Chapter 1

General Introduction

In this research lattice paths (or simple random walks) with at most three directions are
considered. In essence, we are going to use an elementary but elegant approach to enumerate
Dyck, Knodel and Motzkin paths according to various parameters such as number visits to

some nonnegative height and number of returns to the z-axis.

1.1 Basic concepts and notation

Definition 1 A Dyck path (or Dyck random walk) is a nonnegative lattice path of N
running from (0,0) to (0,n) and whose allowed steps are the up diagonal step (1,1) and the
down diagonal step (1,—1).

Definition 2 A Motzkin random walk of length n is a nonnegative lattice path of N?
running from (0,0) to (n,0), whose allowed steps are the up diagonal step (1,1), down

diagonal step (1,—1) and the horizontal step (1,0).

A Dyck path allowing horizontal steps only on the z-axis (or 0-level) is called Knodel
path. Any Dyck walk which goes below the z-axis will be called an unrestricted Dyck

random walk. In the same manner we shall define unrestricted Motzkin random walk.

Definition 3 We define the height of a path to be the maximum y value attained and the
length of the path by the total number of steps of size 1. A path is said to be
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e open if it ends at a point (n,i) fori >0,
e closed if it ends on the x-axis.

All these types of random walks described above are very important in many disciplines
such as Combinatorics, Probability Theory, Statistics, and Theoretical Computer Science.
In the last century various researches, such as, [4], [13], [14], [15], [17], [18], [19], and [20]

were done concerning enumeration of random walks with regard to:

e the average number of returns to the origin,
e the average nonnegative height.
e its maximum deviation from the origin.

e combinatorial connections between some of these random walks.

Definition 4 [9] Given a sequence ag,ay,as, as, ..., a, ..., the function
f(z)= E apz®,
k>0

is called the ordinary generating function (OGF) of the sequence. We use the notation
[zk} f (2) to refer to the coefficient ay.

We want to emphasize the methodological point of view to be employed here, i.e., the
use of combinatorial constructions as well as their associated generating functions. The
advantage of this approach is that it makes these known results more extendable into a larger
class of walks and new problems. For example, the correspondence or bijections between
Motzkin and Catalan permutations studied in [2] will be done here using asymptotic lattice
paths enumeration. The famous results [8] by Flajolet and Odlyzko play a key role here in
transferring our results into asymptotic expansions.

Prodinger and Panny in [19] derived an asymptotic formula for the average height of
unrestricted Dyck random walks which end at (n,0), which we call closed ending. In this
research we will try to prove these results in the cases where both Knodel and Motzkin paths
are unrestricted. In all these models we will try to generalize all our results even to walks

which end anywhere at (n,4) for any i # 0 in Z, which we call open ending.
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1.2 Combinatorial Identities

Most combinatorial identities used in this thesis have already been used in many literatures

such as (3], [7], [9], [10], [11], [22] and hence will not be proved again here.

Definition 5 [9] Given a double indexed sequence {an}, the function

Au,z) = Z Z anpu2",

n>0 k>0

15 called a bivariate generating function of the sequence.

Binomial Theorem: Let n be a positive integer. Then for all z and v,

(z+y)" = zn: (Z) " FyR,

k=0

Some useful binomial coefficients:

1.

() =+
2.

(-;) _ <n+1; - 1)
3.
(n+:_1) — [ (14 2+22+.)"

4
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6.
()L
7.
(n) P <i<—_ ;im ~3) (2: - 44> |
8.
<—ng) _ (2n+ 3)2(2273;34) (—1)" (?j;) .
9.

5 15(—=1)""" 2n — 6
n) 223m-3)(n—4)(n—-5\n—-6)
10. (Symmetry relation)
n\ n
k)] \n—-k)
The composition of an integer n :

26D -5(00) -

Cauchy Integral Formula:

1

g() = f“‘““”w g (2) do

% vn-i—l
h v
where z = )
1+ 0?2
or
. L (=) (1+v+0)"
"] f(z) = i ) f(z)dv
where z = L.
1+ v+ v?

Catalan Numbers:

[2"]

1-v1—4z 1 (2n>

2% T n+1
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Some useful trinomial coeflicients:

(”f) = (Lot ed)”
[

vk} (1+v+02) (1+v+v2)n71
~ (n—=1,3 N n—13 N n—13
B k E—1 k-2 )

1—z—m:<n,3)_(n,3>

222 n n—2)

Motzkin numbers:

[2"]
Asymptotic expansions:

1. [9]; Given a function f (n), we write

f(n)
g(n)

2. [20]; An asymptotic expansion of trinomial coefficients formula:

n,3 3 3k2 3 9 9
’ ~ 3"\ — — 1— — 4+ —k2— — Y
<n — 2k> 3 4n eXP < n ) { 16n + 4n? 4n3 }

f(n) ~g(n) if and only if — 1 asn — oc.
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Chapter 2

Dyck paths

2.1 Introduction.

The purpose of this Chapter is to analyze how often an arbitrary Dyck path which starts at
(0,0) and ends at (n, 1),

(i) visits a nonnegative height r

(ii) returns to the O-level

as shown in the following diagram:
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r AG, 1) BG, 7

~—— " A
a b c

Figure 2.1: Open ended Dyck path of length n

These results will be achieved by first finding the generating function of a Dyck random
walk in terms a nonnegative height r or its returns to the origin. Applying [8] and [16] onto
this generating function we obtain corresponding moments through asymptotic expansion
technique. This problems were researched in [14], [15], [17], and [18] by different methods. In
this research we use the method of combinatorial constructions and their associated gener-
ating functions. A matrix approach will be employed and this will yields more contributions
to Dyck paths enumeration which are easily extendable into newer results.
The generating function for the Dyck path of length n, ending at (n,i) where i = 0,1,2,...,h
is denoted by ¢, (2) where z counts the single steps is

Number of paths of length n, starting at (0,0) |

Pin (Z) - Z ) . ) . 2",
w0 | ending at (n,7) with height < h

We describe the step from level ¢ to the next level with the following recursions, which differ

according to the value of ¢:
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(i) For 1 < i < h we have that

Qi+1

Qi-1

Fig. 2.2.
which gives the recursion

Pin (2) = ZPit1,n (2) + 2P 1n (2),

indicating that from level ¢ we either go up to level i + 1 or down to level ¢ — 1.

(ii) Next, for i = 0 we have a special case

/

o

Q1

Fig. 2.3.

which gives the typical recursion

Yo,n (2) =1+ 2P1n (2)

indicating that we either stay at the origin or go up to level 1.

(iii) The final special case is for i = h shown by the following diagram:

On-1

Fig. 2.4.

This is represented by the typical recursion

Ph,h (2) = ZPh—1,n (2).
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These recursions, for i = 0,1, 2, ..., h are expressed in a single matrix equation
By®y = Cp,

where the coefficient matrix By, is a square matrix with h + 1 rows, ®;, is the column matrix
representing the ¢, , (2) ’s and Cj, is the column matrix consisting of i zeros and a 1 in the

first entry. Thus

1 —Z Yo,h (2) 1
—2 1 —z 1 (2) 0
-z 1 -z 0 ©on (2) 0
= (2.1)
0 -z 1 =z Ph-1, (2) 0
i -z 1 1 | Phrn (2) i i 0 i

We will calculate the ¢, ;’s using Cramer’s rule. To do this we first determine the de-
terminant of matrix Bj,. For simplicity we shall first find the determinant of matrix A; but
with h rows only. We shall denote it by det A; so that A, has h rows whereas By, has h + 1

TOWS.

Lemma 6 The determinant of the matriz By, of the system of the o, ,’s with h + 1 rows is

gien by
1 — p2hta

det By, = .
T A=) (14 e2)

Proof. By expanding the first row of A; we obtain the recursion of order two:
det Ay, = det Ap_1 — 2% det Aj_o, det Ag =1, det 4; = 1.

The characteristic equation is A2 — X\ + 22 = 0 with roots Ao = 1bvi—dzr Vé_“z.

Now using the substitution
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v
2z =—
1402

we get

1 v?
d Ay = .
1+1)2an 2T 12

A=
However the determinant of Aj, can be written as a linear combination of A and \? so that
det Ay = aX! + BAL.
Solving for v and 3 :
By letting h = 0 we obtain 1 = a + ; similarly A = 1 gives 1 = aA; + (.

Combining the above two equations we finally get

1Z“(ﬂ)+ﬁ(ﬂ))

2
so that
o= M adpe 22
V1 —422 V1—4z22
Hence
th o 1 )\h+1 )\h+1
R e = L
B 1+v? 1 v? ht . v
1= (T2t 1402 ) SIS T T

1 — p2h+2

T+ (1=

Hence the required determinant of the system with h + 1 is

det Bh = det Ah+1
1— 02h+4

(1—02) (1 +02)"
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Theorem 7 The generating function of all Dyck paths bounded above by the line h > 0 which

ends at (n,i) is given by

i (1 . U2h—2i+2) (1+ 112)

_ v
where z = T

Proof. We shall now compose the new matrix called B;; which is Bj, where the i-th

column is replaced by the column matrix C. Expanding by the i-th column we obtain the

determinant

det Bi,h = Zi det Bh,ifl.

Hence using Lemma 6 and Cramer’s rule we get

) Jdet By vF (1 —0?722) (14 02)
Pih det By, 1 — p2htd ’

as required. [ |
Remark 1 If we remove the restriction on the height of the path and let h — oo we get
Piso (2) = V' (1 +0%).

Summing up over all i > 0 we get

(1407
ngzoo - ]_—U),

>0

so that

Dopen (’I’L) - [Zn] Z 901,00 (Z)
1 | (1—0?) 1 +)" " 1+ dv
2mi ]{ pntl (1—wv)
= " (1+v) (1 + U2)n

, by Cauchyts Integral Formular

(ﬁ) , for n even

(&) , for n odd

2

- l’n (1 - % + 32n2 + 128n3 + .. ) s fO’T‘ n even

2m 2(1—5—1— — % 4 ) , for n odd

™ 32n2 128n3

ﬂ&‘

, ustng computer algebra,
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which is the asymptotic expansion of the total number of open Dyck paths of length n, as
n — oo.

2.2 Generating functions for the number of visits to
the r level.

We now need to find the bivariate generating function for open Dyck paths starting at (0, 0)
and ending at (n,7) where z counts the single steps and u counts the number of returns to

level r, r > 0.

We split the family of paths into three groups, as shown in Figure 2.1, and work out the

generating function for each case:

(a) Lemma 8: Paths reaching r for the first time
(b) Lemma 9: Paths starting and ending on r

(¢) Lemma 11: Paths starting on level r and not returning to it.

Lemma 8 The generating function of the Dyck path starting from (0,0) reaching r for the
first time is given by
v" (1 —v?)
ngrfl,rfl (Z) - (1 _ ’U2T+2)’

_ U
where z = = -

Proof. This Dyck path starts at (0,0) and ends at A(—,r). We can further decompose this

Dyck path into two paths, namely;

(i) a path which starts at (0,0), ends at » — 1, and is consequently bounded below
by 0 and above by the line r — 1. Using the ¢, (2) formula derived in Theorem

7 we get the generating function for this paths as ¢, ;, ; (2).

(i) the last extra single z step, which makes the paths in (i) above to reach the r-level

for the first time.
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U
1+v2

Combining the above two decompositions and using the substitution z = we get the

generating function for part (a) of the Dyck path in Figure 2.1 which is given by

v" (1 —v?)
21,1 (2) = m

Lemma 9 The generating function of the Dyck path which starts and ends on r is given by
U
1—2 ’
- u (1~ )

where z = =5 and u is counting the number of returns to the origin.

F,.(z,u) =

Proof. This random walk starts at A(—,r) and ends at B(—,r) in Figure 2.1. By a simple
shift we let level 7 be the 0-level. Let’s denote the generating function for this random walk by
F, (z,u), where u is counting the number of returns to the r-level. Furthermore, let F,. ; (2)
and F, _ (z) denote the generating functions of random walks that are above and below the
0-level respectively. Between any two returns on the 0-level, we have a sequence of paths
above and below the z-axis, which we denote symbolically as F, (z,u) = (F, . (2) U F., (2))".

Hence

Fo(z,u) = l—u(Fry(2)+ Frp (2)

The evaluation of F, , (z) is done by treating the (r 4 1)- level as the 0-level and looking at
paths starting at level 0 with no height limit and forcing the paths to touch the original r

level at the beginning and at the end with two extra steps denoted by z?. Hence

Frp (2) = 2%0 00 (2) -

For F,. _(z), we let the 0-level be the (r — 1)-level and use symmetry. We need paths starting
and ending at the 0-level with a maximum height of » — 1 and then force the ends to touch

the r-level with two extra steps so that

Fr,—(z) = ZQSDO,r—l (2).
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Thus the decomposition of F,.(z,u) is given by

u

Fr(z’ U) - 1—u [22900,00 (Z> + 22900,7"71 (Z)] .

Using the substitutions

v Uz‘ (1 o UQh—2z’+2) (1 + 1)2)
we get
2 2 1— U2r)
1— 2 2 - 1— v - v (
[Z SOO,OO (Z) +z 900,7"71 (Z)] (1 4 v2) (1 4 ’U2) (1 - UQ,H_Q)
- 1 —v?
(1 402) (1 — v2rt2)’
so that

Z2S00,OO (Z) + 22900,7‘71 (Z) =1 + 22900,00 (Z) + Z2900,7“71 (Z) -1
= 1= [1 - (22900,00 (z) + ZQSpo,r—l (Z))]
1—12
(1 +02) (1 — v2ri2y’

It follows that
U

1—v2 ’
1= (1~ el )

as required. ]

F, (z,u) =

Proposition 10 The generating function of the s-factorial moments multiplied by the num-

ber of walks of length n in F, (z,u) is given by

M) (2) = s! i (5 - 1) (1) (1- Uz)z‘—sq (1+ U2)sfi+1 (1- v2r+2)57¢+1 .



16 CHAPTER 2. DYCK PATHS

Proof. Now

as
M(S) (Z) = % Fr (Z,U)|
— gl [22()00,00 (Z) + 22900,7*—1 (’Z)]s
[1— 2200, (2) = 22001 (2)]
8 [0 00 (2) + 2200,_1 ()]

[1 - 22900,00 () — z2900,r71 (2 ]

102 s—1
N ]

u=1

[2%@0.00 (2) + 2200,_1 ()]

[1 — 220,00 (2) — 2200 1 (Z)]S

s+1 + S!

s+1

1—p2 s+1
s—1
— 8! Z (5 ; 1) (_1)1 (1 o ,U2)ifsfl (1 + Ug)sfz#l (1 . U2r+2)87i+1 ‘
=0
|

Lemma 11 The generating function for a Dyck path which starts at the r-level and does

not return to the r-level is given by

(a) 2, 14 (2) =v’, when j is above 7.

,Uj(liv2r—2i+2 .
(b) 201, 1 (2) = —q ey when j is below r.
Proof. This lattice path starts at B (—,r), and either ends at (n,r + j) or (n,r —j) without
returning to the r-level as shown on part (c) of Figure 2.1. So we have two unsymmetrical

cases here:
Case a: Random walk which ends at (n,r + j).

This random walk starts at B(—,r) and ends above the r-level at (n,r + j) without making
any returns to the r-level. We make a first step and then treat the (r + 1)-level as the zero
level and therefore end at a point (n,j — 1) with no boundary for the height. Hence the

generating function for this case is

Z(pj—l,oo (Z) = Uj'
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Case b: Random walk which ends at (n,r — j).

This lattice path starts at B(—,r) and ends at (n,r — j) without making any returns to the
r-level. We make a first step and then treat the » — 1 as the 0-level and therefore end up at
a point (n,j — 1), but this time we are bounded above by r — 1 as the path must not touch

level r. Hence the generating function is

Uj (1 _ 02r72j+2)
Zgoj—l,r—l (Z) = (1 o ’U2r+2>

2.3 Random walks with closed endings

The random walk discussed in case (b) of Lemma 11 gives a random walk with a closed

ending if r — j = 0.

Theorem 12 The generating function for a Dyck path which starts at the origin and has a
closed ending at (n,0) is given by

(1—=20%) (1 +v?) u v (1= 0%’
(1 _ ,U2r+2) 1—u (1 - 102 > (1 _ ,U2r+2)2 ’

(1+v2)(1—v2r+2)

Gr,closed(z7 U) -

where z = = and u is counting the number returns to the origin.

1+

Proof. In order to have a closed ending walk we substitute j = r into case (b) of Lemma

11 to get
v" (1 —v?)

201,01 (2) = m

Combining the two generating functions for parts (a) and (b) together with zp, ;, ; (2) we

get the required generating function

Gr,closed(zv u) = Yor—1 (Z> + 2011 (2) Fy (2,u) BPp1r—1 (2)

= o, (2) + Fy (2,0) (20,1, (2))7
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where ¢, is the generating function for random walks not reaching level r. Using the

substitutions

0I (1 — p2h=2+2) (1 4 o2
Ffr (Za u) - . 12 and ij,h (Z) - ( 1— U2h+)4( )’
1= u (1~ et
we get
1 —20%) (142 u v (1 — v?)?
Gr,closed(za U) - ( (1 — )UngrQ) ) + 12 (1 E UQT+2>)2 ’
L= u (1~ )

Remark 2 We make a simple test on Gy cosea(z,w) by plugging in u = 1:

1—0v7)(1+0%) 0¥ (1—0%) (1422
Gr,closed(z, 1) — ( ) ( ) ( ) ( )

(1 _ /U2r+2) (1 _ v2r+2)
= 1+2
Y
B 222 ’

which is the famous generating function for Catalan numbers. Now

Dclosed (n) - [zn] GT('Z? 1)
1

W(L%) for n even.

o2 (2 9, 15
m™m \n 2n?2  16n3 )’

This Dejosea (1) is the required total number of Dyck paths of even lengths n, starting at
(0,0) and with a closed ending at (n,0). |

Proposition 13 The generating function of the s-factorial moments multiplied by the num-

ber of walks of length n in Gy cosed(2, w) is given by

s—1
Mis (2) = v”'s! Z <S ; 1) (—1)’ (1- 712)2'75+1 (1+ 02)877;“ (1- UZT+2)871'71 '
i=0
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Proof. Differentiating Gy cosed(2, w) s times and applying Lemma 11 we get

as
Mi,s (Z) = a Grclosed(z u)‘u:l
(10’ &

v
(1 U27‘+2)
1-— 2)2 — -1 i i—8— s—1 r 5—1
e () ) )
1=0

_ 2,”'87 S—=1\ vy oyi-stl o\s—itl (1 opioys—i-1
vs.;< Z, )(1)(1 W) (o) T (1 g2y

|

We are now ready to calculate the first and second moments of the number of returns to
the r-level, where r > 0, by a Dyck path with a closed ending.

Notation: We denote a combined asymptotic results from both the positive and negative

contributions by x.

Corollary 14 The average number of visits to the r-level by Dyck paths with closed ending
at (n,0) is given by

(273 4 672 + Tr + 3) N

may(n) <4 |r+1— -

Proof. Substituting s = 1 into M, ; () in Proposition 13 gives
Moy (5) =7 (1 +07)°.

Using [8] we do series expansion on M(y) (z) around z = § by using the substitution z = 1

to get the contribution

Muy(z) ~ 4-8V2(r+1)vV1—22+8(2r2 +4r +3) (1 — 22)
2V (161 + 48r2 + TTr + 45) (1 — 22)°

3
4 (8% + 3213 + 82r2 + 100r + 51) (1 — 22)?
3
V2 (25675 + 12807 + 4640r® + 880072 + 94897 + 4305) (1 — 22)?

60
+...
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1

Expanding M1 (z) around z = —3 we obtain the contribution

Muy(2) ~ 4-8V2(r+1)v1+2z+8(2r% +4r +3) (1 +22)

2V2(16r% + 481 + TTr + 45) (1 +22)°
3
A (8% 4 3213 4 82r2 4+ 1007 + 51) (1 + 22)°
3
V2 (25675 + 12807t + 4640r% + 880072 + 94897 + 4305) (1 + 22)*
60

+...

Combining the above two contributions and extracting the coefficient of 2" we get

2" My (2) = —(=2)"(1+ (1)) V2 lg(r +1) (i) + 2 (1673 + 487«5 + 77r + 45) (i)

N (2567° + 1280r* + 464073 + 880012 + 9489r + 4305) (g) N ]

60
= 2"(1+(-1)") V2 [— g;?ij?z <2:__12)

N (25675 + 12807 + 464073 + 880012 + 9489r + 4305) /2n — 6
22n=1(n —3)(n—4)(n—15) n—6
(16r® + 4812 + 77r + 45) (2n — 4 N
22n=3 (n — 2) (n — 3) n—4
2 |4 4 83 + 24r% + 37 21
(14 (—1)) /%{(r—l—)_(r—l— 7%+ 37r + 21)

n n?

8

(8r° + 40r* 4 1307 + 230r2 4 153 4 I5)
+ 3 + .

where the above asymptotic was done using computer algebra. Again using computer algebra

and the total number of objects Dejseq (1) derived in Remark 2 we get

moy () = 2" M (2)
W) Dclosed (TL)
2 3 2
= alrano (2r° +6r° +7r+3) ol
n
which is the required average number of visits to height 7. [ |

Note: A Dyck path with an odd length cannot return to the O-level, hence m ) (n) = 0
for n odd.
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Corollary 15 The second moments of G cosea(z,w) are given by

(15r% 4 5873 + 90r? + 651 + 18) N
n

m) (n) < 8 [3r® +5r +2 —

Proof. Substituting s = 2 into M, (z) in Proposition 13 gives

2022 (1 + 1)2)2 (2 — v — 2 +2)

Expanding M) (z) around z = 3 we obtain the contribution
My (2) ~ 8(1+2r) —16V2 (3r® +5r +2) V1 — 22
N 16 (2873 + 7872 + 80r + 27) (1 — 22)
3
43/2 (1200 + 46473 + 78372 + 6257 + 186) (1 — 22)?

3
+3968r5 + 19520r* + 462407 + 5992072 + 40512r + 10920
15
V2 (53761 4 320001 + 98160r* 4 1780807 4 19353912 4 1157651 + 28770)

_ 2 (1—22)

(1—2z2)

njot

+....

Expansion around z = —% gives the contribution

Mpy(2) ~ 8(1+2r)—16V2 (32 +5r +2) V1 + 2z
16 (283 + 7872 + 80r + 27) (1 + 22)
3
42 (120" + 4647° + 783r% + 625r + 186) (1 + 22)

3

3968r° + 19520r* 4 4624013 + 599207 + 405127 + 10920 2
+ T (1+22)

V2 (53761 4 320001 + 98160r* 4 1780807 4 19353912 4 1157651 + 28770) (14 22)
30

Nlw

N

+...
Combining these two contributions we get

[2"] M) (2)

= —(=2)"(1+(-1)") V2 |16 (3r2 + 57 + 2) (z)
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3
N (53767 + 32000r° + 981607 + 17808072 + 19353972 + 115765r + 28770) (g)
30 n

LA (120r* + 4641 + 783r2 + 6251 + 186) (g>
n

.
- 2 (1 vE |-
. (3r222+n 5§n+ 2) (2:_—12>

. (53767 4+ 32000r° 4 98160r* + 178080 + 19353972 + 115765 + 28770) (2n — 6
22n=2n,(n —5) (n —4) (n — 3) n—6

120r* + 46473 + 783r% + 6251 + 186) (2n — 4
22n=4n (n — 2) (n — 3) n—4

+.]

~ 2 (1)) =

™

2 [(24r2 +40r+16)  (120r" 4 4647° + T74r 4 610r + 180) | ]

n n?

It follows that

157 + 587° + 90r2 4 657 + 18
m(2)<n)X8[37’2+5r+2—( r T+nr+ T )+..}.

This formula is only valid for n even as well. That is, m) (n) = 0 for n odd, as mentioned

earlier on. m

2.4 Observation

In this section we give an enumerative comparison between the asymptotic and exact aver-
age number of visits to height r, together with their corresponding variances, by a simple
Dyck path with a closed ending at (n,0). The exact results were found using Mathematica
programming and series expansion; and the asymptotic results were calculated using the

formula for m() (n) given in Corollary 14.
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Type of Average r-visits Variances

n results | r=1| r=2 r=23 r=1 r=2 r=29
400 exact 7.8232 | 11.4472 | 20.0229 | 21.8927 | 49.9097 | 135.9794
400 | asympt. | 7.8200 | 11.4302 | 19.6226 | 21.7462 | 48.5402 | 66.21.79
634 exact 7.8877 | 11.6473 | 21.4011 | 22.6449 | 53.4025 | 173.1360
634 | asympt. | 7.8864 | 11.6404 | 21.2372 | 22.5861 | 52.8473 | 143.7187
856 exact 7.9166 | 11.7375 | 22.0446 | 22.9878 | 55.0347 | 176.3885
856 | asympt. | 7.9159 | 11.7337 | 21.9535 | 22.9554 | 54.7276 | 171.8261
1000 | exact 7.9285 | 11.7748 | 22.3152 | 23.1304 | 55.7214 | 201.8071
1000 | asympt. | 7.9159 | 11.7720 | 22.2481 | 23.1067 | 55.4957 | 189.5234

Table 2.1: Average r-level visits by a closed ended Dyck path.

