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1. Introduction

It is reasonable to expect that gauge theory/gravity dualities'® will enable a
detailed understanding of black hole microstates through the language of dual large-
N gauge theories. Early progress in this direction successfully reproduced the
Bekenstein—-Hawking entropy for certain supersymmetric black holes,* motivating
numerous generalizations and refinements. However, until recently, precise insights
into black hole entropy remained largely confined to index computations (see
Refs. 5-7 for references relevant to ---BPS black holes), which are insensitive to the
detailed dynamics of the strongly coupled dual gauge theories — dynamics expected
to play a crucial role.

Recent developments have shifted this paradigm, particularly in the context of
15-BPS black holes in AdS; x $°.%1% The task of counting and constructing black
hole microstates can be reformulated in terms of supercharge cohomology, which
captures the full spectrum of BPS operators. Advances in this area have driven
significant recent progress. Notably, supercharge cohomology provides far more
detailed information than indices alone. A key recent insight is the classification
of BPS operators into two categories — “monotone” and “fortuitous” — as in-
troduced in Ref. 13. Monotone BPS operators generate infinite sequences of opera-
tors as the gauge group rank N increases, whereas fortuitous BPS operators exist
only within finite ranges of consecutive ranks and lose their BPS status outside this
range. Trace relations and their extensions play a critical role in this classification.

Since ’t Hooft’s pioneering work!* linking the large- N planar limit to the free limit
of a string theory, it has been well understood that Yang—Mills theories admit a
systematic 1/N expansion. In the double-scaling limit, where N — oo while holding
A= g%\ N fixed, these theories simplify dramatically. A remarkable connection
emerges between the genus of ribbon graphs which determines their dependence on
the gauge group rank N, and the worldsheets of a dual string theory. In particular,
the leading (in #) contribution in the planar limit has been extensively studied in
N = 4 super Yang—Mills theory, thanks largely to the discovery of integrability.'
This connection offers a rich interpretation of single-trace operators as states of an
integrable spin chain, with the dilatation operator corresponding to the spin chain
Hamiltonian. This facilitates a description of the planar spectrum of operator
dimensions at large N for arbitrary 't Hooft couplings. However, this planar limit is
not suitable for addressing the problem of black hole microstates. It fails to account
for finite- N trace relations and many simplifications that arise in the planar limit do
not apply to the regimes relevant for black hole microstates. In this nonplanar re-
gime, the connection between ribbon graphs and string worldsheets is less important,
and nonplanar diagram effects become significant.

Addressing black hole microstates requires a novel approach. Finite-N trace
relations must be transparently incorporated, and operators with more complex
multi-trace structures — which obscure any straightforward connection to spin
chain states — must be considered. This paper argues that approaches using group
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representation theory, which all build on the foundational insights of Ref. 16 offer the
proper framework for tackling this problem. Specifically, we will explore how the
basis of gauge theory operators provided by restricted Schur polynomials offers a
promising language through which the black hole microstate problem can be
approached.

In Sec. 2, we begin by revisiting the organization of the gauge theory/gravity
duality dictionary. Our goal is to highlight that while many intriguing questions can
be effectively addressed within the planar limit, others cannot. To set the stage, we
provide a brief review of the planar limit in Sec. 3, emphasizing the simplifications
that arise in this regime. These simplifications are crucial to understanding why, as
we discuss in Sec. 4, they no longer apply when dealing with heavy operators.

Having identified the challenges associated with describing heavy operators, we
argue in Sec. 5 that approaches based on Schur polynomials offer a way to overcome
these difficulties. This framework naturally extends to multi-matrix models through
the use of restricted Schur polynomials, which we elaborate on in Sec. 6. While
numerous papers have contributed to the theoretical foundations of this area, much
of this material falls outside the central narrative of our review. To assist readers
interested in deeper exploration, we provide references to relevant literature at the
end of each section.

As an application of the restricted Schur polynomial formalism, Sec. 7 demon-
strates how the states of excited giant graviton branes can be described using this
approach. In Sec. 8, we explore the counting of restricted Schur operators, and
finally, we offer some preliminary remarks on the application of restricted Schur
polynomials to black hole physics.

2. Motivation

The AdS/CFT correspondence is a profound insight that deepens our understanding
of both quantum gravity in negatively curved space—times and the dynamics of
strongly coupled field theories. In this duality, operators in the Yang—Mills theory
correspond to states in the string theory, and the mapping between them is organized
according to the dimensions of the operators.

In free CFTy, scalar fields have a dimension A =1, and the dimension of a
composite operator is simply the sum of the dimensions of its individual constituents.
For example, an operator constructed from k fields has a dimension A = k. Thus, in
the free field theory, we can think of the dimension A of a composite operator as a
direct reflection of the number of fields used in its construction. See Table 1 for the
dimensions of the CFT operators and the corresponding string theory states.

To explore Kaluza-Klein (KK) gravitons and string states, we can focus on the
planar limit of the theory. However, when it comes to studying heavy operators such
as branes and black holes, as we explain in detail in the following section, the
techniques used in the planar limit are insufficient. In these cases, restricted Schur
polynomials become an essential tool.
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Table 1. Mapping between CFT operators and string
theory states.

Dimension of CFT operator (A)  String theory state

A=0(1 KK graviton

A =O(VN) BMN string
A=0O(N Giant graviton brane
A = O(N?) New geometry

3. Quick Review of Relevant Aspects of the Planar Limit

Consider a theory of a free complex matrix, described by the action
S = /dder(B#Z(‘)”ZT). (1)

We have in mind that Z is one of the scalars of N” = 4 super Yang—Mills theory and
that we study the free limit of the theory. In this case, these fields transform in the
adjoint representation of the U(N) gauge group

Z—-UzU', ZT - UZ'U". (2)

To compute correlators in the free field theory, we simply apply Wick’s theorem
using the following basic contractions:

(Z}(x)(Z7)[(2)) = 6]65C (21 — ),
(Z}(21)Z[(22)) = 0= ((Z") j(21)(Z") ] (x2)).

In the matrix Z j, the row label is ¢ and the column label is j. As we see from (2), row
and column indices transform in a different way under a gauge transformation. Just
as in special relativity where we distinguish covariant and contravariant vectors by
the position of their indices, here we write the row index as a superscript and the
column index as a subscript. In special relativity contracting, a contravariant and a
covariant index give a Lorentz invariant. Here contracting an upper and a lower

(3)

index gives a U(N) invariant. As will become abundantly clear, our interest in
what follows is in the color combinatorics of the problem. Consequently, we drop
space—time dependence and simplify the first relation above to
i ( 7tk i ok
(Zi(Z7)7) = 6165 (4)

J

Space-time dependence can always be reinstated using conformal invariance.?
Two natural questions we can ask are

e What is the complete set of gauge invariant observables constructed from Z7?
e What are the correlation functions of these observables?

*For example, the space-time dependence of two point functions is determined once the dimensions of the
operators are specified. Computing these dimensions is a complicated problem in the combinatorics of
Feynman diagrams and their color indices. Once this is solved and the dimensions are determined, the two
point function with all space—time dependence is easy to write down.
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By using only Z/ fields (and not Z's), we are constructing operators that are all
%—BPS. The advantage of doing this is that the dimensions and correlators of these
operators are not corrected'” so that free field results are actually exact. Further,
although we have restricted the class of operators we consider, the resulting problem
is still rich enough that we encounter all of the complications that arise when going
beyond the planar limit and elucidating these complications is our main goal.

A very simple example of a planar operator is

On = TI‘(Z"). (5)
At large N, the two-point function of this operator is given by
<Ono;rn> = 67z1rz,nNn~ (6)

Correlators of this type are computed by drawing ribbon diagrams. Ribbon diagrams
draw lines for the color indices of the matrices. So, for example, the operator

Oy =Ti(2%) = 2,2}Z} (7)

is represented as the diagram.

§ / dummy indices
clockwise

If we traverse the loop clockwise, each gap in the black loop corresponds to a matrix
Z and we encounter the row index first and the column index second. The indices 3, j
and k are all summed, i.e. they are dummy indices. Consequently they can freely be
relabeled without changing the final answer. For this reason, we simply drop dummy
indices from the diagram. The Wick contraction also has a diagrammatic interpre-
tation as follows.

K.l e

o

l

BL

This diagram corresponds to Eq. (4). In the end, since we have correlators of gauge
invariant operators, every Feynman diagram is composed of a collection of closed
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loops with alternating red and black lines. These can be translated into sums of
Kronecker delta functions and evaluating these sum we easily find that each closed
loop supplies a factor of N as illustrated below.

=N =0, 68, 6= 0,0 =0
J

= =
S. .

