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Abstract

Missing data is an important and well-researched topic in the literature, but there is a
lack of analysis on the missing data problem in the context of spatially correlated data.
Multiple imputation methods in the literature are not tailored for spatial data. This
simulation study aimed to determine the potential gain of spatial imputation models
over existing multiple imputation approaches. The bias, confidence interval width and
coverage were used to compare the performance of imputation models on simulated
data. The spatial lag model for imputation was applied to the Boston dataset to assess
performance on real data. The spatial models were found to have potential improve-
ment over existing methods, but are potentially sensitive to the missing not at random
mechanism.
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Chapter 1

Introduction

1.1 Background

Analysis of spatial data is becoming increasingly prevalent, as Geographic Information
Systems improve and epidemiology as a field expands (Haining, 2003; Puranik, 2021).
Spatial statistical models are able to capture the structure in the data by incorporating
spatial autocorrelation.

Spatial analysis considers three main types of data: geostatistical, areal and point pat-
terns (Haining, 2003). The focus of this research lies in the field of areal data, where
the spatial domain is partitioned into regions, which are often very different in size and
shape in real-world applications. Continuous data is the main consideration, although
methods could be extended to nominal and ordinal data by adjusting the imputation
methods to estimate replacements for the missing values.

Despite the extensive development of spatial models, missing data in the covariates
is a problem that is not well explored for areal data. Panzera et al. (2016) and Puranik
(2021) are the main sources of literature regarding missing data in this context. A brief
discussion of methods to handle missing data in spatial modelling is included in Hain-
ing (2003).
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Rubin (1976) provides widely known guidelines for dealing with missing data. Al-
though time series is mentioned in the analysis of missing data, Rubin’s work does not
examine spatially correlated data. An important aspect of missing data is the miss-
ingness mechanism. Data can be: missing completely at random (MCAR), missing at
random (MAR) or missing not at random (MNAR). The implications for imputation
methods depend on the missingness mechanism. Missingness is formally defined in
Section 2.2.1.

1.2 Statement of the Problem

Existing literature includes limited analysis of the behaviour of imputation models
across missingness mechanism, strength of autocorrelation and percentage of miss-
ingness. It is important to determine how these factors affect the performance of the
imputation models. A comparison of the different methods under these conditions in-
dicates any weaknesses the model may have (aside from misspecification which is a
separate issue).

Incorrectly dealing with missing data can lead to biased parameter estimates and in-
accurate predictions (Rubin, 1976). Furthermore, parameter standard errors can be
underestimated resulting in narrow prediction intervals and misleading conclusions to
hypothesis tests.

Imputation methods may also have computational costs or compatibility issues. Con-
sider the commonly used R (R Development Core Team, 2006) mice package (van
Buuren and Groothuis-Oudshoorn, 2011) as an example. The package handles miss-
ing data using an algorithm termed Multiple Imputation (MI) by Chained Equations
(MICE - discussed in Section 2.2.2). The algorithm is a Gibbs sampler under certain
conditions, which is known to be computationally expensive. Likelihood-based mod-
els can be faster to compute, but may suffer from convergence issues and software
is specific to certain models (Allison, 2009). It is important to consider these factors
when selecting an appropriate method.
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1.3 Aims and Objectives

1.3.1 Aims

The focus of this study is on different methods for handling missing data that are
spatially correlated. The autocorrelation in the data is an extra obstacle, but also an
opportunity for improved imputation accuracy since the spatial autocorrelation (and
correlation) of variables can be utilised. The aim is to examine competing imputation
approaches in the context of spatially correlated data.

1.3.2 Objectives

• To simulate data with a variety of missingness mechanisms (MCAR, MAR and
MNAR) and autocorrelation structures (Spatial Lag Model (SLM), Spatial Error
Model (SEM) and Conditional Autoregressive (CAR) model).

• To compare common methods from literature using simulated data under differ-
ent missingness mechanisms, percentages of missingness and strengths of auto-
correlation in the case of data generated from a specific imputation model.

• To select a set of best-performing method(s) in each data generation scenario
based on (average) bias, confidence level width and coverage.

• To apply the selected methods to a real dataset and compare the results.

1.4 Limitations and Assumptions

The generating processes used (refer to Sections 2.6.2 and 2.6.3) assume the data are
normally distributed. The simulation approach imposes limitations neither on which
missingness mechanisms may be considered nor on the autocorrelation structure in the
data. Due to the issue of multiplicity, it may not be possible to explore all scenarios
fully. For each model there are 27 combinations: three choices for each of the missing
data mechanisms, strength of autocorrelation and missingness percentage. As a result,
there are 81 different simulation scenarios to consider (since 3 models are considered).
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Chapter 2

Literature Review

2.1 Introduction

Research on missing data was largely pioneered by Rubin (1976). Three main types of
missingness, referred to as missingness mechanisms, were identified in the literature:
MCAR, MAR and MNAR. Simple single imputation methods that replace a missing
value with a plausible value such as the mean of the data (mean imputation) were
commonly used for missing data. More robust statistical methods, which can be split
into two main categories: MI and model-based imputation, have been developed. MI
assigns multiple possible values to a missing value resulting in a ‘multiple analysis’.
Model-based imputation incorporates missing data into the model likelihood and pa-
rameter estimation. These methods are described in Rubin (1988), Schafer (1997) and
Little and Rubin (2019).

Although the main focus lies on areal data, for completeness a brief discussion of
missing data in geostatistics is included. In this field, different interpolation methods
are used, but often the missing data problem is viewed as an inference task. Different
kriging methods can be found in Bae et al. (2018) and Chung et al. (2019). Lattice
data features many different spatial regression models: linear regression that incorpo-
rate spatial autocorrelation into the modelling process. The CAR model, SLM and
SEM can be used for imputation and are discussed further in Sections 2.6.2 and 2.6.3
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(Haining, 2003; Panzera et al., 2016; Puranik, 2021). In a similar way to the devel-
opment of standard imputation techniques, single imputation methods are commonly
used, but more robust methods have been developed (Haining, 2003).

2.2 Established Missingness Techniques

2.2.1 Missingness Mechanism

Missingness mechanisms were first identified by Rubin (1976), who proposed the the-
ory that missingness can depend on observed or missing data in different ways. Fol-
lowing the notation used in Schafer (1997), let R denote the n× p matrix of indicator
variables corresponding to whether an observation of the data matrix Y is missing or
not. Y is split into the observed data Yobs and the missing data Ymis

Rij =

{
1, if yij ∈ Ymis

0, if yij ∈ Yobs.

It is assumed the missingness is related to some unknown parameters, denoted by ξ.
MCAR assumes that the probability of missingness does not depend on any of the
observed or missing data, by satisfying the following property

P(R | Yobs,Ymis, ξ) =P(R | ξ).

MAR assumes the probability of missingness does not depend on the missing data, but
only on the observed data (Schafer, 1997), which can be expressed as the following
property

P(R | Yobs,Ymis, ξ) =P(R | Yobs, ξ).

Under MNAR the probability P(R | Yobs,Ymis, ξ) still depends on the missing data
Ymis, and can therefore not be simplified any further.
Further investigation of this concept was developed by Schafer (1997) and other au-
thors in the literature. It was found that models can perform differently under the
missingness mechanisms.
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• Rubin (1976) proposed that under the MCAR mechanism complete case analysis
does not produce biased estimates. Schafer (1997) added that MCAR is the
strongest assumption. In further investigation of the literature, it was found that
“The MCAR assumption is very strong, and is unlikely to be completely satisfied
unless data are missing by design” (Allison, 2009, pg 635).

• Rubin (1976) explained that missingness is related to the observed data in some
systematic way under the MAR mechanism. Allison (2009) comments that the
MAR mechanism is subtly different from “ignorability” as defined by Rubin
(1976), but in the literature if the missingness mechanism is assumed to be ig-
norable, then data are assumed to be MCAR or MAR. It is further explained by
van Buuren (2018) that MAR is a more realistic representation of missing data
and is often the default starting point for imputation models.

• Non-ignorable missingness was explained by Rubin (1976) and is linked to the
MNAR mechanism in the literature. Both require the missingness mechanism
to be modelled in order to produce unbiased estimates. Following this explana-
tion, Allison (2009) stated that it is difficult to model the missingness mech-
anism since there is a multitude of possible models, so ignorability is often
assumed when modelling with missing data in the literature. van Buuren and
Groothuis-Oudshoorn (2011) asserted that in practice it cannot be proved that
data are MNAR since the missing data are unobservable.

It was noted by van Buuren and Groothuis-Oudshoorn (2011, pg 50) that in the case
of MNAR, “the model fitted to the complete cases is incorrect for the missing cases”.
The author recommended to perform a sensitivity analysis to determine the robustness
of the model to the MNAR mechanism.

2.2.2 Multiple Imputation

MI was initially proposed by Rubin (1976) and explored for multivariate normal data
by Schafer (1997). This technique was reviewed by Allison (2009) and later imple-
mented in R with the mice package by van Buuren and Groothuis-Oudshoorn (2011).
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Rubin (1988) explained the implementation of MI using rules to ‘pool’ parameter esti-
mates. In this framework, m imputations are generated for each missing value resulting
in m datasets. Furthermore, Rubin found that values as low as m = 3 are acceptable,
provided ‘proper’ imputation methods are used. Schafer (1997, pg 146) supported this
result and stated that “Monte Carlo error is a relatively small portion of the overall in-
ferential uncertainty.” Monte Carlo error refers to loss of accuracy in the Monte Carlo
estimate due to the finite sample size, since the accuracy of Monte Carlo estimates are
based on the law of large numbers i.e. an asymptotic result.

‘Proper’ in the context of imputation models refers to methods that incorporate an
appropriate variability between imputations i.e. variability in the sampling assuming
reasons for missingness are known, variability in the nonresponse and a third type
that is ignorable for MCAR and MAR. As an example, the predictive mean matching
(PMM) in mice is a proper method, while mean imputation is not (van Buuren and
Groothuis-Oudshoorn, 2011). In fact, any purely deterministic imputation such as the
median or a prediction from linear regression would be inappropriate. Predictive mean
matching selects a number (five by default) of candidate ‘donors’ with predicted val-
ues close to the predicted value for the missing data. A random ‘donor’ is sampled and
its value becomes the imputed value. Further details can be found in Section 3.4 of
van Buuren (2018). Any deterministic imputation would display no variation across
imputations and is therefore not ‘proper’.

The algorithm implemented by van Buuren and Groothuis-Oudshoorn (2011) is called
Multiple Imputation by Chained Equations (MICE) and it is a Markov Chain Monte
Carlo (MCMC) technique. van Buuren (2018) explained that if the imputation model
has valid (non-negative and normalisable) joint distributions, then MICE is a Gibbs
sampler. In this study we consider missingness in one variable so the full conditional
specification is equivalent to the joint modelling case (discussed in Sections 4.4 and
4.5) and is implemented in a Bayesian way, rather than through bootstrap techniques.

The MICE algorithm stated in Section 4.5.2 of van Buuren (2018) is given as Al-
gorithm 1 below. Define Y−j = {Y1, Y2, . . . , Yj−1, Yj+1, . . . , Yp} and denote the set of
parameters used for imputation of Yj by ϕj



2.2 Established Missingness Techniques 8

Algorithm 1 MICE algorithm for imputation of multivariate missing data

1: Select an imputation model for each variable Yj: P
(
Y mis
j | Y obs

j , Y−j,R
)

with j =

1, . . . , p. Note R indicates if an observation is missing or not.

2: for each variable j = 1, . . . , p do

3: Draw Ẏ 0
j from Y obs

j (starting imputation).

4: end for

5: for each iteration t = 1, . . . , T do

6: for each variable j = 1, . . . , p do

7: Define Ẏ t
−j :=

(
Ẏ1

t
, . . . , Ẏ t

j−1, Ẏ
t
j+1, . . . , Ẏ

t
p

)
8: Draw ϕ̇t

j ∼ P
(
ϕt

j | Y obs
j , Ẏ t

−j,R
)

9: Draw imputations Ẏ t
j ∼ P

(
Y mis
j | Y obs

j , Ẏ t
−j,R, ϕ̇t

j

)
10: end for

11: end for

van Buuren (2018) noted some technical aspects of using the mice package. It is im-
portant to check the convergence of the MICE algorithm (as with any MCMC method).
Typically, the same model is fitted to all of the m datasets in what is called a ‘repeated
analysis’ (van Buuren and Groothuis-Oudshoorn, 2011).

The Gibbs samplers for the CAR model, SLM and SEM are discussed in Sections
2.6.2, 2.6.3. Note that line 3 in Algorithm 1 is inappropriate for autocorrelated data
since any random observation could be a very poor starting imputation. An adjustment
would be to randomly draw from the set of observed neighbours with the lowest or-
der (note that all 1st-order neighbours may be missing so 2nd-order neighbours would
need to be considered, similarly if all 2nd-order neighbours are missing, 3rd-order
neighbours would be considered etc.).

To generate suitable imputations in line with Rubin (1976), variability across impu-
tations must be appropriate. van Buuren (2018) explained that the variability is com-
posed of two elements: ‘noise’ and ‘parameter uncertainty’. Noise was included sim-
ply by adding a stochastic element to the imputed value (such as a random draw from
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the posterior predictive distribution). Parameter uncertainty can be included in two
ways: a Bayesian approach or using the bootstrap method. The bootstrap method as-
sumes observations are independent and identically distributed (IID), which is not the
case for spatially correlated data. There are extensions such as block bootstrapping,
but there is limited literature regarding bootstrapping areal data. Consequently, the
Bayesian approach was implemented.

Gibbs sampling is a technique to divide multivariate sampling into a set of alternat-
ing univariate conditional sampling steps. Assume that the multivariate distribution of
Y is specified by a set of parameters θ. The posterior distribution of θ is obtained by
sampling from the conditional distributions (van Buuren and Groothuis-Oudshoorn,
2011):

P(Y1 | Y2, . . . , Yp, θ1),

P(Y2 | Y1, . . . , Yp, θ2),

...

P(Yp | Y1, . . . , Yp−1, θp).

Note that the parameters θ1, . . . , θp are defined by the dependence of each Yi on rele-
vant parameter(s), and are not necessarily individual parameters of θ.

The iterative sampling was executed on lines 8 and 9 of Algorithm 1, which in this
case becomes:

θ
(t)
1 ∼P(θ1 | Y obs

1 , Y
(t−1)
2 , . . . , Y (t−1)

p ),

Y
(t)
1 ∼P(Y1 | Y obs

1 , Y
(t−1)
2 , . . . , Y (t−1)

p , θ
(t)
1 ),

θ
(t)
2 ∼P(θ2 | Y (t)

1 , Y obs
2 , . . . , Y (t−1)

p ),

Y
(t)
2 ∼P(Y2 | Y (t)

1 , Y obs
2 , . . . , Y (t−1)

p , θ
(t)
2 ),

...

θ(t)p ∼P(θp | Y (t)
1 , Y

(t−1)
2 , . . . , Y obs

p ),

Y (t)
p ∼P(Yp | Y (t)

1 , Y
(t)
2 , . . . , Y obs

p , θ(t)p ),
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where θ
(t)
i denotes the estimated value of the parameter θi in the tth iteration and Y

(t)
i

is defined similarly. Y obs
i is the observed data for Yi.

Let β1, . . . , βm be the m parameters derived from the repeated analysis of the im-
puted datasets with estimates β̂1, . . . , β̂ and let U1, . . . , Um be their variances. The
final estimate of β based on the imputed datasets is given by:

β̄ =
1

m

m∑
j=1

βj

The within and between imputation variance are defined as (Rubin, 1988):

Ū =
1

m

m∑
i=1

Ui,

B =
1

m− 1

m∑
j=1

(β̂j − β̄)2.

