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Abstract

Prediction of fracture dimensions during propagation of a hydraulically induced fracture for
well stimulation is essential for the design of a stimulation treatment. This study seeks to better
understand the mechanisms of hydraulic fracturing through computational modelling of the

fracture growth up to a specific time in MATLAB.

The computations were based on three existing theories of fracture propagation: the
Khristianovitch, Geertsma and de Klerk (KGD) model, Perkins and Kern model (PKN) and
Pseudo 3D model. Owing to the absence of raw data for the Whitehill formation in the Karoo,
analogous shale rock from the United States of America was used as a basis for the study. The
MATLAB computations were thus performed based on the following rock properties: Shear
modulus = 1.466 x 10°Psi; Drained Poisson’s ratio = 0.2; Fluid Viscosity = 1cp; Pumping rate
= 62.5bbl/min; In-situ stress = 3200Psi; Wellbore radius = 0.2ft; Passed time = 0.3min.

This report documents the differences in height, length, width, and pressure, predicted by the
2D and 3D models for the same set of input parameters. It is shown that the growth of the
fracture for the 2D models yield much shorter lengths than the 3D model. It is also seen that
the wellbore pressure predicted by the PKN model, in contrast to the KGD model, increases to
2.564 x 10° psi. as the fracture length increases. The pressure predicted by the P3D model
increases to a peak of 1.411 x 10° psi at t = 0.24sec before declining to a final 7.709 x 10° psi.

Though the report proposed an understanding of the mechanisms of hydraulic fracturing in the
Karoo, and even obtained solutions, it is limited to simulation models without application to
field data.
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Chapter 1: Introduction

1.1 Background

Hydraulic fracturing is the breaking of rocks by injection of a fluid at a high pressure (Wangen,
2017). It is an important method used in the exploration of oil and gas (McClure, 2012). This
is because the ability of a well to produce hydrocarbons or receive injection fluids is limited
by the reservoir’s natural permeability. Hydraulic fracturing therefore seeks to improve
hydrocarbon flow by creating pathways in the formation that connect the reservoir and wellbore
(Nolen-Hoeksema, 2013). Its application in the oil and gas industry over the last 5 decades has
been to enhance the connection between a well and a productive reservoir. In other
environments, it is used to create or stimulate already existing fractures in a low permeability
matrix (Howard & Fast, 1970). An example of the latter is the stimulation of shale-gas
reservoirs in order to extract gas (Geel, Schulz, Booth, de Wit, & Horsfield, 2013) as seen in
Figure 1.1. Further engineering applications of hydraulic fracturing include: energy extraction
from geothermal reservoirs, rock mass pre-conditioning and/or de-stressing in mining, and

measurement of underground in situ stress state (Dandekar, 2013).

Shale gas extraction

%‘q Natural gas
% Radon

Process water
‘/'\‘

Gas flows out ;”“’3
Water table Shale | » ~

| Water, sand
and chemical

Figure 1.1: Diagram depicting the process of hydraulic fracturing used to extract shale gas (Li, Xing, Liu, & Liu, 2015)

Complicated geological settings, such as, local heterogeneities or a complex in situ stress field,
contribute to the challenging task of hydraulic fracturing (Figueiredo, Tsang, Rutqvist, &
Niemi, 2017). The low permeability natures of these unconventional reservoirs also add to the
complexity of the challenge. In order to optimise gas recovery from such reservoirs, it is

important to investigate and understand how hydraulic fracturing is done in these settings.




Numerical modelling thus also plays an important role because such conditions cannot be

reproduced by laboratory experiments.

A resource assessment conducted by Decker & Marot (2012), shows that the Southern Karoo
has potential reserves of between 32 to 485 trillion cubic feet (tcf). This puts South Africa even
further on the map as having the fifth largest technically recoverable shale gas resource in the
world. Table D.1 in appendix D depicts this clearly. The ability to harness this resource will
bring South Africa one-step closer to solving several energy issues. In addition to this, it will
also provide sustainable alternatives to the already exhausted and environmentally pollutive

non-renewable dependants.

This research will use work done by Nasiri (2015), which covers fracture growth modelling in
MATLAB, and Yildrium, (2014) which investigates petrophysical properties of Marcellus
shale, as a reference point. This will help in the initial understanding of how to accurately
model the fracture growth process. In instances where petrophysical and geological data from
a sample of shale rock in the Karoo is unavailable, analogous, Marcellus shale rock will provide
the necessary data to populate the model.




1.2 Problem Statement

The challenge is to understand the process model of hydraulic fracturing on the conditions of
the Karoo under its complex geological setting.

To be able to solve this problem, an understanding of the model process is essential for the
design fracture operations. Because of the current socio-economic issues regarding fracking in
the Karoo as well as the confusion around the Mineral and Petroleum Resources Act (MPRDA)
Amendment Bill, obtaining exact raw data from the Karoo is not possible. In the absence of
raw data, analogues from a geological setting exhibiting similar characteristics as that of the
Karoo can be used to populate the model.

The mineralogy, shale formation and other petrophysical and geological data from the Karoo
form the foundation upon which fracture propagation and reservoir models are constructed.
Examining this will provide better means of understanding the extent to which gas can be
extracted the process optimised.

Understanding this will then aid in the advancement of fracking in South Africa. The region
within the Karoo that will be considered is outlined in Chapter 2.




1.3 Research Objectives

In the design of a hydraulic fracturing operation, there are two mechanisms that need to be
considered: initiation and propagation of the hydraulic fracture. Careful consideration of
factors that influence these two mechanisms in the context of an unconventional reservoir, in a
complex geological setting, will provide a means to improve understanding of and effectively
design the fracture process. For the purposes of this research, models concerning only the
initiation of the fracture, in the context of the Karoo, will be studied.

The following objectives highlight the focus of this project:

e Enhance understanding of the mechanisms of hydraulic fracturing, specifically in the
Karoo, through means of computational modelling.

e Torepresent the growth of a fracture for hydraulic fracturing of shale rock in the Karoo.

e Analyse and solve the equations of models that best represent fracture growth to its

final shape at a specific time.




Chapter 2: Literature Review

2.1 Shale gas and Fracking in SA

Currently, hydraulic fracturing is not done in South Africa. There has been hesitation to adopt
the process due to the drawbacks of immense water consumption and the potential of
groundwater contamination. Civil society groups and communities, rallying behind slogans
such as “Don’t Frack with Our Karoo!” (Nell, 2017), have contributed to the outcry against the
process. In addition; baseline studies, logistical, political and socio-economic structures still
need to be refined for exploration in the Karoo to commence (O'Connor, et al., 2016).

Despite the insufficient research as well as the lack of a regulatory oversight and legalistic
framework for potential fracking, applications for work aimed at determining the presence of
a petroleum resource are well under way. A comprehensive and analytical study conducted by
the Development Bank of South Africa (DBSA) (2014) revealed that the existing shale gas
reserve could be a ‘transformational opportunity’ for South Africa and for those that rely on it
for their livelihood. This demands a proper assessment of the reserve because confirmed shale
gas deposits could contribute significantly to economic development across a spectrum of
industries. “The cost of extracting shale gas from the Karoo would be outweighed by the
benefits to the South African economy in terms of potential jobs and industrial development.”
(DBSA, 2014) The question, then, is not a matter of whether the practice should be carried out,
but rather, how it should be done. Understanding this complex process within the bounds of
the Karoo climate will provide a way forward to ensuring its success.

Despite reservations in some countries, the practice of fracking has been successfully tested
and tried throughout the world. North America has been the most successful. It is currently the
leading innovator in terms of fracking (O'Connor, et al., 2016). There is compelling evidence
as presented by Fakir (2015), to show that though this process is successful, it is not exactly
replicable everywhere in the world, owing to the complexity and uniqueness of each geological
setting, and the type of formations found along with the varying rock characteristics. On top of
this, few numerical studies have been performed in comparison to the number of experiments
carried out to further analyse the mechanisms of hydraulic fracturing on the particular
conditions under consideration (Li, Xing, Liu, & Liu, 2015). It is therefore imperative to have
a wider view of the rock matrix and other petrophysical data that describe the shale formation
in the Karoo; as well as an understanding of the process itself — or at least part of it.

