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Abstract

The effect of suction and blowing at the base on the horizontal spreading under
gravity of a two-dimensional thin fluid film and an axisymmetric liquid drop is in-
vestigated. The velocity v, which describes the suction/injection of fluid at the base
is not specified initially. The height of the thin film satisfies a nonlinear diffusion
equation with v, as a source term. The Lie group method for the solution of partial
differential equations is used to reduce the partial differential equations to ordinary
differential equations and to construct group invariant solutions. For a group invari-
ant solution to exist, v, must satisfy a first order linear partial differential equation.
The two-dimensional spreading of a thin fluid film is first investigated. Two models
for v, which give analytical solutions are analysed. In the first model v,, is propor-
tional to the height of the thin film at that point. The constant of proportionality
is f (—oo < f < 00). The half-width always increases to infinity as time increases
even for suction at the base. The range of g for the thin fluid film approximation
to be valid is determined. For all values of suction and a small range of blowing the
maximum height of the film tends to zero as time ¢ — oo. There is a value of 3
corresponding to blowing for which the maximum height remains constant with the
blowing balancing the effect of gravity. For stronger blowing the maximum height
tends to infinity algebraically, there is a value of g for which the maximum height
tends to infinity exponentially and for stronger blowing, still in the range for which
the thin film approximation is valid, the maximum height tends to infinity in a finite
time. For blowing the location of a stagnation point on the centre line is determined
by solving a cubic equation approximately by a singular perturbation method and
then exactly using a trigonometric solution. A dividing streamline passes through
the stagnation point which separates the flow into two regions, an upper region
consisting of fluid descending due to gravity and a lower region consisting of fluid
rising due to blowing. For sufficiently strong blowing the lower region fills the whole

of the film. In the second model v, is proportional to the spatial gradient of the
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height with constant of proportionality f* (—oco < * < 00). The maximum height
always decreases to zero as time increases even for blowing. The range of * for
the thin fluid film approximation to be valid is determined. The half-width tends
to infinity algebraically for all blowing and a small range of weak suction. There
is a value of 8* corresponding to suction for which the half-width remains constant
with the suction balancing the spreading due to gravity. For stronger suction the
half-width tends to zero as t — co. For even stronger suction there is a value of *
for which the half-width tends to zero exponentially and a range of 5* for which it
tends to zero in a finite time but these values lie outside the range for which the
thin fluid film approximation is valid. For blowing there is a stagnation point on
the centre line at the base. Two dividing streamlines passes through the stagnation
point which separate fluid descending due to gravity from fluid rising due to blowing.
An approximate analytical solution is derived for the two dividing streamlines. A
similar analysis is performed for the axisymmetric spreading of a liquid drop and
the results are compared with the two-dimensional spreading of a thin fluid film.
Since the two models for v, are still quite general it can be expected that general
results found will apply to other models. These include the existence of a divid-
ing streamline separating descending and rising fluid for blowing, the existence of
a strength of blowing which balances the effect of gravity so the maximum height
remains constant and the existence of a strength of suction which balances spreading

due to gravity so that the half-width/radius remains constant.
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Chapter 1

Introduction

Thin fluid films occur almost everywhere in nature and they have many application-
s [32]. They play a role in many technological processes. For example in coating
applications and the spreading of paints. There are applications of thin films in the
lung [11] and the eye [37]. A practical application would be that of ice skating where

a thin layer of water between the blade and the ice lubricates the motion of the skate.

Thin film flows usually occur under the action of gravity, surface tension or on a
rotating substrate [23,26]. Thin film flows on solid substrates as well as the moving
contact line problem have been considered by O’Brien and Schwartz [30] and Hock-
ing [15]. Davis and Hocking [7,8] have considered the spreading of a liquid drop on
a porous base while Sherman [34] studied the spreading on a non-porous substrate.
Hele-Shaw flow can be used to model the flow of fluid in a porous medium and where
gravity can be neglected Hele-Shaw flow obeys Darcy’s law which provides a relation
between the pressure and the velocity [31]. Steady state models of two-dimensional

droplets have been studied [31].

A nonlinear diffusion equation arises in the study of thin flows and exact solutions
have been found to be similarity solutions [13,14]. The application of the Lie group

method which is employed in this thesis has been successful in solving problems in
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thin film theory [22,25,27].

Draining in the thin film equation has been investigated by Van der Berg et al.
[36]. The spreading of an axisymmetric liquid drop with fluid injection/suction
on a porous base has been investigated by Mason and Momoniat [20]. The in-
jection/suction velocity was determined from the symmetry properties of the free
surface. This work is commented on further in Chapter 7. They extended their

work to include surface tension [24].

In [28] the authors investigated the effect of slot injection/suction on the spreading of
a thin film where surface tension and gravity effects were included. They also inves-
tigated the behaviour of the streamlines and how they evolve with suction/blowing.
They discovered that there is a breakup of streamlines as a consequence of injec-
tion/suction. The velocity profile of the fluid was obtained from [33] where it had

been used to stabilise the flow around an obstacle.

An investigation was undertaken by Mason and Chung [19] on the spreading of a
liquid drop with slip but there was no injection of fluid. With the aid of streamlines
they were able to show how the liquid spreads. It was found that vortices can occur

at the base or close to the axis.

1.1 Aims and outline of the thesis

This thesis is concerned with investigating the effects of fluid extraction (suction)
and fluid injection (blowing) at the base on the horizontal spreading under gravity of
a two-dimensional thin fluid film and an axisymmetric liquid drop. The equation for
the surface profile is a nonlinear diffusion equation with a source term. The source
term is the suction/blowing velocity which is modelled as an arbitrary function v,

of the time and spatial coordinate. The velocity v, is kept unspecified as long as
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possible in order to investigate the general effects of fluid extraction or injection
on the spreading of a thin fluid film. To begin with the only conditions placed
on v, are that an invariant solution can be derived using Lie group analysis for
differential equations and that it satisfies the balance law for fluid volume. Later
two general forms for v, will be specified to close the system of equations and derive
analytical solution. A significant feature of the investigation will be the analysis of
the streamlines inside the two-dimensional thin film and liquid drop. The streamlines

helped us to understand how the thin fluid film and liquid drop spread.

An outline of the dissertation is as follows:

e In Chapter 2, mathematical preliminaries covering the basic operations, defi-

nitions and theory are discussed.

e In Chapter 3, the mathematical model for the spreading of a two-dimensional

thin fluid film is developed.

e In Chapter 4, Lie group analysis is applied to reduce the nonlinear partial
differential equation for the spreading of a two-dimensional thin fluid film to

an ordinary differential equation.

e In Chapter 5, we derive the analytical solution and analyse the results for the
case in which the suction/blowing velocity at the base is proportional to the
height of the thin film in a two-dimensional thin fluid film. The velocity on
the centre line using exact and perturbation techniques and the streamlines

within the thin fluid film are investigated.

e In Chapter 6, we derive the analytical solution and analyse the results for
the case in which the suction/blowing velocity at the base is proportional to
the spatial gradient of the height of a two-dimensional thin fluid film. The

streamlines are investigated.
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e In Chapter 7, we derive the mathematical model for the axisymmetric spread-

ing of a liquid drop.

e In Chapter 8, we derive the analytical solutions and analyse the results for
the case in which the suction/blowing velocity at the base is proportional to
the height of the liquid drop. The zeros of the fluid velocity on the axis of
symmetry using exact and perturbation techniques and the streamlines are

investigated.

e In Chapter 9, we derive the analytical solution and analyse the results for
the case in which the suction/blowing velocity at the base is proportional to
the spatial gradient of the height of the liquid drop. The streamlines are

investigated.

e In Chapter 10, a comparison of the results for the spreading of a

two-dimensional thin fluid film and an axisymmetric liquid drop is presented.

e In Chapter 11, the conclusions are stated.



Chapter 2

Mathematical Preliminaries

2.1 Introduction

In this chapter we discuss the theory of thin fluid film flows that will used in the
derivation of the mathematical model for the two-dimensional fluid film in Chapter
3 and the axisymmetric liquid drop in Chapter 7. We also present results from Lie
group analysis that will be used to solve the nonlinear partial differential equation

in Chapter 4 and in Chapter 7.

2.2 Thin fluid film theory

A thin film free flow consists of the spreading of an incompressible fluid with a free
surface where the fluid is usually exposed to another fluid such as air. Thin film
flow is governed by the Navier-Stokes and conservation of mass equations for an

incompressible fluid, [1]
ov )
plg + V) = —Vp+pF+pVie, (2.2.1)
Veoy = 0, (2.2.2)

where V2 is the Laplace operator. Equation (2.2.2) is also called the continuity

equation.
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The free surface of the fluid is usually unknown and must be obtained as part of the
solution. Generally the characteristic thickness, H, in one direction is much smaller
than the characteristic length scale,L, in the other direction. The flow takes place
typically in the direction of the longer dimension under the action of either gravity,
surface tension or rotation. If we let U denote a typical flow speed of the fluid, we

form a dimensionless quantity

Re = ==, (2.2.3)

14

which is known as the Reynolds number, where v = #/, is the kinematic viscosity.

The non-dimensional aspect ratio of the flow is defined by

H
= — 1. 224
€ 7 <K ( )

Since € is very small, the film is long and thin. The second assumption in thin fluid
film theory is
€Re < 1. (2.2.5)

Since H < L,we do not require Re < 1 to satisfy (2.2.5).

We will derive the thin film equations both in terms of Cartesian coordinates and
cylindrical polar coordinates from the Navier-Stokes equation (2.2.1) and the con-

servation of mass equation (2.2.2).

2.2.1 Thin film flow in Cartesian coordinates

We consider an incompressible viscous fluid. The x— and y— axes are horizontal
and the z-axis is vertically upwards. The fluid variables are
Um :,Ux(t7a7’ y’ 2)7 /Uy :,Uy(t7‘/‘l7’ y’ 2)7 /UZ :/Uz(t’ :L‘7y7 Z)’ p:p(t7a7’ y’ 2)'
(2.2.6)
We introduce characteristic quantities and dimensionless variables and write the

Navier-Stokes equation (2.2.1) in dimensionless form where V2 is given by

Vie —+—+—. (2.2.7)
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Let the characteristic length in x and y directions be L, the characteristic length
in the z direction be H, the characteristic body force per unit mass be Fy and the
characteristic flow speed in the z and y directions be U. Then the characteristic flow
speed in the z direction is V' = ZLU, the characteristic fluid pressure is P = p(*/42)U

and the characteristic time is 7= L/U.

We now justify the definitions of V', P and T. Consider first the characteristic

velocity in the z-direction: From the continuity equation (2.2.2)

%’z;; N % N 3;; 0, (2.2.8)
and therefore
of)-ol)ol)s e
Thus
v (%U) ' (2.2.10)

Consider next the characteristic pressure P: It is not an independent quantity that
can be set in an experiment and therefore it is related to the other parameters in the
problem. Since viscous effects dominate, an estimate of the magnitude of P is not
p U? which is used when viscous forces are not dominant. To obtain P, we balance

the pressure gradient in the x-direction with the viscous forces in the z-direction:

5o (G e ) 6211
2 2 2 2
woora (GrEEegE) e
% = U %, (2.2.13)
P = M%U. (2.2.14)
Introduce dimensionless variables
%:%t, T:%, y:%, z:%, F:%, (2.2.15)
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v v L __p _Hp
.=, =2 L= ., === . 2.2.16
S Ty T wo” P=p = LU (22.16)
Write the components of the Navier-Stokes equation (2.2.1) in dimensionless form

using (2.2.15) and (2.2.16) [1]:

T-component:
0 4y Wy Oa ) D0
P\t T T oy T 0z
op v, v, 0O%*v, (2:2.17)
- _8_x+pr+'u(3x2 * y? o ) ’

which when expressed in dimensionless form may be written as

Rre (2 2 P 5, 0 1 5, Ty 5, O
L ot *ox Y oy c 0z (2.2.18)
__@+FOH2F N g 282633 g 282@1‘—’_82633 L.
o wU " L) ox* L) oy @ 0z%
y-component:
v, v, v, v,
p(at Ty Ty, T
op o*v, O*v, D%, (22.19)
o F
8y+p Al (8x2+8y2+822)’
which in dimensionless form is
HN\? (oo, _ ov, _ Ov, _ Oy,
re(7) (o o (22.20)
:_@_'_FOHQF—i_ g 2826y+ E 2826y+a2@y L.
oy wvU V7 L) 0z L) oy 072
Z-component:
0z |, 0=, 90, O
P\ "0 Ty T8
(2.2.21)
_@ L oF 0%v, n v, v, o
5z PR Gz T e T a2 )
which in dimensionless form is
Re (H)4 <(% + 7T s + 7 o + 7 (%)
f a7 T o— Y o— 2 o—
ot oT oy 0z i (2.2.92)
0*v,

op FyH3—_ H\'o*w, (H\" o, [(H
== Forl7) 5=t 7)) 22\ 7)) 52
0z vUL L) Oz L Jy L) 0z
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Continuity equation (2.2.2):
ov,  Ov, Ou,
Y =0 2.2.23
ox + oy 0z ’ ( )
which becomes in dimensionless form
ov, Ov, O0v,
— =0. 2.2.24
o "oy o= (2:2.24)

By imposing the thin film approximation (2.2.4) and (2.2.5), equations (2.2.18),

(2.2.20), (2.2.22) and (2.2.24) reduce to

0 = _%JFFSIUF E+%, (2.2.25)
0 = _%’ FZIUF—yJF%, (2.2.26)
0 — _% L ZZOUHz .. (2.2.27)
Ty aa_% T (2.2.28)
Expressed in terms of the original variables, (2.2.25)-(2.2.28) are

g_?; oF, + %2:;, (2.2.29)
2_1; pF, + 1 %2:29, (2.2.30)
% pF., (2.2.31)
%";j + %—"’yy + %"’; 0. (2.2.32)

Consider next the Cauchy stress tensor. The Navier-Poisson law is
Tie = (—p+A(N-v)) di + 2pda, (2.2.33)
= —pOu + 4 (Vik + Vri) (2.2.34)

since (V - v) = 0. The characteristic stress is the same as the characteristic pressure

P:

L
characteristic stress P = He U.

7 (2.2.35)
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Rewrite the components 7;;, in dimensionless form:

61)95 H ? aﬁa}
— 2) T.. =—-D4+2| = 2.2.
Tow = =P+ 2005 = Tex = —D + (L> 5 (2.2.36)
(2.2.37)
v, Oy, _ H\? (00, 05,
_ vy _ (X Yy 2.2.
(2.2.39)
v, O, . Hd, (H\® v
(2.2.41)
A _ _ H\? v
Ty = =D+ 21 8—;’ Tyy = —P+2 (f) ?yy, (2.2.42)
(2.2.43)
v, Ov, _ How, (H\® o,
_ Ty =— ¥ — 2.2.44
Tyz M(az+ay>7 Tyz Laz—‘f_(L) ay7 ( )
(2.2.45)
c%z H ? a@z
— 49 F.=-p+2( = . 2.2.4
Tee = =P+ 20—, Tee =D+ (L) = (2.2.46)
To zero order in H/L,
Tik = —P Ok, (2.2.47)
and therefore
Tik = —P ik (2.2.48)

We use (2.2.48) when imposing boundary conditions on the normal components
of stress at the boundary. When imposing boundary conditions on the tangen-
tial components of stress, terms of order H/L are retained. Thus in the thin-film

approximation, the stress tensor is given as

Ov,
Tez = —D, Tyy = —D, Tzz = —D, Tay = 07 Tez = W ;z ) Tyz = 0. (2249>
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2.2.2 Axisymmetric flow in cylindrical polar coordinates

We consider a viscous and incompressible fluid. The flow is axisymmetric, hence
% = 0 with no flow in the #-direction thus, vy = 0. The initial radius of the thin

film is a and the initial height at » = 0 is hg. The fluid variables are
v =v(t,r,2), ve=0, v,=uv.t,rz), p=ptr,z). (2.2.50)

We introduce characteristic quantities and dimensionless variables and write the
Navier-Stokes equation (2.2.1) in dimensionless form where

0 vy 0 0

v - ¢ w0 0 2.2.51

L) = vt e Ty (2.251)
10 0 10> 0

2 _ 10 0y 1O o 2.2.52

v ror <T8T)+7"2892+8z2 (22.52)

Let the characteristic length in the r direction be a and the characteristic length

in the z direction be hg, the characteristic body force per unit mass be Fj and the

characteristic velocity in the r direction be U. Then the characteristic velocity in
ho

the z direction is V' = 72U, the characteristic fluid pressure is P = ,u‘;l—g and the
0

characteristic time is 7' = a/U.

