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which on s u b s t i t u t i o n ,  toge the r  w i th  A (see above) , in to  equat ion 5.14 

g i v e s :

p j ( b , t ) e i  2 (1“ f ) Cy/PK dr ( k l 2 " \ y  \ 4) 5 .1 8
max

S u b s t i t u t i n g  f o r  p f rom t h i s  expression in to  equat ion 5.13 gives 

f i n a l l y  f o r  the bu lk  p inn ing  fo rce  de n s i t y  in c lass  II (b > 0 . 6 ) ;

Pv ( b , t )  to ktor d_
dr 5.19

max

To o b ta in  the dependence o f  on the reduced temperature t  and, 

app rox im a te ly ,  on the reduced induc t ion  b the approximate form f o r  the 

term in if* ( from equat ion 3,12b) is s u b s t i t u t e d  i n to  the above equat ion 

g i v in g

Pv ( b , t ) « b " * ( l - b ) 5 . 1 9 b

Comparison o f  the above equat ions w i t h  the exper imental  r e s u l t s  

f o r  Pv (b > 0.6)  (equat ion 5.9 and f o l l o w in g )  shows th a t  the model is 

in good agreement o f  g a  1, and i f  the p red ic ted  temperature dependence
C/p

behaves l i k e  B ,  ( t )  f o r  t  not  c lose to  u n i t y .  For an exact assess-c2
ment o f  the p red ic ted  t  dependence Py(b »0.6)K2(c)/Bg3(t) as

obta ined exper imental  1y f o r  the [ l i o ]  1 per cen t ,  2 per cent and 4 per 

cent deformed specimens (as-quenched -  c lass  ( i i ) )  have been p lo t t e d  

aga ins t  t  in f i g u r e  5.33.  According to  the model t h i s  p l o t  should 

show no dependence on t , i . e .  the s lope should be zero.  This is 

conf i rmed in the f i g u r e  f o r  the regime t  < 0.9.  The f i g u r e  a lso  

demonstrates tha t  P^(b a  0.6) Is independent o f  the ex ten t  o f  deforma­

t i o n  f o r  t  < 0 .9 .  The breakdown o f  the theory  f o r  t  > 0.9 w i l l  be  

discussed in sec t ion  5 .5 .4 .

In f i g u r e  5-34 the exact dependence o f  Py on b as p red ic ted  by 

equat ion 5.19a ( s o l i d  curve) using the r e s u l t s  o f  f i g u r e  3.5 ( f o r
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x as quenched -  Class (U) 

Class II t = 0-484 

Model -  Class H 
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Figure 5• 3*1 • Comparison o f  the p red ic te d  b dependence o f  the 

bu lk  p inn ing  fo rce  d e n s i t y ,  from the model f o r  

c lass  I I  ( s o l i d  curve - b > 0 .6 ) ,  w i t h  experiment 

on the as-quenched and aged [ iTo]  4% deformed 

specimen (c lass ( i i ) and c lass  I I r e s p e c t i v e l y ) .  

Also shown is the p r e d i c t i o n  o f  Kramer1s (1972) 

model w i th  app rop r ia te  cho ice o f  parameters.
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b > 0 .6)  is  compared w i th  experiment in c lass  ( i i ) and Class 11 ( i . e .  

f o r  the [ l  To] 4 per cent deformed specimens (as-quenched and aged f o r  

10 minutes a t  70K and d i t t o  a f t e r  s u b t ra c t in g  o f f  c lass  I behaviour -  

see f i g u r e  5 .28 ) .  (A s u i t a b l e  s c a l ing  f a c to r  on the ax is  has 

been chosen f o r  each o f  the curves to  f a c i l i t a t e  q u a n t i t a t i v e  com­

par ison ,  ) The model appears to  be good q u a l i t a t i v e  agreement w i th  

the c lass  11 r e s u l t s  f o r  b > 0 ,6 .  [ i t  is apparent in f i g u r e  5.34 t h a t  

the re  is  evidence o f  a peak e f f e c t  anom&iy a t  b #  0.8 in the c lass  ( l i )  

curve which is  absent in the c lass  l i  curve. This w i l l  be discussed 

in sec t ion  5 . 5 . 4 , ]  An approximate q u a n t i t a t i v e  assessment w i l l  now

be made f o r  p^ and P a t  b =  0.6 and T =  4.2K, m v

Thus f o r  p^,  s u b s t i t u t i n g  the f o l l o w in g  values i n t o  equat ion 

5.18,  v i z :  B 2 (4.2K) -  2720 gauss, k 1(4,2) -  1.57, k =  0.785

p =  1.5 x 10^ cm ^ , ( l - f )  == 1, Ĉ . ~  5 x 10 ^  =  2 . 0 7  x 10 ^ gauss
2

cm and “ | # | ^ )  = 0 . ( f r om f i g u r e  3 . 5  w i th

b =  0 .6) gives  p̂ j a  2 . 3  x 10 ^ dynes cm  ̂ * This is  l a rg e r  than the 

p r e d i c t i o n  f o r  a c lean edge d i s l o c a t i o n  (equat ion 3*2 .5)  by a f a c to r  

o f  app rox im ate ly  2 3 , but s t i l l  sm a l le r  than the  c r i t i c a l  p inn ing  

fo rce  requ i red  by Labusch's th resho ld  c r i t e r i o n  (equat ion 3.49 and 

f o l l o w in g )  by a fa c to r  o f  2. Equat ion 3.49 however app l ies  s t r i c t l y  

on ly  f o r  p o in t  p inn ing  s i t e s  (d «  a^) in the d i l u t e - 1 i m i t  and w i l l  

p r e d i c t  a va lue f o r  pc which is  too la rge f o r  l i n e  forces as in the 

p resen t  case.

S u b s t i t u t i n g  the above va lue f o r  » r to  equat ion 5.13 f o r  P^

g ives Py ci (6.5 x 1012)wkr dynes cm ^ a- 4,2 and b =  0 .6 .  The

measured value  f o r  Pv (b =  0 ,6 ,  T =  4.2K) in c lass  I I  (from f i g u r e

5*28) is  2 . 5  x 10^ dynes cm ^ so th a t  the requ i red  va lue f o r  wkr is
-8

approx im ate ly  5 x 10 which is  q u i t e  reasonable s ince  fo r  

k ~ o . 1 e  ~ 1 0  cm i i r ^ s . i o " 2 .

I
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5 .5 .4  Anomalous behaviour

There are two p r i n c i p a l  types o f  anomaly which re q u i re  a t t e n t i o n ,

v i z :  { i ) the peak e f f e c t  which o c c u r s  a t  b c; 0.8 (see f o r  example

f ig u re s  5.24a and 5.24b) and ( i  i ) depar tu res from the p red ic ted

temperature dependence in c lass  I and c lass  i I  as t  -> 1 (see f ig u r e s

5-30 and 5-33) .  Any d iscuss ion  o f  these l a t t e r  depar tures can on ly

be specu la t ive  however. This  Is because o f  the man i fo ld  v a r i e t y  o f

poss ib le  phys ica l  e f f e c t s  which can be impor tant  as t  -> 1 and the

r e l a t i v e  pauc i ty  o f  exper imenta l  r e s u l t s  in t h i s  regime. Neg lec t ing

pos s ib le  sur face e f f e c t s  the re  are th ree  bu lk  e f f e c t s  which should be

cons idered,  viz*.

( i ) as t  -r 1 the sca le  o f  the f lu x o n  l a t t i c e  (a^,  g and X)

increases r a p id l y  w i t h  respect to  the scale o f  the de fec ts  respons ib le

f o r  p inn ing .  According to  appendix A1(h) t h i s  could lead to  e i t h e r

a p o s i t i v e  o f  negative,  d e v ia t i o n ,  in the p l o t  o f  f i g u r e  5-30 ( f o r

the  m u l t i p l e  d i s l o c a t i o n  s i t e s ) ,  depending on the d i s t r i b u t i o n

fu n c t io n  f o r  the s iz e  o f  these s i t e s .  The C o t t r e l l  atmosphere s i t e s

should be una f fec ted  by t h i s  co n s id e ra t io n ,

( i i )  Taking ( ^ “ ( l " t )  the th resho ld  p inn ing  fo rc e  (equat ion

3.49b) has a temperature dependence given approx imate ly  by

Pmc( t ) o:( l “ t )  . For the 6k mechanism (which ob ta ins  in c lass  I

and class I I )  the bas ic  p inn ing  fo rce  va r ies  as ( l - t ) * ^  approx imate ly

and t h e re fo re  i f  p f a l l s  w i t h i n  the ran' e o f  v a r i a t i o n  o f  the r mc

magnitude o f  p ^ [ 6 k ]  f o r  the de fec ts  a negat ive  d e v ia t io n  is expected 

as t  -r 1.

( i i i )  The e l a s t i c  p inn ing  mechanisms a lso vary w i th  temperature as 

 ̂ ?
( I - t )  approx im ate ly  so t h a t  i f  t h e i r  c o n t r i b u t i o n  is f i n i t e  a p o s i t i v e  

d e v ia t io n  is expected as t  1.
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Civ) A second-order e l a s t i c  i n t e r a c t i o n  c o n t r i b u t i o n  which depends 

on Cg w i l l  be e s p e c ia l l y  enhanced as t  -» 1 s ince ,  in c o n t ra s t  to

6k, 6 e and the  o the r  60, 6Cg does not go to  zero as t  -> 1 (see

chapter  3)•

Another e f f e c t  which w i l l  cause an anomaly a t  any 0 < t  < 1 and

which would be s e n s i t i v e l y  man ifes t  in the p lo ts  such as those o f

f i g u r e s  5.30 and 5-33 is  the  s o -c a l l e d  matching e f f e c t  (see chapter  3

and d iscuss ion  in  sec t ion  5 . 5 . 2 ( b ) . Th is  would g ive  r i s e  to  a peak

in  P y ( b , t )  a t  a p a r t i c u l a r  va lue o f  B, i . e .  a t  a p a r t i c u l a r  combination

o f  both t  and b.

Without a knowledge o f  the r e l a t i v e  importance o f  the above

ment ioned e f f e c t s  and cons ide r ing  the approximate nature  o f  the models

f o r  c lass  I and c lass  I I  and the s c a t t e r  and small s ize  o f  the

d e v ia t io n s  from zero s lope in the p lo ts  o f  f i g u re s  5-30  and 5 . 33  i t  is

not poss ib le  to  make d e f i n i t e  p r e d i c t i o n s .  In c lass  I ( f i g u r e  5-30)

the p l o t  shows an o v e ra l l  p o s i t i v e  d e v ia t io n  f o r  t  > 0 . 5 , which may be

c o n s is te n t  w i th  e f f e c t s  ( I ) ,  ( i i i )  o r  ( iv )  o r  any combinat ion o f  these

e f f e c t s , and a lso  a suggest ion o f  a minimum at t > 0 . 8  which may be

due to  e f f e c t s  ( i )  or  ( i i ) o r  both.  The c lass  11 behaviour ( f i g u r e

5.33) is more i n t e r e s t i n g  however. Thus the 1 per cent deformed
2

specimen shows o n ly  a small negative, d e v ia t io n  a t  t  > 0 . 8 5 , the 2 per
2

cent specimen a small p o s i t i v e  d e v ia t io n  f o r  t > 0 . 8 5  and the 4 per

2cent specimen a s t ronger  p o s i t i v e  d e v ia t io n  beginn ing a t  t ' c x  0 . 5 .

Now f o r  c lass I I  Pm re « p  ̂ (equat ion 5.17) and th e re fo re  the 

inc reas ing  p o s i t i v e  d e v ia t i o n  w i t h  inc reas ing  deformat ion (and 

t h e r e fo re  p) may be c o r re la te d  w i th  a decrease in p fSKl r e l a t i v e  to 

p [ e l a s t i c ]  ( e f f e c t s  ( i i i )  or  ( l v ) ) .  However, the f i r s t  order  

e l a s t i c  In te ra c t io n  w i l l  probably a lso decrease as *  p ^
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approx imate ly  and the second order  a s  «  p approx imate ly  (see 

s ec t ion  5 . 5 . 3 ( a ) ) .  A more l i k e l y  exp lana t ion  is th a t  the d e v ia t io n  

is the r e s u l t  o f  res idua l  background c lass I behaviour which is a 

l i n e a r l y  inc reas ing  f u n c t io n  o f  deformat ion  and has a s l i g h t l y  slower 

v a r i a t i o n  w i th  B ^ ^ O - t )  than the c lass (11) behaviour (see f i g u r e  

5 , 26) .

The peak e f f e c t  a t  b e  0.8 w i l l  now be cons ide red . Thus accord­

ing to  Campbell and Eve tts  (1972),  who g ive  a f u l l  review o f  previous 

work and discuss var ious  mechanisms f o r  t h i s  e f f e c t , " t h e  s i t u a t i o n  

■‘‘o r  pure niobium is  c h a r a c t e r i s t i c a l l y  obscure w i th  a number o f  con­

f l i c t i n g  re p o r t s " .  There is  however a general consensus th a t  the 

peak e f f e c t  is  r e la te d  to  the presence o f  an i n t e r s t i t i a l  im p u r i t y  

and th a t  i t  is most pronounced a t  some in te rm ed ia te  stage o f  segrega­

t i o n  o f  the i n t e r s t i t i a l s  a t  d i s l o c a t i o n s ,  g ra in  boundar ies o r  o ther  

de fec t  f e a t u r e s . Th is  is c e r t a i n l y  a lso  the case in the present  

i n v e s t i g a t io n  (see f i g u r e  5.32 and sec t ion  5 . 5 . 2 ( b ) ) .  The p rec ise  

r o le  played by i n t e r s t i t i a l  Im p u r i t i e s  has not p re v io u s ly  been 

e luc id a te d  however.

The known mechanisms which could poss ib ly  g ive  r i s e  to a peak 

e f f e c t  a t  in te rmed ia te  o r  high b may be summarized as fo l l o w s  (see 

a 1 so Campbell and Evetts  ( loc ,  ci t , ) :

( i ) in two ,,,iase m a te r ia ls  where p inn ing  takes place a t  the 

in te r f a c e  boundar ies between the phases, the p o s s i b i l i t y  e x i s t s  tha t  

f o r  a c e r t a in  f .  d va lue the i n t e r a c t i o n  fo rce  w i l l  go to  zero thus 

lead ing to  a minimum in and the apparent ex is tence o f  a peak a t  

h igher  f i e l d  va lues .  (Evet ts  and Wade, 1970 and Dew-Hughes and 

Wftcomb, 1972.) This  mechanism cannot account f o r  the present  

r e s u l t s .
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( i  i )  The matching e f f e c t  which is c l e a r l y  not a p p l i c a b le  here,

( i i i )  A p inn ing  th resho ld  e f f e c t  which leads to an increase in the

number o f  e f f e c t i v e  s i t e s  and f o r  which the argument is s im i l a r  to

t h a t  fo r  the t  anomaly discussed above.

( ' v )  The proposal  o f  Pippard (1969) which depends on the f a c t  

t h a t  shear modulus (C , , )  o f  the f 1uxon l a t t i c e  goes to  zero 

q u a d r a t I c a l l y  as b 1. Thus since the bas ic  p inn ing  fo rce  va r ies  

approx im ate ly  as ( l - b )  i t  is  poss ib le  tha t  a network o f  r e l a t i v e l y  

weak l i n e  forces ( f o r  which the response o f  the f 1uxon l a t t i c e  depends 

o n ly  on the modulus C,^ ,  equat ion 3 , 52 ) exceeds the p inn ing  th resho ld  

c o n d i t i o n  as b -» 1 and begins to pin e f f e c t i v e l y .

(v) The proposal o f  Campbell and Evetts  ( l o c .  c i t . )  and see also 

sec t ion  5 . 5 . 2 ( b ) )  tha t  synchronous p inn ing  may r e s u l t ,  w i t h  increas ing  

b, f rom a concomitant increase in the d e n s i t y  o f  f 1uxon l a t t i c e  

de fec ts  which then a s s i s t  the f 1uxon l a t t i c e  to  re lax  onto  the e x i s t i n g  

p inn ing  s i t e s .

( v i ) F i n a l l y  the re  Is the model o f  Kramer (1973) which is a lso

based on a 11ne-force response by the f 1uxon l a t t i c e .

The Pippard mechanism appears s u p e r f i c i a l l y  to  o f f e r  the best 

approach to  e x p la in in g  the peak e f f e c t  in both c lass  ( I ) and c lass  ( i  i ) 

o f  the  present i n v e s t i g a t i o n .

According to Campbell and Evetts  ( lo c .  c i t . )  the upper l i m i t  f o r  

the magnitude o f  (peak) , f o r  the Pippard mechanism, is given by

pP( t )  =  (B / *o )p *  5.20a

( ' V 2 tn(R0/a0) 5.20b

(see equat ion 3.52) where k a ^ - t i  ) is the requ i red d i s t o r t i o n  f o r  

synchronous p inn ing ,  b is  the va lue o f  b a t  the peak and Rq is the
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average, separa t ion  between the l i n e  p inn ing  s i t e s ,

Campbell and Evetts  suggest k « l / a ^ .  S u b s t i t u t i n g  R •= 10aQ 

and ^  ""b) in to  equat ions S.20a and 5.20b gives

( 1-bp) =  (8n / k ^ ) Y ( t )  5,21

The q u a l i t a t i v e  requirements from experiment (see fo r  c,ample f i g u r e  

5 .2 4 )  are:

( i ) (1 -bp) should have no s i g n i f i c a n t  dependence on temperature

I . e .  tha t  In equat ion 5.21 (w i th  ) Y C O ^ B ^ C O / K ^ C t ) .

From prev ious  cons ide ra t ions  i t  w i l l  be apparent th a t  t h i s  is con­

s i s t e n t  w i th  the 6k p inn ing  mechanism f o r  which (equat ion 3.12)

5 I t  2
Y ( t ) « B g 2 ( t ) / K . ( t )  which can be expressed approximate ly  as 

2 2
8 ^ 2 ( t ) / K p ( t )  f o r  t  not c lose  to  u n i t y .

(I  I ) P y ( t )  should have a s l i g h t l y  s lower  v a r i a t i o n  w i th  tempera­

t u r e  than Py ( t )  in class I and c lass  I I  and should have approx im ate ly  

the same magnitude in c lass  ( i ) and c lass  ( I I ) .  In o rder  t o  compare 

the p r e d i c t i o n  o f  equat ion 5.20 f o r  Py ( t )  w i th  experiment in c lass ( i ) 

and in  c lass ( i  i )  ( t  w i l l  be necessary t o  make two assumptions, 

v i z : (aj tha t  the p r e d i c t i o n s  o f  the models f o r  c lass I and c lass  I I

f o r  the temperature dependences o f  Py are s t i l l  v a l i d  f o r  b =  b a  0.8 

and correspond s u f f i c i e n t l y  w e l l  to  the temperature dependences which 

would have been obta ined In c lass  ( t ) and class ( ( i )  r e s p e c t i v e ly  i f  

the peak e f f e c t  were not present and (b) th a t  the summation processes 

f o r  the peak e f f e c t  and f o r  e i t h e r  c lass  I o r  c lass  I I are not i n t e r ­

dependent, i . e .  tha t  they s imply  sum l i n e a r l y .  In accordance w i t h  

the above assumptions the p red ic ted  bu lk  p inn ing  fo rce  w i l l  be given 

( f o r  c lass ( i ) and c lass  ( i i ) )  by

p ' , ' " ( b , t )  + p P (b , t )  5.22aPy ( b , t )
c l a s s  ( i ) ,  ( i  i )
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where P^‘ * * are  the p red ic ted  bu lk  p inn ing  fo rce  d e n s i t ie s  in c lass  I 

o r  in c lass  11 r e s p e c t i v e l y ,  Since the abso lu te  magnitude o f  is

not known i t  is  necessary to  expiess equat ion 5.22a in terms o f  

r a t i o s ,  thus:

. , /Pv (^2'%)
c lass ( I ) , ( I t )

P j ' "  ( b l , t )  + p P ( b i ' t )

Now the obvious choice f o r  b  ̂ is  b  ̂ b =» 0.8 whore

5,22b

t

maximum. I f  b^ is  chosen so th a t  P^Cbg) «  Py(t> ) the  in accordance

w i th  assumption (a) above Px*,’ * * (b9) “  P^(b2)
c lass  ( i ) ,  ( I i )

I t

apparent from f i g u r e  5.24 t h a t  t h i s  c o n d i t io n  should be s a t i s f i e d  fo r  

bg < 0.6 in both c lass  ( i )  and c lass  ( i i ) .  S u b s t i t u t i n g  in to  equat ion 

5>22b f o r  b^,  b^ and P ^ ' * * ( l e f t  hand side o n ly )  and a lso  the tempera­

tu re  dependences f o r  P^ ( from equat ion 5.7) and P^ ( f rom equat ion 5.20b) 

then gives the f o l l o w in g  p r e d i c t i o n  f o r  c lass  ( I ) ,  v i z :

/Py(0.8,t)/pT(0,6,t)
class ( i )

~  a + ( t ) / k^ ( t ) 5.23

where

P ^ ( 0 . 8 , t ) / P y ( 0 , 6 , t )

p J ( 0 . 8 , t ) / p P ( 0 . 8 , t )

> 0.64 (from f i g u r e  5.32) 

and is  not dependent on the reduced temperature t  and 

3

which has on ly  a very small dependence, on t .

For c lass  ( I I ) ,  s u b s t i t u t i n g  f o r  the temperature dependences o f  

p J * and from equat ions 5- 19b and 5.20b (w i th  k«B g) r e s p e c t i v e l y ,  

g ives



5.24

where

1

5 ,34)

and

6 =  P v ' ( 0 , 8 , t ) / P y ' ( 0 . 6 , t ) a  0 . 5  ( from equat ion 5 . 19  o r  f i g u r e

P y ' ( 0 . 8 , t ) / p P ( 0 . 8 , t )

The t h e o r e t i c a l  p r e d i c t i o n s  o f  equat ions 5 , 23  and 5 , 2k w i l l  now

be compared w i th  the exper imental  r e s u l t s .  Thus (b 0 . 8 , t ) /

Py(b «  0 . 6 , t )  as determined from experiment on the 4 per cent; deformed

specimens in c lass ( l )  ( f i g u r e s  5.16a and 5 . 16b) and in c lass ( i I )

( f i g u re s  5 * 13a and 5.13b) a re  p l o t t e d  aga ins t  ^  ( t ) / * ^  ( t )  and 
2 2

^ ( O / k^ U )  ( from f i g u r e  5.6) r e s p e c t i v e l y  in f i g u r e  5.35. Al though 

the re  is  cons iderab le  s c a t t e r  in the p o in t s ,  e s p e c ia l l y  in c lass  (1 ) ,

I t  is  pos s ib le  to f i n d  a moderate!y accurate  l i n e a r  r e la t i o n s h ip  (as 

shown by the s t r a i g h t  l i n e s  in the f i g u r e )  f o r  each case in q u a l i t a t i v e  

agreement w i t h  equat ions 5 . 2 3  and 5,24.  [The small peak a t  f ( k ) c. 0.75 

in  c lass  11 is  re la te d  to  the anomaly P (b) a t  b =  0,6 as shown 

by the curves o f  f i g u r e  5.13b*]

From these approximate s t r a i g h t  l i n e  f i t s  values f o r  a» 0, 6 and e 

have been determined.  Thus: ce 13 0.65 ± 0.5 in good agreement w i th  

the model, g u  0 , 5 8 , 6 0.44 i  0.4 compared w i t h  0.5 f rom theory and

e u  0.51. Now

3/e , P* * (b ^  0 .8 ) /P * ( b 0 .8 ) - 3 1 P^(0 .8)  /
c lass ( I I )

pP(0'8)
5,25

c lass  ( i )
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f ( K )  =*  C LA S S

9

C L A S S  II  f ( K )  K f / K

0.3 0-4 Q.5 0'6 0,7 0 '8  0-9 1*0

f (K)

Figure  5,35" A p l o t  o f  the v a r i a t i o n s  o f  the r a t i o  o f  the

measured bu lk  p inn ing  fo rce  d e n s i t y  a t  b =  0.6 and

b G 0,8 f o r  c lass  ( i )  and class ( I i ) aga ins t  
h "2

re s p e c t i v e ly  ( U / k ^ U )  (which is the r a t i o  o f  the 

p red ic te d  temperature dependences f o r  c lass  I and 

the peak e f f e c t  model) and \ * ^ ( O / K ^ t )  (which is 

the r a t i o  o f  the p red ic te d  temperature dependences 

f o r  c lass  I I and the peak e f f e c t  modal).



deformed specimens as-quenched gives Py [ lTo ] /P^ fQ O l ]  «• 3 .8 .  In 

f i g u r e  5.17 the an I sot  ropy o f  P (b =  0 .8 ,  T =- 4.05K) w i th  H in the 

(110) plane f o r  the 4 per cent deformed d isc  is shown by the po in ts  

( the  o rd in a te  sca le  f o r  t h i s  p l o t  has been chosen t o  f a c i l i t a t e  i n t e r ­

comparison w i th  the s o l i d  curve ( a ) ) ,  This r e s u l t  is  In approximate 

agreement w i th  the above r a t i o  and a lso  in d ica tes  th a t  has a 

small maximum f o r  H along [00 l ]  and a la rge  maximum along the [ l  10] 

d i r e c t i o n .

I t  is  concluded th e re fo re  tha t  peak e f f e c t  observed here is 

q u a l i t a t i v e l y  c o n s is te n t  w i th  the Plppard mechanism ( the  p red ic ted  

magnitude o f  the e f f e c t  w i l l  be examined l a t e r ) .  The problem is  now 

t o  i d e n t i f y  the 11ne-forces respons ib le  f o r  the e f f e c t .  C le a r ly  

because o f  the r e l a t i v e l y  small d i f f e r e n c e  in the magnitude o f  the 

e f f e c t  in c lass  (1) and c lass ( I I )  they cannot be d i s l o c a t i o n s  o r  even 

C o t t r e l l  atmospheres on the d i s l o c a t i o n s .  The e f f e c t  is however 

d e f i n i t e l y  r e la te d  to the presence o f  I n t e r s t i t i a l  hydrogen in some 

ordered or  sub-ordered phase. In sec t ion  3,1 prev ious  work on p inn ing  

due to  oxygen and n i t ro g e n  in niobium and vanadium was reviewed. For 

r e l a t i v e l y  low i n t e r s t i t i a l  concen t ra t ions  p inn ing  was found to  be a 

maximum when the f luxons  were p a r a l l e l  t o  ant iphase boundar ies,  to 

planes normal to  crys ta l  d i r e c t i o n s  which are s o f t  and th e re fo re  favour 

c l u s t e r i n g  o f  i n t e r s t i t i a l s  in these pianos and to the d i r e c t i o n s  along 

which such boundar ies o r  planes in t e r s e c t .  In p a r t i c u l a r ,  w i t h  H in 

a {110}  plane, approximately equal maxima wore found fo r  when Ho 

was p a r a l l e l  t o  the «00l> and <110> d i r e c t i o n s .  I t  is poss ib le  t h e re ­

f o re  th a t  the same mechanisms opera te  f o r  hydrogen in niobium but in
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which on s u b s t i t u t i n g  0/e “  0.58/0,51 and P^* (0 .8 ) /P ^ (0 .8 ) -

Pv(o.8) /
c lass  ( i i )

Py(0.8) “  3*3 ( f i g u r e  5.23, 4 per cent
c lass  ( i )

deformed specimens as-quenched gives Py [ l i "o ] /P^[OOl ]  «  3*8.  In 

f i g u r e  5*17 the an iso t ro py  o f  P^(b — 0 .8 ,  T k . 05K) w i th  H in the 

(110) plane f o r  the 4 per cent deformed d isc  is  shown by the po in ts  

( the  o r d in a te  sca le  f o r  t h i s  p l o t  has been chosen to  f a c i l i t a t e  i n t e r ­

comparison w i th  the s o l i d  curve ( a ) ) .  This r e s u l t  is  in approximate 

agreement w i th  the above r a t i o  and a lso  in d ic a te s  th a t  P^ has a 

small maximum f o r  Hq along [OOl] and a la rge  maximum along the [ i To]  

d i r e c t i  on.

I t  is  concluded t h e r e fo re  tha t  peak e f f e c t  observed here is  

q u a l i t a t i v e l y  c o n s is te n t  w i th  the Plppard mechanism ( the  p red ic ted  

magnitude o f  the e f f e c t  w i l l  be examined l a t e r ) , The problem is  now 

t o  i d e n t i f y  the 11ne- fo rces  respons ib le  f o r  the e f f e c t , C le a r ly  

because o f  the r e l a t i v e l y  small d i f f e r e n c e  in the  magnitude o f  the 

e f f e c t  in c lass  ( I )  and c lass ( I I )  they cannot be d i s l o c a t i o n s  o r  even 

C o t t r e l l  atmospheres on the d i s l o c a t i o n s .  The e f f e c t  is  however 

d e f i n i t e l y  re la te d  to  the presence o f  i n t e r s t i t i a l  hydrogen in some 

ordered or  sub-ordered phase. In sec t ion  3.1 previous work on pinn ing 

due to  oxygen and n i t ro g e n  in niobium and vanadium was rev iewed. For 

r e l a t i v e l y  low i n t e r s t i t i a l  concen t ra t ions  p inn ing  was found to  be a 

maximum when the f luxons  wore p a r a l l e l  to  ant iphase boundar ies,  to  

pianes normal to  c r y s ta l  d i r e c t i o n s  which are s o f t  m l  t h e re fo re  favour  

c l u s t e r i n g  o f  i n t e r s t i t i a l s  in these planes and to the d i r e c t i o n s  along 

which such boundar ies o r  planes In te r s e c t ,  In p a r t i c u l a r ,  w i t h  H In 

a {110} p lane, approx imate ly  equal maxima were found f o r  P when HQ 

was p a r a l l e l  to  the <001> and <11C> d i r e c t i o n s .  I t  is poss ib le  t he re ­

f o r e  tha t  the same mechanisms opera te  f o r  hydrogen in niobium but in
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the  present case are r e l a t i v e l y  weaker and th e re fo re  are ab le  t o  pin 

e f f e c t i v e l y  o n ly  by a synchronous mechanism (e .g .  the Pippard 

mechanism). That the magnitude o f  the peak e f f e c t  f o r  Hq along the 

[ l T o ]  d i r e c t i o n  is l a rg e r  than f o r  H along [OOI] would then 

in d ic a te  th a t  the c l u s t e r i n g  e f f e c t  is  more impor tant  than c r y s t a l i o -  

g raph ic  o rd e r in g  in t h i s  case (see sec t ion  4 . 1 ) .  Another p o s s i b i l i t y  

is  th a t  the p inn ing  s i t e s  are tw in  boundar ies r e s u l t i n g  from a 

m a r t e n i s t i c  phase t rans fo rm a t ion  (see chapter  4 ) ,  o r ,  more l i k e l y ,

t h i n  (o rder  g) l e n t i c u l a r  o r  r o d - l i k e  ,mu t e n i s t i c  p r e c ip i t a t e s  which

would p in  by the 6 k mechanism. Such martens i te  p r e c ip i t a t e s  are not 

expected to  be s t rong p inn ing  s i t e s  however (Campbell and E v e t t s , 1372). 

From prev ious c o n s id e ra t io n s ,  and in agreement w i th  o the r  i n v e s t i g a ­

t i o n s  on the peak e f f e c t  the q u a n t i t y  o f  i n t e r s t i t i a l  involved in the 

e f f e c t  is  ve ry  smal l .
-2

F i n a l l y ,  p u t t i n g  k ™ 10 (as suggested by Campbell and E ve t t s ,

1972) in equat ion 5.20 and s u b s t i t u t i n g  ( l~b  ) ■='0.2 and f o r  and

<2 f ° r  n iobium a t  4.2K gives P^(4.2K) c* 2 . 6  x 10^ dynes cm '  as an

upper l i m i t .  This  is  a f a c t o r  o f  approx im ate ly  10 la rge r  than the

exper imenta l  peak. i f  the t h e o r e t i c a l  p r e d i c t i o n  (equat ion F .20)  is

reduced by t h i s  f a c to r  then the p red ic ted  va lue f o r  y is approx imate ly  
—

2 x 10 dynes cm which is the  s o r t  o f  o rder  o f  magnitude expec ted.

5 .5 .5  Summary and conclus ions

The an iso t ropy  o f  the bu lk  p inn ing  fo rce  dens i ty  and i t s  dependence 

on the c o n f ig u r a t i o n a l  d i s t r i b u t i o n  o f  i n t e r s t i t i a l  hydrogen in small 

n iobium s in g le  c r y s ta l  specimens con ta in in g  predominant ly  edge d i s l o c a ­

t i o n  ar rays  have been determined in a se r ies  o f  exper iments . From 

these r e s u l t s  and cons ide ra t ions  o f  the deformat ion  s t r u c tu r e  i t  was 

poss ib le  to deduce the ex is tence  o f  two d i s t i n c t  c lasses o f  behaviour 

which could be assoc ia ted in a m u tua l ly  c ons is te n t  manner w i th  the
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ope ra t ion  o f  'm u l t i p l e  d i s l o c a t i o n *  and ' C o t t r e l l  atmospheres' s i t e s  

r e s p e c t i v e l y .  The m u l t i p l e  d i s l o c a t i o n  s i t e s  o f  c lass I cons is t  o f  

small (10^ -  lO^ft d iameter)  roughly spher ica l  regions o f  t i g h t l y  

tang led  d i s l o c a t i o n  segments, d ipo les  or  m u l t i p o le s .  The C o t t r e l l  

atmosphere s i t e s  o f  c lass  I I  c o n s is t  o f  C o t t r e l l  atmospheres on edge 

d i s l o c a t i o n  segments p a r a l l e l  to  the f luxon l a t t i c e .

Class I behaviour Is s i m i l a r  to th a t  found by o th e r  authors in 

l i g h t l y  deformed type I !  superconduct ing m a te r i a l s .  In accordance w i th  

the t h e o r e t i c a l  expec ta t ion  th a t  the in t e r a c t i o n  o f  i s o la te d  segments 

o f  d i s l o c a t i o n  w i th  the f lu xon  l a t t i c e  is too weak to  s a t i s f y  Labusch's 

th resho ld  requirements i t  is  pos tu la ted  tha t  the p inn ing  behaviour  found 

by these o th e r  authors  is  a lso  due to  m u l t i p l e  d i s l o c a t i o n  s i t e s  o f  

the type i d e n t i f i e d  here.  A proper fo rm u la t ion  o f  the elementary 

p inn ing  fo rce  due to a m u l t i p l e  d i s lo c a t i o n  s i t e  o f  t h i s  type and 

range o f  s ize  ( i . e .  d iameter 2R ^  aQ! shows th a t  the p inn ing  fo rc e  due 

t o  s i t e s  f o r  which 2R £ c* , a t  any i n s t a n t , w i l l  be much la rg e r  than 

th a t  f o r  the o t h e r s . The w id th  o f  the d i s t r i b u t i o n s  in the s ize  and 

p o te n t ia l  den s i t y  (at  constant  | ^ | ^ )  o f  the m u l t i p l e  d i s l o c a t i o n  s i t e  

is  apparen t ly  s u f f i c i e n t l y  la rge  th a t  no s i g n i f i c a n t  matching e f f e c t  

occurs as aQ is v a r i e d . The volume dens i ty  and p inn ing  s t ren g th  o f  

e f f e c t i v e  s i t e s  apparen t ly  s a t i s f y  the d i l u t e - 1  im i t  requi rements.  

Moreover s ince f o r  these s i t e s  R 4  aQ/2  and the p inn ing  range d aQ/2  

a bas ic  requirement in Labusch's p o i n t - f o r c e  d i 1u t e ~ l i m i t  model, v i z ; 

d «  aQ, is  poss ib ly  a lso s a t i s f i e d .  S u b s t i t u t i o n  o f  d — ao/2  and 

the a p p ro p r ia te ,p ro p e r ly  fo rmu la ted ,express ions  f o r  the bas ic  pinn ing 

fo rce  in to  Labusch's express ion gives  very good agreement w i th  c lass  I 

and apparen t ly  a lso  w i th  the exper imenta l  r e s u l t s  o f  Good and Kramer 

( lo c ,  c i t . ) ,  Freyhardt  ( lo c .  c i t . )  and probably  also Coote ( lo c .  ci t . ) .
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In specimens co n ta in in g  predominant ly edge d i s l o c a t i o n  ar rays  the 

m u l t i p l e  d i s l o c a t i o n  s i t e s  apparen t ly  pin by the 6 k mechanism and in 

F re y h a rd t1s specimens in which the predominant d i s l o c a t i o n s  are o f  

Screw type a l ign ed  normal to  the f luxons the s i t e s  appa ren t ly  p in  by 

the second“ order  e l a s t i c  i n t e r a c t i o n .

