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.GIOSSflRY OF frTOMS
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U a order o f appearoise)

strength of material 

spedifie murfece enersr 

Youos's ■todulus

space bettreen neighbour ire  atonic partic les  

maximum stress  

applied stress  

J length o f crack

radius of c'trvature a t  eni o f crack 

Poissons

P rincipal etreaaon

angle of shear plane to  th e  horizontal plane
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average p i l l  or stress

v e r tic a l f ie ld  stress

extrection ra tio

load  d istribu tion

to ta l  load

length of boundary

distance from centre.

strength o f j i l l o r

width of f i l l e r

height o f p i l la r

constants



width to  height ra tio  

fa ilu re  strength of a  un it p i l l a r  

uniaxial cm preasive strength 

Strength M ultiplication Ifoctor 

Leteral s tre ss  Inerease Factor

" A
ran te r o f un it p i l la r s  to  centre u n it p i l la r
o f a  wide p i l l a r  (inclusive)

strength o f th e  nth p i l l a r

distance in to  ft v ide p i l la r

strength a t  a  po in t d istan t n  in to  a wide p i l la r

average strength of p i l l a r

constant

v irg in  stress

percentage extraction
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Throaehoat th e  long h is to ry  o f mining Sub Taxra* th e  

eieineer’ e main eene«»« hea Taeen stymorfc. Froa th e  ea rlies t times, 

th e  leaving o f  am ine* portions o f reek , o r p i l la r s ,  as support, 

has constituted an integral p a rt o f most underground mining operations. 

I t  therefo re  seeas paradoxical the*,although pallo rs hove keen 

used so extensively, there  ex ists today »  adequate generalised 

calculation t o  determine th e  amount of load a p i l la r  can support.

Recently there  have been oaRy attempts to  estab lish  a  p i l la r  

strength fom H a.hut in  th e  main th ese  tend either t o  apply only 

to  a  specific  m aterial under specific conditions,or to  depend on 

so many parameters and variables th a t they prove inapplicable is  

p ractice .

In  th e  vast m ajority o f p i l l a r  applications, th e  s ize  has 

been determined by past experience and then t r i a l  and error to r  

th e  specific  application,. This re su lts  in  a  general "rule-of-thumb", 

vhieh holds u n t i l  th ere  are  an excessive number o f fa ilu res .

I t  is  th e  aim o f  th is  d isse rta tio n  to  produce a generalised 

p i l la r  strength formula for vide p i l l a r s ,  i . e .  these  whose la te ra l  

dimensions a re  th e  g reatest. I t  should be nttad th a t i t  i s  ju st 

th e  strength o f th e  individual so lid  p i l la r  th a t is  investigated.

I t  i s  there fo re  assumed th a t  th e  surrounding s t r a ta  i s  ceaspebaut, 

such th a t i t  w ill  not ffcil p r io r  to  p i l l a r  fa ilu re  nor does i t  

undue high s tre ss  aaceaera tions i n  th e  p i l l a r  due to  

external phenasena, a *  does th e  p i l la r  p a r t ia l ly  f a i l  before 

ultim ate  fa ilu re .



CHAPTER 1

FAILURE OF MATERIAL

1.1. THE GEHEBAL THBORY OF ELASTICITY

In  th e  t i e ld  of rock mechanics .uost calculations are based 

on th e  assumption th a t rock behaves e la s tic a lly . Invariatay 

th e  question arises  as to  whethu4 th is  assumption is  valid.

Apart from the fac t th a t there  ex is ts  no otner theory which 

is  as complete and computable, i t  has been found by meoy authors 

th a t  th e  s tre s s /s tra in  curve tor  rock i s  l in ea r. Moreover, a 

according to  G o a te s ^ ,  where the- roo t is  visco-elastic  

and e la s to -p la s tic , i t  can he consider ad to  behave according 

to  a modification o f th e  e la s tic  theory, having the ease 

etedse-equilibriuBi equations and boundary conditions and 

d iffe ring  only in the  compatability equations.

Hence, aa the most applicable and th e  most complete theory 

ava ilab le , e la s tic ity  ia  a  good f i r s t  approximation to  describe 

rock behaviour.

t o  W ig h t iflts  the  theory of e la s tic ity  can be found ia  

tMfft tMfbooka dealing with fundaoental atrength of m aterials. 

Two, regarded as thfl c la ss ica l textbooks in th is  f ie ld ,  are 

w i t te n  by Timoshenko and Goodier*2* and ttuek h e lish v e li^ .

In  t h i s  d isse rta tion  the ' theory of e la s tic ity  is  used " 

extensively to  express and re la te  stress  and s tra in  conditions.



l a  consideriug th e  fa ilu re  strength of materials microaeopieally, 

th e  lower lim it  < t  consideration i s  the  strength due to  the  

cohesion o f atonic p a r tic le s , Orowan^ gives the strength of 

m aterial as r T ^ T  = ’ I
°0 iy - Y -  ■ \

where y ■ specific surface energy 

S = Youty'b modulus

a = spaca between neichheuring atomic partic les

Eoweyer, th e  strength of a substantial aass of m aterial i s  found 

to  be Ouch lower than th e  atomic strength. This gave r i s e  to  the  

G riff ith  Crack Theory.

1.}. The G riff ith  Crack Theory

G r i f f i t h ^  assumed th a t th e  difference between th e  atomic 

te n s ile  strength and th e  massive te n s ile  strength was due to  

high s tre s s  concentrations around small cracks inherent in  massive 

m aterial.

These high s tre ss  concentrations cause th e  cracks to  propagate, 

f in a lly  resu lting  in  th e  fa ilu re  of th e  m aterial along th e

crefikB and th e ir  propagations.

Approximating a crack ttio-aimensiorally by an e ll ip se  of large 

eccen tric ity , G riff i th  calculated t ‘_e maximum s tre ss  a t  the  etd 

o f th e  crack, o rien tated  a t  r i g #  angles to  th e  apgl.Sed tension, 

from th e  equation: _ ^

where ^  = applied te fte ile  s tre ss  

2c “  length of crack

t  = xb&Im of cvapvefeure e* th e  end. o f th e  crack



To re la te  th e  propagation o f cracks to  th e  constants of 

th e  m aterial G riffith  considered th e  energy 'balance during craok 

propagation. The types of energy vhich h&7e to . be considered are:

(&). A lose in  p o ten tia l energy due to  dieplaceaecbe -  P.El. 1

(b ). A gain in  s tra in  energy arouni th e  craok -  E.'E.

(c ), A gain in  surface energy due to  formation of net? crack areas -  's.’fi. 

( i '»  A gain i s  k inetic  energy due to  crack wopngation -  "K.S.

(e). A gain in  pcrtenbial energy due to  p la stic  defoliation -  PI.S.

The anergy balance is  therefore  expressed by th e  equation,

■p.'fi. = 'E.'ti. + 'S.'S. + E.E. + P1.E, '

For th e  B'cble crack propagation th e  surface energy gained 

in  rupturing th e  molecular bonds along the crack path muat be 

equal to  the nett reduction in  thp  s tra in  energy of t i e  system, 

i . e .  'S.¥. = "b.X  '

In  three-dimensione a f la t  oblate ellipso id  was studied by 

S a c k ^  vlio derived the expression

■ . s-r -
where E « Young's Modulus 2c(l v )

v » Poisson's Ratio 

2c » crack l&ngth

In  compression th e  orig inal G riffith s  theory dees not 

make allowances' fo r th e  c ltsu re  of very f la t  cracks before they 

reach a high enough s tre ss  to  propagate. She fric tio n a l forces 

Vhich come into being when th e  faces of the crack ccaae in to  

contact exert a marked influence on th e  crack behaviour.

TCP MO.OCTPn oargFBE C.tACK mSPRI

To Et.udy th e  effect o f f r ic tio n  on dosed  crack surfaces 

McClintock and H alsh^^ adapted the G riffith  theory by maSdas



th e  aBousLptien tha t th e  i n i t i a l  crack in  an imstwesBed tody is  

uniformly closed oyer i t s  wiole length, i . e .  th e  stress  required 

to  close th e  crack is  anro

For aegakive stress  i . e .  te n s ile  stress  the original 

G riffith  Theory holds, and for positive stress  i . e .  ccmprcesive 

stress  the Modified G riffith  Theory Siolds. ' The tran sitio n  jo in t 

o f th e  two theories occurs a t aero stress  as indicated in  F ig. 1.

A 2-dinensional stress  systen in  an e lastic  tody (see Fag. 2a) 

can he il lu s tra te d  graphically "by a Mohr c irc le  {see Fig 2b). '

As th e  s tre ss  d ifference increases th e  radius of th e  circlet 

increases. For a fixed  minimum s tre ss  a maximum radius i s  reached 

at fa ilu re . " I f  th e  neoi-circlcm .at fa ilu re  for different 

minimum s tre ss  values a re  p lo tted  they are  found to  have a coug/ou 

envelope called  th e  Mu.-* fa ilu re  envelope which is  also shown in  

Fig. 2 (k). Suntes o f active and passive fa ilu re  can also be 

derived from th e  Mohr diagram as discussed in  more dsfceil. in  section 2.3. 

The G riff ith  and Mohr theories were derived fa r  e las tic  mebesiala.

For p la s tic  m aterials usefu l theories have been proposed by 

Yrceka and von Mises,

THE TrSUF 07 PLASTICITY

Under certa in  s tre ss  conditions rock is  known to  behave 

p la s tic a lly . The complexity of p la stic  behaviour, tbg  okaage of 

phase f r m  e la s tic ity  to  p la s tic ity  and t lo  wide v aria tion  in  

various m ateria ls contribute to  th e  reason why the theoS-y of

/p la s tic ity  ^
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MODIFIED GRIFFITH

TRANSITION

.ORIGINAL GRIFFITH 
THEORY

RATIO OF NORMAL ST R E SS * 0  UNIAXIAL COMPRESSIVE
STRENGTH

FIGURE 1. MOHR ENVELOPE FOR ORIGINAL AND
MODIFIED GRIFFITH’S BRITTLE FRACTURE 
CRITERIA IN TERMS OF THE UNIAXIAL 
COMPRESSIVE STRENGTH <Tc F O R /;  * VO. 
(AFTER HOEK(20))



r ISURE 2 a . TWO-DIMENSIONAL STRESS SYSTEM 
ON AN ELASTIC BODY.

MOHR FAILURE ENVELOPE

NORMAL S T R E SS f

FIGURE 2 k  MOHR DIAGRAM SHOWING THE RELATIONSHIP
BETWEEN THE STRESSES ON A TWO-DIMENSIONAL 
ELASTIC BODY AT FAILURE, AND THE COMMON 
FAILURE ENVELOPE FOR FAILURE AT VARIOUS 
STRESSES.



p la s tic ity  itoB not 4«voloped inbo a rigorous d isoipline. In sp its  

o f th is  some attempts have been Bade to  bring p la s tic ity  on a gar 

with e la s tic ity . According to  Hbfiban and Sacke^8^, t w  theories 

tovo toon propounaed to  explain th e  fa ilu re  of material in

p la s tic ity  v ie , th a t o f Trecto -  Sb, Tenant and th a t oC von Mia as -

ffencky, ' Both theories use y ield  surJesses to  doeerihe fa ilu re .

They d iffe r  in  th a t Ireslas -  St, Voivjrt ^ropoaoe the* the 

y ie ld  surface i s  hexagonal and von Misce -  Hencky tlic,t i t  is 

e ll i j t tw a l  (oee F ig. 3 ),

She discrepancy is  two conditicnsi-

(a), th e  aaximun-sheoring-stress eoaditioos of Treelca -  St. Vonatit 

assumes six  d iffe ren t expressions in  various regions of th e  oio2 

plane, depending or th e  r d a t iv n  nsgnitudes and signs of a; and Og.

This gives an hasxegon fa ilu re  surface as sliovn in  Fig. 3 .

(b), th e  s tra in-anersy-of-aistortion  condition of von Hises -  

He’ielsy i s  an e llip sa  v itu  th e  a a ja r  e-nfi. ainos axes b isect ire  th e  St­

and Oj- axes aid passing through th e  vertices of the  hecagon of 

th e  aaKjnua-shearinc-atreas condition.

She ttre conditions predict th e  acme yield  strength fo r earn! 

b iax ia l s tresses  given by *; = o f  * u0,  rc^iresented by B and E 

and fo r vaiax ial s tre s s .  A, C, D, F in  Fig. 3i

"SJve aaadam  of -the two theories occum Am ?urs

shear, 0$ •= -  crz.

