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which on substitution, together with A (see above), into equation 5.14

gives:

pﬁ(b,t)az2[(%~f)cT/pw](Bcé(t)/xf(t)){g;(lwlz - le“>] 5.18

max
Substituting for pﬁ from this expression into equation 5.13 gives
finally for the bulk pinning force density in class Il (b > 0.6):

T 3] =t u5/2 2 d 12 L gk
P, (b,t) e kwl[(1 f)CT/¢on].b (8255 () 7k 3 (1) d’,([q»l [v] { . 5.19
To obtain the dependence of PV oh the reduced temperature t and,
approximately, on the reduced induction b the approximate form for the
term In ¥ (From equation 3.12b) is substituted into the above equation
gliving

Pv(b,t)m[ﬂr

HOBIRES 5.19b

Comparison of the above equations with the experimental results
for Pv(b > 0.6) (eguation 5.9 and following) shows that the model is
in good agreement of B =1, and If the predicted temperature dependence
behaves 1ike Bigz(t) for t not close to unity. For an cxact assess-
ment of the predicted t depondence [Pv(b m=0.6)m%(t)/Bcg(t)] as
obtained experimentally for the [170] 1 per cent, 2 per cent and 4 per
cent deformed specimens (as-quenched - class (1i)) have been plotted
against t2 in figure 5.33. According to the model this plot should
show no dependence on t, f.e. the slope should be zero. This Is
confirmed in the figure for the regime t < 0.9, The figure also
demonstrates that Pv(b = 0,6) is independent of the extent of deforma-
tion for t < 0.9, The breakdown of the theory for t > 0.9 will be
discussed In section 5.5.4,

In figure 5.34 the exact dependence of Pv on b as predicted by

equation 5.19a (solid curve) using the results of figure 3.5 (for

bbb g b P Ak g e
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Figure 5.34. Comparison of the predicted b dependence of the

bulk pinning force density, from the model for
class Il (solid curve - b » 0.6), with experiment
on the as-quenched and aged [170] 4% deformed
specimen (class (ii) and class |l respectively).
Also shown is the prediction of Kramer's (1972)

model with appropriate choice of parameters.
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b > 0.6) is compared with experiment in class (ii) and Class I{ (i.e.

O o T pennagpy

for the {TTO] L per cent deformed specimens (as-quenched and aged for

10 minutes at 70K and ditto after subtracting off class | behaviour -
see figure 5.28). (A suitable scaling factor on the Pv axis has v
been chosen for each of the curves to faciiitate guantitative com- .
parison,) The model appears to be good qualitative agreement with

the class !l results for b > 0.6. [It is apparent in figure 5.34 that

there is evidence of a peak effect anomaly at b~ 0.8 in the class (ii)
curve which is absent in the class |} curve. This will be discussed
in section 5.5.4.] An approximate quantitative assessment will now
be made for pé and P at b =10.6 and T =4.2K, |
Thus for P substituting the F;l}owing vélues into equation
5.18, viz: BCZ(A,ZK) = 2720 gauss, K1(h.2) = 1.57, «k =0.785
p=1.5x107 en™?, (1-F) =1, C.=5x 1072, ¢ =2.07 x 107/ gauss
em® and [a/ar(lwlz - |¢[“)] ==0.8(Bcz/¢,o)'lr (from figure 3.5 with
b = 0.6) gives p: 02 2,3 X 10_2 dynes cm‘1~ This is larger than the
prediction for a clean edge dislocation (equation 3.2.5) by a factor
of approximately 23, but still smaller than the critical pinning
force required by Labusch's threshold criterion (equation 3.49 and

following) by a factor of 2. Equation 3.49 however applies strictly

kS g g e e

only for point pinning sites (d << ao) in the dilute-limit and will
predict a value for Pe which is too large for line forces as in the
present case,

Substituting the above value for pﬁ frto equation 5.13 for PV
gives P, (6.5 x 10]2)wkr dynes em™? ae 4.2 and b = 0.6, The
measured value for Pv(b = 0,6, T=104.2K) in class il (from figure
5.28) is 2.5 x 10S dynes cm“3 so that the required value for wkr is
approximately 5 x \0-8 which is quite reasonable since for

k ~0.1a ~ 1078 en Wi~ 51072,
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5.5.4  Anomalous behaviour

There a;e two principal tyées of anomaly which require attention,
viz: (i) the peak effect which occurs at b « 0.8 (see for example
figures 5.2ka and 5.24b) and (ii) departures from the predicted
temperature dependence in class | and class Il as t » 1 (see figures
5.30 and 5.33).  Any discussion of these lat£er departures can only
be speculative however., This is because of the manifold variety of
possible physicat effects which can be important as t - 1 and the
relative paucity of experimental results in this regime. Neglecting
possible surface effects there are three bulk effects which should be
cansidered, viz:

(i) as t = 1 the scale of the fluxon lattice (ao, £ and A)
increases rapidly with respect to the scale of the defects responsible
for pinning,  According to appen&ix A1(h) this could lead to either
a positive of negative deviation, in the plot of figure 5.30 (for
the multiple dislocation sites), depending on the distribution
function for the size of these sites. The Cottrell atmosphere sites
should be unaffected by this consideration,

(i1) Taking Bcz(t)m(1~t) the threshold pinning force (equation
3.49b) has a temperature dependence given approximately by

3/2. For the &x mechanism (which obtains in class |

(]_t)S/Z

p ()=(int)
and class 1l) the basic pinning force varies as approximately
and therefore If Prc falls within the ran:e of variation of the
magnitude of pm[SK] for the defects a negative deviation is expected
as t - 1.

(1ii) The elastic pinring mechanisms also vary with temperature as
(1-t)3/2 approximately so that if their contribution is finite a positive

deviation is expected as t = 1,
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(iv) A second-order elastic interaction contribution which depends
on CB wiil be especially enhanced as t =+ 1 since, in contrast to
8k, 6sv and qhe ather &C, GCB does notAgo to zero as t + 1 (sece
chapter 3).

Another effect which will cause an anomaly at any 0 < t < 1 and
which would be sensitively manifest in the plots such as those of
figures 5.30 and 5.33 is the so-called matching effect (see chapter 3
and discussion in section 5.5.2(b). This would give rise to a peak
in Pv(b,t) at a particular value of B, i.e. at a particular combination
of both t and b,

Without a knowledge of the relative importance of the above
ment loned effects and considering the approximate nature of the models
for class | and class 1l and the scatter and small size of the \
deviations from zero slope ir the plots of figures 5.30 and 5.33 it is
hot possible to make definite predictions. In class | (figure 5.30)
the plot shows an overall positive deviation for t > 0.5, which may be
consistent with effects (i), (iii) or (iv) or any combination of these

effects, and also a suggestion of a minimum at t?

> 0.8 which may be
due to effects (i) or (i1) or both., The class |1 behaviour (figure
5.33) is more interesting however. Thus the 1 per cent deformed
specimen shows only a small negative deviation at t2 > 0.85, the 2 per
cent specimen a small positive deviation for t2 > 0.85 and the 4 per
cent specimen a stronger positive deviation beginning at tzcx 0.5.

Now for class 1| Py = Gy p’.1 (equation 5.17) and therefore the
increasing positive deviation with increasing deformation (and
therefore p) may be correlated with a decrease in p [sk] relative to
Py [etastic] (effects (iii) or (iv)). However, the first order

elastic interaction will probably also decrease as C] « p*]
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approximately and the second order as C% « p approximately (see
section 5.5.3(a)). A more likely explanation is that the deviation
is the result of residual background ciass | behaviour which is a
linearly increésing function of deformation and has a slightly slower
variation with Bczm(1~t) than the class (11) behaviour (see figure
5.26).

The peak effect at b= 0.8 will now be considered. Thus accord-
ing to Campbell and Evetts (1972), who give a full review of previous
work and discuss various mechanisms for this effect, '"the situation
“or pure niobium is characteristically obscure with a number of con-
flicting reports''. There is however a genecral consensus that the
peak effect Is related to the presence of an intcrstitial impurity
and that it is most pronounced at some intermediate stage of segrega-
tion of the interstitials at dislocations, grain boundaries or other
defect features. This is certainly also the case in the present
investigation (see figure 5.32 and section 5.5.2(b)). The precise
role played by Enterstitial impurities has not previously been
elucidated however.

The known mechanisms which could possibly give rise to a peak
effect at intermediate or high b may be summarized as follows (see
aiso Campbell and Evetts (loc. cit.):

(i) In two .nase materials where pinning takes place at the
interface boundaries between the phases, the possibility exists that
for a certain f. d value the interaction force will go to zero thus
leading to a minumum in PV and the apparent existence of a peak at
higher field values, (Evetts and Wade, 1970 and Dew-Hughes and
Viftcomb, 1972.)  This mechanism cannot account for the present

resul ts.
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(1) The matching effect which is clearly not applicable here.
(iii) A pinning threshold effect which leads to an increase in the
number of effective sites and for which the argument is similar to

that for the t anomaly discussed above.

('v) The proposal of Pippard (1969) which depends on the fact
that shear modulus (066) of the fluxon lattice goes to zero
quadratically as b= 1. Thus since the basic pinning force varies

approximately as (1-b) it is possible that a network of relatively
weak line forces (for which the response of the fluxon lattice depends
only on the modulus 666’ equation 3.52) exceeds the pinning threshold
condition as b » 1 and begins to pin effectively.

(v) The proposal of Camphell and Evetts (loc. cit.) and see also
section 5.5.2(b)) that synchronous pinning may result, with increasing
b, from a concomitant increase in the density of fluxon lattice
defects which then assist the fluxon lattice to relax onto the existing
pinning sites.

(vi) Finally there is the model of Kramer (1973) which is also
based on a line-force response by the fluxon lattice.

The Pippard mechanism appears superficlally to offer the best
approach to explaining the peak effect in both class (i) and class (i)
of the present Investigation,

According to Campbell and Evetts (loc., cit.) the upper limit for

the magnitude of PV (peak), for the Pippard mmchanism, is given by

Pre e 5 .
PL{t) = (B/¢ )y 5.20a

-

o { Iy 10572,y .2, Y . -1
(/ona ) 837 (01 A0 | b )2 [intR 2 )| 520
(see equation 3.52) wherc kao(nuoc) is the required distortion for

synchronous pinning, bp is the value of b at the peak and RQ is the
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average separation between the line pinning sites.
Campbel] and Evetts suggest k = T/ao. Substituting R szan
and pﬁ =y (1=b) into equations 5.20a and 5.20b gives

' ) 1
(178, = @n/kg By () 222 (o) (1)) 5,21

The qualitative requirements from experiment (see for ¢.ample figure
5.24) are:

(1) (1-bp) should have no significant dependence on temperature
T.e. that in equation 5.21 (with kma;1meléz(t)) Y(t)chg(t)/Kg(t).
From previous considerations it will be apparent that this Is con=
sistent with the 8x pinning mechanism for which (equation 3.12)
Y(t)mBzéz(t)/m?(t) which can be expressed approximately as
Bcg(t)/né(t) for t not close to unity.

(11) Ps(t) should have a slightly slower variation with tempera-
ture than Pv(t) in class | and class || and should have approximately
the same magnitude in class (i) and class (1), In order to compare
the prediction of equation 5.20 for PS(t) with experiment in class (i)
and in class (i1) (t will be necessary to make two assumptions,
vizt (a) that the predictions of the models for class | and class 1}
for the temperature dependences of PV are still valid for b m=bp ~ 0.8
and correspond sufficiently well to the temperature dependences which
would have heen obtained In class (i) and class (ii) respectively if
the peak effect were not present and (b) that the summation processes
for the peak effect and for elther class | or class |l are not inter-
dependent, 1.e. that they simply sum lincarly. In accordance with
the above assumptions the predicted bulk pinning force will be given

(for class (1) and class (i1)) by

7 bttty Pro oy
P! (b,t) = e )+ PP, ) 5,22
{"” Llass (1Y, (i) {V vt J °
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where Pi',' are the predicted bulk pinning force densities in class |
or in class 1l respectively. Since the absolute magnitude of PS is
not known it is necessary to expiess equation 5.22a in terms of

ratios, thus:

[Prtoy.0)] o oge) = [p? (o000 4 PD0oy )]

class (1),(i1)

/Pi"l(bz,t) 5.22b

Now the obvious choice for b1 Is b1 mbp = 0.8 where [PS] is a
t

maximum.  |f b, 1s chosen so that Ps(bz) << Ps(bp) the in accordance

2

with assumption (a) above Pi’ll(b It is

(&

e (PP ,
2 [ ! 2)]class (1), (1)

apparent from figure 5.24 that this condition should be satisfied for

b, < 0.6 in both class (1) and class (ii). Substituting into equation
Il

H

5.22b for b1, b2 and P (left hand side only) and also the tempera-

I
v
]

ture dependences for P (from equation 5.7) and P5 (from equation 5,20b)

then gives the following prediction for class (1), viz:

T T w un 3. b 3,2 30,0
[PV(0~8,t)/PV(0‘6,t)j]c]as-;*(”[uaczkz/h3 + BBC2/K2]/[BC2K2/KIJ

= at Be; ()2 (1) 5.23

where

-

o= |P1(0.8,1)/P)(0.6,6) | = 0.64 (from Figure 5.32)
and 1s not dependent on the reduced temperature t and

o [t N pb ,
8 ~‘?V(0.8,L)/PV(O.8,L)

o
which has only a very small dependence on t,

For class (11), substituting for the temperature dependences of
Pil and PS from equations 5.19b and 5.20b (with kmﬂcg) respectively,

gives
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T T L3, 2 3,2 3,2
P (0.8,t)/P (0.6,t) o [68 2/ey + B o/k /[B /x ]

S EETAGIAG 5.24
where

§ {Pl'(0.8,t)/P$|(0.6,t)]m'0‘5 (From equation 5.19 or figure
5.34)

and
g [P”(o.8,t)/r=’p(0.8,c)]
3 1

The theoretical predictions of equatlons §,23 and 5,24 will now
be compared with the experimental results. Thus Pv(b e2 0,8,t)/
P, (b= 3.6,t) a3 determined from experiment on the 4 per cent deformed
specimens in class (1) (figures 5.16a and 5.16b) and in class (i1)
(figures 5.13a and 5.134) are plotted against K?(t)/ﬁ%(t) and
w%(t)/w%(t) (Trom figure 5.6) respectively in figure 5.35. Although
there is conslderable scatter in the points, especially in class (i),
It is possible to find a moderately accurate }inear relatlonship (as
shown by the straight lines In the figure) for each case In qualitative
agreement with equations 5,23 and 5,24, [The small peak at F(k)«0.75
in class 11 is related to the anomaly Pv(b} atvb‘=0.6 as shown
by the curves of flgure 5.13b,]

From these approximate stralght line fits values for a, B8, § and ¢

have been determined, Thus: o = 0.65 4 0.5 in good agreement with

the model, B = 0,58, & == 0.44 2 0.4 compared with 0.5 from theory and
g2 0,87, Now

8/ ]Qp"(b = 0.8) /P (1 mao,S)mma[P“(o.S) /
[ E. v Vo v ]class (11)

5,25
p
[vv(o§a)J

class (1)
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Figure 5.35.
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A plot of the variations of the ratio of the
measured bulk pinning force density at b = 0.6 and
b= 0.8 for class (i) and class (ii) against
respectively K?(t)/ﬁg(t) (which 1s the ratlo of the
predictod temperature dependences for class | and
the peak effect model) and m?(t)/w%(t) (which 1s
the ratio of the predicted vemperature dependences
for class |1 and the pecak effect model).
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which on substituting B/c = 0.58/0.51 and P\','(o.a)/p\’,(o.a)—:

[PV(O.G)]

deformed specimens as-quenched gives Pﬁ[lTO]/PC[OOl]eﬁ 3.8, In

/[PV(O.S)J m=3.3’(figure 5.23, 4 per cent
. ciass (1)

class (if)
figure 5.17 the anisotropy of Pv(b = 0.8, T = 4,05K) with H, in the
(170) plane for the h per cent deformed disc Is shown by the points
(the ordinate scale for this plot has been chosen to facilitite inter=
comparison with the solid curve (a)), This result is in approximate
agreement with the above ratio and also indicates that PS has a
small maximum for H_ along [001] and a large maximum along the [170]
direction.

it Is concluded therefore that peak effect observed here ls
qualitatively consistent with the Pippard mechanlsm (the predictad
maghitude of the effect will be examined later). The problem is now
to identify the line~forces responsihle for the cffect, Clearly
because of the relatively small difference in the magnltude of the
effect in class (1) and class (11) they cannot be dislocations or even
Cottrell atmosphercs on the dislocations. The effect Is however
definitely related to the presence of interstitial hydrogen in some
ordered or sub-ordered phase. In section 3.1 previous work on pinning
due to oxygen and nitrogen in niobium and vanadium was reviewed. For
relatively low interstitial concentrations pinning was found to be a
maximum when the fluxons were parallal to antiphase boundaries, to
planes normal to crystat directions which are soft and therefore favour
clustering of Interstitials In these plancs and to the directions along
which such boundaries or planes Intersect. In particular, with HO in
a {110} plane, approsimately cqual maxima were found for PV when Ho
was parallel to the <001> and <110> dircctions. It Is possible there=-

fore that the same mechanisms operate for hydrogen in nioblum but in
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which on substituting 8/e == 0,58/0.51 and PéI(O.B)/Pl(O.8)2

[Pv(o,8)]

deformed specimens as-quenched gives P8[1TO]/P5{001] = 3,8, In

/[?V(O-B)] = 3.3 (figure 5.23, I per cent
class (11) class (i)

figure 5.17 the anisotropy of Pv(b = 0,8, T = L4,05K) with H, in the
(170) plane for the 4 per cent deformed disc is shown by the points
(the ordinate scale for this plot has been chosen to facilitate inter~
comparison with the solid curve (a)). This result Is in approximate
agreement with the above ratio and also indicates that Ps has a

small maximum for Ho along {001] and a large maximum along the [1?0]
direction.

It is concluded therefore that peak effect observed here ls
qualitatively consistent with the Pippard mechanism (the predicted
magnitude of the effect will be examined later). The problem is now
to identify the line~forces responsible for the effect, Clearly
because of the relatively small difference in the magnitude of the
effect in class (i) and class (i1) they cannot be dislocations or even
Cottrell atmospheres on the dislocations. The effect is however
definitely related to the presence of interstitial hydrogen in some
ordered or sub-ordered phase. In section 3.1 previaus work on pinning
due to oxygen and nitrogen In niobium and vanadium was reviewed. For
relatively low interstitial concentrations pinning was found to be a
maximum when the fluxons were paralle! to antiphase boundaries, to
planes normal to crystal dircctions which are soft ¢nd therefore favour
clustering of interstitials In these planes and to the directions along
which such boundaries or planes Interscct, In particular, with HO in
a {110} plane, approximately cqual maxima were found for Pv when HO
was patrallel to the <001» and <11C> direcctions, I't is possible there-

fore that the same mechanisms oparate for hydrogen in niobium but in
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B o v = At ARG AT B

the present case are relatively weaker and therefore are able to pin
effectively only by a synchronous mechanism (e.g. the Pippard

mechanism).  That the magnitude of the peak affect for H, along the

it b et 3o o g

[170] direction is larger than for H, along [001] would then

indicate that the clustering effect is more important than crystalio-

graphic ordering in this case (see section 4.1). Another possibility

is that the pinning sites are twin boundaries resulting from a

martenistic phase transformation (see chapter 4j, or, more likely,

e et gt & gt et mor e b

thin {order &) lenticular or rod=like muitenistic precipitates which

would pin by the 6k mechanism.  Such martensite precipitates are not

expected to be strong pinning sites however (Campbell and Evetts, 1972).

g ot A A%

From previous consideraticns, and in agreement with other investiga- 3
tions on the peak effect the quantity of interstitial involved in the '
effect is very small. |
Finally, putting k ==10“2 (as suggested by Campbell and Evetts, %
1972) in equation 5.20 and substituting (1~bD) = 0.2 and for B_, and
k, for niobium at 4.2K gives PE(A.ZK):: 2.6 x 106 dynes cm-3 as an
upper limit. This is a Factor of approximately 102 larger than the
experimental peak. If the theoretical prediction (equation 5.20) is

reduced by this factor then the predicted value for y is approximately

NI

2 x 10—“ dynes c:m—1 which is the sort of order of magnitude expected.

R

5.5.5 Summary and conclusions :

The anisotropy of the bulk pinning force density and Its dependence
on the configurational distribution of Interstitial hydrogen in small
niobium single crystal specimens containing predominantly edge disloca-
tion arrays have been determined in a serics of experiments. From
these results and considerations of the deformscion structure it was

;
possible to deduce the existence of two distinct classes of behaviour ;

which could be associated in a mutually censistent manner with the
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operation of 'multiple dislocation' and 'fottrell atmospheres' sites
respectively. The multiple dislocation sites of class [ consist of
smal) (103 - 10“% diameter) roughly spherical regions of tightly
tangled dislocétion segments, dipoles or multipoles. The Cottrell
atmosphere sites of class |l consist of Cottrell atmospheres on edge
dislocation segments parallel to the fluxon lattice.

Class | behaviour 15 similar to that found by other authors in
Tightly deformed type (! superconducting materiéls. In accordance with
the theoretical expectation that the interaction of isolated segments
of distocation with the fluxon lattice is too weak to satisfy Labusch's
threshold requirements it is postulated that the pinning behaviour found
by these other authors is also due to multiple dislocation sites of
the type identified here. A proper formulation of the elementary
pinning force due to a multiple ﬂisloc&tion site of this type and
range of size (i.e. diameter 2R ~ aof shows that the pinning force due
to sites for which 2R g ¢, At any instant, will be much larger than
that for the others. The width of the distributions in the size and
potential density (at constart }¢l2) of the multiple dislocation site
is apparently sufficiently large that no significant matching effect
occurs as a is varied. The volume density and pinning strength of
effective sites apparently satisfy the dilute-limit requirements.
Moreover since for these sites R g ao/z and the pinning range d u.ao/z
a basic requirement in Labusch's point~force dilute~limit model, viz:

d << C is possibly also satisfied. Substitution of d ==ao/2 and
the appropriate,properly formulated,expressions for the basic pinning
force into Labusch's expression gives very good agreement with class |
and apparently also with the experimental results of Good and Kramer

(loc, cit.), Freyhardt (loc, cit.) and probahly also Coote (loc. cit.).
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In specimens containing predominantly edge dislocation arrays the
multiple dislocation sites appa;ently pin by the 8k mechanism and in
Freyhardt's specimens in which the predominant dislocations are of
screw type aligned normal to the fluxons the sites apparently pin by
the second-order elastic Interaction.

The behaviour in class |l is apparently due to a form of
synchronous pinning by a high volume density of Cottrell atmosphere
sites which are apparently not able to pin effectively (i.e. do not
satisfy the threshold criterion) at Jow values of b but rapidly
become effective at b = 0.4 (when the fluxon cores begin to overlap)
and thereafter pin in accordance with a synchronous pinning model.
This behaviour is a consequence of the nature of the proposed model
for the 8k interaction mechanism which apparently obtains for the
Cottrell atmosphere sites and the‘wavy nature and high volume density
of these sites. The proposed summation model for class |} is in good
overall agreement with experiment, and in particular for b > 0.6,
where an explicit expression is formulated, The pinning behaviour in
class 11 also leads to a self-consistent prediction for the coefficient
of diffusion D(H, Nb) hydrogen at niobium {(at 90K) which is In good
agreement with the expectation value obtained by extrapolation (on an
Arrhenius plot) of the well accepted higher temperature values for
D(H, Nb) (see figure 4.2). By suitable ageing procedures the inter-
stitial hydrogen in the Cottrell atmospheres can be precipitated out
of solution into the dislocation cores and class || behaviour disappears
leaving the much smaller class | background.

The above experiments, besides establishing the salient physical
processes involved in fluxon pinning In lightly deformed, low k
materials, constitutes the first critical appraisal of Labusch's

threshold criterion. It is obvious from the foregoing that clean
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isolated dislocations (i.e. free of Cottrell atmospheres) are not
effective as pinning sites and therefore, presumably, interact only
elastically, i.e. non dissipatively with fluxons - In qualitative
agreement with'the threshold criterion.  The fact that the dis10ca;
tion density, particularly in regions of braiding, is too high for
the difute~limit model of Labusch to be applicable is obviously not
relevant from a qualitative point of view.

