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Abstract

We construct, using first principles, a number of non-trivial conservation
laws of some partial difference equations, viz, the discrete Liouville equation
and the discrete Sine-Gordon equation. Symmetries and the more recent
ideas and notions of characteristics (multipliers) for difference equations are
also discussed.

We then determine the symmetry generators of some ordinary difference
equations and proceed to find the first integral and reduce the order of the
difference equations. We show that, in some cases, the symmetry genera-
tor and first integral are associated via the ‘invariance condition’. That is,
the first integral may be invariant under the symmetry of the original differ-
ence equation. We proceed to carry out double reduction of the difference
equation in these cases.

We then consider discrete versions of the Painlevé equations. We assume
that the characteristics depend on n and u,, only and we obtain a number
of symmetries. These symmetries are used to construct exact solutions in
some cases.

Finally, we discuss symmetries of linear iterative equations and their transfor-
mation properties. We characterize coefficients of linear iterative equations
for order less than or equal to ten, although our approach of characterization
is valid for any order. Furthermore, a list of coefficients of linear iterative
equations of order up to 10, in normal reduced form is given.
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Chapter 1

Introduction

In the nineteenth century, symmetry attracted many scientists after the initial works
by the prominent Norwegian mathematician Marius Sophie Lie ( December 17 |, 1842-
February 18,1899). Thanks to him, the foundation of the theory of continuous groups
of transformations that leaves differential equations invariant was laid.

His theory permits one to obtain exact solutions to differential equations by performing
an algorithm now known as symmetry analysis of differential equations. After his death,
G. Birkhoff, W. Killing, H. Weyl and V. Ovsiannikow, etc, worked on Lie groups and
made significant contributions in the application of the theory in mathematical problems
in which differential equations are used to model certain phenomena.

A German mathematician Emmy Noether (23 March 1882 — 14 April 1935) later proved
a connection between symmetries and the notion of conservation laws in physics. She
came up with the theorem known as Noether’s theorem that allows the construction of
conservation laws for Euler-Lagrange equation by a formula, provided that the Noether's
symmetries and the Lagrangian are known [1].

The theory, reasoning and algebraic structures dealing with the construction of symme-
tries for differential equations is now well established and documented. Moreover, the
application of these in the analysis of differential equations, in particular, for finding
exact solutions, is widely used in a variety of areas from relativity to fluid mechanics
(see [2-5]). Secondly, the relationship between symmetries and conservation laws has
been a subject of interest since Noether's celebrated work [1] for variational differential
equations. The extension of this relationship to differential equations which may not be
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variational has been done more recently [6, 7]. The first consequence of this interplay
has led to the double reduction of differential equations [8—10].

A vast amount of work has been done to extend the ideas and applications of symmetries
to difference equations in a number of ways - see [11-15] and references therein. Several
techniques which are used to obtain a discretized differential equation have been a
subject of study [16-20]. In some cases, the difference equations are constructed from
the differential equations in a manner that the algebra of Lie symmetries remain the
same [21]. Maeda [22, 23] was the first to develop a method for finding continuous point
symmetries of ordinary difference equations. Recently, this method has been prolonged
to difference equations by Levi and Winternitz [24], Quispel et al. [25, 26], Hydon
[11, 12] and others. Unlike differential equations, powerful computer packages that are
utilized to perform symmetry analysis of difference equations are presently not available.

In this thesis, we perform the symmetry analysis for difference equations both ordinary
and partial. We study the association of conservation laws, integrability and symmetries
for difference equations as well as the theory of double reduction. The latter is possible
when the symmetries and conservation laws are associated via the invariance condition.
As far as the double reduction of ordinary difference equations is concerned, the work is
new and more work is needed to extend the theory to partial difference equations.

An Outline of the Chapters

In the second chapter, definitions and theorems are introduced to tackle our investigation.
A method for calculating symmetries of differential equations and some well-known re-
sults and properties of differential equations with maximal dimension have been reviewed.
We also review standard methods for constructing symmetries and conservation laws of
difference equations already available in the literature.

In the third chapter, we study two non-autonomous partial difference equations, the
discrete Liouville equation and the discrete Sine-Gordon equations. We see if we can
obtain nontrivial symmetries and conservation laws of these equations and we discuss
the more recent notion of multiplier of partial difference equations.

In the fourth chapter, we perform the symmetry analysis of some ordinary difference
equations and proceed to find their conservation laws and then reduce their order. More
importantly, we show that, in some cases, these symmetries and conservations are asso-
ciated and we successfully perform the double reductions theory.
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In the fifth chapter, we consider the discrete versions of Painlevé equations and we
perform their symmetry analysis, and cases where exact solutions can be obtained are
discussed.

Finally in the sixth chapter, we apply the same algorithm for finding symmetries to linear
differential equations with maximal dimension. We review the work by Mohamed [27]
and we aim to make contribution to his results. We proceed to look at how we can
characterize these type of equations by their coefficients.

Publications associated with our work appeared in a number of articles, viz [41, 48, 52,
53]



Chapter 2

Preliminaries and Definitions

2.1 Introduction

We provide some background required to understand the concepts of transformations
that defined Lie groups and the algorithm that generates Lie symmetries of differential
equations and difference equations; we introduce some well-known properties of linear
iterative equations needed to tackle their characterizations.

2.2 Analysis of Differential Equations via Symmetry

2.2.1 Basic Definitions

The definitions in this section are taken from a number of references, e.g., [28].

Definition 2.2.2 (Group). [28] A group is a set G together with a group operation
(usually called multiplication) such that for any two elements g and h of G, the product
g - h is again an element of G. The group operator is required to satisfy the following
axioms:
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e Associativity. If g,h and k are elements of GG, then

g (hk) = (g-h) -k

e Identity element. There is a distinguished element e of GG, called the identity
element, which has the property that

e.g:g.e
for all g in G.

e Inverses.For each g in G there is an inverse, denoted g, with the property

g-gl=e=g"yg

Definition 2.2.3 (Manifold). [28] An m-dimensional manifold is a set M together with
a countable collection of subsets U, C M, called coordinate charts, and one-to-one
functions x,, : U, — V,, onto connected open subsets V,, C R™, called local coordinate
maps, which satisfy the following properties:

e The coordinate charts cover M :

Jv. =M

e On the overlap of any pair of coordinate charts U, N Uy the composite map
XB © Xa© Xa(Ua N Us) = x5(Us NUp)
is a smooth (infinitely differentiable) function.

o Ifx €U,, T € Ug are distinct points of M, then there exist open subsets W C V,,
W C Vi, with xo(z) € W, xp(Z) € W, satisfying

Xa (W) Nz (W) = .

Basically, a Lie group G is a group with an additional requirement that the map
GxGw— G, (g,h)—g-h*

be smooth. A Lie group of dimension r is called an r-parameter Lie group. The reader
can refer to the book by Olver for a better understanding of groups and manifolds.
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Definition 2.2.4 (Lie Group). [28] An r-parameter Lie group is a group G which also
carries the structure of an r-dimensional smooth manifold in such a way that both the
group operator

m:GxGw— G, m(g,h) =g - h, g,h € G,
and the inversion
1:G— G, i(g):g_l, g € G,

are smooth maps between manifolds.

Lie groups appear often as groups of transformations that act on manifolds and some-
times locally. That is, the group of transformations is only defined for some points on
the manifold.

Definition 2.2.5 (Group of Transformations). [28] Let M be a smooth manifold. A
local group of transformations acting on M is given by a (local) Lie group G, an open
subset U, with

{e} x M cUcCGxM,

which is the domain of definition of the group action, and a smooth map ¥V : U — M
with the following properties:

o If (h,x) eU,(g,¥(h,x)) €U, and also (g - h,x) € U, then
U(g,V(h,x)) =V (g-h,x).
o forallx € M,
U(e,x) = .
o If(g,x) €U, then (g7, ¥(g,z)) € U and
V(g™ (g, x)) = .

Definition 2.2.6 (Symmetry Group). [28] Let G be a local group of transformations
acting on a manifold M. A subset S C M is called G-invariant, and G is called a
symmetry group of S, if whenever x € S, and g € G is such that g - x is defined, then
g-resS.
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2.2.7 Lie Groups of Differential Equations and Calculation of
Symmetries

The symmetry group of a differential equation is the largest local group of transforma-
tions that acts on the variables by mapping solutions onto other solutions. It is worth
noting that for every Lie group that acts on a manifold, there exists a set of vector fields
on the manifold called infinitesimal generators of the group operation.

Let us consider an nth-order differential equation

E,(z,y™) =0, (2.1)

with the variables x = (2!, 2%, ..., zP) that are independent and variables y = (y', ..., y%)

that are dependent, where y™ denote the collection of all first, second, third, ..., n-th
order partial derivatives. Let us look for a one-parameter (¢) Lie group

U(z,y) = (Vi(z,y), Va(z,y)) = (2, 9). (2.2)

By expanding (2.2) to first-order in € and by letting

. d _. )

gz(l,7y) = %\Ijzl(xvy)k:()? = 17 - D, (23)
} d_, |

¢ (:E,y) = &WQ(xay))k:O? 1= 17 <o q, (24)

where Uy = (U1 W2 . W) and Uy, = (W1, 03, ... UY), the infinitesimal transforma-
tions take the form

T =x+€(z,y) (2.5)

The functions € = (£1,...,€P) and ¢ = (@', ¢?%, ..., ¢7) are called the infinitesimals of
(2.2) and the corresponding infinitesimal generator is given by

"L o) d )
X:Zfz(%y)axi +Z¢j(«%’,y)a—yj- (2.7)
i=1 j=1

Theorem 2.2.8 (General Prolongation Formula). [28] Let

N 0 : 0
X = Zg (2,9) 5 + ;@(W)a—w
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be a vector field defined on an open subset M C X x U. The k-th prolongation of X
is the vector field

X0 = X+ZZ¢ny a (2.8)

defined on the corresponding jet space M*) C X x U®), the second summation being
over all (unordered) multi-indices J = (j1,J2,...,7s), with1 < js <p, 1 < s < k. The
coefficient functions (;53] of X%) are given by the following formula:

7 (x, y™* (qﬁ] Z&"%) +) &y, (2.9)
=1

=1
where ' o . '
=0y’ /0x",y;,; = Oyy/0x"

and
D] - DleJQD]

5"

Note that in the case (,2) € X =R? and y € U = R, we have

D—g—irua%—u 0 +u a+-~
t_at ta xtau ttaut )

D —g—i-u 0 +u 0 +u 0
m—al’ xau x:pa xtat

The theorem that follows leads us to the algorithm that generates the infinitesimals of
differential equations.

Theorem 2.2.9 (Infinitesimal Criterion). [28] Suppose
Az, u™) =0,

is a differential equation of maximal rank defined over M C X x U. If G is a local group
of transformations acting on M, and

XM[A(z,u™)] =0, (2.10a)
whenever
Az, u™) =0, (2.10b)

for every infinitesimal generator X of GG, then G is a symmetry group of the differential
equation.
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Note that (2.10) is a necessary and sufficient condition for G to be a symmetry group.
In this thesis, we will only consider local point symmetries, i.e., we will assume that the
infinitesimals are functions of x and u only. The invariance condition (2.10) leads to a
single differential equation. Given that we are dealing with local point symmetries we
can equate all coefficients of powers of derivatives of u that do not bear any constraints
to zero. This naturally results into a system of determining equations whose solutions
are the infinitesimals & and ¢. Symmetries are important tools that can be used to
reduce the order of a differential equation. In some cases, they can be used to reduce
the number of variables as well as to obtain exact solutions via the invariance of the
equation and to transform solutions into another solutions.

2.3 Symmetry Analysis of Difference Equations

A difference relation or recurrence relation is an equation that defines a sequence of
terms, where initial terms are known and each successive term is obtained from the
preceding terms. We shall assume in this work that all independent variables are in the
set of integers Z and (i, j) shall be refereed to as a lattice point. A simple example of a
difference equation is the Fibonacci sequence u,, = t,_1 + u,,_» with u; = uy = 1. For
ordinary difference equations, the order is the difference between the greatest and the
lowest subscripts. For example,

Upke =W (U, Uiy - - s Untk—1), (2.11)

is an ordinary difference equation of order k. Equation (2.11) is said to be linear if
it is linear in w,, Upi1, ..., Unip_1. Since a special interest will be given to ordinary
difference equations, we would like to briefly recall a basic method for solving linear
ordinary difference equations with constant coefficients.

Consider a kth-order linear ordinary difference equation
Upik + Q1 Upip—1 + Q2Upig—2 + -+ + agu, = 0. (2.12)
The characteristic equation of (2.12) is given by
Mo a N a2 ) = 0. (2.13)

If we suppose that (2.13) has distinct roots A; with multiplicity r;, 1 < i < m < k, then
the general solution of (2.12) is given by

=1
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where f; is a polynomial function of degree r; — 1. Next, we aim to provide background
on Lie symmetries analysis and the algorithm that generates symmetries of difference
equations. The method is similar to the one for differential equations. In fact, in the
case of differential equations the prolongation is done with respect to derivatives but
with difference equations we prolong to points of the lattice that appear in the equation.

2.3.1 Symmetries

Consider a difference equation

E(I‘I, u,, U(n)) = 0, (215)
where E depend on the independent variable n = (ny,n2,n3,...,ny) € ZY, the de-
pendent variable u, = (um, e ,unq) € R? and their shifts, u(,). Consider also the
transformations

I':(nyu,) — (N uy,). (2.16)

Note that the operator S defined by

where 0 is the Kronecker delta, will be referred to as the shift operator. We search for
a one-parameter Lie group:

nj = nj+e&,(nuy), (2.18a)

Uy, = Up; +€Qp, (N, uy). (2.18b)

Q= (fnl,fnz, T S 4 S ,an) is the characteristic and € the parameter of the
group transformation I.

Here, the symmetry generator V is of the form

N q
0 0
V= ;fni(n,un)a—ni —f-;Qn‘j(n,un)%, (219)

and its infinite prolongation is given by

[e.¢] a oo
[oo] _ -
V - Z gni-i-J(n, un)a<nl + J) + Z an+K(n7 un)
171>0 | K|>0

0

 — 2.20
8unj +K ( )
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Definition 2.3.2. A symmetry generator, V, of (2.15) is given by (2.19) and satisfies
the symmetry condition
vl (E) =0, (2.21)

whenever (2.15) holds.

The imposition of the symmetry condition (2.21) leads to a single equation that involves
functions with different arguments. Since &, and @, are functions of n and u,, one
can equate all coefficients of power of any new variable to zero. This leads to (usually
after a number of derivations) an overdetermined system of differential equations from
which &, and @, are found.