The behaviour in c lass I I  is  apparen t ly  due to  a form o f  

synchronous p inn ing  by a high volume dens i ty  o f  C o t t r e l l  atmosphere 

s i t e s  which are appa ren t ly  not able to pin e f f e c t i v e l y  ( i . e .  do not 

s a t i s f y  the th resho ld  c r i t e r i o n )  a t  low values o f  b but  r a p id l y  

become e f f e c t i v e  a t  b a 0.4 (when the f luxon  cores begin to  ove r lap )  

and t h e r e a f t e r  p in  In accordance w i th  a synchronous p inn ing  model.

Th is  behaviour is a consequence o f  the nature  o f  the proposed model 

f o r  the 6 k  i n t e r a c t i o n  mechanism which apparen t ly  ob ta ins  f o r  the 

C o t t r e l l  atmosphere s i t e s  and the wavy natu re  and high volume dens i ty  

o f  these s i t e s .  The proposed summation model f o r  c lass  I I  is  in good 

o v e r a l l  agreement w i t h  exper iment , and in p a r t i c u l a r  f o r  b > 0 .6 ,  

where an e x p l i c i t  expression is  fo rmula ted ,  The p inn ing  behaviour in 

c lass  I I  a lso  leads to  a s e l f - c o n s i s t e n t  p r e d i c t i o n  f o r  the c o e f f i c i e n t  

o f  d i f f u s i o n  D(H, Nb) hydrogen a t  niobium (a t  9QK) which is in good 

agreement w i th  the expec ta t ion  value obta ined by e x t r a p o la t i o n  (on an 

Arrhen ius  p l o t )  o f  the well  accepted h igher  temperature values f o r  

D(H, Mb) (see f i g u r e  4 .2 ) .  By s u i t a b le  ageing procedures the i n t e r ­

s t i t i a l  hydrogen in the C o t t r e l l  atmospheres can be p r e c ip i t a t e d  out  

o f  s o lu t i o n  In to  the d i s l o c a t i o n  cores and c lass  I I  behaviour disappears 

leav ing  the much smal le r  c lass I background.

The above exper iments ,  besides e s ta b l i s h in g  the s a l i e n t  physical  

processes invo lved in f luxon p inn ing  in l i g h t l y  deformed, low k 

m a te r i a l s ,  c o n s t i t u t e s  the f i r s t  c r i t i c a l  appra isa l  o f  Labusch's 

th resho ld  c r i t e r i o n .  I t  is obvious from the fo rego ing th a t  clean
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i s o la te d  d i s l o c a t i o n s  ( i . e .  f re e  o f  C o t t r e l l  atmospheres) are not 

e f f e c t i v e  as p inn ing  s i t e s  and th e re fo re ,  presumably,  i n t e r a c t  on ly  

e l a s t i c a l l y ,  i . e .  non d i s s i p a t i v e l y  w i th  f luxons  -  In q u a l i t a t i v e  

agreement w i th  the  th resho ld  c r i t e r i o n .  The f a c t  t h a t  the d i s l o c a ­

t i o n  d e n s i t y ,  p a r t i c u l a r l y  in regions o f  b r a id in g ,  is  too high fo r  

the  d i l u t e - 1 i m i t  model o f  Labusch to  be a p p l i c a b le  is obv io u s ly  not 

re lev a n t  from a q u a l i t a t i v e  po in t  o f  view.

Anomalous d e p a r t u r e s , from the p red ic ted  p inn ing  behaviour,  which 

were exper imental  l y  observed In the regimes t  1 and b -+ 1 in both 

c lasses  were a lso  considered and discussed.  The ! peak1 e f f e c t  which 

was found a t  b ci 0.8 in a l l  the as-quenched specimens was shown to 

be in reasonably good agreement w i t h  P ippa rd1 s model f o r  a synchronous 

l i n e  p i n n i n g - s i t e  mechanism and i t  was argued tha t  the l i n e  s i t e s  were 

the r e s u l t  o f  some form o f  o rde r in g  o r  c l u s t e r i n g  o f  i n t e r s t i t i a l  

hydrogen on planes which i n t e r s e c t  along the <110> and <Q01> 

d i r e c t i o n s  in the niobium c r y s t a l s .
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CHAPTER 6

6, The Macroscopic Magnet izat ion behaviour  o f  Cy l inders  o f  ideal  

Type I I Superconductors

6.1 In t r o d u c t io n

In any magnetic m a te r ia l  the lo ca l  values o f  the magnet iza t ion  (M(r ) ) ,  

the  induc t ion  ( B ( r ) )  and the in te rn a l  o r  thermodynamic f i e l d  (He ( r ) ) 

are  re la ted  by;

For the spec ia l  case o f  specimens w i t h  sphero ida l  geometry, f o r  which 

one l i m i t i n g  case may be considered to  be very  long c y l i n d e r ,  H is  

everywhere un i fo rm  and homogeneous in s id e  the specimen and is  g iven ,  

in  terms o f  the ex te rna l  f i e l d  H by

c a lc u la te d  e x a c t l y  f o r  any sphero idal  geometry (see fo r  example 

B r a i 1s f o r d , l$66) ,

Thus i f  a s in g le  valued c o n s t i t u t i o n a l  r e l a t i o n s h i p  Is known fo r  

B [ H j  or  M[ j ( the square brackets w i l l  be used hencefo rth  to denote 

e q u i l i b r i u m  behaviour)  the magnet izat ion behaviour  f o r  any specimen 

w i th  sphero ida l  geometry can be p re d ic te d .  (For type I I  super­

conductors t h i s  has been done by K u l i k ,  1966, Fe t te r  and Hohenberg, 

1967, 1969, Cape and Zimmerman, 1967, and Z e l l e r  and D i l l i n g e r ,  19&9).

For shapes o the r  than sphero idal  the de te rm ina t ion  o f  the p o s i t i o n  

dependent in te rn a l  f i e l d  He ( r )  now u s u a l l y  invo lves a boundary value

B( r )  =  Hje ( r ) + WM(r) 6.1

6. 2

where D. j  is the s o -c a l l e d  demagnet izat ion tensor ,  which can be
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problem which is not so lvab le  in closed a n a l y t i c  form. However, f o r  

c y l i n d e r s ,  w i t h  e i t h e r  very la rge  o r  very  small a x ia l  r a t i o s , o f  normal 

magnetic m a te r ia ls  ( i . e .  exc lud ing  superconductors ) ,  in an ax ia l  

ex te rna l  1y app l ied  magnetic f i e l d  the in te rn a l  f i e l d  may, to f a i r  

app ro x im a t ion , be cons idered to be un i form in the specimen. The 

demagnet izing c o e f f i c i e n t  is  now taken to  be e i t h e r  D^, the 

demagnet izing f a c to r  f o r  the unclosed spher lod ( i . e .  a sphero id having 

the same p r i n c i p a l  dimensions) o r ,  more a c c u r a te l y ,  the s o -c a l led  

magnetometric demagnet iz ing f a c to r  which is c a lc u la te d  f o r  a 

so leno ida l  c o i l  o f  the same dimensions as the specimen (see Brown,

1962). F e t te r  and Hohenberg (196"/> 1969) argue th a t  the above ap p ro x i ­

mation does p r e d i c t  the r e v e r s ib le  e q u i l i b r i u m  behaviour in d i s c -  

speclmens (D •* 1) o f  type I I  superconductors c o r r e c t l y  and i t  has in

f a c t  f r e q u e n t l y  been used in the an a ly s is  o f  magnet iza t ion  measurements

on t h i n  d is c  and shor t  c y l i n d r i c a l  specimens o f  type I I  superconductors . 

I t  w i l l  be demonstrated in t h i s  chapter however t h a t  t h i s  approach has 

on ly  a l im i t e d  v a l i d i t y  and th a t  the actual  behaviour In such specimens 

can never approach e q u i l ib r iu m  f o r  c e r ta in  ex te rna l  f i e l d  c o n d i t io n s .  

Such non-equ l1 ib r I  urn behaviour  has been observed p re v io u s ly  in d i s c -  

specimens and has v a r i o u s l y  been a t t r i b u t e d  to  f 1uxon p inn ing  o r  the 

ex is tence  o f  a m ixed - in te rm ed ia te  s ta te  in the specimen (see fo r

*  This is  because o f  the lo c a l i z e d  nature  o f  f l u x  tubes ( i n  type 1)

and f luxons ( In  type I I  supe rconduc to rs ) . Thin fe r romagnet ic

specimens c on ta in in g  s o -c a l l e d  'bubb le '  domains are t h e r e fo re  a lso  
excluded,

* *  For a b r i e f  in t r o d u c t io n  to  the m ixed- In te rmed ia te  s t a te  see Seeger 

(1970).  I t  w i l l  become apparent l a t e r  tha t  the ac tual  behaviour o f

the f luxons  in a type I I  superconduct Ing dIsc-spocImen in t ransverse

f i e l d  has fea tures  in common w i th  the s o -c a l le d  m ixed- in te rm ed ia te  

s ta te  but t h a t  the e f f e c t  is  due to the specimen geometry ra th e r  

than to the ex is tence  o f  a long range a t t r a c t i v e  I n te r a c t i o n  between 

f 1uxons.
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example Aston, Dubeck and Rothwar f , 1971 and Rothwar f , Rao and 

Dubeck, 1972).

In t h i s  l a t t e r  case however the theory (which is e s s e n t i a l l y  the 

same as the theory  fo r  the s o -c a l l e d  'Horn e f f e c t 1 in type I super­

conductors (see f o r  example Andrew, ig48, o r  Kuper, 1968) p re d ic ts  a 

s ize  e f f e c t  which w i l l  be shown to  be non -e x is ten t  in niobium d is c -  

specimens. I t  w i l l  a lso  be shown t h e o r e t i c a l l y  and expe r im e n ta l iy  

tha t  the n o n -e q u i l ib r iu m  behaviour is  a d i r e c t  consequence o f  the 

c y l i n d r i c a l  geometry.

Other p e r t i n e n t  t h e o r e t i c a l  work in respect o f  the magnetic 

behaviour o f  type I I  superconduct ing disc-specimens and t h in  f i lm s  in 

t ransverse  f i e l d ,  is  th a t  due to Pearl (1964, 1965) and Maki ( 1965 ) 

who uses some o f  P e a r l ' s  r e s u l t s .  I t  w i l l  be useful  to  summarize 

b r i e f l y  some aspects and conclusions of  these in v e s t i g a t io n s ,  Thus: 

Pearl determines the s t r u c t u r e  o f  a f 1uxon where i t  emerges normal ly  

from the superconductor-vacuum in te r f a c e  by s o lv in g  the Ginzburg- 

landau equat ion f o r  the supercurren t  d e n s i t y  w i th  s u i t a b le  boundary 

c o n d i t io n s .  Pearl f i n d s  t h a t , w i t h i n  a d is tan ce  X o f  the I n t e r f a c e ,  

the e lec t rom agne t ic  region around the f 1uxon spreads and the cu r ren t  

den s i t y  j ( r )  behaves a t  la rge  r l i k e  r \  Th is  w i l l  g ive  r i s e  to  long 

range re p u ls iv e  forces between f luxons. For a c y l i n d e r  o f  rad ius R 

and th ickness d Pearl (1965) c a lc u la te s  th a t  the magnetic moment m, 

o f  a f  1 uxon along the axis  o f  the d is c ,  Is g iven ,  f o r  d ->• 0 by

mr-<|>oR/4ir, f o r  d + « by m $ d/4% (sec also appendix 1 ( f ) )  and fo r

in te rm ed ia te  d by

m *.< (<#>0/4 i r )d ( t  + R/d) , 6.3

For specimens w i th  d »  X the l i n e  tension t  o f  the f 1uxon w i l l  be given

by i t s  usual bu lk  va lue ,  v i z ;  ? (sec equat ion 1.1 and 1 ,2 ) .
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For the f luxon  t o  be In e q u i l i b r i u m  w i th  i t s  surroundings requ i res  

th e re fo re  an ex te rna l  f i e l d  |-P such th a t  IPmd/4ir, i . e .  the reduc t ion  

in  magnetic f i e l d  ene rgy , is equal to  the l i n e  energy t d .  Thus

fo r  R/d »  1 s ince 1 -  (see f o r  example Brown, 1962). Pearl

e l l i p s o i d  (see sec t ion  6 , 3 . 1 ) .  Pearl a lso  makes a c a l c u la t i o n  f o r  the 

long range in t e r a c t i o n  between f luxons  near the sur face and ob ta ins

Maki (1965) using P e a r l 's  r e s u l t  f o r  m ob ta ins  a more accura te  

r e s u l t  which a ls o  p re d ic ts  [dM/dH ] »» *» as R/d «. This r e s u l t  is  

comple te ly  at  va r iance  w i th  the expected e q u i l i b r i u m  behaviour (F e t te r

to 1 as R/d ’> 00.

There is however an element o f  v a l i d i t y  in both o f  these p r e d i c t i o n s .  

The discrepancy a r i s e s  because o f  P e a r l ' s  i n c o r re c t  assumptions tha t  

e q u i l i b r i u m  c o n d i t io n s  ob ta in  ( i . e .  t h a t  M[H0] is  a s in g le  valued 

func t ion  o f  H ) and, t a c i t l y ,  t h a t  m is  p o s i t i o n  i n v a r i a n t  in the 

c y l i n d e r  o r  d isc .  The more complete ana lys is  o f  the problem, which 

w i l l  be given here,  is  based on a model which sets up the aforementioned 

boundary c o n d i t io n s  f o r  a s in g le  f luxon  in a c y l inder  e x p l i c i t l y .  The 

p o s i t i o n  dependent thermodynamic f i e l d  H ( z , r )  (sea f i g u r e  6,12) (and

Him "  H , <p and from equat ion 6 . 3  t h e re fo re ;

6.4

however, i n c o r r e c t l y  i d e n t i f i e s  w i th  , i . e .  the f i e l d  o f  f i r s t

pene t ra t io n  o f  f luxons in to  the c y l in d e r ,  and th e re fo re  ob ta ins
>’{

approx imate ly  the same r e s u l t  f o r  H j as p red ic ted  f o r  the enclosed

an expression f o r  [dM/dH ]
H > Hcl

which va r ies  as (1 + d/R + R / d ) .

and Hohcnberg ( la c ,  c i  t . ) ) ,  v i z :  [dM/dH0] 1/Da which tends
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hence a lso  the moment m o f  a f luxon  s i t u a te d  a t  a d is tance  tp  from 

the c y l i n d r i c a l  ax is  o f  the specimen) is  then ca lcu la ted  num er ica l ly  

f o r  va r ious  values o f  the r a t i o  R/d, In the range o f  R/d in ves t iga ted  

( v i z .  0.25 ^ R/d < 6,25) the p r e d i c t i o n s  fo r  m( rp t33 0) are in f a i r  

agreement w i th  P e a r l ' s  approximate p r e d i c t i o n  (equat ion 6 .3 ) .  

m(i'p) however* decreases (and the energy concom i tan t ly  increases) 

w i th  r_  and th e r e fo re ,  s ince  f l u x  must en te r  the c y l i n d e r  a t  i t s

it
per im ete r  ( rp  R) P e a r l ' s  c a l c u la t i o n  f o r  (equat ion  6.4 and 

f o l l o w in g )  c l e a r l y  p re d ic ts  a va lue which is  too smal l .  For R/d «  1 

an approx im ate ly  c o r re c t  r e s u l t  can be obta ined from equat ion 6.4 i f  

m(i"p t=a R) is s u b s t i t u t e d  from m(0) however. (The exact value  o f  

w i l l  be shown to  be dependent on the manner in which a f luxon  

penetra tes  the corners o f  the c y l i n d e r . )

The p r e d i c t i o n  of  the magnet iza t ion  behaviour o f  a c y l i n d e r  a f t e r  

f 1uxons have penetra ted i t  is p ro b le m a t i c a l .  However the use o f  

c e r t a i n  s im p l i fy in g  assumptions a l lows the fo rm u la t ion  o f  a model f o r  

the o v e r a l l  magnet ic behaviour which is in f a i r  agreement w i th  e x p e r i ­

ment . This behaviour  may be o u t l i n e d  roughly  as f o l l o w s :  For a

c y l i n d r i c a l  specimen o f  Ideal  m a t e r i a l , i n i t i a l l y  in the Meissner 

s t a te  w i th  an ex te rna l  f i e l d  H app l ied  p a r a l l e l  to the c y l i n d r i c a l  

ax is  and inc reas ing  from zero,  the magnet izat ion increases at  a ra te  

dM/dHg *  [4 i r ( l  -  D ^ ) ] ,  ̂ When Hq  ̂ (1 -  D^) the magnet iza t ion

behaviour depar ts  from e q u i l i b r i u m  and the specimen remains complete ly  

diamagnet ic (except in the regions near the sharp r ims o f  the

c y l i n d e r ) .  Even tua l ly  a t  some H v: i f ' , > H . (1 -  D ) the p o te n t ia lo v i ci  m

b a r r i e r  to the en t r y  o f  f 1uxons becomes zero and f luxons  move r a p id l y  

to the moddle o f  the c y l i n d e r  ( r  0) where they form a 1 p o o l1 o f  

radius p < R. The f Iuxons in the 1 p o o l1 g ive  r i s e  to  a 'back



-  2.30

s t r e s s '  which is  i n s u f f i c i e n t  t o  expand the pool so tha t  i t  f i l l s  the 

specimen, i . e .  p =* R,but which never the less  acts a t  the pe r imete r  to  

prevent instantaneous f i l l i n g  o f  the pool a t  H =  * dH/dH ( in

the regime where p < R) Is determined by t h i s  back-s t ress  and is l a rg e r  

than the e q u i l i b r i u m  value .  At p ^  R and the o v e r a l l

magnet izat ion behaviour  M(H ) corresponds to e q u i l i b r i u m  behaviour 

M[H0] and is t h e re fo re  r e v e r s ib le  fo r  • I n decreasing

H0> when ^  Hc j , f 1uxon expu ls ion  from the specimen obv ious ly  

requ i res  p =  R and t h e r e fo re  the magnet iza t ion  might be expected to 

remain on the e q u i l i b r i u m  branch u n t i l  t h i s  expu ls ion is complete.

I t  w i l l  however be demonstrated e x p e r im e n ta l ly  and t h e o r e t i c a l l y  tha t  

In t h i s  case the rims o f  the c y l i n d e r  g ive  r i s e  to  non-equl 1 ih r  1 urn 

behav iour .  [Approximate e q u i l i b r i u m  behaviour in decreasing H 

can be obta ined i f  the rims o f  the c y l i n d e r  are beve l led  o f f . ]

The concept o f  a f l u x  1 poo 11 f o r  low B is conf i rmed by the magneto­

o p t i c a l  observa t ions  o f  De Sorbo and Healy 0?!>*»), Baird (1964) and 

Baird and Wright (1972) on both type I and type I I  superconduct ing d isc  

specimens,

6 ,2  Exper imental

For the purpose o f  the in v e s t i g a t i o n  o f  t h is  chapter  a v a r i e t y  

o f  exper imenta l  r e s u l t s  were ob ta ined f o r  va r ious  d is c  and r i n g -  

shaped s in g le  c r y s ta l  specimens o f  niobium,

To determine the bas ic  geometr ical  and poss ib le  s ize  e f f e c t s  on 

the magnet iza t ion  behaviour  two se r ie s  o f  d isc-specimens were 

prepared as fo l l o w s ;  A s in g le - c r y s t a l  rod (approx imate ly  6,5mm 

diameter)  o f  HARZ grade niobium supp l ied  by the M a te r ia ls  Research 

Co rpo ra t ion ,  New York,  U.S.A. w i t h  an ax ia l  o r i e n t a t i o n  <111> was 

machined by Spark eros ion  to be u n i fo rm ly  6mm in diameter,  Six
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d iscs  o f  va ry ing  th ickness  were then s p a rk - s l i c e d  (normal to  the rod 

a x i s )  from the s in g le  c r y s t a l . The rod was then success ive ly  f u r t h e r  

reduced in diameter and f i v e  more d iscs  o f  va r ious  r a d i i  (R) and 

approx im ate ly  constant  th ickness (d) were s l i c e d  o f f .  The <111> 

faces o f  the d iscs  were then spark-planed (on the f i n e s t  range a v a i l ­

ab le  on the Servome'- Spark eros ion machine) to  be f l a t  and p a r a l l e l  

and the d iscs  were f i n a l l y  po l ished in a 70:30 HNO^-HF m ix tu re  as 

descr ibed in chapter  5- The f i n a l  dimensions o f  the d i s c s  in the two 

se r ies  are g iven in ta b le  6 .1 .  [Some o f  these discs  were l a t e r  used 

in an in v e s t i g a t i o n  o f  the deformat ion p ro p e r t ie s  o f  niobium In a 

spec ia l  ' pu nch ing1 experiment (Gall and Doyle,  1974 -  see appendix A9) . 

This  i n v e s t i g a t io n  was mot ivated by the f lu xon  p inn ing  exper iments 

descr ibed in chapter 7<]

D e ta i l s  o f  spec ia l  p repa ra t ion  f o r  va r ious  o ther  specimens w i l l  

be given toge ther  w i t h  the exper imental  r e s u l t s  in the nex t s e c t io n ,

6,2 .1  Exper imental  r e s u l t s  

Isothermal magnet iza t ion  curves were obta ined fo r  the two se r ies  

o f  <111> d iscs  in t ransverse  app l ied  f i e l d  Hq a t  a temperature 

T «= 4 . OSK. The r e s u l t s  are shown in f ig u re s  6 .1 ,  6.2 and 6.3 ,  

Increas ing the magnetic f i e l d  sweep ra te  dH / d t  by a f a c t o r  o f  f i v e  

causes no d e te c ta b le  change In these curves and i t  may be concluded 

t h e r e fo re  th a t  they are not in f luenced  by any spur ious eddy c u r re n t  or  

o the r  t r a n s ie n t  phenomena,

Tue abso lu te  magnet iza t ion  curves, ob ta ined  by no rm a l i z ing  the 

curves o f  f i g u r e  6,1 to 6.3 f o r  volume, are g iven in f i g u r e s  6.4 and 

6 ,5 .  (The smu‘ 1 h y s te re s is  which Is apparent f o r  H > 1 Koo. in the 

curves o f  f i g u r e  6,4 (and absent in f ig u re  6 .5)  was l a t e r  found to  be 

due to  res idua l  spark damage and th e re fo re  to  i n s u f f i c i e n t  chemical
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p o l i s h in g  o f  these specimens.]  _ The f i e l d  » denot ing the onset o f

f l u x  pene t ra t ion  in to  the specimens, was obta ined by e x t r a p o la t i o n  as

shown in f i g u r e  6 .5 .  The values obta ined f o r  , 4rrdM/dHo

(H < H1'-. , H inc reas ing )  and (H , H inc reas ing )  from theO Cl 0 0 Cl o

curves o f  f i g u re s  6.4 and 6 .5  are given In t a b le  6 .1 .  Figure 6.6

shows the magnet iza t ion  behaviour  in l o n g i tu d in a l  f i e l d  fo r  an
™ Q

annealed (15 hours a t  19GQK and 10 mm Hg) niobium d is c  specimen 

a t  T “ 8.69K (R/d => 3 > o r i e n t a t i o n  <123>) • The dashed curve shows 

the approximate behaviour a f t e r  the sharp rims o f  the d i s c  were 

beve l led  o f f  (see in s e t )  and the specimen was chem ica l ly  repo l ished .

In f i g u r e  6 .7  the magnet iza t ion  curve fo r  a d isc  specimen (R “  3mm, 

d ^  0.92mm, o r i e n t a t i o n  <110>) a t  T a  4 . 05K is shown ( f u l l  curve) 

toge the r  w i t h  the curve (dashed) obta ined under the same c ond i t ion s  

a f t e r  the d i s c  was trepanned to  produce a r i n g  o f  average th ickness 

t  ^  0.5mm. The magnet iza t ion  loop in f i g u r e  6.8  is  f o r  another r ing

specimen (k 2 . 52mm, d 0.92mm, t  Ka 0 . 2mm) a t  T =3 4.05K. The

dashed curve shows the approximate behaviour expected from cons ide ra ­

t i o n  o f  the prev ious  f i g u r e ,  The actua l  behaviour  in t h i s  regime 

shows a premature f l u x  pene t ra t io n  in to  the ins ide  o f  the  r in g  and w i l l  

be discussed l a t e r .  Figures 6 .9  and 6,10 show the magnet iza t ion  

behaviour ob ta ined by v a r i o u s l y  c y c l i n g  a lo n g i tu d in a l  app l ied  f i e l d  

in two i n i t i a l l y  i d e n t i c a l  d isc-specimens which were l i g h t l y  scratched 

on the  c y l i n d r i c a l  su r face  ( f i g u r e  6 .9) and on the. p lanar  sur faces 

( f i g u r e  6.10) r e s p e c t i v e ly .  These r e s u l t s  w i l l  be discussed l a t e r ,

A v a r i e t y  o f  o th e r  exper iments were performed which have p a r t i a l  

re levance but w i l l  not  be repor ted  here.
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TABLE 6.1

R(mm) d(mm) R/d
(Oersted)

4irdM/dHo

(6=0)

4irdM/dHo
h*

H=

(Oersted)

2 .90 1.69 1.72 616 2.42 4.0 0.601 1435

2 .90 1.23 2,36 547 2 .8 5 4 .5 0.534 1445

2.88 0.72 4 .00 451 4,12 5,0 0,44 1445

2 .88 0.46 6 ,25 377 5,88 5.8 0.368 1435

2 .86 0,26 11.00 2?1 9,60 6 ,0 0,264 -

2 .8 5 0.12 24.00 170 18,30 ' 0,166 -

2 ,66 0.36 7.40 350 6,80 7.1 0.341

2 .42 0.35 6,92 373 6,64 7-1 0,364 -

2,30 0,375 6,14 396 5,80 5.7 0.386 -

2.00 0,3& 5.55 400 5.35 4 ,8 0,390

1.41 0.38 3,70 478 3,92 4 ,0 0.466 -

1440 0 K, = 1 , 6

T = 9 . 2 9 5  ±  0.005K FOR T =  4.05K H .  = 3 3 2 0  0 K. = 2 , 2
C C a  0  4
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behaviour (dashed c u r v e ) ,
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6 .3  Theory

6.3.1  E q u i l i b r iu m  magnet iza t ion  behaviour f o r  a type 11 

superconduct ing  spheroid 

In t h i s  sec t ion  a b r i e f  review w i l l  be g > en o f  the t h e o r e t i c a l  

p re d i c t i o n s  f o r  the M-*Ho behaviour  o f  sphero ida l  specimens o f  a type 

I I  superconductor f o r  which the c o n s t i t u t i v e  r e la x a t io n  B[H ]  ( f o r  

long t h in  specimens in l o n g i tu d in a l  f i e l d s )  is known. (For re ferences 

see sec t ion  6 . 1 . )

The general  behaviour f o r  sphero idal  specimens w i th  a demagnet izing 

c o e f f i c i e n t  D along a p r in c i p a l  axis in the d i r e c t i o n  o f  the app l ied  

f i e l d  H is  g iven (see equat ions  6.1 and 6 .2)  by

and

or

or

B “  Ho + 4irM 6 .5

H "  H -  4%MO 6.6a6 O

Hg Ho -  D(B -  He) 6.6b

Hg -  (Hg -  DB)(1 -  D)"1 6 .6 c

where B and M are now the macroscopic in duc t ion  and magnet iza t ion  In 

the spheroid r e s p e c t i v e l y  and H is  the In te rn a l  or  thermodynamic 

f i e l d .

For a spheroidal specimen In the Molssner s t a t e  B ™ 0 and there-

f o re  from equat ions  6 . 5  and 6 . 6 c ,

4ttM -Hg : ’ H ( I ~ D) ^

and the re fo re

4ir[dM/dH ] (1 -  D ) "1 6 ,7
°  B-o
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I n i t i a l  f  1 uxon pen e t ra t io n  occur.s when . The app l ied  f i e l d
A

Hq =  Hc  ̂ a t  which t h i s  j u s t  occurs is given by equat ion 6.6c on

s u b s t i t u t i o n  f o r  H and H w i th  B =  0 and ise o

so th a t

Hc1 ~  Hd  (1 "  D) 6,8a

The induc t ion  B in a sphero idal  specimen is in e q u i l i b r i u m  w i th  the 

thermodynamic f i e l d  in accordance w i th  A b r ikosov 's  c o n s t i t u t i v e  r e l a t i o n  

(see chapter  1) and is  r e v e r s ib l e  w i th  v a r i a t i o n s  in H . From 

equat ion 6.6c

B [ H j  -  B[ ( H -  BD)/(1 -  D)] 6.9

The t r a n s i t i o n  to the mixed s ta te  a t  ~  * in a long t h i n  specimen

in l o n g i tu d in a l  f i e l d  is e i t h e r  a *  "St o rde r  or  a A type second o rder

t r a n s i t i o n  (see fo r  example Finnemc :, Stromberg and Swenson, 1966) w i th

dB/dH w (so th a t  dM/dH^ *v 0) as Hq -> H  ̂ from above. in t h i s  case

D “  0 and th e re fo re  (equat ion 6.6a) and the t r a n s i t i o n  requ i res

dM/dH 0 as H ->• H , from above. When D ^  0: from equat ion 6.6ao o c I n

dHg/dM — dH^/dM -  4irD

and th e re fo re  fo re

H . o r  B ->• 0 o c l

[dM/dHo] =  D  ̂ 6.10a

or

dB/dH^ =  D 6 i l 0 b

The behaviour  fo r  HQ < H g w i l l  be taken d i r e c t l y  from the r e s u l t s  o f

Cape and Zimmerman (1967) and Is given (see a lso equat ion 1,6) by

WfdM/dH 1 -  1) + Dl '1  6.11

X  »  Hc 2
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I t  i s  obvious from equat ion 6.6a tha t  the upper c r i t i c a l  f i e l d  

w i l l  not  depend on D s ince M -> 0 at  Ho -> .

, F i n a l l y  the superconduct ing condensat ion energy per u n i t  volume

where the square brackets imply e q u i l i b r i u m  behav iour .

The above equat ions f o r  o b ta in in g  the magnet izat ion behaviour 

f o r  a specimen o f  demagnet izing f a c to r  D from the c o n s t i t u t i v e  M[H ] 

r e l a t i o n  are equ iva len t  to  shear ing the r e v e r s ib l e  M-H curve f o r  a 

specimen w i th  D -- 0 so th a t  each po in t  on the curve moves a d is tance  

AttHD along the H a x is .  Figure 6.11 shows the behaviour (dashed 

curve (a))  f o r  a spheroid w i th  R/d -•= 11.0 (D =  0.909) as p red ic ted  

from the M(Hq ) behaviour  (dashed c u r v e ( b ) ) f o r  a <111> long c y l i n d e r  

a t  T =  4.05K. Also shown in the f i g u r e  is the ac tual  exper imer ta l  

M-Ho curve fo r  the d isc  specimen. I t  is  apparent tha t  f o r  HQ 

inc reas ing  i n i t i a l  f l u x  pene t ra t io n  is delayed u n t i l  we l l  past  the

va lue p red ic ted  by curve (a ) .  At HQ =  ( H ^  w i l l  hencefo r th  be

used on ly  fo r  the c y l i n d r i c a l  case ) , t h e re  is  a very sharp second order

w i t h  Hq i n i t i a l l y .  For HQ >, Hc  ̂ the magnet iza t ion  is apparen t ly  in 

e q u i l i b r i u m  and r e v e r s ib le ,  The behaviour f o r  Hq & in decreasing 

f i e l d s  is due tv the sharp rims o f  the d isc  and f luxon  p inn ing  in the 

specimen. For an Ideal specimen there  should be no trapped f l u x  a t  

Hq =  0 (see l a t e r ) .

( -H^/Sir -  see chapter  1) is obv ious ly  in v a r i a n t  w i th  specimen geometry 

and t h e re fo re

H H

6 . 1 2

o o

(see l a t e r )  t r a n s i t i o n  and the. magnet izat ion decreases almost l i n e a r l y
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6 .3 .2  Macroscopic equat ions f o r  the d e s c r ip t i o n  o f  non-

r e v e r s ib l e  superconductors o f  a r b i t a r y  shape

The r e s u l t s  o f  the prev ious s e c t io n ,  i n t e r  a l i a ,  have been 

genera l i zed by Labusch (1973) in a r igo rous  manner, to  type I and 

type 11 superconductors o f  a r b i t r a r y  shape.

In essence Labusch fo rmula tes  an e x p l i c i t  expression f o r  the 

Gibbs f re e  energy 6G requ i red  to  c rea te  a f lu x o n  (or f l u x  tube) in a 

macroscopic specimen con ta in in g  an a r b i t r a r y  but f i x e d  d i s t r i b u t i o n  

o f  oth r f luxons .  Terms o f  o rder  A/A, C/A and a /A where A is the 

sma l les t  c h a r a c t e r i s t i c  dimension o f  the superconduct ing specimen and 

the o th e r  parameters have t h e i r  usual meaning, are neg lec ted.  The 

remaining terms are then r a t i o n a l i z e d  and the f i n a l  r e s u l t  f o r  6G is 

given as

where is j u s t  the magnetic f i e l d  in e q u i l i b r i u m  w i th  the loca l  

induc t ion  B( r) in accordance w i th  A b r ikosov 's  c o n s t i t u t i v e  r e l a t i o n ­

sh ip  and He ( r )  is the loca l  va lue o f  the thermodynamic f i e l d  (see 

below). The term in obv io u s ly  conta ins  ( i )  the l i n e  energy o f  the 

f lu x o n ,  i . e .  (see chapter l )  which is the sum o f  the k i n e t i c

energy o f  the c u r re n t  vo r tex  around the f luxon  and the loss o f  conden­

sa t ion  energy ins ide  the f luxon  and ( i i )  the s ho r t  range in t e r a c t i o n  

energy between the f luxon  and i t s  neighbours (see sec t ion  6 . 3 . 5 ) .

As the induc t ion  B tends to zero.H^ •>• ,

The thermodynamic f i e l d  H ( r )  is  the u s u a l " in te rn a l  magnetic 

f i e l d  in a magnetic m a t e r i a l . I t  is  p o s i t i o n  dependent here because

*  For a sphero ida l  specimen o f  ideal  r e v e r s ib le  type I I  superconduct­

ing m a te r ia l  Hg ( r )  c- and 6G -- 0 everywhere in the specimen.

6G «  ( ^ / h r )  / (Hr ( r )  -  He ( r ) )d & 6.13
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o f  the a r b i t a r y  shape o f  the specimen and the boundary c o n d i t io n  

requi rements .

The boundary c o n d i t io n s  f o r  a superconductor are ( i )  t h a t  the 

t a n g e n t ia l  component o f  H Is cont inuous through the superconductor-  

vacuum in te r f a c e  ( i i ) t h a t  the normal component o f  B is cont inuous 

through the sur face ( i i i ) cu r l  H Q ins ide  the specimen and 

( i v )  d iv  B -- 0, These c o n d i t io n s  can be s a t i s f i e d ,  in t h e o r y , f o r  

the app l ied  f i e l d  and the s e l f  f i e l d  o f  a f 1uxon in a superconduct ing 

specimen by the wel l  known method o f  s u b s t i t u t i n g  a s u i t a b le  magnetic 

charge d i s t r i b u t i o n  over  the sur face o f  the specimen in place o f  the 

ac tua l  f i e l d  sources. Th is  charge d i s t r i b u t i o n  then gives r i s e  to  

the  ex te rna l  f i e l d  and ins ide  the specimen HQ( r )  is  def ined to be the 

vacuum f i e l d  due to these charges. In e q u i l i b r i u m  the c re a t io n  o f  a 

f  1 uxon p a r a l l e l  to  and in the specimen sur face requ i res  <5G ^  Q and 

t h e re fo re

a t  the sur face .  P rov id ing  th a t  there  is no sur face b a r r i e r  mechanism 

(see chapter  1) t h i s  r e s u l t  a p p l ie s  eq u a l l y  in re v e r s ib le  and 

i r r e v e r s i b l e  superconduct ing specimens.