We now justify the definitions of V' and P. Consider first the characteristic velocity
in the z-direction. From the continuity equation (2.2.2) with vy =0

ov, v, Ov,

or r 0z

O (%) +0O (%) Y0 (Z—O) = 0. (2.2.54)

V= (ﬁU) . (2.2.55)

To obtain P, we consider the r-component of (2.2.1) and we balance the pressure

— 0, (2.2.53)

and therefore

Thus

gradient in the r-direction with the viscous forces in the r-direction

dp " (621}T 10v, 0%, vr>

orz 7 or 022 72 (2:2.56)

or o2
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5 - (aﬂ A U_a_U2>, (2.2.57)
U 2

~ i <1+Q< >> (2.2.58)

P = u%- (2.2.59)

Introduce dimensionless variables

- U r z - F
t=—t rT=— zZ=— F=— 2.2.60
a ’ " a’ : hQ’ F()’ ( )

Uy a v, _ hip
R =2l - 2.2.61
U hU' T uaU (2261)

Write the components of the Navier-Stokes equation (2.2.1) in dimensionless form us-
ing (2.2.60) and (2.2.61). Since the flow is axisymmetric vy = 0 and all f-derivatives
vanish [1].

r-component:

Qo O, v
P\ "% ar T %02

2.2.62
_ Op P4 Po,  1dv,  Pv. v ( )
T TP TR e TR e T a2 T 2
which when expressed in dimensionless form may be written as
Re (10 (T 5 T 5 OO
a ot "or F oz
) ) (2.2.63)
—_@+FOhF 62 + @ 1@4_@_ @ @
- oF WU a) o a) r or 0z a) 7
f-component:
Fy=0. (2.2.64)
Z-component:
ov, n % o ov,
N 2.2.65)
——@—i- P 0%*v 1avz+8202 o
IR W i =
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which in dimensionless form is

re (Mo (97 O O
“\a g or oz

4 A ) (2.2.66)
——@+%MF+ ho W@+ ho E%Q_@_a%
9z vUa “ a 072 a T or a 0z% "’
Continuity equation (2.2.2):
v v ov
4+ = =0 2.2.67
or + r + 0z ’ ( )
which becomes in dimensionless form
ov, v, O,
— =0. 2.2.68
a7 = (2.2.68)

By imposing the thin film approximation, (2.2.4) and (2.2.5), equations (2.2.63),
(2.2.64), (2.2.66) and (2.2.68) reduce to

op Fyhi—= 0%,

= = F,+—, 2.2.69

! o wu T (2:2.69)

0 = Fy, (2.2.70)
op  Fyhy—

- & F.. 2.2.71

0 0z * vUa ( )
ouv, v, O,

- =0. 2.2.72

o T 0z ( )

Expressed in terms of the original variables, (2.2.69)-(2.2.72) are

op 02w,
— = pF —_— 2.2.
or Pl 1 022’ (2273)
0 = Fy, (2.2.74)
dp
9 _ ,F, 2.2.75
% p ( )
10 ov,
-7 - 0. 2.2.76
ror (rvp) + 0z 0 ( )

Consider now the physical components of the stress tensor. The characteristic stress

is the same as the characteristic pressure P,

nwUa
h3 -

characteristic stress P =

(2.2.77)
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Rewrite the components 7;;, in dimensionless form. We have 9 — () and vy = 0:

% =
(%T hO 2 aﬂr
= — 2 , Ter = —P 21 — -, 2.2.78
T, P+ 2 T p+ < - ) = ( )
(2.2.79)
10v, Ovg vy _

_ (1 Ovg Vg _ 92.2.
T M(r80+8r r)’ Trg = 0, (2.2.80)
(2.2.81)

_ (0v, 0w, __ho o  (ho\® 0.
Tre = H (az * 87’) ’ = o T (Z) g (2282
(2.2.83)
19 S ho\®
Tog = —P —+ 2/,6 _ﬁ -+ U_ 5 FG@ == _2_9 + 2 _O /UT7 (2284)
r 00 r a T
(2.2.85)
Ovg 10w, _

— 204 = = 2.2.

(2.2.87)
(%Z hO 2 a@z
by — — 2 5 _ZZ = —D 2 — — . 2288
T. p+2u ER T P+ < p ) o= ( )
To zero order in hy/a,

Trr = =Dy, Tog = =P, Tzz= —P, Tik = 07 [ 7é k. (2289)

As in two-dimensional flow, we use (2.2.89) when imposing boundary conditions on
the normal components of stress at a boundary and retain terms of order hy/a when

imposing boundary conditions on the tangential components of stress

ov,
0z’

Tro = 07 Trz = W To, = 0. (2290)

2.3 Lie group theory

Lie group theory is used to determine infinitesimal transformations that leave the

model equation form invariant. The order of the model equation can then be reduced
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or group invariant solutions admitted by the model equation can be found using
the generator of the infinitesimal transformations. The following is a summary

from [5,16].

2.3.1 Lie point symmetries

We consider the second order nonlinear partial differential equation of the form
F(tal‘a h> htahxahtmyhttahzz) = 07 (231)

where h is the dependent variable and z and ¢ are the independent variables.The
subscripts denote partial differentiation. The Lie point symmetry generators admit-
ted by (2.3.1) are of the form

(t:ph)a

at+§ N (2.3.2)

0 oz

The coefficients &1(t, x, h), (¢, x, h) and n(t,z, h) are related to the infinitesimal

transformations
txt+alt(t,n,h), T~x+al(t,z,h), h=~h+ant zh), (2.3.3)

where a < 1, that leaves (2.3.1) form invariant. Consequently the transformations

(2.3.3) change (2.3.1) into
F (&2, hy hey P, hae, hag, Ps) = 0. (2.3.4)
As a result of solving the determining equation
XPIE(t, 2, b, by, B, Ty B ) | =0 = 0, (2.3.5)

we obtain (¢, z, h), €3(t,z, h) and n(t, z, h). The generator X2 is called the second

prolongation (extension) of the generator X and is given by

0 0 0 0

9
X = Xt Gy G+ Qg+ o+ Gy

2.3.
an, (2.3.6)

+C2



16 Chapter 2. Mathematical Preliminaries

where

G = Di(n) — e Di(€Y), i=1,2, (2.3.7)
Cij = Di(G) — ha Dj(€), i=1,2, (2.3.8)

with summation over the repeated index k£ from 1 to 2. The total derivatives with

respect to the independent variables ¢ and « in (2.3.7) and (2.3.8) are

0 0 0 0
Dy =Dy = — — — —+... 2.3.
1 t 8t+htah+httaht+hztahx+ ; (2.3.9)
0 0 0 0
Dy=D,=—+h,—+ho=—+hepw—7+... 2.3.1

Due to the fact that we are solving a second order partial differential equation,
we need the second prolongation of X. Since £Y(t,x,h),&%(t,z,h) and n(t,z, h)
are functions of ¢, x and h only and do not depend on the derivatives of h, the
determining equation (2.3.5) can be separated according to coefficients of powers
and products of the derivatives of h thus resulting in an over-determined linear
system of equations for (¢, z, h),E3(t, z, h) and n(t,z, h). One then equates these
coefficients to zero which results in expressions for £1(¢, z, h), £2(t, z, h) and n(t, x, h).
The solution of the determining equations can be carried out by hand or by using

computer algebra packages such as MathLie [4] and Lie [12,35].

2.3.2 Group invariant solutions

The symmetry generators obtained are of the form

0 0 0
— — 4 &2 - , —
X; =& (t,z, h) T + & (t,x,h) % +ni(t, z, h) o (2.3.11)
for i = 1,2,...,n where n is the number of admitted Lie point symmetries. Any

linear combination of the Lie point symmetries is also a Lie point symmetry of the

partial differential equation. This linear combination may be denoted as X where
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The group invariant solution, h = ®(t, x), of the nonlinear partial differential equa-

tion (2.3.1) is obtained by solving the equation
Xk(h — q)(t, x))|h:<1>(t,x) =0. (2313)

By substituting the group invariant solution into the nonlinear partial differential
equation, the number of independent variables in the reduced system is fewer than
the original system. Thus one can reduce the order of the second order nonlin-
ear partial differential equation (2.3.1) by one resulting in an ordinary differential

equation.

2.4 Conclusions

The main approximation in thin fluid film theory is that the inertia term in the
Navier-Stokes equation can be neglected. The boundary conditions are also simpli-
fied. Lie Group analysis is a systemic way to look for group invariant solutions which

could lead to exact analytical solutions of nonlinear partial differential equations.



Chapter 3

Two-dimensional thin film flow

3.1 Introduction

In this chapter we derive the partial differential equation describing the spreading
on a horizontal surface of a two-dimensional thin film flow with suction/blowing at
the base. To obtain the partial differential equation for the height of the free surface,
h(t,z), we use the theory described in Section 2.2. We also discuss the volume of
the thin film and its time rate of change because it gives the extra condition needed

to solve for h(t, ).

3.2 Mathematical modelling of a two-dimensional
thin film with suction/blowing

Consider the two-dimensional spreading of a thin film of viscous incompressible
fluid under gravity on a fixed horizontal plane. At the horizontal plane there is
suction of fluid from the thin film or blowing of fluid into the thin film. A graphical
representation of the model is given in Figure 3.1. The thin film is infinite in the

y-direction. The equation of the free surface of the thin film is z = h(¢, ). The film

18
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is symmetrical about x = 0 so that

h(t, —2) = h(t, z). (3.2.1)

/z = h(t, z)

| ot 2)
X
() lg 0 ()
Figure 3.1: Co-ordinate system
At time ¢ the base is
—W(t) <z < W(t). (3.2.2)
The flow is two-dimensional:
vy = v, (L, x, 2), v, =0, v, = v, (t,z, 2), p=rplt x,z). (3.2.3)
The body force per unit mass is due to gravity and acts in the —z direction:
F,=0, F,=0, F,=—g. (3.2.4)

From Section 2.2, the dimensional thin film equations are given by equations (2.2.29)-
(2.2.32) and the components of the Cauchy stress tensor by (2.2.49). Using (3.2.3)

and (3.2.4), the equations become

op v,

5 = Foa (3.2.5)

dp

5 = P9 (3.2.6)
O | Ov: (3.2.7)

ox 0z
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The Cauchy stress tensor is given by [3, 18]

0v,
Tee = =Py Tyy = =Py Tzz= =P, Tzy = 07 Tez = W Oz o Tyz = 0. (328>

Consider now the boundary conditions as illustrated in Figure (3.2):

Z
—,, Oue
o | Tow = fb 5 =0
P
U:p(i,ﬂf,()):o ’UZ(t’x70>:”Un(t’x)
X
—W(t) 0 W(t)
Figure 3.2: Boundary conditions
z = 0: No slip boundary condition for a viscous fluid at a solid boundary
vz (t, z,0) = 0. (3.2.9)
z = 0: A normal velocity is induced by the fluid injection/suction
v,(t,x,0) = v,(t, ), (3.2.10)
where if
v,(t,z) > 0 blowing/injection,
v,(t,z) < 0 suction.
z = h(t,z):
p(ta:E) h) = Do, (3211)

where pg is the atmospheric pressure.
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z = h(t,x): No tangential stress on the free surface

v

5. (tz.h) =0. (3.2.12)

Tz = W

z = h(t,x): A fluid particle on the free surface must remain on the free surface as

the fluid evolves. Thus

D
—(z — h(t,x)) =0, (3.2.13)
Dt z=h(t,x)
and therefore
D D
== = = h(t,2) (3.2.14)
Dt z=h(t,z) Dt z=h(t,z)
Now since
Dz D 0
— =, (t,z, h d —=—+4v-V, 3.2.15
Dt| _puw (tzh) and 55 = +v-¥ (3:2.15)
it follows that
oh oh
t,x, h) = — t,x, h)— 2.1
and therefore
h h
on + v, (t, x, h)a— =v,(t,z, h). (3.2.17)

ot Ox

We now write the equations and boundary conditions in dimensionless form. We

list the characteristic quantities and then motivate their choice.

Characteristic length in z-direction: L = Wy = W (0) , initial half-width of the thin
film.

Characteristic length in z-direction: H = h(0,0), initial height of the thin film at

the center of film.

Characteristic velocity in the z-direction:
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Characteristic velocity in the z-direction:

HU gH*
Wo vW§

Characteristic pressure: P = pg H.

Characteristic time:

T:%_uwg

Justification of the characteristic quantities:

U gH3'

To obtain U we use the two expressions for the characteristic pressure P and equate

them. From Chapter 2, the first expression is

L W,
P:,uﬁU:quU.

(3.2.18)

To obtain the second expression, P = pg H for the characteristic pressure P, we

balance the pressure gradient force per unit volume in the z-direction with the force

of gravity per unit volume in the z-direction:

Ip
a ™ an
0z
therefore
P JR—
H - pg?
thus resulting in
P=pgH
Equating (3.2.18) and (3.2.21) gives
H3
U=
1% Wo

where the kinematic viscosity v = u/p.

(3.2.19)

(3.2.20)

(3.2.21)

(3.2.22)
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We define the following dimensionless variables:
_ X _ zZ _ Vg _ Wy v,
_ oz _Z _ U _ 2.2
X WO, zZ 0 (% U’ UV, HU ' (3 3)
_ Wo, _ - h _p — Tk
U= g t—T, h—H, P=p Tik = (3.2.24)
Expressed in dimensionless form equations (3.2.5)-(3.2.7) become
op 0*v,
i 3.2.25
2 -2 (3:2.25)
dp
— = -1 3.2.26
r - (3:2:20
Jv, 0v,
= 3.2.27
Jor 0z ( )
The boundary conditions are:
z =0 U, (t,7,0) =0, (3.2.28)
zZ =0 U.(t,7,0) =v,(t,7), (3.2.29)
zZ = h(t,T p(t, T, h) = Py, (3.2.30)
z - hWL7F) Gah =L Pq 20 (3230)
zZ = T T.o(t, T, h) = — ,ZT,h) =0, 2.
’ Wo aZ
_ T oh _ __—0h _ __ —
z = h(t,T) P U,(t, T, h)a_f =70,(t, 7, h) (3.2.32)
Initial conditions:
Since
T W(t)
W(t) = —= 3.2.33
0= (323
it follows that
T w(0)
0 —= =1 3.2.34
0= f707 (323

The overhead bars will be suppressed from equations (3.2.25)-(3.2.34).

3.2.1 Partial differential equation for h(¢,z)

We first obtain v, (¢, z, h). We integrate the continuity equation (3.2.27) with respect

to z from z = 0 to z = h(t, x):
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h(t,z) O h(t,z) o
Zdz = — —(t dz. 3.2.35
| e[ Gt (3.2.35)
However
h(t,x) O
/ ;Z dz = [v,(t, x, Z)]g(t’x) =v,(t,z, h) —v,(t,z,0), (3.2.36)
0 z

resulting in
M02) Guy(t, x, 2)

v, (t,x,h) —v,(t,x,0) = —/0 — o dz. (3.2.37)

Using the boundary condition on v,, (3.2.29), equation (3.2.37) becomes

h(t,x) O (t
vt 2, h) = v () — / albi2,2) . (3.2.38)
0 Ox
In order to take the derivative outside the integral sign in (3.2.38), we apply Leibniz’s

rule [10]

4 [ 620 §f(z. 2 / /
[ s e = [T D ek o) 400 — fnn(0) 0]
L J gy (x) #1(x) €
(3.2.39)

Hence we obtain

o [ hb2) Qo (t, x, 2) Oh

- = AN At hata — 2.4

o /. v (t, z,2) dz /0 pe dz + v, (t,x, h) o (3.2.40)

and therefore

/Oh(tvx) W dz = % Oh(tm) v (t, x, 2) dz — v, (t, x, h) %(t, x). (3.241)
Substituting (3.2.41) into (3.2.38) results in the required expression for v,(t,z, h):
O
vy (t,z, h) = v,(t, ) + v, (¢, x, h) 9 /0 v (t, z, 2) dz. (3.2.42)

Substituting (3.2.42) into the boundary condition (3.2.32) results in

h(t,z)
% + ag / vz (t, x, 2) dz = v, (t, o). (3.2.43)
T Jo

Equation (3.2.43) does not depend v, (¢, x, h) which now does not need to be calcu-
lated. The left hand side of (3.2.43) is in conserved form. The right hand side of

(3.2.43) is in the form of a source term.
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We next calculate v, (t,x,h). To do this p(¢,z,h) is first obtained by integrating
equation (3.2.26) and applying boundary condition (3.2.30):

p(t,z,z) = —z+po+ h(t,x). (3.2.44)

Substituting (3.2.44) into (3.2.25) and integrating twice with respect to z results in

2% Oh
ve(t, @, 2) = 5} 8_:E(t’ x)+z B(t,z) + C(t, z), (3.2.45)

where B(t,z) and C(t,x) are functions of integration. By applying boundary con-
ditions (3.2.28) and (3.2.31), one can solve for the functions of integration and the

resulting expression for v, (¢, z, z) is

v (t,x, 2) = <%2 — z h(t, x)) %(t, x). (3.2.46)

In order to evaluate (3.2.43), consider

h(t,x) oh ht,z) 7,2
/ vtz 2) dz = —(t, x)/ — —z h(t,x) | dz, (3.2.47)
0 al‘ 0 2

Oh S 2 h
= —(t,x) [— - h} : (3.2.48)
ox 6 2 ],
1
= -3 R? %. (3.2.49)

Substituting (3.2.49) into (3.2.43) gives the required partial differential equation for
h(t,z),
oh 1 0 ( 5 Oh

3.3 Total volume of thin film per unit length in
y-direction

The total volume does not remain constant because fluid is extracted or injected
into the thin film. We use dimensional quantities and then make the equation

dimensionless at the end. Let V(¢) be the total volume of fluid film per unit length
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in the y-direction at time ¢. The half-width of the base at time ¢ is W (¢). The volume

element with base of width ¢ x at distance x, per unit length in the y-direction, is
0V =dx.1.h(t,x). (3.3.1)

Hence

W (t) W)
V(t) = / Wt x) dz = 2 / Wt ) de, (3.3.2)
—W() 0

where we have used h(t,z) = h(t, —x).
Consider now the rate of change of volume as given in Figure 3.3.

