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FROM DISCRETE TO CONTINUOUS: MONOCHROMATIC

3-TERM ARITHMETIC PROGRESSIONS

TORIN GREENWOOD, JONATHAN KARIV, AND NOAH WILLIAMS

Abstract. We prove a known 2-coloring of the integers [N ] := {1, 2, 3, . . . , N}
minimizes the number of monochromatic arithmetic 3-progressions under cer-
tain restrictions. A monochromatic arithmetic progression is a set of equally-

spaced integers that are all the same color. Previous work by Parrilo, Robert-
son and Saracino conjectured an optimal coloring for large N that involves
12 colored blocks. Here, we prove that the conjectured coloring minimizes
monochromatic arithmetic 3-progressions among anti-symmetric colorings with
12 or fewer colored blocks. We leverage a connection to the coloring of the
continuous interval [0, 1] used by Parrilo, Robertson, and Saracino as well as
by Butler, Costello and Graham. Our proof identifies classes of colorings with
permutations, then counts the permutations using mixed integer linear pro-
gramming.

1. Introduction

Consider coloring each of the integers in [N ] with one of r colors. A κ-term
arithmetic progression is any subset of κ equally-spaced integers, denoted by a κ-
AP. An arithmetic progression is monochromatic if every term is colored the same
color. Can we color [N ] in a way that avoids all monochromatic κ-APs? A classic
result is van der Waerden’s Theorem:

Theorem 1.1 (van der Waerden, [19]). For any integers r, κ ≥ 1, there exists a
number N such that every r-coloring of [N ] has a monochromatic κ-AP.

Given that monochromatic κ-APs are guaranteed to exist when enough numbers
are colored, we ask a refined question: what is the minimum number of monochro-
matic κ-APs that could exist? To be more precise, define Cr(N) to be the set of
r-colorings of [N ]. For any c ∈ Cr(N), let mκ(c) be the number of monochromatic
κ-APs induced by c. Finally, let APκ(N) be the total number of κ-APs in [N ],
regardless of whether they are monochromatic or not. Then, we look at

Pr,κ(N) := min
c∈Cr(N)

mκ(c)

APκ(N)
.

The focus of this paper is to examine the minimum for monochromatic 3-APs within
2-colorings, P (N) := P2,3(N). In 1999, Ron Graham proposed that limn→∞ P (n) =
β for some constant, β, and offered a $100 prize for finding β. Originally, it was not
clear whether colorings could perform better than random in the long run: for large
values of N , is it possible to color [N ] so the probability that a randomly selected
3-AP is monochromatic is less than (1/2)3 + (1/2)3 = 1/4? It is notable that the
analogous question for 2-colorings of Zp is answered negatively for p prime. Indeed,
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Lu and Peng [12] show that for a given 2-coloring of Zp, the fraction of 3-APs
that are monochromatic depends only on the fraction of each color present in the
coloring.

For our question concerning 2-colorings of [N ], Parrilo et al. [14] and Butler
et al. [3] verified independently but nearly simultaneously that it is possible to
do better than random, and they found upper and lower bounds for the minimum
monochromatic APs. The upper bound was attained through simulating good
colorings and finding one that performed well. They landed on the following 12-
block coloring:

Explicitly, when coloring [N ], the blocks would be approximately of the following
sizes:

(1.1)
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)
Due to this coloring, P (N) ≤ 117

548 +o(1). Note that this coloring is anti-symmetric:
the left half of the coloring is a mirror image of the right half but uses opposite
colors. In [3], Butler et al. performed many computer simulations using genetic
algorithms to find the optimal coloring, and noted that this same 12-block coloring
consistently appeared regardless of the seed coloring with which they started. They
noted that a remaining challenge would be to analyze the case of rapidly alternating
colorings. The goal of this paper is as follows.

Goal: Show that as N → ∞, the 2-coloring of [N ] that has alternating
color blocks with sizes given in Equation (1.1) is globally optimal among anti-
symmetric colorings with at most 12 blocks.

As far as the authors are aware, this is the first result of optimality under any
restrictions. Here, we let C̃2(N) be the 2-colorings of [N ] that are anti-symmetric
and have at most 12 contiguous segments of red or blue. Then, define

P̃ (N) = min
c∈C̃2(N)

m3(c)

AP3(N)
.

Our main result is as follows:

Theorem 1.2. Consider coloring each integer in [N ] with either red or blue such
that the coloring is anti-symmetric and has at most 12 contiguous blocks. Then, as
N increases the minimum possible fraction of arithmetic progressions approaches
117
548 . That is, limN→∞ P̃ (N) = 117

548 .

Below, we provide a proof sketch that outlines the sections in the paper.

Sketch of proof. First, we will convert from discrete colorings of [N ] to continuous
colorings of [0, 1] with at most 12 contiguous segments, referred to as block colorings.
After restricting the number of color changes that can occur within a coloring,
it turns out that optimizing the discrete colorings is the same as optimizing the
continuous colorings, as described rigorously in Lemma 3.11.

When switching to the continuous realm, we let a continuous coloring be a func-
tion c : [0, 1] → {0, 1}, where 0 and 1 (in the range) represent red and blue,
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respectively. Then, we let f[0,1](c) be the fraction of arithmetic progressions in the
coloring c that are monochromatic. We can represent this fraction geometrically by
a BCG diagram, described by Butler, Costello, and Graham in [3] and illustrated
in Figure 1. When c consists of 12 contiguous segments, we label the endpoints
of the coloring as (x0 = 0, x1, . . . , x12 = 1). As we allow the coloring c to vary,
f[0,1](c) is a piecewise quadratic function in the xi. Moreover, each piece of f[0,1](c)
is determined completely by the relative ordering of the pairs of sums {xi +xj}, as
described in Lemma 4.1.

Next, we aim to identify every piece of the quadratic function over all color-
ings c of [0, 1] with 12 intervals. Using the GNU Linear Programming Kit [1],
we count 371, 219 possible arrangements of {xi + xj} that could give distinct
quadratics in f[0,1], as proved in Lemma 4.2 with the help of our code avail-
able online at https://cocalc.com/TorinGreenwood/MonochromaticSequences/
MonochromaticProgressions.

Finally, once we have identified the 371, 219 possible pieces in the quadratic func-
tion, we search for the global minimum of f[0,1] among all these pieces. Fortunately,
from Lemma 4.3, it turns out that f[0,1] is a continuous function with continuous
partial derivatives. Thus, we can minimize f[0,1] by searching for all critical points
within each piece of the quadratic. Because f[0,1] is piecewise quadratic, its critical
points are determined by systems of linear inequalities (defining the domain of a
piece of f[0,1]) and equalities (setting the partial derivatives of f[0,1] to zero), allow-
ing us again to use linear programming to identify the critical points. We describe
our search for these critical points in Lemma 4.4, completing the proof. �

A byproduct of our proof structure is that among colorings with a fixed number
of contiguous blocks, there exist optimal colorings with rational endpoints, as de-
scribed in Corollary 4.5. In Section 5, we show that with respect to 2-colorings of
the continuous unit circle S1, the fraction of monochromatic APs depends only on
the measure of points colored red. This is analogous to the results in [6, 12] that
concern colorings of Zp for p prime.

2. Background

When searching for bounds on the number of monochromatic arithmetic pro-
gressions in [N ], Frankl, Graham, and Rödl proved the following theorem:

Theorem 2.1 (Frankl, Graham, Rödl, [8]). For fixed r and κ, there exists � > 0
so that the number of monochromatic κ-APs in any r-coloring of {1, 2, . . . , N} is
at least �N2 + o(N2).

This proved that a positive fraction of APs must be monochromatic in the long
run, but gave no indication of how small � could be.