Anomalous departures, from the predicted pfnning behaviour, which
were experimentally observed in the regimes t - 1 and b -+~ 1 in both
classes were also considered and discussed. The ‘peak! effect which
was found at b 2«2 0.8 in all the as~quenched specimens was shown to
be In reasonably good agreerent with Pippard's model for a synchronous
line pinning-site mechanism and it was argued that the line sites were
the result of some form of ordering or clustering of Interstitial
hydrogen on planes which intersect along the <110> and <001>

directions in the niobium crystals,
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CHAPTER 6

6. The Macroscopic Magnetization behaviour of Cylinders of ideal

Type || Superconductors

6.1 Introduction

In any magnetic material the local values of the magnetization (M(r)),
the induction (B(r)) and the internal or thermodynamic field (ﬁe(r))

are related by:
B(r) u*ﬁe(r) + bt (r) 6.1

For the special case of specimens with spheraidal geometry, for which
one timiting case may be considered to be very long cylinder, He is
everywhere uniform and homogeneous inside the specimen and is given,
in terms of the external field H by
3, |

Hei mHoi - q“fiﬁD‘ij 6.2
where Dij is the so-called demagnetization tensor, which can be
calculated exactly for any spheroidal geometry (see for example
Brailsford, 1966),

Thus if a single valued constitutional relationship Is known for
B[H,] or M[HGI (the square brackets will be used henceforth to denote
equilibrium behaviour) the magnetization behaviour for any specimen
with spheroidal geomettry can be predicted. {(For type |1 super-
conductors this has been done by Kulik, 1966, Fetter and Hohenberg,
1967, 1969, Cape and Zimmerman, 1967, and Zoller and Dillinger, 1969).

For shapes other than spheroidal the determination of the position

dependent internal field He(r) now usually involves a boundary value
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problem which is not soluable in closed analytic form. However, for
cylinders, with either very large or very small axial ratios, of norma)
magnetic materials (i.e. excluding superconductors*), in an axial
externally applied magnetic field the internal field He may, to fair
approxination, be considered to be uniform in the specimen. The
demagnetizing coefficient i5 now taken to be either De, the
demagnetizing factor for the enclosed spheriod (i.e. a spheroid having
the same principal dimensions) or, more accurately, the so-called
magrnietometric de.agnetizing factor Dm which is calculated for a
solenoidal coil of the same dimensions as the specimen (see Brown,
1962).  Fetter and Hohenberg (1967, 1969) argue that the above approxi-
matioh does predict the reversible equilibrium behaviour in disc~
specimens (D - 1) of type Il superconductors correctly and it has in
fact frequently been used in the analysis of magnetization measurcments
on thin disc and short cylindrical specimens of typs Il superconductors.
't will be demonstrated in this chapter however that this approach has
only a iimited validity and that the actual behaviour in such specimens
can never approgch equilibrium for certain external field conditions,
Such non-equilibrium behaviour has been observed previously in disc-
specimens and has varfously been attributed to fluxon pinning or the

. . ok s
existence of a mixed-intermediate state in the specimen (see for

*  This Is because of the logalized nature of flux tubes (in type 1)

and fluxons (In type || superconductors). Thin ferromagnetic

specimens containing so-called 'bubble! domains are therefore also
excluded,

For a brief :ntroduction to the mixed-intermediate state see Seeger
(1970). It wil) become apparent later that the actual behaviour of
the fluxons in a type |l superconducting disc=specimen in transverse
field has features in common with the so~called mixed=intermediate
state but that the effect is due to the specimen geometry rather

than to the existence of a long range attractive intaraction between
fluxons,
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example Aston, Dubeck and Rothwarf, 1971 and Rothwarf, Rao and
Dubeck, 1972).

fn this latter case however the theory (which is essentially the
same as the theory for the so-called 'Horn effect' in type | super-
conductors (see for example Andrew, 1948, or Kuper, 1968) predicts a
size effect which will be shown to be non-existent in niobium disc=
specimens. It will also be shown theoretically and experimentally
thet the non-equilibrium behaviour 1s a direct consequence of the
cylindrical geometry.

Other pertinent theoretlecal work in respect of the magnetic
behaviour of type [l superconducting disc-specimens and thin films in
transverse fleld, 1s that due to Pearl (1964, 1965) and Maki (1965)
who uses some of Pearl's results, [t will be useful to summarize
briefly some aspects and conclusions of these Investligations, Thus:
Pearl determines the structure of a fluxon where It cmerges normally
from the superconductor-vacuum interface by solving the Ginzburg-
Landau equation for the supercurrent density with suitable boundary
conditions, Pearl finds that, within a distance X of the interface,
the electromagnetic region around the fluxon spreads and the current
density j(r) behaves at large r like £"2, This wil give rise to long
range repulsive forces between Fluxons.  For a cylinder of radius R
and thickness d Pearl (1965) calculates that the magnetic moment m,
of a fluxon along the axis of the dise, 1s given, for d -+ 0 by
me¢QR/hﬂ, for d » « by m ;r¢0d/hn (sce also appendix 1(f)) and for

intermediate d by
m e ((f)o/l{'zr)d(l + R7d) . 6.3

For specimens with d »> A the line tenslon 1 of the fluxon will Lte given

by its usual bulk value, vizi ¢ «ch1¢0/hw (see equation 1.1 and 1.2).
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For the fluxon to be In equilibrium with its surroundings requires
therefore an external field Hé such that Hémd/bw, i.e. the reduction
irs magnetic field energy, is equal to the line energy td.  Thus

‘ bl j 9 1 ¢l 30 i ¥ " A 3 :
HOm Hc1¢o and from equation 6,3 therefore

'L -1
HO we (1 + R/d) HC1

a1 - Dc)H 6.4

¢l
for R/d »>» 1 since d/R o] o~ D, (see for example Browa, 1962). Pear)
however, incorrectly identifles Hé with Hi1 y i.e. the field of first
penatration of fluxons Into the cylinder, and therefore obtains
approximately the same result for ”:1 as predicted for the enclosed
ellipsoid (see section 6.3.1). Pearl also makes a calculation for the
long range interaction between fluxons near the surface and obtalns

an expression for [dM/dHo] " which varies as (1 + d/R + R/d).
H>H
¢l

Makl (1965) using Pearl's result for m obtalns a more accurate
result which also predicts [dM/dHO] + w as R/d » @, This result is
completely at variance with the expected cquilibrium behaviour (Fetter

and Hohenberg (loc. cit.)), viz: [dM/dHQ] w2 1/De whieh tends

Hy 3 Heg

to 1 as R/d » w,

There is however an clement of validity in both of these predictions.
The discrepancy arises because of Pearl's Incorrect assumptions that
aquilibrium conditions obtain (i.e. that M[Ho] is a single valued
function of Ho) and, tacitly, that m Is position invartant in the
cylinder or disc, The more complete analysis of the problem, which
will be given here, 1s based on a model which sets up the aforementioned
boundary conditions for a single fluxon in a cylinder explicitly. The

position dependent thermodynamic field He(z,r) (see figure 6.12) (and

s b i s S R <
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hence also the moment m of a fluxon situated at a distance re from

the cylindrical axis of the specimen) Is theH calculated numerically
for various values of the ratio R/d. In the range of R/d investigated
(viz. 0.25 & R/d € 6.25) the predictions for m(rp = 0} are in fair
agreement with Pearl's approximate prediction (equation 6.3).

m(rF) however, decreases (and the energy concomltantly increases)

with r. and therefore, since flux must enter the cylinder at its

F
perimeter (rF=m R) Pearl's calculation for Hi1 (equation 6.4 and
following) clearly predicts a value which Is too small, For R/d << 1
an approximately correct result can be obtained from equation 6.4 if
m(rFmz R) is substituted from m(0) however. (The exact value of Ht1
will be shown to be dependent on the manner in which a Ffluvon
penctrates the corners of the cylinder.)

The prediction of the magnetization behaviour of a cylinder after
fluxons have penctrated it Is problematical. However the use of
sertain simplifying assumptiors allows the formulation of a model for
the overall magnetic behaviour which is In falr agrecment with experi-
ment.  This behaviour may be outlined roughly as fullows: For a
cylindrical specimen of ideal material, initially in the Meissner
state with an external fleld HD applicd parallel to the cylindrical
axls and increasing from zero, the magnetization increases at a rate
dM/dH (b1 Dm)].n1 When H = H_ (1 = D) the magnetization
behaviour dueparts from equilibrium and the specimen remains completely
diamagnetic (except In the reglons near the sharp rims of the

0
"

eylinder), Eventually at some Ho wch1 > Hc}(1 - Dm) the potential
borrier to the entry of fluxons becomes zero and fluxens move rapidly
to the moddle of the cylinder (r = 0) where they form a 'pool' of

radius p < R, The fluxens in the 'pool! give rise to a ‘back




stress' which is insufficient to expand the poel so that it Fills the §
specimen, i.e. p = R,but which nevertheless acts at the perimeter to |
prevent instantancous fllling of the pool at H0=w H:I ; dM/dHD (in
the'regime whe re p < R) is determined by this back-stress and Is larger |
than the equilibrium value, At Ho mHCP p = R and the overall

magnetization hehaviour M(HO) corresponds to equllibrium behaviour
e $ Mg € fepe
HO, when H0 € Hc!’ fluxon expulsion from the specimen obviously

M[H,] and Is therefore reversible for H In decreasing :
requires p = R and therefore the magnetization might be expected to
remalin on the equilibrium branch until this expulsion Is complete. ;
It will however be demonstratad experimentally and theoretically that

in this case the rlus of the cylinder give rise to non=equilibrium )
behaviour, [Approximate equilibrium behaviour in decreasing Ho

can be obtained [f the rims of the cylinder are bevelled off.]

The concept of a flux 'pool! for low B is confirmed by the magneto- x
optical observations of De Sorbo and Healy {1964), Balrd (1964) and

Baird and Wright (1972) on botn type | and type |l superconducting disc

specimens,

6.2  Experimental

For the purpose of the Investigation of this chapter a variety
of experimental M-Ho results were obtained for various disc and ring~
shaped single crystal specimens of niobium,

To determine the basic geometrical and possible size effects on
the magnetization behaviour two series of disc-specimens were
prepared as follows: A single-crystal rod (approximately 6.5mm
diameter) of MARZ grade niobium supplied by the Materials Rescarch
Corporation, New York, U.S.A, with an axial orientation <111> was

machined by Spark erosfon to be uniformly 6mm in diameter.  Six
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discs of varying thickness were then spark=sliced (pormal to the rod

S s

axis) from the single crystal. The rod was then successively further

reduced in diameter and five more discs of various radii (R) and

e ]

approximately constant thickness (d) were sliced off.  The <111»
faces of the discs were then spark-planed (on the finest range avail- "
able on the Servomz« Spark erosion machine) to be flat and parallel
and the discs were finally polished in a 70:30 HN03~HF mixture as
described in chapver 5.  The final dimensions of the discs in the two ;
series are given in table 6.1. [Some of these discs were later used
In an investlgation of the deformation properties of nioblum In a
special 'punching' experiment (Ball and Doyle, 1974 - see appendix A9).
This investigation was motivated by the fluxon pinning experiments i
described in chapter 7.) |

Details of special preparation for various other specimens will \
be given together with the experimental reculls in the next section,

6.2.1  Experimental results

Isothermal magnetization curves were obtained for the two series
of «111»> discs In transverse applied field H0 at a temperature
T = h,05K  The results are shown in figures 6.1, 6.2 and 6.3,
increasing the magnetic field sweep rate dHo/dt by a factor of five
causes no detectable change in these curves and it may be concluded | ;
therefore that they are not Influenced by any spurious eddy current or
other transient phenomena.

Tue absolute magnetizallon curves, obtained by normalizing the
curves of fiqure 6.1 to 6.3 for volume, are given {n figures 6.4 and
6.5. [The smat ' hysteresis which 1s apparent for H0 » 1Koe in the
curves of figure 6.4 (and absent in figure 6.5) was later found to be

due to residual spark damage and therefore to iasufficient chemical ;
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NIOBIUM DISCS (<ill>)
Rid=172, 236, 4-00, 625 for a-d resp.
T= 405K
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APPLIED MAGNETIC FIELD Hy (K Oe)

Figure 6.1,

Magnetization curves obtained at T *® 4,05K for <111> oriented niobium disc-specimens
of constant radius Rzt 5,9mm and various thicknesses.
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MAGNETIZATION -M

NIOBIUM DISCS <>
R/d= 625 110, 23-8 for d-f resp.
T= 405 K
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Figure 6.2, Magnetization curves obtained at T = 4,05K for <111~ oriented niobium disc-specimens
of constant radius R = 5.9mm and various thicknesses.
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. , . * .
polishing of these specnmens.] . The field H_, , denoting the onset of
flux penetration into the specimens, was obtained by extrapolation as

o
shown in figure 6.5. The values obtained for H;] , QndM/dHo

¢l
curves of figures 6.4 and 6.5 are given in table 6.1,  Figure 6.6

(H0 < Hj1 + Hy increasing) and (Ho 2H s H increasing) from the
shows the magnetization behaviour in longitudinal field for an
anncaled (15 hours at 1900K and 10"9mm Hg) nioblum d[sc specimen
at T ==8.69K (R/d = 3, oriestation <123»). The dashed curve shows
the approximate behaviour after the sharp rims of the disc were
bevelled off (see inset) and the specimen was chemically repolished.
In figure 6.7 the magnetization curve for a disc specimen (R = 3mm,
d == 0,.92mm, orientation <110>) at T == 4,05K is shown (full curve)
together with the curve (dashed) obtained under the same conditions
fter the disc was trepanned to produce a ring of average thickness
t = 0.5mm. The magnetization loop In figure 6.8 Is for another ring
specimen (K = 2.52mm, d = 0.92mm, ¢t == 0,2mm) at T == 4,05K. The
dashed curve shows the approximate behaviour expected from considera-
tion of the previous figure, The actual behaviour in this regime
shows a premature flux penetration into the inslde of the ring and will

be discussed later. Figures 6.9 and 6.10 show the magnetization

behaviour obtained by variously cycling a longitudinal applied field

In two Initially identical disc-specimens which were lightly scratched

on the cylindrical surface (figure 6.9) and on the planar surfaces

(figure 6.10) respectively. These results will be discussed later,

A variety of other experiments were performed which have partial

relevance but wil) not be reported here.
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TABLE 6.1 %
W hudM/dH_ YudM/dR _ " | ;
R(mm) d(mm) R/d o o Lo c
(Oersted)  (B=0) (Ho:;,HCT) (Oersted) i
2,90 1.69 1.72 616 2.42 ho o 0.601 1435 f
2.90  1.23  2.36 547 2.85 .5 0.534 1445
2.88  0.72 k.00 451 412 5.0 0.4k 1445 |
2.88 0.46 6.25 377 5.88 5.8  0.368 1435 i
2.86  0.26 11.00 271 3.60 6.0  0.26k - |
2,85 0.12 24.00 170 18.30 0,166 - §
2,66 0.36 7.ho 350 6,80 7.1 0.341 -
2ah2 0-35 6092 373 6»6") 7¢1 0-361} -
2.00 0.36 5.55 koo 5.35 4.8 0.390 .
.41 0.38 3,70 478 3.92 4,0 0.466 -
H, = thko o Ky = 1.6 |
T, =9.295 % 0.005K FOR T = h.05K H_, = 3320 0_ K, = 2.2 ﬂ
H,, = 1025 0 ’
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MAGNETIZATION

NIOBIUM DISC <123>

R/d=3-0 (ANNEALED)
T= 869 K

. 1 1 ) 1 | R
0-5 Ot 015 02 025 03"
APPLIED MAGNETIC FIELD Hqy (K Oe]

Figure 6.6,

Magnetization curve for a nioblum disc-specimen (orientation <123> along the ecylindrical
axis and R/d = 3.0) at T == 8,69K after annealing at 1900K for 15 hours in a vacuum of
10~9mm Hg (solid curve) and subsequently after bevelling off the rims as shown,

o,
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Figure 6.7,

+

Magnetization curves at T = 4,05K for a disc~specimen
(solid curve) and for a ring specimen (R/d == 3.26-mean
ring thickness 0,5mm) (dashed curve) obtained by
trepanning the disc-specimen,  The field of first
penetration HZ] Is apparently the same for both
specimens,
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MAGNETIZATION

Flgure 6.8,

A
/“ NIOBIUM RING <N0>
i/ \ Rid= 232 t=02mm (mean)
/ \
/ A f=405K
/ \,\
/ \
A
\

[ e i }

s e Y

15 2:0 2:5 30

MAGNE TIC FIELD  Hp

Magnetlzation curves at T == 4,05K for a ring specimen (R/d = 2,32, mean t = 0,2mm).
this case t Is apparently too small (at some point along the ring) to allow usual
behaviour (dashed curve), '
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6.3 Theory

6.3.1  Equilibrium magnetization behavicur for a type ||

superconducting spheroid

in this section a brief review will be g» en of the theoretical
predictions for the M“Ho behaviour of spheroidal specimens of a type
Il superconductor for which the constitutive relaxation B[HQ] (for
long thin specimens in longitudinal flelds) is known. (For references
see section 6.1,

The general behaviour for spheroidal specimens with a demagnecizing
coefficient D along a principal axis in the direction of the applied

field H is given (sce equations 6.1 and 6.2) by

B == Hc + bri 6.5
and
= w
He H0 imMD 6.6a
or
He aff--‘Ho - D(B ~ He) 6.6h
or
N ITE . =1
Hy = (Ho DB) (1 ~ D) 6.6¢

where B and M are now the macroscopic induction and magnetization in
the spheroid respectively and Hc is the Internal or thermodynamic
field.

For a spheroidal specimen in the Melssner state B = 0 and there=
fore from e-uations 6.5 and 6.6¢,

bt s =l <o h G p)~!

and therofore

b [du/dH] (1= )7 6.7
B0
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Initial fluxon penetration occurs when He«:=Hc1’ The apolied field

H0 - Hc1

substitution. for He and H0 with B= 0 and is

at which this just occurs is given by equation 6.6c on

HC] ==Hc](1 - D) , 6.8a
s0 that
ES %
h —-Hc1/HC1 = (1 - D) 6.8b

The induction B in a spheroidal specimen is in equilibrium with the
thermodynamic field in accordance with Abrikosov's constitutive relation
(see chapter 1) and is reversible with variations in Ho' From
equation 6,6¢

B[H ] = B[(H - BD)/(1 - D)] 6.9
The transition to the mixed state at He = i in a long thin specimen
in longitudinal field is either a f -st order or a X type second order
transition (see for example Finnemc :, Stromberg and Swenson, 1966) with
dB/dH + = (so that dM/dH_ -+ 0) as H, -+ H_, from above. In this case
D= 0 and therefore He ==Ho (equation 6.6a) and the transition requires

dM/dH + 0 as H - H_, from above. When D # 0: from equation 6.6a

dH /dM = dH_/dM - bnD
and therefore fore

HO - Hc1 or B~ 0

-1

hor [dM/dH ] = D 6.10a

or
dB/dH, = D 6.10b

The behaviour for HJ s Hr? will be taken directly from the results of

Cape and Zimmerman (1967) and is given (see also equation 1.6) by

b [dM/dH_ | =[B(2c2 - 1) + 0] 6.11

HO +~H02

B VTN S

U
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[t is obvious From equation 6.6a that the upper critical field Heo

will not depend on D since M+ 0 at H -+ H _.
o ¢2

, Finally the superconducting condensation energy per unit volume
(—HE/SW - see chapter 1) is obviously invariant with specimen geometry
and therefore

H H
c? c2 2
jﬂ M(Ho)dHo=zv{ M[He]dHe x=~HC/8n 6.12

o o}

where the square brackets imply equilibrium behaviour.

The above equations for obtaining the magnetization behaviour
for a specimen of demagnetizing factor D from the constitutive M[H_]
relation are equivalent to shearing the reversible M*HO curve for a
specimen with D == 0 so that each point on the curve moves a distance
LyMD along the H, axis.  Figure 6.11 shows the behaviour (dashed
curve (a)) for a spheroid with R/d = 11.0 (De = 0.909) as predicted
from the M(HO) behaviour (dashed curve(b)) for a <111> long cylinder
at T = L4,05K. Also shown in the figure is the actual experimertal
M~H0 curve for éhe disc specimen, It is apparent that for Ho
increasing inftial flux penetration is delayed until well past the

s

value predicted by curve (a). At M, r-~*=H;;1

used only for the cylindrical case), there is a very sharp second order

(Hz1 will henceforth be

(see later) transition and the magnetization decreases almost linearly
with Ho initially. For Ho p HC1 the magnetization is apparently In
equilibrium and reversible, The behaviour for Ho < HC1 in decreasing
fields is due tu the sharp rims of the disc and fluxon pinning in the
specimen,  For an ideal specimer there should be no trapped flux at

H0 = () (see later).
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Figure 6.11.

1-0 1-5
APPLIED MAGNETIC FIELD Hy (K Oe)

The magnetization behaviour (M-H_ ) for a disc-specimen (R/d == 11,0, orientation <111s)
at T =4,05K (solid curve) is coMpared with the behaviour for a spheroidal~specimen
(dashed curve (a)) of the same axial ratio and volume as the disc specimen, derived by
"shearing' the curve for an infinite long specimen (shown approximately by dashed curve
(b)) by an amount 4mMD as shown.
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6.3.2 Macroscopic equations for the description of non-

reversible superconductors of arbitary shape

The results of the previous Qection, inter alia, have been
generalized by Labusch (1973) in a rigorous manner, to type | and
type Il superconductors of arbitrary shape.

In essence Labusch formulates an explicit expression for the
Gibbs free energy 6G required to create a fluxon (or flux tube) in a
macroscopic specimen containing an arbitrary but fixed distribution
of ott r fluxons. Terms of order A/A, £/A and ao/A where A is the
smallest characteristic dimension of the superconducting specimen and
the other parameters have their usual meaning, are neglected. The

remaeining terms are then rationalized and the final result for 8G is

given as

¥

8G = (¢ /4n) /(ﬁ,.(r) - Ho(r))ds 6.13

where Hr is just the magnetic fleld in equilibrium with the local
induction B(r) in accordance with Abrikosov's constitutive relation~
ship and He(r) is the Jocal value of the thermodypamic field (see
below). The term in H. obviously contains (i) the line energy of the
Fluxon, i.e. Ha1¢q/4w (see chapter 1) which is the sum of the kinetic
energy of the current vortex around the fluxon and the loss of cenden-
sation energy inside the fluxon and (7i) the short range interaction
energy between the fluxon and its neighbours (see section 6.3.5).
As the induction B tends to zero‘Hr -+ Hc1.
The thermodynamic field He(r) is the usua\* internal magnetic

field in a magnetic material. tt s position dependent here because

ale

For a spheroidal specimen of ideal! reversible type |1 superconduct-

ing material H,(r) == H = H_  and 8G =0 everywhere in the specimen.
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of the arbitary shape of the specimen and the boundary condition
requirements. ‘
The boundary conditions for a superconductor are (i) that the
tangential component of H Is continuous through the superconductor-
vacuum interface (ii) that the normal component of B is continuous
through the surface (1ii) curl H=:0 inside the specimen and
(iv) div B==0, These conditions can be satisfied, in theory, for
the applied field and the self field of a fluxon in a superconducting
specimen by the well known method of substituting a suitable magnetic
charge distribution over the surface of the specimen in place of the
actual fleld sources. This charge distribution then gives rise to
the external field and inside the specimen He(r) is defined to be the
vacuum field due to these charges. In equillibrium the creation of a
fluxon parallel to and in the specimen surface requires 6G = 0 and

therefore

H, =H 6.14

at the surface. Providing that there is no surface barrier mechanism
(see chapter 1) this result applies equally in réversible and
irreversible superconducting specimens.

