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Abstract
Wepresent a variational quantum circuit (VQC) that utilizes the architecture of a quantumneural
network (QNN) to simulate hyperfine interactions in diamondnitrogen vacancy (NV) centers, which
is typically a challenging task for traditional computationmethods. Isotopes of 13C, though naturally

rare, possess a nuclear spin (l 1

2
= )which anisotropically interacts with theNV center’s electron spin,

resulting in distinct hyperfine structure and coherence properties. TheVQC’s ansatz unitary was
implemented stepwise (through optimizationTrotter steps) tomimic amulti-layeredQNN
configuration. The dynamical evolution of the 14NV-13CHamiltonianwas simulatedwhile
maintaining flexibility for optimization on noisy intermediate-scale quantum (NISQ) platforms.
Qiskit SDKwas used to design and execute the circuit on 127-qubit IBMquantumhardware. Ansatz
parameters were optimized using six classical optimization algorithms initializedwith pseudo-
randomparameter vectors.We successfully determined optimal ansatz parameters for estimating the
minimumenergy eigenvalues of the 14NV-13C observable using theVQC’s cost function, enabling us
tomodel the system’s ground state dynamics. Ourfindings show that gradient-free optimizers are
efficient for the designedHardware Efficient SU(2) 2-local circuit (ESU2) ansatz, characterized by a
barren plateau landscape.We further established that amaximally entangledVQC initialization (i.e.,
GHZ3) retains its entanglement scheme irrespective of the optimization pathway.Hence, this
approach highlights the effectiveness ofQNN-inspired VQC circuits for accurately simulatingNV
centers coupledwith strongly interacting nearest-neighbor nuclear spins. Ourwork lays down a
foundational step for realizing precise control on near-termquantumhardware that utilizesNV
centers, leading to high fidelities.

1. Introduction

The ability to accurately simulate quantum systems, as envisioned by Feynman [1], lies at the forefront of
realizing the transformative potential of quantummechanics. Fromdesigning novelmaterials with exotic
properties to understanding fundamental laws of physics and unlocking themysteries of the universe, quantum
simulation's true promise holds the key to revolutionary breakthroughs [2–4].While the ideal fault torrent
quantum computer promises unprecedented accuracy over their classical counterparts – so-called quantum
supremacy [5] – current utilization of quantumdevices is noisy and prone to errors, termed noisy intermediate-
scale quantum (NISQ) devices [6]. Noise significantly reduces coherence time, limiting our ability to simulate
complex quantum systems. This is especially problematic for near-termdevices that needmore qubits and
deeper circuits, as their output cannot always be validated. These challenges have led researchers to rethink
algorithmdesign. Instead of focusing on fault-tolerant algorithms like Shor's prime factorization [7], which
promise definitive quantum supremacy, the focus has shifted towards creating new algorithms for current noisy
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hardware. The new classes of algorithms are intended to demonstrate a near-utility quantum advantage over
classical algorithms in specific problems [6].

One promising class of quantum algorithms for near-term applications is VariationalQuantumAlgorithms
(VQAs). VQAs exploit a hybrid quantum-classical (HQC) computationalmodel. In this approach, a quantum
processor is employed to estimate the eigenvalues of a parameterized quantum circuit, leveraging quantum
superposition and entanglement to achieve an exponential speedup over classicalmethods [8]. A classical
optimizer then iteratively adjusts the quantum circuit parameters to evaluate the lowest eigenvalues of the
observables. This iterative feedback loop between quantum and classical components allowsVQAs to address
complex quantum systemswhilemitigating noise, decoherence, and errors inherent toNISQdevices [9]. A
notable example of VQAs is the variational quantum eigensolver (VQE), which is well-suited for simulating
quantum systems in chemistry andmaterials science [10, 11]. VQEs provide a pathway for bridging the gap
between theoretical insights and experimental observations in quantum science.Moreover, other parameterized
quantum circuits, such as quantumneural networks (QNNs), have emerged as promising tools formachine
learning tasks, including deep learning.While inspired by the success of VQEs, QNNs leverage their adaptive
and trainable structures tomodel quantum interactions efficiently [12].

Nonetheless, the quantum computer is a valuable platform formodeling complex quantum systems,
including but not limited to the hyperfine interactions in diamondnitrogen-vacancy (NV) centers. NV centers
are point defects in the diamond lattice, consisting of a nitrogen atom that substitutes a carbon atomwith a
neighboring vacant lattice site (see figure 1). These point defects have emerged as remarkable platforms for
quantum technologies due to their unique combination of optical and spin properties, coupledwith long
coherence times (>1 s) at room temperature [13, 14]. The hyperfine interactions between theNV center's
electron spin triplet (S 1= ) and the nuclear spins of surrounding atoms, particularly the rare 13C isotopes with a
nuclear spin of½, are critical factors influencing theNV center's behavior in quantum sensing and information
processing applications. For instance, one promising application ofNV center systems is envisaged in
nanomagnetometry [15, 16]. However, the complexity of capturing quantum effects inNV centers often
overwhelms traditional computationalmethods,making efficientmodeling a challenge. This challenge ismore
pronouncedwith anisotropic nuclear spin interactions, which vary in strength and direction based on the
relative position of the 13C nuclei to theNV center. Quantum computers, on the other hand, leverage the
inherent power of quantumphenomena to provide amore accurate and efficient path formodeling such
complex systems [17–20].

Therefore, we introduce a parameterized variational quantum circuit (VQC) inspired byQNNarchitecture
to simulate theNV center's ground state dynamics. TheVQC'smulti-layered structure enables efficient capture
of electron-nuclear spin correlations of theNV center system. It utilizes single-qubit rotations and two-qubit
entangling gates tomodel theHamiltonian governing theNV center's electron and nuclear spin interactions.
The circuit's unitary evolutionwas approximated by a sequence ofTrotter steps, with each step utilizing distinct
parameter values, thereby establishing a conceptual parallel to the layered structure found inQNNs.Despite this
structural similarity, the optimization and trainingmethodologies for ourVQC slightly differ from those used in
QNNs.However, this approach still affords flexible and efficient simulation of theNV center system, even on
NISQdevices. TheVQC's observables incorporate the effects of hyperfine interactions between the 14NV
electron and a nearby 13Cnuclear spin. The 14NV-13C'sHamiltonian is encoded into theVQC ansatz, and its
parameters are iteratively optimized tominimize the energy, thus approximating the 14NV-13C's ground state.
The optimization process utilizes classical algorithms that analyzemeasurement outcomes from the quantum
processor's qubits.