The boundary c o n d i t io n s  above obv ious ly  a lso  requ ire

o u ts id e  tne. specimen. Equat ions 6.14 and 6 . 1 5  e f f e c t i v e l y  c o n s t i t u t e  

a l l  the boundary c ond i t ion s  f o r  a specimen o f  a r b i t r a r y  shape and 

H0 ( r )  is now o b ta in a b le  From the d i f f e r e n t i a l  equat ion

6.14

6.15

a t  the surfaces where is  the pe rpend icu la r  component o f  the f i e l d

dlv f )g(r) = o ( s ) .  d ( r  -  s) 6.16
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where a =  H° -  H1 and H1 (s) is the f i e l d  j u s t  ins ide  the super-

conductor sur face a t  a po in t  s. <5 is the Dirac d e l t a  f u n c t io n .

A lso :  H tends to  the app l ied  ex te rna l  f i e l d  H as r +e r r o

F i n a l l y  Lahusch der ives  an express ion f o r  the d r i v i n g  fo rce  per

u n i t y  length  o f  f luxon  in the n o n -e q u i l i b r i u m  s i t u a t i o n  and ob ta ins

*0 ™ A c u r l  x d&) + 6 ( r  -  s , ) ( H r ( s , )  -  H g ( s , ) ) | | ]

6.17

where the f i r s t ;  term is  a l i n e  in te g ra l  a long the u n i t  length  o f  f luxon

under c ons ide ra t ion  and is id e n t i c a l  w i th  the usual express ion

o b ta in in g  in the bu lk  in long specimens, i . e .  w i th  D =  0 (see f o r  

example Campbell and E v e t t s , 1972). The second term is f o r  the fo rce  

on the  f luxon in  the sur face o f  the specimen i f  the u n i t  length  o f  

the f luxon  under cons ide ra t ion  emerges from the sur face  a t  po in ts  

r  “  s ^ n d / o r  r — s^. (H^(s .)  -  He ( s .)  ̂ | is then the component

p a r a l l e l  to the sur face  a t  r =--- Sj .

In the fo l low ing  sec t ion  H ( r )  fo r  a c y l i n d r i c a l  specimen w i l l  be 

eva luated.  The trea tment  was done in c o l l a b o r a t i o n  w i th  

Pro fessor  R. Labusch who o u t l i n e d  the theory .

6 .3*3  C a lcu la t ion  o f  the f i e l d  H ( r )  In a c y l i n d r i c a l  

specimenm ■'■il im-»m »  ...

In accordance w i th  the c ons ide ra t ion s  o f  the prev ious  sec t ion  the 

f luxon  is assumed to  cons is t  o f  two monopole magnetic charges ±d, 

on the oppos i te  planar  ends o f  a c y l i n d r i c a l  sur face as shown in 

f i g u r e  6.12a. The problem is now (1) to  f in d  a charge d i s t r i b u t i o n  

f u n c t io n  <y(r) over  the surfaces o f  the c y l i n d e r  such tha t  the 

boundary c ond i t ion s  requ ired by a superconductor are  s a t i s f i e d  and
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>,12a. Co-o rd ina te  system f o r  the d e s c r ip t i o n  o f  
the charge d i s t r i b u t i o n  over the sur face 
o f  a disc-specimen (radius R, thickness d) 
when a f  1 uxon is s i tu a te d  a t  r  C:1 iv .

>. 12b, Schematic diagram to i l l u s t r a t e ,  the manner 
in which 0 f 1uxon penetra tes the rims o f  a 
c y 1in d r i c a l  o r  d isc  specimen.
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( i t )  to s p e c i fy  <|> so th a t  the q u a n t i z a t io n  c o n d i t io n  f o r  a f luxon  

Is s a t i s f i e d .  Thus:

Thus; The magnetic f i e l d  due to a d ip o le  o f  s t re n g th  <j>d s i tu a te d  

a t  r =  rp  is  given, in c y l i n d r i c a l  co -o rd ina tes  (see f i g u r e  6 .12a) ,  by

The superconduct ing boundary c o n d i t io n  requ i res  th a t  j u s t  ou ts ide  the 

superconductor the f i e l d  component, normal to the su r face ,  due to the 

d ip o le  .hould be zero everywhere except at  r ™ r_ ( i . e .

(z  =  -e and z = d  + e ,  0 $ r < R, r  f t p )  0 and 

Hr ( r  =  R -t e,  0 .< z < d) «  0 as e +  0 ) .  The sur face charge d i s t r i b u '  

t i o n  a requ i red to  s a t i s f y  the boundary c o n d i t i o n  w i l l  u s u a l l y  be 

g re a te r  than zero everywhere except at  the equator o f  the c y l i n d e r  

( i . e .  z d / 2 , r m R ) , However in the 1 im i ts  R/d »>• 0 and R/d ■+• <» 

the charges over  the curved sur face ( r  ^  R) w i l l  tend to zero.  For 

in te rm ed ia te  R/d i t  is  assumed tha t  these charges w i l l  make on ly  a 

r e l a t i v e l y  small c o n t r i b u t i o n  to the t o ta l  su r face  charge, and may 

t h e r e fo re  be neglected (but see l a t e r ) . Thus in t ro d u c in g  equal and 

oppos i te  sur face charge d i s t r i b u t i o n s  o ( | r ^  -  r p | , z 0) and 

o d ^  " t p j , z d) i n to  equat ion 6.18 and eva lua t in g  o n ly  f o r  

H2 ( -e ,  r )  g ives

H ( z , r) t==“ V ^ [ ( j r  -  r p | 2 + (d -  z ) 2) ^ -  ( | r  ~ r p | 2 + z2 ) 6 . 18

Hz ( -e ,  r) = 2 % * [ y ( - e ,  | r  -  r F|) - y (d  + s ,  j r  -  r F|)

R

R

6 . 1 9

2 2 ** 3 y ?
where y  ( z , r )  ( z /2 i r ) ( z  + r ) * and the I n te g ra t i o n  Is to  be taken
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over the planar  sur face o f  the c y l i n d e r .  Now in the l i m i t  

e '* 0, y ( s ,  r) == 6 ( r )  -  the Di rac d e l ta  f u n c t i o n ,  and t h e re fo re  f ro r  

equat ion 6.19

[H ( -e ,  r ) ]  «  2ir«).[-6(|r “  r | ) -  y ( d ,  | r  -  r_ | )  6.20
e  •>  0  r

R

+ o ( | r  -  rp| )  - T  o ( | r ,  -  rp| )y(d,  | r  - r j ) d % r j
o

The boundary cond i t ion s  can now be s a t i s f i e d  by choosing

R

o ( | r  " rp| )  = y ( d ,  I f  " fp] )  + /" o( r,  - tp ) y(d, | r  -  r , | )d2r ,
o

6 . 2 1

s ince equat ion 6.20 now gives

[H ( - s ,  r ) ]  =  2n* 6 ( | r  -  rp | )  6.22

»  0 f o r  r  f  tp

as requ i red .

The q u a n t i z a t io n  c o n d i t io n  f o r  the f luxon requ i res  tha t  fo r  

R

6,23e •>- 0: j  Hg(-e,  r ) d ^ r  ~5 2in)) “  ^

o

and th e re fo re

<p =  <j)0 / 2 i r  6.24

S u b s t i t u t i n g  f o r  (j) and rep la c ing  -e  by z in equat ion 6,19 gives

R

Hg(z,  r ,  rp) ™ - ( * o / 2 )  / * ( | r ,  -  r p | ) [ Y ( z ,  I f  " r j )

+ y(d  ”  z ,  | r "  r ^ j ) ] d Zr^ 6.22

where i t  is e a s i l y  shown th a t

* ( | r  -  f p p  " 2 [ o ( | r  -  rp| )  + 6 ( | r  ~ f p | ) ] 6,26
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The thermodynamic f i e l d  H^(z,  i'p) can now be formulated in terms o f  

Hz.(z, r) by tu rn in g  on a l o n g i tu d in a l  app l ied  f i e l d  H and determin ing 

the magnetos ta t ic  energy c o n t r i b u t i o n  o f  the f luxon  (E^ ( rp ) )  which 

is  given by

Em( r F) * - ( H 0/4ir) f [ ^ ( z ,  r ,  r p) - r ,  r p) ] d 3r 6.27

a l l  space

Outside the superconductor B ^  H and E “  0* Ins ide the supercon-

d

duc to r  B^dr “  <(>0 j  dz (from the q u a n t i z a t io n  c o n d i t io n )  and

6

Hz is given by equat ion 6 .25 .  S u b s t i t u t i n g  fo r  B and H in to  

equat ion 6.27 gives

d d R R

/  /  J  * (  -  r p ) | Y ( z ,  | r  -  r j )

O 0 0 0

+ y (d  -  z ,  | r  -  r ^ | ) ] d ^ r ^ , d 2 r dz] 6.28a

which may be s im p l i f i e d  (see appendix A1(g) as f o l l o w s :

O

E^( r )  =  ~(Ho*g/4if ) y  [1 + i  y  * 0 ( ^ 1 ) [ ? ( Z, r -  r,

+ y (d  -  z,  | r  -  r . | ) d 2 r . ] d z ]  6.28b•1

where

R

'l‘0 ( r )  /  * ( | [  -  C1 | ) d ?*r '

ov

and t h e re fo re  from equat ion 6.26
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R

* Q( r )  =  2 f  [ a ( | r  - r '  |) + 6 ( | r  - r 1 | ) ] d 2 r '

R R R

=  2 [ l  -I-' f  Y ( d ,  | r  -  r '  | ) d 2 r 1 *  f  f  Y(d> | r  ~ r

O 0 0

y (d ,  | r 1 -  r " | ) d ^ r 1d^ r "+  . . . ]

R

— 2 + J *  ^ ( r 1) Y(d. | r  -  r l | ) d 2r l

/
now Efn( r )  a  ~ ( ^ / ^ n r )  / He (r^ ,z )  by d e f i n i t i o n

o

an 1 f rom equat ion 6.28b the reduced thermodynamic f i e l d  i 

de in ied  by

H_(z,  r ) - «  H Y (z ,  r)e u

where

Y ( z ,  r )  =  1 -i- i  I  [ y ( 2 i li" “  r j )  + y (d  -  z ,

o

In the  f o l l o w in g  sec t ion  values fo r  the func t ions  Y (0,  r)

d

Y (d /2 ,  r )  and (1 /d) . j  Y ( z , r )dz  w i l l  be requ i red .

o

These are given by

R

Y(0, r)  "  Y(d,  r )  ^  1 + i  /" [6 (| r  -  r j )  + y ( d ,  |_

o

R

“  1 *  Y0 ( r ) / 2  + f  'i'0 ( |*1) y (d ,  I f  “ f  
ov

and from equat ion 6,23 th e re fo re

Y(0 ,  r ) »  1 + * o ( r ) / 2  + ( * o ( , )  -  2 ) / 2

6.29

s t h e re fo re  

6 .30

I f  -  r , | ) ] d Z r ^

6 . 3 1

"  Y(d,  r)

r  -  r , | ) ]d % rT  

1

6.32
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R

Y (d /2 ,  r )  »  1 +

o/ % ( r , )  y ( d / 2 ,  | r  -  ^  | ) d 2r 6 .3 3

and
d R

y  ¥ (z ,  r )dz  •“  1 + (1/2%) y "  ^ r l W r cO + l [  " c j )
o o

6.34

where r q is some c u t - o f f  radius which must be s u i t a b l y  chosen (see 

l a t e r ) . ^ ( r )  in equat ion 6 , 2 9  has been eva luated num er ica l ly  as a

fu n c t io n  o f  r /R in steps o f  0,1 f o r  va r ious  values o f  R/d (see 

appendix A8) and then s u b s t i t u t e d  in to  equat ions 6 .32 ,  6,33  and 6,34, 

These l a t t e r  express ions were then evaluated by f u r t h e r  machine 

c a l c u l a t ’ ynsi The f i n a l  r e s u l t s  f o r  T(d,  r ) , 'P(d/2, r) and

values o f  R/d in f i g u r e  6,13. The c u t - o f f  rad ius r^g in equat ion

6.34 was kept constant  f o r  a l l  va lues  o f  R/d and was chosen so tha t

V(d,  r )  and ¥ ( d /2 ,  r )  f o r  a d isc  w i th  R/d = 6.25 as shown in f i g u r e  

6,13. This cho ice ( i . e .  r  . a  0.014R) is reasonable but a r b i t r a r y

and the r e s u l t s  f o r  equat ion 6,34 may be somewhat in e r r o r .

The o th e r  source o f  e r r o r ,  p re v io u s ly  a l luded to ,  is the neg lec t  

o f  the charge d i s t r i b u t i o n  over the curved sur face o f  the c y l i n d e r ,  

The re s u l t s  o f  f i g u r e  b, 13 shnw tha t  the magnitude o f  H'(d/2, r )  is 

sm a l le r  than th a t  o f  V(d,  r ) , p a r t i c u l a r l y  as r •+ R, so th a t  the 

magnetic f i e l d  l i n e s  bulge out end must cu t  the c y l i n d r i c a l  sur faces,  

The model is  th e re fo re  more acc u ra te ly  a p p l i c a b le  to s u i t a b l y  

' b a r r e l l e d 1 specimens. [ i n  p r a c t i c e  fo r  c y l i n d e rs  the f l u x  w i l l

o
f ( z , r )dz  are shown as a fu n c t io n  o f  r /R  f o r  the va r ious

the value o f
O'

would be midway between the values o f
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o f  R/d. The dashed curve shows the mean value 
o f  ¥ ( r p ) ,
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penetra te  the sharp rims a t  low values o f  the app l ied  f i e l d  H and 

p o s s ib l y  even d r i v e  them comple te ly  normal a t  h igh H . I t  w i l l  be

shown l a t e r  t h a t  t h i s  has a r e l a t i v e l y  small e f f e c t  on the 

magnet izat ion behaviour in inc reas ing  Hq however. ]

6 .3 .4  C a lc u la t io n  o f  the reduced f i e l d  h f o r

f lu xon  pene t ra t ion  in to  a c y l i n d r i c a l  specimen 

in the prev ious  sec t ion  the magnetos ta t ic  energy component f o r  a 

f luxon  (Em) was fo rmula ted  and the reduced thermodynamic f i e l d  

(Y =  He/HQ) was eva luated.

The Gibbs f re e  energy f o r  an i s o la ted  f luxon  (see sec t ion  6 .3 .2 )  

is given by the l i n e  in te g ra l

6G =  ( * o / 4n )  6.35

where the i n te g ra t i o n  is to be taken over the length  o f  the f luxon .

(The f i r s t  term under the in te g ra l  g ives the l i n e  energy and the 

second the magne tos ta t ic  energy.)

For a superconduct ing c y l i n d e r  in a l o n g i tu d in a l  f i e l d ,  in c reas ­

ing f rom z e r o , f luxon  pene t ra t ion  w i l l  begin at  the sharp rims 

( in d ic a te d  by po in ts  D and F in f i g u r e  6.12b -  Hq along z) and 

proceed u n t i l  e v e n tu a l l y  the lead ing  f luxon  which penetra ted a t  D, 

emerges from the c y l i n d e r  a t  some po in t  A and a t  po in t  C and the 

lead ing  f luxon which penetra ted a t  F emerges a t  E and C.

(Prov id ing  these f luxon  segments are not s t ro n g ly  curved, which is most 

u n l i k e l y ,  i t  may be assumed w i th o u t  s i g n i f i c a n t  loss o f  accuracy,  in 

the f o l l o w in g  a n a ly s i s ,  tha t  the segments are s t r a i g h t  and l i e  along 

AC and EC as shown in f i g u r e  6 .12b) .  The two segments o f  f luxon  may 

now j o i n  a t  C and the f luxon along ACE w i l l  co l lapse  d i s s i p a t i v e l y  to  

l i e  along ABE and th e n , s ince is  a decreasing fu n c t io n  o f  r ,  move
V?

towards r — 0. The f i e l d  a t  which th is  occurs w i l l  be de f ined as H . .
c l
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For a f 1uxon segment along AC the Gibbs f re e  energy is given by

6G =  [Hcl (d2/i{ + A r2 ) 2 -  r )d&] 6 . 36a

AC

and s ince the l i n e  in te g ra l  is path independent cu r l  Y =  0) and 

the ra d ia l  component o f  ¥ on the z =  d/2  plane is  zero ,  so th a t

OG — [Hc  ̂ (d2/ ^  - A r2)^ -  (H^/2) J  ¥ (z , r o)dz]  6 . 36b
o

where Ar == R -  r . The de te rm ina t ion  o f  the c r i t i c a l  c o n d i t io n s ,  

v i z :  Hq =  Hc  ̂ and Ar -- A rc , by m in im iz ing  SG w i th  respect to  Ar is 

p ro b le m a t i c a l .  However, i t  is reasonable to assume t h a t  a f 1uxon 

segment pen e t ra t in g  the r im w i l l  do so in such a manner t h a t  60 =  0
sV

at  a l l  t imes. On t h i s  assumption w i l l  be given by the minimum

value o f  Hq which s a t i s f i e s  t h i s  c o n d i t io n  in equat ion 6 . 3 6 .

Rewr i t ing  equat ion 6 . 36b in terms o f  the reduced f i e l d  h -- 

g ives
d

h =  (1 4- ( 2 A r /d )2)^  (~ f  Y(z ,  rQ)dz) 1 6.37

o

Using the re s u l t s  ob ta ined f o r  g  j " I'dz in the prev ious sec t ion  (see 

f i g u r e  6 .1 3 ) ,  h has been determined as a f u n c t io n  o f  rQ f o r  the var ious 

values o f  R/d and is p lo t t e d  aga ins t  r Q/R in f i g u r e  6.14 which shows 

d e f i n i t e  minima from which h ' (R /d )  and |A rc / R | ^  can e a s i l y  be 

measured. These values are given in t ab le  6 .2 .  Included in the 

ta b le  is  the p r e d i c t i o n  f o r  the enclosed sphero id ,  v i z :  h — ( l  - D^) 

(see sec t ion  6 . 3 .1) and a lso ( l  -  D ) .  I t  is apparent from the ta b le  

th a t  the present „iodel p re d ic ts  a cons iderab le  delay in i n i t i a l  f  1 uxon 

pen e t ra t io n  compared w i th  the p r e d i c t i o n  fo r  the enclosed spheroid (o r ,  

in p a r t i c u l a r ,  w i th  the p red ic ted  e q u i l i b r i u m  b e h a v io u r ) . De ta i led  

comparison w i th  experiment w i l l  be given in sec t ion  6 .4 .

6
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Figure 6,14.
r0 /R

A p lo t  o f  the reduced f i e l d  of i n i t i a l  
pene t ra t io n  o f  f luxons  in to  the bu lk  o f  
a c y l i n d r i c a l  specimen versus the reduced 
radius o f  pene t ra t ion  f o r  a f l u x  spot on 
the p lanar  end-surface o f  the specimen 
(see f i g u r e  6.12b) f o r  the var ious values 
o f  R/d f o r  which numerical  c a l c u la t i o n s  
were made. The f i g u r e  shows minima in 
h ( r 0 ) which arc expected to  be the c r i t i c a l

h*(rc).
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6 .3 -5  Magnet izat ion behaviour o f  a type II superconduct ing  

c y l i n d e r  in a l o n g i tu d in a l  app l ied  f i e l d

In t h i s  sec t ion  a model f o r  the s a l i e n t  physica l  processes invo lved 

in the o v e r a l l  magnet iza t ion behaviour o f  an ideal superconduct ing 

c y l i n d e r  in a lo n g i tu d in a l  app l ied  f i e l d  w i l l  be proposed. A 

r igo rous  ana lys is  o f  the model w i l l  not  be at tempted her*' but  a few o f  

the more important p re d ic t i o n s  w i l l  be considered.

Thus: In the previous sec t ion  i t  was found th a t  i n i t i a l  f luxon

pen e t ra t io n  i n to  the c y l i n d e r  is  delayed to  an ex te rna l  1y app l ied  f i e l d  

which Is in excess o f  th a t  f o r  which a f luxon  is e n e r g e t i c a l l y  favoured

in the bu lk  o f  the c y l i n d e r .  The f i r s t  f luxons  to  overcome th i s

e f f e c t i v e  b a r r i e r  are ab le  to  reduce t h e i r  Gibbs energy by moving 

towards the middle o f  the c y l i n d e r .  ( In  real  specimens f luxon  p inn ing

mechanisms w i l l ,  to some e x t e n t , prevent t h i s .  This w i l l  be discussed 

In s e c t io n  6 . 4 . )

A co n s id e ra t io n  o f  the r e s u l t s  o f  the prev ious sec t ions  leads to  

the proposal  tha t  in the i n i t i a l  stages o f  f luxon  p e n e t ra t io n  the 

f luxons  form a ' p o o l ' ,  centered on the c y l i n d r i c a l  ax is  o f  the specimen, 

o f  rad ius  p < R. The ex is tence  and s t a b i l i t y  o f  such a pool requ i res  

( i ) th a t  the s p a t ia l  gra le n t  o f  the i n t e r a c t i o n  energy between any 

f lu x o n  and a l l  the o the r  f luxons  in the pool is  equal and oppos i te  to  

the g ra d ie n t  o f  i t s  magnetos t a t i c  cnergv and ( I I )  t h a t  there  is a long-  

range b a c k - s t r e s s , due to the f luxons  in the pool a c t in g  a t  the

per im ete r  ( r  ra R) o f  the c y l i n d e r ,  which prevents the instantaneous
Vc

growth o f  the pool to p -  R at  HQ . The Gibbs f ree  energy f o r

the f luxons  in the pool is g iven by
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p d

G ( ^ d / W )  f  (Hcl -  Hq ~  f  y ( z , r )dz)  n ( r ) d Zr

o

P

+ j  n ( r 1)d2 r 1 j  n ( r 2)n(  r -  r ^ ) d Zr .

P

+ d y ' o ) ( n ( r ) ) d 2 r 6 .3 8

o

where n ( r )  is  the loca l  f l u x  l i n e  d e n s i t y ,  n(E-j “  E^) Is the long 

range sur face in t e r a c t i o n  energy between two f luxons  a t  r^ and r 2 

r e s p e c t i v e l y  ( r e s u l t i n g  in accordance w i th  the model o f  sec t ion  6 , 3 . 3  

f rom the sur face magnetic charge d i s t r i b u t i o n ,  or  In accordance w i th  

Pear l (see sec t ion  6 ,1), f rom the long range ( r  2) c u r re n ts  assoc ia ted 

w i t h  a f luxon  a t  the superconduct ing-vacuum in te r f a c e )  and w ( n ( r ) )  is  

the usual shor t - range  in t e r a c t i o n  between f luxons  in the bu lk  o f  the 

specimen.

The terms in and are  r e s p e c t i v e ly  the l i n e  energy and the 

magnetos t a t i c  e n e rg y  o f  the f luxons .

u ) ( | r 1 1 r 2 1) is given (see f o r  example de Gennes, 1966) f o r  low 

f 1uxon d e n s i t i e s  by

U)(i£1 -  r 2 |) (<}i0 /l|7r)2 . (z /X2) • Ko ( | ^  -  £ 2 | /X)

( ^ A n r ) 2 . ( z / X 2) ,  [ i r X / ( | r 1 -  r 2 | ) ] ^  e x p ( - | r ^  -  £ 2 | / x )

6.39

where z « 6  Is the number o f  nearest  f luxon  neighbours and K is the 

ze ro -o rde r  modit .ed  Bessel f u n c t i o n ,  From the cons ide ra t ions  o f  

sec t ions  6 ,3*2 and 6 ,3 , 3  the long range i n t e r a c t io n  energy between two 

f luxons  a t  r^ and r 2 is given by

n ( | r 1 - r 2 |) «=■ (*g/4ir)  J  H2 (z,  | r 1 - r 2 |)dz  6,40

o
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where Hz ( z , | r^ -  r 2 |) is  g iven by equat ion 6,13 and is the f i e l d  

r e s u l t i n g  from the sur face charge d i s t r i b u t i o n  o f  a f iuxon at  r^ 

a c t in g  at  a p o in t  r_ (or v ica ve rsa ) .

I t  seems reasonable ,  but d i f f i c u l t  to  j u s t i f y ,  tha t  n ( r )  should 

be independent o f  r f o r  r  < p. Making t h i s  assumption a l lows the 

Gibbs f ree  energy (equat ion 6 . 38 ) to be eva luated and minimized w i th  

respect  to p a t  constant

P
B(r  .< p) =  (<}>0 /iT p 2 ) J  n ( r ) d 2r == N ^ / i r p 2

o

(where N is the t o t a l  number o f  f luxons  in the poo l)  and a t  constant 

Hq to  determine the e q u i l i b r i u m  p(B, H ) behaviour.  This w i l l  however 

be done on ly  f o r  the l i m i t  p -> R where the requ i red numerical 

i n te g ra t i o n s  are  a v a i l a b le  from sec t ion  6 .3 .3  (see l a t e r ) ,  Q u a l i ta ­

t i v e l y  the behav iour  o f  p(B, Hq ) can be ascer ta ined  by cons ide ra t ion  

o f  equat ion 6 . 3 8 . Thus fo r  constant  N a decrease in HQ w i l l  cause 

the magne tos to t ic  energy term, which is nega t ive ,  to  decrease in 

abso lu te  magnitude r e l a t i v e  to the p o s i t i v e  in t e r a c t i o n  terms so 

tha t  the pool rad ius  p w i l l  Increase.  Even tua l ly  p w i l l  become equal 

to R and, I f  edge e f f e c t s  are neglected (see l a t e r ) ,  f luxons  w i l l  begin 

to  leave the specimen. I f  H Is now Increased p w i l l  become less than 

R again  and w i l l  decrease In e q u i l i b r i u m  w i t h  HQ at cons tant  N u n t i l  

e v e n tu a l l y  the back s t ress ,due  to  the long range r o p u ls iv o  force o f  

the f luxons  in the pool ac t in g  a t  the per im ete r  r  «=> R , is  I n s u f f i c i e n t  

to  prevent the pen e t ra t io n  of  more f luxons ,  f u r t h e r  increase in Hq 

th e re fo re  causes p to increase u n t i l  at  some HQ ^  p «  R, For

Hc 2 H 5s f luxons  should move rovers I b l y  in and out  o f  the specimen 

and N should th e re fo re  be in thermodynamic e q u i l i b r i u m  w i th  H .

Now on the assumption tha t  n ( r )  Is indeed independent o f  r the
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long range sur face in t e r a c t i o n  term in equat ion 6.38 is g iven ,  on 

s u b s t i t u t i o n  f o r  n from equat ion 6.40 by

d p p R

l)P -  (<j,o N2/8TT) J "Jj j' i | j ( |£1 -  r 2 |)  [ y ( z ,  | r -  r j )  + y (d  “  z# | r  ~ r ] | ]  

0 0 0 0

d2r^ d 2r 2d2rdz 6.41a

P u t t in g  p==R  and using the r e s u l t  o f  appendix Al (g) g ives 

d R R

U? =  ( *0 ^ / 8* ) ^ / /  ) [ ? ( = '  I f  "  f i l )  + " =, I f  "  r , | ) ] ]
o o o

d2r^d2rdz

which may be reduced us Ing equat ion 6,32 to  give 

R d

UtR ^  (<t>oN2/8 i i )  f  [  f  [ij>(z, r )  -  l ] d z  d r 2 ] 

o o

”  (<j)0N2/8Tr)irR2 [ ; (R )  -  l ]  & .4 lb

where
R d

C(R) a  (1/irR2) J  [g  J ( f ( z *  r ) d z ) ] d 2r 6,42

o o

[s(R) has been num er ica l ly  eva luated from the. r e s u l t s  o f  sec t ion  6 .3 .3  

d

( f o r  1  j  Y ( z ,  r )dz  a t  the va r ious  values o f  R/d) and is  included , n 

o

t a b le  6 . 2 , ]

I t  w i l l  now he assumed tha t  f o r  p « R, R may be replaced by p 

In equat ion 6,41b ana 6.42 w i thou t  s i g n i f i c a n t  e r r o r .  S u b s t i t u t i n g

fo r  Uy from equat ion 6 .41b in to  equat ion 6,38 for  the Gibbs f ree

energy o f  the pool gives

[G]p»R "  " HoS(p ) )  +  (B2/ 2 ) ( s ( p )  -  1) +  o ( B ) ]  6 , 4 3
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where B =  N ^ / hR is the average induc t ion  in the specimen (assumed 

un i fo rm) and a(B) is re la te d  to  w ( n ( r ) )  and is the c o n t r i b u t i o n  from 

the shor t  range fo rces .  M in im iz ing  w i th  respect to B a t  constant  H 

and w i th  p Ba R gives

[3 6 /8 8 ]^   ̂ p 0 ™ -  H ^ f R )  + B(; (R)  -  1) +Da(B)/3B 6 ,44

and th e re fo re  the, value  u f  B in e q u i l i b r i u m  w i t h  H is given by

B [ H j  "  (H^cfR) -  Hg, -  8 a ( B ) / 3 B ) / ( c ( R )  -  1) 6,45

and also

dB[Hp]/dHg -  (G(R) -  o Z a (B ) /3 2 B ,d B [H j /d H g ) / ( G ( R )  -  1)

" " ; ( R ) / ( c ( R )  -  1 + S^afBj /S^B) 6,46

These p r e d i c t i o n s  w i l l  now be compared w i t h  the e q u i l i b r i u m  p re d ic t i o n s

fo r  a sphero idal  specimen w i th  a demagnet iz ing c o e f f i c i e n t  D, I t  w i l l

be convenient  and s u f f i c i e n t  (see l a t e r )  to  make t h i s  comparison f o r

a pool w i th  p a  R in the l i m i t  B- 0̂ (from above) where a ( B ) , 3a/3B and 
2 0

8 a / 3 B * a lso  tend to  zero.  In t h i s  l i m i t . f r o m  equat ion 6 ,45 .

Ho[B +  0] - H p , / s ( R )  6.4?

and from equat ion 6,46

[ d B [ H j / d H j  -  c ( R ) / ( s ( R )  ~ 1) . 6,48

B +  o

For a sphero idal  specimen (see sec t ion  6 ,3 .1 )  H (B O.from

above)/H , =  h'  ̂ (1 -  D) and [dB[H 1/dH ] a  D. I t
0 B -)• O.from above

is  t h e r e fo re  obvious tha t  a d i r e c t  comparison o f  the p r e d i c t i o n s  f o r  

the c y l i n d r i c a l  and sphero idal  cases can be made from a p l o t  o f  

5 (R ) / (c (R )  “ 1) versus D fo specimens o f  various axia l  r a t io s ,

Th is  has been done in f i g u r e  6,15 where 0 D has been used (sue- 

l a t e r ) .
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Figure  6.15* A comparison o f  the p r e d ic t i o n s  o f  the 
present model f o r  the e q u i l i b r i u m  
behaviour  in c y l in d r i c a l  specimens w i th  
the p re d i c t i o n  f o r  a spheroida l  specimen 
w i th  demagnet izing f a c to r  D - In the 
l i m i t  B *>■ 0 from above ( p o in t s ) .
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In the l i m i t s  D ->• 0 and D 4- 1 agreement between the two 

p r e d i c t i o n s  is e x a c t , However, f o r  in te rm ed ia te  D there  is a maximum 

discrepancy o f  about 20 per cent which does not ne c e s s a r i l y  imp1y

dHQ “  The f i e l d  H ^ a t  which p R and the magnet izat ion

o

j u s t  becomes r e v e r s ib le  in inc reas ing  H , may be determined from the 

f o l l o w in g  cons ide ra t ions ,  Thus f o r  p < R the Gibbs f r e e  energy o f  the 

f luxons  in the pool (equa t ion  6*43) must be zero.  Also f o r  p t o  be 

s tab le  the magnetos ta t ic  energy due on ly  t o  the induced su r face  charges 

(which d r i v e  the f luxons  i n t o  the c y l i n d e r ) ,  i . e .  BH (%(R) -  1) ,  must 

e x a c t l y  compensate f o r  the re p u ls iv e  in t e r a c t i o n  te rm s , t h u s :

B I L [ s ( p )  -  1 ]  "  ( B 2 / 2 ) [ s ( p )  -  1 ]  +  o ( B )
p ->• R p ->• R

which on s u b s t i t u t i o n  in to  equat ion 6.43 fo r  3 and equat ing to  zero 

gives

[G] =  0 -  H_%(R)) + BHa(s(R) -  1)
p 4 . R 01 R R

and t h e re fo re

HR "  Hc1 6 'SO

F i n a l l y  an approximate p r e d i c t i o n  can be made f o r  dH /dB
5V

(Hq >, Hc l , H in c reas ing)  when p << R I f  i t  is assumed tha t  the 'back 

s t re s s '  on the pene t ra t ing  f luxons  dun to  the f luxons a l ready  in the 

pool can be c a lc u la ted  fo r  t h i s  s i t u a t i o n  by tak ing  the l i m i t  p •> 0 , 

i . e .  by assuming a l l  the f luxons  in the pool to  be a t  r c-5 0. In t h i s  

approx imat ion ,  from equat ion 6 . 36b and 6.40, the Gibbs f ree  energy for  

a pen e t ra t in g  f 1uxon is given by

tha t  the model is inaccura te  s ince i t  is  e a s i l y  demonstrated th a t  f o r  

Ho decreasing in the range 0 < H0 < the model p re d ic ts
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d

6G ci (4>0dA ir )  [Hc1 (1 + ( 2 A r /d )2)^  " Hq J  ¥ (z,  r ^ )dz

o
d

+ (B/2) 1  j  - f  (0 - ro ) [ r ( d ,  r )  + y (d  - z, r ) ] d 2rdz]  6.51 

o

In the  c r i  t i  cal cond i t  ion 6G — 0 and [Ar =  R -  r ] •> [Ar^ =  R -  r^ ]  , 

where r ,̂ -> Ar in the l i m i t  B ->• 0 (see sec t ion  6 .3 *3 )  > and

dB/dHg is given by

d d R
1 Z
d JI f ( z ,  r )dz[dB/dH ] *

V Hd  - o ' - o  o

1 . / .  J
2d j  I U ”  ‘  r c ) h ( d ’ r )

+ y (d  -  z ,  r ) ] d 2rdz 6 . 5 2

The eva lua t ion  o f  t h i s  expression requ i res  a d d i t i o n a l  numerical

c a l c u la t i o n  which w i l l  not  be done here.

6.4 Discussion and comparison w i th  experiment

$umma» , ing the r e s u l t s  thus f a r : p re d i c t i o n s  have been made f o r
r t

the reduced f i e l d  h o f  i n i t i a l  p en e t ra t io n  o f  f luxons  in to  a c y l i n d r i c a l

specimen and a model has been proposed f o r  the n o n -e q u i l i b r i u m

behaviour which occurs in inc reas ing  app l ied  f i e l d  in the range

H < H < H . .  Th is  model a lso  p re d ic ts  t h a t  in decreasing H thec l  o c l  o

specimen induc t ion  B(H ) w i l l  be in thermodynamic e q u i l i b r i u m .
>v

In order to compare the p red ic ted  r e s u l t s  f o r  h “ ^ c l ^ c l  w' t *1 

experiment i t  is  necessary f i r s t  to  o b ta in  ( i . e .  the f i e l d  o f  

i n i t i a l  pene t ra t ion  in an i n f i n i t e l y  long specimen). can be obtained 

approx. ' t e l y  from the r e s u l t s  o f  chapter  5 but i t  was found tha t  a 

more accurate  r e s u l t  could be obta ined from the r e s u l t s  f o r  the  two 

se r ies  o f  <111> d iscs  (see f ig u re s  6.4 and 6 .5 ) ,  in a s e l f  cons is te n t  

manner, i f  the shear ing process descr ibed in sec t ion  6.3*1 * (and see
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f i g u r e  6.11) is used in reverse l i . e .  each po in t  on the magnetiza­

t i o n  curves o f  f i g u re s  6.4 and 6,5  is  moved a d is tance  14ivMD| along 

the  p o s i t i v e  d i r e c t i o n ) .  To demonstrate t h i s  i t  w i l l  be necessary 

t o  digress f o r  a w h i le .  Thus: the magnet izat ion behav iour  f o r

H <: H . , H in c reas ing ,  when the specimen is f u l l y  in the Meissner 
o c ' o

s ta te  (apart  from the regions near the share r ims) must be in thermo­

dynamic e q u i l i b r i u m .  ^o r  ^ c 2 ^ ̂  ^c l  ’ w ' ' t icreas i ng o r

decreas ing,  e q u i l i b r i u m  behaviour is  a lso  p red ic ted  and apparen t ly  

ob ta ins  in the exper imental  r e s u l t s  (see f i g u r e s  6.4 and 6.5b which 

show approx imate ly  r e v e r s ib l e  behaviour f o r  % 1 Koe (T — 4K)) .