The boundary conditions above obviously also require

B (H) = sz 6.15

at the surfaces where Hz is the perpendicular component of the field

outside tne specimen. Equations 6,14 and 6,15 effectively constitute
all the boundary conditions for a specimen of arbitrary shape and

He(r) is now obtainable from the differential equation

div ﬁe(g) = g(g). §(r = s) 6.16
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where g = H® - H and H' (s) is the field just inside the super-
. 4 €L "

conductor surface at a point s. § is the Dirac delta function,
Also: He tends to the applied external field Ho as r -+ w,
Finally Labhuseh derives an expression for the driving force per

unity length of fluxen in the non-equilibrium situation and obtains

H

e =1

£ = (q,o/lm)[f(curl H, X de) +

b 6(r = s (ls) - H(s0) ]
] !

—

6.17

where the first term is a line integral along the unit length of fluxon
under consideration and is identical with the usual expression
obtaining tn the bulk in long specimens, l.e. with D=0 (see for
example Campbell and Evetts, 1972).  The second term is for the force
on the fluxon in the surface of the specimen 1f the unit length of

the fluxon under consideration emerges from the surface at points

= s, and/or r =

i

4 g (Hr(Ei) - He(fi)ii is then the component
parallel to the surface at [ == EI

In the following section He(r) for 2 cylindrical specimen will be
‘evaluated. The treatment was done in collaboration with

Professor R, Labusch who outlined the theory.

6.3.3 Calculation of the field He(r) in a cylindrical

specimen
In accordance with the considerations of the previous section the
fluxen Ts assumed to consist of two monopole magnetic charges ¢
on the opposite planar ends of a cylindrical surface as shown in
figure 6.12a.  The problem is now (1) to find a charge distribution
function o{(r) over the surfaces of the cylinder such that the

boundary conditions required by a superconductor are satisfied and
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Figure 6.12a.

Figure 6.12b,

Co-ordinate system for the description of
the charge distribution over the surface
of o discespecimen (radius R, thickness d)
when a fluxon Is situated at r = r..
Schematic diagram to illustrate the manner
In which a fluxon penctrates the rims of a
cylindrical or disc specimen,
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(i1) to specify ¢ so that the quantization condition for a fluxon
is'satisfied.  Thus:
Thus: The magnetic field due to a dipole of strength ¢d situated

at r =g is given, in cylindrical co-ordinates (see figure 6.12a), by

Hiz,r) = -ol(r = rpl® # (- 2H7F - (| - ¢

£ -2 e A7 6

The superconducting boundary condition requires that just outside the
superconductor the field component, normal to the surface, due to the
dipole .hould be zero everywhere except at r =P (i.e.

Hz(z =g and z=d+g, 0 gr gR, r #=rF) = 0 and

Hr(r =R+eg, 0g2zgd)==0ase+0). The surface charge distribu=~
tion o required to satisfy the boundary condition will usually be
greater than zero everywhere except at the equator of the cylinder
(i.e. z = d/2, r =R), However in the limits R/d + 0 and R/d -+ «

the charges over the curved syrface (r = R) will tend to zero. For
intermediate R/d it is assumed that these charges will make only a
relatively small contribution to the total surface charge, and may
therefore be neglected (but see later), Thus introducing equal and
opposite surface charge distributions c(l»;1 - EF[’ z = 0) and

c:(|_r;1 = Lgl» z = d) into equation 6.18 and evaluating only for

Hz(~e, r) glves

Hz('eg I‘) F 21[“)['Y("’€; IE - ":Fl) - Y(d o !£ - iFl>

R
+ ‘/r allry = rel) v(es | - _t:]l)cizr1
0
R
- /0'(|‘:1"£F|)Y(d+ea, ]g*c]l)dzrl] 6.19
Q

where v (z, r) w=(z/2w)(zz A+ rz)”3/2 and the integration is to ba taken
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over the planar surface of the cylinder. Now in the limit
g+ 0, v(g, r) = 6(r) - the Dirac delta function, and therefore fror

equation 6.19

[H, (-e, )] o a6 ([r = rol) - v(dy |r - ) 620

The boundary conditions can now be satisfied by choosiﬁg

R
o(lr = rel) =vid, Jr - rel) « f oy = rp ) vl Ir - ryl)e?r,
o}
6.21
since equation 6.20 now gives
[Hz(ﬂe, r)] = 2m¢ §(|r - rel) 6.22

g0
= ) for r o g

as required.

The quantization condition for the fluxon requires that for
R

’

g 01 j[ Hz(*s, r)dzr = 2 m}¢o 6,23
0

and therefore

o= g/ 2w : 6.24

Substituting for ¢ and replacing -e by z in equation 6.19 glves

R
;
UG o) = =G/ [ovlny = el It e =D
o
+ y(d =z, |1~ 51])]d2r1 6.25

where 1t is easily shown that

Ve = el = 2fallr = cpl) + 8(r = re)] 6.26

g

U,




The thermodynamic field He(z, rF) can now be formulated in terms of

Hzlz, r) by turning on a longitudinal applied field H0 and determining

the magnetostatic energy contribution of the fluxon (Em(rF)) which

is given by

E(rp) = = (H /) /[Bz(z, ry rp) - H (2, r, rp)]dBr 6.27

all space
Outside the superconductor B = H and Em e ), fnside the supercon~

d
ductor Bzdr3 =y jrdz (from the quantization condition) and
6!

H, 1s given by equation 6.25. Substituting for B and H into

equation 6.27 gives

d d R R
E(re) = = (Hgpg/im) [ e+ 4 [ [ vt = et o= )
o] 000
+y(d =z, |r - g1|)]d2r1.d2r dz] 6.28a

which may be sipplified (sec appendix Al(g) as follows:

d R
B (r) = = (H g /) ‘/[ [1+ 4 J/‘ o lr ) vz, |o - r])

+y(d =z, o=y Dd%r, Jd2] 6.28b

and therefore from cquation 6.26
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R
() =2 [ lolle = et v ollr - £ e
(o]
' CORR
= 2[1 J[ d, |r - r'[)d% 4 J(y” e =)
(dy [r' = r"Dd?rraZeme oL L]
R
=2 4 «/~ o (r') yld, fr - r'|)d2r' 6.29
° d
now Em(r) w*-(¢o/hu) J[ He(r1,z) by definition

)
ant from equation 6.28b the reduced thermodynamic field is therefore

deinied by

He(z, r)'mxHow(z, r) 6.30

where R

¥z, r) =1+ ﬁ\u/ bor [y (2, 1 = oy 1)+ v(d = 2, |5 = 1]
o

6.3
In the following scction values for the functions ¥(0, r) = v(d, r)

d
¥(d/2, r) and (1/d) . J/‘ ¥(z, r)dz will be required,
)
These are gliven by

Y(0, r) ==y(d, r) =21 + } J/ﬁ wo(rl)[S(lf - §1|) + y(d, |r - 51])]d2r

1
R
ek (r)/2 + / Vo ) y(d, |r = r1|)d2r3
and from equation 6,29 therefore
¥(0, r) etk (r)/2 4 (1) = 2)/2
=y (1) 6.32
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R
y(d/2, r) =1 + f tpo(r]) y(d/2, |r = g]l)dzr 6.33
0

and
d

R
‘% J/— Y(z, r)dz =1+ (1/27) ‘//’wo(rl)[(rco + |- £1|)~1
o

O
N TN TS 6.34

where re0 is some cut=off radius which must be suitably chosen (see
later). Wo(r) in equation 6.29 has been evaluated numerically as a
function of r/R in steps of 0.1 for various values of R/d (see
appendix AB) and then substituted into equations 6.32, 6.33 and 6,34,
These latter expressions were then evalu&ted by further machine

calculat'ons, The final results for ¥(d, r), ¥(d/2, r) and

d
% }[ Y(z, r)dz are shown as a function of r/R for the various

o
values of R/d in figure 6.13, The cut~off radius reo 10 equation

6.34 was kept constant for all values of R/d and was chosen so that

d
the value of %-ﬁjf ¥(z, r)dz would be midway between the values of
o :

¥(d, r) and ¥(d/2, r) for a disc with R/d = 6.25 as shown in figure
6.13.  This choice (i.e. Feg™ 0.014R) Ts reasonable but arbltrary
and the results for equation 6.34 may be somewhat In error,

The other source of error, previously alluded to, Is the neglect
of the charge distribution over the curved surface of the cylinder.
The results of figure 6,13 show that the magnitude of ¥(d/2, r) is
smaller than that of ¥(d, r), particularly as r = R, so that the
magnetic field lines bulge out end must cut the cylindrical surfaces,
The model is therefore more accurately applicable to suitably

'barrelled' specimens. [In practice for cylinders the flux will

et
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Figure 6.13,

07 04 08 08 0
REDUCED RADIUS /R

The variation of the reduced thermodynamic
field ¥ on the end and the equatorial planes
of a cylinder as a function of the reduced
radial position of a fluxon for various values

of R/d. The dashed curve shows the mean value
of W(rF).




- 258 -

penetrate the sharp rims at low values of the applied field HO and
possibly even drive them completely normal at high Ho' It will be
shown later that this has a relatively small effect on the

magnetization behaviour in increasing H_ however. ]

6.3.4 Calculation of the reduced field h” =H_./H | for

cl

fluxon penetration into a cylindrical specimen

in the previous section the magnetostatic eneﬁgy component for a
fluxon (Em) was formulated and the reduced thermodynamic field
== \ e
(y He/Ho’ was evaluated.
The Gibbs free energy for an isolated fluxon (see section 6.3.2)

is given by the line integral

§G = (¢O/l+w)/(H - He)dﬁ. 6.35

¢l

where the integration is to be uaken over the length of the fluxon.
(The first term under the integral gives the line energy and the
second the magnetostatic energy.) ‘

For a superconducting cylinder in a longitudinal field, increas-
ing from zero, fluxon penctration will begin at the sharp rims
(indicated by points D and F In figure 6.12b ~ H, along z) and
proceed until eventually the leading fluxon which penetrated at D,
emerges from the cylinder at some point A and at point C and the

leading fluxon which penetrated at F emerges at E and C.

(Providing these fluxon segments are not strongly curved, which is most

unlikely, it may be assumed without significant loss of accuracy, in
the following analysis, that the segments are straight and lie along
AC and EC as shown in figure 6.12b). The two segments of fluxon may
now join at C and the fluxon along ACE will collapse dissipatively to

lie along ABE ard then, since He is a decreasing function of r, move

towards r = 0, The field at which this occurs will be defined as H:1.
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For a fluxon segment along AC the Gibbs free energy is given by

66 = (9, /hm) [H_, (d®/h + ar?)% - HO/\P(Z, r)di] 6.36a
AC

and since the line integral is path independent curl ¥ == 0) and

the radial component of ¥ on the z = d/2 plane is zero, so that

56 = (4_/hm) [H_, (24 - ar®)E - (4 /2) & ¥ ( )dz]  6.36b
86 = (¢ /hr) (H r o d/ z, r )dz .

where Ar =R - o The determination of the critical conditions,

viz: Ho ==H21 and Ar $=Arc, by mfnimizing 8G with respect to Ar is
problematical. However, it is reasonable to assume that a fluxen
segment penetrating the rim will do so in such a manner that 6G =0

at ail times. On this assumption HZ1 will be given by the minimum
value of Ho which satisflies this condition in equation 6,36.

Rewriting equation 6.36b in terms of the reduced field h rﬂ'=H0/HC1

gives
d

he (14 (20r/70) 20 Q,f vz, r)dz)"] 6.37

o}

.

Using the results obtained for é-/;dz in the previous section (sce
figure 6.13), h has been determi;ed as a function of ry for the various
values of R/d and is plotted against rO/R in figure 6.14 which shows
definite minima from which h*(R/d) and IArc/RIR/d can easily be
measured.  These values are given in table 6.2, Included in the
table is the prediction for the enclosed spheroid, viz: hY = (1 - De)
(see section 6.3.1) and also (1 - Dm). lt is apparent from the table
that the present .odel predicts a considerable delay in initial fluxon
penetration compared with the prediction for the enclosed spheroid (or,

in particular, with the predicted equilibrium behaviour). Detailed

comparison with experiment will be given in section 6.4,
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|
0.2 04 06 0-8 10
ro /R
A plot of the reduced field of initial
penetration of fluxons into the bulk of
a cylindrical specimen versus the reduced
radius of penetration for a flux spot on
the planar end~surface of the specimen
(see figure 6.12b) for the various values
of R/d for which numerical calculaticns
were made.  The figure shows minima in
h(ro) which are expecter to be the critical

h(r ).
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6.3.5 Magnetization behaviour of a type || superconducting

cylinder in a longitudinal applied field

In this section a model for the salient physical processes involved

in the overall magnetization behaviour of an ideal superconducting

cylinder in a longitudinal applied field will be proposed. A - !

rigorous analysis of the model will not be attempted her> but a few of ;
the more important predictions will be considered. '
Thus: In the previous section it was found that initial fluxon
penetration into the cylinder is delayed to an externally applied field
which is in excess of that for which a fluxon is energetically favoured %

in the bulk of the cylinder. The first fluxons to overcome this

effective barrier are able to reduce their Gibbs energy by moving

towards the middle of the cylinder. (In real specimens fluxon pinning
mechanisms will, to some extent, prevent this. This will be discussed
in section 6.4.)

A consideration of the results of the previous sections leads to
the proposal that in the initial stages of fluxon penetrution the
fluxons form a 'pool', centered on the cylindrical ax!s of the specimen,
of radius p < R. The existence and stability of such a pool requires
(1) that the spatial gra ient of the interaction energy between any
fluxon and all the other fluxons in the pool is equal and opposite to
the gradient of its magnetostatic cnergv and (i) that there is a long~-
range back-stress, due to the fluxons in the pool acting at the
perimeter (r = R) of the cylinder, which prevents the instantaneous
growth of the pool to p == R at HO N:Hz]. The Gibbs free energy for

the fluxons in the pool is gliven by
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P
+ d me(n(r))dzr 6.38
o
where n{r) is the local flux llne density, n(g1 - [2) is the long

range surface interaction energy between two fluxons at £ and Ly
respectively (resulting in accordance with the model of section 6.3.3
from the surface magnetic charge distribution, or In accordance with
Pear! (see section 6.1), from the long ranges (r_z) currents associated
with a fluxon at the superconducting-vacuum interface) and w(n(r)) is
the usual short-range Interaction between fluxons in the bulk of the
specimen.

The terms In HG1 and HO are respectively the line energy and the
magnetostatic energy of the fluxons.

wllry * r,]) ts given (see for example de Gennes, 1966) for low

fluxon densities by
{ . 2 2 i
wliry = rol) = (g )™ (2/2%) K (fry - lzl/k)
, [RY: 2 . . 3 -
Q‘(¢o/'") 2/ ).[NA/(L{1 - izl)] exp("lr1 ral/k)
6.39
where z = 6 is the number of nearest fluxon neighbours and K0 is the
zero-order modit.ed Bessel function, From the considerations of

sections 6.3.2 and 6.3,3 the long range Interaction energy between two

fluxons at ¥ and Iy Is given by

>

d
n(lr1 - le) m:(¢o/hv) jf Hz(z, lr1 - le)dz .40
0

ey At}
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4

where Hz(z, IE] - gzl) is given by equation 6,19 and is the field
resulting from the surface charge distribution of a fluxon at I
acting at a point £, {or vica versa).

‘ It seems réasonable, but difficult to Justify, that n(r) should
be independent of r for r < p. Making this assumption allows the

Gibbs free energy (equation 6.38) to be evaluated and minimized with

respect to p at constant
2 > 2 Y,
B(r g p) = ((bo/n'p ) / hir)d®r == Nqao/n'p/’
(o]

(where N is the total number of fluxons in the pool) and at constant
Ho to determine the equilibrium p(B, Ho) behaviour,  This will however
be done only for the limit p » R where the required numerical
integrations are available from section 6.3.3 (see later), Qualita-
tively the behaviour of p(B, HO) can be ascertained by consideration
of equation 6.38. Thus for constant N a decrease in Hy will cause

the magnetostatic encrgy term, which is negative, to decrease in
absolute magnitude relative to the positive 'nteraction terms so

that the pool radlius p will Increase. Eventually p will become equal
to R and, {f edge effects are neglected (see later), fluxons wili begin
to leave the specimen. I f H0 is now increased p will become less than
Ragain and will decrease in equilibrium with HO at constant N until
eventually the back stress,due to the long range repulsive force of

the fluxons in the pool acting at the perimeter r = R,is insufficient
to prevent the penetration of more fluxons,  Further increase In Ho
therefore causes p to increase untll at some Ho L:=HR; p = R, For

ch 2 Ho 5 HR fluxons should move reversibly in and out of the specimen
and N should therefore be in thermodynamic equilibrium with Ho.

Now on the assumption that n{r) Is indeed indepondent of r the
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long range surface interaction term in equation 6.38 Is given, on

substitution for n from equation 6.40 by

dpp R
2 rrr
Ug = (g N°/8r) Jf pUry = D vt Jr- D) wvld =z 5= rgl]
0000 :
dzr]dzrzdzrdz 6.41a

Putting p == R and using the result of appendix Al(g) gives

d RR
R 2 - , .
Up = (%N /81T)fff H‘l’o(ﬁﬂﬂ’(:’ e - fl‘) +y(d =z, {r- l}“”
0 0o
d&r1d2rdz -
which may be reduced using equation 6.32 to give

R d
U? = (¢0N2/8n) jf [/ p(z, r) - 1] dz dr ]
0

O

= {9 N2/8)mRE[4 (R) = 1] A.41b

where
R d
V 2 o . R
5 (R) = (1/4R%) j [g‘ Jf (¥ (2, r)dz))d"r 6,42

o) 0

[z (R) has been numerically evaluated from tha results of section 6.3.3

d
s
(for %- j ¥(z, r)dz at the various values of R/d) and is included (a

o
table 6.2.]

it will now ke assumed that for pe R, R may be replaced by p
In equation 6.41b ane 6.42 without signiflcant error,  Substltuting
for U$ from equation 6.41b into equation 6.38 for the Gibbs free

energy of the pool glves

(6] n “;(dpz/“)[B<Hc1 = Hyup)) + (52/2) (5 (p) = 1) + a(®)]  6.43
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where B = N¢o/nR2 is the average induction in the specimen (assumed

uniform) and o«(B) is related to w(n(r)) and is the contribution from

the short range forces. Minimizing with respect to B at constant HO

and with p == R gives
[ =] - \ - M l
[BG/BB]HO’ o =g 0= Ho = HE(R) + B(E(R) = 1) +0a(B)/0B 6.4k
and therefore the value of B8 In equilibrium with H0 is given by
B[H,] = (Hz(R) = H_ , - 2a(B)/38)/(5(R) - 1) 6.45
and also

dB[H_]/aH,_ = (z(R) = 2%a(B)/0%6.dB[H_]/dH )/ (5 (R) - 1)

w g (R)/ (5 (R) = 1 + 9%a(8)/0%B) 6.46

These predictions will now be compared with the equilibrium predictions

for a spheroidal specimen with a demagnetizing coefficient D, It will

be convenient and sufficient (sce later) to make this comparison for
a poul with p == R in the limit B0 (from above) where «(B), 3a/3B and

2

aza/aa' also tend to zaro., In this limit.from equation 6.45,

HO[B + 0] =+ Hey /5 (R) 6.47
and from equation 6.46

' s p . - I
[aB[H, ]} /dH,] v (R)/ (g (R) = 1) ‘ 6.48
B 0
For a spheroldal specimen (see section 6.3.1) Hy (B - 0.from

3 )
above)/H o = h" = (1 = D) and [dB[H_]/d4_] =D, It
¢l ° "B o 0. from above

is therefore obvious that a direct comparison of the predictions for
the cylindirlcal and spheroidal cases can be made from a plot of
g(RY/(g(R) = 1) versus D fo specimens of varfous axial ratios.

This has been done In flgure 6.15 where D L:Dm has been used (ses

fater),
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Figure 6.15,

A comparison of the predictions of the
present model for the equilibrium
behaviour in cylindrical specimens with
the prediction for a spheroidal specimen
with demagnetizing factor Dy = In the
imtt B = 0 from above (points),
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In the limits D » 0 and D =+ 1 agreement between the two

predictions is exact, However, for intermediate D there is a maximum

discrepancy of about 20 per cent which does not necessarily imply
that the model is inaccurate since it is easily demonstrated that for

HO decreasing in the range 0 < HO < ch the model predicts

c2 "
J[ MdH0 m’~H2/BW. The field HRwat which p = R and the magnetization

o]

Jjust becomes reversible in increasing HO, may be determined from the

following considerations,  Thus for p £ R the Gihbs free energy of the

fluxons in the pool (equation 6.43) must be zero. Also for p to be

stable the magnetastatic energy due only to the induced surface charges

(which drive the fluxons into the cylinder}, i.e. BHO(Q(R) - 1), must
exactly compensate for the repulsive interaction terms, thus:

BHR[C(P) - 1] = (82/2)[€(o) - 1] )
p R | p >R

which on substitution into equation 6.43 for 3 and cquating to zero

gives

(6] = 0= B(H

=~ Hon (R)) + BH. (z(R) - 1)
o >R R R

[

and therefore
He = H,, 6.50

Finally an approximate prediction can be made for dHO/dB
(H0 2 HZ]’ Hp increasing) when p << R if it is assumed that the 'back
stress' on tho penctrating fluxons dun to the fluxons already in the
pool can be calcuiated for thls slcatlon by taking the limit p + 0,
lie. by assuming all the fluxors In the pool to be at r = 0, In this

approximation, from equation 6.36b and 6.40, the Gibbs free encrgy for

a penetrating fluxon is given by

g
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d
56 & (p_e/bm) [H_ (1 + (2ar/)H)F - L / ¥ (z, r_)dz
o]
d
e 8/2) L [0 - 0 ) [y(d, 1) +yld - 2, 1)]dPrdz] 6.5
d J o Yi\d, Y ’ - .

o

In the critical condition 6G =0 and [Ar =R - r ] =~ [Ar]== R - r‘]
o] o c'’

where rl > Ar, in the limit B + 0 (see section 6.3.3), and

dB/dHO is given by

d d R
. I8 ‘ '
[dB/dHOJ . :x[ %- ] y(z, rl)dz]/[%a- ]f‘/f wO(O - rl)[y(d, r)
Ho%Hc1 o o o

+ y(d - z, r)]dzrdz] 6.52

The evaluation of this expression requires additional numerical
calculation which will not be done here.

6.4 Discussion and comparison with experiment

Summa. . ing the results thus far: - predictions have been made for

*
the reduced field h of initial penetration of fluxons into a cylindrical

specimen and a model has been proposed for the non-equilibrium
behaviour which occurs in increasing applied field in the range

H 1 s Ho el

£ H .. This model also predicts that in decreasing HO the
specimen induction B(Ho) will be in thermodynamic equilibrium.

in order to compare the predicted results for h* 5=H21/HC] with
experiment it is necessary first to obtain Hc1 (i.e. the field of
initial penetration in an infinitely long specimen)‘HC1 can be obtained
approx, ;tely from the results of chapter 5 but it was found that a
more accurate result could be obtained from the results for the two

series of <111> discs (see figures 6.4 and 6.5), in a self consistent

manner, if the shearing process described in section 6.3.1. (and see
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ofe
figure 6.11) is used in reverse (i.e. each point on the magnetiza-
tion curves of figures 6.4 and 6.5 is moved a distance |4wMD| along
the positive Ho direction). To demonstrate this it will be necessary

to digress for a while.  Thus: the magnetization behaviour for

Al
v

H < H.,,
o ct

HO increasing, when the specimen is fully in the Meissner
state (apart from the regions near the shar: rims) must be in thermo-
dynamic equilibrium. For'ch P Ho 2 Hc1’ with Ho increasing or
decreasing, equilibrium behaviour is also predicted and apparently
obtains in the experimental results (see figures 6.4 and 6.5b which
show approximately reversible behaviour for Hop > H 2 1Koe (T = 4K)).
The reverse shearing process on the various magnetization results of
figures 6.4 and 6.5 (taking the average values, in each case, of LmM

in the regime ch > H0 > 1 Koe) should therefore produce a single

curve (corresponding to that for a specimen with D = 0) in the field

K
2

regimes H0 < Hcl (HO increasing from zero} and HC2 > H0 > 1 Koe if
the correct demagnetization coefficient {i.e. either De or Dm - see
section 6.1) is chosen. In agreement with the consideration that the
predicted relative distance (Arc/R) of flux penetration into the rims
of the disc specimen is small (see table 6.2 and also figure 6.16)

such a single curve was obtained when Dm was used, In figure 6.17 the
results obtained from figures 6.4 and 6.5 for the slope - bndM/dHo in
the Meissner regime are compared with the prediction of equation 6.7
when either Dm or De is substituted. (The use of the factor 2/3 in

the latter case is required to compunsate for the volume ratio

between the enclised ellipsold ar 2 disc.)  The results of the

*  For the specimen with the largest value of R/d (viz: 11.0) this

" . 3
shearing process causes the point M(HCT) to move to a value

M(HC] + LyMD) such that HC] 4+ LMD 3 ch.
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1 ) i ¥ Y
0.6] e mean t/R for ring specimen Rid = 3.26
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Figure 6.16.