Figure 1. (Left)Diamond lattice structure with a singleNV center highlighting the nitrogen atom substitution (blue) and a vacancy
(red). (Right)Energy level diagramof theNV center's electronic spin-triplet state (S= 1); the ground state with the zero-field splitting
D= 2.88 GHz. The red and green arrows showoptical transitions for excitation (532 nm) and emission (637 nm). The dashed orange
arrows show a non-radiative decay and an infrared emission pathway (1042 nm) between intermediate singlet states (1A and 1E).
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Thefindings presented in this work show thatQNN-inspiredVQCsmay effectivelymodel the ground state
dynamics ofNV centers. Related research onNV center qubit systems simulation neglected anisotropic
hyperfine interactions resulting from 14N and 13C spin interactions [21–23]. Some researchers have
demonstrated the validity of neural networkVQAs in simulating quantummany-body dynamics [24], while
others have suggested optimization of the variationalQNNs based on collective intelligence [25]. Of keen
interest in our present work is the observation that gradient-free classical optimizers are a good candidate for
minimizing the designedVQC’s cost function in a barren plateau landscape, which is reasonably expectedwhen
dealingwith randomly initialized ansatz parameters [26–28]. Hence, we have developed an approach to simulate
the 14NV-13CHamiltonianwhile efficiently accommodating hyperfine quantum effects.

2.Methodology

2.1. Systemhamiltonian andpropagator
TheNV center's spin behavior in the presence of externalmagnetic fields and internal interactions with
neighboring atomic nuclei is described by its spinHamiltonian. For the specific case of a 14NV center interacting
with a nearby 13Cnucleus, the resulting energy level transitions are governed by theHamiltonian (HNV ) [19]:

( ) · ( ) · ( · · ) ( )( ) ( ) ( ) ( ) ( )H S P I gB S I I S A I A I 1NV z z
N C N

C
C2 N 2

B N C Nm g g= D + + - - + +

where Sz
2D is the electron zero-field splitting in the z-direction ( )Sz which is causedby spin-spin interactionswithin the

electron systemof the 14NVcenter. GHz2.87D » is the electronic zero-field splittingparameter.The 14NVcenter
has anuclear spin l 1= resulting in anon-zeroquadrupolemoment.Hence, the interactionof thenuclear quadrupole
momentwith the electricfield gradient createdby the surrounding crystal lattice is describedby the term

( )( )P Iz
N 2which is essentially thenuclear quadrupole interactionof the 14NVnuclear spin in the z-direction ( )( )Iz

N and
P MHz5» - is the 14NVquadrupole coupling constant.The term · ( )( ) ( )gB S I IN C

B N Cm g g- - represents the
Zeeman interactionof the 14NV-13C system’s electron spin ( )S , 14NVnuclear spin ( )( )I N and the 13Cnuclear spin ( )( )I C

with an externalmagneticfield ( )B . The electron g-factor |g g 2.0029= = lies along the 111á ñ 14NVsymmetry axis,
whereas the coefficient /eV T5.788 10B

5m » ´ - is theBohrmagneton.The last term · ( · · )( ) ( )S A I A IN
C

C
N +

represents thehyperfine interactionsbetween the electronand the 14NV-13Cnuclear spins.
( )| ⟘MHz; MHzA A A2.16 2.70N N N» - » - and ( )| ⟘MHz; MHzA A A199.7 120.3C C C» » are thehyperfine

tensors and · ·( )/rad T s Hz G1.933 10 2 307.7N
7 1 1

N
1g g p= ´ =- - - and ·rad T s6.7261 10C

7 1 1g = ´ - -

·( )/ kHz G2 1.0705C
1g p = - are thegyromagnetic ratios for the 14Nand 13Cnuclear spins, respectively [21, 29–32].

The Schrödinger’s time-dependent equationmay be used to describe the evolution of the 14NV-13C system’s
initial state, | ( )t0y ñ (see Appendix A: [33]). Then, we define the time evolution unitary operator (i.e.,
propagator) ˆ ( )U t t, 0 whichwill help us to realize the dynamical evolution of the initial state to some otherfinal
state, | ( )ty ñ, at a later time t . Taking t 00 = and the reduced Plank’s constant 1= , we get:

[ ˆ ( ) | ( ) ] ˆ [ ˆ ( ) | ( ) ] ˆ | ( ) ( )i
t

U t t t H U t t t H t t t, , for 2NV NV0 0 0 0 0y y y
¶
¶

ñ = ñ = ñ >

| ( ) | ( ) | ( ) ( )
ˆ ( ) ˆt e t e 0 3

i H t t iH t
0

NV NV0y y y ñ = ñ = ñ- - -
⎡
⎣

⎤
⎦

where | ( )0y ñ is the initial state of the 14NV-13C system and ˆ ( ) ˆU t e iH tNV= - is the propagator representing a

finite (or discrete) time translation. Sincewe know all elements of ĤNV , we can expand the exponential terms of
the propagator as follows:

ˆ ( ) ( )[ ( ) · ( ) · ( · · )]( ) ( ) ( ) ( ) ( )
U t e 4i S P I g tB S I I S A I A Iz z

N C N
C

C2 N 2
B N C N= m g g- D + + - - + +

ˆ ( ) ˆ ( ) ˆ ( ) ˆ ( ) ˆ ( ) ˆ ( ) ˆ ( ) ˆ ( ) ( )∆U t U t U t U t U t U t U t U t 5AP AN CB N C
\ = m g g

Where ˆ ( )∆
( )U t e i S tz

2
= - D is the Zero-field splitting operator of the electron spin ( )Sz ; ˆ ( ) [ ( ) ]( )

U t eP
i P I tz

N 2= - is the
Quadrupole interaction operator of the 14Nnuclear spin ( ( )Iz

N ); ˆ ( ) [ ·( )]U t e i g tB S
B

B=m
m- is theZeeman interaction

operator of the electron spin ( )S ; ˆ ( ) [ · ( )]( )
U t ei tB I N

N
N=g

g is theZeeman interaction operator of the 14Nnuclear

spin; ˆ ( ) [ ·( )]( )
U t ei tB I C

C
C=g
g is the Zeeman interaction operator of the 13C nuclear spin; ˆ ( ) [ ·( · )]( )

U t e i t
A

S A I N

N
N= - is

theAnisotropic hyperfine interaction operator between the 14NV electron spin ( )S and the 14Nnuclear spin ( )( )I N ;
and ˆ ( ) [ ·( · )]( )

U t eA
Ai tS I

C
C

C= - is theAnisotropic hyperfine interaction operator between theNV electron spin ( )S
and the 13Cnuclear spin ( )( )I C .

2.2.Hamiltonian encoding
Having established awell-defined time evolution unitary operator ˆ ( )U t , as shown in equation (4& 5),
simulation of the 14NV-13CHamiltonian is now transformed into the task of constructing a quantum circuit
representation for the propagator, which can be realized using quantum gates. In this section, we aim to translate
theHamiltonian into aVQCobservable, where each term in equation (5) corresponds to a unique unitary
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operator. This allows us tomap the propagator into a sequence of single-qubit Pauli rotation and two-qubit
entangling gates by extracting individualmatrices of the propagator components ˆ ( )U ti into their equivalent
quantumgates. This approach necessitates a sequential treatment of evolution time to achieve higher accuracy in
simulating the spin dynamics of the 14NV-13C system. As afirst step, we consider the first-orderTrotter-Suzuki
decomposition of the propagator for the systemHamiltonian, as presented in equations (6–8). A similar
techniquewas employed in [34], where a 2DTransverse Field IsingModel Hamiltonianwas utilized instead.