Wick’s theorem instructs us to sum over all contractions. Diagrammatically, this
means we must draw all possible diagrams. Consequently, the correlator we compute
is given by the following.

+ 2 more

Ty —
(0503) = =3N3 + 3N

+ 2 more

,.

Diagrams with no lines crossing are called planar diagrams. Here is an example.

Diagrams with lines crossing are called nonplanar diagrams. Here is an example.

O\
\ 4

e
A4

Planar diagrams always come with more powers of N than nonplanar diagrams.
Thus, nonplanar diagrams can be dropped.
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One inconvenient property of the operators we have considered so far is that their
two point correlators diverge as we take N — oco. We can correct this by considering
operators that are normalized as follows:

~ Tr(Zm)
Indeed, using (6), it is simple to verify that
(0,01)) = 6, (1 +O(N-2)). (9)

(8)

Using these normalized operators, we would like to argue that different trace
structures do not mix. Toward this end, consider the correlator

(Tr(Z*)Tr(Z2%)Tr(Z14))
(VZN)*VAN?
Note that the operator constructed from Zs is a double trace operator while the

operator constructed from ZTs is a single trace operator. A typical planar diagram
that contributes is given by the following.

<02020j1> = (10)

Note that this diagram is of size N3. Since this is a planar diagram, this is the highest
power of N possible for any of the diagram summed. Thus, estimating the size of the
correlator using these dominant diagrams, we find

N3 1
T —
<020204> ~ 1 N — O (11)
On the other hand, we have
<O4OZ> =1, <OQOQO$O;> =2 (12)

This computation illustrates a general result: take two operators, with different trace
structures and which are both normalized to have two point functions that are O(1)
as N — oo. The correlator between these two operators vanishes as N — oo.

At large N, we have (for example)
<On10n20;r11+n2> =0. (13)

At large N, different trace structures do not mix.
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We see that the trace basis orthogonalizes the large N two points function in the
sense that the two point function is diagonal in trace structure. This orthogonality of
the different trace structures plays a key role in understanding how the structure
of the free supergravity Fock space emerges at large N. In this context, the number of
traces is the number of particles and orthogonality of different trace structures is the
orthogonality of states with a different number of particles.

Summary of the key ideas:

(1) Inthe N — oo limit, we need only sum the planar diagrams. This is an enormous
simplification: only a small subset of the Feynman diagrams need be summed. To
get the large N answer, we need not sum everything.

(2) Different trace structures do not mix. Concretely, correlation functions of nor-
malized operators with different trace structures vanish as we take the N — oo
limit. So, for example, to compute the anomalous dimensions of operators we can
focus on single trace operators. This is a crucial ingredient for the spin chain
description of integrability where the single trace operators are identified with
states in the closed string Hilbert space.

4. Complications Associated with Heavy Operators

Let us estimate the correlator (O, OJZO:T,I n Jz> by summing only the planar diagrams.
The result is

1
VIV + LN

We have split the answer into two factors. The first factor J;Jo(J; + J5) simply
counts the number of planar diagrams. The remaining factor is the product of the N
dependence of the planar diagram with the normalization factors of the operators O,.
Since the growth of the number of Feynman diagrams plays a key role in what
follows, we briefly explain this counting. The first contraction contracts any matrix
in O, with any matrix in O}l +,- Thus, there is a total of J; (J; + J,) way to perform
the first contraction.

<OJ10J20.T11+J2> = JiJy(Jy + o) X

(14)

J1 X >
= A
AN

The contractions of the remaining .J; — 1 fields in O, are unique if we are to obtain a
planar diagram.
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—
Jlr:;

7, Ji1+ Js

'atait}

J
J
2

We can contract with any matrix in the J; trace, so that there are J, ways to perform
the following contraction.

Ji ) I
S Ji1+ J
J C 0)
2 C D

There is now a unique way to complete the diagram. Thus, the total number of
diagrams is J;J5(J; + J5) and the result follows. Simplifying a little, we have

<O']1OJ20'T]1+J2> — —\MM+ .. (15)

N K
where --- stands for the planar contributions. Clearly, as soon as J; ~ N3, this
correlator no longer vanishes.” Clearly, for the heavy operators, we are interested
in where J; ~ O(N) or J; ~ O(N?) mixing between different trace structures is
completely unconstrained. Our operators are therefore allowed to have arbitrarily
complicated trace structures: in general they will be sums over all possible trace
structures which raises a question:

What is a good basis for the description of heavy operators?

Before moving on, let’s pause to ask why there is mixing between different trace
structures? There are two important points to make:

o The largest diagram which contributes is still of order N~1, i.e. this diagram still
vanishes as N — oo.

e The number of diagrams .J; Jo(J; + J5) diverges to infinity, growing faster than N
for operators with J; = O(N) or J; = O(N?).

So, individual diagrams are as small as they were for operators in the planar limit.
The point is that now the number of diagrams explodes and this overcomes the
suppression of individual diagrams.

" This is just a rough estimate. Taking the nonplanar diagrams into account, one finds that traces start to
mix as soon as J; ~ v/ N. See, for example, Refs. 18 and 19 for nice discussions.
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Consequently, even though the size of each nonplanar diagram is still powers of N
smaller than a planar diagram, this is not enough to conclude that only planar
diagrams contribute. It turns out that the number of nonplanar diagrams grows
much more rapidly that the number of planar diagrams and because of this the
nonplanar diagrams cannot be neglected.

There is one more complication associated with heavy operators that we will have
to overcome. The matrix Z j’ isan N x N matrix so that it has N eigenvalues. Denote
these eigenvalues by \; with ¢ =1,2,..., N. The trace of any power of Z can be
written as a power sum of the eigenvalues

N

Tr(Z") =) A} (16)
i=1
Given the values of Tr(Z") forn = 1,2,..., N we can solve for the eigenvalues \; and
then compute the values of the traces Tr(Z") with n > N. This leads to identities
between the traces. As an example, if N = 2 there is a relation

Tr(Z)? — 3Tr(Z)Tr(22) + 2Tr(Z%) = 0 (17)

which holds for any 2 x 2 matrix Z. This is an example of a trace relation. By solving
the complete set of trace relations we could express an Tr(Z") with n > N as a
polynomial in the traces Tr(Z") with n < N. For a single matrix it is simple to argue
that Tr(Z") with n < N gives a complete set of invariants in the sense that any
gauge invariant operator can be expressed as a polynomial in these traces. For more
than a single matrix it is not at all clear how a complete (and not over complete) set
could be specified. Heavy operators with A = O(N) or A = O(N?) most certainly
will be sensitive to the trace relations.

Summary of the key ideas:

(1) Since mixing between different trace structures is unconstrained, nothing pre-
vents our operators from having an arbitrarily complicated trace structure. The
trace basis that worked well for the planar limit is no longer useful. What is a
useful description of the gauge invariant operators?

(2) Nonplanar diagrams can no longer be dropped and there is no obvious subset of
diagrams that dominate the N — oo limit. It seems we must face the somewhat
formidable task of summing all Feynman diagrams.

(3) As a consequence of the trace relations, not all operators that we write down are
independent. How do we account for the trace relations?

5. Description of Heavy Operators Using Schur Polynomials

A fascinating and powerful approach towards the dynamics of heavy operators

16 This description makes extensive use of

was pioneered in the remarkable paper.
the symmetric group S,, which is the group of permutations of n objects. Why do

permutations play a role? There are at least 3 compelling reasons.

2430003-10



A pedagogical introduction to restricted Schur polynomials
(1) They provide a useful description for the gauge invariant operators.

To obtain a gauge invariant operator, we need to contract all row and column
indices. Here are two simple examples

Tr(Z%)% = Z"liZZZ"IZZ;jZ:{;, (18)
Te(Z2Y) = 21,22} 71, (19)

Both operators displayed above have the same collection of upper and lower indices.
For both, the lower indices are a permutation of the upper indices. The only dif-
ference between them is the permutation that is applied to obtain the lower indices.
Thus, different operators correspond to different permutations.