The ratio r = Ū/B estimates (1 − γ)/γ, where “γ is the proportion of information
about θ missing due to non-response” (Rubin, 1988, pg 80). Furthermore, the variance
of β is given by:

Var(β̄) = Ū +
(
1 +m−1

)
B

The 1− α confidence interval of β̄ can be constructed using:

β − β̄√
Var(β̄)

∼ tν

ν = (m− 1)

(
1 +

[
(1 +m−1)

B

Ū

]−1
)2

=⇒ CI(β̄) := β̄ ± t 1−α
2

,ν

√
Var(β̄)
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2.2.3 Model-based Imputation

Schafer (1997) explained that model-based methods assume a full model for all of
the data (missing and observed), then a likelihood-based approach is used to estimate
parameters. Since maximum likelihood estimates (MLEs) are not available in closed
form, iterative methods are used. Generally, the expectation-maximisation (EM) algo-
rithm is used to obtain parameter estimates.

The main idea behind the EM algorithm was explained by Schafer (1997). Missing
data is imputed based on initial parameter estimates and then the parameters are re-
calculated. Thereafter, the missing data are estimated again based on the new parame-
ter(s). This process is iterated until convergence. Suppose the complete data is written
as (X, Y ), where Y is observed and X is missing. The goal of EM is to maximise the
log-likelihood (denoted f ) with respect to parameter(s) θ: log(θ) = log

(∫
f(x, y)dx

)
which is not available directly. Instead we construct a function Q(· | ·) in the “E-step”
and maximise it in the “M-step” iteratively:

Q(θ | θn) = E[log(f(X, Y | θ)) | X, θn]

θn+1 = argmax
θ

Q(θ | θn)

An important property of this procedure was emphasised by the author: the likeli-
hood of the estimated parameters given the observed data are monotonically increas-
ing, guaranteeing convergence (under the conditions that a MLE exists).

However, Schafer (1997) points out that as with other likelihood maximisation prob-
lems, convergence to a unique, global maximum is not guaranteed. Problems such as
multiple modes or boundary solutions may occur, resulting in convergence to a local
optimum. Another disadvantage of the EM likelihood approach compared to MI is that
EM only provides point estimates, while MI makes standard errors available.

The review of missing data methods by Allison (2009) found similar performance
between MI and ML methods. A significant disadvantage of ML is the requirement for
specialised software that only caters to a small class of models. Allison (2009) found
almost all implementations of EM assume multivariate normality.
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A modern implementation of the ML approach using EM is provided by Feng et al.
(2020) in the imputeR package. The authors were able to apply EM to offer regularised
regression and tree-based models.

2.3 Missingness in Areal/Lattice Data

First areal data and some related properties must be defined. Let {Z(s) | s ∈ D}
define a spatial process with domain D. Areal data is defined in terms of discrete areas
s1, s2, . . . , sn within D. These areas partition D into n non-overlapping, usually un-
equal regions. The concept of a ‘neighbourhood’ is of importance in modelling areal
data. Essentially the spatial neighbourhood of a region is the set of regions that have a
non-negligible influence on the given area.

The neighbourhood may be defined in terms of contiguity, a cut-off distance or a spec-
ified number of nearest neighbours. Points are considered adjacent if they share a
common border (rook adjacency), a common vertex (bishop adjacency) or a common
point or vertex (queen adjacency). The spatial neighbourhood matrix N is then defined
by:

Nij =

{
1, if si and sj are neighbours
0, otherwise.

The spatial weight matrix W is constructed from N and used for modelling. Some-
times W = N is chosen, but often W is constructed by ‘normalising’ N to be row
stochastic.

A row stochastic matrix has the property that the elements of each row sum to one,
hence W may be obtained from N by using

Wij =
Nij∑n
j=1 Nij

.
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In the context of lattice data, the first-order Markov property may be expressed as
(Haining, 2003):

P(Z(s) | Z(s)) =P(Z(s) | Z(sj), sj ∈ N(s)),

where Z(s) := {Z(sj), sj ∈ D, sj ̸= s} and N(s) is the set of neighbours of area s.
The CAR model discussed in Section 2.6.2 assumes the first order Markov property.

It is uncommon to find MI or ML approaches in the literature on areal data. As dis-
cussed by the review of Haining (2003), missing data are most commonly handled
by single imputation approaches. Of these, spatially weighted mean imputation with
weights based on the area of neighbouring regions or on the length of the common
border between neighbouring regions were popular methods. A more modern imple-
mentation is provided in the areal package in R (Prener et al., 2019).

Other approaches explained by Haining (2003) include spatial hot deck imputation
(randomly sampling from the observed neighbours) and iterative imputation through
the EM algorithm, which is explained in Section 2.2.3.

Baker et al. (2014) provided a case study of single imputation methods for spatial
data relating to predicting risk of type II diabetes. A mean imputation approach was
compared to a multivariate normal model and the CAR model.

Models were compared by Baker et al. (2014) using a cross-validation approach. Com-
parative measures included root mean squared error, bias and CI width. It was found
that mean imputation was the best-performing model, which contradicts other litera-
ture (Rubin, 1988; van Buuren, 2018).

More recently, Panzera et al. (2016) implemented a MI approach in a Bayesian frame-
work. The methods were applied in the context of normally distributed lattice data
using the Besag model (Besag et al., 1991) to generate imputations. The authors ex-
amined the performance of the model on real data.
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The labour productivity data used was from regions of France and Greece. Three dif-
ferent levels of autocorrelation were chosen to assess the effects on the imputed data:
0.06, 0.2 and 0.8. Panzera et al. (2016) investigated changing the neighbourhood struc-
ture of the model, but found no impact on imputations.

The performance of the imputation model was seen to improve at higher levels of
autocorrelation. Panzera et al. (2016) also found poorer performance when neighbours
were dissimilar as is the case for the Greek data.

Single imputation approaches remain prevalent in the literature, despite the issues
pointed out by Rubin (1988) and van Buuren (2018). Puranik (2021) compared the
performance of spatial regression models (discussed in Section 2.6.3) to stochastic re-
gression for imputing public health survey data.

The spatial regression models considered by Puranik (2021) were the SLM, SEM,
spatial Durbin model, spatial Durbin error model and the spatial lag of X model. The
focus of the paper was to estimate the missing data, not to produce accurate parameters
for an inferential model, so mean squared error was used to compare the imputations.
It must be stated that this approach is incorrect since the goal of imputation is not to
replicate the unobserved data (as this is impossible to verify in practice). Mean squared
error is a misleading metric to characterise the performance of imputation models (van
Buuren, 2018).

Puranik (2021) first compared the models using simulated data before testing on real
data. Only the MAR mechanism was considered, while autocorrelation was split into
‘high’ and ‘low’ categories. The level of autocorrelation in the dependent variable was
set to either 0.2 or 0.8 to represent ‘low’ and ‘high’. For the independent variable 0.1
and 0.6 were the corresponding values.

A simulation of size 1000 was executed using India as the spatial region (to mirror
the real data). Puranik (2021) found that the spatial regression models outperformed
stochastic regression and similar results were obtained for the real data. Further details
on spatial regression models can be found in Section 2.6.3.
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Research by Stroud et al. (2017) applied both Bayesian and ML techniques to esti-
mate parameters for a Gaussian process on an incomplete lattice. The approach was
to assume an underlying Gaussian process and use ideas from geostatistics to build
the model on a lattice. Simulated data was considered in addition to sea surface tem-
perature data. For the Bayesian component Jeffreys’ prior was used. The proposed
ML method outperformed composite likelihood and spectral analysis. Spectral anal-
ysis refers to the approach of applying a Laplace transform to the random variable to
work in the so called ‘frequency domain’. This is often easier to work with than the
covariance function.

2.4 Missingness in Geostatistical Data

In the context of geostatistical data, imputation is mainly carried out by using inter-
polation type methods such as kriging (Bae et al., 2018; Chung et al., 2019). Kriging
is a linear interpolation technique that uses weights based on an estimated covariance
function (or variogram). Simple kriging assumes a constant, known mean while ordi-
nary kriging (OK) only assumes the mean is constant. Both these types of kriging can
be extended to include covariates and this is referred to as cokriging.

This is sensible, since the imputation of missing observations can be viewed as an
inference task to which kriging can be applied. If there are covariates to exploit, then
cokriging can be used (Bae et al., 2018).

Chung et al. (2019) considered water level data collected from a national groundwater
monitoring well in Korea. The data contained missing intervals of data, which were
of interest. The authors compared OK to a technique called conditional simulation for
estimating the missing data. Conditional simulation incorporates the random error of
kriging so that simulated values have the same covariance function as that of the data.
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Chung et al. (2019) noted that OK had a lower mean squared error, but conditional
simulation more accurately represented fluctuations in the data. This is due to the
‘smoothing’ effect of the linear interpolation in kriging.

Bae et al. (2018) examined traffic flow speed data, which was collected by Remote
Traffic Microwave Sensors in Knoxville, Tennessee. The approach of kriging had
been found to perform better than historical averages or k-nearest neighbours. Four
different types of kriging were considered: simple kriging, OK, simple cokriging and
ordinary cokriging.

The work of Giorgi and Diggle (2015) discussed the niche problem of inferring the
location of a given observation. It is uncommon to observe geostatistical data with a
missing location, but the case should still be mentioned. The theoretical approach to
solving this problem uses techniques from the area of point processes. It was not the
focus of this study, therefore this topic was not explored.

Bae et al. (2018) considered MCAR, MAR and MNAR missingness mechanisms at
10%, 20%, 30% and 40% missingness. The four kriging methods were compared
across all three mechanisms and the different percentages of missingness by using
mean absolute error and mean absolute percentage error. It was found that cokriging
does result in improved performance provided the secondary variable has reasonable
correlation (|ρ| > 0.5 in the literature) with the variable of interest.

The literature on geostatistical data indicates a lack of MI approaches and few ML
approaches for imputation. It would be desirable to explore MI methods in both areal
data and geostatistical data, however, the scope would be too large. This study focused
on methods for addressing missingness in areal data.
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2.5 Simulation of Missing Data

Santos et al. (2019) provided a review of various methods for generating data with
missingness, which covered univariate and multivariate generation of MCAR, MAR
and MNAR data. The authors emphasised that when simulating missing data it is im-
portant to ensure that the assumptions of the missingness mechanism are not violated,
otherwise the results of the investigation could be biased or invalid.

The most prevalent issues among methods are restrictions to the proportion of missing
data that may be generated or that methods may generate a random amount of missing
data i.e. the number of observations removed is not constant.

It was noted by Santos et al. (2019) that simulating missingness with nominal fea-
tures remains a problem for further investigation in the literature. The generation of
MAR data using multiple features was also discussed, since it is common for a single
feature to be used in the literature.

The ampute() method in R developed by Schouten et al. (2018) is able to implement
this for MAR and MNAR using multiple features. The authors proposed a multivariate
“amputation” procedure for generating missing data. When compared to the “sim-
ple univariate amputation” approach the ampute() method was found to produce much
more realistic missing data structures. In addition, the method is flexible, allowing the
user to generate missing data scenarios as desired.

Two candidate procedures for generating missing data were considered. The first is
from Santos et al. (2019) and the second from Schouten et al. (2018). The former re-
search uses the convention “univa” to refer to missingness in one variable and “unifo”
for missingness across multiple variables.

The simplest and most robust univariate MCAR implementation involves uniform ran-
dom sampling in order to remove observations (referred to as ‘MCAR2univa’ in Santos
et al. (2019)). This can also be extended easily to the multivariate case (‘MCAR2unifo’).
This method can be executed with uniform sampling (without replacement).
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A possible MAR implementation is to select the highest values from one variable, and
remove the corresponding entries from another variable (referred to as ‘MAR2univa’
in Santos et al. (2019)). A multivariate extension is possible by randomly selecting
pairs of variables (‘MAR1unifo’). An alternative is to select pairs of correlated vari-
ables.

For MNAR, the approach is to remove the entries from a variable with the highest
or lowest values of that variable itself (referred to as ‘MNAR1univa’ Santos et al.
(2019)). The multivariate extension is to take this approach for a number of variables
(‘MNAR1unifo’). In this case the missingness of a variable is dependent strictly on
its own missing values (MNAR by definition may depend on both the observed and
missing data). There are other implementations that allow observed variables to have
an effect.

Another potential method was developed by Schouten et al. (2018). The process of
inducing missingness in complete data was termed ‘amputation’ in their work. As a
result, the R command developed is called ampute(). The methods are only applicable
to numerical data. Any missingness mechanism may be introduced since the pattern

(set of variables to be amputated), and weights (set of variables which affect amputa-
tion) may be specified.

A weighted sum of the variables in weights is utilised to extract a probability from
a discrete or continuous distribution, chosen by the user. In the case of a continuous
distribution, the logistic distribution is used (Schouten et al., 2018). The generated
probabilities (that are based on the selected variables) are used to remove observations
for a given covariate. It is possible to select no variables, resulting in data that are
MCAR.
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Additionally, the distribution can be adjusted to mimic different forms of missingness
such as missingness concentrated in large values (‘MARRIGHT’ in Figure 2.5.1). Sup-
pose Y1 is the variable to be amputated and Y2 is chosen to influence the amputation.
Figure 2.5.1 (van Buuren, 2018, Section 3.2) below shows different possible ways to
specify the missingness probabilities.

Figure 2.5.1: Generating missing values using a specified logistic distribution

As illustrated in Figure 2.5.1, the proposed method is adaptable and can “accurately
mimic realistic missingness patterns” (Schouten et al., 2018, pg 8). Note that the use
of the term “patterns” is misleading since this corresponds to the type argument in am-

pute() while pattern selects variables as discussed previously.

Schouten et al. (2018) is selected for satisfying the characteristics of Santos et al.
(2019) and for having methods that are built into the mice package. Ultimately, the
methods in Santos et al. (2019) could be implemented manually, but ampute() is flexi-
ble and could be used to extend this study.

Before explaining the methodology, the models used in this study must be defined
and their properties explained according to the literature.
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2.6 Review of Models in the Study

2.6.1 Introduction

The formal definitions and the mathematical formulations of models used in this study
are provided in this section. The properties and requirements for the models are laid
out. The distributions for the Gibbs sampling of the parameters are also defined.

2.6.2 CAR Model

The CAR model is specified as (Morris et al., 2019):

Z(s) | Z(s) ∼ Normal

(
n∑

j=1

WijZ(sj), σ
2
s

)
,

σ2
s = Var(Z(s) | Z(s)),

The intrinsic CAR model is often used due to the computational issues of estimating
the CAR model (Morris et al., 2019):

Z(s) | Z(s) ∼ Normal

 1

|N(s)|
∑

{k:sk∈N(s)}

Z(sk), σ
2
s

 ,

where |N(s)| is the cardinality of the set of neighbours. Note that the above models
assume a zero-centred model. In the case of a non-zero mean, the model may be
specified as (Panzera et al., 2016):

Z(s) | Z(s) ∼ Normal

(
E[Z(s)] +

n∑
j=1

ρWij(Z(sj)− E[Z(sj)]), σ2
s

)
, (2.6.1)

where ρ is the scalar spatial autocorrelation parameter and Wij is the (i, j)th entry of
the spatial neighbourhood matrix. According to the work of Besag et al. (1991), these
conditional distributions have the joint distribution:

Z ∼ Normaln(µ,Σ), (2.6.2)

Σ = (In − ρW)−1B,

B = diag(σ2
1, σ

2
2, . . . , σ

2
n).
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The model requires that Σ be symmetric and positive definite, properties which are
satisfied when Wijσj = Wjiσi and |ρ| < 1 (Panzera et al., 2016). For (In − ρW) to
be invertible, it is required that λmin < ρ < λmax (Ver Hoef et al., 2018) where λmin and
λmax are the minimum and maximum eigenvalues of W respectively. In applications
to lattice data, often a normalised W matrix based on contiguity is used. This leads to
the simplification (Panzera et al., 2016):

Σ = (In − ρW)−1B,

= (In − ρW)−1σ2D−1,

= σ2(D− ρN)−1,

where N is the neighbourhood matrix, W is standardised to be row stochastic, and
D = diag(

∑n
j=1N1j, . . . ,

∑n
j=1Nnj) is the matrix of row totals of N. Note that

W = D−1N follows from standardising W. When using the normalised W, the
restriction on ρ is: λmin < ρ < 1, where λmin < −1 usually. For practical modelling
purposes, this is often restricted to |ρ| < 1 (Ver Hoef et al., 2018).