ˆ ( ) ( )ˆ ˆU t e e 6iH t

j

iH tNV NV jd = »d d- -

ˆ ( ) ·
· ·

· · ( )

( ) [ ( ) ] ·

[ · ( )] [ · ( )]

[ · ( · )] [ · ( · )]

( ) [ · ( )]

( ) ( )

( ) ( )

U t e e

e e

e e 7

B I B I

S A I S A I

i S t i P I t e

i t i t

i t i t

B S
z z

N i g B t

N
N

C
C

N
N

C
C

2 2d = d d

g d g d

d d

- D -

- -

m d-

ˆ ( ) ˆ ( ) ˆ ( ) ˆ ( ) ˆ ( ) ˆ ( ) ˆ ( ) ˆ ( ) ( )∆U t U t U t U t U t U t U t U t 8AP A CB N C Nd d d d d d d d = m g g

Each decomposition in equation (8) represents a distinct unitary operator that contributes to the overall
effect of the propagator [ ˆ ( ) ˆ ( )]U t U t

i
id d= , evolving the initial 14NV-13C state | ( )0y ñ into an intermediate

state | ( )ty d ñwithin a short time step td . This process discretizes the total evolution time t into afinite number

of /n t td= Trotter steps [ ˆ ( ) ( ˆ )U t e iH t nNV» d- ]which corresponds to the number of iterations for the classical
optimization steps. Then, the constituent operators of theTrotterized propagator are translated into a sequence
of single- and two-qubit gates, forming the fundamental building blocks of theVQCansatz.

To affect theHamiltonian encoding, we consider themagnetic field B to be directed along the z axis-
(such that B Bzº ) and this constraint greatly simplifies the step-wise propagator ˆ ( )U td . Thus, we further apply
the Bravyi-Kitaev Transformation (BKT) [35] tomap the Ûj terms of theTrotterised propagator to their
approximated qubit operators [35, 36]. This treatment is suitable for the large size of the 14NV-13CHamiltonian
in equation (1) because the quantum circuit depth has to be kept shallow for optimal simulation. The BKT’s
quantumgate encoding is implemented as shown in equations (9–15) by transforming the electron and nuclear
spin operators ( ) ( )S I I, ,z z z

N C to qubit operators Q Z Iz
i i

1

2

1

2
= = , where i is the corresponding qubit index.

ˆ ( ) ( ) ( )∆ ( ) ( ) ∆U t P t P
2

9e ed d qº
D

=⎛
⎝

⎞
⎠

ˆ ( ) ( ) ( )( ) ( )U t P
P

t P
2

10P N N Pd d qº =⎛
⎝

⎞
⎠

ˆ ( ) ( ) ( ) ( )U t R g B t R 11Z B z ze eB B
d m d qº =m m

ˆ ( ) ( ) ( ) ( )U t R B t R 12Z z zNN NN N
d g d qº - =g g

ˆ ( ) ( ) ( ) ( )U t R B t R 13zZ ZC C CC
d g d qº - =g g

ˆ ( ) ( )( · · )( )
U t e R

A

2
14

j x y z

i I t
j x y z j j

jj
A

, ,

S A
, ,

N
j j

e NN
Nj,j

N d » ºd

á ñ

-
á ñ

⎛
⎝

⎞
⎠

ˆ ( ) ( )( · · )( )
U t e R

A

2
15A

j x y z

i I t
j x y z j j

jj

, ,

S A
, ,

c
j j

e cC
Nj,j

c d » ºd

á ñ

-
á ñ

⎛
⎝

⎞
⎠

where ( )PG e and ( )PG N are single-qubit phase gates for the electron and 14Nnuclear spin qubits; Rze
, RzN

and RzC

are the z-axis single-qubit rotation gates for the electron, 14N, and 13C qubits respectively. ( )Rj x y z j j, ,
A

4e N

jjN á ñ

and ( )Rj x y z j j, ,
A

4e C

jjC á ñ represents two-qubit rotation gates for the electron, 14N, and 13C qubits with three

degrees of freedom { }j x y z, ,Î .
By using the encoding described in equations (9–15), the 14NV-13CHamiltonianwas then translated into the

VQCcircuit as an observablemade up of quantumgates shown in equation (16) (see Appendix A for full proof
andAppendix B for encodings and parameter definitions).

( ) ( )
( ) ( )

( )( ) ( )
( ) ( ) ( ) ( )

ˆ

( )

H I I Z Z

X X Y Y Z Z

Z

X X Y Y Z Z 16

NV e
P

N
g B

e
B

N
B

C

e N e N e N
A

e C
A

e C
A

e N

4 4 2 2 2

A

4

A

4

A

4 4 4 4

B z N z z

xx yy zz Cxx Cyy CzzN N N

= + + - -

+ + + + + +

m g gD

⎡
⎣

⎤
⎦

⎡
⎣

⎤
⎦

While aligning the externalmagnetic fieldwith the z-axis simplified theTrotterized propagator, we
intentionally chose not to diagonalize the hyperfine tensors ( )A Ajj jjN C in theVQCobservable to avoid
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oversimplification. This is because their off-diagonal elements are crucial for capturing the desired 14NV-13C
systemhyperfine interactions between the electron and nuclear spins.

2.3.QNN-inspired architecture of theVQC
Aquantumneural network (QNN) is a quantum circuit composed of quantumperceptrons, the quantum
equivalent of perceptrons in classicalmachine learning. It consists of L hidden qubit layers acting on an initial
state ( inr ) of the input qubits, and producing afinal, potentiallymixed state ( outr ) for the output qubits, as
described by equation (17) [12, 37]:

( ( ∣ ) ) ( ) u utr 0 0 0 0 , 17out in
in,hid hid,outr rº Ä ñ á +

where u U U U UL Lout 1 1º - is theQNNquantum circuit,Ul represents the unitary operator of the lth QNN
layer, comprised of a product of quantumperceptrons (or neurons) acting on the qubits in layers l-1 and l , and
trin,hid is the partial trace operation over the input (in) and hidden (hid) qubits. So, for a typical quantum
feedforward neural network architecture, we have an input, an output, and L hidden layers as shown infigure 2.

Thus, ourQNN-inspiredVQC circuit layout is designed to simulate the 14NV centerHamiltonianwith a
proximal 13C isotope. This architecture leverages the quantumneural network (QNN) concepts introduced
above to encode and optimize theHamiltonian for efficient simulation. TheVQC circuit has threemain
components: (a) the input layerwhich is defined by 3-qubit entanglement initialization protocols [i.e. | GHZ 3ñ
and | W 3ñ states in equation (18)] operated by theUR unitary on three quantum registers; (b) L hidden layers
which represent the parameterized parts of the variational formof theVQC, and it is embeddedwith trainable
theta parameters that act as inputs to theUV

l operator on each circuit layer (note that the input layer and L hidden
layers constitute theVQC ansatz); and (c) the output layerwhich denotes the result of ansatzmeasurement that
can be stored on classical registers for optimization and further processing (see illustration infigure 3).

| (| | )GHZ
1

2
000 111 ; and3ñ = ñ + ñ

| (| | | ) ( )W
1

3
001 010 100 183ñ = ñ + ñ + ñ

The classical optimization process iteratively adjusts theta parameters of the parameter vector tominimize
theVQC’s cost function. The 14NV-13CHamiltonian ĤNV in equation (1)was encoded as an observable of the
VQCcircuit in equation (16) and the cost function fc minimized the expectation values of the observable as
shown in equation (19).