The above Table shows that the asymptotic and the exact results are asymptotically the

same for small values of r as n grows larger.

2.5 Random walks with open endings.

We use results from Lemma 11 where the open path can end either above or below the

r-level, for r > 0.

Lemma 16 The generating function for a random walk starting at (0,0) and with an ending

at r + j is given by

U Uj+7' (1 _ U2)
1—u (1 _ 1—v2 ) 1-— 'U2T+27

(14v2)(1—027+2)

Wr,above (27 ’LL) -

v

where z = Tor

and u 1s counting the number returns to the origin.

Proof. To get the generating function for a path ending at (n,r + j), we combine results

for Lemma 8, 9 and 11(a) to get

Wr,above(za u) = ZPp_1,r—1 (2) F} (2,u) 2P 1,00 (2)
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U
= Z(p'r—l,r—l (Z) 1—p2 Z(pj—l,oo (Z)
1= u (1~ )
u
= 1—p2 22(107*—1,7’—1 (Z) (pj—l,oo (’Z) )
1= u (1~ )
However
¥ji—1,00 (2) = tli%lo Pt (2)
_ 3 v/ (1 +v?) (1 — v?72712)
- 1 — 2t+4
= J (1 + v2) ,
so that
Bire () =0 (1407).
Using the substitution z = =25 we get
vt o 1+ 0 (1 —0?)
22%«71,7«71 (2) Pj-1,00 (2) = 1+ UQ>2 1 — p2rt2 v (1 + Z’2)
_ ,UjJrr (1 B U2)
- 1 — 2r+2’
It follows that
(1 =2
Wr,above(za U) = = UJ+T ( : )2'
e ) B
AT02)(1—0v272)

Lemma 17 The generating function for a Dyck path starting at (0,0) and with an ending
at (n,r — j) is given by

u ,UrJrj (1 _ U2) (1 o ,027“722#2)

1—u <1 o ( 1—v2 > (1 _ ,027“+2)2 !

14+02)(1—v2r+2)

Wfr,below(z7 U) - @rfj,rfl (Z) +

v
1402

where z = and u is counting the number returns to the origin.
Proof. To get the generating function for a path ending at (n,r — j), we combine results

for Lemma 8, 9 and 11(b) to get

Wi betow (2, 1) = Pr—jr—1 (z) + ZPr 11 (2) X Fy (z,u) X 2P 1,1 (2),
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where ¢, ;. ; (z) is the generating function for the random walks not reaching 7. However

(Z%«—l,r—l (2)) (ZSOj—l,r—l (2)) = ZQSOT—l,r—l (2) Pi—1,—1 (2)
02 Vrti—2 (1 + 02)2 (1 — v ) (1 2 2j+2)
(1 +v2)” (1 — v2r+2)?
r+] (1 — ) (1 _ U2r 2]+2)

(1— 02r+2)2 ’

so that
u ot (1 _ U2) (1 _ ,02r—2j+2)
Wr,below(z7 U) = Sprfj,rfl (Z) + 2 2r+2)2 ’
1—u<1——1—'“ ) (1 —v?r+2)
(14+v2)(1—v2r+2)
as required. u

We are now ready to get the bivariate generating function for the entire Dyck path with an

open ending at (n, —). This is achieved by summing up all the generating functions for the

cases where j is above, below and equal to r.

Theorem 18 The generating function of a Dyck path with an open ending at (n,—) is given

by
r—1 T 2 +1
1— 1—o" 1
Wr,open(zau) - Z(pk,rfl (Z) + = 12 X - ( 1 - )( 1 . 27432( 2+ U)’
k=0 1—U<1—W> ( _U)( -v )
where z = 5 and u is counting the number of returns to the origin.

Proof. Summing up both the generating functions for the two cases proved in Lemmas 16

and 17 together with the generating function z¢, ., (2) F; (z,u) we get

7’010671 Z@kr 1 +ZS07‘ 1,r— 1( )FT(Z7U> (Zzgojl,oo —I—ZZ()OJ 1,r— 1 +1>

j=1
where ) ¢, ., (2) is the generating function random walks not reaching r. However

v (v" —1) (v —0v""?)
(ZZ%'LOO +ZZ% 1 ( +1) B 1—v+(v—1)(1—v2’"+2)le

: (1— ") (1 +v)
(1—0) (1—v272)
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and
v" (1 —v?)
ngrfl,rfl = (1 o 02T+2)7

so that

20, 151 (2) (z Z Pi 100 (2)+2 zr: 05 1r(2)+ 1) _ " (1 —0%) (1 —v" ) (1 + U)'

S (1 =) (1 —wv2rt2)?

Thus

v" (1 =) (1—v") (1 +0)
(1 —v) (1 —v2r+2)?
u V" (1—0%) (1 —v") (1 +0)

r—1
= 1 (2) + X
2 one O ) G0y

1+02)(1—v27+2)

r—1
Wr,open(za u) - Z Prr—1 (Z) + F <Z7 u)
k=0

Remark 3 We make a simple test on Wy open(2,u) by plugging in w = 1:

B A L [ i [ )
Wr,open(za 1) - kz_% kamfl ( ) + (1 o U) (1 _ /0274+2)

(1403 (1= o) (1= ") o (1+02) (1 —o™1) (1 + )

(1 _ U) (1 _ ,U2r+2> (1 _ v) (1 _ U2r+2)
(140
- (1-w)’
which matches with the results in Remark 1. [ |

Proposition 19 The generating function of the s-factorial moments multiplied by the num-

ber of walks of length n in W open(z,u) is given by

M (2) = ! z_: (S . 1> (=1)F (1 =) (14 0?) 7 (1 = o2y

v" (1 —0%) (1 —v" ) (1 +0)

) (1 — U2r+2>2 ’

v
where z = 3T
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Proof. Now
(s) ous ropen\~> -
T(1 — 2 1 — r+1 1 s
e T [C R N
(I —v)(1—02+2) du? u=1
s—1

— gl Z (8 ; 1) (_1)k (1 B UQ)k—s—l (1 " UQ)s—k—H (1 B U2T+2)s—k+1
v" (1 —0%) (1 —v" ) (1 + U).

" (
) (1 _ v2r+2)2

27

Corollary 20 The average number of visits to level r by a Dyck path with an open ending

at (n,—) is given by

3 2
. % 49— (14r +422n+43r+15) n (_1)T % . forn even
m(l) n)= r3 r2 T :
% 42— (14 +426n+49 +21) (1) %nl forn odd

Proof. Specializing on s = 1 into Proposition 19 gives

o (1+02)% (1+0) (1 — o)
(1—=v?)(1—v)

M) (2) =

We then expand around the two singularities, z = j:%.

4(r+1) (287 +84r2 + 1017 +45) V21 — 22
V2T =22 6
— (57" 4 20r° 4 41r® 4 42r + 16) (1 — 2z)

(4967 + 24801 + 7480r° + 1252072 + 108497 + 3825) /2 (1 — 22)?
* 240
14+ (1) = V2(2r + 2+ (=1)" (r+1)) V1 +22

8% +16r + 11+ (—=1)" (2r* + 4r + 5)
i 2

V2

BT [32r® 4 961 + 142r + 78 + (—1)" (4r® 4 12r° + 35r + 27)] (1 + 22)

May(2) = —6(1+7)+

(1+22)

3
2

Hence the coefficient of 2™ My (2) is

M () = (-2 VE {2 1) (—%) | (28 4 84r% 11017 4 45) (i)

n 6

S
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. (4967“5 + 2480r* + 748072 4 1252072 + 10849r + 3825) <%)
240 n

~ar @2 e (3)
(=1)"[32r% + 96r% + 1427 + 78 + (=1)" (4® + 12r° + 35 + 27)] (%) N 1

12
a1 20 (28r° + 8477 4101 +45) V2 (20 — 2
B 22n-2,/2 \ n 3n22n n—1

, (496r° + 24501 4 74807 4125201 + 10849r +3825) /2 (20 — 4
5(n—2)(n— 3)2n+2 n—4
N 2r+2+(-1)"(r+1)) (2n - n)

22n-1p n—1
B (3273 4 9672 + 142r + 78 + (—1)" (473 + 12r% + 35r + 27)] (2n — 4 N
227 (n — 2) (n — 3) n—4

/ 2 1 7r3 + 2172 + 267 + 12 1
M —2r+2+— {74 20 4 26r + )+(—1)"(r+1)+(—1)”+7"i
™m n 3 2

1 [(1247° + 620r* 4+ 180073 + 292072 + 2461r + 845)
80
nAr? 120 +17r +9 n+,nr3+3r2+87"+6}+ }

X

n2

—(=1)

2 (=1) 4

Applying the total number of objects calculated in Remark 3 we get

oy — 0
Dopen (1)
r3 r2 r r
B 2r + 2 — (14 +426n+43 +15) +(=1)" 5+ .., for n even
- r3 r2 r !
2r4+2— (14 +426n+49 21) (-1)" S+ ..., for n odd
which is the required average number of visits to level r. [ |

Corollary 21 The second moments on W, gpen(2,u) is given by

(80r4+306r3 +442r2+285r+69)

) 8r + 12r +4 — o — (=) " (4r*+7Tr+3)+... , forn even
me) (n) = 4 -3 2 - .
8r% +12r +4 — (B0r-+306 +§g6 +OTr+8T) +(=1)"(4r*+7r+3)+... , forn odd

Proof. Substituting s = 2 into Proposition 19 gives

B 9T +2 (1— ,Ur—l—l) (1+ 122)2 (2 - 02 — U2r+2)

Moy (2) (1— ) (1—2)
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We expand Ms) (z) around the two singularities z = +1 :

Around z = % gives

44/2(2r2 +3r +1) B

M) (2) NE (40r® + 108r” + 967 + 28)
. (160r" + 612r% + 926r* + 639 + 165) V21 =22
3

—2 (50r° + 245r* + 530r° + 609r* + 358 + 84) (1 — 2z)

V2 (264325 + 1571047 + 4450407 + 7302007 + 7038382 + 3678817 + 79875) (1 — 22)*
360

+....
Around z = —% gives

My (2) ~4r + 2+ (=1)" (47 +2) — V21 + 22 [12r> + 20r + 8 + (—1)" (877 + 14r + 6)]
N 11273 + 31272 + 3147 4+ 105 + (—1)" (5213 + 15072 + 1707 + 63) (1 + 22)
3
2407 4 9287% + 153072 + 11907 + 348 + (—1)" (80r* + 316r® + 592r? 4 533r + 177) (1 + 22)

wlw

3v2
+....

The coefficient of 2™ in the combined expansions is:

e ()= (2 VR a1y ()

n

(160" + 612r® + 9261% + 639 + 165) (5
3 n
N (264327 + 1571047r° + 4450407 + 73020073 + 70383872 + 3678811 + 79875) (g)
360 n

— (—=1)" [12r* +20r + 8 4 (—1)" (8% + 147 + 6)] (i)
)

[240r* 4 92873 4 153072 + 11907 + 348 + (—1)" (80r* + 3167 + 59212 4 533r + 177)] <g)
6(—1)" n
+...}

_ on (2r +3r+1) (2n
o 22n-3,/9 n
(160r* 4+ 612r% 4+ 92612 + 639r + 165) /2 (2n — 2)
3n22n—1

n—1
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N V2 (26432r° 4 1571047° + 445040r* + 7302007 + 703838r2 + 367881r + 79875) (2n — 4)
15 (n — 2) (n — 3) 22n+1 n—4
(=1)" [12r% 4 20r + 8 + (—1)" (8% + 14r + 6)] /2 (2n — 2
: ()
(—1)" V2 2n — 4
_22”—1(n—2)(n—3)(n—4
+(—1)" (80r* + 316r° 4 592r% + 533r + 177)] }

2 80t + 306r% + 46612 + 324r +84)  (—1)" (62 + 107 + 4
o 2 [gr2 12 44— BT T+3 r_ 324 +84) | (217 (6" + 107+ 4)
N n n

n—1

) [240r* + 928 4- 1530r% + 1190r + 348+

XN

N (=)™ (4r% + Tr + 3)
n
+6608r6 + 3927675 + 1100607* + 17796073 + 16902212 + 87189r + 18735

120n2
(—1)" (1920r* + 742473 + 1222272 + 9490r + 2772)

8n?
(—1)"*" (640r* + 25281 + 472472 + 4243 + 1407)
8n?2

Applying the total number of objects D,pe, (n) calculated in Remark 3 we get the second

moments given by

me (n) — 2" M) (2)
Dopen (n)
’l"4 T3 ’l"2 s
8r2 +12r +4 — (80r*+306 +§i2 2850 +09) _ (=1)" (4r* +7r +3) , for n even
- 4 3 2 .
852 4 120 44 — (80r4+306r +§26r +327r+87) + (=) (2 +Tr+3) |, for n odd

2.6 Observation

We are now ready to give a table listing an enumerative comparison between the asymptotic
and exact average number of visits to height r, together with their corresponding variances,
by a simple Dyck paths with an open ending at (n, —). The exact results were found using
Mathematica programming and from Taylor expansion on M) (2) using Maple software.

Asymptotic results were calculated using Corollary 20.
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Type of my (n) Variances

n results | r=1 r=23 r==6 r=1 r=3 r==6
367 | expected | 3.9409 | 7.5902 | 11.9687 | 11.3036 | 45.5494 | 101.0745
367 | asympt. | 3.9455 | 7.5858 | 11.7875 | 11.2668 | 44.0355 | 65.0284
593 | expected | 3.9632 | 7.7428 | 12.6978 | 11.5625 | 49.2357 | 125.6367
593 | asympt. | 3.9663 | 7.7437 | 12.6307 | 11.5469 | 48.6358 | 110.7624
712 | expected | 3.9721 | 7.7902 | 12.9314 | 11.6307 | 50.2814 | 133.8064
712 | asympt. | 3.9719 | 7.7865 | 12.8792 | 11.6228 | 49.8758 | 123.5057
844 | expected | 3.9764 | 7.8225 | 13.0919 | 11.6875 | 51.1301 | 140.2719
844 | asympt. | 3.9751 | 7.8175 | 13.0421 | 11.6819 | 50.8396 | 132.8193
1001 | expected | 3.9781 | 7.8462 | 13.2100 | 11.7382 | 51.8697 | 145.7522
1001 | asympt. | 3.9800 | 7.8482 | 13.1888 | 11.7319 | 51.6533 | 140.2511

Table 2.2: Average r-level visits by an open ended Dyck path.

The above Table confirms that the asymptotic and the exact results are asymptotically the

same for small values of r as n grows larger.

2.7 Return statistics

In this section, we look at the number of times an open ended path returns to the x-axis.
In the generating function, the number of returns to the origin is counted by the variable w.
Note, if the paths ends on the z-axis i.e., is a closed path, then that last visit is not counted.
Like in the previous sections we apply the asymptotic expansions given in [8] to calculate
our moments. If we count the number of returns to the origin by the variable w then the

special system discussed in Section 2.1 is given by

©o (2) = 1+ 2wy (2).

The other two recursions @, 5, (2) = 20,41 5, (2) + 29, 1, (2) and @y, 5, (2) = 2,1 5, (2) remain

the same as before. These recursions are expressed collectively in a matrix equation
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p— poa (2) 1
-z 1 —2z 1 (2) 0
-z 1 —z 0 ©a 1 (2) 0
= (2.2)
0 -z 1 -z Ph1,1 (2) 0
i -z 1 | | Prn (2) i i 0 i

As in the previous case we calculate the ¢, ; ’s using Cramer’s rule by first finding the

determinant of this system, denoted by det C', with A + 1 rows.

Lemma 22 The determinant of the matriz of the system of the @, ’s with h + 1 rows is

given by
(1 + U2) (1 o U2h+2) o U2w (1 o UQh)

(1—22) (1 +v2)" ’

where w is counting the number returns to the origin.

det Ch =

Proof. Applying the formula for det A;, derived in Lemma 6 we get

detCy, = det A, — 22wdet Aj_;
1 — 2h+2 (1 )
(1—#M1+#) (1—wﬂ1+wfﬂ
1 + U (1 2h+2) o 1)210 (1 . 2h)
(1—0%) (1+ 02" '

Theorem 23 The generating function for the number of returns to the origin by a Dyck
path starting at (0,0) and ending at (n,i) is given by

(Z w)_v—i
re e )

where z = and w 1s counting the number returns to the origin.

v
1402
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Proof. Applying Cramer’s rule for solving system of linear equations in equation (2.2) we
get

Ztdet A,
Pi.h (z,w) = TC;L
vt (1 _ U2h—2i+2) y (1—v2)(1+ v2)h+1
(1= (1402 (14 02) (1 —02*2) — 2w (1 — v?h)
Ui (1 + U2h72i+2) (1 + U2)
(1 + Uz) (1 _ U2h+2) — 2w (1 — v2h) ’

If we let h — oo, we obtain the generating function for the number of visits to the z-axis of

an open path ending at (n,i) :
i
Pioo (2, W) = —————.
l—w (livz)

Remark 4 We test the consistency of the generating function o, ., (z,w) by plugging w = 1

and summing over all © > 0 to get

Z Pi 00 (2,1) = Chs UQ)

= (1—wv)’
which is the generating function for the total number of all Dyck paths of length n with an

open ending as seen in Remarks 1 and 3. [ |

Proposition 24 The generating function of the s-factorial moments multiplied by the num-
ber of walks of length n in ¢, . (2, w) is given by

sl (1 +v?)
1—-w

M) (2) =

I

_ U
where z = T

Proof. Now

as
M(S7i) (Z) = % Pico <Z7w)}w:1

v2 s ?Ji
1402
gl—~_t——
1 s+1
(1+v2 )

= gly?ti (1 + 112) )
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Summing up the above generating function for all i > 0 we get

Mgy (z) = sh® (140%) Zvi

i>0
slv? (1 4+ v?)
l—v

Corollary 25 The average number of returns to the origin by a Dyck path with an open

ending 18 given by

(o {1 SR o caen
1+ (5(714)2)711 i 11771761(271)” + ... , forn odd

Proof. Inserting s = 1 into Proposition 24 gives

v? (1 +v?)
M, = —
w (2) 1—w
Substituting z = 17%; and making series expansion on M) (2) around z = % we get

487v/2 (1 — 22)?
32

2 N 27v/2v/1 — 22
V2T =22 4

Furthermore, doing series expansion on M) (z) around z = —% we obtain

3
24/1 42 2(1+22)2
5\/7—2_’_Z+7(1+2Z>_ 65\/7(8_’_ Z) +...,

M(l) (Z) ~ =5+ — 15(1—22)+

My (2) ~ —

1
2

[2"] My (2) =< (=2)" l% (_%) + %5(”) + 48;2ﬂ (i) + ]
2()-520)-
- 2 () = () e n e ()

PRIGVR <2n - 2) 195v/2 (—1)" (2n - 4) . ]

22n n—1) 2 (n—-2)(n—3)\n—4

2 5(=1)"—14 325—-180(—1)"
(1+< L1, : H...).

= 2™/ —
™ dn 32n2
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Using computer algebra and the total number of objects derived in Remark 3 we get

mey () — 2" Mo (2)
Dopen (1)
1-— (13_?1("_1)71) + 149_1§i5n(2_1)n + ... , for n even
14 8 ):)_11 + 117_176‘32_1)n + ... , forn odd
|
Corollary 26 The second moments are given by

(n) 24 8¢ 2)7: A1) | (045 ;122(71)”) + ... , forn even

m) (n) = n "
2 4 & ) —39) 4 (57— 38%(71) I , form odd

Proof. Substituting s = 2 into Proposition 24 gives

20t (1 4 v?)

Moy (2) = 1—-w

Making series expansion on M) (2) around z = % we get

2./1 3
M) (2) ~ \/5\/%—18 (1—22)"+ 83\/_ SV T2 138(1— 22 )+3063\/§1(é —22)*
— 2z
Again, making series expansion on M) (z) around z = —% we get

2851/2 (1 + 22)?
; +

My (2) ~ —2(1422)° — 9V2V/T + 22 + 42 (1 + 22) —
We combine the two contributions to obtain
2" Moy (2) = (<2)" [% (‘%) 4522 (n) . 20688 (n) i ]
» f(é) B 285\/_ ]
> [—f )- f s sy
VR (2n—2> 855\f§(1) )(Qn —44) +]

22n (n_
2 9(—-1)"—42 2173 —828(—1)" 135765 — 50850 (—1)"
=t h (-1) (-1)

= 2™/ —
™ 2n 16n2 o 512n3

S

22n—1lp n—1
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Using computer algebra and the total number of objects derived in Remarks 3 we get

[ Mg (2)
e = T )
open
24 (9(—12):—41) + (1045_;125(_1)") +... , for n even
- 2+ (9(*12):*39) + (957’?&72(’1)71) +... , for n odd

2.8 Observation

Like in the previous sections we give a Table which enumeratively compares asymptotic and

exact average number of returns to the origin.

Returns Variance

n exact | asympt. | exact asympt.

50 | 0.9615 | 0.9616 | 1.7064 1.7489
101 | 0.9615 | 0.9616 | 1.8149 1.8158
174 | 0.9886 | 0.9886 | 1.9219 1.9219
222 | 0.9911 | 0.9911 | 1.9384 1.9384
367 | 0.9892 | 0.9892 | 1.9465 1.9465
593 | 0.9933 | 0.9933 | 1.9667 1.9667
712 | 0.9972 | 0.9972 | 1.9210 1.9210
844 | 0.9976 | 0.9976 | 1.9835 1.9835
1001 | 0.9960 | 0.9960 | 1.9802 1.9802
Table 2.3: Average O-level returns by an open ended Dyck path.

From the above Table 2.3 it is evident that the asymptotic and the exact results are

asymptotically the same as n grows larger.



Chapter 3

Unrestricted Dyck random walks

3.1 Introduction.

We use the same procedure as in Chapter 2 to construct all our generating functions. How-
ever, this time around we unrestrict all our Dyck random walks from going below the z-axis.
Throughout this Chapter, all unrestricted Dyck random walks will be called random
walks unless otherwise stated. The work in this Chapter was highly influenced by [19] where
the maximum height of a walk is calculated chiefly via Mellin transform approach.

In what follows we asymptotically analyze the average number of

(i) visits to height  where r > 0.

(ii) returns to the origin

by an arbitrary random walk which starts at the origin and has an ending at (n,7) as shown

in the diagram below:

37
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A(- 1) B(-,r)

Figure 3.1: Open ended unrestricted Dyck path of length n.

The generating function for the random walk of length n for all ¢ where —k < ¢ < h is given

by:

Number of paths of length n, starting at 0, bounded above,
Pin g (2) = Z 2",

n>0 | by the line h below by — k, leading to (n,1).

where z counts the single steps. For all ¢ between —k and h we describe the step from level

1 to the next level by the following diagram

Oi+1;hk
Qi;n k

Oi-1:hk

Figure 3.2

which gives recursions
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Gi-ng (2) = 20i_1.1 (2) + 20510k (2), fori #0

and

Cisn (2) = 2010k (2) + 200100 (2) + 1, for i =0.

The special systems are given by

Cichk

\

Figure 3.3

OQilnk

and

O i+l1:nk

O ihk /

Figure 3.4
Pi: h.k (2) = 2Pi—1:nk (2) and Pi: bk (2) = ZPit1;hk (2),

where ¢ = h and ¢ = —k respectively. These recursions, for all ¢ where —k < i < h are best

expressed in a single matrix equation

Bk ®hir = Chirs

where the coefficient matrix By, is a square matrix with A+ k+ 1 rows, ;. is the column
matrix representing the o, ;, ; () s and Cj,14, is the column matrix of h + k zeros and a 1 in

the middle (or the h + 1) entry. Thus
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1 —z Phih,k 0
-z 1 —z 0 Ph—1;h,k 0
—z 1 —Z Sol;h,k 0
-z 1 -z Po;hk =11 (3.1)
-z 1 =z P—_1;h,k 0
0 -z 1 —z Pk+1;h.k 0
i -z 1 1 L Pknk | i 0 i

The ¢, 's satisfy the system that has h + k + 1 rows; this is only true for h + k> 2. We
have special values h + k = 0 and h + k£ = 1 which would be considered separately. The

calculations of the ¢, , ;. s is done using Cramer’s rule.