The posterior distributions from which to sample the parameters are provided in De Oliveira
(2012), using uninformative prior distributions. Consider a CAR model on y = (y1, y2, . . . yn)

with mean given by a linear combination of covariates Xβ. The parameters are sam-
pled from Equations 2.6.3, 2.6.4 and 2.6.5.

y | X, ρ,β, σ ∼ Normaln(Xβ, σ2(In − ρW)−1)

Let B̃ = (XT (In − ρW)X)−1XT (In − ρW)y,

β | ρ, σ2,X,y ∼ Normalp(B̃, σ2(XT (In − ρW)X)−1), (2.6.3)

Let S2
ρ = (y −XB̃)T (In − ρW)(y −XB̃),

σ2 | ρ,β,X,y ∼ InvGam
(
n− p

2
,
1

2
S2
ρ

)
, (2.6.4)

π(ρ | β, σ2,X,y) ∝

(∣∣XT (In − ρW)X
∣∣

|In − ρW|

)− 1
2 (

S2
ρ

)n−p
2 π(ρ). (2.6.5)

Note that in Equation 2.6.4, ‘InvGam’ refers to the inverse gamma distribution (de-
fined in Appendix A.1). De Oliveira (2012) shows the posterior can be normalised by
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showing the integral of the likelihood is finite. When using a diffuse prior the poste-
rior is proportional to the likelihood and the result was also shown to hold when using
Jeffreys’ Independence Prior. For simplicity and since there is little difference in using
Jeffreys’ Independence Prior (De Oliveira, 2012), the prior distribution of ρ is taken
to be the uniform distribution over (0, 1). Hence π(ρ) = 1. The R code for the CAR
model is in Code Block D.2.1 in Appendix D.2.

2.6.3 Spatial Lag and Spatial Error Models

Spatial regression models extend linear regression by incorporating spatial dependence
through the spatial weight matrix W. Anselin (2009) distinguishes two main cate-
gories: spatial lag dependence (SLM and SDM) and spatial error dependence (SEM
and SDEM). The SDM and SDEM are outside the scope of this study so focus is in-
stead placed on the SLM and SEM. The SLM model may be defined by:

y =Xβ + ρWy + ϵ,

where y is a n × 1 vector of the dependent variable, β is a p × 1 vector of regression
coefficients, X is an n×p matrix of independent variables, ρ is a scalar autocorrelation
parameter, W is the n × n spatial weight matrix (that introduces spatial lag) and ϵ is
a random, IID n × 1 vector of errors: ϵ ∼ Nn(0, σ

2In). For this model, the spatial
correlation is of interest.

Note that for row standardised W, a weighted average of the neighbours of y is in-
cluded in the regression. Writing the model in “reduced form” (Anselin, 2009, pg 7):

y = (In − ρW)−1(Xβ + ϵ), (2.6.6)

E(y | X) = Xβ +
∞∑
k=1

ρkWkXβ. (2.6.7)

The inverse (In − ρW)−1 exists provided W is row stochastic and |ρ| < 1 (Anselin,
2009). Equation 2.6.7 follows from the expansion (In − ρW)−1 = In +

∑∞
k=1 ρ

kWk.
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The distributions that were used for the Gibbs sampler as discussed in Section 2.2.2
are provided in Equations 2.6.8, 2.6.9 and 2.6.10. These equations are taken from
LeSage (2000) by considering a ‘diffuse prior’ (uninformative prior) for the parameters
(ρ, σ,β). The posterior distributions are be denoted by π(· | ·).

y | X,β, ρ, σ ∼ Normaln((In − ρW)−1Xβ, σ2(In − ρW)−1((In − ρW)−1)T )

Let ϵ = (In − ρW)y −Xβ.

π(σ | ρ,β,X,y) ∝ σ−(n+1) exp

(
1

2σ2
ϵTϵ

)
. (2.6.8)

Let B = (XTX)−1XT (In − ρW)y.

β | ρ, σ,X,y ∼ Normalp(B, σ2(XTX)−1), (2.6.9)

π(ρ | β, σ,X,y) ∝ |In − ρW| exp
(

1

2σ2
ϵTϵ

)
. (2.6.10)

The joint posterior distribution is not shown to be normalisable (have a finite integral
with respect to the parameters) explicitly in the literature. As such the convergence
of the Gibbs sampler must be monitored for divergent behaviour. The code for imple-
menting the SLM model is in Code Block D.3.1 in Appendix D.3.

There are two ways to define the SEM model. One is based on specifying a function
for the covariance between observations (direct representation), and the alternative is
to specify a spatial process for the error term. Often for the former, the exponential
distance decay function, is used (Anselin, 2009):

E(u′u) = σ2(In − γΦ),

Φij = eϕdij ,

for a distance dij between locations si and sj . The second formulation is the one that
was considered in this study and can also be found in Puranik (2021).

If the error term (now defined by u to differentiate from the uncorrelated error ϵ) is
considered to originate from the spatial autoregressive process:

u = λWu+ ϵ, then,

=⇒ y = Xβ + λWu+ ϵ,

=⇒ y = Xβ + (In − λW)−1ϵ, (2.6.11)



2.6 Review of Models in the Study 24

where u is a n × 1 vector of spatially correlated ‘disturbances’ and y, X, β and ϵ are
defined in the same way as the SLM (Puranik, 2021). In this model, spatial autocorre-
lation is treated as a ‘nuisance’ parameter.

The posterior distributions from which to sample are provided in Equations 2.6.12,
2.6.13 and 2.6.14. The equations are adjusted from LeSage (2000) where an uninfor-
mative prior was used.

y | X, λ, σ ∼ Normaln(Xβ, σ2(In − λW)−1((In − λW)−1)T )

Let ϵ = (In − λW)(y −Xβ).

π(σ | λ,β,X,y) ∝ σ−(n+1) exp

(
1

2σ2
ϵTϵ

)
. (2.6.12)

Let B̄ = (XT (In − λW)T (In − λW)X)−1XT (In − λW)T (In − λW)y.

β | λ, σ,X,y ∼ Normalp(B̄, σ2(XT (In − λW)T (In − λW)X)−1), (2.6.13)

π(λ | β, σ,X,y) ∝ |In − λW| exp
(

1

2σ2
ϵTϵ

)
. (2.6.14)

Once again it is not explicitly shown that this model has a normalisable joint poste-
rior. Note that there is a duality between the CAR model and the SEM implying the
posterior should have a finite integral (Ver Hoef et al., 2018). The output of the Gibbs
sampler should still be checked for divergent behaviour. The SEM is implemented in
R code in Code Block D.4.1 (Appendix D.4).
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Chapter 3

Methodology

To assess the performance of the imputation models, a simple ‘top-level’ regression
model is considered with the covariates containing missing data. This is discussed in
Section 3.4. The metrics used to compare imputation models are calculated using the
pooled estimate, say β́(m), compared to the value used to generate the data β́.

The use of models in this simulation study can be broken down into eight steps:

1. Generate data for the chosen imputation model using a fixed set of parameter
values and a chosen autocorrelation.

2. Use the generated data to simulate data from the regression model (top-level)

3. Introduce missingness in the chosen covariate through amputation (ampute() in
mice).

4. Produce m imputed datasets based on the MICE algorithm (Figure 1).

5. Calculate parameter estimates for the linear regression model in each dataset and
pool results.

6. Calculate bias, CI width and coverage (1 or 0 in this case) for these estimates.

7. Repeat steps 1-5 one hundred times to calculate average bias, average CI width
and coverage (i.e. using Monte Carlo).
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8. Repeat steps 1-6 for all 27 combinations of missingness mechanism, missingness
percentage and autocorrelation.

Sections 3.6.1 and 3.6.2 describe how the first and third steps are implemented for the
CAR model, SLM and SEM.

Note that there are two key parts of the process: the ‘top-level‘ model of z = β́0 +

β́1y+ β́2x (since x is univariate here) and the imputation model of y based on x which
is either the CAR model, SLM or SEM. The imputations are drawn from a Gibbs sam-
pler as discussed in Sections 2.6.2 and 2.6.3. The top level model is estimated using
lm() in R (in the repeated analysis) and confidence intervals are calculated as defined
at the end of Section 2.2.1 which is handled internally by the mice() method in R.

The objective of this process is to assess the performance of imputation methods in
mice compared to data generated by spatial (imputation) models. These spatial models
are fitted against data generated by themselves, which, while idealistic, determines if
these models can be considered useful at all.

After analysis on simulated data, the models were tested on a real dataset to present
a more realistic scenario. The chosen dataset was the widely used corrected Boston
housing data.
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3.1 Boston Data

The Boston dataset is contained in the spData package and is a corrected version of
the original dataset (Harrison Jr and Rubinfeld, 1978). The spatial area contains 506
regions with 20 recorded variables for each region (described in Table 3.1.1). Figure
3.1.1 illustrates the spatial regions of the Boston dataset.

Figure 3.1.1: The spatial regions in the Boston dataset
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Table 3.1.1: Description of variables in the Boston dataset

Variable Description

TOWN Town names

TOWNNO A numeric representation of town names

TRACT Tract ID number

LON Tract point latitudes in decimal degrees

LAT Tract point longitudes in decimal degrees

MEDV Median values of owned homes in 1000’s of USD

CMEDV Corrected median house values in 1000’s of USD

CRIM Per capita crime

ZN Proportions of residential land zoned for lots over 25000 square feet

INDUS Proportions of non-retail business acres per town

CHAS Indicates if the tract borders the Charles River

NOX Nitric oxides concentration (parts per 10 million)

RM Number of rooms per house

AGE Proportion of properties built before 1940

DIS Weighted distances to five employment centres

RAD index of accessibility to radial highways per town

TAX Full-value property-tax rate per 10,000 USD per town

PTRATIO Pupil-teacher ratios per town

B A function of the proportion of blacks, Bk: B = 1000 ∗ (Bk − 0.63)2

LSTAT Percentage values of lower status population

Following the analysis of the corrected Boston dataset by Moraga (2023), a model for
the (corrected) median house value of an area ‘CMEDV’ is modelled by the average
number of rooms in an area ‘RM’ and the number of crimes per capita ‘CRIM’ under
a spatial regression model. For these the SLM and SEM were considered and the best
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one chosen in Section 4.6.

This was first fitted to the complete data to use as a benchmark and afterwards the
data were amputated. Amputation was carried out in the same way as the simulated
using the ampute() method set with MAR mechanism, 15% missingness and ‘right’
missingness. This is discussed in Section 3.2.

The imputations were calculated using the SEM and SLM, however both provided
similar results so only the SLM imputations are reported. The imputations were used
to compute pooled estimates (as discussed in Section 2.2.1) which were compared
against parameters calculated from the complete data.

In the same way as the simulated data, imputations were also computed for the normal
model and PMM and used to construct pooled estimates. The analysis can be found in
Section 4.6.

3.2 Simulation Procedure - Amputation

Simulation of areal datasets was executed in the spdep package in R. Across these
simulations missingness, of 5%, 15%, and 25% were compared, in addition to auto-
correlations of 0.2, 0.5, and 0.8. These are values commonly used in literature for
comparative purposes (Baker et al., 2014; Puranik, 2021). The spatial region used was
that of Boston, so the real and simulated data had the same spatial weights matrix W.
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For MCAR data, the uniform sampling method discussed in Schouten et al. (2018)
was used since it is simple, robust and should provide equivalent results to the am-

pute() method with zero weights.

In the case of MAR and MNAR data, the ampute() method was applied due to the
flexibility and realistic simulation of missing data provided by this method.

The missingness percentage was defined in terms of a single feature as described in
Santos et al. (2019) by considering an entire observation to be missing if one or more
variables contain an unobserved value. The missingness percentage was taken to be
equal to the proportion of rows with a missing value out of the total n. This mea-
sure was chosen since missingness was restricted to y (the spatial covariate). Since
MCAR is a very strong assumption, that is often not completely satisfied, MCAR data
was simulated for fewer scenarios compared to MAR and MNAR. It was believed to
produce similar results to MAR, since models that can handle the MAR mechanism
should have no issue with MCAR data (confirmed in Section 4).

In the case of MAR, the variables selected by the pattern argument are mutually exclu-
sive to those in weights (refer to Section 2.5). This ensured that missingness depends
on the observed data, thereby guaranteeing the MAR mechanism.

To simulate MNAR the variables selected by the pattern argument overlap with those
in the weights to determine missingness. Specifying the parameters of the ampute()

method in this way ensures that missingness depends on the missing values, which is
characteristic of the MNAR mechanism.

There were no set guidelines in the literature with regards to the number of simula-
tions that should be executed, nor the size of each dataset. Puranik (2021) makes use
of 1000 simulations per scenario. The data contained 284 observations, corresponding
to the 284 regions within India.

Due to the computational complexity of spatial data and the number of cases that must
be simulated (27 scenarios for each imputation model), a size of 100 simulations (of
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the imputation and analysis process) per model case was considered. Simulations were
carried out using the spatial region in the Boston data (explained in Section 3.1).

3.3 Simulation Procedure - Imputation Models

A number of spatial models from the literature were considered for use as imputation
models. The implementation and generation of data from these models are discussed
in Section 3.6. According to Rüttenauer (2022), the SLM is the most common spatial
regression model and other commonly used models are the SEM, SDM, the SDEM
and the “spatial lag of X model.”

The SDM and SDEM are extensions of the SLM and SEM respectively, so for this
study methods were developed for the SLM and SEM. It would be possible to extend
the methodology by using work on Bayesian versions of the SDM and SDEM, but this
is beyond the scope of this study (refer to Section 5.5).

In the literature, there is a relationship between the SEM and the CAR model, as a
result of the similar (but not identical) specifications (Ver Hoef et al., 2018). The CAR
model was included as another imputation model for handling spatially correlated er-
rors.

The main focus was on MI methods since likelihood-based methods become com-
plex in the context of spatial data, which are not IID (Stroud et al., 2017). Furthermore
ML methods require specialised software. Consequently, the imputation models are
implemented using the MICE algorithm and the mice package in R.

The spatial models are implemented using a Bayesian approach (full-conditional spec-
ification) as discussed in Sections 2.6.2 and 2.6.3 and plugged into mice as a custom
imputation method.
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Imputations were also generated using PMM and the ‘normal’ (Gaussian) model of
the mice package. The purpose of comparing these models is to gauge the robustness
of mice methods and determine if spatial imputation models are worthwhile (consid-
ering the best case - data generated from the model itself). According to van Buuren
(2018), appropriate comparative measures are bias, confidence interval (CI) width and
coverage, with lower bias and confidence interval width and higher coverage indicat-
ing better performance. These metrics were used to compare the imputation models
(only within their respective data generation scenario).

3.4 Simulation Procedure - Linear Regression

Recall a standard linear model was used to evaluate the performance of the imputation
methods: z = β́1y + β́2x + β́0. For exposition, z was assumed to be complete and x

univariate, but the extension to missing z and multivariate x can be made. The param-
eters were arbitrarily chosen to be β́1 = 1, β́2 = −1 and β́0 = 2 and for the imputation
models, β0 = 3 and β1 = 2. More parameter values could be tested, but that is outside
the scope of this study.