( ) ( )∣ ∣ ( ) ( )
  f H 19c NV

arg min
q y q y q= ¾ ¾ á ñ

q

where

q is the parameter vector of theVQC, ( )


fc q is the cost functionwith input


q, | ( )


y q ñ is theVQC ansatz’s

quantum state preparedwith n theta parameters of the parameter vector ( )
 




n1q q q , and ( )| ˆ | ( )
 

HNVy q y qá ñ is
the expectation value of ĤNV for theVQC ansatz state | ( )


y q ñ.

TheVQC [figure 3 (left)] is purposely tailored to evaluate the ground state energy of the 14NV-13C system. To
achieve this, we utilize the cost function in equation (19) to evaluate the expectation value of theHamiltonian.
This expectation value is then fed into a classical optimizer, which iteratively adjusts the parameters of our
quantum circuit tominimize the cost function. For instance, in the case of a gradient-based optimizer, as

Figure 2.Aquantum feedforward neural network architecturewith an input, an output, and L hidden layers. The number of hidden
layers L represents the intermediate quantum states of theQNNcircuit and determines network depth. The input and output layers
represent the initial and final quantum states of theQNNcircuit respectively (adapted fromfigure 1 in [12] andfigure 2 in [37]).
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depicted under classical optimization infigure 3 (right), the parameters are adjusted iteratively by defining the

gradient of the cost function ( )
 

fc q at an initial point with a parameter vector


iq , and then following through the
direction of the steepest descent. The next sets of parameters are then updated as follows: ( )

   
fi i c1q q h q= - +

, where h is the learning rate comparable toTrotter steps [27, 38, 39].
Upon successful optimization, we obtain a set of optimized parameters, ( )


 n1q q q* * * . These parameters

define the optimal VQCansatz configuration, allowing us to construct and approximate the ground state

wavefunction, | ( ) | ( )


0y y qñ » ñ* . Bymeasuring this state, we directly obtain the ground state energy

eigenvalues, ( )


fc q* , of the 14NV-13C system. This hybrid approach harnesses the power of quantum
computation to represent andmanipulate quantum states, while leveraging classical optimization techniques to
efficiently find the solution.

2.4. VQCdesign and Initialization
Wedesigned theVQC circuit using IBM'sQiskit SDK in Python to validate our approach. Three quantum
registers denoted asQes, QNs, andQCs for theNV center’s electron spin, 14N, and 13Cnuclear spins, respectively,
were used to represent the qubit states of theVQC.Measurements (meas) on the three spin qubits were stored on
three classical registers: CRes, CRNs, andCRCs, respectively. TheVQCwas initialized in theGHZ3 andW3

states to create an entangled reference quantum circuit for the three qubits [40, 41]. TheHinton,Q-sphere, and
State City plots for the 3-qubit initialization protocols are shown infigures 5 (b) and (c). A parameterized
variational formof the quantum circuit was created using aHardware Efficient SU(2) 2-local circuit (ESU2) and
then integratedwith the initialized reference circuits to compose the final VQC ansatz. ESU2 is based on the
Two-Local circuit, a parameterized circuit composed of alternating rotation and entanglement layers [42]. In
this case, ESU2 circuit designwas used to implement single qubit operations spanned by SU(2) andCX
entanglements, resulting in a heuristic pattern useful in preparing trial wave functions for VQCs. SU(2) refers to
a special unitary group of degree 2, whose elements are 2×2 unitarymatrices with determinant 1, e.g. Pauli

rotation gates [43]. The parameter vector

q had 24 theta parameters, whichwere fed into the ESU2 ansatz as

trainable variational inputs of the variational unitaryUV
l . The complete VQC circuit design is shown infigure 4,

with four hidden layers of the variational circuit.
Thefinal VQCcircuit was successfully run on the 127-qubit IBMquantumhardware, ibm_brisbane, using

BackendEstimatorV2 [44]. The quantumprocessing unit’s (QPU) qubit lattice connectivity is visually
representedwith a color gradient, indicating the error probabilities associatedwith single and two-qubit gates.
Lighter colors signify higher error rates, while darker colors indicate lower ones, as depicted infigure 5(a). The
median error rates for ECR, SX, and readout operations were 7.814 10 3´ - , 2.359 10 4´ - , and1.330 10 4´ - ,
respectively. TheQPU’s qubit topology allowed our 3-qubit chainVQCdesign to achieve a low error rate of
about 3.2%per layered gate [45].We further suppressed andmitigated errors by adjusting the resilience and
optimization levels ofQiskit’s runtime primitives to reduce the impact of noise and enhance optimization
efficiency.

Figure 3.AQNN-inspiredVQC architecture designed to simulate the 14NV-13CHamiltonian. TheVQC configuration (left) consist
of (a) an input layer where qubits are initialized using the entanglingGHZ3 andW3 states; (b) hidden layers comprising the variational
form, parameterizedwith single-qubit Pauli rotations and 2-qubit entangling CNOTgates, which encode theHamiltonian as an
ansatz observable; and (c) an output layer wheremeasurements are taken. The classical optimization process (right) iteratively adjusts
theta parameters of the parameter vector ( )


i n1q q q tominimize the cost function ( )


fc iq via gradient descent. Ansatz theta

parameters are updated only if the cost function isminimized. The optimization process continues until convergence to the target
value is achieved orwhen amaximum iteration limit is exceeded. The feedback loop (green, yellow, and red arrows) demonstrates the
iterative nature of optimization, where circuit parameters for each subsequentQNN layer are conditionally updated.
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3. Results and discussion

3.1. VQCansatz optimization
TheVQC’s ansatz parameters were optimized using six classical optimization algorithms to ascertain their
suitability for efficientlyminimizing the eigenvalues of the cost function. In particular, we trial-tested three
gradient-based (BFGS, L-BFGS-B, andADAM) and three gradient-free (COBYLA, POWELL, andNELDER-
MEAD) classical optimizers.We initiated the optimization process by generating six different instances of

pseudo-randomparameter vectors { }
 




, , ,1 2 6q q q , with each parameter vector having 24 trainable theta

parameters [i.e. (


, , ,i 1 2 24q q q q )] as inputs to the ansatz’s lth variational unitary ( )


UV
l

iq . Each lth unitary
operation corresponded to a unique quantum state of theVQC’s ansatz for each optimization loop. Each of the
six randomly initialized parameter vectors was subjected to optimization using the selected classical algorithms.
By taking t 0.002d = and B B 1Tzº = , the six classical optimization algorithmswere then run for every initial

pseudo-randomparameter vector (


iq ) in tandemwith theVQE’s cost function, which evaluated eigenvalues for
amaximumof 500 optimization steps (or up until the point of convergence to the target). These optimization
pathways are visualized infigure 6.