The values a re  th en ,

Ma5dmuB~6hearing-stirMS <?! -  ■- °2  “ " "a"

etrain-onePgy-of-distfrtion ° i p "  ®2 B “  r —



VON MISES-HENCKY

TRESKA^STVENANT

FIGURE 3 . COMPARISON OF THE TWO YEILD SURFACE 
FAILURE THEORIES IN PLASTICITY 
(AFTER H O F M W  AND SACKS(8))



b rie f ly  th e  fa ilu re  c r i te r ia  eon be suaoiriaed asi

(a),, th e  general theory of e la s tic ity  is  s t i l l  th e  most extensive, 

and th e  most easily  explicable theory to  date. '

(b). th e  atomic strength, though valid  for microscopic order 

of analyses f a i l s  for th e  macroscopic s ta te ,'

(c), th e  modified G riffith  Theory can in  general be applied to  

calcu late  th e  strength of reck , however, i t s  application is 

lim ited as re lia b le  values for surface free  energy are  not 

available.

(d). th e  Treska-von Wises theories w ill be useful in  la te r  

determinations of strength when more is  known about th e  

p la s tic ity  of rock, but fo r th e  purpose of th i s  d isserta tion  

th e  assumption is  made th a t rick  behaves elastica lly .

6.
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gAXtiUBE OF BOCK SYBTBIS OOBIA1HIH6 PTT.T.imc

In  order to  apply mathaaatical theory of e la s tic ity  to  

p rac tica l mining conditions Salason^^ considers four typos of 

idealised models v is t-  

(a ). Homogeneous isotropic model,

(h). Homogeneous transversely isotropic model.

(o). F ric tion lcss Icainated model,

(d ). Multimcsn'orane model.

To eliminate tedious matheuatical calculations i t  w ill he 

assumed in  th is  d isse rta tion  th a t th e  mining condition can he 

simulated by th e  homogeneous isotropic model,

2.1. BX-I0G3S330 ISOg30?IC MODS

To apply th is  model i t  is  assisted th a t th e  mechanical 

p roperties of a l l  portions of th e  rock mass is  the sane, and th e ir  

magnitude is  independent of the  d irection  of loading i .e .  the 

model disregards the possible effect o f th e  bedded nature of tho 

rock. ’ I t  provides a useful approximation in  the  case of docp-aeatei 

hard rock, where th e  bedding i s  not pronounced and no preferen tia l 

d irec tion  with regard t o  i t s  properties ex ists.

The basis of calcu lation  i s  on the m irror imago concept with 

only two parameters to  define th e  mechanical properties of th e  

m aterial v iz . Young's Modulus E and Poisson'a Ratio v , The 

m irror image concert sa tis f ie s  th e  condition of shear s tress-free  

ground surface by superimposing th e  solution fo r ah element-at 

/ in f in ite



in f in i te  depth 6a i t s  mirror image. ' Ths BTirfaee i s  freed n t  

normal etrese "hy th e  adaition of aaother stress  enaction. '

Tlio stress  on a p i l la r  increases with jrogrcsaive mining 

due to  th e  veicbt o f th e  ovetiyias s tra ta , bd6 th e  increase 

eauaes a defam ation of th e  p i l la r .  As f  -> p i l la r  dcfcrao 

v e r tic a lly , i t  expands 1st o rally  u n til  i t  to i ls  «y sp littin g  

v e r tic a lly  and s lig ing  o f.th e  outer lay e rs ,. T tiii'co rtim ea .un til 

th e  a ise  of th e  p illo r  is  so email th a t i t  can no longer hear 

th e  weight o f th e  overlying s tra ta  end i t  f a i l s  v'v lecbly.

The la te ra l  expansion occwa ac a  resu lt of th e  So is  son's

Ratio Effect vhieli i s  unrestric ted  a t  mid-height of the  p i l la r  

and re s tr ic te d  on th e  hangincvall anA th e  foo tvall contacts y ith  

th e  p i l l a r .  Thia causes bulging a t  th e  mid-height and leads to  

v e rtica l crockin'; (see P ic .k).

2.3; mm ETTIST
I f  th e  p i l l  a.”  is  slender enough, ’an obliq.uo shear plane

tends to  develop, (see P is. 5a). This is  oxylaiacd by Sersasbi

ana Peok^10  ̂ i n  th e  theory o i  native and passive sheer planes and 

i t  can be analyse! by th e  Mohr Rupture Theory.

B riefly , th e  ocele a of th e  shear plane (coo Fig. 5c) to  the  

horizontal plane ia  k f  * In h e re  * i a  th e  angle o f in te rna l fr ic tio n . 

« abends on th e  d iffe r  w ee bctveen th e  applied v e r tic a l stress  »v 

end th e  r e s tr ie t ia s  horizontal s tre ss  ^  (see F ie . Sb )■

8.



HANGINGWALL

u _ L j r i _ L j .
( P IL L A R

1  T T  ~ t “ l T T
FOOTWALL

FIGURE 4 . CROSS SECTION OF A PILLAR SHOWING 
THE POISSON'S RATIO EFFECT PRODUCING 
BULGING AT MID-HEIGHT AND VERTICAL 
CRACKING WHEN SUBJECTED TO VERTICAL 
STRESS -  f , .



SHEAR
PLANE

FIGURE 5 b .

HANGING WALL

FIGURE 5 c .  FIGURE 5 d
THE MOHR EFFECT SHOWING THE DEVELOPMENT OF SHEAR 
PLANES AND THEIR EFFECT ON A WIDE PILLAR.

FIGURE 5 e .
COMBINATION OF POISSON'S RATIO EFFECT AND MOHR EFFECT.



According to  th e  Mote theory a, rojaber of shear planes arc 

iitiucea, a l l  havirg th e  same angle t o  th e  horizontal. Seae w in  

Iwve th e  eppoeite e£gH (see r ig .  5c). '

This ceuaes th e  "m ise" effect ocaoottly seen in  coal p il le ro , 

due to  th e  loose rock f a l l  i r e  sany (sea P ic . 5i ) .

In  p rac tice  vhat i s  elsearved is^ f i r s t l y  a  bu lsias effect eza 

then th e  reck  a t  aidl-heiglzti f a l l s  sesy, leaving, not a clean shear 

p la in , trot a jagged surface. This could be explained by a 

cotibim tioa of Foisso&’s Betio Effect and th e  ttohr Effect (see

Howeve;, i t  could be Sue to  th e  nature o f th e  tu to r ia l .



SEBESB DlSIRIBmiOtr

In  debetaindng th e  strength of m aterial th e  most oomaoaly 

used method is  t o  study i t s  reaction to  an applied streeB. 'Sem e, 

th e  tettovleasQ o£ th e  exact yaitwo of th e  stress  is

imperative.- 'Two fa s t  ore of t h i s  nature- j r a  um crtant v is , ' 

th e  aaoutsb of s tre ss  and i t s  disfcributioa. '

3.1. laimrABY A pm iassz

To measure tho  to ta l  amount: o f stress  under minisg conditions 

th e  trib u ta ry  a*at theory provides a fa ir ly  accurate and easily 

manipulative estiifcAe* ' This theory a t a t os th a t th e  p i l la r  

supports th e  en tire  weight a£ ro sk  above th e  p i l l a r  aed. eSove the 

excavation trih u ta ry  (or adjacent) to  i t .  This can be expressed 

by th e  equation

where o » average p i l la r  stress  

So » v e r tic a l stress

R => extraction r a tio

Eenoe th is  method gives th e  aaxiam  average s tre ss  t to t  oan 

occur in  th e  p i l l a r .

3.2. emEss flismiHgios a  ras g n u a

I f  th ere  is  a coa->unifc«'i sbvasa distribuXiioa in  the p illa r., 

then th e  oexiMRua s tre ss  i s  yst th a t given ’ay th e  triW tazy  axes 

theory , hut a g reater value, As th e  rock t r i l l  f a i l  f i r s t  a t th e  

a tre ss  of g reatest value, i t  i s  important to  know th e  configuration 

o f th e  s tre ss  d istribu tion .



S£toshe®iKr<a) s iv W th e  load tisb ribu tion  or- a stvaigbb 

boundary (see Fig. 6a) as p

vhare P = to ta l  load

length, o f boliada^r

distance fsoa a anti

for th e  s tre ss  d istrib u tio n  over a p i l l a r  (see Fig. 5b). They 

m aintain th a t th is  applies both to  th e  homogeneous isotropic model 

and th e  transversely isotropic model, th e  only difference being 

th e  choice of the appropriate physical constants in  th e  fina l 

re su lts .

An approximation th a t is  used in  th is  approach i s ,  th a t at 

. ry point over th e  p i l l a r ,  th e  vo rtica l s tre ss  i s  proportional 

to  th e  p i l l a r  convergence there . Thom th is  i t  is  calculated 

the* th e  s tre ss  convergence a t th e  corner a of the  p i l la r  is  37.5# 

higher than  th e  mean s tre ss  over th e  whole p i l la r .

C o s tc o ^  gives th e  more lik e ly  s tre ss  d is tribu tion  as having 

th e  anyimua s tre ss  a t a distance into th e  p i l la r  (see Fig. 5c ).

In  p rac tice  th e  p a r tia l  fracturing frea b lasting  or re lease of 

confinement of th e  surface rock, produces a  aone commonly 2 foot 

t o  5 fee t think, th a t can sustain  l i t t l e  s tre ss . The peak stress  

concentration is  thus moved to  th e  edge o f th e  uatoactured 

portion  o f th e  p i l la r ,

. c a s te s ^ )  aniv&ains th a t th e  atrcsa d is trib u tio n  with th e  

foot wall and th e  hanginffwll d f th e  kuc  moduli Of defemnbioa

3,3, ' STRESS DI07̂  vsw ror aaotns TEE FlSMR 

/is



STR ESS-P"

1—

BSURLAs. STRESS DISTRIBUTION OVER A STRAIGHT
BOUNDARY PRODUCING CONSTANT DEFLECTION 
(AFTER TIMOSHENKO'21).

PIL L A R

FIGURE 6 b  STRESS DISTRIBUTION OVER A PILLAR 
(AFTER SALAMON AND ORAVECZ'"1 ).

FRACTURED
/ / Z O N E S

SOLID
"ZON E

FIGURE 6 c .  STRESS DISTRIBUTION OVER A PILLAR 
CROSS SECTION (AFTER C0ATESm X



I s  th e  same in  th e  foot s a i l  on contact with th e  p i l la r  as the 

p i l l a r .  This is  to  he expected i f  one accepts th e  continuity  of 

s tre ss . So considering th e  ideal e las tic  situation  th e  stress 

w ill he th a t o f th e  p i l la r  (see Pig, 7a).

At a distance into th e  foot well th e  streaa d istribu tion  is  

spread over a larger area end thus th e  stress  concentration is  

diminished (see Fig Tb), u n til  cb a certa in  distance above or 

below th e  p i l l a r  i t  approaches th e  prim itive stress configuration.

K.B', A ll references to  th e  foot wall apply equally to  th e  hangingwall

Tersoghi and PecV10  ̂ givo th e  floo r reaction to  pressure 

On a  p la te  as tho development of shear planes (see Fig. 7c). This 

phenomenon is  well known in  Soil Mechanics.

I t  was from t h is  concept th a t W iggill^2  ̂ deduced th e  stress 

lin e s  around an op on excavation (see Fig. 76).

3 A . FEOTOEhdCTIC HKUBC .'HMYCIS

Frcm photoelastic stress  studies on p i l la r  configurations 

Logie^13  ̂ arrived a t th e  following conclusions 

(a ), th e  maximum s tre ss  in  th e  p i l la r  occurs a t th e  intersection 

of tho  th roe orthogonal planes v ia . tho corner o f th e  two 

sidewalls and th e  footwall (shown previously by Balaaon and 

O ra v o c z ^ h . 'lh ia  maximum is  not affected by th e  slenderness 

o f  th e  p i l l a r ,  but by th e  v aria tion  in  percentage extraction, 

(h). th e  r a te  of change o f th e  maximum stress  with th e  precentage 

ex traction  ia^largo , obeying approximately linear law.



FIGURE 7 c

FIGURE 7fc.