Following the example of van Buuren (2018), bias and CI width were calculated as
a mean of the corresponding values for the 100 simulations. Coverage was calculated
as the proportion of cases in which the confidence interval contained the true parameter
value.

The bias, CI width and coverage are estimated using Monte Carlo:

Average Bias =
1

N

N∑
i=1

¯́
βi − β́

CI width =
1

N

N∑
i=1

2t0.975,ν

√
Var( ´̄βi)

Coverage =
1

N

N∑
i=1

I(β́ ∈ CI( ¯́βi))
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where I(·) is an indicator function. The ¯́
β and its variance is provided by the mice

package as discussed at the end of Section 2.2.1.

Section 3.6 details how to sample from the imputation models and from the predic-
tive distributions corresponding to these models (not discussed in the literature).

3.5 Simulation - Summary of Scenarios

The 27 possible simulation scenarios are given in Table 3.5.1:
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Table 3.5.1: Simulation Scenarios for each model (CAR, SLM and SEM)

Autocorrelation Missingness (%) Missingness Mechanism

0.2 5 MCAR

0.2 10 MCAR

0.2 15 MCAR

0.5 5 MCAR

0.5 10 MCAR

0.5 15 MCAR

0.8 5 MCAR

0.8 10 MCAR

0.8 15 MCAR

0.2 5 MAR

0.2 10 MAR

0.2 15 MAR

0.5 5 MAR

0.5 10 MAR

0.5 15 MAR

0.8 5 MAR

0.8 10 MAR

0.8 15 MAR

0.2 5 MNAR

0.2 10 MNAR

0.2 15 MNAR

0.5 5 MNAR

0.5 10 MNAR

0.5 15 MNAR

0.8 5 MNAR

0.8 10 MNAR

0.8 15 MNAR
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This is done for each of the three imputation models. In each of those cases imputa-
tions are also computed using the normal model and PMM within mice. Comparisons
are made within each data generating model (same as the imputation models), since
comparisons across these scenarios would not make sense.

3.6 Implementation of Models

3.6.1 CAR Model

Data was simulated for this model by randomly sampling from the distribution in Equa-
tion 2.6.2. First note that the mean µ = Xβ is modelled by the covariates (De Oliveira,
2012). The last step before simulation was to select values for β and ρ and to generate
X. Sampling from a multivariate normal distribution can be executed in R using the
MASS package (Venables and Ripley, 2002). It is possible to alter the autocorrelation
structure by varying ρ. Note that |ρ| < 1 is required for a valid CAR model, but fol-
lowing the literature ρ is restricted to be positive as well (Ver Hoef et al., 2018).

Model imputations can be generated using Equation 2.6.1 for each missing value (note
E[Z(si)] = Xiβ). First, the parameters are sampled using Equations 2.6.3, 2.6.4 and
2.6.5, then these sampled values are used in Equation 2.6.1. Simulation of the CAR
model using MICE is implemented in Code Block D.2.2 (Appendix D.2).

3.6.2 Spatial Regression Models

Equation 2.6.6 was used to simulate data by selecting ρ and β, generating X and ϵ.
For the SLM, the posterior distributions of the parameters are given in Equations 2.6.8,
2.6.9 and 2.6.10. To draw imputations from the distribution of ymis | yobs, ρ,β, σ2, note
that for complete data:

y | ρ, σ2,β ∼ Normaln
(
AXβ, σ2AAT

)
, (3.6.1)

A = (In − ρW)−1.

This follows from:
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y = (In − ρW)−1(Xβ + ϵ),

and,

X ∼ Normaln (µ,Σ) ,

=⇒ AX ∼ Normaln
(
Aµ,AΣAT

)
.

Then Equation A.2.1 (refer to Appendix A.2) was used on the partition of y into miss-
ing and observed data to obtain the distribution of ymis | yobs, ρ,β, σ2.

Similarly to the SLM, Equation 2.6.11 was used to simulate data and the parameters
were drawn from the distributions given in Equations 2.6.12, 2.6.13 and 2.6.14. The
conditional distribution of the missing data given the observed data, ymis | yobs, ρ,β, σ2

was derived similarly to the SLM:

y | ρ, σ2,β ∼ Normaln
(
Xβ, σ2(In − λW)−1((In − λW)−1)T

)
. (3.6.2)

Equation A.2.1 was applied to Equation 3.6.2 to obtain the distribution of ymis |
yobs, ρ,β, σ2. The R code to simulate the SLM and SEM is contained in Code Blocks
D.3.2 and D.4.2 (in Appendices D.3 and D.4 respectively).

3.7 A Note on Model Extensions

Models were simulated using univariate y, since the multivariate case would add un-
necessary complexity. Extension from univariate y to multivariate Y is not difficult,
and would follow similarly to the extension of multiple regression to multivariate re-
gression.

The more interesting case is missingness across non-spatial variable(s) in X. The
missing variable(s) could be imputed using conventional methods in mice, but it would
be more efficient to leverage the relationship between y and X.
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Consider the SLM and assume xi has missing values.

y = (In − ρW)−1 (Xβ + ϵ) ,

=⇒ Xβ = (In − ρW)y − ϵ,

=⇒ xi =
1

βi

ỹ + X̃β̃ + ϵ̃,

X̃ = (1 x1 . . . xi−1 xi+1 . . . xp) ,

β̃ =
−1

βi

(β0 β1 . . . βi−1 βi+1 . . . βp) ,

ϵ̃ ∼ Normaln

(
0,

σ2

β2
i

In

)
.

This implies, after transforming y using an estimate of ρ, that xi can be imputed using
normal linear regression with covariates of y and the remaining variables in X. Be-
fore this should be considered, the performance of the spatial imputation models on y

must be assessed. The comparative performance of these spatial methods with existing
approaches in mice is the focus of Chapter 4.
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Chapter 4

Analysis

4.1 Introduction

First, data were simulated as explained in Section 3.2, for each of the CAR model,
SLM and SEM. The imputations were compared to those generated by the Gaussian
regression (normal) model and predictive mean matching (PMM) in mice in Sections
4.3, 4.4 and 4.5.

After simulated results were analysed the method was further tested on the Boston
dataset (discussed in Section 3.1). Values were amputated using the same methods as
the simulated data. The best fitting spatial imputation model was compared to conven-
tional methods in mice in Section 4.6.

The results for the CAR model, SLM and SEM on the simulated data are compared
in this section. Due to the large number of combinations in the simulation conditions
(missingness mechanism, autocorrelation and missingness percentage), only the most
important results are discussed. Tables of other results can be found in Appendix B. In
addition, note that the percentages in table captions refer to the missingness percentage.

Comparative measures for β́0, β́1 and β́2 were similar in most cases so for ease of
exposition only values for β́1 are shown in the tables. Results in Appendix B contain
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comparative measure values for β́0, β́1 and β́2.

Note that data can be amputated using different distributions as specified in Section
3.2. Initial investigations indicated no substantial differences in results by changing
the missingness distribution. The best-performing model remained the same and only
marginal differences in the comparative metrics arose. Table 4.1.1 contains the results
for the models across missingness distributions. Note to reflect the naming used in the
mice package ‘normal model’ refers to a Gaussian model.

Table 4.1.1: SLM across missingness distributions under MAR 15% and ρ = 0.8

Model Mean Bias (×10−2) Mean CI Width (×10−3) Coverage Distribution

SLM 0.13 0.78 1.00 Right

Norm -15.14 1.94 0.01 Right

PMM -14.80 1.40 0.00 Right

SLM 0.24 0.60 0.99 Left

Norm -14.83 1.65 0.03 Left

PMM -15.03 1.90 0.00 Left

SLM 0.16 0.89 1.00 Mid

Norm -14.74 1.24 0.02 Mid

PMM -14.63 1.33 0.01 Mid

SLM 0.06 1.14 1.00 Tail

Norm -14.67 2.41 0.03 Tail

PMM -15.06 3.11 0.01 Tail

Table 4.1.1 indicates that the SLM is the best-performing model: lowest bias and CI
width and highest coverage regardless of missingness distribution. It must be noted
that the coverage being so dichotomous (either 0 or 1) points to an issue, likely to do
with the CI width. It could also be the case that not enough noise was added to the sim-
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ulation compared to the high autocorrelation resulting in very narrow CI widths. The
normal model and PMM have very similar values in all cases, so it can be concluded
that their performance is similar. The most important aspect of the table, the ranking
of the models, was not affected by the missingness distribution. For this reason, only
‘Right’ missingness is used to amputate the data.

It must also be stated that due to the relatively high correlation between z, y and X (by
construction of the simulated data) the models displayed more robustness to MNAR
than is typically expected. The use of the Boston data aims to provide a more realistic
example. Refer to Section 4.6 for an analysis of the Boston data.

4.2 Convergence and Model Assessment

The mice package includes plots for assessing the convergence of the chosen imputa-
tion model. The plots display the mean and variance of the imputed variable across
iterations of the MCMC simulation. Good convergence is indicated by the ‘mixing’ of
the chains and the absence of a continuous trend (van Buuren, 2018).

Convergence was for most models, besides the SEM at high levels of missingness
under MAR. Examples of convergence are provided in Appendix C, however, note
that these convergence plots only illustrate one overall simulation of MICE. It is not
possible to comment on convergence for all 100 simulations of each model, but poor
convergence would be reflected in poor estimates. A model that has not adequately
converged would be unlikely to produce representative imputations (resulting in poor
pooled estimates).

Figures 4.2.1 and C.1.1 provide examples of good convergence for the CAR model
and the SLM. The figures illustrate the mean (left) and standard deviation (right) of y
across iterations of MICE (horizontal axis).
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(a) Mean across MICE iterations (b) Variance across MICE iterations

Figure 4.2.1: Convergence of the CAR imputation model

The initial trend dies away quickly for both the mean and variance and there is preva-
lent mixing of the chains indicating good convergence of MICE. Note that the CAR
model is run for more iterations than the SLM, since initially convergence of the CAR
model was inadequate. Figure 4.2.2 is an example of poor convergence for the SEM
model, but this was not seen in all SEM simulations, only under MAR with 15% miss-
ingness.

(a) Mean across MICE iterations (b) Variance across MICE iterations

Figure 4.2.2: Example of poor convergence of the SEM

Trend is present throughout the iterations in the mean and variance which indicates
poor convergence of the MICE algorithm.

Importantly, the CAR model had an issue with the intercept. Across all imputation
models (CAR, PMM and normal), including the intercept resulted in unusually high
bias for all the models’ estimates. Table 4.2.1 provides these results.
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Table 4.2.1: Bias of the CAR model with intercept

Model Mean Bias (×10−2) Mean CI Width (×10−3) Coverage Parameter

CAR 37.53 4.49 0.15 Intercept

Norm 45.13 3.78 0.05 Intercept

PMM 53.83 11.23 0.05 Intercept

CAR -12.55 1.41 0.13 Slope of y

Norm -15.05 1.25 0.03 Slope of y

PMM -17.79 3.57 0.04 Slope of y

The unexpected bias may be due to an implementation issue with the CAR model. As a
result of the unexpected bias, the intercept was removed for the CAR model in further
simulations by setting β́0 = 0. This approach succeeded in reducing the bias of the
model estimates.

Unfortunately, the graphical tools to assess the imputation models only provide in-
formation for a single simulation of MICE. Examples of resulting plots are given in
Figures 4.2.3, 4.2.4 and 4.2.5. The Gaussian kernel is used to estimate the densities
in these figures for the variable y in the case of the MNAR mechanism with 15%
missingness and ρ=0.5. The models compared are the SLM, the normal model and
PMM.
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Figure 4.2.3: An example fit of the SLM imputation model

The densities of the imputed data match the density of the missing data well which
indicates good performance of the imputation model.

Figure 4.2.4: An example of the normal model with SLM data

For this imputation the normal model appears to perform well as the density of the
imputed data is similar to that of the missing data, with slight bias to the left.
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Figure 4.2.5: An example of PMM under SLM data

PMM performs poorly in this imputation, since the density of the imputed data lies to
the right of the missing data which implies bias.

The plots cannot be used to infer much about the simulation as they omit the 99 other
simulated results. The plots do show a closer fit to the density of the missing data
for the SLM. Instead of using these plots, tables with the mean bias, mean CI width
and coverage are used. It is important to note that mean squared error is a misleading
metric for comparing imputation models, so it is omitted (van Buuren, 2018).

4.3 CAR Model Results

The autocorrelation did not seem to affect the comparative measures of the models.
Consider Table 4.3.1 that provides results for MAR missingness of 15% with ρ = 0.8

and ρ = 0.2.
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Table 4.3.1: Effect of autocorrelation on comparative measures for the CAR model

Model Mean Bias (×10−2) Mean CI Width (×10−3) Coverage ρ

CAR -4.48 2.50 0.91 0.80

Norm -0.59 1.44 0.92 0.80

PMM -0.67 1.54 0.94 0.80

CAR -3.30 2.72 0.98 0.20

Norm -3.30 2.38 0.98 0.20

PMM -1.51 2.91 0.97 0.20

Table 4.3.1 indicates that higher autocorrelation results in reduced coverage, but lower
bias, except for the CAR model, which had a higher bias. The table also indicates that
the CAR model performs worse (ρ = 0.8 higher bias, CI width and lower coverage)
or just as well as PMM and the normal model (rho = 0.2 same bias and coverage
as the normal model). This behaviour is unexpected since the CAR model is similar
to the SEM, which outperformed PMM and the normal model by having lower bias,
CI width and coverage in most scenarios. Both models should produce similar results
(see Section 4.5). The models both contain spatial autocorrelation incorporated into
the covariance matrix. These findings point to a possible implementation issue with
the CAR model.

However, the CAR model performs favourably in other simulations, such as the case
of MAR with 10% missingness and ρ = 0.8 in Table 4.3.2. The CAR model is (barely)
the best-performing model: highest coverage, similar CI width and second best bias,
but the comparative measures are all very similar.
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Table 4.3.2: Comparison under MAR 10% with ρ = 0.8

Model Mean Bias (×10−2) Mean CI Width (×10−3) Coverage

CAR -0.23 0.22 0.98

Norm -0.26 0.22 0.97

PMM -0.19 0.25 0.97

This was also the case for the same conditions under the MNAR mechanism. Table
4.3.3 shows that the CAR model performs the best across all metrics, but once again
the difference between models is minimal.

Table 4.3.3: Comparison under MNAR 10% with ρ = 0.8

Model Mean Bias (×10−2) Mean CI Width (×10−3) Coverage

CAR 0.23 0.20 0.99

Norm 0.27 0.23 0.97

PMM 0.37 0.24 0.96

In the case of MCAR, the CAR model was no longer the best-performing model, but
the comparative measures were once again similar. These results are provided in Table
4.3.4.

Table 4.3.4: Comparison under MCAR 10% with ρ = 0.8

Model Mean Bias (×10−2) Mean CI Width (×10−3) Coverage

CAR -0.32 0.25 0.89

Norm -0.27 0.21 1.00

PMM -0.25 0.23 0.99

In general, results were not very different in terms of comparative model performance
when changing from MAR to MNAR or MCAR under the same simulation conditions
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(same missingness percentage and parameter choices). Biases and CI widths remained
similar while coverage fluctuated. There were no clear patterns that point to the miss-
ingness mechanism influencing the comparative measures.

Considering the difference in performance between the CAR model and the other
methods, there appears to be no substantial benefit in using the CAR model in the
case of data that follows the distribution of the CAR model. PMM and the normal
model provide comparable performance with a much less effort.

