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Abstract Let G be the graph corresponding to the graphical model of nearest neighbor
interaction in a Gaussian character. We study Natural Exponential Families (NEF) of
Wishart distributions on convex cones Qg and Pg, where Pg is the cone of tridiagonal
positive definite real symmetric matrices, and Q¢ is the dual cone of Pg. The Wishart
NEF that we construct include Wishart distributions considered earlier for models
based on decomposable(chordal) graphs. Our approach is, however, different and
allows us to study the basic objects of Wishart NEF on the cones Qg and Pg. We
determine Riesz measures generating Wishart exponential families on Q¢ and Pg, and
we give the quadratic construction of these Riesz measures and exponential families.
The mean, inverse-mean, covariance and variance functions, as well as moments of
higher order, are studied and their explicit formulas are given.
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1 Introduction

The classical Wishart distribution was first derived by Wishart (1928) as the distribu-
tion of the maximum likelihood estimator of the covariance matrix of the multivariate
normal distribution. In the framework of graphical Gaussian models, the distribution
of the maximum likelihood estimator of 7 (X'), where 7w denotes the canonical pro-
jection onto Q ¢, was derived by Dawid and Lauritzen (1993), who called it the hyper
Wishart distribution. Dawid and Lauritzen (1993) also considered the hyper-inverse
Wishart distribution which is defined on Q g as the Diaconis-Ylvisaker conjugate prior
distribution for 77 (X'), and Roverato (2000) derived the so-called G-Wishart distribu-
tion on Pg, that is, the distribution of the concentration matrix K = >~ when T (X)
follows the hyper-inverse Wishart distribution. Letac and Massam (2007) constructed
two classes of multi-parameter Wishart distributions on the cones Qs and Pg associ-
ated with a decomposable(chordal) graph G and called them type I and type II Wishart
distributions, respectively. They are more flexible because they have multiple shape
parameters. In fact, the type I and type II Wishart distributions generalize the hyper
Wishart distribution and the G-Wishart distribution, respectively.

The Wishart exponential families introduced and studied in this paper include the
type I and type II Wishart distributions of Letac—Massam on the cones Qs and Pg

associated with the so-called path graphs e—e—...— . Although path graphs are
often denoted by P, in the literature (e.g. Bondy and Murty 2008), we shall use the
Dynkin diagram notation A, for the path graph. This notation is well known in other
fields of mathematics. In mathematical statistics, this notation is used by Letac and
Massam (2007).

Our methods, which are new and different from methods of articles cited above,
simplify in a significant way the Wishart theory for graphical models.

In Graczyk and Ishi (2014) and Ishi (2014), the theory of Wishart distributions on
general convex cones was developed, with a strong accent on the quadratic construc-
tions and on applications to homogeneous cones. In this article, we apply for the first
time the ideas and results of Graczyk and Ishi (2014) to study important families of
non-homogeneous cones.

Applications in estimation and other practical aspects of Wishart distributions are
intensely studied, cf. Sugiura and Konno (1988), Tsukuma and Konno (2006), Konno
(2007, 2009), Kuriki and Numata (2010).

The focus of this work is on non-homogeneous cones Q 4, and P4, appearing in the
statistical theory of graphical models, corresponding to the practical model of nearest
neighbor interactions. In the Gaussian character (X1, X2, ..., X,), non-neighbors
X, Xj, |i—j| > 1are conditionally independent with respect to other variables. This
family of decomposable graphical models presents many advantages: it encompasses
the univariate case (A1), a complete graph (A7), a non-complete homogeneous graph
(A3) and an infinite number of non-homogeneous graphs (A4,, n > 4).

Some of the results of our research may be extended to cones related to all chordal
graphs (work in progress), e.g., the definitions of the power functions, which are
described (see Definition 3) in general graph terminology. However, there exist diffi-
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culties to extend numerous results of this paper to all chordal graphs, since a part of
the proposed methods does not work in the general setting.

Our results on the indexation of Riesz and Wishart measures by M = 1, ..., n,
on the inverse mean map and on the variance function are specific for the cones Q4,
and P4,. Thanks to the indexation result, the Laplace transforms attributed to all
the possible eliminating orders are treated in a simple and uniform way. A striking
illustration of the importance and of the special role of path graphs A, is the fact that
the methods and results given in this article make it possible to proceed and to solve
the Letac-Massam Conjecture (Letac and Massam 2007) for the cones Q 4, (Graczyk
et al. 2017) and they give much hope to prove the Letac—Massam Conjecture for the
cones Py, (work in progress). Together with the results of this article, we achieve in
this way the complete study of all classical objects of an exponential family for the
Wishart NEF on the cones Q4,,.

For all these reasons, we decided to deal in this article exclusively with the path
graphs A, . It is clear that a complete comprehension of this important class of graphs
will contribute greatly to the research in mathematical statistics for chordal graphical
models.

Plan of the article. Sections 2, 3 and 4 provide the main tools in order to define
and to study the Wishart NEF on the cones Q 4, and P4,,. In Sect. 2, useful notions of
eliminating orders < on A, and of generalized power functions §* and A%, s € R” will
be introduced on the cones Q 4, and P4, respectively. In Theorem 1, a classical relation
between the power functions §;* and A=, is proved as well as the dependence of 8
and A7 on the maximal element M of < only. Thus, in the sequel of the paper, only

generalized power functions SQM) and AéM) appear. Next important tool of analysis
of Wishart exponential families are recurrent construction of the cones Pg and Qg
and corresponding changes of variables. They are introduced and studied in Sect. 3,
and are immediately applied in Sect. 4 in order to compute the Laplace transform of
generalized power functions SQM) and AéM) (Theorems 2 and 3).

In Sect. 5, Wishart natural exponential families on the cones Qg4, are defined,
and all their classical objects are explicitly determined, beginning with the Riesz
generating measures, Wishart densities, Laplace transform, mean and covariance. In
Theorem 4 and Corollary 3, an explicit formula for the inverse mean map is proved.
A key formula is obtained in Proposition 6, whence Theorem 4 follows by standard
argument in information geometry of exponential family (Amari and Nagaoka 2007,
Brown 1986; Speed and Kiiveri 1986). It provides an infinite number of versions of
Lauritzen formulas for bijections between the cones Qg and Pg. In Sect. 5.3, two
explicit formulas are given for the variance function of a Wishart family. The formula
of Theorem 5 is surprisingly simple and similar to the case of the symmetric cone S;}.
Sections 5.4 and 5.5 are devoted to the quadratic constructions of Wishart exponential
families on Q¢ and to the computation of their higher moments in Theorem 6.

Section 6 is on Wishart natural exponential families on the cones P4, and follows
a similar scheme as Sect. 5; however, the inverse mean map and variance function are
not available on the cones P4, . The analysis on these cones is more difficult.

In the last Sect. 7, we establish the relations of the Wishart NEF defined and studied
in our paper with the type I and type II Wishart distributions from Letac and Massam
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(2007). Our methods give a simple proof of the formulas for Laplace transforms of
type I and type II Wishart distributions from Letac and Massam (2007).

2 Preliminaries on A, graphs and related cones

In this section, we study properties of graphs A, that will be important in the theory
of Riesz measures and Wishart distributions on the cones related to these graphs.
In particular, we characterize all the eliminating orders of vertices and we introduce
generalized power functions related to such orders. We show that they only depend
on the maximal element M € {1, ..., n} of the order.