With particular attention to fracking of shale rock, one of the challenges that influence
stimulation and productivity is the heterogeneous characteristics of the shale formations. It is
because of this that shale gas characteristics of Permian black shales in the Ecca Group, near
Jansenville in the Eastern Cape (South Africa) were studied in order to verify the potential for
shale gas in the area (Geel, Schulz, Booth, de Wit, & Horsfield, 2013). The study reported on




the geochemical and petrophysical properties of the black shales from the Prince Albert,
Whitehill and Collingham formations of the Lower Karoo Supergroup, near Jansenville.
Petrographic, XRF, XRD, and SEM analyses from the black shale of the Whitehill Formation
revealed several underlying factors and characteristics, which confirm deltaic depositional
model for the lower Ecca Group (Geel, Schulz, Booth, De Wit, & Horsfield, 2013).

Petrophysical analyses that were performed indicate that properties such as brittleness and
porosity of the Whitehill Formation, although not as good as the under- and over-lying
formations, would facilitate hydraulic fracturing and extraction of gas from these rocks. The
Whitehill formation (Permian Shale, South Eastern Karoo Basin, Greystone area, RSA) was
also compared with Barnett formation (Mississippian shale, Fort Worth Basin, USA) and
Marcellus formation (Devonian Shale, Appalachian Basin USA) which revealed that
characteristic properties of the Whitehill Formation as a shale gas host compared favourably
with those of the currently exploited gas fields in the United States. This result will form part
of the foundation for being able to construct a model in the context of raw data uncertainty.




2.2 Significance Pertaining to Fracture Growth

The two prominent issues that exist with fracking relate to initiation and propagation: breaking
the rock, and the way in which fractures extend. Both occur deep within the earth and cannot
be observed directly. Among many factors that affect hydraulic fracturing response, the
properties of reservoir rock, fracture fluid and the magnitude and direction of in-situ stress play
a significant role in allowing for an accurate prediction of the dimension (opening width,
length, and height) of the hydraulically induced fracture for a given pumping rate and time
(Weijers, De Pater, Owens, & Kogsboil, 1994).

As stated in ‘Fracture Growth in Layered and Discontinued Media’ by Warpinski (2011), the
geometry of a hydraulic fracture depends strongly on both the mechanical properties of the
rock formation, which describe how the formation will deform under a change in stresses, and
the stresses acting on the formation.




2.2.1 In-Situ Stress

Of the multiplicity of factors that influence hydraulic fracture growth, in-situ stress has the
most significant effect on fracture height growth. The importance of stress was noted early on
(Perkins & Kern, 1961) and has been widely considered in modelling (Linkov, 2014), and
numerous laboratory experiments. Fracture height growth can be easily restricted if the layers
above and have higher stress than the reservoir rock, and this is a common occurrence in
sedimentary basins. An equilibrium (static) analysis of the Linear Elastic Fracture Mechanics
behaviour of a fracture surrounded by rocks with higher stress was first given by Simonson et
al. (1978) for a symmetric case, which stated that stresses above and are equal. Given the
geometry in Figure 2.1, an equation can be written as:

p 2[ Isi _1<h) K,
o, — P = —lo, —o0y]sin"" (=] —
2 m H)  [zH]2

Equation 2. 1: Stress effects equation based on Figure 2.1.

Where:

P = net pressure in fracture

01 = pay zone stress

o, = stress in boundary layers

h = pay zone thickness

H = total fracture height

K, = fracture toughness of the boundary layers

In this equation, the first term on the right is due to the stress contrasts, while the second term
is due to fracture toughness. For standard laboratory values of fracture toughness, the term on
the left is generally small and the height of the fracture is mostly dependent on the stress
contrasts. In general, this equation is conservative since there are other dynamic factors that
affect the amount of height growth that will occur. Similar equations can be developed for non-
symmetric stress contrasts, but more complete dynamic analyses are usually performed in
fracture models (Warpinski N. , 2011).




L
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Figure 2. 1: Geometry for stress effects.




2.3 Pressure and Stresses

The size and orientation of a fracture, and the magnitude of the pressure needed to create it, are
dictated by the formation’s in-situ stress field. This stress field may be defined by three
principal compressive stresses, which are oriented perpendicular to each other (Illustrated in
Figure 2.2 ). The magnitudes and orientations of these three principal stresses are determined
by the tectonic regime in the region and by depth, pore pressure and rock properties, which
determine how stress is transmitted and distributed among formations (Dandekar, 2013). The
geometry of a hydraulic fracture depends strongly on both the mechanical properties of the
rock formation, which describe how the formation will deform under a change in stresses, and
the stresses acting on the formation (Desroches & Bratton, 2000). These three stresses as
defined by Wangen (2017), in ‘A 2D Volume Conservative Numerical Model of Hydraulic

Fracturing’, are:

1) Vertical stress — given by the weight of overburden, is expressed as:
D
0= | p)gaz
0

o, = pgDh
Equation 2. 2: Vertical stress given by overburden weight

Where: p = density of the material
D = depth in z-axis pointing vertically downward
Note: average overburden density = 15-19.2ppg

2) Pore pressure — derived from the pore fluid trapped in the void spaces in the rocks; can
be normal or abnormal; carries part of the total stresses applied to the system while

matrix carries the rest.

Prn = prgh
Equation 2. 3: Pore pressure derived from the pore fluid trapped in rock void spaces

Where: py = fluid density

For brine, average pore fluid density = 8.76ppg

Normal pressure ranges from 0.447-0.465psi/ft; it averages 0.0105MPa/m

10




3) Horizontal stress — where no rigidity is concerned (i.e. the ocean), vertical and

horizontal stresses are the same. In a formation, they differ (because of rigidity)

On = Op t Otect

Equation 2. 4: Horizontal stress (excl. rigidity)

Superscripts: H = maximum horizontal stress
h = minimum horizontal stress

tect = tectonic stress

0y > 0oy > 0y

11
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Figure 2. 2: 3D representation of the three principal compressive stresses involved in the initiation and propagation of
hydraulic fracturing (Nolen-Hoeksema, 2013)

In-situ stresses control the orientation and propagation direction of hydraulic fractures.
Hydraulic fractures are tensile fractures, and they open in the direction of least resistance. If
the maximum principal compressive stress is the overburden stress, then the fractures are
vertical, propagating parallel to the maximum horizontal stress when the fracturing pressure
exceeds the minimum horizontal stress. The three principal stresses increase with depth. The
rate of increase with depth defines the vertical gradient. The principal vertical stress, commonly
called the overburden stress, is caused by the weight of rock overlying a measurement point.
Its vertical gradient is known as the lithostatic gradient. The minimum and maximum

horizontal stresses are the other two principal stresses. Their vertical gradients, which vary

12




widely by basin and lithology, are controlled by local and regional stresses, mainly through
tectonics (Adachi, Detournay, & Peirce, 2010).

The weight of the fluid above a measurement point in normally pressured basins creates in situ
pore pressure. The vertical gradient of pore pressure is the hydrostatic gradient. However, pore
pressures within a basin may be less than or greater than normal pressures and are designated
as under-pressured or over-pressured, respectively (Wangen, 2017).

Figure 2.3 shows what happens to the pressure beyond fracture initiation. During a stimulation
treatment, engineers pump fluid into the targeted stimulation zone at a prescribed rate (blue
polygons), and pressure (red line) builds to a peak at the breakdown pressure, then it drops,
indicating the rock around the well has failed. Pumping stops, and pressure decreases to below
the closure pressure. During a second pumping cycle, the fracture opens again at its reopening
pressure, which is higher than the closure pressure. After pumping, the fracture closes and the
pressure subsides. The initial pore pressure is the ambient pressure in the reservoir zone (Nolen-
Hoeksema, 2013).