The reverse shear ing process on the var ious magne t iza t ion  r e s u l t s  o f  

f i g u r e s  6.4 and 6.5 ( ta k in g  the average va lues ,  in each case, o f  4irM 

in  the regime & H % 1 Koe) should the re fo re  produce a s in g le  

curve (corresponding to  th a t  f o r  a specimen w i th  D =  0) in the f i e l d

regimes H $ H . (H inc reas ing  from zero)  and H „  ^ H % 1 Koe i f
O C*  O * C o

the c o r re c t  demagnet izat ion c o e f f i c i e n t  ( i . e .  e i t h e r  D o r  D see
e m

sec t ion  6 .1) is  chosen. In agreement w i th  the c ons ide ra t ion  t h a t  the 

p red ic te d  r e l a t i v e  d is tance  (Ar /R)  o f  f l u x  pene t ra t io n  in to  the rims 

o f  the d is c  specimen is small (see ta b le  6.2 and a lso  f i g u r e  6.16) 

such a s in g le  curve was obta ined when D was used. In f i g u r e  6.17 the 

r e s u l t s  ob ta ined from f i g u r e s  6.4 and 6.5  fo r  the s lope -  4irdM/dHo in 

the Mei ssner regime are compared w i th  the p re d i c t i o n  o f  equat ion 6.7 

when e i t h e r  or  is s u b s t i t u t e d .  (The use o f  the f a c to r  2/3 in 

the l a t t e r  case is requ i red  to  compensate f o r  the volume r a t i o  

between the enclosed e l l i p s o i d  ar a d i s c . )  The r e s u l t s  of  the

For the specimen w i th  the la rg e s t  value o f  R/d ( v i z :  11.0)  t h i s
Vi

shear ing process causes the po in t  M(H . )  to move to  a value 
v? * >v ^

M(Hr  l + 4?rMD) such tha t  + 4nMD >, -
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Figure  6.16. The p red ic ted  (see f i g u r e  6.14) reduced

pene t ra t ion  d is tance  as a fu n c t io n  o f  R/d 

showing tha t  f o r  most o f  the range o f  R/d 

t h i s  d is tance  is small • and 0 show the 

mean reduced r in g  th icknesses fo r  the two 

r ing  specimens.
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( I - D m ) - 1
i------------------ (----------------1_________ l__________ I________ I_________ I__
0 2 4 6 8 10 12

2 / 3 ( 1  -  D g ) - '

Figure 6.17. A comparison o f  the e xpe r im e n ta l ly  determined 

slopes o f  the magnet izat ion curves in the 

Meissner regime (B =  0) w i th  the e q u i l i b r i u m  

p r e d i c t i o n s  using 0 =  0^ ( s o l i d  curve) and 

D =  De (dashed curve) re s p e c t i v e ly  (see t e x t ) . 

The f i g u r e  shows th a t  the use o f  0 = 0 ^  is the 

b e t t e r  approx imat ion.
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f i g u r e  con f i rm  th a t  the use o f  D ra the r  than D is  the b e t te r  3 m e

a p p ro x im a t ion . is now r e a d i l y  o b ta in a b le ,  in a s e l f  c o n s is te n t

manner, by an i t e r a t i v e  process which invo lves ( i ) choosing some 

va lue  f o r  (obv ious ly  the va lue from chapter  5) and marking i t  

on the Ho ax is  o f  f i g u re s  6.4 and b .5 ( a c t u a l l y  much enlarged as in 

the  o r i g i n a l  e x pe r im e n ta l ly  ob ta ined r e s u l t s ) .  ( i i ) drawing a 

se r ie s  o f  l i n e s  through t h i s  po in t  w i th  slopes  ̂(see equat ion

6.10a and f i g u r e  6.5 and no t in g  t h e i r  po in ts  o f  i n te r s e c t io n  w i t h  the 

magnet iza t ion  curves in the Meissner regime and f i n a l l y  ( i i i ) 

moving the po in t  on the Hq ax is  u n t i l  these po in ts  o f  i n t e r s e c t i o n  

occur  a t  a constant  value o f  -4'rrM which should (and in f a c t  d id )  

have a va lue  corresponding to  the p o in t  on the ax is  which is

t h e r e fo re  H ^ .  The f i n a l  va lue  obta ined f o r  in t h i s  way is
Vc «v

given in t a b le  6 .2  and h “  has been c a lc u la te d  and included

in the tab le .

These r e s u l t s  are a lso  shown as a fu n c t io n  o f  d/R in f i g u r e  6.18 

where the t h e o r e t i c a l  p r e d i c t i o n  (sec t ion  6 .3 .3 )  is shown by the s o l id  

curve (which has been smoothly drawn through the c a lc u la te d  values
X

f o r  h from ta b le  6 .12 ) .  The agreement is apparen t ly  very good. A
X

remarkably s imple em p i r ica l  formula has a lso  been found fo r  h , in

terms o f  R/d ~ in the range in v e s t ig a te d ,  which is  given by

h5' =  (1 + R/d) ^ 6.53

The p r e d i c t i o n  o f  t h i s  formula is compared w i t h  the exper iment ,  the

present  t h e o r e t i c a l  t rea tment  and the e q u i l i b r i u m  p r e d i c t i o n  f o r  the 

enclosed e l l i p s o i d ,  v i z :  h =  (1 -  D^) (equat ion  6.8b) in f i g u r e

6.19.
5V

A remarkable fea tu re  o f  the t r a n s i t i o n  a t  h in the M-H curveso

f o r  the disc-specimens (see f i g u r e  6.1 to  6 .5) is t h a t  i t  is very
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F igure  6.18. A comparison o f  the c r i t i c a l  reduced f i e l d  o f  i n i t i a l  f 1uxon pene t ra t ion  

as a fu n c t io n  o f  d/P, determined from Lhe model ( s o l i d  curve) w i th  the 

exper imental  1y determined values f o r  the two se r ies  o f  <111> disc-specimens 

(0 and A ) .
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— — inscribed ellipsoid 

o  — R const.

A — d const.
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Figure  6,19. The v a r i a t i o n  o f  the square o f  the reduced f i e l d

o f  i n i t i a l  pen e t ra t io n  as determined expe r im en ta l ly  

(0 and A) is compared w i th  the p re d i c t i o n s  o f  the 

model (heavy curve) as a func t ion  o f  (1 + R/d)  ̂

showing the remarkable emp i r ica l  r e l a t i o n s h i p  

h*^ “  (1 + R/d)  ̂ over the range o f  R/d in v e s t ig a te d .  

[The p r e d i c t i o n s  f o r  a spheroid ( from sec t ion  6 .3-1)  

are shown by the dashed c u rv e . ]



2 7 6

sharp.  ( i t  is  probably  a second-order X type t r a n s i t i o n  on account

o f  the 1b a c k - s t r e s s 1 due to  the f luxons  in the po o l . )  I f  the model 
*

f o r  the p r e d i c t i o n  o f  h is considered to be s u f f i c i e n t l y  accurate 

the  sharpness o f  t h i s  t r a n s i t i o n  may be o f  use in the de te rm ina t ion  o f  

K. (see equat ion 1.7) when is  not  e a s i l y  o b ta in a b le  because of  

f l u x o n  p inn ing  im per fec t ions  in the m a te r ia l  o r  because o f  the

requirement o f  a long t h i n  specimen fo r  the d i r e c t  measurement o f  .

Values f o r  , k2 and K, a t  4.05K obta ined from equat ions 1.5 to  1.7 

on s u b s t i t u t i n g  exper imenta l  values f o r  the var ious  parameters are 

given in ta b le  6 .1 .

I t  is  apparent from the r e s u l t s  o f  f i g u r e s  6.18 and 6 . 1 9  th a t  

the re  is no c o n s is te n t  ' o f f s e t 1 between the r e s u l t s  on the two

d i f f e r e n t  se r ies  o f  <111> d iscs .  This im p l ies  tha t  t he re  are  no s ize

e f f e c t s  in the range o f  R/d in v e s t ig a te d .

The bu lk  c r i t i c a l  f i e l d  (see chapter 1) can now a lso  be obtained 

approx im ate ly  f rom the curves o f  f i g u r e s  6.4 and 6.5 by the s imple 

expedient  o f  ( I )  smoothly e x t r a p o la t i n g  the magnet iza t ion  curves from 

the e q u i l i b r i u m  behaviour  in the regime Ho > back to  the po in t  

~4ttm *= on each curve so th a t  i t s  s lope is   ̂ a t  t h i s  po in t  

( re fe rence  to f ig u re s  6.5 and 6.11 w i l l  make t h i s  c le a r )  and ( i i )

r e s u l t i n g  curve. Values determined fo r  Hc from some o f  the curves 

are  included in ta b le  6 .1 .

In agreemer w i th  the t h e o r e t i c a l  p r e d i c t i o n  th a t  

(sec t ion  6 .3 .5 )  the magnet izat ion curves o f  f i g u re s  6 .4 ,  6.5 and 6,11 

show t h a t  the onset o f  r e v e r s ib le  behaviour occurs in inc reas ing  Hq a t  

. However, in c o n t ra s t  to  the t h e o r e t i c a l  p r e d i c t  i o n , I t  is  apparent

H^/Sir (equa t ion  6.12)

H

measur ing the area under the
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from the above f igu res  th a t  in decreasing Hq the magnet izat ion 

curves depar t  from e q u i l i b r i u m  behaviour a t  H «  This

behaviour  is a consequence o f  the sharp r ims o f  the d isc  specimens 

and is  aggravated by f lu x o n  p inn ing  due to  de fec ts  in the bu lk  and 

on the  sur face o f  the specimen. (The e f f e c t  o f  sharp rims in 

causing h ys te res is  in the magnet izat ion curves o f  type I super­

conductors was f i r s t  repor ted by Schoenberg (1937) •)

Q u a l i t a t i v e l y  t h i s  e f f e c t  may be exp la ined as f o l l o w s :  Consider

f i g u r e  6 . 20bwhich is a schematic rep resen ta t ion  o f  the f l u x  d i s t r i b u ­

t i o n  in the r - z  plane o f  an ideal d isc  specimen f o r  var ious ex te rna l  

f i e l d  c o n d i t io n s  as shown on the id ea l ized  H-H curve o f  f i g u r e  6.20a. 

For < Ho < Hc ^ , inc reas ing  (po int  1) ,  f i g u r e  6.20b -  1 shows 

the f l u x  to  be conf ined to  a pool ( rad ius  p -  f r o n t  AB) and to  the 

t r i a n g u l a r  areas (CEO and ODF) in the rims where the app l ied  ex te rna l  

f i e l d  is s t ro n g ly  concentra ted.  With inc reas ing  Hq f luxon  segments 

along CO and OD j o i n  a t  0,  c o l lap s e  d i s s i p a t i v e l y  loos ing l i n e  energy 

to  l i e  along CD, and then more d i s s i p a t i v e l y  down the magnetosta t1c 

p o te n t ia l  g rad ien t  to j o i n  the. pool along AB. The pool grows, M(Ho ) 

moves along the M-HQ curve between po in t  1 and 2 and eventual  1y at  

p o in t  2 the pool touches the pene t ra t io n  f ro n ts  in the r ims, i . e .

A +  C and B ->• D ( f i g u r e  6.20b -  2 ) ,  leav ing  a narrow region which is 

devoid o f  f l u x .  At  n  t h i s  region a lso  disappears as the pool 

f r o n t  j u s t  touches the l a t e r a l  sur face o f  the d i s c  at  the equator 

(p o in t  v ) , With f u r t h e r  increase in M the  de n s i t y  o f  the f luxons  in 

the pool increases r e v e r s ib l y  and the cu rva tu re  o f  the f luxons  (convex 

outward -  which is a consequence o f  the mutual repuls ive  In te ra c t io n  

between f luxons in the bu lk  o f  the specimen and the f a c t  tha t  

Hg(z, r )  is lower in the equi t o r i a l  plane than on the p lanar  sur faces
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Figure 6,20 A schematic diagram i l l u s t r a t i n g  the behaviour 

o f  the f luxon  l a t t i c e  pool and the pene t ra t ion  

regions In the rims o f  a d isc  specimen w i th  

inc reas ing  and decreasing app l ied  f i e l d  H in 

the range Hq t- .
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(see sec t ion  6 .3 .3 ) )  decreases u n t i l  as Hq i t  tends to  z e r o .

I f  H is now decreased f 1uxons leave the specimen r e v e r s ib l y  again 

u n t i l  Hq =  , A t  t h i s  p o in t  the pool is  o n l y  j u s t  in con tac t  w i th

the l a t e r a l  sur face o f  the specimen at  i t s  equato r.  With f u r t h e r

decrease in H , neg lec t in g  sur face  b a r r i e r  e f f e c t s , i t  would be 

e n e r g e t i c a l l y  favourab le  f o r  the pool to  remain in con tac t  w i th  the 

sur face and f o r  f luxons  to  escape in e q u i l i b r i u m  w i th  H . M(Hq ) 

would then move along the dashed curve o f  f i g u r e  6.20a and B(H )

(Hq decreasing)  would be s l i g h t l y  l a rg e r  than B(H ) (H Inc reas ing ) .

The pool rad ius  p is  the former case is a lso  la rg e r  than in the 

l a t t e r  and the mutual repu ls ion  between the f 1uxons in the pool and 

in the p e n e t ra t io n  regions in the r ims is t h e r e fo re  a ls o  la r g e r .  The 

e q u i l i b r i u m  f l u x  d i s t r i b u t i o n  is t h e re fo re  as shown in f i g u r e  6.20b -  4 

(compare w i t h  f i g u r e  6.20b -  2 f o r  HQ in c re a s in g ) .  The pene t ra t io n  

f r o n t s  (CQ.| and CO^) in the rims no longer  meet a t  the equator and 

the pool f r o n t  (AB) does not  touch the equator e i t h e r .  Fluxon escape 

now requ i res  a f lu x o n  along AB ( f i g u r e  6.20b -  4) to  jump d i s s i p a t i v e l y  

and s p l i t  i n to  two segments (o f  lower t o ta l  Gibbs energy) along 00^ and 

00^ r e s p e c t i v e ly .  H(Hq ) moves along the M-H curve from po in ts  4 to  6 

( f i g u r e  6 .20a ) ,  w i th  B(H^) > b [Hq] . At  p o in t  6 a l l  the f l u x  has

been expe l led .  ( I t  w i 11 be apparent from the above d iscuss ion  tha t  

the presence In the specimen o f  reg ions  which are  devoid o f  f l u x  is 

assoc ia ted w i th  n o n -e q u i l i b r i u m  M(H ) behav iour .  For a s u i t a b l y  

' b a r r e l l e d '  specimen (sec sec t ion  6 ,3 .3 )  f o r  which the c a l c u la t i o n s  

f o r  H (a, r )  are s t r i c t l y  ap p ro p r ia te  such devoid reg ions  w i l l  not 

occur in decreasing HQ and e q u i l i b r i u m  M(H ) behaviour Is p red ic ted  

f o r  t h i s  case.)
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The above behaviour is we l l  i l l u s t r a t e d  by the magnet iza t ion

curve o f  f i g u r e  6.6 i f  the small res idua l  trapped moment r e s u l t i n g
;V

from f luxon p inn ing  is overlooked . The dashed curve shows the r e s u l t  

o f  removing the rims by b e v e l l i n g  (see in s e t ) .  As expected from the 

above cons ide ra t ions  the curve f o r  the beve l led  d i s c  is c lo s e r  to the 

thermodynamic e q u i l i b r i u m  behaviour.  Moreover the b e v e l l i n g  does not
V ;

s i g n i f i c a n t l y  a f f e c t  the value o f  h .

In the region o f  n o n -e q u i l i b r i u m  behav iour ,  i . e .  f o r  Hq < >

the model p re d ic ts  th a t  p ,< R and t h e r e fo re  any movement in the M"Hq 

phase diagram between the M(H0 ) branches f o r  H inc reas ing  and Hq

decreasing can on ly  occur  along l i n e s  o f  constant  average induc t ion

-  pR *

(B *= (1/irR ) j  B ( r ) 2 tt r d r ) , i . e .  d iamagnet ics w i th  ziirdM/dHQ =a (1 -  D^)

o

With re fe rence to  f i g u r e  6.20b, i t  w i l l  be apparent that; a long these 

diamagnet ics the f lu xon  d i s t r i b u t i o n  w i l l  be in termediate  between 

tha t  shown by the l i m i t i n g  case (e .g .  f i g u re s  6.20b -  1 and 4 f o r  HQ 

inc reas ing  and decreas ing r e s p e c t i v e l y ) .  Th is  was conf i rmed 

e xpe r im e n ta l ly .  The concept o f  the fo rmat ion  o f  a f luxon pool in 

c y l i n d r i c a l ,  o r  in p a r t i c u l a r ,  d i sc-specimens it, w e l l  i l l u s t r a t e d  by 

the magneto-opt ica l  s tud ies  r e fe r r e d  to in sec t ion  6 .1 .  The r e s u l t s  

obtained in these s tud ies  on type I superconductors are more conv inc ing  

because the f l u x  tubes , which are macroscopic in t h i s  case, are less 

e a s i l y  pinned by de fec ts  and consequent ly t h e i r  behaviour is  c lo se r  to  

idea l .  The e f f e c t  o f  f luxon  p inn ing  on f luxon  pene t ra t io n  and pool

*  The change in dM/dH at H «  H ,(1 - 0 ) ,  H decreasing (po in t  A
v  U C l ill O

in the f i g u r e ) , occurs because 6 [ lV j  in the l a t e r a l  su r face

( r  =  R) tends to zero at  t h i s  po in t  and the remaining pinned f l u x

in the specimen cannot be f u r t h e r  reduced by decreasing  HQ to zero.
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fo rmat ion  in type I I  superconductors is s i g n i f i c a n t  even in the most 

h i g h l y  annealed niobium specimens inves t iga ted  m a g n e to -o p t i c a l1y 

(De Sorbo and Healy,  1964). These r e s u l t s  show la rge b a l l o o n - l i k e  

p r o je c t io n s  o f  f l u x  pene t ra t io n  in to  the specimen. The o v e ra l l  

behaviour is  however c o n s is te n t  w i th  the present model and cons idera ­

t i o n s .

The exper iments o f  f i g u r e s  6.9 and 6.10 were conducted to 

in v e s t ig a te  the a f f e c t  r f  f luxon p inn ing  on the magnet iza t ion  curve 

o f  d i  sc-specimens. The specimen which was scratched on i t s  l a t e r a l  

su r face  (r  — R) ( f i g u r e  6.9) shows ( i )  a s l i g h t l y  l a rger  va lue fo r  

the  f i e l d  o f  i n i t i a l  f luxon  pen e t ra t io n  than the  p red ic ted  value
Ju *

( i . e .  H ^ ) ,  ( i i )  d iamagnet ic behaviour f o r  magnet iza t ion  paths in 

the M(Ho+) and envelope and ( i i i )  f o r  decreas ing,  an

excurs ion by these paths ou t  o f  the envelope i f  Ho < . The

former  two observa t ions  are c o n s is te n t  w i th  f luxon  p inn ing  in the 

l a t e r a l  sur face  and the l a t t e r  is  probably  a consequence o f  f luxon  

p inn ing  i ,< the bu lk  o f  the specimen and th e re fo re  o f  d i f f e r e n t  

d i s t r i b u t i o n s  B( r) depending on the prev ious magnetic h i s t o r y  o f  the 

specimen.

The d i s c  specimen which was scratched on the  plane surfaces 

( f i g u r e  6.10) shows ( i ) a f i e l d  Hq o f  i n i t i a l  f lu x o n  pene t ra t ion  

which is approx im ate ly  the p red ic ted  va lue ( i . e .  ) ,  ( i i )

d iamagnet ic paths on ly  w i t h i n  the expected M(H +) and M(H 4-) 

envelope f o r  an equ iva len t  specimen w i t h  no p inn ing  s i t e s  and ( i i i )  

h y s t e r e t i c  minor M-H loops o u ts id e  t h i s  envelope.

This behaviour is c h a r a c t e r i s t i c  o f  f luxon p inn ing  in the bu lk  

o f  the specimen. The dashed curve in the f i g u r e  is the est imated 

M“ Ho curve (H increas ing)  f o r  the equ iva len t  undeformed specimen and



2 8 2

t h e r e fo r e  represents  the locus f o r  which f luxon  pene t ra t ion  is

poss i b le .

The exper imental  r e s u l t s  on the r in g  specimens ( f i g u re s  6.7 and
*

6 .8)  are  included to  con f i rm  that  h is  the same as t h a t  f o r  a d i s c -  

specimen o f  the same dimension i f  the r ing th ickness  ( t )  exceeds Arc 

(see sec t ion  6 .3 .4 )  as ob ta ins  fo r  the specimen o f  f i g u r e  6.7 (see 

f i g u r e  6 .17 ) .  This is a necessary consequence o f  the fac t  t h a t  the 

boundary cond i t ions  f o r  the r ing  in the Meissner s t a te ,  w i th  no 

trapped f l u x  th read ing  i t ,  must e f f e c t i v e l y  be the same as f o r  a d isc  

( i n  t ransverse  ex te rna l  f i e l d s ) .  For t  < Ar f luxon  pen e t ra t io n  must 

obv ious ly  begin sooner than p red ic ted  by the theory  f o r  a d is c  specimen. 

Th is  is shown by the r e s u l t s  o f  f i g u r e  6.8 where the mean r in g  

th ickness  which was not uni form is t  cy- A rc (see f i g u r e  6.17) so tha t  

presumably t  < Arc a t  some po in t  on the r i n g .

6.5 Cone! u s ions

By using the method o f  rep lac ing  c i r c u l a t i n g  c u r re n ts  by d i s t r i b u t e d  

su r face  magnetic charges which s a t i s f y  the boundary c ond i t ion s  f o r  a 

c y l i n d r i c a l  superconduct ing  specimen the p o s i t i o n  dependent thermo­

dynamic f i e l d  H ( r )  has been ca lcu la ted  f o r  c y l i n d r i c a l  specimens o f  

va r ious  a x ia l  r a t i o s  ( R / d ) . These c a l c u la t i o n s  show t h a t  the  f r e e  

energy o f  a f l u x o n ,  p a r a l l e l  to  the c y l i n d r i c a l  ax is  o f  the c y l i n d e r ,  

is an inc reas ing  fu n c t io n  o f  rad ia l  d isplacement from the a x is .  This 

g ives r i s e  to n o n -e q u i l i b r i u m  behaviour,  in inc reas ing  app l ied  f i e l d  

H , which is man ifes t  by a delay in i n i t i a l  f lu x o n  pene t ra t io n  to  a 

f i e l d  above th a t  expected f o r  the enclosed spheroid and to  an app l ied  

f i e l d  regime when the f 1uxons form a 1 pool 1 o f  radius p < R in the 

c y l i n d e r .  P re d ic t io n s  arc  made f o r  the  f i e l d  Hq ^  o f  i n i t i a l

f luxon  pene t ra t ion  and the f i e l d  (= H ^ )  at  which p ■* R, Hq

in c reas ing ,  which are in e x c e l le n t  agreement w i th  exper iment.  The
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behaviour in decreasing and the e f f e c t  o f  the c y l i n d e r  rims is 

a lso  considered.  I f  the r ims are removed by b e v e l l i n g  the specimen 

remains in thermodynamic e q u i l i b r i u m  in decreas ing H . The p red ic ted  

B[H ]  behaviour in t h i s  case is not i d e n t i c a l  w i th  the p r e d i c t i o n s  

f o r  the enclosed sphero id .

I t  is t h e re fo re  concluded, c on t ra ry  to  previous and cu r ren t  

e x p e c ta t io n ,  tha t  the o v e ra l l  magnet iza t ion  behaviour o f  c y l i n d r i c a l  

specimens in l o n g i tu d in a l  app l ied  f i e l d ,  even w i th  t h e i r  r ims beve l led  

o f f ,  cannot in general be considered to  correspond, even approx im ate ly ,  

to the  behaviour p red ic ted  f o r  the enclosed sphero id .  This is o f  

p a r t i c u l a r  relevance in c u r re n t  i n v e s t i g a t io n s  on the o rde r  o f  the 

t r a n s i t i o n  f rom the Meissner to  the mixed s t a te  and on the  s o -c a l le d  

m ixed - in te rm ed ia te  s t a te  in c y l i n d r i c a l - s p e c im e n s  in l o n g i t u d in a l  

a p p l ie d  f i e l d  (see sec t ion  6 . 1 ) .
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CHAPTER 7

7. FIuxon P inning in Deformed Disc-shaped Niobium S ing le -C rys ta l  

Specimens

7.1 In t ro d u c t io n

The i n v e s t i g a t i o n  descr ibed in t h i s  chapter  c o n s t i t u t e s ,  in essence,

the p re l im in a ry  work o f  t h i s  t h e s is  which was an at tempt to  determine

the approximate r e l a t i v e  importance o f  bu lk  and sur face p inn ing 
y?

mechanisms . Two types o f  experiment were envisaged, v i z :  ( i ) to

measure the p inn ing  fo rce  de n s i t y  P in v a r i o u s l y  deformed disc-shaped 

niobium specimens as a fu n c t io n  o f  t h e i r  a x ia l  r a t i o s ,  and ( i i ) 

to l i g h t l y  deform a disc-shaped s in g le  c r y s ta l  specimen by means o f  

a punch and d ie  so as to  c rea te  a narrow annu la r  region o f  deformat ion  

c o nce n t r i c  w i th  the d isc  ax is  and then to  determine P in t h i s  region.  

In both cases measurements would be made in a t ransverse  app l ied  

magnetic f i e l d .  In the former exper iment ,  f o r  d iscs  o f  constant 

rad ius  R, a p l o t  o f  versus d ( the d isc  th ickness)  would i n d ic a te  the 

r e l a t i v e  c o n t r i b u t i o n  due to  the bu lk  and to  the planar  sur faces o f  

the specimens. In the l a t t e r  experiment the p inn ing  forces due to  a 

d i s l o c a t i o n  network not in c lose  p ro x im i t y  to the l a t e r a l  sur face 

(which is p a r a l l e l  to the app l ied  f i e l d  -  see foo tno te )  could be 

i n v e s t i g a te d ,

* At the t ime o f  incep t ion  there  was some suggestion and apparent 

exper imental  evidence (see f o r  example Schweitzer,  Garber and 

Bertman, 1967) th a t  near su r face  e f f e c t s  in surfaces p a r a l l e l  to  

the app l ied  f i e l d  were respons ib le  f o r  most o f  f 1uxon p inn ing  in 

low k  (e.g .  niobium) specimens.
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P re l im in a ry  i n v e s t i g a t i o n  o.n disc-shaped specimens o f  niobium 

however, immediately revealed the presence o f  the geometry e f f e c t  

which was the sub jec t  o f  chapter  6, This development led to  a 

c u r ta i lm e n t  o f  the in v e s t i g a t io n  pending an adequate understanding o f  

t h i s  geometry e f f e c t . Subsequent ly some o f  the o b je c t i v e s  o f  t h i s  

p r o je c t  were achieved and pub l i shed by o the r  au thors (see f o r  example 

Das Gupta and Kramer, 1972) and i t  had become apparent tha t  var ious  

sur face p inn ing  e f f e c t s  could be v i r t u a l l y  e l im ina ted  by s u i t a b le  

specimen p repa ra t ion  techn iques.

This chapter  w i l l  consequent ly  be conf ined to  the d e s c r ip t i o n  and 

approximate an a ly s is  o f  the 1 punched1 d isc  experiment which is  not 

p a r t i c u l a r l y  successfu l  but  neverthe less has some in te r e s t i n g  and 

usefu l  f e a t u r e s . The experiment cons is ts  b a s i c a l l y  in the measurement 

o f  the magnet iza t ion  behav iour  o f  a disc-shaped specimen in t ransverse  

f i e l d  both before  and a f t e r  the deformat ion  process o u t l i n e d  above.

For a s u f f i c i e n t l y  narrow annular band (w id th  Ar) o f  deformat ion the 

loca l  f 1uxon g ra d ie n t  dB/dr in the band may be taken to  be i t s  mean 

value in the band and t h e re fo re  r e l a t i v e l y  easy to  o b ta in  from the 

magnet iza t ion  curves p ro v id in g  tha t  the re s t  o f  the specimen is 

r e l a t i v e l y  f re e  o f  p inn ing  s i t e s .  Cons idera t ion o f  the c r i t i c a l  s ta te  

model (see chap te r  3) obv ious ly  requ i res  th a t  dB/dr in the deformed 

band w i l l  be determined by the 'weakes t1 sec t ion  along i t s  le ng th ,  i . e .  

the sec t ion  w i th  the lowest p o te n t ia l  value o f  P (which is p ro p o r t io n a l  

to  d B / d r ) .

7-2.1 Specimen p repa ra t ion  and deformat ion  

The method o f  p repa ra t ion  o f  d isc-shaped specimens has been descr ibed 

in chapter 6. The specimens used in t h i s  i n v e s t i g a t i o n  were beve l led
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d iscs  (see f i g u r e  7 .2a) o f  s in g le  c r y s ta l  n iobium w i th  the c y l i n d r i c a l  

a x is  along <111>, diameter 6mm and th ickness 0.65mm (R/d — 4 .62 ) .

Deformat ion was performed w i th  the use o f  an assembly which 

comprised a c y l i n d r i c a l  s ta in le s s  s t e e l ,  f l a t -e n d e d  punch (diameter 

3mm), a mat ing brass d ie  (diameter 3 •5mm) and a j i g  to hold the 

punch, ; 'e  and specimen c o a x ia l .  The j i g  was designed so tha t  the

punch could be pressed in to  the f l a t  sur face o f  the specimen in a 

c o n t r o l l a b l e  manner using the tensometer mentioned in chapter  5. The 

specimens were deformed a t  a ra te  o f  0.175mm per minute and the r e s u l t ­

ing de format ion ,  i . e .  the depth o f  the in d e n ta t io n ,  in the specimen to

be considered h e r e i n , was 0 . 065mm.

The d i s l o c a t i o n  arrangement r e s u l t i n g  from t h i s  deformat ion 

procedure is f a i r l y  complex but is neverthe less predominant ly con­

f in e d  to  a narrow annular region around the punch per im eter .  This was

ev iden t  in deformed specimens which were planed, by spark e ros ion ,  to

remove the in d e n ta t io n  and mound and then subsequent ly chem ica l l y  

po l ished f o r  etch p i t  s tud ie s .  The p o l i s h in g  gave r i s e  to  a very 

rap id  p r e f e r e n t i a l  d i s o lu t i o n  o f  the specimen, along the punch 

per imeter  ( r  -- rQ) , in a band which was less than approx imate ly  0.5mm 

wide and at tempts to prepare f o i l s  f o r  the e le c t r o n  microscope were 

not s u c c e s s fu l . Much can be in fe r r e d  about the actual  d i s l o c a t i o n  

type and arrangement from the r e s u l t s  o f  a separate study by Bal l  and 

Doyle (1974 -  and see appendix A9) where <111> d iscs  were placed on a 

f l a t  s o f t  metal bed (e.g .  lead) ra the r  than over a d ie ,  and ' punched1 

as descr ibed above. In essence the d i s l o c a t i o n  debr is  cons is ts  main ly  

o f  a high d e n s i t y  o f  screw d i s l o c a t i o n  and screw d i s l o c a t i o n  d ipo les  

p a r a l l e l  to  the <111> ax is  o f  the d is c .  ( In  the present exper iment , 

where the magnet izat ion behaviour o f  the d isc  specimen is measured in 

t ransverse  app l ied  f i e l d ,  the f luxons  arc p a r a l l e l  to the screw
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d i s l o c a t i o n s ) . Regions o f  d i s l o c a t i o n  ta n g l in g  should a lso  be 

p reva len t .

Cross sec t ion  diagrams f o r  the two specimens, i . e .  as prepared 

and deformed, are shown schem at ica l ly  in f i g u r e s  7,2a and 1 ,2 b .

7 .2 .2  Magnet izat ion measurements 

Magnet izat ion loops were ob ta ined ,  f o r  one sense o f  the ex terna l  

f i e l d ,  app l ied  p a r a l l e l  to  the c y l i n d r i c a l  ax is  o f  the as-quenched 

(300 -  4k) d isc -spec imens , i n i t i a l l y  f u l l y  in the Melssner s ta te  at  

var ious  temperatures in the range 4K < T < 9 • 3K.

7-2 .3  Experimental r e s u l t s  

Only the r e s u l t s  on two i n i t i a l l y  id e n t i c a l  beve l led disc-specimens, 

as descr ibed in sec t ion  7 -2 .1 ,  w i l l  be reported here.  From the 

magnet izat ion curves f o r  the undeformed and deformed specimens the 

upper c r i t i c a l  f i e l d  and the f i e l d  o f  i n i t i a l  f luxon  pene t ra t ion
V?

Hc i (see chapter 6) were measured and are shown as a func t ions  o f  

temperature in f i g u r e  7•1• The c r i t i c a l  temperature,  ob ta ined from 

f i g u r e  7• 1 by e x t r a p o la t i n g  (T) and H ^ ( T )  to HQ “  0, is 

T ™ 9,31 A 0 .01K. In figures 7 - 2a and 7.2b magnet izat ion loops , 

normal ized at  and M (H ^)  f o r  var ious reduced temperatures

t  =  T/T are shown f o r  the as-prepared undeformed and f o r  the deformed 

specimens r e s p e c t i v e ly .  For d i r e c t  comparison the loops obta ined a t  

t  r-~ 0.^35 in each case have been superimposed in f i g u r e  7• 3a• In 

f i g u r e  7 . 3b the ideal r e v e rs ib le  magnet iza t ion  curve is shown fo r  a 

specimen w i th  zero demagnet izing c o e f f i c i e n t  a t  t  ^  0.435. This 

curve has been 1 . r i ved  from curve (a) in f i g u r e  7.3a as expla ined in 

chap te r  6.

The curves o f  f i g u r e  7 • 3a show the expected increase in the 

magnetic hys te res is  w i th  de format ion.  However, the increase is 

s i g n i f i c a n t  on ly  fo r  HQ < and f o r  H > is too small f o r  accurate
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NIOBIUM DISC <  111 >  

BEVELLED ( L I )

R/d

Q: t = 0.975 

b: t = 0-862 

c; t = 0 435

NIOBIUM DISC < l l l >  
BEVELLED (L5)

DEFORMED

R/d = 0-46

a-, t b 0.970 
b: t b 0.860 
C: t z  0-435

F i g u r e  7 . 2 a ,  

F i g u r e  7 . 2 b .

M a g n e t i z a t i o n  cur ve s  n o r m a l i s e d  to H \  f o r  th e  
d i s c - s p e c i m e n  ( f i g u r e  7 . 1 )  a t  reduceS t e m p e r a t u r e s  
t  =  0 .97 5 ,  0.862 and 0 .4 25 .
As f o r  (a)  in the  specimen deformed by punching (see  
t e x t )  f o r  t  =  0 . 9 7 0 , 0 . 8 6 0  and 0 . 4 3 5 ,



-4
tfM

 
(K 

oe
rs

te
d) 

(K 
oe

rs
te

d)

290

NIOBIUM DISC <

LI  undeformed 
L5 deformed

x 10

3 . 0
Ho (K o e rs te d )

Ca lcu la ted  reversible curve 
(see t e x t ) T » 4•05

1.0 2-0

(a)

(b)

Ho ( K oersted )

Figure 7.3a.