4.4 SLM Results

The results to follow indicate poor performance in applying PMM and the normal
model to data generated using the SLM. Even under MAR at 5% missingness and low
autocorrelation (ρ = 0.2), these models had comparatively high bias and low coverage.
These results are displayed in Table 4.4.1.

Table 4.4.1: Comparison of the SLM under MAR 5% with ρ = 0.2

Model Mean Bias (×10−2) Mean CI Width (×10−3) Coverage

SLM -1.96 0.81 0.93

Norm -4.89 1.61 0.65

PMM -5.35 1.03 0.48

The performance of the SLM appeared to improve with higher autocorrelation. Table
4.4.2 indicates the performance of the SLM at different missingness percentages and
missingness mechanisms grouped by the strength of autocorrelation.
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Table 4.4.2: Effect of autocorrelation on SLM under MAR 10%

Model Mean Bias (×10−2) Mean CI Width (×10−3) Coverage ρ

SLM -3.92 1.20 0.76 0.20

SLM -1.72 1.20 0.98 0.50

SLM 0.04 0.66 1.00 0.80

In Table 4.4.2 a clear trend is present: bias and CI width decrease as autocorrelation
increases, while coverage increases with autocorrelation. At ρ = 0.8, it was found
in some cases that the estimated coverage of the model was 100% or very close to
100%. This is either caused by the model overestimating variance, or more likely, the
IID noise used across simulations was not enough to offset the high autocorrelation,
resulting in higher than normal coverage. This trend is also present under the MNAR
mechanism, as illustrated in Table 4.4.3.

Table 4.4.3: Effect of autocorrelation on the SLM under MNAR 10%

Model Mean Bias (×10−2) Mean CI Width (×10−3) Coverage ρ

SLM -4.26 1.43 0.80 0.20

SLM -1.59 0.83 0.98 0.50

SLM 0.93 0.80 0.94 0.80

The higher coverage for ρ = 0.5 compared to ρ = 0.8 is likely due to the simulation
size of 100. Other simulations do not show a decrease in coverage from ρ = 0.5 to
ρ = 0.8. These findings agree with previous literature that increased autocorrelation
improves the performance of a spatial imputation model (Panzera et al., 2016).

MCAR and MAR mechanism did not have a significant influence on the simulation
outcome. Consider the results in Table 4.4.4, which indicate very similar results for
the SLM regardless of MAR or MCAR. This may indicate that the MAR generated
data is MCAR like. PMM and the normal model display lower coverage under MAR
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compared to MCAR, but this trend was not evident in other simulation scenarios: dif-
ferent missingness percentages and values of ρ.

Table 4.4.4: Comparison of MAR and MCAR for the SLM with 10% missingness and

ρ = 0.8

Model Mean Bias (×10−2) Mean CI Width (×10−3) Coverage Mechanism

SLM 0.11 0.47 1.00 MCAR

Norm -9.81 1.09 0.13 MCAR

PMM -9.75 1.84 0.08 MCAR

SLM 0.04 0.66 1.00 MAR

Norm -9.76 1.62 0.06 MAR

PMM -10.23 1.19 0.06 MAR

Simulated results point to increased bias, CI width and decreased coverage as the miss-
ingness percentage increases. Intuitively this makes sense as more missing data should
result in comparatively worse estimates and more uncertainty in estimated parameters.
These claims are supported by comparing Table 4.4.1 to Table 4.4.5.

Table 4.4.5: Comparison of models under the SLM MAR 15% ρ = 0.2

Model Mean Bias (×10−2) Mean CI Width (×10−3) Coverage

SLM -6.04 1.31 0.53

Norm -14.76 3.15 0.01

PMM -15.60 2.06 0.01

Compared to Table 4.4.1, bias and CI width increased across all models, while cover-
age decreased. In Table 4.4.5, the models all perform poorly, but the SLM performs the
best. The low autocorrelation is likely to blame for this, since the SLM cannot iden-
tify strong relations in the data. A possible solution would be to increase the number



4.5 SEM Results 50

of imputed datasets m. The SLM should be used with caution when autocorrelation
is low. The trend of higher bias and CI width and lower coverage as missingness is
increased occurs at higher autocorrelations and under MNAR.

There were no major differences between results under MCAR, MAR or MNAR.
When keeping all simulation conditions the same and comparing results, coverage
would sometimes increase and at other times would decrease. Bias and CI width val-
ues also fluctuated between missingness mechanisms, showing no clear pattern.

Overall, the SLM displays a clear improvement over PMM and the normal model that
is worth the computational cost, considering the poor performance of the other two
methods.

4.5 SEM Results

Similarly to the results of SLM generated data, PMM and the normal model showed
very poor performance compared to the SEM for SEM data, even at low levels of
missingness and low autocorrelation. In Table 4.5.1 the SEM model performs the best
and comparatively, PMM and the normal model show high bias and low coverage.

Table 4.5.1: Comparison under MAR 5% with λ = 0.2 of the SEM

Model Mean Bias (×10−2) Mean CI Width (×10−3) Coverage

SEM -1.64 0.63 0.92

Norm -4.88 0.89 0.57

PMM -5.36 0.75 0.47

Although the trend is not as strong for the SEM as the SLM, autocorrelation seemed to
affect bias, CI width and coverage. Higher autocorrelation resulted in lower bias and
CI width and greater coverage for the SEM. PMM and the normal model did not ben-
efit from increased autocorrelation. These findings are supported by the comparative
measures in Table 4.5.2
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Table 4.5.2: Effect of autocorrelation on the SEM under MAR 10%

Model Mean Bias (×10−2) Mean CI Width (×10−3) Coverage λ

SEM -3.54 0.97 0.83 0.20

Norm -10.18 1.64 0.08 0.20

PMM -10.11 0.95 0.10 0.20

SEM -1.48 0.63 0.87 0.80

Norm -9.73 1.85 0.11 0.80

PMM -10.09 1.34 0.05 0.80

The coverage of the normal model increased, but this is likely just due to variation in
the simulations since this trend was not evident in other simulations. Interestingly, in
the case of comparing MAR to MNAR, results tend to have a lower bias and a higher CI
width in the case of MNAR, resulting in better coverage. Table 4.5.3 contains results
for the SEM under 10% missingness and λ = 0.5.

Table 4.5.3: Comparison of the SEM under MAR and MNAR with 10% missingness

and λ = 0.5

Model Mean Bias (×10−2) Mean CI Width (×10−3) Coverage Mechanism

SEM -3.06 0.76 0.80 MAR

Norm -10.02 1.58 0.12 MAR

PMM -10.07 1.18 0.11 MAR

SEM -2.68 0.81 0.92 MNAR

Norm -10.02 1.60 0.14 MNAR

PMM -9.87 1.16 0.14 MNAR

Similar to the patterns of the SLM, MAR and MCAR displayed similar results. Table
4.5.4 indicates very small changes in the comparative measures between the SEM un-
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der MCAR and MAR. Other simulations also implied no notable difference between
results for the SEM under MCAR or MAR. This is further indication that the results
of the ampute() method are MCAR-like data.

Table 4.5.4: Comparison of MAR and MCAR for the SEM with 10% missingness and

λ = 0.8

Model Mean Bias (×10−2) Mean CI Width (×10−3) Mechanism λ

SEM -1.45 0.23 0.91 MCAR

Norm -9.95 1.33 0.10 MCAR

PMM -9.96 2.13 0.03 MCAR

SEM -1.48 0.63 0.87 MAR

Norm -9.73 1.86 0.11 MAR

PMM -10.09 1.34 0.05 MAR

Just like the SLM, the SEM has higher bias, CI width and lower coverage for higher
missingness percentages. Due to the performance improvements over PMM and the
normal model, the computational cost is worth the more accurate parameter estimates.

4.6 Results of Imputation on the Boston Dataset

First possible models for the complete data were considered. The logarithm of ‘CMEDV’
was fitted in a linear regression with ‘CRIM’ and ‘RM’ as covariates. Testing the resid-
uals with Moran’s I indicated residual spatial autocorrelation (Schabenberger and Got-
way, 2017). Spatial models were compared and the SEM model proved to be the best
fit for the data, with the SLM performing comparably. Models were compared using
mean squared error and the Akaike Information Criterion in Figure C.2.1 (shown in
Appendix C).

Data amputation was carried out on variable ‘CRIM’ under MAR and MNAR with
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15% missingness to see the effect of missingness (10% and 5% would be similar but
with smaller differences). The SLM was found to fit better than the SEM for imput-
ing ‘CRIM’ based on ‘RM’ by comparing the same metrics for the complete model
fit (refer to Figure C.2.2). Finally, a simulation of size 100 was run using the SLM,
PMM and the normal model. The model convergence was good and can be seen in
Figure C.1.2 in Appendix C. The comparative measures for the pooled estimates of the
coefficient for ‘CRIM’ are provided in Tables 4.6.1, 4.6.2 and 4.6.3.

Table 4.6.1: Imputation Models under MCAR on the Boston data

Model Mean Bias (×10−2) Mean CI Width (×10−3) Coverage

SLM -0.01 0.08 0.99

Norm 0.24 0.05 0.49

PMM 0.27 0.06 0.61

Table 4.6.2: Imputation Models under MAR on the Boston data

Model Mean Bias (×10−2) Mean CI Width (×10−3) Coverage

SLM -0.01 0.06 0.99

Norm 0.27 0.06 0.52

PMM 0.21 0.05 0.89

Table 4.6.3: Imputation Models under MNAR on the Boston data

Model Mean Bias (×10−2) Mean CI Width (×10−3) Coverage

SLM -0.46 0.10 0.62

Norm 0.15 0.09 0.91

PMM 0.21 0.08 0.91
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Tables 4.6.1 and 4.6.2 indicate the SLM performs much better than the other models,
since the SLM has the lowest bias and the highest coverage. However, the opposite
case occurs under MNAR in Table 4.6.3. This is unexpected for the case of MNAR,
but could be attributed to the missing values being impactful on the model’s estimate
for spatial autocorrelation ρ.

Bias in ρ would affect the other parameter estimates in the imputation model. R code
for analysis of the Boston data is in Code Block D.5.1 in Appendix D.5. Plots of the
locations of the missing data under MAR and MCAR do not seem to indicate any pat-
terns that would explain the poor performance of the SLM (refer to Figures C.2.1 and
C.2.2 in Appendix C).

4.7 Conclusion

The simulation results imply that the SLM and SEM can provide improved pooled
estimates compared to PMM and the normal model, which displayed high bias. The
performance of PMM and the normal model indicated that they can be inappropriate
imputation models for certain spatially correlated data. The CAR model was found
to have no significant difference between PMM and the normal model. The results
from the Boston dataset indicate that the SLM imputation model performed well under
the MAR mechanism, but may be more sensitive to the case of MNAR. the similarity
between results under MCAR and MAR warrant further investigation of the amputated
data.
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Chapter 5

Conclusion and Recommendations

5.1 Summary

Missing data are a common occurrence across many data types and spatial data are
no exception. Current approaches to dealing with missingness in spatial data in the
literature are mainly tailored to a specific problem. Research in non-statistical fields
commonly utilise single imputation, which can lead to biased estimates.

In this study, the effectiveness of spatial imputation models in comparison to existing
MI methods in mice in R was assessed. Three different spatial models were considered:
the CAR model, the SLM and the SEM. For each of these models, autocorrelations of
0.2, 0.5 and 0.8 were used to simulate data.

The simulated data were amputated using the ampute() method in mice under the
MCAR, MAR and MNAR mechanisms, at 5%, 10% and 15% missingness. Imputa-
tions were generated for each spatial model and compared with imputations generated
by PMM and the normal (Gaussian) model.
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Simulation results indicated no substantial difference between the CAR model, PMM
and the normal model. In contrast, the results for the SLM and SEM were superior to
those of PMM and the normal model. These results were investigated further through
the use of real data.

The results of the imputation models on the Boston dataset indicated that the SLM
imputation model performs well under MAR, but may be sensitive to MNAR. The
computational cost of the spatial models is likely worthwhile, since PMM and the nor-
mal model can produce poor imputations in strongly correlated spatial data.

5.2 Conclusion

The objectives of this study were completed as MCAR, MAR and MNAR were inves-
tigated for the SLM, SEM and the CAR model. The spatial imputation models were
compared to PMM and the normal model from mice at 5%, 10% and 15% missingness.

The CAR model did not perform significantly better or worse than PMM or the normal
model. The SLM and SEM, however, showed significantly better performance in the
simulated data. The real data supported these findings for MAR, but suggests further
analysis is needed in the case of MNAR.

5.3 Recommendations

The implementation of the imputation methods could be executed in a more computa-
tionally efficient manner regarding matrix calculations (mainly calculation of inverses).
Adjusting the code for the independent MICE simulations to run in parallel would re-
sult in great performance benefits.
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5.4 Limitations

The issue related to the intercept of the CAR model is a clear limitation that could be
addressed. Considering the similarity between the CAR and SEM models, it is unclear
why the intercept of the CAR model should cause any issue.

The simulation size of 100 for the MICE algorithm resulted in reduced accuracy of
the comparative measures for the models. The results indicated that bias and CI width
remain similar across simulations so coverage had the most loss in accuracy.

It is not possible to verify the amputated data are MAR and not MCAR for only one
type of missingness pattern (Jamshidian and Jalal, 2010). Some small investigations
are included in Listing D.7.1 and show that complete case analysis gives unbiased
estimates, which should not happen for MAR data.

5.5 Scope for Future Work

An extension of this methodology to the SDM and SDEM can be explored as these are
also common spatial regression models. Semi-parametric and non-parametric spatial
models could also be considered in future work.

It would also be possible to extend application of the imputation model to missing-
ness in multiple variables by utilising Section 3.7. Separately, an extension of block
bootstrapping could be compared to the Bayesian results provided for the imputation
models.

Finally, MI methods could be investigated for geostatistical data and compared to con-
ventional approaches in the literature. The methodology applied in this study building
on the mice package could be used in the context of geostatistical data.
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Appendix A

Distributional Results Used

A.1 Inverse Gamma Distribution

If X ∼ InvGamma(α, β), then the probability density function of X is given by:

f(x) =
βα

Γ(α)

(
1

x

)(α+1)

exp

(
−β

x

)

A.2 Partitioning of Normal Distribution

Let y be an n-dimensional multivariate normal distribution, y1 be q chosen variables
from y and y2 be the remaining n − q variables. The conditional distribution y1 | y2

can be expressed by Equation A.2.1 (Holt and Nguyen, 2023):(
y1

y2

)
∼Normaln

((
µ1

µ2

)
,

(
Σ11 Σ12

Σ21 Σ22

))
∴ y1 | y2 ∼Normalq(µ̃, Σ̃) (A.2.1)

µ̃ =µ1 +Σ12Σ
−1
22 (y2 − µ2)

Σ̃ =Σ11 −Σ12Σ
−1
22 Σ21
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Appendix B

Results

The following raw results are taken from R and contain the comparative measures for
each simulation scenario and all the respective model parameters. The caption provides
the missingness percentage for each result.