13
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Figure 2. 3: Graphical depiction of pressures during a fracture treatment (Nolen-Hoeksema, 2013).
A more detailed pressure profile of the pressure measured inside the hole near the opening of
a hydraulic fracture is shown and explained in Appendix A
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Fluids Used in Fracking

2.4
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Figure 2. 4: Volumetric composition of a typical fracturing fluid, Fayetteville, Arkansas, USA (Brookes, Cohen, Morris, &

Orme-Zavaleta, 2014)
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Chemical additives in the fracture stimulation fluid are highly diluted so they only represent

less than 1% of the volume of the fluid, as shown in Figure 2.4.
Categories of fracturing fluids available usually consist of:

Viscosified water-based fluids

e Non-viscosified water-based fluids
e Gelled oil-based fluids

e Acid-based fluids

e Foam fluids

Table D.2 in appendix D lists the types of fracturing fluids that are available and the general
use of each type of fluid. Reasons for selecting between these fluid types will depend on a
variety of factors, such as its main composition, particular use, base fluid, etc, as outlined in
Table D.2. For most reservoirs, water-based fluids with suitable additives are most appropriate,
due to the historic ease with which large volumes of mix-water can be acquired. In some cases,
foam generated with N2 or CO2 can be used to stimulate shallow, low-pressure zones
successfully (Frink, 2013). When water is used as the base fluid, the water should be tested for
quality due to some sensitivity of certain fluid chemistries to the mix-water composition
(Howard & Fast, 1970).

2.5 Numerical Modelling

Though modelling is used to develop an improved understanding of the fracking process, an
adequate, fundamental understanding of the process to be modelled is required. As previously
mentioned, the entire process of hydraulic fracturing is rather complex, even in its most basic

form, but can be broken down into three main physical processes:
1) Mechanical deformation of fracture surfaces
2) Fluid flow within the fracture
3) Fracture propagation

As Noted by Adachi et al., (2007), each of the above physical processes can be described by

their relative scientific laws respectively:

16




1) Linear elasticity: this is represented by an integral equation that determines the non-

local relationship by measuring the fracture width and fluid pressure.

2) Lubrication theory: represented by a non-linear partial differentiation equation that
relates the fluid flow velocity, fracture width and pressure gradient. The leak-off effects
are accounted for by the additional term added to the equation.

3) Linear elasticity fracture mechanics theory (LEFM): this describes the fact that the
fracture will propagate if the stress intensity factor at the tip matches the rock
roughness.

A numerical method will be used as a tool to better represent the essential mechanism of
hydraulic fracturing in an appropriate manner so as to aid understanding and design while
remaining computationally feasible (Li, Xing, Liu, & Liu, 2015). There are several theoretical
models that have been developed over the last 50 years. The progression thereof and a brief

description of each is outlined as follows:

Classic 2D models — PKN model (assumes plain strain in vertical direction; when fracture
length is much greater than the height) and KGD model (assumes crack width in horizontal
direction is independent of the vertical position) as per Howard & Fast (1970).

Pseudo 3D (P3D) models were developed to investigate the fracture propagation vs height
based on the PKN model. The two categories of P3D models are cell-based and lumped model.
The main issue, as outlined by Howard & Fast (1970), is that neither of these are useful for
simulating fracturing process with arbitrary shapes.

Hence Planar 3D (PL3D) models were developed. An assumption of this model is that the
shape of the fracture is arbitrary and can be represented by Green’s function (Hattori,
Trevelyan, Augarde, Coombs, & Aplin, 2017). This model is slightly more representative and
considers real conditions but is still not sufficient, because it requires a consistency condition
between layers (Wang, Li, & Zhang, 2016; Wangen, 2017). This means that ‘out of plane’
fractures cannot be modelled, and the use of Green’s function makes it difficult for nonlinear
or anisotropic rocks to be simulated.

Thus, Finite Element Modelling (FEM) was developed to simulate real-time fractures and
avoid singularity issues. However, the major shortfall with this model is that it is unable to
predict fracture orientation under complex stress conditions such as re-orientation. The solution
to this inadequacy was solved by Adachi et al. (2007), Li, Xing, Liu, & Liu (2015) where the
results of their findings showed that it is best to implement FEM with continuum damage
mechanics.

Other methods that have been used to numerically simulate the hydraulic fracturing process of
hydraulic fractures include the extended Finite Element Method (XFEM) and Discrete Fracture
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Network (DFN) (Li, Xing, Liu, & Liu, 2015; Wang, Li, & Zhang, 2016). The XFEM has been
implemented on the effects of intersection angles between hydraulic fractures and natural
fractures (Taleghani & Olson, 2009). However, some downfalls to this method include the
branching of intersection of fractures, fluid flow related to fractures and the heterogeneities of
rocks. By DFN, one is able to consider fluid flow and fracture mechanics within the fracture;
although there are also some limitations on the angle between the fractures (Li, Xing, Liu, &
Liu, 2015).

Lastly, looking at Displacement Discontinuity Method (DDM) and Boundary Element Method
(BEM), it is harder to solve problems using these methods when there are several layers of
rocks. Reason for this is explained due to the fact that applying continuity conditions on the
bond between rocks, the solution becomes complex and will severely restrict the problem size
(McClure, 2012).

As outlined in the work done by Nasiri (2015), Matlab will be used to simulate 2D and P3D
hydraulic fractures with equilibrium height growth across stress barriers. The most common
and simplest approach has been to use the local net fluid pressure, in-situ stress contrast, and
rock toughness by satisfying the local static equilibrium to determine the fracture height. A
constant fluid pressure is usually assumed over the vertical cross section of the fracture and the

fluid flow is one dimensional along the direction of pay zone.

It is imperative to note that even though these models have been useful tools, under certain
circumstances such as a formation (which has a complex in-situ stress distribution) the P3D
fracture model may not be capable of capturing all important features due to the approximative
nature of the model (Adachi, Detournay, & Peirce, 2010).

2.6 PKN, KGD and P3D Models

Widespread work has been done to simulate the fracture propagation and dimensions. There
are multiple analytical and numerical models available in literature for estimating fracture
dimensions, propagation and recession with different geometries as outlined in the previous
section. The focus, however, will be mainly on the 2D models (PKN and KGD) and the P3D

model.

2.6.1 PKN model

Perkins and Kern (1961) developed equations to compute fracture length and width with a fixed
height. Later Nordgren (1972) enhanced this model by adding fluid loss to the solution; hence,
this model is commonly called the PKN model. An assumption of this model is that fracture
toughness could be neglected. This is because the energy required for the fracture to propagate

was significantly less than that required for fluid to flow along the fracture length. What also
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adds to this assumption is with regards to the plane strain behaviour in the vertical direction as
well as the constant height of the fracture and propagation along the horizontal direction, as

seen in Figure 2.5.

From the aspect of solid mechanics, when the fracture height "h” is fixed and is much smaller
than its length, the problem is reduced to two-dimensions by using the plane strain assumption
(Xiang, 2011). For the PKN model, plane strain is considered in the vertical direction, and the
rock response in each vertical section along the x-direction is assumed independent on its
neighbouring vertical planes. Plain strain implies that the elastic deformations (strains) to open
or close or shear the fracture, are fully concentrated in the vertical plane’s section perpendicular
to the direction of fracture propagation. This is true if the fracture length is much larger than
the height.

From the aspect of fluid mechanics, fluid flow problem in PKN model is considered in one

dimension in an elliptical channel. The fluid pressure, P , is assumed to be constant in each

vertical cross section perpendicular to the direction of propagation (Xiang, 2011).

Figure 2. 5: PKN geometry for a 2D fracture, for when fracture length is greater than fracture height (Gidley, Holditch,
Nierde, & Veatch, 1989)
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2.6.2  KGD model
The KGD model was developed by Khristianovitch and Zheltov (1955) and Geertsma and de

Klerk (1969). It considers fracture mechanics’ effects on the fracture tip and simplifies the
solution by assuming that the flow rate in the fracture is constant, and the pressure along the
majority of the fracture length is also constant — except for a small region close to the tips (Li,
Xing, Liu, & Liu, 2015). In this model, plane strain is assumed to be in horizontal direction;
i.e., all horizontal cross sections act independently. This holds true only if fracture height is
much greater than fracture length. In addition, since it assumes that the fracture width does not
change along the fracture face, all sections are identical. The model also assumes that fluid

flow and fracture propagation are in one dimension as seen in Figure 2.8.

Area of largest
flow resistance

Figure 2. 6: KGD geometry for a 2D fracture, for when fracture height is greater than fracture length (Gidley, Holditch,
Nierde, & Veatch, 1989)
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The KGD model has six assumptions according to Gerrtsma & De Klerk (1969):
1) The fracture has an elliptical cross section in the horizontal plane.
2) Each horizontal plane deforms independently.

3) Fracture height, hs, is constant.

4) Fluid pressure in the propagation direction is determined by flow resistance in a narrow,

rectangular, vertical slit of variable width.
5) Fluid does not flow through the entire fracture length.