Optimization results infigure 6 show that only three non-gradient optimization algorithms (i.e., COBYLA,
POWELL, andNELDER-MEAD)were successful atminimizing the estimated energy eigenvalues evaluated by
theVQC’s cost function operating, which operated on the circuit observable. Of these three, COBYLAwas the
quickest optimizer and reached theminimumeigenvalues within the first 300 optimization steps. The other
three gradient-based optimizers (BFGS, L-BFGS-B, andADAM) failed tominimize the cost function, possibly
due to the existence of barren plateaus on the optimization landscape, which is attributable to parameterized
circuits initializedwith random initial parameter values [26–28]. Since barren plateau landscapes are quite
common and diminish the continuity of gradient descent when implementing gradient-based optimization
algorithms, researchers have proposed techniques for avoiding their occurrence by using classical shadows [46],
classical deep neural networks [47], trainable Fourier coefficients ofHamiltonian systemparameters [48], and
transfer-learning-inspired parameter initializations [49] among others.

Figure 4.Design of theVQCESU2 ansatz circuit. The ansatz is initializedwithGHZ3 andW3 states, in (a) and (b) respectively, acting
as the input layer. (c)Transpiled ESU2 variational formwith 4 hidden layers comprised of 24 theta parameters as inputs of the
variational unitary operatorUV

l . Results ofmeasurement on the three spin qubits in (a) and (b) are stored on 3 classical registers (meas)
representing the output layer.

Figure 5. (a)Topology graph for the 127-qubit ibm_brisbane quantumhardware. The qubit lattice connectivity for the quantum
processing unit (QPU) is visually representedwith a color gradient indicating error probabilities associatedwith single and 2-qubit
gates. Lighter colors signify higher error rates, while darker ones signify lower error rates. Parts (b) and (c) depict theHinton,
Q-sphere, and State City plots for theGHZ3 andW3 initialization protocols. TheVQC’s reference circuit is initializedwith pure
quantum states.
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Figure 6.Plots of six classical optimization algorithmpathways for theVQC ansatz. The optimizers were run for six different initial

pseudo-randomparameter vectors { }
 




, , ,1 2 6q q q in tandemwith theVQE’s cost function, which evaluated eigenvalues for a
maximumof 500 optimization steps (or up until the point of convergence to the target). Three gradient-free classical optimizers
(COBYLA, POWEL, andNELDER-MEAD) successfullyminimized the estimated energy eigenvalues of theVQC’s cost function. The
other three gradient-based optimizers (BFGS, L-BFGS-B, andADAM) failed tominimize the cost function, possibly due to the
existence of a barren plateau optimization landscape that prevented continuity of gradient descent (see Appendix C for optimization
data files).
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3.2.Optimal parameters and quasi probability
Each of the 24 theta parameters corresponding to the six sets of themost optimal parameter vectors

{ }
 




, , ,1 2 6q q q* * * , for the three successful algorithmswere plotted alongwith their initial ESU2 pseudo-random
theta parameters for both theGHZ3 andW3 initialization protocols as presented infigure 7.

Here we see that the optimal parameters for theGHZ3 initialized ansatz were relativelymore diverged from
the initial ones as compared to the ones initializedwith theW3 state.While theGHZ3 initialized state was
maximally entangled, theW3 initialization ensured a genuinemultipartite entanglement scheme [see
equation (18)], which buildsmore resilience towards qubit losses in noisy systems [49, 50]. Interestingly, the
final states of themost optimal parameter vectors for theGHZ3 initializedVQC converged at a completely
different butmaximally entangled state with negligible overlaps, thereby preserving themaximal entanglement
schemewhich is reportedly shown as a critical component for optimizing quantum circuits [51]. This final state,
| ( ) (| | )t 001 100f

1

2
y ñ @ ñ + ñ , corresponds to the ground state of theNV center system. So, equation (20)
represents the complete evolution of spin states for theGHZ3 initialized ansatz.

| ( ) (| | ) ⇨| ( ) (| | ) ( )0
1

2
000 111 t

1

2
001 100 20i fy ñ = ñ + ñ y ñ @ ñ + ñ

For theW3 initialization, the final parameters vectors converged in an almostmixed product state, thus
losing their initial entanglement scheme. These observations are confirmable with the results of ESU2 ansatz
state vector counts presented as quasi probabilities infigure 8.

3.3. Estimating 14NV-13C ground state

Three sets of optimal ESU2 ansatz parameter vectors ( )
  

i.e. , , andCB NM POq q q* * * were used to obtain their
corresponding optimal ansatz state vectors for theCOBYLA,NELDER-MEAD, and POWELL optimizers,
respectively. Then, state vectorQ-spheres andHinton plots were generated for the initial and each of three
optimal ansatz states, as shown infigure 9 (top and bottom, respectively), to track the 14NV-electron spin state
transitions. The real Hinton plots for the three successful optimizers indicate that themost optimally probable
quantum spin states were the | 001ñand | 100ñmaximally entangled states. The observed optimal ESU2 ansatz
state conformswith the results of themost optimal parameter vectors across the three optimizers as visualized by

Figure 6. (Continued.)
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Figure 7.Comparison between the initial pseudo-random and thefinal optimal parameter vectors (eachwith 24 theta parameters
measured in radians) of the ESU2 ansatz initialized in the | GHZ 3ñ (top) and | W 3ñ states (bottom).

Figure 8.Quasi probability distribution of the initialization protocols and ESU2 ansatz state vectors at optimal theta parameters for
the three successful optimization algorithms. The ESU2 ansatz was transpiled using the Instruction Set Architecture (ISA) through
which state vector probabilities were determined. The ESU2 ansatz circuit wasfirst initialized in the | GHZ 3ñ state (top) to obtain a
maximally entangled reference circuit, resulting in an approximate optimal ansatz state for each optimizer. Then, the ESU2 ansatz was
initialized in the | W 3ñ state (bottom) to obtain a genuinemultipartite entangled reference state.With this routine, the final ansatz
states converged in an almostmixed product state, thus losing its initial entanglement scheme.

10

Phys. Scr. 100 (2025) 025111 CDaka and SBhattacharyya



the quasi-state vector probability distribution infigure 8 (left). Hence, the optimal ESU2 ansatz states, obtained
through the three classical optimizers, represent our best estimates of the 14NV-13C system's ground states. This
correspondence is inherently validated through theVQC's design, where the systemHamiltonian (ĤNV) is
encoded as an observable used tominimize the cost function during optimization. In this case, theminimum

expectation value of theHamiltonian, ( )| ˆ | ( )
 

Hmin NVy q y qá ñ* * , is interpreted as the estimatedminimumenergy
eigenvalue of the cost function, which corresponds to the 14NV-electron ground state energy in proximal with a
nucleus of 13C isotope.

We alsomanaged to run a single-layer VQCwith iterative execution shots to establish if themulti-layered
QNN inspiredVQC architecture had any observable effect on the optimization efficiency and quantumpurity of
thefinal ansatz state vectors as depicted by the state vectorQ-spheres andHinton plots infigure 10. Comparing
the results obtained infigures 9 and 10, we notice that the degree of noise in the final ansatz state vectors of each
optimization protocol increased drastically when the propagatorwasn’t Trotterized, thus leading to an
inefficient ansatz optimization process.