Figure 7.3b,

A d i r e c t  comparison o f  the magnet izat ion curves a t  
t  «  0.435 in the disc-specimen as-prepared (curve (a))  
and deformed (curve ( b ) ) showing the increase o f  
h ys te res is  in the deformed specimen. For H r. H « the 
deformed specimen shows a small peak a f f e c t . c 
The c a lc u la te d  r e v e r s ib le  curve f o r  a very long specimen 
in lo n g i tu d in a l  app l ied  f i e l d  (D 0 -  see t e x t ) .

I
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measurement. This c o n s t i t u t e s  an in e lu c ta b le  disadvantage o f  the 

present  experiment s ince  to  increase the magnitude o f  the hy s te res is  

requ i res  one o r  more o f  the f o l l o w in g ,  v i z : ( ! )  an increase in the

s t r a i n  in the deformed annul us ( t h i s  is not p r a c t i c a l  s ince the 

specimen geometry w i l l  become s i g n i f i c a n t l y  a l te re d  and moreover there 

is a tendency f o r  the specimen to bend a t  h igher  s t r a i n s  so t h a t  the 

background ( i . e .  away from the annula r  region)  f luxon p inn ing  inc reases) ,  

( i i ) an increase in the w id th  o f  the annular deformed region ( in  

t h i s  case the use o f  the mean g rad ien t  dB/dr in the deformed annu la r  

region w i l l  no longer g ive  a reasonably accura te  r e s u l t )  and ( H i )  

an increase in the radius  o f  the deformed annul us ( t h i s  is a lso  not 

p r a c t i c a l  s ince  i t  becomes d i f f i c u l t  to deform the specimen w i th ou t  

concomitant bending and a lso  compl icates an a ly s is  - see l a t e r ) ,  At 

h igher  magnetometer s e n s i t i v i t y  i t  became ev iden t  (see f i g u r e  7.3a) 

tha t  the hy s te res is  in the undeformed specimen is almost as la rge  as 

in the deformed specimens fo r  Hq > . However, w i t h  s u i t a b le

U.M.V. annea l ing  o f  specimens before deformat ion  i t  might be poss ib le  

to  o b ta in  r e s u l t s ,  a l b e i t  not very a c c u ra te l y ,  In t h i s  f i e l d  regime.

7«3 Theory

The magnet izat ion behaviour f o r  a disc-shaped specimen o f  ideal  

type I I superconduct ing m ate r ia l  was discussed in some d e t a i l  in 

chapter 6. For the deformed disc-specimen under Ideal c o n d i t io n s ,  

i . e .  w i th  P non-zero and constant in a narrow annular region 

conce n t r i c  w i th  d i s c ,  and zero everywhere e ls e ,  and neg lec t in g  poss ib le  

sur face b a r r i e r  e f f e c t s  an exact ana lys is  o f  the magnet iza t ion  curves 

a 1'1 hence a p r e d i c t i o n  o f  P could in p r i n c i p l e  be made using the 

methods o f  chapter  6, and in p a r t i c u l a r ,  equat ion C.17.

In p ra c t i c e  the s i t u a t i o n  is too complex f o r  an exact ana lys is  

and in any case i t  w i l l  become apparent tha t  the geometry e f f e c t  need
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not be e x p l i c i t l y  considered -  but see l a t e r  comments. Only a much 

s im p l i f i e d  t reatment  w i l l  t h e re fo re  be at tempted he re . Thus f o r  the 

de te rm ina t ion  o f  P^(B,T) in the deformed annula r  region i t  is 

apparent from equat ions 6,17,  A1 Ae.7 th a t

a knowledge o f  the local  values o f  B, dB/dr and dH[B]/dB is requ i red .

dH[B]/dB is ob ta inab le  from c a lc u la te d  re ’ -* . ra ib lc magnet izat ion

curves f o r  D == 0 a t  various, temperatures (see sec t ion  7 *2 ) .  B and

dB/dr can be determined approx imate ly  in var ious  regimes o f  H from

the  magnet iza t ion  curves f o r  both the deformed and undeformed d i s c -

specimens as f o l l o w s :  Consider the magnet izat ion behaviour  in a

deformed d isc  w i th  the app l ied  f i e l d  HQ increas ing  from zero ,  A f t e r

i n i t i a l  f 1uxon pene t ra t ion  a t  HQ -- Hc  ̂ the f luxons  move in to  the specimen

and p i l e  up aga ins t  the p inn ing  s i t e s  in the deformed annular reg ion.

dB/dr in the region w i l l  a t t a i n  a c r i t i c a l  vnlue (see sec t ion  3 .1)  but

i n i t i a l l y  w i l l  not  be non-zero through the e n t i r e  w id th  o f  the annular

region and consequent ly no f luxons  w i l l  pene t ra te  to the middle ( r  c-  0)

o f  the specimen. E ve n tu a l l y ,  w i th  f u r t h e r  increase in H , pene t ra t ion

w i l l  occur a t  the 'weakest1 p o in t  along the length  o f  the deformed

annular region and f luxons  w i l l  r a p id l y  begin to f i l l  the i n t e r i o r
.1.

( r  < ro ) o f  the specimen \  The M-Ho curve should show a d iscont inuous 

change in s lope a t  t h i s  po in t  and such behaviour is indeed ev ident  in 

the exper imental  M~H curve, o f  f i g u r e  7«3a (curve b -  p o in t  A). With

f u r t h e r  increase in H , and t h e re fo re  In the average induc t ion  in the

*  In accordance w i th  the. cons ide ra t ions  o f  chapter  6 the f i r s t  

f luxons to pene t ra te  the annu la r  region w i l l  move to the middle 

o f  the specimen and form a pool o f  rad ius p < r , However the 

pool w i l l  expand to  p -■ r a l ready a t  a r e l a t i v e l y  small va lue  o f  

the average induc t ion  B in the specimen,
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specimen, i t  w i l l  be assumed th a t  the f l  uxons are able to  r e d i s t r i b u t e  

c on t inuous ly  so t h a t  dB/dr is non-zero on ly  in the deformed anulus and 

since the w id th  A r , r e l a t i v e  to R, and the p inn ing  e f fe c t i v e n e s s  o f  

the deformed annula r  region are sm a l l ,  t h a t  dB/dr may be considered to 

be independent o f  r  across the reg ion .  This behaviour w i l l  cont inue 

u n t i l  Hq reaches • Reducing HQ from w i l l  cause dB/dr to  

change s ign  and e v e n tu a l l y  a t  Hq =  0 there w i l l  be a res idua l  t rapped 

f l u x  in the i n t e r i o r  ( r < r ) o f  the specimen. The above assumptions 

toge the r  w i th  the d e f i n i t i o n s  Bq B(r  > r + Ar /2 )  and 

B. — B(r  < rQ -  A r /2 )  then lead to  the f o l l o w in g  r e s u l t s ,  in the 

regime where dB/dr 0 anywhere in the annular reg ion ,  viz:

<dB/dr> =  AB/Ar — (Bq -  B . ) / A r  7•1

where the bras and k e t t s  in d ic a te  the average values in the annul us.

The problem now is  to  ob ta in  Bq and B. in terms o f  the average measured 

in duc t ions  Bu (Hq ) and By(H^),  on e i t h e r  the inc reas ing  o r  decreasing 

branch o f  the M-H^ cu rves , f o r  the undeformed and deformed specimens 

r e s p e c t i v e ly .  For the deformed specimens

where p — r^ /R. For the undeformed specimen when Hq z (see 

chap te r  6) — B [Ho] i . e .  §u Is uni form over  the specimen and is

equal to  the thermodynamic e q u i l i b r i u m  va lue .  I t  is  reasonable to 

assume t h a t  Bq f o r  the deformed specimen, in t h i s  f i e l d  regime, 

where the magnetic hy s te res is  is small (see f i g u r e  7*3)> w i l l  tend to

and <B> =  (B + B , ) / 2 7.2

(1 /nRf)  f  B(r)d^R
o J

= [B,rZ + B̂ fpf - rZ)]/RZ

” Bo -  <Bo -  6 i ) / P 2 7 . 3
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to  the  e q u i l i b r i u m  va lue B[H ] s ince i t  is  apparent t h a t  

(Bq -  B . ) /B q << 1 and in any event v a r i a t i o n s  in B. o n ly  c o n t r ib u te  

approx imate ly  p ^ ( i . e .  0.25 in the present case) t imes as e f f e c t i v e l y  

as B to  the o v e r a l l  magnet iza t ion  behaviour.  I t  w i l l  th e re fo re  be 

assumed fo r  la rge  §u , (Hq ^  t h a t

B o ( H o )  -  6 u ( H o > 7 - ‘ i

S u b s t i t u t i n g  f o r  B^ in to  equat ion 7 • 3 g i 'zes

(Bo - B. )  - A B -  [Bu (Ho ) -  Bd (Ho ) ] p 2 7.5

The average values f o r  dB/dr and B in the annular region from equat ions 

7.1 and 7•2 re s p e c t i v e ly  may now be expressed in terms o f  §u and B^ 

f o r  Hq e i t h e r  inc reas ing  o r  decreas ing. Thus:

<dB/dr> =  -  B j (H o ) )p2 /A r  7.6

and

<B> -  Bu (Ho ) -  ( B u (H0 ) -  ( B U(H0 ) -  Bd (Ho ) ) p 2/ 2  7 - 7

These expressions are s t r i c t l y  v a l i d  (neg lec t ing  the geometry and 

poss ib le  sur face b a r r i e r  e f f e c t s )  on ly  in the l i m i t  AB -> 0 and/or 

Ar -> 0. They should never the less  be a reasonable approx imat ion in 

the regime Hq >, where [§ -  By] is  small and consequent ly  not

accu ra te ly  o b t . i n a b le  from exper iment.  For [§u -  By] l a rg e r  and 

measurable the use o f  these expressions to  determine in the 

deformed annul us is not expected to  g ive b e t t e r  than an order  o f  

magnitude es t im ate  but is  never the less  expected to g ive  the 

fu n c t io n a l  dependences o f  on B and T w i th  reasonable accuracy.

When app l ied  to  actual  specimens the above trea tment  is  a lso  expected 

to be more accura te ,  a t  low B, f o r  Hq inc reas ing  ra t t ie r  than fo r  Ho 

decreasing s ince in the former case the tendency fo r  f luxons  to move to  

the middle o f  the specimen (see chapter  6) w i l l  p a r t l y  overcome the
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small background p inn ing  due to  centres  not in the annul us and in the

l a t t e r  case t h i s  tendency w i l l  a s s i s t  these p inn ing  s i t e s .  I t  has

been est imated from the r e s u l t s  o f  chapter  6 th a t  in the region o f

the deformat ion  the bu lk  d r i v i n g  fo rce  due. to  the tendency f o r  f luxons

3 -2to  move to the middle o f  the specimen is  o f  the o rde r  10 dynes cm

in the low By regime at  T ^  k K. This w i l l  l a t e r  be seen to be

nea r ly  two orders o f  magnitude smal le r  than the va lue o f  determined

fo r  the deformed annular region a t  approx im ate ly  the same tempera tu re .

This  j u s t i f i e s  the neg lec t ,  in the above t rea tm en t ,  o f  the geometry

e f f e c t .  Since, however the fo rces  due to  the geometry e f f e c t

opera te  over  e n t i r e  d isc  t h e i r  o v e ra l l  e f f e c t  ou ts ide  the annular

region is  apprec iab le .

7.4 Determinat ion  o f  the bu lk  p inn ing  fo rce  d e n s i t y  P.,( b , t )

The de te rm ina t ion  o f  Py (b) fo; ie deformed annular region w i l l

be conf ined to t  =  T/T =  0 .*135. B (H ) and B , (H ) ,  H inc reas ing ,c # u o d o  o

have th e r e fc r e  been measured from the M-Ho curves o f  f i g u r e  7 -3a and 

AB and have been c a lc u la te d  from these r e s u l t s  using the ana lys is

o f  the previous s e c t io n .  In f i g u r e  '/ 4 AB is  shown as a f u n c t io n  o f  

<B>. The maximum in AB(<B>) at  <B> =  160 gauss corresponds w i th  

p o in t  A on curve (b) o f  f i g u r e  7 • 3a and c l e a r l y  demonstrates the  onset 

o f  f 1uxon pene t ra t ion  through the deformed annular reg ion .  For 

<B><160 gauss, Hq inc reas ing ,  t h e re fo re  B. =  0 and f i g u r e  J . k  shows 

th a t  AB « <B> as expected from equat ions 7•1 and 7*2 However, 

d i s rega rd ing  inaccurac ies ,  in the magnitude o f  AB and <B>, which are 

now obv ious ly  s i g n i f i c a n t  in t h i s  regime, i t  w i l l  be apparent tha t  

s ince the f 1uxon pene t ra t ion  f r o n t  does not extend through the e n t i r e  

w id th  Ar o f  the deformed annular region equat ions 7.1 and 7.6 are no 

longer even approx imate ly  v a l i d .  Ar in these equat ions should now
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NIOBIUM D I S C < I I I >  

BEVELLED ( L 5 )

0-7

0 5

0 2

0 25 0-50 0 75

B (r? ) (K gauss )

The v a r i a t i o n  w i th  the i n d u c t i o n Nin the deformed 
re g io n .o f  the d i f f e r e n c e  in the induc t ion  across 
the deformed annular reg ion ,  as determined from 
the magnet iza t ion  curves f o r  the deformed and 
undeformed di sc"specimens a t  t «  0.435 and the 
e q u i l i b r i u m  dH(B)/dB as determined from the. 
magnet iza t ion  curve o f  f i g u r e  7 •3b . The behaviour
f o r  B( r  ) < 160 gauss is  explained in the t e x t .
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be replaced by the ac tua l  f i e l d  dependent d is tance  over  which B is 

non-zero in the annular region.  The c a l c u la t i o n  o f  t h i s  d is tance  is 

p rob lemat ica l  and fo r  the present purposes i t  w i l l  be s u f f i c i e n t  to  

assume tha t  equat ion 7*6 w i l l  have a l i m i t e d  v a l i d i t y  i f  AB(<B>) is 

taken to  be the dashed (see f i g u r e  7*4) e x t r a p o la t i o n  o f  the 

behaviour  at  h igh <B> i n to  t h i s  low <B> regime. Also shown in 

f i g u r e  7•4 is  a p l o t  o f  dH[b] /dB versus <B> as obta ined from the 

r e v e r s ib l e  curve , f o r  a specimen w i th  D == 0, shown in f i g u r e  7 *3b.

Using the r e s u l t s  o f  f i g u r e  7*4 and equat ion 7•6 f o r  <dB/dr>,  w i th  

Ar =  0.5mm (see sec t ion  7 . 2 . 1 ) ,  Pv has been determined as a fu n c t io n  

o f  b g from equat ion Ae8 and is p lo t t e d  aga ins t  b in

f i g u r e  7.5 ( f rom f i g u r e  7*1 : Bc 2 ( t  — 0.435) =  3250 gauss)

The dependence o f  Pv on t  has been determined f o r  b = 0 . 1 .  In 

f i g u r e  7*6 values f o r  -4nM (H inc reas ing )  a t  b 0.1 from the

curves f o r  the deiormed and undefoimed specimens, are shown as a

fu n c t io n  o f  tem pera tu re . AB(T) as determined from these r e s u l t s  is 

a lso  shown in the f i g u r e .  Now dH[b]/dB f o r  b — 0.1 is almost 

i n v a r i a n t  w i th  temperature and Py ( t )  has th e re fo re  been c a lc u la ted  

using the va lue  o f  t h i s  parameter from f i g u r e  7*4.  In f i g u r e  7*7 

log Pv ( t )  is shown as a func t ion  o f  log B . ( t ) .  This  p l o t  is 

cha rac te r ised  by two l i n e a r  sec t ions  w i th  the change in s lope occu r r ing  

a t  t  0.883 (Bc 2 -- 520 gauss. <B> «= 52 gauss).  For t  < O.883  :

P y t t )  = G f ' 3 ( t )  and fo r  D.863 < t  < 1 : P ^ f t )  «

7*5 Discussion and Conclusion

The r e s u l t  ob ta ined f o r  P (b,  t  < 0.885) in the deformed 

annular region is apparen t ly  cons is te n t  w i t h  the m u l t i p l e  d i s l o c a t i o n  

s i t e  d i l u t e - 1  im i t  model which was formulated in chapter  5. Thus 

according  to  the  model Pv ( t )  a which,  f o r  t  not



Figure "/■ 5- The ca lcu la ted  v a r i a t i o n  in the bu lk  p inn ing  

fo rce  dens i ty  w i t h  reduced induc t ion  a t  

t  — 0.435 in the deformed annular reg ion.  The 

maximum in Pv occurs a t  b % 0.18.
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Figure  7-7.  A lo g - lo g  p lo t  o f  the bu lk  p inn ing fo rc e  den s i t y  at

b(i*0 ) “ 0.1 in the deformed annular region versus

the upper c r i t i c a l  f i e l d  ( i n d u c t i o n ) .  The p l o t  shows
2 %

two l i n e a r  reg ions , f o r  t  < 0.885 and fo r

t  > 0.885
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c / o
c lose to  1, va r ies  approx imate ly  as ( t )  in approximate agreement 

w i th  the  present f i n d in g s  f o r  t  < 0.885. The Pv (b) behaviour  obta ined 

here (see f i g u r e  7 .5) is very  s i m i l a r  in i t s  l i m i t e d  range, i . e .

0 < b < 0 .3 ,  to  the r e s u l t  ob ta ined by Coote (1970 ~ and see a ls o ,  

Campbell and Evetts  1972) which f o r  b > 0,4 was shown in chapter  5 to 

be c o n s is te n t  w i th  the d i l u t e - 1 i m i t  m u l t i p l e  d i s l o c a t i o n  s i t e  model. 

in p a r t i c u l a r  the value  o f  b f o r  which P^(b) is  a maximum was found 

by Coote to  be b cd 0.22 which compares reasonably w i th  b t i  0.18 in 

the presen t  i n v e s t i g a t i o n .

The t r a n s i t i o n ,  in increas ing  t , from to

a t  t  csr 0 . 8 9  is remarkably sharp (see f i g u r e  7 .7)  and is t h e re fo re  

not  r e a d i l y  accounted f o r  by any o f  the mechanisms mentioned in 

sec t ion  5-
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APPENDIX 1 ( a )

The Ginzburg-Landau express ion fo r  the f re e  energy 

The Ginzburg-Landau express ion f o r  the f re e  energy per u n i t  volume in 

the superconduct ing s ta te  is given (Ginzburg and Landau, 1950) by 

2 , 3 i 1 4 , 1  \ t  . .2F. F + a | ¥ j + -y I'i'l + “ —3: j (~ihV ~ •—“ ) 'i'i ‘ n /Sir at 
5 n z 2m" c

where F is the f ree  energy in the no m i l  s t a te ,  a and g are constants 

o f  the superconduct ing m a t e r i a l , V is the order  parameter o r  wave
& Vt

f u n c t io n  which must be s u i t a b l y  d e f in e d , e and m are the e f f e c t i v e  

charge and mass r e s p e c t i v e ly  f o r  the Cooper p a i r s ,  A is the vec tor  

p o te n t ia l  (h — cur l  A) and h is the loca l  f i e l d ,
f

M in im iza t ion  by v a r i a t i o n a l  c a l c u la t i o n  o f  the in te g ra l  (F ~F )dv
u s n

specimen

w i th  respect to  loca l  v a r i a t i o n s  in ' i o r  in A g ives the two s o -c a l le d  

Ginzburg-Landau equat ions and the fo l l o w in g  r e s u l t s  are ob ta ined from 

these equat ions  and al

=  -o /g  a2

“  a<‘/2g a3

? 9 *
§ ^  h /2m a qI\

and X =  [ W ‘c^/1 Gire’^c t ] ^  a5

where |  is re la te d  to the Ptppard coherence length  and A is i d e n t i c a l  

w i th  the London pene t ra t io n  length  (X j ) i f  a/p in equat ion a5 is 

replaced by the number o f  superconduct ing e le c t r o n s  ns per u n i t  volume,

[A p a r t i c u l a r  no rm a l i za t ion  f o r  the o rder  parameter |V |2 "  ns/n T0T^ ^ , ]

The s o -c a l le d  Ginzburg-Landau parameter is  def ined as

K - X / S  a6
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APPENDIX 1 ( b )

The r e l a t i o n s h i p  between the s t ress  tensor  in ca r tes ian  and 

c y l i n d r i c a l  co -o rd ina tes

In c a r te s ia n  c o -o rd in a te s :  The s t r e s s e s , in terms o f  a s t ress

fu n c t io n  tj> which is i n v a r i e n t  a long the z a x i s ,  are given (see f o r  

example Jaeger , 1956) by

In c y l i n d r i c a l  o - o r d in a te s ; The s t r e s s e s , again in terms o f  the 

s t ress  func t ion  <j), are given by

The r e l a t i o n s h i p  between ''he s t resses  in c a r tes ian  and c y l i n d r i c a l  

c o -o rd in a te s ,  w i t h  r in the x -y  plane and 9 =■- 0 along the x a x i s ,  are 

given by the f o l l o w in g  simple geometr ical  i d e n t i t i e s :

*xx  ™ *yy =  and " - B ^ / a x 9 y .

and a

and o “  o . .  cosO sinO -o „ cosO sinO + T . s in  0.
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APP' J lX  1 (c)

The second-order e l a s t i c  i n t e r a c t i o n  between the f luxon l a t t i c e  

and a pe rpe nd icu la r  screw d i s l o c a t i o n

The e f f e c t i v e  second-order  I n t e r a c t i o n  fo rce  f o r  f luxon  col I i n e a r  w i th  

the 7. d i r e c t i o n  in ca r te s ia n  co -o rd ina tes  Is given according  to  

equat ion 3.3*6 by

^ m( t )  = ( / 2  Hc 2 ( t ) / K 1 (t-).-tc (0)  ( I  f a  +  A  J y )  f f j ( \ $ C B ( 0 )

x (*xz  + O x J a C . J O ) ! * J ^ d x d y d z ]  cl
xz xy 44 o max

For a screb c1 is lo c a t i o n  > along the x d i r e c t i o n  at  y ^  y and z «  0 in 

an i s o t r o p i c  c r y s t a l ,  the displacements u, v and w (col  1 inear w i th  the 

x ,  y , and z axis  r e s p e c t i v e l y )  are given by

u “  (bo/2 ir ) tan* ’ 1 [ (y  -  y ^ ) / z |

V B3 0

w «  0

where bQ is. the Burgers v e c to r .  The non-van ish ing components o f  the 

r e s u l t i n g  s t ress  a rc  given by

nXy *=a y (3v/3x + 3u/ay) => (vbo/ 2 i r ) z / [ ( y  -  y ^ ) 2 + z2) c2

and

=")j (aw/3x + 8u/3%) ™ -(u b Q /2 % )(y  -  Y a ) / [ ( y  " + Z^] c3

where y «  is the shear modulus,

S u b s t i t u t i n g  fo r  nxy > rixz and |\p0 | '̂ from equat ion c 2 , c.3 and 3*9 

re s p e c t i v e l y  in to  equat ion cl gives the p inn ing  fo rce  per u n i t  length  

o f  d i s l o c a t i o n  as



-  3 0 5  -

+ag/2+» +m

P *  -  j A [ 3 / Syo J  J  J  [ z 2 + ( y  .  y o ) 2 ]  (■, „  V 3 ( c 0 5 ( 2 „ ( x  +  y / / 3 ) }

-a /2-co -co o

+ c o s { 2 n (2 y / / 3 ) / a Q }  + c o s {2 r (x  -  y ) / 3 ) /a Q } ]d x d y d z ]  c4
max

where

A “  <CW  bo/ 2 ’' ) 2 [ / 2 Hc 2 ( t ) / K , ( t ) . H c ( 0 ) ] a C ^ ( 0 ) ( t  -  b ) / a o 

I n t e g r a t i n g :

-f-co -̂00

m -  JPm - A [ s / S y 0 f  f  [ z 2 + (y - y ) 2]
a

*  ~ 6^ s ln {2n(  x + y / / 3 ) / a ^ }

+ a / 2

ycos {% I (2 y / /3 ) } -  _ y//%)} dydz]
max

" ao/Z
•fco •foo

"  J J  [ * 2 y -  yo ) 2] ' [ao ( l  -  }  = = 5 ( i 2 ( 2 y / / 3 ) , ] d y d z ]
-co ~oa O

-fco

=  Aa^O/ByQ j ^ [ n / ( y  -  y ^ ) ] [ l  -  1  cosf^L 2 y / / 3 } ] d y ]
-oo o max

Now p u t t i n g

a -  W / a ^ / 3  and (y -  y^) =  so that  dy = d y ,  gives

• f oo

Pm ^  Aa0[ 3 /dyo J ( * / / ] ) [ !  " j  cos{a (y 1 + yo ) } ] d y  ]

max

+«

Aao [ 8/3y0 (w f  "■ J  cos(ayo ) f  L l l !
-CO Y l

1 4"? s in  ( - a y . )

max

max
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Pm ^  s l n ( a y o ) ) ]
max

-A (4%^ (3/3) f o r  = a y 3 / 4  c5

S u b s t i t u t i n g  f o r  A f rom equat ion c5 w i th

p‘ -  ( V 3 / 3 )  [ C ^ b J 2 [ / 2  Hc 2 ( t ) / K l ( t ) H c (0)]6C1|4(0) x

or

(1 ~ b) b^'. c6e

P ^ ( t ,  b) « [B^22 ( t ) / K 1 ( t ) ] . b * ( l  -  b) c6b
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APPENDIX 1 ( d )

The e l a s t i c  p ro p e r t ie s  o f  the f luxon  l a t t i c e

The mutual i n te r a c t io n s  between the  d i s c r e t e  f luxons  in a hexagonal 

l a t t i c e  gives r i s e  to  an e l a s t i c  behaviour  which is i s o t r o p i c  in the 

basal p lane. In the equat ions which are given below an iso t ro py  in 

Kj and <2 f o r  the superconduct ing m a t r i x  are ignored.

Ea r ly  c a l c u la t i o n s  on the e l a s t i c  constants  o f  the  f luxon  l a t t i c e  

were made by S i 1 cox and R o l l i n s  ( l 9 6 3 ) and F r ie d e l ,  de Gennes and 

Matr icon (1963)» More re c e n t l y  Labusch (1968, 1969a) has der ived a l l  

the e l a s t i c  constants in terms o f  parameters which can be e x p e r i ­

mental 1y obta ined from the r e v e r s ib le  magnet iza t ion  curve (M -  H ) f o r  

a ve ry  long specimen in l o n g i t u d in a l  app l ied  f i e l d  H .

The non van ish ing  component o f  the e l a s t i c  moduli C . j  are C ^ ,  C ^ .

and w i th  the c o n d i t io n  According to  Labusch'

f o r  b — B/Bc2 £ 0 and

The expression f o r  (equat ion d3b) is  usua l l y  expressed in 

terms o f  some unspec i f ied  k , The approximate Maki parameters 

( i .e . ,  x^ and k^) have however been s u b s t i t u t e d  because o f  the i  

r e l a t i v e l y  s t ronger  temperature dependences in low k m a te r ia ls

o

(e .g .  n iob ium).
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(=66 -  (1/W)H2[K2(2K2 - l ) / [ l  + (2%% " l)pA]l0.48(1-b)2 dgb

f o r  b ^  1,

where =  1.14 f o r  a t r i a n g u l a r  f luxon  a r ray  and H[Bj is  the value 

o f  H in e q u i l i b r i u m  w i th  B ( f o r  a long specimen H[b] ~ H o ( B ) ) .

Equat ion d3b f o r  C66 is  expected to  be reasonably accurage in the 

regime o f  b f o r  which the re  is  some f luxon  core ove r la p .  For 

niobium t h i s  is b & 0.4 (see f o r  example F re y h a rd t , 1971 and a lso  

s e c t io n  3 . 2 . 1 ) .

The e f f e c t i v e  modulus f o r  the f luxon  l a t t i c e  response to  a po in t  

l i k e  fo rce  is  given (Labusch, 1969b) by

ce ^ O/Bw*) V  ̂+ Ĉ/»4C66̂ 4 1 d4a
where (3 — 1.07-

Values f o r  K. and as func t ions  o f  the reduced temperature  t  in 

niobium are o b ta in a b le  from the r e s u l t s  o f  chapter  5* In t a b le  A! 

values f o r  H [bJ /B ,  3H[b] / 3B and and from equation

d l , d2, d3b, and d4a re s p e c t i v e l y  a re  given f o r  niobium a t  I  =  4 . 05K 

f o r  va r ious  values o f  b in the range 0.4 < b < 1. and

are a lso  shown as func t ions  o f  b in f i g u r e  A1.1.  I t  is  apparent tha t  

^66 << ^44 anc  ̂ t h e re fo re  equat ion d4a f o r  may be expressed 

more simply as

C% =  ( i / e T T * ) . ( c ^ c ^ ) i  d4b

A lso  since (equat ion d3b) may be expressed approx imate ly  by 

C66'xBc 2 ^  "  b )^ / i<2 and (equat ion d2) by C j ^ b ^ ^  the v a r i a t i o n  

o f  [P w i th  t  and b is  given approx imate ly  by

Ce b. (1 - b) d5
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Nb (k.2 =1 61) T= 4-05 K

Bc2 = 2760 g

0-5 0-6 0-7 0-9 1*0

B / B C2

Figure A1. The expe r im e n ta l ly  determined v a r i a t i o n  o f  

C| i > 0 ^ »  and w i th  reduced induc t ion  in 

the  range 0.35 < b < 1.0.

I
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TABLE A .  1

Nb[00l]  , T = 4.05K, Bc2 (^.05) =  2760 gauss, ^ ( 4 . 0 5 )  »  1.81

b
3Hg(B) He(B)

C11 C44 ^66SB B

0.4 0.48 1.40 0 , 4 9 . 105 1 .35 .105 2 , 6 2 . 103 6 . 5 3 . 1 0 " 5

0.45 0.55 1.29 0.70 1.59 2.20 6.30

0.5 0.62 1.23 0.95 1.86 1.82 6.17

0.55 0.67 1.17 1.24 2.15 1.47 6.24

0 .6 0.70 1.13 1.54 2 .47 1.16 6 .39

0 .65 0.73 1.10 1.88 2.83 0 .8 9 6.73

0.7 0.78 1.08 2 .3 2 3.20 0.66 7.29

0.75 0 .8 0 1.05 2.73 3.60 0 .46 8.15

0 .80 0.81 1.04 3-15 4.04 0 .29 9.48

0 .8 5 0.82 1.03 3.59 4.50 0.16 11.89

0 .9 0.83 1.02 4 .06 5.01 0 .07 16.72

0.95 0.83 1.01 4.54 5.49 0.02 32.02
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APPENDIX H e )

Ana lys is  o f  the exper imental  magnet iza t ion  curves fo r  t h e 

de te rm ina t ion  o f  P ( B,T)

The method which w i l l  be employed here is based on tha t  o f  F ie tz  and

Webb ( 1969) and is a p p l i c a b le  to  a long c y l i n d r i c a l  specimen in a 

l o n g i tu d in a l  app l ied  f i e l d  (Hq ) .

I t  w i l l  be apparent from the cons ide ra t ions  o f  chapter 6 tha t  

the specimens o f  chapter  5, which f o r  the  present purposes may be

considered to  be c y l i n d r i c a l  (see Campbell and E v e t t s , 1972, p. 270)

w i th  d/R "=* 12 where d the leng th  and R is  h a l f  the s ide o f  the square 

cross s e c t io n ,  may be considered to  behave, to good approx im at ion ,  

l i k e  i n f i n i t e l y  long specimens. The exper imenta l  r e s u l t s  o f  chapter  

5 on the undeformed specimens are in reasonable agreement w i th  t h i s  

conc lus ion .

For a specimen w i th  r e v e r s ib l e  magnet iza t ion behaviour th e re fo re  

(see sec t ion  6 .3 - 1 ) .

™ + W M [ H j  e.1

everywhere in the bu lk  o f  the specimen.

I f  the magnet iza t ion  is not r e v e r s ib le  B and M w i l l  not  be 

un i fo rm in the specimen. However, in the absence o f  b a r r i e r  e f f e c t s  

in the sur face p a r a l l e l  to  H , i t  is usual to  assume tha t  the value o f  

the induc t ion  B j u s t  ins ide  the sur face is  in e q u i l i b r i u m  w i th  H , 

i • e « B[Hq] (see sec t ion  6 . 3 . 1 ) .  Since no such b a r r i e r  e f f e c t s  were 

de tec tab le  in the specimens o f  chapter 5 the an a ly s is  according  to
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F ie tz  and Webb ( loc .  c i t . )  should be a p p l i c a b le  here.

Thus: Using the boundary c o n d i t io n  B =  B[H ] in the surface and

c r i t i c a l  s t a t e  model (see sec t ion  3.1) F ie tz  and Webb r e la t e  the

average magnet ic moment H o f  the specimen to a c r i t i c a l  cu r ren t

Jc (B[Ho] )  eva luated near the sur face .  Thus cons ider  a specimen,

i n i t i a l l y  in the Meissner s ta te  (B — 0 ) ,  in inc reas ing  When Hq

has reached some va lue h! such th a t  H , £ < H ,, f l u x  w i l l  haveo cl • o c2

penetra ted i n t o  the specimen and B(r  ea R) •~i B[H^] and B( r )  w i l l  be a 

smoothly va ry ing  s in g le  valued fu n c t io n  o f  r as shown schem at ica l ly  

by curve B_ ( r )  in f i g u r e  A .1 .2 ( a ) .  I f  HQ is now increased so t h a t

and then decreased again to Hq =  the r e s u l t i n g

d i s t r i b u t i o n  o f  B in the specimen w i l l  be as shown schem at ica l ly  by 

curve B+ ( r )  in  the f i g u r e .  Associated w i th  the f i n i t e  g rad ien t  

dB /d r  in the specimen in increas ing  and decreasing Hq are c r i t i c a l  

cu r ren ts  J _ ( r )  and U+ ( r )  r e s p e c t i v e l y  which have a parametric 

dependence on B[H^] in  the sur face .

F ie tz  and Webb expand J_ and J+ in a Ta y lo r  se r ies  about the 

p o in t  r == R and then in te g ra te  to  ob ta in  B_(r)  and B+ ( r )  r e s p e c t i v e ly .  

The average m agne t iza t ion  M in the specimen is then obta ined from 

the in teg ra l  equat ion

R

AirM(Ho ) »  ^  T  [B ( r )  - rd r  e.2

R o

The f i n a l  r e s u l t s  are then expressed by

4%(M+ -  M j  « 2 k J ^ R / 3  + 4kJ^R3/5!+  . . . e .3

4ir(H+ + M̂ ,) 2(4irM[Ho | )  -  kJ |R2/ 3 !+  . . .  e.4

where k c= Air/IQ and the d e r i v a t i v e s  o f  J are to  be evaluated at

r  ^  R. For H not c lose  to H . so tha t  B is no t  small the ser ies  o c I



B_ (r )

C2

(a )

Figure  A1,2a. Schematic rep resen ta t ion  o f  the d i s t r i b u t i o n  o f  the induc t ion  ins ide  a long
superconduct ing specimen in l o n g i tu d in a l  f i e l d .

F igure  A1.2b Schematic rep resen ta t ion  o f  the magne t iza t ion  curve f o r  a deformed specimen
showing the method f o r  o b ta in in g  the average induc t ion  in inc reas ing  and 
decreasing app l ied  f i e l d .
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in equat ions e . 3 and e.4 converge r a p id l y  and the r e s u l t s  are more 

c onve n ie n t l y  expressed by

B ~ B csi 2kJ R/3 e . 5
4* C

and

B+ + B_ « 2B[H ]  e.6

where B is  the average specimen induc t ion  ( in  gauss) and J — J+ 

is the  c r i t i c a l  c u r re n t  ( in  amps. cm corresponding to  ] .

When B is small equat ion e.6 becomes inaccura te  much f a s te r  than does 

equat ion e . 5 and B[H ] is p r e fe ra b ly  ob ta ined from the magne t iza t ion  

curve f o r  a r e v e r s ib le  specimen. ( In  the present  i n v e s t i g a t io n  the 

magne t iza t ion  curves f o r  the undeformed specimens were used.)