B.1 CAR Model Results

Table B.1.1: CAR under MCAR 10% ρ = 0.8
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Table B.1.2: CAR under MCAR 10% ρ = 0.2

Table B.1.3: CAR under MAR 5% ρ = 0.8

Table B.1.4: CAR under MAR 10% ρ = 0.8
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Table B.1.5: CAR under MAR 15% ρ = 0.8

Table B.1.6: CAR under MAR 5% ρ = 0.5

Table B.1.7: CAR under MAR 10% ρ = 0.5
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Table B.1.8: CAR under MAR 15% ρ = 0.5

Table B.1.9: CAR under MAR 5% ρ = 0.2

Table B.1.10: CAR under MAR 10% ρ = 0.2
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Table B.1.11: CAR under MAR 15% ρ = 0.2

Table B.1.12: CAR under MNAR 5% ρ = 0.8

Table B.1.13: CAR under MNAR 10% ρ = 0.8
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Table B.1.14: CAR under MNAR 15% ρ = 0.8

Table B.1.15: CAR under MNAR 5% ρ = 0.5

Table B.1.16: CAR under MNAR 10% ρ = 0.5
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Table B.1.17: CAR under MNAR 15% ρ = 0.5

Table B.1.18: CAR under MNAR 5% ρ = 0.2

Table B.1.19: CAR under MNAR 10% ρ = 0.2
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Table B.1.20: CAR under MNAR 15% ρ = 0.2

B.2 SLM Results

Table B.2.1: SLM under MCAR 10% ρ = 0.8



B.2 SLM Results 71

Table B.2.2: SLM under MCAR 10% ρ = 0.2

Table B.2.3: SLM under MAR 5% ρ = 0.8

Table B.2.4: SLM under MAR 10% ρ = 0.8
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Table B.2.5: SLM under MAR 15% ρ = 0.8

Table B.2.6: SLM under MAR 5% ρ = 0.5

Table B.2.7: SLM under MAR 10% ρ = 0.5
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Table B.2.8: SLM under MAR 15% ρ = 0.5

Table B.2.9: SLM under MAR 5% ρ = 0.2

Table B.2.10: SLM under MAR 10% ρ = 0.2
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Table B.2.11: SLM under MAR 15% ρ = 0.2

Table B.2.12: SLM under MNAR 5% ρ = 0.8

Table B.2.13: SLM under MNAR 10% ρ = 0.8
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Table B.2.14: SLM under MNAR 15% ρ = 0.8

Table B.2.15: SLM under MNAR 5% ρ = 0.5

Table B.2.16: SLM under MNAR 10% ρ = 0.5
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Table B.2.17: SLM under MNAR 15% ρ = 0.5

Table B.2.18: SLM under MNAR 5% ρ = 0.2

Table B.2.19: SLM under MNAR 10% ρ = 0.2
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Table B.2.20: SLM under MNAR 15% ρ = 0.2

B.3 SEM Results

Table B.3.1: SEM under MCAR 10% λ = 0.8
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Table B.3.2: SEM under MCAR 10% λ = 0.2

Table B.3.3: SEM under MAR 5% λ = 0.8

Table B.3.4: SEM under MAR 10% λ = 0.8
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Table B.3.5: SEM under MAR 15% λ = 0.8

Table B.3.6: SEM under MAR 5% λ = 0.5

Table B.3.7: SEM under MAR 10% λ = 0.5
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Table B.3.8: SEM under MAR 15% λ = 0.5

Table B.3.9: SEM under MAR 5% λ = 0.2

Table B.3.10: SEM under MAR 10% λ = 0.2
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Table B.3.11: SEM under MAR 15% λ = 0.2

Table B.3.12: SEM under MNAR 5% λ = 0.8

Table B.3.13: SEM under MNAR 10% λ = 0.8
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Table B.3.14: SLM under MNAR 15% λ = 0.8

Table B.3.15: SEM under MNAR 5% λ = 0.5

Table B.3.16: SEM under MNAR 10% λ = 0.5
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Table B.3.17: SEM under MNAR 15% λ = 0.5

Table B.3.18: SEM under MNAR 5% λ = 0.2

Table B.3.19: SEM under MNAR 10% λ = 0.2
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Table B.3.20: SEM under MNAR 15% λ = 0.2
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Appendix C

Graphs

C.1 Convergence

Note that the CAR model was run for 30 iterations (in mice: ‘maxit’), while the SLM
and SEM were run for 10. This is because the SLM and SEM converged in fewer iter-
ations than the CAR model which also happened to run faster so running 30 iterations
was not an issue.

Figures 4.2.1, C.1.1 and 4.2.2 provide the mean (left) and standard deviation (right)
of y across iterations of MICE (horizontal axis).

(a) Mean across MICE iterations (b) Variance across MICE iterations

Figure C.1.1: Convergence of the SLM
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There is no trend (aside from some initial trend), and the chains mix indicating ade-
quate convergence of the MICE algorithm.

(a) Mean across MICE iterations (b) Variance across MICE iterations

Figure C.1.2: Convergence of the SLM on the Boston dataset

There is no trend evident in the mean or variance across the iterations and mixing is
sufficient to imply satisfactory convergence.
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C.2 Boston Modelling

The ‘top level’ regression model was considered first.

Table C.2.1: Comparison of the SLM and SEM on the complete Boston data

Model AIC Residual MSE

SLM -280.24 14.87

SEM -284.41 13.48

The SEM is slightly better than the SLM since it has lower AIC and MSE. Next, the
imputation models were compared.

Table C.2.2: Comparison of the SLM and SEM for Imputing variable ‘CRIM’

Model AIC Residual MSE

SLM 3346.34 19077.86

SEM 3350.72 19152.76

For the imputation model, the SLM appears slightly better but the models are basically
equivalent. Results using the SEM were very similar so only results for the SLM are
included.
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Figure C.2.1: Amputated areas under MAR for the Boston data

Figure C.2.2: Amputated areas under MNAR for the Boston data

There does not appear to be any pattern that would indicate a major difference in results
under MAR or MNAR based on the amputated regions.
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Appendix D

R Code

The code has been commented as much as possible for legibility. Large sections may
be commented and these are often used to chop and change (specifically for the kind
of data amputation to use).

D.1 Code Setup

Code Block D.1.1: General Setup Code

1 #Libraries

2 library(sp)

3 library(spdep)

4 library(mice)

5

6 library(spdep)

7 library(armspp)

8

9 library(MASS)

10 library(spatialreg)

11

12 #Data - Boston Housing (spatial)

13 bostonData <- read_sf(system.file("shapes/boston_tracts.shp",

14 package="spData")[1])

15

16 #starting imputations
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17 multifill <- function(data ,neighlist) {

18 data <- as.data.frame(data)

19 matchingvar <- which.max(colSums(is.na(data)))

20 nmis <- sum(is.na(data[,matchingvar ]))

21 mis <- which(is.na(data[,matchingvar ]))

22 for(i in 1:nmis) {

23 ###code from fill.nn

24 flag <- TRUE

25 nn <- neighlist [[mis[i]]]

26 while(flag) {

27 #check for any non -missing values

28 if(length(which(!is.na(data[nn ,matchingvar ]))) >0){

29 flag <- FALSE

30 ind <- nn[which(!is.na(data[nn,matchingvar ]))] #neighbours with real

values

31 ind <- sample(ind ,size = 1) #change to average of 2

32 #ind <- sample(ind ,size = 2) #change to average of all

33 #set value to (average of) random neighbour(s)

34 data[mis[i],matchingvar] <- mean(data[ind ,matchingvar ])

35 }

36 #if not expand order of neighbours

37 else {

38 for(j in 1: length(nn)) {

39 nn <- c(nn,neigh[[nn[j]]])

40 }

41 nn <- unique(nn) #no repeats

42 }

43 }

44 ###

45 #for each variable check if missing and fill in using same neighbour(s)

46 for(j in 1:ncol(data)) {

47 if(is.na(data[mis[i],j])) {

48 data[mis[i],j] <- mean(data[ind ,j])

49 }

50

51 }

52 }

53

54 return(data)

55 }

56
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57 #global variables

58 neigh <- poly2nb(bostonData)

59 n <- nrow(bostonData)

60 W <- nb2mat(neigh ,style="W")

61 C <- nb2mat(neigh ,style="B")

62 Beta <- c(2,1,-1)

63 nsims <- 100

64 mis.prop <- 0.1

65 rho.set <- c(0.2 ,0.5 ,0.8)

66 rho <- rho.set[2]

D.2 CAR Model Simulations

Code Block D.2.1: CAR Setup Code

1 #CAR Model

2 Beta [1] <- 0 #intercept removed due to bias

3 genCAR <- function(rho) {

4 card <- as.numeric(rowSums(C))

5 sigma <- 1

6 Sig <- sigma ^2*solve(diag(card)-rho*C)

7 #set.seed (2305614)

8 x <- rnorm(n,0,1)

9

10 mu <- 2*x+3 +rnorm(n,0 ,0.125)

11

12 #set.seed (2305614)

13 y <- mvrnorm(n=1,mu=mu,Sigma=Sig)

14 x.copy <- x

15 y.copy <- y

16

17 z <- Beta [2]*y+Beta [3]*x+Beta [1]+ rnorm(n,0 ,0.25)

18 return(data.frame(z=z,y=y,x=x))

19 }

20

21 ##Amputation - copy and paste into loop

22 #MCAR

23 #ind <- sample(n,size=floor(mis.prop*n))

24 #CARdata$y[ind] <- NA
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25 #MAR

26 #mis.prop set to 10% here , 15% other session

27 #temp <- ampute(CARdata ,prop=mis.prop ,patterns = c(1,0,1),weights=c(0,0,1)

28 # ,type = "RIGHT",mech = "MAR")

29

30 #while(sum(is.na(temp$amp$y))!=floor(mis.prop*n)) {

31 # temp <- ampute(CARdata ,prop=mis.prop ,patterns = c(1,0,1),weights=c(0,0,1)

32 # ,type = "RIGHT",mech = "MAR")

33 #}

34 #CARdata$y <- temp$amp$y

35 #MNAR

36 #temp <- ampute(CARdata ,prop=mis.prop ,patterns = c(1,0,1),weights=c(1,1,0)

37 # ,type = "RIGHT",mech="MNAR")

38 #while(sum(is.na(temp$amp$y))!=floor(mis.prop*n)) {

39 # temp <- ampute(CARdata ,prop=mis.prop ,patterns = c(1,0,1),weights=c(1,1,0)

40 # ,type = "RIGHT",mech="MNAR")

41 #}

42 #CARdata$y <- temp$amp$y

43 ##

44

45 ##Imputation

46 mice.impute.CARfill <- function(y,ry,x,wy=NULL ,...) {

47 if(is.null(wy)) {

48 wy <- !ry

49 }

50

51 #neighbour fill with matching regions

52 if(any(is.na(y)) || any(is.na(x))) {

53 temp <- multifill(data.frame(y=y,x=x),neigh)

54 x <- temp[,-1]

55 y <- temp[,1]

56

57 }

58

59

60 x <- as.data.frame(x)

61 x <- matrix(unlist(x),ncol=ncol(x))

62 x <- cbind(1,x)

63

64 card <- as.numeric(rowSums(C))

65
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66 sig.phi.inv <- function(rho) {

67 diag(1,n)-rho*W

68 }

69 B.func <- function(rho ,x,y) {

70 solve(t(x)%*%sig.phi.inv(rho)%*%x)%*%t(x)%*%sig.phi.inv(rho)%*%y

71 }

72 S.func <- function(b.phi ,sig.phi.inv ,x,y) {

73 t(y-x%*%b.phi)%*%sig.phi.inv%*%(y-x%*%b.phi)

74 }

75 #Equation 2.14

76 rho.log <- function(rho) {

77 sig.phi.inv <- sig.phi.inv(rho)

78 beta.phi <- B.func(rho ,x,y)

79 value <- (-1/2)*log(1/det(sig.phi.inv)*det(t(x)%*%sig.phi.inv%*%x))

80 #prior is uniform

81 value <- value - ((n-ncol(x))/2)*log(S.func(beta.phi ,sig.phi.inv ,x,y))

82 return(value)

83 }

84 rho.post <- arms(1,log_pdf = rho.log ,lower=0,upper=1, metropolis = FALSE)

85 #Equation 2.13

86 a <- (n-ncol(x))/2

87 b <- 1/2*S.func(B.func(rho.post ,x,y),sig.phi.inv(rho.post),x,y)

88

89 sigma.post <- 1/rgamma(n=1,shape=a,rate=b)*5

90 #Equation 2.12

91 B.post <- mvrnorm(n=1,mu=B.func(rho.post ,x,y),

92 Sigma = sigma.post*solve(t(x)%*%sig.phi.inv(rho.post)%*%x))

93

94 #Equation 2.10

95 imputes <- vector(length=sum(wy))

96 ind <- which(wy)

97 for(i in 1:sum(wy)) {

98 sum <- 0

99 for(j in 1:n) {

100 sum <- sum + rho.post*W[ind[i],j]*(y[j]-x[j,]%*%B.post)

101 }

102 imputes[i] <- rnorm(n=1,mean=x[ind[i],]%*%B.post+sum ,

103 sd=sqrt(sigma.post/card[ind[i]]))

104 }

105

106 #print(paste("rho: ",rho.post ," sigma ^2: ",sigma.post ," Beta: ",B.post [1],"
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"

107 # ,B.post [2])) #debugging

108 if(length(wy) >0) {

109 return(imputes)

110 }

111 else {

112 print("No missing values")

113 return (0)

114 }

115 }

116 ##

Code Block D.2.2: CAR Simulation Code

1 #repeated MICE runs

2 results <- list()

3 #imputation matrix and method

4 impMat <- diag(0,nrow =3)

5 impMat [2,3] <- 1

6 meth <- c("","CARfill","")

7 #

8 for(i in 1:nsims) {

9 print(paste("Iteration: ",i))

10 CARdata <- genCAR(rho)

11 #paste here

12 temp <- ampute(CARdata ,prop=mis.prop ,patterns = c(1,0,1),weights=c(0,0,1)

13 ,type = "RIGHT",mech = "MAR")

14

15 while(sum(is.na(temp$amp$y))!=floor(mis.prop*n)) {

16 temp <- ampute(CARdata ,prop=mis.prop ,patterns = c(1,0,1),weights=c(0,0,1)

17 ,type = "RIGHT",mech = "MAR")

18 }

19 #

20 y.copy <- CARdata$y

21 CARdata$y <- temp$amp$y

22 yCAR <- mice(CARdata ,method=meth ,predictorMatrix=impMat ,maxit=30,m=5)

23 milm <- with(yCAR ,lm(z~y+x+0))

24 results [[i]] <- summary(pool(milm))

25 }

26

27 ##Analysis Table

28 #Bias , CI width , Coverage
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29

30 Beta <- c(1,-1)

31 makeTable <- function(var) {

32 bias <- 0

33 CI.w <- 0

34 coverage <- 0

35

36 for(i in 1:nsims) {

37 bias <- bias+( results [[i]]$estimate[var]-Beta[var])

38 tval <- qt(0.975 , results [[i]]$df[var])

39 ll <- results [[i]]$estimate[var] - tval*results [[i]]$std.error[var]

40 ul <- results [[i]]$estimate[var] + tval*results [[i]]$std.error[var]

41 CI.w <- ul-ll

42 if(ll<Beta[var] && ul >Beta[var]) {

43 coverage <- coverage +1

44 }

45 }

46 table <- data.frame("Bias"=bias ,"CI Width" = CI.w, "Coverage"=coverage)

47 table <- 1/nsims * table

48 return(table)

49 }

50

51 resTableCAR <- makeTable (1)

52 resTableCAR <- rbind(resTableCAR ,makeTable (2))

53

54 row.names(resTableCAR) <- c("y","x")

55 colnames(resTableCAR) <- c("Bias","CI Width"," Coverage")

56 resTableCAR

57 ##

58

59 ## Comparison with normal and pmm

60 Beta <- c(0,1,-1)

61 for(i in 1:nsims) {

62 CARdata <- genCAR(rho)

63 #paste here

64 temp <- ampute(CARdata ,prop=mis.prop ,patterns = c(1,0,1),weights=c(0,0,1)

65 ,type = "RIGHT",mech = "MAR")

66

67 while(sum(is.na(temp$amp$y))!=floor(mis.prop*n)) {

68 temp <- ampute(CARdata ,prop=mis.prop ,patterns = c(1,0,1),weights=c(0,0,1)

69 ,type = "RIGHT",mech = "MAR")
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70 }