We further observe that the real and imaginaryHinton plots for theCOBYLA,NELDER-MEAD, and
POWELL optimizers showed that each of the final VQC ansatz state vectors lost their quantumpurity (mainly
due to noise) for every optimization pathway. Each optimizer resulted into a completely different andmixed
final ansatz state vector, despite having been initialized in themaximally entangledGHZ3 state. Hence, the noise
introduced by running a bulky and single layeredVQCon the near termQPUgreatly compromised the
possibility of reaching afinal pure ansatz state. Therefore, with high levels of noise and impure ansatz states, as

Figure 9.Multi-layeredVQC’s State vectorQ-spheres andHinton plots, on top and bottomparts in (a) and (b) respectively, for the
initial (transpiled) and optimized ESU2 ansatz initialized in the | GHZ 3ñ state. The realHinton plots for theCOBYLA,NELDER-
MEAD, and POWELL optimizers indicates that | 001ñ and | 100ñwere themost optimally probable spin states corresponding to the
ground state | ( ) (| | )t 001 1001

2
y ñ @ ñ + ñ . The optimal states of the ESU2 ansatz state conformswith the results of optimal

parameters across the three optimizers for the quasi-state vector probability distribution infigure 8 (top).
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seen infigure 10, we cannot reliably approximate the ground state eigenvalues [52, 53] of the 14NV-13C system
when executing a single and bulkyVQC layer as compared to the less noisyQNN inspiredmulti-layeredVQC
that has nearly consistent pure ansatz state vectors for each optimizer aswe saw infigure 9.However, the errors
encounteredwith the bulky and single layer VQC can possibly bemitigatedwith techniques like themid circuit
measurement proposed in [51].

At this point, themulti-layeredQNN inspiredVQC’s ability to evaluate the ground state energies and spin
states offers valuable quantumdynamical insights into the behavior ofNV centers. Our estimates and analysis
mainly complement experimental outcomes, demonstrating the potential of our approach tomodel strongly
correlated systems. For example, it has been experimentally established that coherent spin state (CSS)
manipulation of a single 14NV center electron spin, surrounded by a nearest neighbor 13C nuclear spin, can be
exploited to implement repetitive readout sequences, essentially extending quantummemory for precise
measurements [54]. In similar experimental setups, nuclear spins of the 14NV-13C systemwere polarized and
fully controlled through a combination of optical,microwave, and radio frequency fields to showcase the
robustness of quantummemory, even in the presence of optical radiation that is required for electronic spin-
state readout [54–56]. The coupling of a singleNV center with 27 13C nuclear has also been demonstrated for
atomic scale imagery by isolating individual nuclear–nuclear spin interactions [57]. These andmany otherNV
center experimental observations can be supplementedwith custom simulations of theQNN-inspiredVQC
circuit.

In this regard, futurework can extend the scope of our designedVQC to encode a 2DHamiltonian of the
14NV-13C system tomodel quantumphase transitions, spin squeezing, and spin-lattice relaxation. Advanced
dynamical decoupling techniques [58] can also be employed to increase the limits of spin coherence time to that

Figure 10. Single layer VQC’s State vectorQ-spheres andHinton plots, on top and bottomparts in (a) and (b) respectively, for the
initial (transpiled) and optimized ESU2 ansatz initialized in the | GHZ 3ñ state. Both the real and imaginaryHinton plots for the
COBYLA,NELDER-MEAD, and POWELLoptimizers indicates that thefinal ansatz states were characterizedwith a loss of quantum
purity (thus noisy) as they transformed into completely differentmixed states in each optimization pathway.
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of spin-lattice relaxation time, effectivelyminimizing the decoherence effects of surrounding electronic and
nuclear spins on theNV-electron spin. Advanced simulations of this type can provide uswith quantitative
performancemetrics of spin qubits to achieve high-fidelity control and consistent quantum information
processing protocols in spin-based quantumdevices. Techniques for evading barren plateau landscapes can
further be explored to enhance the success of gradient-based optimizers on the designedVQC. Therefore, by
utilizing the electronic- and nuclear spins of the diamondNVcenter, whichmust bewell shielded from
environmental noise, one can implement a plausibleNV-based quantum sensing or quantum computing device
[59–63]. This approach can also be applied inmodeling other quantum systems inmaterials science and
quantum chemistry. The implications of correctlymodeling the behavior ofNV center dynamics are far-
reaching across quantum technologies. Particularly in quantum computing and information processing, NV
centers are potential candidates for qubits, and their precise control ofNISQdevices is a critical factor for
achieving highfidelities. Future research could extend the scope of our current work to simulatemulti-NV
center systemswith 2DHamiltonians and employ techniques formitigating barren plateaus to better assess the
performance of gradient-based optimizers on the designedVQC.

3.4. Remarks onQNN inspiredVQCarchitecture
It has to be understood that the quantum circuit implemented in this work is purely aVQC emulating the
layered architecture of a quantum feed forwardQNN. TheQNN inspired structure comes into picture as a
consequence of theTrotterized propagator which is bifurcated into 7 sub-unitaries (see equation (A14) in
Appendix A) of the full time evolution operator. Thus, each sub-unitary represented a parameterized observable
thatwas encoded as a distinct circuit layer of theVQC (resembling aQNNarchitecture). Hence, by default we
had aVQC circuit with 7 layers. Even so, if onewanted to change the number ofQNN layers, it would be a
plausible approach to systematically vary the default number ofQNN layers (L) by eithermerging or sub-
dividing the sub-unitaries to produce fewer ormore encoded circuit layers respectively. However,
implementation of this techniquewould require iterations across different numbers ofQNN layers (L) for each
optimization algorithm, with each L-case having varying numbers of theta parameters. Hence, our futurework
might as well address the effect of changing the number of circuit layers with respect to theta parameters in each
layer.

Since the implemented circuit is not necessarily aQNN in itself (it rather implements a layered architecture
inspired fromQNNs), we did not dwellmuch onQNNdiscussion aswewereNOTnecessarily training and/or
testing theVQCcircuit with datasets (rather we aimed at optimally simulating dynamics of theHamiltonian).
However, the exact origins of theVQCcircuit layers which emulated the quantum feed-forwardQNN
architecture were thoroughly discussed in section 2.3.