FIGURES 7a AND 7 b . STRESSES IN WALLS ADJACENT 
TO PILLARS (AFTER COATES01)

ACTIVE
SHEAR

FIGURE 7c. FLOOR REACTION TO PRESSURE ON A 
PLATE (AFTER TERZAGHI AND PECK"” )



"BA
Tase- " s s e -

FIGURE 7d . DIAGRAMMATIC SKETCH SHOWING SHEAR 
ZONES AROUND A STORING EXCAVATION 
(AFTER WIGGIU?” )



(c)« ft "tensile, ebsess i s  produced ln -tho' rc*tei6l l j e f  the. excQVstion 

of th e  ordor o f tK o ijiria itive  streca»v

(d). fo r p'Broerftaga exbract ion lea s  than  55?$ th e  ra te  of chaos® 

of th e  maieVitoi s tre ss  a t aid-height is  r e la tiv tiy  small. Tor 

g reater tisar, 5;-:̂  extraction the ra te  is  high.

He also  ahotre th a t across th e  p i l la r  th e  stress  d istribu tion  

remains unifora e t  s, distance in to  the p i l la r  greater than half 

th e  height (see Fig, F).

1 3 .



f i g u r e  a . DISTRIBUTION OF THE PRINCIPAL STRESS 
TRAJECTORIES AROUND A WIDE PILLAR 
(AFTER LDGIE11*1)



CHAPTER It

pnmrxmiB pttj.ch

As th a t section o f  th e  n inicg industry which has fo r sane 

t in e  predoairstely  used th e  p i l la r  as an integral part o f i t s  mining 

method, th e  coal mines were th e  f i r s t  t o  become in terested in the  

determination experimentally of th e  strength of p i l la r s .  As fa r 

hack a s  1938 experiments vere conducted in  the Pittsburgh Coal 

Beds by Greemjald, Ebwarth and H a r t m a n n t o  investigate 

parameters th a t might e ffec t th e  strength. They observed th a t  size  

had a d is tin c t effect on th e  strength. Proa th e  re su lts  of 

seven t e s ta  carried  out on in  s itu  square coal p i l la r s ,  they 

postulated th e  form of th e  equation th a t re la te s  th e  s i t e  t o  the 

strength  as being a  power function i . e .  th e  strength of a p i l la r  

i s  a  function of i t s  width and i t s  height to  certa in  powers, 

v is ,  a = k w a h ^

where o = strength of p i l la r

\r =» width of p i l la r

h => height o f p i l la r  

k ,a,b  » constants

Until very recently , t h i s  was th e  accepted form of th e  p i l la r  

strength foMTtilae. Later researchers merely differed with respect 

t o  th e  constants.

However, due t o  th e  em ir le a l  nature ° f  ®ralwsti«s» th e  constants 

vary considerably, due to  th e  p articu la r nature of th e  coal 

sp ec ifica lly  te s te d  by individual researchers. The researchers also 

d iffe red  in  th e ir  approach to  th e  determination o f th e  constants.



specimens and extrapolated th e  re su lts  from th e  formula he obtained 

to  describe th e  strength o f mine p i l la r s .  In  1967,  Salsmoo and 

H unr6^^  approached th e  problem o f p i l la r  strength h y 's  method 

d iffe ren t from th a t o f sjnmlotina a p i l la r  fa iling  in  th e  laboratory. 

They took a  la rg e  number of p i l la rs  in  a number of mines and, o . 

th e  basis o f classing those which had already failed, ets being too 

email and those which s t i l l  stood and carried load as being on 

th e  la rg e  s iz e , they found th e  spbiaus", values for th e  constants 

s ta t is t ic a l ly  using th e  power function formula as th e  basic fora.

Also in  1967 B ieniaw ski^^ conducted a series of te s ts  on in  s itu  

small coal p i l la r s  ty  a r t i f ic ia l ly  inducing a load on th e  p illa rs  

by means of hydraulic jacks, thus simulating p i l la r  fa ilu re  under 

safe  conditions. Again he used th e  power function formula as 

th e  basic  tan®late and gave a new evaluation of th e  constants.

Thus th e  various postulates can be summarised by th e  following 

ta b le  of th e  constants. a t

Greenwald eb a l  0.50 -0.83
8bcart 0.50 -1.00
Salamon arei Kunro 0,1*6 -0,66
Bieuiaveki 0 . l 6 -0.>»6

The constar* k depends on th e  nature of th e  coal •. 1 as i t  can 

he seen from th e  fora  of th e  povcr function formula, i t  i s  th e  

value of th e  strength of a un it cube' o f coal.

s . , -  in ISlST, e l .r i.e k i1181 f M  — “■« 

th e  pooer function torau la  hy.rs»pooi*c a linear relationship 

o f  th e  fo m  0 4 *  bR

where c » strength of p i l l a r ,  n -  v i* h  to  height ra tio  

a  » 400^ b 220

* An v a lu a tio n  ;of t t a  m erit, W  lim itations o f these 15.

fonaulae i s  given an a r ^ i s n  P*1* * -

-wti- -v'g -  k' w



BE srvm oH  op BIDE p i l l a b  vasnmL&tt

She strength of p i l la r  m ateria l, usually rock, depends en 

in tr in s ic  parameters and variable external facto rs, many of which 

have net yet been iden tified , le t  alone analysed.

In  attempting an analysis of factors determining th e  strs-igth 

of p i l l a r  m aterial one must f i r s t  consider i t r  ganers" nature.

The rock may have a structure  ranging frcm separate partic les 

bonded weakly together to  a fused g lass-like  structure,, depending 

on i t s  geological o rig in  and history -  whether igneous, 

sedimentary, or met amorphic; o f what elements i t  i s  composed; in 

what a rray  th e  elements.are bonded together and a t what stage 

of metamorphosis. Sandstone is  an example of crystals of rock 

bonded together by a cement weaker than th e  individual c ry sta ls, 

whereas pure q uartz ite  has been fused so th a t th e  importance of 

individual grains is  g reatly  diminished.

The behaviour of rock under stress  may range from purely 

ela s tic  to  p la s tic  o r viscous and is  o f importance in  the  comparison 

of d iffe ren t rock types; and even in  a single specimen the 

deformation phase may change noticeably under varying conditions.

The mode of fa ilu re  of rock may range frcm a gradual flow to  

a v iolent rupture with or without cracking and crumbling. After 

fa ilu re  th e  rock fragments may be recompacted to  a tta in  a capacity 

to  once more withstand stress .



She s tr e n g th  o f  a  ro ck  mass i s  e ffe c te d  by t h t  a ^ jreo  .2  

a a tu r a t io n , c h en ic a l a l te r a t io n ,  m ioroasopio c r  itvaw gaepie  fj.swfa, 

. i-n tr fn a l s t r e s s  con ce n tra tio n s and th e o lo g ic a l arfO K istiois, Msr 

®tastple, Vfiid( ^  round, th a t  th e  a tre o s th  o f  sauiJatoae decreases 

Markedly v i t h  an in c re ase  i u  th e  pe rcen tage  Bn.turc.ti Lon; v is tu j. 

chem ical a l t e r a t io n  occu rs  a t  norjenfci=o i ” l;s3 e s^ose i i n  urdergyouad 

workin0s} p la n es  o r  weakness such £■ f a u l t  s , f i s a u re s  aril s l i p s  r r s  

e<mton occurancos i n  unflesrerouna w orkings; th e  h igh  s tr e s s  

c o n c e n tra tio n  a t  pen in su la  ab u tae n ts  l e f t  by IcngwaU. a in in c  o r  

t h e  H itv a te rs ra n d  c e ld  mines may cause  vio ienb  f a i l u r e s ;  and th e  

rh e o lo s ic a l  a e f o ra s t io a  under a  co n stan t load  to o  low to  induce 

im e d ia te  f a i l u r e  has  been observed t o  le a d  t o  f a i l u r e  in  a a l t  .'.nfi 

p o ta sh  m ines.

2. THE FAIUmS STRITOHI OF A OTTf gTT.T.cn

In  mining i t  has been observef th a t th e  strength of e. p il la r  

i s  influenced by i t s  dimensions* more especially so, i t s  le-MSt 

dimension. I f  th e  le a s t dimension ia  i t s  width, i t  i s  a "siendsr 

p i l l a r ” and i t s  strength analysis would be akin to  th a t of "column 

theory" uaed in  s truc tu ra l engineering.

I f  th e  le a s t dimension is  i t s  heighb i t  is  a "wide p illa r" .

In  analysire a vide p i l l a r  th e  concept o f a unit p i l l a r  is  used to  

serve aa th e  foundation upon which th e  fa ilu re  strength theory is  

b u i l t ,  a: T ,i iw  i s  a cubic p i l la r  o f sidelensbh equal to  the

height o f a Trifle p i l l a r .  Hence a l l  'fide p i l la r s  contain a t le a s t 

one u n it p i l la r .  %  increasing th e  un it p i l l a r  in  i t s  la te ra l  

dimensions i t  becomes a  wide p i l la r .

The fa ilu re  strength of a  u n it p i l l a r ,  ®u , i s  taken to  be 

t h ,  « a d a « .  load p«- u n it a r e  « lo h  «h» lU l a i  can 1, .

before f a il in g .



This fa ilu re  strength should not be oonfnsed with th e  

un iaxial esmpressive eOreogtb* cjc> whioh i s  fieSeminei by an 

iaterravionalljr rtandsraiaei procedure on a  rock specimen of 

Specific size  v is ,  o cylinder o f rock of dtemctCT 'l^5n anSi.'-apgfch 

3«25 * Itoseysr, th e  unit strength can be considered to  be a 

function of th e  uniaxial cc=src==£vs rtresgth.

i . e .  cu «* f  (o0 )

So defce th is  re la tionship has not been determined, though a f i r s t  

ajijji'oxaaation can be made sa tir ic a lly  by conduct ins a series of 

te a ts  on sneciaens of voryine size end then extrapolating. I t  is  

generally accepted th a t as th e  size increases so th e  strength 

decreases. However, i t  i s  thought th a t above a certa in  size , a 

“a t te r  o f inches when dealing tritih metals and fee t with coal 

(Bienifltfski^®^ ) ,  th e  strength of a euhe becomes constant.

Recent re su lts  (Grobbeloar ^ ' } iaa ica te  the* i t  ie  Soseible to  entiainte 

th e  strength of n unit p i l l a r  by using th e  strength of snail 

speciaens and observations of crack frequencies.

.3. 3TREHgJH -.mglPtTCATTOM FA020S - k..

In  nature wha-e one deals with f in i te  bodies, one rarely  

coaes iofco contact with pure uoiexia l  s tre ss  conditions. Due to  

th e  in tr in s ic  nature of a s te r ia ls ,  being constructed of noleaules 

t l a t  are  connected to  one another by some or other means, one fin e s , 

even in  th e  smallest elements, a three-diaensional stress  aituatisru 

In  th i s  three-diaeaeronal- stress  condition any one of three 

p rinc ipa l s tresses is  influenced, by th e  other t r o .  Any change in  

th e  magnitude of any oce principal stress  produces a  change in  the 

Basnitu&es of th e  other two.

10 .



I f  th e  u a it rpililar is  o-ottsidared to  be an integral unit vitK 

.tba prineig&X gi»esses rs ,̂ > og a c ting  on I t s  am.tacaa

(see f tg  £>&)» th e  change i a  o l , hai , i s  a fuis.-tion of the ,•

streoBM in  ^  ena aa4- sr,. and A03 i t  there ia  no

fieSOninfcion ir, the  d irec tion  of x/y

i . e .  4o1 = f(4<^, Ao3)

«  V&t a itua tian  i s  sim plified to  tha t o f two principal 

efcrear.es, kfc’i  maximum and the minimum, Oj and say Cj in  th e  case 

o£ a un it p i l l a r  under v e rtic a l load we se t the relationship 

4<il = f(4o3)

Over small increments th is  relationship can he approximated 

tgr a  s tra igh t l in e  vhich has the slope corresponding to  the 

slope v f the  curve a t  th a t point

ictj ■ kjflffj (see Appendix 1).

% s e ffec t of th is  oa th e  unit p il la r  is  th a t an increase 

i s  th e  la te ra l  s tre ss , increases th e  fa ilu re  strength. By 

d efin itio n , the fa ilu re  of a  u n it p i l la r ,  occurs in  the 

stress  condition i . e .  th e  la te ra l stress  is  zero.

Sheriifore, i f  we ap tly  a stress  Ac3 we get an increase in  i-a of

i .e .  nhen Oj = 0 °i ” 0u

when u = lo 3 al  a »u * iOj

= cru + ijiaj

(See f i s .  9h and 9c).