Volume of fluid which flows into base area, width ¢ z, unit length in the y-direction
in time § ¢ is

dx.l.u,(t,x) dt. (3.3.3)

Let 0 V' be the increase in total volume of thin film of unit width in the y-direction

in time § ¢. Then letting d z — 0,

W(t)
oV =9 t/ v, (t, x) dz, (3.3.4)
-W(t)

vn(t,x) ot

0 dx

Figure 3.3: Rate of change of volume
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and therefore

SV W)
— = / vp(t, x) du. (3.3.5)
ot Jwe
Let 0 t — 0, “
av.
— = / vn(t, ) de. (3.3.6)
dt  Jowa
But we assume that v, (¢, z) = v,(t, —z), hence
dVv W)
aVo_y / on(t, z) da. (3.3.7)
dt ;

We make (3.3.2) and (3.3.7) dimensionless using the following dimensionless vari-

ables

— t 7
V 7 _ww o Wo o t:gt, T=— (3.3.8)

V: t) = e ——
Wo H' *) we "THU W Wo

The motivation for the definition of the characteristic volume being W, H is that
the characteristic volume is defined in terms of its characteristic lengths. In non-

dimensional form equations (3.3.2) and (3.3.7) are

_ we _

V(t) = 2/ h(t,T) dz, (3.3.9)
0

av W _

—‘_/ = 2/ Un(t,T) dZ. (3.3.10)

dt 0

We suppress the overhead bars.

3.4 Summary of the mathematical model

A summary of the model that we are solving is presented below: Solve the nonlinear

diffusion equation
oh 1 0 5 Oh
ot ~ 3 ox <h 8x> T oult, ) (341)

subject to the conditions

h(t, £W () = 0, (3.4.2)
W) = 1, (3.4.3)
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W(t)
% = 2/0 v (t, z) dz, (3.4.4)
where
W(t)
V(t) =2 / h(t,z) dzx. (3.4.5)
0

The blowing /suction velocity, v, (¢, x), is not yet specified. It is chosen later to give

a group invariant solution.

3.5 Conclusions

The problem of spreading of a thin two-dimensional film of fluid with suction or
blowing at the base has been reduced to the solution of a nonlinear diffusion equation
with an unspecified source term. Lie group analysis will be applied in the next
chapter to investigate solutions for the height of the thin film and the fluid injection

velocity at the base.



Chapter 4

Lie group analysis of

two-dimensional thin film

4.1 Introduction

In this chapter we derive the Lie point symmetries for the partial differential equa-
tion (3.4.1) obtained in Section 3.2 for the height A(¢,z) and the blowing/suction
velocity, v, (¢, x), using the techniques discussed in Section 2.3.1. By taking a linear
combination of the Lie point symmetries we derive a group invariant solution that
reduces the partial differential equation to an ordinary differential equation using
the techniques described in Section 2.3.2. We make use of Lie group analysis to

derive a first order linear partial differential equation satisfied by v, (¢, z).

4.2 Lie point symmetries

The partial differential equation (3.4.1) is
oh 10
-~ = - = 4.2.1
ot 3 Oz ( ) ( )
1
3

-+ (%)

29

W == + (L, z). (4.2.2)

0*h
o2
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It can be written as
F(t,xz, hyhy, hyyhyy) =0, (4.2.3)
where
1
F=h—h"h2— 3 R? hayw — v (t, 7). (4.2.4)

The Lie point symmetry generators are of the form given by equation (2.3.2) and
obtained by solving the determining equation (2.3.5). The second prolongation X[
of the generator X is defined by

0 0 0 0 0
2] _ el g 2 o v v v
0 0 0
+ (i % + Ci2 oy + a2 o (4.2.5)

We have to evaluate the determining equation (2.3.5) where F is given in (4.2.4) [16].

Now
ov ov
[2} — 1 _Z'n 2 _Zn . 2_ 2
XPp=¢ ( m)ﬁﬁf( ax)+”(2m% Why,) + G
1
+@bﬂ#hg+fm<—§m):o. (4.2.6)

We need evaluate only (;,(> and (o5 because the partial differential equation is

independent of hy; and hy.. Expansions for (; = (,( = (, and (oo = (., are

required:
=0y (D0 08N, 0, O, 0, o
oot oh ot ¢ ot 't op ap = 2.
_On (O _0¢ ogt o, og!
“ = o Qhaxm 5 T g e gy it he (4.2.8)
B 0n 0n 2¢? 52! on %
C:m: = O + (2 CRET — 22 > hx — 922 ht —+ (% —92 %) hzz
8251 62§2 5 62§1 ) 852
o¢! o*n PN ,, 08
— Qa—xhzt‘i‘ (w—QahaJ:) hx_%hthzz
1
- 25 (4.2.9)

Ooh
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Using expansions (4.2.7), (4.2.8) and (4.2.9) equation (4.2.6) becomes

xip - gl 59%+(4m3m%@+%+(%—%3m
- aa—f ‘?;hlfﬂ a;]jh ht—zg—”iﬂh —2(%—%—?)#@
+ ;thh ht+2£h2h3+2£h2hth2—%%h3
= 5 (2mm ~ e 0o g g (2 ) 10
- %5 22; Wb+ ;f; W b3+ ;;f; W hy b,
+ gfljh?’h hm+§%—§lh3hn—§(%—2§;§i) 1 h;
+ ;%é; h3hthm+38§h1 h? hy by = 0. (4.2.10)

Since we require (4.2.10) to be evaluated at F' = 0, we substitute

hy = h* b2 + % B Ny + v (t, 7) (4.2.11)
in equation (4.2.10):
X2 p_y (4.2.12)
= —glaa—t - & % + 1 (=2hh2 — KPhy,) + %

O _OEN (1o Ly o
+ (ah at)(h hz+3h how + vy (t, ) 5 h

o (5.4 3 ? 852 9,2 13
— h* h; h’ h t h, | R h —h°h t
G (102 b untea) ) = G (2024 0 bt e
a77 2 on 852 272 35 2 2,2 , 1,3
— 2—h"h, —2 h*h; +2—=h"h, | h*h —h°h t
90 (ah o o o+ g W hea +on(t,
352 213 o¢! 2,2 (72,2 1.3 10%n 3
h* h, +2—=—h"h; | h*h =R’ Mgy n(t, ———h
T2y e T2, :t3 Tunlto) | =350

L(y &n ¢ ¢! 1
- =12 — 3(7222 , 143
( 0x0h 8332 ) B ha ( 972 ) h (h ha + 3 h° heg + vn(t, x))

2¢1

oh Ox
1 8252 303 1 825'1
san Ty

0xOh

1 h? (h2 Wt L8 b + v, x))

x))
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852 5 2 agl 5 62 8252 -
*‘%hh@m§7”h 3 (5 2000 ) 112
1 agl 3 212 3 2 agl 3 _

Since &', €% and 1 do not depend on the derivatives on h, we may separate (4.2.13)

by the coefficients of these derivatives.

N %—i =0, (4.2.14)
Py - %—i =0, (4.2.15)
Bl ?95; h? aail %h gxgh 0, (4.2.16)
h2hae h?;f: + 3%—%1 =0, (4.2.17)
- h4?;il + —vnh%—i =0, (4.2.18)
h2 —2n+h(%—%—§)—2 h%—i—%(%—%—i)
G G e G~ (7 257 )
=0, (4.2.19)
h3 : ?fhz + 2h? %il + 3h3§;§2 + ;h?;f; =0, (4.2.20)
hi %—i - %ha;g =0, (4.2.21)
el ()
@m$;Q 1229
remainder:

S et tela )
2 2¢1
__h3a_ _'_ 1 hBag

3 02 0r?

Ov,  ,0v, O <8n 8§1>_23§1

= 0. (4.2.23)
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Equations (4.2.14) and (4.2.15) for the partial derivatives of £' with respect to z

and h give
=41, (4.2.24)
Substituting (4.2.24) into (4.2.16) gives

& =&t x). (4.2.25)

Using (4.2.24) and (4.2.25), equations (4.2.17), (4.2.20) and (4.2.21) are identical-
ly satisfied while equations (4.2.18), (4.2.19), (4.2.22) and (4.2.23) simplify to the

following
B - - Lpde 2,08 (4.2.26)
e n 3 dt 3 Ox ’ o
2. on dfl 282
K2 20+ h dt + 3h 5z =0 (4.2.27)
652 2877 3 0? n 36252
h, : - —2h" = — —h —h = 4.2.2
- ot or 3" awon T3 a2 =V (42.28)
remainder:
L Ov, 8vn on on  d¢ I
T (ah dt> 3" o =0
(4.2.29)
From (4.2.26)
1 02 det
= 3h (2% -— ) (4.2.30)

Calculating ?7/4, and 27 /4,2 and substituting in (4.2.27) results in (4.2.27) being
identically satisfied while calculating /4, and ?°"/4,9, and substituting in (4.2.28)
gives , -

Since £? is independent of & from (4.2.25), we may separate (4.2.31) by powers of h

(4.2.31)

thus giving

2

h? aait =0, (4.2.32)
2 -2

h? ¢y (4.2.33)

or?
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Equation (4.2.32) tells us that &2 is independent of ¢ and integrating (4.2.33) twice
with respect x gives

& = bz + by, (4.2.34)

where b; and by are arbitrary constants. With (4.2.34) for £2, equation (4.2.30) for

1 d¢?
=-h(2b —— ). 4.2.
n Sh( by dt) (4.2.35)

Substituting (4.2.34) and (4.2.35) into (4.2.29) gives

B dv, 1. d%€' 1 de! de!
e b)) 2 RS S (2 - ) — 0, B0, (42
g~ o) = s h +3v”( ! dt> Un gy =0 (4:2:36)

1 reduces to

Since ¢! is independent of h, separating (4.2.36) by powers of h we obtain

d2 1
h? d—fQ =0, (4.2.37)
A, v, 4 dg' 2
no- B e R (P A e 3 + Zu,b =0. (4.2.38)

ot or 374t 3

Integrating (4.2.37) twice with respect to ¢ gives
¢ = bt + by, (4.2.39)

where b3 and by are arbitrary constants and substituting (4.2.39) into (4.2.35) gives

1
We rename the constants as
b1 — C3, b2 — Cy4, bg — Cg, b4 — C1, (4241)
1
fl(t) =c1+ oty 52@) =c4t+C37, n(h) = gh(203 — ). (4.2.42)

The Lie point symmetry generators are of the form

0 0 1 9,
X =(c1 + ¢ t)a + (c4 + 3 x)% + gh (2¢5 — ¢9) TR (4.2.43)

=C1 X1 + ¢ X2 + c3 X3 +C4X4. (4244)
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where

X1 =5, (4.2.45)
X, :t% - %ha%, (4.2.46)
X; :xa% + %ha%, (4.2.47)
X, :(,%. (4.2.48)

The velocity v,(t,z) cannot be arbitrary for Lie point symmetries to exist. It must

satisfy the first order linear partial differential equation (4.2.38),

ov, 2

dvy,
(c1+ ¢ t)i + (¢4 + c37) T g(Cg — 209)Up. (4.2.49)

ot

We do not consider the case where the constants are linearly dependent in (4.2.49)
as these could lead to special cases. We focus on the general solution where the

constants are linearly independent.

4.3 Group invariant solution

Using the method explained in Section 2.3.2 one may obtain the group invariant
solution. Now h = ®(t,z) is a group invariant solution of the partial differential

equation (4.2.1) provided

0 o 1 0
((Cl + Czt)a + (C4 + Cgl‘)% + gh (203 — CQ) %) (h — q)(t, .’L’))|h:q> =0. (431)

Consequently, ®(t, x) satisfies the first order linear partial differential equation

0P o 1
(c1 + ¢ t>§ + (cs +c3 x)% =3 (2c3 — c3) ®. (4.3.2)

Equation (4.3.2) may be solved by the method of characteristics. We consider the
general case in which ¢y # 0,c3 # 0 and ¢ # 2c¢3. The differential equations of the

characteristic curves of (4.3.2) are

dt dx 3 dd
= = — 4.3.3
(01 —+ Cgt) (C4 + Cgl‘) (203 — 02) ) ( )
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The first pair gives
dt dx

= , 4.34
(c1 +cot) (4 + c3x) ( )
and therefore
arer _ ., (4.3.5)
(Cl + Cgt) °2
where a; is a constant, whereas the first and third terms give
dt 3 dP
= —, (4.3.6)
(1 +cot)  (2c3—co) @
thus
d
o = ao, (4.3.7)
(1 + ¢ t)5<26’1>
where ay is a constant. Since ® = h(t, x), the general solution is
ht,z) = (e1 + e )3 CE D (), (4.3.8)
where
P e L (4.3.9)

(1 + cat) 2
and F'is an arbitrary function.

Consider equation (4.2.49) for v,(t,z). We assume further that c¢; # 2co. It may
also be solved by the method of characteristics and the differential equations of the

characteristic curves of (4.2.49) are

dt B dx B dv, (4.3.10)
(Cl + Cgt) n (C4 + Cgl') n %(03 — 202) Un. o

The first pair is identical to (4.3.4) and gives again the result as in equation (4.3.5)

whereas the first and third pair gives

Un

g, (4.3.11)
(e + e )3 (572
The general solution for v, (t, z) is
on(t, ) = (1 + )3 (@2 (o), (4.3.12)

where the similarity variable £ is given in (4.3.9) and G is an arbitrary function.
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4.3.1 Reduction of the nonlinear diffusion equation to an

ordinary differential equation

We reduce the nonlinear diffusion equation (4.2.1) to an ordinary differential
equation using the group invariant solution given by equations (4.3.8), (4.3.9) and
(4.3.12). We work with ¢ and ¢ as variables and eliminate z in terms of £ and t.

With ¢ defined in (4.3.9), its partial derivatives are

o5 a8 K _ e (4.3.13)
ot c1+cot’ ox (cl+02t)%g. e
Using (4.3.8) and (4.3.13) we obtain
Oh _ i(B2) (2 Lle _
5 = ©3 (1 +cat) [(3 303) F(¢) fdf} (4.3.14)
and
O (1poh) _ 2 H(a-2) 4 (pudl
e <h 6:70) =5 (1 +cat) TS F i) (4.3.15)

Hence, substituting (4.3.14), (4.3.15) and (4.3.12) into (4.2.1) reduces the nonlinear

diffusion equation to the ordinary differential equation (ODE)

d [ _dF d e 3
oo (F3d—§) +35 (EF)+ (0—3 - 5) Fd-G=0. (4.3.16)

The ordinary differential equation (4.3.16) does not depend on constants ¢; and c¢y.

4.3.2 Boundary condition at the moving contact line

We need to write the boundary condition, (3.4.2), in terms of the similarity variable

¢ defined by (4.3.9). Consider first the moving contact line z = +W (t). Now
h(t, W(t)) =0 for all ¢ >0, (4.3.17)

therefore using (4.3.8) for h(t, x)

F (ng(t)) —0. (4.3.18)

(c1+cat)e
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Let
Cy + C3 W(i) _ A(t),
(Cl + ¢y t) €2
then
FA(t)) =0, t>0

Differentiating (4.3.20) with respect to ¢ gives
dFdA 0
dA dt

But F' is not a constant function and therefore Z_i # 0. Hence

dA
)
dat 7
and A = constant = Ay. Substituting A(t) = Ay into (4.3.19) gives
cq +C3 W(t)

C

(Cl + o t) °2

= Ap.

o)

Consider next the moving contact line z = —W (¢). We have that

h(t,—W(t)) =0 forall ¢ >0,
therefore
- (%) 0
(Cl + C2 t) c2
Let
W) g,
(Cl + Co t)@
then
F(B(t)) =0, t>0
As before it follows that
B(t) = By,

where By is a constant. Thus

Cq — C3 W(t)
—

(Cl + Co t)@

— Bo.