An undirected graph is a pair G = (V, £), where V is a finite set and £ is a subset
of P>(V), the set of all subsets of £ with cardinality two. The elements of V are called
nodes or vertices, and the elements of £ are called edges. If {v, v’} € &, then v and
v’ are said to be adjacent and this is denoted by v ~ v’. Graphs are visualized by
representing each node by a point and each edge {v, v’} by a line with the nodes v
and v’ as endpoints. For convenience, we introduce a subset E C V x V defined by
E :={@w,v):v~v}U{(w,v):veVl

The graph G = (V, &) with set of vertices V = {v1, va, ..., v,} and set of edges

E={{vj, vjiy1}:1 =< j <n—1}isdenoted by A,.In what follows, we often denote
the vertex v; by i and the graph A, : o —6— ... —eis simply represented as

1—2—3—...—n. An n-dimensional Gaussian model (X )ycv is said to be Markov
with respect to a graph G if for any (v, v’) ¢ E, the random variables X, and X/ are
conditionally independent given all the other variables. The conditional independence
relations encoded in A, graph are of the form: X,, 1L Xy, [(Xy ki, j»forall |i — j| >
1. Thus, A,, graphs correspond to nearest neighbor interaction models.

Let S, be the space of real symmetric matrices of order n and let S;” C S, be
the cone of positive definite matrices. The notation for a positive definite matrix y is
y > 0. For a graph G, let Zg C S, be the vector space consisting of y € S, such
that y;; = 0if (i, j) ¢ E. Let I = Z{; be the dual vector space with respect to the
scalar product (y, n) = tr(yn) = Z([,j)eE Yijnij» ¥ € Zg, n € Ig. In the statistical
literature, the vector space /g is commonly realized as the space of n x n symmetric
matrices 7, in which only the coefficients 7;;, (i, j) € E, are given. We adopt this
realization of I in this paper.

If I C V, we denote by y; the submatrix of y € Zs obtained by extracting from
y the lines and the columns indexed by /. The same notation is used for n € I;.
Let Pg be the cone defined by P¢ = {y € Zg : y > 0}, and Qg C I the dual
cone of Pg, thatis, Qg = {n € Ig : Yy € Pg\{0} (y,n) > 0}. A Gaussian
vector model (X,),ev is Markov with respect to G if and only if the concentration
matrix K = X! belongs to Pg. When G = A,, the cone Qg is described as
Oc={nelg:nivy >0,i=1,...,n—1}. Let = = 7, be the projection
of S, onto Ig, x — n such that n;; = x;; if (i, j) € E. Then, it is known (cf.
Letac and Massam 2007; Andersson and Klein 2010) that the mapping P¢ — Qg,
y —> (y~") is a bijection.

2 3 4
Example I Consider the graph Ay : i —e—eo—oe.
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The elements of P4, are positive definite tridiagonal matrices of the form y =
yiuyie 00

0 . .
Y12 Y22 323 . The elements of Q4, are incomplete matrices of the form
0 y23 y33 y34
0 0 y34 yaq
X11 X12 %k
X12 X22 X23 . X11 X X2 X
o= | X222 x23 , with x(1.2) = HX12) = (M2 and xpy =
* X23 X33 X34 X12 X22 X23 X33
¥k X34 X44
X33 X o . .
33 234 positive definite matrices.
X34 X44
211 212 213 214
. _ 212 222 223 2 . . . .
The matrix z = y~! = 12222223 224 | 5¢ 2 positive definite matrix that does not

213 223 233 234

214 224 234 44

Z11 212 % %
212 222 223 *
* 223 233 234
* % 734 244
understood as the operator to ignore the elements of z corresponding to non-adjacent
vertices.

belong to P4,. The projection of z on Q4, is 7 (z) = . T can be

In the sequel, unless otherwise stated, G = A,,,

2.1 Eliminating orders

Different orders of vertices vq, vy, ..., v, should be considered in order to have a
harmonious theory of Riesz and Wishart distributions on the cones related to A,
graphs. The orders that will be important in this work are called eliminating orders of
vertices and will be presented now.

Definition 1 Consider a graph G = (V, £) and an ordering < of the vertices of G.
The set of future neighbors of a vertex v is defined as vt = {w € V : v < w and v ~
w}. The set of all predecessors of a vertex v € V with respect to < is defined as
v ={ueV:u<nv}

Definition 2 An ordering < of the vertices of a graph G is said to be an eliminating
order if v is complete for all v € V.

In this section, we present a characterization of the eliminating orders in the case of
the graph A,. An algorithm that generates all eliminating orders for a general graph
is given by (Chandran et al. 2003).

Proposition 1 Consider a graph A, : 1 —2 —3 — - .- —n. All eliminating orders are
obtained by an intertwining of two sequences 1 < ... < M and n < --- < M foran
M € V. There are 2"~ eliminating orders on the graph A,,.

The proof is easy and is omitted.
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2.2 Generalized power functions

In this section, we define and study generalized power functions on the cones Pg and
Q. Here, we introduce useful notation. For 1 <i < j <mn,let{i : j} C V be the
set of a € V for whichi < a < j. Then, fory € Zg and 1 < i < n, the matrix
Y{1:i) is the upper left submatrix of y of size i, and yy;.,) is the lower right submatrix
of size n — i + 1. Recall that on the cone S;f, the generalized power functions are
As(n) =TTy Iy and 8(v) = [Tizy [ygimy 171, with so = spq1 = 0.

Definition 3 For s € RY, setting det Yy = 1 = detny, we define

det y A\
A7 =] <$) (v € Po). M)
veV v
det Mwyuv+ v
si =] T (n € Q). )
veV vt

Note that Definition 3 applied to the complete graph with the usual order 1 < ... <
n gives Ay and 4. For any s, the following formula Bi(y_l) = A_;(y) is well known.
In Theorem 1, we find an analogous formula in the case of the cones Pg and Qg.

We will see in Theorem 1 that on the cones related to the graphs A,,, different order-
depending power functions A and 6% defined in Definition 3 may be expressed in

terms of explicit “M-power functions” AéM) and § éM) that will be defined below. They
depend only on the choice of M € V.

Definition 4 Let M € V,y € P and n € Q¢. We define the M-power functions
AEM) (y) on Pg and SEM) (x) on Q¢ by the following formulas:

M—1 n
AP =TT bua =y T gl 3)
i1 i=M+1
M—1 : A
5O () = [Tz iyl HEZMH |77{i—11:i}|S’ @
S M—-1 si— SM—1—S s — Sitl "

Observe that for M = 1, n there are n — 1 factors in the denominator of (4), and for
M =2,...n — 1 there are n — 2 factors (powers of 122 ... Np—1,n—1)-
The main result of this section is the following theorem.

Theorem 1 Consider a graph G = A, with an eliminating order <. Let M be the
maximal element with respect to <. Then for all y € Pg, we have

55y~ = A%, = A" (). ©)

The proof of Theorem 1 is preceded by a series of elementary lemmas.
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Lemmal Lety € Pgandi < j < j+1 < k < m. The determinant of the submatrix
Vi : j)utk :m) can be factorized as |y : jyotk:my| = |y : jy 1Yk myl-

Lemma 2 Lety € Pg andn = w(y~'). Then foralli,i +1 € V, we have

Ingiv1y| = 191 ywgiienl-

(M)
—-s

Proof (of Theorem 1) Part 1: 8; m(y~H) =AY (y). From Proposition 1, we have

i+1) ifi<M-1,
it={p ifi =M,
(i—1) ifi>M+1.

Using n; = |y|_1|yv\{,~}| with n = m(y~') and Lemmas 1 and 2, we get
55y ) = AY (). Part 2: A7 (y) = AM (). Let us first consider the elimi-

nating order <y given by
l<py2=<py...<yM—-1<yn<yn—1=<y...<yM+1=<y M. (6)

Using n;; = |y|~!yv\(i}], Lemmas 1 and 2 again, we get A;™ (y) = A;M) ).

It is easy to see using Proposition 1 and the factorization from Lemma 1 that for
any other eliminating order <, the factors of A(y) under the powers s; are exactly
the same as for <. Indeed, ifi < M — 1, letn — j be the largest vertex greater than
M such that n — j < i. Then, the factor under the power s; is

Iyawi-I Iypellym—jml Iyl
|yi-| Y- Ym—jmyl Y-yl
A similar argument shows that this is also true for i = M and fori > M. O

Corollary 1 Let <1 and <3 be two eliminating orders on G such that max~, V =
max, V. Then 85" () = 8;2(n) foralln € Qg. If max.V = M then we have

55 (m) = 8" ().