6) Cross sections in the vertical plane are rectangular (fracture width is constant along its
height).

Since the fracture is assumed to be at a plane strain condition in the horizontal plane, the KGD
model is best suited for fractures whose length/height ratio is near unity or less (Yew & Weng,
2015).
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2.6.3 P3D model

The 2D fracture models discussed in the previous sections have been reasonably successful in
practical simulation with a simplified calculation. However, they have limitations in that they
are required to specify fracture height and/or assume radial fracture geometry to perform them.
To solve that problem, pseudo-3D models are formulated by removing the assumption of
constant and uniform height (Morales & Abou-Sayed, 1989). Instead, the height in pseudo-3D
models is a function of position along the fracture and simulation time. Different from 2D
models, a vertical fluid-flow component is added in pseudo-3D models. Fracture lengths must
be much greater than fracture heights. The fully 3D models are even more complex and are
introduced to handle fractures of arbitrary shape and orientation by removing the assumptions
in pseudo-3D models (Rahman & Rahman, 2010).

Table D.3 in appendix D is a brief outline of each of the 2D and 3D models showing their
equations, assumptions and approximate geometries. Derivations of the KGD and PKN can be
found in Appendix C1 and C2.

The PKN model is a more appropriate approximation for fractures where the length is
considerably longer than the height, and the KGD model should be used for fractures where
the fracture length is of the same order or shorter than the fracture height (Smith &
Shlyapobersky, 2014).
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2.7 Modelling fracture growth

In order to model fracture growth, accurate knowledge of the in-situ stresses that exist within
the formation need to be known. This will allow for the rupture or breakdown pressure — “the
pressure at which the rock matrix of an exposed formation fractures and allows fluid to be
injected” (Smith & Shlyapobersky, 2014) —to be obtained. In order to determine the breakdown
pressure required to initiate the fracture, properties of the rock being fractured must be taken
into consideration. These properties include: rock/formation permeability, porosity, reservoir
pressure, temperature, toughness, and depth. This is usually obtained from well logs, cores, and

correlations.

Vishal, Jain, and Singh (2015) showed that the behaviour of rock during different stages of
fracturing, fracture propagation, and initiation is unique. The fracture initiates at high
breakdown pressure, then with pore pressure the fracture propagates. Over time, if the fracture
gets closed with re-fracturing pressure, it re-opens. This highlights the fact that initiation
pressure is lower than breakdown pressure. Thus, the fracture will only initiate under

breakdown pressure at a point remotely located from the wellbore wall.

Two prominent factors that control the vertical growth of a hydraulic fracture are: the contrast

in material properties and the contrast in vertical distribution of in-situ stress (Nasiri, 2015).

The plane of hydraulic fracture is perpendicular to the minimum horizontal in-situ stress,
therefore the growth of fracture height is controlled by the vertical distribution of the horizontal
minimum in-situ stress. When the contrast of stresses between adjacent stress zones is large, it

is expected that the growth of fracture height will be contained (Algahtani, 2015).

Fracture dimensions are also considered an important factor in hydraulic fracturing for several
reasons, of which two are: the incremental increase of injection rates (which are directly
dependent on the fracture dimensions), and the possibility of induced fractures growing into
unintended zones such as freshwater zones (Al-Obaidi, 2014).
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Chapter 3: Methodology

3.1 Modelling Methodology

Because of the nature of the problem, the modelling methodology is broken up into several

stages before an actual model is simulated:

1. Characterisation of the Karoo rock as studied from Geel, Schulz, Booth, de Wit, and
Horsfield (2013).

2. Once the rock has been characterised, assumptions regarding the zone area of interest
in the Karoo are to be made in order to obtain a holistic view. This is based on the

availability of the data as seen in Yieldrium (2014).

3. Available data from field scale hydraulic fracturing project/s is obtained, making
both direct wellbore observations and indirect field scale observations as performed in
the Fort Worth and Appalachian basins in the United States (Yieldrium, 2014).

4. Analysis of data is made, and the published model/s are reviewed.

5. The 2D and P3D models are applied in order to describe the growth of a fracture into
its final shape at a particular time, for the fracking process in the Karoo. This is done
through a calibration/tuning of the North American shale case/s using Matlab.

The flow chart displayed in Figure 3.1 is a summary of the methodology of the work carried

out in this research.
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Figure 3. 1: Flow chart summary of the methodology

The designed numerical work that will be used to model the growth of the fracture will provide
a means of improved understanding of the process of hydraulic fracturing. It is through
hydraulic fracturing design tools that the model can be tested or validated against alternative

scenarios.
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3.2 Comparison of the Whitehill (SA) with the Marcellus
Formation (USA).

Owing to the current political and socio-economic tensions around fracking in South Africa; at
this stage, obtaining data sets for fracture treatment design of a well is impossible. Even though
there has been some exploratory drilling in the Karoo Basin for analysis of core samples; the
lithological logs and profiles produced, considered alone, do not suffice. Because of this,
analogous data from formations that resemble those in the Karoo region will be used to build
the model. The report conducted by Geel, Schulz, Booth, de Wit, & Horsfield (2013) on the
geomechanical and petrophysical properties of shales from the Prince Albert, Whitehill and
Collingham formations of the Lower Karoo Supergroup, near Jasenville in the Eastern Cape;
revealed a strong potential and candidate selection for these areas to be explored. The Whitehill
formation with a total organic carbon (TOC) content averaging 4.5%, fulfils basic prerequisites
of successful gas-bearing shales (Decker & Marot, 2012); making it the prime focus for
potential shale gas prospects in the Southern Karoo. In order to further corroborate this, an
additional comparison was made with the already-exploited shale gas formation in the United

States. The results are seen in Table 3.1;
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Table 3. 1: The Whitehill shale compared with the Barnett and Marcellus shales. (Bruner and Smosna, 2011, Hoelke J, 2011,
Decker and Marot, 2012 and Geel, 2014.)

Formation

Mineral (%)

Quartz
Clays (illite)
Calcite,
Dolomite,
Siderite
Feldspars
Pyrite

Mica

Porosity (%

Vitrinite
reflectance

Tmax

TOC (%)
Kerogen type

Estimated size

of shale gas
play
Formation
thickness
Estimated
potential yield

Barnett
(Mississippian Shale,
Fort Worth Basin,
USA)

35-50
10-50
0-30

1.2 (max 1.9)

>465°C

2-6

Type 1l (minor
admixture of type I11)
23 310 km?

107m

2.5bcf — 40tcf

Marcellus
(Devonian Shale,
Appalachian Basin,
USA)

10-60
10-35
3-50

0-4
5-13
5-30
3-6

1.6 (max 3.4)

>475°C

1-10

Type Il (mixture of

type 1)
12 499 km?

15m

50 — 900tcf

Whitehill (Permian
Shale, South Eastern
Karoo Basin,

Greystone area, RSA)

13-55
5-29
3-62

0-24

1-16

3-22

2.90 (including
Dolomite), 0.83
(excluding dolomite)
4

>573°C

0.7-8.15
Mixture of type Il and

type 11
155 000 — 183 000 km?

~28m

~32 — 485tcf
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Characteristic properties of the Whitehill Formation as a suitable shale gas host compare
favourably with those of currently exploited gas fields in the United States. As seen in Table
3.1, the Whitehill formation is rich in organic content, with a Total Organic Content (TOC)
averaging 4.4%, and thus fulfils basic prerequisites of gas-bearing shales (Sone & Zoback,
2013) . When looking at the major mineral compositions of shale rock, namely Quartz and
Clays (Twine, Jackson, Potgieter, Anderson, & Soobyah, 2012), the Whitehill has an average
of 34% and 17% respectively. This compares favourably with the Marcellus, which has
averages of 35% and 22% for Quartz and Clays respectively as opposed to the Barnett with
25% and 30%. The Whitehill Formation therefore, in the context of the Karoo Basin, remains

an attractive target as a potentially suitable shale gas resource.
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3.3 Approximation of Properties as Base Case for the Whitehill

Formation

A field case study to obtain detailed lithological, sedimentological, petrographic and
geochemical analyses (with particular focus on the black shales of the Whitehill formation)
was carried out by Geel, Schulz, Booth, de Wit and Horsfield (2013).-(Geel, Schulz, Booth, de
Wit, & Horsfield, 2013). The study site is in the Eastern Cape province, south of Jansenville in
the Greystone area.