(4.3.19)

(4.3.20)

(4.3.21)

(4.3.22)

(4.3.23)

(4.3.24)

(4.3.25)

(4.3.26)

(4.3.27)

(4.3.28)

(4.3.29)
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Adding (4.3.23) and (4.3.29) gives
2
S8 Ay+ By, (4.3.30)
(01 + co t) €2
and differentiating (4.3.30) with respect to ¢ results in

c3

2eges(cr +cat) 2t = 0. (4.3.31)

Thus either ¢3 = 0 or ¢4 = 0. We do not want c3 = 0 because then £ would not

depend on z. Thus ¢, = 0 and consequently from (4.3.30)

By = —Ay. (4.3.32)
Also, (4.3.23) becomes
Wit
e W )CS — A, (4.3.33)
(Cl + Co t)g
and therefore o
A, @ oy
W(t) = =2 (1 + 2t> : (4.3.34)
C3 C1
But from the initial condition (3.4.3)
W (0) = 1. (4.3.35)
Thus (4.3.34) yields
_cs
AO =C3C 2, (4336)

Substituting (4.3.36) for Ay back into (4.3.34) gives
€3

W(t) = (1 + 2 t) - (4.3.37)

8]

From (4.3.32) and (4.3.36) the boundary conditions (4.3.20) and (4.3.27) become

_ca _ca
F (Cg ¢ CQ) =0 F (—03 ¢ CQ) = 0. (4.3.39)
Also, since ¢4 = 0, the similarity variable £ given by (4.3.9) can be written as
e L 4.3.4
= © ) .3.40
5 €3¢y W(t) ( )

where W (t) is given by (4.3.37).
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4.3.3 Balance law for fluid volume

The volume of the thin film per unit breadth, (3.4.5), and rate of change of volume
per unit breadth, (3.4.4), are now written in terms of the similarity variable . Using

(4.3.40) for £, we have that

dp = WO 2 e (1 + —t) ; de, (4.3.41)

C3

since W (t) is given in (4.3.37). Substituting (4.3.8), (4.3.40) and (4.3.41) into (3.4.5),

the volume becomes

ENES
Vt)=W (1 + o t) , (4.3.42)
1
where
-
2 Sa-y [ea
Vo=—¢ 7 / F(¢) dg. (4.3.43)

Using (4.3.12) for v,(t,z), as well as (4.3.40) and (4.3.41), the rate of change of

volume (3.4.4) becomes

534 NG
av. 2 523 g \3e2 3 /0361
— =—c ¢ 14—t G(&) d€. 4.3.44
T (R-) B R E Y SR (e T)
But differentiating (4.3.42) with respect to ¢ gives
5 ¢ 1
dV 5 C3 1 Co Co 8cy 3
— =|lz-=== ) =W (1+—=t . 4.3.45
dt (3 Co 3) C1 0 ( + C1 ) ( )

Thus equating (4.3.44) and (4.3.45), where V; is given in (4.3.43), the balance law

for fluid volume is

_<3

5es 1 oeit _paa”
e (g o g) /O F(¢) dé = /O G(¢&) de. (4.3.46)

4.3.4 Change of variables

To proceed we consider a change of variables. Let

§=A¢  F()=Bf(C), G =Dyl (4.3.47)
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where A, B and C are constants to be determined. Substituting (4.3.47) into

(4.3.16), the ordinary differential equation becomes

33 5 df a Co 32 _
32 9 (f dc>+3d§(6f(6)) ( 5) JQ+p9=0 (4348

C3
Using (4.3.47), the boundary conditions in (4.3.39) become

3 £

c3cy ? —c3cy

=0 =0 4.3.49
and the balance law (4.3.46) takes the form
B (e 1Yy [Zh
C3 A
— - — — - dg. 4.3.50
se(32-3) [ 7 o ¢ (4:3.50)
We choose, from (4.3.48),
B S (4.3.51)
RE ’ csB 7 o
and from (4.3.49)
_c
c3ey ?
— = 1. 4.3.52
e (1.3.52)
Then
e
A=c3¢ 7, (4.3.53)
A%\ 3 1 _2¢
B = (—) =clc "2, (4.3.54)
G3
4 _2°3
D=c3B=cjc,’ . (4.3.55)

From (4.3.51) and (4.3.52), the ordinary differential equation simplifies to

(PR rsgen+ (2-5) 10 +300 =0, (1.3.56)

3

the boundary equations (4.3.49) simplify to

f(1) =0, f(=1) =0, (4.3.57)
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and the balance law (4.3.50) becomes

YT T —

The initial volume Vj, given by (4.3.43), expressed in terms of the new variables

(4.3.47) is
_&
C3 Cl ¢

AB/ RO de, (4.3.59)

which, when using (4.3.53) and (4.3.54) for A and B, becomes

Vp = 2 (i—jf/olf(g) dc. (4.3.60)

The height h(t,x) given by (4.3.8) becomes, using (4.3.47) and (4.3.54) for B,

h(t, z) = (9) (1 + Qt)g)(gé) £(0), (4.3.61)

&1

Sk
|
ol

C

= wlot

Vo=2

and the suction/blowing velocity v,(t, z) given by (4.3.12), becomes, using (4.3.47)

and (4.3.55) for D
4
C3
n ta = —
v (t, ) (C1>

From (4.3.47), ¢ =¢/4 and by using (4.3.40) for £ and (4.3.53) for A we obtain

(4.3.62)

w
VR
—_
+
| @)
V)
~
~_
Wl
VS
S
|
SN——
N
—
Y
N—

(= . (4.3.63)

There is one remaining condition to impose and that is on the initial dimensionless
height at the central line. From the choice of the characteristic length in the z-
direction in Section 3.2, the dimensionless height h(¢, z) satisfies h(0,0) = 1. Using
(4.3.61), we obtain

h(0,0) = (C?’)éf(()) (4.3.64)

and therefore

7= (4.3.65)
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Now /., occurs in the ODE (4.3.56) and in the balance law (4.3.58). The ratio
¢ /., is either given or it is determined from the balance law (4.3.58). It therefore
remains to determine “/., which occurs in W(t), h(t,z) and v,(t,z). Now using

(4.3.65),

Co Cy C3 Co 1
2B _ = . 4.3.66
C1 C3 C1 C3 f3(0> ( )
If we let
a=2, (4.3.67)
C2
then
Co 1
== 4.3.68
1 o fg(o)’ ( )

where « still remains to be specified.

We now write the ordinary differential equation, W (t), V' (t), Vo, h(t, z) and v,(t, x),
given respectively by (4.3.56), (4.3.37), (4.3.42), (4.3.60), (4.3.61),(4.3.62) and the
balance law (4.3.58) and boundary conditions (4.3.57) in terms of the transformed
variables and the single parameter a defined by (4.3.67):

e (PE) 43 en+ (5 -3) 10 +3900 =0, (4.3.69)
fy=0,  f(-1)=0, (4.3.70)
[orac=5(5-2) [ rac. (13.71)

W) = (1 + af’;(o))a, (4.3.72)

Vi) = W <1+ &fﬁ,(O))gaé, (4.3.73)

Vo = 2 /01 % dc, (4.3.74)

ba-b)
W) — @(H%) , (4.3.75)
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1 t %(0‘*2)
vp(t, ) = 14+ —— ) 4.3.76
09 = 7 (apm) 9O 310
where
(=— (4.3.77)
The Lie point symmetry is given in (4.2.43) and when divided by ¢; becomes
t 0 x 0 1 1 0
X=14+—7= )% — 2——) h=. 4.3.
(1 o7m) 7 P arw (2o w) e (4

Some assumption has to be made on g({) to close the system. We will consider
two assumptions so as to give two models which we will compare. The simplest
assumption is that the velocity v, (t, x) is proportional to the height h(t,z) and the
second assumption is that the velocity v, (¢, x) is proportional to the spatial gradient

of the height, 2"®2) /5.

4.4 Conclusions

The nonlinear diffusion equation with source term admits four Lie point symmetries
provided the fluid injection velocity at the base satisfies a first order linear partial
differential equation. The general form of the group invariant solution generated by
a linear combination of the four Lie point symmetries has been derived. The second
order ordinary differential equation in the group invariant solution depends on two
unknown functions and one unknown parameter. One further condition is required.
In Chapters 5 and 6 two models will be investigated by assuming a relation between

the two unknown functions.



Chapter 5

Model I: Leak-off velocity
proportional to the height of the

thin film

5.1 Introduction

In this chapter we make an assumption on g({) to close the system so as to enable
us to solve the ordinary differential equation (4.3.69). The simplest assumption is
to consider the normal fluid velocity v,(t,z) at the base to be proportional to the
height h(t,z). Once the solution has been derived for h(t, z) and v,(t, z) we examine
the velocity on the axis # = 0 and with the aid of v, and v, we plot the streamlines

to describe the flow within the thin film.

5.2 Relation between ¢({) and f(({)

We consider

9(Q)=61(C),  —oo<f <o, (5.2.1)

45
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where (3 is a constant. We can examine the physical significance of (5.2.1) by exam-

ining (4.3.76) for v,(t,z) and (4.3.75) for h(t, z):

1 ¢\

vt ) = 710) (1 + W) 9(¢), (5.2.2)
B & t %(O‘*%)

hto) = Fo <1+ @f?»(o)) . (5.2.3)

Thus by substituting (5.2.1) into (5.2.2) we obtain

) (1 + 70) (5.2.4)

t,x) using (5 2.3) results in
(

ﬁh t,z) t
v (t, ) = F3(0) ( & 75(0 >) (5.2.5)

Thus v, (t, z) is proportional to h(t,z). The velocity v, (t, z) is greatest in the central

)%M Q)

and expressing f(¢) in terms of h

region where h(t, x) is greatest and vanishes at the moving contact lines x = £W(¢)
Hence if

>0 then w,>0: blowing of fluid into the thin film

, (5.2.6)
S=0 then wv,=0: mno leak-off of fluid, non-porous substrate (5.2.7)
B <0 then wv, <0: suction or leak-off of fluid into porous substrate

. (5.2.8)

5.2.1 Flux boundary condition at {( =1

There is no flux of fluid across the moving contact line. The flux of fluid mass in

the x-direction per unit length in the y-direction is

h

Qt,z) = p/ v (t, z, 2) dz. (5.2.9)
0

But from (3.2.49)

5.2.10
thus

g h o (5.2.11)
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We express Q(t, x) in terms of the similarity variables:

wino

_ £\ o

(e=3) 1 df 1 g

oh(t,z) t
or (”af3<o>) FO AW "

win

as (¢ — 1.(5.2.13)

Hence
3 4
Q(t,z) ~ f°(C) @ as ¢ — 1. (5.2.14)
Since there is no flux across the moving contact line at ( = 1 and { = —1 it follows
that
daf df
(1) =(1) = 3(=1) =(-1) =0. 2.1

These boundary conditions are useful when solving the ordinary differential equation

(4.3.69).

5.3 Solution of the ordinary differential equation

By using the balance law (4.3.71) and (5.2.1) we have

-3 (o-3)] [ s ac=o (531)

Equation (5.3.1) is satisfied when

5 % (5 _ l) 0, (5.3.2)

thus
1

=535
Using this value for a we may solve the ordinary differential equation (4.3.69) for

f(¢) and obtain W(t), V(t), h(t,z) and v,(t, x).

(0%

5
B#5 (5.3.3)
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Substituting (5.3.3) into (4.3.69) results in an integrable ordinary differential equa-

tion
d [ 4 df d .
- (f3 d_§> F3 (N =0 (5.3.4)

Integrating (5.3.4) once with respect to ¢ and applying boundary condition (5.2.15)

and (4.3.70) results in a variable separable ordinary differential equation for f

df B
f? o T3E=0 (5.3.5)

which when integrated and applying again (5.2.15) gives
9

f(¢) = (5)% (1-¢%)

The boundary conditions in (5.2.15) and (4.3.70) can be applied at either ¢ =1 or

=

(5.3.6)

¢ = —1 since the thin film is symmetric about the axis ( = 0. Substituting (5.3.6)
and «a given by (5.3.3) into (4.3.72), (4.3.73), (4.3.74), (4.3.75) and (4.3.76) gives

W = (15263007 5o
V() = %(HM)W, (5.3.8)

Vo = — %) g 3.
g 2/0(1 &) o (5.3.9)
ht,x) = (1+M) -y, (5.3.10)

2(28-3)
va(t,r) = %(HM) o (1—(2)%, (5.3.11)
where

S 1<c¢<1 5.3.12

For the results (5.3.7)-(5.3.12), 3 # 2.

Consider now the limit as 5 — 2 in (5.3.7). We first rewrite (5.3.7) as

W(t) = exp [3@%5) In (1 + % (g - B) t)] | (5.3.13)
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Using the expansion [2]

e e €
1n(1+€):€—§+§—z+... (5.3.14)
then (5.3.13) becomes
2t
W (t) = exp [3 +QO ((g - ﬁ) tQ)} as [ — g, (5.3.15)
and therefore
2t
lim W (t) = exp [—} . (5.3.16)
f—3 9
As B — 32, (5.3.8)-(5.3.12) tend to
2t
W(t) = exp {3} : (5.3.17)
10¢
V(t) = %pr—y (5.3.18)
27
h@@::mpééu—@ﬁ (5.3.19)
) 27 )
10 41 1
v (t, ) = 5 ©XP [ﬁ] (1-¢3)3, (5.3.20)

where V; is given in (5.3.9) and ( is given in (5.3.12).

We analyse the results and their dependence on 3. If we study the equations for the
base W (t) given by (5.3.7) and (5.3.17), then we find that £ > 0 for —oo < 8 < oc.
This means that the base always expands, even for values of § < 0 that describe

the suction of fluid from the thin film. For —oo < § < g, W (t) — oo algebraically

as t — oo, W(t) — oo exponentially as ¢ — oo for = g and for % < B < o0,

W (t) — oo in a finite time
3

2(6-3)
A plot of W (t) against time, ¢, is presented in Figure 5.1.

t = (5.3.21)

If we examine volume V'(t) given by (5.3.8) and (5.3.18), then when g = 0, the

volume remains constant as there is no suction or blowing at the base. For g < 0
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5
2.4 B=3 B=2 /3:g
22 8 3
20F 2
< 18} B=12
g =
16F p=1
B=05
1.4 B=0
B=-1
121 B=-3
B=-10
10 wwwwwwwwwwwwwwwwwwwwwwww
0 1 2 3 4 5

Figure 5.1: W(t) given by (5.3.7) and (5.3.17) plotted against ¢ for a range of 3.

av

, 7 < 0, thus the volume decreases and it takes

which describes suction at the base
an infinite amount of time for the thin film to disappear. For S > 0 describing
blowing, ‘Z—‘; > 0. When 0 < 8 < g, V(t) — oo algebraically as t — oo, for f = g,
V(t) = oo exponentially as ¢ — oo and for 2 < 8 < oo, V/(t) = oo in a finite time

given by (5.3.21). A plot of V(¢) against time, ¢, is presented in Figure 5.2.

N

[N

OoOw-— [6)]

=1 1 O

PHHTR® D® D

Figure 5.2: Volume V() given by (5.3.8) and (5.3.18) plotted against ¢ for a range
of 3.

If we now take into consideration the thickness of the thin film given by (5.3.10)
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where ( is defined by (5.3.12) then

Wi

oh 2 s O\~
5 =3 W (t)? (1 — WQ(t)) . (5.3.22)

Thus 9% — —o0 as  — W (t) and hence in the vicinity of z = W (t), the thin film

approximation is no longer satisfied. The inclusion of blowing or suction did not
eliminate the singularity at x = W (¢). One may consider including surface tension
effects or imposing a slip condition to remove the singularity at = = W (t). Also

2(28—3)
5—38

Oh(t,0) (8 -1) {1 + g (5 —38) t] , (5.3.23)

ot

NoX N \V)

For g < 1, % < 0 and therefore the height of the thin film decreases with time

even when there is blowing at the base for 0 < < 1. The decrease in the height

due to spreading is greater than the increase in height due to blowing. The height

9 h(t,0)
ot

h(t,0) remains constant for = 1. For g > 1, > 0 and thus the height of the
thin film increases with time. For 1 < g < g, h(t,0) — oo algebraically as t — oo
and when 8 = %, h(t,0) — oo exponentially. For § > g, h(t,0) — oo in a finite
time given by (5.3.21). Graphs of h(t,0) are plotted against time for a range of [

in Figure 5.3.

h(t, 0)

DO HZHTTHT T ™

0.0
0

Figure 5.3: Height of the thin film at the centre, h(t,0), given by (5.3.10) and
(5.3.19) with ¢ = 0, plotted against t for a range of [.
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Finally we consider the normal velocity v,(t,0) given by (5.3.11) and (5.3.20) which
describes the suction or blowing at x = 0. For —oo < f < 0, v,(¢,0) < 0 and
v, (t,0) — 0 as t — oo. In this range, v,(t,0) describes suction. When 5 = 0,
v, (t,0) = 0. The base is impermeable and there is no suction or blowing. For 5 > 0
there is blowing of fluid at the base into the thin film. For 0 < 8 < 2, v,(¢,0) > 0
and v, (¢,0) — 0 as t — oco. For § = 3, v,(t,0) = 3 and the blowing velocity is
constant in time. For % < B < %, v, (t,0) > 0 and v,(t,0) — oo exponentially as
t = 0o. For 2 < # < 00, v,(t,0) > 0 and v,(¢,0) — oo in a finite time defined by
(5.3.21). Graphs of v,(t,0) are plotted against time for a range of § in Figure 5.4.