3 Recurrent construction of the cones Pg and Qg and changes of
variables

In this section, we introduce very useful recurrent constructions of the cones P4, and
Q 4, from the cones P4, , and Qg4, ,. There are two variants of them for A,_; :
2—---—nand Ay,_1 : 1 —--+- — (n — 1). Corresponding changes of variables for
integration on Py, and Q 4, are introduced.
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Proposition2 1. Forn > 2, let®, : Rt xR x Pa,_, —> Pa,, (a,b,2) —> ywith

aO---0 1

0 b 1
y=AWD) | . A, Al =|. . ,

. Z . .

0 0...01

andlet W, : RY xR x Q4, , —> Qa,, (o, B, x) —> n with
a0---0
- 0
n=m|A@|. AB)
0
Then the maps ®, and ¥, are bijections.
2. Let @, : RT x R x Py, , —> Pa,, (a,b,7) —> y with

n—1

0 1
: 01
y=B®O)'| < |B®), BbY=|. . ,
0 : ..
0---0a 0...b 1

andlet W, : Rt x R x Qa,_, —> Qa,, (&, B, x) —> 7 with

0
i=n|BE)| * 5 BT
000[

Then the maps ®, and ¥, are bijections. B
3. The Jacobians of the changes of variables y = ®,(a, b, z) and y = ®,(a, b, 7)
are given by

Jo,(a,b,2) =a, Jg (a,b,z)=a. )

The Jacobians of the changes of variables n = W, (a, B, x) and n = ¥y, («, B, x)
are given by

Ju,(a, B, x) =x22, Jy (&, B, X) = Xn—1n—1. ®
It should be noted that for ®,(a, b, 7) and ¥, («, B, x) the rows and columns of z

and x are numbered?2, . .., n while for <1~5n (a,b,z)and lf/n (o, B, x) they are numbered
1,...,n—1.
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a0...0 «0...0
0
Proof 1.Lety' = | . andn’' = | . . Then

Dz oox

0 0

ab if (i, j)=(,2)or (7, j) = (2, 1),

yij=1ab*+zn ifi=j=2, 9)

i ; otherwise.

Thus, on the one hand, if (a,b,z) € RT x R x Py, stheny € Z4,. Andz > 0

implies y' > 0 as every principal minor of y’ equals a times a principal minor of z.

Fromy = Ty'TT with T = A(b), we gety € Py, . Onthe other hand, if y € P4, we
2

havea = y11 > 0,b = %,222 = y» — ;ﬁ and z;; = y;j forall i # 2 and j # 2.
We use the notation z = (z;j)2<;, j<n- Now, let us show that z € P4, ,. We have
y' =T~y (rT)=! > 0. Hence, we have also z > 0 since each principal minor of z
equals 1/a times a principal minor of y’. Therefore, the map @, is indeed a bijection
fromR" x R x P4, , onto Py,.

Let us turn to ¥,. The relation between 1 and 5’ is given by
o+ BPxyp ifi=j=1,

nij = 4 Bxa it @ j)==0,2)or (G j)=(2,1), (10)
n; : otherwise.

First we show that if (o, 8,x) € RT x R x Qa,_,»then n € I4,. Actually, since

2
xp2,33 > 0, we have o + ,32x22 > 0 and 512 = (oz + B ﬂx22> > 0. On the
Bxn  xx»
other hand, if n € Qa4,, we have x;; = n;; foralli, j = 2,...,n. Thus, n € Qa,
implies x € Q4,_,-
0 0
2. Lety = 2 ‘land@ = X :|. Then we have
0
0...0a 0..0«

ab if (i, j)=m—1,n)or (i, j) = (n,n— 1),
Jij = yab® + zp-tp-1 ifi=j=n—1, an
jzl.’j otherwise,

and

a—i—ﬂzxn,],n,] ifi =j =n,
ii = 4 BXat o1 if(i,j)=m—1,n)or@,j)=@mn—1), (12)
; i otherwise.

Similar reasoning as above shows that @ and ¥ are indeed bijections.
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3. The proof is by direct computation.

1

Letus define ¢4, : Qa, = Ry by pa,(n) =n~",and forn > 2

n—1
®a, () = 1_[|77{i,i+1}|_3/2 ]_[ Nii-
i=1 i#ln

Lemma3 1. Lety = ®@,(a, b, 2) andn = ¥, («, B, x). Then, forall M =2, . ..

M
AEM) (}’) = aSI AESZ’)H-JM) (Z)’

3 M
sM () = a“(SESZ’)MSn)(x).

Lety = én(a, b,z) and n = lj/n(ot, B,x). Then, forall M =1,...,n—1,

(M) _sp A (M)

Ai (y) =a’ A(sl,...,Sn—l)(Z)’
(M) — Sus(M)

5£ (m =o' 8(s1 ..... Snfl)(x).

2. Letn =¥, (a, B, x) and n = lffn(a, B, x). Then,

—1/2 _—
oa, () = x5, 2a s, (x)
and
~ —1/2 _
o, () = x, 1% a7, ().

3. Ify = ®y(a, b, z) and n = ¥, (a, B, x), then
tr(yn) = aa + ax»n (b + B)* + tr(zx).
Ify = qs,,(a, b,z)andn = li’,,(ot, B, x), then
tr(yn) = ad + axp_1,4—1(b + )* + tr(zx).
Proof 1. For M > 2, we have

M M—1 S
AN 1—[<|ym|>fl (m)w
AM () |z{2:4}] |z|

(82,.00s87) i=2
Using Lemma 7, we have |y(1.;}| = alz{2:;|. Thus,

A"y

) =
Ay @

a’l.
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Noting that a = y,,,, we havefor M = 1,...,n — 1,
n n—1
AMG) = 5 ][50 = a2 [ (@ lzgian [9751) @750
i=2 i=2
n—1
s M
— aS"|Z|Sl l_[ |Z{i:n}|sl Sie1 — asnAE‘Yl,)..A,Snfl)(Z)'
i=2

Similarly, we show that BQM)(U) = aSIS((?Z)._ sn)(x) for M > 2 and that 8§M)(77) =
a8 (x) forall M < n — 1.
2.Letn = ¥(a, B, x) and 1 = ¥ (a, B, x). For n = 2, we have

2 -3/2
— o+ p°x px _ _
9, () = Ingyl % = ﬂf ﬁ; = 32732
= x 127320, (x).
For n > 2, using (10), we have
nt 32
[T Ingivny ™
_3/2 i=2 -1/2 —
0, (1) = 22 Ingr 2172 = x5 Pa gy, ().
—1
L1n;
i=3
The proof of the second part is analogous.
3. The proof is by direct computation. O

4 Laplace transform of generalized power functions on Qg and Pg

Theorem 2 Foralln > 1, forall 1 < M < n and for all y € P4, the integral
fQA e_tr(y")SéM)(n)(pAn (n)dn converges if and only if s; > %for alli # M, and
sy > 0. In this case, we have

(v _ 1
/ & NS (g, (n = 72 T] PG5 = )1 P a ).
Q4, i#=M
(22)

Proof We will proceed by induction on the number n of vertices. For n = 1, we have
the gamma integral that converges if and only if s > 0, so that

o0 o0
f e 180 (i), (m)dn =/ ety = M(s)y™.
0 0
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Now assume that the assertion holds for a graph with n — 1 vertices.
Case M > 1. Let y = ®,(a, b, z) and let us make the change of variable n =
¥, (o, B, x). The induction hypothesis gives

/Q e @, (W 3)
n—1

n(n_z)/z{ H I(s; — —)}F(SM)A_(V2 o (2

i#1,M

if and only if 5; > % foralli # M, and sp; > 0. By Lemma 3, the change of variable
n = ¥, («, B, x) gives dn = xppdadpBdx. Thus, we have

/ e UMM ()4, ()dn
Oa, -

00 oo
— f f / e—(aa+ax22(b+ﬁ)2+tr(zx))asl—3/2
- QAnfl

1/2
8D ()@, (1)xy) dedBdx,

(524m0s

where we used parts 3 and 1 of Lemma 3. Now, using the Gaussian integral
= —aX22(b+/3)2d _ 12 —1/2_—1/2
e B=n""a X5y
—00

and the gamma integral

0 1
/ e—aaas1—3/2da —s1+1/2F s1— =),
0 2

that is finite if and only if 51 > % we get

/ e~ "OMsM () (m)dn
Oan B

1 (24)
=727 (s — 2) tr(”)SEAM) 5 )(x)goAnfl(x)dx.
2 QAn_l 52 n

Finally, using Formulas (23) and (14) completes the proof in the case M > 1. Case
M =1.Lety = ®@,(a, b, z) and let us make the change of variable n = &, (at, B, x).