R/d

The predicted (see figure 6.14) reduced
penetration distance as a function of R/d
showing that for most of the range of R/d
this distance is small - and o show the
mean reduced ring thicknesses for the two

ring specimens.
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Figure 6.17.

b 6 8 10 12
2/3( 1= [)e )_1

A comparison of the experimentally determined
slopes of the magnetization curves in the
Meissner regime (B = 0) with the equilibrium

predictions using D ==Dm (solid curve) and

D= De (dashed curve) respectively (see text).

The figure shows that the use of D ==Dm is the

better approximation.
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figure confirm that the use of Dm rather than De is the better
approximation. HC] is now readily obtainable, in a self consistent
manner, by an iterative process which involves (i) choosing some
value for H_, (Sbviously the value from chapuer §) and marking it

on the H_ axis of figures 6.4 and 6.5 (actually much enlarged as in

the original experimentally obtained resultsj. (ii) drawing a

series of lines through this point with slopes Dm~1 (see equation

6.10a and figure 6.5 and noting their points of intersection with the

magnetization curves in the Meissner regime and finally (iii)
moving the point on the HO axis until these points of intersection
occur at a constant value of -4wM which should (and in fact did)
have a value corresponding to the point on the HQ axis which is
therefore HC1. The final value obtained for Hc1 in this way is
given in table 6.2 and h* =:H:1/HC1 has been calculated and included
in the table.

These results are also shown as a function of d/R in figure 6.18

where the theoretical prediction (section 6.3.3) is shown by the solid

curve (which has been smoothly drawn through the calculated values
for h" from table 6.12). The agreement is apparently very good. A
remarkably simple empirical formula has also been found for hh, in

terms of R/d - in the range investigated, which is given by

b= (1 + R/d)E 6.53
The prediction of this formula is compared with the experiment, the
present theoretical treatment and the equilibrium prediction for the
enclosed ellipsoid, viz: h = (1 - De) (equation 6.8b) in figure
6.19.

A remarkable feature of the transition at h* in the MwH0 curves

for the disc-specimens (see figure 6.1 to 6.5) is that it {s very
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Figure 6.18.

A comparison of the critical reduced field of initial fluxen penetration
as a function of d/R determined from the model (solid curve) with the
experimentally determined values for the two series of <111> disc-specimens

(0 and A).
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e h* L (1eRI)
onm— 1-Ts1aY;
—— — — inscribed ellipsoid

o0 — R const.
A — d const.

s j { 1 !

0.2 04 - 0.6 0.8 1.0
(1+R/d)

Figure 6.19. The variation of the square of the reduced field
of initial penetration as determined experimentally
(0 and A) is compared with the predictions of the
model (heavy curve) as a function of (1 + R/d)-]
showing the remarkable empirical relationship
h*?
[The predictions for a spheroid (from section 6.3.1)

e= (1 4 R/d)”1 over the range of R/d investigated.

are shown by the dashed curve.]
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sharp. (It is probably a second-order ) type transition on account
of the 'back-stress' due to the fluxons in the pool.) If the model
for the prediction of h* is considered to be sufficiently accurate

the sharpness of this transition may be of use in the determination of
K3 (see equation 1.7) when Hc1 is not easily obtainable because of
fluxon pinning imperfections in the material or because of the
requirement of a long thin specimen for the direct measurement of ch.
Values for k, , k, and Ky At L,05K obtained from equations 1.5 to 1.7
on substituting experimental values for the various parameters are
given in table 6.1.

it is apparent from the results of figures 6,18 and 6.19 that
there is no consistent 'offset' between the resulis on the two
different serles of <111> discs, This implies that there are no size
effects in the range of R/d investigated.

The bulk critical field Hc (see chapter 1) canh now also be obtained
approximately from the curves of figures‘G.Q and 6.5 by the simple
expediént of (i)'smoothly extrapolating the magnetization curves from
the equilibrium behaviour in the regime Ho > Hey back to the point
=hmM “‘Hc1 on each curve so that its slope is Dm"1 at this point
(reference to figures 6.5 and 6.11 will make this clear) and (ii)

ch

measuring the area MdH = "H§/8w (equation 6.12) under the
o

resul ting curve, Values determined for Hc from some of the curves

"are included in table 6.1,

{n agreemer with the theoretical prediction that HR ﬁ*Hc1

(section 6.3.5) the magnetization curves of figures 6.4, 6.5 and 6,11

show that the onset of reversible behaviour occurs in increasing Ho at

Hcl‘ However, in contrast to the theoretical prediction,it is apparent
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from the above figures that in decreasing HO the magnetization
curves depart from equilibrium behaviour at P% re Hc1. This
behaviour 1s a consequence of the sharp rims of the disc specimens
and is aggravated by fluxon pinning due to defects in the bulk and
on the surface of the specimen. (The effect of sharp rims in
causing hysteresis in the magnetization curves of type | super-

conductors was first reported by Schoenberg (1937).)

Qualitatively this effect may be explained as follows: Consider

figure 6.2bwhich is a schematic representation of the flux distribu-
tion in the r-z plane of an ideal disc specimen for various external
field conditions as shown on the idealized M~Ho curve of figure 6.20a.
For H:1 <H < H oy Hy increasing (point 1), figure 6.20b - 1 shows
the flux to be confined to a pool (radius p - front AB) and to the
triangular areas (CEQ and ODF) in the rims where the applied external
field is strongly concentrated. With increasing Ho fluxon segments
along CO and 0D Joln at O, collapse dissipatively loosing 1ine enargy
to lie along CD, and then more dissipatively down the magnetostatic
potential gradient to Joln the pool along AB.  The pool grows, M(Ho)
moves along the M*HO curve between point 1 and 2 and eventually at
point 2 the pool touches the penetration fronts in the rims, i.e,

A~ C and B D {figure 6.20b - 2), leaving a narrow reglon which is
devoid of flux. At Ho = Hcl this region also disappears as the pool
front just touches the lateral surface of the disc at the equator
(point v). With further increase in Ho the density of the fluxons in
the pool increases reversibly and the curvature of the fluxons {coivex
outward = which 1s a consequence of the mutual repulslve Interasticn
between fluxons In the bulk of the specimen and the fact that

He(z, r) is lower in the equitorlal plane than on the planar surfaces
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Figure 6,20 A schematic diagram i1lustrating the behaviour

of the fluxon lattice pool and the penetration
reglons in the rims of a disc specimen with
increasing and decreasing applied field H0 In
the range Ho & Hc1.
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(sce section 6.3.3)) decreases until as HO - ch it tends to zero.

I f Ho {s now decreased fluxons leave the specimen reversibly again
until H0 azHCT' At this point the pool is only just in contact with
the lateral surface of the specimen at its equator. With further
decrease in Ho’ neglecting surface barrier effects, it would be
energetically favourable for the pool to remain in contact with the
surface and for fluxons to escape in equilibrium with H_. M(Ho)
would then move along the dashed curve of figure 6.20a and ﬁ(HO)

(HO decreasiug) would be slightly larger than B(H ) (HO Increasing).

Hy
The pool radius p is the former case is also larger than in the

latter and the mutual repulsion between the fluxons in the pool and

in the penetration regions in the rims is therefore also larger. The
equilibrium flux distrivution is therefore as shown In figure 6.20b - 4
(compare with figure 6.20b ~ 2 for Ho increasing). The penetration
fronts (CO1 and 002) in the rims no longer meet at the equator and

the pool front (AB) does not touch the equator either.  Fluxon escape
now requires a fluxon along AB (Figure 6.20b - 4) to jump dissipatively
and split into two segments (of lower total Gibbs energy) along CO1 and
€0, respectively, M(HO) moves along the M-H, curve from points 4 to 6
(figure 6.20a), with B(Ho) > B[HO]. At point 6 all the flux has

been expelled. (It will be apparent from the above discussion that
the presence in the specimen of regions which are devoid of flux is
assoclated with non-equiliberium M(Ho) behaviour.  For a suitably
'barrelled' specimen (see section 6.3.3) for which the calculations
for He(z, r) are strictly appropriate such deveid regions will not
oceur in decreasing H, and equilibrium M(HO) behaviour is predicted

for this case.)
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The above behaviour is well illustrated by the magnetization
curve of figure 6.6 if the small residual trapped moment resulting
from fluxon pinning is overlooked .  The dashed curve shows the result
of removing the rims by bevelling (see inset). As expected from the
above considerations the curve for the bevelled disc is closer to the
thermodynamic equilibrium behaviour. Moreover the bevelling does not
significantly affect the value of h,

In the region of non-equilibrium behaviour, i.e, for Ho £ Hc]’
the model predicts that p g R and thercfore any movemeni. in the M~HO
phase diagram between the M(Ho) branches for H  increesing and H
decreasing can only occur along lines of constant average induction

2 (”R . ~1
(B = (1/4R%) ] B(r)arrdr), l.e. dlamagnetics with lhrdM/dHo e (] = Dm) .
o
With reference to figure 6,20b, it will be apparent that along these

diamagnetics the fluxon distribution will be Intcrmediate between
that shown by the limiting case (e.g. figures 6,20b - 1 and & for Ho
increasing and dgcreasing respectively). This was confirmed
experimentally.  The concept of the formatlon of a fluxen pool in
cylindrical, or in particular, disc-specimens is well {llustrated by
the magneto~optical studies referred to in section 6.1, The results
obtained in these studies on type | superconductors are more convincing
because the flux tubes, which are macroscopic in this case, are less

easily pinned by defects and consequently their behaviour is closer to

ideal. The effect of fluxon pinning on fluxon penetration and pool

k e chango at H e - ,
*  The change in dM/dHo at Ho.m Hc](1 : Dm), HQ
in the figure), occurs because B[Hej in the lateral surface

decreasing (point A

(r = R) tends to zero at this point and the remaining pinned flux
in the specimen cannot be further reducad by decreasing H@ to zero.

T
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formation in type I} superconductors is significant even in the most
highly annealed niobium specimens investigated magneto~optically
(De Sorbo and Healy, 1964). These results show large balloon-1ike
projections of‘flux penetration into the specimen. The overall
behaviour is however consistent with the present model and considera-
tions. |

The experiments of figures 6.9 and 6.10 were conducted to
investigate the affect r# fluxon pinning on the magnetization curve
of disc-specimens. The specimen which was scratched on its lateral
“surface (r = R) (figure 6.9) shows (i) a slightly larger value for
the field of initial fluxon penetration than the predicted value
(i.e. Hil)’ (ii) diamagnetic behaviour for magnetiiation paths in
the M(HO+) and M(HO+) envelope and (iii) for H, decreasing, an
excursion by these paths out of the envelope if HO < Hc]' The
former two observations are consistent with fluxon pinning in the
lateral surface and the latter is pfobab]y a consequence of fluxon
pinning iu the bulk of the specimen and therefore of different
distributions B(r) depending on the previous magnetic history of the
specimen.

The disc specimen which was scratched on the plane surfaces
(figure 6.10) shows (i) a field H0 of initial fluxon penetration

wls

which is approximately the predicted value (i.e. H;1), (i1)
diamagnetic paths only within the expected M(HO+) and M(Ho+)
envelope for an equivalent specimen with no pinning sites and (iii)
hysteretic minor M—Ho loops outside this envelope.

This behaviour is characteristic of fluxon pinning in the bulk

of the specimen. The dashed curve in the figure is the estimated

M*HO curve (HO increasing) for the equivalent undeformed specimen and
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et g

therefore represents the M--HO locus for which fluxon penetration is
possible.
The experimental results on the ring specimens (figures 6.7 and

‘ . e
6.8) are included to confirm that h” is the same as that for a disc-

specimen of the same dimension if tche ring>thickness (t) exceeds Arc

(see section 6.3.4) as obtains for the specimen of figure 6.7 (see

i ey

figure 6.17). This is a necessary consequence of the fact that the

g s

boundary conditions for the ring in the Meissner state, with no

trapped flux threading it, must effectively be the same as for a disc

(in transverse external fields). For t < Arc fluxon penetration must

obviously begin sooner than predicted by the theory for a disc specimen.

mrgpein e

This is shown by the results of figure 6.8 where the mean ring

thickness which was not uniform is t e ArC {see Figure_6.17) so that

presuhably t < Ar_ at some point on the ring. - ‘ i
6.5 Conzlusions |
By using the method of replacing ciiculating currents by distributed
surface magnetic charges which satisfy the boundary conditions for a
cylindrical superconducting specimen the position dependent thermo-
dynamic field He(r) has been calculated for cylindrical specimens of

various axial ratios (R/d). These calculations show that the free

B R e

energy of a fluxon, parallel to the cylindrical axis of the cylinder,
is an increasing function of radial displacement from the axis. This
gives rise to non~equilibrium behaviour, in increasing applied field

.

Ho’ which is manifest by a delay in initial fluxon penetration to a
field above that expected for the enclesed spheroid and to an applied

field regime when the fluxons form a 'pool' of radius p < R in the '

cylinder. Predictions are made for the field HO u=H21 of initial |
fluxon penetration and tha field HO L':=HR (w=Hc]) at which p = R, H0
increasing, which are in excellent agreement with experiment. The
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behaviour in decreasing H0 and the effect of the cylinder rims is
also considered. If the rims are removed by bevelling the specimen
remains in thetmodynamic equilibrium in\decreasing Ho' The predicted
B[HO] behaviour in this case is not identical with the predictions

for the enclosed spueroid.

It is therefore concluded, contrary to previous and current
expectation, that the overall magnetization behaviour of cylindrical
specimens in longitudinal applied field, even with their rims bevelled
off, cannot in general be considered to correspond, even approximately,
to the behaviour predicted for the enclosed spheroid. This is of
particular relevance in current investigations on the order of the
transition Trom the Meissner to the mixed state and on the so-called
mixed-intermediate state in cylindrical-specimens in longitudinal

applied field (see section 6.1).
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CHAPTER 7

7, Fluxon Pinning in Deformed Disc-shaped Niobium Single-Crystal

Specimens

7.1 introduction

The investigation described in this chapter constitutes, In essence,
the preliminary work of this thesis which was an attempt to determine
the approximate relative importance of bulk and surface pinning
mechanisms*. Two types of experiment were envisaged, viz: (i) to
measure the pinning force density Pv in variously deformed disc-shaped
niobium specimens as a function of their axial ratios, and (ii)

to lightly deform a disc-shaped single crystal specimen by means of

a punch and die so as to create a narrow annular fegion of deformation
concentric with the disc axis and tﬁen to determine PV In this region.
In both cases measurements would be made in & transverse applied
magnetic field. In the former experiment, for discs of constant
radius R, a plot of PV versus d (the disc thickness) would indicate the
relative contribution due to the bulk and to the planar surfaces of
the specimens. tn the latter experiment the pinning forces due to a
dislocation network not in close proximity to the lateral surface

(which is parallel to the applied field - see footnote) could be

investigated,

* At the time of faception there was some suggestion and apparent

experimental evidence (see for example Schweitzer, Garber and
Bertman, 1967) that near surface effects in surfaces parallel to
the applied field were responsible for most of fluxon pinning in
low k (e.g. niobium) specimens.
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Preliminary investigation on disc-shaped specimens of niobium
however, immediately revealed the presence of the geometry effect

which was the subject of chapter 6. This development led to a

curtailment of the investigation pending an adequate understanding of

this geometry effect. Subsequently some of the objectives of this

s 8 it e Fem 2o AT 4 i 2 e et e

project were achieved and published by other authors (see for example

Das Gupta and Kramer, 1972) and it had become apparent that various

surface pinning effects could be virtually eliminated by suitable

SO

specimen preparation techniques,

This chapter will consequently be confined to the description and

approximate analysis of the 'punched' disc experiment which is not

o

particularly successful but nevertheless has some interesting and

useful features. The experiment consists basically in the measurement

inbe e

of the maghetization behaviour of a disc-shaped specimen in transverse

ot o

field Loth before aﬁd after the deformation process outlined above.
For a sufficiently narrow annular band (width Ar) of deformation the
local fluxon gradient dB/dr in the band may be taken ta be its mean
value in the band and therefore relatively easy to obtain from the
magnetization curves providing that the rest of the specimen is

relatively free of pinning sites. Consideration of the aritical state

model (see chapter 3) obviously requires that dB/dr in the deformed

o B TR e A e B

band will be determined by the 'weakest' section along its length, i.e.

the section with the lowest potential value of PV (which is proportional
to dB/dr). |

7.2 Experimcntal

7.2.1 Specimen preparation and deformation

The method of preparation of disc-shaped specimens has been described

in chapter 6. The specimens used in this investigation were bevelled
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discs (see figure 7.2a) of single crystal niobium with the cylindrical
axis along <111>, diameter 6mm and thickness 0.65mm (R/d == 4.62).

Deformation was performed with the use of an assembly which
comprised a cyfindricai stainless steel, flat-ended punch (diameter
3mm), a mating brass die (diameter 3.5mm) and a jig to hold the
punch, ‘e and specimen coaxial. The jig was designed so that the
punch could be pressed into the flat surface of the specimen in a
controllabie manner usfng the tensometer mentioned in chapter 5. The
specivens were deformed at a rate of 0.175mm per minute and the result=
ing deformation, i.e. the depth of the indentation, in the specimen to
be considered herein, was 0.065mm.

The dislocation arrangement resulting from this deférmation
procedure is fairly complex but is nevertheless predominantly con-
fined to a narrow annular region éround the punch perimeter. This was
evident in deformed specimens which were planed, by spark erosion, to
remove the indentation and mound and then subsequently chemically
polished for etch pit studies. The polishing gave rise to a very
rapid preferential disolution of the specimen, along'the punch
perimeter (r w=r0), in a band which was less than approximately 0.5mm
wide and attempts to prepare foils for the electron microscope were
not successful. Much can be inferred about the actual dislocation
type and arrangement from the results of a separate study by Ball and
Doyle (1974 - and see appendix A9) where <111> discs were placed on a
flat soft metal bed (e.g. lead) rather than over s die, and 'punched’
as described above. In essence the dislocation debris consists mainly
of a high density of screw dislocation and screw dislocation dipoles
parallel to the <111> axis of the disc. (In the present experiment,
where the magnetization behaviour of the disc specimen is measured in

transverse applied field, the fluxons are parallel to the screw
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~dislocations). Regions of dislocation tangling should also be
prevalent.

Cross section diagrams for the two specimens, i.e. as prepared
and deformed, are shown schematically in figures 7.2a and 7.2b,

7.2.2 Magnetization measurcments

Magnetization loops were obtained, for one sense of the external
field, applied parallel to the cylindrical axis of the as-quenched
(300 - h4k) disc-specimens, initially fully in the Meissner state at
various temperatures in the range UK < T < 9.3K.

7.2.3 Experimental results

Only the results on two initially identical bevelled disc-specimens,
as described in section 7.2.1, will be reported here. From the
magnetization curves for the undeformed and deformed specimens the

upper critical field Hc and the field of initial fluxon penetration

ot

2

H;1 (see chapter 6) were measured and are shown as a functions of
temperature in figure 7.1. The critical temperature, obtained from
figure 7.1 by eftrapolating Hc2<T) and Hi](T) to H, =0, is
Tc = 9,31 % 0,01K. In figures 7.2a and 7.2b magnetization loops,
normalized at Hzl and M(Hi1) for various reduced temperatures
t n=T/Tc are shown for the as-prepared undeformed and for the deformed
specimens respectively, For direct comparison the loops obtained at
t = 0.435 in cach case have been superimposed in figure 7.3a. In‘
figure 7.3b the ideal reversible magnetization curve is shown for a
specimen with zero demagnetizing coefficient at t == 0.435. This
curve has been ¢ .rived from curve (a) in figure 7.3a as explained in
chapter 6.

- The curves of figure 7.3a show the expected increase in the
magnetic hysteresis with deformation.  However, the increase is

significant only for HO < HC1 and for Ho > H01 Is too small for gccurate
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| NIOBIUM DISC <liI>
' BEVELLED (L1)
q_—> R/d = 0.46
|
a: t=0.975
b: t=0.862
c: t=0.435

20 30 40 50 60 70 8.0
Ho/Hg; ———>

NIOBIUM DISC =< {l»>
BEVELLED (L5)
DEFORMED

R/d = 0.46

a: t=0.970
b: t=0.860
¢: t= 0.435

Figure 7.2a.

Figure 7.2b.

Magnetization curves normalised to Hh1 for the
disc-specimen (figure 7.1) at reduce& temperatures

t = 0.975, 0.862 and 0.425,

As for (a) in the specimen deformed by punching (see
text) for t == 0.970, 0.860 and 0.435,
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NIOBIUM DISC «<lll>

a: LY undeformed
h: LS deforrned

} R/d = 0.46

T=4.05K

}

1.0

2.0
Ho (K oersted)

Caleulated reversible curve
(see text) T=4.08

()

-

Flgure 7.3a.

Figure 7.3b,

"y
Heq h —— Heeo
l | T e o, ~LM|
1.0 2:0 3.0

Ho (K oersted)

A direct comparison of the magnetization curves at

t « 0,435 In the disc=specimen as-~prepared (curve (a))
and deformed (curve (b)) showing the Increase of
hysteresis In the deformed specimen., For H_ ¢ H 2 the
deformed specimen shows a small peak affect.  °©

The calculated reversible curve for a very lorg specimen
fn longitudinal applied field (D..0 - see text).
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measurement. This constitutes an ineluctable disadvantage of the
pre;ent experiment since to increase the magnitude of the hysteresis
requires one or more of the following, viz: (i) an increas~ in the
strain in the déformed annulus  (this is not practical since the
specimen geometry will become significantly altered and moreover there
is a tendency for the specimen to bend at higher strains so that the
background (i.e. away from the anhular region) fluxon pinning increases),
(i1) an increase in the width of the annular deformed region (in
this case the use of the mean gradient dB/dr in the deformed annular
region will no longer give a reasonably accurate result) and (iii)
an increase in the radius of the deformed annulus (this is also not
practical since it becomes difficult to deform the specimen without
concomitant bending and also complicates analysis =~ see later)., At
higher magnetometer sensitivity it became evident (see figure 7.3a)
that the hysteresis in the undeformed specimen is almost as large as

in the deformed specimens for H0 > Hc However, with suitable

x
U.H.V. annealing of specimens before deformation It might be possible
to obtain results, albeit not very accurately, in this field regime.

7.3  Theory

The magnetization behaviour for a disc-shaped specimen of ideal
type Il superconducting materfal was discussed in some detail in
chapter 6.  For the deformed disc-specimen under ideal conditions,
l.e. with Pv non=zero and constant in a narrow annular region
concentric with disc, and zero everywhere else, and neglecting possible
surface barrier effects an exact analysis of the magnetization curves
ar' hence a prediction of Pv gcould in principle be made using the
methods of chapter 6, and In particular, equation &.17.