4

p=3 p=2

Figure 5.4: Normal velocity v, (¢,0) given by (5.3.11) and (5.3.20) plotted against ¢

for a range of .

Consider the thin film ratio, in dimensionless variables,

h(t,0)
Wit)

e(t) = (5.3.24)

Expressed in dimensionless variables defined in Section 3.2

~ h(0,0)R(F,0)  h(0,0) __
‘= o TH = W) e(D), (5.3.25)

>

i) = (t’(_) . (5.3.26)

=
—

=
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We are assuming that the thin fluid film approximation is satisfied initially so that

1(0,0)
W(0)

< 1. (5.3.27)

Hence the thin fluid film approximation will be satisfied throughout the evolution

of the thin film if either

€(f) = constant = 1 since h(0,0) =1 and W(0) =1, (5.3.28)

or

€t)—>0 as t—1t or t— 0. (5.3.29)

It will break down at sufficiently large time if
€t) >0 as t—t; or t— oo. (5.3.30)

Consider now the dimensionless thin film ratio and suppress the overhead bars.

From (5.3.7) and (5.3.10) for § # 2

hv(;(g)) = (1 4 230K _93 mt) o (5.3.31)
and from (5.3.17) and (5.3.19) for 3 =3
h(t,0) 2t
e = {—2—7} : (5.3.32)

For —oco < 8 < g, e — 0 algebraically as ¢ — oo and for § = %, e — 0 exponentially
as t — oo while for g < 8 <2,¢—0in a finite time given by (5.3.21). For § = 2,
€ remains constant. When 2 < § < 0o, € — 00 in a finite time given by (5.3.21).
Thus the thin film approximation remains valid for —oo < g < 2. If the thin film
approximation is initially satisfied for 5 = 2 then it will remain satisfied for all time.
It holds for blowing at the base 0 < [ < 2 because this is moderate blowing and
h(t,0) is not increased too rapidly compared with the width of the base. Graphs of

e are plotted against time for a range of g in Figure 5.5.
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Figure 5.5: Thin film approximation e given by (5.3.31) and (5.3.32) plotted against

t for a range of 3.

In Figure 5.6, pairs of graphs of h(t, z) and v, (¢, x) have been plotted against x for a
range of ¢t values. We observe that as we increase the magnitude of 5 the suction and
injection velocity increases. Thus for § > 0, increasing 3 causes a greater increase in
h(t,0) and for 8 < 0 increasing || causes a greater decrease in h(t,0). The graphs
in Figure 5.6(a) also show that the height can decrease with time even when there is
injection of fluid. In Figure 5.6(b) it can be seen that the height on the axis remains
constant for all time for 5 = 1 and in Figure 5.6(c) it can be seen the velocity v, (t, )
remains constant at x = 0 for all time for § = 1.5. A distinguishing feature of this
solution is that the base increases for all time even when there is suction of the fluid
as depicted in Figures 5.6(e) and 5.6(f). The suction/injection velocity is stronger

at the center of the thin film and weaker near the edge of the thin film.

5.4 Velocity on the centre line xr = 0

In this section we examine the velocity on the centre line x = 0. We look for both

a perturbation solution and an exact solution.
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h(t, x) h(t, x)

Va(t, x) Vi(t, x)

Figure 5.6: Graphs of h(t,x) given by (5.3.10) and the fluid velocity at the base,

vn(t, ), given by (5.3.11) plotted against = for a range of values of ¢ and for: (a)
B=05(b)B=1(c) B=15,(d) B=3.
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(¢) (f)

Figure 5.6: Graphs of h(t,x) given by (5.3.10) and the fluid velocity at the base,

vn(t, x), given by (5.3.11) plotted against x for a range of values of ¢ and for: (e)
g=-05,(f) g=—-1.
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o7

We first express h(t,z) and v,(t,x) given by (5.3.10) and (5.3.11) respectively in

terms of W (t) and then in terms of h(t,0) since we know that h(0,0) = 1. Thus

=

ht,z) = W) (1-¢%)°
— h(t,0) (1-¢Y)°,

where
h(t, 0) = WH(t),
and
witr) = Do) (- )
_ 2BAh(t,0) 1
B B_W%o(l_@)'

(5.4.1)

(5.4.2)

(5.4.3)

(5.4.4)

(5.4.5)

The dimensionless velocity components v, is given by (3.2.46). To obtain v, we

integrate the continuity equation (3.2.27)from 0 to z. Thus
Oh(t, x)

vty 2, 2) = g@—QML@)

vtz 2) = vn(t,x)—%/ v (t, z, 2) dz.
0

(5.4.6)

(5.4.7)

Substituting (5.4.6) into (5.4.7) and integrating with the respect to z and then

differentiating partially with respect to x gives

10°h 4 1 #?h  (9n\?| ,
v.(t,z,2) = 692" + 3 [h(t,x)w + (8_x> 2% + v, (t, x).
Now ,
9*h oh 10% ,,
hw+(a—x) =352 ")
thus by substituting (5.4.9) into (5.4.8)
10%h 5 107 , o5 ,
Uz(t,fL',Z)_—éw Z@ (h )Z + Uy

and therefore the velocity on the axis x = 0 is given by

1 O*h(t, x)
6 Oz2

A~ =
Q

v,(t,0,2) = 5
x

(R*(t,2))| 2%+ va(t,0).

(5.4.8)

(5.4.9)

(5.4.10)
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Now using (5.4.2) and (5.3.12) for (,

h(t,x)  2h(t,0) 22 \ 88 Lh(t0) 22\~
ot~ 3WE) (“W?(t)) R0 (“W?(t)) - (412)

wlot

and

1
2 4h2 t 2 -3 h2 t 2 -
a—(hQ(t,x)):—— (t,0) 1 _"* 8 (ao)xz 1"~ .
Ox? 3 W2(t) W2(t) 9 W2(t) W?2(t)
(5.4.13)
Thus putting z = 0 in (5.4.12), (5.4.13) and (5.4.5) for v,(t,z) and replacing these

ol

terms in (5.4.11) results in

 1h(t,0)

v,(t,0,2) = e [2* = 3h(t,0)2* + 2 81%(t,0)]. (5.4.14)
The points on the axis at which
v,(t,0,2) =0 (5.4.15)
therefore satisfy the cubic equation
23— 3h(t,0)2* +28h%(t,0) =0. (5.4.16)

We will be concerned with finding the roots of the cubic equation (5.4.16) but
before we do that we consider some properties of v,(¢,0, z). The velocity (5.4.14)
at z = h(t,0) is the velocity of the point of maximum height of the thin film as
depicted in Figure 5.7. Substituting z = h into (5.4.14) gives

v (1,0, 1) = g (B—1) %@O)) (5.4.17)

There are two competing effects in the evolution of h(t,0). These are the increase
in height due to blowing and the decrease in height due to spreading by gravity.
Consider now in more detail the dependence of v, (¢,0, h) on . Substituting (5.4.3)
into (5.4.17) we obtain

v (t,0, h) = g (B — 1) WA ), (5.4.18)
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zZ
dh(t,0
h(t,0) 4 v,(t,0,h) = L0
T
—W(t) 0 W(t)
Porous base
Figure 5.7: Velocity v, at z = h on the centre line z = 0.
thus when
4(B7%
5 2 (5 .
B # 3" v,(t,0,h) == (5 —1) {1+§ <§—ﬁ) t} (3 (5.4.19)
g = 2. (10.7) = - exp (ot (5.4.20)
= 3 v,(t,0, 5 &P | 5 4.

4(p-3)

The graph of the exponent 3(3-6) against [ is presented in Figure 5.8.
5_

N

2F

I
w| o

1F

S

_3
72
o

2L

_3}

4L

4(8-3)

Figure 5.8: Plot of the exponent 3(3-6) against 3.
3
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Physical significance of ranges of f3:

—co< < 1: v,(t,0,h) <0,
| v.(t,0,h) | decreases with time,

v,(t,0,h) -0 as t— oo.

B=1: v,(t,0,h) = 0.
1<pB<= v,(t,0,h) > 0,
| v,(t,0,h) | decreases with time,

v,(t,0,h) -0 as t— oo.

3
b= 5 v,(t,0,h) is constant in time,
1
L(t,0,h) = —.
0(1,0,0) = ¢
3 )
§<ﬁ<§. v,(t,0,h) > 0,
v,(t,0,h) increases with time,
v,(t,0,h) > 00 as t— oo.
) 4 4
= - t,0,h) = — —t
v,(t,0,h) — oo exponentially as ¢t — oc.
5)
§<6<oo: v,(t,0,h) > 0,

v,(t,0,h) increases with time,

v,(t,0,h) >0 as t— 5

(5.4.21)
(5.4.22)

(5.4.23)

(5.4.24)

(5.4.25)

(5.4.26)

(5.4.27)

(5.4.28)

(5.4.29)

(5.4.30)

(5.4.31)

(5.4.32)

(5.4.33)

(5.4.34)

(5.4.35)
(5.4.36)

(5.4.37)
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that is, in a finite time.

A plot of v,(¢,0, h) for a range of 3 values is presented if Figure 5.9.

15—

1.0

V4(t, 0, h)

(5.4.38)

Figure 5.9: Graphs of v,(¢,0, h) given by (5.4.19) and (5.4.20), plotted against time

t for a range of values of .

5.4.1 Roots of the cubic equation

Consider the values of z for which v,(t,0, z) = 0:
2* —3h(t,0)2> +28h(t,0) = 0.

When g =0,
2* (z — 3h(t,0)) = 0.

Thus z = 0,2z = 0,2z = 3h(t,0). The roots are illustrated in Figure 5.10.

When 5 =0, from (5.4.14),

h(t,0)

0 22 (2 — 3h(t,0)).

v,(t,0,2) =

~—

Thus
0 <z < 3h(t,0) then wv,(¢,0,z2)<0.

(5.4.39)

(5.4.40)

(5.4.41)

(5.4.42)
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v.=0 ¢ 2 =3h(t,0)

v, =0

v, =0
Figure 5.10: Roots of the cubic equation (5.4.39) for § = 0.

When 5 = 0, v,(t,0, 2) is negative for 0 < z < h(t,0). There are no zeros on the

centre line x = 0 inside the thin fluid film.

We now investigate how the roots
z2=0, z=0, z=3h(t0) (5.4.43)
move for § # 0. This will be done in terms of a perturbation solution and exact

solution.

5.4.2 Perturbation solution of the cubic equation

We determine the perturbation solution of the cubic equation (5.4.39). The pertur-

bation parameter is 8. We first consider the straightforward perturbation expansion

z=z+ B2+ O(B). (5.4.44)
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Substituting (5.4.44) into (5.4.39) and expanding gives
25 + 3825 21 — 3h(t,0)25 — 68 h(t,0)z0 21 + 28 h%(t,0) + O (8%) = 0. (5.4.45)
We equate the coefficients of like powers of 3
B 28 — 3h(t,0)z3 = 0, (5.4.46)
B 32521 — 6h(t,0)2021 + 2R%(t,0) = 0. (5.4.47)
From (5.4.46), we obtain
20 = O, 20 = O, 20 — 3h(t, O) (5448)
If we consider the solution zo = 3h(t,0) and substitute into (5.4.47), we obtain
2
2= —5 h(t,0), (5.4.49)

and hence the perturbation expansion is

z=3 (1 - % B+ Q(BQ)) h(t,0). (5.4.50)

We see that if 5 > 0 (blowing) the root z = 3h(t,0) is decreasing when we include

the first order term. If we now consider the solution zy = 0 and substitute into

(5.4.47), we find that
—2h3(t,0)
= = —00. 5.4.51
1T B+ 6h(0) (54:51)

The straightforward perturbation expansion (5.4.44) therefore breaks down. The

assumed form (5.4.44) for the expansion is wrong. The problem is a singular pertur-

bation problem [29]. For a singular perturbation expansion we consider the following
Z=2y+ 21 ﬁy + 29 521/ + 23 ﬁgy + O (541/) . (5452)
Substituting (5.4.52) into (5.4.39) and expanding results in

25 — 3h(t,0) 25 + 28 h*(t,0) + B (325 21 — 6h(t,0)20 21)

+ 8% (320 21 + 325 22 — 3h(t,0)27 — 6h(t,0)2 22)



64 Chapter 5. Two-dimensional thin film:Model I

+ 8% (2} + 325 23 + 620 21 22 — 6 h(t,0) 20 23 — 6 h(t,0) 21 22) + O (64”)

= 0. (5.4.53)

The zero order perturbation solution remains unchanged and is given in (5.4.48).
Hence we consider the roots zp = 0 and zy = 3h(t,0) separately when determining

the singular perturbation expansion.

(a) zo = 3h(t,0):
Substituting zo = 3h(t,0) into (5.4.53) results in
9R*(t,0) 21 B + 28 h*(t,0) + O (8*) = 0. (5.4.54)

The dominant terms in (5.4.54) will balance provided

v=1. (5.4.55)
Thus we obtain
9R*(t,0) 21 B + 2B R°(t,0) + O (8%) = 0, (5.4.56)
and consequently
2
21 = —§h(t,0). (5.4.57)
Hence
2
z=3 (1 — 5B+ Q(BQ)) h(t,0). (5.4.58)

This agrees with the result obtained from the straightforward perturbation expan-

sion (5.4.50).

(b) Zg — 0:
Substituting zo = 0 into (5.4.53) results in

—3h(t,0) 27 B* + 2} 8% — 6h(t,0) 21 22 B* + 28 R°(£,0) + O (8%) = 0. (5.4.59)
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The dominant terms are
—3h(t,0) 22 8> and 2B h%(t,0), (5.4.60)
and for the dominant terms to balance we require
V=g (5.4.61)
Thus (5.4.59) becomes
—3N(t,0) 22 B+ 2 B2 — 6h(1,0) 21 22 B2 + 28R (L,0) + O (82) = 0. (5.4.62)

If 5 < 0 (suction at the base), 3 will be imaginary. We therefore treat 5 > 0 and

B < 0 separately.
(i) zo = 0; blowing at the base, 5 > 0

We equate the coefficients of like powers of 3

B — 3h(t,0)27 + 2Rn*(t,0) = 0, (5.4.63)
B2 : 2 — 6h(t,0)z120 = 0. (5.4.64)
From (5.4.63), we obtain
1
92\ 2
7 ==+ (g) h(t,0), (5.4.65)
and substituting (5.4.65) into (5.4.64) gives
1
Z9 = §h(t, 0). (5.4.66)
Hence by substituting (5.4.65) and (5.4.66) into (5.4.52), the two roots are
r 1
2\2 1 1 3
2\ 1
= |- (g) Bi+58+0 (ﬁ)] h(t,0), (5.4.68)

and we have shown that the third root is given in (5.4.58). The velocity component
v,(t,0, z) therefore has a zero on the z-axis inside the thin film at

2

2= [(g) : BE + % B+0O (5)] h(t,0). (5.4.69)
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3
~_
I 3 [1 - —,B)h(t, 0)
I 27

2r h(t, 0)

1

2\: 1 1
[(—] Bz + = B[, 0)
3 9

L ‘ 0f5 T 1.0 ‘
L2y 1

9[—[—) B+ = p| h. 0)

L 3 9

1L

Figure 5.11: Roots of the cubic equation (5.4.39) for S > 0 correct to order 3.

(ii) zo = 0; suction at the base, 5 <0

Let
B =—|p| (5.4.70)

We make the expansion
2=z B + 2 |B* + 2 187+ O (18]"). (5.4.71)
If v is a fractional power, for example v = £, then |3]" is real. Now using (5.4.71)
2 =B + 22128 + O (18]") (5.4.72)

and
2 =218 +0O(8)". (5.4.73)

Substituting (5.4.72) and (5.4.73) into the cubic equation (5.4.39) results in
A181* = 3h(t,0)21| B — 6h(t,0)z12| 8] — 217 (¢, 0)|8] + O (IB|") = 0. (5.4.74)
The dominant terms in (5.4.74) are

—3h(t,0) 22 |B* and 2R%(t,0)|p, (5.4.75)
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and for the dominant terms to balance we require
v=—. (5.4.76)
Thus (5.4.74) becomes
218]2 — 3h(t,0)22| 8] — 6h(t,0)2122|8] — 2h%(1,0)|8 + O (I8]2) = 0. (5.4.77)
We equate the coefficients of like powers of |3|. This gives

18] : — 3h(t,0)z7 — 2h3(t,0) = 0, (5.4.78)

18]2 : 23— 6h(t,0)2125 = 0. (5.4.79)

From (5.4.78), we obtain
1
2\ 2
2z ==+1 (§> h(t,0), (5.4.80)

and substituting (5.4.80) into (5.4.79) gives
1
2y = —§h(t,0). (5.4.81)

Hence by substituting (5.4.80) and (5.4.81) into (5.4.71), the two roots are

[ /2\7, . 1 .
s = [i(3) wi-gm+0 (\ﬁ|2)] h(t,0), (5.4.82)
[ /2N .1 .
s = |-i(3) 1 -gla+0 (W)] h(t,0), (5.4.83)
and we have shown that the third root is given in (5.4.58):
z=3 [1+237\ﬁ|+o(\ﬁ|2)] h(t,0). (5.4.84)

There is one real root and two complex roots. The real root does not lie in the range

0 <z < h(t,0). Hence there is no zero on the z-axis of the velocity v.(t, 0, z):

v,(t,0,2) <0, 0 <z <h(t0). (5.4.85)
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5.4.3 Exact solution of the cubic equation

We determine the roots exactly of the cubic equation (5.4.39):
2% — 3h(t,0)2* + 26R%(t,0) = 0.