The proof is similar. O

Theorem 3 Foralln > 1, forall 1 <M <n and foralln € Q4,, the integral
fPAn e_tr(y")AgM) (y)dy converges ifand only if s; > —%foralli £ M,andsy > —1.
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In this case, we have

J,

Proof Similar to the proof of Theorem 2 using Proposition 2 and Lemma 3. O

, _ 3
e—tr(}’))AgM)(y)dy — ].[(n /2 l_[ r (Si + 5) F(SM + 1)8(_/‘;[)(7’})(/),4” (n)
n i#=M

(25)

The characteristic function ¢, of a convex cone £2 is defined as the Laplace trans-
form of the Lebesgue measure of the dual cone: g (x) = fm e~ ¥)dy, where £2*
is the dual of £2. The measure ¢ (x)dx is called the canonical measure of £2. It is
invariant by linear automorphisms of £2 (Faraut and Kordnyi 1994).

Corollary 2 ¢, = const.gpg,.

1
Proof The result, (%) ’ / P, e~ "OMdy = @u, (1), is obtained by substituting

n

s = (0,...,0) into Theorem 3. O

Remark 1 Formulas (22) and (25) may seem similar but in (25) the integrand does not
contain the characteristic function of the cone P4, . This function is unknown except
for A4 when it is not a power function (Letac and Massam 2007, Prop.3.2).

5 Wishart exponential families on Q¢

Let us define the Riesz measure RéM) on Q¢ by

dRM (x) = Cs8{™ (x)ga, (1) 1g,, (x)dx, (26)

where CS_1 = g=D/2 < IT G — %)) I'(spr). Therefore, from Theorem 2, the

= iEM
Laplace transform of the measure ngM) is given for all 5; > % i # Mandsy >0
by

LRM)(y) = fQ e "OMARM () = A% (3), v € Pa,. 27)
An

Wishart natural exponential family y;ﬁ/,[) on Qg is, by definition, generated by the
Riesz measure dRéM). The density function of the Wishart distribution on Q¢ is given
by

YD (dx) = Coe™ "0 AM ()8 (x)@a, (x) 19, (X)dx. (28)
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The Laplace transform of y;,ﬂy/[) (dx) is

LR +y) A%+

LyMy(z) = =
ey == R0m) 290y

The family y;,/;]) does not depend on the normalization of the Riesz measure.

5.1 Mean and covariance of the Wishart distributions on Q¢

In this subsection, we derive a formula for the mean of the Wishart exponential family
on the cones Q¢. It is known from the general theory of exponential families of

distributions (Brown 1986) that the mean of yg’) is obtained by differentiation with
respect to y of the cumulant generating function of the Riesz measure:

mM™ (y) = —grad, log A (y) € Q¢. (29)

For all matrix A in Zg and a subset B C V of the set of vertices V of G, we note
Aij if i,j € B,

(Ap)° the matrix in Z¢ such that (AB)?. = )
J 0  otherwise.

Proposition 3 The mean function of the Wishart family y;,/;[) on Q¢ is equal to

mEM)(y)
M—1
=7 (Z(s, — it Do) ™+ sy~ + Z (si = si— D[ "] )
i=1 i=M+1
(30)
Proof Use formulas (3), (29) and grad log |y4| = ((yA)’l)O. ]
Proposition 4 Forall y € Pg, we have
(m™ (), y) = k()

where the constant k(s) is Y ;_; si — (n — M)spy.
Proof Observe that by (3), for any ¢ > 0, A% (cy) = c*©a%(y). By (29),
m{™ (), y) = —(grad, log A% (), y). Set F(y) = logA(M)(y) By the chain

rule, (grad, F(y), y) = le(ty)|t - The map t — F(ry) = logg(1), RT - R,
where ¢(t) = A(M)(ty) satisfies ¢(ct) = ¢ *@e(r). Hence ¢(c) = ¢ *®g(1) and

LFay)|,_, = o ((11)) —k(s). Thus (grad, F(y), y) = —«(s) and the result follows.
O
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Differentiating the mean function gives the covariance function. For A € S,, let
P(A) : Zg — I be the quadratic operator defined by P(A)u = m(AuA), u € Zg.

Proposition 5 The covariance function of the Wishart family )/S;I) on Qg is equal to

am () S N |
Vo) = ——g = DG~ s P [((ym})— ) ] +suPGTH G
i=l1
- 0
+ > Gi—sii)P [((Y{i:n})_l) :| :
i=M+1

5.2 Inverse mean map

In the study of the exponential family (yg(,nyll)) yePg- it is important to determine explic-

(M) .

itly the inverse of the mean map ¥y m = mA(;M) (y) — y, which we refer to

as the inverse mean map in the sequel. The following theorem is known for Wishart
exponential families on homogeneous cones (Ishi 2014). Surprisingly, it is also true
on Qg.

Theorem 4 The inverse mean map wéM) is given by the formula
M (m) = grad,, log 8" (m), m € Q¢. (32)

The proof consists in following steps:
1. One shows that there exists a constant ¢y depending only on s such that for any
y € Pg
sM M () = ¢, A% () =¢8M (r(y 7).

This is done in Proposition 6 below.
2. One uses the Fenchel-Legendre duality, following a standard argument in infor-
mation geometry of exponential family.

Proposition 6 The following formula holds for any y € Pg and s € R":

8 mM () = (1_[ sf") A% ) = (1"[ sf"> M (v~

i=1 i=1

The proof of Proposition 6 will need a generalization of Lemma 2, where coefficients
of inverse matrices of principal submatrices y{i.x} (or of yi.,)) are simultaneously
considered. Define for y € Pg, n® = (yuu) ™', 7™ = (yg:n))~". The rows and
the columns of the matrix r;(k) are numbered by i = 1, ..., k and the rows and the
columns of the matrix n[k] are numbered by i =k, ..., n.

Lemma4 Lety € Pg.
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1. Foralli € Vandk,m > i + 1 we have

(k) (m)
o
m
n; J+1 nt—i—l i+1

D(ﬂm .