Robertson and Zeilberger, Schoen, and Datskovsky made progress on a related
problem in [6,15,17], analyzing the minimal number of monochromatic Schur triples
in [N ]. A Schur triple (a, b, c) from [N ] is any triple of integers where a + b = c.
These authors investigated the minimum possible number of monochromatic Schur
triples when coloring each integer red or blue, and proved that asymptotically, the
minimum is N2/11. Datskovsky’s proof relied on using a discrete Fourier transform,
which yielded a combinatorial identity that broke down counts of Schur triples into
a few easier to analyze sets. Although our proof does not use the discrete Fourier
transform, it also will transform a discrete problem into a continuous space.

https://cocalc.com/TorinGreenwood/MonochromaticSequences/MonochromaticProgressions
https://cocalc.com/TorinGreenwood/MonochromaticSequences/MonochromaticProgressions
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In [14], Parrilo et al. applied some of the tools from Datskovsky’s work to arith-
metic progressions. Again, the authors found a combinatorial identity breaking
down sets of arithmetic progressions into simpler sets, but it was no longer possible
to enumerate these sets exactly. Instead, the authors ended up with bounds on the
minimum number of monochromatic progressions possible in [N ]. They also iden-
tified the coloring shown in Equation (1.1) in Section 1, and verified it was locally
optimal among colorings with 12 intervals that are antisymmetric. Our paper aims
to prove that this coloring is optimal globally among the same set of colorings.

Constellations are a generalization of APs studied in [3], where instead of all
points being equally spaced like in an AP, the consecutive differences of terms must
satisfy some fixed proportions. Butler et al. analyzed constellations by representing
sets of monochromatic constellations using integrals of indicator functions. This led
them to represent monochromatic regions in two-dimensional diagrams which we
refer to as BCG diagrams, as illustrated in Figure 1. Visualizing progressions via
these diagrams is crucial to our proof, and provides the connection we need between
discrete and continuous realms.

One important aspect of our proof is enumerating the number of ways pairwise
sums {xi+xj} can be ordered for a list of positive real numbers x0 ≤ x1 ≤ . . . ≤ xn

with n even and xi + xn−i = 1. This problem could be framed as counting the
number of chambers in a hyperplane arrangement, and there already exists a rich
set of tools for counting chambers, as seen for example in [18]. However, in this
paper, we use mixed integer linear programming, which is well-suited to determine
whether a system of linear inequalities has a solution. This coding approach was
also employed by Miller and Peterson in [13] when they counted more sums than
differences sets, and also by Laaksonen in [10] when he counted closely-related
arrangements of sums of pairs. More details on this approach are given in Section
4.2.

The current best known bounds on the minimum number of monochromatic
κ-APs in the general (non-antisymmetric) case for κ > 3 are found using an “un-
rolling” strategy, described in [12] and [4]. Here, an optimal coloring of some interval
{1, . . . , �} for � � N is found explicitly, and then repeated to fill the interval [N ].
Although this strategy works well for κ > 3, when κ = 3, the colorings do no better
than random in the long run.

3. Relationship between discrete and continuous case

In this section, we define a precise connection between discrete 2-colorings of [N ],
and a natural continuous analogue of 2-coloring [0, 1]. First, we pause to define a
3-AP in [N ] formally: a 3-AP is any set of 3 terms (a, a + d, a + 2d) each in [N ]
where d is any integer including negative values or zero. It is convenient for us to
include the case where d ≤ 0 in our arguments, although this choice ultimately does
not change which colorings minimize monochromatic APs nor the minimum they
attain.

For the interval [0, 1], we identify any 3-AP (a, a+ d, a+2d) by its first and last
term (a, a+ 2d) in [0, 1]× [0, 1], now allowing d to be any real number. We obtain
a measure on the set of 3-APs in [0, 1] by choosing the starting and ending point
of the progressions uniformly. A coloring of the interval is defined to be a function
c : [0, 1] → {0, 1}.
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In this section, we begin by discussing measurable colorings of [0, 1], which can
be approximated in a standard way by bead colorings, defined below. Then, we
show that minimizing monochromatic APs over all measurable colorings of [0, 1] is
the same as minimizing all APs over just bead colorings, as formalized in Lemmas
3.5, 3.6, and 3.7.

Next, we justify that every discrete coloring of [N ] has a corresponding continu-
ous coloring of [0, 1], and that the fraction of monochromatic APs in the continuous
coloring is a function of both the monochromatic APs and monochromatic off-by-1
APs in the discrete coloring, as explained above and in Lemma 3.8. Using this
connection, we find that when the number of blocks of contiguous runs of colors
in a coloring is bounded by n, the fraction of APs in a continuous coloring versus
its discrete analogue is small as N grows large, formalized in Lemma 3.10. Finally,
this allows us to prove our main result of the section: that minimizing over discrete
colorings with a fixed number of blocks is the same as minimizing over continuous
colorings with the same number of blocks, stated rigorously in Lemma 3.11.

Now, we begin stating our results formally, starting with the definition of a
Lebesgue-measurable coloring.

Definition 3.1. A coloring of [0, 1] is Lebesgue-measurable if c−1(0) is Lebesgue-
measurable (or equivalently c−1(1) is Lebesgue-measurable).

Definition 3.2. A bead coloring of [0, 1] is a coloring where for some �, each of the
intervals ( i� ,

i+1
� ) is monochromatic for i = 0, 1, . . . , �− 1. Each interval ( i� ,

i+1
� ) is

called a bead, and we sometimes refer to such a coloring as an �-bead coloring.

We introduce bead colorings because they are the continuous analogue of coloring
the integers [N ] obtained by fattening each integer into an interval. Our goal is
to show that when optimizing colorings over the interval [0, 1], we may restrict
our attention to bead colorings. We call the set of bead colorings B and the set
of Lebesgue-measurable colorings M. Observe that B ⊂ M. Finally we define a
difference between two colorings as follows.

Definition 3.3. For two colorings ca ∈ M and cb ∈ M we define d(ca, cb) :=
μ({x | ca(x) 	= cb(x)}), where μ is the usual Lebesgue measure on R.

Recall that we identify an arithmetic progression in [0, 1] by the pair of starting
and ending points in [0, 1]. For a coloring c on [N ], we define f[N ](c) to be the
fraction of arithmetic progressions that are monochromatic. Analogously, when c
is a coloring of [0, 1], we have the following definition:

Definition 3.4. For a coloring c : [0, 1] → {0, 1}, let f[0,1](c) be the Lebesgue
measure of the set of monochromatic arithmetic 3-term progressions (viewed as a
subset of [0, 1]2) induced by the coloring c.

We justify our restriction to bead colorings with the following standard measure-
theoretic lemmas (proved for completeness momentarily):

Lemma 3.5. For any two measurable colorings c1 and c2 of [0, 1], if d(c1, c2) < ε,
then |f[0,1](c1)− f[0,1](c2)| < 4ε.

Lemma 3.6. For any measurable coloring cm of [0, 1] and any ε > 0 there exists a
bead coloring cb such that cm and cb disagree on a set of measure at most ε.

As B ⊂ M, Lemma 3.6 immediately implies the following:
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Lemma 3.7. Optimizing monochromatic 3-APs over bead colorings is the same as
optimizing over all measurable colorings in the following sense:

inf
cb∈B

f[0,1](cb) = inf
cm∈M

f[0,1](cm).

We begin with the proof of Lemma 3.5.

Proof of Lemma 3.5. Let A ⊂ [0, 1] be a set of measure ε, and consider flipping
the colors of all elements in A. There are three classes of monochromatic 3-APs
that could be created or destroyed: the APs where the first, middle or last element
is flipped (where some APs may belong to more than one class). We consider the
measure of each of these three classes. As the first and last elements of a progression
are chosen uniformly, the corresponding classes have measure ε. The middle element
is the average of two uniform random variables, and so has a triangular distribution
on [0, 1] with maximum density 2. Therefore the set of monochromatic progressions
whose middle term is in A would have measure at most 2ε. Summing the measures
of these three classes yields an upper bound for their union of 4ε. �

We now justify Lemma 3.6, whose proof is a standard measure-theoretic argu-
ment.

Proof of Lemma 3.6. By hypothesis, the set Xbl := c−1
m (0) of blue-colored elements

of [0, 1] is measurable with finite measure. A standard result from measure theory
(e.g. [16, Theorem 12]) establishes the existence of a finite disjoint collection of
open intervals I1, . . . , I� ⊂ [0, 1] satisfying

μ

((
�⋃

i=1

Ii

)
\Xbl

)
+ μ

(
Xbl \

�⋃
i=1

Ii

)
<

ε

2
.