We first investigate the nature of the roots. We do that in two ways. In the first
way we sketch the graph of the cubic polynomial with the aid of Descartes’ rule of
signs. In the second way we transform the cubic polynomial to standard form and

calculate the discriminant, A, to determine the properties of the roots.

Descartes’ rule of signs for a polynomial equation P(z) = 0 says that [2,6]:

number of positive roots < number of changes of sign in

the coefficients of P(z),

number of negative roots < number of changes of sign in

the coefficients of P(—x).
For the cubic equation (5.4.39), we have

P(z) =2%—3h(t,0)2* + 28h3(t,0), (5.4.86)
P(—z) = —2°—3h(t,0)2* + 26h*(t,0). (5.4.87)

We will consider the case for § < 0 and § > 0 separately.

(i) Blowing at the base, 5> 0

Number of positive roots of P(z) < 2,

Number of negative roots of P(z) < 1.
Special values of P(z):
P(0) = 2Bh*(t,0), (5.4.88)
P(h) = 2(B—1)h*t,0), (5.4.89)
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P(2h) = 2(B—2)h*(t,0), (5.4.90)
P(3n) = 2BR%(t,0). (5.4.91)
Special values of .
£ =1:
P(z) = 2*—3h(t,0)2* 4+ 2h*(t,0), (5.4.92)
= (2 — h)(z* — 2hz — 2h?). (5.4.93)
The roots of the quadratic polynomial in (5.4.93) are
=1+V3h, z=(1-V3)h. (5.4.94)
Hence the roots of P(z) = 0 are
s=—W3—=Dh, z=h, z=1+V3)h. (5.4.95)
=2
P(z) = 2*—3h(t,0)2* 4+ 4h*(t,0), (5.4.96)
= (2+h)(z — 2h)*. (5.4.97)
The roots of P(z) = 0 are therefore
z=—h, z=2h, z=2h (5.4.98)
g>2
P(z) = 2*—3h(t,0)2* +26R%t,0), (5.4.99)
= P(2)|p=2 + 2(8 — 2)R*(t,0). (5.4.100)
Thus
P(z) |ps2 > P(2) |p=2- (5.4.101)
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e 3=0: P(z) =2z*(z — 3h)

Figure 5.12: Plot of P(z) and its roots for § =0 and h(¢,0) = 1.

e <<t

Figure 5.13: Plot of P(z) and its roots for 5 = 0.5 and h(¢,0) = 1.
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e f=1:

Figure 5.14: Plot of P(z) and its roots for 5 =1 and h(t,0) = 1.

e 1< <2

3L

41

5L

Figure 5.15: Plot of P(z) and its roots for § = 1.47 and h(¢,0) = 1.
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Figure 5.16: Plot of P(z) and its roots for 5 = 2 and h(t,0) = 1.

o 3> 2

Figure 5.17: Plot of P(z) and its roots for 5 = 2.5 and h(¢,0) = 1.



5.4. Velocity on the centre line v =0 73

Conclusions
o If 5 =0: two coincident real roots at z = 0,
one distinct real root greater than h(t,0).
e [fO< < three distinct real roots,
one positive real root in the range 0 < z < h(¢,0).
o If 5 =1: three distinct real roots,
one real root z = h(t,0).
o If 5> 1: there is no positive root in the range 0 < z < h(t,0).
o If 5 =2: there is one positive real root at z = 2h(t,0).
o If 5> 2: there are no positive real roots.
o If 5> 0: there is always exactly one negative root.

(ii) Suction at the base, # <0

From Descartes’ rule of signs [2,6], for the polynomial equation P(z) = 0 where

P(z) is given in (5.4.86),

Number of positive roots < 1,

Number of negative roots < 0.

Also
P(0) = 2B8h*(t,0) <0, (5.4.102)
P(h) = 2(8—1)h*t,0) <0, (5.4.103)
P(2h) = 2(B—-2)h*(t,0) <0, (5.4.104)
P(3h) = 2BR*(t,0) < 0. (5.4.105)
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P(z)

Figure 5.18: Plot of P(z) given by (5.4.86) and its zero for § = —0.85 and h(¢,0) = 1.

We see that P(0) = P(3h). There always exists one positive root for § < 0 and this
positive root is greater than h(t,0). It is even greater than 3h(t,0). There are no

positive roots in the range 0 < z < h(¢,0). There are no negative roots.

From the graphs of P(z) against z for § > 0 and § < 0, we see that the range
of interest is 0 < < 1 for which there are three real roots. For this range of [,
v,(t,0, 2) has a zero in the range 0 < z < h(t,0). This is a subset of the range for
which three real roots exist which is 0 < g < 2. For § < 0 and 8 > 2 there are no

zeros of v,(t,0, ) in the range 0 < z < h(¢,0).

We now derive the foregoing results in an alternative way by considering the dis-
criminant of the cubic equation (5.4.39). We first transform the cubic equation to
the standard form [2]

s +3Hs+ G =0. (5.4.106)

We have, from (5.4.39),
23— 3h(t,0)2* + 28h*(¢,0) = 0. (5.4.107)

Let
z=s+a, (5.4.108)
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where a depends at most on time t. Equation (5.4.107) becomes
s* +3(a — h(t,0))* + 3a(a — 2h(t,0))s +a® — 3h(t,0)a® + 23 h3(t,0) = 0. (5.4.109)

In order to transform (5.4.109) to the standard form, (5.4.106), we choose

a = h(t,0). (5.4.110)
Equation (5.4.109) reduces to
s* —3h2(t,0)s — 2(1 — B)A*(t,0) = 0 (5.4.111)
where
z =5+ h(t0). (5.4.112)
We are interested in the roots
0<z<h(tO0), thatis, —h(t,0) <s<0.

Comparing (5.4.111) with (5.4.106) gives
H = —h*(t,0), G = —2(1 - B)h3(t,0). (5.4.113)
The discriminant A of the cubic equation in standard form (5.4.106) is defined by
A =G*+4H°. (5.4.114)
From (5.4.113) the discriminant of the cubic equation (5.4.111) is

A = 4B(8 — 2)h%(t,0). (5.4.115)
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General properties of the cubic equation [2]:

(i) G*+4H?* <0 Three real and distinct roots.

(i) G*+4H*=0:
H #0and G #0

Three real roots, two roots coincident, one root different.
(iii) G*+4H? =0, Three coincident real roots.
H=0and G=0

(iv) G*+4H? > 0: One real root and two complex conjugate roots.

A
10
b =0,B8=2
(B<0) I (6=0.5=2) (B>2)
1 real root > 2h(t,0) 5f 1 real root<—h(t.0)
2 complex conjugate [ '
2 complex
roots .
conjugate roots
—3—2—1\\1343
-5}
region of interest t Three real
(0<B<1) distinct roots
(0<B<2)
-10tL

Figure 5.19: Plot of A = G* + 4H? = 453(8 — 2)h®(t,0) against (3.

The discriminant, A, given by (5.4.115) is plotted against 5 in Figure 5.19. The
results we deduced from graphs earlier in this section can be deduced from the

Properties (i) to (iv) of A.

Consider first Property (i). If A < 0 then from Figure 5.19, 0 < 8 < 2 and the cubic
equation has three real and distinct roots in agreement with Figures 5.13, 5.14 and

5.15.
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Consider next Property (ii). If A = 2 then from Figure 5.19, § =0 or 5 = 2. But
when § =0 or f = 2, we see from (5.4.113) that H # 0 and G # 0. Hence when

B = 0 or f = 2 there are three real roots with two roots coincident and the third

root different, in agreement with Figures 5.12, 5.16. When g =0, (5.4.111) is

s* — 3h%(t,0)s — 2h3(t,0) = 0,

which factorizes as

(5 + h(t,0))*(s — 2h(t,0)) = 0.

Thus
s=—h(t,0), s=—h(t,0), s=2hn(t0),

and hence by substituting (5.4.118) into (5.4.112), the roots are

z2=0, z=0, z=3h(t0).

When § =2, (5.4.111) is
s* — 3h*(t,0)s + 2Rh*(t,0) = 0,

and therefore

(s — h(t,0))*(s + h(t,0)) = 0.

Thus
s =—2h(t,0), s=h(t,0), s=nh(t0),

and the roots are

z=—h(t,0), =z=2h(t,0), =z=2h(t0).

(5.4.116)

(5.4.117)

(5.4.118)

(5.4.119)

(5.4.120)

(5.4.121)

(5.4.122)

(5.4.123)

Consider next Property (iii). Now A = 0 when f =0 or § = 2, but H # 0 and

G # 0 when § = 0 or 8 = 2. Three coincident roots is therefore not possible, in

agreement with Figures 5.12 to 5.18.
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Finally consider Property (iv). From Figure 5.19, A > 0 for § < 0 and § > 2
in which case there is one real root and two complex conjugate roots. This is in

agreement with Figure 5.18 for f < 0 and Figure 5.17 for 5 > 2.

Consider now the derivation of the three real roots of the cubic equation (5.4.111)
when 0 < 8 < 2. We observe that H = —h*(t,0) < 0 which ensures that A =
G? +4H? < 0 for 0 < 8 < 2. Of interest is the real root, —h(t,0) < s < 0, which
satisfies A < 0 when 0 < § < 1. The Cardan solution of the cubic equation is not
suitable when A < 0 because it gives the solution in complex form even although the

roots are real. It is recommended to use a trigonometric solution when A < 0 [2].

We work with the cubic equation in standard form,
s +3Hs+ G =0, (H <0) (5.4.124)
and at the end of the calculation we set
H=—h*t,0), G=2(8-1)h%t0). (5.4.125)
We look for a solution of (5.4.124) of the form
s = pcosb, p>0. (5.4.126)

Substituting (5.4.126) into (5.4.124) we obtain

3H G
cos® 0 + —-cosf + — =0. (5.4.127)

P P
But by the trigonometric identity [17]

cos 30 = 4 cos® O — 3 cos b, (5.4.128)

we have

3 1
cos® 0 — 1 cos ) — 708 30 = 0. (5.4.129)

Comparing (5.4.127) and (5.4.129) gives

H 1
3H _ 3 G Leossn, (5.4.130)
p 4

p* 4’
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Thus
1 G
p=2(—H)2, cos3l = ——. (5.4.131)
2(-H)?
We note that the requirement that —1 < cos 36 < 1 is satisfied since for
6
G? + 4H? = f—6 (cos?30 — 1) <0, (5.4.132)
requires
cos? 30 < 1, (5.4.133)
and therefore that
—1 <cos30 < 1. (5.4.134)

We let ¢ be the smallest non-negative angle which satisfies

G
cos3p=———=1-—0, (5.4.135)
2(-H)?
where
0<3¢<m, 0< o< g (5.4.136)

For this range of values of ¢, cos3¢ covers the whole range [—1,1]. The general

solution for 0 is

2
9:¢+%, n=012 (5.4.137)
Hence the roots of (5.4.124) are
1 2
Sp = pcost =2 (—H)2 cos (qﬁ—i—%) : n=0,1,2. (5.4.138)
Thus
so = 2(—H)?cosg, (5.4.139)
1 2
s1 = 2(—H)? cos (¢ + %) , (5.4.140)
1 dm
sg = 2(—H)Z2cos ((b + ?> , (5.4.141)

and by substituting into (5.4.112) the roots of the cubic (5.4.107) are

zo = h(t,0)[1+2cosq], (5.4.142)
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2 = h(t,0) [1 +2cos (¢+ %ﬂﬂ , (5.4.143)

o e [12em (0 5] 4140

For the roots (5.4.142)-(5.4.144), we will consider the special cases of 8 = 0, /5 small,
f =1and § = 2. Using the trigonometric identities [17]

cos(A+ B) = cosAcosB —sin Asin B, (5.4.145)
cos(A— B) = cosAcosB +sin Asin B, (5.4.146)
sin(A+ B) = sinAcos B+ cos Asin B, (5.4.147)
sin(A— B) = sinAcos B — cos Asin B, (5.4.148)
and
1 3
cosg =5 sing = g, (5.4.149)
we have
2 1
cos ?ﬁ = cos <7T — %) =3 (5.4.150)
4dr T 1
— = —)=—= 5.4.151
cos — cos<7r+3) 5 ( )
2 3
sin ?ﬁ = sin <7r — g) = g, (5.4.152)
4 3
sin ?ﬁ = sin <7T + g) = —\/7_. (5.4.153)
Case(i) =0
Substituting 5 = 0 into (5.4.135), we have
cos 3¢ =1, (5.4.154)
and therefore since 0 < ¢ < %,
¢ =0. (5.4.155)

Hence, by substituting (5.4.155) into (5.4.142)-(5.4.144), the roots of the cubic
equation (5.4.107) for = 0 are

2 = 3h(t,0), (5.4.156)
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5 o= 0, (5.4.157)

z = 0, (5.4.158)

where we used (5.4.150) and (5.4.151). We see that it will be either z; or z; which

will evolve into the zero inside the thin fluid film.
Case (ii) Small g >0

For a given small § > 0, we let

¢ =4 (5.4.159)

Equation (5.4.135) then becomes
cos30 =1— 0. (5.4.160)

We need to express 0 in terms on 5. Now using the series expansion for cosine [17],

5 o
cosd=1——+ -7+ O(68%), (5.4.161)
equation (5.4.160) becomes
9 27
3 5% — T i+ O (0°) =p. (5.4.162)
To the lowest order in ¢,
6 = gﬁ (5.4.163)
and
2
§ = % Bz, (5.4.164)

To estimate the error in (5.4.164) we note that

5=0 (ﬁ%> , (5.4.165)

thus (5.4.162) is of the form

P=2p+0(F) =281 +0), (54.166)
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and consequently

V2

6= B0 =

BE+ 0O (%), (5.4.167)

This result for ¢ is sufficiently accurate to re-check the perturbation results obtained

in Section 5.4.2.
(a) Perturbation solution for z,

Substituting (5.4.159) into (5.4.142) for zy, we obtain
2o = h(t,0) [1 +2cosd]. (5.4.168)

But substituting (5.4.167) into (5.4.161) gives

2

i = 1= [P0 ¢y [T o)
= 1- GBI+ OE]+0 ()
= 1—%B+Q(52). (5.4.169)

Hence, substituting (5.4.169) into (5.4.168) we obtain

2=31~- 2375 + O (8%) | h(t,0). (5.4.170)

This agrees with the perturbation solution given in (5.4.58).
(b) Perturbation solution for z;

Substituting (5.4.159) into (5.4.143) for z; we obtain
2m
21 = h(t,0) [1 + 2 cos (5 + ?)} . (5.4.171)
But using (5.4.145), (5.4.150) and (5.4.152) we obtain

cos <5 + 2%) = —% cosd — ? sin . (5.4.172)
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Substituting (5.4.167) into the series expansion for sine we obtain

5 V2

sind = — =+ 0 (") :?B%JrO(B%), (5.4.173)

Thus substituting (5.4.169) and (5.4.173) into (5.4.172) gives

5+27r B 1
cos 5 ) =3

Hence substituting (5.4.174) into (5.4.171) we obtain

1+ (%) b %ﬁ +0 (ﬁg)] . (5.4.174)

5 = [— (%) : B2 + %ﬁ +0 (53>] h(t,0). (5.4.175)

This result agrees with the perturbation solution given in (5.4.68). The zero z; does

not lie inside the thin fluid film.
(c) Perturbation solution for z,

Substituting (5.4.159) into (5.4.144) for z5, we obtain

2 = h(t,0) {1 + 2 cos (5 + %ﬂ)} . (5.4.176)

But using (5.4.145), (5.4.151) and (5.4.153)

cos (5 + %T) = —% cos 0 + ? sin . (5.4.177)

Thus by substituting (5.4.169) and (5.4.173) into (5.4.177) we obtain

cos (5—1—%) :—% [1— (%)555 —$B+Q<ﬁg)] ) (5.4.178)

Finally substituting (5.4.178) into (5.4.176) gives

2

2 = [(§> : B2 + %5 +0 (53)] h(t,0). (5.4.179)

This result agrees with the perturbation solution given in (5.4.67). The zero z;

lies inside the thin fluid film. This is the zero in which we are interested. The
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perturbation expansion of the exact solution helped us to identify where 2y, z; and

Z9 lie.
Case (iii) =1

Substituting 5 = 1 into (5.4.135), we obtain

cos 3¢ =0, (5.4.180)
and thus since 0 < ¢ < %,
¢ = %. (5.4.181)
Hence, by substituting (5.4.181) into (5.4.142)-(5.4.144), using
T \/§ T 1
cos e =5 sin ¢ = 3, (5.4.182)

the trigonometric identity (5.4.145) and (5.4.150) to (5.4.153), the roots of the cubic
equation (5.4.107) for § = 1 are found to be

%:P+@Mw% (5.4.183)
a:—W&@wm, (5.4.184)
5 = h(t,0). (5.4.185)

This is the limiting case for the existence of the zero z; of v, (¢, z,0) inside the thin

film. Since
v:(t,0, 2)|.=n(t0) = 0, (5.4.186)
it follows that
d
—h(t,0) =0. 5.4.187

The height of the thin film at the top of the centre line therefore remains constant

in time.
Case (iv) f =2

This case lies outside the range of physical interest because no roots are inside the

thin fluid film. However, it is worth considering because it shows how this form
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of the solution of the cubic equation gives non-trigonometric results. Substituting

[ =2 into (5.4.135), we obtain
cos 3¢ = —1, (5.4.188)

and therefore since 0 < ¢ <

?

wlx

¢ = g (5.4.189)

Hence, by substituting (5.4.189) into (5.4.142)-(5.4.144), and using

m 1 om 1
AR =1 — == 4.1
cos 3 = 3, CoST , cos — 5 (5.4.190)
the roots of the cubic equation (5.4.107) for § = 2 are obtained:
= 2h(t0), (5.4.191)
n = —h(t0), (5.4.192)
2 = 2h(t,0). (5.4.193)

There are no zeros of the cubic polynomial inside the thin film and therefore there

are no zeros of v,(t, 0, z) inside the thin film.