1

|Y{1:m}|71|y{1:m}\{i,i+l}|- (33)

2. Foralli e Vandk,m <i < n we have

[k] [m]
Wi~ Miit1
[k] [m]
1

[k.m] . _
D; =
ji+1 i1+

= |y ™! [Vt i+l (34)

Proof (of Proposition 6) We will deal with &g (M) (my (M) () = sm (mg (M) (y)) where
the order <y, was defined in (6). By formula (30) and by the deﬁmtlon of & M we
obtain that 8, (m,(y)) equals

M-

1 n Si
b; 1 (x! AN
(o) oo T1 ()
i=1 ! =M1 NG Lo
where x; = (s; —Si+1)nff-), =i z+1(5k—5k+1)77,, +SM7’/,(?),
bi = Z (Sk = Sk D)5y Sy
k=i+1
M—1
k
¢ = Z (Sk _5k+1)77§+)1,i+1 +SM’7§1)1,1‘+1’
k=i+1

~

a; = Z (Sk — Sk— 1)77” +SM17”,
k=M+1

b; = Z (Sk — Sk— 1)’7,, 1+SM’7” IR
k=M+1

'~

¢ = Z (Sk — Sk— 1)771 1i— 1+SM77, 1, 1

k=M+1
and x| = (s; — Sifl)ng]. Let us first compute the factors [;’_al lg, Jci fori =
1 l
1,..., M — 1. We will show that
1 |x; +a; b; @ -
o PR BT RO ZE (35)
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1l +a: b 1
We have — | i T ¢ bil _ x4+ — |4 bi , 80 in order to prove (35), it is sufficient to
¢l bi ¢ ¢i |bi ¢
prove that
Laibi|_ g @ (36)
ci |biei| — TS

In order to prove (36), we first use the multilinearity of the determinant with respect
to its columns and we write, using the notation Df’m from Lemma 4,

b M—1 M—1
a; b k,m k,n
ol = D0 Gk sk )G = e ) DY sy Y (k= sir) D
t k,m=i+1 k=i+1
M—1
n,m 2 n,n
+spm Z (Sm — Sm+1)D;"" + sy D,
m=i+1

By Part 1 of Lemma 4 we have Dl{{’m = |y{1:m) |_1 |¥(1:m)\{i,i+1} ], which is indepen-
dent of the left index k. The last fact allows to write

M—1
a; b;
b o] = Sitl > (= Smy) D™ + sip1sp DI
t m=i+1
LS Dl i)
= Sit1 Z (Sm — Sma1) LELA\Uthe) LN RALED N UTR T 1) I
m=i+1 |y{15m}| [yl

We factorize the determinants | y{jm\(i,i+1}] and | yi:nj\(7,i+13 | in the last sum accord-
ing to Lemma 1 and we write this sum as

|ypei-nl Z (5 — Iy{lzi}IIY{i+2:m}| +SM|)’{1:i}||Y{i+2:n}|
m m .
Iypayl \ 5 .t [Yi1:m) [yl

We have [yi1m |~y 1 ji42m) | = an i+1- By definition of ¢; we finally obtain

a; bi| _
b; ¢;

|y 1:i—1 |
= i—HMCt = Sl-‘rln,(;)cl
[yl

and formulas (36) and (35) are proved.
A “mirror” proof based on Part 2 of Lemma 4 shows that

1
-
Ci

/ / /
X —|—/ a; b}
b; ¢

1

s, i=M+1,...n (37)
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and that 8 (m{™ () = [Ty o8 T )% o)™ TTr— prd (nh% . Recall
that

0 _ [yr:i—1l i Ii+ml w _ yum—nllym+imy]

s Ny = v NMym =
i Iyl i |Yiony | MM Iyl

’

so we deduce, using formula (3) that
M—

1
M
Y () ) H s = 2% ).
i=1 i=M+1

Applying Theorem 1, we see that 8" (m{™ (y)) = TTr_, 576 (r (y~1). o

Proof (of Theorem 4). In order to apply techniques in information geometry of expo-
nential family of Amari and Nagaoka (2007), see also Brown (1986), we introduce a
variable 6 = —y € (—Pg). By (29), we have

m™(y) = —grad, log A%Y (y) = grad, log A%’ (—0).

Let f(0) := log A(M)( 0), which is the cumulant generating function of the Riesz
measure by (27). Then, f is a convex function on the domain — Pg. Let g(m) be the
Fenchel-Legendre transform of f(6), that is to say, g(m) = (m, 8) — f(0), where

m = grady f(0) =mM(-0), 0 e (—Pg).
Thanks to the Fenchel-Legendre duality, the inverse map of grady f : (—Pg) 2 60 —

m = msM>( 0) € Qg is given by grad,, g : Qg > m — 6 € (—Pg). Now, by
Proposition 4, we have

(m,0) = (mM (y), —y) = =k (s).

On the other hand, Proposition 6 implies that
£(6) = log A% (=0) = log (¢ ' (m))
where ¢ = [[;_; s;". Therefore, we have

0 = grad,, g(m) = grad,, { — k(s) + logc; — log 8" (m)}
= —grad,, log (SEM)(m),

which leads us to y = —6 = grad,, log SéM) (m). O
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Corollary 3 The inverse mean map 1//5(M) : Q¢ — Pg is given by

M—1 n
M m) = > st ((m{k:k+1})_l)0 + D ((””{k—lik})_l)o
k=1 k=M+1
M—

._.

Sk 1 ( {kk})_l)o — (Sm—1—Sm + sm+1) ((m{MM})_1>0

= (V'
—_

= Y s (omn ™) (38)

k=M+1

Proof The result is obtained by computing the gradient of log 8£M) (m), as indicated
in (32). We use the formula (4). m]

The Lauritzen formula (Lauritzen 1996) is an explicit formula for a bijection between
Q¢ and Pg. It states that for all x € Qg, the unique y € Pg such that a(y~H =xis
given by

y= Z(x{, )’ — Z(x*l)O (39)

Setting s1 = ... = s, = 1| in formula (30) for the mean function, we get
mi? ) =77 =x (40)
Thus,
v @ =y (1)
is the Lauritzen formula. Indeed, for s; = ... = s, = 1, formula (38) gives
n—1
vy m) = Z(ml,ﬂ} Z( i’ (42)

Thus we found a new proof of the Lauritzen formula, based on the observation that the
Lauritzen map is the inverse mean map fors =1 = (1, 1, ..., 1). At the same time,
we find an infinite number of explicit isomorphisms from Q¢ onto Pg, given by the
inverse mean maps 1//£M). It is an essential generalization of the Lauritzen formula.

Each map wéM) is a generalized Lauritzen map.
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5.3 Variance function
5.3.1 Properties of lower-upper M-triangular matrices

Here, we define and prove basic properties of lower-upper M -triangular matrices, that
we will denote by LU(M). They are very important in proofs of this section.
Definition S A matrix 7T is said to be an LU(M) triangular matrix if for all i < M,
T;j=0if j >iandforalli > M, T;; =0ifi > j.

In particular, T is an LU(n) triangular matrix if and only if it is lower triangular,
and T is an LU(1) triangular matrix if and only if it is upper triangular. An LU(M)
triangular matrix 7 is a succession of an M x M lower triangular matrix L = Tj1.p)
and an (N — M) x (N — M) upper triangular matrix U = T{y.,) with diagonal term
Tyrar in common. We write T = s(L, U).

0
T = Tym
0]

Proposition7 1. s(L,U)s(L',U") =s(LL',UU").

2. If s(L, U) is invertible, then (s(L, U)) Vs also an LUM) triangular matrix and
(s(L,U) ' =s Y, uh.

3. The set of LU (M) triangular matrices is a group.

Lemma 5 Let S and T be LU(M) triangular n x n matrices.
0
1. (a) Let A = KO with K = Aqyuy. Ifk < M — 1, then STAT = (S{lek}KT{lzk}) .

0
(b) Let B = K° with K = By Ifk = M+ 1, then ST BT = (8§, KTgem) -
2. Let A be an n x n matrix. Then (TAST){l;,-} = T{];,-}A{]:,'}S{Tl:i}fori <M-—1,
and (T AST)(iny = Ty Atim) S fori = M + 1.
3. If T is invertible, then
@) (T ™' = T Dy forallk <M —1;
) (Tpen) ™t = (T Y eny forall k > M + 1.

Proposition 8 Forally € Pa,, foralll < M < n, there exists an LU(M) triangular
matrix T satisfying T;; = 0 if i = j and suchthaty =T TT.