71 #

72 y.copy <- CARdata$y

73 CARdata$y <- temp$amp$y

74 ynorm <- mice(CARdata ,method=c("","norm",""),

75 predictorMatrix=impMat ,maxit=30,m=5, printFlag = FALSE)

76 milm <- with(ynorm ,lm(z~y+x+0))

77 results [[i]] <- summary(pool(milm))

78 }

79 Beta <- c(1,-1)

80 resTableNorm <- makeTable (1)

81 resTableNorm <- rbind(resTableNorm ,makeTable (2))

82

83 row.names(resTableNorm) <- c("y","x")

84 colnames(resTableNorm) <- c("Bias","CI Width"," Coverage")

85 resTableNorm

86 Beta <- c(0,1,-1)

87 for(i in 1:nsims) {

88 CARdata <- genCAR(rho)

89 #paste here

90 temp <- ampute(CARdata ,prop=mis.prop ,patterns = c(1,0,1),weights=c(0,0,1)

91 ,type = "RIGHT",mech = "MAR")

92

93 while(sum(is.na(temp$amp$y))!=floor(mis.prop*n)) {

94 temp <- ampute(CARdata ,prop=mis.prop ,patterns = c(1,0,1),weights=c(0,0,1)

95 ,type = "RIGHT",mech = "MAR")

96 }

97 #

98 y.copy <- CARdata$y

99 CARdata$y <- temp$amp$y

100 ypmm <- mice(CARdata ,method=c("","pmm",""),

101 predictorMatrix=impMat ,maxit=30,m=5, printFlag = FALSE)

102 milm <- with(ypmm ,lm(z~y+x+0))

103 results [[i]] <- summary(pool(milm))

104 }

105 Beta <- c(1,-1)

106 resTablepmm <- makeTable (1)

107 resTablepmm <- rbind(resTablepmm ,makeTable (2))

108

109 row.names(resTablepmm) <- c("y","x")

110 colnames(resTablepmm) <- c("Bias","CI Width"," Coverage")
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111 resTablepmm

112 ##

D.3 SLM Simulations

Code Block D.3.1: SLM Setup Code

1 Beta <- c(2,1,-1)

2 #SLM

3

4 genSLM <- function(rho) {

5 x <- rnorm(n,0,1)

6 err <- rnorm(n,0,1)

7

8 y <- 2*x + err +3

9 y <- solve(diag(rep(1,n)) - rho * W) %*% matrix(y,ncol =1)

10

11 #add top level z

12 z <- Beta [2]*y+Beta [3]*x+Beta [1]+ rnorm(n,0 ,0.25)

13 return(data.frame(z=z,y=y,x=x))

14 }

15

16 SLMdata <- genSLM(rho)

17

18 #Amputation - once again ,copy and paste into loop

19 #MCAR

20 #ind <- sample(n,size=floor(mis.prop*n))

21 #SLMdata$y[ind] <- NA

22 #MAR

23 #temp <- ampute(SLMdata ,prop=mis.prop ,patterns = c(1,0,1),weights=c(0,0,1)

24 # ,type = "RIGHT",mech = "MAR")

25 #while(sum(is.na(temp$amp$y))!=floor(mis.prop*n)) {

26 # temp <- ampute(SLMdata ,prop=mis.prop ,patterns = c(1,0,1),weights=c(0,0,1)

27 # ,type = "RIGHT",mech = "MAR")

28 #}

29 #SLMdata$y <- temp$amp$y

30 #MNAR

31 #temp <- ampute(SLMdata ,prop=mis.prop ,patterns = c(1,0,1),weights=c(1,1,0)

32 # ,type = "RIGHT",mech="MNAR")
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33 #while(sum(is.na(temp$amp$y))!=floor(mis.prop*n)) {

34 # temp <- ampute(SLMdata ,prop=mis.prop ,patterns = c(1,0,1),weights=c(1,1,0)

35 # ,type = "RIGHT",mech="MNAR")

36 #}

37 #SLMdata$y <- temp$amp$y

38 #

39

40 #Imputation

41 mice.impute.SLMfill <- function(y,ry,x,wy=NULL ,...) {

42

43 if(is.null(wy)) {

44 wy <- !ry

45 }

46

47 if(any(is.na(y)) || any(is.na(x))) {

48 temp <- multifill(data.frame(y=y,x=x),neigh)

49 x <- temp[,-1]

50 y <- temp[,1]

51

52 }

53

54

55 x <- as.data.frame(x)

56 x <- matrix(unlist(x),ncol=ncol(x))

57 x <- cbind(1,x)

58

59 B.func <- function(rho ,x,y) {

60 solve(t(x)%*%x)%*%t(x)%*%(diag(1,n)-rho*W)%*%y

61 }

62

63 error <- function(rho ,beta ,x,y) {

64 (diag(1,n)-rho*W)%*%y - x%*%beta

65 }

66

67 rho.post <- runif (1)

68 B.post <- B.func(rho.post ,x,y)

69 e <- error(rho.post ,B.post ,x,y)

70 #Equation 2.4

71 B.post <- mvrnorm(n=1,mu=B.func(rho.post ,x,y),

72 Sigma=as.numeric(mean(e^2))*solve(t(x)%*%x))

73 #Equation 2.3
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74 sigma.log <- function(sig) {

75 e <- error(rho.post ,B.post ,x,y)

76 value <- -(n+1)*log(sig)

77 value <- value -1/(2*sig^2)*t(e)%*%e

78 return(value)

79 }

80

81 sigma.post <- arms(10,sigma.log ,lower=0,upper =10*var(y))

82 sigma.post <- sigma.post [10]

83 #Equation 2.5

84 rho.log <- function(rho) {

85 e <- error(rho ,B.post ,x,y)

86 value <- log(det(diag(1,n)-rho*W))-(n+1)*log(sigma.post)

87 value <- value -1/(2*sigma.post ^2)*t(e)%*%e

88 return(value)

89 }

90

91 rho.post <- arms(1,rho.log ,0,1)

92

93 #gibbs sampler needs to converge to target dist. of parameters

94 n_sims <- 10

95 for(i in 1:n_sims) {

96 sigma.post <- arms(1,sigma.log ,lower=0,upper =10*var(y))

97 e <- error(rho.post ,B.post ,x,y)

98 B.post <- mvrnorm(n=1,mu=B.func(rho.post ,x,y),

99 Sigma=as.numeric(var(e))*solve(t(x)%*%x))

100 rho.post <- arms(1,rho.log ,0,1)

101 }

102 #print(paste("Final estimates: rho: ",rho.post ,", sigma: ",

103 # sigma.post ," Beta: ",B.post [1]," ",B.post [2])) #debugging

104 #Equation 3.1 and A.1

105 Sig <- solve ((diag(1,n)-rho.post*W))

106 mu <- Sig%*%x%*%B.post

107 Sigma <- sigma.post^2*Sig%*%t(Sig)

108 obs <- which(ry)

109 mis <- which(wy)

110 Sig.oo <- Sigma[obs ,obs]

111 Sig.om <- Sigma[obs ,mis]

112 Sig.mm <- Sigma[mis ,mis]

113 Sig.mo <- Sigma[mis ,obs]

114
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115 mu.con <- mu[mis] + Sig.mo %*% solve(Sig.oo) %*% matrix(y[obs]-mu[obs],ncol

=1)

116 Sig.con <- Sig.mm - Sig.mo %*% solve(Sig.oo) %*% Sig.om

117 imputes <- mvrnorm(n=1,mu=mu.con ,Sigma=Sig.con)

118 return(imputes)

119 }

120 #

Code Block D.3.2: SLM Simulation Code

1 #repeated MICE runs

2 #nsims <- 200

3 results <- list()

4 #imputation matrix and method

5 impMat <- diag(0,nrow =3)

6 impMat [2,3] <- 1

7 meth <- c("","SLMfill","")

8 #

9 for(i in 1:nsims) {

10 print(paste("Iteration: ",i))

11 SLMdata <- genSLM(rho)

12 #paste here

13 temp <- ampute(SLMdata ,prop=mis.prop ,patterns = c(1,0,1),weights=c(0,0,1)

14 ,type = "RIGHT",mech="MAR")

15 while(sum(is.na(temp$amp$y))!=floor(mis.prop*n)) {

16 temp <- ampute(SLMdata ,prop=mis.prop ,patterns = c(1,0,1),weights=c(0,0,1)

17 ,type = "RIGHT",mech="MAR")

18 }

19 #

20 y.copy <- SLMdata$y

21 SLMdata$y <- temp$amp$y

22 ySLM <- mice(SLMdata ,method=meth ,predictorMatrix=impMat ,maxit=10,m=5)

23 milm <- with(ySLM ,lm(z~y+x))

24 results [[i]] <- summary(pool(milm))

25 }

26

27 ##Analysis Table

28 #Bias , CI width , Coverage

29

30 makeTable <- function(var) {

31 bias <- 0

32 CI.w <- 0
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33 coverage <- 0

34

35 for(i in 1:nsims) {

36 bias <- bias+( results [[i]]$estimate[var]-Beta[var])

37 tval <- qt(0.975 , results [[i]]$df[var])

38 ll <- results [[i]]$estimate[var] - tval*results [[i]]$std.error[var]

39 ul <- results [[i]]$estimate[var] + tval*results [[i]]$std.error[var]

40 CI.w <- ul-ll

41 if(ll<Beta[var] && ul >Beta[var]) {

42 coverage <- coverage +1

43 }

44 }

45 table <- data.frame("Bias"=bias ,"CI Width" = CI.w, "Coverage"=coverage)

46 table <- 1/nsims * table

47 return(table)

48 }

49

50 resTableSLM <- makeTable (1)

51 resTableSLM <- rbind(resTableSLM ,makeTable (2))

52 resTableSLM <- rbind(resTableSLM ,makeTable (3))

53 row.names(resTableSLM) <- c("Intercept","y","x")

54 colnames(resTableSLM) <- c("Bias","CI Width"," Coverage")

55 resTableSLM

56 ##

57

58 ## Comparison

59 for(i in 1:nsims) {

60 SLMdata <- genSLM(rho)

61 #paste here

62 temp <- ampute(SLMdata ,prop=mis.prop ,patterns = c(1,0,1),weights=c(1,1,0)

63 ,type = "RIGHT",mech="MNAR")

64 while(sum(is.na(temp$amp$y))!=floor(mis.prop*n)) {

65 temp <- ampute(SLMdata ,prop=mis.prop ,patterns = c(1,0,1),weights=c(1,1,0)

66 ,type = "RIGHT",mech="MNAR")

67 }

68 #

69 y.copy <- SLMdata$y

70 SLMdata$y <- temp$amp$y

71 ynorm <- mice(SLMdata ,method=c("","norm",""),

72 predictorMatrix=impMat ,maxit=10,m=5, printFlag = FALSE)

73 milm <- with(ynorm ,lm(z~y+x))
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74 results [[i]] <- summary(pool(milm))

75 }

76

77 resTableNorm <- makeTable (1)

78 resTableNorm <- rbind(resTableNorm ,makeTable (2))

79 resTableNorm <- rbind(resTableNorm ,makeTable (3))

80

81 row.names(resTableNorm) <- c("Intercept","y","x")

82 colnames(resTableNorm) <- c("Bias","CI Width"," Coverage")

83 resTableNorm

84

85 for(i in 1:nsims) {

86 SLMdata <- genSLM(rho)

87 #paste here

88 temp <- ampute(SLMdata ,prop=mis.prop ,patterns = c(1,0,1),weights=c(0,0,1)

89 ,type = "RIGHT",mech="MAR")

90 while(sum(is.na(temp$amp$y))!=floor(mis.prop*n)) {

91 temp <- ampute(SLMdata ,prop=mis.prop ,patterns = c(1,0,1),weights=c(0,0,1)

92 ,type = "RIGHT",mech="MAR")

93 }

94 #

95 SLMdata$y <- temp$amp$y

96 ypmm <- mice(SLMdata ,method=c("","pmm",""),

97 predictorMatrix=impMat ,maxit=10,m=5, printFlag = FALSE)

98 milm <- with(ypmm ,lm(z~y+x))

99 results [[i]] <- summary(pool(milm))

100 }

101

102 resTablepmm <- makeTable (1)

103 resTablepmm <- rbind(resTablepmm ,makeTable (2))

104 resTablepmm <- rbind(resTablepmm ,makeTable (3))

105

106 row.names(resTablepmm) <- c("Intercept","y","x")

107 colnames(resTablepmm) <- c("Bias","CI Width"," Coverage")

108 resTablepmm

109 ##

D.4 SEM Simulations
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Code Block D.4.1: SEM Setup Code

1 #SEM

2 lambda <- rho.set[3] #choose lambda

3 genSEM <- function(lambda) {

4 x <- rnorm(n,0,1)

5 err <- rnorm(n,0,1)

6 err <- matrix(err ,ncol =1)

7 err <- solve(diag(1,n)-lambda*W)%*%err

8 y <- 2*x + err +3

9

10 z <- Beta [2]*y+Beta [3]*x+Beta [1]+ rnorm(n,0 ,0.25)

11 return(data.frame(z=z,y=y,x=x))

12 }

13

14 #Amputation - once again copy and paste

15 #MCAR

16 #ind <- sample(n,size=floor(mis.prop*n))

17 #SEMdata$y[ind] <- NA

18 #MAR

19 #temp <- ampute(SEMdata ,prop=mis.prop ,patterns = c(1,0,1),weights=c(1,0,1)

20 # ,type = "RIGHT",mech = "MAR")

21 #while(sum(is.na(temp$amp$y))!=floor(mis.prop*n)) {

22 # temp <- ampute(SEMdata ,prop=mis.prop ,patterns = c(1,0,1),weights=c(1,0,1)

23 # ,type = "RIGHT",mech = "MAR")

24 #}

25 #SEMdata$y <- temp$amp$y

26 #MNAR

27 #temp <- ampute(SEMdata ,prop=mis.prop ,patterns = c(1,0,1),weights=c(1,1,0)

28 # ,type = "RIGHT",mech="MNAR")

29 #while(sum(is.na(temp$amp$y))!=floor(mis.prop*n)) {

30 # temp <- ampute(SEMdata ,prop=mis.prop ,patterns = c(1,0,1),weights=c(1,1,0)

31 # ,type = "RIGHT",mech="MNAR")

32 #}

33 #SEMdata$y <- temp$amp$y

34 #

35

36 #Imputation

37 mice.impute.SEMfill <- function(y,ry,x,wy=NULL ,...) {

38

39 if(is.null(wy)) {

40 wy <- !ry
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41 }

42

43 if(any(is.na(y)) || any(is.na(x))) {

44 temp <- multifill(data.frame(y=y,x=x),neigh)

45 x <- temp[,-1]

46 y <- temp[,1]

47

48 }

49

50 x <- as.data.frame(x)

51 x <- matrix(unlist(x),ncol=ncol(x))

52 x <- cbind(1,x)

53

54 B.func <- function(lam ,x,y) {

55 B <- diag(1,n)-lam*W

56 solve(t(x)%*%t(B)%*%B%*%x)%*%(t(x)%*%t(B)%*%B%*%y)

57 }

58

59 error <- function(lam ,beta ,x,y) {

60 (diag(1,n)-lam*W)%*%(y-x%*%beta)

61 }

62

63 lambda.post <- runif (1)

64 B.post <- B.func(lambda.post ,x,y)

65 e <- error(lambda.post ,B.post ,x,y)

66 B <- diag(1,n)-lambda.post*W

67 varSEM <- as.numeric(var(e))*solve(t(x)%*%t(B)%*%B%*%x)

68 #Equation 2.7

69 B.post <- mvrnorm(n=1,mu=B.func(lambda.post ,x,y),Sigma=varSEM)

70 #Equation 2.8

71 sigma.log <- function(sig) {

72 e <- error(lambda.post ,B.post ,x,y)