4. Conclusion

In conclusion, we have successfully designed aQNN-inspiredVQC capable of simulating the ground state
dynamics of a diamond 14NV center in proximal with a rare 13C isotope. TheVQCwas structured tomimic a
three-layeredQNNarchitecture, comprising input, L hidden, and output layers. This circuit configurationwas
achieved by decomposing the variational unitary into four distinct variational circuit layers using Trotterization.
Three quantum registers for theNV center’s electron, 14N, and 13C nuclear spins were created to represent three
qubits of theVQC,whose finalmeasurement was stored on three classical registers. These qubits were then
initialized using 3-qubit entangling protocols (GHZ3 andW3), and the variational circuit of the ESU2 ansatz was
optimizedwith six different initial pseudo-randomparameter vectors { }

 



, , ,1 2 6q q q , each consisting of 24 theta

parameters [i.e. (


, , ,i 1 2 24q q q q )].Wemade use of six classical optimization algorithms, three of whichwere
gradient-based (BFGS, L-BFGS-B, andADAM) and the other three gradient-free (COBYLA, POWELL, and
NELDER-MEAD) optimizers tominimize theVQC’s cost function. Our results show that the gradient-free
optimizers excelled at estimating theminimumenergy eigenvalues, with theCOBYLA algorithmbeing the
quickest. The gradient-based optimizers failed tominimize the cost function due to a barren plateau
optimization landscape brought about by the randomly initialized ansatz parameters. Final optimal parameter

vectors { }
 




, , ,1 2 6q q q* * * were obtained for each optimization pathway, and their respective ESU2 ansatz states
were evaluated to represent our best estimates of the 14NV-13C system's ground state. Thus, ourwork lays the
foundational approach for simulating dynamics inNV center systems usingVQCs inspired byQNNs to capture
hyperfine effects.
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AppendixA.Detailed derivation of equations (1)−(16)

The time evolution of the 14NV-13C system can be described using the Schrödinger’s time-dependent equation
as follows (section 3.6.1 in [33]):

| ( ) ˆ | ( ) ( )i
t

t H t A1NV0 0y y
¶
¶

ñ = ñ

Then, the time evolution unitary operator (propagator) ˆ ( )U t t, 0 operating on the initial state described in
equation (A2) from the reference time t0 to some later time t that corresponds to the final state (| ( )ty ñ):

[ ˆ ( ) | ( ) ] ˆ [ ˆ ( ) | ( ) ] ˆ | ( ) ( )i
t

U t t t H U t t t H t t t, , for A2NV NV0 0 0 0 0y y y
¶
¶

ñ = ñ = ñ >

Wenow try to re-arrange thefirst part of equation (A2) to get thefirst-order differential equation:

[ ˆ ( ) | ( ) ] ˆ [ ˆ ( ) | ( ) ] ( )
t

U t t t
i

H U t t t, , A3NV0 0 0 0y y
¶
¶

ñ = - ñ


ˆ ( ) ˆ ˆ ( ) ( )
t

U t t
i

H U t t, , A4NV0 0
¶
¶

= -


Solving for ˆ ( )U t t, 0 by integrating equation (A4), we get:

( )

ˆ ( ) ˆ ˆ ( )

ˆ

ˆ

[ ˆ ( )] ˆ ( )

ˆ ( ) ( )

ˆ ( )
ˆ ( )

ˆ ( )
ˆ ( )

ˆ ( )

U t t H U t t

H dt

H dt

U t t H t t

U t t e

, ,

ln ,

, A5
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i
NV

dU t t

U t t

i
NV

dU t t

U t t
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NV
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t

i
NV

H t t

0 0

,

,

,

,

0 0

0
i

NV

0

0

0

0 0

0

ò ò

= -

= -

= -

= - -

\ =

¶
¶

- -









⎡⎣ ⎤⎦

Thus, we can re-write the last part of equation (A3) in terms of the value of ˆ ( )U t t, 0 is defined in
equation (A5) to express the entire evolution from the initial 14NV-13C quantum state:

| ( ) | ( ) ( )
ˆ ( )t e t A6

i H t t
0

NV 0y yñ = ñ- -


⎡
⎣

⎤
⎦

If we start from an arbitrary point in time and define t 00 = and then take the reduced Plank’s constant
1= , equation (A6) reduces to:

| ( ) | ( ) ( )ˆt e 0 A7iHty yñ = ñ-

where | ( )0y ñ is the initial state of the 14NV-13C system and ˆ ( ) ˆU t e iH tNV= - is the time evolution operator
representing a finite (or discrete) time translation. Sincewe know the contributing terms of the 14NV-13C
Hamiltonian, we can also re-write the time evolution operator as follows:

( ) ( )ˆ [ ( ) ·( ) ·( · · )]( ) ( ) ( ) ( ) ( )
t e e A8iH t i S P I g tB S I I S A I A INV z z

N C N
C

C2 N 2
B N C N= = m g g- - D + + - - + +

· · · · · ·ˆ ( ) ( )( ) [ ( ) ] [ ·( )] [ ·( )] [ ·( )] [ ·( · )] [ ·( · )]( ) ( ) ( )

U t e e e e e e e A9i S t i P I t i g t i t i t i t i tB S B I B I S A I S A Iz z
N N2 N 2

B N
N= m g g- D - - - -

ˆ ( ) ( )ˆ ˆ ˆ ˆ ˆ ˆ ˆ ( ˆ )U t e e e e e e e e A10iH t iH t iH t iH t iH t iH t iH t i H t
j j1 2 3 4 5

6
7= = å- - - - - - - -

where:

• ˆ ( )∆
( ) ˆU t e ei S t iH tz

2
1= =- D - is theZero-field splitting operator of the 14NV center electron spin ( )Sz ;

• ˆ ( ) [ ( ) ] ˆ( )
U t e eP

i P I t iH tz
N 2

2= =- - is theQuadrupole interaction operator of the 14Nnuclear spin ( ( )Iz
N );
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• ˆ ( ) [ ·( )] ˆU t e ei g t iH tB S
B

B 3= =m
m- - is theZeeman interaction operator of the electron spin ( )S ;

• ˆ ( ) [ ·( )] ˆ( )
U t e ei t iH tB I N

N
N 4= =g

g - is theZeeman interaction operator of the 14Nnuclear spin ( )( )I N ;

• ˆ ( ) [ ·( )] ˆ( )
U t e ei t iH tB I C

C
C 5= =g
g - is theZeeman interaction operator of the 13Cnuclear spin ( )( )I C ;

• ˆ ( ) [ ·( · )] ˆ( )
U t e ei t iH t

A
S A I N

N
N 6= =- - is theAnisotropic hyperfine interaction operator between the 14NV electron

spin ( )S and the 14N nuclear spin ( )( )I N ;

• ˆ ( ) [ ·( · )] ˆ( )
U t e eA

i t iH tS A I
C

C
C

7= =- - is theAnisotropic hyperfine interaction operator between theNV electron spin
( )S and the 13Cnuclear spin ( )( )I C ; and

• ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆH H H H H H H H HNV j j 1 2 3 4 5 6 7= å = + + + + + + is the combined effect ofHamiltonian terms

Thus, equation (A10) can be condensed using the above notation to obtain:

ˆ ( ) ˆ ( ) ˆ ( ) ˆ ( ) ˆ ( ) ˆ ( ) ˆ ( ) ˆ ( ) ( )∆U t U t U t U t U t U t U t U t A11AP AN CB N C
= m g g

To encode the 14NV-13CHamiltonian, ˆ ˆH HNV j j= å , we approximated a small-time step td of the time

evolution operator ˆ ( )U t using thefirst-orderTrotter-Suzuki decomposition as shownbelow:

ˆ ( ) ( )ˆ ˆU t e e A12iH t

j

iH tNV NV jd = »d d- -

ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆe e e e e e e eiH t iH t iH t iH t iH t iH t iH t iH tNV 1 2 3 4 5
6