Since the rationals are dense in [0, 1], we can perturb the 2� endpoints of the inter-
vals {Ii}, each by some amount less than ε

4� , to find a disjoint collection I ′1, I
′
2, . . . , I

′
�

of open intervals with rational endpoints. Let Ubl be the union of these intervals.
Then, Ubl and Xbl have a symmetric difference of measure at most ε. It follows
that the coloring cb defined by coloring each interval of Ubl blue is a bead coloring
for which d(cb, cm) < ε. �

Call a progression an off-by-1 AP if it is of the form (a, a+d, a+2d±1). We will
show that we can easily compute f[0,1](cb) for a bead coloring cb with N beads by
considering the colored beads as an integer coloring of [N ], computing the number
of 3-term APs in this sequence, and adding half of the off-by-1 APs. Recall that
for a discrete coloring c, m3(c) is the number of monochromatic 3-APs induced
by c. Let m′

3(c) be the number of monochromatic off-by-1 APs. Then, we have
the following comparison between colorings of [0, 1] with exactly N beads (of not
necessarily alternating colors) and corresponding colorings of [N ].

Lemma 3.8. Let cb be an N-bead coloring of [0, 1], and let c∗b be the discrete
coloring of [N ] corresponding to cb, where the number i is colored blue if and only
if the ith bead in cb is colored blue. Then,

f[0,1](cb) =
m3(c

∗
b) +m′

3(c
∗
b)/2

N2
.
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Proof. Consider a randomly chosen progression in [0, 1] identified by its endpoints
(a, b), and a fixed N -bead coloring cb. We use probabilistic language to determine
the proportion of pairs a, b ∈ [0, 1]2 that represent monochromatic 3-APs under cb,
so we rewrite

(μ× μ)((a, b) ∈ [0, 1]2 : (a, b) is monochromatic) =: P((a, b) monochromatic),

where μ × μ is the usual Lebesgue measure on R
2. We will condition on which

beads S and E contain a and b. Let M be the bead containing the middle element
of the progression. Given a bead coloring of [0, 1], it is useful to define the distance
between two beads A and B, db(A,B) as 0 when A = B and as one more than
the number of other beads strictly between A and B otherwise. Note that when
db(S,E) is even, then S,M , and E must form a 3-AP of beads. On the other hand,
when db(S,E) is odd, S, M , and E form an off-by-1 progression and M could be
two possible beads depending on the internal positioning of a and b within S and
E. Formally, letting {Bi}Ni=1 be the set of beads,

f[0,1](cb) =
∑
i,j

P((a, b) monochromatic|a ∈ Bi, b ∈ Bj) · P(a ∈ Bi, b ∈ Bj)

=
∑

d(Bi,Bj) even

P((a, b) monochromatic|a ∈ Bi, b ∈ Bj) · P(a ∈ Bi, b ∈ Bj)

+
∑

d(Bi,Bj) odd

P((a, b) monochromatic|a ∈ Bi, b ∈ Bj) · P(a ∈ Bi, b ∈ Bj).(3.1)

Now, P(a ∈ Bi, b ∈ Bj) = 1/N2 for each i and j since a and b are independently
and uniformly distributed among the beads. Also, because our coloring is fixed,
when db(Bi,Bj) is even P((a, b) monochromatic|a ∈ Bi, b ∈ Bj) is 0 or 1 depending
on whether or not the beads S, M , and E form a monochromatic 3-term AP. Thus,

(3.2)
∑

d(Bi,Bj) even

P((a, b) monochromatic|a ∈ Bi, b ∈ Bj) · P(a ∈ Bi, b ∈ Bj)

= m3(c
∗
b) ·

1

N2
.

When db(Bi,Bj) is odd, there are two choices for M : B(i+j−1)/2 or B(i+j+1)/2.
Thus, we can condition on these two choices:

P((a, b) monochromatic|a ∈ Bi, b ∈ Bj)

= P((a, b) mono.|a ∈ Bi, b ∈ Bj ,M = B(i+j−1)/2)

· P(M = B(i+j−1)/2|a ∈ Bi, b ∈ Bj)

+ P((a, b) mono.|a ∈ Bi, b ∈ Bj ,M = B(i+j+1)/2)

· P(M = B(i+j+1)/2|a ∈ Bi, b ∈ Bj).

Here, P(M = B(i+j−1)/2|a ∈ Bi, b ∈ Bj) = P(M = B(i+j+1)/2|a ∈ Bi, b ∈ Bj) = 1/2
because a and b are positioned uniformly within S and E. Additionally,

P((a, b) monochromatic|a ∈ Bi, b ∈ Bj ,M = B(i+j−1)/2)
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is 0 or 1 depending on whether the off-by-1 progression in c∗b is monochromatic or
not. Hence, these two terms combined simplify to∑

d(Bi,Bj) odd

P((a, b) monochromatic|a ∈ Bi, b ∈ Bj) · P(a ∈ Bi, b ∈ Bj)

=
1

2N2
m′

3(c
∗
b).(3.3)

Plugging in Equations (3.2) and (3.3) into Equation (3.1) completes the proof. �

Much of the rest of this paper will deal with a particular class of colorings called
“block colorings” which we now define. Informally, they are partitions of I into
disjoint intervals which are alternately colored red and blue.

Definition 3.9. For a finite collection of endpoints {xi} such that 0 = x0 < x1 <
x2 < · · · < xn−1 < xn = 1, we define the associated “block” coloring as the coloring
where the n intervals Ji = (xi−1, xi) (for i ∈ {1, 2, . . . , n}) are all monochromatic
and alternate in color.

Note that the colors assigned to the endpoints {xi} (or indeed to any points
within a measure zero set) do not matter. With these definitions, we can now
compare the performance of discrete colorings with their continuous analogues.

Lemma 3.10. Let C(N,n) be the set of 2-colorings of [N ] with at most n contiguous
blocks of colors. For any coloring c ∈ C(N,n), let c∗ be the corresponding block
coloring of [0, 1] where the interval [(i− 1)/N, i/N) is colored blue by c∗ if and only
if i ∈ [N ] is colored blue by c. Then,

max
c∈C(N,n)

∣∣f[0,1](c∗)− f[N ](c)
∣∣ = O

( n

N

)
.

Here, there exists C > 0 independent of N and n such that |O(n/N)| < Cn/N for
all positive integers n and N .

Proof. Our proof will use Lemma 3.8 to rewrite f[0,1](c∗) in terms of f[N ](c). Before
proceeding with this, we will interpret the number of off-by-1 monochromatic APs
induced by c, denoted by m′

3(c), in terms of the regular monochromatic APs, m3(c).
We claim the following:

(3.4) m′
3(c) = 2m3(c) +O(nN).

To verify this, note that each AP (a, a + d, a + 2d) in [N ] corresponds almost
bijectively to a pair of off-by-1 APs by moving the first or last endpoint inwards
by one: (a+ 1, a+ d, a+ 2d) or (a, a+ d, a+ 2d− 1). (When N is odd, this misses
exactly two off-by-1 APs: (1, (N−1)/2, N) and (1, (N+1)/2, N). When N is even,
this is truly a bijection.)

Using this near bijection, we now compare when APs and off-by-1 APs are
monochromatic. Under this contraction action, the only time an AP (a, a+d, a+2d)
is monochromatic while one of its corresponding off-by-1 APs is not monochromatic
is when a or a + 2d is adjacent to a number of the opposite color, and the same
could be said if the original AP is not monochromatic but the off-by-1 AP is. If
our coloring only has n intervals total, there are only n − 1 ways to position a
immediately before a color change, and similarly only n− 1 ways to position a+2d
immediately after a color change. Since d can still be chosen freely, there are
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O(nN) possible off-by-1 APs that disagree with their corresponding APs on being
monochromatic, verifying our claim.

Now, in the notation of Lemma 3.8, we see that (c∗)
∗ = c. Thus,

f[0,1](c∗) =
m3(c)

N2
+

m′
3(c)/2

N2

=
2m3(c) +O(nN)

N2

=
m3(c)

N2/2
+O

( n

N

)
.