Lemma 27 The determinant of the matriz of the system of the p,p, ;. 's with h+k+1 rows

18 given by

1 — v2(h+k)—|—4

(1 + U2)h+k+1 (1 B U2) :

det(Bh+k) =

Proof. Replacing A in the results of Lemma 6 of Chapter 2 by h + k we get the desired

results. [ |

Theorem 28 The generating function of any random walk bounded above and below by the
lines h > 0 and —k < 0 respectively, and is ending at (n,i) is given by

i 1402 (1_v2h—2i+2> (1_v2k+2)

) V' PR fori >0
Pishk \Z) = , o (1—p2h+2)(1—_y2k—20il+2 ' )
UM 132 ( (12§h+2k+4) ) fOT t S 0

v
1402

with z =
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Proof. We shall now compose the new matrix called B, ;.4 which is Bp; where the i-th
column is replaced by the column matrix C, . Expanding by the (h — i+ 1)-th column we

obtain the determinant

det (Bi,h—i—k) = Zi det (Bh+k—z‘—1)
Z"det (By_;) det (By,) , for i > 0
z'det (By) det (By._;) , for i <0

Hence by Lemma 29 and Cramer’s rule we obtain

7’ det(Ah ) det Ak >
det(Ar ) ,fori >0

2t det(Ay) det(Ag_;)
detleh-&-k) =, fori <0

1— 7_}2h 2i+2 1*1)2k+2 )
Z}Jﬂvj 2 171]%22(“4 ) fori >0

1 —p2h+2) (1 _y2k—2i|+2 .
‘ ‘1+52 ( (1_Zgh+2k+4) ) for < 0

Pish,k (2) =

as required.

Remark 5 If we unrestrict the generating function o, (2), either from above or below we

get
B Ui% (1—v*2) fori>0
i'OO Z — )
Pizoo,k ol |1+v (1 - U2k—2|i|+2) For i <0
and
8 Ui% (1 — th_2i+2) fori>0
Spi;h,oo c) = . )
U‘Z‘}f—;‘ji (1 —v™2) fori<0
so that

i>1
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U
1402

1 . o
= ——— using the substitution z =
1—-22

= Z 22",

n>0
Thus
[Zn] Z SOi;oo,oo (Z) = 2n7

which is the required total number of random walks with an open ending at (n, ).

3.2 Generating functions for the number of visits to

the r-level.

In order to get a suitable bivariate generating function for the entire walk from (0,0) to
(n,r £ 7) we decompose the family of these random walks in Figure 3.1 using the symbolic
method in [3] and [9] into three parts (or Lemmas given below). As in the previous Chapter

z counts the single steps and u counts the number of returns to level r, » > 0.

Lemma 29 The generating function of any random walk which starts from (0,0) and reach-

ing v for the first time is given by 2@, 1., 4 o (2).

Proof. This is the random walk for part I of Figure 3.1. It starts at (0,0) and ends at
A(—,r). Hence this walk is bounded above and below by r and —oo respectively. The
generating function for this walk is therefore given by ¢,.,. . (2) as & — co. By decomposing
this random walk, we can rewrite this generating function as zp, ;.. ; ., (2) where the z in

the product is the single step that separate the function ¢, ;.. ; ., (2) and the line 7. |

Lemma 30 The generating function of any random walk which starts and ends on the r-level

18 given by
u
F.(z,u) = —————
s Y 2’!}2 Y
L —wu (1—}—@2)
where z = "5 and u counts the number of returns to the origin.
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Proof. This random walk starts at A(r, —) and ends at B(r, —) in Figure 3.1. By a simple
shift we let level r be the 0-level. Let’s denote the generating function for this random walk by
F, (z,u), where u is counting the number of returns to the r-level. Furthermore, let F, ; (2)
and F, _ (z) denote the generating functions of random walks that are above and below the
0O-level respectively. Between any two returns on the O-level, we have a sequence of paths
above and below the z-axis, which we denote symbolically as F,. (z,u) = (F, 1 (2) U F. 4 (2))"

as shown in the following diagram:

A

- Fy,
A(-,r) B(-,1)

0 For
< >

\4

Figure 3.5
Hence
F, (z,u) = “

L—u(F 4 (2)+ F.q(2)

Using the formula for ¢, , (2) derived in Theorem 28 we decompose F, , (z) using the

procedure used in Lemma 9 of Chapter 2 to get

F"H‘ (Z> - ZQ()DO;OO,O (Z) .

However both F, _ (z) and F, ; (z) are symmetrical so that F, _ (z) = F}. 4 (2). Therefore

u

1 —u[2(Fy (2) + 22(F,- (2))]

l-u [22(900;00,0 (2)) + 22(£0.0.00 (z))}
- o Since o (2) = Poge (2) by symmetry
L —wu (22’ #0;00,0 (2))

F.(z,u) =
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= —————, since Y (2) = (1+0%)

1 —u(#5)

Note: The generating function F.(z,u) is unrestricted both above and below since

(h, k) — (00, 00).

Lemma 31 The generating function for any random walk that leaves r and never returns

to the r-level is given by

(a) 20; 1000 (2) where the end point is above r as h — 0o

(b) 201000 (2) where the end point is below r as —k — —o0

Proof. These walks start at B(r, —) and either end at (n,r + j) or (n,r — j) without making
any return to the r-level in between these two ends. And so we have two symmetrical cases

here:

Case a. Random walks ending at (n,r + j) as h — oo.

If we treat r 4+ 1 as the 0-level, then these walks will end at j — 1, and are consequently
bounded below by 0 and above by oco. Therefore the generating function for these walks in
terms of Theorem 28 is given by z¢; ;.. ,(2) as h — oo. The z in this product is for the

single z-step that separate ; ;... (2) and the line 7.

Case b. Random walks ending at (n,r — j) as —k — —o0.

If we treat r — 1 as the 0-level, then these walks end at 1 — j, and are consequently bounded
below by 0 and above by co. Symbolically, we have that the generating function for these
walks is given by 2¢; ;.o (2) as k — co. The z in this product is for the single z-step that

separate 2, o, (2) and the line r. |
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Remark 6
(1 +0?)
P10 (2) = ol (1—02) (1- Uz)
= ¢! (1 + v2)
(pj—l;oo,O (Z> 9
and this is not surprising because ¢; .o, (2) and ¢, ;.. o (2) are symmetrical. |

3.3 Closed ending random walks.

Theorem 32 The generating function for a random walk which starts at (0,0) and ends at

(n,0) is given

(4?1 -0 uv?
A'r',t:losed (27 U) - (1 — 1)2) + . 2U2 )
— U
14202

v
1402

where z = and u counts the number of visits to the r-level.

Proof. If we substitute j = r into Lemma 31(b) we get a closed ending which starts at
height r and end at the x-axis. Treating r — 1 as the O-level we have that this closed ending
walk is bounded above and below by r — 1 and k respectively. The mathematical expression
for this generating function is therefore given by z¢, ;.. ;. (2) as k — oo , where the z in
the product is the single step that separate the function ¢, ;.. ;  (2) and the line r. Hence
the overall generating function for this type of random walk comprises of the generating

functions for parts I, IT and 2¢, ., ; ., (2) and is consequently given by:

AT,C[OS@d (27 ’LL) = 900;7“71,00(’2) + Z@Tfl;rfl,oo(z) X FT(Z7 u) X Z(prfl;rfl,oo(z)

(140 (1 =) N uv?
B (1—02) ) 202\’
Tt
where ¢, . (2) are the random walks not reaching 7. |

Remark 7 We test the generating function A, cosed (2,4) by plugging in u = 1:
(1 + U2> (1 _ U27‘) U2r

1 — o2 +1 202
1+ 02

A1’,closed (27 1) =
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(1+0%)
1—02

And so

B <n> - [Zn] A'r',t:losed (Z, 1)
L%(l—zﬂ)(lﬂ?) "

271 pntl
= [v"] (1 + v2)n

= (Z), for n even,
2
is the total number of a walk with a closed ending at (n,0). |

Proposition 33 The generating function of the s-th factorial moments of A, ciosed (2, 1)

multiplied by the number of paths is given by

s— 1 + '1)2)2
M, (2) = s! (202 1(— o
( ) ( ) ( ) (1 o U2)5+1
where z = 1;’02.
Proof. Now,
M (2) o A (z,u)
(s) = 5 —riclosed 3
au u=1

202 \° w2 \*!
s! s!
1402 N 1+ v? 2
2 s+1 2 2 S
1 _ 2v 12
1+ v? 14 v?
2
— gl (2,02)5_1 (1 + U2) 2r
- : (1 _ UQ)S—H

[ |
We are now ready to asymptotically expand A, goseq (2, ) around the dominant singu-

larity +1 using our famous results [8] by Flajolet and Sedgewick.
Corollary 34 The average number of wvisits to level v by a closed ended random walk of
lengths n is given by

T 7’3 T I 7’3
2[van(%—l—ﬁ—l——uénZ+...)—|—%+%—n—1§7—§?—§?—7‘] , N even
0

ma) (n) <
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Proof. Substituting s =1 into Proposition 33 we get

v (14 v2)2

M) (2) = (1— 02)?

Expanding M(;) (z) around z = 3 gives the contribution

Moy (2) 1 2r N (8 +1)  r(11+16r*)v2y1T—22
W 21—-22) V2yi—22 4 12
(32r% 4 6472 +3) (1 — 22) 7 (349 + 112012 + 256r*) /2 (1 — 22)%
+ — + ...
24 480
Expanding M) (z) around z = —3 gives the contribution
Mo (2) 1 2r N B +1)  r(11+16r*)vV2yT+22
W 2(1+22) V2vi+2z 4 12
(327 + 6472 +3) (1 +22) 7 (349 + 112002 + 2561*) v/2 (1 + 2z)%
+ 5 — 180 + ...

Now adding up the two contributions we get
2 Moy (2) = 2" 1 7 (349 + 11207% 4 256r*) V2 (20— 4\ ¢ 2n
Wi = 2 5(n—2)(n—3)220t3 \n—4) 2214\ n
r(11416r%) V2 (20 — 2\ 7 (349 + 11207 4 256r*) (=1)" V2 (2n — 4
3(n—1)2%+1 \n—2 5(n—2)(n—3)22n+3 n—4

S (o) S (o)

However, for an even n the total number of objects for a closed ended walk is given by (Z)
2

as calculated in Remark 7.

[2"] M) (2)

may (n) = (g)

1 1 1 2r3 r 4r3 4r 2r°
= ((=1)"+1) |vV2mn [ — e L A A
()" + )l Wn(16n+128n2+4+ )+3n+3n 302 1on2  5n? 7}
2[ 27m(i+ﬁ+—12;n2+...)+#+%—f—%—%—g—$—r , m even
0 , n odd ,

where the last asymptotic expansion was done using computer algebra.
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Corollary 35 The second moments on A, qosed (2,4) are given by
4(r+2r2+2r3+r4)

n) 2 n+2r2+27’—|—2—T—v%m(r—l—%%—ﬁ—i—#—l—...) , where n is even
m(g) n)x

0 , where n is odd

Proof. Substituting s = 2 into Proposition 33 we get
B 4?42 (1 4 112)2

My (2) =
(2) ( ) (1 _ 02)3
Expanding M) (z) around z = 3 gives the contribution
1 (2r+1)  (16r? 4+ 16r + 3)
Mz (2) ~ 7 —
V2(1-22)2 (1-22) 4y2y1-22
On the other hand, expanding around z = —% gives the contribution
1 (2r+1)  (16r? 4+ 167 + 3)

My (2) ~ —
() \/§<1+22)% (1+22) 4201+ 22
Now, adding up the two contributions we obtain
. _oon[@n+2)2n+1 (16r? 4+ 16r + 3) (2n
2 (256r* + 51213 + 608r% + 352r + 45) (2n — 2
_ Y2(256r" + 51217 + 608" + 352r + >(” >—<2r+1)(—1)”
3(n —1)22nt5,/2 n—2

+(167‘2 J;S:;;;) (=1)" <2:> N (277,2—2: a \(/—51)” (2n ; 1>

V2 (256r* + 512r% + 60812 4 3527 + 45) (—1)" (2n - 2>
— + ...
3(n —1)22n+5/2

2 22 2
—2r—1w/—”(1+i+i+—r+...>]
T 4n n n

where the last asymptotic expansion was done using computer algebra. And so

[2"] M) (2)

me) (n) = @)

n n

n—2

~ 2" ((-1)"+1)

4(r+2r242r34rd
n—|—2r2+2r+2——( i ) .
, where n is even
= V2 (r+3+4&+5+...) ’
0 where n is odd

as required. [ |
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3.4 Observation

Table 3.1 given below helps us to make an enumerative comparison between the asymptotic
and exact average number of visits to height r, together with their corresponding variances,

by an unrestricted Dyck path with a closed ending at (n,0).

Type of Average r-visits Variances

n results | r=1|r=2 | r=5| r=1 r=2 r=>5
400 exact 23.087 | 21.112 | 15.490 | 149.569 | 150.451 | 142.752
400 | asympt. | 23.087 | 21.112 | 15.489 | 149.569 | 150.451 | 142.752
634 exact 29.573 | 27.589 | 21.831 | 243.564 | 244.653 | 238.767
634 | asympt. | 29.573 | 27.589 | 21.831 | 243.564 | 244.653 | 238.767
856 exact 34.682 | 32.693 | 26.874 | 333.765 | 334.970 | 330.270
856 | asympt. | 34.682 | 32.693 | 26.874 | 333.765 | 334.970 | 330.270
1000 | exact 37.645 | 35.655 | 29.810 | 392.619 | 393.879 | 389.778
1000 | asympt. | 37.645 | 35.655 | 29.810 | 392.619 | 393.879 | 389.778

Table 3.1: Average r-level visits by a closed ended unrestricted Dyck path.

From this table it is evident that exact and asymptotic results are approximately the same.

3.5 Random walks with open endings.

These walks end anywhere either above, on, or below the r-level.

Lemma 36 The generating function for a random walk which starts at (0,0) and has an
open ending at (n,r — j) is given by
uerrj

Q7",below (Z, u) = Pr_jir—1 oo(z) + PR TR
l-u (1+v2)

v

o and u counts the number of visits to the r-level.

where z =
Proof. If the end point is below the r-level, then the ending of this random walk has a

generating function corresponding to part III of Fig. 3.1 given by z¢; ..., (2) derived in
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Lemma 31(b). Hence the overall generating function for the entire walk is given by

Qr,below = (pr—j;r—l,oo(z) + Z(p'r—l;r—l,oo(z) X FT(Z7 u) X ZP1—j100,0 (’Z) )

where ¢, ;.. . (2) are random walks not reaching r. Now

z@rfl;rfl,oo<z) = ( . ) Uril (1 + UQ)

1+ 02
o ’UT’
and
o v j—1 2
2P; 1000 (2) = (1 I 02) v (1 +v )
fr— /UJ’
so that
u,UrJrj
Qr,below = ij—l;rfl,oo(z) + T 202\
I-u (1+v2)

Lemma 37 The generating function for a random walk starting at (0,0) and has an open
ending at (n,r + j) is given by
U’Ur+j

1402

Qr,above (Za U) =

v

where 2z = < o

and j is above r.

Proof. By symmetry ¢; ;o . (2) = ©j_ 1,000 (2) , s0 that

Qr,above (Z7 U) - Zspr—l;r—l,m(’z) X FT(ZJ u) X Zsol—z‘;o,oo (Z)
uvr+j
— —
I —u (124:)1)2)
as required. ]

We are now ready to get the bivariate generating function for the entire random walk with

an open ending at r + j. To do so, we sum up the generating functions for the above two

cases together with the generating function 2, ;.. 1 (2) X Fi.(2,u).
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Theorem 38 The generating function for all open ended paths is given by

(1+0v3)(1=0v")(1+0) uv” (1—|—v)
Q. open (2,u) = + )
open (1—v?)(1—w) 1—u(12+”32) 1—w
where z = =" and u counts the number of returns to the r-level.

Proof. Summing up the two generating functions for the above two Lemmas together with

the generating function 2, ., ; ,(2) X F.(2,u) we get

r—1 r )
Qr,open (Z7 U’) - Z (pk;rfl,oo(z) + Z sok;T*LOO(Z) - 1— ;uzﬁ) <2 ZU] + 1)
k=0

(1+0%)(1—o") (17—17— v) uv” 2vv 1 —Lv
- 0-v 1-u(2) (1—v+1—v)

(1+2*)(1—=2v")(1+w0) uv” 14w
(1—02)(1—v) +1_u(12+v;) (1—v)'

Remark 8 We test the generating function §. open (2, 1) by plugging in v = 1:

1+0%) (1—v")(14+v) v (140%) (140
Qr,open(z71) = ( (1>—(1)2>(1 >—(U) ) (1(—1)2))(1—1})
(1+07)
(1-v)?
1
1—2z

= Z 2" 2"

n>0

which 1s the required generating function for the total number of random walks with an

open ending at (n,—) . |

Proposition 39 The generating function of the s-th factorial moments of Q. open (2, ) mul-

I1+vY ,
v,
1—v

tiplied by the number of paths is given by

o1 (1+0?2)?
(1 o vg)s—‘rl

Mg (2) = s! [(21}2)
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Proof. From the above Theorem 38 we have that

aS
M(s) (Z) - %Qr,open (Z7 U)

u=1

5! 202 \° s 202 sl
S\ 1402 o\ 1402 (]_ —+ U) .
v

(1—22)"™" " (1-22) | \1-v

1402
1+vY
",
1—w

s—1 (1 + ’U2)2

= sl [(2U2) (1 _ Uz)s—H

Corollary 40 The average number of visits to level r by random walk with an open ending

at (n, —) is given by

2n 241 (=DM ot r? 3 (D)™ (2 +1)
=4/= (1 - - S )
ma (n) T ( i n An 24n?  3n?  32n? n? i :

Proof. Replacing s by 1 into Proposition 39 we get

v (140 (1 +0)

My (z) = .
(1) ( ) (1 o /02)2 (1 o U)
Now, by making the substitution that z = ;=5 and upon expansion around z = % we obtain
1 r 4r? +1 (r3 + 2r)

May(z) ~ - + -
 (2) Va(l—2:)f 1-22 42/T—2: 3
(16r* + 1047 +9) V2y1 =2z (r° + 15r° 4 14r) (1 — 22) N

- 192 30

Again, by making the substitution that z = %5 in My, (z) and upon expansion around

z = —% we obtain

(—1)7’ - (—1)TT n (—]_)T (47,2 + 3) \/§ /1 e B (_1>7‘ (27”3 + 77’) (1 X 2Z)
2\/5 (v 1+ 22) 2 16 B

(—1)" (16r* + 15272 + 45) V2 (1 + 22)?
i 384 T

May (2) ~
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Therefore
1 [(—3 4r? +3) V2 (5 167 + 152r% + 45) /2 (3
M) = 2 (- [ () BV (5) (6T 150 45) V2
22\ n 16 n 384 n
Loy 1 /-3 N (4r2 4+ 1) (—3 N (16r* 4+ 104r2 +9) V2 (1
2\ n 44/2 n 192 n
()
T + ..
n
— (=)™ 20 (4 43) (=) V2 (20 -2 N (4r2 +1) (2n
B 22n+1,/9\ n (n—1)22n+3 n—2 22n+2,/9 \ n
N (2n+2) (2n +1 N (167* + 152r% +45) (—=1)"" /2 (2n — 4
on+1,/2 n 2205 (n — 2) (n — 3) n—4
L (16r* + 10472 +9) (2n — 2 N
3(n—1)2%+5 n—2 e
Hence
2" My (2
my () — [2"] 2751)( )
_ @n42) 2041\ (16r* +104° +9) V2 (20 — 2
Tt A\ n 3(n —1)22n+5 n—2
. (4r2 +1) [2n N (=D)"" 20\ (@r?+3)(=1)"" V2 2n -2
22n+2\/§ n 2n+1\/§ n (n —_ 1) 22n+3 n—2
(16r* + 152r% +45) (=1)""" /2 (2n — 4 N
22045 (n — 2) (n — 3) n—4 o
2 _q\ntT 4 2 _q\ntr 2
_ 2n 1_*_7’—1-1_(1) oot o3 +(1) (7’+1)+m o
T n 4n 24n?  3n?  32n? n?
where last asymptotic results were done using computer algebra. [ |

Corollary 41 The second moments on §,. open (2, w) are given by

—1)" 3
me (n) =< n—i—( 2) —|—7’2+2r+§
2 3 (1402 —1)"* 1
Y L PP L € B G Vi UE 2 VI
T 3n n 2n

Proof. Inserting s = 2 into Proposition 39 we get

M) (2) a

_ 4" (14 02)% (1 +v)
—A ()

—U)
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Now, by making the substitution that z = =25 in M) (2) and upon expansion around z = 3
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1

we get that
M (2) 1 . 2(r+1) +(2r2+4r+1)_(47“3—1—127“2—1—117"—1—3)
*) (1-22% a(1-227F 2(1—2) 6v2/1 — 22
(2" +8r% +16r% + 167 + 3)
12
(167° + 80r* 4 280r° 4 52072 4 349r + 45) v/2/1 — 22
- -
480
On the other hand, expansion around z = —% gives
YT | A o v g G | B o VR
@ 2(1+22) V2Vit2z 2
(D)@ 12+ 1T 4 9) V2V T + 22 N
24 ’
so that
. W2\ 2(r+1) =3\ 23 +4r+1 1 (4r® +12r% + 11r + 3)
1 () = o | () - ) () -
n V2 n n 3v/2
(16r + 807 + 28013 + 52012 + 349r + 45) /2 3
480 n
_ 1 _1
v (1) [_1< 1) (4r® + 1277 +17’r’+9 2(2> ( 2)+_“
2\ n n n
Therefore
[2"] M) (2)
m) (n) = +

(

n

n+1) D) (n+1) (2n+1> (4 1202 4+ 11r + 3) (Qn)

\/§ on—1 3\/§ 922n+1

n n

N (2r% +4r + 1) N (167° + 80r* + 28073 + 52072 + 349r + 45) /2 <2n — 2>

n

2

15 (n — 1) 22n+4 n—2

(ZD"™ (@t 12 1T 1 0) (()™ VR (=2 (D) (D)™ 2n
2 3(n—1)22+2 n—2 s \n
_1n+r

+(2) +7“2—|—2r—|—%

3 2 _q\ntr
N [2n _2r_2_5r+r _(1+7’)+( 1) (T+1)—|—... |
T 3n n 2n

where last asymptotic result was done using computer algebra. [ |

(v

l\DII—\

n /
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3.6 Observation

We are now ready to give an enumerative comparison between the asymptotic and exact

average number of visits to height :

Type of my (n) Variances

n results | r=1|r=3|r=6| r=1 r=3 r==6
367 | expected | 14.337 | 12.503 | 10.038 | 119.432 | 116.815 | 106.498
367 | asympt. | 14.358 | 12.692 | 10.825 | 119.432 | 116.815 | 106.498
593 | expected | 18.471 | 16.601 | 14.024 | 197.422 | 194.708 | 183.558
593 | asympt. | 18.487 | 16.749 | 14.645 | 197.422 | 194.708 | 183.558
712 | expected | 20.313 | 18.432 | 15.848 | 238.459 | 235.714 | 224.980
712 | asympt. | 20.357 | 18.596 | 16.388 | 238.459 | 235.714 | 224.980
844 | expected | 22.201 | 20.310 | 17.693 | 284.537 | 281.765 | 270.795
844 | asympt. | 22.242 | 20.461 | 18.188 | 284.537 | 281.765 | 270.795
1001 | expected | 24.275 | 22.376 | 19.703 | 339.877 | 337.078 | 325.189
1001 | asympt. | 24.288 | 22.490 | 20.181 | 339.877 | 337.078 | 325.189

Table 3.2: Average r-level visits by an open ended Dyck path.

3.7 Return statistics.

In the sequel we analyse the number of returns to the origin by an arbitrary random walk
starting at (0,0) with an open ending at (n,7). Unlike in [14], [17] and [18], here we don’t
count the origin as a return in all our walks. If we count the number of returns to the origin

by the variable w then the special system
0o =1+ 20 +20 4,

from section 3.1 becomes
o =1+w[zp, +2p_4].

Therefore the system of all the ¢ ’s given in 3.1 is now rewritten as:
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1 —Z @ 0
-z 1 ==z 0 On_1 0
—z 1 —z 0 0
1 — (3.2)
—zw 1 —zw Yo 1
-z 1 -z w_4 0
0 -z 1 =z O i1 0
-z 1 O_p 0

As in the previous case we calculate the ¢, ’s using Cramer’s rule by first finding the

determinant of the matrix given in the System (3.2).