In what follows, we use cycle notation to denote the different permutations. Here
is an example of the notation

o= (12)(345). (20)
This permutation is an element of S5, written o € S5. This permutation permutes
five objects. It has two cycles — given in the two round brackets. Each cycle per-

mutes the objects listed, in the order in which they are listed in the cycle. Thus, the
above permutation can also be written as a map

o(l)=2, o0(2)=1, o3)=4, o(4)=5 o5 =3. (21)
The N x N matrix Z acts on vectors that belong to an N-dimensional vector space,
which we denote as Vy. To discuss operators constructed using nZ fields we will find

it useful to phrase the discussion in the tensor product space V3". In this larger
vector space (of dimension N"), we find that Z®" acts as a matrix

on\I — r7iy in
(zo) =70 .. 70, (22)

We will also use the following representation of S, on V"

ol =61 g0 (23)

Jo(1) Jo(n)
By using these definitions, we have
Tr(0Z*") =05 2]
J— Z in J j"
- 5]{7(1) T 6]}7(7») Zill e Z’in
— i ... 7
- Z.ja“) Z]n(n) ’
The utility of this language is clearly illustrated in these two examples
Tr(oZ%) =Z]! ZPZ}Z} = Tr(Z*)Tr(Z2%) for o = (12)(34),
Tr(0Z) =2 Z2ZP 2 = Tr(Z") for o = (1234).
What these two examples show is that now different multi-trace structures are all
treated on the same footing.
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These examples show that we can label different operators with permutations. A
natural question now is if there is a unique permutation associated to each operator.
The answer is that no there isn’t: distinct permutations do not always lead to distinct
operators. To see why this is the case, consider the tensor product of three N x N
matrices A, B and C

(A®Be )y =AlB2CY. (25)
For o = (123), we have o~! = (132) and
(0 A®B®C)k(0)) =6706763 Al BECES) 6126

J3

:A}jB;;C,?; = (C®A®B)L. (26)

Thus, the permutation ¢ acting as above simply shuffles the different matrices in the
tensor product around. Consequently, we have

()25 k(o)L = (Z°")], (27)
for any o € S,,. Using this relation it is simple to see that
Tr(pZ®") = Tr(po~ ' Z%"0) = Tr(opo= ' Z&"). (28)
Thus, two permutations p; and p, related by
p1=0opyo (29)

lead to the same gauge invariant operator. Thus, our operators correspond to con-
jugacy classes and there is a unique gauge invariant operator associated to each
conjugacy class.

Note that in Table 2, all possible trace structures appear for operators constructed
using three matrices and note also that the form of the operator has a transparent
relation to the structure of the conjugacy class.

To summarize, we have obtained a useful description of the gauge invariant
operators of the theory: for every permutation o € S,, we can construct a gauge
invariant operator as follows:

Tr(ocZ®"). (30)
There is a distinct gauge invariant operator for each conjugacy class of .S,,.

Table 2. Conjugacy classes of S3 and the associated
gauge invariant operator.

lo] Structure Operator

M2)(3) (0 Tr(2)°
(12)(3), (13)(2), (23)(1)  ()()  Tr(2)Tr(2?)
(123), (132) () Tr(2)
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(2) The permutation language allows us to sum all possible Feynman
diagrames, in free field theory.

We can use Wick’s theorem to compute any correlation functions of the following
form:

(Z="))(Z"*")L). (31)

We simply sum over all possible ways of pairing Z and ZT fields, replacing each pair
with the basic Wick contraction given in (4). Note that there are n! ways to perform
this pairing so that we have to sum n! different terms, each of which is some Feynman
diagram.

To motivate the formula that follows, consider computing the correlator for n = 3

iy rpiy i ky pp—
(23232320, (Z27)2(Z);). (32)
The Wick contraction that pairs the first Z with the second Z%, the second Z with the
third ZT and the third Z with the first Z is given by
Sy 666 86 = ((123))1((132)) 5. (33)

1" J3 "I 02

This is an illustration of a general rule: every possible Wick contraction corresponds
to a permutation and the complete correlator can be written as

(252 E) =Y (o) ile™)]. (34)

€S,

Consequently, when using the permutation language the sum over all Wick con-
tractions is replaced by a sum over the symmetric group. Below we will show that for
certain observables it is possible to evaluate this sum very explicitly. For these
observables, we are able to sum the complete set of all Feynman diagrams.

(3) Using the permutation language we can take all of the trace relations
into account.

To make this point, we need to review some background. We will need some
aspects of Schur—Weyl duality, which is a fundamental result in the representation
theory of the symmetric group S, and the unitary group U(N). This duality
establishes a deep relationship between the representations of these two groups when
they act on a tensor product space. Recall that

N i in
(Zo™) ) = Zﬁ ~--Z;ﬁ (35)
acts as a matrix in the tensor product space V". We can define an action of U(N) on
the same space by declaring that for every element U € U(N) we have the operator
NI — 77t iy
(U®“)J:U;;~--Uf (36)

In "
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Thus, U(N) acts in exactly the same way on each factor of Vi in the tensor product.
The action of S,, is as before, i.e. for o € .S,, we have

() =63, 85

Jo(1) Jo(n) (37)

so that S, permutes the order of factors in the tensor product, but otherwise
leaves each unchanged. Clearly then, these actions of S,, and U(N) on V" commute.
As usual, when two operators commute they can be simultaneously diagonalized.
Following this to its conclusion, mathematicians have proved that®
V"= Gﬁ Vi @ V3, (38)
sn

The sum here runs over all Young diagrams with n boxes. There are a few fascinating
things that this formula makes clear:

(1) Representation of both U(N) and S, are labeled by Young diagrams with n
boxes. For representations of U(N) the Young diagram can have any number of
boxes, but it must have no more than N rows. For S,, the Young diagram must
have exactly n boxes.

(2) When we take the tensor product of nZ fields, we find many representations s of
U(N) appear. To distinguish these different identical copies we need a multi-
plicity label. The above formula makes it clear that the multiplicities of the U(N)
representations s are organized by an S,, representation with the same Young
diagram s.

(3) When we take the tensor product of nZ fields, we also find many representations
sof S, appear. A second way to read the above formula is that the multiplicities
of the S, representations s are organized by a U (V) representation with the same
Young diagram s.

A simple sanity check of (38), is to compute dimensions on both sides and verify
that they match. For this, we need to compute dimensions of irreducible repre-
sentations of both U(N) and S,,.

To compute the dimensions of representations of S,,, we associate to each box of
the Young diagram a hook length. The hook is a line drawn through the Young
diagram. It enters the diagram from the bottom and leaves the diagram to the right.
The elbow of the hook lies in a specific box. The hook length of that box is the
number of boxes the elbow passes through. In the figure below, two hooks and their
lengths are shown.

“The notation s - n says that s is a partition of n. Reading each part of the partition as a row length, we
can also read s F n as “sis a Young diagram with n boxes”. In (38), Vi ) 1s a vector space carrying the
representation s of U(N) and V§ is a vector space carrying the representation s of .S,,.
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h=9
=

h=3

The Young diagram with all hook lengths filled in is given by the following:

1918161321
5142
4131
21

(39)

The dimension of an S,, representation labeled by a Young diagram s - n is given
by n! divided by the product of the hook lengths. For the Young diagram shown
above, the dimension is

B 14!
H " 9.8.6-3-2.1-.5-4-2-4-3-1-2-1

dim = 35035. (40)

Thus, each of the 14! matrices of this representation would be 35035 x 35035
dimensional matrices.

To compute the dimensions of a U(N) representation labeled by a Young diagram
s, we associate a second number to each box of the Young diagram known as the
factor of the box. A box in row ¢ and column j has factor N — i + j. A Young diagram
with both the hook lengths and the factors indicated is shown below.

N |N41|N+2|N+3 6(4|13]|1

N—1| N |N+1 4

i I Ll
factors hook lengths

The dimension of the U(N) representation is given by the product of the factors
divided by the product of the hooks. For the Young diagram shown, we have
N(N+1)(N+2)(N+3)(N—-1)N(N+1)(N —2)

Dim - 6-4-3-1-4.2-1-1 - (4

With these dimension formulas in hand, we can now return to the Schur—-Weyl
decomposition of V" and check that dimensions work out correctly. Consider the
case that n = 3. There are three Young diagrams

5= {E\:EI Hjﬁ} . (42)
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Table 3. Dimensions of representa-
tion for n = 3.