The proof of the lemma will be complete if we can verify the following:

m3(c)

N2/2
= f[N ](c) + O

(
1

N

)
.

To see this, recall that by definition f[N ](c) = m3(c)/AP3(N), so that

(3.5)
m3(c)

N2/2
− f[N ](c) =

m3(c)

AP3(N)
· AP3(N)−N2/2

N2/2
.

We have m3(c) ≤ AP3(N), so that the first fraction on the right in Equation (3.5)
is at most 1. Next, note that AP3(N) = N2/2 + O(N): it is easy to compute
this explicitly for when N is even or odd. But, intuitively, if we pick two numbers
x and y from [N ] at random, there are N2 ways to do this, and about half the
time x− y is even and these correspond to the start and end of a 3-AP. Therefore,
AP3(N)−N2/2 = O(N), and plugging this into Equation (3.5) completes the proof
with

m3(c)

N2/2
− f[N ](c) = O

(
1

N

)
.

�

Finally, we end this section with the result rigorously justifying our conversion
between discrete and continuous colorings.

Lemma 3.11. Let Sn be the block 2-colorings of [0, 1] with at most n blocks, and
let C(N,n) be the 2-colorings of [N ] with at most n contiguous blocks, where n =
o(N). Then, minimizing monochromatic APs over Sn is the same as minimizing
monochromatic APs over C(N,n) in the following sense:

lim
N→∞

∣∣∣∣ infc∈Sn

f[0,1](c)− min
c∈C(N,n)

f[N ](c)

∣∣∣∣ = 0.

Here, we consider block colorings of [0, 1] where the edge of a block is at a possibly
irrational number. However, as we will see later, all optimal colorings of [0, 1] with
a fixed number of blocks must have rational endpoints.

Proof. This is mostly a standard ε argument, so let ε > 0 be given. We aim to
show for all N sufficiently large,∣∣∣∣ infc∈Sn

f[0,1](c)− min
c∈C(N,n)

f[N ](c)

∣∣∣∣ ≤ ε.

We prove this in two halves, first proving the infimum is nearly bounded above by
the minimum, and then arguing the reverse. Consider any coloring c̃ ∈ Sn. Then,
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by Lemma 3.5, for every N sufficiently large, we can find an n-block coloring c̃N of
[0, 1] with endpoints of the form r/N for r an integer such that

(3.6)
∣∣f[0,1](c̃)− f[0,1](c̃N )

∣∣ < ε/4.

This is true because we can round each endpoint to the nearest 1/N . Then, we
define c̃∗N to be the coloring of [N ] where i is colored blue if and only if the ith
block of c̃N is blue. Note that c̃∗N still only has at most n blocks, and that using the
notation from Lemma 3.10, (c̃∗N )∗ = c̃N . So, from Lemma 3.10, for N sufficiently
large (independent of the colorings c̃, c̃N , c̃∗N ),

(3.7) |f[0,1](c̃N )− f[N ](c̃
∗
N )| = O(n/N).

By choosing N sufficiently large (independent of the colorings c̃, c̃N , c̃∗N ), Equations
(3.6) and (3.7) imply

min
c∈C(N,n)

f[N ](c) ≤ f[N ](c̃
∗
N ) < f[0,1](c̃) + ε,

where this bound holds for all N sufficiently large and for all c̃ ∈ Sn. Therefore,
for all N sufficiently large,

min
c∈C(N,n)

f[N ](c) ≤ inf
c∈Sn

f[0,1](c) + ε.

Now, we prove the reverse inequality: consider any coloring ĉ of [N ], and let ĉ∗

be the coloring of [0, 1] induced by ĉ. Again, from Lemma 3.10, for N sufficiently
large, ∣∣f[N ](ĉ)− f[0,1](ĉ

∗)
∣∣ < ε,

and since this is true for any coloring ĉ ∈ C(N,n), this proves that for N sufficiently
large,

inf
c∈Sn

f[0,1](c) ≤ min
c∈C(N,n)

f[N ](c) + ε.

Combining this with the complementary inequality above completes the proof. �

At this point, we have justified that once bounding the number of blocks in our
coloring, optimizing colorings of [N ] is the same as optimizing colorings of [0, 1].
We only make use of this result when the number of blocks n = 12 because that is
the conjectured global optimal number of blocks. But, the same proof shows that
switching to the continuous realm works whenever n = o(N) as N → ∞.

4. Proofs for the continuous case

4.1. Colorings can be represented by BCG diagrams. Consider any block
coloring c : [0, 1] → {0, 1} of the interval with endpoints of the blocks given by
{x0, x1, . . . , xn} with x0 = 0 and xn = 1. Without loss of generality, assume
that the first block (x0, x1) is colored blue, and alternate colors for each remaining
interval. Recall that the colors of the endpoints of the blocks can be assigned in
any way, since this does not change the probability of selecting a monochromatic
progression.

In [3], Butler, Costello, and Graham proposed a method of visualizing the
monochromatic arithmetic progressions associated to a coloring in terms of dia-
grams like in Figure 1. Any arithmetic progression (a, a+d, a+2d) can be identified
uniquely by its first and last coordinates, which are represented by the horizontal
and vertical axes of such a diagram. Note that the diagram is divided into vertical
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Figure 1. Below the horizontal axis a coloring, c, is depicted.
The horizontal axis represents the first term a in an arithmetic
progression, and the vertical axis represents the third term a+ 2d
in the progression. Whenever a point in the diagram is colored red
(blue), this corresponds to the progression (a, a+ d, a+ 2d) being
colored red (blue) by c.

strips, horizontal strips, and northwest/southeast diagonal strips. Consider any re-
gion identified as the intersection of one horizontal, one vertical, and one diagonal
strip. For a block coloring, this region corresponds to a collection of monochro-
matic arithmetic progressions if and only if the indices of the vertical, horizontal,
and diagonal strips defining the region all have matching parities.

Because the total area of the square in any diagram like Figure 1 is one, the
measure of the set of monochromatic sequences is equal to the sum of the areas
of the red and blue regions. In Theorem 2.1 of [3], Butler et al. express the total
colored area as the sum of two integrals involving an indicator function. Their
work applied to constellations, a generalization of arithmetic progressions. Here,
we instead derive explicit polynomial equations for the areas. Consider any one
colored region in such a diagram. As the endpoints xi are perturbed slightly, the
region remains the same type of polygon although its dimensions may change. This
implies that the area of each region can be represented locally as a quadratic in the
variables {xi}. Denote a block coloring c by its list of endpoints x := (x0, . . . , xn).
Then, summing over all monochromatic regions shows that the measure of the
monochromatic progressions, f[0,1](x), is locally quadratic in the {xi}, too. We
now denote f(x) := f[0,1](x). When we restrict f to act on colorings with exactly
n blocks, we will write f(xn).
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ith vertical strip

jth
horizontal
strip

kth diagonal strip

(x    , x    )i+1 j+1

(x    , x )i+1 j(x , x )i j

(x , x    )
i j+1

y = 2x  - xk y = 2x     - xk+1

Figure 2. Above is the intersection of the ith vertical strip, jth
horizontal strip, and kth diagonal strip determined by a block col-
oring with endpoints x = (x0, x1, . . . , xn). Whether the intersec-
tion is empty can be determined by comparing the diagonal lines
{y = 2xk − x, y = 2xk+1 − x} to the corners of the box
{(xi, xj), (xi+1, xj+1)}.

As x varies, the regions in the diagram change polygon type. Thus, for each n,
we have that f(xn) is a piecewise function that is locally quadratic. In order to
minimize f globally, we wish to identify the boundaries of these pieces in terms of
x. Lemma 4.1 describes how to identify the polygons in such a diagram.

Lemma 4.1. The region that is the intersection of the ith vertical strip, jth hori-
zontal strip, and kth diagonal strip of a diagram is empty or forms a closed poly-
gon. The type of polygon is determined by testing whether each of the four values
{xi+xj , xi+xj+1, xi+1+xj , xi+1+xj+1} is greater than or less than the two values
{2xk, 2xk+1}. If this ordering is known, the area of the corresponding region can be
expressed as a quadratic polynomial in the variables {xi, xi+1, xj , xj+1, xk, xk+1}.