In practice the situation is too complex {or an exact analysis

and in any case It will become apparent that the geometry effect need
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not be explicitly considered - but sec later comments.  Only a much
simplified treatment will therefore be attempted here.  Thus for the
determination gf PV(B,T) in the deformed annular region it is
apparent from equations 6,17, Al Ac.7 that

a knowledge of the local values of B, dB/dr and dH[B]/dB is required.
dH[B]/dB is obtainable from calculated rev:rsible magnetization

curves for D=0 at variou. temperatures (sec section 7.2). B and
dR/dr can be determined approximately in various regimes of Ho from
the magnetization curves for both the deformed and undeformed disc-
specimens as follows: Consider the magnetization behaviour in a
deformed disc with the applied field Ho increasing from zero.  After
initial fluson penetration at Hy w=H:] the Fluxons move into the specimen
and pile up against the pinning sites in the deformed annular regioﬁ.
dB/dr in the region will attain a critical value (sece section 3.1) but
initially will not be non-zero throqgh the entire width of the annular
region and consequently no fluxons will penetrate to the midile (r = 0)
of the specimen, Eventually, with further Increase in Ho’ penetration
will occur at the 'weakest' point along the length of the deformed
annular region and fluxons will rapidly begin to fill the interior

(r < ro) of the specimen*. The M-Ho curve should show a discontinuous
change in slope at this point and such behaviour 1s indeed evident in
the experimental H-H  curve of figure 7.3a (curve b = point A),  With

further increase in Ho’ and thercefore in the average induction in the

* In accordance with the considerations of chapter 6 the first
fluxons to penetrate the annular region will move to the middle
of the specimen and form a pool of radius p < Uy However the
pool will expand to p L already at a relatively small value of
the average induction 8 in the specimen,
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specimen, it will be assumed that the fluxons are able to redistribute
continuously so that dB/dr is non-zero only {n the deformed anulus and
since the width Ar, relative to R, and the pinning effectiveness of
the deformed annular region are small, that dB/dr may be considered to
be independent of r across the region. fhis behaviour will continue
until HO reaches Hc2' Reducing HO from HC2 will cause dB/dr to
change sign and eventually at HO = 0 there will be a residual trapped
flux in the interior (r < ro) of the specimen. The above assumptions
together with the definitions B = B(r > rg ot Ar/2) and

B, = B(r < Fy ~ Ar/2) then lead to the following results, in the

regime where dB/dr # 0 anywhere in the annular region, viz:

<dB/dr> = AB/Ar =‘(Bo - B;)/Ar 7.1

and <B> = (BO + Bi)/Z . 7.2

where the bras and ketts indicate the average values in the annulus.
The problem now is to ubtain Bo and Bi in terms of the average measured
inductions BU(HO) and Bd(Ho), on either the increasing or decreasing
branch of the M-H0 curves, for the undeformed and deformed specimens

respectively, For the deformed specimens

_ R
B, = (1/a8) Oj B(r)d%R

#
—
<o
-3
[o I N

+ BO(R2 - rz)]/R2

=B~ (B, - B,)/p 7.3

o

where p m=rO/R. For the undefoirmed specimen when H0 2 HC] (see
chapter 6) éu rz=B[HO] ie. éu is uniform over the specimen and is
equal to the thermodynamic equilibrium value. It Is reasonable to
assume that Bo for the deformed specimen, in this field regime,

where the magnetic hysteresis is small (see figure 7.3), will tend to
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to the equilibrium value B[HO] since it is apparent that

(BO - Bi)/BO << 1 and in any event variations in Bi only contribute
approximately p~2 (i.e. 0.25 in the present case) times as effectively
as BO to the erral] magnetization behaviour. it will therefore be

assumed for large éu (H » HC1) that

* Yo
BO(HO)== BU(HO) 7.4
Substituting for BO into equation 7.3 gives

= - 2
(B, = B.) =aB=[B (H) ~ B (H)]p 7.5

The average values for dB/dr and B in the annular region from equations

7.1 and 7.2 respectiveiy may now be expressed in terms of ﬁu and éD

for HO either increasing or decreasing. Thus:

<dB/dr> = (B (H ) - B, (H_))e2/ar 7.6

and

8> =B (H) - (B (W) - (B (H) - By(H /2 7.7
These éxpressions are strictly valid (neglecting the geometry and
possible surface barrier effects) only in the limit AB » 0 and/or
Ar » 0.  They should nevertheless be a reasonable approximation in
the regime Ho 2 Hc] where [éu - Ed] is small and consequently not
accurately obt.inable from experiment.  For [Eu - éd] larger and
measurable the use of these expressions to determine PV in the
deformed annulus is not expected to give better than an order of
magnitude estimate but is nevertheless expected to give the
functional dependences of PV on B and T with ressonable accuracy.
When applied to actual specimens the above treatment is also expected
to be more accurate, at low §, for HO increasing rather than for Ho
decreasing since in the former case the tendency for fluxons to move to

the middle of the specimen (see chapter 6) will partly overcome the
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small background pinning due to centres not in the annulus and in the
latter case this tendency will assist thesg pinning sites. It has
been estimated from the results of chapter 6 that in the region of
the deformation the bulk driving force due to the tendency for fluxons

3 dynes cmmz

to move to the middle of the specimen is of the order 10
in the low éd regime at T 4K,  This will later be seen to be

nearly two orders of magnitude smaller than the value of Pv determined
for the deformed annular region at approximately the same temperature.
This justifies the neglect, in the above treatment, of the geometry
effect. Since, however the forces due to the geometry effect

operate over entire disc their overall effect outside the annular

region is appreciable.

7.4 Determination of the bulk pinning force density Pv(b,t)

The determination of Pv(b) fo: e deformed annular region will
be confined to t = T/T_ = 0.435. .éu(Ho) and éd(Ho), H, increasing,
have therefcre been measured from the M—HO curves of figure 7.3é and
AB and «D> have been calculated from these results using the analysis
of the previous section, In figure 7 4 AB is shown as a function of
<B>.  The maximum in AB(<B>) at <B> == 160 gauss corresponds with
point A on curve (b) of figure 7.3a and clearly demonstrates the onset
of fluxon penetration through the deformed annular region. For
<B><160 gauss, Ho increasing, therefore Bi = 0 and figure 7.4 shows
that AB « <B> as expected from equations 7.1 and 7.2  However,
disregarding inaccuracies, in the magnitude of AB and <B>, which are
now obviously significant in this regime, it will be apparent that
since the fluxon penetration front does not extend through the entire
width Ar of the deformed annular region equations 7.1 and 7.6 are no

longer even approximately valid. Ar in these equations should now
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Figure 7.4. The variation with the induction.,in the deformed
region.of the difference in the induction across
the deformed annular region, as determined from
the magnetization curves for the deformed and
undeformed disc~specimens at t = 0,435 and the
equilibrium dH{B)/dB as dctermined from the
magnetization curve of figure 7.3b.  The behaviour
for B(ro) < 160 gauss is explained in the text.
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be replaced by the actual field dependent distance over which B is
non-zero in the annular region. The calculation of this distance is
problematical and for the present purposes it will be sufficient to
assume that equation 7.6 will have a limited validity if AB(<B>) is
taken to be the dashed (sce figure‘7.4) extrapolation of the
behaviour at high <B> into this low <B> regime. Also shown in
figure 7.4 is a plot of dH[B]/dB versus <B> as obtained from the
reversible curve, for a specimen with D = 0, shown in figure 7.3b.
Using the results of figure 7.4 and equation 7.6 for <dB/dr>, with
Ar = 0.5mm (see section 7.2.1), P, has been determined as a function
of b ==<B>/BC2 from equation Ae8 and is plotted against b in
figure 7.5 (from figure 7.1 : Bcz(t = 0.435) = 3250 gauss)

The dependence of Pv on t has been determined for b'ﬁ=o,1, In
figure 7.6 values for -huM (H0 increasing) at b = 0.1 from the M~Ho
curves for the deiormed and undeformed specimens, are shown as a
function of temperature. AB(T) as deternined from these results is
also shown in the figure. Now dH[B]/dB for b = 0.1 is almost
invariant with temperature and Pv(t) has therefore been calculated
using the value of this parameter from figure 7.4. In figure 7.7
log Pv(t) is shown as a function of log Bcz(t). This plot is
characterised by two linear sections with the change in slope occurring
at t == 0,883 (Bc2 == 520 gauss. <B> == 52 gauss). For t < 0.883 :

Pv(t) w Biég(t) and for 0.863 < t < 1 : Pv(t) = B, “S(t).

2

7.5 Discussion and Conclusion

The result obtained for Pv(b, t <.0.885) in the deformed
annular region is apparently consistent with the multiple dislocation
site dilute-limit model which was formulated in chapter 5.  Thus

according to the mode) Pv(t) o Bzz(t)wz(t)/m?(t)‘which, for t not
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Figure 7.5, The calculated variation in the bulk pinning
force density with reduced induction at
t = 0.435 in the deformed annular reglon. The

maximum in Pv occurs at b =~ 0.18,
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A log-log plot of the bulk pinning force density at
b(ro) = 0,1 In the deformed annular region versus
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close to 1, varies apﬁroximate]y as Bgéz(t) in approximate agreement
with the present findings for t < 0.885., The Pv(b) behaviour obtained
here (see figure 7.5) is very similar in {ts limited range, i.e.

¢ <b < 0.3, to the result obtained by Coote (1970 - and see also,
Campbell and Evetts 1972) which for b > 0.4 was shown in chapter 5 to
be consistent with the dilute~limit multiple dislocation site model.

in particular the value of b for which Pv(b) is a maximum was found

by Coote to be b = 0.22 which compares reasonably with b~ 0.18 in

the present investigation.

-3

The transition, in increasing t, from Pvaiz to P‘/,(a=B1"’3

c2
at te 0.89 is remarkably sharp (see figure 7.7) and is therefore

not readily accounted for by any of the mechanisms mentioned in

sectian 5.
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APPENDIX 1 (a)

The Ginzburg~Landau expression for the free energy

The Ginzburg-Landau exprescion for the free energy per unit volume in

the superconducting state is given (Ginzburg and Landau, 1950) by

als

2 B gk, 1 A2 2
stFn.f.a‘\y( +—2- (‘}‘( +;—r;-;':‘; [(""”‘IV "E’E“')‘{’l i h /81\' at

where Fn is the free energy in the norral state, o and 8 are constants
of the superconducting material, ¥ Is the order parameter or wave
function which must be suitably defined, e* and m* re the effective
charge and mass respectively for the Cooper pairs, A is the vector
potential (h == curl A} and h is the local field.

j.(Fs~Fn)dv
specimen

Minimization by variational calculation of the integra)

with respect to local variations in ¥ or in A gives the two so-called

Ginzburg-Landau equations and the following results are obtained from

these equations and a?

}?QIZ = ~q/f a2
Wastn = of/28 a3

52 w2 hz/Zm*a ak

and Ao [Bm*c2/16we*2a]% a5

where £ 1Is related to the Pippard coherence tength and A Is identical
with the London penetration Jength (Al) if o/ In equatlon a5 is
replaced by the numoer of superconducting electrons ng per unit volume,
[A particular normalization for the order parameter |W|2 =0 /Mroral ]

The so-called Ginzburg-landau parameter is defined as

K == \/E ab
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APPENDIX 1(b)

The relationship between the stress tensor in cartesjan and

cylindrical co-ordinates

In cartesian co-ordinates: The stresses, in terms of a stress
function ¢ which is invarient along the z axis, are given (see for
example Jaeger, 1956) by

2 2 A 2
Oy 250/8y", o = 3"¢/3x

= e 2 )
vy and oxy 3 ¢/ axdy.

In cylindrical o-ordinates: The stresses, again in terms of the

stress function ¢, are given by

. 1 (524/502
o . =7(39/3r) + r?_(a $/29%)
a2 2
Tgg = 8 b/3r
and o _, =71 __ = -1—-(34,/30) - l(azqs/arae) S (la¢/ae)

The relationship batween the stresses In cartesian and cylindrical

co-ordinates, with r in the x-y plane and ¢ = 0 along the x axis, are

given by the following simple geometrical identities:

= 2 :Z [+
oxx T8 cos f + Oy sin™o + ere sinf . cosd

0 4+ 0a coszo - ZTr sind cosd

[See] 2
o] ¢ sin 0

Yy Do re

o , . 2
and cxy er cosl sind Gy cos0 sind  + Teo sin®o.
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' APP” iX  1{c) d

The second~order elastic interaction between the fluxon lattice

and a perpendicular screw dislocation

The effactive second-order interaction force for fluxon col)inear with "
the z direction in cartesian co-ordinates is given according to

equation 3.3.6 by X

3 [Tz, 00

2
§¢,, (0) |y _|“dxdydz o1

’m

- : a (0) & 4
B8 =(Y2 H_, (6] /i, (1) (2} (L 5+ ]

Q2
o>

2

2 .
A (f’gxz + nxy

For a screw dislocation, along the x direction at vy é=yo and z == 0 in
an lsotropic crystal, the displacements u, v and w (collinear with the

X, Y, and z axis respectively) are glven by
o-} .
u= (b /2n)tan [{y - yo)/zl
v ==
W =2

where bo iy the Burgers vector. The non-vanishing components of the

resulting stress arc given by

et e s s 2 e

Ny u(av/ox + dufay) = (ub /2m)z/[ly - yc)2 + 22] c2

and

Mg = 1(Bw/ax + du/dz) = =(ub /2n) {y = v )/ [(y = yc)z + zzj ¢3

where p :=th Is the shear modulus.

Substituting for Moyt Mg und |¢oi2 from equation ¢2, ¢3 and 3.9

respectively into equation ¢l gives the pinning force per unit length

of dislocation as
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+a0/2+m +oo . -1
B{ﬁ =£“A[a/ayc} /f/ [zz +(y - yo)?‘] [ - 1/3(cos{2n(x + y/v3)}
WL
+ cos{Zn(Zy//B)/ao} + cos{27r(x - y)/B)/ao}]dxdydz] cﬁ

max

where

A= (c,, b0/21r)2[/2}'lcz(t)/K1(t).Hc(O)]aCM(O)(T - b)/a_

Integrating:

402 o0 _ )

L —'=A[8 ] [ [22+ (‘"' )2] ! X -iqsin{br( X + y/¥3)/a }
P 7Y J LA A G Y )
' ‘ +ao/2

] :
- ?~cos{§£&2y//?)}— Eg sih1?"{x - y//3)}dedz]
o n : max
—ao/z
+7 e .
- P VIR - costZiy sy
Alazay, j/ [z Y-y, [a (1 3 cos{ao(Zy/»B)}]dydz] -
00
T 1 2
= Aa, [a/3y, f [n/{y - y [ - 3 cos{=% 2y//3}]dy]
- o max
Now putting
o “=Qw/ao/3 and (y - yo) =Y, so that dy ==dy1 gives
oo
) 1
By ==Aao[a/ayo J[ (w/y])[l - §'C05{a(yl + yo)}]dy1]
-00 max
+7~ : . ~ cos(ay1)
w,AaO[a/ayo(nJ dy, /vy - 3 cos (ay,) f y—]—- dy,
1. co sin(-my1) ]
3sin(ay,) e dy, ]
max

e
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i
-na_[8/8y,G sinlay )] ] .

-A (4 (3/3) for y_ =a_/3/4

Substituting for A from equation c¢5 with

o x=<1/3/3)[cugbo}2[/g Hop (6, (E)H_(0)]6C,, (0) x

or

)
pm

- b) bt :
(1 - b) b%.(B_,/¢9,)"

(t, b) « [820%(t) 7k, ()], b2(1 - b)

cha

cbb
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APPENDIX 1(d)

PR

The elastic properties of the fluxon lattice

The mutual interactions between the discrete fluxons in a hexagonal
lattice gives rise to an elastic behaviour which is isotropic in the :
basal plane. In the equations which are given below anisotropy in

Ky and Ky for the superconducting matrix are ignbred.

Early calculations on the elastic constants of the fluxon lattice
were made by Silcox and Rollins (1963) and Friedel, de Gennes and
Matricon (1963). More recently Labusch (1968, 1969a) has derived all ?
the elastic constants in terms of parameters which can be experi- ﬁ
mentally obtained from the reversible magnetization curve (M = HO) for
a very long specimen in longitudinal applied field Ho'

The non vanishing compcnent of the elastic moduli CU are 011, C

12
Chh and 066 W|tﬁ the condition 2066 ==011 - C]Z. According to Labusch

¢,y = (1/4m)8” (aH[8]/28) + ¢, o
Cyy, = (1/74m)8 H[8] d2 ;
s
2,.2 2 ,
Crp = (1/8“)'[51(3 H[B]]/ael)da1 d3a
(o]

for b ==B/Bc2 2z 0 and

The expressiun for Cog (equation d3b) is usually expressed in
terms of some unspecified «k. The approximate Maki parameters
(i.e. ky and Kz) have however been substituted because of their

relatively stronger temperature dependences in low k materials
(e.g. niobium).
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Cop = (/AL (262 = 1)/[1 + (2 - D)g,]0.58(1-b)2  d3b

for bs1,

where BA = 1.14 for a triangular fluxon array and H[BJ is the value
of H in equilibrium with B (for a long specimen H[B] ==H0(B)).
Equation d3b for C66 is expected to be reasonably accurage in the
regime of b for which there is some fluxon core overlap. For
niobium this is b » 0.4 (see for example Freyhardt, 1971 and also
section 3.2.1).

The effective moduius for the fluxon lattice response to a point
like force is given (Labusch, 1968b) by

e = (1/88) [(6,,6,) 7F + (g0, H] dha
where B = 1.07.

Values for Ky and K, as functions of the reduced temperature t in
niobium are obtainable from the results of chapter 5, in table Al
values for Kys Kp H[B]/B, BH[BJ/BB and C, ., an and C66 from equation
d1, d2, d3b, and dha respectively are given for niobium at T = 4.05K

for various values of b in the range 0.4 < b < 1, 011, th and 066
are also shown as functions of b in figure Al.1. It is apparent that
C.. %< C,, and therefore equation dha for cP may be expressed

66 Ly e
more simply as

P ¥ ¥
c, = (1/8 ).(CMC%) dhb

Also since 066 (equation d3b) may be expressed approximately by
2 2,2 . 2.2 st
C66“Bc2(1 - b) /Kz and Cq“ (equation d2) by Cuq“b B, the variation

of Cz with t and b is given approximately by

c? w{Bzz(t)/Kz(t)}b.(1 - b) d5
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Figure Al.1. The experimentally determined variation of

C11, Chh’ and C66 with reduced induction in
the range 0.35 < b < 1.0.
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TABLE A.1 /
— ?
Nb 001}, T = 4.05K, B_,(4.05) = 2760 gauss, ', (4.05) = 1.81 ;
i
T he
A 048 1,40 0.49.10° 1.35.10° 2.62.10°  6.53.107° ?
450055 1.29 0.70 1.59 2.20 6.30 %
5 0.62  1.23 0.95 1.86 1.82 6.17 g
55 0.67  1.17 1.24 2.15 1.47 6.24 %
6 0.70 1.13 1.54 2.47 1.16 6.39 é
.65 0.73  1.10 1.88 2.83 0.89 6.73 §
7 0.78 1.08 2,32 3.20 0.66 7.29 ;
.75 0.80 1.05 2.73 3.60 0.46 8.15 %
.80 0.81  1.04 3.15 L, o4 0.29 9.48
.85 0.82 1.03 3.59 .50 0.16 11.89
6.9 0.83 1.02 k.06 5.01 0.07 16.72
.95 0.83  1.01 h .5k 5.49 0.02 32.02
?
%
|
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APPENDIX 1(e)

Analysis of the experimental magnetization curves for the

determination of PV(B,T)

The method which will be employed here is based on that of Fietz and
Webb (1969) and is applicable to a long cylindrical specimen in a
longitudinal applied field (HO).

It will be apparent from the considerations of chapter 6 that
the specimens of chapter 5, which for the present purposes may be
considered to be cylindrical (see Campbell and Evetts, 1972, p. 270)
with d/R == 12 where d the length and R is half the side of the square
'cross section, may be considered to behave, to good approximation,
like infinitely long specimens. The experimental results of chapter
5 on the undeformed specimens are in reasonable agreement with this
conclusion.

For a specimen with reversible magnetization behaviour therefore
(see section 6.3.1).

B[H,] = H, + th[Ho] e.1

everywhere in the bulk of the specimen.

If the magnetization is not reversible B and M will not be
uniform in the specimen. However, in the absence of barrier effects
in the surface paraliel to Ho,it is usual to assume that the value of
the induction B jfust inside the surface is in equilibrium with Ho,
i.e. E[HO] (see section 6.3.1), Since no such barrier effects were

3

detectable In the specimens of chapter 5 the analysis according to

e, A

O

it ol o e gy TN S YO .
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Fietz and Webb (loc. cit.) should be applicable here.

Thus: Using the boundary condition B s=B{HO] in the surface and
critical state model (see section 3.1) Fietz and Webb relate the
average magnetic moment M of the specimen to a critical current
JC(B[HQ]) evaluated near the surface. Thus consider a specimen,
initially in the Meissner state (B = 0), in increasing Ho' When HO
has reached some value H; such that Hc1 g H; < ch flux will have
penetrated into the specimen and B{r = R) w=B[Hg] and B{r) will be a
smoothly varying single valued function of r as shown schematically
by curve B_(r) In figure A.1.2(a). If H, is now Increased so that
H0 > ch and then decreased again to Ho ==H; the resulting
distributicn of B in the specimen will be as shown schematically by
curve B+(r) In the figure. Associated with the finite gradient

dB8/dr in the specimen in increasing and decreasing H0 are critical

currents J_{(r) and J+(r) respectively which have a parametric

1

dependence on B{H_

] in the surface.

Fietz and Webb expand J_ and J+ in a Taylor series about the
point r =R and.then integrate to obtain B_(r) and B+(r) respectively,
The average magnetization M in the specimen s then obtained from

the integral equation

R
- 2 .
l BT wmvii -
bt (H) 7 8[‘[a(r) H lrdr e.2

The final results are then expressed by

e ~

bl ol 3
(M~ M) = 2kJ R/3 + hkdJR7/51 L e.3

b (i, + M) = 2(haM[HT) = kJiR2/33+ ‘oo e.h

where k = lhy/10 and the derivatives of J are to be evaluated at

r = R, For H0 not close to Hcl so that B is not small the series

et A tpees i Anat S oA o gt e g et o ot € A T
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Flgure Al.2a.  Schematic representation of the distribution of the induction inside a long
superconducting specimen In longitudinal field,

Figure Al.2b Schematic representation of the magnetization curve for a deformed specimen
showing the method for obtaining the average induction in increasing and
decreasing applied field.
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in equations e.3 and e.k converge rapidly and the results are more
conveniencly expressed by

B, - B_= 2k _R/3 e.5

and

B, + B_ = 2B[H ] e.b

where B is the average specimen induction (in gauss) and Jc =J,
is the critical current (in amps. cm~2) corresponding to B m:B[Ho].
When B is small equation e.6 becomes inaccurate much faster than does
equation e.5 and B[Ho] is preferably obtained from the magnetization
curve for a reversible specimen. (In the present investigation the
magnetization curves for the undeformed specimens were used.)

The bulk pinning force density PV(B,T) is given (see section 3.1)
by

P,(B,T) == (1/km)B x V x H e.7

which in the present case may be expressed as
P,(B,T) = (J_.B[H ]/10).dH_[B]/dB e.8

in practical units (amps ﬁm'z énd gauss) . B[Ho] and dB/dH0 have been
determined from the magnetization curves for the undeformed [001] rod
specimen. These are shown in figures A.1.,3 and A.1.4 respectively as
functions of temperature for values of Ho and the reduced Induction

b= 8/B,, in the range 0.3 < b ¢ 0.95 respectively. J (8,T) was then
obtained from the magnetization curves {see Figure A.1.2.(b)) using
the analysis outlined above and PV(B,T) was then finally obtalned

using equation e.8.
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APPENDIK 1 (f)

The magnetic moment of a fluxon

By definition, for a current density j(r), the magnetic moment m is

given by

nl==%€ X b/0[5 » j(r)] &

all space

For a fluxon of length d, substituting j(r) = (c/br)[v x H] gives

m = (d/bn h/z/ﬁ r x (Vv x ﬁ)]dzr

/ 0 -0
= (d/l*vr)urf [v (et REA . x (9K 1) ] rdr

==(d/hn)2nb/ [-raH/ar - H]rdr
o]
==v(d/4n)2nkjp' Id(qﬁ)r= -{d/hr) 2y r.rH _»/tﬂ'dr
=0 r=o
==*(d/hw)2nL/m rHdr and finally
(o]

= ¢,d/4m for any reasonable H(r) which is quantized,
Thic expression for m is only valid if the fluxon is collinear

with the long axis of the needle shaped specimen (length d, radius R)

in the limit d/R =+ « (and therefore D -+ 0 where D is the demagnetizing

coefficient for the specimen). For finite d/R the return paths, for

Bt rnimiser, o Yoy AR e

1 et Vo W g M e R S
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the flux outside the fiuxon, which are constrained by the boundary
conditions for the superconductor, to be out;ide of the superconductor,
are now different from the usual dipole configuration. This has the
effect of enhancing the magnetic moment., For the limit d/R~+ 0

Pearl (1965) gives m k:¢oR/hw.
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APPENDIX 1 (q)

Proof of the exact equivalence of:

R
A=f b e vz, o= ) + v -2, |1 - gll)}dzr1
O

and
R R
0,2 2
B nf ey = oD vz, = o D)+ vld = 2, fry - 1 [Jd%rd%r,

00 ’ ) *

where R
v (r') =f pllo = et d%en
o

Thus: Substituting for IR above into the expression for A and

. . . 2 . \
integrating with respect to d r over the same limits gives

=)

R R R .
r .
u/\Adzr =:d[ f ¢(]f1 B le)[Y(Z’If - fj|) + y(d - Z:‘f - f]|ﬁd2r1d2r2d2r

O 0 Q

O

which is symmetrical in thelsubscripted‘variab]es r (which can there-
for be freely interchanged) and consequently it is easily seen that
COR

R
| e ==f Bd?r
(o]

0
Now since R can have any value )
A=B
[Sincere thanks are due to Dr A.G. Every of this department for

suggesting this elegantly simple proof.]
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APPENDIX A1 (h)

An approximate calculation of the interaction force on the fluxon

Jattice as a function of the dime.sions of a spherical or cylindrical

region of uniform potential density

The final expressions of chapter 3 for the basic pinning force P due
to regions, in which either the Ginzburg-Landau parameter x or the
elastic constants Cij for the crystal are different from their values
in the surrounding matrix, are valid only if the dimensions of these
regions, normal to the fluxons, is small with respect to the range of
variation in the order parameter ]wlz. This is a consequence of the
assumption in the formulation of these expressions that, for example,
[ %;- BK[IwIZ - |w|h1d3r] could be approximated by V6w[§;[|w]2— hp[hﬂ
max max
where 8z is the difference in x between the region and the surrounding
~matrix and V is the volume of the region.