This area was primarily selected for mapping, core drilling, geochemical and petrological
analysis of core samples. Within the selected area, two boreholes were drilled to depths of
100m and 300m respectively. The drilling location was also said to have been strategically
chosen: the region where black shales, one of which is the Whitehill formation, was predicted

to occur close to the surface.

Another field case study was carried out to estimate the fracture properties and material
parameters of a Marcellus shale well based on well logs by using the methodology of
petrophysical evaluation of shale gas from Yildrium (2014). The Well region of interest was
between 5340 ft (1627.6m) and 5470 ft (1667.3m). A summary of the well properties of the

Marcellus shale well is in Table 3.2 :

Table 3. 2: Summary of Marcellus shale well properties (Yildrium, 2014).

Label Label

Zone of interest 5340 — 5470 ft
Total thickness 130 ft

Well spacing 640 acres

Gas in reservoir 100% Methane

Overburden Stress Gradient  0.96 psi/ft
Average Reservoir Pressure  0.465
Gradient

Reservoir Pressure 2483 — 2543 psi

Biot’s Poroelastic Constant 1
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Table 3.3 shows the Marcellus Formation geomechanical properties along with those of
adjacent formations as calculated from Yildrium (2014). A comparison of the geomechanical
properties of Marcellus shale with those of adjacent formations was performed mainly for
young’s modulus and minimum in-Situ stress having effect on fracture height growth to predict

future behaviour of hydraulic fracturing strategies.

Table 3. 3:Average calculated mechanical properties of the Marcellus Formation and adjacent formations (Yildrium, 2014).

Rock Depth Poisson’s Shear Young’s  Bulk Minimum

Formation (ft) Ratio (v) Modulus  Modulus  Modulus  In-situ
(G) (E) (K) Stress
(Mpsi) (Mpsi) (Mpsi) (Mpsi)

Stafford 5200 — 0.248 1.84 4.61 3.10 3360.21

Limestone 5347

Upper/Lower 5347 — 0.213 1.50 3.64 2.13 3244.29

Marcellus 5446

Shale

Basal Member 5446 — 0.208 1.66 3.99 2.28 3251.62

5469

From the above properties, a base case for the Whitehill formation in the South Eastern

Karoo Basin will be extrapolated and used in subsequent modelling analyses.

Minimum in-situ stress is the most important factor controlling height of fracture in the zone
of interest as verified by theoretical, laboratory and field data. The in-situ stress is dependent
on other elastic properties such as bulk modulus, shear modulus and Poisson’s ratio and

tectonic boundary stresses and pore fluid pressure.

Young’s modulus is another important controlling factor on height of fracture in the zone of
interest besides minimum in-situ stress especially when the net treating pressure is

comparable with the in-situ stress contrast.

Minimum in-situ stress and young’s modulus contrast at the upper boundary of Marcellus shale
is more than those at the lower boundary so that upper boundary of Marcellus shale would act
as a barrier to hinder fracture growth when stimulation treatments are applied (Yildrium, 2014).

This effect is thus also expected to be prevalent for Whitehill shale.
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Also, as expected from basic rock physics principles, the elastic properties of these shale rocks

are a strong function of their material composition (Sone & Zoback, 2013) . However, the true

shape of the fracture in the Karoo will only really be revealed by having the exact strength and

stress of the rock.

The growth of a fracture can be stopped in cases where there is a relatively higher or lower

Young’s modulus at the adjacent formations. The necessary data to be used as input into the
PKN, KGD and P3D models is seen in Table 3.4.

Table 3. 4: Fracture properties and Material parameters

Label

Shear Modulus

G = 1.466 x 10° psi

Drained Poisson’s ratio v=0.2

Fluid Viscosity u=1lcp

In-situ stress omin = 3200 psi
Pumping rate Q =62.5 bbl/min
Wellbore radius rw = 0.2ft

Passed time tr= 0.3 min

All models must be run with the same inputs in order to compare the models in a reasonable

Sense.
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Chapter 4: Fracture growth and prediction Results

4.1 KGD model

Figures 4.1 — 4.4 show the fracture growth and prediction of the final shape for the constant

height KGD model. Code used to generate the figures can be found in Appendix B2.
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Figure 4. 1: Fracture length vs time for KGD model.
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Figure 4. 2: Maximum fracture width vs time for KGD model.
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Figure 4. 3: Fracture length vs Maximum width for KGD model.
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Figure 4. 4: 3D prediction of the fracture for KGD model.
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4.2 PKN model

Figures 4.5 — 4.9 show the fracture growth and prediction of the final shape for the constant
height PKN model. Code used to generate the figures can be found in Appendix B3.
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Figure 4. 5: Fracture length vs time for PKN model
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Figure 4. 6:Maximum fracture width vs time for PKN model.
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Figure 4. 7: Fracture width vs length for PKN model.
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Figure 4. 8: Fracture width vs height (in the z-y plane)
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Figure 4. 9: 3D prediction of fracture for PKN model.
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4.3 P3D model

Figures 4.10 — 4.12 show the fracture growth and prediction of the final shape for the P3D
model. Code used to generate the figures can be found in Appendix B4.
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Figure 4. 10: Fracture height vs depth for P3D model
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Figure 4. 11: Fracture height vs width for P3D model.
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Figure 4. 12: Prediction of fracture shape for the P3D model.

43




4.4 Pressure behaviour with time

Figures 4.13 — 4.15 show the pressure changes vs time for all three models. Matlab code used
to generate the models can be found in Appendix B1.
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Figure 4. 13: Pressure change vs time for KGD model.
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Figure 4. 14: Pressure change vs time for PKN model.
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Chapter 5: Analysis and Discussion

Upon the initiation of pumping, there is a gradual increase in fluid-pressure immediately
surrounding the injection site. Both within the impermeable, intact rock matrix and pre-existing
rock mass fractures. When the injection pressure exceeds the rock strength, new fractures begin
to propagate away from the injection point (in a direction perpendicular to the least principal
stress; i.e. parallel to the maximum principal stress). As injection continues, a complex
interaction between new and pre-existing fractures emerges as a characteristic of the coupled
hydro-mechanical simulation.

Newly formed fractures tend to terminate when they encounter pre-existing fractures as fluid
flow is diverted along these highly permeable pathways. Ultimately, the shape and extent of
the stimulated volume which accounts for the influence of rock-mass fabric on the hydraulic
fracture process, is obtained. The simulated fracture network and its hydraulic parameters can
be easily exported for further processing or use as unique input for production analysis.

In the development of the PKN and KGD models for hydraulic fracturing, it was stated by
Zhao, Li, Zhu, & Ru (2018), that the average net pressure in the fracture would greatly exceed
the minimum pressure for propagation, unless the fluid flow injection rate was extremely small
or the fluid had an unrealistically low viscosity. Therefore, under typical fracturing conditions,
the pressure resulting from fluid injection is practically larger than the minimum pressure
(breakdown pressure) required creating or extending a stationary fracture. This justifies
neglecting fracture mechanics effects in the models. Furthermore, it was stated that the fracture
would continue to extend after pumping stopped, until either leak-off affects further extension
or the minimum pressure for fracture propagation is reached (Smith & Shlyapobersky, 2014).

Figure 4.1 shows that the length of the fracture increases with a higher rate than the fracture
width in Figure 4.2 which increases in proportion to t*3. After 22 seconds of fracture growth,
the ratio of the final L/W equals 285, indicates a sharp curvy tip, as seen in Figure 4.3 which
in turn approves the low effect of the tip geometry on fracture growth in this model (Gerrtsma
& De Klerk, 1969). Geertsma and de Klerk (1969) argue that since the tip is a local singularity
of the fracture, its effect on the overall fracture geometry should be small and their solution is
a good approximation for the fracture opening width and the overall fracture length.

What is observed in Figures 4.1 - 4.3 can be true for Figures 4.5 — 4.7 to some extent too.
Although the underlying mechanics in the KGD and PKN models differ significantly, under
similar assumptions (no leak off) they yield similar results, however their difference in
predicted opening widths cannot be neglected.