Young diagram  dim, Dim;

N(N+1)(N+2)
- 1 =

N(N?-1)

H- 2 -
N(N-1)(N—2)
] A

The dimensions of these as U(N) and S representations are given in Table 3.
The Schur-Weyl decomposition of (Vy)®? is

V]S?B':(ij(j) ® Vs ) (Bjm@VHSg)@ Vé](N)®V§3 L(43)

The dimension of V/* is N3. This can be compared to

dim 7 Dim—T1 17+ dimHj DimBj + dimﬁ Dim@

NN AN +2) , N> -1 NN DN -2)
6 T 6
= N3. (44)

=1-

Another consequence of Schur—-Weyl duality is a formula for the characters of
U(N) (denoted by xz(U)) in terms of those of S,, (denoted x (o))

xr(U) = ] ZS:XR o)Tr(o Ugn) (45)
ges,

where R is any Young diagram with n boxes, written as R I n. This formula is most
easily understood by noting that

I
(Pr)y = ] Z xr(o (46)
© o€es,
is a projection operator acting in V". For any projection operator, we expect
PR'PS(X(SRSPR' (47)

For a properly normalized projection operator, we would have an equality above, the
left- and right-hand sides would not simply be proportional. Py projects onto the
V[f( N ® VS{? subspace of Vi". The product Py - Pg is easily evaluated with the help
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of Schur’s orthogonality relation which reads

. 4
Z Tr(9)als(9)ea = 6R56ad5bcd_a (48)
R
=Y
where G is any finite group, |G| is the order of G, R and S label irreducible repre-
sentations and dp is the dimension of irreducible representation R. I'r(g)y is the
dr X dp matrix representing ¢ in the irreducible representation R. When we say we
have a representation of the group, we mean we have found a set of matrices that
solve the equation

L(g1)T(g92) = T'(9192)- (49)

On the left-hand side of this equation, there is the usual matrix product between two
matrices, while on the right-hand side we have a product between two elements of the
group, specified by the multiplication table of the group. If we specialize (48) to S,
then R and S are Young diagrams with n boxes, |G| = |S,| = n! and dp is what we
have been calling dimp. Schur’s orthogonality relation is an extremely important
result, well worth memorizing.

Using Schur’s orthogonality relation, it is easy to prove that

PpPs = ﬁ Prdps. (50)
Thus,
Pp = dimyPy (51)
is a properly normalized projection operator and we have
PrPg = 6rePp. (52)
Thus, the trace of P r 1s the dimension of the space it projects to so that
Tr(Pp) = dimzDimp (53)
and hence
Tr(Pg) = Dimp. (54)

We will make good use of this formula below.
We need one more property of the projectors Pp: they commute with all elements
p € S,. To prove this, start from

1
Prp =5 > xr(o)op. (55)
* o€es,

We want to pull p out on the left to prove that p commutes with Pg. Thus, it seems
we should trade o for & where

op = po. (56)
We will want to trade the sum over o for a sum over . To make this trade, note that

if oy # 09, then multiplying on the right by p implies that o,p # oyp, and now
multiplying on the left with p~! implies p~lo,p # p~losp, i.e. &1 # 79. Thus, a sum
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over all values of o can be traded for a sum over all values of . Finally, it is a simple
exercise to show that

xr(0) = Xr(5). (57)
Thus, we now have

1
Prp = por] Z Xr(0)op

" o€S,
1 -
= Z Xr(5)po
geSs,
=pPg (58)
which proves that Pr commutes with any p € S,,.
You probably already know how Pp acts, but the language being used in this
discussion might not be familiar. Py is known as a Young projector. Consider the

simplest possible case of n = 2 which is enough to illustrate the point. For n = 2,
there are two Young diagrams

m— B (59)

Sy has two elements: S = {(1)(2), (12)}. It is simple to check that both of these
representations are one-dimensional. The characters for these two representations
(which are the group elements since they are 1 x 1 matrices) are given by

xro((1D)(2) = 1= x((12)) (60)

and

XH((l)@)) =1, XB((12)) =-L (61)
Thus, the projectors Py associated to these two representations are given by

Lociy i i1 5i
(R = 5 (D@D} + (12)) = 5 (0126 + 5i2s2), (62

1 Lo i i1 5i
(PH).I] = 5 (@) = (12))7) = (35105 — 3367)- (63)

These projectors act on a tensor with two indices in the obvious way
InJ _ piviajis
Py = P The. (64)
For the projectors defined above, this action is

Ti1i2 Ti2i1
by = TR T o

Ti1i2 _ Tig’il
(ALY = ——5— (66)

which is projecting onto the symmetric and anti-symmetric components of T2,
respectively. In general, a projector P with a more complicated Young diagram R
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will symmetrize indices corresponding to boxes in the same row and it will anti-
symmetrize indices corresponding to boxes in the same column.

With the background already developed, it is possible to make contact with the
trace relations. The foundation for this discussion is from invariant theory. Hilbert
produced many of the key results in this field. See Ref. 20 for a readable introduction.

An invariant of a set of tensors in d dimensions is a polynomial function of the
components of those tensors that is invariant under some group of transformations of
the tensors. In our discussion the tensors are Z 77 and the group of transformations is
U(N) acting as

Z—UzU". (67)

Invariant theory considers two problems:

o the nature of the invariants;
o the nature of the relationship between them.

There are two central theorems as follows.

The First Fundamental Theorem: Any polynomial invariant of a set of tensors
can be expressed as a linear combination of complete contractions of products of
these tensors.

For us, it means that our invariants are general multi-trace operators.

The Second Fundamental Theorem: Any identity between the invariants of a
set of tensors in d dimensions can be obtained as a consequence of the fact that
antisymmetrizing over d 4 1 indices will annihilate the tensor.

For our problem, this implies that the trace relations can all be obtained as
statements of the form
Tr(PRZ") =0, (68)
where R is a Young diagram with n > N boxes (R F n) and R has more than N rows.
One more idea is needed — related to the Fourier transform. The usual Fourier
transform can be written as

fo = [ dsepa), g = [ 5Ee o, (69)

The key idea behind the Fourier transform is the fact that the plane waves are a
complete and orthogonal set of functions, which is embodied in the formulas

o0

drekre=iFe = 27§(k — k'),

/ %eikxefikx’ — 6(.13 _ J)/).

o 2T

(70)

Note that e** has both a momentum (k) and a position () label.
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The statement (68) makes it clear that the trace relations are closely related to
Young diagrams. The gauge invariant operators defined by (30) are related to
conjugacy classes. At this point, it is useful to introduce a Fourier transform between
functions defined on the conjugacy classes (like our gauge invariant operators) and
functions defined on the irreducible representations (i.e. the Young diagrams).

If o is a permutation, denote the conjugacy class it belongs to by [o]. The Fourier
transform is

f([o]) = Z XR(U).va o€ Sna

RFn

Fr=1 3 xal@)(lo]).

o€eS,

(71)

This Fourier transform works? because the group characters are a complete and
orthogonal set of functions, which is embodied in the formulas

Z Xr(0)xs(0) = nlogs,
o€S,

n! (72)

> xzl@)xalp) = 7 i)
> ]

where 015, = 1 if p and o belong to the same conjugacy class and it is zero otherwise,
and |[o]| denotes the number of elements in conjugacy class [o]. Note that x (o) has
both a Young diagram (R) and a conjugacy class ([o]) label.

We now use this Fourier transform to move from observables that take values on
the conjugacy classes [o] to observables that take values on the irreducible repre-
sentations R as follows:

Xr(Z) = 3 xa(o)Te(o2°") (73)

o€S,

The xr(Z) are known as Schur polynomials. The x(Z) with R having no more than
N rows is linearly independent. In particular, there are no trace relations between
them. In this basis, the trace relations are the statement that

Xr(Z) =0 (74)

when R has more than N rows, i.e. the Schur polynomial itself vanishes. In the trace
basis the trace relations was a complicated polynomials in the traces. By moving to
the Schur basis, we have solved all of the trace relations.

Note that we can write

XalZ) =~ 3 xalo)Tr(o7°7) = Tr(PZ™") (75)

o€S,

9We have stated this Fourier transform for the symmetric group, but it is valid for any finite group.
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since the projection operator is

Pr=— 3" xalo)or (76)

©oes,

Now let’s compute the two point function of Schur polynomials to illustrate how easy
it is to sum all of the Feynman diagrams (and not just the planar diagrams) for
certain observables.
(Xr(Z)xs(Z")) = (Tx(Pp Z7")Tr(Ps Z'°")) = (Pr) j(Ps) L ((Z°")1(Z7°") &)

= (Pp)5(Ps)1 Z (@) x(c™)f = Z Tr(oPso" Pg)

oes, oES,
n!
:n'Tr(PSPR) = 6RS dlmR TI'(PR)
n!Dim
= bps & = 6psfr- (77)

dimp,

In the final equality, fr is the product of the factors (one for each box) of Young
diagram R.
Here is a simple example of the above formula

<X@IH(Z)X@E(ZT)> =NIN+1DN+2)(N+3)(N-1)NN -2)(N —1).

To obtain this result, 8! = 40320 diagrams were summed.

Summary of the key ideas:

(1) The Schur polynomials xz(Z) labeled by a Young diagram with n boxes
(R F n) provide the complete set of holomorphic observables constructed using
n fields.

(2) These observables are a complicated linear combination of all possible trace
structures. The fact that different trace structures mix is not a problem.

(3) By only using Schur polynomials labeled by Young diagrams R with no more
than N rows, we do not need to worry about the trace relations.

(4) The Schur polynomials diagonalize the free field two-point function

(Xr(Z)xs(Z")) = bpsfr- (78)

All diagrams (not just the planar ones!) have been summed to obtain this result.