Proof. In the diagrams like in Figure 1, the horizontal lines all are given by {y =
xi}ni=0 and the vertical lines by {x = xi}ni=0. At any point (x, y) in the diagram, the
middle value in the corresponding arithmetic progression is (x+ y)/2, and setting
this equal to any endpoint in our coloring implies that the diagonal lines are given
by {y = 2xi − x}ni=0. As described above, for any triple (i, j, k) where i, j, k ∈
{0, . . . , 12} all have matching parities, the intersection of the ith vertical strip, jth
horizontal strip, and kth diagonal strip corresponds to a region of monochromatic
arithmetic progressions.

To determine the shape of the region of the monochromatic progressions, first
consider the rectangle formed by the intersection of the ith vertical strip and jth
horizontal strip. The corners of this rectangle have coordinates (xi, xj), (xi+1, xj),
(xi, xj+1), and (xi+1, xj+1), as labelled in Figure 2. In order for the intersection
of this rectangle with the kth diagonal strip to be non-empty, we need the upper
diagonal line y = 2xk+1 − x to be above the lower left corner of the rectangle,
(xi, xj), and the lower diagonal line y = 2xk − x to be below the upper right
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xi i+1
j

j+1

x
x

x

k+1x

kx

Characterizing Inequalities:

xi+1 + xj ≤ 2xk ≤ xi + xj+1 ≤ xi+1 + xj+1 ≤ 2xk+1

Region Area:

(xi+1 − xi)(xj+1 + xi/2 + xi+1/2− 2xk)

xi i+1
j

j+1

x
x

x
k+1x

kx

Characterizing Inequalities:

2xk ≤ xi + xj ,

max(xi + xj+1, xi+1 + xj) ≤ 2xk+1 ≤ xi+1 + xj+1

Region Area:

(xi+1 − xi)(xj+1 − xj)− (2xk+1 − xj+1 − xi+1)
2/2

Figure 3. Illustrated here are two different ways that the kth
diagonal strip can intersect with the ith horizontal and jth vertical
strip in a coloring. The resulting monochromatic region is shaded
in gray, and the area of the region is given as a quadratic in x below
the diagram. The type of polygon is determined by the partial
permutation given below each diagram. The other 18 possibilities
are enumerated in Appendix A.

corner of the rectangle, (xi+1, xj+1). This is the same as requiring the inequalities
2xk+1 ≥ xi + xj and 2xk ≤ xi+1 + xj+1.

Additionally, the type of polygon formed by the intersection of the strips is de-
termined by whether the two diagonal lines y = 2xk−x and y = 2xk+1−x are above
or below each of the four corners of the box. For any specific relationship between
the lines and the four corners, some basic geometric arguments allow us to find the
area of the polygon enclosed by the strips in terms of {xi, xi+1, xj , xj+1, xk, xk+1}.
It turns out that there are 20 possible arrangements of the lines that yield distinct
polygons. In Figure 3, two possibilities are given, along with the corresponding qua-
dratic equations for their areas. The full list of 20 polygons is given in Appendix
A. �

4.2. Enumerating BCG diagrams. Now that we have identified criteria that
allow us to determine the shape of each monochromatic region in a diagram, we
wish to compute how many collections of shapes are possible between all diagrams.
In other words, we now know that for each fixed n the function f(xn) is a piecewise
quadratic function in the endpoints xn, but we would like to identify how many
pieces it has. From Lemma 4.1, we have that the ordering of the pairwise sums
{xi + xj}0≤i<j≤n completely determines the shapes in the diagram. This is se-
quence A237749 in the On-Line Encyclopedia of Integer Sequences. Currently only
9 elements in the sequence are known, ending with 771, 505, 180 possible orderings
for the pairwise sums with n = 8. Thus, this sequence grows much too quickly to
be useful in checking every piece of f(xn) for n = 12.
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x0
x1
x2
x3
x4
x5

x0
x1
x2
x3
x4
x5

1
2 4
53 6
1197

8 10
1413 15
12 17
16

19 20
18
21

Figure 4. Above is pictured a standard Young diagram corre-
sponding to the choice of endpoints x0 = 0, x1 = 0.19, x2 = 0.25,
x3 = 0.63, x4 = 0.65, and x5 = 1. The entry labelled 3 tells us that
x0+x2 is the third smallest in the ordering of pairs {xi+xj}5i,j=0.
Additionally, the non-crossing lattice paths from the line y = −x
to the lower left of the Young diagram partition the diagram into
regions where all the corresponding pairwise sums are between two
consecutive values 2xk−1 and 2xk for some k.

Note that if f(xn) were everywhere concave up, it could only have a single
local minimum, which would necessarily be the global minimum as well. Since the
conjectured optimum solution is a local minimum, the proof would be complete for
any coloring with a finite number of intervals regardless of whether the coloring is
antisymmetric. Additionally, a gradient descent algorithm would quickly lead to
the global minimum even if it were unknown in advance. Unfortunately, through
computational search, it is easy to find pieces of f(xn) that are not concave up. For
this reason, we must search for local minima on each piece of f(xn) individually in
order to guarantee the conjectured coloring is globally minimal.

Counting pairwise orderings of {xi + xj}0≤i<j≤n is closely related to other com-
binatorial problems. In Figure 4, we find that any ordering of {xi + xj} could
be encoded within a standard Young tableau of inverse staircase shape. Here, the
filling of the (r, s) entry of the tableau (where the top of the tableau is the (0, 0)
entry) is equal to the position of xr + xs when all pairs {xi + xj} are placed in
increasing order.

To simplify our computations, we make two restrictions. First, because of nu-
merical simulations in [3] and our own, we consider only colorings that are an-
tisymmetric: when reflected about the middle of the unit interval, almost every
point in the coloring is swapped to the opposite color. Equivalently, we require
that xk + xn−k = 1 for 0 ≤ k ≤ n. Additionally, we do not need to know all
of the relations in the total ordering of {xi + xj}0≤i<j≤n in order to determine a
configuration. Instead, for each pair (i, j) with i 	= j, we search for the value of
k where 2xk−1 ≤ xi + xj ≤ 2xk. Thus, we look for the number of ways to insert
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the pairwise sums {xi + xj}i �=j into the line, 0 = 2x0 ≤ 2x1 ≤ · · · ≤ 2xn = 2. In
Figure 4, this reframing corresponds to not needing to know the entire filling of the
diagram, but instead having a family of non-crossing lattice paths each starting at
different points down the diagonal. This set-up is very similar to the Lindström-
Gessel-Viennot Lemma counting non-intersecting lattice paths, [9, 11], which was
instrumental in proving the conjecture counting the number of n × n alternating
sign matrices, the story of which is told in [2].

To determine the number of such partial permutations, we develop an algorithm
that works recursively to verify whether growing partial permutations are possi-
ble. Our implementation is similar to Miller and Peterson’s geometric approach
to solving questions about More Sums Than Differences sets, [13, Lemma 2.1],
and also similar to Laaksonen’s approach to enumerating OEIS sequence A237749,
[10]. Both of these problems plus the problem we study here could be phrased in
terms of enumerating chambers in a hyperplane arrangement, potentially including
a restriction to a specific cone within the hyperplane arrangement. Enumerating
chambers is a stream of research on its own (e.g. [7, 18]), and there are existing
theorems counting chambers by using Möbius inversion, [21,22]. However, here we
do not need to enumerate every chamber without restrictions because this is again
equivalent to counting the possible total orderings of {xi + xj}0≤i<j≤n.

Lemma 4.2. Consider antisymmetric block colorings with endpoints (x0, x1, . . . , xn)
for n even, so that xk + xn−k = 1 for 0 ≤ k ≤ n. Then, the number of ways to
insert the pairs {xi + xj}i �=j into the ordering 0 = 2x0 < 2x1 < · · · < 2xn = 2
grows as follows, starting with n = 0 and with n increasing by twos:

1, 1, 3, 23, 357, 9391, 371219, . . .