Proof We will proceed by induction on n. The statement is obviously true for n = 1.
Let us assume that the statement is true forn — 1. Let y € P4, and M # 1. Letus write
y = @,(a, b, z) with z € P4,_,. The induction assumption implies that there exists
Van (n — 1) x (n — 1) LU(M) triangular matrix such that V;; = 0if i =~ j and such

1
Ja 0.0
b1 . \{)Eo‘..o Jab
thatz =V VT Letuswritt T =0 . . = 0
: : 0V oy
0 e 01 0
T is LU(M) triangular satisfying 7;; = 0ifi « jandy =T TT.
For M =1,weuse y = dgn(a, b,z) withz € Py, ;. 0O
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5.3.2 Two formulas for the variance function

Letm € Q. Wenotem € S, the unique symmetric positive definite matrix verifying
w(m) =m, m~' e Pg.Define y = 1//£M)(m) € Pg.Decompose y =T TT, with T
an LU(M) triangular matrix such that 7;; = 0 when i = j.

Lemma 6 We have

T (43)

Proof Note that y = wi(M) (m) is equivalent to m = méM) (y). The formula of the
mean function (30) gives m = 7 (Z), where

M—1 n
Z= (i —sisD)[Opa) 1 sy + YD (i = 5D 10 (44)
i=1 i=M+1

Using Part 2 of Lemma 5, we have y(;; = T{l:i}I{I:i}(T{lzi})T fori < M — 1.
Here Iy, is the i x i identity matrix. By Part 3 of Lemma 5, we get (y{l;i})_1 =
(T_l){Tl:i}I{];,-}(T_l){lzi}. Finally, using Part 1 of Lemma 5, we obtain

(a1 =@ H a7, i< M -1 (45)
Similarly, we have

(V) 10 = @ DT )T, i > M+ 1. (46)

Thus,

M—1 n
z=a" (Z(si —sigD U’ +sul + Y (i —si_l)(l{i:n})‘)) T~

i=1 i=M+1
51 0
—ahH'| - |
0 Sn
sl_l 0
Therefore, Z is positive definite and Z “l—7 TT € P4, . Indeed, for
0 sn_l

alli <i+1 < j,wehave (Z_l)ij = ZZ:] Tiijksk_l. Since T;;, = Ofor |k —i| > 1,
(z7h = Ti,i—lTj,i—lSl:l] +Tu'TjiS,-_1 +Ti,i+1Tj,i+1S,-_+1]~But since |j —i| > 1, we
have Tj; | =0 = T}; and (Z‘l)ij = Ti’i+1Tj,,‘+1si_+ll. Now since T is LU(M), we
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have T; ;11T iy1 = 0.Infact, T; ;1 =O0fori <M —1andTj;1; =0fori > M.In
conclusion, we have shown that m = 7(Z) with Z~! € P4, which implies Z = m.
m}

n’

The following Proposition derives the formula for the variance function V (m)
which, for each fixed m € Q¢ is a continuous operator V(m) : Zg — Ig (Casalis
and Letac 1996). Recall that P(A) : Zg — Ig is the quadratic operator defined
by P(A)u = w(AuA). For A,B € S, let P(A, B)u = %n(AuB + BuA). For all
m € Qg and I C V, we note

My = [(m~Hp~1°. (47)

Proposition 9 The variance function V (m) of a Wishart NEF on Qg is equal to

+ Z (s; —si—) P M{z ) + Z (— — —) M |- (48)

Proof The variance function is givenforallm € Q4, by V(m) = v(wéM) (m)), where

v(y) is given by (31). Let y = ¥{™ (m) = TT7, where T is LU(M). From Lemma
6, we have

sfl 0
mt=T T!
0 s,
Using Lemma 5, we get
o r=I\T g WO -1
My = (T7)" (diag(si,...,s)) T, i <M—1 (49)
and
Myimy = (IO diag(si.....s)° T~ i=M+1. (50)

Thus, forall2 <i < M — 1, we have

1 B _ 1 _ _
M= DleyT 1, —(Mriy = M) = (T Wle,t=1,  (51)
13
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and foralln —1>i > M + 1, we have

1 _ _ 1 _ _
—M, = (T Hle, 77, —(Miin) = M) = (T YeT !, (52)
1

Sn

where e; is the matrix with ¢;; = 1 and ¢;; = 0 for all i # j. Observing that
(1{1;1-})0 =) r_iex and (I{,-:n})o =Y 4_; ek, and using (45) and (51), we obtain for
i<M-—1

i

(O™ = T Uap° T~ = @HT (Z ek) =Y () et
k=1

k=1

1 1 1
=—Muy+—WMpyay—Muy) +...+ =My — Mi—1y)
§1 852 Si

1 1 1 1 1
——— |Muy+...+|— =) Mpi—n + ;M{I:i}~
1

S1 52 Si—1 Si

Similarly, using (46) and (52), we obtain fori > M + 1,

120 1 1 1 1 1
(Vi)™ ' =—Mimy+|—— — | Miy1y+...+ | — — My,y.
S

Sn Sn—1

We also observe that
—INT -1 [
T emT™ " = ot (i — Mym—1y — Mp41y) - (53)

Thus, by (51), (52) and (53), we get

n M—1
-1 _ Z(T—I)Tel_T—l — Z(Tfl)Teinl + (Tfl)TeMTfl

i=1

n
+ > @ Hler!

i=M+1

=—+Z<———)M{u}+ Z (‘._%__I)MU:”}‘ 54)

j=M+1

Substituting these expressions of [(y{l:i})_l]o, y~!and [(y{,-;,,})_l]o into v(y) given
by (31), we obtain the stated result. O

We prove now a much simpler formula for the variance function on Q g, surprisingly

similar to the variance function on a homogeneous cone, in particular on the symmetric
cone S, (cf. Graczyk et al. 2016).
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Theorem 5 The variance function of the Wishart exponential family y;f;’) is

11
vom= <_ T _> Fom (55)
S1 Sn Sm
N ! 1
TR —M — — — | PO — M.
! Z (Sl 1 Si) = Moy + D <Si_1 Si) O = Miim),
* i=M+1

where M{1.;y and M{;.,y are defined in (47).

Proof Using P(a — b) = P(a) + P(b) — 2P(a, b), we see that (55) is equivalent to

V(m)

IP’()+MZl LD ewan + 3 (== = L) pn)

= —P(m - - — _ .

Sitl  Si e S \sicr s )
n

M—1
1 1
— 2(2 (——s—)P(m M{ll})+ Z (ﬁ_S_>P(m Mll’l}))

i=1 Si+1 i=M+1
(56)

We show that the right-hand sides of (48) and (56) are the same. Below, we expand
(48) using P(a 4+ b) = P(a) + P(b) 4+ 2P(a, b) and compute the coefficients in the
expanded formula. Note that forall Z € Zg, P(M{1.;y, Mix:n))Z = Oforalli < M —1
and k > M + 1, since Z{1.j}, k:n) = 0.

For a fixed r < M — 1, the coefficient of P(M{y.,)) is

M—1 2 2
Sy — Sr41 11 11N\ 11
o T Z (si — Sit1) (s ) + sm (Sr 1) “sa s

r i=r+1 r Sr+1

By a mirror argument, for a fixed r > M + 1, the coefficient of P(M{y.yy) is — — %

On the other hand, the coefficient of P(11) is W‘

For a fixed r, the coefficient of P, Mi1.y) is é — ﬁ if r < M — 1, and the
coefficient of P, M{y.,)) is é — ﬁ ifr > M + 1. Moreover, ifk <r <M — 1,
the coefficient of P(M|1.,y, M{1.xy) is

1 /1 1 1
(s =srr)— (— = — Z (si = si+D) | — = ———
Sr \ Sk Sk+1 Sr Sr+1 Sk Sk+1

i=r+1

( 1 1 ) ( 1 1 )

+su| —— i

Sr Sr+1 Sk Sk+1
1 1 1 1

_ (_ . ) <] _ Sr+1 +Sr+1 <_ _ >> =0.
Sk Sk+1 Sr Sy Sr+1
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By a mirror argument, for a fixed M + 1 < k < r, the coefficient of P(M.}, M{;.n))
is 0. ]

Remark 2 m is easy to compute, using, for non-adjacent i and j the formula ;; =
mi,V\{i,j}(’ﬁ;/{{i,j},V\{i,j})mV\{iyj}»j‘ (Letac and Massam 2007, p.1279).

