) with combinations of scalar and vector HOPS beams, characterized the

beams externally to the trap, and then demonstrated successful trapping with them.

Each HOPS beam in the array was independently controlled by a SLM and spanned a

wide range of positions on HOPS, including those associated with conventional scalar

HOTs. By this approach, we were able to tailor on-demand the 3D shape of the

optical forces at specific locations inside the optical trap, enabling the simultaneous

realization of many traps with different trapping strength for the same laser power.

8.2 Future work

This work demonstrated novel techniques and implementation methods of creating

structured scalar and vector light fields and then applied such custom light beams in

optical trapping and tweezers. However, it is worth while to investigate the nature

of these custom modes under tight focusing where the paraxial approximation seizes

to apply. In particular the polarization structure of the vector light fields under

tight focusing, since changes in the polarization state of the trapping beam alters

the trapping strength of the optical tweezers. Some theoretical studies along this

line have recently began to emerge [130] with not much experimental work being

reported.

We only demonstrated the use of our created structured light fields on a micro-

scale with respect to optical trapping, the implementation of these beams can be
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extended to the nano-scale.This will be of particular interest in the field of nano-

technology in particular carbon nano-tube which are currently being investigated

with the aim of making nano-devices [176]. A combination of these structured

light fields and optical tweezers can provide a non-invasive method for nano-device

assembly together with the use of a laser beam to weld these nano-devices together.
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Appendix A

Vector quality Factor

The vector quality factor is a quantitative analysis of the vectorness of a vector

beam whose scale lies between 0 for completely scalar and 1 for a purely vector

state. The VQF takes advantage of the similitude between quantum entanglement

and non-separability of phase and polarization in vector beams. It is defined using

quantum mechanics tools as,

VQF = Re(C) = Re
(√

1− s2
)
, (A.1)

where C is the concurrance [177] which is a measure of entanglement or the degree

of non-separability between two states.

The VQF ranges from 0 for scalar beams to 1 for vector beams. The parameter,

s defined by,

s =

(∑
i

〈σi〉2
)1/2

(A.2)

is the length of the Bloch vector and 〈σi〉 represents the expectation values of

the Pauli operators for i = {1, 2, 3}. These are obtained by a set of 12 normalized,

on-axis intensity measurements, six identical measurements for two different basis

states [35, 158]. For our experiment we chose the circular polarisation basis and

project these into the orbital angular momentum (OAM) basis. For this, the two

circular polarization (left and right) of the vector beam, are projected into a set of

six holograms with topological charge `, −` and four superposition states given by

exp(i`φ)+exp(iγ) exp(−i`φ) with γ = {0, π/2`, π`, 3π/2`}, as illustrated in Fig. A.1

The expectation values 〈σi〉 are calculated from the twelve intensity measurements
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Table A.1: Normalized intensity measurements Imn to determine the expectation

values 〈σi〉.
Basis states ` = 1 ` = −1 γ = 0 π/2 π 3π/2

L I11 I12 I13 I14 I15 I16

R I21 I22 I23 I24 I25 I26

as,

〈σ1〉 = (I13 + I23)− (I15 + I25), (A.3)

〈σ2〉 = (I14 + I24)− (I16 + I26), (A.4)

〈σ3〉 = (I11 + I21)− (I12 + I22). (A.5)

and represented in Table A.1.

To determine the VQF experimentally, we measure the on-axis intensity values

Imn with m, n ∈ {1, 2, 3}. A multiplexing approach allowed us to measure six

intensity values simultaneously corresponding to one of the two polarizations. To

change from one polarization basis to another, we used a quarter wave plate (λ/4)

set to ±45◦ in combination with a polarisation sensitive spatial light modulator

SLM2, and OAM projections by a phase pattern on SLM2. Figures A.1 show typical

Figure A.1: Common intensity patterns acquired with a CCD camera for a vector

(a) and a scalar (c) beam. Normalized intensity values from which the VQF is

determined for a vector (b) and a scalar (d) beam.

intensity distribution obtained experimentally for pure vector beams A.1(a) and a

scalar beams A.1(c). For the scalar case, the beam has a homogeneous polarization

state (i.e. LHC or RHC) as such only a single row of intensities is obtained (Fig
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A.1(c)). While for the vector case where the polarization state of the beam is

inhomogeneous (i.e. a superposition of LHC or RHC) two rows of intensities are

obtained as shown in Fig. A.1(a). FigureA.1(b) and A.1(d) shows the intensity

values, properly normalized and arranged in the form of Table A.1., from which the

VQF can be easily computed.

In principle, for these VQF measurements one should take only the intensity

value of the central pixel, however the background noise causes fluctuations of this

value. As such, an average of many measurements of that single pixel intensity has

to be obtained. Another solution would be to take the average over a given area

around the central pixel. While in the former case, the larger the sampling the more

accurate the value will be, this is not the case for the last one. Along this line, there

is no explicit rule about the area over which an average can be obtained as it depends

on other factors such as the focal length of the Fourier lens. The smaller the focal

length, the smaller the focused spot will be, which means that the number of pixels

we can use cannot be large in order to avoid interference from the surrounding area

of the intensity distribution. Hence, the larger the focal length of the lens, the more

pixels we can use in the average.
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[44] T. Ĉiẑmár, L. C. D. Romero, K. Dholakia, and D. L. Andrews, “Multiple

optical trapping and binding: new routes to self-assembly,” Journal of Physics

B, vol. 43, no. 10, p. 102001, 2010.

[45] R. L. Eriksen, V. R. Daria, and J. Glückstad, “Fully dynamic multiple-beam

optical tweezers,” Optics Express, vol. 10, no. 14, pp. 597–602, 2002.

[46] A. Lohmann, “Reconstruction of vectorial wavefronts,” Applied Optics, vol. 4,

no. 12, pp. 1667–1668, 1965.

[47] Q. Zhan, “Cylindrical vector beams: from mathematical concepts to applica-

tions,” Advances in Optics and Photonics, vol. 1, pp. 1–57, 2009.

[48] G. Milione, M. P. Lavery, H. Huang, Y. Ren, G. Xie, T. A. Nguyen, E. Karimi,

L. Marrucci, D. A. Nolan, R. R. Alfano, et al., “4× 20 gbit/s mode division

multiplexing over free space using vector modes and a q-plate mode (de) mul-

tiplexer,” Optics Letters, vol. 40, no. 9, pp. 1980–1983, 2015.

[49] Z. Zhou and L. Zhu, “Sted microscopy based on axially symmetric polarized

vortex beams,” Chinese Physics B, vol. 25, no. 3, p. 030701, 2016.

99



BIBLIOGRAPHY

[50] A. Niv, G. Biener, V. Kleiner, and E. Hasman, “Propagation-invariant vec-

torial bessel beams obtained by use of quantized pancharatnam–berry phase

optical elements,” Optics Letters, vol. 29, no. 3, pp. 238–240, 2004.

[51] D. Naidoo, F. S. Roux, A. Dudley, I. Litvin, B. Piccirillo, L. Marrucci, and

A. Forbes, “Controlled generation of higher-order poincaré sphere beams from

a laser,” Nature Photonics, vol. 10, no. 5, pp. 327–332, 2016.

[52] Y. Liu, X. Ling, X. Yi, X. Zhou, H. Luo, and S. Wen, “Realization of polar-

ization evolution on higher-order poincaré sphere with metasurface,” Applied
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