These results are nice, but they are all for a single matrix. One way to generalize
these results to more than one matrix is to consider restricted Schur polynomials.
This is the topic of the following section.
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Guide to further reading:

The group theory approach to the study of local operators in Yang—Mills theory has
its origin in the remarkable pioneering paper.'® Quickly after this initial paper the
work,?! which stressed the role of projection operators in the group theory approach,
appeared. This has been an important insight that has inspired progress in many
different directions. The original paper'® deals with gauge group U(N). The exten-
sion to gauge group SU(N) was first explored in Ref. 22. An important follow up was
given in Ref. 23. Schur polynomials bases for SO(N) and Sp(N) gauge groups were
given in Refs. 24 and 25. The construction of Schur polynomials for fermionic matrix
fields was given in Ref. 26. Even more recently, extensions to permutation invariant
matrix models were pursued in Refs. 27 and 28.

As far as applications to physics goes, the first hint that Schur polynomials were
important came from the observation that the string exclusion principle?” naturally
suggests that sphere giant gravitons are dual to sub-determinant operators.?*">? The
original paper'® then quickly suggested a correspondence between any system of

33,34

giant gravitons' and specific Schur polynomials. For an insightful discussion of
the physics of Schur polynomials, see also Ref. 35. There are interesting ways in
which the gravitational physics of heavy operators has been recovered from Schur
polynomials. First, a Schur polynomial describing an operator with a bare dimension
of order N? can be put into correspondence with one of the %-BPS backgrounds of
type IIB supergravity constructed in Ref. 36; see Ref. 37 for a review. Second, the
emission/absorption of a point graviton by a giant graviton can be described as a
semi-classical process, using a saddle point of the gravity description.** 0 These
papers establish that Schur polynomials are a correct description of giant graviton
branes in the dual CFT.

As we have mentioned, when the bare dimension of operators increase, the planar
limit becomes a less and less useful description of the physics. Using the failure
of factorization as a diagnostic, the authors of Ref. 41 gave a clear quantitative
description of the failure of the planar approximation.

Finally, for a lucid and readable description of Schur—-Weyl duality, see Ref. 42.

6. Restricted Schur Polynomials

The restricted Schur polynomials were introduced in Ref. 43. Fortunately,
given the discussion of the previous section, restricted Schur polynomials are a
natural generalization of the Schur polynomials and we will get to the punchline
quite directly. The starting point is to imagine constructing observables using
nZ fields and mY fields. As a consequence of the fact that all indices must be
contracted to produce a gauge invariant operator, the group S,,,, naturally
appears

Zy 2 Y Y = Te(eZ0Y ), o€ S (79)

Lo(n) ~ Yo(n+1) Lo(n+m)
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Again, not every distinct permutation leads to a distinct operators. This is be-
cause there is a symmetry which acts by swapping Z fields with each other and/or
by swapping Y fields with each other. The subgroup swapping 7 fields is S,, and
the subgroup swapping Y fields is S,,. Thus, the group that swaps both Z fields
with themselves and Y fields with themselves is S,, x S,,. Consequently,

UZ®"Y®m071 — Z®’I?,Y®m’ oc Sn X Sm (80)

so that now the group S,, x 9,, also plays a role. This group is a subgroup of S,,,,,,.
As a consequence of this symmetry, we have (p € S,,,,, and 0 € S, X S,,)

Tr(pZ@m Y@m) — Tr(pozgnyé@ma—l)
=Tr(o  poZ=nYy®m). (81)

Thus, if two permutations p; and p, are related as
P = 071p20-7 P1,p2 € Sn+m7 o< Sn X Sm (82)

then they define the same gauge invariant operator. We say that p; and p, belong
to the same restricted conjugacy class.

Just as characters form a complete set of functions on conjugacy classes, restricted
characters provide a complete set of functions on restricted conjugacy classes. To
advance this theory further, we need to introduce one more concept: an irreducible
representation of a group typically becomes a reducible representation when re-
stricted to a subgroup. To illustrate the point, consider a vector

X = (131,5[327173,,I4) (83)

which transforms in a four-dimensional irreducible representation of SO(4). Consider
restricting SO(4) to the SO(2) subgroup that rotates only the first two components
of this vector into each other. The vector x can now be decomposed into three
components that don’t mix under the action of this subgroup as follows:

X =V +Vy+ vy, (84)

where
Vi = (1'17 L9, 07 0)3
Vo = (0,0,l’g,o), (85)
V3 = (07 07 07 1'4).

We see that the four-dimensional representation of SO(4) decomposes into

the direct sum of a two-dimensional representation and two omne-dimensional
representations

4-20101. (86)

We must introduce a multiplicity index to distinguish repeated representations.
Elements of the group that belong to the subgroup take the following block diagonal
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form (nonzero matrix elements are denoted x and vanishing matrix elements by 0)

associated to 2

0 0 X 0 } associated to first 1

0 0 0 X }> associated to second 1

Elements of the group that don’t belong to the subgroup are not block diagonal, but
we can still associate row and column indices to representations of the subgroup.

X X X X
associated to 2
X X X X
X X X X associated to first 1
X X X X associated to second 1

We are now ready to introduce the idea of a restricted character. To define the
restricted character we will use, start with an irreducible representation of S,_,,
labeled by Young diagram R F n 4+ m. Now restrict to the S, x S,, subgroup. The
irreducible representations of this subgroup are labeled by a pair of Young diagrams
(r,s) with r an irreducible representation of S, (r = n) and s an irreducible repre-
sentation of S,, (s Fm). By definition, the character is equal to a trace over the
group element

xr(o) =Tr(T'gr(0)), REFEn+m, o€S, . (87)

The restricted character is obtained by restricting the trace to some representation of
the subgroup. More than that, we are free to use which copy of the subgroup we use
for the row and column indices independently.

Here is an example to illustrate the idea: consider the representation

R= Eﬂj dimp = 16 (88)

of Sg and consider the S3 x S5 subgroup. R contains the following representations of
the subgroup:

.0, (BHE), ), (Q,Bj) (89)
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as well as two copies of
(api=p} (90)

Choose the basis of R so that the first two blocks of I'z(0) are these two (H-, H)
representations. The rows and columns of the matrix I'p(0) can be labeled as follows:

[ x x x|x x x x ]
X X X X|x X X X 1% copy (1 = 1)
X X X X|X X X X
X X X X|X X X _X
X X X X|[x x X X
Fr(0) = [x x x x|x x x x 2% copy (1 = 2)
X X X X|[x x x x
X X X X|X X X X

The restricted character Xﬁ;\j (B] B:I)l1 is obtained by summing the elements circled
in green below T

1% copy (p=1)

Tr(o) = 2" copy (1 = 2)

X X X XIX X X (X!
X X X XX XX X
X X X XIXX X X
X X X XIX) X X X
X X X X[X X X X
X X X X[X X X X

X X X XX X X X
X X X XX X X X

The restricted character Xﬁﬂj (Hj 53)22 is obtained by summing the elements circled
in green below T

1% copy (p=1)

Pr(o) = 2" copy (p =2)

X X X X[X X x x'
X X X XX X X X
X X X XX X X X
X X X XIX X X X
X X X XIx x x x
X X X XX x x x
X X)X X[x x x %
X X XX X X X

1
1
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. X . . . .
The restricted character EEE(B]B])H is obtained by summing the elements circled

in green below

1% copy (n=1)

FR(O') =

2" copy (u = 2)

X X X XIX X X X!
X X X XIX X X X
X X X XIX X X X
X X X XIX X X X
X X X X[X X XX
X X X X|x XX x

X X X XIX X X X
X X X XX X X X

The restricted character X@E\j (H] Bj)m is obtained by summing the elements circled
in green below T

1% copy (n=1)

N =
r(o) 2" copy (pu = 2)

X X X X[x x x x!
X X X x|x x x x
XX X XX X x x
XX X X |X X X X
X X X X|X X X X
X X X X[|x x x %
X X X X|x X x X
X X X X[|X X x X

— ——

Restricted characters obey some important orthogonality relations which generalize
those of ordinary characters

Z XR,(7',s)aﬂ(p71)XT,(t,u)fyé(p) = (n + m)!éRTértésué'yﬁéaéa (91)
p657]+7n
dim, dim;
> Xresjas(MDXRras(0) = (0 + 1) ——"6/ 1 , (92)
R,(r,s)af dlmR

where O 7, is 1 if [0], and [7], belong to the same conjugacy class and it is zero
otherwise. These orthogonality relations prove that the restricted characters are a
complete set of functions on the restricted conjugacy classes and they ensure that we
can again use them to perform a Fourier transform. This leads to the definition of
the restricted Schur polynomials

1

:W Z XR7(7'75)0¢[}(J)Tr(O—Z@nY®m). (93)

€S im

XR,(r,s)a[f(Zv Y)
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Summary of the key ideas:

(1) The restricted Schur polynomials X p (. 5),3(Z,Y) labeled by a Young diagram
with n + m boxes (R F n + m), a pair of Young diagrams one with n boxes and
one with m boxes (r+n, sk m) as well as a pair of multiplicity labels a, g
provide a complete set of holomorphic observables constructed using nZ fields
and mY fields.