Lemma 42 The determinant of the matrix of the system, denoted by Chyy with h + k + 1

rows is given by

(1 _ U2h+2) (1 _ U2k+2) (1+0?)

det Chpp = = 02)2 (11 U2)h+k+1
v2w [(1 o U2h+2) (1 o U2k) + (1 o U2h) (1 . U2k+2)}
(1= 02)* (1 4 02)" ’
where z = #

Proof. Substituting h by h + k into the formula for det (Aj.x) in Lemma 6 we get

det Cthk = det (Cthk) - 22 det (Ch+k71)

= det(Bj,_1Bp_1) — 22w [det(By_sBp,_1) + det(By_1Bj,_2)] , first row expansion
(1 _ U2h+2) (1 _ U2k+2) (1+22)
(1— 2}2)2 (1+ Uz)h-‘rk-‘rl
2w [(1 _ U2h+2) (1 _ U2k) 4 (1 _ U2h) (1 _ U2k+2)]
B (1 . 02)2 (1 N 02)h+k+1 :
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Theorem 43 The generating function for an unbounded random walk ending at (n,i) is

gien by
(2.0) plil
Pihe \ZW) = — 551
I —w (1+v2)

where w is counting the number of returns to the origin and z =

Proof. Applying the formula for det (Ayx) derived in Lemma 6, Lemma 42 and Cramer’s

rule on the System (3.2) we get

det Apqp—
det Ch+k
Z'det Aj_;_1 det Ap_;
det Ch+k

Pish,k (z,w) =

(1- U2>2 (14 Ug)h—i—k-‘rl
(1 — 0272 (1 — 0242 (1 + v2) — v2w [(1 — 022 12) (1 — v28) + (1 — v2h) (1 — v2k+2)]
v (1 -~ U2h72i+2) (1 - vzk+2)
(1-— 1)2)2 (1+ U2)h+k
v (1 _ ,U2h—2z'+2) (1 _ U2k+2) (1+v?)
(1 — 0272 (1 — v212) (1 + v2) — v2w [(1 — 022 12) (1 — v2k) + (1 — v2h) (1 — o2 t2)]’

If we let (h, k) — (00, 00) we obtain

ol (1 + v?)
(14 v?) — 202w
Ll

I —w (12&?2)

SOi;oo,oo (Z7 ’U)) =

Remark 9 Plugging w = 1 into the generating function ¢, ., (z,w) we get

i il (1 + 0?)
v v v
Spi;oo,oo (Z’ 1) - v -

L= () A=)

Therefore

1 2 ’
Z%‘;oo,oo (z,1) = (1+v7) (2 V' 4 1) for all i

i>1
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which matches with the results in Remarks 5 and 8. [ |

Proposition 44 The generating function of the s-th factorial moments of @, 1, ;. (2, u) mul-

tiplied by the number of paths of a random walk with an open ending at (n,i) is given by

25slv% (1 + v?)

Mg (2) = ,
( )( ) (1_U2)s+1 (1—’0)
where z = 5.
Proof. Now,
Ms,i) (2) 7 (z,w)
(s,i) (Z = Sgpi;oo,oo Z, W
au w=1

slyt < 20° >3
1+ v?
1 o2\
e
2¢slv? (1 + v?)
(1 o U2)8+1

7

Summing up the above generating function for all i we get

255'1)25 l—i-v
M (2) = oL (221} +1>

i>1
28 sly?s (1 +v?) (14 )
(1= (1-v)

Corollary 45 The average number of returns to the origin by an open ended walk of length

n 1s gien by

on 1 ()" (=) 3 T(=D" 1
X [ 1 _— _— cee .
may (n) =4/ — < I P R U DT R R e

Proof. Specializing on s = 1 on Proposition 44 we obtain

202 (1 +v?) (1 +v)
(1—v2)’(L—v)

Expanding around z = % we obtain the contribution

M(l) (Z) =
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1 1 1 3v2y/1 -2z
M(l) (Z) ~ R + +
\/5(1—22)2 1—22 4\/5\/1—22 64
3
5vV2(1 —2z2)2
LV2(l=22)
256
Similarly, expansion around z = —% we obtain the contribution

1 1 3V2VI+2z (1422) 15V2(1+22)% (1+22)
My (2) ~ ————=— 5+ - + - +
2/2y1+22z 2 16 4 128 8

Now adding up the two contributions gives

ea(" ) () e (ns)
3(-1)"V2 <2n—2>+ 45 (—1)" /2 <2n—4>

(- \n—-2) " 205 (n—2)(n—3)\ n—14

e

= 2”[ 2—”<1+i+<_1)n—<_1>n A i )]

2" My (2) =< 27

- on | 4n 8n2  32n2 | 128n3 | 64n3 @

where the above asymptotic expansion was done using computer algebra. Since the total

number of objects for an open ended walk is 2", it follows that

[2"] M) (2)
ma) (n) = —275)
2n 1 (=" (=1)" 3 7(—1)" 1
= — 1+ — — — o] = 1.
T < + 2n + 4n 8n?2 32n2 + 128n3 + 64n3 +

Corollary 46 The second moments on @, (2) are given by

—1)" 7 [ 2 (=1)" 3  (-1)" 1
~ LS I Y G (7. S 2 . S
me (1) ntTyT g P R .

LT
o T )
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Proof. Specialising on s = 2 in Proposition 44 we get

_ 8vt (14 v?) (1+v)
(1—v2)’(L—v)

Now expansion around z = % gives the contribution

Moy (z) ~ oy - - + 3 _,/71 +3
2) (1_22)2 \/5(1_22)% 2(1—22) \/§ 1—2z 4

C3VaVI-2: (1-22) 5V2(1-22)

16 8 64
And again, expansion around z = —% gives
1 2 3 3V2VI+22 T(1+22) 15v/2(1+22)2
M) (2) ~ - +5 - + - + ..
2(14+22) 2y1+2z 2 4 8 32

Now adding up the above two contributions gives

(1)) ]
(_21 L 2215:11():!?) (2: ~ 22) T i @jig n—3) (2: ~ 44)

-4 C) () B ES ()

7 (=1 [on 2 (-1 3 (=" 1
"ty _\/7r<4+n+ PR PR TR T

2" M) (2) =< 2"

+

)
N
3

so that

me (n) =

X
S
+

on 2 (-=1)" 3 (=" 1 7(-1)"
- 442 2
( i n i n 8n? 2n? i 16n3 i 32n3 i
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3.8 Observation

And so from the above two cases (i.e. s =1 and s =2 ) we get Table 3.3 given below,

which compares the expected, asymptotic, and results from [18] and [14] for m, (n) where:

ms)(n) = s! Zs: (j) (—1)* (% W[%H%J)

and

27" (n+1) Z) , I even
2

m(l)(n) = _ )
27" (n 2) , nodd, n > 3.

n—1
2

are the explicit formulas for [18] and [14] respectively.

n my (n) ma) (n) Variance
Expected | asympt. | [1§] [14] | Expected | asympt. [18]

3 0.5 0.5 0.5 1.5 0 0 0 0.25

20 2.7 2.7 2.7 3.7 9.2 9.2 9.2 4.61

131 8.15 815 | 815 | 9.15 97.4 97.4 97.4 39.13

350 13.96 13.96 | 13.96 | 14.96 294.16 | 294.16 | 294.16 113.24
600 18.57 18.57 | 18.57 | 19.57 525.73 | 525.73 | 525.73 199.46
998 24.23 24.23 | 24.23 | 25.23 901.1 901.1 | 901.1 338.24

Table 3.3: Average O-level returns by an open ended unrestricted Dyck walks.

The numerical values for m;) (n) are more by 1 in [14] as compared to the corresponding
one’s in [18] and our asymtotic results, and this is because return statistics in [14] include

the last return at (n,0).
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Chapter 4

Unrestricted Dyck random

walk-Alternative approach.

4.1 Introduction

We consider an unrestricted Dyck random walk

Sm = Xp, with Sy =0 and S, =0,

k=1

where X,,, £ = 1,2, ... are independent and identically distributed random variables with
P{X,, =1} = P{X,, = —1} = 3. This random walk starts at (0,0) and leads to (n,%) after
n steps that reaches a maximum level above a nonzero height r as shown in Figure 3.1 drawn
in Chapter 3. This alternative approach in the study of unrestricted Dyck random walk was
chiefly motivated by some recent results such as [17] and [18]. In this Chapter we explicitly
analyze some of the problems researched in Chapter 3 using the symbolic method instead
of using the Matrix method and its associated Cramer’s rule. However return statistics have
already been researched in [18] using the symbolic method, and hence will not be repeated

here.

63
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4.2 Closed ending random walk.

Theorem 47 The generating function of any random walk starting at (0,0) and leading to
0 after n steps that reaches a maximum level which is above a nonzero height r is given by
W o (2.0) u (1—\/1—422>2’“
r.closed \Z, W) = )

losed 1 —u+uyl—4z22 2z

where u is counting the number of returns to the origin and z =

v
1402 °

Proof. In order to get a suitable expression for the required generating function we de-
compose the family VW of random walks in question according to their returns, either to the
origin or height r. Hence this decomposition consists of three cases, namely, random walks

between:

(a) (0,0) and the first visit to height r
(b) the first visit to height r and the last visit to height r.

(c) last visit to height r and (n, 0).

Denoting the family of random walks corresponding to case (b) by W, and those to case

(a) and (c) by N, we get
W:(MXWOXM>%W0XM2.

We now focus on Wy : Let W)+ denote the subset of walks that are strictly positive between
the first and the last point in Wy, and W, _ denote the corresponding set with a strictly
negative sojourn along the r-axis. Noting that between any two consecutive returns to the
r-level a walk is either positive (€ Wy ) or negative (€ Wy _) we get that W, can be

decomposed as a sequence of elements in Wy 4 U W, _, which is symbolically given by

Wo=Wor UWp_)",

where the asterisk denotes the combinatorial construction of forming finite sequences of

elements of the concerned set of objects. Altogether we have
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WT = (W0,+ U W07—)* X ./\/TQ.

If we count the steps by the variable z, the returns by the variable u and observe that disjoint
unions, Cartesian products and stars translate into sums, Cauchy products and geometric

series, respectively, we get

u

1 — [Woi(z,u) + Wy _(2,u)] N;(z,u).

Wr,closed (Z, u) -

However, Wy 4 (z,u) = Wy (2, u) since the corresponding situations are symmetrical. Fur-

thermore, we have
Wo+(z,u) = ulWy 1 (2,1),

since we have exactly one return. The term Wy (z,1) in the above equation serves as a

counting function of the positive random walks, and it is well known to be C(2?), where

1 - VI—4z S 1(2-2)
- = — z
2 “=n n—1 ’

Clz) =
is one version of the generating function of the Catalan numbers. Substituting
Wo,_(z,u) = Wo 4 (2,u) = uWy 4 (2,1) = uC(2?)

into Wy (2, u) gives

u

1 —2uC(2?)
u

1 —u+uy1— 422

Wy (z,u) =

so that

U
N2(z,u).
1—u+uv1—4z22 ()

Since we have assumed r > 0, then N,(z,u) has no return to the r-level so that N,(z,u) =

Wr,closed (27 U) =

N,(z,1). In addition, each walk in N, can be decomposed according to its last points on the
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levels 1,2,3,...,7 (r > 0) into an r -tuple of walks that start at level 0, are strictly positive
and end at level 1. It then follows that

C(z2))’“ _ (0(22))’" _ (1 - m>

22 z 2z

Ny(2,1) = 2" (

Combining the above formulae we get

u C(z*) v
Wr,closed (Zau) - 1—u+ um ( >

~ u (1—\/@)”.

1—u4+uy1l—4z22

Proposition 48 The generating function of the s-th factorial moments multiplied by the

number of walks of length n in W, cosea (2, 1) is given by

T z) = r s :
(22)? (VI—4z2)""
Proof. Now,
M(S)(z) - ﬁI/Vrclosed (Z ’LL) ‘u—l
" ous " ' -

A1 m)s-l—%’ (1 m)s-i—%—l
(22)21"( T— 4Z2)s+1 (22)" (m)s
(- VI=T)" [14 (VI2) (1 - VI 1) ]
(VI _422)s+1
ol (1_m)s+2fr—l
o |

|
In order to get asymptotic results we specialize our s-th factorial moments for s = 1 and
s = 2. We will use the above generating function and singularity analysis of generating

functions, as described in [§].
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Corollary 49 The average number of wisits to level v by a closed ended random walk of

lengths n is given by

1 1 1 r 2r
=2 [Vomn (- +— P R e e S A S
my (n) [ ™ (4+16n+128n2+ >—|— + r

for all n even.

Proof. Specializing on s = 1 in Proposition 48 get

Mg () = (1-vi—42)"
N(2)= ” .
Expanding M) (2) around z = % gives the contribution
1 2r r (11 + 1672) v/2y/1 — 22
My (2) + + (8% +1) + ( )2
2(1-22)  VoyI-2z 12
(32r + 6472 +3) (1 — 22) 7 (349 + 11202 + 256r%) V2 (1 — 22)?
+ — + ...
24 480
Expanding M) (z) around z = —31 gives the contribution
1 2 11 4+ 1672) vV2y/1 + 2
M) (2) + : +(8r2+1)—|—r( ) V2 -
2(1+22) 2 17122 12
(32 + 6412 +3) (1 +22) 7 (349 + 112012 + 256r%) /2 (1 + 22)*
+ 24 — 130 + ...

Both these asymptotic expansions are identically the same as those derived using the Matrix

method in Chapter 3. Hence

1 1 1 T 2r
=2 |V2mn — SO [ e e S A S
my (n) [ (4+16n+128n2+ >—|— + rl,

and m(y) (n) < 0 when n even or odd respectively, as derived in Corollary 34.

Corollary 50 : The second moments ma) (n) of Wy cosea (2,u) are given by

2rt  4rd 4?2
= 2 W42 - — ——
m) (n) [n%— e+ 2r + 5 3 3n 3n

—\/_( IR S - +>]

4dn  8n  32n?  64n?

for all n even.
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Proof. Specializing on s = 2 in Proposition 48 we get
2 [(1-vi—42)""
(22)* (\/1 — 4z2)3 '

Expanding M) (z) around z = 3 gives the contribution

M(Q) (Z) =

1 (2r+1)  (16r% + 167 + 3)
M(?) (Z) ~ 3 - 1 2 -
V2(1—22) (1-22) 4y21-2:
On the other hand, expanding around z = —% gives the contribution
1 (2r+1) (16r* + 167 + 3)
M) (2) ~ - -

\/5(1+22)% (1+22) 4V2/1+ 22
Both these asymptotic expansions are identically the same as those derived using the Matrix

method in Chapter 3. Hence

9
me(n) = 2n+2+2%r+2-— - —— - = _

ey
8n 32n?  64n2 )|’

and m() (n) < 0 when n even or odd respectively, as derived in Corollary 35.

4.3 Open ending random walks.

In what follows we explicitly analyze the number of visits to the nonzero height r for an
arbitrary unrestricted random walk starting at zero, that reaches a maximum level which is
above a nonzero height r and has an open ending which is either above or below r as shown

in Figure 3.1.

Theorem 51 The s-factorial moments of any random walk with an open ending at (n,—)

are given by

4 s+r—1 str—1 ke—s—2 oyt
st > ( k )( nir )<_1) e, where n +r even
k=0 2

ms)(n) = <
s+r—1 str—1 bes—2 R

st > ( k )(@)(—1) T2 wheren+ 1 odd
k=0 2

\
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Proof. We consider the set

Wr,open - U Wz

1€EZL

The corresponding bivariate generating function is given by

gy

- () =] e n (%)

() [l [ R (2 FT)

Wiopen(2,1) = Np(z,u) x Wy(z,u)

2z 1—u+uy1l—4z22

>0

s () |6

and so we have that

88
M(S)(Z) = %Wr,open<z7u) lu=1
[5!(1 — V1 —422)8 . sl(1 — m)“] (1 — m)r l 1422 ]
(V1 — 422+ [V1— 422 22 V1 — 422
I VT—422)"" (1422)
(22)" [V — 422s+2 :

is the generating function of the s-th factorial moments multiplied by the number of paths.

It then follows that

s! (1 — 1 - 422)S+P1

M) = g 2
- [z"“];—i 2 (8 + ; N 1) (—1)* <\/1 - 422)k52 (1+22).

Now the even and the odd powers of z are easily distinguished by the following two cases:

Case 1: n +r is even.

(2" Ms)(2) = [Zn+r];_isi1 (s +r— 1)(_1>k <m>k52

k
k=0
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o
o L k

P sy P | k—s=2 nt
R e

k=0 2

nir s (s+r—1 k k—s—2
= [z7= Z ( )(—1) (V1 —4z) , where 2% =

3

Dividing the above formula by 2" we get the s-factorial moments:

s+r 1
] s+r—1
me(n) = 2 [27‘ ( ) (
k=0

s+r—1
—1
— 9n-rg j{: <S‘+’T ) (
s+r—1
s+r—1 ntr
= () (e

2

\_/
n
W
S~—
5
(V]
3
| P

Case 2: n + ris odd.

s+r—1

M) = e (- (VimaR) ()

2r
k=0

k—s—2

— [t 2T118+Zr:1 (3+2—1>(_1)k <m>

niea sl ST /s +r—1 k—s—2
= [z77 ] Z ( )(—1)’“ (V1 - 4x) , where 2% =

2r—1 k
k=0

S' st S ‘I— T — 1 k—s—2 ntr—1
~ o1 Z ( k ><_1)k <n+72"—1) (—=4) .

k=0 2

Dividing the above formula by 2" we can similarly get the s-factorial moment:

s+r—1 k—s—2
n—r— s+r—1 — ntr—1
me(n) = 2 1'2( ) () 0

2

s+r— k—s—2
S + T — ]_ nt+r—1
= sl Z ( k ) (n+3—1> (_1)11H z

k=0




4.3. OPEN ENDING RANDOM WALKS. 71

Corollary 52 The average number of visits to level v by W, ppen(2,u) is given by:

r k=3
Z:O (1:) (é) (_1)R;T+k, where n + r is even
2

mi(n) = r )(u

2
ntr—1
2

><—1>J—"
where n + r is odd

Proof. By substituting s = 1 into M,)(z) in Theorem 51 the result follows at once. [

Corollary 53 The specialized 2 -factorial moments of Wi ppen (2, w) are given by:

r+1 k—4
2192—:0 (T) (&) (_1)%% where n 4 r is even
ma(n) = N 2,

T+1 k n4+r—1
23, (TZI) (nﬁ—l) (=1)™ T  where n + r is odd.
k=0 —a

Proof. If we substitute s = 1 into M(,)(2) in Theorem 51 we immediately get the results.

Remark 10 From the above two Corollaries it follows that the variance of a random vari-

able mg(n) is given by:

k=0
+ ZT: (2) :ﬁ)(_l)%”rk <1 - Zr: (2)(:13)(—1)n§r+k> , n-+1ris even
= k=0 ? k=0 2
- 41 k—4

Y () () (—1) S (1 ~5 () (L)(—l)%l*’“) . nrisodd
\ k=0 2 k=0 P}
Remark 11 -

The explicit formula for m)(n) researched by [2] is given by

24 (45 +2) (n_?_ ) ,(n—7r) odd

n

m(l) (n

The formulas for m;)(n) both from here and [14] gives the same numerical values as the

expected ones given in Table 3.2 of Chapter 3.
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Chapter 5

Knodel random walks

5.1 Introduction

We recall that a Dyck path allowing horizontal steps only on the z-axis (or 0-level) is called
Knédel path. In this Chapter we extend a study on Knddel random walks done by [21].
We will however avoid using Mellin transform method in order to make our results easily

extendable to newer results. As usual we will be analyzing the average number of :
(i) visits to the nonnegative height r
(ii) and returns to the 0-level

by an arbitrary Knodel random walk which starts at the origin and has an ending at (n, )

as shown by the following diagram:

A

AG,r) BGr

A

N
Y N /H—J

v I it 774

Figure 5.1: Open ended Knodel path of length n

73
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path of length n for all ¢ where 0 < ¢ < h is given by:

Number of paths of length n, starting at 0, bounded above
gz h (Z) - Z

n>0 | by the line h, allows horizontal steps at level 0, and leading to (n,1).

For all 7 between 1 <7 < h we have that

?;i+1

&

Figure 5.2

which gives the recursion

Ein =28 1nt+ 2811

indicating that from level ¢ we either go diagonally up to level i + 1 or diagonally down to

level i — 1. The special system occurs at ¢ =0 :

&i

& ° > &

Figure 5.3

N

1

Figure 5.4

and i = h:

&

and have the recursions

§o=1+2& +2§and &, = 2§, 4,
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respectively. Thus the recursions, for ¢ = 0,1, 2, ..., h of all these &,’s is best described by a
single matrix equation

th)h - Ch7

where the coefficient matrix By, is a square matrix with h + 1 rows, ®;, is the column matrix

representing the ¢, , (2)’s and Cj, is the column matrix consisting of h zeros and a 1 in the

first entry:

1—2z —z2 Son 1
-z 1 -z E1n 0

0

-z 1 -z Ein =101 (5.1)
21 -z Eion 0
0

—z 1 —z €h71,h 0
—z 1 fh,h 0

The &, ;,’s satisfy the system which has i + 1 rows; this is only true for i > 2 . The special
values h = 0 and h = 1 are treated separately. As usual we calculate the §; ,’s using Cramer’s

rule.

Lemma 54 The determinant of the system of &, ,’s with h + 1 rows is given by

(1—v) (1 + 02h+3)

det B), = .
T A=) (1)

Proof. By expanding the first row of our actual matrix in equation (5.1) we obtain the

following recursion of order two:

det By, = (1 — 2)det A, — z*det Aj,_;, det Ag =1, and det A; =1 — 2,
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where the quantities det A, and det A,_; are as derived in Lemma 6 of Chapter 2:

1 1 — U2h+2 1 1 — ,U2h

det Aj, = d det A,_1 = .
(] h (1_,02) (1+U2)h an e h—1 (1—'[)2> <1+02)h_1

Using the substitution
v

T
we get
det B, — (1_ v ) 1 1= 2 1 l—vzh_
L+02) (1= (1402)"  (1+02)° (1 =0 (1 +02)""
(1—wv) (1+0%*3)
(=) (1)
as required. [ |

5.2 Fundamental generating functions.

We are now ready to calculate all the &, ;’s.

Theorem 55 The generating function for all Knodel random walks which start at (0,0),
end at (n.i), and bounded above by the line h > 0 is given by
Uz’ (1 + U2) 1— U2h72i+2
&‘,h () = — ( 2h+3 )
(1 =) (1 + v2h+3)

v
14+v2°

where z =

Proof. Replacing the i-th column of the matrix Bj, by the column matrix Cj, we get a new
matrix which we shall denote by B; ;. Expanding by the i-th column of B, we obtain the
determinant

det B; , = 2 det Bp_;_1.

Hence using Lemma 6 and Cramer’s rule we get We apply Cramer’s rule we get:

o idet Bh—z’—l
gi,h (’Z) = Z det Bh

_ ( v )z 1 1— U2h—2i+? y (1 _ U2) (1 + ,Ug)thl
(T+v%) ) \(1=2?) (1 4202)" (1 —v) (1 + v?+3)
,Ui (1 + U2) (1 o ,U2h727l+2)
(1 —v) (14 v2h+3)
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Remark 12 We observe that the overall number of random walks from (0,0) to (n,i) is

gien by

1402 1
Zfi,oo (2) = 5 = = Z2"z”.
(1 — U) 1 -2z "0

i>0
That is, the total number of objects for any Knodel random walk starting at (0,0) and ending

at (n,i) is 2". This remark validates the correctness of the generating function &, (z). M

In order to get a suitable expression for the generating function for the entire random
walk we decompose the family of these random walks into three parts (or three Lemmas)

corresponding to three main parts of Figure 5.1.

Lemma 56 The generating function of any Knaédel path which starts at (0,0) and is reaching

level r for the first time is given by 2§, ., 1 (2).

Proof. This random walk starts at the origin and ends at A(—,r) as shown in Figure 5.1.

We further decompose this walk into two parts, namely:

(i) the random walk which starts at (0,0), ends at r—1 , and is consequently bounded

above and below by » — 1 and 0 respectively. Hence this generating function is
given by 51"—1,7‘—1 (Z) .
(ii) the single z-step generating function which separate the above generating function

in (i) with the r-level.
Combining these two generating functions we get z&, ;. (z) as required. |

Lemma 57 The generating for any Knodel path which starts and ends on the r-level is given

by
u
F (2,u) = -
1= (1~ )
where z = "5 and u counts the number of returns to the origin.



78 CHAPTER 5. KNODEL RANDOM WALKS

Proof. This random walk starts at A(—,r) and ends at B( —,r) as shown in Figure 5.1.