TEE MIEEtAL STRESS ISCRE&SS FACTOR -  fej

M aterials, when BUhjeeted to  a v e rtica l l i - J ,  thoxr a  tendency 

to  deform; in  general, by contracting ve rtic a lly  and expanding 

la te ra lly .  The amount of deformation and the ratic. hfjtweefl the 

volumetric deformation v e r tic a lly  to  tha t o f horizontally depends on 

the nature of th e  m ateria l. 19



EliiURE 9 i - THE PRINCIPAL STRESSES ACTING ON A 
UNIT CUBE

FIGURE THE TWO-DIMENSIONAL STRESSES FOR A 
SOLITARY UNIT PILLAR AT FAILURE.

* (Til <• liPt 

- 0il *

<r,

FIGURE THE EFFECT ON THE VERTICAL FAILURE 
STRESS t o  BY APPLYING A HORIZONTAL 
STRESS A g l  ON A TWO-DIMENSIONAL 
U NIT PILLAR.



Per My e la s tic  oa^erial thea^ah a ree te rirtie s  are  generally 

., cei^taflfcs. The values of these properties fo r a eivM  m aterial can 

■' fta th e  m aterisl ehanses s ta te , from viscous through plastic

e la s tic  fo r instance, hat in  general, they can he trea ted  as 

d iffe ren t constants fo r each s ta te  of n a t« ie l .

I f  th e  material i s  restrained la te ra lly  when subjected to  a 

v e r tic a l s tre ss , a la te ra l  s tre ss  is  induced, vhich is  a function 

of th e  v e rtic a l s tre ss
C3 -  f i e , )

Again, th e  re la tionsh ip  becomes th a t o f a  stra igh t l in e  for 

increments of s tre ss  change, giving

Ao3 ■ Y * ,

where k j i s  th e  la te ra l  stress iasrease facto r, ' 

kj varies according to  th e  specific m ateria l, th e  stress  condition

and th e  s ta te  o f th e  m aterial. In  general, 0 * k -  1

For e la s tic  m aterial 0 < S

For ti.astic  m aterial under plane s tra in  k^ *

For e la s tic  m aterial under plane s tre ss  ■ «

>*ere v is  Poisson'a Ratio 

(See Appendix 11)

In  short th e  effect o f k2 on th e  unit p i l la r  la  th a t ,  i f  i t  

i s  res tra in ed , i t  exerts a la te ra l  s tre ss  which is  proportions! to 

th e  V ertical s tre ss  (see Fig.10).

' ARALYBIS 0

As previously stfttpd a wijle p i l la r  eensis j  o f a t le a s t  one 

un it p i l l a r .  Taking th e  un it a W a r  as an integral en tity , consider 

th e  effect o f a u n it p i l la r  or i t s  neighbouring un it p i l la r  within 

a  wide p i l la r .  Being adjacent tfl one another they pr-vido, a

“ /mutual ^



FIGURE 10

% i

THE EFFECT ON THE HORIZONTAL 
STRESS M )  BY APPLYING A VERTICAL 
STRESS m - o q )  ON A HORIZONTALLY 
RESTRAINED TWO-DIMENSIONAL UNIT 
PILLAR.



BUtuaL re s tra in t i f  they  do not ncnre la tw a lly ^  '^hla 

r e a tra ij*  ps^*Jc*a » l a t a a l  e trw s  «hei th e  p i l la r  c o u le e  ia 

subjMfiod to  a  v e rtic a l load , tjsue iacreaains th e  un it p i l l a r ’s 

capacity to  carry  th e  load; in  e ffec t, increasing i t s  strength*

Moving in  fran  th e  perimeter o f th e  wide p i l la r  to  i t s  cen tre , th e  

s trength increase beeasea cumulative and reaches a aax&mm in  the 

centre of th e  p i l la r .

To i l lu s tr a te  t h i s  effect consider th ree  unit p i l la r s .  ' I f  

these p iU arn  are  not in  contact, we should expect each to  have a 

strength per unit area o f <r.» Hence, we expect a l l  th ree  t o  f a i l  

simultaneously when th e  load per un it area becomes (See F ig lla  ) .  ’

I f  th e  th ree unit p illa ra  a re  placed in  contact in  a row ;

(see F ig. l i b ) ,  th e  two outer p il la r s  would have a restraining : 

effect on th e  centre one in  th e  o3-  d irection  but not in  th e  o}-  ' 

d irec tio n . Hence we expect a  sligh t increase in  th e  strength o f the  

centre p i l la r  since it. has one le ss  dimension to  f a i l  in to . However, 

th e  strength increase i s  s lig h t (P ractically  ftimed to  be about 10#. 

in  th e  case of sandstone, see Appendix 111) afl i t  can s t i l l  f a i l  iq  

th e  o2-  d irection .

I f  th e  th ree  un it p i l la r s  form a cross-section o f a s tr ip  p i l la r  

(see F ig . l i e ) ,  th e  centre p i l la r  i s  restra ined  in  the e 3-  direction 

by th e  two outer p i l la r s  and in  th e  o2-  d irection  by sim ilar sets 

o f p i l la r s  adjacent t o  i t .  This r e s t r a in  on a l l  sides makes a 

marked increase in  i t s  strength (150# in  th e  caee of sandstone see 

Appendix 111). This increase in  s trength  is  due to  th e  development 

of la te r a l  s tre ss  which i s  k2 times th e  un it p i l la r  strength and - 

produces a  strength m ultiplication fac to r o f kt  times th e  la te ra l 

s tre ss .



(HCURE H o. THE STRESSES ON THREE INDEPENDENT 
UNIT PILLARS AT FAILURE.

F IG U R E  l i b ,

FIGURE H e.

P I'fu  * 4(T\

THE EFFECT ON THE STRESSES ON THE
CENTRE UNIT PILLAR WHEN RESTRAINED 
IN THE DIRECTION BY ADJACENT UNIT
PILLARS,

THE EFFECT ON THE STRESSES ON THE UNIT 
PILLAR WHEN RESTRAINED EQUALLY IN THE 
6 -A N D  < 5 -DIRECTIONS BY ADJACENT UNIT PILLARS.



Jfeece, th e  strength fo r th e  Centre unit p i l l a r  increases ty  k^lyr 

giving th e  strength as

^  + 4 4 ^  = * ,  % +  \  k2l
The average strength of th e  th ree  of th e  three p i l la rs  now heccmee

- <v»hA>.

; a roir o f five p i l la rs  th e  value fo r th e  centre p illa r  

°5 ■ =u + \  k , (=>u ) + kj k2 (k, k2 ou )

= + kj k2 + (lct Jt2 )2 )

E%ending th is  to  a vide p i l la r  o f 21! -  1  un it p i l la r s ,  thus

making th e  centre p i l la r  th e  IIth  p i l l a r ,  th e  strength of th e  Rth

p i l la r  becomes n-1
0,, -  W  k , k 2 V (k, k 2 )2 — ^ r ~ - -  (4 % )  )

"  »„ ^  \  f
ti.'j?. l a  th is  analysis ire assume k1 k2 to  be constant fo r ease o f

calcu lation  and demonstration. In nature th is  may not be so , as k%

and kg are  individually knoun to  vary with s tre s s . However, on 

f i r s t  observations they appear to  vary inversely and thus, the ir

product varies fa r  le ss  than they do, i f  i t  does not in  fac t renain

a  constant.

This so lution, however, ex ists only for a wide p i l la r  

containing an exact odd nisaber of un it p i l la r s .  Values can be 

calculated for these and then  interpolated (see F ig . l ld h  or we 

can use a d iffe ren t approach.

This new approach uses th e  Strength value o f the  unit p i l la r  

as th e  fundJttenfcC statement an i th e  ra te  of increase in  strength 

a t theH tk  p i l la r  as tha t which occurs over th e  r e s t  o f th e  wide
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Ab th e  i fk  p i l l a r  th e  slope o f th e  strength curve is  th e  

difference between th e  strength of th e  p i l lw  and th e

(3-i)th  p i l l a r  over th e  erea of th e  two p illa rs .

• i.e . Slope -  ' | L  .  _ to  .  Z S E L ^ H

gn )

b * +***■)

where c •> Itjk

Taking a p i l l a r  of width 2n (thus having symmetry about the 

centre l in e  a t  n) and, bearing in  mind th a t the  strength of a 

un it p i l la r  must be c i . e .  when a  = j  ( i .e .  the  width to  height 

l a t io  a  i ) ,  60  must = 0 , th e  increase i s  given as

45 "  \  ^ ...  ) dn

In tegrating

Therefore th e  strength t.b a noirt: d istan t n into th e  p i lla r  is

1 where c » kjk2 

(See Pig. 12).

HmTP.-Ptty.Aa AiMYBlS

A s tr ip  p i l la r  i s  defined as a  p i lla r  which has a length

fa r  g reater than i t s  w idth.' Ideally  th e  length should he in f in ite . '
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In  determining th e  average strength o f  a p i l la r  we can use 

^ t h e  equations derived in  section 5.5 .for e ither the  f in ite  element 

approach, i . e .  r -1  .. r

o r th e  continuoxis ra te  of increase a®roaeh. i .e .  

where c = k^kg

5. F in ite  Elestent ATmror.c3i

Take a s tr ip  p i l l a r  o f width to  height ra tio  * 3 , i . e .  the  

p i l la r  can he subdivided into 3 un it p i l la r s .  The strength of the  

tvo outer un it p i l la r s  is  and th a t off th e  centre unit p i l la r  

is  ou (l+kjk2). Hence the average s tre ss  o f th e  p i lla r  
2  x cr + 1  x o (1+H.k,)

=• ju ( l+ \k g )

Similarly w ith a s t r ip  p i l l a r  o f width to  height r a tio  » 5. ws 

have th e  tiro ultim ate un it p il la ro  of strength »u , the two 

penultimate un it p i l la r s  o f strength OyCl+kjkj) and th e  centre 

w rit p i l l a r  o f strenefch ott( l+ & V  (ki k2)2) c iv io 8  an averase 

strength  * aw ^ l+ k ,fc ,) + ( k ,^ ) 2)

CTa v / B -------------------------------- -

)



Bxbenaing th is  to  th e  general ease of a s t r ip  p i l la r  o f niattt 

to  hei,?!* ra tio  » R, where fl i s  an odd in teger, the  average 

strength becomes,

W V  j g * J g L ' > V .   ,  IB-teSL).)(t,t2),
<b s a s

R-l

* 4 ^ " '
Tram th is  expression values of „av can he p lo tted  for 

diacreet -values of a (ft can only be an odd integer). ' I f  

intermediate values are  required, th e  discreet re su lts  obtained 

' lri t>e interpolated by f i t t in g  a cut-ve through these points.

(See F ic  13).

As a close approximation and fo r ease of calcu lation  (see 

Appendix IX ) ," th is  method i s  ideal for p rac tica l use on th e  nines 

as i t  en ta ils  nothine acre  in  understanding than a luxmlec^e of 

high school aathematics.

Continuous Bate of Increase Approach

This method en tails th e  use o f th e  continuous ro te  ( f  increase 

in  strength towards th e  centre of th e  p i l la r .  To find th e  average 

strength , we in tegrate  th e  expression for increase of strength and 

divide by th e  orea. Hence th e  average strength of a s t r ip  p il la r  

i s  obtained by dividing th e  to ta l  strength of one row of urj't 

p i l la r s  across the vidth by th e  area which is  now th e  area of one 

row o f un it p i l la r s .

However, t h e  equation must s a t is f y  one boundary condition, 

,e .  t h e  u n it  p i l la r  must h&ve a  strength o f  ou . This determines
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th e  lim its  o f in te g ra tio n . The lower lim it becomes R -  3 

instead of si = 0, As th e  p i l la r  strength d istrib u tio n  is  

symmetrical about i t s  cen tre , th e  uppler lim it becomes |  . To 

find  th e  t o ta l  strength, th e  re su lt o f th e  half p i l la r  is  doubled.

As th e  derived strength curve i s  actually  th e  increase in 

strength abov/ the value for a unit p i l l a r ,  e , th e  to ta l  strength 

t r i l l  be represented by the sum of the two areas A and B in  fig s  ika. 

Mectheaatically th is  to ta l  area is  given by

where c = 

Integrating
(c -  c h + g(c2 -a"*
2 log2c B log2c

Dividing by th e  area (or width to  height r a tio  R as th e  length is  

un ity) to  find the average strength, oav, th e  equation becomes

f j  t  t J -  . ' ) (

0=w/°u “ "-------------a T iS H T y y

I h i ,  1 ,  ™ ii« m  =«r « 1«= «  8  8— w  - W

to ,  mr s iv e ,  « « •  U"- e w a e  IV),



FAILURE STRENGTH DISTRIBUTION OVER A 
WIDE PILLAR.