(2) These observables are a complicated linear combination of all possible trace
structures. The fact that different trace structures mix is not a problem.

(3) By using restricted Schur polynomials labeled by Young diagrams R,r,s that
have no more than N rows, we don’t need to worry about the trace relations.

(4) The object

1
nlm!

Z XR,(7’,5)05(U)U (94)

OEStm

PR.(r,s)aﬂ =

is a projection operator (not correctly normalized!) acting in V" *™. Using it we
find that the restricted Schur polynomials diagonalize the free field two point
function

<XR,(7‘,S)(¥“3(Z? Y)XT,(LU)"/&(ZJH YT)>

(n+m)! dim, dim,

fr- (95)

= 6RT57‘25 6su 6@76(5,a . ] |
dimp n!  ml!

All diagrams (not just the planar ones!) have been summed to obtain this result.

Guide to further reading:

The generalization of the group representation theory approach for single matrix
models to that for multi-matrix models is highly nontrivial. The key series of paper
which made this step possible are the works.*4 46
the notion of a Fourier transform and properly appreciated the role of the com-
pleteness of characters. Restricted Schur polynomials, as defined in this paper, were

Reference 45 in particular stressed

first given in Ref. 43. The orthogonality relations for restricted characters were first
proved in Ref. 47. Restricted Schur polynomials involving fermions were defined in
Ref. 48. It is possible to generalize restricted Schur polynomials beyond gauge group
U(N). For the generalization to gauge groups SO(N) and Sp(N), see Refs. 49 and 50.

The definition of the restricted Schur polynomials given in Ref. 43 was directly
motivated by studies of open strings attached to giant gravitons given in Ref. 51.
This paper properly appreciated the role of using Young diagram labels, associated
to subgroups of the symmetric group, for the open string excitations but did not
define restricted characters or their orthogonality. Motivated by Ref. 51 restricted
Schur polynomials for semi-classical open string excitations® were defined in

°By this we simply mean that each open string is described by a word using the letters of the theory, and
this word is inserted into the Schur polynomial.
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Refs. 52-54. Reference 52 introduced the notion of a restricted character. To properly
arrive at the definition given in Ref. 43 it was necessary to combine the insights of
Ref. 51 with those of Refs. 44 and 45.

The interpretation of restricted Schur polynomials as the dual gauge theory
description of giant gravitons together with open string excitations has been
established®?®® in a number of detailed studies. The semi-classical open string
worldsheet dynamics is visible from the gauge theory description. In particular,
the boundary conditions expected of open strings attached to giant gravitons in
the gravitational description have been established using the gauge theory
operators. An interesting feature of the gauge theory description is the fact that
fields can be exchanged between the giant graviton branes and the open string.
Since these fields carry R-charge, this corresponds to an exchange of momentum
between the open string and the giant graviton, i.e. to a force exerted between
them.

Finally, there have been numerous other applications to problems in gauge/
gravity duality, impressive progress in counting arguments, as well interesting and

59-80

important mathematical progress which we have not reviewed here. The reader

is encouraged to explore these avenues herself.

7. From Restricted Schur Polynomials to Gauss Graph Operators

We will now turn to the question of a physical interpretation for the restricted Schur
operators. As an example of what we want, consider the analogous question of the
physical interpretation of single trace operators. We know that single trace operators
with their bare dimension held fixed as we take N — oo correspond to states of a
closed string. The space of single trace operators reproduces the Fock space of a
single closed string.

For Schur polynomials'® have suggested the following interpretation for yp: If
the Young diagram has p = O(1) columns and O(N) rows making it tall and
skinny

16

R = O(N) rows

p = O(1) columns
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then y is dual to a system of p giant graviton branes — giant gravitons that wrap an
53 contained in S° of the AdS; x S° space-time. On the other hand, if R is a Young
diagram with p = O(1) rows and O(N) columns making it short and broad

R = P = 0(1) rows

O(N) columns

then xp is dual to a system of p dual giant graviton branes — giant gravitons that
wrap an S° contained in AdS; of the AdS; x S° space-time. There is by now com-
pelling evidence for this identification:

e This reproduces the correct cut off on angular momentum for giant graviton
branes.?’

o This agrees with the LLM description®® of this 1 -BPS state. Both can be related to
free fermion descriptions. 637

e Using semi-classical approximations, the absorption/emission amplitudes for

closed strings is reproduced.?® 0

In the planar limit the dilatation operator was identified with the Hamiltonian of
an integrable spin system.!® Perhaps it is interesting to consider the action of the
dilatation operator on Schur polynomials?

Since the Schur polynomials all correspond to %—BPS states, they do not develop
anomalous dimensions. Thus, the action of the dilatation operator is too simple to be
interesting.

Restricted Schur polynomials are dual to both BPS and non-BPS operators, so
that the action of the dilatation operator on the restricted Schur polynomials is a rich
problem with a lot of structure. In what follows, we will study the action of the one
loop dilatation operator on restricted Schur polynomials.

Consider a Schur polynomial labeled by the following Young diagram R:

Each row corresponds to a dual giant graviton. The number of boxes in each row sets
the momentum of the given giant graviton, and this in turn sets the size of the
giant.? Long rows correspond to giants that have a large angular momentum and
consequently, have a large size. A cartoon of the operator labeled by the above
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Young diagram R is

longest row

O shortest row

Now let’s consider exciting this giant graviton system. In string theory this would
correspond to attaching some open strings to the system of giant gravitons.

There is an interesting constraint on the state space of the allowed open string
excitations. The worldvolume ¥ of the giant graviton is compact — topologically it
is an S®. It is described by an open string theory which at low energies is well
approximated by an ordinary gauge theory. Gauge theories on compact spaces must
always have a vanishing charge since by the Gauss Law we have

Q:/pdV:/V-Edv—fﬂdszo, (96)
b P [

where in the last line we used the fact that the worldvolume of the giant has no
boundary 9% = 9S® = 0. This constrains the allowed open string configurations
because the open string end points are charged

+1 > -1

To get vanishing total charge, the number of open strings ending on a giant must
equal the number of open strings starting from the giant. Thus, the states

D
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are forbidden, but the states

= —
O ), y
oy

are allowed. A more convenient way to draw these states is to collapse each giant
graviton brane into a node

e

The red numbering is included to make it transparent how the diagram was sim-
plified. We don’t usually number the nodes. The second graph shown above is an
example of a Gauss graph. The eigenstates of the one loop dilatation operator
are labelled by Gauss graphs and this provides the physical interpretation of the
restricted Schur polynomials. We will now explain this connection.

Consider restricted Schur polynomials constructed using nZ fields and mY fields,
with n > m. These will be a small deformation of a %—BPS operator so that we can
still use the physical interpretation of the Schur polynomials.

R

R

The restricted Schur polynomial is given by Xp (;.5)03(Z,Y). The Young diagram
shown in blue above is the Young diagram r that organizes the Z fields. We read the
system of giant gravitons from r. There is a giant graviton for every row in r. The
green boxes correspond to Y fields. Each green box will be an edge in the Gauss
graph. We assemble the green boxes to produce the Young diagram s label of the
restricted Schur polynomial. As usual, a and (3 are multiplicity labels. We will now
argue that the labels s, o, 8 can be traded for the Gauss graph. To do this, we need a
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better understanding of the multiplicity labels o and 3. A Young diagram r with p
rows describes a system of p giant graviton branes. Consequently, we expect that the
worldvolume description of this system involves a U(p) gauge theory. To describe
this U(p) theory we introduce some vectors

1 0 0
1 0

€ = 0 ) €y = ep = 0 (97)
0 0 1

The generators of U(p) are linear combinations of the p? matrices

(Eij)a,b = 671{16]'}1' (98)
In particular, Eyy, Ey, ..., E,, are generators of the U(1)? subgroup of U(p). The
state in representation s constructed for a restricted Schur polynomial with m, green

boxes in the first row, m, boxes in the second row, ..., m, green boxes in the pth row
is a state with U(1)? charges given by

m = (my,my,...,m,). (99)

The multiplicity labels o and 3 each run over the states of the U(p) representation s
that have U(1)? charge m. The number of such states has been studied in mathe-
matics and it is known as the Kostka number and it is denoted K .