Looking at Figures 4.4 and 4.9, there is an inconsistency in the final predicted 3D shapes for
the two models. The y-z plane in Figure 4.4 is rectangular which means that the 3D surface is
an extension of the x-y plane diagram into the 3D space. The 3D surface in Figure 4.9, however,
follows a semi-parabola shape in the x-y place and a semi-ellipse in the y-z place. Every cross-
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section perpendicular to the x-axis cuts the surface in the semi-ellipse: (L(time), W(time), H).
2 2

Looking at the general equation of an ellipse, % + % = 1, it is important to note that it has a

changing constant variable b (and a, if height is not constant) at any moment. This means that

the growth of a fracture in a specific period, even in its simplest form, does not obey a simple

mathematical equation.

However, the modified P3D model eventually predicts a complete ellipsoid in 3D space at a
specific time which can be seen in the Figure 4.12.

Initially, the difference between the prediction of pressure by the two 2D models in Figures
4.13 and 4.14 is noticeable, however, as time progresses, the difference reaches a constant
maximum. The pressure predicted by the KGD model in Figure 4.13 declines from 3.633 x 10°
to 3.466 x 10* psi. Whereas the pressure of the PKN model in Figure 4.14 increases to 2.564 x
10° psi. The pressure of the P3D model in Figure 4.15 increases to a peak of 1.411 x 10° psi at
t = 0.24sec before declining to a final 7.709 x 10° psi. The wellbore pressure predicted by the
PKN model, in contrast to the KGD model, rises as the fracture length increases. However, the
pressure predicted by the KGD model approaches the in-situ stress omin for a large value of L.
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Chapter 6: Conclusions and Recommendations

6.1 Conclusions

This work analyses the mechanisms of hydraulic fracturing of shale gas. A comparison between
Barnett and Marcellus shale with the Whitehill shale was done. Characteristic properties of the
Whitehill formation was looked at for suitable comparison with the existing exploitation.
Owing to a lack of field data from the Karoo, the growth of a fracture for analogous, Marcelus
shale rock was modelled using well-known 2D and 3D models of hydraulic fracturing. The
methodical approach was explained before the MATLAB simulation in order to investigate the
fracture growth models.

The wellbore pressure predicted by the PKN model rises as the fracture length increases. and
the KGD model approaches the in-situ stress omin for a large value of L. The modified P3D
model predicts a complete ellipsoid in 3D space at a specific time. The comparisons show that
the differences in calculated fracture lengths can be large, despite the similarities in the models.
For the same input parameters, the fracture geometries calculated by each of these models differ
widely. Although solutions to the models were found, the findings lack validation of the data
with field data.

Understanding the mechanisms of fracking in a complex geological setting is the first step in
testing the viability of the procedure. This work sought to understand how fracturing would
commence in a complex environment as the Karoo. Given the different vantage points each
model provides, there is sufficient information that suggests the viability of hydraulic fracturing
in the Karoo.

6.2 Recommendations

Though this study addressed certain problems and questions pertaining to hydraulic fracturing
modelling specifically in the Karoo region, there is still room for improvement. In order to
improve future models for this technique further questions need to be addressed. Based in this

study the following aspects could be taken into consideration:

e 2D and 3D Models to be validated with field data.

e Each model can be used to research fracture propagation.

e Accurate data to be used to show the likelihood of fractures extending upwards into
shallow basins.
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Taking formation temperature into account in future modelling.

Use of real-time, various hydraulic fracturing programs.

It would also be beneficial to perform this same type of study for different input
conditions. This case was chosen because it was a realistic field situation for which
detailed data were available. Other warranted cases are those where there are minimal

stress contrasts and where the stress contrasts are extremely large.
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Appendices

A. General pressure profile for Hydraulic Fracturing

Hydraulically induced fractures propagate from the wellbore into reservoir as pumping
continues. Figure Al shows a typical downhole pressure record (i.e., the pressure measured
inside the hole near the opening of hydraulic fracture). As the fracture propagates into the
reservoir, the frac-fluid leaks off from the fracture surface into the surrounding rock medium
at the same time. The opening of the fracture is maintained by the net pressure (fluid pressure
minus the minimum in situ stress), while the fluid leak-off rate from the fracture surface is
caused by the differential between fluid pressure and reservoir pressure.

Breakdown pressure, Py
(sometimes does not show)

A

(pumping stops)

Shut—in

_ AP p
Propagation re pressure, Hs;
pressure, Ppoq

Fluid pressure

Reservoir pressure
or
Y pore pressure, P,

Time

Figure A. 1: A typical downhole pressure record (Hattori, Trevelyan, Augarde, Coombs, & Aplin, 2017)

Referring to Figure Al, the maximum pressure is the initial breakdown pressure P,. The
pressure drops, but not always in the field, when a fracture is initiated at the borehole surface.
The near constant portion of the pressure curve is the propagation pressure Py,,.,4. This is the
pressure that causes the propagation of hydraulic fracture into the reservoir. When pumping
stops, the pressure drops instantly to a lower value, due to the vanishing frictional pressure loss
in the pipe, perforation entrance and near-borehole area, and then continues to decrease slowly
to the reservoir pressure due to fluid leaking off from the fracture and borehole as shown in the
Figure. The transition point is called the shut-in pressure psi (or the instantaneous shut-in
pressure, 1SIP). However, fluid continues to leak off from fracture surface and the fracture
opening width continues to decrease. The fluid pressure inside the fracture eventually reaches
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equilibrium with the minimum in situ stress and at this point the hydraulic fracture closes. The
fracture closure pressure, which can be determined from the pressure decline analysis, is taken
as a measure of the minimum in situ stress.
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B. Matlab code used to obtain fracture growth, 3D prediction
and pressure behaviour.

B1. Pressure behaviour with time

function fracture2DP3D

Q

G=1.466*1eb6; % Shear modulus [psi]

v=.2; % Drained Poisson's ratio

mu=1; % Fluid viscosity [cp]

721=3200; % In-situ stress [psi]

0=62.5; % Pumping rate [bbl/min]

h=2.5; % Fracture height [ft]

rw=.2; % Wellbore radius [ft]

tf=input ('How much time is passed?);

tic;
%**************************************************************************
[Tkgd, pkgd]=KGD (tf,G,Q,v,mu,Zi) ;% KGD
%**************************************************************************
[Tepkn, ppkn]=PKN(tf,G,Q,v,mu,h) ;% PKN
%**************************************************************************
[T3,p3]1=TD(tf,G,Q,mu,Zi,rw,h);% P3D

%**************************************************************************
figure (1)
set (1, "name', "WELLBORE PRESSURE vs TIME in 2D and P3D
MODELS', 'numbertitle', 'off")
subplot (311)
plot (pkgd, Tkgd, 'r');
ylabel ('Pressure (psi), KGD Model');
xlabel ('Time (min) ") ;
subplot (312)
plot (ppkn, Tpkn, 'b")
ylabel ('Net Pressure (psi), PKN Model');
xlabel ('Time (min) ") ;
subplot (313)
plot (p3,T3, 'm")
ylabel ('Wellbore Pressure (psi), P3D')
xlabel ('Time (min) ")
toc
end

B2. Fracture growth and 3D prediction for KGD model

function [P,T]= KGD(tf,G,Q,v,mu,Zi)

%**************************************************************************

e KGD e
%*************************************'k'k'k'k'k'k'k'k'k'k'k'k'k************************
for tO=tf/50:tf/50:tf %$time step for visualization
i=1;
for t=0:.0001:t0

ngr (1) =0;

L(1)=.48*(8*G*Q"3/ ((1-v)*mu))"~(1/6)*t~(2/3); $Fracture Length

WO (1)=1.32*(8* (1-v) *mu*Q"~3/G) "~ (1/6)*t"~(1/3); $maximum fracture
opening width

Pw=Z140.96* (2*Q*mu*G"3/ ((1-v) *3*L (1) "2))"(1/4); %wellbore pressure

Pwi (1) =Pw;

time (1)=t;

i=i+1;
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end
figure (10);
set (10, 'name', '"KGD fracture growth and final shape', 'numbertitle','off');
drawnow;
limitL=.48* (8*G*Q"3/ ((1-v)*mu) )~ (1/6)*tf~(2/3); $used for axis limits
1imitW0=1.32* (8* (1-v) *mu*Q~3/G) " (1/6)*tf~(1/3);
h=1.1*1limitL;
subplot (221);
plot (time,L, 'r');
ylabel ("Length (ft)"');
xlabel ('Time (min) ")
axis ([0 tf 0 limitL]
grid on;
subplot (222) ;
plot (time, W0, 'r');
ylabel ('Max Width (in)");
xlabel ('Time (min) ") ;
axis ([0 tf O 1limitwWO01]);
grid on;
subplot (224) ;
fl=fliplr(L);
plot3 (fL,W0,ngr, 'r');