Proof. The key computational tool in our proof is linear programming: with exist-
ing linear programming packages like the GNU Linear Programming Kit (GLPK,
[1]) we can easily check whether a single system of inequalities has a valid solution.
Thus, we create a running list of partial systems of inequalities that have valid solu-
tions, and count in how many ways it is possible to extend each system with a single
additional inequality. Below, we give pseudocode for the algorithm we use, followed
by a brief explanation of some of the technicalities required to make this code run
correctly and efficiently. The full code is posted online at https://cocalc.com/
TorinGreenwood/MonochromaticSequences/MonochromaticProgressions.

Pseudocode to Enumerate BCG Diagrams

1 \\ Initialize a running list of partial systems of inequalities

2 PartialInequalitiesOld =
{
{0 = x0, xk + xn−k = 1 for 0 ≤ k ≤ n,

3 xk ≤ xk+1 for 0 ≤ k ≤ n− 1}
}

4

5 \\ For each partial system of inequalities (i.e. for each set of

6 partial constraints), find all ways to add a new inequality

7 2xk ≤ xi + xj ≤ 2xk+1 by deciding where xi + xj fits between

8 successive 2xk

9 for (i, j) with i 	= j:
10 PartialInequalitiesNew = {}
11 for k from i to j − 1:
12 for constraints in PartialInequalitiesOld:

https://cocalc.com/TorinGreenwood/MonochromaticSequences/MonochromaticProgressions
https://cocalc.com/TorinGreenwood/MonochromaticSequences/MonochromaticProgressions
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13 if constraints ∪ {2xk < xi + xj < 2xk+1} is valid:

14 PartialInequalitiesNew + =
{
constraints

15 ∪ {2xk < xi + xj < 2xk+1}
}

16 PartialInequalitiesOld = PartialInequalitiesNew

17 return PartialInequalitiesOld

We now discuss some important aspects of our implementation with GLPK that
ensured the code ran efficiently and correctly. The uninterested reader may skip the
rest of this proof without a loss of continuity. First, mixed integer linear programs
typically search to optimize a linear objective function in the variables x over a
region of linear inequalities written in terms of x. Here, our goal was simply to
check whether a system of linear inequalities was feasible, meaning that a solution
exists. This can be achieved with linear programming by setting the objective
function to be any constant, C, because the linear program will return a certificate
x∗ where the maximum is achieved. When the objective function is constant, this
is simply any feasible solution.

As an added layer of complexity, linear programming typically only allows for
inequalities that are not strict. However, exponentially many arrangements of the
pairs {xi + xj}i �=j can be achieved trivially by the solution x∗ = (0, 1/2, 1/2, . . . ,
1/2, 1), since any sum of distinct endpoints xi + xj would equal 1/2, 1, or 3/2. In
fact, many such arrangements can only be achieved by these trivial solutions. If we
allow such solutions, it is not possible for the program to finish due to an explosion
in the number of possible systems of inequalities. To avoid this scenario, we force
all inequalities in every system to be strict. Thus, we introduce a single auxiliary
variable ε that converts strict inequalities into weak inequalities. For example,
the strict inequalities 2xk < xi + xj < 2xk+1 become a pair of weak inequalities
2xk + ε ≤ xi + xj and xi + xj + ε ≤ 2xk+1. After adding ε to every inequality, we
change the objective function from a constant C to the variable ε, and search for
the maximum value of ε within the region where the inequality system is true. As
long as a value of ε > 0 is found, the set of inequalities is feasible.

Generally, linear programming implementations work with floating point arith-
metic, leading to rounding errors. Because there is no way to bound how small a
feasible region could be, we used the version of GLPK that works using rational
arithmetic. Even still, GLPK returns its solutions as floating point numbers, occa-
sionally with roundoff errors. Thus, we set the threshold for ε to be near the limits
of floating point arithmetic at 5× 10−15. We found that the smallest ε value above
this threshold was on the order of 10−3, illustrating that any value below 5× 10−15

was due to precision error.
Unfortunately, rational solvers tend to be much slower than their floating point

counterparts. To address this, we needed to optimize our code. One factor that
impacted runtime significantly was the order in which pairs (i, j) were checked in
the for loop in Line 9 of the pseudocode above. After experimenting with different
orderings, we found that checking the pairs in decreasing order of j − i was several
times faster than checking the pairs in lexicographic order.

Additionally, the rational solver became stuck in an infinite loop for 26 of the
millions of feasibility checks it ran on systems of inequalities for the n = 12 case.
This issue was resolved by changing the order of the inequalities within these prob-
lematic systems of inequalities before they were input into GLPK. We did not find
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a single ordering that avoided infinite loops for all of the feasibility checks. Instead,
we found that for any specific set of inequalities, there always existed some ordering
where GLPK would halt rapidly. �
4.3. Optimizing over all BCG diagrams. Now that we have found the number
of possible BCG diagrams for f(xn) for each n ≤ 12 and xn that are antisymmetric,
we can finally leverage the power of calculus. Despite being a piecewise function, we
soon find that f(xn) is continuous with continuous partial derivatives. This implies
that its global maximum happens either at a critical point, or at a boundary point
of the domain of the function. In Lemma 4.3, we prove that f(xn) has continuous
partial derivatives for any fixed n, after which we can finish the proof of Theorem
1.2.

Lemma 4.3. Consider all block colorings with n blocks and endpoints given by
x = (x0, x1, . . . , xn). In the region 0 = x0 < x1 < . . . < xn = 1, f(xn) is a
continuous function with continuous partial derivatives in each variable xj.

Proof. From the diagram representation in Figure 1, it is clear that f is a continuous
function of the endpoints, xn. To verify that the partial derivatives are continuous,
we give a geometric argument: consider a single region R in the diagram, like those
drawn in Figure 3. Let fR(xn) be the area of this single region as a function of
the endpoints. The region has up to 6 sides, and each side is a line whose position
is determined by some single endpoint xi. Thus, ∂

∂xi
fR(xn) is equal to the total

length of the boundaries of R determined by the variable xi. (Indeed, moving a
single xi by a small Δxi changes the area of the polygon R by Δxi · �i + O(Δxi)

2

as Δxi → 0, where �i is the total length of the boundaries of R determined by xi.)
Now, we consider several cases. As xn varies, R may do any of the following:

stay the same type of polygon, change polygon types, or enter or leave the diagram
altogether. It is clear that when R stays the same type of polygon, its side lengths
change continuously in xn, so fR(xn) has continuous partials in this case. When
R changes polygon type, the change must occur when a diagonal line crosses over
a corner of the box formed by the horizontal and vertical strips shown in Figure 3.
This means that any time a region changes polygon type, the side that enters or
leaves the region does so with initial length 0, again implying that the partials are
continuous. Finally, we consider when R enters or leaves the diagram. There are
two ways this can happen: either a horizontal, vertical, or diagonal strip collapses to
width 0, or a diagonal line crosses over the corner of the box described above. When
a strip collapses to width 0, this means that there are two consecutive endpoints
xi and xi+1 where (xi+1 − xi) tends to zero. Thus, although the partial derivative
is not continuous in this case, it is on the boundary of the region of xn values we
consider. On the other hand, when a diagonal line crosses over the corner of a
box, all the side lengths of the polygon approach zero, so the partials are again
continuous.

The diagram representation of f(xn) makes it clear that f(xn) has a bounded
number of regions: at most one for each intersection of a horizontal, vertical, and
diagonal strip. Since fR(xn) is continuous with continuous partial derivatives for
every region R, f(xn) is too. �

Now that we have shown that f(xn) is continuous with continuous partial deriva-
tives for a fixed n, we are ready to complete the proof of Theorem 1.2 with Lemma
4.4.
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Lemma 4.4. Let x12 = (x0, . . . , x12) with 0 ≤ x0 ≤ · · · ≤ x12 = 1 and x12 anti-
symmetric. The global minimum of f(x12) over all such x12 is 117/548, occurring
uniquely at the coloring from Equation (1.1).

Proof. Because f(x12) is a C1 function on the polytope 0 = x0 < x1 < . . . < x12 =
1, its global minimum occurs on the boundary of the polytope or at a critical point
within the interior of the polytope. The boundary of this polytope is the union
of polytopes of the same form with fewer variables. For this reason, we find the
critical points for f(xn) for each even value of n between 0 and 12.