In the next Corollary, we consider s = pl, p > 1/2. We note that 5;1;/1) and

V[SZIV,I)y = yp,y do not depend on M.

Corollary 4 The variance function of the Wishart exponential family y,,  is
| .
V(im) = —P@m).
p

5.3.3 A relation between the inverse mean map and m 1
s

Recall that for the classical Wishart exponential families W1,y on the symmetric cone
Sym; the bijection between the cone Q¢ and Pg is given by L(m) = m~!. The mean
map is my(y) = sy~ ! and the inverse mean map Yg(m) = sm~ L. Tt follows that

Ys=LomiolL,

that is, the maps ¥; and m ;1 are intertwined by the bijection L.

An analogous property holds on the cone 0 4, with the intertwiner given by the
Lauritzen map. The bijection L : Q4, — P4, is the Lauritzen map L(m) = (m)~ L.
Its inverse L~ : Py, = Qa, is L~ 'y)=n(y™h.

Proposition 10 The inverse mean map wéM) : Qg — Pg satisfies

yM =LomM™oL.

s

Equivalently, for any m € Qg, n(x[rs(M) m)™1 = m(lM) mh.

s

e
s
04, — Pa,

0a,

—_—
" (M)
m
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Proof Using formula (30) of the mean function and definition (47) of M{y.;; and M;.,,
we see that m(lM) (m~1) equals

s

(S G- £,6-55) e

N
j= Jt+l j=M+1 5

Confronting this result with (54), we obtain m(M) mH=n <¢£M) (m)_1> . m]

s

5.4 Quadratic construction of Riesz measures and Wishart distributions on Qg

Let I C {1,...,n}. We define |I|-dimensional subspaces W; of R" by
Wi={xeR"|x;=0,i¢l}.

Denote by g’ the quadratic map ¢’ (x) = xx” from W, into Sym(n, R) and by qi its
projection onto /g, i.e. qi = mog!. The maps g i are clearly Q g-positive (submatrices
yr of a positive definite matrix y are positive definite for any I C {1,...,n}). In
Graczyk and Ishi (2014), p.322, Riesz measures (i, associated to a quadratic map g
were defined and their Laplace transform computed. Recall that the measure 1,1 is

the image of the Lebesgue measure on W, by ¢! and that its Laplace transform equals
L)) =721y 712,y € Po. (57)

When I = {1,...,k}, wewrite ¢/ = g% WhenI = {k, ..., n}, we write ¢! = g~.

Fix M € {1,...,n}. We define the set By of basic quadratic maps for the Riesz
RM andW1shart Vs, y)famlheson Qcby By =1{q),....qM 1, g, gM+, ... q").

Note that the basic quadratic maps with values in Q¢ are different for each fixed
M=1,...,n

Proposmon 11 Leto; € R,i =1,..., m. Avirtual quadratic map
q* =) <M(q*)€9a, @ (qf:)EBUM 69 Zl>M (gL)®% . exists if there exists s satisfying
S > j,z # M, sy > 0 and

O . oM o] .
3=Si—Si+1,1§l<M, - =M 3=Si_si71,M<l§n- (58)

Proof We compare the Laplace transform of u pra computed thanks to (57), with (27).

As a result, we see that there exists a constant ¢ > 0 such that REM) =Clye. O

Thus, all the Riesz RéM) measures on Q¢ defined in this paper are obtained as
virtual or true (i.e. for o; € N) quadratic Riesz families, with basic maps from By,.
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Observe that by the quadratic construction, we can obtain absolutely continuous
Riesz measures on Q¢ not belonging to UM{REM)}, e.g. when n = 3, consider 4
associated with the quadratic map g = qf @ (q;f)e92 ® c}f.

5.5 Higher-order moments of Wishart families on Q 4,

Thanks to the identification of Wishart families %(’1;1) with quadratically constructed

Wishart distributions y, o in Sect. 5.4, we can compute moments of any order N of a
Wishart random variable X on Q4.

Theorem 6 Let X be a Q a,-valued random variable with the Wishart law Vg(,];/*[)- Let
2D 2@ W) e Zg. Then, denoting by C (1) the set of cycles of a permutation
7 € S, the N-th moment E(X, zV) .. (X, z™)) equals
M-1 _
Z H Z(Si - Si+])t1’l_[(Y{l:i})_1ZH:)i}
weSy ceC(m) | i=1 jec
n .
+spmtr l_[ y_lz(” + Z (si —si—)tr H()’{i:n})_lzgij;)n}
jec i=M+1 jec

Proof We apply Theorem 2.13 from Graczyk and Ishi (2014) and formula (58). O

Corollary § Ifs = s1, s > % then y;,ny/l) = yy,y does not depend on M. Moreover,

Sfor X with law vy y, we have

E(X. ) (X, 2 M) = Y7 SO0 TT a[ Ty

TeSy ceC(mr) jec

Example. For any graph A, and N = 3 we get for X with law y; :

3
E((X, 20X, 2 (X, :®)) = & [T w19
j=1

152 [tr YLz 1@ =13 =1 D y=13) =1

3
+try*‘z(2>y*‘z<3>try*lz“)]+s w[y"29 + ey~ zDy=1® =1
j=1
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6 Wishart exponential families on the cone Pg

A measure R on Pg is said to be a Riesz measure if, for some 1 < M < n, sy > —1
ands; > —3/2,i # M, its Laplace transform is given by

Lyt = /P etV R(dy) = 8% ()gg,, (). (59)
G
From formula (22), the measure EEM) (dy) = CQAEM) (y)dy, where

3
! = xR rei+ ) rew + .
i£M

is a Riesz measure. The exponential family of generated by IééM) will be called the
exponential family of Wishart distributions on Pg. Its density function is

1

~ (M)
Vs (y) T
> s 0o, =

™R dy). (60)

Its Laplace transform is

L ©) /’ - (M)( - L iM) @+ x) S(M)(e + x)@QA,, @+ x)
~ = y —
& P Ly @) 880 ()04, ()

(61)

6.1 Mean and covariance

Theorem 7 The mean function of the Wishart exponential family on Pg is for all
S; > —% and x € Qg,

M—1 n
M) =i+ D)+ Y G+ e )°
i=1 i=M+1

= Y Gsict + DD = Grot = s+ sun + D(xggy)°
n—1

— Y Gsivr + DY (62)

i=M+1
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The covariance function v(x) : I — Zg of the Wishart exponential family on Pg
equals

M—1 n
500 = D6+ PPk ]+ X i+ DP[ ol
i=1 i=M+1

— Z_ (sic1+DP [(x;])oil — (-1 —sm +spy+1 +DP I:(x;/[]M)O]

n—1

= Y G+ P[]

i=M+1

where we identify Ig with Zg by the trace inner product.

Proof We have r?ng)(x) = —grad logL ) (x) = —grad log(S (x)gz)QAn (x). The
covariance operator is obtained by d1fferent1at10n of (62). O

6.2 Quadratic construction of Riesz measures and Wishart distributions on Pg

Let M € {1,...,n}. Suppose s; > —%, for all i # M and sy > —1. Let
0 € Qg¢. In order to establish a relation between quadratically constructed Riesz

measures (i; on Pg and the measures R( ) we consider the sets Jo = {k, k+ 1}
and J; = {k}. As basic quadratic maps we choose the quadratic Pg-positive maps

g’k and g’k Fora = (a1, ..., 0m_1) and B = (B1, ..., Ba) with a;, B; € N define
P =3¢ @) ey E (q7)®Px_ The following proposition is easy to prove
by comparing sM )(n)<pQ 4, (M) with the Laplace transform

Lty 1) = v kn At 2aen PO T iy gy |72 [ T 1172972,

i<n j<n
Proposition 12 Let M € {2, ..., n — 1}. Then there exists a constant ¢ > 0 such that
cR(M) = [igap lfandonlylfoz,/Z =s5;i+3/2,i <M-—-1,0;/2 =si41+3/2,i > M,

Bi=0pBi/2=—si1—1,2<i <M—1,By/2=—sy_1+su—sms1—1,Bi/2 =
—Sip1— 1, M+1 <i <n, B, =0.For M = 1, n the condition By = 0is suppressed.