Using the same contstruction used in the proof of Lemma 9 we get

T 1—u(Fy () + B (2))

F, (2)

The generating function for each walk F, ; (z) has already been derived using the formula

for ¢; ., (2) in Chapter 2 and is given by

Frp (2) = 2%0 00 (2) -

However, because of the speciality of the O-level we cannot apply the ¢, , formula derived in

Chapter 2 to get the generating function for F,. _ (z) as shown in the diagram below

A

F+’r B(_’r)

A(—,I" )

Figure 5.5

And so we will derive a new generating function for F,._ (z) by considering the following

random walks living within the strip 0 < <r —1:

Random walks starting at (0,7 — 1), living inside the strip

n

Oin (2) = Z 0 <i <r—1, allows horizontal steps at the O-level and z".

n>0

leading to (n,1)

The system of all these 6; ’s is described by the following matrix:
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16,0 | [o]
01,1 0
—z
1 —z 0
—z 1 —z
-z 1 -z 01 = (5.2)
Oi1r—1
0
-2z 1 ==z 0
—z 1 i _67"71,7“71_ _1_

However the determinant of the above r x r matrix has already been calculated in the &;

situation in Section 5.1 and is given by

(1 —v)(1+ 0>
(1—202)(14+03)" "

det B, =

Using Cramer’s rule we solve the system of linear equations of the » x r matrix in equation

(5.2) to get the generating function

where the substitutions

erlfici (Z)
O r— —
,r—1 (’Z) c, (Z)
o (1 _H}2r+1) )
B 2i+1
2 = —— and det B, = (1-v)(+v .),
L+o? (1= 0?) (1+07)

were made. Applying the formula for 6;,_; (2) in the decomposition of F,. _ (z) we get

. (2) =20, 1,1(2).

So using the substitutions

’U2

“Tr e

v

= my 22900,00 (2)

z
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and
Z29r—1 r—1 (2) = v <1 - v2’"_1) )
, (1 + v2) (1 + v2r 1)
e get 2 21 |, 2r—1
220000 (2) + 220,151 (2) = v(l(it;) (1 ++vgr+1))’
or

1 —2?
1 + U2) (1 + UQT-H)'

1- 22900,00 (2) — Z2er—1,7’—1 (2) = (

It follows that

22900,00 (z) + z29r,1,r,1 (2) = 1+ 22@0’00 (z) + z29r,1,7«,1 (2)—1

= 1—[1 - 2%pyq (2) — 2°00,1 (2)]
1 —v?

pu— ]_ —_—

(14 v2) (14 v2r+1)’
so that
u
F.(2) =
S S N B E )
u
L= u (22006 (2) + 220,11 (2))
1—0?

(1—|—U2) <1+U2r+1)’

Proposition 58 The generating function of the s-factorial moments of F, (z,u) multiplied

by the number of paths of length n in F,. (z,u) is given by

M) =Y (T ) G ) T )

k=0
Proof. Now
M) = 2 F(zu)
s B T

s [2%0g 00 (2) + 220,11 (2)] N sl 220000 (2) + 220,151 (z)]s_1
[1 = 2%pg 5 (2) = 220071 (Z)]s+1 [1— 220y (2) = 2260,-1 (2)]
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sl 220000 (2) + 220,11 (z)]si1
[1 = 220000 (2) = 200,14 ()]

5! [1 _ #] o
: (02 (102 T)

12 s+1

s—1
— 4l Z (S ; 1> (_1>k (1 + Ug)s—k-‘rl (1 + U2T+1)s—k—|—1 (1 o U2)k_3_1 .
k=0

5.3 Random walks with closed ending.

Theorem 59 The generating function for a Knodel random walk starting at (0,0) and with
a closed ending at (n,0) is given by

w? (14 v)?
[ (o e

and u is counting the number of returns to the origin.

K, (z,u) = fo,rq (2) +

v
1402

where z =

Proof. A closed ending random walk for part III starts at B(-,r) and ends at (n,0). If
we treat r — 1 as the O-level then this walk is bounded above and below by 0 and r — 1
respectively. It follows that the generating function for this closed ending walk is given by

260 ,-1 (2). Thus the overall generating function is given by

K closed (2,u) = go,r—l () + Z&r—l,r—l (2) X Fy (z,u) X 200,-1(2),

where &, (2) is the generating function for all random walks not reaching r. However

v (1+v)°

21,1 (2) X 20,21 (2) = RN

so that
w? (1 +v)° 0¥ (14 0v)°
KTCOS@ Z’u = T— z +
closed (2, 1) Sor-1(2) 1= u (200,00 (2) + 220, 1,1 (2)) (L + 02 +1)?
u
50,7"—1 (Z) + 1—92 21 2"
[1—u<1—m>] (14 v?+)
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Remark 13 We test the correctness of Ky ciosed (2,u) by plugging in v =1 to get:
(14+0)(1—0¥) ¥ (1+0?)(1+0)
(1—v) (1402t (1 —02) (1 +02tl)’
1+2

1—v’

Kr,closed (Z7 1) —

so that

B (n) = [Zn] Kr,closed (Z, 1)
L (=) (1)
_ 2_7”7{ e K, (z,1)dv
= "] (14v) (1+2%)"

(Z) for n even
2

(é) for n odd

2’”,/7r—2n (1- % + 52+ 525) for neven
2" \ ™ (1 - E + 32n2 - 1%323) for n odd

which is the generating function for the total number of Knodel random walks with a closed

ending at (n,0). |

Proposition 60 The generating function of the s-factorial moments multiplied by the num-

ber of paths of length n in F (z,u) is given by

_ UQTS' Z (S - 1) (1 +o )S*k‘i’l (1 + v2r+1)57k71 (1 . Ug)k:fsfl (1 + ’U)2 .

Proof. Applying Theorem 59 we get

o°
MS (Z) = a 3 rclosed (Z7u)’u:1
0¥ (140) 0°
- (1 + v2r1)2 Ous Fr (2 0)lums

_ U%sz(s ) (14 02) R (1 o) R (1 )R (1)

We use the method of singularity analysis of generating function given by [8] to prove

the following two Corollaries:
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Corollary 61 The average number of visits to the r-level by a Knddel random walk with a

closed ending at (n,0) is given by

167342472 4+26r—9(—1)"+9
() V2mn —dr — 24 1, /3 4 B A CU™9 " forn even
mi(n) <
1673 4+-24r24+14r—9(—1)"+3
\/27m—2r—2—|—% 27“+ Tt T+6nT ( )+, forn odd

Proof. specializing on s = 1 into Proposition 60 we have that

0¥ (1 +v2) (1 + v)?

M, (Z> = (1 — 02)2

Now, using the substitution that z = (H—”vz)and upon expansion around z = % we obtain

2 4(2r+1 3273 4+ 4812 + 58r + 21) v/2y/1 — 2
M, () _Alr+l) +(8r2+8r+4)—( r?+ 4807 + 58 +21) V2 -
1-22 V2oy1-—2z 6
+2 (8r* + 1673 + 34r% + 261 + 9) (1 — 22)
3
(51275 + 1280r* + 416073 + 496072 + 3938r + 1185) /2 (1 — 2z)%
+ +
240
Again, by making the substitution that z = (H—Uvz)and upon expansion around z = —% we
get

Mi(2) ~ 14 2r+1)vV2VTT2z— (8”’2+87”+25)(1—22)

(32r% + 4872 + T0r + 27) V2 (1 + 22)*
12 '

Adding up the above two contributions gives

M () = (<2 |2 Th) - 420 +1) (—1\  (32r° +48r% + 587 +21) V2 (1
1 = . \/5 ; . :
(5120 4 1280r* 4 4160r* + 4960r° + 3038r + 1185) v/2 (g>]
240 ;

+2"

+(2r+ 1) ﬁ(i) (320 + 4802 Irz?or +27) V2 (7%)]

ooy (2r+1) (20  (32r® +48r° +58r +21) V2 (2n — 2
B 92n-2,/2 \ n 3n22n n—1
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(5121 + 12807 + 41601 + 496072 + 3938r + 1185) /2 (2n — 4
* 5(n—2) (n—3) 22 (n—4)
(—1)" (32r% + 4872 + 70r +27) /2 (2n — 4
a 227 (n — 2) (n — 3) <n—4>

(@2r+1) (—1)”&(271— 2)]

22n71n n—1
3 2 \n _n
) 2n{2+Vi(—4r—2+167” +24r% 4 26r 4+ 6r (=1)" +3(=1)" +9
o 6mn
507 (296" + 640r" + (1920 — 320(=1)")r* + (2240 — 3(—1)")r?

(1674 — T60(—1)")r + 485 — 300(—1)") + ...} ,

where the above asymptotic results were done using computer algebra. From Remark 12 we

have that B(n) is the total number of objects for a closed ended walk so that

[2"] M (2)
my (n) B ()
V2mn —4r — 2 + % 27” + 16r3+24r2+2ir_9(_1)n+9, for n even
Vemn —2r —2+3, /2% 4 16T3+24T2+éf79(71)n+3, for n odd.

Corollary 62 The second moments are given by

p

8n — v/2mn (12r + 8 + 32 4 342) 4 402 + 487 + 24
(2720145763 +676r2+40874+99)  (=1)" (12r%48r+1) forn even
mo (n) — 6n 2n )
8n — 2mn (12r + 8 4 246 4 ArE1A) 4 4072 + 487 + 28
(27201 4576r3+556r2+2647+90)  (—1)"(12r2+8r+2) forn odd
\ o 6n o 2n ’

Proof. Specializing in s = 2 onto Proposition 60 we get

0¥ (14 02)% (1402 (14 v)?
(1 -2
(1 + 2}2) (U4r+1 + 2,027*—&-2 + 21}41"4—3 + U27’+4 + U47’—|—5)
5 .
(1-v)

M2 (Z) = 2

— Ml (Z)

= 2
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1

By making the substitution that z = 7%5 and upon expansion around z = 3 we get
8 8(3r+2 2 (4072 + 48r + 19
My(z) ~ _BBre2) | 2000 T4 1 19) g6, 4 160,21 1280 1 d0)
V2 (1 —22)2 1—-22 V21 =22
. (21760* + 460813 + 564872 + 35521 + 933) v2¢/1 — 22 .
51
Again, by making the substitution that z = :=°> and upon expansion around z = —% we get

10472 + 1287 4 41) (1 + 22)
2

My(2) ~ =1+ (10r +4)V2V1+ 2z — (

V2 (12812 + 192r + 139) (1 + 22)?
+ . +

Combining the above two contributions we obtain

(2" My (2) =< (=2)" {i <—%) —8(3r +2) (—1) N 2 (407 + 48r + 19) <_%)

V2\n n V2 n
N (2176r* 4 460813 + 564812 + 35527 + 933) /2 (%)
24 n

+2"

n 6

o (n+1) (2n+1 (40r% +48r +19) [/2n
B 2m-3,/2\ n+1 2m-1,/9 n
(21767r* + 460813 + 56487 + 3552r + 933) V2 /(2n -2
3n22n+2

(D" (107 +4)V2 (2“ - 2) L Y2(=1)" (12872 + 192r + 139) (2” - 4) + ]

22n—1p n—1 22n=1(n —2)(n — 3) n—4

> 401 + 487 + 22
= o [—247‘—16%—\/—”(8—#( Or” + 48r +22)
m n

(544r4 + 11527 4 1472r2 + 960r + 267)  (—1)" (12r% + 8r + 1))1

(10r + 4>¢§(%) | V21282 +192r + 139) (g)]

)—247“—16

n—1

12n2 2n2

> 4072 1 485 + 22
= o [—24r—16+\/—n(8+( Or” + 48r + 22)
m n

(544r* + 11521 + 1472¢° + 960r +267)  (=1)" (5r+2) )1

12n2 n?
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where the above asymptotic results were done using computer algebra. From Remark 12 we

have that B(n) is the total number of objects for a closed ended walk so that

[2"] M2 (2)
B (n)

8n — v2mn (12r + 8 + 382) 4+ 40r% + 487 + 24, for n even
8n — v2mn (12r + 8 + 258) + 40r? + 48r + 28, for n odd

ms (n)

X

5.4 Observation

We construct Table 5.1 to give an enumerative comparison between the asymptotic and
exact average number of visits to height r, together with their corresponding variances, by
a simple Knodel path with a closed ending at (n,0). The exact results were found using
computer algebra and the asymptotic results were calculated using the formula for m) (n)

given in Corollary 61.
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my (n) Variances

n Results type |r=1|r=3|r=6| r=1 r=3 | r=6
222 expected 1.682 | 1.280 | 0.770 | 59.764 | 33.243 | 13.372
222 asympt. 1.682 | 1.282 | 0.812 | 59.759 | 33.056 | 8.554
367 expected 1.752 | 1.431 | 0.996 | 85.505 | 54.748 | 27.05
367 asympt. 1.752 | 1.432 | 1.010 | 85.506 | 54.713 | 25.61
593 expected 1.804 | 1.548 | 1.188 | 117.571 | 83.414 | 48.352
593 asympt. 1.804 | 1.549 | 1.192 | 117.572 | 83.405 | 47.900
712 expected 1.821 | 1.587 | 1.253 | 132.100 | 96.810 | 59.100

712 asympt. 1.821 | 1.587 | 1.255 | 132.100 | 96.796 | 58.775

844 expected 1.836 | 1.620 | 1.310 | 146.915 | 110.641 | 70.556

844 asympt. 1.836 | 1.620 | 1.311 | 146.914 | 110.641 | 70.339

1001 expected 1.849 | 1.650 | 1.363 | 163.146 | 125.954 | 83.591
1001 asympt. 1.849 | 1.650 | 1.364 | 163.147 | 125.953 | 83.468

Table 5.1: Average r-level returns by closed ended Knodel paths.

The above Table shows that the asymptotic and the exact results are almost the same for

small values of r as n approaches infinity.

5.5 Random walks with open ending.

Lemma 63 The generating function for a Knodel random walk starting at (0,0) and ending
at (n,r + j) is given by
w7 (1 +v)

b (1 a va?ﬂ))} (14 v+l

where z = "5 and u counts the number of returns to the origin.

Lr+j,above (Z7 U) - [

Proof. Combining generating functions for parts I and II together with the generating

function for part III ending at (n,r + j) in Figure 5.1 we get the generating function for
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the entire walk starting at (0,0) and ending at (n,r + j). The random walk for part III
starts at B(—,r) and ends at (n,r + j). If we treat r + 1 as the O-level, we realize that the
generating function for part III random walk is unbounded from above and below by r—1 and
0 respectively. Hence the generating function for part III is similar to the one derived in the
Dyck paths situation in Lemma 6(a) given by zp, ; ., (2). Therefore the overall generating

function for this walk is given by

L jabove (2, u) = Z&r—l,r—l (2) X F (2,u) X 2P 1,00 (2).

However
u v (14 v)
Fr (Za u) = 102 ) Zfr—l,'r—l (Z) = m7
)
and
Z(pj—l,oo (Z) = Uj?
so that
u v (14 v)
Lr+j above (Z, u) - .
’ 1—v2 1 2r+1
1_“<1_W> (L)

Lemma 64 The generating function for a Knddel random walk starting at (0,0) and ending
at (n,r — j) is given by
w7 (14 v) (1 + 0¥ T

1= (1~ e ) | (L o)’

Lr_jvbel‘)w (Z’ u) = gr*j,rfl (Z) * [

where z = 1= and u counts the number of returns to the origin.

1+

Proof. Combining generating functions for parts I and II together with the generating
function for part III ending at (n,r + j) in Figure 5.1 we get the generating function for the
entire walk starting at (0,0) and ending at (n,r — j). The random walk for part III starts
at B(—,r) and ends at (n,r — j). If we treat » — 1 as the 0-level we realize that part III

random is bounded above and below by r — 1 and 0 respectively. Because of the speciality of
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the (r — 1)-level discussed in Lemma 51 we have that the generating function for part IIT of
Figure 5.1 is unsymmetrical to the one ending at (n,r + j) proved in the above Lemma 63;
and so we will denote it by 20;, 1 (z) and not z¢; ; , (2). Therefore the overall generating

function for this case is given by

Ly jpetow (2,u) = fj,rq () + zgrflmfl (2) X Fy (2,u) X 20,1 (2),

where &;, (z) is the generating function for all random walks starting at (0,0) and not

reaching . However

u v" (1 +v)
Fr (27 U) = 12 ’ Zf'r—l,r—l (Z) = ma
1= u (1~ i)
and
2 UL
=1 (14 o02r+1)
so that
u I (1 + 0% (1 +v)
erj,below (Z, ’U,) = gr—j,'r—l (Z) + 1_ 1_ 102 (1 + ’U2T+1)2 :
u A102)(1+02 1)

Theorem 65 The generating function for a Knodel random walk starting at the origin with

an open ending at (n,—) is given by

u v (14 0)°

1—02 _ 2r+1)2’

r—1
Lr,open (27 u) = Zé.k,r—l (’Z) +
k=0

v
1402

where z = and u counts the number of returns to the origin.

Proof. If we sum up the two unsymmetrical generating functions derived in Lemmas 63,

and 64, for all j > 0 together with the generating function

267‘—1,7’—1 (Z) X F’r‘ (Z7 U) )
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we get a bivariate generating function for the entire random walk with an open ending at

(n, —):
r—1

ropen ngr 1 +Z§r 10— 1( )XFT <Z7u) (ZZSOj—l,oo (Z>+ZZGJ}T*1 <Z>+1> )
=0

Jj=1

Since

v(1+0")(1—o")
ZZQOJ‘—LOO (2) = ZZQN 1 1+ o) (1—v)

Jj=1

we have that

B (14 v)
(Z Z Pj100(2) +2 Z O0r—1(2) + 1) T 1 —v) (L + o)

5>1 j>1

It follows that

— u v (14 0)?
L'r‘o en \Z,U) = r—1 (%) +
P (z,u) ;gk, ; (2) 1—u (32800,00 (2) + 220, 1,1 (z)) (1—v)(1+ U2r+1)2
r—1 2
U v (14w
= Yt + T e
k=0 1 u (1~ i)
as required. [ |

Remark 14 We test the correctness of the generating function Ly gpen (2,u):

The generating function for all random walks starting at (0,0) and not reaching r is given

by

)

(1+02) (1 —0") (1 —ovth)
Zg’“‘ ! (1—v)% (1 +021)

so that
! 14 02) (1 + 0>+t " (14 v)?
Lr,open (Z7 1) = z_:é.k,rl z) + ( 1)<_02 ) (1 o 1))<(1 + 1))2r+1)2
14— Q=) v (1 +0?) (1 +0)
T 0Oy Q0P (e
 (140?)
TR
1

T 1-22

_ Z2nzn’

n>0
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which is generating function the total number of objects for any Knodel random walk starting

at (0,0) and ending at (n, —). |

Proposition 66 The generating function of the s-factorial moments of Ly open (2, u) multi-

plied by the number of paths in this case is given by

M,(z) = s Z_j (S . 1) D A C el I § Il el G )
x (1+ v2r+1)s_k_1 (14 v)>.

Proof. Now

85
Ms (Z) - %Lr,open (Z, U)

u=1

s—1
1— 2
s! [1 — WM} " (1 + U>2

[ty (0@

_ v'"s!:z:; (8 ; 1) () (1= 1) T 1 =)

x (1+ UQTH)S*]%I (14 v)>.

|
Like in the previous Section we apply the method of singularity analysis for generat-
ing function given by [8] to get formular for the average number of visits to level r by a

nonnegative height r.

Corollary 67 The average number of visits to level r by a Knddel random walk with an

open ending at (n, —) is given by

on 2r2 +2r +3
min) = W (2T

(4t 487 4+ d4dr? + 40r +12(=1)"r + 6 (=1)" + 27)) —2r — 11

48n?

Proof. Specializing on s = 1 onto Proposition 66 gives

Ml(z):vr(1+1§g (1+0v) .
(=) (1—0)
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By making the substitution that z = 7%5 and upon expansion around z = % we obtain
M, (2) 2 2r +1 +4r2+4r+3 (2r® + 3r2 + 7r + 3)
1(&) - -
V2(1—22)% (1-22) 2v2y1-22 3
V2 (16r* + 32r% + 15212 + 1361 + 69) /1 — 22
- -
96
Again, by making the substitution that z = =% and upon expansion around z = —% we get

(-1 (=) " (2r+1)v2y1+22 N (=1)" (2r2 4 2r + 3) (1 + 22)
4

[\
Nlw W

V2 (=1)"2 (1 4 22)
48

Adding up the above two contributions we get

et < o [5() o0 ()35
L V2161 + 327 + 152r% + 1367 + 69) (é) . ]

96
W (D2 + D) V2 2\ V2(=1)" (8% + 1202 + 467 + 21) (3
+2 — + ..
4 n 48 n
oon | @Cn42) 2041\ V2(16r* + 32 4 15217 + 136r 4 69) (20 — 2
B 22n,/9 n 96n22n—1 n—1
4r2 + 4 2 —D)"(2r +1)v2 (2n -2
+(7“+ r+3)(2n —(2r+1)—( )" (2r +1) V2 (2n
22n+1,/9 n 22n+1p n—1

+\/§ (—=1)"" (83 + 1212 4 467 4 21) (2n — 4 N
22n+2 (n — 2) (n — 3) n—4

2n[ /2n (2+2T2+2T+3
s 2n

(4r* + 8% + 4dr? +40r +12(—=1)" 7 + 6 (—1)" + 27)) —2r — 1]
48n?2 ‘

)

where the above asymptotic results were done using computer algebra. From Remark 10 we

have that 2" is the total number of objects for a closed ended walk so that

[2"] M (2)
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[ /2n( 2r2 +2r +3
= — |24+ ——F—F—
T 2n

(4rt +8r% + 44r? +40r + 12(=1)"r + 6 (—1)" + 27)
- 1802 + ... =2r—-1],

as required. ]

Corollary 68 The second moments on Ly open (2,u) are given by

2 561 + 90r% + 94r + 39
m(z)(n)lenﬂ/—”[—wr—m—( e r3+ rr >—|—...]—|—20T2—|—247“+14.
s n

Proof. Specializing on s = 2 into Proposition 66 we get

o (14 02)% (1402 ) (14 v)?
V() = o|[TOE O
1— P (1—0)
2 (V31 4 2072 4 373 (1 —|—112)2
(1—v)* (1 —?) '
By making the substitution that z = 17%7 and upon expansion around z = —% we get
My (2) 4 4(4r +3) N 2(10r% +12r +5) (11273 + 180r%152r + 51)
z ~ — _
i (1-22)*  2(1-22)2 1—-2z 3v2y/1 -2z

+ (82r* + 168r* + 2247 + 150r + 42)
(39047 + 9840r* + 188807 + 190807 + 108767 + 2715) v/2y/1T — 22
240
+ (14003217 4- 490560r° + 16665664r° + 2951760r* 4- 37350887 + 29496601

+

3

(1—22)2

13640161 + 2 PR —
+ 13640167 + 285075) v/2 o160+

Upon expansion around z = % we get the contribution

V2 (=1) (872 +2r + 1) /T + 22
1
| V2(=1)" (1607 + 104% + 164r° 4 46r +9) (1 + 22)?
48

M2 (Z) ~

Therefore

"] Mz (2) = (=2)" l4(_2) - 4(470—\/;3) (_%) + (2072 + 247 + 10) (_nl>

n
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(11273 + 180r?152r + 51) (—%)

3v/2 n
L (39047“5 + 9840r* 4 1888073 + 1908072 + 108761 + 2715) V2 (%)
240 n

+ (140032r" 4 490560r° + 16665664r° + 2951760r* + 3735088r* + 29496607

2 (3 1+ 2r +8r2) /1
©1364016r + 285075 Y2 (2) T VoI [w (Z)

20160 \ n 4
(160r* + 1047° + 164r% + 46r +9) (3
_|_
48 n
_ o ly n+1\ @r+3)(n+1)/2n+1
B n 2277,72\/5 n + 1
112r% + 180r2152r + 51) (2
12 (1012 4 127 4 5) — 12 T 180152 )( ”)
22n3\/§ n
(3904r° + 9840r* + 18880r3 + 190807 + 10876r + 2715) V2 (2n — 2
15n22n+3 n—1
+ (14003277 + 490560r° + 16665664r° + 29517601 4- 37350887 + 29496607
V2 2n — 4
13640161 + 285075
o T )22”+4(n—2)(n—3)105(n—4)

22nn, n—1
(=1)"" (160r* + 10473 + 16472 + 467 +9) [2n — 4
2242 (n — 2) (n — 3) n—4

2 561 + 90r% + 94r + 39
= 2"{4n+20r2—|—247‘+14—\/—n{(167‘—}—12—( e e ))
T

(=)™ (14 2r + 8r?) <2n — 2)

3n

(976r° + 2460r* 4 50007 + 60r* (87 + 2 (—1)""") 4 3204r 4+ 15 (—1)""" (2r + 1) +8
120n2

o)

where the above asymptotic results were done using computer algebra. From Remark 14 we

have that 2" is the total number of objects for a closed ended walk so that so that

[2"] M (2)
me) (n) = Q—j
2 3 2 4
= {4n+20r2+24r+14—,/—" {(167‘—1—12— (56r +907"3+9 7”r39)>
m n

(976r° + 2460r* + 50007 + 60r? (87 + 2 (—1)""") 4 32047 4+ 15 (—1)"*" (2r + 1) + 885)
120n2
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)

5.6 Observation

The following Table gives an enumerative comparison between the asymptotic and exact

average number of visits to height r, together with their corresponding variances, by a

simple Knodel path with an open ending at (n, —).

my (n) Variances

n Results type | =1 r=3 r==6 r=1 r=3 r==6
222 expected 20.963 | 17.494 | 13.063 | 189.696 | 106.197 | 61.431
222 asympt. 20.963 | 17.494 | 13.061 | 189.661 | 104.993 | 40.019
367 expected 27.716 | 24.130 | 19.362 | 353.690 | 222.629 | 128.960
367 asympt. 27.716 | 24.130 | 19.362 | 353.673 | 222.048 | 118.393
593 expected 35.974 | 32.301 | 27.275 | 624.766 | 432.603 | 266.160
593 asympt. 35.974 | 32.501 | 27.275 | 624.758 | 432.317 | 260.864
712 expected 39.685 | 35.983 | 30.874 | T71.879 | 551.657 | 349.540
712 asympt. 39.685 | 35.983 | 30.873 | 771.885 | 551.441 | 345.492
844 expected 43.456 | 39.730 | 34.549 | 937.463 | 688.453 | 448.761
844 asympt. 483.456 | 39.730 | 34.549 | 937.458 | 688.285 | 445.606
1001 expected A47.576 | 43.928 | 38.581 | 1136.919 | 856.231 | 574.270
1001 asympt. 47.576 | 43.928 | 38.581 | 1136.917 | 856.099 | 571.806

Table 5.1: Average r-level returns by open ended Knodel paths.