) ;

hold;

plot3 (fL, -W0,ngr, 'r");

hold;

axis ([0 limitL -2*1imitWO0 2*1imitwWwO0 -1 17);
grid on;

ylabel ('Max Width (in) ")
xlabel ('Length (ft)"')
set(gca, 'ztick', [1);
daspect ([1,1/2,1]);
view (-62,26);
grid on;
hold off;
end
subplot (223) ;
hold;
for I=0:h/100:h
plot3 (fL,W0,ngr+I);
plot3 (fL, -W0, ngr+I);

end
daspect ([1,1/6,1]);
view(-56,28);
ylabel ('Width (in) ")
zlabel ('"Height (ft)"')
xlabel ('Depth (ft) ")
grid on;
T=time; P=Pwi;
end

B3. Fracture growth and 3D prediction for PKN model

function [P,T]= PKN(tf,G,Q,v,mu,h)

%*k*k*k*k*k*k*k*k*k*k*k*k*k*k*k*k*k*k*k*k*k*k*k*k*k*k*k*k*k*k*k*k*k*k*k*k*k*k*k**k*k*k*k*k*k*k*k**************************

F———————————— PKN (Assuming no leak off) - ————=
%*k*k*k*k*k*k*k*k*k*k*k*k*k*k*k*k*k*k*k*k*k*k*k*k*k*k*k*k*k*k*k*k*k*k*k*k*k*k*k*k*k*k*k*k*k*k*k*k*k*k************************
for tO=tf/50:tf/50:tf $time step for visualization
i=1;
for t=0:.001:t0

ngr (i)=0;
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L(1)=.68*(G*Q"3/((1-v)*mu*h”4))"(1/5)*t"(4/5); $Fracture Length

WO (1)=2.5*((1- v)*mu*Q 2/(G*h) )"~ (1/5)*t~(1/5); $Fracture opening
width

Pw=2.5* (Q"2*mu*G"4/ ((1-v)~4*h"6)) "~ (1/5)*t~(1/5); $wellbore net
pressure

Pwi (1) =Pw;

time (1) =t;

i=i+1;
end
timer=fliplr (time) ;
limitL=.68* (G*Q"3/ ((1-v)*mu*h”4))"~(1/5)*tf~(4/5); %$used for axis limits

1imitW0=2.5% ((1-v) *mu*Q”~2/(G*h) )"~ (1/5)*t£"~(1/5)
h2=0.2*1imitL;
z=h2/time (end) .*time+h2/2;
A=G*Q"3/ ((1-v)*mu*h2"4);a=.68"(5/4)*
=((1-v)*mu*Q”*2)/(G*h2) ;b=2.5"5*B;
c=h2/time (end) ;Z=z-h2/2-t0*c;
figure (20)
set (20, '"name', '"PKN frac growth and entrance', 'numbertitle', 'off'")
drawnow;
subplot (221)
plot (time, L)
ylabel(‘Length (ft) ")
xlabel ("Time (min) ")
axis ([0 tf 0 limitL]
grid on;
subplot (222)
plot (time, WO)
ylabel ('Max Width (in) ")
xlabel ('Time (min) ')
axis ([0 tf 0 1imitwO0])
grid on;
subplot (224)
fl=fliplr(L);
plot3 (fL,W0,ngr, 'b'");

)

hold;

plot3 (fL, -W0,ngr, 'b'");

hold;

axis ([0 limitL -2*1imitwO0 2*1imitwO0 -1 1]);
grid on;

ylabel ('Width (in) ")
xlabel ('Length (ft)")
set(gca, 'ztick', [1);
daspect ([1,1/2,11);

view (=53, 56)

hold off;

end
figure (20)

subplot (223)
plot3(ngr,W0,-z+1.5*h2, 'b");
hold;
plot3 (ngr,-W0,-z+1.5*h2, 'b");
plot3(ngr,w0,z-1.5*h2,'b");
plot3 (ngr,-W0,z-1.5*h2, 'b");
axis([-1 1 -2*1imitW0 2*1imitwW0 -2*h2 2*h2]);
grid on;
ylabel ('Width (in) ")
zlabel ('Height (ft)'
set (gca, 'xtick', [1);
daspect ([1,1,11);

view (-60,20)

)
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hold off;
figure (21)
set (21, 'name', '"PKN final shape', 'numbertitle', 'off'")
hold;

for I=0:h2/100:h2

plot3(fL,WO,ngr+I,‘g');
plot3(fL,—WO,ngr+I, ")
plot3 (fL,W0, -ngr-I, 'g');
plot3 (fL, -w0, -ngr-I, 'b'
grid on;
ylabel ('Width (in)
zlabel ('"Height (ft
xlabel ('Depth (ft)
set (gca, 'ytick', [1);
daspect ([1,5.5,11);

view (=77,4)

")
) A\l

’

end
plot3(ngr,W0,-z+1.5%*h2, 'r*");
plot3(ngr,-W0,-z+1.5*h2, "'r*");
plot3 (ngr,W0,z-1.5*h2, "'rv*");
plot3 (ngr,-W0,z-1.5*h2, "'r*");
grid on;

T=time; P=Pwi;
end

B4. Fracture growth for P3D model

function [P,T]= TD(tf,G,Q,mu,zi, rw,h)

%**************************************************************************

G———————————— Geertsma de Klerk (p3D) ===
%**********************k*k*k*k*k*k*k*k*k*k*******************************************
for tO=tf/50:tf/50:tf $time step for visualization
i=1;
for t=0:.001:t0
ngr (i)=0;
R(1)=.548* (G*Q"3/mu) ~ (1/9)*t~(4/9) ; %SFracture radius
WO (1)=21* (mu™2*Q"3/G"2)"~(1/9)*t~(1/9); $Maximum fracture opening
width
Pw=Zi-5/ (4*pi)* (G*WO (1) /R(1)) *log (rw/R(1)); $wellbore net pressure
Pwi (1) =Pw;
time (1) =t;
i=i+1;
end
figure (30)
set (30, '"name', '"P3D fracure growth- (R vs t) (W vs
t) ', '"numbertitle', 'off")
drawnow;
1imitRi=.548* (G*Q"3/mu)~(1/9)*t£f"~ (4/9); sused for axis limits

1imitW0=21* (mu™2*Q"3/G"2)"(1/9)*tf~(1/9)
subplot (221)
ezplot (sprintf('z."2/%f +x.72/%f -1', (h/2)"2, (R(end))"2),[-0 limitRi
-h hl);
ylabel ('Height (ft) ")
xlabel ('Depth (ft)")
subplot (222)
ezplot (sprintf('z.”2/%f +y.”2/%f -1', (h/2)"2, (WO (end) /2)"2), [-
1imitwW0 1imitWO -h hl);
ylabel ('Heigth (ft)")
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end

xlabel ('Width (in) ")
daspect ([12,1,1]);
set (gca, 'xtick', [1])

subplot (224)
hold;
A=R (end) ; B=WO (end) /2;C=h/2;
tp = linspace(0,2*pi, 100);
pp = linspace(0,pi, 100);
[T,P] = meshgrid(tp,pp):
x = A*cos (T) .*cos (P);
y B*cos (T) .*sin (P) ;
z C*sin(T) ;
surf(x,vy,z);
daspect ([1,6,11);
view (-51,22)
xlabel ('Depth (ft)"');
ylabel ('Width (in)");
zlabel ('Height (ft])");
axis ([0,1limitRi, -1imitW0, 1imitW0,-h/2,h/21);

clearvars ngr tp tt T P y z 1
tp = linspace(0,2*pi,1000);
pp = linspace(0,pi, 1000);
[T,P] = meshgrid(tp,pp);
y = B*cos(T) .*sin (P);
z= C*sin(T) ;
for i=1l:length(y)
ngr (1) =0;
end
hold;
plot3(ngr,y,z, 'm")
daspect ([1,6,11);
view (-51,22)
grid on;

T=time; P=Pwi;

end
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C. Constant Height Models:
There are two basic constant height models: the Khristianovic-Geertsma-de Klerk (KGD)
model, and the Perkins-Kern-Nordgren (PKN) model. Most of the early hydraulic fractures
were designed by applying one of these models. The underlying mechanics in these two
models, however, differs significantly (Yew & Weng, 2015).