Proposition 12 implies easily two following facts.

Corollary 6 1. All Riesz measures IééM) are equal (up to a factor) to a virtual
quadratic Riesz measure /:quz,ﬂ.
2. Forn > 4, no true quadratic Riesz measure ,tha,ﬁ, a;i, Bj € N, belongs (up to a
factor) to the set of Riesz measures REM).
Proof To prove Part 2, we have conditions s; + % =ay/2ands;+1=—B;/2,s0all
(except at mostone) s; > —1, and all (except at most one) s; < —3/2 simultaneously.
O
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6.3 Higher-order moments of Wishart families on Py,

Thanks to Part 1 of Corollary 6, all the moments of the Wishart Exponential Fami-

lies y ) can be computed, using Theorem 2.13 from Graczyk and Ishi (2014) and
Proposmon 12.

Theorem 8 Let Y be a P4, -valued random variable with the Wishart law ﬁv(g). Let

x M x@ L xWN) e Ig. Then, denoting by C (1) the set of cycles of a permutation
7 € Sy, the N-th moment E(Y, xV) .. (Y, x™)Y) equals

M-1
Z 1_[ {Z (si + %) tr H(Q{i:i+1})_1x{(i];,)-+1}

weSy ceC(m) i=1 jec
n—1 3 )
+ i+ D [ [ @) il — Z(sl Rl I B
i=M jec jec

— (Spm—1 —sm +su+1+ DO, —lel (]) Z (si41 + DO, lel 1_[ (j)}_
jec i=M+1 jec

7 Relations with the type I and type II Wishart distributions of Letac
and Massam (2007)

In this section, we will explain the relation between our work and type 1 and type 2
Wishart distributions constructed by Letac and Massam (2007).

Letac and Massam (2007) introduced, studied and used the function H («, B, x)
on Q¢ as a generalized power function for constructing type I and type II Wishart
distributions. The reader is referred to the cited paper for the general definition of
the function H (¢, B, x) as well as for graphical theoretic notions such as cliques,
separators and perfect order of cliques (see also Lauritzen 1996). For our purpose, it
is sufficient to recall that for « € R"~! and g € R"2

n—1 o
C o x s i
H(a. fix) = H—l'_—ﬂ;”' x € Qu, (63)

i=2 Xij

that the cliques(i.e. the sets of vertices of maximal complete subgraphs) are
{1,2},..., {n—1, n}and the separators {2}, . . ., {n — 1}. The definition of the function
H («, B; x) does not include any restrictions on the values of the parameter (¢, 8) of
dimension 2n — 3.

However, the existence of type I Wishart distributions on Q¢ is only showed for
(o, B) belonging to some set Ap dependent on a perfect order of cliques P, i.e. for
(a, B) € Agp = Up A p, where the union is on all perfect order of cliques. Proposition
14 describes this set for A, graphs. It also makes clear a phenomenon observed by
Letac and Massam (2007) for the graph A4, where there are only two different sets
Ap although there are 4 perfect orders of cliques. To prove Proposition 14, we use
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the following explicit relation between two concepts: perfect orders of cliques used
by Letac and Massam (2007) and eliminating orders of vertices used in this work.
Proposition 13 LetG = A, : 1-2—3—---—n. A clique ordering C{ < --- < C,,_,
is perfect if and only if C; | < ... < C| is an eliminating order on the A,_1 graph
G :Ci—Cy...— Cp_y. There are 2" 2 perfect orders of cliques on A,,.

The proof is easy and is omitted.

Proposition 14 Let P/ : C; < Cy < ... <C,_jand P" : C| < C) < ... <C,_,
be two perfect orders of cliques on G = A,. Let S} and S} be the first separators of
P’ and P".If S} = S} then Apr = Apn, i.e. the parameter set Ap depends only on
the first separator Sy with respect to the clique order P. If S = {M} then the set Ap
is described by the conditions:

aj=Bjn1 fl=j=M-=2, (64)
aj = B fM+1<j<n-—1,
and
1 .
aj>§ foralll < j<n—1; ay—1 +oay — By > 0. (65)

Thus Ay = Up Ap is the set of («, B) such that there exists 2 < M < n — 1 for which
(64) and (65) are satisfied.

Proof We use Propositions 1 and 13. O

The reference measure 11 used by Letac and Massam (2007) is, on the cone Q 4,,

3
Ha, ()(&¥) = Hy, (51 ~1:0)1g,, (x)dx. (66)

By (13), we observe that u4, (x)(dx) = ¢g, (x)1g, (x)dx. Namely, the reference
measure (g is the characteristic measure of the cone G = Qj4,,.

Theorem 9 [Letac and Massam (2007) Theorem 3.3] If («, B) € Ao, then, for a
constant I' gy, and for all y € Py,

fQ e " H(a, B; x)ea, (0)(dx) = Ng.p Hle, B t(y~H).

The methods of our article give a new simple proof of Theorem 9, see the proof of
Corollary 7 below.
Let us compare now the functions H («, 8; x) and H («, B; Jr(y_l)) with the gen-
. : (M) (M)
eralized power functions 8, and Ay,
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Proposition 15 1. Let o € R" ! and B € R" 2. There exists s € R" such that
H(a, B; x) = 8" (x) if and only if (64) holds for some2 < M < n — 1.
Thensj =ajif 1< j<M-—1, sy =ay1+ay—PByands; =o; if M+
I<j=n

2. Moreover, under the hypothesis of Part 1, we have H(a, B; m(y~ 1)) = A(}f) ).

The proof is easy and is omitted.

Corollary 7 The type I Wishart distributions indexed by the set Ay are equal to the sub-
set U’I{,I;]z ()/5(,1‘;1)) yepg of Wishart NEF families defined in Sect. 5. Thus, they are strictly
contained in the set of all Wishart NEF families on Q¢, equal to U;{,,zl ()/5(,1;1)) yePg-

The proof is easy and is omitted.

Note that Theorem 2 implies Theorem 9 of Letac and Massam (2007).

The family of functions H (¢, B, x) does not contain the power functions (SS) or
) é"). In fact, the last functions contain powers of n — 1 diagonal elements x;;, whereas
the function H (o, B, x) contains powers of n — 2 such elements. Similar comparisons
can be done on the cones Pg. In this case, Letac and Massam (2007) define type 11
Wishart distributions on Pg indexed by a set 3y, analogous to the set Ay for Q¢.
Similar arguments as on the cone Q¢ lead to

Corollary 8 The type Il Wishart distributions on Pg indexed by the set By are equal
to the subset U',i,l_zlz()?f;/l)) xeog Of Wishart NEF families defined in Sect. 6. Thus
they are strictly contained in the set of all Wishart NEF families on Pg, equal to

~(M
U=t G Dxege-

Acknowledgements The authors would like to thank Gérard Letac and two anonymous referees for their
insightful suggestions.

8 Appendix

We list here some properties of triangular matrices, used in proofs.

Lemma?7 1. Ler A = K°, where K = A1:ky and let L be lower triangular and U

upper triangular n x n matrices. Then UAL = (U{lzk}KL{l;k})O .

2. Let M, L, U be matrices n X n, with L lower triangular and U upper triangular.
Then, foralli = 1,...,n, (LMU)q.y = Liu.yMu:nyUpiy and (UML) iy =
U{i:n}M{i:n}L{i:n}~

3. If T is an invertible triangular matrix then (T{];k})_l = (T_l){l;k} forall k =
1,...,n.
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