The above Table confirms that

as n grows larger.

expected (r)
_—

asympt (r)
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5.7 Return statistics

In what follows we analyze the average number of returns to the origin for an arbitrary
Knodel random walk starting at (0,0) with an open ending at (n, —). The recursion for the

special system at 0O-level, unlike in the case of visits to the r-level, will be given by
50 — 1 + ngl + ngo,

where the variable w is counting the number of returns to the origin. Therefore the system

of all the &, ’s given in Section 5.1 will now be given by

l—zw —zw Son 1
-2z 1 -z E1n 0
-z 1 -z 0
-z 1 ==z &in =|. | 63
-z 1 =z i1n
-z 1 ==z . 0
—z 1 gh,h 0

As before we calculate the &, , ’s using Cramer’s rule by first finding the determinant of this

system with i + 1 rows.

Lemma 69 The determinant of the system of the &, ;,’s with h + 1 rows is given by

(14 v? —wv) (1 —v**?) —wo? (1 —0v?")

(1402 (1 v?)

det Dh =

?

where w counts the number of returns to the origin.

Proof. The determinant of the system in equation (5.3) is given by
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1—2zu —zu
-z 1 -2
-z 1 =z 0
det D, =
0
—z 1 -z
—z 1
= (1 —zw)det Aj, — Z2wdet Aj_;
N <1_ vw >< 1 1—U2h+2)_w( v )2( 1 1 — % )
1+02 ) \ (1 —02) (1+02)" 1402 (I —2v2) (1 +02)"!
(140 —wo) (1 —0??) —we? (1 — 0™
(1+02)" (1 —0?) ’
where the substitutions for det A, and det A,_; are as in Lemma 6 of Chapter 2. [ ]

The &, ;,’s calculated in Section 5.1 will now change slightly because of the incorporation of

the return counting variable v into the matrix of the system.

Theorem 70 The generating function for the number of returns by a Knddel random walk
with an open ending at (n,—) is given by
i
fi,oo (z,u) = T oty
L—u (1—1—1}2)

v
1402

where z = and u counts the number of returns to the origin.

Proof. Applying Cramer’s rule onto the system of linear equations given in equation (5.3)
we get

i det Ah—i

ivo (2,u) = Zm
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v i 1 1 — y2h—2i+2 (1+ U2)h+1 (1—v?)
B (1 + 1)2) (1—=2?) 1+ 1)2)}” (1402 —wv) (1 —v2+2) —wo? (1 — v2h)
v (1 — v?=242) (1 4 )
(1402 —wv) (1 — v2P+2) —wov? (1 — v2h)
vi (1 +0?)

_ h
I+ —wwtoz) 0%

and so
i

=)

fi,oo (Z, U}) =

Remark 15 Plugging w =1 into )&, , (z,w) gives

i>0
1+2
Zgi,oo (Z, 1) - 2
= (1—wv)

which is the generating function for the total number of Knodel random walks with an open

ending already derived in Remark 14.

Proposition 71 The generating function of the s-factorial moments of §; ., (2, w) multiplied
by the number of paths of length n is given by

vis! (1 +v)° (14 v?)

Ms (Z) = (1 - U>s+2

Proof. Now

85
M(s) (Z> = %gz,oo (ZJ UJ)
v's! (ﬁ—jji)
v+ s+1
(1 - livj)

v'sl (1 +0)° (1 +v?)
(1 . U)S+l .

Summing up the above generating function for all ¢ > 0 we get the s-moments generating

w=1

function for an open ending at (n, —) given by

_vsl(l40) (1+ v?)
(1 . v)s+2 :

M) (2)
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Corollary 72 The average number of returns to the origin by a Knodel random walk with

an open ending at (n,—) is given by

2n 3 9

Proof. Specializing on s = 1 into Proposition 71 we get

M (2) = - d j(lejf);Lv )

U
1402

Expanding My (2) around z = % and using the substitution z = we get

2 2 3

Mo @™ et T e

However expanding M(s) (z) around z = —1 gives a negligibly small contribution. Combining

these two contributions gives

ot = e [()-o(2) () 47C0)

o [(2n+2) (2n+1 L3 (m\_, 23V2 (-2
N 22, /2 \ 'n+1 22n+1,/9 \ n 92n+4p, \ 1 — 1

2n 3 9
= o [ (o 2 9
T ( o 16n2) ]’

where the above asymptotic expansion was done using computer algebra. It follows that

[2"] M, (2)
myy) (n) = T on

2n 3 9
= /2 (24 2 -2 ) -2
T < o 16n2) ’

as required. [ |

Corollary 73 The second moments of §; ., () are given by

/2 16 17
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Proof. Specializing on s = 2 into Proposition 71 gives

02 (14 0) (14 0?)
(1—v)’

M) (2) =
Expanding M) (z) around z = 3 and using the substitution z = Tz we get

My (2) 4 B 16 N 14 20 B 51v2y1 — 22
@ (1—22)2 \/5(1_22)% 1-2z oy1-2z 2 ’

However expanding M) (2) around z = —% gives a negligibly small contribution. Therefore

2] My () ~ (-2 [4(22> -3 ()50 - (n)]

) Bt
ﬁ 2n—2

o3\ — 1
2 1 1
LN ISy Ly (T S U
T n  2n?
Hence
[2"] M (2)
me) (n) =

2 16 1
ORIIST Y - ST S (N
T n  2n?

The two moments calculated in the above Corollaries do agree with moments of the

random vaiable for the number of returns of a simple random walk given by Kemp in [16].

5.8 Observation

In this Section we give an enumerative comparison between the asymptotic and exact average
number of returns to the 0-level, together with their corresponding variances, by a simple
open ended Knodel path. The exact results were found using computer algebra and the

asymptotic results were calculated using the formula for m) (n) given in Corollary 72.
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n Returns Variance
expected | asympt. | expected asympt.

50 9.4521 | 9.4521 46.0529 46.0533
101 | 14.1558 | 14.1560 | 106.2072 106.2018
174 | 19.1402 | 19.1402 | 197.4310 197.4310
222 | 21.8566 | 21.8566 | 259.0795 259.0794
367 | 28.6329 | 28.6330 | 449.5602 449.5602
593 | 36.9086 | 36.9086 | 753.2639 753.2639
712 | 40.6253 | 40.6253 | 915.0888 915.0888
844 | 44.4010 | 44.4010 | 1095.6349 1095.6349
1001 | 48.5257 | 48.5257 | 1311.4759 1311.4759
Table 5.3: Average O-level returns by open ended Knodel paths.

The above Table confirms that the asymptotic and the exact results are the same for small

values of r as n grows larger.
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Chapter 6

Motzkin random walks

6.1 Introduction

First we recall that a Motzkin random walk of length n is a closed nonnegative lattice
path of N2 running from (0, 0) to (n,0), whose allowed steps are the up diagonal step (1,1),
down diagonal step (1, —1) and the horizontal step (1,0). In this Chapter we enumerate
Motzkin random walks of length n in terms of their visit to the nonnegative height r and

returns to the origin as shown in the following diagram:

103



104 CHAPTER 6. MOTZKIN RANDOM WALKS

A
) ACH BEr) J

J

n
0 / >
\_
' A ~ A
i 11 11
v

Figure 6.1: Open ended Motzkin path of length n

Further results on the enumeration of Motzkin random walk in terms of other parameters
such as peaks and valleys will be dealt with in [23]. A wide range of articles dealing with
the enumeration of Motzkin paths appears in many literatures such as [1], [2], [6], [7], [12],
[23], [24], and [25]. As usual we apply the matrix approach and its associated Cramer’s rule

to construct our generating functions.

The generating function for any Motzkin random walk of length n for all = 0,1,2,3, ..., h,
which we denote by 6, 5, is given by:

5 Number of path of length n, starting at 0 leading to (n, i) and .
ih — Z,
i>0 | allows horizontal steps at any level with height <A
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where z counts the single steps. For 0 < ¢ < h we have that

i+l

Oi-1

Figure 6.2

which gives the recursion
(Si (Z) = 261 (Z) + Z(Si_l (Z) + 26i+1 (Z) s

indicating that from level ¢ we either go up to level i41, down to level ¢ —1, or stay horizontal

at level 7. For + = 0 we have a special case:

6 i+1

Figure 6.3

which gives the recursion

80 (2) =14 260 (2) + 261 (2),

indicating that we either stay at the origin, 0-level, or go to up to 1-level. The final special

case 1Is for 7 = h:

Oi O

i-1

Figure 6.4
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which gives the recursion

6h (Z) = Z(Sh,1 (Z) —+ 25h (Z) ,

indicating that from level h we either go down to level h — 1 or stay horizontal at level h.

We express all these recursions, for ¢ = 0,1,2, ..., h in a single matrix equation
Bp®p, = Ch,

where the coefficient matrix Bj, is a square matrix with h + 1 rows, ®;, is the column matrix
representing the 6,5 (z) ’s and C}, is the column matrix consisting of h zeros and a 1 in the

first entry. It follows that

_1—z —z | _60,h ] _1_
—z 1—2z —z 0 O1.h 0
—z 1—2z —z 02,1 0
0
—z 1—2z —z Onh—1,h 0
—z 1—=2 Oh.p 0

As usual we calculate the 0;n’s using Cramer’s rule. B_ut_ﬁrst, we determine the determinant

of matrix B,

Lemma 74 The determinant of the system of the 6;5 ’s, denoted by det By, , with h + 1

rows is given by
(1 _ U2h+4)

detBh:
(1—02)(1+v+0?

)h+1 :

Proof. First we determine the determinant of the matrix A, but we h rows only.

Expansion of the first row of A; we obtain the following recursion of order two:

det Ay = (1 — 2)det Ap_; — 2°det Ap_5, det Ag=1, and detA; =1 — z.
The characteristic equation is A\* — (1 — 2)\ + 22 = 0 with roots )\, o = 1=2Ev1-22-327 ”Q’QZ’?’ZZ Now

using the substitution
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v
z = —
1+v+402
we get
U2

A v
! 14v+02’

TTrore s
so that

det A, = a\! + BAL.
Solving for o and (3 :

h=0givesl =a+ Fand h =1 gives 1 — z = aA; + B)s.

Combining the above two equations we finally get

1—24++v1—22z—322 1—2—+V1—-22—322
1=« 5 + 5 )

2
so that
A -
o= ! and = 2 )
V1—2z—322 V1—2z—322
Hence
det Ah _ 1 [)\h+1 o )\h+1:|
V1—2z— 322 ! 2
14+v+102 1 v? hd
1—v?2 |(1+v+0v2)hHl 14+ v+ 02

1 — p2ht2
(14+v4+0)" (1 —02)

Now expanding the first row of our actual matrix in equation (??) with h+ 1 rows we obtain,

det Bh = det Ah—l—l
(1 o 02h+4)

(1—v2) (1 +v+02)"
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Theorem 75 The generating function of the a Motzkin random walk which start at (0,0),
end at (n.i), and bounded above by the line h > 0 is given by

v (14 v+ 0?) (1 — v?h=2F2)
(1= o2hrd)

(Siﬁ (Z) =

- _ U
with z = T

Proof. The proof of this Theorem is an exact analogue of the proof of Theorem 7 in Chapter

2, hence will not be repeated here. [ |
Remark 16 If we remowve the restriction on the height of the path and let h — oo we get
bioo (2) =0 (1+v+0%).
Summing up for all ¢ > 0 we get

251;00@) :(1+U—+Uz)_

P (1—0)

Therefore

Doen () =[] 3 81 (2)

1 (1+v+0?)
=)

= (1= (1+v+0*)"

= " (1+0v) (1+v+02)"

(n,?)) (n,3)

= +

n n—1

3 ( B 9 63 351
1

V= 6n 12802 1024n3>’ using (23]

which is the total number of Motzkin paths with an open ending at (n,—). B

6.2 Generating functions for the number of visits to
the r-level.

In order to get a suitable expression for the generating function for the entire random walk

we decompose it into three parts, which are I, Il and III as shown in Figure 6.1.
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Lemma 76 The generating function of a Motzkin random walk which starts at (0,0) and is
reaching r for the first time is given by

o™ (1 —v?)

20,11 (2) = A= oz2)

S U
where z = —"— o

Proof. The proof of this is the generating function is similar to the one done for the Dyck

case in Lemma 8 and hence will not be repeated here. [ |

Lemma 77 The generating function for a Motzkin random walk which starts and ends on

r 1§ given by
u

1—v2 ’
1—u (]. - (1+v+’u2)(17112r+2)>

where z = 7 and u counts the number of returns to the r-level.

F, (z,u) =

Proof. This random walk starts at A(r, —) and ends at B( r, —) as shown by part II of Fig.
6.1. By a simple shift we let level r be the O-level. We denote the generating function for
this random walk by F,. (z,u), where u is counting the number of returns to the r-level. Fur-
thermore, let F).; (z) and F,. _ (z) denote the generating functions of random walks that are
above and below the 0-level respectively. Finally, let F).( (z) denote the generating function
of random walks which are before F, ; (2), between F, , (z) and F, o (z) and after F,. (2).
Therefore between any two returns on the O-level, we have a sequence of paths above, below
and on the r-level, which we denote symbolically as F, (z,u) = (F, 1 (2) U F,_ (2) U F,.o (2))".

Hence

u
T u(En () B () B

F.(2)

We decompose F, ; (z) and F,._ (z) using the formula for 6, (z) as in the proof Lemma 9
so that
F,.(2) = 228000 (2) and F,_ (2) = 2%60,_1 (2) .
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The horizontal random walks F,, (z) will be denoted by a single z-step. It follows that

U
Fr(2) = 1 —u (226000 (2) + 2200,0-1(2) + 2)

Using the substitutions

2 2 2r

v v v (1 —v*)
= — d 26 r— - )
Troso 27 00(2) (1+v+02) (1 — v2r+2)

we have that
U2 (2 o 1)27"+2 - ,UQT‘)

(1+v2) (1 —vr+2)’

2260700 (Z) -+ 226077«,1 (Z) =

or
1 —v?
2 2 _
1 — 20000 (2) = 2°0p—1,-1(2) — 2 = AT o0 (1=
Therefore
226000 (2) + 2260, 1 (2) + 2 = 14226000 (2) + 2260,1 (2) + 2 -1

= 1- [1 — 2260700 (z) — 22607,_1 (2) — z]
B 1 —v?
a (1+v+v2) (1 —v2rt2)’

and hence the results. [ |

Proposition 78 The generating function of the s-factorial moments multiplied by the num-

ber of paths of length n F, (z,u) in is given by

s—1
M) (2) = sy (S R 1> ()" (1 +v+0?) 7 (1= o 2) M (1 =)
k=0

_ U
where 2 = —"— -

Proof. Applying Lemma 77 we get

85
M) = Bz
s [2%0g 00 (2) + 226021 (2) + 2]°
:|s—|—1

u=1

[1— 220 o (2) — 2260,-1 (2) — 2



6.3. RANDOM WALKS WITH A CLOSED ENDING. 111

s 220 o0 (2) + 226021 (2) + z}sfl

[1 - 22900700 (Z) - Z260,1’71 (Z> -z
! [2200,0 () + 280,01 (2) + 2]
[]' - Z2S00,oo (Z) - Z260,7’—1 (Z> — Z:|

s—1
102
s! [1 - (1+U+U2)(1+v27‘+2):|

S

s+1

1—v2 st
[ (14+v+v2) (1402r+2) :|

s—1
— 4l Z (S ; 1) (_1)k (1 +ou+ 112)5_k+1 (1 . 'U2T+2)S_k+1 (1 . 112)k_8_1 .
k=0

|
The generating function for part III of Figure 6.1 helps us to determine if the generating

function for the entire walk has a closed or open ending.

6.3 Random walks with a closed ending.

These are random walks ending at (n,0).

Theorem 79 The generating function for a Motzkin random walk starting at (0,0) and

ending at (n,0) is given by

(1+v+0?)(1—0%) w? (1-v?)*
Gr,closed (Za 'LL) = (1 o U2T+2) + 1—v2 2r+4-2 2’
[1 — U (1 - (1+U+U2)(1+U27‘+2)>:| (1 -0 )

where z = {7 and u counts the number of returns to the r-level.

Proof. We decompose a Motzkin random which starts at (0,0) and ends at (n,0) into three
generating functions corresponding to walks in parts I, II and III of Fig. 6.1. The generating
functions for part I and II are already known from Lemma 76 and Lemma 77 respectively.
Treating r as the 0-level and realizing that the generating function for part III leaves the r-
level at B(—, r), without making no returns to r, and ending at (n,0), we eventually see that
this generating function is symmetrical to the one for part I. Thus the generating function

for this closed ending (or part III) is given by 2z6,_1,-1 (2). If we combine the generating
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functions for part I, II, and III we get the generating function for the entire walk given by
Gr,closed (za U) = 50,7‘—1(2) + 267'—1,7*—1 (Z) X Fr (za U,) X Z(Sr—l,r—l (Z> )

where 6p,_1(2) is the generating function for random walks not reaching level . But then

v (1 — 02)2

261"717'71 z = 2
(et (2 = 2]

so that
G (z,u) = 6bo,-1(2)+ = o (1 —v)
r,closed P 0,r—1 [1 — (22@0’00 (Z) + 22(50’7«,1 (Z) + Z)} (1 . UQTJFQ)Q )
(1+v+v?) (1 —v*) w? (1 —v?)?

LI [ () [

1+v4v2)(1—0v2r+2

Remark 17 Substituting u = 1 into G, cosed (2, 1) we get

1+v+0?)(1—2*) v (1+v+0%)(1—0?)

G closed (2,1) = (1 — v2r+2) (1 — v2rt2)
= 14+v+%
And so
B(n) = [2"]Graosed (2, 1)
_ %mjgu_v?)(iﬁw%“ (1404 ) do

= (1= (1+v+ Ug)n
_ (n,3 - n,3
B n n—2
3 3 117 459
SURE: (W B ing [1
’ ™m (Qn 3202 © 64n3) using 1],

which is the total number of Motzkin paths of length n with closed endings. So this

remark serves as a good test for the consistency of Gy ciosed (2, ) - [ |
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Proposition 80 The generating function of the s-factorial moments multiplied by the number

of paths of length n in Gy gosea (2, 1) s given by

s—1
Ms (Z) _ ,U2r5! Z (S ; 1) (_l)k (1 +u+ U2)sfk+1 (1 - U2T+2)57k71 (1 . U2)k75+1 ,
k=0

_ U
where z = " -

Proof. Applying the generating function G, goseq (2, 1) wWe get

88
MS (Z) = % Gr,closed <Z7u)‘u:1
v (1 — 02)2 0*

s—1
_ U2TS! Z (S ; ].) (_1)k (1 +u4t /Uz)s—k—l—l (1 - U2T+2)s—k—1 (1 . /Uz)k—s—l—l :
k=0

as required. [ |
We are now ready to use asymptotic expansions given in [8] and [20] to find moments of

Motzkin random walks.

Corollary 81 The average number of visits to level v by a Motzkin random walk is given by

3673 + 108r% + 117r + 45
meay (n) ~ 6r+6+
) 2n

4327° 4+ 21607* + 532813 + 734472 + 5319r + 1575
+ 16n2 o

Proof. Specializing on s = 1 into Proposition 82 we get
M (2) = v (1 4+ v + v?)2

To compute [2"] M (z) using Cauchy Integral Formula is a little bit tricky here, so we use

(- ()+ ()

n 1 dz o, 212
2" My (2) = 57 P ot (14+v+0v%)

the substitution

from [20] so that




114 CHAPTER 6. MOTZKIN RANDOM WALKS

1 1—0?2)(1 2yn—l
= 5= ( v)(v;:}va) UQT(1+U+U2)2dU

= ) (o)

~ (n+1,3 n+1,3

n <n—2r)_<n—2r—2)

B n,3 n,3 n,3 n+1,3
N (n—2r)+(n—2r—1)_(n—27‘—3>_(n—27‘—4>

o [ 3 {9 (r+1)  9(195r+99) 27(°+3r)  9(1005r° + 1575)

™ n 16n2 n? 16n3
O(5373r +1941) | 9(9r° +45r%)
64n3 2n3 T

where the last asymptotic expansion was done using computer algebra, and applying [20].

Using the total number of objects derived in Remark 17 we get

] 34 (2
mE) = 5
3673 + 10872 + 117r + 45

2n
+4327"5 + 2160r* + 532812 4 7344r% + 5319r + 1575 .

16n2

~ O6r+6-+

Corollary 82 The second moments on Gy ciosed (2,u) are given by

(4057* + 15847 + 240372 + 16657 + 441)

n
+408247’6 + 243648r° + 652050r* + 98517673 + 87220872 + 423387r + 87129 n

24n?

me (n) ~ 54r* +96r + 42 —

Proof. Substituting s = 2 in Proposition 80 gives

(1 + v+ U2)3(1 _ U2T+2)
(1 —v?)

MQ(Z):2U2T|: — (14+v+0vH)?.

And so

My (2) = = b -EAn(2)

2mi | 2ntl

1L (20" [(v+20) =0 P2 (1+v+0H)](1+v+ v2)nd
- v
2mi pntl
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_ 2 |:,Un 2r— 1] 1 + 20)(1 +U +U2)n o 2 |:vn—4r—2] (1 +'U +v2)n+1

_ n,3 n n,3 _ n+1,3
B n—2r—1 n—2r—2 n—4r — 2

3 (817“ + 144r +63 12157 + 5697r  60831r% + 13041

~ —_—

™ n 2n?2 B 16n2
_23767”3 N 15228r° + 6736513 N 25474512 N 5887
n? n3 4n3 8n3
1063611r + 13514850 510376
32n3 o 2n3 + ) ’

where the last asymptotic expansion was done using computer algebra, and applying [20].

Using the total number of objects derived in Remark 17 we get

_ a0
T

5452 1 061 + 42 — (405r* + 158473 + 2403r% + 16657 + 441)
n

+40824T + 243648r° 4+ 6520501 + 98517612 4+ 87220812 + 423387r + 87129
24n2

6.4 Observation

With the help of computer algebra and Corollary 81 we construct a Table 5.1 to give an
enumerative comparison between the asymptotic and exact average number of visits to height
r, together with their corresponding variances, by a simple Motzkin path with a closed ending

at (n,0).
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Type of my (n) Variances
n results r=1 r=3 r=5 r=1 r=3 r=5
593 | expected | 11.746 | 22.114 | 29.993 | 55.203 | 195.265 | 318.485
593 | asympt. | 11.746 | 22.117 | 30.034 | 54.821 | 175.868 | 123.158
712 | expected | 11.788 | 22.418 | 30.919 | 55.9741 | 205.277 | 354.423
712 | asympt. | 11.788 | 22.419 | 30.943 | 55.708 | 191.642 | 215.213
844 | expected | 11.821 | 22.657 | 31.661 | 56.583 | 213.460 | 385.496
844 | asympt. | 11.821 | 22.658 | 31.675 | 56.393 | 203.654 | 284.277
1001 | expected | 11.849 | 22.862 | 32.303 | 57.105 | 220.654 | 414.089
1001 | asympt. | 11.849 | 22.863 | 32.312 | 56.969 | 213.620 | 340.794

Table 5.3: Average r-level visits by a closed ended Motzkin path.