5.4.4 Region of flow at the base for fluid injection

The exact and perturbation solution for the zero, zy, of v,(t,0, z) on the centre line
give an estimate of the thickness of the layer at the base that is affected by fluid
injection at the base when 0 < § < 1. For 8 > 1 the whole of the flow in the
thin film is altered by fluid injection at the base. The zero z = 2z, is the dividing
point between upward flow on the centre line due to fluid injection at the base
and downward flow on the centre line due to spreading by gravity. From the exact

solution (5.4.144) for 0 < g <1,

Z9 . 4_’7'('
0 1+ 2cos (gb + 3 ) , (5.4.194)
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where ¢ satisfies

cos3p=1—8, 0<6¢< g (5.4.195)

while from the singular perturbation solution (5.4.67) for small 8 > 0

Z9 2 % 1 1 3
ook <§> B+ 56+0 (B) . (5.4.196)

z2

In Table 5.1 the exact and perturbation solutions for R(L0)

are presented for values
of # in the range 0 < 8 < 1. This gives as estimate of the thickness of the layer at
the base due to fluid injection at the base. The error in the perturbation solution
to order 6% is about 10% for 8 = 0.4 while the error in the perturbation solution to
order (3 is less than 7.25% for the whole range 0 < 3 < 1. In order to obtain more

information about the flow in the thin film we will consider the streamlines in the

next section.

B |14 2cos(¢p+ %) (%)%ﬁ% Error % (%)%ﬁ% + 34 | Error %
0 0 0 0 0 0
0.1 0.2707 0.2582 4.62 0.2693 0.52
0.2 0.3916 0.3651 6.77 0.3873 1.10
0.3 0.4888 0.4472 8.51 0.4805 1.7
0.4 0.5743 0.5164 10.08 0.5608 2.35
0.5 0.6527 0.5774 11.54 0.6329 3.03
0.6 0.7265 0.6325 12.94 0.6992 3.76
0.7 0.7972 0.6831 14.31 0.7609 4.55
0.8 0.8659 0.7303 15.66 0.8192 5.39
0.9 0.9332 0.7746 17.00 0.8746 6.28
1 1 0.8165 18.35 0.9276 7.24

Table 5.1: The exact and perturbation solution for the zero L of v,(t,0,z) on

z2
(0

the centre line .
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5.5 Streamlines

The streamlines will be plotted for a range of values of 3 inside the thin film to

investigate how the flow field depends on f.

A streamline is a line in the fluid, the tangent vector to which is everywhere parallel
to the velocity vector v instantaneously [3]. In two-dimensional flow the streamlines
can be obtained from a stream function. In two-dimensional flow the stream function

¥ (x, z) satisfies (in dimensional variables)

_ oy _ W

=55, w=-3E (5.5.1)

Vg

The stream function is constant along a streamline. For

_ o WO _ W WOy
(v-¥)o = "o * 9, T 0200 Or 0z 0 (5:52)

The streamlines in two-dimensional flow at any instant are therefore obtained by
plotting
Y(z,2) =k, (5.5.3)

for a range of values of the constant k.

We make (5.5.1) dimensionless by letting

¥
Yo’

where 1)y is to be determined. Substituting (5.5.4) as well as the dimensionless

)= (5.5.4)

quantities 7, Z,7, and U, defined by (3.2.23) into (5.5.1), we obtain
_ %0t 09

If we choose
pg H*
_HU = , 5.5.6
Yo i (5.5.6)
where U was defined in (3.2.22), then (5.5.5) simplifies to
_ o %
=22 =22 5.5.7
T T o (5:5.7)
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The overhead bars in (5.5.7) will be suppressed.

We substitute the dimensionless velocity components v, and v, given by (3.2.46)
and (5.4.8) into (5.5.7) which gives the following two first order partial differential

equations for the stream function ¢(z, 2):

o 22 oh
5, = U= (E -z h(t,x)) a—$(t,x), (5.5.8)
N BOh 2 O?h  [(Oh\?
N D hta)—+ (=) |. (55.
ox vz on(t @) + 6 0x2 2 ( ’x)&ﬂ + (6:}0) (5:5.9)
We first check the consistency condition
01 01
= ) 5.5.10
Jx0dz  0z0x ( )
Differentiating (5.5.8) partially with respect to x
Oy 22 0%h oh\? d9%h
A (0 N 511
0xdz 2 022 (EM) Mo (5:5.11)
and (5.5.9) partially with respect to z gives
o% 0% 22 9%h 9%h Oh\?
= =————2h—— — — ] . 5.5.12
920z 9200 2012 os2 (895) ( )

Thus the compatibility condition (5.5.10) is satisfied. We integrate (5.5.8) with
respect to z to obtain
220h 2?2 Oh
t =——— —h—+ M(t,2). 5.5.13
In order to obtain the function of integration M (¢, x), substitute (5.5.13) into (5.5.9).

Thus

OM (t
% = —uu(t, 7). (5.5.14)
Integrating (5.5.14) from 0 to x gives
M(t,z) = —/ v (t, ) dz + D(t), (5.5.15)
0

where D(t) = M(t,0). Hence

U(t,z,2) = A(t,z) 2° + B(t,x) 22 + C(t,z) + D(t), (5.5.16)
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where
10h 1 0Oh
A _ o B __1on
(t7 x) 6 ax Y (t7 x) 2 hax )
Ct,x) = —/ v (t, x) dz, D(t) = arbitrary function of t. (5.5.17)
0

The streamlines in the (x, z) plane at time ¢ satisfy
Y(t,x, z) = k(t), (5.5.18)

where k(t) is an arbitrary function of . The streamlines are obtained by solving the
cubic equation

A(t,z)2* + B(t,x)2* + C(t,z) = K(t), (5.5.19)

for z where K(t) = k(t) — D(t) is an arbitrary function of ¢. The streamlines at
time t are obtained by giving K (¢) a range of values. Along a given streamline at
a given time, K is constant. Since divv = 0, the streamlines either form closed
curves or begin and end on a free surface or boundary. Closed curves correspond to
values of K that give two real roots of the cubic equation inside the thin film. Lines

correspond to values of K that give only one real root inside the thin film.

We calculate the coefficients A(t, z), B(t,z) and C(¢,x) in (5.5.17) in terms of the
invariant solution obtained in (5.3.7)-(5.3.12). Substituting (5.3.10) into (5.5.17)

gives
L5 ¢
A(t, Q) = —=WF2(t) ——, 5.5.20
(0.0 = g0 = (5.5.20
and
Bt ¢) =ty — & (5.5.21)
k (1-¢)
By substituting (5.3.11) for v, (¢, x) into (5.5.17), it can be verified that
¢ i
C(t,¢) = —%W‘W%f)/ (1—¢)3de. (5.5.22)
0
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By using (5.3.12), equations (5.5.20) to (5.5.22) may be expressed in terms of ¢ and

T as
1
Alt,z) = —§WB*3(15)%, (5.5.23)
(1 - wom)
1 954 T
B(ta) = W () ————. (5.5.24)
(1~ wem)
26 466 /x .Z'*Z % .
= —— 1 — —— . 5.2
O(t, z) () 0 e d (5.5.25)

The solution of the cubic equation will give z as a function of t and x. The stream-

lines are plotted against x and the range of the base is W (t) <z < W(t).

The streamlines will be plotted at ¢ = 1 for a range of values of § to investigate
the flow within the thin film. The direction of flow is indicated by the arrows. In
Figure 5.20 the streamlines are plotted for § = 0. All streamlines begin and end
on the free surface except the streamline x = 0 which is the centre line. The two-
dimensional thin film spreads by fluid descending as shown by the streamlines. This

is a consequence of the spreading due to gravity.

0.5 1.0

Figure 5.20: Streamlines for § = 0 plotted against x for —W(t) < x < W (t) at
t=1.
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In Figure 5.21 the streamlines are plotted for negative 8 values which indicate suction
of fluid out of the thin film at the base. The magnitude of suction increases as (8
becomes more negative. The values of 3 considered are § = —0.5, § = —1 and
B = —1.5. In Figure 5.21 an increase in the magnitude of suction causes a decrease
in the height of the surface profile. The streamlines begin on the free surface and
end on the free surface and on the boundary. The centre line is a streamline. The
arrows along the streamlines point downward indicating that fluid is sucked out of
the thin film. The streamlines are perpendicular to the base because there is no slip

at the base.

Figure 5.21: Streamlines for a range of negative values of g plotted against x for

W) <z <W(t)at t =1.
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In Figure 5.22 the streamlines are plotted for positive values of 5 which describes
the injection of fluid into the thin film at the base. The magnitude of fluid injection
increases as [ increases. The values of 8 chosen are g = 0.1, § = 0.2, § = 0.4,
B =0.6, 3=0.8and = 1. The e indicates the point z; on the centre line at which
the fluid velocity is zero and is the exact solution (5.4.194) and the perturbation
solution (5.4.196). Numerical values of *2/h(t,0) are presented in Table 5.1. A
dividing streamline starts at the point (0, z2) on the centre line and divides the flow
into two regions. In the upper region the streamlines begin on the free surface and
end on the free surface. In the upper region the fluid descends and spreads due
to gravity as indicated by the arrows. It is as if the base on which the spreading
occurs has been lifted by an amount 2z, due to blowing. The lower region is due to
the injection of fluid into the thin film at the base. The streamlines begin at the
base and end on the free surface. The streamlines are perpendicular to the base
because there is no slip at the base. They then extend outwards from the centre line
because of spreading due to gravity. The thickness of the fluid layer at the base is
approximately zo. As the strength of the blowing, 3, increases we see from Figure
5.22 that the thickness of the layer at the base increases. It forms a larger fraction
of the thin film in agreement with the numerical values in Table 5.1. For g =1
there is no longer two regions. The lower region completely fills the thin film for
B > 1. Thus if the blowing is sufficiently strong there is only one fluid region in the

thin film and the fluid velocity on the centre line is positive for 0 < z < h(t,0).
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() =1

Figure 5.22: Streamlines for a range of positive values of [ plotted against x for

Wi(t) <x<W(t)at t=1.
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In Figure 5.23 the streamlines are plotted for f = 0.4 at times t = 1 and ¢ = 10.
We see that, 25 the height above the base of the point of intersection of the dividing
streamline with the centre line, decreases with time. The thickness of the fluid layer
at the base due to blowing therefore decreases with time as the thin film spreads

under gravity.

(a)t=1

Figure 5.23: Streamlines for 5 = 0.4 plotted against = for —W (t) < x < W(t) at
t=1and ¢ =10.

In Figures (5.20) to (5.23), the streamlines are plotted in the (z, z)-plane. The base
of the thin film expands and the height increases or decreases. We now investigate

the streamlines in the (¢, z*)-plane where

xXr
- 1<c<1 5.5.26
¢ = g 1=l (5:5.26)
— 0< 2 <1 (5.5.27)

The cubic equation (5.5.19), written in terms of ¢ and z* is
A*(t,0)2 4+ B*(t, )z + C(t,¢) = K (1), (5.5.28)
where

A*(t,¢) = A(t,Q)R*(t,0), (5.5.29)
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B*(t,¢) = B(t,¢)h*(t,0). (5.5.30)
But from (5.3.10) and (5.3.7),
h(t,0) = WPL(t) (5.5.31)

and therefore using (5.5.20) and (5.5.21)
¢

1
At ) = —=WPB () ——, 5.5.32
(t.¢) 5 ( )(1 = ( )
I ¢
B*(t,¢) = WYt ——7. (5.5.33)
3 (1—(2)3

Also, C(t,() is given in (5.5.22). We see that A*(t, (), B*(t,() and C(t,() depend
explicitly on time through the same factor W*=5(¢). The cubic equation (5.5.28)

becomes
S S S S SRR S A AREAE SO 5.5.34
9(1_<2)%Z +3(1_C2)%Z gﬁ/o ( C) C ) ( )
where
. K@
K _WT%@). (5.5.35)

The streamlines at any given instant are obtained by giving K* a range of values.
Since (5.5.34) does not depend on time explicitly the streamline pattern on the
(¢, z*)-plane is the same for all time and depends only on the parameter 5. From
(5.4.194) and (5.4.196) the height above the base of the point of intersection of the

dividing streamline with the centre line is

4
zg:h(i,QO) = 1+2005(¢+§>,
2\ 2 11 3
= (g) Bt +58+0(8). (5.5.36)

The centre line is a streamline and the point of the intersection of the dividing
streamline with the centre line is a stagnation point of the fluid flow because the

fluid velocity is zero at that point. In Figure 5.24 the streamlines are plotted in the
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(¢, z*)-plane for a range of values of § and for —1 < ( < 1land 0 < z* < 1. The
values of z* on the centre line agrees with the results given in Table 5.1. Figure 5.24

compares with Figure 5.23 plotted in the (x, z)-plane at time ¢ = 1.

The representation of the streamlines in Figure 5.24 using coordinates ((, z*) is useful
because it illustrates all the properties of the streamlines, except their evolution with

time, in one set of graphs.

For Model I for a two-dimensional thin film the thin fluid film approximation is

satisfied provided —oo < # < 2. In all the graphs [ was chosen to lie in this range.

5.6 Conclusions

When the fluid velocity at the base is proportional to the height of the thin fluid film
a complete analytical solution can be derived and the fluid variables and streamlines
can be fully analysed. Provided the blowing is not too strong a layer of fluid forms at
the base due to fluid injection. The thickness of this layer was estimated in terms of
the strength of the fluid injection velocity. The thin film approximation is satisfied

for the whole range of suction but only for weak to moderate blowing.
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1.0 ¢

(f)p=1

Figure 5.24: Streamlines for a range of positive values of 8 (0 < 5 < 1) plotted in
the (¢, z*)-plane where ¢ = /W (t) (-1 < <1) and z* = z/h(t,0) (0 < z* < 1).



Chapter 6

Leak-off velocity proportional to
the spatial gradient of the height
of the thin film

6.1 Introduction

In Chapter 5 we made an assumption on g(¢) so as to enable us to solve the ordinary
differential equation (4.3.69). We assumed that the normal fluid velocity v, (t, z) at
the base was proportional to the height A(t,x). In this chapter we assume that the
velocity v, (t, x) is proportional to the spatial gradient of the height h(¢, z). We will
also consider the velocity on the centre line x = 0 and the streamlines will be plotted
to depict the flow within the thin film. We will compare the results obtained in this
chapter with those of Chapter 5.