The bu lk  p inn ing  fo rc e  d e n s i t y  P (B,T) is given (see sec t ion  3*1)

by

Py(B,T) = -  ( l /4n )B  X 7 x H e.7

which in the presen t case may be expressed as

PytB.T) =  , ( J c . B [ H j / 10).dHo[B]/dB e,8

in p r a c t i c a l  u n i t s  (amps cm ^ and gauss) . B[iV J  and dB/dHQ have been 

determined from the magnet iza t ion  curves f o r  the undeformed [001] rod 

specimen. These are shown in f ig u r e s  A , 1.3 and A . 1.4 r e s p e c t i v e l y  as 

fu n c t io n s  o f  temperature f o r  values o f  H and the reduced induc t ion  

b =  B/Bc 2 in the range 0.3 b .< 0.95 r e s p e c t i v e ly .  J^ (B ,T )  was then 

obta ined from the magnet iza t ion  curves (see f i g u r e  A . 1 . 2 . (b))  using 

the an a ly s i s  o u t l i n e d  above and P^(B,T) was then f i n a l l y  obta ined 

using equat ion e , 8 .
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APPENDIX 1 ( f )

The magnetic moment o f  a f luxon

By d e f i n i t i o n ,  f o r  a c u r ren t  d e n s i t y  j ( r ) , the magnetic moment m is 

given by

m 1_
2c

al I space

x /  [ l  x j  ( r ) ]  d r

For a f luxon  o f  length  d , s u b s t i t u t i n g  j ( r )  =  ( c A i r )  [v x H] gives

m =  (d/l t ir) J  J  [ r  x (V x H) jd  r 

o o

( d / 4 n ) 2 m ( r - V ) H  -  (H .v ) r  -  H r) ] rd r

=  (d/4n)2w /  [ - r 3 H /3 r  - H] r d r

=  " (d/^ir)2tr / rd(rH)  =  - (d/4ir)2ir

r=o

r
r . rH  -  r.H.dr

r=o

—  ~  (d/4-n')27r J  rHdr and f i n a l l y

p

m == (j)od/4ir f o r  any reasonable H(r)  which is  quant ized,

This express ion f o r  m is on ly  v a l i d  i f  the f luxon is col l i n e a r  

w i th  the long ax is  o f  the needle shaped specimen ( leng th  d , radius  R) 

in the l i m i t  d/R -> (and th e re fo re  D ->- 0 where D is the demagnet izing 

c o e f f i c i e n t  f o r  the specimen). For f i n i t e  d/R the re tu rn  pa ths , f o r
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the f l u x  o u ts id e  the f lu xon ,  which are cons t ra ined  by the boundary 

c o n d i t io n s  f o r  the superconductor,  to be ou ts id e  o f  the superconductor , 

are now d i f f e r e n t  f rom the usual d ipo le  c o n f i g u r a t i o n .  Th is  has the 

e f f e c t  o f  enhancing the magnetic moment. For the l i m i t  d/R +  0 

Pearl (1965) gives  m jy <f> RAir.
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APPENDIX 1 (g)

Proof  o f  the exact equ ivalence o f :

RS [ t ( 2 > k  ™ Ci l )  + TfW -  z ,  I r “ [ 1 |)]d2 -r 1

and
R R

B ~  f f  "  e ! H y ( z .  k 2 -  r 1 | )  + y ( d  -  z ,  | r 2 -  r 11 )]d2 r i d2 r ,
C O  - y i

where

t

R

'0 ( r 1) == J  ^ ( |  r "  -  r '  | ) d 2 r "

Thus: S u b s t i t u t i n g  fo r  ^  above in to  the expression f o r  A and
2

i n te g ra t i n g  w i th  respect to  d r over  the same l i m i t s  gives 

R R R R

f  Ad2 r — J J  f  ij j(| r 1 -  r 2 |)  [y (z , | r  -  r^ | ) + y(d -  z ,  | r  - r^ | )]d2r 1 d2r 2d2r 

O 0 o o

which is  symmetr ical  in the s u b s c r ip te d 'v a r ia b le s  r . (which can the re ­

f o r  be f r e e l y  interchanged) and consequent ly i t  is e a s i l y  seen tha t  

R

f  Ad2r -  f  Bd2r 

o oJ

Now s ince R can have any va lue

A B B

[Sincere  thanks are due to Dr A.G. Every o f  t h i s  department f o r  

suggest ing t h i s  e le g a n t l y  s imple p r o o f . ]
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APPENDIX AT(h)

An approximate c a l c u l a t i o n  o f  the i n t e r a c t i o n  fo rce  on the f luxon  

l a t t i c e  as a fu n c t io n  o f  the dimensions o f  a spher ica l  o r  c y l i n d r i c a l  

region o f  un i fo rm p o t e n t i a l  dens i ty

The f i n a l  expressions o f  chapter 3 f o r  the bas ic  p inn ing  fo rc e  pm due 

to  reg ions ,  in which e i t h e r  the Ginzburg-Landau parameter k o r  the 

e l a s t i c  constants  C.^ f o r  the c r y s ta l  are d i f f e r e n t  from t h e i r  values 

in the surrounding m a t r i x ,  are v a l i d  o n ly  i f  the dimensions o f  these 

reg ions ,  normal to  the f l u x o n s ,  is  small w i t h  respect to  the range o f  

v a r i a t i o n  in the o rd e r  parameter ,|i|i | ^ . Th is  is a consequence o f  the 

assumption in the fo rm u la t io n  o f  these express ions t h a t , f o r  example,

[ I — j 6k [ ji|)|2 -  j ^ l ^ j d ^ r ]  could be approximated by VSk [ | —[|  ij; | 2 -
J  max ° r max

where 6k is the d i f f e r e n c e  in k between the region and the sur rounding 

m a t r i x  and V is the volume o f  the reg ion.

In t h i s  appendix an approximate c a l c u la t i o n  w i l l  be made to 

gen e ra l i ze  the above mentioned express ions f o r  p^ to  a r b i t r a r i l y  la rge  

dimensions, I t  w i l l  be assumed in the c a l c u la t i o n  tha t  the p o te n t ia l  

dens i ty  0 w i t h i n  the s i t e  ( f o r  a given 6k o r  6C. j ) is s ize  in v a r i a n t .  

[However, as discussed in chapter 4 the e f f e c t i v e  minimum dimension 

f o r  a region o f  non-zero p o te n t ia l  can never be less than the coherence 

length  C ( t ) . The trea tment  given here is  t h e re fo re  v a l i d  on ly  f o r  

s i t e s  w i t h  diameters (normal to  the f luxons )  2R > £ ( t ) , For 

2R < S ( t )  the e f f e c t i v e  p o te n t ia l  den s i t y  ( f o r  a given 6k o r  6C.j  in the
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reg ion)  is  assumed to  be given by W(R /4% ( t ) ) . ]

( i ) Spher ical  s i t e s

The c o -o rd in a te  system which w i l l  be used here is as shown in

sphe r ica l  s i t e  o f  rad ius  R s i t u a te d  a t  x — z =  0 and V “  yo ' s chosen, 

f o r  convenience, to  be given by the gaussian fu n c t io n

g ( x , y , z )  =  fi exp -  [ ( x 2 + (y -  yQ) + z ) /R  ] hi

The s p a t ia l  v a r i a t i o n  o f  the o rder  parameter U | 2 f o r  the f luxon

l a t t i c e  may be ta k e n , to  f a i r  approx imat ion f o r  b — B / B ^  > 0 .5 ,  to  be 

g iven ,  neg lec t in g  any be dependence, by

T ( x , y H  - 1 ™ ( x + y ) /3  )+cos %2-(2y/ /3)+cos ■™(x~y//3)
"    - o  ' "   - o

h2

(This w i l l  a lso  be a reasonable approximat ion fo r  the s p a t ia l  v a r i a t i o n  

o f  |ij>'|2 -  1 1 \  f o r  b > 0.5 but see l a t e r . )

The i n t e r a c t i o n  energy is  t h e re fo re

00 CO 00

I =  J J J  9 ( x ,y ,z ) ' y (x ,y )d xdydz  h3
-CO — 03 ” 00

Using the formula cos 0 =  i ( e  + e 1 ) and s u b s t i t u t i n g  from 

equat ions  hi and h2 i n to  equat ion h3 gives

I =  n

w  00 CO , _
1 ! 0 1 169 189 0 /.

1 -  r  (e 1 e + e 2 ) e  4 t  C.C. dxdydz h4
-CO -00 —00

where 0  ̂ =  y ( x  + y / / 3 ) , 8^ =  y { 2 y / J 3 ) , G_ = y ( x  -  y / / 3 )

0 as (x2 4 (y -  y ^ )2 + z 2) / R 2 and y =  2iT/ao

f i g u r e  3-2 .  The s p a t ia l  v a r i a t i o n  o f  the p inn ing  p o te n t ia l  den s i t y  f o r  a ?!
I

Sincere thanks are again due to Dr A.G. Every fo r  suggest ing the 

use o f  a gaussian f u n c t io n  the re fo re  a lso  the method o f  

i n te g r a t i o n .

1
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The I n t e r a c t i o n  fo rce  along the y ax is  is  t h e re fo re

Fy =  d I / d y o -  (A/6)^y-
[ §  I f f

(e e + C.C.)dxdydz

—  CO "CO — 00

(n /6 )
dy.

3

L A
h5

Now
00 CO 00

f  /  i  ( e ; 7 ( x + Y / / 3 ) - ( x ' + ( Y - Y o ) ^ ) / ^ +  C.C,)dxdydz
-CO -00 “ CO

( e Wx" x2 + C.C.)dx J ( e ' W / / 3  "  <y-yo ) /R 2 + C.C . )dy .

"CO
00

e ' z2/R2dz

and using the formulae

+»
;ikx  -  ( x - b ) 2/2a  d)<„ 2 ( 2,ia ) i e il<be-ak2

+00

and j  e x dx =  / i r / r  ( r  > 0) gives

+ c . c .

S i m i l a r l y

i 2 - i z 3 /2 R V ( , / 6 ) ( R y )

and l 3 - „ 3/2 R3 e - (2 /3 ) (Ry ) :

i T ( 2 y V / 3 )
+ c . c .

- i y y o/ / 3
+ C.C.

S u b s t i t u t i n g  f o r  I .  back in to  equat ion h5 and re v e r t i n g  to  t r i g o n o ­

m e t r i c  n o ta t io n  gives

Fy -  (n /3 )  rr3 / 2 R3. -4- 2 e - ( 2/ 3) ( Ry>2. co=(Yy0/ / 3 )  + (Ry)2 ,

c o s ( 2 Yyo / / 3 )
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F igure A1.5 . the  maximum p inn ing  fo rc e  due to  a sphe r ica l  s i t e  o f  uni form 
non-zero p inn ing  p o te n t ia l  d e n s i t y ,  w i t h in  a radius  R, is  shown as a 
fu n c t io n  o f  2R/a (dashed).  The s o l i d  l i n e  is  a p l o t  o f  the ' c o r r e c t i o n  
f a c t o r 1 requ i red f o r  g e n e ra l i z in g  the p inn ing  fo rce  as c a lc u la te d  f o r  a 
s i t e  w i th  R «  a0 to a r b i t r a r y  R.
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Fy -  - n , 2 / 3 ) ^ V . ( 2 y / / 3 ) [ e - < ^ ) ( « Y ) \  = i n ( , y y / 3 )  + e- ( ' / « ( R T) 2

s i n ( 2 Y V o / / 3 ) H6

Now f o r  a p a r t i c u l a r  value o f  R | |  w i l l  be c lose  to  i t s  maximum

value when s in ( y y o/ / 3 )  == s in (2yyo/ / 3 )  and yQ ■- aQ/ 3 / 6 .  Thus f i n a l l y

|F |P « n(R3/a )
7 max

-(8^2/3) (R/a )̂  ̂ -(2ir2/3)(R/a )%
e °  + e °

h7

The term in the square brackets  Is the requ i red  c o r r e c t i o n  f a c to r  f o r  

ge n e ra l i z in g  the  p inn ing  fo rce  p due to  a v a n is h in g ly  small s i t e  to
m

a s i t e  w i th  rad ius  R. This  term and IF o are shown as func t ions1 y max

o f  (2R/aQ) on a lo g - log  p l o t  in f i g u r e  A1.5.  The curve f o r  |F y |^ ax

shows a sharp maximum a tC R /a ^ ^  0.7 w i th  h a l f  maximum values at

R/ao 0.15 and 0.63 r e s p e c t i v e l y .  At R/aQ K3 1 the va lue o f

t ^y I max *ias become n e g l i g i b l e .  In the region o f  the maximum in

|Fy jPax the average slope in the curve f o r  the c o r re c t i o n  f a c to r  term

is approx im ate ly  2 so tha t  the c o r r e c t i o n  f a c to r  in t h i s  regime is

p ro p o r t io n a l  to  (a / R ) '

( i  i ) C y l i n d r i c a l  s i t e s

For a c y l i n d r i c a l  s i t e  o f  length  L and rad ius  R which is p e r f e c t l y  

s t r a i g h t  and col  l i n e a r  w i th  the z d i r e c t i o n  and is  cent red a t  x “  0 and

y — y the p inn ing  p o te n t ia l  is  g iven (see a lso equat ion h i )  by

g ( x , y , z )  =  fi exp ( *  + (y -  Yo)^ /R h8

and i t  is e a s i l y  shown tha t  the maximum force, along the y d i r e c t i o n  is  

now given (see equat ion h?) by

l - y l - V  ( L / R ) !Fy l L h9

I
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Thus f i n a l l y  the bas ic  p inn ing  fo rce  f o r  spher ica l  o r  c y l i n d r i c a l

s i t e s  w i l l  be given by

|F | — An@ x ( c o r re c t io n  f a c t o r )  h i 0
y max

where A is  a constant  which inc ludes geometr ical  f a c to rs  and is
•3 2

p ro p o r t io n a l  to  R f o r  a spher ica l  s i t e  and R L f o r  a c y l i n d r i c a l  s i t e

and 0 i s  a f a c to r  which has been inc luded to  take in to  account the

dependence o f  ¥ °n b. For | t | i | ^ , b > 0 .4 :  0 ==(l -  b)and f o r

¥ « ( “  | $ | ^ ) ,  b ^  0 .5 :  0 e ib ( l  -  b ) . Since 0 is a l ready  included

in the express ions o f  chap te r  3 f o r  pm equat ion h i 0 may be re w r i t t e n

in terms o f  these p as r m

|F | *= p x ( c o r re c t io n  f a c t o r )  hi 1
y max
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APPENDIX A2

A2 The Magnetometer

A2.1 The de tec t  ion c o i l s  

With re fe rence to f i g u r e  A2.1 the s c a la r  p o te n t ia l  n o f  a f i x e d  d ipo le  

o f  moment H s i t u a te d  a t  the o r i g i n  and p o in t i n g  along the z d i r e c t i o n  

is given by

fl -  (M*E:)/r3

o
«* M cose / r

I f  the d ip o le  is  v ib ra te d  along the z d i r e c t i o n  w i th  a s u f f i c i e n t l y  

small ampl i tude a and w i th  a f requency w the t ime vary ing  p o te n t ia l  

( t )  in the surrounding space is given by

n 1 ( t )  - a ( a n / a z ) J i Io)t

and th e re fo re  from equat ion A 2 .1

The f i e l d  H ( t )  assoc ia ted w i t h  t h i s  t ime vary ing  p o te n t ia l  is  g iven 

by

H ( t )  *=■ -grad ( ( t ) )

M z / r 3 A2.1

( t )  «  - H a ( l / r 3 -  3z2/ r 5 ] &ltilt A2.2

r an 1 90^

7  a?™’- 0

1 8R1

r T o "  -0

s o  t h a t  f r m  e q u a t i o n  A 2 . 2
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F ig u re  A 2 .2 .
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Co-ord inate  system f o r  the d e s c r ip t i o n  o f  the 
s ca la r  p o te n t ia l  o f  a d ip o le  M s i t u a te d  a t  the 
o r i g i n  p o in t i n g  along the z ax is .

The s p a t ia l  c o n f ig u r a t i o n  in the x -z  plane o f  the 
t ime vary ing  component o f  the magnetic f i e l d  due 
to a d ip o le  p o in t i n g  and v i b r a t i n g  along the z 
d l r e c t i  on.



328  -

H ( t )  a  O M a / r S  - j L  [ ( C o s 2 8 ) & ' * t ] a g

(3Ma /rSs in0cos0J i 'u)t, a0 

H ( t )  is  symmetric about the z ax is  and i t s  s p a t ia l  c o n f ig u ra t io n  is 

shown in f i g u r e  A2.2

The optimum c o i l  c o n f ig u r a t i o n  to de tec t  H ( t )  c ons is ts  o f  two 

c y l i n d r i c a l  c o i l s  connected in se r ies  o p p o s i t i o n ,  c o -ax ia l  w i t h  the 

z a x i s , and sym m et r ica l ly  disposed w i t h  respect to  the sample as 

shown in f i g u r e  A2.3.  The s igna l  induced in the de tec t ion  c o i l  is  

g iven by

v « d H ( t ) / d t
5

and th e re fo re  from equat ion A2.3

v„ 1=3 otvaM c o s (2TTVt) A2.4

where v ™w/2n and a is a constant  which is p ro p o r t io n a l  to  the t o ta l

tu rns  area o f  the c o i l s  and depends on t h e i r  geometry,

The noise s igna l  v^(T )  from the c o l l s  depends on t h e i r  t o t a l  

res is tance  R and is given by

\ ( T )  ™ (4R(T)kTB)& A2.5

when kT is the thermal energy and B is the bandwidth o f  the 

de te c t io n  system. Mow R ca l)pL/ird * where p is the r e s i s t i v i t y  o f  the 

copper w ind ing ,  L is the t o ta l  length  and d the diameter  o f  the w i re .  

For any p a r t i c u l a r  f i x e d  col 1 geometry w i th  a t o ta l  number o f  tu rns 

n; n*d ^ and Ld* is  a cons tant ,  There fore  R « p /d \n ^ p  and s u b s t i t u t i o n  

in to  equat ion A2.5 gives

v^(T) « n [p (T )kTB]&  A2.6

From equat ions A2.4 and A2.6 the s igna l  to no ise r a t i o  is given by

the express ion
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F igure  A2.3•

F i g u r e  A 2 . 4 .

The c o i l  c o n f ig u r a t i o n  f o r  opt imal de te c t io n  o f  
the t ime va ry ing  f i e l d  o f  the v i b r a t i n g  d ipo le  
as shown.

i ( t )

R

Equiva len t  c i r c u i t  f o r  the v i b r a t i n g  c apa c i to r  
re fe rence system.
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v / v n = avaM/[n (pkTB)^]

« vaM/(p(T)kTB)*

(s ince  a « n f o r  f i x e d  c o i l  geometry) .

V/ Vn ' 5 t h e re fo re  independent o f  the t o t a l  number o f  tu rns  n. In 

p r a c t i c e  the product va is l i m i t e d  by mechanical and power cons ide ra ­

t i o n s  in the e lec tromechanica l  t ransducer  and the system bandwidth B 

has a lower p r a c t i c a l  l i m i t  which is determined by the ra te  a t  which 

measurements are to  be made. Ma in ta in ing  the de te c t io n  c o i l s  a t  a 

temperature o f  about kK r a th e r  than 30QK (p^qq/p^ c i 100 f o r  the 

copper windings) increases the s i g n a l . t o  no ise r a t i o  by n e a r ly  two 

orders  o f  magnitude. An upper l i m i t  f o r  the number o f  tu rn s  n is 

t h e r e fo re  determined by the c r i t e r i o n  t h a t  the no ise s igna l  from the 

c o i l s  (v ) be equal to  the d e te c t io n  system noise s igna l  r e fe r re d  

to  the  input  o f  the system. In the present  system th i s  c r i t e r i o n  

cou ld  not  be re a l i z e d  because o f  the ne c e s s a r i l y  small space a v a i l ­

ab le  f o r  the de te c t io n  c o i l  w ind ings.  The f i n a l  s p e c i f i c a t i o n s  f o r  

the c o i l s  are as fo l l o w s :

Inner d iamete r:  10.5mm

Outer d iameter:  15.2mm

Length:  per c o i l :  30mm

Coil  sepa ra t ion :  (cen t re  to  cent re)  : 34mm

Wire: 48 S.W.G. formvar in su la ted  copper

Number o f  t u r n s : 18,300 per c o i l

inductance:  2,42Henry per

Resis tance: 5.6K-ohm (T==300K), 50 ohm ( T « = 4 , 0 K )

A2.2 The v i b r a t i n g  c a p a c i to r  system

The equ iva len t  c i r c u i t  f o r  one h a l f  o f  the v i b r a t i n g  p la te  

c a p a c i to r  assembly and the assoc ia ted e l e c t r o n i c  system is  shown
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schem a t ica l ly  in f i g u r e  A2.4.  C ( t )  is  the  capaci tance o f  the 

v i b r a t i n g  c a p a c i to r  and R is the e f f e c t i v e  impedance o f  the system 

wh ich,  in p r a c t i c e ,  is  the input  impedance o f  the re fe rence channel 

a m p ! i f i e r s .

Assuming the c a p a c i to r  p la tes  to  have an e f f e c t i v e  area A, 

separa t ion  d and a modulat ion ampl i tude a then the capac i tance C( t)  

is g iven by

C( t )  — A/lt-rr[d + a cos (2 t rv t ) ] ’

Now d C ( t ) / d t  =  Aav s i n ( 2 n v t ) / 2 [ d  + a cos (2iTVt)l ^ A2.8

-  i ( t ) / V  

=  v ( t ) /R V

Rearranging and expanding the denominator in equat ion A2.8 

(d »  a) g ives f o r  v ( t )

2
v ( t )  ”  (RA/2d^) Vav s in ( 2 % v t ) [  1 -  cos (2Trvt) + cos^ (2 i rv t ) ]

a

In the  present  system a ^  0.1 and d ~ 5mm, i . e .  d/a a  50 and t h e re ­

fo re  the re fe rence  s igna l  v^ is g iven to  good approx imat ion by

vR =  -RVav cos(2irvt  + i r/2) A51.9

w i th  0 =  A/2d2

A2.3 Magnetometer c i r c u i t

The e l e c t r o n i c  c i r c u i t  f o r  the magnetometer (exc lud ing the 1ock-  

in -ampl i  f i e r  and the transducer  d r i v e  a m p l i f i e r )  is  shown in f i g u r e  

A2.5. The labe ls  (blocked) r e f e r  to  the va r ious  c o n t ro ls  and 

sockets.  A1 is  a low no ise ,  h igh input impedance, wide band 

a m p l i f i e r  designed by F a i r c h i l d  ( F a i r c h i l d  a p p l i c a t i o n  repo r t  number 

159). The c i r c u i t  and s p e c i f i c a t i o n s  fo r  the a m p l i f i e r  are  given in 

f i g u r e  A2.6.  The transducer  d r i v e  a m p l i f i e r  is  a standard D.C.-A.C,
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-  ?4V 5mA

30K BFY77I-5M

O i l "
l /p BFX37

BFX37

0/P

7 50 K
3 3 K I5VW

• IT, TOLERENCE,

from FAIRCHILD APPL REPORT 159 
low noise high input impedance preamplier 
NOISE FIG: i .id o f o r a  source Imp. of iooK,
INP. IMP: BM(f f i lKHz) ,  outp. i m p ; soohm.
O/l GAIN: 73 ( 10 Hz s  f s 10 KHz ),

Figure A2.6,  The low noise p r e a m p l i f i e r  c i r c u i t  (A1

in f i g u r e  A2,5) ( from F a i r c h i l d  A p p l i c a ­

t i o n  Report 159).
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power a m p l i f i e r  and the design is due to  D.L. James o f  t h i s  depar t ­

ment . The power supply f o r  the magnetometer is  an Advance-Type

P . P . 3.

A2. k Magnetometer set -up procedure

Having inse r ted  a specimen (which may be a re fe rence sample f o r  

c a l i b r a t i o n  purposes -  see l a t e r )  in to  the magnetometer and having 

pumped the magnetometer to the des ired exchange gas pressure the set 

up procedure is as f o l l o w s :

The magnetometer c o n t ro ls  are set  as ind ica ted  below and the 

system is al lowed to 'warm up1 f o r  about 30 minutes,

TRANSDUCER AMPLIFIER 

MAGNETOMETER

LOCK-IN-AMPLIFIFR

GAIN : MAXimum

MON. : 6

CAL. : REFerence

MODE : MANual

BALANCE

SENSITIVITY"

: 5.0

: 1, 10, 102 , IQ3 , 10^

SENSITIVITY* : 0.05 , 0 ,5 ,  5, 50, SOOrnV

SIGNAL Q : 10-15

FREQUENCY : 8 , 1 - 8 . 4

FREQ. MULTIPLIER : X10

REF. ATTEN : 0.5

TIME CONSTANT : 300ms

MODE : INTcrnal

METER/MON IT : SIGnal

ZERO SUPRESS : OFF,

ROLL OFF : 6dB/0CTAGE

*  The SENSITIVITY s e t t i n g s  depend on the specimen and w i l l  bo dis* 

cussed l a t e r .  At t h i s  stage any v e r t i c a l  p a i r  may be chosen, 

(Usua l ly  X103 and 50mV r e s p e c t i v e l y ) .
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MAGNET POWER SUPPLY : FIELD : MINIMUM

( I t  is assumec’ chat the L o c k -1 n-ampl i f  i e r  has been p re v io u s ly  

checked f o r  co r re c t  f u n c t i o n i n g . )

A f t e r  the warm-up per iod the AMPii tude con t ro l  is ad jus ted  f o r  

an approx im ate ly  h a l f  f u l l - s c a l e  reading on the L o c k - i n - a m p l i f i e r  

(LIA) meter.  The POSITION c o n t ro l  is  ad jus ted to  g ive  a minimum 

( v i r t u a l l y  zero) s igna l  on the C.R.O. The FREQ.. TRIM, c on t ro l  

(LI A) is f i n e l y  ad jus ted  f o r  maximum d e f l e c t i o n  on the LIA meter.

The POSITION and AMPii tude c o n t r o l s  are f i n e l y  ad jus ted to  g ive  a 

reading o f  p r e c is e ly  5.0 on the LIA meter f o r  e i t h e r  p o s i t i o n  o f  the 

POLARITY switch .

The magnetometer CALi b ra t  ion sw i tch  is  now se t to  SI 6. and the 

magnet cu r ren t  (FIELD) is manual ly increased to a value which is 

expected to g ive  a specimen magnetic moment which is j u s t  g re a te r  than 

h a l f  i t s  maximum va lue .  ( I f  t h i s  f i e l d  is  not known i t  may be 

e a s i l y  e s ta b l i s h e d .)

I f  dur ing t h i s  procedure the LIA meter reading increases the 

POLARITY switch must be reversed . The BALANCE and REF. PHASE c o n t ro ls  

on the magnetometer are now a l t e r n a t i v e l y  ad jus ted to  o b ta in  a minimum 

d e f l e c t i o n  on the LIA meter w h i le  inc reas ing  the LIA SENSITIVITY by a 

f a c to r  o f  100 (or 50 on the most s e n s i t i v e  range ) . I f  the BALANCE 

reading is now less than 1.0 or i f  no balance s e t t i n g  can be found a 

d i f f e r e n t  pa ir  o f  SENSITIVITY s e t t in g s  fo r  the SENSITIVITY o f  the  

magnetometer and LIA are chosen and the procedure is repea ted . The 

minimum reading on the meter should now be less than 5 per cent o f  

f . s . d .  (and is due mainly  to the 1st  harmonic from the re fe rence 

c a p a c i t o r ) .  With the MON i to r  sw i tch  set  to  e i t h e r  p o s i t i o n  2 or 6 

there should be v i r t u a l l y  no s igna l  on the CRO. The l o c k - i n -
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a m p l i f i e r  has, up to  t h i s  p o in t ,  been used as a v o l tm e te r .  To ob ta in  

synchronous r e c t i f i c a t i o n  the METER/MONITOR swi tch is set  to  OUT,

The meter reading should now be v i r t u a l l y  zero.  The TIME CONSTANT is 

set  to  I Sec, and the MODE swi tch on the magnetometer to  AUTomatic.

The PHASE c o n t ro ls  on the LIA are ad jus ted to  g ive a steady on -sca1e 

reading on the LIA m e te r , the magnetometer MODE swi tch is re tu rned to 

MANual and the BALANCE c on t ro l  is adjus ted (by about 1 per cent )  to  

g ive  t h i s  meter read ing .  The LIA PHASE c o n t ro l  is now switched 

through 90° and is then f i n e l y  ad jus ted f o r  zero d e f l e c t i o n  on the 

LIA m e te r , The PHASE is now switched back through 90° and the 

magnetometer MODE swi tch  is re turned to the AUTomat' c. p o s i t i o n .  The 

magnet ic f i e l d  is  reduced to  zero and the magnetometer is se t -up .

Note: f o r  a ' f i r s t - t i m e '  se t -up  or i f  the phase c o n t ro ls  have fo r

some reason been ad jus ted  f a r  from t h e i r  usual ope ra t ing  p o s i t i o n s  

i t  is  adv isab le ,  due to some s l i g h t  p a r a s i t i c  dependences between the 

va r iou s  c o n t r o l s  to  repeat the e n t i r e  set  up procedure once more.

Cal i  b ra t  i o n . Al though the instrument may be c a l i b r a te d  aga ins t  a 

s in g le  specimen over  i t s  e n t i r e  s e n s i t i v i t y  range i t  is  more accura te  

to  c a l i b r a t e  aga ins t  a known specimen s u i t a b le  f o r  the s e n s i t i v i t y  

range requ i red  f o r  the unknown specimen. A superconduct ing specimen 

is u s u a l l y  most s u i t a b le  f o r  t h i s  purpose. For n s t r o n g ly  f e r r o ­

magnetic sample a pure n icke l  stand is best employed.

Manual o p e r a t i o n . A f t e r  the above set -up procedure the magnetometer 

MODE is  l e f t  on the MANual p o s i t i o n .  To o b ta in  the magnetic moment 

o f  the specimen the BALANCE con t ro l  is  ad jus ted  to g ive a n u l l  reading 

on the LIA meter and the magnetic moment is obta ined from the ou tpu t  

on the DVM or  from the BALANCE con t ro l  s e t t i n g .
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Mi seel 1aneous. The MAN. CAL. and AUT. CAL. c o n t ro ls  on the magneto­

meter have been ad jus ted  so tha t  the 0/P METER on the magnetometer 

gives a reading which corresponds to tha t  o f  the LIA meter.

A2.5 Specimen rods and holder stage

A general purpose specimen rod w i th  va r ious  specimen stages and 

a temperature c on t ro l  1 able specimen stage and rod are shown 

schem at ica l ly  in f i g u r e  A2.7• C r y s t a l l i n e  qua r tz  is used f o r  the 

stages where poss ib le  because o f  i t s  good thermal c o n d u c t i v i t y  is low 

temperatures and i t s  very  small magnetic s u s c e p t i b i l i t y .  Otherwise 

the rods and stage are designed to  be o f  low mass to  reduce reac t ion  

f o r c e s .
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f e e d  -  t h r o  u g h  

Insulator P T F E

b r a s s  

c  a #

p e r s p e x

c o -  a x i a l  

p l u g s q u a r t z

disc
specimen

1 / 4  I n c h  t h i n  w a l l  

S / S D I S C - S P E  C l  M E N  S T A G E

e p o x y  r e s i n  -

R O T A T A B L E  S T A G E

t o  b e  u s e d  w i t h  j i g

t  u f  n o  I  t u b e

SCALE

ringP T F E

copper specimen holder

b o a t e r  a n d  t h e r m o - c o u p l e

Figure A2.7.  Various specimen rods and stages ( in c lu d in g  the 
temperature regu la ted stage) f o r  use w i th  the 
magnetometer.
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A3 Temperature r e g u la t io n

A3.1 A.C. b r idge  temperature r e g u la to r  

The e l e c t r o n i c  c i r c u i t r y  f o r  the r e g u la to r  is  given in f i g u r e  A3.1.

T r a n s is to r s  Q.1 and 0,2 are the a c t i v e  elements o f  a phase s h i f t  

o s c i l l a t o r ,  03 and 04 o f  a b u f f e r  a m p l i f i e r ,  05, 0&, 07 and 08 o f  a 

two stage phase s h i f t  c i r c u i t ,  09 o f  an a m p l i f i e r ,  Q10, Q11, Q12 and 

Q13 o f  a D.C. power a m p l i f i e r ,  014 and Q15 o f  a low no ise input  

a m p l i f i e r  and Q16 and Q!7 o f  a phase s e n s i t i v e  d e te c to r .

The frequency o f  o s c i l l a t i o n  o f  the phase s h i f t  o s c i l l a t o r  is 

given by:

f  =  1 / [ (24)*nC2Rg]

— 295Hz fo r  the present c i r c u i t .

The tuned a m p l i f i e r  (op. amp. SN 72709N and assoc ia ted c i r c u i t r y )  was 

suggested by D.L. James and has the f o l l o w in g  c h a r a c t e r i s t i c s :

Taking C^/C^ -- a and Z. “  bR^ (where Zj is the source impedance) 

then the pass frequency f  , the 0 f a c to r  and the gain Aq a t  f Q are 

given by:

fg =2n/(RgCga^)

0 " 1 / ( 2 a * )

Aq 1 / (2ab)

The t o ta l  gain in the s igna l  channel [ i . e .  due to  the low noise 

a m p l i f i e r  and t i e  tuned a m p l i f i e r ]  is  approx imate ly  10^. The gain o f

the D.C. a m p l i f i e r  may be va r ied  between 0 and approx im ate ly  50. The



-  3 4 0  -

U/—X  
M V W v

5_pjj ) XJop  O
g ^ T T T -"WSA^***̂

V V vVv

q

NW'
,JrtV%A/V*~'t*“~,VAV€>'

LZr CV

/VSA—A

wVVW

0)

tAAV̂ *̂

■ i J— oo~-

o
in CTVv̂ V-VA/V

ro*
x  JL
2 T

*-. y  t-  i

Fi
gu
re
 

A3
.1
. 

El
ec

tr
on

ic
 

ci
rc
ui
t 

di
ag
ra
m 

for
 

the
 

A.
C.
 
br
id
ge
 

te
mp

er
at

ur
e 

re
gu

la
to

r.



341

bandwidth o f  the e l e c t r o n i c  p a r t  o f  the c i r c u i t  is determined 

p r im a r i l y  by R, and C^.

Set-up procedure . The i n i t i a l  se t -up  procedure involves s e t t i n g  up 

the  o s c i l l a t o r ,  ba lanc ing the r e a c t i v e  component o f  the b r idge  and 

ad justment o f  the tuned a m p l i f i e r .  To do t h i s  the o s c i l l a t o r  is 

monitored on a CRO and the t r im  po tent iomete r  R is ad jus ted  u n t i l  the 

o s c i l l a t o r  j u s t  begins to o s c i l l a t e  -  producing an u nd is to r ted  

s inuso ida l  s i g n a l . The c i r c u i t  is  then broken a t  p o in t  x.  The 

BRIDGE CURRENT is set  to  maximum and po in t  V is  monitored on the CRO. 

The br idge is now ad jus ted  by means o f  R COARSE to  g ive an unsaturated 

s inuso ida l  s igna l  on the CRO. Res is to rs  Rg are ad jus ted to  maximize 

t h i s  s ig n a l .  The b r idge  is now balanced ( to  g iv e  zero s igna l  on the 

CRO) by a d ju s t in g  R COARSE, R FINE and C. The c i r c u i t  is  reconnected

a t  x and the C.R.O. is connected to  the HON i t o r  socket.  The re g u la to r

is  now permanently se t -up  f o r  r o u t in e  use and the adjustments which 

w i l l  be descr ibed now depend on ex te rna l  c i rcumstances.

The FRIDGE CURRENT is set  f o r  the des ired maximum d i s s ip a t i o n  in 

the thermometer. With the b r idge  ad jus ted to  be s l i g h t l y  o f f - b a la n c e

the PHASE is now ad jus ted to  g ive  a symmetric u n ip o la r  ou tpu t  f rom the 

phase s e n s i t i v e  de te c to r  (as monitored on the CRO). I f  t h i s  s igna l  

is  negat ive  going a d e f l e c t i o n  w i l l  be obta ined on the ou tpu t  me te r .