Partial difference equations of order 1 + 1

Where we have first-order difference equations in two variables ( N = 2) we will let
ny =k and ny = [, and we will assume that (2.15) can be written in the form

u?;ll = w(k,l,uﬁc,uﬁjl,uiﬂ), (2.22)

in which k, [ are integers, u} is a function of k and [. Note that k and [ are independent
variables. We redefine (2.17) as follows

: , 1
St Uy, > Up Spsul = ul (2.23)

Since equation (2.22) depends explicitly on the lattice (k,[), we assume the same for
the symmetries and we suppose that w depends on all its dependent variables, that is,

Oow Oow Oow
— —_— — ) 2.24
8u§€ #0, 3“2“ #0 and 8“2“ #0 ( )

Consider the transformation [11]

_ 1ol I+1 ) 1+1 S R LA
I (B 4w wiys wy gty m (R L g, G, 7 Gy ). (2.25)

If I" is a symmetry for (2.22) then we have

i = w(k, 1y, g, a0 (2.26)

whenever (2.22) holds. In order to get Lie symmetries we linearize (2.26) about the
identity, as follows. We look for symmetries in the form

i, = uj+eQ(k, Luy) + O(e?). (2.27a)
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For partial difference equations we shall assume that the independent variables remain
unchanged. We also have

gy =ty +€Q(k + 1,1 uj, ) + O(€) (2.27b)
i =u™ + eQ(k, 1+ 1,uf ) + O(2) (2.27¢)
At =ulth +eQ(k + 1,1+ 1,ulth) + O(e?). (2.27d)

Therefore, the linearized symmetry condition is given by
SeS1Q(k, L uk) — Xw =0, (2.28)

where
0 0

. +(S,Q) ST (2.29)

We recall a useful theorem needed for obtaining symmetries and conservation laws.

0
X = Qa—% + (SkQ)

Theorem 2.3.3. [29] Suppose that ¢ is a real-valued functions defined on a domain D

and continuously differentiable on an open set D' ¢ D C R"™ (29,29,...,2%) € D1,
and
(29,29,...,20) = 0. (2.30)
Further suppose that
0d(af, a3, . .., 73)
L 0. 2.31
e # (2.31)

Then there exists a neighbourhood V(29 29,...,2%) C D!, an open set W C R!

rn

containing x and a real valued function + : V +— W, continuously differentiable on V/,
such that

o) =y (@5, 23 ..., 1Y) (2.32a)
o (29,29 ..., 2%), 29,29 ..., 2%) = 0. 2.32b
2,3 n 2)%3 n
Furthermore for k =2,....n,
9¢p(x9,29,29,...,20)
Oy (2,23, .. . 2Y) _ T (2.33)
(%vk agb(x?,xg,xg ..... z0) " ’
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Using Theorem 2.3.3, the reader can readily check that the differentiation with respect
to ul, keeping w fixed and considering u}' to be a function of k, [, uf, ul_, and w, is
given by the differential operator L as follows

0 8u§€ ;0 0 Wyt 0
Oup — Ouj, Juj,,  Ouj,  wy » ol ( )
where of

J
Similarly, we have

I+1 W, 1
o oM o0 0 W0 (2.34b)

Ll - - P
8&2 8%2 8u§:‘1 8u§€ wu?—l 8u€€+1

0 Wyt 0
Lo — 5 2 2.34
2 oul Wyt out’ (2.34¢c)
wuz+1
L= 2 0 (2.34d)

— o I+l I
Ouy, Wyl ou,

By choosing the appropriate operators, the symmetries can be obtained after a set of
long calculations. For instance, by differentiating the symmetry condition (2.28) using
the operator Ly we obtain

/ l UJ“LCUUL“2+1 l CUUQOJUL+1UL+1 l
W%Q (k + 17 lvuk+1) + W—Q(k’ lvuk) + —Sk’Q(kv l’ uk)

u§€+1 “Lrl
w“kw“?—l“iﬂ I+1 l / l (2.35)
+ — Qk, L+ 1,u) — wy 1 Q(k, L wy) — wy Q' (K, L wy)—
Uk 41

WuiUchQ(k’ +1, lvuiz—t—l) - wuau?lQ(k?l + 1, u?l) =0

which is the necessary condition for obtaining symmetries for equations that we will be
considering in this work.

Ordinary difference equations

As mentioned earlier, we will be conducting the work with a special emphasis on second-
order difference equations, therefore for the sake of clarification we would like to provide
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a brief summary of concepts and notation that will be used for second-order ordinary
difference equations. Let us consider the pth-order ordinary difference equation

Untp = W(Ny Upy o oy Uy p—1) (2.36)

for some smooth function w such that 887“; # 0, that is, N = ¢ = 1. The solution of
(2.36) can be phrased in the form

Up = f(n,c1,...,¢p) (2.37)

where ¢1,...,c, are arbitrary constants. For the sake of simplification, we redefine
(2.17), for N = ¢ = 1, as follows:

SFin—n+k (2.38)
That is to say, if u, = f(n,c1,...,¢,) then,
S(up) = Upy-
Considering the transformation
L (0, U, Ung1y - oy Ungp) > (R Uy Ut 1 - -+ Unp), (2.39)
we can write the transformed equation obtained from (2.36) using (2.39) as follows
Untp = WA Uy Up1y - -+ Ungp)- (2.40)
We are searching for a one-parameter Lie group of transformations:

~

no= n+e&(n, U, Uni, - Unip), (2.41a)
Ui = Ungi + €S QN Up, Upyr, - . . s Untp) (2.41b)

for 0 <i < p. Then a symmetry generator of (2.36) is

0 0 0
X :g(nu Un, - - - 7un+p*1)_ + Q(n7 Upy - - - 7un+p*1)_ + (SQ)
on ouy, Oy
5 (2.42)
coo 4 (SPE ny ey Upap_1)) ———,
o+ (ST g, - Upp1)) T
and satisfies
SPQ) — Xw = 0. (2.43)
We recall that the linearized symmetry condition
SPQ = Xuw (2.44)

is obtained by expanding (2.40) to first-order in .
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Using symmetries to obtain the general solution.

As in the case of differential equations, symmetries are utilised to obtain solutions of
ordinary difference equations. We refer to ideas given by Hydon in [11].

Definition 2.3.4. Given a symmetry generator for a second-order OAE,

0 0
X = Q(na Up, un—l—l)a_un + Q(n + 1a Unp+1, W(TL, U,y un—&-l))%v
there exists an invariant,
Uy = V(N Upyy Up1), (2.45)
satisfying
Xv, =0 9on_ 4 (2.46)
Up = U, . .
aunJrl
Recall that the invariant satisfies
0 0
—+S n = O.
oun % |

Suppose that in (2.45) u, 1 can be expressed as a function of n, u,, and v,, i.e.,
Unt1 = fo(n, up,vy,) (2.47)
To solve (2.47) involves obtaining
Sp = s(n, uy) (2.48)
which satisfies X's,, = 1. The most widely used s is

du,

s un) = /Q(n,un,fo(”v“m fn;er)))

whose solution takes the shape

(2.49)

n—1
o=t > glk, k1)),

k=ng

in which ng is an integer and arbitrary [11].
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2.3.5 Conservation Laws

A conservation law of (2.15) is an expression that can be written in the form

N
Div(F) = (Si —id) F'(n,u,, ) =0, (2.50)
i=1
whenever (2.15) holds, for some smooth function F = ([}, ..., Fy).

Partial difference equations

We assume that the partial difference equation is in the form (2.22). A conservation law
for the partial difference equation (2.22) is then an expression of the form

(S}c — Zd)F + (Sl - ICI)G =0 (251)

that is satisfied by all solutions of the equation [30]. Note that F' and G are functions of
the dependent and independent variables, id is the identity mapping. We are looking for
conservation laws that lie on the quad-graph and we are interested in finding nontrivial
conservation laws. We then assume that the functions F' and G are of the form:

F=F(kLug,ut"), G=Gk1uy,u,). (2.52)
The conservation laws (2.51) amount to

(Sk —id) F(k, L ul, ultt) + (S — id) G(k, 1, uly, ul 1) = 0. (2.53)

Ordinary difference equations

In [11], Hydon presents a methodology to construct the first integrals of ordinary differ-
ence equations. In this construction knowledge of symmetries of the ordinary difference
equation is not necessary. If ¢ is a first integral (conservation law) for the ordinary
difference equation then, it is constant on its solutions and hence satisfies

S(d(n,Uny .o Unsp-1)) = Oy Uny -y Unip—1) (2.54)

in which S is the operator defined in (2.38). We construct first integrals using (2.54)
and an additional condition, viz.,

99

aun—i—l

¢(n + ]-7 un+1aw(n7un)un+1)) - ¢(n7un7un+l)7 ?é 0. (255)
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Using the notation

0
Pl (na Up,, un+1) - aj y (2563)
0
we obtain
Oow
P o= SPQC()—Un (2.57)

by differentiating (2.55) with respect to w,. On the other hand, we differente (2.55)
with respect to u, 1 to get

Oow

Un+1

PQ - SP1+

SP,. (2.58)

In virtue of (2.57) and (2.58), we can eliminate P, to get a second-order linear functional
equation, or first integral condition,

ow ow
S S*P. SP,—P, = 0 2.59

(aun> 2 aum-l ? ? ( )
satisfied by P,. After solving for P, and constructing P;, we need to check that the

integrability condition
or,  0PR

= 2.60
aun-i—l aun ( )

is satisfied. Hence if (2.60) holds, the first integral takes the form
6= / (Pydun, + Pyduy 1) + G(n). (2.61)

To get the solution of G(n), substitute (2.61) into (2.55). Then the resulting equation
is a first order ordinary difference equation which can easily be solved.

2.4 lterative Equations

It is well-known that the maximal number of point symmetries of second-order equations
is equal to eight and that all second-order differential equations are reducible to the
canonical form y” = 0 by point transformations [31]. These properties are not retained
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for higher order equations and characterizations become more complicated when n > 2.
Laguerre [32, 33] and Lie [34] proved that a third-order differential equation
v +ay"+by' +c=0
can be reduced to the canonical form if and only if
54a — 18bc + 4b° — 27a’ + 18bb + 9b" = 0.

Lie also proved that the dimension of the Lie algebra of the symmetry group of an
ordinary differential equation of order n is less than or equal to n + 4 and that only
equations that have maximal dimension can be reduced to the canonical form. Krause
and Michel [35] also studied the case of maximal dimension and proved the following
theorem

Theorem 2.4.1. [35] For linear differential equations of order n. > 2 the following three
properties are equivalent:

(a) the equation is reducible to the form y™ = 0 by a local diffeomorphism of a plane
P(z,y),

(b) the Lie algebra of its symmetry group has maximal dimension n + 4,

(c) the equation is iterative.

Linear iterative equations are characterized by the iterations L"[y] = 0 of the linear first
order equation of the form

Lly] = r(x)y" + q(x)y =0, (2.62a)

L'yl = L™ VL), (2.62b)

where n is a natural number. Without loss of generality assume that a linear iterative
equation of a general order is of the form

L"[y] = Ko™ + KlymY 4 K292 ... 4 Knoly/ 4 Ky = 0. (2.63)
Equation (2.63) can be transformed into
y™ 4 Aiy(n—% 4t A%y(n—a') +o Ay =0 (2.64)

by using the so-called Laguerre transformation

Y > Yy exp <n1 /I: K;(t)dt) . (2.65)

We will refer to (2.64) as the normal reduced form of equation (2.63). The general
coefficient K7 is given by the following theorem [36] .
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Theorem 2.4.2. In terms of the parameters r and q of the source equation, the general
coefficient K of the iterative equation Eq. (2.63) has the form

Mo My

Z Z N R EL I L L [P L] L] (2.66)

=3 kj—1=j—1 ko=2ki1=1
forn > 1 and 1 < j < n, and where the expressions for M;, 3;; and c; are given by

l
/Bij = Z Kuaku € Z7

u=1+1

ozj:n—l—(‘;)—ﬂoj:M

It is also known that the n solutions of (2.64) are
Y = u”’kflvk, 0<k<n-1,

where u, v satisfy
y'+A3y=0.

Mohamed and Leach in their paper [27] performed the Lie analysis on equation (2.64)
and found that its infinitesimals are given by

¢ =a(x), (2.67a)

n = ("gla’m) y+b(x), (2.67b)

in which « is a constant, a and b are functions of x satisfying

(n+1)!

1
(3) 2 7 a2
=i 2)!4!a + Asad + 2An a=0, (2.68)

b+ AR =, (2.69)
k=2
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respectively. They then applied the Leibniz rule for differentiation to 7 together with the
invariance criterion to show that the coefficients A? in (2.64) verify the relation

(n+ 1)@ — 1)
(n—0)l(i +1)12

y(i—i-l) + iy(l)A; + yAfl(l)

coy T

i—1 . . . . .
=)l —j =D +i+tji-1 o, :
Al (=0 =0, i=1,.
+F2 L (o 1Ty g § R T

They noted that relation (2.70) can be used to express A7 recursively in terms of A2
and they performed this for 3 < j < 8.



Chapter 3

Symmetries, Conservation Laws and
'integrability’ of Partial Difference
Equations

3.1 Introduction

The role of symmetries of difference equations is now well established and the applications
of the symmetries in the analysis (especially reduction) of the equations are also well
documented (see [11, 13-15]). However, the role and construction of conservation laws
for partial difference equations, to the best of our knowledge, is somewhat new but
the preliminary concepts and definitions are available even in the context of variational
equations (see [12, 30, 37]). These conservation laws, as in the case of differential
equations, have a variety of applications especially as another tool in the reduction of
the equation under scrutiny.

The aim of this work is to obtain the conservation laws of partial difference equations
which are of interest, viz., the discrete Liouville equation and the discrete Sine-Gordon
equation. These equations were studied in [38], [39] and [40], inter alia. The method for
the construction of the conservation laws employed here follows that introduced in [30].
The variational approach, not done here, uses the equivalent of Noether symmetries and
can be found in [37].

25
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We regard the domain of a given partial differential equation as a fibre bundle M =
X x U, where X is the base space of independent variables and U is the vertical
space, i.e., the fibre of dependent variables u over each x € X. The direct method
for constructing conservation laws of partial differential equations requires the domain
M to be topologically trivial, which occurs if each fibre U and the base space X are
star-shaped (see Poincaré’s Lemma).

As far as partial difference equations are concerned, we can write the domain as M =
X x U, but now X is the set of integer-valued multi-indices n that label each lattice
point (we assume that the lattice points are labeled sequentially, without jumps; this
does not require the lattice to be uniform).

The content of this chapter appeared in the article [41].

3.2 Conservation Laws of Liouville and Sine-Gordon
Equations

In order to find F' and G, we consider the theory provided by Hydon in [30]. In his paper,
Hydon applied the method to scalar partial difference equations that are second order in
one variable but in this paper we are dealing with first order difference equations in two
variables.

The discrete Liouville equation

Consider the discrete Liouville equation

I+1, 1 !
1+1 Uy, Up g+ 2y

ulh = (3.1)

It is an equation which is not integrable through the inverse scattering transform tech-
niques ( see [38]). The application of this method to equation (3.1) requires 2. to

satisfy

AT A S5 A
Z %k — 2 Zhp = 0 (3:2)
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We therefore assume that condition (3.2) holds for any k& and [. Note that equation
(2.51) can be written as follows

F<k + 17 l7u§c+17w> - F<k7lauk7 l+1) + G(k [+1 ul+1’ ) G(kJaugqvugchl) = 0(33)

where w is the right-hand side of the discrete Liouville equation (3.1).