In this appendix an approximate calculation will be made to
generalize the above mentioned expressions for P to arbitrarily large
dimensions, It will be assumed in the calculation that the potential
density Q@ within the site (for a given 6k or 6Cij) is size invariant.
[However, as discussed in chapter 4 the effective minimum dimension
for a region of non-zero potential can never be less than the coherence
length g(t). The treatment given here is therefore valid only for
sites with diameters (normal to the fluxons) 2R > &(t). For

2R < g(t) the effective potential density (for a given §k or acij in the
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region) is assumed to be given by Q(Rz/hgz(t»_]

(i) Spherical sites

The co-ordinate system which will be used here is as shown in
figure 3.2. The spatial variatidn of the pinning potential density for a
spherical site of radius R situated at x =2z =0 and y =Y is chosen,
forvconVenience, to be given by the gaussian function*

g{x.y,2) =0 exp = [(x* + (y - yo)z + 25) /R hi

The spatial variation of the order parameter [wl2 for the fluxon
lattice may be taken, to fair approximation for b ==B/BC2 > 0.5, to be
given, neglecting any be dependence, by

¥{x,y)=1 - %{cos §E(x+y)¢3)+cos §£(2y/¢3)+cos §E(x~y//3)] h2
o o o

(This will also be a reasonable approximation for the spatial variation
of ‘¢|2 - iw]“, for b > 0.5 but see later.)

The interacticn energy is therefore

| = U[J[J[ g(x,y,z)¥(x,y)dxdydz h3

=00 " "k

Using the formula cos 6 r=%(e'e + e_'e) and substituting from

equations hl and h2 into equation h3 gives

o0 W

i io ig, o
| = 0 J(~/ﬁ“/.[1 - %-(e 1 + e 2 + e 3)e 4 + C.C.]]dxdydz hi

where o, =y (x +y/v3), 8, =y(2y//3), 85 =y (x = y/V3),
6 )2

“:2 "[(Xz + {y - Yo + 22)/R2 and y ==2n/ao

*  Sincere thanks are again due to Dr A.G. Every for suggesting the
use of a gaussian function therefore also the method of

integration.
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The interaction force along the y axis is therefore

w0 o

6)-3 | 2 ( AR C.C.)dxdyd
Fy=d|/dyo~(9/)—:§7; > fque e + C.C.)dxdydz

L j ==t

==(9/6)~§u h‘;’ | ] h5
dyo -ﬁg '
Now o © o
. 2
=[] (1Y Oy V8)= (P lyy V542" 2, ¢ ) oy
) e T /Y3 = (y-y ) /R
= jr(e LEAA C.C.)dx\/”(e‘Yy Y yo_ + C.C.)dy.
2,2
J[ e ° /R dz
-~ s : 2 2
and using the formulae J( e'kx - (x-b)*/2a dx '—==2(21ra)%e'kbe"ak
+o
[ ey e s o) e
and ) e dx = ¥n/r (r > 0) gives
. 2 iyy /Y3
l n*w3/2R3 e (2/3) (Ry) [e ) . C.C.]
Similarly
. 2 iy(2y /v3)
|2 ==%n3/2R3e (1/6) (Ry) [e o + C.C.]
. 2[ =iyy /V3 ‘
and l3 w=ﬂ3/2 R3 e (2/3)(RY) [e © + C.C.]

Substituting for ‘i back into equation h5 and reverting to trigono-~

metric notation gives

P (ar3) 1323, [ze‘<2/3>(fw>2 ~(1/6) (Ry) 2

v . . coslyy /V3) + e

COS(ZYVO//B)]

L4 T TETNTN
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Figure Al.5 . The maximum pinning force due to a spherical site of uniform
nen-zero pinning potential density, within a radius R, is shown as a
function of 2R/a_ (dashed). The solld line is a plot of the 'correction
factor' required for generallzing the pinning force as calculated for a
site with R << aj to arbitrary R.
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2 ; 2
Fy ==-9(2/3)w3/2R3.<zy//3>[e“2/3)<RY) sin(yy V1) + & (1761 (RY)

sin(ZYyO//B)] hé

Now for a particular value of R |Fy! will be close to its maximum

value when sin(yyo//3) ==sin(2yyo//3) and Yo ao/3/6. Thus finally

) s | @3 Ra)?  -rssiiRieg)? h
[Fy‘ = (R%/a ) e + e
max
The term in the square brackets is the required correction factor for

generalizing the pinning force P due to a vanishingly small site to

a site with radius R, This term and |F are shown as functions

|P
y 'max
- - » v ‘ i p
of (ZR/ao) on a log-log plot in figure Al.5, The curve for |Fy|max
shows a sharp maximum atﬁR/aotu 0.7 with half maximum values at
R/a =~ 0.15 and 0.63 respectively. At R/a0 == | the value of

lF has become negligible. In the region of the maximum in

iP
y Imax

|F the average slope in the curve for the correction factor term

IP
y 'max
is approximately 2 so that the correction factor in this regime is

proportional to (aO/R)2¢

(ii) Cylindrical sites

For a cylindrical site of length L and radius R which is perfectly
stralght and collinear with the z direction and is centred at x == 0 and

Y = v, the pinning potential is given (see also equation h1) by

a(x,y,z) == Q exp - (x% + (y = yb)z/R2 h8

and Tt is easily shown that the maximum force along the y direction Is

now given (see squation h7) by

IF 1%« (L/R)|Fy]p h9

ylmax max

AR i Y Y .
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Thus finally the basic pinning force for spherical or cylindrical
sites will be given by

IF,|

= AQR x (correction factor) h1o
Y max

where A is a constant which includes geometrical factors and is
proportional to R3 for a spherical site and RZL for a cylindrical site
and R is a factor which has been included to take into account the
dependence of ¥ on b. For ¥ |p|%, b > 0.4: g =(1 = b)and for
Wm(lwiz - |¢|“), b > 0.5: Bub(l =~ b). Since 8 is already included

in the expressions of chapter 3 for Pr equation h10 may be rewritten

in terms of these Py 39

le| = p, % (correction factor) h11
max

e et T
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APPENDIX A2

A2  The Magnetoneter

AZ2.1 The detection coils

With reference to figure A2.1 the scalar potential @ of a fixed dipole
of moment M situated at the origin and pointing along the z direction
is given by

Q= (ep)/r?

= M cose/r2

If the dipole 1s vibrated along the z direction with a sufficiently
small amplitude a and with a frequency w the time varying potential
Q](t) in the surrounding space is given by

Q,(t) = ~a(a0/0z) 20"
and therefore from equation A2.1

Ql(t)=m ~Ma[1/r3 - 3z2/r5] plut A2.2

The field H(t) associated with this time varying potential Is given

by
H(t) m—smdp(s'z1(t))
L I Efil 41- 3—%}-.. ']
ar  =r T r 9P yOI
L
roa0 =0

so that frew equation A2.2
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ay
ar

-1

Figure A2.1, Co~ordinate system for the description of the
scalar potential of a dipole M situated at the
ofigin pointing along the z axis.

Flgure A2,2. The spatial configuration in the x-z plane of the
time varying component of the magnetic field due
to a dipole paintiry and vibrating along the z
direction.
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H(t) o (3Ma/rh)- %E Y(Cosze)ziwtjae

i )
Q5(3Ma/l‘l‘)sir\ecose,@,'m.5:39 AZ.3

H{t) is symmetric about the z axis and its spatial zonfiguration is
shown in figure A2.2

The optimum coil configuration to detect H(t) consists of two
cylindrical coils connected in series opposition, co-axial with the
z axis, and symmetrically disposed with respect to the sample as
shown in figure A2.3. The signal induced in the detection coll s
given by

Vg dH(t) /dt

and therefore frem equation A2.3
vg = avalt cos (2mvt) A2.4

where v = /27 and o Is a constant which Is proportional to the total
turns area of the colls and depends on their geometry.
The noise signal Qn(T) from the coils depends on their total

resistance R and is glven by

¥ (1) = (4R(T)kTB)*® A2.5
when KT is the thermal energy and B is the bandwldth of the
detection sysiem. Now R wﬁhpL/wdz where p ts the resistivity of the
copper winding, L is the total length and d the diameter of the wire,
For any parkicular fixed coll geometry with a total number of turns
n: rrwccl"2 and Ld? iv a constant. Therefore Rmp/dumnzp and substitution

into equation A2.5 gives

v (T) & n [p(T)kTB}& A2.6

From equations A2.Lk and AZ.6 the signal to noise ratio 1s given by

the expression

o

o A St i i
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/

The coil configuration for optimal detection of
the time varying field of the vibrating dipol

as_ shown.
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Equivalent circuit for the vibrating capacitor

reference system.
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7 ki N THES A Vad Sobpitan 4 S

V'V, = avah/[n(okT8)¥]

« vaM/(p(T)kTB)%

o i iy A o A et

(since o = n for fixed coil geometry).

JCR,

;gf;n is therefore independent of the total number of turns n. In

practice the product va is limited by mechanical and power considera-

S i g b e

tions in the electromechanical transducer and the system bandwidth B
has a lower practical limit which is determined by the rate at which
measurements are to be made. Maintaining the detection coils at a
temperéture of about 4K rather than 300K (p300/p4 o~ 100 for the f
copper windings) increases the signal.to noise ratio by nearly two
orders of magnitude. An upper limit for the number of turns n is
therefore determined by the criterion that the noise signal from the
coils (Qn) be equal to the detection system hoise signal referred

to the input of the system, In the present system this criterion : !
could not be realized because of the necessarily small space avail-

able for the detection coil windings. The final specifications for

the coils are as follows:

lnner diameter: 10.5mm i
OQuter diameter: 15.2mm %
Length: per coil: 30mm %
foil separation: (centre to centre) : 3b4mm T
Wire: 48 S.W.G. formvar insulated copper

Number of turns: 18,300 per cotl

{nductance: 2.42Henry per

Resistance: 5.6K-ohm (T=300K), 50 ohm {T=k.0K)

A2.2 The vibrating capacitor system

The equivalent circuit for one half of the vibrating plate

capacitor assembly and the associated electronic system is shown
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schematically in figure A2.4., C(t) is the capacitance of the

- i s A e SRt o b S AT i

vibrating capacitor and R is the effective impedance of the system

which, in practice, is the input impedance of the reference channel

RPN

amplifiers.

Assuming the capacitor plates to have an effective area A,

separation d and a modulation amplitude a then the capacitance C(t)

e e e e

is given by )
i

e(t) = A/bx[d + a cos{2mvt)] ;

Now dC(t)/dt = Aav sin(2wvt)/2[d + a cos(Zwvt)]z A2.8 ?
= i(t)/v QZ

= v(t)/RV f

Rearranging and expanding the denominator in equation A2.8

(d >> a) gives for v(t)

2
v(t) = (RA/ZdZ)Vav sin{2mve) [ 1 - %E'COS(ZNVt) + 2%— cosz(Zth)]
d

In the present system a ~ 0.1 and d ~ 5m, i.e. d/a = 50 and there~

fore the reference signal VR is given to good approximation by
Vg = ~BVav cos(2mvt + n/2) AZ.9

with @ = A/2d%

s AT A e 5T e

A2.3 Magnetometer circuit

The electronic ¢ircuit for the magnetometer (excluding the lock-
in-amplifier and the transducer drive amplifier) is shown in figure
A2.5. The labels (blocked) refer to the various controls and
sockets. Al is a lew noise, high input impedance, wide band
amplifier designed by Fairchild (Fairchild application report number

159) . The circuit and specifications for the amplifier are given in

figure A2.6. The transducer drive amplifier is a standard D.C.~A.C.
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« 4y hmk
£ Lo K BEYIT
;
5 -
e ™ briat _.____K
M BFX37
- | ma— 2kt O
B4 1 0/?
750K

33K

e I TOLERENCE,

from FAIRCHILD APPL REPORT {59

low naise high fnput impedance preamplier
ROISE FIG: 1248 for a souvrce fmp of 100K,
INP IMP: 8M {f=iKHL), puTe IMP; s0chm,
070 BAIN: 73 (1oHesf = 10 KNz ).

Figure A2.6. The low noise preamplifier cireuit (At
in figure A2.5) (from Fairchild Applica-
tion Report 159).
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power amplifier and the design is due to D.L. James of this depart-

ment. The power supply for the magnetometer is an Advance-Type

P.P.3.

A2.4  Magnetometer set-up procedure

Having inserted a specimen (which may be a reference sample for

calibration purposes - see later) into the magnetometer and having

pumped the magnetometer to the desired exchange gas pressure the set

up procedure is as follows:

The magnetometer controls are set as indicated below and the

system is allowed to 'warm up' for about 30 minutes.

TRANSDUCER AMPLIFIER : GAIN

MAGNETOMETER

LOCK- IN-AMPLIFIER

MON .

CAL.

MoDE

BALANCE
SENSITIVITY"

: SENSITIVITY”
SIGNAL 0
FREQUENCY
FREQ. MULTIPLIER
REF. ATTEN
TIME CONSTANT
MODE
METER/MON I T
ZERO SUPRESS
ROLL OFF

e

MAX i mum

6
REFerence
MANual

5.0

1, 10, 10%, 103, 10"
0.05, 0.5, 5, 50, 500mVv
10-1%

8.1-8.4

X10

0.5

300ms

INTernal

SiGnal

OFF,

6eB/OCTAGE

%

cussed later.

The SENSITIVITY settings depend on the specimen and will be dis-

At this stage any vertical pair may be chosen,
(Usually X103 and 50mV respectively),

S e e

e R e
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MAGNET POWER SUPPLY : FIELD : MINIMUM

(1t is assumed chat the Lock-in-amplifier has been previously
checked for correct functicning.)

After the warm-up period the AMPlitude control is adjusted for
an approximately half full-scale reading on the Lock-in-amplifier
(LIA) meter. The POSITION control is adjusted to give a minimum
(virtually zero) signal on the C.R.0, The FREQ. TRIM, control
(LIA) is finely adjusted for maximum deflection on the LIA meter.

The POSITION and AMPlitude contreols are finely adjusted to give a
reading of precisely 5.0 on the LIA meter for either position of the
POLARITY switch.

The magnetometer CALibration switch is now set to SIG. and the
magnet current (FIELD) is manually increased to a value which is
expected to give a specimen magnetic moment which is just greater than
half its maximum value. (1f this fie]d is not known it may be
easily esgablished.)

IT during this procedure the LIA meter reading increases the
POLARITY switch must be reversed.  The BALANCE and REF. PHASE controls
on the magnetometer are now alternatively adjusted to obtain a minimum
def!ectioh on the LIA meter while increasing the LIA SENSITIVITY by a
factor of 100 (or 50 on the most sensitive range). |f the BALANCE
reading is now less than 1.0 or if no balance setting can be found a
cifferent pair of SENSITIVITY settings for the SENSI%!VITY of the

magnetometer and LIA are chosen and the procedure is repeated.  The
minimum reading on the meter should now be less than 5 per cent of
fos.d. (and is due mainly to the 1st harmonic from the reference
capacitor). With the MONitor switch set to either position 2 or 6

there should be virtually no signal on the CRO.  The lock=in=

6 st
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amplifier has, up to this point, been used as a voltmeter. To obtain
synchronous rectification the METER/MONITOR éwitch is set to OUT,

The meter reading should now be virtually zero.  The TIME CONSTANT is
set to 1 Sec. ;nd the MODE switch on the magnetometer to AUTomatic.
The PHASE controls on the LIA are adjusted to give a steady on-scale
reading on the LIA meter, the magnetometer MODE switch is returped to
MANual and the BALANCE control is adjusted (by about 1 per cent) to
rgive this meter reading. The LIA PHASE control is now switched
through 90° and is then finely adjusted for zero deflection on the
LIA meter. The PHASE is now switched back through 90o and the
magnetometer MODE switch is returned to the AUTomat'c position. The
magnetic rField is reduced to zero and the magnetometer is set-up,
Note: for a 'first-time' set-up or if the phase controls have for
some reason been adjusted far from their usual operating positions

it is advisable, due to some slight parasitic dependences between the
various controls to repeat the entire set up procedure once more.
CLalibration. Although the instrument may be calibrated against a
single specimen over its entire sensitivity range it is more accurate
to calibrate against a known specimen sultable fur the sensitivity
range required for the unknown specimen. A superconducting specimen
is usually most suitable for this purpose. For o strongly ferro~
magnetic sample a pure nickel stand is best employed.

Manual operation, After the above set-up procedure the magnetometer

MODE s left on the MANual position. To obtain the magnetic moment
of the specimen the BALANCE control is adjusted to give a null reading
on the LIA meter and the magnetic moment Is obtained from the output

on the DVM or from the BALANCE control setting.
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Miscellaneous. The MAN. CAL. and AUT. CAL. controls on the magneto~

meter have been adjusted so that the 0/P METER on the magnetometer
gives a reading which corresponds to that of the LIA meter.

AZ.5 Specimen rods and holder stage

A general purpose specimen rod with various specimen stages and
a temperature controllable specimen stage and rod are shown
schematically in figure A2.7. Crystalline quartz is used for the
stages where possible because of its good thermal conductivity is low
temperatures and its very small magnetic susceptibility. Otherwise
the rods and stage are designed to be of low mass to reduce reaction

forces.
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Figure A2.7. Various specimen rods and stages (including the
temperature regulated stage) for use with the
magnetometer,
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APPENDIX A3 : ;

A3  Temperature regulation

A3,1 A.C. bridge temperature regulator

The electronic circuitry for the regulator is given in fijgure A3.1.
Transistors Q1 and Q2 are the active elements of a phase shift
oscillator, Q3 and Q4 of a buffer amplifier, Q5, Q5, Q7 and Q8 of a
two stage phase shift circuit, Q9 of an amplifier, Q10, Q11, Q12 and
Q13 of a D.C. power amplifier, Q14 and Q15 of a low noise input %
amplifier and Q16 and Q17 of a phase sensitive detector.

The frequency of oscillation of the phase shift oscillator is

given by:

£ =721 tnc R, ] . | ’;.‘

® 295Hz for the present circult. ;

The tuned amplifier (op. amp. SN 72709N and associated circuitry) was
suggested by D.L. James and has the following characteristics:

(where Z, is the source impedance)

5 S i
then the pass frequency fo’ the Q factor and the gain A0 at fo are

Taking C /C6 =3 and 2i e hR

given by:

e g e e e o

PR :

fo Zw/(RSCSa )

] “‘1/(2a%)

A, = 1/{2ab)
The total gain in the signal channel [ i.e. due to the low noise
amplifier and tie tuned amplifier] is approximately 106. The gain of

the D,C. amplifier may be varied between 0 and approximately 50. The
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bandwidth of the electronic part of the circuit is determinec

primarily by R6 and Ch'

Set-up procedure. The initial set~up procedure involves setting up
the oscillator, balancing the reactive component of the bridge and
adjustment of the tuned amplifier. To do this the oscillator is
monitored on a CRO and the trim potentiometer R is adjusted until the
oscillator just begins to oscillate - producing an undistorted
sinusoidal signal. The aircuit is then broken at point x. The
BRIDGE CURRENT is set to maximum and point Y is monitored on the CRO.
The bridge is now adjusted by means of R COARSE to give an unsaturated
sinusoidal signal on the CRO. Resistors R9 are adjusted to maximize
this signal. The bridge is now balanced (to give zero signal on the
CRO) by adjusting R COARSE, R FINE and C. The circuit is reconnected
at x and the C.R.0. is connected to the MONitor socket. The regulator
is now permanently set-up for routine use and the adjustments which
will be described now depend on external circumstances.

The RRIDGE CURRENT is set for the desired maximum dissipation in
the thermometer. With the bridge adjusted to be slightly off-balance
the PHASE is now adjusted to give a symmetric unipolar output from the
phase sensitive detector (as monitored on the CRO). If this signal
is negative going a deflection will be obtained on the output meter.
The SENSE switch is set so that for a re~adjustment of the bridge
corresponding to the thermometer temperature decreasing the output
current increases as indicated on the meter, R. COARSE and R,FIME
are now adjusted to a desired value and the D.C. gain (D.C., GAIN and
0/P Attenuator) are increased as far as possible consistent with no
hunting instability in the system.  Adjustment of the TIME CONSTANT

to higher values permits a large D.C. gain to be used but does not

b g 3 N Tt g net S o

(8 €yt MR N g e PP el 8 gt A i Y




- 3)_;2 -

necessarily improve the overall stability.
Stability. The ultimate stabi{ity of a servo-loop regulator depends
on the open-loop gain of the system. If this is increased beyond a
certain limit;’then; under certain conditions, regenerative feedback
.or hunting will occur in a closed loop corfiguration (i.e. when the
thermometer is thermally coupled to the heater). The stability of
the servo-loop against regenerative feedback depends on the difference
between the slopes of the open-loop and closed-loop frequency-gain
characteristics at their point of intersection. This in turn depends
on the bandwidth of the electronic system, on the coupling between
the thermometer and heater andbon the thermal mass of temperature
regﬁlated system. If this difference in slopes is less than 20dB
per,,decade the system is inherently stable. Also if the thermal
cougling between thermometer and Heater is perfect the closed loop
‘gain will be unity and the system will be stable under all conditions.
The thermal mass of the regulated system effectively behaves as an
integrating capacitor in paraliel across the thermometer-heater
feedback link.  Thus, unless this link is perfect, the closed loop
gain-frequency characteristic falls off more rapidly leading
eventually, with increasing thermal mass, to instability. In the
present system therefore, facility has been made for altering the
system gain - frequency characteristics and the thermal system has
been designed, consistent with its other functions, to be of low mass
and to afford close thermometer-heater coupling.

Finally the control stability is degraded slightly by various
sources of drift in the electronics (for example in the oscillator).
However, for the preccnt purposes the short term (15 minute)
stability of #1mK in the range T < 10K which is obtainable is more

than adequate.
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A3.2  Thermo-couple temperature regulator

The thermo-couple potential is monitored on a Hewlett-Packard
Differential Voltmeter (HP 3420B) in the differential mode (as
'discussed in Céapter 3). The output signal from the voltmeter is
fed to a unipolar power amplifier to provide the heater current.

The stability criteria are obviously similar to those already
discussed for the D.C. bridge regulator. However, because the
system is D.C. throughout performance is considerably degraded by
drift and by spurious thermal e.m.f.'s along the thermo-couple leads

and at the input of the voltmeter.
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APPENDIX Ak

AL Temperature sensors and measurements

Al Carbon resistor

Carbon resistor thermometers are often insufficiently reproducible,
with cycling from room temperature to 4K, to make good secordary
thermometers. However, they have the advantage of having only a
very slight magneto-resistance and are therefore eminently suitable
for temperature regulation purposes in varying magnetic fields.