It is helpful to consider an example. Consider the restricted Schur polynomial
with

[ 11 A

R =

where 7 has three rows so we are studying a problem with U(3) symmetry. The space
spanned by the two labels s, v is spanned by the six states

e Ve;, e VWe3X®e, e e e,

eaRe;RVe, e3RVe Ve, e3Re X e,. (100)
Now,
D®D®D:D®(DI@H)
- pePePed
:m@gﬂj@ﬁ (101)

Note that the representation H:‘ appears with multiplicity 2. Consider the U(3) semi-
standard tableaux for each of the irreducible representations and indicate the U(1)?
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charge m for each

1]

12]

Bl m=(1,1,1),

1]1] 1[1] 1]2]

2] m=(21,0), B m=(201), [2] m=(1,20),

1]2]

13 m = (1,1,1),

1]3] 1[3] 2]2]

2] m=(1,1,1), [3] m = (1,0,2), 3] m = (0,2,1),

2[3]

Bl m=(0,1,2),

m = (3,0,0), m = (2,1,0), m = (2,0, 1),
m = (1,2,0), m = (1,1,1), m = (1,0,2),
m = (0,3,0), m = (0,2,1), m = (0,1,2),
m = (0,0,3).

The entries colored in red are those that have the correct U(1)* charge for our
problem where there is one green box on each row. Thus, we have the following
Kostka numbers:

K =1, K =2, K - "
I,(1,1,1) Hj,(LLU E(lll) "

We now know that there are a total of 6 restricted Schur polynomials, given by

(-[TT7) 1o multiplicity labels,

1 of x no multiplicity labels,
E) (103)

4 of x H:‘)B a,8=1,2.

There is a second way to compute the Kostka numbers. Introduce the group

H =5, X Sp, X xSy, (104)

m moy

which is a subgroup of S,,,. If we restrict S,, to subgroup H, then K ,, is equal to the
multiplicity of the trivial representation of H, which appears when we have restricted
S,, representation s. This was proved by Kostka and we will simply use this result. It
implies that

1
W Z Fs(’y)ab = Z Bp,aBub' (105)
I

yeH
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B, is called a branching coefficient. i is a restricted Schur polynomial multiplicity
label. To understand this last equation, note that the left-hand side is a projection
operator onto irreducible representations that are each one-dimensional. The vectors
v(p), with components a are basis vectors for each representation. The trivial
representation of H is the representation given by

y=1, Vy€H. (106)
Since it is a one-dimensional representation, the restricted characters in this repre-
sentation are very simple: they are given by

dim;

Xfm(U) = Z B/m]-—‘s(o—)abBryb' (107)
a,b=1

Since we have projected to the trivial representation of H we have
Xpa(0) = Xa(70) = Xa(07) (108)
for all v € H. Thus, x;,,(c) is a function on the double coset
H\S,,/H. (109)

In fact, x . (0) are a complete set of functions on this double coset, so that we can
perform a Fourier transform

OR,T,U(Za Y) = Z XR,(T,s)ua(Z7 Y)sza(a) (110)

ENTReY
which has exchanged the following sets of labels:
0 8, [, Q. (111)

So, all the data related to the Ys (which we claim are related to the edges of the
Gauss graphs) is now replaced by an element of the double coset H\ S,,/H. So, the
natural question now is to ask how we should interpret this double coset. We will
take a small detour to answer this question. Imagine we want to draw all graphs with
p nodes and m edges. Further, there are m; edges starting from and ending on node .
Draw the nodes and the starting/ending points as follows:

Label the start points and the endpoints, each with their own unique integer
1,2,...,m as follows:

1 1 1 4 —2 m—2
§ X 11 m—1
%2 %

] 1 3 5 2 5 p m
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To get all possible graphs we now need to consider all possible associations of the
endpoints with the starting points. Each such association defines a permutation

Not all permutations correspond to distinct graphs. Permutations that differ only by
swapping start points that start at the same node give the same graph. Similarly,
permutations that differ only by swapping end points that end at the same node give
the same graph. Thus, two permutations o; and o, related as

o1 =7109Y2, Y1,YV2 €H (112)

give the same graph. Thus, graphs with p nodes and m edges together with the
constraint that the number of edges starting on node i equals the number of edges
ending on node ¢ equals m; are given by elements of the double coset

H\S,,/H, H=S8, xS, x -xS8,. (113)

1

Thus, our Gauss graph operators are labeled by graphs. A very natural interpreta-
tion is to identify the nodes of the graph with giant graviton branes and to identify
the directed edges with the open string excitations.

We can illustrate the above arguments with an example. Above we argued that
there are six restricted Schur polynomials of the form

[ 1T

R =

Recall that they are given by

1 of xg (rrrr7) no multiplicity labels,

1 of x no multiplicity labels,
R,(Tﬁ) (114)

4 of a,f=1,2.
XR,(T,Ej)aﬁ

Fourier transforming to the Gauss graph basis these becomes Op, ,. Thus, there
should be six possible Gauss graphs labeled by the permutations o. This is indeed the
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case and the six graphs are given by

000 & ©

Lo

NOBZ AN

The dilatation operator can be evaluated in the restricted Schur polynomial
basis.?1-%2 The dilatation operator in the SU(2) sector is given by

D = —gnTr((Z,Y][07, 8y]). (115)

Acting on restricted Schur polynomials, that have a normalized two point function

hooks,hooks
Op Z,Y) = A f— T 5 Vo2, Y 116
R,(vﬁs)aﬁ( ) ) faCtOI‘SRhOOkSRXR’(T"S)(yﬂ( ’ ) ( )

the dilatation operator acts as

DOR,(’!',S)a;S = Z NR,(T,s)aﬂT,(t,u)’yﬁOT?(t,u)’yé7 (117)
T,(tu)yo

where

N Z CRR dTnm frhooksrhooks, hooks,
By (rs)afT (tupé = g dpd.d,(n+m) \| frhooksghookshooks,

X Tr([rl?((]-v m+ 1))7 PRH(r,s)aﬁ}
X Tpp[Dr((L,m + 1)), Prog sl e )- (118)

Some comments are in order

o Operators Op ()03 and Or ;). only mix if R and T agree after a single box is
dropped from each. Denote the Young diagram obtained by dropping a box from
R, (T) as R, (T"), respectively. We must have R’ =T for a nonzero matrix
element Np (. a7, (t,u)76- Lhe intertwiner I is a map from the carrier space of 7"
to that of R’ so that, for example, I'p (0) g = Ipp (o), 0 € S, 4 n_1. Similarly,
the intertwiner I7 g is a map from the carrier space of R’ to that of T".

e cpp is the factor of the box that must be dropped from R to obtain R'.
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e The (not normalized) projector Pg_ . a4 is given by

1
Pr_(r5)0p = il Z XR(T,s)aﬁ(U)FR(J)' (119)
€Sy im
e The above result for the matrix elements is exact in the sense that it includes the
complete N dependence — no approximation has been made.

Now consider the action of the dilatation operator on the Gauss graph operators.
This computation is performed using an approximation known as the distant corners
approximation. To state what the distant corners approximation is, consider the
Young diagram shown below

R =

This approximation amounts to assuming that the red elbow is a length of order N.
The point of making this approximation is that it leads to a significant simplification
in the action of the symmetric group. For this discussion, we will make use of a
specific representation known as Young’s orthogonal representation. States are la-
beled by Young—Yamanouchi patterns. A Young—Yamanouchi pattern is a Young
diagram with m boxes and with all boxes labelled with a unique integer taken from
the set {1,2,...,m}. If the boxes are dropped in the sequence specified by their
integer labeling, a valid Young diagram is obtained at each step. Here are two Young
diagrams with the boxes dropped according to their labeling

413 4
2|1
412
311

3]

2] S [4[3] (4] (120)
4]2]

SNE] RN R N Y

Each Young—Yamanouchi pattern labels a state and the number of Young-
Yamanouchi patterns is equal to the dimension of the representation. Giving a
matrix acting in this vector space is the same as giving a rule for how the matrices act

on the Young—Yamanouchi pattern. Young’s orthogonal representation gives a rule
for the adjacent two cycles, that is, two cycles of the form (ii 4+ 1). Given the matrices
for these adjacent two cycles, we can determine the matrices representing the rest of
group by taking products. Here is an example of Young’s rule

9/8[6]5[3]1] 9/8[6]5[3]1] 9[8[6]5[3]2]
1 .