As we said earlier, we are not interested in nontrivial conservation laws. It is worthwhile
to mention that if £ and G are solutions to (3.3), then F' + Fi(k,l) and G + G1(k, )
are also solutions for any functions F; and G;. One can see from equation (3.3) that F
and G take different arguments. To overcome this, we eliminate terms that depend on
w, by differentiating with respect to u“r1 and uﬁcﬂ, respectively, keeping w fixed. The
derivative of (3.3) with respect to u}_, is given by

1 1+1
T T e, ) — Gl L) | £

Eg(k + 17 l, uk+1,W) - G74(k7 l?“é’ugg—&-l) =0.

The differentiation of (3.3) with respect to u.™" leads to

ulul
e l [ F3(k7l7uk:7 l+1) G,3<k7luu§cuu§c+l)] F4(kul7uk7 l+1)

up b+ 2L (3.5)
+ Gk, I+ 1,u™ w) = 0.
Differentiating (3.5) with respect to u}_, we get
UZUZH _ufk-i-l (F,3(k7l’uk’ H_l) + G (kJ’ufkvufk—i-l))
up k4 2 uiflu,ﬂrl + 2L
B uﬁgu,ﬂrl (Egg(/ﬁ,l,uk7 l+1)+G33(k:,l,uk,u§€+1)) Pkl l+1)
1+1 + ,43 s Uy uk7
Uy, uk+1 Zk (3.6)

zkuk( Fg(k:,l,uk, l“) G73(/€,l,u§€,u§€+1))

(uﬁjlukﬂ + Z;C)Q

1,1 !
. ukuk+1G34<k7lvuk7uk+l)

I+1 ]
Uy, Uk:+1 + 25

=0.

We multiply by (uf'uf ., + z})? to clear fractions. This gives

(ugjluk—&-l + zk) [F <k> l7 ukz? H_l) + G (k, l? uiﬁ uic—i—l)]
+ g [F33(k5> Loty w™) 4 G s (ks L, wg )] +u (g, (37)

+ zk)F43(k, l, uk, l+1) + uk+1(ul+1uk+1 + Zk)GAg(k, l, uk, UL_H) =0.
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In order to get rid of G' we differentiate twice with respect to u."'. This yields

uk+1 [Fg(kf, l, uk, l+1) + G s(k, 1, uf,ﬁ, uf,ﬁ_l)] + ukukJrl [Fgg(k‘, l, uk, l+1)
+ G,33(k7 l? uk? uic-i—l)] + uku§c+1uk+lp334(k7 lv uk? Hl) (3u§€+1u§€+1 (3 8)
+ 2Z§€)F,43(k7 l? uk7 l+1> + ul+1( gjlulﬁrl + Zk)F344<k7 l7 uk? l+1) .
2
_|_ ué{:-‘rl G’34(k, l, uk7 uk+1) — 0
and
4u§€+1E34(k, l7 uk? l+1) + 2ukuk+1F334(k> l? uk? l+1) (5ul+1uk+1+
3Z;€)F334(ka [, ug, l+1) + uku§g+1uk+1F3344(k) g, u 5?1) (3.9)

+(U§cﬂ Uy + 2 ) Fsaaa (b, L ug, u™h) =0,

respectively. The function F' does not depend on uf,c“, therefore we can separate by

powers of ut™ to get

1:3F gk, 1wl ubt™t) + ub™ Fagaa (b, 1wl ubtt) = 0, (3.10a)

u§g+1 :4E34<kalauka l+1) + 2ukF334<k>l7uka l+1) + 2u F344(k,l7uk7 l+l)

3.10b
-+ U2U§€+1E3344(k5, l, uk, H_l) = 0 ( )
From equation (3.10a) we get
1
F344(kal>uk+1> H_l) fl(kalauk) l+13’ (311)
U,

for some function f;. Hence,

fl(ka lv ui)

F(kalvulw g:rl) - 2ul+1 +f2<k7lauk) A +f3<k7lauk) +f4(kul>ul+1)7 (312)
k

where fy, f3 and f; are arbitrary functions. On the other hand, we differentiate (3.6)

with respect to ufkﬂ to get an equation involving G only. The first derivative with

respect to u},, gives

—uit [(F (ky L ub, ubt™) + G 3 (K, 1l uﬁgﬂ)} (uﬁjluk+1 + 28)G 34
ukuéjl [Fgg(k’, l, uk, H'l) + G 33(k, 1, uk, uf,ﬁ_l)]
ULU?F Uk+1G 334(K, [, uk7 U§e+1) (QULHUJCH + Zk)G43(k7 L Ugm U§c+1)

Uéﬁl(“i““kﬂ + Zk)G 3aa(k, 1, Uk, U§¢+1) F34(/€7 [ Uk; ZH)

(3.13)

0
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and the second derivative gives

— 4G (b, 1w, i gy) — (5up M gy + 320) G aaa (b, 1 i, i)

— 2u;” UkG334(kal7UmU§c+1) gt Uk+1G3344(kal,Uk>U§c+1) (3.14)

! 1411 !
— Uy (ug gy + Zk)G 344 (K, 1, Uka Uy, q) = 0.

Similarly, the function G does not depend on w, ;. This allows us to equate the coeffi-
cients of powers of ukJrl to zero. We get

1 33G7344(k3, l, ui, ui)—l—l) + U§€+1G73444(k’, l, UL, UL_,'_I) = 07 (3153)

ugjl AG 34 (k, 1, ufk, ULH) + 5u2+1G7344(k, l, ufk, ULH)—I—
2ULG»334(1€7 l’ Ui,, u§€+1) + u2u§c+1G,3344(k7 la ui}? u€g+1)+ (315b)

12 11
Ug41 G,3444<k7 [, uy, “k+1) =0.

The general solution of (3.15a) and (3.15b) is given by

G(k7laukau§<;+1) <2 ) g2(k,l,ui;)ué;+1 +93(k7lau§<;) +g4(k7l7u€c+l)7 (316)

where g1, g2, g3 and g4 are arbitrary functions. Substituting the expressions of F' and
G, given by (3.12) and (3.16), into equations (3.9) and (3.14) gives

ci(k,l
folk, 1, ul) = — 1(l ) + eo(k, 1)
k
and " l)
c
gQ(kvl’ugc) == 3ul (k l)
k
respectively. Therefore, we have
k,l
F(k, 1 ul,utt™) = fllH + —Cl(, ) +eo(k, ) Jub™ + fs+ f1 o (3.17)
2u
k g,
k,l
Gk, L ub,ul ) = 5 %l + ( (l ) +c4(k:,l)> w1+ g3+ s (3.18)
Upyq g,

Substituting the above results into (3.13), and separating by powers of u}_, and uj",
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we obtain
" l
1 7uk+203 12 :O,
Uy,
c c
! 1.6 G
Uprly = — — =0,
Uy, Uy,

we i+ g+ u(f5 4 95) =0,

12, G A
uk "U,l 2 Ul 2 0’
k k
and therefore

2¢s(k. 1
Filk, 1l = M + es(k, D, + co(k, 1), (3.19a)

Uk
(fs + g3)(k, 1,uk) =c7(k, 1) In(ul) + cs(k,1). (3.19b)

On the other hand, substituting (3.17) and(3.18) into (3.8), and separating by powers

of ul ™ ul .|, we get (after solving the resulting system)

201(/<: 1)zl

g1k, lul) = " + co(k, Duk, + cio(k, 1). (3.19¢)
k
Results (3.17),(3.18) and (3.19) lead to
2¢cs(k, 1 1
F(k, L ul,utt™) = ( M + c5(k, Duk + cg(k, l)) —
i 2 (3.20)
— <% —c ) DU fo(ky Loub) + falk, Lkt
k
and
2¢y(k,1)2L

1 c
+Cg(l€ l)uk +Clo(]€ l)) 21— + <— _:;

Upyq

G(kv l7 ugw u§c+1> = (_
U

+ ca(, l))uk+1 fa(k, k) 4 cr(k, 1) In(ul) + cs(k, 1) (3.21)

+ 94(k7 lv ui:—l—l)v
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where ¢;, 1 < i < 10, depend on k and [. The substitution of (3.20) and (3.21) in (3.6)
did not provide any new information on the unknown functions. We then continue our
computations by substituting (3.20) and (3.21) into (3.4) to get

I+1 1+12 l l I+1
coubust 1 GsUl, cizug 4 cazp s uy
Toul . T T Ty T ul
k+1 k
l
cs(k + l’l)uk 12 1412 U0+l 1 2 c1(k+1,1)
+ - 3 (Uppy w," " + 220wy + 2y, )ﬁ
UpUpyq
T
cs(k+1,0) 24wy, .
+1,_ .1 ! l l gt l
2 +up U f3(B+ 1 L) + 2. f5(k+ 1 Luy,)  (3.22)
Upyq
1o1+1 10+l I+1, 1
C12E Uy, CoUp Uy Caly,  Upiq I+1, 1 1,0
] ] 7 = G4y Uy — U Upy19y
2u U
UpUp1q k-+1 k
Clouéc 612’122 CgZéUi 032’5C 1 1 0102’]2
- + + — C42 — ZpGy T+ =0.
2Ul 1 2 9 l 2 l k kJ4 9 1 2
k+1 Upyq Uy Uk 11 k Uk 1

Separating the resulting equation (3.22) by powers of uﬁjl we have

Clo(l{i, l)Z]lf

1 lecfé<k + 17 laugﬁ-l) - C4(k7 l)zllc - zllcgil(k7 la U’?c—i—l) + 2

241
Po(k 1,0 APk D) [—es(k, D) 4 es(k 1,0l
N 2y, Cll(l = )_ Zklcll( 72) +[ cs (k. 1) 025( Dl (3.23a)
Up Uy UpUhq
L ek + LDz, +eoz)u _
2ufk+12 |

UZH P C7(k7 l) + u§c+1fé(k + ]-) la uichl) - C4(k7 l)u§c+1 - ui:Jrlgzl(ka l7 uéﬂ»l)

co(k,l) 2¢o(k, Dul co(k,l)ul _alk, 1)zl N 2¢;(k+1,1)z

] I ] 1 .1
2u_ 4 2uj 4 2uj ubul Ul (3.23b)
clz,lg

7.1
UpUp

:07

where ' denotes the derivative with respect to the dependent variable. Again we can
split (3.23a) and (3.23b) by powers of u}, since f3, g4 and ¢;, 1 < < 10, do not depend



Section 3.2. Conservation Laws of Liouville and Sine-Gordon Equations Page 32

on ul. We redo the same thing with (3.5) to get

1 gt I+1 l 1 7 I+1 Cﬁ(k7 l)zllc
1:— Zk,f4(k, [, uy ) — Cg(k, Z)Zk + zkg3(k, [+ 1, uy ) + W
Uy,
. Ales(bl+1) 2 ek D) L el D)+ ol 1+ 1)]ul, (3.242)
” ul+12 " uz+12 9 :
U Uk
N [2¢1(k, 1 + 1)2,?;1 + 52k ul, _o,
2uy,
U€c+1 t—or(k, 1) + U§c+1f§(k + 1,14, u§c+1) — ca(k, Z)U§c+1 - U§c+1951(k37 L, “fk+1)
cio(k,l) 2cq(k, Dut, co(k,1)ul, _alk, 1)z} N 2¢;(k +1,1)z2,
2ul 2ul 4 2ul uhul ubul (3.24b)
B cl(lk,ll)z,lC _o
UpUpq

After rearranging, simplifying and solving the resulting equations (3.23a), (3.23b), (3.24a)
and (3.24b), we get some new information on the unknown functions:

Cl(/{?,l) = Kl,
Cg(k',l) = K3,
2¢1 (k, 1+ 1)z4+!
eyl 1) = 2l VA
2L
cr(k,l) =0,
kE+1.1)z
co(k, 1) = —203( i - )ZkH?
2k,
cio(k, 1
Falk 1,0k y) = galk, Lky) + % Fea(k, Dy + e (k, D),
Up11
66<k7l)

g3(k, L+ 1, ubt™) = fu(k, Lub) + + co(k, Dub™ + 1ok, 1).

1
2uy,
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The last step consists of substituting all the information we got so far into (3.3). This
yields

c(k,l) = Ky,
c3(k,l) = K,
cs(k,l) = Ks,
co(k,l) = Ky,
ci13(k, 1) =0,

C4(l€, l) + 014(]{‘, l) = —KQ,

Cll(l{?, l) + Cl5<k' + 1, l) — 016(k — 1, l) — 011(1{3 — 1, l) + 012(]{7, l)
+ Clﬁ(k, [ — 1) — Clg(k, [ — 1) =0.

where Ky, K3, K5 and Ky are constants. Summarizing these results, we have obtained
the conservation laws,

I+1 l

+1
z u u Z
F(k,1,uk, lk“)_—Kl( ];ul+lf+ 52 ) — Ko(k — 1,0, — Ky—% LT (325)
k k '

—f-ClG(k—]_ l)—f-CH( —1 l)+K2uk +Cl5( )

%, iU | Ui
l l + + l
G(k,l,uk,ukﬂ) Kl — Kg + ) - Kzuk+1—

1,1 !
ukukJrl R Up 1 Uy,

Kg(k,l )uk — 015(I€ [ — 1) + Clg(k’, [l — 1) + 016(/{3, l)

(3.26)

Therefore all independent conservations laws for the discrete Liouville equation are given
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Rk L) = 2t
VAN uk
e (3.27a)
z
Gl(kalvugwui: ) = - i )
! U U
Fy(k, L ub, ubth) = Kok, Dubt™ — Ko(k — 1, 1)ul, (3.27b)
Gao(k, L ul,ul ) = —Ko(k, Dl — Ko(k, 1 — 1)ul; '
AN %
FS(ka lvukvuk ) = _ul ul+17
R (3.27¢)
ety Upy
G3(kal>u§c>u€c+1) =T T T
241 ug,
where K is a function of k£ and [. Note that (F3, Gs) is a trivial one,
The discrete Sine-Gordon equation
The discrete Sine-Gordon equation is given by [39, 40]
14 bty
I+1 1 Uk Ugt
Uy Uy, = . 3.28
S o 529)
Again, zf must satisfy
Zhaith =2t (3.29)

Equation (3.28) represents a non-autonomous generalization of the lattice Sine-Gordon

equation. The limit of this non-autonomous form is w,; = f(x)g(t)sinw [38].

In this section, we jump the first few steps since we have explained them in the first

example. Let us take it from the condition of the conservation laws (3.3),

F(k + 1’ l’ uifJFl’w) - F(ka lvugmugjl) + G(k'yl + 17 ugjlﬂﬂ)

— Gkl uf,ul ) =0,

where w is given by

1,411
L+ zw" wpiq
(1,1 1"
w (uy, Wy + 2,)

I
W= Uy =

(3.30)

(3.31)
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We differentiate (3.30) with respect to u;™ by applying the operator (9/dult!) —

(wuiﬂ/wué)(a/@uk) to get

2
(22 - 1)u§€u§€+1 [E3(k7 l? ugc? ugjl) + G,3(k7 lv ugm u§c+l>} +
2 2 2
(2w gy g g+ 2w gy + ) [Falk g, gt (3:32)

— Gk, L+ 1,u; " w)] =0.