WIDTH TO HEIGHT RATIO -  R

FIGURE 14*1 THE RELATIONSHIP BETWEEN THE AVERAGE 
FAILURE STRENGTH AND' TH E WIDTH TO 
HEIGHT RATIO OF WIDE STRIP PILLARS < ' 
USING THE CONTINUOUS RATE OF INCREASE’ 
APPROACH.



The O onoariBon o f  t h e  F in i te  BLeaenfc. acd th e  ContinuouB R a ti ' 
o f  iB erease  Approaeh

In  comparing th e  fcira approaches (see Appendix V) i t  is  

found th a t ,  fo r a value of 1 ,  the  two se ts  of re su lts  appear

id en tica l. This is  due to  th e  s tra igh t l in e  increase of strength 

when hjhj® 1  and thus, th e  approximation over a f in i te  distance 

in  th e  f in i te  a sse n t method becomes exact i . e .  th e  median 

coincides v ith  th e  mean over any element. However, when It l̂t 

i s  not e^ual to  u n ity , a sligh t error occurs duo to  a d iffe ren tia l 

increase in  strength. When k k ,  i s  greater than unity , the  

curve of th e  continuous strength increase i s  concave up (see 

Fig Ihb) and therefore , th e  resu lts  o f th e  f in i te  eleient approach 

ore in  excess o f th e  re su lts  of th e  continuous approach. If  

is  le s s  than unity  th e  continuous curve is  concave down, and the 

re su lts  o f  th e  f in i te  element approach nre below the r r s u lta  of 

th e  conti.-noUB approach. She further kjkj deviates from unity 

and th e  g reater th e  value of R, the greater th e  deviation becomes.

Therefore, th e  f in i te  elenent approach can be used i f  kjkj 

l i e s  c l'.se  to  unity  (say 0.5<k,k,<L.5) and R i s  rot coo Irur •&

(say  R<3.0),

Brj.aii ruLAn m s« B in

A square p i l la r  is  defined as a p i l l a r  which has i t s  length 

equal to  i t s  width.

In  t h e  geometry o f  i t s  shape, th e  square p i l la r  len d s i t s e l f  

id e a lly  t o  th e  f i n i t e  e lese n t approach for  th e  ca lcu la tio n  o f  i t s  

stren g th . The ease o f  d iv is io n  in to  square e leaen ts o f  un it

/ s i z e



aw e aal th e ir  Bumation, eliminates the  hiabiy co u lee  maChwatisa 

which ia en tailed in  attaajrtins to  provide a strength 

aistribufcibn surface by Maine th e  continuous ra te  of increase 

approach.

Certain approxiaations in  the  f in i te  element approach mist 

be made to  calcu late  the  atr-ength of square y illa rn . The 

approximati>ins induce o ro ro  opposite in  sign to  those inherent 

in  th e  f i n i te  element method. The deviation from re a l i ty  is  

therefore le s s  than th a t in  th e  s tr ip  p i l la r .

The application of th e  f in i te  eleaent method requires tha t 

th e  vide p i l l a r  aniet "be able to  be divided up exactly into unit 

p i l la r s  v ith  a single un it p i l l a r  in  th e  centre. Therefore the 

width o f th e  vide p i l l a r  must be % -l unit p il la r s  with th e  nth  

p i l la r  in  th e  centre. The approximation made to th a t a l l  unit 

p i l la r s  in  th e  outer row have th e  same strength, v iz , tha t of 

th e  un it s i l l s r  a^. A ll p il la r s  in  th e  penultimate rov have 

th e  same strength, v ia . slic trtly  greater than the previous rov, 

etij, to  th e  H655 rov, which happens to  be the jenfcre unit p il la r .  

I'ha strengths of a l l  these unit p i l la r s  ore then summed and t».c 

#<ault divided by th e  area to  give th e  average strength.

V erification  of th is  approximation is  given in  Appendix 111. 

The error in  assuming a l l  unit p i l la r s  in  a row to  be of efrtitu. 

strength is  about 10,1 jcrapared to  th e  150# increase in  strength 

between V. s .  This makes "the p i l la r  10? stronger t la n  i t  i s  

calculated to  be and thus cuts dowirthe variable error ireurred . 

in  using th e  f in i te  element approach.



To i l lu s t r a t e  th e  method described alrove ponsider a p i lla r  

o f  width t o  height r a tio  = 3 , i . e .  an outer row o f  un it p ijlar ii 

w ith th e  seme strength o^, an i a cen tre  uni* p i l la r  with 

increased strength ou + k1k2cru. There are  e ight un it p i l la r s  

in  t h e  outer row and one in  th e  centre  (see  F ig . 15a) giving

 ; - - - - - - - - - - -

oL-ti-*

Hyv ooneider a wide p i l la r  o f width to  height r a tio  = 5* There 

sixteen unit p i l la r s  o f strength t?u in  the  outer row, eight 

Ox. ^ re n s th  n (l+kjk^) in  th e  second row and th e  centre unit 

p i l la r  o f strength ou (l*k1k2+(k1k2)2), (See Fie 15b).Bivins 

th e  average rtrencth

l6xgu * 8xga (l»k1k2) + gu(H-k1k2'*{k1lt2)2)
°<jy 25

2ggu + 90^ k 2 4 ik z) 2

25

'  kikz*/i

Extending th i s  to  th e  general case of a wide p i l la r  o f width tv  

heigth r a tio  = R (where S is  an odd integer)
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Fran th is  expression values of can. be plotted for 

d isc re te  odd integer values of R and th e  intermediate values 

can be obtained by interpolations (Bcc I'ij. i ; l ).

I f  one vishee to  avoid interpolation and prefero a continuous 

egression," the  discreet summation can be approximated by the 

function

'1"kr’ I •‘"li'u I i°E5 o xog^o

where e =

(See Appendix VI fo r ti.e  proof)

Shis expcession can be computerised, calculated and ^Lotted 

for a l l  values o f B g reater than unity.

OncUUI! pTTi.flP tntr.yRTn

A circu la r p i lla r  is  defined as a p i l la r  which has c ircular 

horizontal cross-section, i . e .  i t  i s  an upright cylinder.

As opposed to  th e  square p i l la r ,  th e  circu lar p i l l a r ,  by 

th e  very essence o f i t s  shape, lends i t s e l f  ideally  to  the 

continuous re te  o f  increase approach ia  determining th e  average 

strength of th e  p i l la r .  The division of a c irc le  into square 

elanerrts woves problematical. However, i f  one wishes to  

calcu late  th e  average strength of a p i l l a r  simply, the equating 

o f a  square p i l l a r  to  i t s  inscribed circu la r p i l la r  serves as 

a good f i r s t  approximation.

Aeain, as with the s tr ip  p i l l a r ,  th e  expression fo r the 

continuous ra te  of increase of strength is  used. This expression 

i s  in tegrated  to  obtain th e  area below tUe curve (area B in  Fig iSa),

/ro tated  30,



Erca th is  expression values o f can be plotted for 

d isc re te  Odd ia teeer values of K and th e  intermediate values 

ta n  be obtained by interpolation. (Pcl rip, i ;x ) .

I f  one wishes to  avoid interpolation and prefers a continuous 

e g re ss io n , the  discreet summation c m  be approximated by the

where c = Itjkj ' .

(See Appendix VI fo r  th e  proof)

This expression can be computerised, calculated and’ p lotted 

fo r a l l  values o f H greater than  unity.

circular ra&AR ■ftBi'j.yns

A c ircu la r p i l l a r  is  defined as a p i l l a r  which has c ircu la r 

horizontal cross-section, i . e .  i t  io an upright cylinder.

As opposed to  th e  square p i l l a r ,  th e  c ircu la r p i l la r ,  by 

th e  very essence of i t s  shape, lends i t s e l f  ideally  to  the 

continuous ra te  o f  increase approach in  determining the average 

strength of th e  p i l l a r .  The division of a  c irc le  into square 

elements proves problematical. ' However, i f  one wishes to 

ca lcu la te  th e  average strength o f a p i l l a r  simply, the equating 

o f a  square p i l l a r  t o  i t s  inscribed circu la r p i l la r  serves as 

a  good f i r s t  approximation.

Again, as w ith the s t r ip  p i l l a r ,  th e  expression for the 

continuous ra te  o f increase of strength io  used. This expression 

i s  in tegrated  to  obtain th e  area below th e  curve (area B in  Fig iSa),
/ro tated  30.



ro ta ted  about th e  cen tre-line o f th e  p i l l a r  to  obtain the 

solid  o f revolution below th e  strength surface, then added to  

the  un ity  cylinder generated by area A in  f ig . 16 a and, fin a lly , 

divided by th e  cross-sectional area of th e  y i l la r  to  obtain the 

average strength.

In  fig . 16b th e  strength increase curve f(n) i s  shown with o 

as th e  ordinate ax is and n as th e  abscissa. How l e t  th e  centre­

l in e  of th e  p i l l a r ,  i . e .  d istan t radius ( r)  into the f i l l e r ,  

become th e  new o ax is , about which the strength curve w ill 

be revolved, tons producing th e  strength surface above e circu lar 

p i l la r  o f radius r .  Due to  th e  change of ax is , th e  n« axis 

becomes the x- ax is. As th e  part o f th e  curve th a t is  to  be 

used, is  to  th e  le f t  o f th e  x- axis, fo r ease of calculation 

tV x - ax is operates in  th e  opposite d irection  to  the* of th e

Hence x = r  -  n

The boundary condition that • i s  imposed is  th a t , when the 

diameter (or width) to  height is  un ity , th e  strength io th a t of 

a un it p i l l a r  a . Hence th e  lower lim it o f integration w ill be 

x  = 0 , and th e  upper lim it w ill be x =• r  -  D.

Mathematically th e  above i s  expressed a s :-  

The change o f axis re su lts  in  th e  change in  strength function 

f(n) = f(r-x ) 

which gives r-x -1



E lS iZ r  : STRENGTH DISTRIBUTION ALONG DIAMETER
OF A CIRCULAf; WIDE PILLAR.

P illar f o r  varying radius.



Co find tfca volm e SeneroteA fcy area B in  f ig , l 6a 

Volume B "= / o ^2w r(r-x)ax

r-x  r-x  r-x -1  r-x-1  2 J ' : 

logo lose lo s  o logo log e 2 

r  r - 1  & -& 2= -J!_ =J3_ •> += )i£=il+£d_+i 2
I oqc log o 2 105c I 03 c

The volume generated by area A 6f  f ig . l5a 

Volmte A » t  r  

Dividiog th e  eumt of th e  volumes by th e  cross-sectional area 

gives th e  average strength of th e  p i l la r .

°AV _ Vol A + Vol B

1 + ^ ~ 1. _ sk sH  S ^ f  + e s L .  +
rzlc53c r2 2 logo log c lo j

'  K K

This re su lt is  valid  for any value of R tp-eater than 

unity  ( i .e ,  r  and, te i r s  oortbinuous ÂV can be oelculatecl and 

p lo tted  fa r  B , siven k k (see f i e  1& ). u
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FIGURE I6c. THE RELATIONSHIP BETWEEN THE AVERAGE 
FAILURE STRENGTH AND THE WIDTH TO HEIGHT 
RATIO OF WIDE CIRCULAR PILLARS.



CHAPTER S

LABORATORY IBvraPTr-Al'Tnn

6.1 Description of -la teria l fo r Latoratory Tests

Laioratory oxneriiienta were conduct ed oa re46.iah broim 

sandstone of th e  Kirroo Systea tro i  Varmbatha, Iforthecn Tratmvoal, 

to  2in& i t s  s iae-s trecsth  z-clationshir. I t  i s  a fine  (less than 1mm) 

end even grained m aterial and htiiaveS hoaoseneoualy ana isotropic ally,: 

w a y  ana M’sosnopic  stuaies revealed no preferen tia l direetion 

o f th e  crystaU oyaphic axes.

The open nor* structure  fa c ilita te d  th e  attaining of a 1002 

saturation . For te s tin g , tl- is  uniform standard, irith respect to  

th e  moisture congest, eliainertod i t  as a variable parameter.

The sandstone -ras able to  be easily  machined with a diamond 

aatf end therefore  a  la rce  punber of sneciaens couj.d be cut in  a short 

time. 5uc to  orair. s iz e  th e  dimensional tolerance of th e  srec: v
ireo re la tiv e ly  small. The fin e  a ra in  aiae of speciaens uas 

comparable to ,  say, conglomerates in  actual ainin* p illa rs .

rrcfii th e  graphical sfcress/sbrair se la tj  >ns:'ip i t  ires found that 

th e  rock had a lirw 'ir e las tic  behaviour.