The SENSE sw i tch  is se t  so t h a t  f o r  a re -ad jus tment  o f  the br idge 

corresponding to the thermometer temperature decreasing the ou tput  

c u r re n t  increases as ind ica ted  on the meter, R. COARSE and R.FINE 

are  now ad jus ted  to a des ired va lue  and the D.C. gain (D.C, GAIN and

0/P A t tenua to r )  are increased as f a r  as poss ib le  c ons is te n t  w i th  no

hunt ing  i n s t a b i l i t y  in the system. Adjustment o f  the TIME CONSTANT 

to  higher values permits  a la rge  D.C. gain to  be used but does not
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ne c e s s a r i l y  improve the o v e ra l l  s t a b i l i t y .

S t a b i1j t y . The u l t im a t e  s t a b i l i t y  o f  a servo-1oop r e g u la to r  depends 

on the open- loop gain o f  the system. I f  t h i s  is increased beyond a 

c e r t a in  l i m i t ,  then; under c e r t a in  c o n d i t io n s ,  regene ra t ive  feedback 

o r  hunt ing w i l l  occur  in a c losed loop c o n f ig u r a t i o n  ( i . e .  when the 

thermometer is thermal 1y coupled to  the h ea te r ) .  The s t a b i l i t y  o f  

the  servo-1oop aga ins t  regenera t ive  feedback depends on the d i f f e r e n c e  

between the slopes o f  the open- loop and closed-1oop frequency-ga i n 

c h a r a c t e r i s t i c s  at  t h e i r  po in t  o f  i n t e r s e c t i o n .  Th is  in t u rn  depends 

on the bandwidth o f  the e l e c t r o n i c  system, on the coup l ing  between 

the  thermometer and heater and on the thermal mass o f  temperature 

regu la ted  system. i f  t h i s  d i f f e r e n c e  in slopes is less than 20tiB 

per,decade the system is i n h e re n t l y  s ta b le .  Also i f  the thermal 

coup l ing  between thermometer and hea te r  is pe r fec t  the c losed loop 

ga in  w i l l  be u n i t y  and the system w i l l  be s ta b le  under a l l  c o n d i t io n s .  

The thermal mass o f  the regu la ted system e f f e c t i v e l y  behaves as an 

i n t e g r a t i n g  c apa c i to r  in p a r a l l e l  across the thermometer-heater 

feedback l i n k .  Thus, unless t h i s  l i n k  is p e r f e c t , the c losed loop 

ga in - f requency  c h a r a c t e r i s t i c  f a l l s  o f f  more r a p id l y  leading 

e v e n tu a l l y ,  w i t h  inc reas ing  thermal mass, to  i n s t a b i l i t y .  In the 

presen t system t h e r e f o r e , f a c i l i t y  has been made f o r  a l t e r i n g  the 

system gain -  f requency c h a r a c t e r i s t i c s  and the thermal system has 

been designed, c ons is te n t  w i th  i t s  o the r  f u n c t io n s ,  to  be o f  low mass 

and to  a f f o rd  c lose thermometer-heater coup l ing ,

F i n a l l y  the c on t ro l  s t a b i l i t y  is  degraded s l i g h t l y  by var ious  

sources o f  d r i f t  in the e l e c t r o n ic s  ( f o r  example in the o s c i l l a t o r ) .  

However, f o r  the presen t purposes the shor t  term (15 minute) 

s t a b i l i t y  o f  +1mK in t he range,"!' < 10K which is ob ta inab le  is more 

than adequate,
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A3.2 Thermo-couple temperature r e g u la to r

The thermo-couple p o te n t ia l  is  monitored on a Hewlet t -Packard 

D i f f e r e n t i a l  Vo l tmeter  (HP 34208) in the d i f f e r e n t i a l  mode (as 

discussed in Chapter 3 ) .  The ou tpu t  s igna l  from the vo l tm e te r  is

fed to  a u n ip o la r  power a m p l i f i e r  to  p rov ide  the heater  c u r re n t .

The s t a b i l i t y  c r i t e r i a  are o b v io u s ly  s im i l a r  to those a l ready  

discussed f o r  the D.C. b r idge  r e g u la to r .  However, because the 

system is  D.C. throughout  performance is cons ide rab ly  degraded by 

d r i f t  and by spur ious  thermal e . m . f . ' s  a long the thermo-couple leads 

and a t  the input  o f  the v o l tm e te r .
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APPENDIX A4

A4 Temperature sensors and measurements

A4.1 Carbon r e s i s t o r  

Carbon r e s i s t o r  thermometers are  o f te n  i n s u f f i c i e n t l y  re p ro d u c ib le ,  

w i t h  c y c l in g  from room temperature to  4K, to  make good secondary 

thermometers. However, they have the advantage o f  having o n ly  a 

very  s l i g h t  magneto- res is tance and are  th e re fo re  em inent ly  s u i t a b le  

f o r  temperature r e g u la t io n  purposes in va ry ing  magnetic f i e l d s .

The dependence o f  res is tance  on temperature vary pver a wide range 

from one process or  manufacturer to  a n o th e r .

The r e s i s t o r  used here is  a 470 (T — 300K) A l len  Bradley type TR 

& w a t t  w i th  most o f  i t s  i n s u la t i n g  sheath ground o f f  and the t i n  

p l a t i n g  removed from i t s  copper leads.

The magneto- res is tance f o r  a s im i l a r  r e s i s t o r  (A l len  Bradley 

1OOfi £ wa t t )  has been measured by Hudson (1968) f o r  temperatures in 

the  range 4K < T < 30K and f o r  magnetic f i e l d s  up to  40K gauss. 

Hudson's r e s u l t s  show an almost l i n e a r  dependence o f  magneto- 

res i  stance on magnetic f i e l d .  At a f i e l d  o f  40K gauss the percentage 

change in res is tance  v a r ie s  f rom approx im ate ly  +0.6 per cent to 

- 2 .8  per cent from T ^  4.19K to  T -■= 12 .2I\ r e s p e c t i v e ly  and then 

apparen t ly  drops to -2 .3  per cent a t  T — 28 .7K. These r e s u l t s  

in d ic a te  th a t  in the exper iments on niobium in the present i n v e s t i g a ­

t i o n ,  where the magnetic f i e l d  r a r e l y  exceeds 3 k i logauss ,  the 

magneto- res is tance o f  the carbon res is tance  thermometer should be 

n e g l i g i b l y  sma l l .  Th is  wus conf irmed expe r im e n ta l ly .
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A4 .2 G o ld - i ron  chrome. 1 thermo-couple

The t h e r m o - e le c t r i c  p ro p e r t ie s  o f  very  d i l u t e  a l l o y s  o f  i ron in 

gold have been e x te n s iv e ly  stud ied  (see f o r  example Berman, Brock and 

Hunt ley,  196 5 )«

The advantage o f  t h i s  a l l o y  is i t s  very  high themopower 

( 10- 15yV/K) a t  low tempera tu res , I t s  disadvantages are i t s  strong 

paramagnetism and the e f f e c t  o f  magnetic f i e l d s  on the thermopower 

which increases w i th  decreas ing temperature.  The former disadvantage 

is p a r t i a l l y  overcome by using very  f i n e  thermo-couple w i res  and the 

l a t t e r  was not impor tant  in the present i n v e s t i g a t i o n  s ince the 

thermo-couple was on ly  used f o r  anneal ing exper iments in zero magnetic 

f i e l d .

The m a te r ia l  used in  t h i s  i n v e s t i g a t io n  (Au -  0.3 per cent  Fe) 

and chromel (w ire diameter 0.08mm) was supp l ied by Johnson Matthey 

L im i ted .

An approximate c a l i b r a t i o n  curve f o r  the thermo-couple is shown 

in f i g u r e  A4.1.

A4.3 Germanium res is tance  thermometer

The thermometer is  a S o l i t r o n  Devices Incorporated Ser ies 5> 

model number SP5401 (thermometer number 1814) and is He^ f i l l e d  f o r  

ope ra t ion  a t  temperatures below IK. The thermometer encapsula t ion 

can (go ld p la ted  copper) is  approx imate ly  12mm long and 3mm in 

diameter  and f i t s  snugly i n to  a c y l i n d r i c a l  hole in the ' c a l o r i m e t e r 1. 

Good thermal contact  w i t h  the c a lo r im e te r  is  achieved by the use o f  

Apiezon N grease and by thermal 1y anchor ing the thermometer leads 

(which are f i n e ,  va rn ish  insu la ted  copper w i res  -  the o r i g i n a l  m u l t i - 

st rand t i n - p l a t e d  copper leads having been cut o f f  f a i r l y  c lose  to 

the d e v i c e ) .
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The small sensing element o f  the germanium thermometer has a 

very  low thermal mass, f a s t  response t im e,  high s e n s i t i v i t y  and very 

high  r e p r o d u c i b i l i t y  w i th  repeated c y c l i n g  between room temperature 

and l i q u i d  hel ium temperatures (e .g .  Low, 1961, L ind e n fe ld ,  1961 and 

Sarner and B1akemore, 1967) .  Germani urn res is tance  thermometers have 

a r e l a t i v e l y  la rge  magneto - res ls tance and temperature measurements 

should t h e r e fo re  be made in zero magnetic f i e l d .

The present thermometer was c a l i b r a t e d  (along w i th  several  

o the rs )  aga ins t  two secondary standards which were supp l ied by 

Professor  N.E. P h i l l i p s ,  Department o f  Chemistry,  U n iv e r s i t y  o f  

C a l i f o r n i a ,  Berk ley ,  U.S.A. These standards were c a l i b r a t e d  as 

f o 11ows:

0.3 < T < 1 . 5K : S u s c e p t i b i l i t y  o f  CeM^NO^ substandard,

aga ins t  He*1 vapour pressure (1.2'K < T < 4.2K) 

using l i n e a r  e x t r a p o la t i o n  o f  1/% versus T to  

lower tempera tu res .

1.2 < T < h . 2K : T58 He^ vapour pressure sca le .

k . 2 < T < 25K : He*1 gas pressure ( f u l l y  compensated) in p a r a l l e l

w i th  Hê 1 vapour pressure and p la t inum  res is tance  

standard c a l i b r a t e d  by the N.B.S. (U .S .A . ) .

C a l i b ra t i o n  aga ins t  these substandards was done by J .C .F .  Brock 

(ex t h i s  Department) and the au tho r  as fo l l o w s :

The thermomete. s, in c lud ing  the secondary s tandards , were clamped i n to  

a custom made copper block (w i th  adequate precaut ions to  ob ta in  near 

p e r fe c t  thermal con tac t )  which was at tached by means o f  a weak thermal 

l i n k  to the He can o f  a c r y o s ta t  designed by J.C.F.  Brock f o r  

ope ra t ion  at  temperatures between 0 , 3K and 30K, (This c r y o s ta t  is  

descr ibed by Vemdersande, 1974.)  The copper b lock  was a lso  provided
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w i t h  a carbon res is tanc e  thermometer ( Spear 100 ohm 1A  wa t t )  and a 

100 ohm manganIn heater  winding f o r  use w i th  the A.C. b r idge  

temperature r e g u la to r  which has been descr ibed in chapter 3 and in 

appendix A3-1•

Resistance measurements were taken f o r  a l l  the thermometers a t  

c lose  temperature i n t e r v a l s  in the range 0 . 3K < T < 30K using the 

temperature r e g u la to r  and the Data A c q u is i t i o n  System. The measuring 

c u r re n ts  th rough the thermometers were IpA f o r  0.3K < T < 2K and 

l O ^ A  for  2 K  <  T  <  3 0 K ,

F i n a l l y ,  by i n t e r - c o r r e l a t i o n  w i th  the substandards, using the 

method o f  leas t  squares (numerical  computat ion by J .L .  C raw ford ) , 

the  res i  s tance- tempera ture  data f o r  each unknown thermometer were 

f i t t e d  to  a polynomial  o f  the form

(T)~^ =  1 1  R ) ' " *
1 = 1  '

The f i n a l  va lue chosen f o r  n was 7-

Po lynomials o f  the form above are too s imple to g ive  a good f i t

ove r  a wide temperature range and show a tendency to o s c i l l a t e .  The

polynomial  c o e f f i c i e n t s  were th e re fo re  c a lc u la te d  f o r  th ree  tempera™

tu r e  ranges, v i z .  0.3 < T < 4,  1,5 < T < 12 and 2.5 < T < 25K,

In the  present i n v e s t i g a t i o n  the c o e f f i c i e n t s  f o r  the range 

1.5 < T < 12K are used. In t h i s  case the f i t t i n g  e r ro rs  due to 

o s c i l l a t i o n  range between i:3mK w i th  an R.M.S. d e v ia t i o n  o f  0,34mK.

The computer program f o r  c onve r t ing  c u r re n t  and vol tage  data f o r  

thermometer 1814 in the temperature range 1 ,5K < T < 12K Is given In 

appendix A8. A c a l i b r a t i o n  curve f o r  approximate, use is given in 

f i g u r e  A4.2.

The c i r c u i t  diagram f o r  the thermometer c u r re n t  source is shown 

in  f i g u r e  A4.3.  The measuring c u r re n t  is  10pA and p ro v is io n  is  made 

*  o r  too compl icated!
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f o r  reve rs ing  the c u r r e n t . Each res is tanc e  measurement is made w i th  

e i t h e r  c u r re n t  sense to  e l im in a te  spur ious thermal e . m . f . ' s .  Also 

shown in the c i r c u i t  is the c u r re n t  source f o r  a standard p o t e n t i o ­

meter which may be used i f  a D.V.M. is not a v a i l a b le .
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APPENDIX A5

A5 Superconducing Magnet and A n c i l l a r y  Apparatus 

A 5 . 1 Co i 1 des! gn 

The ana lys is  which f o l l o w s ,  f o r  the magnetic f i e l d  o f  a t h i c k  so leno id ,  

is due to Barker (1950,.

Consider f i r s t  the general case; With re ference to f i g u r e  A5.1 

the magnetic f i e l d  components due to a system o f  p a i r s  o f  c o i l  wind­

ings o f  v a n is h in g ly  small cross s e c t io n ,  s i t u a te d  c o - a x i a l l y  w i th  

respect to the z ax is  and sym metr ica l ly  w i th  respect to the o r i g i n ,  

are given by

H =  2%C^Ll + (C / C , ) ( z 2  _ y2 /2)  + (Cg/C,) (z4 -  32^% + 3y^ /8 )+ .  , ]  A5.1

and

h =  -2%zyC, [(C2/C^)+ i(Cg/C,) (4z% - 3y%)+ , . . ]  AS.2

where H and h are the z and y components o f  the. f i e l d  s t ren g th  a t  the 

p o in t  6 (z ,y )  and

C «  2 2 ^  I , s in  0 . . r ,  P (cosO.) f o r  n odd 
n j n J J J n J

and

Cn t= 0 f o r  n even 

1
where is the Legendre polynomial and i j  is  the c u r re n t  ( i n  

abamperes) in the j t h  loop.

For a t h i c k  so leno id  o f  length  2b, o u tc r -d la m c te r  20, and Inner 

diameter 2a. c a r ry ing  a cu r re n t  I amperes the c o e f f i c i e n t s  C are 

given by



Figure f .5.1.  Schematic diagram o f  the superconduct ing magnet c o i l s  
showing parameters and the c o -o rd in a te  system f o r  the 
c a l c u la t i o n  o f  the s p a t ia l  c o n f ig u ra t i o n  o f  the 
magnetic f i e l d .
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C, -  (2lb/10)[  InUb^+a^"* ~ 1 n ( ( a ^ ) + a ] ) ]  A5.3

Cg -  (l/10b) [aSfa^ + b2)"3/2 - A5.4

Cg. =  ( l /120b3)[  a3(2a2 + + ZOb^jfa^ + b^)"?^ -

a 3 ( 2 a ^  +  f a ^ b f  +  Z O b ^ f a ,  +  a g g

Equat ions Ag.l and A5.2 do not  g ive  the f i e l d  a t  a po in t  (c ,y )  

un l tess  (c2 + y2 ) 5 < a. However an expansion can be developed about 

a p o in t  ( c , 0 ) which is convergent i f  y < a f o r  a l l  value  o f  c.

Thus:

H(c,y)  =  t t [  C ^ b  + c) + (b -  c) -  (y2/2 ) (C ^ (b  + c) + C_(h -  c ) ) + 

(3 /8y^) (Cg(b  + c) + Cg(b -  c ) ]  A5.6

and

h k  H(0,0) » H(0,y)  A5.7

Cons idera t ion o f  equat ions A5.6  and A5•7 in d ica tes  th a t  high homogeneity 

and an optimum value f o r  the f i e l d  H(0,0) ( f o r  a given c u r re n t )  are 

not compat ib le .  For the l a t t e r  requ irement,  which is important  f o r  

superconduct ing magnets because o f  the high cost o f  m a te r i a l ,  the 

r a t i o  b/a^ should be approx imate ly  un i t v  For the former r e q u i re ­

ment the r a t i o  b/a^ should be much l a r g - r  than u n i t y .  As t h i s  r a t i o  

decreases the a x ia l  homogeneity decreases r a p id l y  w h i le  the rad ia l  

homogeneity however does so much less r a p id l y .  High a x ia l  homogeneity 

may however be obta ined over a useful  p ropo r t ion  o f  the so lenoid 

length  (near i t s  cent re)  by the s imple expedient o f  using s u i t a b le  

c o r re c t i o n  c o i l s .  The design o f  a p r a c t i c a l  superconduct ing so leno id  

th e re fo re  is  a compromise between high f i e l d  per u n i t  length  o f  w i re  

and high  rad ia l  f i e l d  homogeneity and includes c o r re c t i o n  c o i l s  f o r  

ax ia l  f i e l d  homogeneity.
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The f i n a l  dimensions chosen f o r  the main c o i l  in the present 

design ( i . e .  2 b — 1Ocm, 2a^ — 5cm and 2a  ̂ =  2cm - see f i g u r e  A5•1) .  

g ive  a r a d i a l  homogeneity (1 : H(0 , 0 ) / H ( 0 ,a^) o f  approx imate ly  

1 : 10^ and a f i e l d  H( 0 , 0 ) ex 40Kgauss a t  a c u r re n t  o f  30amperes 

(which is the manufacturers expected c r i t i c a l  c u r re n t  f o r  the 

Supercon A25 w i re  a t  AoKgauss when wound In to  a so leno id  o f  t h i s  s iz e ) .

The c o r re c t io n  c o i l  geometry and c o n f ig u r a t i o n  were ca lcu la ted  

f o r  optimum a x ia l  homogeneity along the y — 0 a x is  over Z = ±1 .5 cm  as 

f o 11ows:

Fhom equat ion A5.6 in c lu d in g  the c o r re c t i o n  c o i l  parameters (see f i g u r e  

A5.1) the f i e l d  a t  any po in t  (c,Q) is  given by

H(c,0) =  rr[ C^(a2 ,a^ ,b  + c) + C^(a2 , a , ,  b-c)  +

2 ( a ^ , a | , b+d+c) + C^(a2 ,a^ ,  B+d-c) ] A5 .8

Now p u t t in g  a| =  a2 and s t a r t i n g  w i th  reasonable values f o r  a ' ,  b'

and d a c ons is te n t  f i n e  sca le  numerical  search was made to  op t im ize

these values.  This was done by c a l c u la t i n g  H(c,0)  -  H(0,0) = A ( c . )

f o r  0 < Cj < 1.5cm in steps o f  0.01 and f i n d in g  the c o r re c t io n  c o i l

parameter values which gave the minimum square d e r i v a t i o n  

150 2
S (A (c .) ) .  The computer program ( f o r  which the au thor  is

J=1 ^
indebted f o r  ass is tance  to  J .L .  Crawford) is included in appendix A8 . 

The method is  tedious  and ine legen t  but is j u s t i f i e d  f o r  a once on ly  

a p p l i c a t i o n  s ince i t  is  not  unreasonably long in execu t ion .  The f i n a l  

values obta ined fo r  the c o r re c t io n  c o i l  a r e : a^ - 5 3 •05cm (aj ^  2cm),

=  1 , 0cm and d =7 4 .5  cm.

The t o t a l  length  o f  w i re  I  requ i red f o r  a c o i l  o f  dimensions 

b, a 2 and a.  is g iven by
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Z =  2ira^ (a2 -  1) 3 /A 

where c; =  , 3 =  b/a^ and A is the e f f e c t i v e  cross sec t iona l
_ 3 2

area o f  the conductor (1.45 x 10 cm f o r  the present case ) . Sub­

s t i t u t i n g  values f o r  the main c o i l  and a lso  f o r  the c o r re c t i o n  c o i l s  

gives + 2& =  '̂tojal  ^  ^70m. The inductance L o f  the solenoid 

is  given (Teaman, 1943) by

L g(a -  1 )+A]2 (a + l ) [  8 -  % ( & - 1 ) / 8 ]  x 10"^

where 6 and X are fu n c t io n s  o f  a and 3 and in t h i s  case f o r  the main 

c o i l  are 0 ==• 0.01197 and 0 — 0.0118 8 . S u b s t i t u t i o n  in to  the equat ion 

above gives L — 0 .78 hen r ies .  The t o t a l  r es is tance  in se r ies  w i th  

the magnet (w i th  the O.lohm standard r e s i s t o r )  is R ty 0.5 ohm 

and therefore,  the t ime constant  f o r  ene rg is ing  the magnet is t % 0 .5

seconds. However, in the event o f  the s u p e rc o n d u c t iv i t y  o f  the

magnet being r a p id l y  quenched the ra te  a t  which the energy w i l l  be 

dumped w i l l  not  depend on t  but  w i l l  depend on the t ime constant 

o f  the e f f e c t i v e l y  coupled L-R c i r c u i t  compr is ing the magnet bobbin 

and the aluminium r e ta in in g  sheath (see f i g u r e  2 .6 ) .

AS.2 NMR c a l i b r a t i o n  o f  the magnet

The NMR probe and the e l e c t r o n i c  layout  is shown schem at ica l ly  in 

f i g u r e  A5.2.  The probe may be pos i t io n e d  a c cu ra te ly  a t  any po in t  

along the  ax is  o f  the so leno id .  The sample is a small c y l i n d e r  (3mm 

in diameter and 3mm long) o f  pure aluminium powder in a m a t r i x  o f  

epoxy res in. [ From Higgins and Yung Kwon Chan ( 1968) :  The 2^A&

NMR frequency is 11.112MHz at  1OKgauss. The f ree  atom NMR frequency 

is 11.094MHz a t  1OKgauss which is co r rec ted  by adding a v i r t u a l l y  

temperature Independent Knight s h i f t  o f  0.162 per cent .  ]  The 

marginal o s c i l l a t o r  c i r c u i t  is due to  Robinson (1959) ( frequency 

range 200KHz to  20MHz a t  le v e ls  between 1 and 250mV). The
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c o - a x .  c a b l e s
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S E L E C T O R S  S T , R E S . D V M

O / P
P / S

S M  P O W E R  S U P P L Y  
O X F O R DS M P R O G .
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a l u m i n i u m  p o w d e r  s p e c i m e n
SCALE

Figure A5 .2, Schematic diagram o f  the NMR probo and e le c t r o n ic s  
fo r  the c a l i b r a t i o n  o f  the superconduct ing so lenoid 
magnet.
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a m p l i f i e r  AI is  the same power a m p l i f i e r  which is used to d r i v e  the 

t ransducer  o f  the magnetometer. The frequency and magnitude o f  

modula t ion used were 33Hz and approx im ate ly  1Ogauss re s p e c t i v e l y .  

Procedure: With the marginal  o s c i l l a t o r  tuned to  a p a r t i c u l a r

frequency the NMR l i n e  was located by sweeping the magnetic f i e l d  in 

the a n t i c i p a t e d  range. A f t e r  o p t im iz a t i o n  by adjustment o f  the 

LEVEL o f  the marginal o s c i l l a t o r  the NMR l i n e  was p lo t t e d  on the X-Y 

recorder  and the frequency and magnet c u r re n t  corresponding to  the 

l i n e  cen t re  were noted. This process was repeated fo r  inc reas ing  

f i e l d s  up to  approx imate ly  1SKgauss and then in decreasing f i e l d s  

down to zero f i e l d .  The NMR l i n e  was found to  be approx imate ly  

symmetr ical  w i th  a h a l f  he igh t  w id th  o f  approx imate ly  2.5gauss, The 

re s u l t s  are shown in f i g u r e  A5 . 3 where the f requency readings have 

been conver ted to  f i e l d  va lues.  The exact c a l i b r a t i o n  f i g u r e s  f o r  

the magnet in inc reas ing  and decreasing f i e l d s  (0 -15Kgauss) 

r e s p e c t i v e l y  are:

1 .3958Kgauss/amp and

1 .3892Kgauss/amp

Ax ia l  homogeneity was subsequent ly  determined by moving the 

probe along the z ax is  o f  the so lenoid in measured steps w i th  the 

magnet c u r re n t  held constant  a t  2 . 55amps. A graph o f  B (z ) /B (0 )  

versus z is p lo t t e d  in f i g u r e  2 . 8 , The small asymmetry and lack  o f  

homogeneity ( ^ 2 : 10^) along the p o s i t i v e  z d i r e c t i o n  a t  z ca 1 . 5cm is 

p robably  due to  s l i g h t  f l u x  t rapp ing  a f t e r  c y c l i n g  the magnet to 

ISKgauss,

A5.3 Hal l  probe and a n c i l l a r y  apparatus

The e l e c t r o n i c  c i r c u i t r y  f o r  the Hal l  probe and f o r  the super­

conduct ing  magnetic power supply programmer are conta ined in a s in g le  

u n i t  (which a lso houses the l i q u i d  he l ium depth gauge) and are shown
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schem at ica l ly  in f i g u r e  A5.4.

The e l e c t r o n i c s  f o r  the Hal l  probe c o n s i s t s ,  in essence, o f  a 

constant  c u r re n t  source and c i r c u i t r y  f o r  l i n e a r i z i n g  the Hall  probe 

ou tp u t  and f o r  compensating f o r  the small zero f i e l d  p o te n t ia l  which 

appears across the Ha l l  probe due to  s l i g h t  asymmetry o f  the 

p o te n t ia l  con tac ts .  The Hall  probe element is  a Siemens Model 

RHY18 which is  e s p e c ia l l y  s u i t a b le  f o r  low temperature ope ra t ion .

The magnet power supply programmer prov ides an ou tpu t  vo l tage 

which ma'y be ad jus ted  manual ly o r  may be swept up o r  down l i n e a r l y  

w i t h  t ime a t  various present ra te s .  The dynamic range o f  the sweep 

may be va r ied  between 10 per cent and 100 per cent by adjustment o f  

R (RANGE),

The c i r c u i t  f o r  the ' s e l e c t o r  u n i t 1, c o n ta in in g  the standard 

r e s i s t o r s  f o r  m on i to r in g  the magnet c u r r e n t , is  shown in f i g u r e  AS.5.
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APPENDIX

A6 Continuous Reading Depth Gauge f o r  L iqu id  Helium 

The design o f  such a gauge o f  moderate accuracy seemed to  be too 

t r i v i a l  to warran t  a l i t e r a t u r e  search. The present design is 

included to  complete the d e s c r ip t i o n  o f  the appara tus . The gauge 

probe and i t s  assoc ia ted e l e c t r o n i c  c i r c u i t r y  are  shown schem at ica l ly  

in f i g u r e  A6.1,  The p r i n c i p l e  o f  ope ra t io n  .depends on the r e l a t i v e l y
I

la rg e  d i f f e r e n c e  in the thermal c o n d u c t i v i t y  between hel ium l i q u i d  

and vapour.  The s e n s i t i v e  p o r t io n  o f  the probe cons is ts  o f  a t u fn o l  

tube (6mm diameter and 35cm long) in to  which a sha l low double s p i r a l  

groove has been cut to  accommodate a n o n - i n d u c t i v e l y  wound sensing 

w i re  (see f i g u r e  A6 . 1 ) .  The sensing w i re  c ons is ts  o f  a 42 S.W.G, 

manganin w i re  which is very l i g h t l y  ' t i n n e d '  w i t h  o rd in a ry  rad io  

so lde r  over most, o f  i t s  leng th .  This  makes the w i re  superconduct ing 

w i t h  a c r i t i c a l  temperature Tc in the range 5 K < T < 7K. The 

unt inned po r t ion s  are a t  the top o f  the probe a t  the two ends o f  the 

w i re  where i t  is soldered to  copper leads.

I f  the probe Is t o t a l l y  immersed in l i q u i d  hel ium the sense w i re  

is superconduct ing and the res is tance  v i r t u a l l y  zero .  I f  a p o r t io n  

o f  the probe is above the leve l  o f  the l i q u i d  hel ium an e l e c t r i c  

c u r re n t  can be found fo r  th w i re  which w i l l  th e rm a l ly  quench the 

su p e rc o n d u c t iv i t y  in t h i s  p o r t i o n .  The va lue o f  t h i s  c u r re n t  depends 

on the thermal c o n d u c t i v i t y  o f  the sur rounding medium and the e l e c t r i c a l  

and thermal c o n d u c t i v i t y  o f  the manganin w i re .  (The la y e r  o f  normal ly  

conduct ing  so lder  is  too t h i n  to a f f e c t  the r e s u l t  a p p re c ia b ly . )  The
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shor t  unt inned sec t ions  o f  w i re  a t  the top o f  the probe ensure th a t  

nuc i eat  ion o f  the quenching process takes place in t h i s  reg ion.  The 

low thermal c o n d u c t i v i t y  o f  the mangan i n w i re  and the r e l a t i v e l y  h ighe-  

therma1 c o n d u c t i v i t y  o f  the LHe prevents the quenching process from 

propagat ing  below the  hel ium l i q u i d  l e v e l . The e l e c t r i c a l  r e s i s t i v i t y  

o f  the manganin w i re  is v i r t u a l l y  independent o f  temperature and 

th e re fo re  the res is tance  o f  the sense probe increases l i n e a r l y  w i th  

decreasing l i q u i d  hel ium leve l  below the top o f  the probe.

The e l e c t r o n i c  c i r c u i t r y  is designed to mon ito r  the probe

res is tance  and to  main ta in  a constant  cu r ren t  1̂  through the probe.

Thus w i th  re fe rence  to  f i g u r e  A6 , 1: I Is determined by the b ias ,  on

the ',ase o f  t r a n s i s t o r  Q1 , which in tu rn  depends on the s e t t i n g  c f

the po ten t iometer  R̂  and on feedback .= v ia  R^. Thus is

held constant  a t  a value  which is de'ermined by the s e t t i n g  o f

The res is tance  R is  monitc on the meter which measures the m

p o te n t ia l  drop across the prooe.

Set up o f  procedure : With the probe i n - s i t u  in the c r y o s ta t  hel ium

t r a n s fe r  is  commenced u n t i l  the c r y o s ta t  j u s t  coo ls  to  4K and t r a n s fe r  

o f  l i q u i d  commences. The PROBE CURRENT is  now increased from 

minimum w i th  the sw i tch  SVJ1 held c lose u n t i l  the  meter i n d ic a t i o n  

j u s t  reaches a f l a t  maximum. ( I t  may be necessary to  a d ju s t  the 

CALI b ra t  ion c on t ro l  to keep the meter on s c a le . )  The CALi b ra t  ion con­

t r o l  is now ad jus ted  to  g ive  f u l l  sca le  d e f l e c t i o n  on the meter.  The

c r y o s ta t  is  f i l l e d  w i th  l i q u i d  hel ium and the meter w i l l ,  w i th  the 

sw i tch  SW1 c losed,  read approx im ate ly  zero when the l i q u i d  reaches the 

top o f  the probe.

The present gauge, was found to  be vet /  n ea r ly  l i n e a r  when tes ted

in a t ransparent  glass dewar.



APPENDIX A7 

A7 R e s i s t i v i t y  Measurement

A very  b r i e f  o u t l i n e  is given here o f  the theory  o f  the impulse eddy 

c u r re n t  decay method from the paper by Bean, de S io is  and Nesb i t t  

(1959).

Thus: I f  a magnetic f i e l d  is  suddenly app l ied  to  a conductor

eddy cu r ren ts  are induced which tend to  oppose the changing magnetic 

f i e l d  in the  c onduc to r . The average induc t ion  B th e re fo re  does not 

immediately reach i t s  e q u i l i b r i u m  value in the conductor but  does so 

e x p o n e n t ia l l y  w i th  a t ime constant  which is c h a r a c t e r i s t i c  o f  the 

r e s i s t i v i t y  and p e rm e a b i l i t y  o f  the conduct ing m a te r i a l .  I f  these 

p ro p e r t ie s  are un i fo rm  in the c onduc to r , t h e n , n eg lec t in g  d i s p la c e ­

ment cu r ren ts  in Maxwel l ' s  equa t ion ,  the t ime ra te  o f  change in B is 

given by

3B/8t  =  (1(? p/Airy)V2§ A7.1

where p is the r e s i s t i v i t y  in ohm. cm and y is the p e rm e a b i l i t y .

An ex tens ive  ta b u la t i o n  o f  s o lu t i o n s  to  equat ion A7.1 f o r  va r ious 

specimen geometr ies has been given by Cars 1 aw and Jaeger (1959).  For 

rods o f  cons tant  cross sec t ion  the v o l t a g e .a t  long t imes a f t e r  a change 

in f i e l d  AH^, induced in a c o i l  o f  N tu rns  wound around t h i s  sec t ion  

is given by

v ( t )  =  1 ON(AHQ)p e x p ( - t /T _ )  

where t r  ~  2 .1 7  x 10 ^yR2/p 

f o r  a c i r c u l a r  cross sec t ion  o f  radius R and

v ( t )  =  [l60N(AHQ)p e x p ( - t / T g|3) ] Ar^ab
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where — [ 1  ,27  x 10 ] / p (a ^  4 b2)

f o r  a rec ta ngu la r  cross sec t ion  o f  sides a and b.

For any a r b i t r a r y  cross sec t ion  o r  o v e r a l l  sample shape, r e s i s t i v i t y  

r a t i o s  are s t i l l  o b ta in a b le  from t ime constant ( r )  r a t i o s  w i th o u t  a 

knowledge o f  the geometr ical  f u n c t i o n , thus:

p ( T , ) / p (T 2 )  - T t T g j / T d , )

Method: A schematic diagram o f  the e l e c t r o n i c  apparatus ( from Clarke

and Mordike,  I 9 6 6 ) is g iven in f i g u r e  A7.1.  The p r i n c i p l e  o f  ope ra t ion  

is  as f o l l o w s ,  The m u l t i v i b r a t o r  acts as a master t im er  which 

swi tches  ( i ) the cu r re n t  in the pr imary c o i l  (v ia  a m p l i f i e r  A l)  to  

p rov ide  the changing magnetic f i e l d  ( i i ) the p re c is io n  R-C network 

( v ia  A^) and ( i i i ) ,  a r e la y  sw i tch  which a l t e r n a t e l y  a l lows the C.R.O. 

to  sample the e x p o n e n t ia l1y va ry ing  s igna ls  from the secondary c o i l s  

and from the R-C network. By a d ju s t in g  the PRE-PULSE generato r  these 

two s igna ls  can be synchronised, both inc reas ing  o r  both decreas ing,  

on the C.R.O. F i n a l l y ,  by a d ju s t in g  the REF. A M P l i f i e r ,  SIG. A M P l i f i e r  

and R and C the two t races  on the C.R.O. can be made to  co inc ide  

e x a c t l y  over most o f  t h e i r  length  (as s ta ted  p r e v io u s ly  the eddy 

cu r re n ts  are exponent ia l  o n ly  a t  long t imes a f t e r  the impulse).  R and 

C may then be read o f f  to  g ive the decay t ime constant  t  =  RC. An 

example is  given in f i g u r e  A7.2 where t  has been determined e x p e r i ­

m en ta l l y  f o r  va r ious  values o f  R and C on a s in g le  specimen held a t  

constant  temperature.