We repeat the same procedure but now we are planning to eliminate F' to obtain an

equation that involves GG only. For the same reason as before, we equate coefficients of

powers of uﬁjl. The resulting system can be summarized as follows

AG saaa(k, 1w, w i) + g1 G aanaa(k, L ug, ug ) = 0, (3.33a)

(9222 + 3)G7344(k7 l> U’;m uqurl) + (72122 + 3)u§g+1G,3444<k7 lu uécu u§g+1)+
2 2
Bzp — 3G saa(k, L ug, uppy) + (21, — Dujuh 1 G szaaa(k, L ug, upy)  (3.33b)

2 2
+ (lee + 1)u§c+1 G734444(k7 l? UL, uéﬂ‘i’l) = 07

12G,344<k7 la U;c, ui:Jrl) + 8u§g+1G,3444<k7 la ugca u§c+1)

(3.33¢)
+ kG anana (b, L ul, ulyy) =0
whose solution is given by
k1, ul)
Gl L ) =L ke
( o Ur1) uka 9a( 1)Uk + 93( k) (3.34)

+ g4(k7 l7 u€c+1)7

for some functions g1, g2, g3 and g4. To know the dependency among the g¢;'s, 1 <
1 < 4, we have to substitute F' and G into the previous equations. After a set of long
calculations, we find that the conservation laws for the discrete Sine-Gordon equation
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are given by

Fi(k, 1w, ult) = —ak+11) ok Dugu

R
.35a
Gyl Ll ) — —Z§C1(k, Duj, c(k+ 1, l)z,i;ui;H;
(2 — 1)“2“ (71 — D
Fy(k, L ub, bty = ubt — b,
L oy 1 (3.35b)
Gak, 1 ug, Uy 1) = =gy + w3
Fy(k. 1l a1 = —zhes(k, Db, 2hes(k, 1 — 1)ub
3\ 5 B Tk 12 )t VTN
(2 Juy, (1 =2y, (3.35¢)
Gs(k, L uj, uf ) = alhi-l) ol ity
N D (I C )
where ¢; and c¢3 are such that
Zl+12 )4l
ek +1,0+1)= (lk-i—; )lilcl(lﬁ—l,l) (3.36a)
(Zk+1 - 1)Zk
2
(11
ci(k,l+1)=—"——"c(k,I 3.36b
() =P (3.36b)
1 2
—1
er(k+2,0) :(’z’fﬁ—l)cl(k,w (3.36¢)
12 _
and
1 — S-1H
ek 1,0 1) = ] )IZ’“ es(k, 1 — 1) (3.36d)
(1 =2 )2
1 — l+12
es(ky 1+ 1) :%03(1@1 .Y (3.36¢)
L=z ")
AN
(b4 1,0) = eyl Z)Z’“ cs(k,1). (3.36f)
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Here, (Fy, Go) is trivial.

3.3 On multipliers/characteristics

The relationship between the characteristics and conserved vectors of partial differential
equations was well known for variational equations and was generalized relatively recently.
In fact, the characteristics are the conserved vectors. The use of these in the construction
of conservation laws has been discussed in detail in [42, 43] and [44] for the symmetry
underlying relation that exists. Very recently, this idea has been initiated and discussed
for partial difference equations in [45]. Below, we present the multipliers for the nontrivial
cases of conservation laws that arise above.

The discrete Liouville equation

For the discrete Liouville equation,

R TR I
Uplgly = U Uppq + 2, (3.37)

we have shown that

1 Z,ljl 141, 1 l
(Sk —id)Fy + (S —id)Gy = | ———— + 2t | (—ub gy — 2

Uplp g Zpuy Ul (3.38)
+ ugcu?:kll)
Therefore, the multiplier is given by
1 1
A= _ugcu§f+1 nguifluicfl. (339
Similarly,
, , 1 ot 141, 1 I

(Sk —id)Fs + (S —id)G3 = (_%U?A + Z;éugﬁﬂuﬁrﬁ) (—up Uy — 2, (3.40)

1, 1+1
+ ukuk+1)
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and the multiplier is given by
1 2t
Az = — A 3.41
T G4
The discrete Sine-Gordon equation
Consider the Sine-Gordon equation
14 2ybtly
uéﬂ—:-ll = = l l+f lk k+1l . (342)
w (uy, Wy + 2,)
We have
. . ca(k+1,1
(Sk - Zd)Fr"(Sl - Zd)G1 = (uﬁjlufkﬂ + Z]lc) l(l 3 l) 1
(1= 21wy
1, 0+1, 1 (3.43)
_ C1 —u;ﬁﬂ Ui n I+ zpuy gy
2 +1 I
(1 -z, W?ﬁl“?ﬂl “kﬂuicﬂ + 2
and
. . c3(k,l—1
(Sk — id) F3+(S; — id)Gs = — (u ulfyy + 2) 3(1_12 l )l
(1 =z, upuy,y (3.44)
1,041, 1 '
C3 4 L+ zpuy w4
2 k+1Uk :
(1— 2z )u?“luﬁ:fl u?_lugc—&—l + 2
The multipliers are then given by
1 1 1 Cl(k +1, l) (&1
Asgl = (uk+1uk+1 +Zk) ( I 2\ oI+l 125 1 I+1 (3.45)
(1= 21wy (1= 2. gy
and
Neo — _( gl 1) cs(k,l—1) _ 3 (3.46)
Sg2 = 7 U Up1 T 2k 1 12\ (1— 12> 41, 1+1 |7 '
(1= 2wy P )W U

respectively.
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This method for constructing characteristics does not work for all difference equations.
For instance, logarithmic and exponential conservation laws can not be put in the shape

(St — id) F + (S — id)G = A (uy — w)

unless we introduce a singularity into A. However, It has be shown in [45] that this
difficulty can be resolved by considering a general divergence expression

C (z,[€]) = Div(F(2)), (3.47)

where £ is the partial difference equation in its Kovalevskaya form (also known as solved
form), z is the set of all uneliminated variables, and [£] stands for £ and their shifts.
Equation (3.47) gives conservation laws if and only if

C (z,[0]) = 0.

Of course [0] is where the difference equation is equal to zero. So by the Fundamental
Theorem of calculus

C(z,[€]) = /A 0 d‘ic( IAE]) dA (3.48)
¢ / (B C@IED loedh + Din(Pla (D), (349)

where E¢ is the difference Euler-Lagrange operator for £,

aC (z,[€])
E S-ig
e Z S’ 851 Sig

for two independent variables, and Div(P(z,[£])) = 0. Therefore, given any conserva-
tion law the characteristic can be defined as

Q(z,[€]) = /H (Ee (C(2,[€])) emsredA.

Some of main results from [45] are:

e if £ is in Kovalevskaya form then a conservation law is trivial if and only if
Q(z,]0]) = (Ee (C(z,[€]))) leso = 0

e if £ isin Kovalevskaya form then 'equivalent characteristics’ is equivalent to 'equiv-
alent conservation laws'’.
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3.4 Symmetries of Liouville and Sine-Gordon Equa-
tion

Using the theory provided in Chapter 2 we aim to find symmetry of both non-autonomous
discrete equations of order (1 + 1) Liouville and Sine-Gordon.

The discrete Liouville equation

Consider the discrete Liouville equation [38]

U041 0411 !
Ry = Uy Uy 2 (3.50)

This equation can be written in the form
I+1 A
wphty = Wk, g, ug™ ug ), (3.51)

where w = (ujt'ul_; + 2}) /ul. We aim to find one-parameter Lie groups of symmetries

by assuming that the characteristic is of the form
A linearised symmetry condition for (3.51) is given by

(SkS) Q(k,1,ul) — Xw =0, (3.53)

Qk+1,l+1,w)— Xw=0, (3.54)

where X is the symmetry generator given by

d d 5,
X = kol ub)—- E+1,0uk, ) —— El+ 1, ubth)y—0.
Q( ) 7uk) aué + Q( + ) 7uk+1)au§€+1 + Q( ) + 7uk )au?-l

The symmetry condition (3.54) becomes

uH—lul —|—Zl
Y (3.55)

ugjl ! u§c+1 I+1
u_l Q(k—l—l,l,ukﬂ)— ul Q(k,l—i—l,uk ) =0.

k k
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We differentiate (3.55) with respect to ul ( keeping w fixed), i.e., we apply the differential
operator Lo = (9/0ul) + (Oul,,/0ul)(0/0ul ). This gives
( %) N uul o+ 20 >

I+1, 1 l
U, U +z
Q(k+ 1,1+ 1,w) + <W>Q

Uy,

] [PRESI I
Ouy, Up Uy, Ouy

l (3.56)

w ! Ugt1 I+1
- u_l Q(k+1alauk+1)_ u_l Q(k>l+1>uk ) :Oa

k k

ie.,

(Q’(k,l,ué)ufﬁ — 2u§€Q(k‘,l,u§€)> (ul

ul? uy, u§c+1 +2) + Q(k+1, l7“§c+1) ué:rl
k

I+1
u
QU 1.} (357)

1+1, 1 !
Uy Up g + 2
k

+ Q(k, I+ 1 ulb Ml + ( Wi
k

—QUHJJmLJ%“—Q%J+L%W]=0

We now differentiate (3.57) with respect to u} to get

I+1, 1 I
(Uk Upyr T Zk)d 7
Uy,

d [Q,Luw)] _
i

d [Q’(k;, bl — 20t Q(k, 1, ug)] .
(3.58)

(g i+ 24)

This simplifies to

{Q(/f, l, u;)]’ - {Q’(k, L ub)ul — 2Q(k, 1, u;)] " (3.59)

7 7
Uy, Uy,

Integrating (3.59) with respect to u}, and rearranging the resulting equation leads to
1
Q'(k,lup) — —Q(k,l,up) — ¢ = 0. (3.60)
Uy,

The general solution to equation (3.60) is given by

Qk, L, ub) = ¢y (k, Dul In(ul) + co(k, Dul, 3.61
k k k k
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where ¢; and ¢, are functions of k& and [. We then substitute (3.61) in equation (3.55)
to get the following constraint

[co(k 4+ 1,1+ 1) + ok, 1) — ca(k + 1,1) — ok, 1+ 1)) uf ul 4

. (3.62)
+ [ca(k+ 1,1+ 1) + co(k, 1))z, = 0.
The function ¢, does not depend on u."" and u}, therefore we can say that
¢ =0, (3.63)
Cg(k + 1, [+ 1) = —Cg(k, l), (364)
CQ(]{Z + 1, l) = —CQ(/{?, l + 1) (365)
It can easily be verified that the functions that satisfy (3.64) and (3.65) are given by
ca(k, 1) = (=1)", (3.66)
ca(k, 1) = (—1)" (3.67)
Therefore, the symmetries of the Liouville equation (3.1) are as follows:
0 9, 0
X1 = (-Dupm7 — (=D upy = + (=D 3.68
L= g D g N S (369
0 0 0
Xy = (D' b= +ub, o —u — ] . 3.69
2 (1) <uk Dul + Upiq o, Uy o+ (3.69)

The discrete Sine-Gordon equation

The discrete Sine-Gordon equation is given by [38]
g L 2

Uy U, = .
k+1%k +1_ 1 l
(I u,ngl—i-z,C

(3.70)

Imposing the symmetry condition (2.28) to the discrete Sine-gordon equation, we obtain

Q(k + 1’ lv u§c+1)

7
Uy,

Lyl
2Ry Uy 1

2
. (% + ugjluﬁﬁl)
2
B (Q(kvl + 1,u§€+1) [ 2 U1 — Uiy —0
(

7 S 1\2
uy, g quy 2y.)

Qk+ 1,1+ 1,u) +

(3.71)

12 1+1 I+1

S I\2
up gy +2)
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The function in above equation is associated with different arguments. To overcome
this, we differentiate the above equation with respect to u!. This yields

(2122 — 1) [UL—HQ(IC + 17 la u§g+1) + uéﬂrlQ(k? L+ 1’ uéjl)] +

2
(U§€+1U§€+1+Zk)2 l

(leeugﬂ—&—lu?_l +1)d Qk, 1, Uk) (lequiﬂugrl DQ(k, I, Uéc)
(ufgﬂuf,jl + leg) d“ﬁc 22 Uk (U?lukﬂ + Zk)
Gk D) (gt + ) {d (@(% +1,1, u>>

12 7 1 I+1 1\2
Uy, d“k+1 (uk—i-luk + 2;,)

1 d Uiy } —0
l+1 d“k+1 (“ZHUZH + Zilg)z

We can solve for () after a series of steps. Firstly, we multiply (3.72) by (u!)2. Secondly,
we differentiate the resulting equation with respect to u.. Finally, we simplify to get the

(3.72)

equation
d k.l k.l
, (Q( ) 7uk)ukl Q( ) 7“]@)) = 0. (373)
duy, uy,
The general solution of (3.73) is given by
Q(k,1,ul) = B(k, Duk Inul + C(k, D)ul, (3.74)

where B and C are functions of k and [. The substitution of (3.74) in equations (3.73)
and (3.71) puts more constraints on the unknown functions B and C. After a set of
long calculations we get

Qk,Lwy) = (=1)*up, QK1 wp) = (—1)'u. (3.75)

Therefore, the symmetries are given by

0 0 0

X = <_1)k <u§€au ugﬂ-i—la k+1 +u gjla l+1> (3763)
0 0 0

X2 = (—1)l <uka —|— k+18 k+1 u?‘l au?-l) . (376b)

Remark 3.4.1. (Association) Recall that one of the conservation laws of the discrete
Liouville equation is given by

I+1, 1 I+1
I+1 o I
Fl(k7l7uk7 U, )_ zkuﬁjl - Ué ) (3773)
!
Gk, 1 ul ) = — s (3.77b)

UpUp g
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and that it has a symmetry given by
0 0
_ k, 1 k, 1 k, l+1
Xl - (_1) ukaui - (_1) uk+1 au§€+1 + (_1) uk

0

I41°
Ouy,

(3.78)

The symmetry (3.78)acts on (3.77a) as follows

o ) o Zl—l-lul uH—l
XiFy = | (DMl = = (1) g o + (—1) ! }(— ; ’“—’“—)
141 |:( ) kaugc ( ) k+1 augﬁ_l ( ) k 8u§€+1 Z}C’Uéj_l ugﬂ

I+1 I+1 41,1
z u Zp U 1

_ k|1 k k ! 1 [ Ak Uk
==D% u | = T |~ W (0) g 5~ 7
EIRT L 1,0+1 U
kYK u 25Uy, k

=0. (3.79)

Similarly, we have

0 0 2L
XiGr = [(=Drufp=— — (=DM =—— + (= 1)*™! }(— h )
. {( ) 3 gc =) uk+18u€€+1 (1) Ay IRT

! !
k| o1 2 ! 2 1 !
=(=1) [Uk (ul 2, ) — Uk <—ul KR u_’> +“k+1(0)]
E Yk+1 E%k+1 k

~0. (3.80)

Therefore, we conclude that the symmetry given in (3.78) and the conserved vector
given in (3.77) are associated. The implication is that this symmetry and conserved
vector could be used to perform double reductions of the discrete Liouville equation. We
have shown that the symmetries and conservaton laws of the discrete Liouville equation
satisfy

(X1F1, X1Gy) = (0,0),
(XoFy, XoGh) # (0,0),
(X1 Fy, X1Gs) # (0,0),
(XoFy, XoGs) # (0,0),
(X1F3, X1G3) # (0,0),

(X2F3, XQGg) — (0,0)
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We have carried out the same calculations for the discrete Sine-Gordon and we have
found that

(X1F1, X1G1) # (0,0),
(X2F1, X2Gh) = (0,0),
(X1 F, X1Ga) # (0,0),
(XoFy, XoGa) = (=1)!(F2, G2) # (0,0),
(X153, X1G3) = (0,0),

(X2 F3, XoG3) # (0,0).