The above Table shows that the asymptotic and the exact results are almost the same for

small values of r as n grows larger.

6.5 Random walks with an open ending.

The generating function for part III of Fig. 6.1 has three choices, depending on whether

it will end on j + r ( i.e. above r), r or on r — i (i.e. below r) as proved in the following

Lemma:

Lemma 83 The generating function L, (z,u) for the entire Motzkin random walk starting

at (0,0) and ending either at (n,r — j) , r or (n,r + j) is given by

;

L. (z,u) = <

where z =

wv" I (1—v?)

R

uvr+j(1_v2)(1_v2r72j+2)

1—v2 )

1+v+v2)(1—v27‘+2)

53'71,7*71 (Z) + {17 (1
U

(1_U2r+2), endzng at (77,, r -4 j)

wv” (1—v2)

(1_yzri22’  ending at (n,r —j)

\ [1—%1-#@)

(1_v2r+2)

’ ending at (n,r)

oz and u is counting the number of visits to the r-level.
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Proof.
Case 1: Ending at (n,r + j).

This random walk starts at (0,0) and end at (n,r + j), and is mainly composed of three
generating functions; 26,1, (2) for part I , F, (2, u) for part II and the generating function
for part III of Fig. 6.1. If we treat r as the 0-level we can easily see that it is bounded below
and above by 0 and oo respectively, and it leaves the 0-level at B and end at ¢ without
making returns to the O-level. Applying Theorem 75 we write the generating for part III of
Fig. 6.1 as 0 () or we can rewrite it as 26,_1 o (2) which is a product of its decompositions,

namely, z and 26,_1 « (2). Combining the generating functions for all the three parts we get
Lr,obove (Z, 'LL) - 267«71’7«,1 (Z) X Fr (Za 'LL) X Zéjfl,oo (Z) 5

Since
U

F,(z,u) = - )
1—u (1 - (1+v+v2)(1i—v2”+2)>

and

Ur+j 1—1)2
26y 11 (2) 6y ao (2) = L LY

(1 _ U27‘+2) ’
it follows that
u v (1 —0?
L'r,obove (Z,U) = ( 2r+2 )
1—u<1— 12 ) (1 —w2rt2)
(1+v+v2)(1—v2r+2)

Case 2 : FEnding at (n,r — j).

In this case the walk starts at (0,0) and end at (n,r — j). This walk consists of three
generating functions, namely; z26,_1,-1 (2) for part I, F, (z,u) for part II and the generating
function for part IIT of Figure 6.1. If we treat » — 1 as the 0-level we see that the generating
function for part III is bounded below and above by 0 and r — 1 respectively, and it starts

and end at 0 and j — 1 respectively without making no returns to the 0-level. Hence the
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generating function for part III in Fig. 6.1 is mathematically written as 26,1 ,-1 (2) , which
is a decomposition of ¢;,_; (z) into z and the generating function which starts at » — 1 and

end at 7 — 1. Now combining these three generating functions we get

LT,below (Z7 U) - 53'71,7‘71 (Z) + 267'71,7'71 (Z) X Fr (27 ’LL) X z(sjfl,rfl (Z)
U UH—j (1 _ U2fr+2j+2) (1 _ U2)

1—u (1 _ 1v2 ) (1 — p2rt2)?

(1+v+v?)(1—v2rt2)

Y

Sjc1—1(2) +

where 6;_1,_1 (2) is the generating function for random walks not reaching r and

Ur-f—j (1 _ 1)2) (1 o U2r—2j+2)

(1 _ ,U2r+2)2

2260 1,1 (2) 6101 (2) =

Case 3 : Ending at (n,r)

In this case the walk starts at (0,0) and end at B (—,r) as shown in Fig. 6.1 Unlike in the
two previous cases, this walk consists of two generating functions, namely, 26,11 (z) , and
F, (z,u) . Now combining these two generating functions we get
L.o(z,u) = 26,_1,-1(2) X F.(2,u)
w' (1 — v?)

|:]' —u (1 - (1+v+v12)_(1127v27"+2)>i| (1 - 02r+2>

Theorem 84 The generating function for a Motzkin random walk with open ending at (n, —)

18 given by

(1+v+0?) (1 —ov" ) (1—0")
L’I"O en I -
oren (2:1) (1—0) (177
N u v" (1 —v%) (1 —v") (1 +0)
102 _ _ 2r+2)2 ’
1-u(1- mhtmey) (Lm0 (=)
where z = —%— and u counts the number of returns to the r-level.

14v+0?
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Proof. If we sum up the three generating functions derived in Lemma 83 above for all j > 0

we get a bivariate generating function for the entire random walk given by

Lr,open (Z7 U) - Z (L'r,open (Z; u) + Lr,below (Z7 U) + LT‘,O (Z, u))

Jj=0

r—1
= Z(Skﬂq,l (2) + 26,—1,-1(2) X F, (2,u)
k=0

X (Z Z 6]'—1,00 (Z) + z i 6]‘—1,7"—1 (Z) + 1) .

j>1

r—1
where Y 65,1 (2) is the generating function for random walks not reaching r. However
k=0

d v" (1 —0%) (1 —v") (1 +0)
67n_ r— 5_ [o') + 6— r— + ]- — 9
26p_1,-1(2) (Z; j-1,00 (2) Z; j-1r-1(2) > (1—v)(1— v2r+2)2
so that

-1

sw) - _— o v (1 —0%) (1 —v™ ) (1 +0)
Lr,open<v ) Z;é,r ()+Fr(> ) (1—1})(1—1}2T+2)2

1+v+0*) (1—v") (1 —2o")
(1—0)(1—0v>*2)
u v (1 —0%) (1 =0 ) (1 +0)
1-u (1 ) -0 —v)

T (IHv?) (102 2)

<

+

as required. ]

Remark 18 We test Ly open (2, 1) by pugging in u = 1:

B V" (1+v+0?) (1 —o") (1 +0)
Lr,open (Z, 1) - Z 616,7’*1 (Z> + (1 . 1]) (1 _ U2fr+2)

(L4040 (1= ) (1= o) o (14v+02) (1= o) (1+v)
(1 _ U) (1 _ ,U2r+2> (1 _ v) (1 _ U2r+2)

which corresponds to the generating function for the total number of Motzkin paths with an

open ending at (n, —) previously calculated in Remark 17. [ |
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Proposition 85 The generating function of the s-factorial moments multiplied by the num-

ber of paths of length n in Ly gpen (2, u) is given by

s) = gl Z ( ) (1 o )k,s,1 (1 Lo+ /Ug)skarl (1 . ,U21“+2)37k+1

(1 —0v?) (1 =" (1 +v)
(1—v)(1- U2T+2)2 ’

_ U
where 2 = —"— -

Proof. Applying Theorem 84

88
M(s) (Z) - %Lr,open (Za 'LL)
u=1
S T [CETN

(1 —w) (1 —v2r+2)? ou?
—1

= gl Z ( I 1) (1 _ )’“—3—1 (1 4o+ Uz)s—k+1 (1 . U2r+2)s—k+1
k=0

LU —e?)

v

(1-

(1—v*) (1+v)
) (1 — 02r+2)2 )

|
We now use the famous results by [8] and [20] to asymptotically expand L, gpen (2, u)

around the dominant singularity %

Corollary 86 The average number of wisits to level r by an open ended Motzkin random

walk is given by

(8473 + 252r% + 2641 + 96)

16n
n (13392r° + 669607r* + 16416073 + 22464072 + 160143r + 46095)

2560n?

my(n) ~ 3r+3-—

Proof. Substituting s = 1 into Proposition 85 we get

o (1= o) (14 0) (1 + v+ 0?)°
B (1—=v?)(1—v) '
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Using the substitution z = ;= and expanding M, (z) around z = % gives

9(r+1)  (27r% + 54r +27) N 3 (2813 + 8472 + 95r + 39) /31 — 32

M (z) ~

V3/I—3z 2 8
27 (5rt 4 20r% + 377 + 34r +12) (1 — 32)
8
+3 (148875 + 74407* + 1964073 + 2916012 + 22747r + 7275) /3 (1 — 32)%
640 '
Therefore

] My (2) ~ (=3)" 9(r+1) (—%) L3 (2873 + 847 + 957 4 39) /3 (é)

V3 n 8
| B(L488r° 4 T440r" + 10640r° 1 201607 + 22747r + 7275) V3 <g> ., ]

640

9(r+1)(2n)  3(28r° +84r> + 951 +39) V3 (2n — 2
2271\/3 22n+24)

+9 (14887 4 7440r* 4 19640r> + 2916012 + 22747r + 7275) /3 (2n — 4
5(n—2)(n—3)22n+5 n—4

= 3"

n n—1

22n+3p,

_9(r* =3r—2)(2n N
22n+1\/§ n
3 8413 4 25212 + 292 123
o an |3 3 4 g (847 425207 + 202 +123)
™ 16n

(1339275 + 66960r* + 171720r% + 247320r% + 187683r + 58515)
i 2560n2 "

n—1

4 [3\/5(807“4 + 1873 — 23972 — 2731 — 78) (Zn - 2)

Applying the total number of objects, Doper, (1), calculated in Remark 16 we get

T (n)
(8473 + 25212 + 264r + 96)

16n
. (133927“5 + 66960r* + 16416072 + 22464072 + 160143r + 46095)

2560n? ’

~ 3r+3—

is the required average number of visits to level r for this case. [ |
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Corollary 87 The second moments are given by

(180r* 4 699r® 4 103572 + 174)

2n
35683218 + 2127600r° + 56311207* + 835488073 + 722049372 + 34013551 + 675390)

1280n?

mey (n) ~ 18r* +30r + 12 —

N
+...

Proof. Substituting s = 2 into Proposition 85 gives

20 (1 — v (14 v + v2)? [1 + 20 — v+ (1 4 v + v2)]
M (z) = 2 :
(1—-22)(1—w)

By expanding M, (z) around z = % and by making the substitution z = 17— we get

M2 (Z)

6v/3 (3r% 4 5r + 2)

v1—3z
27 (7515 + 370r* + 77513 4 848r? + 476r + 108) (1 — 32)
4

+3\/§ (39648r° + 2364007 + 637680r* + 9749201 + 872937r% + 426695r + 87750) (1 — 3z)%

320 '

3 (2407 4 932r° + 140172 + 9557 + 246) v/3/1 — 32

—27(1+7)* (4+5r) + T

+...
Therefore

["] Mz ()
ol 18324 5r +2) =1\ 3(2407* + 93213 + 140172 + 9551 + 246) v/3 (1
S Ry + ;

3 (396487% 4 236400r° 4 637680r* 4 9749207 + 87293712 + 4266951 + 87750) /3 (
320

3

n

|

)

S

n—1

o [9 (3r2 + br +2) <2n) 31/3 (240r* + 93213 + 140172 + 9551 + 246) <2n - 2)
n

922n—1 \/g 22n+1py

9 (396487 + 2364001 + 6376801 4 9749201 4 8729377 4 4266951 + 87750) /3 (2n — 4 .
5(n—2)(n— 3) 220+ n—4

740r* + 2 3 +4221r% + 2
" g /|3 [187“24—30—1—12— 0r* 4 27961° + - r? + 28951 + 750
™ n

(356832r% 4 21276007 + 5631120r* + 835488073 + 722049372 + 34013557 + 675390) . }
1280n?2 e

+
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Since the total number of objects for this case is Dy, (1), calculated in Remark 16, we get

[2"] M2 (2)
Dopen (1)
1872 4 30r + 12 — (1807’4 + 69973 + 103572 + 690r + 174)
2n

n (3568327“6 + 21276007° + 56311207* + 835488073 + 722049372 + 34013557 + 675390)
1280n32

me) (n) =

+...

6.6 Observation

In this Section we give an enumerative comparison between the asymptotic and exact average
number of visits to height r, together with their corresponding variances, by a simple Motzin
path with an open ending at (n,—). The exact results were found using computer algebra
and the asymptotic results were calculated using the formula for m (n) given in Corollary

86.
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my (n) Variances

n Results type |r=1|r=3 | r=6 | r=1| r=3 r==6
222 expected 5.809 | 10.589 | 14.447 | 26.220 | 81.453 | 112.858
222 asympt. 5.809 | 10.596 | 14.729 | 26.247 | 85.266 | 353.594
367 expected 5.883 | 11.120 | 16.761 | 27.640 | 98.117 | 181.443
367 asympt. 5.883 | 11.121 | 16.121 | 27.647 | 99.018 | 242.631
593 expected 5.927 | 11.445 | 18.198 | 78.512 | 109.680 | 246.091
593 asympt. 5.927 | 11.445 | 18.215 | 28.514 | 109.905 | 261.951
712 expected 5.939 | 11.536 | 18.635 | 28.754 | 113.086 | 268.200
712 asympt. 5.939 | 11.536 | 18.644 | 28.756 | 113.219 | 277.601
844 expected 5.949 | 11.607 | 18.984 | 28.945 | 115.826 | 287.070
844 asympt. 5.949 | 11.607 | 18.989 | 28.946 | 115.908 | 292.833
1001 expected 5.957 | 11.667 | 19.284 | 29.107 | 118.200 | 305.063
1001 asympt. 5.957 | 11.667 | 19.287 | 29.108 | 118.256 | 307.780

Table 6.2: Average r-visits by an open ended Motzkin walk.

The above Table shows that the asymptotic and the exact results are the same for small

values of r as n grows larger.

6.7 Return statistics

Here we analyze the number of times an open ended walk returns to the z-axis by an arbitrary
Motzkin random starting at 0 and has an open ending at (n, —). We use a different approach
from [14] to return statistics. The recursion for the special system when i = 0 for the system

of the 6,’s described in 7?7 can be rewritten as
60 =1+ zw61 + ZUJ(S(),

where the variable w is counting the number of returns to the origin. The other two recursions

0in (2) and 6y, (2) remain unchanged. These recursions are expressed collectively in a single



6.7. RETURN STATISTICS 125

matrix equation

l—z2w —2w - . o
00.h 1
—z 1—2z —z 0
o1 0
—z l1—2 —=z
0
—z 1—2 —z
- (6.1)
0
Oh-1,n 0
—2 11—z =z
6h,h 0
—z 1—2z | - - .

As before we calculate the 6, ’s using Cramer’s rule by first finding the determinant of the

above matrix system, denoted by det Cj, with h + 1 rows.

Lemma 88 The determinant of the system of the 0;p’s with h + 1 rows is given by

(1+v+0?) (1 —v?*2) —vw (1 +v) (1 —v?H)

detC = ’
" (1—v2) (1 + v+ 0v2)"

where w is counting the number of returns to the origin.

Proof. Applying the formula for det A;, derived in the proof of Lemma 74 we get

detC, = (1—zw)det A), — 2*wdet A;_;
_ (1 o ) 1 — v?ht2 B v*w (1 — )
L+v+v?2) 1—2)(1+v+02)"  (1—02)(14v+02)"
(14 v+ 0%) (1= 0?2) —ow (1 +v) (1 — )
(1—v2) (1+v+02)""" '
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Theorem 89 The generating function for Motzkin paths returns to the origin, which is

bounded above by the line h > 0, and has an open ending at (n,—) is given by

i

v
bipo (2, W) = 1 _w( vtv2 )a
1+v4v?
where z = —%— and w s counting the number of returns to the origin.

14+v+v

Proof. Applying Cramer’s rule onto the linear system given in (6.1) for all i > 0 we get the

generating function

Zdet Ahfi

binlzw) = det C

v i 1 — 2h—2i+2
B (1+v+v2> (1=v2) (14 v+02)""
y (1+v+02)" (1 —0?)
(14+v+0v2) (1 —0v2*2) —wo (1 +v) (1 — 2t
vt (1= 0?h=242) (1 4 v+ 0?)
(1+v+02) (1 —v2h+2) —wo (1 — v2htl)’

so that

11 2
bico (2,w) = v(Ltvtv) as h — oo
’ (14+v+0v2) —w(v+0v?)

i

I—w (11_512112)

Remark 19 We test 6; o (2, w) by plugging in w =1 into ) 6, (2,1) :
i>0

1
Z(SZOOZ]- +U+U)
i>0 (1_1})

which is the generating function for the total number of all Motzkin paths with open ending

already derived in Remarks 15.

Proposition 90 The generating function of the s-factorial moments multiplied by the num-
ber of paths of length n in 6; « (z,w) is given by

sl (1+0)° (1 + v +v?)
(1—v) ’

M, (z) =

o v
where z = —"— R
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Proof. Now

M (2) = 5—bieo (2)

Now summing up the above generating function for all 7 > 0 we get the s-moments generating

function for an open ending at (n,i) given by
sl (1+0)° (1 + v+ v?)
(1-w) '

M) (2) =

|
Since our return statistics to the origin are asymptotic ones, we apply [8] and [20] to

expand our generating functions around the dominant singularity %

Corollary 91 The average number of returns to the origin by a Motzkin random walk with

an open ending 18 given by
6 4609 111195

~o _
ma) (1) n T 25602 204800

Proof. Specializing on s = 1 into Proposition 90 we

v(1+v)(1+0v+0?)
(1—-v)

M(l) (Z) =

By making the substitution z = 7"~ and expanding M) (z) around z = 5 we get
3
1-— 117 (1 — 212 1-— 2
My (2) ~ 6 oy 55v3v1 =3z  117(1 —3z) N 7V3 (1 - 32)
V3y1 =3z 4 3 64

30083+/3 (1 — 32)?
512

so that

2" My (2) ~ (=3)" [% (‘j) e (n) L 22 (n) i ]

- 3 n\ 55v/3 (2n —2 N 6381v/3 2n—4)
B V32201 \ n 227ntip \ n—1 22ntd(n —2)(n—3)\ n—4
3 ( ,_ 57 5725 92985 )

~ 3 —(2- ==
™ 8n * 256n2 * 2048n3 o
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Therefore
[2"] My (2)
m) (n) T(n)
o _ § 4609 111195
256n2 2048n3
which is the average number of returns to the 0-level. [ |

Corollary 92 The second moments on 6; « (2) are given by

75 31465 731325
me (n) ~ 8= -t s~ e

Proof. Specializing on s = 2 into Proposition 90 we get

202 (1+0)? (1 +v +v?)
(1—v) '

By making the usual substitution z = 17— and expanding M) around z = % we get

M) (2) =

3
24 12099v/3 (1 — 32)2
M, ~ 8441 V1—3z—651(1—
@ (2) N Niexr 84 +157v/3 3z — 651 (1 —32) + T
5
287969v/3 (1 — 32)>
—2352 (1 — 32)?
352 (1 — 32)° + 5 :
so that

2" My () = (=3)" l% (‘j) + 1572\/3 (i) + %ﬁ‘/g@)]

()R e () ]

an 3 159 n 34417 n 3246285
™ 2n 64n? 1024n3
Hence
[2"] M2 (2)
e O
. E | 81465 731325
64n2 256n3
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6.8 Observation

Table 6.3 serves to validate that

expected (n)
_—

asympt (n)
where expected (n) and asympt (n) are exact and asymptotic results respectively. The exact
results were found using computer algebra and the asymptotic results were calculated using

the formula for m) (n) given in Corollary 91.

n my (n) Variance
expected | asympt. | expected asympt.

50 1.887 1.888 1.665 1.668
101 1.942 1.942 1.821 1.823
174 1.966 1.966 1.893 1.893
222 1.973 1.973 1.915 1.915
367 1.984 1.984 1.948 1.948
593 1.990 1.990 1.968 1.968
712 1.992 1.992 1.973 1.973
844 1.993 1.993 1.977 1.977
1001 | 1.994 1.994 1.981 1.981
Table 6.3: Average 0-level returns by an open ended Motzkin walk.

The above Table shows that the asymptotic and the exact results are the same for small

values of r as n grows larger.
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Chapter 7

Unrestricted Motzkin random walks

7.1 Introduction

Katzenbeisser and Panny in [14] derived a formular for calculating average number of visits
to the nonzero height r by an arbitrary unrestricted Motzkin random walk where the approch
was purely probabilistic. It is the aim of this paper to re-do this problem using an approach
which will allow an extension these results into a larger class of walks.

Throughout this Chapter, all unrestricted Motzkin random walks will be called random
walks unless otherwise stated. The average number of returns to the origin by an arbitrary
walk will be researched into as well. The following figure shows an arbitrary random walk

which starts at the origin, ends at n and has an open ending at (n,7):

131
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A
) AGH) BE./) J
j
n
0 l\ >
1 11 111
v

Figure 7.1: Open ended unrestricted Motzkin path of length n

Now the number of paths of length n for all ¢ where —k < i < h is given by:

Number of paths of length n, starting at 0, bounded above,

Pi: bk (2) = Z _ 2",

nso | by the line h below by — k, leading to (n,1).

where z counts the single steps. For all ¢ between —k and h we describe the step from level

7 to the next level by the following diagram:

Oi+1;hk

Qi;n k
Qi;nk

Oi-1:h,k

Figure 7.2

which gives recursions

Ciing (2) = 2010k (2) + 20411 (2) + 205100 (2), for —k <i<handiz0
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and

Pisnyk (2) = 2010k (2) + 20514 (2) + 205150 (2) + 1, for i = 0.

Recursion for special systems are given by

Oishk Oi:nk

QL1:hk
Figure 7.3
so that
ink (2) = 20 15 (2) + 205 1 (2)
where ¢ = h; and

Qit+l;hk

@ik Gi; i,k
Figure 7.4
so that
ink (2) = 20105 (2) + 2055 (2)
where ¢ = k. These recursions, for all ¢ where —k < ¢ < h are best described by a single
matrix equation
Bk ®@hik = Char,

where the coefficient matrix By, is a square matrix with A+ k+ 1 rows, ®;, 4 is the column

matrix representing the o, ;, ; (2) s and Cj,14, is the column matrix of h + k zeros and a 1 in

the middle (or the h + 1) entry. Thus we have the following matrix system:
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-2z —=z Phshk 0

-z -2z -z 0 Ph—1;hk
-2z 11—z —z O1hk 0

—z 1—z —z Coih =11 (7.1)
P—1;hk 0
0
—2z 1=z —z

< ==z P —k;h,k 0

The ,,  's satisfy the system that has i + k + 1 rows; this is only true for o +k > 2. The

special values i+ k =0 and h + k = 1 are treated separately. The calculation of the ¢, ,

’s is done using Cramer’s rule.

Lemma 93 The determinant of the system of the @, s, denoted by det Apyry1, with
h+k+1 rows is given by

1 1— U2(h+k) +4

(1=02) (1 + v 4 02)"

det Apips1 =

Proof. Replacing h by h + k + 1 in the proof Lemma 74 of Chapter 6 we get

1 1— U2(h+k) +4

(1=02) (1 + v 4 02)"

det Apips1 =

as required. ]

Theorem 94 The generating function a random walk bounded above and below by the lines
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h >0 and —k < 0 respectively, and is ending at (n,1) is given by

Pi:hk (2) =

— U
where 2 = —"— e

i (1+o0?) (1—2h=2042) (1-02k+2)

|2\ (1+v+02) (17v2h+2)(171}2k—2|i\+2)

(1—7)2) (1,1,2h+2k+4) fO?“?; 2 0

(1—v?) (1—v2h+2k+a) Jori <0

135

Proof. The proof of this Theorem is an exact analogue of the proof of Theorem 28. Therefore

it will not be repeated here.

Remark 20 If we unrestrict the generating function ¢, (2), either from above or below,

then Theorem 94 can be simplified as

Pi:oo,k (2) =
and
Pi:h,00 (z) =
so that
Z Pizo0,—o0 (Z)
Thus

which is the required total number of random walks with an open ending at (n,i).

" (1+ot0?) (1 _

1—v2

v*2) fori >0

o) (4 i) fori< 0

i (1+v+0?) (1 _

1—v2

U2h—2i+2) fO?”?; 2 0

1—o2

(I+v+09)

i>1

ol \M (1 _ U2h+2) fori <0

(1+v+v%)(1+v)
(1—-22)(1—w)

(1+v+v?)
(1—v)*

1 : .
T-35 using the substitution z =
— 3z
Z 32"

n>0

[Zn] Z SOi;oo,oo (Z) = 3n7

v
14+v+02
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7.2 Generating functions for the number of visits to

the r-level.