Shod o f  EestiTi-i Rock Boeciaens

The sandstone for specimens tias supplied in  slabs of various 

thicknesses, v ie . ? \  2", 1 \  2 " , It". In  th e  series of t e s ts  

conducted on squexo blocks with varying wuith to  height ra tio s , the 

bloctej were cot w ith 13"
/d is a s te r . . . . . .



» « r. to  l e  i ,  r i t l  t l | i  j a „t t m i  „ „ „

on a lam ing  a isc  with a W iT e  pmtien of th e  type "A ISO silicon 

carbide and aluolous oxide".

Attee  preparation th e  blocks were soaked in  water to  a tta in  

a 1008 saturation . The soaking times to  saturation end th e  drying 

times fo r th e  d ifferent specimen sizes are  given- in  Appendix YU. '

So be well on th e  safe s ide, a l l  specimens were soaked for 

a t  le a s t 1  day. The 8" blocks were soaked for 3 days.

Before te e tin g f  be blocks were measured to  .001" and tested 

fo r  p a ra lle li ty  of top and bottom surface.

6 .8 .3 . The Testing Procedure to  determine th e  Specimen Failure Str«»ff.b

Tests were conducted in  a 800 ton Amsler Ccmpressicin Machine, 

Type 200 DB 76.  The pressure p lutes were mounted on spherical seats 

to  ensure v e r tic a l loading. Two hardened s tee l p la ttens were 

used between th e  machine pressure p la tes  and specimen to  avoid 

damage to  th e  pressure p la tes . A second se t of 'm ailer spherical 

seats were used fo r te s ts  on small specimens. The crosshead was 

loirered on to  th e  specimen, on in i t i a l  load of 5,000 lb s was 

applied, and the rea fte r th e  load was increased a t a steady ra te  

of about 1000 p . s . i .  per second.

Two d ia l  gauges were f i t te d  diagonally across th e  pressure 

p la te s , to  check on even loading and to  measure s tra in  to  . 0001".

The specimens were tested  to  destruction. S train readings et 

d e f in ite  load values, corresponding to  th e  load a t th e  f i r s t

/audib le  3b,



auAifcle =r=.ck ana th e  fa ile d  load wave taken and th e  node of 

f a ilu re  was noted. For aotie specimens a continuous graph of 

load versus s tra in  was recorded.

6»3. EffLUEnCE OF VAHIOOa FACTO. 8 05 JHE FAHUTIE Sg.^ER&tn

Hodc and deserihe th e  influence of the foUovim

factors on th e  fa ilu re  strength of h r i t t l e  solids:

6 .3 .1 .The la  Arooy of th e  material

I f  th e  s tra in  and th e  uniaxial eoppressive strength of 

specimens are  invariant with respect to  i t s  bedding planes, then 

i t  i s  macroscopic a lly  iso trop ic . For th e  sandstone specimens no 

preferred fa ilu re  or s tra in  d irection  was found. '

6 .3 .2 .G riff ith  cracks

The inherent cracks in  th e  rock are  expected to  be closed 

even a t no load. I f  they ore open i t  woulcL be expected th a t the 

s tre s s /s tra in  curve should be non-linear for lew stress  values. As 

th e  curves for sandstone are  lin ea r i t  implies tha t only the 

modified G riffith s  theory o f fa ilu re  has to  be considered.

The internal vapour pressure on th e  crack surfaces within a 

rock uoier s tre ss  creates a pressure system which lowers e 

th e  strength of th e  m aterial. To eliminate vapour pressure effects 

th e  specimonB were tested  a t  100# saturation.

6.3. k.Temnersture
Temperature effects th e  rock strength of rock a t very low 

in  th= W -  "  &  = «” “  W  «» «»««« h "  

t - r o . t m .  K i t t l o * . . ,  .«« « t hibli l i e n  th e  e em titnentt



■ - n p w  th r i ,  » ^ ine ^ T lw  o r WWtJ cooauet^

** room tenperature, thus eliminatics th e  effects o f ta p e ra tw e .

Hate of Loadinp.

The atrersxth of rock properties is  time 4epaidant. The 

e trw B th may m r  as much as aog for loads applied in  milliseeonas 

or over years. This leading ra te  fo r th e  present series of te s ts  

vas constant and therefore th e  effects o f th e  loading ra te  are 

not considered.

The Effect Of Interfaces

The effect o f using a model mode up of slices instead of a 

solid  specimens was investigated by determining the fa ilu re  

strength of specimens made up with interfaces having

1. Ho f il l in g
2 . B laster o f Paris fi l l in g
3. A raldite glue f i l l in g

I t  was found th a t the sliced  specimens were very much weaker 

than  th e  so lid  ones with or without f illin g *  (See Appendix m i ) .

Therefore, te s ts  were made on so lid  specimens only. The 

effect o f th e  inta-faces between specimens and pressure fla ttens  

was investigated by comparing re su lts  obtained by using metal 

p lattens and sandstone p la tte rs . The lim ited number of te s ts  indicated 

no sign ifican t difference. (See Appendix IX).

Therefore, tes tin g  was conducted with metal f la tten s  only 

which re s is ted  wear and fa c ilita te d  a standardised testing 

procedure.



RESULTS

QBarHVAl'IOH Qy TIIE MODE QP FAILURE

The graphical record of th e  stress  /  s tra in  relationship 

of laboratory s ize  sandstone specimens shown in  fig  \7 (a) is  lin ea r 

fm a th e  no-streaa‘contit*icn to  th e  fa ilu re  condition. The sg-mme&s 

with a  lerco iridth to  height r a tio  tend to  scale around the 

perimeter j r i o r  to  fa ilu re , leaving a so lid  core in  th e  centre 

as shown in  fig  17 (b). In  plan view, dieconal craclcs torn, from 

th e  corners toinsrds the  centre u n til  they reach the solid core .

These cracks could be caused by the outrard aovaaer* of rock in 

o-'.-pandins la te ra lly . Around th e  core, ttiich  tends -to-be circular 

i a  shane, o sc ries of concentric circu lar creeks or fa ilu re  planes 

ex is ts . These fa ilu re  planes could he th e  re su lt o f th e  strength 

increase towards th e  centre with f i r s t  th e  sidetraUs sealing off 

and then a  succession of soalias, u n til  il.e rtaaininj; portion of 

th e  p i l l a r ,  the  core, can no loncer carry the increased load, 

ronultinc in  audflen fa ilu re .

T'„ti hlocka of low width to  height ra tio  tend to  shou fftilw e  

■clanM, tyriicsa o f active Shaor, foraing a cone or a section 

thereo f. (see fig 1 ? (c )). Thrse a&'ear to  be consistent with the 

conventional mode of coal o iU ar fa ilu re  in  practice . An in terest ins 

aspect o f th is  c o m  type fa ilu re  is  th a t on close ommnsfcioB, i t  

i s  nrt a s tra igh t l in e  fracture  but a series of continuous steps 

(see fi<j 17(d)). This could be explained either a) by th e  fac t 

th a t th e  grains theas elves do not sheer, bat tha t shearinc taV.es 

p lace alone th e ir  boundaries> or b) th a t io is  a series of 

G riff ith  Cracks nropaaatinS.
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STRAIN -  E

DIAGONAL
GRACES

FIGURE 17a. STRESS-STRAW 
DIAGRAM OF 
SANDSTONE

FIGURE 17b. PLAN VIEW OF A 
SANDSTONE MODEL OF LARGE 
CMIWIOTH TO HEIGHT RATIO 
SHOWING DIAGONAL CRACKS, 
CONCENTRIC CRACKS AND 
SOLID CORE PRIOR TO 
ULTIMATE FAILURE.

FAILURE

FIGURE 17c. SIDE ELEVATION OF A SANDSTONE MODEL 
OF LOW WIDTH TO HEIGHT RATIO SHOWING 
THE DEVELOPMENT OF FAILURE PLANES.

STEP FRACTURES

FIGURE I7d. SIDE ELEVATION OF A SANDSTONE MODEL 
AFTER FAILURE SHOWING THE FAILURE 
PLANE TO CONSIST OF A SERIES OF STEP 
FRACTURES.



Violent fa ilu re  fa c ili ta te *  th e  determination o r tihe precise 

point o f fa ilu re , ' I t  provides a good defin ition  of fa ilu re  ia  

•fcbsfc a  la rg e  emo-at* of s tra in  is  experieneed "before the eyst@i is 

able to  carry load onoe more, "'his point o f i'ailu re ia  Clearly 

shown on th e  s tre ss /s tra in  diagraa as tha t point -rhifih a 

large increase in  s tra in  with record to  stress is  in itia ted .

When fa ilu re  is  non-violent end occurs "by deterioration and 

d isin tegration  of th e  specimen, the point o f fa ilu re  is  le ss  eeey 

t o  estab lish . Under these  conditions, th e  point of fa ilu re  can 

he defined as th a t point at which th e  maximum load can be carried.

Therefore, th e  general defin ition  of fa ilu re  is  tha t fa ilu re  

occurs a t the  stress  represented by the point on th e  s tre ss /jtra in  

curve where th e  slope clanges fVcm positive  to  negative.
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A series o f te s ts  were conducted in the laboratory on 

sandstone square p i l la r  models of constant heicht and varying 

width, to  give a range of width to  height ra tio s  (R) for 

1<8 < R s  6,7 . rfodds outside th is  range could net be tes ted  due 

to  th e  lim its  of th e  testing  machine. Tests on smaller models 

could not be su ffic ien tly  controlled for accuracy of re su lts  due 

to  possible off-centre loading and small load readings. Larger 

models were beyond th e  te s t  machine's capacity. To change the 

te s t  machine to  increase th e  range would mean tha t the  tes tin g  

method is  changed thus providing a whole new set o f parameters 

for which provision must be made. Due to  th e  d ifficu lty  in  

recognising these parameters, doubt is  cast on th e  v a lid ity  in 

extending th e  re su lts  in  th is  manner.

The ultim ate strengths for th e  differen t width to  height ra tio s  

were calculated. A graph of th is  re lationship was drawn and 6 

ccarouter-calcalated pdyoomicl best f i t  superimposed (see Fig 10a).

From work by W i i d ^  on sim ilar sandstone, values were 

obtained of ^  and of 8.5 and .15 respectively, giving *, 

a  value of 1.5 . A family o f curves for k2 equal to  1.3 , 1.5 

and 1 .7  is  efflaparec to  the re su lts  (see Fig. 18b). I t  can he seen 

th a t th i s  provides a very good f i t .



BEST POLYNOMIAL FIT 

( f  '  0 3652 Ra -  0-0762 R ♦ IS-2 0 )

WIDTH TO HEIGHT RATIO -  R

RESULTS OF CUftffitSSlVE TESTS ON 
SANDSTONE SQUARE PILLAR MODELS OF 
HEIGHT r  SHOWING THE POLYNOMIAL ij 
CURVE OF BEST FIT. -



WIDTH TO HEIGHT RATIO -  R

FIGURE 18b. RESULTS OF COMPRESSIVE TESTS ON 
SANDSTONE SQUARE PILLAR MODELS OF 

; HEIGHT Vi* SHOWING THEORETICAL CURVES
FOR k ,k2 -l-3 ,.l-5 ,1-7 SUPERIMPOSED.



Ifljat i s  more important though, ie  tha t tho fcrerd c -  *he 

theo re tica lly  derived curve, i . e .  concave up, correapoida tc, 

th a t o f  th e  re su lts .  This accelerating increase in  s t r e ^ th  with 

constantly irKreasins vidfch to  -heiaht ra tio  is  peculiar to  th is  

theory and is  a  feature  for which no other theory has proviAei.

The lOBieal extension of th is  characteristic  i s  tha t a t  a  not so . i 

very c rea t width to  height ra tio , & large amount of load can be 

carried  -  in  practice  approaching in fin ity .

The observation during te s tin g  of th e  tendency fo r th e  

m ateria l to  f a i l  frcan th e  perimeter o f th e  p i l la r  towards th e  centre 

u t substan tia l increases of lo*<t, verify the concept of th e  strength 

increasing towards th e  centre. This is  also observed in  mining 

p rac tise  in  th e  scaling effect o f p il la r s .

6.2. cqgARisoa m e  rnEtfjous Tima OB
The th e o r i e s  s ta te d  in  abotioa U of t h i s  d is s e r t  tit ion cae he 

G lassed  in to  t w  c a te g o rie s ! "

(а ) ,  th e  power funotion foroulfte.

(б) , th e  l i o « r  relBtioKshfe1.