The dependence of resistance on temperature vary évar a wide range
from one process or manufacturer to another.

The resistor used here is a 472 (T == 300K) Allen Bradley type TR

“ & watt with most of its insulating sheath ground off and the tin

plating removed from its copper leads.

The magneto-resistance for a similar resistor (Allen Bradley
1009 % watt) has been measured by Hudson (19G68) for temperatures in
the range 4K < T < 30K and for magnetic ficlds up to 40K gauss.
Hudson's results show an almost linear dependence of magneto-
resistance on magnetic field. At a field of 40K gauss the percentage
change in resistance varies from approximately +0.6 per cent to
-2.8 per cent from T == 4.19K to T == 12.2K respectiveiy and then
apparently drops to -2.3 per cent at T = 28.7K.  These results
indicate that in the experiments on niobium in the present investiga-
tion, where the magnetic field rarely exceeds 3 kllogauss, the
magneto~resistance of the carbon resistance thermometer should be

negligibly small., This was confirmed experimentally.
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Ali.2  Gold-iron chromel thermo-~couple

The thermo-electric properties of very dilute alloys of iron in

gold have been extensively studied (see for example Berman, Brock and

Huntley, 1965).

The advantage of this alloy is its véry high thermopower :
(10-15uV/K) at low temperatures. Its disadvantages are its strong

paramagnetism and the effect of magnetic fields on the thermopower

which increases with decreasing temperature. The former disadvantage
is partially overcome by using very fine thermo-couple wires and the

latter was not important in the present investigation since the

S e ot

’

thermo-couple was only used for annealing experiments in zero magnetic

field.

i}

The material used in this investigation (Au - 0.3 per cent Fe) ;
and chromel (wire diameter 0.08mm) was supplied by Johnson Matthey

Limited. '

An approximate calibraticn curve for the thermo-couple is shown |

In figure A4.1,

.

Ab,3  Germanium resistance thermometer

The thermometer 1is a Solitron Devices Incorporated Series 5,
model number SP5401 (thermometer number 1814) aéd is He3 filled for
operation at temperatures below 1K, The thermometer encapsulation i
can (gold plated copper) is approximately 12mm long and 3mm in
diameter and fits snugly into a cylindrical hole in the 'calorimeter!'.

Good thermal contact with the calorimeter is achiecved by the use of
Apiezon N grease and by thermally anchoring the thermometer leads
(which are fine, varnish insulated copper wires = the original multi-
strand tin-plated copper leads having been cut off fairly close to

the device), ;
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The small sensing element of the germanium thermometer has a

very low thermal mass, fast response time, high sensitivity and very

high reproducibility with repeated cycling between room temperature

and liquid helium temperatures (e.g. Low, 1961, Lindenfeld, 1961 and

Sarner and Blakemore, 1967). Germanium resistance thermometers have

a relatively large magneto-resistance and temperature measurements

should therefore be made in zero magnetic field.

The present thermometer was calibrated (along with several

others) against two secondary standards which were supplied by

Professor N.E. Phillips, Department of Chemistry, University of

California, Berkley,
follows:

0.3 < T « 1.5K :

1.2 < T < 4,2K :
4,2 « T < 25K

.

U.S.A, These standards were calibrated as

Susceptibility of CeM9N03 substandard,
against Heh vapour pressure (1.2K < T < 4,2K)
using linear extrapolation of 1/x versus T to
lower temperatures.

T58 Heh vapour pressure scale.

He'

gas pressure (fully compensated) in parallel
with Heh vapour pressure and platinum resistance

standard calibrated by the N.B.S. {U.S.A.).

Calibration against these substandards was done by J.C.F. Brock

(ex this Department) and the author as follows:

The thermomete s, including the secondary standards, were clamped into

a custom made copper block (with adequate precautions to obtain near

perfect thermal contact) which was attached by means of a weak thermal

link to the Hc3

can of a cryostat designed by J.C.F. Brock for

operation at temperatures between 0,3K and 30K, (This cryostat is

described by Vandersande, 1974.)  The copper block was also provided
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with é carbon resistance thermometer (Spear 100 ohm 1/4 watt) and a
100 ohm manganin heater winding for use with the A.C. bridge
t?mperature regulator which has been described in chapter 3 and in
appendix A3.1.' |

Resistance measurements were taken for all the thermometers at
close temperature intervals in the range 0.3K < T < 30K using the
temperature regulator and the Data Acquisition System.  The measuring
currents through the thermometers were 1uA for 0.3K < T < 2K and
T0uA for 2K < T < 30K,

Finally, by inter~correlation with the substandards, using the
method of least squares (numerical computation by J.L. Crawford),
the resistance-temperature data for each unknown thermometer were
fitted to a polynomial of the form

v
i==

-1 <y =2
(1) " = 7 A (log, R
The final value chosen for n was 7.

Polynomials of the form above are too simplg ta give a good fit
over a wide temperature range and show a tendency te oscillate. The
polynomial coefficients were therefore calculated for three tempera-
ture ranges, viz. 0.3 < T <4, 1,5 <« T < 12 and 2.5 ¢ T < 25K,

In the present investigation the coefficients for the range

1.5 < T < 12K are used. In this case the flitting errors due to
oscil!ation.rangc between £3mK with an R.M.S. deviation of 0.34mK.
The computer program for converting current and voltage data for
thermometer 1814 in the temperatlre range 1,5K < T < 12K is given in
appendix A8, A calibration curve for approximate use is given In
figure Ab.2.

The circuit diagram for the thermometer current source s shown
in flgure Ab.3. The @eaéuring currené is 10uA and provision is made

*  or too complicated!
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for reversing the current. Each resistance measurement is made with
either current sense to eliminate spurious thermal e.m.f.'s. Also
shown in the circuit is the current source for a standard potentio-

meter which may be used if a D.V.M. is not available.
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APPENDIX A5

A5 Superconducing Magnet and Ancillary Apparatus

A5.1  Coil design
The analysis which follows, for the magnetic field of a thick solenoid,
is due to Barker (1950,.

Consider first the general case: With reference to figure A5.1
the magnetic field components due to a system of pairs of coll wind-
ings of vanishingly small cross section, situated co-axially with
respect to the z axis and symmetrically with respect to the origin,

are given by

H e 2nC [ (03/01)(22 - y2/2)+(c5/c1)(zl’ « 3252 4 3yt /8)e. ) As.
and

h = —2nzyc:1.£(03/01)-»%(05/c1)(1.;:».2 - 32w L] A5.2

where H and h are the z and y components of the field strength at the

point &(z,y) and

f==4 57 1 2 ““n 1 g o
C. 2j§4v3j sin Oj"j Pn(coﬂej) for n odd

and

Cn = 0 for n even

where Pl Is the Legendre polynomial and iJ is the current (in
abamperes) In the jth loop.

For a thick solenold of length 2b, outer-dlameter Zaz and inner
diameter 2a, carrying a current | amgnres the coefficients C are

given by
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Figure A5.1.

Schematic diagram of the superconducting magnet coils
showing parameters and the co-ordinate system for the
calculation of the spatial configuration of the
magnetic fleld,
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¢, = (216/10) [ in((b%+a2) & a)) - In((al4b)4a)]  A5.3

cy = (1/100) [a3(ay + 65) /2 - @32 4 p?) 2 a5y

C = (1/1206%) ] a;(Zag " '7a§b?‘ « 20" (ay + 627772 -
a?(Zal; + 7a0b" + ZObL’)(a? + b2)777% A5.5

Equations A5.1 and A5.2 do not give the field at a point (c,y)

1 :
unltess (c2 + yz)I < a. However an expansion can be developed about

a point (c,0) which is convergent if y < a for all value of c.

Thus:

H(c,y) =] C](b +c) + C](b ~c) - (y'z/z)(CS(b +c) + C3(H -c)) +

(3/8y") (¢ (b + ©) + cglb - ©)] 5.6

and
h = H(0,0) - H(0,y) A5.7

Consideration of equationsA5.6 and A5.7 indicates that high homogeneity
and an optimum value for the field H(0,0) (for a given current) are
not compatible. For the latter requirement, which is important for
superconducting magnets because of the high cost of material, the
ratio b/a2 should be approximately unity for the former require-
ment the ratio b/a, should be much lary.r than unity. As this ratio
decreases the axial homogeneity decreases rapidly while the radial
homogeneity however does so much less rapidly. High axial homogeneity
may however be obtained over a useful proportion of the solenoid

Yength (near its centre) by the simple expedient of using suitable
correction coils. The design of a practical superconducting solenoid
therefore is a compromise between high field per unit ltength of wire
and high radial field homogeneity and includes correction coils for

axial field homogeneity.
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The final dimensions chosen for the main coil in the present
design (i.e. 2b = 10cm, Za2 = Scm and 2a, = 2cm - see figure A5.1),
give a-rédial homogeneity (1 : H(0,0)/H(O,a,) of approximately
T 104 and a %ield H(0,0) ~ L40Kgauss at a current of 30amperes
(which is the manufacturers expected critical current for the
Supercon A25 wire at 40Kgauss when wound into a solenoid of this size).

The correction coil geometry and configuration were calculated
for optimum axial homogeneity along the y = 0 axis over Z = +1.5cm as
follows:

From equation A5.6 including the correction coil parameters (see figure

A5.1) the field at any point (c,0) is given by

H(c,0) ==ﬂ[ Ci(az,a1,b +c) + C1(a2,a], b-¢) +
2 € (a),ap, brdtc) ¢, (a),ay, B+d-c) | A5.8
Now putting a{ =2, and starting with reasonable values for aé, b'

and d a consistent fine scale numerical search was made to optimize
these values. This was done by calculating H(e,0) - H(0,0) ==A(cj)
for 0 < Cj < 1.5cm in steps of 0.01 and finding the correction coil

parameter values which gave the minimum square derivation

150
% (alc,)

2
Y

The computer program (for which the author is

]

indebted for assistance to J.L. Crawford) is included in appendix AS8.
The method is tedious and inelegent but is justified for a once only
application since it is not unreasonably long in execution. The final
values obtained for the correction coil are: aé =1 3, 05¢cm (a% = 2¢cm),
b = 1,0cm and d = 4.5 cm.

The total length of wire & required for a coil of dimensions

b, a, and a, is given by

2
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9 ==2ﬁa?(a2 ~ 1)B/A

where o ==a2/a1, 4] ==b/a1 and A is the effective cross sectional
area of the condgctor (1.45 x 10—3cm2 for the present case). Sub~
stituting values for the main coil and also for the correction coils
gives Lo * ZQC :=£}0TAL m~1670m. The indugtance L of the solenoid
is given (Terman, 1943) by

L =a?[ Bla - +A] %@ + 1) [ 0 = a(o-1)/8] x 1076

where 8 and A are functions of a and 8 and in this case for the main
coil are 6 =0.01197 and 6 == 0.01188.  Substitution into the equation
above gives L == 0.78 henries. The total resistance in series with
the magnet (with the 0.lohm standard resistor) is Rzz 0.5 ohm

and therefore the time constant for energising the magnet is ta 0.5
seconds.  However, in the event of the superconductivity of the
magnet being rapidly quenched the rate at which the energy will be
dumped will not depend on 1 but will depend on  the time constant
of the effectively coupled L~R circuit comprising the magnet babbin

and the aluminium retaining sheath (see figure 2.6},

A5,2 NMR calibration of the magnet

The NMR probe and the electronic layout is shown schematically in
figure A5.2. The probe may be positioned accurately at any point
along the axis of the solenoid. The sample is a small cylinder (3mm
in diameter and 3mm long) of pure aluminium powder in a matrix of
epoxy resin. | From Higgins and Yung Kwan Chan (1968): The 27A£
NMR frequency is 11.112MHz at 10Kgauss. The free atom NMR frequency
s 11.094MHz at 10Kgauss which is corrected by adding a virtually
temperature independant Knight shift of 0,162 per cent. ] The
marginal oscillator circuit is due to Robinson (1959) (frequency

range 200KHz to 20MHz at levels between 1 and‘250mv). The
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Schematic diagram of the NMR probe and electronics

for the calibration of the superconducting solenoid
magnet.
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amplifier Al is the same power amplifier which is used to drive the
transducer of the magnetometer.' The frequency and magnitude of
modulation used were 33Hz and approximately 10gauss respectively,
Procedure: With the marginal oscillator tuned to a particular
frequency the NMR tine was located by sweeping the magnetic field in
the anticipated range. After optimization by adjustment of the
LEVEL of the marginal oscillator the NMR line was plotted on the X-Y
recorder and the frequency and magnet current corresponding to the
line centre were noted. This process was repeated for increasing
fields up to approximately 15Kgauss and then in decreasing fields
down to zero field. The NMR line was found to be approximately
symmetrical with a half height width of approximately 2.5gauss, The
results are shown in‘figure AE.3 where the frequency readings have
been c&nVerted to field values. The exact calibration figures for
the magnet in increasing and decreasing fields (0~15Kgauss)
respectively are:

1.3958Kgauss/amp and

1.3892Kgauss/amp

Axtal hcmogeneitx was subsequently determined by moving the
probe along the z axis of the solenoid in measured stepsﬁwith the
magnet current held constant at 2.55amps. A graph of B(z)/B(0)
versus z is plotted in figure 2.8, The small asymmetry and lack of
homogeneity (rv2:10q) along the positive z direction at z « 1.5¢cm is
probably due to slight flux trapping after cycling the magnet to
15Kgauss.

A5.3 Hall probe and ancillary apparatus

The electronic circuitry for the Hall probe and for the super=~
conducting magnetic power supply programmer are contained in a single

unit (which also houses the liguid helium depth gauge) and are shown
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schematically in figure A5.4,

The electronics for the Ha{l probe consists, in essence, of a
constant current source and circuitry for linearizing the Hall probe
output and For’compensating for the small zero field potential which
appears across the Hall probe due to slight asymmetry of the
potential contacts. The Hall probe element is a Siemens Model
RHY18 which is especially suitable for low temperature operation.

The magnet power supply programmer provides an output voltage
which mady be adjusted manually or may be swept up or down linearly
with time at various present rates. The dynamic range of the sweep
may be varieﬁ between 10 per cent and 100 per cent by adjustment of
Ry (RANGE) .

The circuit for the 'selector unit', containing the standard

resistors for monitoring the magnet current, is shown in figure A5.5.
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APPENDIX

A6  Continuous Reading Depth Gauge for lLiquid Helium

The design of such a gauge of moderate accuracy seemed to be too
trivial to warrant a literature search. The present design is
included to complete the description of the apparatus. The gauge

probe and its associated electronic circuitry are shown schematically

in figure A6.1. The principle of operation depends on the relatively

large difference in the thermal conductivity‘between hel Tum liquia
and vapour. The sensitive port}on of the probe consists of a tufnol
tube (6mm diameter and 35cm long) into which a shallow double spiral
‘groove has been cut to accommodate a non-inductively wound sensing
wire (see figure A6.1). The sensing wire consists of a 42 5.W.G,
manganin wire which is very lightly ‘tinned' with ordinary radio
solder over most of its length. This makes the wire superconducting
with a critical temperature Te In the range 5K < T < 7K. The
untinned portions are at the top of the probe at the two ends of the
wire where it is soldered to copper leads,

If the probe is totally fmmersed in liquid helium the sense wire
is superconducting and the resistance virtually zero, If a portion
of the probe is above the level of the liquid helium an electric
current can be founsd for the wire which will thermally quench the

superconductivity in this portion, The value of this current depends

on the thermal conductivity of the surrounding medium and the electrical

and thermal conductivity of the manganin wire. (The layer of normally

conducting solder is too thin to affect the result appreciably.) The
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short untinned sections of wire at the top of the probe ensure that
nucleation of the quenching process takes place in this region. The
low thermal conductivity of the manganin wire and the relatively highe-
thermal conducéivity of the LHe prevents the quenching process from
propagating below the helium liquid level. The electrical resistivity
of the manganin wire is virtually independent of temperature and
therefore the resistance of the sense probe Rm increases linearly with
decreasing liquid helium level below the top of the probe.

The electronic circuitry is designed to monitor the probe
resistance Rm and to maintain a constant current lC through the probe.
Thus with reference to figure A6,1: lc is determined by the bias, on
the rase of transistor Q1, which in turn depends on the setting cf

the potentiometer R1 and on feedback . : Rh via R3. Thus IC is

"held constant at a value which is de’ermined by the setting of R]

The resistance Rm is monite on the meter which measures the
potential drop across the prooe.

set up of procedure: With the probe in-situ in the cryostat helium

transfer i{s commenced until the cryostat just cools to kK and transfer
of liguid commences. The PROBE CURRENT is now increased from
minimum with the switch SW1 held close until the meter indication
just reaches a flat maximum, (1t may be lecessary to adjust the
CALibration control to keep the meter on scale.) The CALibration con-
trol is now adjusted to gi&e full scale deflection on the meter. The
cryostaf is filled with liquid helium and the meter will, with the
switch SWI closed, read approximately zero when the liquid reaches the
top of the probe.

The present gauge was found to be very nearly linear when tested

in a transparent glass dewar.
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APPENDIX A7

A7 Resistivity Measurement

A very brief outline is given here of the theory of the impulse eddy
current decay method from the paper by Bean, de Blois and Nesbitt
(1959).

Thus: |f a magnetic field is suddenly applied to a conductor
eddy currents are induced which tend to oppose the changing magnetic
field in the conductor. The average induction B therefore does not
immediately reach its equilibrium value in the conductor but does so
exponentially with a time constant which is charrctéristic of the

.resistivity and permeability of the conducting material, [f these
properties are uniform in the condu;tor, then, neglecting displace~
ment currents in Maxwell's equation, the time rate of change in B is
given by

3B/ot = (109p/41ru)V2§ A7.1
where p is the resistivity in ohm. cm and u is the permeability.

An extensive tabulation of solutions to equation A7.1 for various
specimen geometries has been given by Carslaw and Jaeger (1959). For
rods of constant cross section the voltage,at long times after a change

in field AH_, induced in a coil of N turns wound around this section

is given by
v(t) = 1ON(AH0)p exp(~t/TR)
where T, = 2.17 x 107 24R%/p

for a circular cross section of radius R and

v(t) = [160N(AHO)p exp(-t/rab) ]/w3ab
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where Ty = [1.27 x 10-9ua2b2] /p(a2 + bz)

for a rectangular cross section of sides a and b.

For any arbitrary cross section or overall sample shape, resistivity
ratios are still obtainable from time constant (r) ratios without a
knowledge of the geometrical function, thus:

p(T)/0(T,) = (T,)/c(T,)

Method: A schematic diagram of the electronic apparatus (from Clarke
and Mordike, 1966) is given in figure A7.1. The principle of operation
is as follows., The multivibrator acts as a master timer which

switches (i) the current in the primary coil (via amplifier A1) to
provide the changing magnetic field (ii) the precision R-C network
(via AZ) and (iii), a relay switch which alternately allows the C.R.O.
to sample the exponentially varying signals from the secondary coils

and from the R-C network. By adjusting the PRE-PULSE generator these
two signals can be synchronised, both increasing or both decreasing,

on the C.R.O. Finally, by adjusting the REF. AMPlifier, SIG. AMPlifier
and R and C the two traces oh the C.R.0. can be made to coincide
exactly over most of their length (as stated previously the eddy
currents are exponential only at long times after the impulse). R and
C may then be read off to give the decay time constant v = RC. An
example is given in figure A7.2 where t has been determined experi-
mentally for various values of R ard C on a single specimen held at
constant temperature.

For very good conductors it is negcessary to compensate for the
inherent relaxation time of the primary pulsing coil. This is easily
done by measuring the time constant with and without the specimen in
the coils a;d then subtracting to obtain the difference (Stern, Levy,

Kagiwada and Rudnick, 1962).
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APPENDIX A8

Computer programs

The programs which follow are all written in FORTRAN 1V,

1. Resistance to temperature fit for Germanium resistance
R

thermometer No. 1814 (in the range 2.5K < T < 12K)

Programs to read list of voltage v and current c and to write list

of corresponding temperature t,

1 real*h r,t

2 real*8 dr, dt, dz, d1, d2, d3, d4, d5, d6, d7
3 1 format (2y)

i 2 format (4x,'t')

5 3 format (1y)

6 write(6,2)

7 b read(5,1) v,c

8 r=v/c

9 dr=r

10 dz=dlog10(dr)

11 d1=+18.451208170231/dz

12 d2=-65.682517688506

13 " d3=493,641900933404%dz

14 db=-68, 744309674618*dz%dz

15 d5=+27.456806656060%dz*dz*dz

16 d6=-5,6484892581927 #dzdzdz*dz

17 d7=40. 4721052835856 dz*dz*dz*dz%dz

18 dt=d 1 +d2+d3+dU+d5+d6+d7

PUPUNE



19
20
21

22

23

2.
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t=1/dt
write(6,3)t
go t§ 5
stop‘

end

Calculation of Heir,o)

Programs to read the radius rozR and the thickness d2d for the

cylinder and write He(r, 0) in steps of r=R/10 between r=0 and r 1.

1

. 1 & W

~I

10
11
12
13
14
15
16
17

‘18

19
20

double precision a2,xx(21,21),y(21,21),p(21),rho(21,21),pm,dy(21)
double precision al,xr(21),om,rho(21,21),q(21)reslty,dyl,dy]
double precision rho2(21,21),resltx,rho3(21,21),r(21),dp,ro,d,ds
double precision s(21),pl,r1,a,b,c,x(21),0y,yo

real mr

integer z

format (2710.4)

read(5,1) ro,d

z={

pi=3.14159

ds=x%d

dp=d/ (pl +pl)

ri=2.0

jj=idint(ro+1.0)

Jke=idint (2.0%ro+1.0)

Ji=idint (ro+ri)

do 12 [=1.2

rl=ri+l.0

if (2.5t.0) go to 60

c=~1,0
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21
22
23
24
25
26
27
28
29
20
31
32
33
34
35
36
37
38
39
4o
b1
b2
b3
by
b5
46

b7

L8
1}9

fand

110

11

60

13
600
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do 6 j=1,jk

1.0

b=1.0

e=c+1.0
dy=2.0%ro%c~c%c
yo=dsqrt (oy)

dy (j )=yo/ro

do 6 k=1, jk
a=a+1.0

b==b+1.0

y (k,j)=yotbxdy (§)
if (j.gt.1) go to 2

x(k)=ro+a

xx (K y J y=(x (G N=x (k) * (x () =x (K) ) +ds

continue

format(iOx,‘radius of disc=',f3,0,10x,'thickness of disc=',f7.4)

write(6,110) r0.0

format (10x, 'radial distance',16x,'ratio md/mo')

write(6,111)
z=0

do 13 j=1,jk
do 13 k=1, jk

if (j.gt.1) go to 13

xr(k)=(x (k) =r1)% (x (k) ~r1)+ds

rho3(J,k)=0.0
do 8 j=t,jk
do 8 k=1,]k
do 70 1=1,jk
do 7 m=1,jk

gt 8y e
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51
52
53

55
56
57
58
59
60
61
62
63
64
65
66
67
68
. 69
70
71
72
73
74
75
76
77
78

66

70

a0

10

1

112
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if (z.gt.b) go to 66
at=xr(1)+y(m,1)*y(m,1)
on=1.0/dsqrt (al)
rh61(m,l)=om#om*om*dp
rhé(m,l)=¢h01(m,l)

a2=xx (1, )+ (y (k, )=y (m, 1)) % (y (k, ) =y (m, 1))
pm=1.0/dsqrt (a2)
p(m)=rhol(m,1)*pm*pm*pm#dp
dyl=dy (1)

call simpsn(jk,p,dyl,reslty)
q(1)=reslty

call simpsn(jk,q,1.0,resltx)
z=1

rho2 (k,j)=resltx

do 9 j=1,jk

do 9 k=1,jk
rhol(k,j)=rho2(k,])

rho3 (k,j)=rho3(k,j)+rho2(k,J)
if (rhe2(j1,j1).0t.1,0d%5) go to 90
go to 600

do 11 j=1,jk

do 10 k=1, Jk
r(k)=rho3(k,j)+rha(r,})
dyJ=dy ()

call simpsn(jk,r,dyj,resity)
s{j)=reslty

call simpsn{jk,s,1.0,resltx)
mr=resltx

format (14x,f3.0,26x,f8.4)
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;
79 write(6,112) ri,mr
80 12 continue ‘ §
81 stop
B2 end

Calculates superconducting solenoid correction coil parameters for

optimum axial homogeneaity

For definition of parameters see figure A5.1. Program reads search

s g

field for correction coll parameters, viz:
bpinEa; (minimum), bpfinza; (maximum) , Ipin5b1((minimum), 1pfin 6!