In order to get a suitable generating function for the entire walk from (0,0) to (n,i) we
decompose this random walk in Figure 7.1 using symbolic method in [9] into three parts

corresponding to the following three Lemmas:

Lemma 95 The generating function of any random walk starting from (0,0) and is reaching

r for the first time is given by 20, 1, 1 o (2).

Proof. This random walk starts at (0,0) and end at A(—, ). This walk can be decomposed

into a single z-step and ¢, ;.. ; ., (2); and hence the results. [ |

Lemma 96 The generating function of a random walk which starts and ends on r is given

by
U
F.(z,u) =
) ’U+2U2 )
I —u (1+v+v2)
where z = =7 and u counts the number of visits to the r-level.

Proof. This is the random walk that starts at A(r,—) and ends at B(r,—) as shown
in part III of Fig.7.1. We shall treat height r as the 0O-level to easy our proof . Let’s
denote the generating function of this random walk by F, (z,u), where u is counting the
number of returns to the r-level. Furthermore, let F).; (2), F,o(z) and F)._ (z) denote the
generating functions of random walks which are above the 0-level, strictly horizontal on 0-
level and below the 0-level respectively. Between any two returns on the 0-level, we have

a sequence of paths above, below and on the r-axis, which we denote symbolically as get
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A

F+,r E,()

B(_ar)

Figure 7.1: Figure 7.5

F.(z,u) = (F, 1 (2) UF,_(2) U F,((2))" as shown in the following diagram:

A

r F+,r E, 0
B(_9r)

0 Eor
<« >

v

Figure 7.5
Hence
F.(z,u) = Y

1 _U(Fr,+ (Z> +Fr,— (Z> +Fr,0 (Z))
Using the formula for ¢, , (2) we decompose F,. (z) using the procedure used in Lemma

30 of Chapter 3 to get
Fry(2) = ZQ%;oo,o (2) -
By symmetry, we have that F,. _ (z) = F, 1 (2) so that

u

B = e ) + A @) 2 Were 2= o)
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U
- . SINCE Py 0 = Qo0 by symmetr

L—u (222900;00,0 ('27 U) + Z) P0;00,0 P0;0,00 OY SY Y
- - , SINCE Py (2) = (14+v+07).

L —u (1?:;2:52)

7.3 Closed ending random walks.

Theorem 97 The generating function of any random walk starting at (0,0) and ending at

(n,0) is given by

14+ov+0v2) (1 -0 uv?”
A7‘,closed (Z, U) - ( 1 —)’U(2 ) + 1 v4+202
—u <1+v+v2)

where z = 7 and u is counting the number of visits to the r-level.

Proof. We decompose a random walk starting from (0,0) and ending at (n,0) into three
parts corresponding to the three parts in Fig. 7.1. The generating functions for parts I and
IT were already derived in Lemmas 95 and 96 respectively. However the generating functions
for part I and III are symmetrical (because r+ j = 0) so that the overall generating function

for the entire random walk is given by:

AT‘7Cl088d (Z7 U) - @O;rfl,oo(z) + zgprfl;rfl,oo(z) X FT‘(Z7 U) X Z@rfl;rfl,oo(z)
(1+v+0%) (1 —v*) N uv?

L= L—u(E3e)

where ¢, o (2) are the random walk not reaching 7. |

Remark 21 We test the consistancy of Ay ciosed (2,u) by plugging in w =1 to get

(1+U+U2> (1_U27‘) N v2r

A7",closecl (Za ]-) - 5 o202
1—w 1_(1-‘:)-&-112)
14+
N 1—v2

And so

B (n) - [Zn] A'r',t:losed (27 1)
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1 1—1)2 1_}_1}_’_/027171
a 2—7TZ ( ) (Un—i—l ) A7",closed (Z, 1) dv

= " (1+v+20?)"

3 (1 3
~ 3"/ — (— — o+ ) using [20],
n
which is the required total number of random walks with a closed ending at (n,0). [ |

Proposition 98 The generating function of the s-factorial moments multiplied by the num-
ber of walks of length n in A, qosed (2, 1) is given by

L (L+o+02)?

M(s) (Z) =gl! (U + 27}2)8_ WU ,

S vV
where z = —"— o
Proof. Now
as
M(s) = %Ar,closed (Z U)
S' v4202 v+4202
S\ 14v+0? 1+v+v? 27‘
o 142 5+l + ( 1—22 )S
(m) 1+v+o?
2
1 (14+v 422
= sl (v—f-%g)s g o,

(1 . ,U2>s+1

We are now ready to calculate m; (n) and my (n) with the help of [8] and [20].

Corollary 99 The average number of wvisits to level r by an arbitrary random walk with

closed ending is given by

2 32n  512n? 4n
(34237“ + 432073 4 691275 4 15840r)
2560n? ’

1 3 9 3r—+12r3
my(n) ~ V3mn ( + -+ +...)—37’+M
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Proof. Substituting s = 1 into Proposition 98 we obtain

0¥ (140 +0?)?

M(l) <Z) = (1 . U2)2
Substituting that z = ;"7 into My, (z) and expanding the series around z = % we get
Mo (2) 3 9r N (72r* +3)  3r(16r* +5)v3y/1 -3z
@ 1(1-32) 23V1=32 16 16
L 3(96r +96r* +1) | 3(768r + 1760r" 4 247r) V3 (1 - 32)? .
64 1280 o
so that

27 My () ~ (=3)" [g(;1>_29_¢r§<;§>_3¢§<1%2+5>r ()

3V/3 (7687 + 1760r° + 247r) (3
+ + ...
1280 n

o [3 or <2n> L 3VB(6 £ 5)r (Qn . 2)

4 22n+1,/3\ n 22n+3p, n—1

9v/3 (7687° + 17601 + 247r) (2n — 4 N
5(n —2) (n — 3)22n+6 n—4) " "

- 3r 3r¥  21r  3063r
4 ™ \ 2 2n  32n 5120n?
9r3 275 99t ) }

1602 20m2 3o

where the last asymptotic results was done using computer algebra. Using the total number

of objects B (n) calculated in Remark 21 we get

1 3 9 3r+ 1273
my(n) ~ \/37m<——|——+ + )—3r+w

2 32n  512n2 7 in
N (34237 4 4320r° + 6912r° 4 158401)
2560n2 ’

is the required average number of visits to level r. [ |

Corollary 100 The second moments on A, (z,u) are given by

9r +3 9
mg (n) ~3n—V3mn |1+ 3r+ T o) 9?60+ =
16n 4
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Proof. Substituting s = 2 into Proposition 98 we get

202 (v + 202) (1 + v + v?)°

Mz (2) = (1—2)

Substituting z = ;"= into M(y) (2) and expanding the series around z =

1.
5

9 3(3r+1) 9(48r* +32r+3) (72r* +72r% +27r + 3)

My (z2) ~ — +
@) 4/3(1-32)7 2(1-32)  32/3/1-32 8
3 (2887° 4 480r* + 7203 + 48072 + 117r + 5) (1 — 3z)
160
+3¢§ (7687 4 102413 + 86412 + 320r + 15) /1 — 32 N
512

Therefore

ety - o 251 eaman)

3/3 (7684 + 1024 + 86472 + 3207 + 15) (1
— + ...
512 n
- 9(2n+2) [2n+1 _3(3r+1)+9(487“2+327“—|—3) 2n
o 22n+3,/3 \ n+ 1 2 22n+5,/3

3V/3 (7687* + 10247 + 86472 + 3207 + 15) (2n — 2
+ 22n+8n .

n

n—1
3” 3_TL §+2_7+9_742_’_ﬁ+ 3<3T+1)
V7o\2 32n 2n n 7 2

where the last asymptotic results was done using computer algebra. Using the total number

Y

of objects for a random walk with closed ending calculated in Remark 21 we get

[2"] M(2) (2)

m2(n) T(n))
3 9 9
~ 3 —V3mn (143 —— ) 926t o
16n  16n 4
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7.4 QObservation

As usual we now give an enumerative comparison between the asymptotic and exact average
number of visits to height r, together with their corresponding variances, by an unrestricted
Motzkin path with a closed ending at (n,0). The exact results were found using computer
algebra and the asymptotic results were calculated using the formula for m) (n) given in

Corollary 99.

Type of

m) (n)

Variances

results

r=1

r=3

r=06

r=1

r=3

r=06

222

expected

19.9069

14.2499

7.4338

123.6776

118.1490

81.0813

222

asympt.

19.9072

14.0275

5.8059

123.7538

126.7889

130.8269

367

expected

26.4314

20.6424

13.0476

210.6483

206.8344

169.4427

367

asympt.

26.4315

20.5009

11.8723

210.6964

214.0915

216.3499

593

expected

34.3976

28.5295

20.4319

348.2950

346.0704

311.5438

593

asympt.

34.3976

28.4394

19.6333

348.3280

352.0965

354.6630

712

expected

37.9747

32.0848

23.8442

421.3684

419.7178

386.8086

712

asympt.

37.9747

32.0092

23.1627

421.3959

425.3083

428.1590

Table 7.1: Average r-level visits by closed ended unrestricted Motzkin walks.

Both enumerative and asymptotic results shows that a closed ended unrestricted Dyck walk

frequent the r-level less times than the unrestricted Motzkin walk. The expected and the

asymptotic values are almost the same particularly when n — oo.

7.5 Random walks with open endings.

Lemma 101 The generating function of any random walk which starts at the r-level and

does not return to the r-level is given by

2P; 1000 (2) when j is above the r-level as h — oo

201 000 (2) when j is below the r-level as k — oo
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Proof. This is the generating function of a random walk which starts at B(—,r), never
returns to the r-level, and it either ends at (n,j+r) or (n,r — j) as shown in Fig. 7.1.

Treating height r as the 0-level we prove these two cases separately:

Case 1. The random walk that ends at (n,r + j)

If we let this random walk starts at » + 1, then it will end at 7 — 1. Thus assuming
that height r + 1 is the 0-level we see that this random walk is bounded below by 0
and above by co. Symbolically, we can write the generating function for this case as
2P; 1,000 (2) as b — oo after decomposition. The z in this product is for the single

step that separate ¢; ;.. (2) and the line r.

Case 2. Random walk ending at (n,r — j) :

If we let this random walk starts at » — 1, then it will end at 1 — j. Therefore assuming
that height » — 1 is the O-level we see that this random walk is bounded below by
0 and above by oco. Symbolically, we can write the generating function for this case
as 201 j.0.00 (2) @8 k — oo. The z in this product is for the single step that separate

©1_j.0,00 (2) and the line r. m

Remark 22

Projoe (2) = Ul_ﬂ(lgﬁ—;gz) (1=

= /! (1+v+v2)

= P1ji00,0 (2),
and this is not surprising because ¢; ;.o . (2) and ¢;_;. o (2) are symmetrical. |

Theorem 102 The overall generating function for the entire random walk that starts at

(0,0) and ends at (n,r £ j) is given by

Ql+v+0>)(1—ov")(14+v) u )<1+v>7

QTOenZJu: —’_/U
S (e [ S =S AR
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where u is counting the number of visits to the r-level and z = T
Proof. If j is above the r-level, then the generating function for ending of this random walk
I8 2¢0; 1.000 (2) ( calculated in case 1 of Lemma 101) so that the overall generating function

for this case is given by

Qr,above (27 U) = zgprfl;rfl,oo(z) X FT’(Z7 U) X Z@jfl;oo,o (Z)

However
v r—1 2
ZQOr—l;r—l,oo(Z) - <m) v (1 +v+v )
= ’UT,
and
v i—1 2
2P —1500,0 (Z) = <m) v (1 +v+wv )
= ’UJ’
so that
Qr,above (Zyu) = v X FT(Z, U) X ’Uj
uv'r‘-‘rj
- v4+202
1—u(35555)

By symmetry ¢; .0 (2) = ©1_j.000 (2) , 50 that when j is below the r-level we have

Uyt (1) (2) + —
rbelow \Zy W) = Pp_jip_1, z)+ 2\’
e 1—u (522)

where ¢, ;.. ., (2) are random walks not reaching r. Combining the generating functions
Q. above (2, 1), Qrpetow (2, 0) and v"F,.(z,u); and summing up the overall generating function

for all 7 we get

Qr,open (Z7 U) - Z (Qr,above (Za ’LL) + Qr,belaw (Z7 U) + UTFT('Z? ’LL))

J

r—1
- Z (pk:;'r—l,oo (Z) + Z (pk;r—l,oo (Z)
k=0

k<—1
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+Z90r—1;r—1,oo(z> X FT(Zv U) <2Z Z Soj—l;oo,O + 1)

Jj=1

r—1
- Z Plir—1,00 (Z) + Z Phir—1,00 (Z>
k=0

k<—1

2v 1—w
+Z§0r71;r71,oo(z) X FT(Z7U) |:1 — v + 1 — ’U:|

1+v+0?)(1—0")(1—=0v"")  (1+v+0?) (v—0¥H

(1—2v2)(1—w) (1—-2v2)(1—w)
, u 1+wv
gy ()
I+ v+0)(1—0v")(1+0) o u 14w
N (1—02)(1—u) + 1—u(17j:}2f52) (1—1})'

Remark 23 We test the correctness of . open (2,u) by plugging in u =1 to get

A== T () T
4+
o (1-v)
B 1
 1-32
:Z?)"z”
n>0

which is the required generating function for the total number of random walks with an open

ending at (n,—). |

Proposition 103 The generating function of the s-th factorial moments of . open (2, 1)

multiplied by the number of paths of length n is given by

sl (v + 202)° ! v v+ v2)?
M(s) (Z) = ( * ?1 z U2)(sl+j_(1>_(lv;_ * ) )

_ v
T 14dvte?”
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Proof. From Theorem 102 we have that

as
Mo = -0
0* 140
= —F r
du? 7 () u=1 (1_U)U
3_1(1+U+U2)2 1+v\ .,
= s!(v+2112) (1—1}2)5“ T v

slo” (v 4+ 202)°" (1 +0) (14 v +0?)°
(1—v2)" (1 =) ’

as required. ]

As usual we employ [8] and [20] to calculate our moments:

Corollary 104 The average number of visits to the r-level by an arbitrary random walk with

an open ending 18 given by

3n 7 3r? 3r
mi(n)~/—(1l+—+—+ .. | ——.

T
Proof. Substituting s = 1 into the above Proposition 103 we get

v (14w +v2)2
(1—v2) (1—v)*

M(l)( z) =

v : 1
ez and upon expansion around z = 5 we get

Now, by making the substitution that z =
3 3r 3(12r2 +1)
May (z) ~ — +
we) ~ 57 (1-3:F 2(1-32)  16v3/1—32

.3 (16r* 4 5612 4+ 1) v/3y/1 — 32 N

256
2" My (2) ~ (=3)" [23/—( ) (n) 11267;;1 (nl)

3\/_(167’ + 567 + 1) (%)

Therefore

mlco
wl

256

A 3@2n+2) 2n+1 _ﬁ+ 3(12r2+1) (2n
22n+2\/§ n+1 2 22n+4\/§ n
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| 3v3(16r 4 56r + 1) (2” - ”) + ]

22n+7n n—1

3” 3_n 1+L+3_72+ _ﬁ
V 16n  4n 217

where the last asymptotic expansion was done using computer algebra. Hence

[2"] M) (2)
3n

3_TL 1+L+3_72+ _ﬁ
V 7 16n  4n 77 2’

is the required average number of visits to level r. [ |

my (n)

Corollary 105 The second moments are given by

3 3 9r2 15
m2(n)Ngn—(3r+2)1/?n+%+3r+§+...

Proof. Substituting s = 2 into Proposition 103 we get

20" (0 4+ 20%) (1 + v+ 0?7 (1 4+ )
M(Q) (Z) = (1 — 02)3 (1 — U) . (72)

Now, by making the substitution that z = ;=*— into M(s) (2) and upon expansion around

z = % we obtain

3 . 30@r+2) +3(67‘2—|—87“—|—1)_3(12r3+247“2+157“+2)
2(1-32)° 2V3(1-32)? 8 (1 —32) 16v/3v/1 = 32
3v/3v/T — 32 (487° + 160r* + 4401 + 56072 + 247r + 10) N
1280

M(Q) (Z) ~

so that

3 2
)Moy (2) ~ (3" E( n2) - 3(?;% 2) ( nz) L 3L +88r +1) ( n1)
3(12r% + 24r% 4 151 + 2) (—3
16v/3 ( )
33 (48r° + 160r* + 440r° + 560r° + 247r + 10) (%) N ]
n

n

1280
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— 3
=
+3 (1273 + 2472 + 157 + 2) <2n

3v/3 (48r° + 160r* + 44013 + 56012 + 247r + 10) (2n — 2
- 5n22n+7

n | 3n /3n 1
~ 3 [7—(37‘—1-2) ?‘FT—FST‘F?—F...
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92n+4 \/§

n

12n+15 3(2n+2)(3r+2) [2n+1
N 22n+2,/3

n+1

9r2 4+ 12r
4

9r?2

5

n—1

Y

)]

where the last asymptotic expansion was done using computer algebra. Therefore

me (n) =

as required.

3n

~  —_—

2

7.6 Observation

We give a table of enumerative results to compare asymptotic and exact average number of

[2"] Mgy (2)

3n

(3r+2)\/¥

9r2
3t — o,

4

visits to height r, together with their corresponding variances:

15
8

n

Type of

m(l) (n)

Variances

results

r=1

r=3

r=6

r=1

r=3

r=6

222

expected

13.1377

10.5314

7.3595

107.5239

100.925

81.0798

222

asympt.

13.1379

10.5314

7.3595

107.8581

103.5852

95.8712

367

expected

17.2810

14.5856

11.1201

182.4060

175.4705

152.8492

367

asympt.

17.2811

14.5872

11.1201

182.6659

177.5

164.4267

593

expected

22.3441

19.5842

15.8884

300.5198

293.2728

268.7493

593

asympt.

22.3441

19.5849

15.8975

300.7256

294.8792

277.6109

712

expected

24.6185

21.8377

18.0729

355.7598

355.7598

330.4641

712

asympt.

24.6186

21.8383

18.0799

357.2258

357.2258

338.5702

Table 7.2: Average r-level visits by open ended unrestricted Motzkin walks.
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Both enumerative and asymptotic results shows that an open ended unrestricted Dyck walk

has less average visits the r-level than the unrestricted Motzkin walk.

7.7 Return statistics

In the sequel we analyze the average number of returns to the origin by an arbitrary random
walk starting at (0,0). Unlike in [14], [17] and [18] we don’t count the first step at the origin
as a return. If we count the number of returns to the 0-level by the variable w then the
special system

Po (Z) =1+zp +2p_4,

discussed in Section 7.1 becomes

o (2,u) = 1+ w [z + 200_1 + 2] -

Therefore the system of all the ¢ ’s given in Section 7.1 is now rewritten as:

_1—,2 -z __gph | _0_
—z l—2 —=2 Ph-1 0
0
—zu 1 —2z2u —zu Yo _ 1 (73)
Y1
0
-2 1=z -z

I -z 1—z_ EZa _0_

As in the previous case we calculate the ¢, ;, , ’s using Cramer’s rule by first finding det Dy, 4 1,the

determinant of the above matrix system in (7.3) :

Lemma 106 The determinant of this system, denoted by det Dy p.1, with h + k + 1 rows
1s given by
(1 —0?+2) (1 —0**2) (14 v+ 0v? —vw)

(1 N U2)2 (1 +o+ Ug)h+k+1

det Dpypp1 =
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_Uzw [(1 o U2h+2) (1 o U2k) + (1 o U2h) (1 o U2k+2)]
(1 —02)% (14 v+ 02) ’

Proof. This proof is an exact analogue of the proof in Lemma 42 where the substitutions

1 1— U2h+4 v
det A, = dz=——7—
et (1—v2)(1+v+02)h“’an T lrure?
were made. Hence we will not repeat the proof here. [ |

Theorem 107 The generating function for the number of returns by an arbitrary random
walk starting at the origin, bounded above and below by the lines h > 0 and k < 0 respectively,

and is ending at (n,i) is given by

Ui

l—w (11:;2;}52)’

Pihk (27 w) =

where w is counting the number of returns to the origin and z = —"—.
+v+v

Proof. The generating function for ¢, ; ;. (2, w) calculated in the Section 7.2 using Cramer’s

rule will now be rewritten as

Pihk (Za w)
Zi det Ah—i—l det Ak—l
det Dp g1

(1—02)* (1 + v+ 02"

(1 —02h+2) (1 — v2+2) (1 + v + 0?2 — vw) — V2w [(1 — v?h+2) (1 — V%) + (1 — v2h) (1 — v2k+2)]
vi (1 — v (1 — p2+2)
(1—v2)* (1 +v+02)"*
v (1 — 0?h=242) (1 = p2%42) (1 4 v 4 0?)

X

(1 — v2h+2) (1 — v242) (1 + v + 12 — vw) — v2w [(1 — v2r+2) (1 — o) + (1 — v?*) (1 — v2+2)]
7 1 2
= v(ltv+e) ,as h,k — oo,
14+v+0v2 —vw— 202w
i

1—w(11f}i”j2)'

Remark 24 We test the correctness of the generating function @, ;. (2, w):

v’ v (14 v+ v?)
Pi;00,00 (Z’ 1) - 1 vr2e? \ 1 — 2 ’
- ( 1+v+v?2 )
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so that

M

(1+v+v?)
Z Spi;oo,oo (Za 1) - 1— U2 (

1+v+v 1 + v

v+ 1) for all i.

1>

—_

1 -2 (1 v
_ (1+v+0?)
(1—v)*

which is the generating function for the total number of random walks with open ending at

(n> _)~ [ |

Proposition 108 The generating function of the s-th factorial moments of @, , ;. (z,u) mul-
tiplied by the number of paths of length n is given by

sl (14 20)" (1 + v+ 0?)(1+v)

M) (2) = (1— 02)s+1 (1—0) ’

_ U
where z = -

Proof. Now,

o (
aws (pi,oo,oo

1yi [ o202 s

st <1+—2)
( 1—v? )5+1
14+v+o?

sl s(1 + 20)% (1 + v + v?)
(1 Ug)s—I—l ’

For an open ending we sum up for all 7 to get
slos(1 4 20)° (1 4+ v + v?) :
My (z) = 2 g v+ 1
( ) ( ) (1 o UQ)S—H —

sl (1+20)° (1 + v +v?) (1 +v)
(1= (1) '

zZ,w)

w=1

Corollary 109 The average number of returns to the origin by a random walk of length n

with an open ending 1s given by

/31 7 1
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Proof. Specializing on s = 1 into Proposition 107 we get

U(1+2v)(1+v+112)(1+v)‘

M) == ey

Using the substitution z = ;"= into M) (z) we get the following series expansion around
Zz = gl

3 o1 . 3 N 3v3y1 -3z N
2V3(1—32)7 (1-32)  16V3/1-3z 256

M) () ~

Njw

so that
s ~ 0[5 - () a0 |
(A ) mma () - mm ()
. 3n[ 3_(1%_)]

where the above asymptotic expansion was done using computer algebra. Therefore

[2"] M) (2)
3n

3n 7 1
= 14— +— 1
\/W(+16+ +> ,

as required. [ |

my (n)

Corollary 110 The second moments on o, (2,u) are given by

3n 3n 7 31

Proof. Specializing on s = 2 into Proposition 107 we get

2021+ 20)* (1 + v +v?) (1 +v)
(1 -2 (1 -v)

Using the substitution z = ;"= into M, (z) we get the following series expansion around

M2 (Z) =

Z:§Z

My (2) 3 B 6 N 9 3 B 3v3v/1 - 32 N
@) 2(1-32)° B(1-32)F 8(1-32) 4/3/1-3: 64
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s = ()20 (D) (D) -0+
- [ 3ER0) -B-wa()

N I TN U T
2 T dn 7 8

N =

Therefore
[2"] My (2)
N A LG
A U R I L
2 T dn, 7 8"

7.8 Observation

As usual we give a table of enumerative results to compare asymptotic and exact average

number of visits to height r, together with their corresponding variances:

n Returns Variance
expected | asympt. | expected asympt.
50 5.9703 | 5.9702 | 21.3202 21.3194
101 | 8.8633 | 8.8633 | 46.2269 46.2269
174 | 11.9226 | 11.9226 | 82.9587 82.9587
222 | 13.5887 | 13.5887 | 107.4561 107.4561
367 | 17.7429 | 17.7429 | 182.336 182.3360
593 | 22.814 2.814 | 300.4542 300.4542
712 | 25.0911 | 25.0911 | 363.0363 363.0363
844 | 27.4042 | 27.4042 | 432.6724 432.6724
1001 | 29.9309 | 29.9309 | 515.7235 515.7235
Table 7.3: Average O-level returns by open ended unrestricted Motzkin walks.
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Both enumerative and asymptotic results shows that an open ended unrestricted Dyck walk

has fewer average returns to the O-level than the unrestricted Motzkin walk.
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