C1. The KGD model

One wing of the KGD fracture is shown in Figure C! . In addition to the constant height
assumption, two other assumptions are (1) the fracture is at a plane strain condition in the
horizontal plane; and (2) the fracture tip is a cusp-shaped tip as proposed by Barenblatt [12].
This assumption of a cusp-shaped tip removes the stress singularity at the fracture tip that
would otherwise be predicted by the elasticity analysis. Following Geertsma-de Klerk, the
fracture is approximated as a channel of opening width w. The pressure distribution for the

flow of a viscous fluid (Newtonian fluid) inside the fracture can be written as

py—p="2 L o [Equation C1]

h fiw w3

Where:

e fu=x/L

* fiw=rw/L

e h = fracture height

e L =total length of the fracture

e p = local fluid pressure

e py = fluid pressure at wellbore

e ( = fluid injection rate into one wing of the fracture
e 1y, = wellbore radius

e w =local fracture width

e u = frac fluid viscosity
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Figure C. 1: Sketch of the KGD constant height model (Yew & Weng, 2015).
Equation C1 has two unknowns, p and w. England and Green’s solution (1963) for a plane

fracture in an infinite elastic medium provides another relationship between p and w as:

w = 4(1_GU)L ffl f2df, f({Z p(fl)dfl _ ggminm [Equa“on C2]
T L szz ~f2 szz—ff

Where:

e ( =shear modulus of the rock
e v = Poisson’s ratio or the rock
e f; and f, = the fraction of the fraction extent (=x/L)

®  O.,in = Minimum in-situ stress
Equation C2 is derived using the elasticity theory.

The time history of fracture width w(t) and fluid pressure p(t) can be obtained by solving
Equations C1 and C2 with proper boundary conditions. The following smooth fracture tip

condition proposed by Barenblatt (1962) is used by Geertsma and de Klerk:

dw .
(d_fL)fL=1 -0 [Equation C3]
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The same condition is also used by Khristianovic and Zheltov (1955) in their study of hydraulic
fracturing. The proper boundary condition at the fracture tip should be f; =1, w =0, notasin

Equation C3. Therefore, there is a mathematical inconsistency at the fracture tip.

By assuming that the dry zone in front of fracture tip is small and that the shape of wet portion
in the fracture can be approximated by an ellipse, the following approximate solutions (no fluid

leak off) are obtained by Geertsma and de Klerk:

Fracture length

_ 8GQ3 11/6 2/3 .
L =048 [—(1_1])” t [Equation C4]

Maximum fracture opening width

_np3,,11/6
w, = 1.32 [W] t1/3 [Equation C5]
Wellbore pressure

263Qu 1/4
(1—v)3L2]

Pw = Omin + 0.96 [ [Equation C6]

C2. The PKN model

Figure C1 isa sketch of a PKN fracture. In addition to assuming a constant fracture height, the
other two assumptions are:

(1) the fracture is at a state of plane strain in the vertical plane and the vertical fracture cross-
section is elliptical and

(2) the fracture toughness has no effect on the fracture geometry, that is, the KIC of the rock
medium is assumed to be zero.

The continuity equation for flow of an incompressible fluid inside the fracture, following
Nordgren (1972), can be written as:

9q 94 _ i
S tato, = 0 [Equation C7]
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Figure C. 2: Sketch of the PKN constant height model (Yew & Weng, 2015).

Where:

e q(x,t)=volume rate of flow through a cross-section of the fracture.
e q;(x,t) =volume rate of fluid leak-off per unit of fracture length
o A(x,t) = cross-sectional area of the fracture

The elliptical fracture opening width w is directly related to the net pressure p by Equation C8

w = %\/h2 —4z%p [Equation C8]
Knowing the fracture geometry, the fracture cross-sectional area can be written as:

A= f_hf{fz wdz = %Wh [Equation C9]

Where:

o W = wy,,, isthe maximum fracture opening width.

The volume rate of fluid flow q is related to the pressure gradient by the solution for laminar
flow of Newtonian fluid in an elliptical tube, that is,

nW3h dp
64u 0x

q = [Equation C10]

The fluid leak-off rate, q;, is expressed as:
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2cth

U= T
Where:

[Equation C11]

e (; = the fluid loss coefficient
e 7(x) =time at which fluid leak-off begins at position x

Substituting of equations C9-C11 into Equation C7 gives the governing equation for the
propagation of a hydraulically induced fracture, Equation C12 :

G a’w* 8¢ n aw
64(1-v)uh 9x2  m/t—-1(x) ot

[Equation C12]

The initial condition for Equation C12 is:
W(x,0)=0
and the boundary conditions are:
W(x,t) =0atx = L(t)

ow*l  256(1—v)u
ot - G Q
x=0

The above equations are then solved numerically for specific conditions.
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D. Additional Information

Table D. 1: Top 10 countries with technically recoverable shale gas resources (Nguyen, 2016).

Country Shale gas resource (trillion cubic feet (Tcf))

China 1275
USA 862
Argentina 774
Mexico 681
South Africa 785
Australia 396
Canada 388
Libya 290
Algeria 231
Brazil 226

Table D. 2: Fracturing fluids and conditions for their use (Frink, 2013)

Base Fluid Type
Fluid

Water
Linear
Crosslinked
Micellar

Foam

Water based

Acid based

Alcohol based

Oil

Linear

Main Composition

Guar, HPG, HEC, CMHPG
Crosslinker + Guar, HPG,

CMHPG or CMHEC

Electrolyte + Surfactant

Foamer + Nz or CO;

Foamer + N>

Methanol + Foamer + N>

Gelling agent

Usages

Short fractures, low temperature

Long fractures, high
temperature
Moderate length fractures,

moderate temperature

Low-pressure formations
Low-pressure, carbonate

formations

Low-pressure, water-sensitive

formations

Short fractures, water-sensitive

formations
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Crosslinked Gelling agent + Crosslinker Long fractures, water-sensitive

formations
Water Water + Oil + Emulsifier Moderate length fractures, good
emulsion fluid loss control
Acid
Linear Guar or HPG Short fractures, carbonate
formations
Crosslinked Crosslinker + Guar or HPG Longer, wider fractures,

carbonate formations

Oil emulsion Acid + Oil + Emulsifier Moderate length fractures,

carbonate formations
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Table D. 3: Equations and outline of the 2D and 3D models (Perkins & Kern, 1961, Zhao, Li, Zhu, & Ru, 2018)

Model: KGDVZD The model i Dest suited for froctures whose
— lengtivieight ratio s near unity or less
Equations: Hence: Height=1.1*final length
E'g‘ '”‘J Asmmptions _
L= IZIJBIH_WF -Constant height assumption
-The fracture & at 2 plane sirain condition in the
w =13 A=Y@ "'QJ“ e horizontal plane
-The fracture tip is a cosp-shaped Gp
17 Op () -Hydraulic frachure fluid is viscous and Newtonian
Pw=0 +Dgﬁ|ﬁ}' -Elasticity theary applied
(1-v]'L —No leak off
The EUD cormien bt frackare mosel
Model-PENZD The model is generally regarded to be best suited for
N frachunes whose lengthheight ratio is large. -
Equations: Hence: Height=0_7*final length |
__0Q )l Asmmptions: 3
Inrh‘t -The fracture is at 2 state of plane sirain in the vertical
. o plane and the vertical frachare cross-section is elliphical
W _dI.Z[l—h'.IQJpL,I'm" (v ~The E:h;m toughness has no effect on fhe fractre
o~ 3 Ze0m
TGoh -No lek off
Gt -u-:: -
PHI'— sz-_ _I.J-E'.'
|1— v["h
Model:Modified FID Constant Height=3 ft.
Equations:
h | ||.n| . 3nns:
Peneserationdepth(R)=0548( 5L ) ¢ | Yoptical gistribution of the minimum in-sity siress is
. i1 Lo uniform.
h,:1.32|~—£l'§-—~. A ~Fracture growth follows elliptical shape.
g e Gw,. (r) -Mo lezkoff
Tm™ 4x R R

Thr presdnirsl 1B dupe ol 1o= Gaslnr
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