(maximum), dpinsd (minimum) and dpfinsd (maximum) and the search

h i e e s

resojutions dprAq}, deEAb1 and ddpsAd and firds correction coil i

geometry for optimum axial homogeneity over central 60 per cent of %

solenoid length., Main coil parameters are aza1=4, apsaz=2.5,
bSa;#i.S and 1sb=5. Program also plots final reduced axial field

Bz(z)/Bz(zmﬂ) as a function of distance z along the axis of the solenoid.

Real 1,1p,lpin,lIpfin,ipmin,min,meang,lpe,lmz,}!}

dimension 99(53), z(53),data(1000),y(5),g(51),cc(51)

1 1 format(3(fh.2,1x))

2 2 format (3(F6.4,1x)) Z
3 3 format(3(fk.2,1x)) %
L b format(20 x 'a=',f5.2,5x, 'ap='f5.2,5%, 'b=!£5.2,5x d=", ;
5 1 20x'values for min., sq. dev:', 5x'bp=',f5.2,

6 2 Sx'lp=',f7.k,5x%, 'dp=' 5.2/

7 3 hox,'sum of dev. sg=',(pel0.311)

8 5 format(15x,f5.1,1psel5.3)

9 6‘ format (18x,'z',s(f13.1,2x)/) |
10 7 format('1',20x,'bp searched from',f5.2,'to',f5.,2,'bt',f5.2) i
11 8 format(20x,'lp searched from',f7.h, 'to' 7.4, 'be',f7.4) }
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format (20x,'dp searched from',f5.2',t0',f5.2,bt',f5.2///)

f (_X ,p) alog (sq rt (*"\‘*'PP""P)%‘X)
cp (bb,p)=p* (f (bb,p) - (ap,p))

.

gf(bb,i1,ss,dd)=cp(bb,11+dd)+cp(bb,11~dd)+cp(bb,114+ss)

4 cp(bb,11-ss)
nin=5
nout=6
a=1.0
ap=2.50
b=2.50
I=5,0
read(nin,1)bpin,bpfin,dbp
read(nin,2)1pin,Ipfin,dlp
read(nin,3)dpin,dpfin,ddp
min=1.e50
do 101 i=1.51
z(1)=(i-1)/1
1pz=l+z (1)
Tmz=] =z (i)
Tmz==t -z (1)
ce(i)=lpz*(f(b,1pz)~fla,lpz))+lmz*(f (b, Imz-F(a, Imz})
bp=bpin
Ip==lpin
dp=xdpin
sum=0
do 24 j=1,16
s=dp+z (i)
d=dp=z (i)

g(i)=cc(i)+gf(bp,1p,s,d)
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sum=sum-+g (i) ) i
meang=sum/16.0
sumsq=0.0

do 25 i=l,16 i
dev=g (i) -meang

!
sumsgq=sumsq+dev¥dev

if(sumsq~min)26,27,27
min=sumsq

bpmiﬁnﬁp

o A < g S

1pmin=lp

bpmin=dp

i e

dp=dp+ddp
Pf(dp-dpfin)23,23,29 ?
1 p=1p+dlp

i f(1p=1pfin)22,22,30 %
bp=bp+dbp

i f(bp-bpfin)21,21,34

write(nout,7)bpin,bpfin,dbp

write(nout,8)lpin,lpfin,dip |
write(nout,9)dpin,dpfin,ddp :
write(nout,4)a,ap,b,1,bpmin,ipmin,dpmin,min ?
do 35 i=1,51

smin=dpmintz (1)

smin=dpmintz (1)

dmin=d, min=z (1)

g{1)==cc(1)+gf(bpmin ,lpmin,smin,dmin)

do 40 k=1,5

y(k)=k/10.0
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write(nout,6) (y(k},k=1,5)

do 3t i=1,51

gg(i)=g(1)/g(1)

do‘36 j=1,46,5

jml=j -1

yy=jm1/10.0

k1=im1+11

k2 jml+5

write(nout,5). . .(ga(kk),kk=ki,k2)

call plots(data(1),4000)

call plot(0.0,-11.0-3)

call p}ot(0.6,0.5,-3)

call symbol(h.b,é.S,O.i,'jlcforo?',0.0,8).

call scale(gg,5.0,51,1,10.0)

z(52)=0.0

z(53)=0.5

call axis{0.0,0.0,'2',-1,10.0,0.0,0.0,0.5,10.0)
call axis(0.0,0.0,'99',2,5.0,90.0,99(52),99(53),10.0)
call tine(z,99,51,1,0,0)

call 1ine(z,99,51,1,0,0)

call plot(15.0,0.0,999)

end

1%

11 tked sysiib dd

11 dou dsname=sys?7,load,disp old

11 go plo .zrc dd unit=plotterc,disp(old,delete)
11 go sysin,dd*

call plot{0.0,-11.0,-3)

call plot(0.6,0.5,-3)
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call symbol(4.5,6.5,0.1,'j1cforo7',0.0,8)

“call scale(99,5.0,51,1,10.0)

z(52)=0.0

2{53)=0.5

call axis(0.0,0.0,'z',-1,10.0,0.0,0.0,0.5,10.0)
call axis(0.0,0.0,'99',2,5.0,90.0,99(52),99(53),10.0)
call line(z,99,51,1,0,0)

call plot(15.0,0.0,999)

end

1%

11 lked syslib dd

11 do dsname sys7,load,aisp=old

11 go plotterc dd unit plotterc.disp=(o]d,dé]ete)

11 go sysin,dd*

3.00,3.50,0.05
1.0000,2.0000,0.0375
3.00,4.50,0.01

1%

11
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SUMMARY

The results of an experiment which pro-
duces an equal shear stress on all planes of a
{111] zone of a body-centred cubic niobium
crystal are discussed with reference to the
deformation behaviour in uniaxial tension,

1. INTRODUCTION

The crystallography and rate-controlling
mechanisms of dislocation slip in body-
centred cubic metals have been the subject of
numerous papers. A discussion of the topic
has recently been given by Chyistian and
Vitek {11 and by Christian [2]. The rapid
increase in the critical resolved shear stress
with decreasing temperature below room tem-
perature has, in tumn, been attributed to the
Jlattice friction stress, impurities, cross slip
probability and the movement of jogs. The
observation by electron microscopy of a high
remanence of screw dislocations after defor-
mation at ambient temperatures and below,
indicates that these dislocations are less
mobile than edge dislocations and their mo-
tion may therefore deteymine the flow stress
of the body-centred cubic metals.

The slip lines produced during deformation
are generally wavy and the observation of
non-crystallographic slip, especially at ele-
vated {emperatures, has been interpreted as
resulting from microscopic cross slip of dis-
locations with Burgers vectoxrs b = a/2 (111)
between the {110} and {112} glide planes.

An asymmetry of the critical resolved shear
stress for slip in niobium crystals on
{112} planes has been inferred from the ob-
servation that the transition from (101)
[111] slip to (112) [111] slip is displaced in
opposite senses for uniaxial compressive and
tensile loading from the locus of orientations
having equal resolved shear stresses on the
two systems. It has been deduced that the
critical resolved shear stress for slip on the
{110} planes is intermediate between the
smaller stress required for shear in the fwin-
ning sense on the {112} planes and the stress
to cause shear in the anti-twinning direction
on {112} planes. This asymmetry is reported
to increase with decreasing temperatures [3].
The slip line ohservations on iron - silicon
crystals by Taoka, Takeuchi and Furubayashi
[4] and by Sestdk and Zdrubova [5] demon-
strate asymmetry and more recent works by
Statham, Vesely and Christian [6] and by
Sestdk and Blahovec [7] investigate the phe-
nomenon in Nb - Mo and Fe - Si alloys respec-
tively. Hirth and Lothe [8] and Foxall et al.
[3] have suggested that this behaviour is in-
dicative of an asymmetry of cross slip prob-
ability. ’

Bowen, Christian and Taylor {9] pointed
cut the difficully of demonstrating the asym-
metry of slip dirvectly in a convincing manner.
Yield stress values are not sufficiently ac-
curate or reproducible and the bending ex-
perviments of Sestdk and Libovicky {10] and
Sestak, Sladek and Zdrubovéd [11] can be dif-
ficult to intevpret because slip traces, other
than those indicating the asymmetry, are al-
ways present,
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The experiment described in this paper fol-
lows from the work of Smakula and Klein
{12] and Rachinger and Cottrell [13]. These
authors examined the slip systems in com-
pounds with the caesium chloride-type struc-
ture by analysing the shape of the bump pro-
duced on the underside of thin crystals by
indentation of the upper surface. If material
was ‘punched through’ on {100} planes along
a common (001) direction to produce a well-
defined square bump when the crystal plane
was close to a cube plane, the experiment
established thal slip was confined to the
{100} <001} system. Sirnce niobium is known
to slip on planes of a given (111} zone, the
applicalion of a flat circular punch normal to
a thin (111) crystal may provide information
with regard to preferred slip planes of the
zone and cross slip around the cylinder of
maximum shear stress. Although the results
are qualitative, the experiment is unigue in
the sense that it examines the effect of an
equal applied shear stress on all slip planes of
a given a/2 [111] dislocation and clearly
shows an asymmetry of slip behaviour.

2, EXPERIMENTAL

A single erystal rod (approximately 6.5 mm
diameter) of MARZ 'grade niobium supplied
by the Materials Research Corporation, New
York (interstitial content less than 310
p.p.m., substitutional content less than 50
p.p.m. excluding tantalum, which is approxi-
mately 200 p.p.m.) with an axial orientation
[111], was spark sliced into dises 1 mm o
3 mm thick, The {111) faces of the discs were
spark planed flat and parallel and then chemi-
cally polished in a 70:30 HNQ; HF mixture
at room temperature,

The specimen dise was placed flat on a
5 mm thick piece of lead, which had been
covered with a thin piece of surgical rubber.
(For the high temperature experiment alumi-
nium was used without the rubber.) The de-
formation was produced by pushing a flat
polished 3 mm diameter cylindrical punch
into the (111) face of the disc at a rate of
0.175 mm per minute. A special jig, which
ensured that the punch moved normal o the
dise, was placed between the faces of a com-
pression machine and the load was continu-
ously recorded. The impression produced was

typically 0.1 mm to 0.3 mm deep. The experi-
ment was performed at 77K, 159K, 300K,
450K and 600K, A number of specimens were
‘double punched’ by using a 2 mm diameter
punch in the reverse direction and concentric
with the deformation mound produced by the
initial punch. An optical examination of the
deformation was made before the dislocation
content and arrangement were determined by
eteh pitting. The replaned and polished (111)
surfaces of the disc are ideal for the produc-
tion of etch pits in niobium. A prior decora-
tion heat treatment at 600° C for half an hour
in acetylene at a pressure of 5 X 10~ % mm Hg
was found to be necessary., The etching was
produced in a 18:9:9 H, SO, , HF, H, O, mix-
ture in the manner described by Nembach
[14}).

3. RESULTS

At all temperatures; except 77K, the defor-
mation with the solid punch resulted in a flat
well-defined cylindrical impression (Fig, 1a)
on the top surface, and a flat roughly trian-
gular mound on the Iower surface of the disc
(Fig. 1c). The load required for the deforma-
tion increased rapidly with strain and there
was no initial yield or easy glide behaviour.
The truncated triangular outline of the
mound lies just inside the projection of the
punch perimeter (i.¢. the truncated triangle is
inscribed by the projection of the circular im-
pression as drawn in Fig. 2). It was found that
the triangular shape of the mound was more
pronounced for increasing sample thickness
and for lower deformation temperatuves
(Fig. 3), At 77K ihe specimens deform by
tynnning,

The crystallography of the deformation, as
determined by X-ray Laué photographs, is
shown in Fig. 2. The long sides of the trun-
cated triangle lie along traces of the three
{112} planes normal to the plane of the disc.
The applied shear in the [111] direction on
these three {112} »lanes corresponds fo shear
in the twinning sense for the body-cunired
cubic lattice. The ‘double punching’ experi-
ment resulied in the 180° rotation about the
axis normal to the dise of the triangle with
respect to the [112] direction marked in the
perimeter of the dise as shown in Figs. 1e and
1d. Hence, the long sides of the smaller
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Fig. 1. (a) Upper surface of a punched dise. Punch diameter 3 mm. (b) Upper surface of a punched dise after
spark planing ¢ *d acid polishing, Ares of rapid dissolution ate indicated. (¢) Lower surface~ of punched disc
showing triangular mound. (d) Triangular mound produced by ‘double punching’. The [TI2] direction was

marked on the perimeter on both sides of the disc.

triangle also correspond to shear on the
{112} planes in the twinning direction.

After spark planing the upper surfaces of
the specimens which had been deformed with

A
172

1%}
G

¥ig. 2. The stereogram of the lowersurface of the dise,
The triangular outline of the mound i¢ inscribed
within th= circle which represents the perimeter of
the punch,

the punch (i.e. until the impression was just
removed), chemical polishing caused the for-
mation of three ares of rapid dissointion on
the shear circle (see Tig. 1b). These arcs have
mid-points on the poles of the (121), (211)
and (112) planes marked in Fig. 2. The shear
as applied in the [111] direction corresponds
to shear in the twinning sense on these planes.
The rapid chemical dissolution in these areas
must be a consequence of high remanence of
dislocations after deformation.

Etch pitting the upper surface of the speci-
mens produced a dense ring of unresolvable
pits on and near the punch cirele with bands
of pits extending outside the circle along
traces of the ‘twinning’ {112} planes (see
Fig. 4). On the {ower surfaces (which weve
also spark planed flat) some pits were pro-
duced on the shear cirele, but bands of pils
were observed to emanate from the inside of
the shear circle along {races of the ‘Lwinning’
{112} planes (sce Fig 5). Kteh pit patterns
intermediate  Lelween these limiling cases
were Tound at different levels in the sample
obtained by spark planing.
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Fig, 3. (a) Typical mound produced either by punching a thin dise (£ 1 mm), ot by punching al elevated

b

temperatures (T 2 450°K), (b) Typical mound produced by punching a thick disc at 298K (> 1 mm),

4, DISCUSSION

The elastic stress distribution due to a rigid
flat cylindrical punch heing pressed into a
semi-infinite elastic solid has been detcrmined
by Boussinesq [15], by Harding and Sneddon
[16] and by Sneddon [17]. A pertinent re-
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face of a punched dise, The perimeter of the punch is pits follow a {112 y Ewinning” plane which lie within
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bands at the perimoter, Magn, X 200,
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sult is the infinite value of the pressure at the
perimeter of the punch on the upper surface.
Thus, initial yielding should occur at the peri-
meter. However, for the punch t» move into a
semi-infinite solid, the complete volume im-
mediately under the punch must be displaced
by plastic flow. Movement of the punch into
the solid will only commence when the plastic
zones around the perimeter have spread over
the total contact area. Material will then be
transferred by plastic flow from under the
punch to the free surface outside its edges and
volume is conserved, In the case of a plate of
finite thickness, material can be punched
through to the underside if the plastic zones
around the perimeter of the punch grow to
form a completed cylindrical shear surface
through the total thickness of the plate,

The usual theory of plasticity applies to
isotropic homogeneous materials and macro-
scopic shear occurs along directions which are
determined by the externally applied forces
and constraints only. In single crystals, how-
ever, considerations such as dislocation ener-
gies, the relative friction stress for dislocation
movement on discrete glide planes, cross slip
probability and the relative work hardening of
different glide systems indicate that macro-
scopic shear will not, in general, follow lines
of maximum applied shear stress, (The re-
guirement of constant volume will obviously
still apply.) For example, the strong ordering
forces in the b.c.c. compounds studied by
Smakula and Klein [12] and Rachinger and
Cottrell [13] favour shear by the glide of dis-
lorations with & = a (001} on cube planes, The
confinement of shear to these {100} <001}
systems results in square bumps on the under-
side of thin {001} plates when the upper sur-
faces are subjected to indentation.

The lowest energy dislocation for body-
centred cubic niobium has the Burgers vector
a/2 (111 and glide oceurs on {110} and
{112} planes. In the expenment described,
the imposed shear will favour deformation
using, dislocations with the b = a/2 {111] (see
Fig, 2). Dislocations with Burgers vectors in
the remaning three (111) directjons ouly ex-
perience a shear stress of approzimately one-
third of this maximum value.

Cross slip of serew dislocations hag been
shown by many authors to be a process ins
herent to the deformation of body-centred
cubic metals. It might, therefore, have been

129

anticipated in the present experiment that the
material under the punch would move
through the niobium disc as a resuit of the
repeated cross slip of screw a/2 [111] disloca-
tions around the cylinder of maximum shear
stress. This would create circular edge disloca-
tions, whirh could glide prismatically to pro-
duce a eircular flat mound on the underside
of the disc. Deviation from a circular shape
could be due to variations in the lattice fric-
tion stress, cross slip probability and harden-
ing of the various planes of the [111] zone
around the glide cylindex. Planar facets would
result if any one type of slip plane was
favoured for any one of these reasons. For
example, a hexagonal bump would result if
the {110} {111] system operated in prefer-
ence to all others. Chin [18] has examined
the siluation in theory by analysing the yield
loci for various values of the critical resolved
shear stresses, for the {110}, {112} and
{128} (111) slip modes. The treatment pre-
dicts a truncated triangular yield locus if
{112} slip is preferred to {110} and {123}
and the critical resolved shear stress for shear
in the ‘twinning’ sense is less than that for
shear in the ‘anti-twinning’ sense. If the orien-
tation dependence of the slip geometry, ob-
served by Foxall et al [3] and discussed by
Duesbery {19] for uniaxial tensile deforma-
tion of niobium is used to derive the c.r.s.s,
for the various slip systems then a twelve-
sided polygon may be expected for room tem-
perature punching, The {112} ‘“twinning’,
{110} and {112} ‘anti-twinning’ sides would
have lengths in the ratio of 7.2:4.9:4. At
228K the cormesponding ratio would be
9:5.4:1.4, At 175K the resulting shape would
be a truncated triangle with long sides along
the {112} ‘twinning’ planes and short facets
along the {110} planes, the ratio of lengths
being 16.2:2. The yield loci for 298K and
175K are drawn in Fig. 6 and for comparison
the outlines of the bumps experimentally ob-
served at 300K and 159K have been arawn
from the photographic images. The general
shape is in good agreement but it should be
noted that the ‘corners’ of the tnangles are
rounded and follow the outline of the
punched cirele. The *twinning’ facets are neax-
ly planar and lic inside the punch cirele, The
following discussion attempts to establish the
deformation mechanisms.

The truncated triangular mound is in-
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Fig. 6. The outlines of the experimentally observed
bumps inseribed within the [111] yield loei, These
yield loci have been construcied from the values of
the critical resclved shenr stresses for slip on planes of
this zone obtained by Foxall et al. {3] (1) 208K (b)
175K.

seribed within the eylinder of maximum sheax
stress and Ulherefore a/2 [111] dislocations
created around the punch perimoter along
ares BCD, FGII and JKL of the upper surface
(Figs. 2 and 7) must remain within the bulk
of the crystal since elimb at the temperature
and strain rates used is unlikely. This is con-
firmed by the preferred chemical dissolution
in these regioms of the upper surface (Fig, 1b).
A typice! indentalion of 1072 em would ro-
quire a local edge dislocation content of 109,

.
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Mg, 7. A schematic representation of the defovmation
process described in the text, The core structure
[1,2,20] of the dislocations is represenied by the
symbol A~ where the radial lines define movements
which produce shear in the twinning sense,

However, for downward movement of mate-
riad through the disc to produce a flat mound
on the underside, shear must occur over the
entire perimeter of the mound through the
thickness of the disc. Since no shear is trans-
mitted through the disc by the dislocations
generated along the ares BOD, FGH and JKL
{Iig. 7), this must be achieved by the glide of
screw dislocations from the corner regions
LAR, DEF and HIJ along the chordal ‘bwin-
ning' planes BD, HF and JL to produce the
truncated triangular mound,

The dislocation content and movement are
depicted in Fig, 7. The experimental evidence
suggests that the diglocations which are gener-
ated mainly on twinning planes on the urcs
BCD, FGR and JKL find cross slip around the
glide cylinder, in response to the applied
shear, a very difficult process. This results in
the formation of dense mrays of stable serew
dislocations dipoles and, therefore, severe
work hardening, Conservation of volume re-
quires that some material ander the three seg-
ments (DCD, FGH and JKI) be transferred to
the unloaded region of the upper swflace of
the sample, T'he bands of eteh pits (Fig. stg
which propagate out on the respective {112
‘twinning” planes from the ares indicate that
the high shear stress, at the ‘hard’ regions on
the perimeter of the punch, generates a/2
[111] dislocations of the sign appropriate to
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the local upward movement of material at
the free upper surface,

It is evident thatthe a/2 [111] screw disloca-
tions generated on the ‘anti-twinning’ {112}
planes and {110} planes in arcs LAB, DETF
and HIJ of the glide cylinder (Figs. 2 and 7)
find cross slip an easy process. Slip around the
maximum shear surface proceeds until these
dislocations are required to cross slip on to
{112} ‘“twinning’ planes, Once the disloca-
tions have cross slipped on to these ‘twinning’
planes they find further cross slip difficult
and move by planar glide across the three
chordal planes of the cylinder in response to
the applied shear. Although the driving stress
on these planes is reduced with respact to the
cylindrical surface [15,16], glide occurs along
a softer and shorter path. Moreover, disloca-
tions proceeding along these planes from adja-
cent corners of the triangles may mutually
annihilate. The mechanism of deformation is
confirmed by the etch pits of Fig. 5. Disloca-
tions move in planar bands from the inner
side of the deformation circle on traces of the
{112} *twinning’ planes.

The du'ocation processes described must
occur simultaneously to permit the movement
of the punchk into the sample. The suggested
mechanism is cousistent with the improved
definition of the triangular mound with in-
creasing specimen thickness and with decreas-
ing temperature. An increase in thickness
gradually eliminates any possibility of mate-
rial being ‘punched through’ in the ‘hard’ sog-
© ments. A decrease in temperature makes cross
slip even more difficult aroun- the ‘hard’ aves
and, therefore, favours sheas in the manner
deseribed,

A difference in the stability of dislocations
to cross slip when moving on the various slip
planes is suggested by the punching esperi-
ment. An explanation of this behaviour may
be found in future extensions of the study of
the effect of an applied shear stress on the
screw dislocation core [20]. However, for the
present, it should be noted that any inten
pretation of uniaxial deformation should take
into account this varying stability to cross
slip, For example, the orientation dependence
of the slip plane observed by Foxall ¢t al, [3]
for tensile deformation of niobium crystals
shows a large angular range for slip on the
{112} “twinning’ planes which could be the
consequence of the difficulty of cross slip off
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these planes. Dislocations which are originally
gliding on {110} planes may cross slip on to
the {112} ‘twinning’ planes in order to pass
obstacles, The persistence of slip on these
cross slip planes will account for the macro-
scoplc observation,

The ability of dislocations on the various
slip systems to cross slip will influence the
deformaticn behaviowr of b.c.e. metals by
determining the number of jogs, of atomic
dimensions or larger, created by the double
cross slip mechanism. Electron microscopy
studies and the recent direct observation of
the initial movement of dislocations at yield
in Fe - Si by high voltage electron microscopy
[21] suggest that the mobility of screws is
controlled by the motion of the jogs. Thus,
the plastic anisotropy of the b.c.c. metals (dis-
cussed, for example, by Sherwood, Guiu, Kim
and Pratt [22] will be determined indirectly
by the orientation dependence of the proba-
bility of cross slip, The experiment described
in this paper could, therefore, provide a con-
venient method of determining the relative
stability to cross slip of dislocations moving
on various slip plaies and hence complement
the uniaxial deformation studies.
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