Nrprr((12) 71212 = [rlal n 1@ 714

The “4” in this rule is the length of the hook stretching between boxes 1 and 2. One
way of defining this length is in terms of the factors of the boxes. Box 1 has factor

(121)
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fi = N + 5 and box 2 has factor N + 1. The hook length is the difference between
these two factors f; — f; = 4. In the limit of a large Young diagram, taken so that
this elbow length is infinite the ‘%” terms in the above formula vanish. In this case
the action of the symmetric group is particularly simple: permutations swap the
labels of boxes that belong to different rows. Here is an example:

(12)

States that have the labeled boxes in the same row are invariant under the permu-
tation. In the distant corners approximation, the action of the dilatation operator on
the Gauss graph operators is

p

DOy o(2,Y) = > nyj(0)A;;OR,(0). (122)

i<j=1
The action of operator A;; is given by three terms
0 —

Denote the row lengths of r by r;. The Young diagram 7“2-*]- is obtained by removing a

box from row j and adding it to row i. The Young diagram 7;; is obtained by
removing a box from row i and adding it to row j. In terms of these Young diagrams

we have

A?jORJ'.U(Z7 Y) = _(2N + T + rj)OR,r,a(Z7 Y)7 (124)
NSO o(Z,Y) = \[(N+1)(N +71,)05: 1 ,(Z,Y), (125)
A0l Z,Y) = \J(N +7)(N +7,)08_, o(Z,7). (126)

Note that A;; acts only on the R,r labels, so that the dilatation operator does not
mix operators with different Gauss graph labels. Finally, n;;(o) counts the number of
edges running between nodes i and j. For example,

1 2
n12(0') =1
g = n23(0') =1
3 nlg(d') =3

With this action it is easy to identify the BPS operators: they are the operators
labeled by Gauss graphs that have no edges stretched between any nodes. Here is an
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example of a BPS operator constructed using Young diagrams R, r that have three
rows and a total of 6 Y fields:

g =

Another very robust result obtained using this dilatation operator is the fact that the
energy gap (or equivalently, the size of the anomalous dimension) between BPS and
non-BPS operators is given by

E.f ~

A
gap N ) (127)

where A is the 't Hooft coupling.

Guide to further reading:
The action of the dilatation operator acting on restricted Schur polynomials has been
studied in a number of papers.®'75%-%% The form of the one loop dilatation operator
was determined in Refs. 81 and 82. Using these explicit results, Refs. 81 and 83
performed a numerical diagonalization of the dilatation operator. The result was
rather surprising, exhibiting anomalous dimensions that were evenly spaced with the
spacing given by an integer time g%,;. In an attempt to explain this simple result,
Ref. 84 introduced the displaced corners approximation, for Young diagrams with
either two rows or two columns. This was extended to arbitrary Young diagrams in
Ref. 82 and, again with the help of numerical analysis, the Gauss graph description
was discovered. Reference 85 achieved an analytic description of the Gauss graph
basis. This analytic description was heavily influenced by the group theoretic de-
scription of graphs.®%87 As we have explained above, the action of the dilatation
operator on the Gauss graph operators Op (o) still has a nontrivial action on the R, r
labels. This action is diagonalized in Ref. 88; see also Ref. 89 for an interesting
discussion of the problem.

For the action of the dilatation operator on the basis constructed in Refs. 45
and 46, see Ref. 90. For further interesting discussions related to the material of this
section, see Refs. 64 and 91-101.

8. Counting Operators

Our operators Op, , have three labels R, r and o. Let’s consider the case that our
operator is constructed from a total of O(IN?) fields so that R has O(N?) boxes. We
will also assume that there are order N2Z fields and order N2V fields. An over
estimate of the number of R, r labels is given by counting the partitions of n 4+ m and
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n, respectively. The number of partitions of n + m grows as

1 2(n+m) €1 N
~ e —exp | m | ) L EL N 128
4(n +m)V3 p( 3 ) N? (128)

where ¢; and ¢, are numbers that are order 1. The number of Gauss graphs is given
by the sum over the squares of Littlewood—Richardson numbers. The biggest
Littlewood—Richardson number for three partitions R,r,s has been estimated in
Ref. 102. Applying that result we find (¢; and ¢, are both order N° = 1 constants)

Fi o~ cgee (129)

so that the number of Gauss graphs grows as eV*.

There is a well-defined probability distribution on the space of partitions (which is
the space of Young diagrams). This distribution is singular (i.e. a ¢ function measure)
and it is concentrated'”® on Young diagrams that have the so-called VKLS
shape.!0%195 The largest Littlewood—Richardson number is obtained when R,r and s
all have the VKLS shape.f

The fact that there is a typical Young diagram and that the growth in the number
of Gauss graphs is fast enough to account for the entropy of a black hole suggests
that restricted Schur polynomials or perhaps Gauss graph operators, with the typical
Young diagram labels, may provide operators dual to microstates of a black hole.
The labels would be something like what we have shown below.

; = VKLS shape

Note that the green boxes are not separated as they were in the distant corners limit.
This has a number of important consequences for the construction of the Gauss graph
operators. Start from a Young diagram that does exhibit the distant corners scenario

%%

'To understand this with finite number of boxes, note that we discussed the multiplicity labels for S5 x Ss
subgroup of S; in Sec. 5. When R,r and s are only close to the VKLS shape, we got the
Littlewood—Richardson number. All others decompositions didn’t have it.
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The green boxes on their own define a skew Young diagram. Young’s orthogonal
representation can still be used to construct a representation, from the skew Young
diagram. The key difference is that, while the representation constructed from a
Young diagram corresponds to an irreducible representation, the representation
constructed from a skew Young diagram is in general reducible. For the case we
consider here, the skew Young diagram is given by

This skew Young diagram is known as a strip. The green boxes in the different rows
don’t overlap. If we decompose the reducible representation associated to the strip,
the multiplicities are simply given by the Kostka numbers. This is what is used in the
Gauss graph construction we derived above and it gives us the physics of the Coulomb
branch of the gauge theory.

A small generalization is to consider the following Young diagram:

Now there is overlap between the green boxes in different rows. However, the overlap
always involves only a single box. This case has been studied recently by mathe-
maticians.'%® The resulting skew Young diagram, shown below, is known as a ribbon

The multiplicities related to the ribbon are known as the small Kostka numbers.

The case that is relevant for black hole microstates is a generalization of the
ribbon to the case shown below, where we allow arbitrary overlaps between the green
boxes in different rows.

The multiplicity problem for this case has not been solved. We expect that solving
this problem will shed light on the construction of the operators dual to black hole
microstates.

The natural setting in which we can consider the construction of black hole
microstates, is for the %—BPS black hole. To construct operators dual to microstates
for this black hole it is necessary to construct composite operators using field

strengths f, fermions 1;(j = 1,2,3) and scalars ¢’ (i = 1,2,3). A simple toy model,
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that we expect captures many of the essential features of the full problem, is provided
by a two-matrix model which uses two of the scalars. Consider the problem of state
counting and for simplicity consider a free theory. A basis for the local operators
would be provided by the restricted Schur polynomials, and as we have explained,
these are labeled by Young diagrams. A typical state will belong to those config-
urations with the highest entropy and for these the Young diagram labels will take
the VKLS shape. The maximal Littlewood—Richardson number, which fixes the
range of the multiplicity labels of the two-matrix restricted Schur polynomial, is'??

=0 (130)

where [is the total number of boxes I = n + m. For the free theory [ can be identified
with the energy E. The total number of restricted Schur polynomials grows as the
square of this number. Taking the log of this number leads to the following entropy:

S =log (f)? ~ Elog?2, (131)

where R, r, s will each take on the VKLS shape. This estimate gives an entropy of the
expected size and this result may have a direct application to small AdS black holes.
For large AdS black holes this is an over estimate because the finite N trace relations
have not been taken into account. To account for the trace relations, the Young
diagram labels should all be truncated to ensure that they have no more than N rows.
The corresponding limit curve problem under this condition has been studied by
Logan and Shepp'®® and it leads to a “truncated VKLS” curve. The transition from
the VKLS curve to the tVKLS curve is illustrated below:

VKLS tVKLS

The maximum value of the Littlewood—Richardson number when the Young dia-
gram labels take on the truncated VKLS shape was also considered in Ref. 102. The
maximal value can be written as

(ffo)y = 1+ 1) (132)
With this value the entropy becomes
S =N?logFE (133)

which matches the expected value of the entropy for a large AdS black hole. It is an
interesting open problem, currently under investigation,'” to provide a physicist’s
standard of proof for the above entropy value.
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Guide to further reading:

The physics of very heavy operators (with a bare dimension of order N?) has
been explored in detail using gauge theory/gravity duality. For nice pioneering
papers which tried to recover the broad features of black hole thermodynamics from
the %—BPS sector of N’ =4 super Yang—Mills theory, see Refs. 108 and 109. For
interesting attempts to reconstruct space—time, see Refs. 110-113. Recent studies of
the thermodynamics of matrix models, using the techniques of this paper are
Refs. 114-118.
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