Lemma 4.1 implies that f(xn) is a piecewise-quadratic function for each n. Fix
n, and consider any piece of this function, which can be extended to a function
f∗(xn) on all of Rn/2−1 (since x1 through xn/2−1 determine the coloring because it
is anti-symmetric). The partial derivatives of f∗(xn) are piecewise linear functions.
The critical points of this everywhere-defined quadratic are the solution to a linear
system of equations. Therefore, there are either no critical points or a vector space
of critical points. In the case that the vector space has positive dimension, the value
of f∗(xn) must be constant among all of its critical points. Thus, when f∗(xn) has
critical points, it suffices to check the value of f∗(xn) at a single critical point when
checking for the values of local optima.

This leads us to the following pseudocode to search for the global minimum of
f(x12) on the polytope 0 = x0 ≤ x1 ≤ · · · ≤ x12 = 1. (The full version of the code is
posted at https://cocalc.com/TorinGreenwood/MonochromaticSequences/Mon
ochromaticProgressions.)

Pseudocode to find the minimum value of f(x12)

18 \\ We search the interior of f(xn) for n = 2, 4, 6, 8, 10, and 12.
19 >> for n from 0 to 12 by twos:

20

21 >> for each piece f∗(xn) of the piecewise function f(xn)
22 (identified by Lemma 4.2):

23

24 >> calculate the quadratic polynomial corresponding to

25 f∗(xn) (by using Lemma 4.1)

26

27 \\In the next line, we can feed into GLPK all of the

28 inequalities defining the configuration for f∗(xn) plus

29 the equalities that set each of the partial derivatives

30 of f∗(xn) to zero.

31 >> use GLPK to check the existence of a critical point

32 of f∗(xn) within the region of xn-values where

33 f(xn) ≡ f∗(xn)
34

35 >> if critical points exist:

36 >> evaluate f∗(xn) at any critical point cn
37 >> store cn and f∗(cn) if this is a new record minimum

38

39 >> return the minimum cn and f∗(cn) values

https://cocalc.com/TorinGreenwood/MonochromaticSequences/Mon
https://cocalc.com/TorinGreenwood/MonochromaticSequences/MonochromaticProgressions
ochromaticProgressions
https://cocalc.com/TorinGreenwood/MonochromaticSequences/MonochromaticProgressions
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This code verifies that the global minimum of f(xn) when n is at most 12 is
117/548, which is attained only at the coloring with endpoints given in Equation
(1.1) (without the N in each coordinate). �

The number of pieces of the function f(xn) for n ≥ 14 grows very rapidly,
making an analysis of its critical points increasingly challenging. However, we can
guarantee that the optimal is always rational:

Corollary 4.5. For each n ∈ Z
+, the minimum value of f(xn) is rational, regard-

less of whether xn is restricted to be anti-symmetric or not.

Proof. This is nearly immediate from our proof structure: the minimum of f(xn)
occurs at some critical point of f(x�) with x� in the interior of where f(x�) is defined,
for an � ≤ n. These critical points are defined by a system of linear equations with
rational coefficients. Whenever there are only finitely many critical points, they all
must have rational coordinates. On the other hand, if there is a piece f∗(x�) of the
piecewise function f(x�) that has infinitely many critical points, all of the critical
points of f∗(x�) attain the same constant value. This implies that there still exists
a critical point with rational coordinates where the minimum is attained. Finally,
because each piece of f(x�) is a quadratic with rational coefficients, the minimum
is thus also rational. �

5. Circle colorings

As a variation on the theme of enumerating monochromatic progressions within
colorings of [N ], some authors have also investigated properties of arithmetic pro-
gressions within colorings of the cyclic group ZN . For example, given a fixed red
and blue 2-coloring of Zp for p prime, the fraction of monochromatic 3-term pro-
gressions that are red or blue depends only on the proportion of elements colored
red, and not on the exact positioning of the red and blue elements, [6, 12]. Even
when N is not prime, the fraction of monochromatic 3-term progressions in ZN is
bounded below by the quantity given if N were prime, [12].

Inspired by these results, we now explore a continuous analogue to the enumer-
ation of monochromatic progressions within 2-colorings of ZN . Color each of the
numbers in the unit circle S1 = {e2πiθ : θ ∈ [0, 1)} with red or blue, and con-
sider 3-term arithmetic progressions of the form (e2πix1 , e2πi(x1+d), e2πi(x1+2d)) for
x1, d ∈ [0, 1). To properly discuss the “fraction” of these that are monochromatic
for a given coloring, we introduce the uniform probability measure μ on [0, 1) and
randomly sample arithmetic progressions by independently choosing x1, d ∈ [0, 1)
according to μ. Using this framework, the probability of selecting a monochromatic
progression depends only on the Lebesgue measure of the set of points colored red
(i.e. the likelihood that, say, e2πix1 is red) and not on which points were colored
red, which is an analogous result to the one for 2-colorings of the discrete group Zp

(see [12] and similar treatment in [6, 20]).

Lemma 5.1. Let C : S1 → {0, 1} be any measurable coloring of S1 with

p := μ
({

θ ∈ [0, 1) : C
(
e2πiθ

)
= 0

})
defined as the proportion of points colored red, and let m(C) be the set contain-
ing all pairs (x1, d) ∈ [0, 1) × [0, 1) such that (e2πix1 , e2πi(x1+d), e2πi(x1+2d)) are
monochromatic. Then,

(μ× μ)(m(C)) = 1− 3p+ 3p2.
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In particular, if we randomly select a starting point x1 and an increment d inde-
pendently from each other according to the uniform distribution on S1, then the
probability that the associated 3-AP is monochromatic depends only on the propor-
tion p of red points and not on how these points are distributed around S1.

Proof. We take a probabilistic approach that follows the proof structure of Theorem
6 from [12]. To that end, let x1 and d be independent draws from μ and for i = 1, 2, 3
let Ai (respectively, Bi) be the event that the ith term in the progression (e2πix1 ,
e2πi(x1+d), e2πi(x1+2d)) is red (respectively, blue). Then, via inclusion/exclusion, we
have

P(A1 ∪A2 ∪ A3) =

(
3∑

i=1

P(Ai)

)
−

⎛
⎝ ∑

1≤i<j≤3

P(Ai ∩ Aj)

⎞
⎠+ P(A1 ∩ A2 ∩A3).

We note that P(A1 ∪ A2 ∪ A3) = 1 − P(B1 ∩ B2 ∩ B3). Since P(m(C)) = P(A1 ∩
A2 ∩ A3) + P(B1 ∩B2 ∩B3), we can rearrange the above to obtain

(5.1) P(m(C)) = 1−
3∑

i=1

P(Ai) +
∑

1≤i<j≤3

P(Ai ∩Aj).

The random variables e2πix1 , e2πi(x1+d), and e2πi(x1+2d) are pairwise independent
and uniformly distributed on S1. This is true based on the rotational invariance of
the uniform distribution on S1 and the fact that e2πix1 and e2πid are independent
and uniformly distributed on S1. It follows that P(Ai) = p and P(Ai ∩Aj) = p2 for
i, j = 1, 2, 3. Substituting these into (5.1) yields

(μ× μ)(m(C)) = P(m(C)) = 1− 3p+ 3p2.

�

6. Future work

In Sections 3 and 4, we outlined an approach to identifying the optimal coloring
of [N ] and the interval [0, 1] that minimizes the fraction of monochromatic 3-APs
for any fixed upper bound on the number of blocks n. A natural question is whether
we can show that the optimal coloring for any n > 12 is the same as the optimal
coloring for n = 12. One possibility is to prove that the colorings are no better
for n = 14, and then argue that adding arbitrarily more intervals is no better than
adding just two more intervals.

Besides investigating how colorings of [N ], ZN , [0, 1], and S1 affect the preva-
lence of monochromatic arithmetic progressions of length 3, there are other related
problems that have yet to be explored. Perhaps the most natural question to ask is
how the analysis changes if we consider longer arithmetic progressions, and the ar-
ticles [3,4,12,20] make partial progress in this direction for several different lengths
of progressions. A slightly less obvious question is to ask what happens when we
consider arithmetic progressions of color-dependent lengths. For example, we could
attempt to color [0, 1] or [N ] in a way that simultaneously minimizes the fractions of
monochromatic blue progressions of length 3 and monochromatic red progressions
of length 4.