3.5 Concluding Remarks

In this chapter, we have obtained conservation laws, multipliers and symmetries of the
discrete Liouville equation and the discrete Sine-Gordon equation. It should be noted that
when we were finding the conservation laws, the differentiations have created a hierarchy
of functional difference equations that F' and G satisfied. The unknown functions were
naturally found by going up the hierarchy but surprisingly we were also able to find
another constraint on z. In fact the shift operator, S;, acts on equation (3.36d) to
produce the following equation

(1— P 2)Zz+1
Si(es(k+1,1—1) =c3(k+1,1) = ’fl+21 s (k, 1), (3.81)
(1— 2z )Zk+1

By replacing in (3.81) the function c3(k + 1,1) with its expression given by (3.36f), we
obtained the constraint (3.2), i.e,

(S R ¥ B A
2% — 2 2 = 0. (3.82)

The constraint (3.82) turns out to be a sufficient condition for the discrete Liouville
equation and the discrete Sine-Gordon equation to have non trivial conservation laws (
Note that the substitution of (3.27a), (3.27b) and (3.27c) into (3.3) leads to the same
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constraint (3.2)). This condition was obtained in [46] using the singularity confinement
condition. It is also precisely the one obtained in [38] using the techniques of study of
the degree of the iterate.

We note that the association of symmetries, conservation laws and integrability for
difference equations is as important and conclusive as was established for differential
equations even in the non-variational case.



Chapter 4

Symmetries, Associated First
Integrals, and Double Reduction of
Difference Equations

4.1 Introduction

Symmetries and conservation laws are useful tools for finding exact solutions to differ-
ential equations. The association of symmetries, conservation laws and integrability was
established for differential equations [42—44]. It has been shown that when the symmetry
generator and the first integral (conservation laws) are associated via the invariance con-
dition, one may proceed to double reduction of the equation. These properties should be
retained when discrete analogs of such equations are constructed. As far as conservation
laws of difference equations goes, the work is more recent - see [12, 37, 41, 47, 48]. In
this chapter, we construct symmetries and conservation laws for some ordinary difference
equations, utilize the symmetries to obtain reductions of the equations and show, in fact,
that the notion of ‘association’ between these concepts can be analogously extended to
ordinary difference equations. That is, an association between a symmetry and first
integral exists if and only if the first integral is invariant under the symmetry. Thus, a
‘double reduction’ of the difference equation is possible.

The content of this chapter appeared in the article [48].

47
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4.2 Symmetry Reductions

In this section we consider two instances, find their symmetries, conservation laws and
their solutions. A brief discussion of the meaning of double reduction and association is
given.

4.2.1 First Example

Consider the equation [11],

(4.1)

W = Upy2 = .
n+1 Up+1

Symmetry generator

Here, the symmetry condition, given by (2.43) becomes

1 n
2 1, up, — Uy, = 0. 4.2
Qn+2,w)+Q(n+1,u +1)u%+1 Q(nu)(n+1) (4.2)
Firstly, we differentiate (4.2) with respect to u,, ( keeping w fixed) and we assume that
Un11 12 a function of n, u, and w. By the implicit function theorem differentiating u,,,1
with respect to u, yields

o ow 2
Un+1 __ Oun nun—i—l (4 3)
- ow : )
ou,, o n+1

Secondly, we apply the differential operator, given by

0 Qw0

L =
8un aun aun—‘rl’

(4.4)

to equation (4.2) to get
2n
(n+ Vg

n
n+1

Q(n+1,1ups1) + nLHQ'(n 1 ) — Q'(n,uy,) = 0. (4.5)

To solve (4.5), we differentiate it with respect to u,, and keep u, 1 fixed. Hence we get

d < n Q’(n,un)) =0 (4.6)

du, \n+1
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whose solution is given by

n+1
n

Qn, up) = ( > A(n)u, + B(n). (4.7)

For the sake of simplification assume that B(n) = 0. Next we substitute (4.7) into (4.5)
and we simplify the resulting equation to obtain

[%} An+1) = A(n). (4.8)
Thus,
A(n) = (n i 1) 2¢(—1)"1, (4.9)

where ¢ is a constant. Substituting (4.9) into (4.7) leads to

Qln,u,) — (”“)( n )20<—1)”—1unzzc(—1)”—1un. (4.10)

n n-+1

Therefore, the symmetry generator is given by

0

X = 20(—1)”*1una—.
U,

(4.11)

First integral

Suppose that P, = Py(n,u,), then equation (2.59) becomes

+1 1
- PQ(n+27un+2) 9 PQ(n+17un+1) _P2<n7un) = 0. (412)
n+2 n+1

We apply the differential operator L, given by (5.27), to (4.12) to get

n 2 n
P. 1, upeq) — ——
n+1 Uy 2(n 4 1 tini) n+1

Py(n+ 1,up41) — Py(n,u,) = 0. (4.13)

Next we differentiate (4.13) with respect to u,,, keeping u,, 11 fixed to get (d/duw,,) (P(n,u,)) =
0 whose solution is given by

Py(n,u,) = B(n)u,+c= B(n)u, (4.14)
if we set ¢ = 0. We carry out substitution of equation (4.14) into equation (4.13) to
obtain

n+1

Bn+1) = .

B(n). (4.15)
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We choose B(1) =1 to get
B(n) = n. (4.16)

The next step consists of substituting equation (4.16) into (4.14) to get

Py(n,u,) = nu,. (4.17)
From equation (2.57) we get
Ow
Pr(n, up, upi1) = SP287 = N1 = Pi(n, Unt). (4.18)

The condition for integrability is satisfied and so we compute the first integral ¢. Using
equations (4.17) and (4.18) we obtain

¢ = /(Pldun + Pyduy,11) + G(n) = nupuyig + G(n). (4.19)

In order to find G(n) we use (4.19) and (2.55). We get

Gn+1)—Gn)+n+1 = 0 (4.20)
whose solution is .
Gn) = _@_ (4.21)
Finally the substitution of (4.21) into (4.19) gives
1
¢ = NUpUp4+1 — n(n;_) . (422)

Note: The symmetry generator given by equation (4.11) acts on the first integral, ¢ to
produce the following equation

0 0
X¢ = Q(nauﬂ>87¢+Q(n+1aun+l)au—¢l
n n-+
= 2¢(—1)" Y (nupntlns1 — NUpNULL1)
= 0.

We say X and ¢ are associated and this property has far reaching consequences on
‘further’ reduction of the equation.
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Symmetry reduction

Recall that P
X =2c¢(—1)" tuy—
(=1)" g -
is a symmetry generator in (4.11). If v, = v(n, u,, u,,1) is invariant under X, then
Xv, = Q(nu)i—i—SQ(nu) 0 v, =0 (4.23)
n 7nau” ’naunJrl n — Y- .
We can use the characteristics
du, _ duty 11 _ dv, (4.24)
2c(—=1)"u,,  2¢(—1)"Ups1 0
to find v,,. The independent and dependent variables are given by
R T T and y=wu, (4.25)

respectively. Therefore by equation (4.25), the dependent variable, v, is given by
Up = Uplpy1- (4.26)

Applying the shift operator on v,, and solving the resulting equation we get

_n+1 c
92 n

(4.27)

Un

where ¢ is a constant. Then equating (4.26) and (4.27), and solving for w,,; we obtain

n+1 c
Unt1 2Uuy, + nuy, ( )

Note: Equation (4.1) has been reduced by one order into equation (4.28). Solving
(4.28) for ¢, gives

1
C = NUplpp — @ = . (4.29)
The first integral ¢, given by equation (4.22), and the reduction are the same. This is
another indication of a relationship between ¢ and X. In fact, this is the association,
i.e., ¢ is invariant under X.
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4.2.2 Second Example

Consider the linear difference equation [11]

W= Upgo = 2Upi1 — Up. (4.30)

Symmetries

Let @ = Q(n,u,), then (2.26) gives
Qn+2,w)—2Q(n+ 1, uy) + Q(n,u,) = 0. (4.31)

Similarly, we apply the operator L to (4.31) and we differentiate the resulting equation,

Q'(n,u,) — Q' (n+ 1,upy1) = 0, (4.32)
with respect to u, to get Q" (n,u,) = 0. Therefore,
Qn,u,) = An)u, + B(n). (4.33)

We then find A(n) via substitution of equation (4.33) into (4.32). This gives
An+1) = A(n)=a, (4.34)
in which a is constant. Setting A(n) = a in (4.33) leads to
Q(n,u,) = au,+ B(n). (4.35)
The substitution of (4.35) into (4.31) yields
B(n+2)—-2B(n+1)+ B(n) = 0. (4.36)
Thus,
B(n) = bn+e, (4.37)

for arbitrary constants ¢ and b. Using (4.37) and (4.35) we get

Q(n,u,) = au, + bn + c. (4.38)
Thus
0 0 0
X; = Xy, = X3 = : 4,
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First integrals

Assume P, is a function of n and u,, i.e. P, = Py(n,u,). Applying the condition for
first integral yields

Py(n+2,w) —2Py(n+ 1,u,11) + Pa(n,u,) = 0. (4.40)
The solution to (4.40) is given by
Py(n,u,) = ku, +pn +q (4.41)
in which k,p and ¢ are constants. Using (2.57), we get
Pi(n,up,s1) = SPi(n, un)aa:; = —kUpy1 —pn—p—q. (4.42)
Substituting (4.41) and (4.42) into (2.61) we obtain the first integral
¢ = pn(Ups1 — Up) + ¢(Unr1 — uy) — puy, + G(n). (4.43)
Then we have
So = pn(upsr — up) + ¢(Uni1 — up) — pu, + G(n 4 1). (4.44)
Equating (4.43) and (4.44). This gives
Gn+1) = G(n) =, (4.45)

in which r is constant. We thus write ¢ as

¢ = (pn+ Quns1 — (PR +p+ Qu, + 1. (4.46)

We find out whether there is an association between ¢ and symmetry generators in
equation (4.39).

o X = un%. One can readily verify that
X190 = —u,(pn+q+p)+ ups1 (pn+q).
So X¢ =0, if and only if the following are satisfied,
pm+q+p=0

and
pn+q = 0.

As a result, for ¢ to be associated with X7,

p=r. (4.47)
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e X, =n-2-. We have

Oun

_ 09 0p  _
X9 = " S + (n+ 1)3un+1 =q.

As a result, ¢ and X5 are associated if ¢ =0, i.e.,

¢ = pnni1 — (pn + p)up + 1. (4.48)
o X3 = c%. Then,
19J0) 0¢
Xspp = = en)
30 Caun + Caun+1 cp

Thus ¢ and X3 are associated as long as

¢ = Q(un—i-l - un) + 7.

General Solution

We now find the general solution of (4.30). We determine the commutators of the
symmetries to indicate the order of the symmetries in the reduction procedure.
e Since
[X17X2] = _XQa

we reduce (4.30) using X, first. Assume that v, = v(n,up, u,y1) is invariant
under X5. We have

ov,, ov,,
Xov,, 1 0.
90 naun + (n+ )3un+1
Using the method of characteristic we obtain
Uy = NUps1 — (0 + Duy,. (4.49)

The shift operator acts on v,, to give

S(vp) = Vpr1 = Uy,



Section 4.2. Symmetry Reductions Page 55

that is,
Upgpl = Up = C1, (4.50)

in which ¢ is constant. Equating equations (4.49) and (4.50), and solving for
Up+1, We have

1
Uy = (1 n —) n (4.51)
n n
whose solution is given by
Uy =ncy + c1(n — 1), (4.52)

in which ¢y is constant. Note that (4.52) is the solution to (4.30) where ¢; is
given by
1 = NUpi1 — (n+ Du,. (4.53)

Thus, ¢ in (4.48) and the reduced equation (4.53) are identical if p = 1 and r = 0.

e The solution of (4.30) can also be found by utilising a different symmetry generator.
Here,

[X17X3] = _X17

so that (4.30) is reduced using X first. In a similar manner as done before, assume
Up, = (N, Uy, Upy 1) is invariant under X;. We have

ov ov
X n n_n n = =0
1 B Oy, tnta Q41
which gives
un—i—l
v = 2 (4.549)

via the method of characteristics. Acting the shift operator on v,, leads to

1

Upy1 =2 — — (4.55)
whose solution is given by
1
v, — L2t na (4.56)
14 c +nc

in which ¢ is constant. Considering (4.54) and (4.56) we get

1+ 2¢1 + neyg
" = — | u,. 4.57
Unt1 (1—|—cl+ncl>u ( )
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Hence the solution of (4.30) is given by

1
u, = ( + 1 +n61)62 (458)
1—|—C1

in which ¢, is constant.
o We then look at the commutator of X, and X3. We have
[Xo, X3] = 0.

Here, we have a choice of either reducing first with X5 or X5. Using X3 we finally
get

ov,, ov,,
Xav, = =0,
3 [Caun " Caunﬂ}

where we assumed that v,, = v(n, u,, u,+1). Applying the method of characteris-
tics, we have
Up = Upp1 — Unp. (4.59)

When S is applied on (4.59) and the resulting equation solved, we get
S(vp) = Vpg1 = vy =0 (4.60)
Equating (4.59) and (4.60) gives
Upr1 = Uy + 0. (4.61)

We solve (4.61) and find
Up, = NC1 + Co (4.62)

which is a general solution of (4.30). It has to be noted that (4.61) is identical to
¢ in (4.47) aslong as r =0 and ¢ = 1.

4.3 Conclusion

We have recalled the procedure to calculate the symmetry generators of some ordinary
difference equations and proceeded to find the first integral and reduce the order of the
difference equations. We have shown that, in some cases, the symmetry generator, X,
and first integral, ¢, are associated via the invariance condition X¢ = 0. When this
condition is satisfied, we may proceed to double reduction of the equation.



Chapter 5

Symmetry Reductions and Exact
Solutions of Painléve Equations

5.1 Introduction

Ramani in his paper [49] presented his method for obtaining the discrete versions of
the Painlevé equations and showed that the mappings for the discrete versions satisfy
the same reduction relations as in the case of the continuous ones. In this chapter,
we construct symmetries of these discrete versions of Painlevé equations and in some
cases the symmetries are used to find exact solutions to the equations. To ease our
computation we shall assume that the characteristic depends on n and u, only. It
is worthwhile to mention that not all equations admit such characteristics. Here, the
corresponding generator will be

X =&(n,uy)0, + Q(n, Uy )0y, (5.1)

and in this chapter the painlévé equations presented in paper [49] will always be put in
the form
Un+p = Q(”? Up, Un+1,y - - - 7un+p—1)7 (52)

where ) is a smooth function such that 92/0u,, = 0. In order to solve equation (5.2),
we require the pth extension of X and we further impose the symmetry condition (2.44)
whenever (5.2) holds. As said earlier, this leads to an equation that involves functions
with different arguments which makes the obtention of solutions difficult. However, the
solutions can be obtained after a series of lengthy calculations. Despite the fact that

57



Section 5.2. Symmetries of the Discrete Painlevé Equations Page 58

Painlevé equations are second-order difference equations, the procedure for obtaining
symmetries is still lengthy and some details of computations will not be presented in
this paper. The main steps involved are three; firstly differentiate (5.2) implicitly with
respect to u, keeping w fixed; secondly differentiate with respect to u,, (keeping w1
fixed) as many as possible in order to get rid of any undesirable arguments; thirdly
we equate all coefficients of powers of wu,.; to zero since the characteristic () does
not depend on u, 1. These steps normally lead to a system of determining equations
whose solutions give the expressions of & and (). The number of independent unknown
constants determines the dimension of the group. Once the symmetries are found we
use the method of characteristics given by

dun o dun-‘rl o dun+2 o o dun+p—1

Q  SQ S T Sk-1Q

to obtain the invariant functions which are actually the first integrals of (5.3).