For very good conductors i t  is  necessary to  compensate f o r  the 

inherent  r e la x a t i o n  t ime o f  the pr imary pu ls ing  c o l l .  This  is e a s i l y  

done by measuring the t ime constant  w i th  and w i th o u t  the specimen in 

the c o i l s  and then s u b t ra c t in g  to  ob ta in  the d i f f e r e n c e  (S te rn ,  Levy,

Kagiwada and Rudnick, 1962).
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m u l t i - v i b r a t o r
m a s t e r
t im e r

p r e - p u l s e

g e n e r a t o r

fsTfi A M P P R E - P U L S E

REF. A M P

b l - s t a b l e

trigger

p r i .
c o i l

s e c .  c o i l s

specimen
S E C  |

c h o p p e r
relay

swi t ch

( 1 9 6 6 )  - w i t hCLARKE M 0 RDI  KEfrom

s l i g h t  m o d i f i c a t i o n s  -

Figure A7.1.  Schematic diagram o f  the apparatus and e l e c t r o n i c s  
f o r  measurement o f  r e s i s t i v i t y  by the eddy c u r re n t  
decay method (from Clarke and Mordike,  1966) .
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Figure A7.2.  The r e s u l t s  o f  exper iments to  determine the
r e s i s t i v i t y  o f  a copper and a niobium specimen 
by the eddy c u r re n t  decay method and to demon­
s t r a t e  the r e l a t i v e  accuracy ob ta inab le .
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APPENDIX A8

Computer programs

The programs which f o l l o w  are a l l  w r i t t e n  in FORTRAN IV.

1« Resistance to  temperature f i t  f o r  Germanium res is tance  

thermometer No. 1814 ( in  the range 2.5K < T < 12l<)

Programs to  read l i s t  o f  vo l tage  v and c u r re n t  c and to  w r i t e  l i s t  

o f  corresponding temperature t .

1 r e a l *4 r , t

2 r e a l *8 d r ,  d t , d z , d l , d2 , d3 , d4 , d5, d6 , d?

3 1 format (2y)

4 2 format ( 4 x , ' t 1)

5 3 format (1y)

6 w r i t e (6,2)

7 4 read(5,1) v , c

8 r=v /c

9 d r= r

10 dz«dlog10 (dr)

11 d1=+ l8 .451208170231/dz

12 d2=-65.682517688506

13 " d3'»+93.64l900933404*dz

14 d4- ‘-68. 7443096746l8*dz*dz

15 d 5 - f 2 7 ,4 5 6 8 0 6 6 56 0 6 0 *  d z *  d z *  d z

16 d6=--5.6484892581927 *dz*dz*dz*dz

17 d7=+0,4721052835856*dz*dz*dz*d&*dz

18 dta d1+d2-i-d34-d44-d5+d6+d7
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19 t H / d t

20 wr i  t e ( 6 * 3 ) t

21 go to  5

22 stop

23 end

2. C a lcu la t ion  o f  He( r , 0 )

Programs to read the rad ius  ro=R and the th ickness  d=d f o r  the 

c y l i n d e r  and w r i t e  He ( r , 0) in steps o f  r—R/10 between r--0 and r 1.

1 double p re c is io n  a 2 , x x ( 2 1 ,2 1 ) , y ( 2 1 ,2 1 ) , p ( 2 1 ) , r h o ( 2 1 ,2 1 ) ,pm,dy(21)

2 double p re c is io n  a l , x r (21) ,om,rho( 2 1 ,2 1 ) , q (21) r e s l t y , d y l , d y j

3 double p rec is ion  rho2(21 , 2 1 ) , r e & l t x , r h o 3 ( 2 1 , 2 1 ) , r ( 2 l ) , d p , r o , d , d s

4 double p re c is io n  s ( 2 1 ) ,p 1 , r l , a , b , c , x ( 2 1 ) ,oy,yo

5 real  mr

6 in tege r  z

7 1 f o r m a t ( 2 f 10.4)

8 r e a d ( 5 ,1 ) ro,d

9 2=0

10 pi =3.14159

11 ds=d*d

12 d p = d / ( p i f p i )

13 r1=-2.0

14 j j = 4 d i n t ( r o + 1 . 0 )

15 j k M d i n t ( 2 . 0 * r o f l , 0 )

16 J l = i d i  nt  ( r o + r l )

17 do 12 M  .2

18 r1=r1 + l . 0

19 i f  ( z , ; t . O )  go to 60

20 c-=-1.0
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2.1 do 6 j —1 , j k

22 a— 1.0

23 b— 1.0

24 c=c+1.0

25 dy= 2 .0 * ro *c -c *c

26 yo=dsqr t (oy )

27 * d y ( j ) = y o / r o

28 do 6 k=1, j k

29 a=a+1.0

j 0  b=b+1.0

31 y ( k , j ) = - y o + b * d y  ( j )

32 i f  ( j . g t , 1) go to  2

33 x (k )= - ro+ a

34 2 x x ( k , j ) = ( x ( j ) ) - x ( k ) ' ' ( x ( j ) - x ( k ) ) + d s

35 6 con t inue

36 110 f o r m a t (1OXj 1 radius  o f  d i s c = ' , f 3 , 0 , 1 0 x , 1 th ickness o f  d ) s c = ' , f 7 . 4 )

37 w r i t e (6,110) rO.O

38 111 format ( l O x , 1 r ad ia l  d i s ta n c e 1 , l 6 x , 1 r a t i o  rnd/mo1)

39 wr i  t e ( 6 ,1 1 1)

40 60 2=0

4 1 do 13 j H  j j  k

42 do 13 k H  J k

43 i f  ( j  . g t .  1) go to  13

44 x r ( k ) '= ( x ( k ) - r 1  ) * ( x ( k ) - r  1 )+ds

45 13 rho3(J,k)=C.O

46 600 do 8 j=1 J k

47 . do 8 kH  J k

48 do 70 M  J k

49 do 7 nH  J k
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50 i f  ( z .g t .O )  go to  66

51 a 1 = x r0  )+y (m, 1 ) * y  (m, 1)

52 om=1. 0 / d s q r t ( a l )

53 r h o l ( m , 1)=om*om*om*dp

54 rho(m,1)=rho1(m ,1)

55 66 a2=xx( 1 , j ) + ( y ( k , j ) -y (m , 1) ) * ( y ( k , j ) -y (m ,1))

56 pirr==1. 0 /d s q r t  (a2)

57 7 p(m)=Thol(m,1)*pm*pm*pm*dp

58 dy1=dy ( l )

59 c a l l  s im p s n ( j k , p , d y i , r e a l t y )

60 70 q (1)= res1 ty

61 c a l l  s im p s n ( j k , q , 1 , 0 , r e s l t x )

62 z—1

63 8 rho2 ( k , j ) - r e s l t x

64 do 9 j —1 , j k

65 do 9 k=1 , j k

66 r h o l ( k , j ) = r h o 2 ( k , j )

67 9 r h o 3 ( k , j ) = r h o 3 ( k j )  + r h o 2 ( k , j )

68 i f  ( r h ^ 2 ( j 1 , j 1 ) . 1 t , 1,od” 5) go to  90

69 go to  600

70 90 do 11 j = 1 , j k

71 do 10 M . j k

72 10 r (k ) = r h o 3 ( k ,J ) + r h o ( r , . ; )

73 d y j= d y ( j )

74 c a l l  s i m p s n ( j k , r , d y j , r e a l t y )

75 11 s ( j ) —r e s l t y

76 c a l l  s im p s n ( j k , s , 1 , 0 , r e s 1 t x )

77 m r= res l t x

78 112 f o r m a t ( I 4 x , f 3 . 0 , 2 6 x , f 8 . 4)
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79 w r i t e ( 6 , 112) r l  ,mr

80 12 cont inue

81 stop

82 end

Ca lcu la tes  superconduct ing so leno id  c o r re c t i o n  c o i l  parameters f o r  

optimum a x ia l  homogeneity

For d e f i n i t i o n  o f  parameters see f i g u r e  A 5 .1• Program reads search

f i e l d  f o r  c o r re c t i o n  c o i l  parameters, v i z :

1 1 1 1  bpinsag (minimum), bp f insa^  (maximum), 1 pin=b ( (minimum), I p f i n  6

(maximum), dpinsd (minimum) and dpf in=d (maximum) and the search 

1 1r e s o lu t i o n s  dbpSAa » d 1 pSAb and ddp=Ad and f i r d s  c o r re c t i o n  c o i l  

geometry f o r  optimum a x ia l  homogeneity over c en t ra l  60 per cent o f  

so leno id  le ng th .  Main c o i l  parameters are a=a.=1, ap=a = 2 .5 ,  

b=a |=2 .5 and 1=b-5. Program a lso  p lo t s  f i n a l  reduced a x ia l  f i e l d

(z ) /B z (z=0) as a f u n c t io n  o f  d is tance z along the ax is  o f  the so leno id .

Real 1, 1 p , l p i n , l p f i n , l p m i  n,mi n.meang,1pe ,1mz,11 

dimension 99(53 ) ,  z ( 5 3 ) , d a t a ( l 0 0 0 ) , y ( 5 ) , g ( 5 1 ) , c c ( 5 l )

1 1 f o r m a t ( 3 ( f 4 .2,  1x ) )

2 2 format ( 3 ( f 6 . 4 , 1x))

3 3 fo rm a t (3 ( f 4 . 2 , l x ) )

4 4 fo rm a t (20 x ' a = ' , f 5 . 2 , 5 x , ' a p = ' f 5 . 2 , 5 x , ' b = . ' f 5 . 2 , 5 x ' d = . ' .

5 1 20x 'va lues f o r  min. sq, d e v : 1, 5 x ' b p = ' , f 5 . 2 ,

6 2 5 x ' l p = ' , f 7 . 4 , 5 x , ' d p = ' f 5 . 2 /

7 3 4 Ox,1 sum o f  dev. sq1-"1 , ( p e l0.311)

8 5 f o r m a t ( l 5 x , f 5 . 1 ,1p s e l5.3)

9 6 f o r m a t ( l 8 x , ' z ' , s ( f l 3 . 1 , 2 x ) / )

10 7 f o r m a t V 1 1,2Gx, 'bp searched f rom 1, f 5 . 2 , 1 t o 1, f 5 . 2 , 1b t 1, f5 .2 )

11 8 fo rm a t (2 0 x ,11 p searched f r o m ' , f 7 , 4 , ' t o ' f 7 , 4 / b e ' , f 7 . 4 )
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12 9 fo rm a t (2 0x , 'dp  searched f rom 1, f 5 . 2 1, t o 1, f 5 . 2 , b t 1, f 5 . 2 / / / )

13 f ( x , p )  a 1og (sq r t ( * * *+pAp)+x )

U  c p ( b b , p ) = p A ( f ( b b , p ) - f ( a p , p ) )

g f ( b b , i 1 , s s ,d d )= c p (b b ,11+dd)+cp(bb ,11-dd )+cp (bb , 11+ss)

+ c p (bb ,11-ss)

15 n i n=5

16 nou t=6

17 a—1.0

18 ap=2.50

19 b-2.50

20  1= 5 . 0

21 r e a d ( n in ,1 )b p in ,b p f in ,d b p

22 r e a d ( n i n , 2 ) l p i n , l p f i n , d ] p

23 r e a d (n in ,3 )d p in ,d p f in ,d d p

24 min—1.e50

25 do 101 M . 5 1

26 z ( i ) = ( | - 1 ) / 1

27 1p2= l+z( i )

28 Imz^'l -zCi)

29 \ mz=1 - z ( i )

30 101 c c ( i  )c=lpz* ( f  (b, 1 p z ) - f  ( a , 1 pz) )+lmy.“ ( f  (b,  Imz- f  ( a , Imz) )

31 bp=bpin

32 21 lp-=lpin

33 22 dp=dp!n

34 23 sunrO

35 do 24 M  , 16

36 s=dp+zU)

37 d -x lp -z ( i )

38 1 g ( l ) = c c ( l ) + g f ( b p , l p , s , d )
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43

44

45

46

47

48

49

50

51

52

53

54

55

56

57

58

59

60

61

62

63

64

65

66
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24 sum=sum +g( i ) 

meang=-=sum/16 . 0  

sumsq-0,0

- do 25 ; » 1 , l 6  

dev==g ( i ) “ meang

25 sumsq=sumsq+dev*dev

i f ( su m s q -m i  n ) 2 6 , 2 7 , 2 7

26 mi n=sumsq 

bpmi n=bp 

Ip m in —1 p 

bpmi n"-dp

27 dp=dp+ddp

i f ( d p - d p f i n ) 2 3 , 2 3 , 2 9

29 i p —I p + d l p  

l f ( 1 p - ] p f ; n ) 2 2 , 2 2 , 3 0

30 ' bp=bp+dbp

i f ( b p - b p f i  n ) 2 1 , 2 1 , 3 4

34 w r i  t e ( n o u t , 7 ) b p i n , b p f i n , d b p  

wr  i t e ( n o u t , 8 ) l p i n , 1 p f i n , d l p  

w r i t e ( n o u t , 9 ) d p i n , d p f i n , d d p

w r i  t e ( n o u t , 4 ) a , a p , b ,  1 ,bpmi n , 1pmi n ,d p m in ,m i  n

do 35 1=4,51

i ,m in '=dpmin+z ( i )

smi n^-dpmi n+z ( i )

d m i n - - d , m i n - z ( l )

35 g ( i ) ^ c c ( i ) + g f ( b p m i n  , l p m i n , s m i n , d m i n )  

do 40 k H ,5

40 y ( k ) = k /1 0 ,0
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67 w r t t e ( n o u t  ,6 )  (y ( k }  ,k=1 ,5 )

68 Jo 3 t  1=1,51

69 37 g g ( i ) = g ( i ) / g ( l )

70 do 36 j= 1  , ^ 6 , 5

71 jm l—j  -1

72 yy==jm1/10.0

73 k1=jm1+n

74 ‘ k2 jml+5

75 36 w r i t e ( n o u t , 5 ) . . . ( g g ( k k ) , k k = k 1 , k 2 )

76 c a l l  p l o t j ( d a t a ( l ) , ^0 00 )

77 c a l l  p l o t ( 0 . 0 , - 1 1 . 0 - 3 )

78 c a l l  p l o t ( 0 . 6 * 0 . 5 , - 3 )

79 c a l l  s y m b o l ( 4 . 5 , 6 . 5 , 0 . 1 , ' j l c f o r o y ' , 0 . 0 , 8 )

80 c a l l  s c a l e ( g g , 5 . 0 , 5 1 , 1 , 1 0 . 0 )

81 z ( 5 2 )= 0 .0

82  z ( 5 3 ) = D . 5

83 c a l l  a x i s ( 0 . 0 , 0 , 0 , ' z ' , - 1 , 1 0 . 0 ,0 .0 , 0 . 0 , 0 .5 ,1 0 .0 )

84 c a l l  a x i s ( 0 . 0 , 0 , 0 , ' g g ' , 2 , 5 . 0 , 9 0 . 0 , 9 9 ( 5 2 ) , 9 9 ( 5 3 ) , 1 0 . 0 )

85 c a l l  1 i n e ( z , 9 9 , 5 1 , 1 , 0 , 0 )

86 c a l l  1 i n e ( z , 9 9 , 5 1 i 1 , 0 , 0 )

87 c a l l  p l o t ( 1 5 .0 , 0 .0 , 9 9 9 )

88 end

89  1 *

90 1 1 1 k e d  s y s l i b  dd

91 11 civ d s n a m e = s y s 7 , l o a d , d i s p  o l d

92 11 go p l o  . .ire dd un i  t = p l o t t e r c , d  1 s p ( o l  d , de l  e t e )

93 11 go s y s i n , d d *

94 c a l l  p l o t ( 0 . 0 , - 1 1 . 0 , - 3 )

95 c a l l  p l o t ( 0 . 6 , 0 . 5 , - 3 )
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96 c a l l  symbol  0» .5 , 6 . 5 , 6 . 3 , ' j l  c f o r o 7 ' , 0 . 0 , 8 )

97 ' c a l 1 s c a l e ( 9 9  , 5 . 0 , 5 1 , 1 , 1 0 . 0 )

98 z ( 5 2 ) = 0 . 0

99 z ( 5 3 ) = 0 . 5

100 c a l l  a x i s ( 0 . 0 , 0 . 0 , ' z ' , - 1 , 1 0 . 0 , 0 . 0 , 0 . 0 , 0 . 5 , 1 0 . 0 )

101 c a l l  a x i s ( 0 . 0 , 0 . 0 , ' 9 9 ' , 2 , 5 . 0 , 9 0 . 0 , 9 9 ( 5 2 ) , 9 9 ( 5 3 ) , 1 0 . 0 )

102 c a l l  l i n e ( z , 9 9 , 5 1 , 1 , 0 , 0 )

103 c a l l  p l o t ( 1 5 . 0 , 0 . 0 , 9 9 9 )

104 end

105 1*

106  1 1 3  ked s y s l i  b dd

107 11 do dsname s y s ? , l o a d , d i s p = o 1d

108 11 go p l o t t e r c  dd u n i t  p l o t t e r c  . d i s p = ( o l d , d e l e t e )

109 11 go sys i n , d d *

3.00.3.50.0.05

1.0000.2.0000.0.0375

3.00.4.50.0.01  

1*

11
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SUMMARY

The results o f an experiment which pro­
duces an equal shear stress on all planes o f a 
[111] zone of a body-centred cubic niobium 
crystal are discussed with reference to the 
deformation behaviour in uniaxial tension.

1. INTRODUCTION

The crystallography and rate-controlling 
mechanisms o f dislocation slip in body- 
centred cubic meta,ls have been the subject of 
numerous papers. A  discussion of the topic 
has recently been given by Christian and 
Vitek [1 ] and by Christian [2 ]. The rapid 
increase in the critical resolved shear stress 
with decreasing temperature below room tem­
perature has, in turn, been attributed to the 
lattice friction stress, impurities, cross slip 
probability and the movement of jogs. The 
observation by electron microscopy o f a high 
remanence of screw dislocations after defor­
mation at ambient temperatures and below, 
indicates that these dislocations are less 
mobile than edge dislocations and their mo­
tion may therefore determine the flow  stress 
o f the body-centred cubic metals.

The slip lines produced during deformation 
are generally wavy and the observation of 
non-crystallographic slip, especially at ele­
vated temperatures, has been interpreted as 
resulting from microscopic cross slip of dis­
locations with Burgers vectors b -  a/2 (111) 
between the {110} and {112} glide planes.

An asymmetry o f the critical resolved shear 
stress for slip in niobium crystals on 
{112} planes has been inferred from the ob­
servation that the ^transition from (101) 
[111] slip to (112) [111] slip is displaced in 
opposite senses for uniaxial compressive and 
tensile loading from the locus o f orientations 
having equal resolved shear stresses on the 
two systems, I t  has been deduced that the 
critical resolved shear stress for slip on the 
{110} planes is intermediate between the 
smaller stress required for shear in the tw in­
ning sense on the {112} planes and the stress 
to cause shear in the anti-twinning direction 
on {112} planes. This asymmetry is reported 
to increase with decreasing temperatures [8 ]. 
The slip line observations on iron - silicon 
crystals by Taoka, Takeuchi and Fumbayashi 
[4 ] and by Sestak and Zambova [5] demon­
strate asymmetry and more recent works by 
Statham,. Vesely and Christian [6] and by 
Sestak and Blahovec [7 ] investigate the phe­
nomenon in Nb - Mo and Fe - Si alloys respec­
tively. H irth and Lothe [8] and Foxall et al.
[3 ] have suggested that this behaviour is in­
dicative of an asymmetry of cross slip prob­
ability.

Bowen, Christian and Taylor [9] pointed 
out the d ifficu lty o f demonstrating the asym­
metry of slip directly in a convincing manner. 
Yield stress values are not sufficiently ac­
curate or reproducible and the bending ex­
periments of Sestak and Libovicky [10] and 
Sestak, Siadek and Zarubova [11] can be d if­
ficu lt to interpret because slip traces, other 
than those indicating the asymmetry, me al­
ways present.



380

126

The experiment described in this paper fo l­
lows from the work of Smakula and Klein 
[12] and Rachinger'and Cottrell [13 ], These 
authors examined the slip systems in com­
pounds with the caesium chloride-type struc­
ture by analysing the shape of the bump pro­
duced on the underside o f thin crystals by 
indentation o f the upper surface. I f  material 
was ‘punched through’ on {100} planes along 
a common (001) direction to produce a well- 
defined square bump when the crystal plane 
was close to a cube plane, the experiment 
established that slip was confined to the 
{100} (001) system. Since niobium is known 
to slip on planes of a given (111) zone, the 
application o f a flat circular punch normal to 
a thin (111) crystal may provide information 
w ith regard to preferred slip planes o f the 
zone and cross slip around the cylinder of 
maximum shear stress. Although the results 
are qualitative, the experiment is unique in 
the sense that i t  examines the effect of an 
equal applied shear stress on all slip planes of 
a given a/2 [111] dislocation and clearly 
shows an asymmetry o f slip behaviour.

2. EXPERIMENTAL

A single crystal rod (approximately 6.5 mm
diameter) o f MARZ 'grade niobium supplied 
by the Materials Research Corporation, New 
York (interstitial content less than 310 
p.p.m., substitutional content less than 50 
p.p.m, excluding tantalum, which is approxi­
mately 200 p.p.m.) with an axial orientation 
[1 1 1 ], was spark sliced into discs 1 mm to
3 mm thick, The (111) faces of the discs were 
spark planed flat and parallel and then chemi­
cally polished in a 70:30 HNG3,HF mixture 
at room temperature.

The specimen disc was placed flat on a 
5 mm thick piece o f lead, which had been 
covered with a thin piece of surgical rubber. 
(For the high temperature experiment alumi­
nium was used without the rubber.) The de­
formation was produced by pushing a flat 
polished 3 mm diameter cylindrical punch 
into the (111) face of the disc at a rate of 
0.175 mm per minute. A special jig, which 
ensured that the punch moved normal to the 
disc, was placed between Lite faces o f a com­
pression machine and the load was continu­
ously recorded. The impression produced was

typically 0.1 mm to 0.3 mm deep. The experi­
ment was performed at 77K, 159K, 300K, 
450K and 600K. A number o f specimens were 
‘double punched’ by using a 2 mm diameter 
punch in the reverse direction and concentric 
with the deformation mound produced by the 
in itia l punch. An optical examination o f the 
deformation was made before the dislocation 
content and arrangement were determined by 
etch pitting. The replaned and polished (111) 
surfaces of the disc are ideal for the produc­
tion o f etch pits in niobium. A prior decora­
tion heat treatment at 600° C for half an hour 
in acetylene at a pressure o f 5 X 10~ 6 mm Eg 
was found to be necessary. The etching was 
produced in a 18:9:9 H2S04, HF, H2 0 2 m ix­
ture in the manner described by Nembach 
[14).

3. RESULTS

At all temperatures, except 77K, the defor­
mation w ith the solid punch resulted in a fla t 
well-defined cylindrical impression (Fig. la ) 
on the top surface, and a fla t roughly trian­
gular mound on the lower surface of the disc 
(Fig. 1c), The load required for the deforma­
tion increased rapidly with strain and there 
was no initial yield or easy glide behaviour. 
The truncated triangular outline o f the 
mound lies just inside the projection o f the 
punch perimeter (i.ii, the truncated triangle is 
inscribed by the projection o f the circular im ­
pression as drawn in Fig. 2). I t  was found that 
the triangular shape of the mound was more 
pronounced for increasing sample thickness 
and fo r lower deformation temperatures 
(Fig. 3), A t 77K the specimens deform by 
twinning.

The crystallography o f the deformation, as 
determined by X-ray Laud photographs, is 
shown in Fig. 2, The long sides o f the trun­
cated triangle lie along traces of the three 
{112} planes normal to the plane of the disc. 
The applied shear in the [111] direction on 
these three {112} olanes corresponds to shear 
in the twinning sense for the body-centred 
cubic lattice. The ‘double punching’ experi­
ment resulted in the 180° rotation about the 
axis normal to the disc o f the triangle with 
respect to the [112] direction marked in the 
perimeter of the disc as shown in Figs. 1c and 
Id . Hence, the long sides of the smaller



Pig. 1. (a) Upper surface o f a punched disc. Punch diameter 3 mm. (b) Upper surface o f a punched disc after 
spark planing i 'd acid polishing. Arcs of rapid dissolution arc indicated, (c) Lower surface o f punched disc 
showing triangular mound, (d) Triangular mound produced by ‘double punching’. Tho [112] direction was 
marked on the perimeter on both sides o f the disc.

triangle also correspond to shear on the 
{112} planes in the twinning direction.

After spark planing the upper surfaces of 
the specimens which had been deformed with

A

KI5I, •  001

,011

J no Tio D• in

,100

• in

‘ml f

Fig. 2. The stereogram of the lower surface o f Ihe disc, 
The triangular outline o f the mound is inscribed 
w ithin lh " circle which represents the perimeter o f 
the punch.

the punch (t.e. un til the impression was just 
removed), chemical polishing caused the for­
mation of three arcs of rapid dissolution on 
the shear circle (see Fig. lb ). These arcs have 
mid-points on the poles of the (121), (211) 
and (112) planes marked in Fig. 2, The shear 
as applied in the [111] direction corresponds 
to shear in the twinning sense on these planes. 
The rapid chemical dissolution in these areas 
must be a consequence of high remanence of 
dislocations after deformation.

Etch pitting the upper surface of the speci­
mens produced a dense ring o f unresolvable 
pits on and near the punch circle with bands 
o f pits extending outside the circle along 
traces of the ‘twinning’ {112} planes (see 
Fig. 4). On the lower surfaces (which were 
also spark planed flat) some pits were pro­
duced on the shear circle, but bands o f pits 
were observed to emanate from the inside of 
the shear circle along traces of the Twinning’ 
{112} planes (see Pig, 5). Etch p it patterns 

intermediate between those lim iting cases 
were found at different levels in the sample 
obtained by spark planing.
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Fig, 3. (a) Typical mound pmduced either by punching a thin disc (5  1 mm), or by punching at elevated 
temperatures (T  S 450°K), (b) Typical mound produced by punching a thick disc at 298K (> 1 mm),

4, DISCUSSION ». .ar. •*< ••

The elastic stress distribution due to a rigid 
fla t cylindrical punch being pressed into a 
semi-infinite elastic solid has been determined 
by Boussintsq [1 5 ], by Harding and Sneddon 
[16] and by Sneddon [17 ]. A  pertinent re-

/

N;.

112
y

Fig, -i, The etch pit paltoni on a polished upper sur­
face o f a punched disc. The perimeter of the punch is 
marked as a dotted circle (diam, 3 mm). Slight bend­
ing o f the specimen is responsible for the etch pit 
bands at the perimeter.

;To/ X 112
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Fig, 5, Etch pit patterns produced on the polished 
low er surfaces o f Bunched discs. The bands o f etch 
pits follow a { l l 2 \  ‘ twinning’ plane which He within 
the circle o f maximum shear stress which is marked, 
(a) Magn. X 52, (b) Lightly deformed specimen, 
Mngn, X 200,
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suit is the infinite value of the pressure at the 
perimeter of the punch on the upper surface. 
Thus, in itia l yielding should occur at the peri­
meter. However, for the punch to move into a 
semi-infinite solid, the complete volume im ­
mediately under the punch must be displaced 
by plastic flow. Movement o f the punch into 
the solid w ill only commence when the plastic 
zones around the perimeter have spread over 
the total contact area. Material w ill then be 
transferred by plastic flow from under the 
punch to the free surface outside its edges and 
volume is conserved. In the case of a plate o f 
finite thickness, material can be punched 
through to the underside i f  the plastic zones 
around the perimeter of the punch grow to 
form a completed cylindrical shear surface 
through the total thickness o f the plate.

The usual theory of plasticity applies to 
isotropic homogeneous materials and macro­
scopic shear occurs along directions which are 
determined by the externally applied forces 
and constraints only. In single crystals, how­
ever, considerations such as dislocation ener­
gies, the relative friction stress for dislocation 
movement on discrete glide planes, cross slip 
probability and the relative work hardening of 
different glide systems indicate that macro­
scopic shear w ill not, in general, follow lines 
of maximum applied shear stress. (The re­
quirement of constant volume w ill obviously 
still apply.) For example, the strong ordering 
forces in the b.c.c. compounds studied by 
Smakula and Klein [12] and Rnchinger and 
Cottrell [13] favour shear by the glide o f dis­
locations with b = a <001> on cube planes, The 
confinement o f shear to these {100} (001> 
systems results in square bumps on the under­
side o f thin {001} plates when the upper sur­
faces are subjected to indentation.

The lowest energy dislocation for body- 
centred cubic niobium has the Burgers vector 
a/2 (111) and glide occurs on {110} and 
{112} planes. In the experiment described, 
the imposed shpar w ill favour deformation 
usin'u dislocations with the b -  a/2 [111] (see 
Fig. 2). Dislocations with Burgers vectors in 
the remaning three (111) directions only ex­
perience a shear stress of approximately one- 
third o f this maximum value.

Cross slip of screw dislocations has been 
shown by many authors to be a process in­
herent to the deformation o f body-centred 
cubic metals. I t  might, therefore, have been
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anticipated in the present experiment that the 
material under the punch would move 
through the niobium disc as a result of the 
repeated cross slip o f screw a/2 [111] disloca­
tions around the cylinder o f maximum shear 
stress. This would create circular edge disloca­
tions, whinh could glide prismatically to pro­
duce a circular fla t mound on the underside 
of the disc. Deviation from a circular shape 
could be due to variations in the lattice fric­
tion stress, cross slip probability and harden­
ing of the various .planes of the [111] zone 
around the glide cylindei. Planar facets would 
result i f  any one type of slip plane was 
favoured for any one o f these reasons. For 
example, a hexagonal bump would result if  
the {110} [111] system operated in prefer­
ence to all others. Chin [18] has examined 
the situation in theory by analysing the yield 
loci for various values o f the critical resolved 
shear stresses, for the {110}, {112} and 
{123} (111) slip modes. The treatment pre­
dicts a truncated triangular yield locus if  
{112} slip is preferred to {110} and {123} 
and the critical resolved shear stress for shear 
in the ‘twinning’ sense is less than that for 
shear in the ‘anti-twinning’ sense. I f  the orien­
tation dependence of the slip geometry, ob­
served by Foxall et a i [3 ] and discussed by 
Duesbery [19] for uniaxial tensile deforma­
tion of niobium is used to derive the c.r.s.s, 
for the various slip systems then a twelve- 
sided polygon may be expected for room tem­
perature punching. The {112} ‘twinning’, 
{110} and {112} ‘anti-twinning’ sides would 
have lengths in the ratio o f 7.2:4.9:4, A t 
228K the corresponding ratio would be 
9:5,4:1.4. A t 175K the resulting shape would 
be a truncated triangle w ith long sides along 
the {112} ‘ twinning’ planes and short facets 
along the {110} planes, the ratio o f lengths 
being 16.2:2. The yield loci for 298K and 
175K are drawn in Fig. 6 and for comparison 
the outlines o f the bumps experimentally ob­
served at 300K and 159K have been urawn 
from the photographic images. The general 
shape is in good agreement but it  should be 
noted that the ‘corners’ of the triangles are 
rounded and follow the outline of the 
punched circle. The ‘twinning’ facets arc near­
ly planar and lie inside the punch circle. The 
following discussion attempts to establish the 
deformation mechanisms.

The truncated triangular mound is in-
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Fig, 6. The outlines of the experimentally observed 
bumps inscribed w ithin the [111] yield loci. These 
yield loci have been constructed from the values of 
the critical resolved shear stresses for slip on planes o f 
this zone obtained by Foxall c t al. [3 ] (a) 298K (b) 
175K.

scribed w ith in the cylinder of maximum shear 
stress and therefore a/2 [111] dislocations 
created around the punch perimeter along 
arcs BCD, FGII and JKL of the upper surface 
(Figs. 2 and 7) must remain within the bulk 
o f the crystal since climb at the temperature 
and strain rates used is unlikely. This is con­
firmed by the preferred chemical dissolution 
in these regions o f the upper surface (Fig, lb ), 
A  typical indentation of 10" 2 cm would re­
quire a local edge dislocation content of 10°.

K

• in
G

Fig. 7. A schematic representation of tho deformation 
process described in the text, The core structure 
[1,2,20] o f the dislocations is represented by the 
symbol where the radial lines define movements 
which produce shear in the twinning sense.

However, for downward movement of mate­
ria! through the disc to produce a flat mound 
on the underside, shear must occur over the 
entire perimeter o f the mound through the 
thickness of the disc. Since no shear is trans­
mitted through the disc by the dislocations 
generated along the arcs BCD, FGH and JKL 
(Fig. 7), this must be achieved by the glide of 
screw dislocations from the corner regions 
LAB, DBF and HU along the chordal ‘ tw in­
ning’ planes BD, HF and JL to produce the 
truncated triangular mound.

The dislocation content and movement are 
depicted in Fig, 7, The experimental evidence 
suggests that the dislocations which are gener­
ated mainly on twinning planes on the arcs 
BCD, FGH and JKL find cross slip around the 
glide cylinder, in response to the applied 
shear, a very d ifficu lt process. This results in 
the formation of dense arrays o f stable screw 
dislocations dipoles and, therefore, severe 
work hardening. Conservation o f volume re­
quires that some material under the three seg­
ments (BCD, FGH and JKL) be transferred to 
the unloaded region of the upper surface of 
the sample. The bands of etch pits (Fig, 4) 
which propagate out on the respective {112} 
‘ twinning’ planes from the arcs indicate that 
the high shear stress, at the ‘hard’ regions on 
the perimete'' o f the punch, generates a/2 
[111] dislocations of the sign appropriate to
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the local upward movement o f material at 
the free upper surface.

I t  is evident that the a/2 [111] screw disloca­
tions generated on the ‘anti-twinning’ {112} 
planes and {110} planes in arcs LAB, DBF 
and HIJ of the glide cylinder (Figs. 2 and 7) 
find cross slip an easy process. Slip around the 
maximum shear surface proceeds until these 
dislocations are required to cross slip on to 
{112} ‘twinning’ planes, Once the disloca­
tions have cross slipped on to these ‘twinning’ 
planes they find further cross slip d ifficu lt 
and move by planar glide across the three 
chordal planes o f the cylinder in response to 
the applied shear. Although the driving stress 
on these planes is reduced with respect to the 
cylindrical surface [15,16], glide occurs along 
a softer and shorter path. Moreover, disloca­
tions proceeding along these planes from adja­
cent corners o f the triangle' may mutually 
annihilate. The mechanism of deformation is 
confirmed by the etch pits o f Fig. 5. Disloca­
tions move in planar bands from the inner 
side o f the deformation circle on traces of the 
{112} ‘ twinning’ planes.

The di. location processes described must 
occur simultaneously to permit the movement 
of the punch into the sample. The suggested 
mechanism is consistent w ith the improved 
definition of the triangular mound with in­
creasing specimen thickness and with decreas­
ing temperature. An increase in thickness 
gradually eliminates any possibility of mate­
rial being ‘punched through' in the ‘hard’ seg­
ments. A  decrease in temperature makes cross 
slip even more d ifficu lt around the ‘hard’ arcs 
and, therefore, favours sheen in the manner 
described,

A  difference in the stability of dislocations 
to cross slip when moving on the various slip 
planes is suggested by the punching experi­
ment. An explanation of this behaviour may 
be found in future extensions of the study of 
the effect of an applied shear stress on the 
screw dislocation core [20].  However, for the 
present, i t  should be noted that any inter­
pretation of uniaxial deformation should take 
in to account this varying stability to cross 
slip, For example, the orientation dependence 
of the slip plane observed by Foxall et aL [3] 
for tensile deformation of niobium crystals 
shows a large angular range for slip on the 
{112} ‘ twinning’ planes which could be the 
consequence of the d ifficu lty of cross slip o ff
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these planes. Dislocations which are originally 
gliding on {110} planes may cross slip on to 
the {112} ‘twinning’ planes in order to pass 
obstacles. The persistence o f slip on these 
cross slip planes will account for the macro­
scopic observation.

The ability o f dislocations on the various 
slip systems to cross slip w ill influence the 
deformation behaviour of b.c.c. metals by 
determining the number of jogs, of atomic 
dimensions or larger, created by the double 
cross slip mechanism. Electron microscopy 
studies and the recent direct observation of 
the initial movement o f dislocations at yield 
in Fe - Si by high voltage electron microscopy 
[21] suggest that the mobility o f screws is 
controlled by the motion of the jogs. Thus, 
the plastic anisotropy o f the b.c.c. metals (dis­
cussed, for example, by Sherwood, Guiu, Kim 
and Pratt [22] w ill be determined indirectly 
by the orientation dependence o f the proba­
b ility  o f cross slip. The experiment described 
in this paper could, therefore, provide a con­
venient method of determining the relative 
stability to cross slip of dislocations moving 
on various slip planes and hence complement 
the uniaxial deformation studies.
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