By keeping th i  height aowrtaat, a s  w a done in  th e  laboratory 

te s t s ,  th e  power function theories pror-Med by Greewrald e t s l ^ 1, 

B teart( l5 ) , Salaaoa and Musf«a 6 )  Bienii^akI(1T) can be reduced 

a = k v%h 

.  .

. k A " "  

e  KRa

to.

'" '»r



I t  can be seen th a t when * = 1 , Re = 1 and therefore K 

correspooas t o  th e  strength value o f the un it p in a r .  (a }. 

i . e .  th e  equation becomes • „ = „ Ra

The corrsepondins values of a  fur th e  theories can he 

summarised a s  follows:

Oreenwald et o l 0.50

Steart 0.50

Salemon and Munro 0 .I16

Bieniavski 0 .16

The lim ited range o f observations necessitates a scatter 

in  r e su lts  to  obtain precise  formulae. A lternatively, many 

observations have to  be made. In fac t only one fonmilator 

te s ted  many specimens over a suffic ien t range of sizes. (Salemon 

and iiunro). The extrapolation of th e  other formulae contains a 

serious r is k  o f  laieleodiic deductions.

From th e  above t a . i e  i t  can be seen tha t fo r each theory 

th e re  ex ists a single strength -  width to  height ra tio  curve,

I11 th e  cases of Qreemrold, Bteart and Bieniawski, th is  is  due to 

th e  fa c t th a t th e  formulae were empirically derived from te s ts  

on a sing le  coal type. In  th e  case of Salemon and Munro i t  is 

due to  the fa c t th a t th e  formula ires empirically derived from the 

s ta t i s t i c a l  mean of many varied coal types. Ho doubt that the 

value of "a" would change with a change of m aterial. Hence, 

these formulae only have use in  determining th e  strength of material 

of th e  same type  from which they were derived.

v. From tln> graphical comparison o f the theories (cee Fig.19a) 

it is  seen th a t  in  a l l  but th e  case of Salemon and Munro, the

/formulae ^



  EXPERIMENTAL RANGE

 EXTRAPOLATION OF
EMPIRICAL FORMULAE

WIDTH TO HEIGHT RATIO —  R

FIGURE 19a. COMPARISON OF SOME PREVIOUS PILLAR 
STRENGTH THEORIES (THE'POWER FUNCTION 
FORMULAE") KEEPING THE HEIGHT CONSTANT 
AND VARYING THE WIDTH TO PRODUCE VARIOUS 
VALUES OF WIDTH TO HEIGHT RATIO.



fom ula t have been derived by te s ta  ever u. limited regie, . y , tb m  

extrapolated to  apply to  p rac tica l mining conditions, i t  i s  y .ro 

observed th a t  over auoh a  lim ited range th e  re su lts  would have to 

have remarkably m a ll  deviation from th e  strength curve, eomefching 

which is  not read ily  found in  nature, o r else have taken a large 

number o f readings, which only one fem ulator a id , to  produce a 

formula so p recise; more especially so, when one wishes to  extrapolate.

In comparing th e  power function formulae with the derived 

square p i l l a r  formula postulated in  th is  disserta tion  (see Pig.lpb) 

i t  i s  seen th a t ,  although th e  curves are  valid over a limited 

region o f U p v a lu e s , they d iffe r  g reatly  on extrapolation. The 

major difference i s  th a t while th e  derived formula is  concave up, 

th e  power function formulae are  concave down. The reason for th is  

is  th a t th e  power function formula inherently assumes the strength 

curve to  pass through th e  origin.

The derived formula makes no attempt to  s ta te  what happens as 

th e  width to  height r a tio  approaches zero, as i t  i s  defined orly 

for th e  r a t io  above un ity . I t  only indicates th a t i t  does not 

pass through th e  o rig in , which bears up v e il  with experimental

I n  E d i t i o n  t h .  r e m i t ,  o e  « •» * = « «  ( » «  « *  I ”11

afco. a d i s t i r o t  tendetm y t o  obey an  a o c e le ra t in e  in c re ase  in  s tre n c th  

— ............... -  i n r w i , " .  " a " * " * * *
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In  * l a te ,  a  linear .

r 6 .at i 0nship M M n  th e  tirefisth  ttna  th e  wM ti to  height rat i D. ' 

A sain cm ^ arins i t  v it h  th e  4erive8  formula <8e6 M g 19c) i t  

aBpeara t 0  'be v a lil i  " *  »  l o t t e d  r s s io n . Hoy ever, he does 

v w e  from t h e  p reviously  accepted ^ e r  function fcw u la  and from 

t h e  assu option th a t  th e  strength curve must pass through t h e  o r ig in .  

Oa exaain ics h is  experim ental r e su lts  more c lo se ly  though, t h e  start 

o f  an upward in crease  can he seen which f i t s  a  concave up curve 

fa r  b e tt  er th an  a  stra igh t l in e .

The lim itations of these previous theories can T>e summed up 

a s  follow ai-

(a ). They are  eapu-ical aM therefore cannot be extrapolated 

beyond th e  ran^e over which they were derived (see Fig 19a).

(b). The power function theories are  not dimenaionally correct,

(o). Oreenuald, St cart and Bieniavslti’s formulae eauh applies

only to  a specific m aterial under specific conditions.

(d). Salamon's and llunro’s formula applies only to  coals 

te s te d  and due to  th e  wide varie ty  aust o f necessity contain 

a vide sca tte r.

(e ) .  The power iVaction formulae assume th e  strength curve to  

pass through th e  o rig in , which from experimental re su lts  does 

cot appear to  Tie th e  case.
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COHCMBXOHS

Througnout th is  d isserta tion  th e  ea@basis has been on 

fundamerftal tru th s  and f i r s t  .principles, worldne through 

Generalisations to  th e-spec ifie .. ' in  obtaining th e  specific , the 

broad view and encotapassmezsfc of the  generalisation is  simplified 

where possib le , making certa in  assumptions to  provide a solution 

th a t i s  neither aeihemsticaliy cduplex nor fa lse  through ove-s^ht 

in  over-sim plification.

The assumptions are  aade •because,.at this-jstage, the ir 

exact nature i s  not known nor can they be afforded to  be ignored 

completely. The fac t tha t they ere  acknowledged and th e ir  

lim ita tions are  a t present rea lised , serve to  provide following 

researchers with well-defined problems which should prove to  be 

o f great assistance.

In enumerating th e  assumptions, i t  i s  hoped tha t should 

any discrepancy between theory and practice  occur, a reassessment " 

o f th e  assumptions w ill provide th e  necessary change in  resu lts .

The major assumptions ares-

(a ). The m aterial i s  homogeneous.

(b). The m aterial i s  e la s tic .

(c ). The values of ^  and can be accurately obtained by 

preliminary te s t s  on th e  m aterial.

(d). The m aterial w ill not change i t s  properties due to  i t s  

increased strength towards th e  centre of th e .p il la r  thus 

changing th e  Values of kj and k^.

(e ). The strength o f a  unit p i l la r  can be accurately obtained;

either by a preliminary te s t  on th e  u n it p i l la r  or by te s ts

on a  smaller specimen and the re su lts  confidently extrapolated.



piX U r, i . e .  th e  sfcresc s t  which th e  p i lla r  fin a lly  f a i ls  is  the !

same a s  th e  average strength of th e  p illa r ,

(g). The p i l la r  remains intact u n til  f a i lu r e , .

In  assessing these &Bsuamfcione with regard to  deep level ;

mines -  th e  material is  re la tiv e ly  homogeneous in  the macroscopic ;

s ta te ; previous researchers have found the rock to  behave ■

e la s tic a lly ; th e  product of kj and k2 appears to  be determinable 

and re la tiv e ly  constant; as a f i r s t  approximation th e  strength ,

of a un it p i l la r  can be taken to  be that o f a specimen of :

te s tab le  s ize ; aid fin a lly  i f  the the p i l la r  is  large enough and 

rock which scales off a t th e  sides is  not renoved, thus providing 

a t le a s t  a token restraining effect which rapidly increases, ;

then th e  p i l la r  can be said to  remain in tac t. |

i
Therefore in using the proposed formulae f i r s t  order re su lts  [

can be obtained fo r p i l la r  strengths, resulting in  a r e a lis t ic  i;

approach in mine design. The p i l la r  strength resu lts  need then <'

only be modified s ligh tly  for the particu lar conditions by -

applying th e  relevant factors for xrhich the information i s  i

gleaned from an accurate appraisal of the  individual situation ‘

o r ,  perhaps more important at th is  stage -  experience. j

The fac t th a t th e  hypothesis bears up extreaely well fo r i

laboratory re su lts  is  nb absolute c rite rio n  for ito  v erity . j

What now rattains is  the ultimate te s t  o f th e  theory -  th a t the 

proposed p i l la r  strength formulae be used in  the mines _ vitU success, j

1*5. ;
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The strength m ultiplication fac to r, can he determined . 

fo r e la s tic  conditions by use o f the Mohr Rupture Diagram, "The 

Mohr Rupture diagram in  fig . l a  depicts the  relationship between 

th e  maximum and minimum principal s tresses, e1 and o3,  a t fa ilu re , 

This rela tionsh ip  can be plotted in  graph form with Ojas the  

a ty issa  and o3 as th e  .ordinate as shown in  f ig . l ib .  At specific 

values th e  realtionsh ip  can be approximated to  a stra igh t lin e
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APPEBDIX 31

The Determiriatif>j- o f k , under E lastic Conaitione

Under e las tic  coalitions can be ecpressed in  terms of 

the  Poisson's Ratio v. She relationohip is  derived Iccm th e  . 

generalised equation of e la s tic ity .

fo r th e  plane s tra in  condition or th e  plane stress  condition. 

k2 l i e s  between these 2 conditions.

(a). Plane Strain

As th e  body i s  restra ined  la te ra lly  Ey « 0; for complete 

la te ra l  confinement th e  la te ra l  stress is  ay = oz = 

th e  v e rtic a l s tre ss  , <j = av eivin- th e  senca-alised equation o f 

e la s tic ity  as

Therefore k j ■ j j -  for plane stra in .

(h). Plane Stress

In  th e  ease of plane etress  o3 =* 0 and =• aL can vary 

between th e  l< a its  o f zero s tra in  and zero stress . In th e  former 

case th e  body i s  restrained la te ra l ly ,  so Ey = Oj and ox = oT*



5!&e generalised equation a t  e la s tic ity  beccmea

0 (  0

Therefore k j =v for plane stress . I f  the  y d irection  is  also 

unrestrained k2 = 0 .



aBPSKPK -in 

VaMaity of Atmgnnri-matio n  of F„,,a-i arengths of a l l  Unit P - in ^ .
n th e  Samg.gojf in  the Sauar*.

(Unit ra tio s )
no. o r Beadi iwe load (Kilo lbs) 

Mean Range

15.5 14 .80  -  I 6.35

1x1x2 5 33.2 31v5 -  35.4
1 x 1 x 3 5 50.2 4 f .2 ; -  58.0
1 X 2 X 2 5 6T.0 66 .0 -  68.5

.1 i . * * 3 103.5 101.6 -105

<2
J = 15.5

re s tr ic t  ic • “ • ■ Q  •

= s *-»[ ] jf-restrio tiop  on 2  opposite s id e s^^^ J^

a re s tr ic tio n  on 2 adjacent s id e e ^ D  = 16 ,8

1 1  ̂ 1 = 4 sc .jQ  + 2 ^ □ # jr e a tr io t io n  on 3 sides-sQt-® 18.2t r ± j 1

Hm/ever, th is  is  th e  difference betveen th e  cores ' block and the 

cen tre  block, on one side of th e  p i l la r  end the larger th e  ^  ra tio  

is  th e  le s s  th e  error w ill be.

Compared to  th e  d ifference between no re s tr ic tio n  and re s tr ic tio n  ’ 

on a l l  four sides which i s  150!?, th e  error is  negligible.