(5.3)

5.2 Symmetries of the Discrete Painlevé Equations

In this section we consider the discrete forms of the Painlevé equations and we aim to
find their symmetries using the method explained above. As mentioned earlier, we shall
assume that the characteristics £ and () depend on n and u,,. In some cases the exact
solutions are found.

The discrete Painlevé |

The discrete form is known to be

An+ B
Upt1 + Up—1 + Uy = u— + C, (54)

where A, B and C' are arbitrary constants (we shall assume that C is zero). This is a
second-order difference equation which can be written in the form

an +b

Upyo = Q= —Up — Upy1 + (5.5)

Up+1

for some constants a and b.
Assume that the symmetry generator is of the form X = &(n,u,)0, + Q(n,u,)0,,.
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Imposing the symmetry condition (2.44) we have

Q(?’L + 27 un+2) + Q(n + 1a U’n-i—l) (1 + an2+ b) + Q(n> Un)
0+l (5.6)
+ &(n,u,) =0.
Un+1

To solve for @ and £ we first differentiate equation (5.6) implicitly with respect to u,
to get

2
/ / a Un41 Z(an + b)
n) s Un - - 17
Q) ~ €)= [ 2 o+ -
an+b\ a '
un+1)+ 1+ 2 Q(n+1>un+l)+ 2€<n>un) =0.
n+1 Un41

Secondly, we differentiate (5.7) with respect to u, keeping u,; fixed. This leads to a
second-order differential equation that involves two different functions with same argu-
ments n and u,,:

an? + ab

Upi12Q" + (an + 0)Q" — <aun+1 o ) & —al =0. (5.8)

un+1

In the equation above, ) and £ do not depend on u,, 1, therefore we can equate all the
coefficients of all the powers of u,,; to zero. We get

up1 b 1 —alan +b)¢" =0 (5.9a)
1 @ (an+b)Q"—a& =0 (5.9b)

Upp1 : —af’ =0 (5.9¢)
ups1® o Q" =0. (5.9d)

Case a # 0

We have

Q = au, + 5, §=7, (5.10)
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where «, 5 and ~ are functions of n. We substitute (5.14) back in
and (5.6). We obtain

2
a=A, B =0, sz(cm—i-b).

Hence, the symmetry generator of (5.5) is given by

X =2(an + b)on + au,0u, + att, 10U, 1.

Casea=b=0

Equation (5.5) becomes
Upy2 = —Up — Up41
and solution to system (5.9) in this case is given by
Q = cu, +0, §=ca,

where ¢, ¢y are constant and @ is a function of n that satisfies
Here, we obtain four symmetries given as follows

equations (5.8), (5.7)

(5.11)

(5.12)

(5.13)

(5.14)

the original equation.

0 0

X1 = Un—auﬂ—Funﬂ—aunHa (5.15a)
0 +1 0

Xy = (—1)" |:COS (%) 5 —COS((n 3 )W) M +1], (5.15b)
: 0 : +1 0

X3 = (—=1)" |:Sln (%) 9 —sm((n 3 )W) 0 +1]’ (5.15c¢)

0
Xy = e (5.15d)

General solutions: If we assume that v,, = v(n, Uy, uy11) is invaria

nt under X = Q0u,,+

Q(n + 1,up41)0u,11, we may obtain the solution of (5.13) by using the method of

characteristics.

e Reduction using X; = una% +un+18%+1. Using the characteristic equation given

by

% o dun-‘r 1 dUn

Uy, Upt1 0

(5.16)
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one can readily check that v, = f (u,41/u,) for some function f. We choose f
to be the identity function, i.e.,
v, = Sl (5.17)

Unp

and we act the shift operator on v,, to get the first-order difference equation

1
Upp1 = —— — 1 (5.18)
whose solution is given by
27 —2mi
U, = cie3 +coe 3 . (5.19)
Equating (5.17) and (5.19), we obtain
Unsr = €3 uy, and Upsr = € 5 Uy (5.20)

We note that equation (5.13) has been reduced by one order to (5.20) which
follows a geometric progression. Therefore,

2nmi —2nmi

u, = € 3 Y and U, =€ 3 g (5.21)

are solutions to (5.13).
e Reduction using X5 + iX3. Applying the same method, we have obtained
U1 = —€3uy, (5.22)
where
2in

Up = Upy1 — € 3 Upy. (5.23)

Equation (5.23) is further reduced to

(n—1) i
Up, = (—1)2Tl <u1 — eQTu())

—4dinm 4inm

1 —

P Gl (5.24)
—1+4+(-1)3

which is also a solution to equation (5.13).

e Naturally, the reduction using Xy — X3 leads to the conjugate of (5.24).
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The discrete Painlevé ||

Consider the Painlevé equation Il

Upy1(an +b) + ¢
1- un+12

(5.25)

Upt2 =W = —Up

In order to determine the symmetry generator of (5.25) we need to find the characteristic
. Again, we assume that () depends on n and u, only. Here, the symmetry condition
(2.44) becomes

Q2.0 £ b)illflffi ))+ 2 Q-+ 1) (5.26)
+ Q(n, uy,) — Lﬂ25(%, up) = 0. .

1- Un+1
We now apply the differential operator, L, given by

aun-H

L =0u, + ——
u+8un

aun+1, (527)

to equation (5.26) and differentiate the resulting equation with respect to u,,, keeping
un11 fixed. We obtain

an@" (n, u,) — a&'(n,uy) + 0Q" (n, u,) + [(a®n® + 2abn + b* + 2¢)Q" (n, uy)
— (@®n+ ab)&" (n, un) | tng1 — [(an + b)Q"(n,uy) + 2ac€") w1 — [(a’n”
+ 2abn + 0% + 2¢)Q" (n, uy) + (a*n + ab)é(n, u,) w1 >+

a&'(n, up )up1* = 0.

(5.28)

Similarly, after equating the coefficients of powers of w, 1 to zero, we have solved the
resulting determining system and have noticed that the condition for having non-zero
characteristics that depend on n and u, only is when a = b = ¢ = 0, that is,

Upto = —Up. (5.29)

Under this condition, the symmetries are given by
Xy = 0y, Xy = a(n, u,)0u, + a(n+ 1, Uyy1)Oupi, (5.30)

where « satisfies the original equation (5.29), i.e.,

an+2,uy2) = —a(n, uy,). (5.31)
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Note: If we assume that the function o does not depend on u,, we obtain three
symmetries:

X, = on, (5.32a)
Xy = cos <n777) 8in — sin <n77r> 8Ui+17 (5.32b)
X3 = sin (?) . + cos (%) 5Ui+1' (5.32¢)

General solutions: We assume v,, = v(n, Uy, Un41) is invariant under (5.32).

e Reduction using X5 + 7 X3.
The characteristic equation
du,  duy, dv,
T St S (5.33)

" gntt 0

can be solved to get the invariants v = v, and o = u,, 11 — e(%)un. We have,
Up = Upi1 — e(%)un (5.34)

SO

i(n+1)7w

Upy1 = S(v,) = (5, = ™3 . (5.35)
Equations (5.34) and (5.35) lead to a first-order difference equation
Upyr = e(%)un 1e't (u1 — e<i7ﬂ)u0> ) (5.36)

It has to be noted that equation (5.29) has been reduced by one order to (5.36).
We deduce that the general solution in this case is given by

= (1 — ) E _ %(—1)”] il (5.37)

e The reduction using X5 — ¢ X3 leads to the conjugate of (5.37).
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The discrete Painlevé |11

Consider the discrete painlevé equation Ill

1 faul A+ bung +c
Up42 = 9
Un oy + dupq +e

(5.38)

Unp

where a, b, ¢, d and e are constant. We seek characteristics of the form Q@ = Q(n, u,,).
The symmetry condition (2.44) gives

au? | + by +c
2 +12 i Q(n7 Un)
U2 (Uny1? + dupgq + €)
(ad — b)u2_, + (2ae — 2¢)uy11 + €b — cd

Up (Uny12 + dup1 +€)? Qn+1,u,1)

Qn+2,w)+

(5.39)

Here, the procedure for obtaining the system of determining equations can be summa-
rized as follows

Apply the differential operator L on (5.39).

Multiply through to clear fractions.

Differentiate with respect to u,, twice, keeping u,, 1 fixed.

Divide by w3

Separate by powers of wu, 1 and equate to zero.
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These steps lead to the system

Uni1” :(—2a%d + 2ab)Q" (n, u,) = 0, (5.40a)
Upi1* ((—4a*d® + 2abd — 4a’e + 2b° + 4ac)Q" (n,u,) = 0, (5.40b)

Ungr® :(a%d — ab)u, QP (n, uy) + (—2a%d® — 2abd® — 12a2de + 3d°d

5.40c
+ 4b*d + 8acd — 2abe — 3ab + 6bc)Q" (n, u,) = 0, ( )

Upy1” ((ad? + 2a%e — b* — 2a¢)u, Q) (n, up) + (—2abd® — 8a*d*e
+ 3a*d® + 2b*d* + dacd*d — 12abde — 8a*e* + 14bed + 6a’e + 2b%e  (5.40d)
+ 4ace — 3b* — 6ac + 4¢*)Q" (n, u,) = 0,

Uty (abd?® + 3a2de — b2d — 2acd + 2abe — 3bc)un,Q® (0, uy, )+
(—10abd?e — 10a*de? + 3abd® + 10bcd® + 9a’de — 10abe® — 3b*°d ~ (5.40e)
— 6acd + 10c*d + 6abe + 10bce — 9bc)Q" (n, uy,) = 0,

1 :(4abde 4 2a%€? — 4bed — 2¢2)unQ® (n, uy) + (2bcd® — 202d%e
— 4acd*e — 14abde* — 4a*e® + 8c*d? + 12abde + 12bcde + 6a?e? (5.40f)
— 2b%e¢* — dace® — 12bed + 8ce — 6¢3)Q(n, u,) = 0

which reduce to two possibilities:
ad=b, ae=c (5.41a)
and

Q"(n,un) = 0. (5.41b)

Case ad = b, ae =c¢

Equation (5.38) simplifies to
Upt2 = — (542)
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and its symmetries are given by

u?\ 0 u? g,
X,=(1-—= — (11—t 4
! ( a ) ouy, ( a ) My’ (5.432)
. /nm u?\ 0 nm ul 0
X, = sin (7) (1 + 7) Fu T 08 (7) 1+ ) 5u - (5:430)

nmw U 0 . /nT ul 0
X3 = cos <7> (1 + ;) o, sin <7> 1+ . ) Juy (5.43c)

X, = (=1)" (1 - %i) % — (1) (1 - “72;“) Ouil’ (5.43d)
X5 = cos <%) unaiun — sin (%) u”“@uinﬂ’ (5.43¢)
X = sin (%) unaiun + cos (%) un+1%n+l, (5.43f)
X, = 5% (5.43g)

Note: By making the change of variable w,, = Inu,, equation (5.42) reduces to (5.29).

Case Q"(n,u,) =0

The general solution in this case is given by
Q(n,un) = a(n)u, + 5(n), (5.44)

where v and [ are functions of n. The substitution of @), given by (5.44), in equation
(5.39) leads to two cases:
Case 3 = 0: The characteristic becomes ) = a(n)u,, and for the equation (5.39) to
be satisfied we must have

an+2)=—a(n), ae=c, ad=0». (5.45)

Thus, equation (5.38) simplifies to u, 2 = a/u, which has two symmetries given by
(5.43e) and (5.43f).
Case d? = —2e: For the equation (5.39) to be satisfied we must have

am+2)+an+1)+an) =0, a=c=d=e=p=0. (5.46)
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Thus, the equation (5.38) simplifies to

b

UpUn+1

(5.47)

Un42 =

and the symmetries in this case are given by

X, = (—1) {COS(T>unaiun—cos (M) unﬂi], (5.48a)

3 3 Oy
B ol . onm 0 . ((n+ D)7 0
Xy = (-1) {sm <?> una—un — sin (T) unHm] (5.48b)
0

Note: By making the change of variable U,, = Inu,, equation (5.47) reduces to (5.4)
when a and b are equal to zero.

The discrete Painlevé IV

For Painlevé IV we shall consider the result obtained in paper [49] and we shall assume
that 79 = a = b = 0. Let the equation take the shape

1

Unp, + Un+1 Un+1

Here, we present the results without details since the method is similar to the one
presented above. After a set of long calculations we obtain the following symmetries

Xy = cos (227) (un® + €) 52 + cos <w> (Uni1? + €0) %ﬂ, (5.50a)
Xo = sin (27) (un® + €) 32 + sin (W) (uns1® +€0) gy (5.50b)
X;=2. (5.50¢)
Note: If we assume that p and ¢ are zero, equation (5.49) becomes
Upyp = ——nltl (5.51)

U, + Un+1



Section 5.2. Symmetries of the Discrete Painlevé Equations Page 68

and has four symmetries given as follows

0 0
X, = — S — .52
1 Up o + Unt1 Dy (5.52a)
_ (_1\n nmy o 0 (n+ 1w 2 0
X, = (-1) |:COS ( 3 > Un, a cos ( 3 Up 41 Ju | (5.52b)

=1y fsin () 2 g (DTN 2 O
X3 = (-1) {sm(g)un . sm( 3 Upt1 Jo | (5.52¢)

Xy = —. 5.52d
4 5 (5.52d)
The general solution of equation (5.51) can be constructed by applying the method of
characteristics using the symmetry X; given by (5.52a). In fact, the invariant v, =
Un 11/ Uy, obtained by using X7 = u,0/0uy, + uy,110/0u, 1 satisfies the equation

Un+1 2

T T T () — () 1 (5.53)

Note: Equation (5.51) has been reduced by one order into equation (5.53), a first-order
ordinary difference equation, which can easily be solve using Mathematica.

The solution to the first-order difference equation (5.53) is also the general solution to
equation (5.51). It is given by

2

- ( 2n‘|_1 [15n‘|+1
Up = (—1)nlgnH A1 (2 - 2@> <@> , (5.54)

Uy Uy

where [z] is the ceiling function.