73 return(-(n+1)*log(sig)-1/(2*sig^2)*t(e)%*%e)

74 }

75 sigma.post <- arms(1,sigma.log ,0,10*var(y))

76 #Equation 2.9

77 lambda.log <- function(lambda) {

78 e <- error(lambda ,B.post ,x,y)

79 value <- log(det(diag(1,n)-lambda*W))-(n+1)*log(sigma.post)

80 value <- value - 1/(2*sigma.post ^2)*t(e)%*%e

81 return(value)
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82 }

83 lambda.post <- arms(1,lambda.log ,0,1)

84

85 n_sims <- 10 #within gibbs sampling must converge

86 for(i in 1:n_sims) {

87 sigma.post <- arms(1,sigma.log ,lower=0,upper =10*var(y))#3 params

88 e <- error(lambda.post ,B.post ,x,y)

89 B <- diag(1,n)-lambda*W

90 varSEM <- as.numeric(var(e))*solve(t(x)%*%t(B)%*%B%*%x)

91 B.post <- mvrnorm(n=1,mu=B.func(lambda.post ,x,y),Sigma=varSEM)

92 lambda.post <- arms(1,lambda.log ,0,1)

93 }

94 #print(paste(" Optimal Estimates: lambda: ",lambda.post ," sigma: ",sigma.post

,

95 # " Beta: ",B.post [1]," ",B.post [2])) #debugging

96

97 Sig <- solve(diag(1,n)-lambda.post*W)

98 #Equation 3.2 and A.1

99 mu <- x%*%B.post

100 Sigma <- sigma.post^2*Sig%*%t(Sig)

101 obs <- which(ry)

102 mis <- which(wy)

103 Sig.oo <- Sigma[obs ,obs]

104 Sig.om <- Sigma[obs ,mis]

105 Sig.mm <- Sigma[mis ,mis]

106 Sig.mo <- Sigma[mis ,obs]

107

108 mu.con <- mu[mis] + Sig.mo %*% solve(Sig.oo) %*% matrix(y[obs]-mu[obs],ncol

=1)

109 Sig.con <- Sig.mm - Sig.mo %*% solve(Sig.oo) %*% Sig.om

110 imputes <- mvrnorm(n=1,mu=mu.con ,Sigma=Sig.con)

111 return(imputes)

112 }

113 #

Code Block D.4.2: SEM Simulation Code

1 #repeated MICE runs

2 results <- list()

3 #imputation matrix and method

4 impMat <- diag(0,nrow =3)

5 impMat [2,3] <- 1



D.4 SEM Simulations 106

6 meth <- c("","SEMfill","")

7 #

8 for(i in 1:nsims) {

9 print(paste("Iteration: ",i))

10 SEMdata <- genSEM(lambda)

11 #paste here

12 temp <- ampute(SEMdata ,prop=mis.prop ,patterns = c(1,0,1),weights=c(0,0,1)

13 ,type = "RIGHT",mech = "MAR")

14 while(sum(is.na(temp$amp$y))!=floor(mis.prop*n)) {

15 temp <- ampute(SEMdata ,prop=mis.prop ,patterns = c(1,0,1),weights=c(0,0,1)

16 ,type = "RIGHT",mech = "MAR")

17 }

18 #

19 SEMdata$y <- temp$amp$y

20 ySEM <- mice(SEMdata ,method=meth ,predictorMatrix=impMat ,maxit=10,m=5)

21 milm <- with(ySEM ,lm(z~y+x))

22 results [[i]] <- summary(pool(milm))

23 }

24

25 ##Analysis Table

26 #Bias , CI width , Coverage

27

28 makeTable <- function(var) {

29 bias <- 0

30 CI.w <- 0

31 coverage <- 0

32

33 for(i in 1:nsims) {

34 bias <- bias+( results [[i]]$estimate[var]-Beta[var])

35 tval <- qt(0.975 , results [[i]]$df[var])

36 ll <- results [[i]]$estimate[var] - tval*results [[i]]$std.error[var]

37 ul <- results [[i]]$estimate[var] + tval*results [[i]]$std.error[var]

38 CI.w <- ul-ll

39 if(ll<Beta[var] && ul >Beta[var]) {

40 coverage <- coverage +1

41 }

42 }

43 table <- data.frame("Bias"=bias ,"CI Width" = CI.w, "Coverage"=coverage)

44 table <- 1/nsims * table

45 return(table)

46 }
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47

48 resTableSEM <- makeTable (1)

49 resTableSEM <- rbind(resTableSEM ,makeTable (2))

50 resTableSEM <- rbind(resTableSEM ,makeTable (3))

51 row.names(resTableSEM) <- c("Intercept","y","x")

52 colnames(resTableSEM) <- c("Bias","CI Width"," Coverage")

53 resTableSEM

54 ##

55

56 ## Comparison

57 for(i in 1:nsims) {

58 SEMdata <- genSEM(lambda)

59 #paste here

60 temp <- ampute(SEMdata ,prop=mis.prop ,patterns = c(1,0,1),weights=c(1,1,0)

61 ,type = "RIGHT",mech = "MNAR")

62 while(sum(is.na(temp$amp$y))!=floor(mis.prop*n)) {

63 temp <- ampute(SEMdata ,prop=mis.prop ,patterns = c(1,0,1),weights=c(1,1,0)

64 ,type = "RIGHT",mech = "MNAR")

65 }

66 #

67 SEMdata$y <- temp$amp$y

68 ynorm <- mice(SEMdata ,method=c("","norm",""),

69 predictorMatrix=impMat ,maxit=10,m=5, printFlag = FALSE)

70 milm <- with(ynorm ,lm(z~y+x))

71 results [[i]] <- summary(pool(milm))

72 }

73

74 resTableNorm <- makeTable (1)

75 resTableNorm <- rbind(resTableNorm ,makeTable (2))

76 resTableNorm <- rbind(resTableNorm ,makeTable (3))

77

78 row.names(resTableNorm) <- c("Intercept","y","x")

79 colnames(resTableNorm) <- c("Bias","CI Width"," Coverage")

80 resTableNorm

81

82 for(i in 1:nsims) {

83 SEMdata <- genSEM(lambda)

84 #paste here

85 temp <- ampute(SEMdata ,prop=mis.prop ,patterns = c(1,0,1),weights=c(1,1,0)

86 ,type = "RIGHT",mech = "MNAR")

87 while(sum(is.na(temp$amp$y))!=floor(mis.prop*n)) {
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88 temp <- ampute(SEMdata ,prop=mis.prop ,patterns = c(1,0,1),weights=c(1,1,0)

89 ,type = "RIGHT",mech = "MNAR")

90 }

91 #

92 SEMdata$y <- temp$amp$y

93 ypmm <- mice(SEMdata ,method=c("","pmm",""),

94 predictorMatrix=impMat ,maxit=10,m=5, printFlag = FALSE)

95 milm <- with(ypmm ,lm(z~y+x))

96 results [[i]] <- summary(pool(milm))

97 }

98

99 resTablepmm <- makeTable (1)

100 resTablepmm <- rbind(resTablepmm ,makeTable (2))

101 resTablepmm <- rbind(resTablepmm ,makeTable (3))

102

103 row.names(resTablepmm) <- c("Intercept","y","x")

104 colnames(resTablepmm) <- c("Bias","CI Width"," Coverage")

105 resTablepmm

106 ##

D.5 Boston Data

Code Block D.5.1: Boston Modelling Code

1 ### Boston Data

2 # https://www.paulamoraga.com/book -spatial/bayesian -spatial -models.html -

3 # description and other analysis

4 # Corrected median house value in 1000's of USD - CMEDV

5 # Rooms per dwelling - RM

6 # Crime per capita in area - CRIM

7

8 bostonFit <- as.data.frame(bostonData[,c("CMEDV","CRIM","RM")])

9 bostonFit <- bostonFit [,-4]

10 #plot(bostonFit)

11 bostonFit <- cbind(bostonFit ,logMEDV = log(bostonFit$CMEDV))

12 temp <- lm(logMEDV~CRIM+RM,data = bostonFit)

13 summary(temp)

14

15 moran.test(temp$residuals ,nb2listw(neigh))
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16 temp <- lm(CRIM~RM ,data=bostonFit)

17 moran.test(temp$residuals ,nb2listw(neigh))

18

19 temp.err <- errorsarlm(CRIM~RM,data = bostonFit ,listw = nb2listw(neigh))

20 #summary(temp.err)

21

22 temp.lag <- lagsarlm(CRIM~RM ,data = bostonFit ,listw = nb2listw(neigh))

23 #summary(temp.lag)

24

25 mean(sum((temp.lag$residuals)^2))

26 mean(sum((temp.err$residuals)^2))

27

28 moran.test(temp.lag$residuals ,listw=nb2listw(neigh))

29

30 mod.lag <- lagsarlm(logMEDV~CRIM+RM,data = bostonFit ,listw = nb2listw(neigh))

31 #summary(mod.lag)

32

33 mod.err <- errorsarlm(logMEDV~CRIM+RM ,data = bostonFit ,listw = nb2listw(neigh)

)

34 #summary(mod.err)

35

36 mean(sum((mod.lag$residuals)^2))

37 mean(sum((mod.err$residuals)^2))

38 AIC(mod.lag)

39 AIC(mod.err)

40

41 #SEM is better top -level model

42

43 Beta.mod <- mod.err$coefficients

44 B.var.mod <- mod.err$rest.se

45 lambda.mod <- mod.err$lambda

46 lambda.se.mod <- mod.err$lambda.se

47

48 ##100 run sim

49

50 makeBostonTable <- function () {

51 bias <- rep(0,4)

52 CI.w <- rep(0,4)

53 coverage <- rep(0,4)

54 parms <- c(Beta.mod[1:3] , lambda.mod)

55 for(i in 1:nsims) {
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56 bias <- bias + (results [[i]]$estimate -parms)

57 for(j in 1:4) {

58 tval <- qt(0.975 , results [[i]]$df[j])

59 ll <- results [[i]]$estimate[j] - tval*results [[i]]$std.error[j]

60 ul <- results [[i]]$estimate[j] + tval*results [[i]]$std.error[j]

61 CI.w[j] <- ul-ll

62 if(ll<parms[j] && ul>parms[j]) {

63 coverage[j] <- coverage[j]+1

64 }

65 }

66 }

67 table <- data.frame("Bias"=bias ,"CI Width" = CI.w, "Coverage"=coverage)

68 table <- 1/nsims * table

69 return(table)

70 }

71 #repeat for methods norm and pmm , then for MNAR with weights = c(1,0,1)

72 impMat <- diag(0,nrow =3)

73 impMat [1,2] <- 1

74 meth <- c("SLMfill","","")

75 results <- list()

76 for(i in 1:nsims) {

77 bostonFit <- as.data.frame(bostonData[,c("CMEDV","CRIM","RM")])

78 bostonFit <- bostonFit [,-4]

79 bostonFit <- cbind(bostonFit ,logMEDV = log(bostonFit$CMEDV))

80 bostonFit <- bostonFit [,-1]

81 temp <- ampute(bostonFit ,prop=mis.prop ,patterns = c(0,1,1),weights=c(0,1,0)

82 ,type = "RIGHT",mech = "MAR")

83 while(sum(is.na(temp$amp$CRIM))!=floor(mis.prop*nrow(bostonFit))) {

84 temp <- ampute(bostonFit ,prop=mis.prop ,patterns = c(0,1,1),weights=c

(0,1,0)

85 ,type = "RIGHT",mech = "MAR")

86 }

87 bostonFit$CRIM <- temp$amp$CRIM

88 ySLM <- mice(bostonFit ,method=meth ,predictorMatrix=impMat ,maxit =10,m=5)

89

90 mierrorsar <- with(ySLM ,errorsarlm(logMEDV~CRIM+RM,listw = nb2listw(neigh)))

91 results [[i]] <- summary(pool(mierrorsar))

92

93 }
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D.6 Miscellaneous Code

Code Block D.6.1: Miscellaneous Plot Code

1 ##plot code

2 ind <- which(!is.na(CARdata$y))

3 plot(density(CARdata$y[ind]),lwd=2,main="",cex.lab=2,cex.axis=2,col="black")

4 ind <- which(is.na(CARdata$y))

5 lines(density(y.copy[ind]),col="blue",lwd =2)

6 lines(density(yCAR$imp$y$ `1`),col="red",lwd=2)

7 lines(density(yCAR$imp$y$ `2`),col="red",lwd=2)

8 lines(density(yCAR$imp$y$ `3`),col="red",lwd=2)

9 lines(density(yCAR$imp$y$ `4`),col="red",lwd=2)

10 lines(density(yCAR$imp$y$ `5`),col="red",lwd=2)

11 legend (-4,0.2, legend=c("Observed","Missing","Imputed"),

12 col=c("black","blue","red"),lwd=2,lty=1,bty = "n",cex =1.2)

13

14 ind <- which(!is.na(SLMdata$y))

15 plot(density(SLMdata$y[ind]),lwd=2,main="",cex.lab=2,cex.axis=2,col="black")

16 ind <- which(is.na(SLMdata$y))

17 lines(density(y.copy[ind]),col="blue",lwd =2)

18 lines(density(ySLM$imp$y$ `1`),col="red",lwd=2)

19 lines(density(ySLM$imp$y$ `2`),col="red",lwd=2)

20 lines(density(ySLM$imp$y$ `3`),col="red",lwd=2)

21 lines(density(ySLM$imp$y$ `4`),col="red",lwd=2)

22 lines(density(ySLM$imp$y$ `5`),col="red",lwd=2)

23 legend (-4,0.2, legend=c("Observed","Missing","Imputed"),

24 col=c("black","blue","red"),lwd=2,lty=1,bty = "n",cex =1.2)

25

26 ind <- which(!is.na(SEMdata$y))

27 plot(density(SEMdata$y[ind]),lwd=2,main="",cex.lab=2,cex.axis=2,col="black")

28 ind <- which(is.na(SEMdata$y))

29 lines(density(y.copy[ind]),col="blue",lwd =2)

30 lines(density(ySEM$imp$y$ `1`),col="red",lwd=2)

31 lines(density(ySEM$imp$y$ `2`),col="red",lwd=2)

32 lines(density(ySEM$imp$y$ `3`),col="red",lwd=2)

33 lines(density(ySEM$imp$y$ `4`),col="red",lwd=2)

34 lines(density(ySEM$imp$y$ `5`),col="red",lwd=2)

35 legend (-4,0.2, legend=c("Observed","Missing","Imputed"),

36 col=c("black","blue","red"),lwd=2,lty=1,bty = "n",cex =1.2)

37 ##
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D.7 Investigation of MCAR and MAR

Code Block D.7.1: Miscellaneous Plot Code

1 set.seed (2305614)

2 mis.prop <- 0.3

3 SLMdata <- genSLM(rho)

4 temp <- ampute(SLMdata ,prop=mis.prop ,patterns = c(1,0,1),weights=c(0,0,1)

5 ,type = "RIGHT",mech = "MAR")

6 #actually cant test with only one missing pattern (one var)

7 #mcar(temp$amp ,method = "auto")

8 #mcar(temp$amp ,method= "hawkins ")

9 #mcar(temp$amp ,method =" nonparametric ")

10

11 lm.cc <- lm(z~y+x,data=temp$amp)

12 SLMdata <- temp$amp

13 impMat <- diag(0,nrow =3)

14 impMat [2,3] <- 1

15 yslm <- mice(SLMdata ,method=c("","SLMfill",""),

16 predictorMatrix=impMat ,maxit=10,m=5, printFlag = FALSE)

17 milm <- with(yslm ,lm(z~y+x))

18 summary(lm.cc)

19 summary(pool(milm))
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