7 »d d d d d d d d- - - - - - - -

( )( ˆ )e A13i H t
j j= å d-

ˆ ( ) ˆ ˆ ˆ ˆ ˆ ˆ ˆ ( )ˆU t e U U U U U U U A14iH t
71 2 3 4 5 6

NVd » »d-

where ˆ ˆ ˆ ˆ ˆ ˆ ˆU U U U U U U, , , , , , and 71 2 3 4 5 6 are unitary operators defined by:

• ˆ ˆ ( )∆
( )U U t e i S t

1 z
2

d= » d- D

• ˆ ˆ ( ) [ ( ) ]( )
U U t eP

i P I t
2 z

N 2d= » d-

• ˆ ˆ ( ) [ ·( )]U U t e i g tB S
3 B

Bd= »m
m d-

• ˆ ˆ ( ) [ ·( )]( )
U U t ei tB I

4
N

N
Nd= »g

g d

• ˆ ˆ ( ) [ ·( )]( )
U U t ei tB I

5
C

C
Cd= »g
g d

• ˆ [ ·( · )]( )
U e i tS A I

6
N

N» d-

• ˆ [ ·( · )]( )
U e i t

7
S A IC

C» d-

Taking t to be the complete evolution time, then therewill be a total of n t

t
=

d
Trotter steps to achieve

complete quantum state propagation from the initial state | ( )0y ñ to thefinal state | ( )ty ñ. Therefore, we can
express theTrotterized full-state propagator ˆ ( )U t as:

ˆ ( ) ( )( ˆ )U t e A15iH t n\ » d-

To affect theHamiltonian encoding, we consider themagnetic field B to be directed along the z axis-
(such that B Bzº ). Thus, we further apply the Bravyi-Kitaev Transformation (BKT) [35] tomap terms of the
Trotterised propagator to their approximated qubit operators [26, 27]. The BKT’s quantumgate encoding is
implemented as shown in equations (A16–A22) by transforming the electron and nuclear spin operators

( ) ( )S I I, ,z z z
N C to qubit operators Q Z Iz

i i

1

2

1

2
= = , where i is the corresponding qubit index.

( )ˆ ( )∆
( ) ( )U t e e ei S t i Q t i I t

4z z e2 2
d = » »d d d- D - D - D
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2

1
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Since ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆH H H H H H H H H7NV j j 1 2 3 4 5 6= å = + + + + + + , theHamiltonian can then be encoded as an

observable of theVQCwith quantum gates defined in equations (A16–A22).

( )
( )

( ) ( )
( )

( ) ( )
( ) ( )

( ) ( )

ˆ

( )

H I I Z

Z

X X Y Y Z Z

Z X X Y Y Z Z

A23

NV e
P

N
g B

e

B
N

B
C e N e N e N

A
e C

A
e C

A
e N

4 4 2

2 2

A

4

A

4

A

4

4 4 4

B z

N z z xx yy zz

Cxx Cyy Czz

N N N

= + +

- - + + +

+ + +

D m

g g ⎡
⎣

⎤
⎦

⎡
⎣

⎤
⎦

Appendix B. VQCobservables and parameters

B.1. VQChamiltonian encoding
Detailed quantumgate encoding of theHamiltonian into theVQC’s observable in equation (A23) is shown in
table B1.

B.2. VQC circuit parameters
Table B2 shows theVQCparameters defined based on the couplings and coefficients determined theoretically
and/or experimentally for 14NV-13C systems [21, 29–32].
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AppendixC.Data repository (source code andfiles)

The following google drive link redirects to a cloud folder where the IMB’sQiskit source code (implemented in
Python) and the datafiles (csv and json) containing optimization results for the six optimizers used in this study
are stored.

https://drive.google.com/drive/folders/1YqCJgUM0V_XWTBLG8oBVMOvYB2ga322G?
usp=drive_link

Conflict of interest

The authors declare no conflict of interest.

Ethical statement

This study doesNOT in anyway involve live subjects (human or animal).

ORCID iDs

ChisomoDaka https://orcid.org/0000-0001-9465-5507
Somnath Bhattacharyya https://orcid.org/0000-0002-8744-2527

Table B1.Quantum logic gate implementation of theVQCobservable in equation (A23).

Observable Equivalent gates Qubits involved Sparse pauli operators (QCQNQe)

( )Ie4

D ( )( ) ∆P e q Electron spin qubit (Global Phase) I I I

( )IP
N4

( )( )P N Pq 14Nnuclear spin qubits (Global Phase) I I I

( )Z
g B

e2
B zm ( )RZe Bz

qm Electron spin qubit (Single-Qubit Gate) I I Z

( )Z
B

N2
N zg ( )RzN N

qg 14Nnuclear spin qubit (Single-Qubit Gate) I Z I

( )Z
B

C2
zg ( )RZC C

qg 13C nuclear spin qubit (Single-Qubit Gate) Z I I

( )X Xe N
A

4
xxN ( )RX X Ae N xxNq Electron and 14Nnuclear spin qubits (2-Qubit Gates) I XX

( )Y Ye N
A

4

yyN ( )RX X Ae N yyNq Electron and 14Nnuclear spin qubits (2-Qubit Gates) I Y Y

( )Z Ze N
A

4
zzN ( )RX X Ae N zzNq Electron and 14Nnuclear spin qubits (2-Qubit Gates) I Z Z

( )X XA
e C4

Cxx ( )RX X Ae C xxCq Electron and 13Cnuclear spin qubits (2-Qubit Gates) X IX

( )Y Y
A

e C4

Cyy ( )RX X Ae C yyCq Electron and 13Cnuclear spin qubits (2-Qubit Gates) Y I Y

( )Z ZA
e N4

Czz ( )RX X Ae C zzCq Electron and 13Cnuclear spin qubits (2-Qubit Gates) Z I Z

Table B2. List of VQCcircuit parameters and their definitions.

Circuit parameters Parameter definition

td ( )
( )

t 0.002Evolution Time t

Num Trotter Steps n.
d = = (with time t n1, we have 500= = )

Bj BB B T1j z= = = (Magneticfield along the z-direction)

t2q d= DD GHz2.87D »
P t2P llq d= P P P P MHz51 2 3= = = = -
g B tB jjBq m d=m |g g 2.0029= = and ⟘ /g eV T2.0031 5.788 10B

5m= » ´ -

tBjNNj
q g d= -g Nj Nz

q q=g g and 3.077 MHz TNg = - (2π space)

tBjc13c13j
q g d= -g c13j c13z

q q=g g and /10.705MHz Tc13g = (2π space)

tAA NjNjq d= ⟘A MHzA A 2.70NNx Ny= = = - (14NAnisotropicHyperfine InteractionTensor) |A MHzA 2.16NNz = = - (14N

IsotropicHyperfine InteractionTensor)
tAA c13jc13jq d= ⟘A MHzA A 120.3c13x c13y= = = (13CAnisotropicHyperfine Interaction Tensor) |A MHzA 199.7c13z = = (13C

IsotropicHyperfine InteractionTensor)
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