The discrete Painlevé V

The discretization of the continuous case of the Painlevé V was studied in [49] and the
discrete form was given. Our aim is to find the symmetries of the discrete form. To ease
our computations, we shall assume that the parameters oy, o, po, 6 and u are equal to
zero, that is, we consider the equation

UpUn41
Unty =W = == : (5.55)
2un+1un — Up — Upt1
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If we impose the invariance condition, assuming that the characteristic is of the form
Q = Q(n,u,), we obtain

1

(2un+1un — Up — un+1)2

Q(n+2,w)+ [n1°Q + u,"Q(n + 1, upy1)] . (5.56)

Again we proceed by applying the operator L to equation (5.56) and then we differentiate
with respect to u,, four times to get a system of differential equations that involves u,,
and a function of u,, only. The lengthy calculations for solving the resulting system lead
to the following symmetries:

X, = (un - §“n2) aiun + (un+1 - §Un+12) auil, (5.57a)
Xy = (—1)" [Cos (%) uﬁa%n — cos (@) un+12au”+1] , (5.57b)
X; = (—1)" {sin (%ﬂ) “”Qain — sin (@) unﬂza?jﬂ} . (5.57¢)
X, = (%. (5.57d)

5.3 Conclusion

We have presented a procedure for obtaining symmetries of difference equations. We
have assumed that £ and @ are functions of n and w,, only (not all equations admit such
characteristics) and we have derived a number of symmetries that were used, in some
cases, to solve the difference equations. In the case of Painlevé |, we have shown that &
is not zero whenever a is non-zero.



Chapter 6

Symmetry and Properties of Linear
Ordinary Differential Equations with
Maximal Dimension

6.1 Introduction

Consider nth order linear ordinary differential equations A, (y) = 0, where y = y(z). It
has been proved that for n = 1 and 2, all equations can be written in the canonical form
y' =0 and y”’ = 0, respectively. Lie showed that a linear ordinary differential equation
of a general order n > 2 is equivalent to 4™ = 0 if and only if its symmetry algebra has
the maximal dimension n + 4 [50]. It has also been shown in [35] that a LODE of order
n > 2 has a symmetry algebra of maximal dimension if and only if it is iterative. In [51]
a list of three linear equations (in their normal form) of order n = 3,4 and 5 that are
iterative is provided. In this chapter, we review the expression of the symmetry generator
obtained in [27]. We wish to obtain solutions in terms of the parameters of the first-order
source equation. Expression of coefficients of LODE with maximal dimension in terms
of the parameter of the second-order source equation and transformation properties will
be considered. This chapter is a contribution to the work done in paper [52], although
new results have been obtained.

The content of this chapter appeared in the article [53].

70
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6.2 Symmetry Analysis

In this section, the application of the algorithm for finding symmetries of differential
equations is considered. It has to be noted that the nth prolongation of the infinitesimal
generator for iterative equation (2.64). It is given by [27]

k—1 k n—1
Z ) < 5 y(z)f(k—l-l—z) . y(z—l-l)f(k—z))

1=0

n

X *V+Z

k=1

n (” — Ly a) y ) 4 (0
2

(6.1)
0 (k) -

Y

Imposing the invariance criterion X™(E) = 0 ( whenever (E) = 0 holds) and applying
the algorithm of finding symmetry it was shown in [27] that

-1
X = f@m—i—{(nz f’—l—c)y—l—h]ay, (6.2)
where
( ) ®) 4 (1) L oo,
and
n—2
W+ A e =o. (6.3b)

In [52] it was proven that (6.3a) can be simplified further independent of order and it
was shown that condition (6.3) can be reduced to

FO 144270 42420 ¢ — g (6.4a)
n—2
R+ At = 0. (6.4b)

It is well-known that n linearly independent solutions of (2.64) are
yp = ut kDR 0<k<n-1, (6.5)
where u and v are the solutions of

D4 A2y =0. (6.6)
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6.2.1 Expressions of the A’ in terms of A3

It follows from the work in paper [27] that all the coefficients of iterative equations of
order n can be expressed in terms of the coefficient A2 and its derivatives only. In
fact, using the symmetry condition and splitting the resulting equation with respect to
y"=9 1 < i < n,it has been shown in [27] that

(m+DIG—=1) Gy - ) g i (1)
(n—i)!(i—i—l)!?y + iy WAL +yAl
- - . 6.7
+2Aj(”—1)![”(l—3—1)+Z+3_1] (~+) — 0 i=1.....n o0
= (n =)l —j+1)12 | o

We now want to investigate how we can make use of (6.7) to write down all coefficients
of equation (2.64) up to n = 10 in terms of A3.
For i =2, (6.7) becomes
(n+1)! (3) 2 L o)
e AzyM 4 Ay =0, 6.8

Invoking [27]

n+1
i = (") (6.9)

Equation (6.8) reduces to
y® 444250 + 2420y = . (6.10)

Note that (6.10) is independent of the order n.
For i =3, (6.7) becomes

(n+1)12

2 g8 a3 2 T o)
! T A tyAs A, y@ =0, (6.11)

(n —3)!1212

We can obtain the fourth derivative of y, y®), by differentiating (6.10) with respect to
x. Equating all coefficients of derivatives of y to zero we get

n—2 ,1) n—2(n+1 ) n+1 1)
A= R ( ! )Ag (M) aY (e2)

This gives an expression of A;‘i in terms of the parameters A%, i.e.,

Ai:Q(”Il)Ag’.
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Similarly for ¢ = 4, equation (6.7) reduces to
(D)= =2)(n=3) ¢ (=20 =3)1n+5) ,;
40 3! " (6.13)
+3(n —3)3y® 84y 241y = 0.

We replace the fifth derivative of y (obtained by differentiating (6.8) with respect to x
twice) in equation (6.13) and then we equate the coefficients of derivatives of y to zero
again. These steps, taking into consideration equation (6.9), lead to

n+1 2 1 n+1 2
Ai::a( 5 )Ag —I—§(5n+7) 5 (A3)". (6.14)
Repeating the same idea for © = 5,..., 10, we obtain all coefficients Aﬁl, 2 <[<10,in
terms of A3 :
AL = ( n—?l)— ! ) A3, (6.15a)
n—+ 1 2(1)
- 2A2 } , (6.15b)
n+1 22) | 1 22
_ ( n+l ) 4427 1 o(5n + 7)A§A§‘”} : (6.15d)
5
_ ( n+l ) 542 4 (21n + 29)A242%) 1 ST+ 10)42"
) (6.15¢)
+ 5 (3507 + 1120 + 93),423}
4
AT = ( ”Zg L ) {6/13(5) +5(35n° + 1120 + 03)A2° 42" 4 12(7n
(6.15f)

+10) 420 427 4 2(1471 - 19)A§A3(3)] ,
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63 2
A8 = ( " g 1 > {7,43(6) +20(3n + 4)A242% + —(On+ 13)A2%7 4
1
14(12n + 17) A2 429 12 (1750° 4 9450® 4 17697 + 1143)A2%*
6.15g)
5 (
+ g(315n? +996n + 817)A2° A2%) 1 2(105n% + 339n

2
+284)42.42% ] ,

112
A9 = ( ni > {s A7 L2 (50 + 120 12437 (24

2
— A2 (3n+13) - = ((5n +T7)AZ 4 9A§(2)) (8A§A§(”—

70
Ag<3>) n+3)+ 2 (48A32Ag“> 3442020 9042429

20
+ A§(5)) (3n+5)45 + (2 (350 + 1120 + 93) A4 4
18 (7n +10) A2V A2 4 4 (140 + 19) 42427 4 9 Ag“)) (n

6.15h

5 40 23 2(1)2 2 42(2) 2(4) ( )
10 2
+11)42Y 4 5 (2 (351% + 1120 + 93) A2® + 45 (7n + 10) A2V
3
+18(21n +29)4242% 1 90 Ag(‘”) (n +7)A2" 4 1440 42
3248
+6464 43457 43 1792 45° 43— == A3 43
896

— 720 A2 2% _ - A2A20) 2048A§3A§(1)] ,

10 _ n+1
(")

2
— 27 4207 324243 3A§(4)> (5n+13) — 154 ((5n +7)A2430+

22
9.42® 4 = ((5n +7)AZ ¢ 9A§(2’> (8 (2 A2 A§<2>>A§
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22
2 Ai(g)) (843457 - %) 2n+7) - = (2 (350 + 112n + 93) A3’
2
445 (Tn +10) A2 418 (210 + 29) 42427 1 90 Ag(4)) <2 A2 Ag@)) (n
11 2
-y ( (1643" — 2743 — 204343 + 343") A3 — 65(3.4343"

— A3 3" — 144 (248" - 439) 43 4 165 43 43+ 100 4343

11
— 4A§(6)> (Tn+10)A5 + = ((175 n® + 94502 + 1769 n + 1143) A3
2
+30 (10572 + 3390 + 284) A243"" 4 6 (3151% + 996 n + 817) A2° 43"

2
+189 (9n + 13) A2 + 210 (120 + 17) A2 42 1 300 (3 + 4) 4242

33
+105 Ag“‘)) (n+17)45 + (2 (351% + 1120 + 93) A2 42" 4+ 18 (7n

+10)420 427 4 4 (140 + 19)42427 19 A§(5)) (n +8)A2"

99
+ 2 (zo (543437 — 43%) A3+ 85 (243" — A3) 43 — 150 43 43

1071
— 120 42429 + 7A§(5)) (n+2)A2" — 057 (48 A2 20 34 420 4202

1152
— 2042429 4 A§(5)) A2 55 (16A23 _ 074207 _ 404242

7056

- (A22_A2(2>A2

T 3A3(4>) 439 1 1260(84343") - 42) 439 4

_ 4914 o) o) 2016 2016 45 o0 _ 9

2 2 3
- 2 0 (9216 A2 A2 128 (16 A2

2
o727 4o A§A§(2) +3 A§<4)) A2 + 2080 <8 A2A20 _ A§(3)>A§(1)

2
— 4608 A2 — 5280 A2V 42 _ 3200 4242 1 128 Ag“’)) (6.151)
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In paper [52], they let ©2,,, n > 3, be the operator that corresponds to the linear iterative
equation of order n and they proved for n up to 6 that its expression is given by

Q) = (H (k- j)) o [(2)] o (6.16)

J=0

for 0 < k < n — 1.Now that we have obtained the expressions of the A7's, 1 < j < 10,
the proof of (6.16) for n < 10 becomes straightforward but lengthy. Below is the proof
for n =7 and 10.

Proof 6.2.2. Let us consider the Tth order iterative equation
' + ATy + A + A+ AP+ AR + Aly =0 (6.17)

and let
() (i) =(DT + AZD®) 4 AED@ 4 ALDE) 4 43D 4 Ay

+ A7) (u), (619

where D denotes the differentiation operator d/dx and y, = u®~*v*. The expansion

of (6.18) leads to an expression that involves higher derivatives of u and v. So, we
must eliminate the dependency among higher derivatives by expressing them in terms of
u,v,u and v'. Using equation (6.6) we get

~? = _ A2y, (6.19a)
¥ = — 420y — 420, (6.19b)
AW = = 242050 4 (42% _ 4200, (6.19¢)
70 = (487 = 3437) 90 (44337 — 27 5, (6.19d)

7(6)

: 2
(64343 — 4437 ) 90 4 (743437 4+ 443" - 429 4 A7) 5, (6.19¢)

7™ = (1043 + 1343437 — 43 4 43") 710 4+ (3A§2A§(1) + 114243
(6.19f)
+ 15420 42 Ag"’)%
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for v = w,v. Using in (6.18) the results (6.15), forn = 7, and (6.19) we get after
simplification

() (yi) =(k" — 21k5 + 175k° — 735k* + 1624k — 1764Kk* + 720k) x

(uk+6vk7v(1)7_uk 1,k (1)7 7,lflc+5vk45u(l)1](1)6jL

2
21u—k+4vk—5u(1)21}(1)5 _ 35u—k+3vk—4u(1)3v(1)4 4 35k t2yh3 (6 0)

uWA W3 _ 9py k1 k=2, 15 (1)? +TuT kvk—lu(l)ﬁv(l))

which can be written in the form

Qr(yp) = (ﬁ(k —j)) 13—k, k=7 {(g)lr, for 0<k<6. (6.21)

Jj=0

We have verified that (6.16) is also true for n = 8,9 and 10. Below is the verification
for degree n = 10.

Proof 6.2.3. Consider the tenth-order linear iterative equation

y 10+ AT y® + Al y D+ Al g+ ATy + Ay + ATy

(6.22)
+ A} y@ + ALy + Ay =0.
Let
00 =DM + A% D® + A3, DM + A%, D) + A%, DG + AS, D@ (6.23)
+ AT, D® + A8, D® + A% DW 4+ A% D
and let
k= udFk
We have
Quo(yr) =(D1 + A2, D® 1 A3 DD 4 A1) DO + A5 DO A DW 1
Al D® + A%, D@ + A9, DO + AL D) Rok)
(6.24)

:i< 1l0 ) (u®=F) D (7)) 10=D 4 42 Z( ) 9=k (D) () (8=1)

o Al
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Firstly, we expand (6.24) and we substitute higher derivatives of u,v by their expressions
in terms of u',v" using (6.19) and

7 = — (12A§2A§’ — 2442429 —aga2 437 6A§(5))7(1)
- <22A§2A§(2) + 2842427 — 164242 4 A2 — 2642 42" (6.25a)

o112

6
— 1542 + A2 ’)%

O <10A§A§(2) + 34427427 _ 364242 1 A2' 4 4242427
2
9842 42 _ G342 4 mg(ﬁ))w _ (10,4;3,43' | 46422 420

(6.25b)
+ 1464242 A2 — A2° 1 98427 _ 4247 2% _ 56427 200

— 2142420 A;”)) -

H00) = (80A§2A§(3) AP AT 4 30430 20 6242420
+ 8042427 — 14847 A3 — 280427 427 8A§<7>) y
- <6A33Ag<2> — 444 AT 8643 430 — A7 4 azsazay ¥ (6:25¢)

211424277 — 29424219 4 932427 42) g 421 42°

2
— 08430 A2 56427 — 564243 + A§(8)> y

for v = u,v. Secondly, we replace the A',’s, for 1 < i < 11, in the resulting equation
by their expressions given by (6.15) for n = 10. Here, the computation becomes lengthy
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but thanks to Mathematica, the expansion and the simplification lead to
(Quo) (y) =(k'0 — 45k" + 87T0k® — 9450k" + 63273k° — 269325k°

+ 723680k — 1172700k3 + 1026576k — 362880k )u ‘"~ v 10

()" _ 10w (u) (v")? N 4502 (u)* () 12007 (o) (v')°

utY ull ul2 a ul3 +

2100* () (v)® 25205 (u/)° (v/)° 21008 () (v')* (6.26a)
14 - 15 + 16 N
u u u

12007 () (v)°  450° ()P ()7 1000 (u)° (v)
ul? + ul8 o ul9 +

10 (u/)lo

o)

=(k" — 45k" + 8T0k® — 9450k" + 63273k° — 269325k°+
723680k* — 1172700k 4 1026576k — 362880k )
|:u9—kvk—10U/10 _ ]_0U8 k k’ 9 / 19+45u7 k, k— S’U/,Q'UIS
120u6 k k‘ 7 13 /7+210u5 k k‘ 6U,4U 252u4 k k 5U/5U/5 (626b)

6 4 7 13 — 8 /2
+u3kk24ul / 120u2k‘k3/vl +45u1 k‘,Uk 2UI/UI

— 10w F R W 1"%%'10}

_ <ﬁ<k ]>> 19—k, k—10 [(E)l} 10, for 0<k<0O. (6.26¢)

. U
Jj=0

It worthwhile to mention that the validity of (6.16) for an arbitrary n is unknown.