Another natural generalization is to add more colors. What do the 3- and 4-
colorings of [0, 1] that minimize monochromatic arithmetic progressions of length 3



This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.

FROM DISCRETE TO CONTINUOUS: MONOCHROMATIC 3-APS 2979

look like? Can anything be said about the rate at which the fraction of monochro-
matic progressions decays as the number of colors increases? All of these questions
have natural analogues in the setting of Ramsey theory as applied to graphs, and
of course these generalizations might interact in any number of ways.

When the problems studied in this paper were first posed, it was unclear whether
or not colorings could perform better than random. Although they can perform
better than random in the cases we present in detail above, is this also true for
related problems? Recent work in [5] gives interesting insights into some classes of
problems where solutions must be better than random.

In addition to changing the number of colors or length of the progressions we
study, we could also consider colorings in other geometries. For example, we won-
der how to color an interval that has a gap in the middle in order to minimize
monochromatic APs therein. By varying the length of the gap, we might gain in-
sight into why antisymmetry is seemingly important in the optimal block colorings
of [0, 1] that we discussed above. Furthermore, we have already seen that in the
contexts of Zp for p prime and the continuous circle, the performance of color-
ings with respect to 3-term progressions depends only on the ratios of the colors
present. What other algebraic and geometric settings exhibit similar behavior? Al-
ternatively, what would have happened if we were to consider S1 as in Section 5 but
sample 3-APs by choosing the start point and increment according to a different
distribution than uniform?

Appendix A. 20 Polygonal regions

The 20 possible regions from Lemma 4.1 are given below.

1

xi i+1
j

j+1

x
x

x

k+1x

kx

Characterizing Inequalities:

2xk ≤ xi + xj ≤ xi+1 + xj+1 ≤ 2xk+1

Region Area:

(xi+1 − xi)(xj+1 − xj)

2

xi i+1
j

j+1

x
x

x

k+1x

kx

Characterizing Inequalities:

xi + xj ≤ 2xk ≤ min(xi + xj+1, xi+1 + xj),

xi+1 + xj+1 ≤ 2xk+1

Region Area:

(xi+1 − xi)(xj+1 − xj)− (2xk − xi − xj)
2/2

3

xi i+1
j

j+1

x
x

x

k+1x

kx

Characterizing Inequalities:

xi+1 + xj ≤ 2xk ≤ xi + xj+1 ≤ xi+1 + xj+1 ≤ 2xk+1

Region Area:

(xi+1 − xi)(xj+1 + xi/2 + xi+1/2− 2xk)
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4
xi i+1
j

j+1

x
x
x

k+1x

kx

Characterizing Inequalities:

xi + xj+1 ≤ 2xk ≤ xi+1 + xj ≤ xi+1 + xj+1 ≤ 2xk+1

Region Area:

(xj+1 − xj)(xi+1 + xj/2 + xj+1/2− 2xk)

5
xi i+1
j

j+1

x
x
x

k+1x
kx

Characterizing Inequalities:

max(xi + xj+1, xi+1 + xj)≤2xk≤xi+1 + xj+1≤2xk+1

Region Area:

(2xk − xi+1 − xj+1)
2/2

6

xi i+1
j

j+1

x
x

x
k+1x

kx

Characterizing Inequalities:

2xk ≤ xi + xj ,

max(xi + xj+1, xi+1 + xj) ≤ 2xk+1 ≤ xi+1 + xj+1

Region Area:

(xi+1 − xi)(xj+1 − xj)− (2xk+1 − xj+1 − xi+1)
2/2

7
xi i+1

j

j+1

x
x

x
k+1x

kx

Characterizing Inequalities:

xi + xj ≤ 2xk ≤ min(xi + xj+1, xi+1 + xj),

max(xi + xj+1, xi+1 + xj) ≤ 2xk+1 ≤ xi+1 + xj+1

Region Area:

(xi+1 − xi)(xj+1 − xj)− (2xk − xi − xj)
2/2

− (2xk+1 − xi+1 − xj+1)
2/2

8

xi i+1
j

j+1

x
x

x

k+1x
kx

Characterizing Inequalities:

xi+1 + xj ≤ 2xk ≤ xi + xj+1 ≤ 2xk+1 ≤ xi+1 + xj+1

Region Area:

(xi2 − xi1)(xj2 + xi1/2 + xi2/2− 2xk1
)

− (2xk2
− xi2 − xj2)

2/2

9 xi i+1
j

j+1

x
x
x

k+1x

kx

Characterizing Inequalities:

xi + xj+1 ≤ 2xk ≤ xi+1 + xj ≤ 2xk+1 ≤ xi+1 + xj+1

Region Area:

(xj+1 − xj) · (xi+1 + xj/2 + xj+1/2− 2xk)

− (2xk+1 − xi+1 − xj+1)
2/2

10
xi i+1
j

j+1

x
x
x

k+1x
kx

Characterizing Inequalities:

max(xi + xj+1, xi+1 + xj)≤2xk≤2xk+1≤xi+1 + xj+1

Region Area:

(2xk − xi+1 − xj+1)
2/2− (2xk+1 − xi+1 − xj+1)

2/2
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11

xi i+1
j

j+1

x
x

x

k+1x

kx

Characterizing Inequalities:

2xk ≤ xi + xj ≤ xi+1 + xj ≤ 2xk+1 ≤ xi + xj+1

Region Area:

(xi+1 − xi)(2xk+1 − xj − xi/2− xi+1/2)

12

xi i+1

j

j+1
x

x

x

k+1x
kx

Characterizing Inequalities:

xi + xj ≤ 2xk ≤ xi+1 + xj ≤ 2xk+1 ≤ xi + xj+1

Region Area:

(xi+1 − xi)(2xk+1 − xj − xi/2− xi+1/2)

− (2xk − xi − xj)
2/2

13

xi i+1

j

j+1
x

x

x

k+1x
kx

Characterizing Inequalities:

xi+1 + xj ≤ 2xk ≤ 2xk+1 ≤ xi + xj+1

Region Area:

(xi+1 − xi)(2xk+1 − 2xk)

14 xi i+1
j

j+1

x
x
x

k+1x
kx

Characterizing Inequalities:

2xk ≤ xi + xj ≤ xi + xj+1 ≤ 2xk+1 ≤ xi+1 + xj

Region Area:

(xj+1 − xj)(2xk+1 − xj/2− xj+1/2− xi)

15 xi i+1
j

j+1

x
x
x

k+1x
kx

Characterizing Inequalities:

xi + xj ≤ 2xk ≤ xi + xj+1 ≤ 2xk+1 ≤ xi+1 + xj

Region Area:

(xj+1 − xj)(2xk+1 − xj/2− xj+1/2− xi)

− (2xk − xi − xj)
2/2

16 xi
i+1j

j+1

xx
x

k+1x
kx

Characterizing Inequalities:

xi + xj+1 ≤ 2xk ≤ 2xk+1 ≤ xi+1 + xj

Region Area:

(xj+1 − xj)(2xk+1 − 2xk)

17
xi i+1

j

j+1

x
x

x

k+1x
kx

Characterizing Inequalities:

2xk ≤ xi + xj ≤ 2xk+1 ≤ min(xi + xj+1, xi+1 + xj)

Region Area:

(2xk+1 − xi − xj)
2/2
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18
xi i+1

j

j+1

x
x

x

k+1x
kx

Characterizing Inequalities:

xi + xj ≤ 2xk ≤ 2xk+1 ≤ min(xi + xj+1, xi+1 + xj)

Region Area:

(2xk+1 − xi − xj)
2/2− (2xk − xi − xj)

2/2

19
xi i+1

j

j+1

x
x

x

k+1x
kx

Characterizing Inequalities:

2xk+1 ≤ xi + xj

Region Area:

0

20

xi i+1
j

j+1

x
x

x

k+1x
kx

Characterizing Inequalities:

xi+1 + xj+1 ≤ 2xk

Region Area:

0
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