APgEHDBC IV

CoaputQR Prograa fog Sfcrir, P ji la r  Calculation uainn the 
coatiittwus Bate of Increase ftnproact

DEOTSIOB SBM(IOOO) 
bbad i .c B E G .c im .o ra ) .h k m ,n rn : .s im , .. .. 

i  itaw (6 F 6 .a5

C=GBEO 
T T=ALOO(C)

R=RBE8
1» X»l. + )-0ilt>0.5’)S{C+1.) / (C»R*V»V)

y=»(C*«0.5+l./(C«»0. S') )/(2 , «R«V )
SIGHA.(I)=X-Y 
R=R+BIOT
IF{R-BEnD-O.Ol)a,2,3

3 PBIBT 100 .C ^ B m  ,RXHT ̂ ESD
FID E  1 0 1 ,(S im (J) ,J= ..l ,X )

30 FORMAT(//5H C=,FS,2,5X,2r»=JF6.2>lJI,F6.2,lH,F5.2)
31 F0K M (/13B 10.3)

0*0+03311
IF(C-CEED-0.01)5,5,6

5

Computor Proirram Tor S trip  P illa r  P lo tte r 

DIMEHSIOB SIT,HA(1000) ,'DATA (1)000)
fiEAB(5.1)CDEG,CIET,C33ID»UHBB3,UNim.‘,UI»m

1 F0K«T{6F6.2)
OALL PL0TS(DATA{1),16000)
CALI PLOT(1,0,-11.0,-3)

CALL m8(o!o'*o!o>V®AOE 3TROiGTE/UKIT BTREMH',30,10.0',

c ^ " ’An’s(0.o'1'o!oVB, ,-i,io .o',o .o',i.o 'A .o,io)

c=cBm
7 V=ALOO(C) . _

CALL PLOT(0.0,0.0,3)

6IGltiL{l)»X-Y
SOPLT«SICa4A{l)!!0.5
VPLOT=\'H-1.0
3F (SGPLT-10. O') 201,201,202 
CALL PLOT (VHjOT ,S3PW ,2)



UINWHratoT
XF{UB*UHBm-0.(£L)2,2„3

GO SO 4 
-C=0+CIHT
®(C-CEiro^l.dl)5,5,6 

Cftl. PLOT (^2.0,0.0,999)



Appampt v

C ^ a r ia a a  bat-yeen th e  f in i te  element approach gaS the 

r a te  o f increase approach in  t!ia deterainatiog of th«

Ehi' strength of p i l la r s  was ca lcu la te ! from two theo re tica l 

premises:- th e  summation of the  effect o f a number o f individual 

elesaeita, and th e  integration over th e  area of th e  p i l la r .  The 

f i r s t  i s  called  th e  f in i te  eletient (? .E .) approach and th e  second 

th e  continuous r a te  of increase (C.B.I.) apprcwh.

In  the tab le  below, the  ra tio s  of th e  strengths of vide 

s t r ip  p i l la r s  to  a un it p i l la r  fo r various values of th e  width 

to  height r a tio  (B) end o f the  strength fac to r k ^ e x c  given.

0-5 4 ^ = 1.5
G.H.I.

1.00 1.00 1.00
1.<S 1.33 1.50 1.39
iu ;5 2.35 2.09
1 .7 : 2.29 2.29 3.06

1.53 i.yo 2.73 2.78 5.10 It .37
1.55 S.0D 3.27 3.27 7.20 6.15

The above data is  shown graphically in  figure 11.

T?:e percentage difference between th e  two approaches i s  zero 

fo r  h. h  = 1.0 end varies according to  th e  following ta b le  for 

k  k  = 0 .5  end 1 .5 . The percentages given a re  calculated as

1B) IP-E. -C .B .I .I



R ■ 0.5 ■ 1.5
0.0^ 0.0%

-  B.65 7.2%
5 -13.5/5 12.4%
T -15. gg 15.0%
9 15.7%

18.4%

I



RA
TI

O 
Of

 
PI

LL
A

R 
ST

R
EN

G
TH

 
TO 

UN
IT

 
PI

LL
A

R 
ST

RE
NG

TH
 

ST
R

EN
G

TH
FINITE ELEMENT APPROACH 

CONTINUOUS RATE OF
INCREASE a p p r o a c h

WIDTH TO HEIGHT RATIO  R

FIGURE X . COMPARISON OF THE FINITE ELEMENT 
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obtain values fo r 5 other than octd in tegers, the

6iaere*fc f in i te  element function

can be approximated by a continuous function. This function 

can be programmed to  give a value for 

specified.

taking lim its from

However, on evaluation, th e  approximation d iffe rs  most widely 

a t  R=l, and as a t R=1 the function must equal 1 , we rew rite i t  

making th e  necessary change in  the  l im it,  as

H.B. When R = 1 ,  / ” 0 and therefore th e  function equals unity.

m * .



EspWKiSiiS. tUs'egimtitii

integrating

and o ^ l . I t  Bpprcaimates functionThis equation holds for

Junction 2 can tie approximated Ty th e  in tegral



giving th e  equation

1 + 2 ^  “1>I!x+!“   ̂ t a  

, 3 1
l  * 3  |n x -  an> i

The G enera l equation A oan be programmed for an IK! 350 

ccenputer to  give a set of values fo r — fo r various c values 

and B values. I t  can also lie programed to  plot n 

curves os a xridth to  height ra tio  -  g  graph.
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APPE8D1X VII

(for various thicknesses)

Mass of Ekieoimen

; a" 1" i" r

0 |60U,4 177.0 138.6 53.k
' 30 I 622.5 I89.lt lkk.5 56.1

60 j 625.5 189.5 m .5 56.0

• 180 ! 626.3 189.9 1U4.7 56.0

Time (mins) Mass of Specimen (gromg)

I "  1” 1*

0 160.8 lk2.? 67.1
5 178.3  ikO.k 51.3

10 181.0  268.6 51.3
15 181.1  168.5 51.6

Time (mins) Maes (crass) !

0 88.8 j
1 92.5 'I
E * .« 1

Pryins limes (for ?,n thickness)

Time (mins) Maes (sraaa) Time (mina) Maas (crests)

o 81.3 6 80.9

81.2 7 80.9

81.0 8 80.9

81.0 80.9

k 81.0 10 to. 9



SHE EM'BCT OP PTfSlFACEB OH THE FAILURE LOAD

fa ilu re  Load

SumMen of 
Sneciaenn tested. !iea" Range

3 52.7 V f.l -  59.0

Mo f il l in g 2 16,9 15.2 -  18.6

P/P f i l l in g 3 22.8 19. G - 24.4

A raldite f i l l in g 2 20.6 19.7 -  21.5

P la tte /n Swiber of Load
Specimens tested

Siisiatone 5 38.4 -  49,3

Metal 37.2 -  47,7



APPKBDXX IX

Stofci P i l la r  Problem

■Sfliat size of p i l l a r  ia  required to  support 10,000 feet of rockt 

Bock density ■' 167 Ib/cu.ffe,

Stopias vfiath = b f t .

Strength of a, 4 f t .  cute = to ,000 p .a . i .

a span = 200 f t .

Strength curve usiBf; f in i te  elenent arreroaoh

*2 -  6 -  -  & #  
e « itjk j “  1 .5

For B » 1 o.v = <J„ "  to ,000 p .S .i .

B « T oAV a ) -  ^ i 000 P 'S -l-

Rtrewrth QnM. Im W . O* # pf Im^ 66

Kj -  3.5

k2 - n
e = e 1 .5



1  1 (c -  o Ho + 1 )
;  - !  

(= + =
c R log c

or from th e  srapb for 1. in  fiG

"AT n *°-u f  -tOsOOO p . s . i .

H = 2 "IV '  i a l * ”u » 46,000 p . s . i .

"av •  1,39 “« «• 56.000 p . s . i .

R = It “iV ■ 1-n  « . “ 68,000 p .s . i .

°AV = H' 09 °u = Bk,000 p.B'.i.

a  = 6 V ■ s-’l‘ ”u = 102,000 p . s . i .

n = ? »AV * 3' 05 V = 122,000 g . s . i .

Iioa& curve for s tr ip  p i l la r

V lrsfa r iM u  -  «„

= 11,600 p . s . i .

Prom diagraa in  figure 111

Percentase ejtlsrictioH -t x. » -S22—  x 100

For ft “  5 i . e .  v = 20

= s b , ^

= y 0- x 31,600= 128,000 p .s . i .
1 004 )0 ,  e

load = 109,003 y.B'.i.

load = 95,000 n .a .i .



From th e  graphs o f th e  strength curve and th e  load curve 

shown in  figures 111 and IV i t  can he seen th a t the point of 

it*ersection  is  the optimum point fo r design i . e .  the  smallest 

p i l l a r  (thereby aivine th e  greatest extraction ra tio ) tha t can 

support th e  load o f th e  overlying rock. Qy choosing a p i l la r  size 

la rg e r than th e  optimal, a factor of safety is  introduced.

For F in ite  Elsaent Atmroncii (see f ig . I l l )

Optimum size i s  8 * 5.75 i . e  width = 23 f t .  Designing for 

8 = 7  i . e .  width = S3 f t ,  ,7 extraction « 85,7.

Safety facto r = ito.OOO n . s . i .  = l.hT
95,000 p .s . i .

For Contiraioas H ate o f  In c rea se  Approach (see  f i g .  IV)

Optimum size is  1! -  6.2 i . e .  width = 25 f t .  Designing for 

n = 7, i . e .  width « 20 f t ,  Ji extraction = 687 

Safety factor = 122.000 p . s . i .  = 1.88
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'^ S A F E T Y  MARGIN

WIDTH TO HEIGHT RATIO —  ft

FIGURE TTT THE STRENGTH AND LOAD CURVES FOR A 
WIDE STRIP PILLAR USING THE FINITE 
ELEMENT APPROACH.
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WIDTH TO HEIGHT RATIO — R

THE STRENGTH AND LOAD CURVES FOR A 
WIDE STRIP PILLAR USING THE CONTINUOUS 
RATE OF INCREASE APPROACH.



; ' . . .. : A lffarilM f- ■

Square P illa r  Problem 

SYoblen

Hbafc size o f p i l la r  is  required oo support 10,000 feet 

Sock density = l5 t  Ib /c u .f t ,

Sfcopins width a ii f t .

S treajth  of
a U f t  cube. « 40,000 p . s . i .  

ifesdmum span = £00 f t .

Solution

Stren

“ 8.5.
; ‘" > :

a  M i
x~ v  0.85

c = B ll5
per

a 40,000 p .s . i .
■Uv = s  “

S = 3 V  = " ,  (1i l
a 47,000 p .B .i.,

5 °AV = %
a  55,000 p . s . i ,  .

,, 25c , c^\ a SD,000 p .S .in
7 "

9 ffAV “
*  122,000 p iS lii

n V  =
®AV =

a 162,000 p .S ii.

13
1 a  214,000 pis.i.

of rock?



( t ) .  Zipad Curve f w  p ^ n .

V irg in  s tr e s s  0

F ro a  diacram. i n  f ig  lv

x 11,600 = 237,000 5 . 6, 1,

203.000 5 . a . i .

178.000 p . s . i .

Triath 47 f t ,  D es isn iic  to r

. ir id th  = 52 f t ,  ^ e x tra c t io n  92.53



140 FT.

VAGRAM OF JQUARe PILLAR PLAN.

W IDTH TO  HEIGHT R A T I O - R

FIGURE 1  THE STRENGTH AND LOAD CURVES FOR A 
WIDE SQUARE PILLAR.



Circular P illa r  Problem 

Problsa

ytofc si.ee  o f  p i l l a r  j

Stoning width ”

Strejactb of a  lift.cube = 

Maximum span =

Solution

(a). Strength Curve

Ftog. t h e  e quation

a requirea to  support 10,000 fee t of rocM 

167 Ibs/cu. f t .

0.5

to,000 p .s . i .

kj = 8.5
j. a, V.,.— n & U
2 1 -V

c =

= '  "  % o ) o
i

= 1 i .e .  r  = i

R °AV =
3.10

°AV 4.05

= 14 °AV " 5.28

M i  . M l .

% to .000 p .a . i .  

= lah.ooo p .a . i .  

» 162.0QO p . s . i .  

= aiiiOtio s .s . 'i .



(b), load Curve fo r cipgui Hy pm ,.*

From diagram in  f ig .  vi 

Percentage extraction -  %

l671hs/ft a  1010Q0  f t  
144 ins2 / f t2

11,600 p . s . i .

(Ik0 * X.hr)2-  /
(Ito + l . iw f

(iito + 3 it) x ai> it
( ito  + ah)2

K n ,6oo  p .s . i ,  => 197,000

170.000

155.000

From th e  graph of strength curve and load curve shown in  fig . VI:- 

Optimaa s iae  is  R = 12.7 i . e .  radius •' 25 f t .  Designing- 

fo r H = Ik , i . e .  radius = 28 f t ,  3 extraction ■ 92.53



DIAGRAM OF CIRCULAR PILLAR PLAN.

MAMETER TO HEIGHT RA TIO

THE STRENGTH AND LOAD CURVES. FOR A 
WIDE CIRCULAR PILLAR.
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