6.2.4 Symmetry Generators

In this section, we are interested in expressing symmetry generators in terms of the
parameter r, and for r as large as possible. In [52] we showed that this reduces to finding
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solutions of the second-order source equation in terms of the parameter r. Recall that

2 2 "
A2 :% (6.272)
provided that
1
q _ 5 2N (6.27b)

Recall that n linearly independent solutions of (2.64) are given by (6.5). Therefore, the
symmetry algebra of Eq. (2.64) is spanned by

Xo = y0, (6.28a)
X, = u?0, + (n — uu'yd,, (6.28b)
Xy = wds + "= (u)'yd,, (6.28¢)
X3 = 0?0, + (n — )v'yd,, (6.28d)
Xp=u"""%"9,, 4<k<n+3. (6.28e)

Firstly, we express u and v in terms of r. Considering (6.28), this results to solving
(6.27) for r. Note also that in virtue of (6.28), we only need to express solutions of
(6.6) as functions of r. This approach leads to the results summarized in Table 6.1.

Table 6.1 For given values of r

, w v X1, X0, X5, Xp, 4 <k <n+3
YOy, Oy, 0y + "T_ly(?y,
C u=1,v=uz 220, + (n— 1) 2y 9,,
P Oy
YOy, 70y — qy0,, rInrd, — (1 4 Inr)qyd,,
ax +co u:r%,v:rélnr T1H27“ax—(ln27”+21n7ﬂ)qyaya

n—1
rT In” 70,
1 92 IT—m
yay, 70y — qyay, 'm0y — mn-n " C_I?/ay
1 2—m 2—m _ 2—-2m
(Cll‘ + CQ)m u = ”["5’ V=7T 2m T m ax — (QTW) T m qyay7
ﬁ+n—1—2k

rm* 2 0,
yayv Tam - qyayy ama
eme u=r:, v=r"z %(92; + (T%) YOy,

n—1-2k

Tz 0y
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Secondly, we record values for A3. For various values of A2 we solve the source equa-
tion. We restrict ourselves to values of A2 that have not been previously considered by
a choice of . Our findings using the second approach are summarized in Table 6.2.

Table 6.2 For given values of A2

A2 u, v X1, X0, X3, X, 4<k<n+3
Y0y, Oy, 10y + “51y0,,
c u = cos(y/cx), 28 + (n — 1)xy8y,
v = sin(y/cx) z*9,

R 10y — qy0Oy, 7 Inr0; — (1 + Inr)qyd,,
ox™ u=+/rJ 1 202 1 \/5> . | YOy, rln®ro, — (1n2 r+2In 7") qy0y,

v=+/TY 1_ in;l \/a> r'7 In*r,
r0y — qyﬁy, rma

m(n 1)7. " qya

m m) 55 gy,

clx—i_ch u:/’néall):rmn ya,rma—
Y

YOy, 70y — qy0y, Oy,
| T (BveE) y (3ver) 10, + () 0y

n—1-—2k

r 2 0y

6.3 Transformation Properties

Consider the equation
L'y=K0y™ 4 K1y p K202 4o Kty Ky =0, (6.29)

where 7y 4+ gy = L(y) is the original source equation.

We assume that
704 4z =) 724 gy D) 7 = (6.30)

is the transformed equation obtained from Eq.(6.29) by the equivalence transformations

v = (), (6.31a)
y =g(2)t, (6.31b)
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for some functions f and g. It is known that under an equivalence transformation, the
symmetry algebras of equivalent equations are isomorphic which means that (6.30) is an
iterative equation with source equation

M(t) = R(2)tY + Q(2)t. (6.32)
That is
M (t) = 204 4z 4 7242 ooy gy gy — ), (6.33)

It has been proved that if the linear iterative equation is in its normal reduced form the
parameter, 7, of the source equation and the parameter, R, of the transformed equation
are such that

RM?*—2rR® 1 [(rO(f)* = 2r(f)r@(f)

W _ 2 r(2)? 1) £(3)
R2 - f(1)2 T(f)Q f 3f + 2f f )

(6.34)

where f = f(2)[52]. Note that if the equation is in its normal form the computations
become easier since we are looking only at how the parameter r is changing. We aim
to establish a similar relationship for linear iterative equation in its standard form and to
retrieve (6.34) using the well-known group of transformations,

r = f(2), y=A [f(l)(z)} N t, (6.35)

of the general linear equation in normal reduced form (see [54, 55]). Firstly, we use M
to iterate n times. Secondly, we use L to iterate and we then transform the resulting
equation using (6.31). Finally, we use the fact that K7, Z, f and g are independent
of t and t’ to get the relationship that we are looking for.

Case n =2
By definition
L2y = KJy? + K3y + K2 y. (6.36)
From (6.31) we have
(1)
W9 44 9,0
Yy f(l)t + f(l)t (6.37)
and
1
FOR [FDg @) 1 (20 M — f@g)y ) 4 (F0@ _ r@5Y4] (6.38)
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According to (6.37) and (6.38), one can rewrite (6.36) as follows

1 1 2
Ly =K§ T4 (Qf( 9 — f )gKS + K1L> 4

2 1)
fo* Fo? I
fD g — 241 gV (6:39)
+ K+ Ky 2~ + Kig
Fm? 2fm
Setting n = 2 in (6.30) we get
Z9t® 4 z1tW 4 72t = 0. (6.40)
The substitution of Z9t(? = —Z1+() — 72¢ into (6.39) leads to
9 F1) (1) _ ()
(f(l)g(2) — f(2)g(1)) gV (6.41)
~KY73 2 + K379 : + Ky 7232 — + K3Z0g | t = 0.
f( )2 f 2w
We can equate the coefficients of ¢ and t(!) to zero to yield
2 £ gD _
1 ()1
zl = fOKl 4 op , (6.42a)
(D) oM D@ — @)1
22— gz L9 g ST f(l); g (6.42b)
where
- KJ
i
Z) = Z—’S. (6.43b)
Case n =3
By definition,

L®y = Ky%® + Kiy® + K2yW 4 K3y =o0. (6.44)
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From (6.38) we have
2
o) :< g )t(:a) B (3f(2)9 39(1)) (@) <6f(2)9(1’ _3f@7g  3¢®@

F? O I N
) .

f(3)g>t(1) (3f@g) 3@ g @0 ,

[0k Ok JiOK IO IO,

We substitute (6.38) and (6.45) in (6.44) and we replace Z9t® by —(Z1t® 4 Z2¢() 4
Z3t). Then, letting all the coefficients ¢, t(!) and ¢®) equal to zero in the resulting
equation leads to the following:

3@ 3¢

I _ gl 20 29
Z3 _f ]C3 f(l) + q ) (6463)
9 F(1) () _ £(2) 6F@0)  35@% 3,0
22 %2 4 Y95 =g Kl — Yy f L 39
f (1)2
g 9 1 g (6.46b)
@)
ool
12,1 Mg — £2) M) 3£2)4(2)
Zng(1)3]c§+f g /c§+(f 9% — f%g ),Cé_ J;(l)g N
@21 <g3> (3) (1) ’ ’ (6.46c)
3/ g g
f(1)2g g f(l)g
Case n =14
By definition the expressions of L*y and M*t are given by
KOyW+ Kly® + K2y + K2 yW + Ky = 0, (6.47)
Z3tW 4 Z1® 4 724@ 4 734 1 74t = 0, (6.48)
respectively. Using the same idea we get
49 6f32)
zZ=forch+ L - f1 , (6.49a)
70
1. @ 2 2) (1 3
g (08 o) e 06 1800 ag
4 4 g 4 fg f
(6.49b)

1557
TV
£
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9 £(1)2 (1) 6F2 g0 32?2
z} _f<1>3lc;}+(—f gg —f(2>f<”>lci+(— AR

q M
2
N 3fMg@ B f(?’))lCi B 83 g B 182 () N 30f® g(1)+ (6.490)
f(l)g f(l)g f(1)2g
10f@F 15 F@3 440 @
2 JiOk g f7
13, 12,2 2) £(1) ,(1)
g g g
2
FOg®  3r@g@ @2 @MY g@ gD (6.49d)
B O Kt =~ —m, '
g g JWyg JWyg
2 3
- @60 K @2 10f®) fF@41)  15£@2 ) 15 @75
fMg fg f(l)zg f(l)Qg f(l)gg

Casen=2>5

A straightforward but tedious computations for n = 5 lead to

59 B 10f®

5 122 4fM g ) ) 10g®  40f@¢M  10fG)
z22 =fW K2 4 (— —6f@ ) KL+ T mg T
45f(2)2 (6.50b)
O
1?2, (1) 18F@ ) 15272
3 _ p(1)34-3 3%y ap(2) £(1) 2 B /g /
Zy =f" Ky + <—g 3 f K5+ P + D)
W2 3) g 242 2)2 (1)
+ 6f—g — 4f(3) ]Cé _ 30f 9 —_ 60f 9 + 135f 9 —+ (6.5OC)
g g g F%g

60f3) F@  105f®%  10g®)  5F@
FO2 3 g [0
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4 9 £(1)3 (1) N s 3F122)
2= fWict (ng _fOZ ) g3y <3f<2> i ng

2) £(1) (1 2) £(3 2)3
_M_f<1>f<3>>,cg+(_f<4>+10f()f”_15f()

g f@ f(1)2
2
N 4f1 g3 B 813 g B 18242 N 307 ! 5¢
g g g fWg oy (6.50d)
O 5@ F@ 10f@WaM)  10f®7  105f@) @
- F0? - g F)? N F?
105/@%  210f@%g()  40f@ )  30£G)g@ 120G f@ 4D
f(1)4 f(1)3g fg fg f(1)29
13574
frg
ey fOg0 FOPg@ O @M
< FD2gB) pM G M) @) 3@ 60) > -
— — + +
g g g °
( Fg@  f@a gD @B 4B g2 10 fR) FB) g0
— — — +
g g 9 g Mg
(2) (2) 2)3 (1) (5) (5) (1) (2) (4)
15f%g®  15f)7g ),C1+9__f gV 10f%g (6.50¢)
fg )2y g flyg fg
5fWg® 105 F@%52) 105 F@% G0 10 f(3)9(3)+
fg f(1)3g f(1)4g fMg
15f@ £ g1 10 £63)% g0 . 45F@%gB3) 60 @ F3)g2)
(1?2 (1)2 (1)2 (1)?
Mg W A f
1057 £6)
f03g

As said earlier, it has to be noted that for equations in normal form Eq. (2.64), expressing
Al for 2 < i < n in terms of A2 and its derivatives is always possible for 2 < i < n.
Therefore, it suffices to make use of the coefficients A3 and B3. Such relationship
between parameters of two given equivalent equations in their standard form is not

known. However, we have found the relationship for equations of order n = 2, 3,4 and
n = 5.
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For the sake of clarification, let us consider the equation of second-order in its standard
form and use the above results.

Example 1. For n = 2, the transformation Eq. (6.35) implies that g = \\/f’. Therefore,
expression Eq. (6.42) becomes

zl = fOgl (6.51)

1
2

2 1 3,22 1
z; = fYUKs+ §f(2)/C% - (Zf(g) - §f(1)f(3)) : (6.52)

By letting K3 = 0 (taking into consideration the notations A}, = K/ |x1- and B}, =
ZI|z1209) we get Z; = 0, as expected, and

1 4 3 2 1
B2 — A2 Wt _ 2 ¢ I OFORN .
Recall that
RW? —2RR®
2
B2 = — , (6.54)
W2 _ 9pp(D)
o T rr
Then, from Eq. (6.53) we get the relation
R? — 2RR" L [r'(f)2 =2r(S)r"(f) pa 2
ki — 31" 21 F" 6.56
i T Vi B

obtained in [52] using the reduced form.

6.4 Concluding Remarks

Fazal and Leach partially characterized iterative equations by expressing the A* 3 <
k < 8, in terms of A%2. We have proved that these equations can be further expressed
in terms of A2. Therefore, we made a contribution which consists of prolonging the
characterization by expressing the A*'s as functions of A2 for 3 < k < 10. For instance,
using our result (6.15), we obtain a list of normal forms of iterative equations of order
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starting from 3 to 10 in which coefficients are constant:

y® + A3y =0,
y@ + 443y =0,
y@ + 1042y +9 (42)*y =0,
Y@ +2042y® + 64 (42)* y =0,
y® +3543y™ 4259 (42)* 4@ + 225 (43)"y = 0,
o™ 4+ 5642y + 784 (42)? 5 + 2304 (42)° D) = 0,
y® + 18443y + 1974 (42)* y@ + 12016 (A3)* y® + 11025 (42)"y = 0,

y©@ + 12042y + 4368 (A2)* y® + 52480 (42)° y
+ 147456 (A2) y =0,

Y10 4+ 165A%® + 8778 (A2)% y® + 172810 (42)” y@ + 1057221 (42)* 5@
+893025 (42)° y = 0.

This extension further allowed us to prove the validity of formula (6.16), i.e

n

) = <H<k - j)) el (G

Jj=0

0 <k <n-—1, forn up to 10. Besides, it is interesting to note that this relation is
another way of characterizing iterative equations by their coefficients without using the
symmetry approach.



Chapter 7

Conclusion

In this thesis, a special emphasis was placed on difference equations and a symmetry
approach for solving these difference equations was considered. We have utilized the
symmetry analysis to investigate difference equations and their infinitesimal properties
in much the same way as differential equations.

In chapter three, we studied two non-autonomous partial difference equations, viz, the
discrete Liouville and the discrete Sine-Gordon equations. Using first principles, we got in
each case two non-trivial and one trivial conservation laws. These conservation laws were
used to construct characteristics of these equations. One of the roles of characteristics is
to identify equivalent conservation laws. They can also be constructed via homotopy [45].
It is important to mention that a compatible discretization of continuous characteristics
can preserve a number of conservation laws. Lastly, in this chapter we found some
symmetries and we showed that some of these conservation laws and symmetries are
associated.

In chapters four and five, we turned our attention to ordinary difference equations. In
chapter four, we calculated the symmetry generators of some second-order ordinary dif-
ference equations. We then constructed their first integrals using the method developed
by Hydon. We showed in some cases that the reduction (using symmetry) of the equa-
tion and the first integral are the same, and the implication of this is that the first
integral is invariant under the corresponding symmetry. This association between first
integrals and symmetries has initiated a second reduction of the reduced equations, we
call it double reduction. A similar work has been done in chapter five with the discrete
versions of the painleve equations but here knowledge of the symmetries was sufficient
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for the obtention of exact solutions. We observed that the theory of double reduction
works perfectly for ordinary difference equations but more work has to be done to extend
the theory to partial difference equations.

In the sixth chapter, we expressed the Lie generator in terms of the parameters r and q.
We showed that for n = 1,...,10, the linear operator that corresponds to the iterative
equation satisfies Eq. (6.16). All A7, 2 < j < 10, expressed in terms of A2 and a list
of linear iterative equations in normal form of order up to 10 were given. Parameters of
the transformed linear iterative equations (in standard form) of order n = 2,3,4 and 5
were also obtained.
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