98
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6.2 Relation between ¢({) and %CO

We consider

df (¢
where (3 is a constant. This form is chosen to give an analytical solution. We can
examine the physical significance of the assumption (6.2.1) by examining h(t, x)

given in (4.3.75) and v,(t, z) given in (4.3.76):

_J© t i)
h(t,z) = 700) (1 + af3(0)) : (6.2.2)
1 £\
Differentiating (6.2.2) partially with respect to x, we obtain
oh £\ 1 df
ox (1 " af3(0)) F(0)d¢’ (624

which may be rearranged to give

df £ \3@ o
— =f0)| 1+ —= . 6.2.5
=10+ rm) o (6:25)
Thus by substituting (6.2.1) into (6.2.3) and using (4.3.63) for ¢ we obtain
3 NSO g
Up(t,x) = ———= 1+ > —, 6.2.6
=5 (1 apw) W (6:2)
and by substituting (6.2.5) for ¥ /4 results in
h
vn(t, ) = — b 0 (6.2.7)

T —.
PO (1+ a7m) >
Thus v, (t, ) is proportional to ?"®®) /.. The velocity v,(t,2) = 0 at 2 = 0 because
both z = 0 and ah/ax = 0 and it is small in the neighbourhood of x = 0 because
Oh / 5, is small in that range. We cannot say more about the behaviour of v, (t, ) at
this stage because the behaviour of 9 /4, for W (t) < x < W (t) is only known after

the problem has been solved. Also unlike in Chapter 5 where f(0) is independent
of # we will find in Chapter 6 that f(0) depends on .
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6.3 Ordinary differential equation and invariant

solution

By using the balance law (4.3.71) and (6.2.1) we have

/BC—dC——< ——)/ £(¢ (6.3.1)

But, integrating by parts,

/ c—dg I / £(¢) dc, (6.3.2)

and using the boundary conditions, f(1) = 0, gives

/ <— ¢ = /0 (o) dc. (6.3.3)

Substituting (6.3.3) into (6.3.1) we obtain

-y (-2 Q) dc=0. (6.3.4)

Equation (6.3.4) is satisfied when

5 % (5 - l) 0, (6.3.5)

thus

5
ey # 5. (6.3.6)

This result for « is the same as derived in Chapter 5.

Using (6.3.6) for o we may solve the ordinary differential equation (4.3.69) for f(().
Substituting (6.3.6) into (4.3.69) results in an integrable ordinary differential equa-
tion

 df
C(f ) 3(1-8) 7 (¢ ) =0, (63.7)
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Unlike the case g(¢) = B f(¢), the ordinary differential equation depends on /.
Integrating (6.3.7) once with respect to ¢ and applying the zero flux boundary
condition (5.2.15) at ¢ = 1 and also (4.3.57) at ( = 1 results in a variable separable

ordinary differential equation for f

df B
o +31=Ac=o, (6.3.8)
which when integrated and applying again (4.3.57) at ( = 1 gives
0= (30-m) a-a)t. (6.39)
Thus A
£(0) = (gu - ﬁ)) . (6.3.10)

Unlike the case ¢g(¢) = 8 f(¢), both f(¢) and f(0) depend on £.

We consider next v, (¢, z) in order to determine the physical significance of 5. Using

(6.2.1),(6.3.9), (6.3.10) and « given by (6.3.6), equation (6.2.3) becomes for 5 # 1,

2(28-3)
B 46 2(5—=3p)t\ 3¢ &
We introduce a new parameter 5* defined by
. 2 8
6] 5= A B # 1. (6.3.12)

The factor % normalises the critical value of $* which occurs later as —1. The

physical significance of 5* is clear. The velocity v,(t, z) has the same sign as 5*:

p*>0 then wv,>0: blowing of fluid into the thin film, (6.3.13)

p* <0 then wv, <0: suction of fluid out of thin film. (6.3.14)

Solving for  from(6.3.12), we obtain

55*

B:ma

(6.3.15)
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where 3* = —2 and substituting (6.3.15) into (6.3.6) and (6.3.10) gives

24 58"
£(0) = (2 +95B*) " (6.3.17)

Substituting (6.3.16) and (6.3.17) into (4.3.72), (4.3.73), (4.3.74), (4.3.75) and
(6.3.11) gives

0 S
Wi(t) = (1+§(1+ﬁ*)t) : (6.3.18)
10 07
V@::%O+§u+m0 , (6.3.19)
1 1 3
v, — 2A<m1—&ydg:1 (6.3.20)
ht,z) — Oﬁ¥§a+ﬁUQWWﬂu—fﬂé, (6.3.21)
10, . 10 . . *é?ﬂsg:; ¢? 9
witr) = g (tegaemn) T s e
where
A
= 1<C<1, (6.3.23)

The results (6.3.18)-(6.3.22) are valid for * # —1. We consider now the limit as
f* — —11in (6.3.18). We first obtain W (¢) for f* = —1 and then use the expressions
for V/(t), h(t,z) and v,(t,z) in terms of W (t) to obtain these quantities in the limit
p* = —1. We first rewrite (6.3.18) as

24 54" 10
W(t) = exp |— 2 In 1+ —(1+8)t)]. 6.3.24
(0 =exp | oo (14 G+ ) | (6.3.24)
Using the expansion [17]
2 3 4
m(l+e)=e——+" -S4 (6.3.25)

2 3 4
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equation (6.3.24) becomes

Wit e | o2 (G0 4O+ )| as 51
(6.3.26)
and therefore
ﬁ}grrll W (t) = exp [—%} . (6.3.27)

By substituting (6.3.27) for W (¢) when f* = —1 in (6.3.19), (6.3.21) and (6.3.22),

we obtain
V() = VeWEm () = Vi exp (—gt) , (6.3.28)

ht,z) = WmJ%@ﬂ1—g%§:@@(—§0(1—g%§, (6.3.29)
_ 10 * —2<M> €2

Wta) = g A EeE) ()

witr) = 208 O
10 2 ¢
= 5 exp (_§t) 7(1 B Cz)%, (6.3.30)

where Vj is given by (6.3.20). Davis and Hocking [7] have derived for the volume of

a two-dimensional thin film a similar exponential decrease as in (6.3.28).

We now investigate the dependence of v, (t,z), W (t), V(t), h(t,0) and the thin film
ratio h(t’o)/W(t) on B*. Consider first v,(t,z). When * < —1.2, the suction is very

strong and v, (t,z) — —oo algebraically as t — t, where

9
tg= ——F———. 6.3.31
271014 89 ( )
When g* = —1.2, v,(t,x) is constant. For —1.2 < g* < —1, v,(t,x) — 0 alge-
braically as t — t5. For p* = —1, v,(t,0) — 0 exponentially as t — oo. When

—1 < B* < 0, we have moderate to weak suction and v,(t,z) — 0 algebraically as

t — oo. There is no suction or blowing when * = 0. For 0 < * < oo there is
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blowing of fluid into the thin film and v, (¢,z) — 0 algebraically as ¢ — oo. Since
Un(t,z) = 0 when = 0 for all 5*, graphs of v,(t,z) are plotted against time for a
range of § when ¢ = 0.5 in Figure 6.1.

Figure 6.1: Normal velocity v, given by (6.3.22) for 5* # —1 and (6.3.30) for
[* = —1 plotted against ¢t at ( = 0.5 for a range of values of 3*, where v, > 0

describes blowing and v,, < 0 describes suction at the base.

Consider next the half-width at the base W (t) given by (6.3.18) for §* # —1 and by
(6.3.27) when * = —1. Now 4 > 0 when 3* > —0.4 and 4 < 0 when * < —0.4.
When * < —1 suction is strong and W (t) — 0 in a finite time given by (6.3.31).
When p* = —1, W(t) — 0 exponentially as t — oo and when —1 < g* < —0.4,
W (t) — 0 algebraically as ¢t — co. When * = —0.4, W (¢) remains constant since
the suction balances the spreading due to gravity. There is weak suction when
—0.4 < f* < 0, and W(t) — oo algebraically as ¢ — oo. When g* = 0 there is no
suction or blowing. When 0 < * < oo there is blowing at the base and W (t) — oo

as t — oo. A plot of W (t) against time, ¢, is presented in Figure 6.2.
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26— —7rn 77 70—
: B=3 B =15 ]
20f i
[ B=05 |
Qms; p=0
E :%ﬁ: B =-02
1'07 ﬁ*=—0.4i
E B =-07
O'5f :
L g =-15 =-1 ]
Ooiﬁ‘ =‘_‘2‘ | L L L n \_‘_‘.‘ L | ]
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Figure 6.2: W (t) given by (6.3.18) for g* # —1 and (6.3.27) for f* = —1 plotted

against t for a range of values of g*.

Consider next the volume V() given by (6.3.19) for 5* # —1 and (6.3.28) for
p* = —1. For p* < 0, % < 0 since there is suction at the base while for g* > 0,
Cﬁl—‘; > 0 since there is blowing at the base. For * < —1, the suction is strong and

V(t) — 0 in the finite time t5 defined by (6.3.31). When g* — 2,

dv 10
- = §V0 = constant. (6.3.32)
For §* = —1, V(t) — 0 exponentially as ¢ — oo. For —1 < * < 0 the suction is

moderate to weak and V() — 0 algebraically as t — oo. For * =0, V =V}, where
the constant V4 is given by (6.3.20). For * > 0 there is blowing and V(t) — oo

algebraically as t — oo. A plot of V(t) against time, ¢, is presented in Figure 6.3.

Consider now the height on the centre line, h(¢,0). Since dhg’o) < 0 for

—00 < % < 00, the height of the thin film decreases for all values of 8* even when
there is blowing for §* > 0. When * < —1, the height A(t,0) — 0 in the finite
time ty given by (6.3.31). For g* = —1, h(t,0) — 0 exponentially as ¢ — oo while
for =1 < 6* < 0, h(t,0) — 0 algebraically as t — oco. When * = 0, the height

decreases due to spreading caused by gravity only and h(t,0) — 0 algebraically as
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B =-0.5]
B =-0.7]
B =-1_1|

Figure 6.3: Volume V(t) given by (6.3.19) for * # —1 and (6.3.28) for g* = —1

plotted against t for a range of values of 5*.

t — 0o. When 0 < * < oo, h(t,0) — 0 algebraically as ¢ — oo. The decrease
in h(t,0) due to spreading by gravity is stronger than the increase in A(t,0) due to
blowing. Graphs of h(t,0) are plotted against time for a range of f* in Figure 6.4.

B =3

B =15

B =05

B =0

B =-05
B =-07
B =-1

B =-12

0.0 L
0 1 2 3 4 5

Figure 6.4: Height of the thin film at the centre, h(t,0) given by (6.3.21) for §* # —1
and (6.3.29) for §* = —1 plotted against ¢ for a range of values of 5*.

Finally, consider the thin film approximation. As explained in Section 5.3, the thin

film approximation will be satisfied if either

€(t) = constant = 1, (6.3.33)
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or

€(t) >0 as t—ty or t— oo. (6.3.34)

The thin approximation will break down at sufficiently large time if
€(t) >00 as t—ty or t— oo. (6.3.35)

From (6.3.18) and (6.3.21) for 5* # —1,

4458*

hv(vt(g) _ (1 + 1—90 (14 5% t) s (6.3.36)

and from (6.3.27) and (6.3.29) for p* = —1,
i;g(f)) — exp B] | (6.3.37)
For f* < —1, € — oo algebraically in the finite time, ¢y, given by (6.3.31), for
b* = —1, € — oo exponentially as ¢ — oo while for —1 < [* < —%, € — 0
algebraically as t — oo. For * = —%, € remains constant. When —% < p* < oo,

e - 0 ast — oo. Thus since it is assumed that the thin film approximation is
satisfied initially it will remain satisfied for all time for —% < pB* < oo. For strong
suction (—oo < * < 3), W(t) decreases too rapidly as ¢ — oo for the thin film
approximation to hold. For blowing (5* > 0), W(t) always increases sufficiently
rapidly for the thin film approximation to hold for all time. Graphs of € plotted

against time for a range of values of §* are presented in Figure 6.5.

In Figure 6.6, h(t,x) and v,(t, z) are plotted against = for a range of §* values and
time. A distinguishing feature of this solution is that the height always decreases
with time even for values of 5* > 0 for which there is blowing. For suction the thin
film disappears by the base tending to a point for f* < —0.4. In Figure 6.6(c) and
Figures 6.6(a) and 6.6(b) we see that the height decreases by the base spreading and
in Figures 6.6(e) and 6.6(f) we see that the height decreases while the base tends
to zero whereas in Figure and 6.6(d) the height decreases and the base remains
constant. The suction/blowing velocity v, (t,z) is stronger at the rim of the thin

film and weaker near the centre of the thin film and v,(t,0) = 0.
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Figure 6.5: Thin film approximation €(t) given by (6.3.36) for 8* # —1 and (6.3.37)
for g* = —1 plotted against t for a range of values of 5*.

6.4 Velocity on the centre line

The velocity on the centre line x = 0 is given by (5.4.11):

1 9*h(t, 1 0?
1 (t,x) 3

v:(1,0,2) = 6 o2 102 (R*(t,z))

22+ u,(t,0).  (6.4.1)
=0

=0

where h(t,x) and v,(t,z) can be expressed in terms of h(t,0) as

2?3
= h(t l— ——— 4.2
h(t, z) (,@( me) : (6.4.2)
1 « 2
valta) = o6 (1,0) i - (6.4.3)
1V%@(1_W%5)
with W (t) given by (6.3.18) and

h(t,0) = W77 (1). (6.4.4)

By substituting (6.4.2) and (6.4.3) into (6.4.1) and evaluating at x = 0, we obtain

vxuazy:%;%85@3—3h@opﬂ. (6.4.5)

The points on the axis at which v,(¢,0, z) = 0 satisfy the cubic equation

z3 —3h(t,0)2* = 0. (6.4.6)
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h(t, x) hit, x)
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02}
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Figure 6.6: Plot of h(t,x) given by (6.3.21) and of the fluid velocity at the base,

v, (t, x) given (6.3.22) against x for a range of values of ¢ and for:(a) 5* = 0.5, (b)
g =2.
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h(t, x) h(t, x)

Vi(t, x) Val(t, x)
a0 S0 10 X
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-020} -05F
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Figure 6.6: Plot of h(t,x) given by (6.3.21) and of the fluid velocity at the base,
v, (t, ) given (6.3.22) against z for a range of values of ¢ and for:(c) f* = —0.25,
(d) p* = —-0.4, (e) 5* = —0.5, (f) g* = —0.8.
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Thus v, = 0 when z = 0,z = 0,z = 3h(¢,0). This corresponds to the case when
p = 0 for the roots of the cubic equation in Section 5.4.1. For 0 < z < 3h(t,0) we
have that v,(¢,0,2) < 0 thus v,(¢,0, 2) is negative for 0 < z < h(¢,0). There are no
zeros on the centre line z = 0 inside the thin film for this model. The only zero is at
the point z = 0. Thus there is a dividing streamlines inside the thin film which goes
through the origin and this will be verified in the next section when the streamlines

are plotted for various values of 3*.

From (6.4.5) we may derive some properties of v,(¢,0, z) at z = h(¢,0) which is the
velocity of the maximum height of the thin film. Substituting z = h(t,0) into (6.4.5)

gives
O h(t,0) 2 h*(t,0) 2 —12-108*
= U, t,O,h = —— = —— W 2+%8*
T I A B T LU

We see again that 0h(t,0)/0t < 0 for —oo < f* < oo and the height of the thin

(t). (6.4.7)

film decreases with time, even for blowing with 0 < § < oco. Consider now the

dependence of v,(t,0,h) on B*. From (6.4.7), (6.3.18) and (6.3.27) we have that

when
—6—58*
2 10 5(1+5%)
B A 1 w0k =3 {1 +5 ﬁ*)t] , (6.4.8)
* 2 —2
g = —1: v,(t,0,h) = —g &XP (?t) . (6.4.9)
We have also defined for f* < —1,
lo = SN >0 (6.4.10)
o100+ p) T -
Hence when
. 6 . o
—o0 < fBF < —= v,(t,0,h) > —c0 as t—ty in a finite time.

5
(6.4.11)
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6 2
o2 L(t,0,h) = — 2. 6.4.12
N (6.4.12)
6 N . o
5 < g* < —1: v,(t,0,h) -0 as t—ty in a finite time. (6.4.13)
pr=-1: v,(t,0,h) — 0 exponentially as ¢ — oc. (6.4.14)
-1 <pf"<o0: v,(t,0,h) — 0 algebraically, as t — oo. (6.4.15)

In Figure 6.7, v,(t,0, h) is plotted against time for a range of 5* values.

V,(t, 0, h)

Figure 6.7: Plot of v,(¢,0,h) given in (6.4.7) against time for a range of values of
g
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6.5 Streamlines

The streamlines inside the thin film will now be investigated. As determined in

Section 5.5 the streamlines are obtained by solving the cubic equation (5.5.19)
A(t,z)2* + B(t,2)2* + C(t,z) = K(t), (6.5.1)

where K (t) is an arbitrary function of ¢ and from (5.5.17)

YOO BN Y CLe T :_/ vt @) dz.  (6.5.2)
6 Ox 0

2 0z’
We calculate the coefficients A(t,z), B(t,z) and C(t,z) in (6.5.2) in terms of the
similarity solution obtained in (6.3.18)-(6.3.23). Substituting (6.3.21) into (6.5.2) it

A(t, )

can be verified that

AtQ) = —gW I (—, (653
: (-
1 —6—sp*
Blt,¢) — ‘wEF@H—S (6.5.4)
3 (1—¢2)3
By substituting (6.3.22) for v, (¢, x) into (6.5.2), it can be verified that
1 [ 2+8* ¢ *2
C(t,¢) =——OB*W 5(2%’?*)(75)/ %dg*. (6.5.5)
27 o (1 ¢

The base will stay fixed at —1 < ¢ < 1. This may be useful if W (¢) becomes very
large. By using (6.3.23) which gives the relation between = and (, the results may

also be expressed in terms of x:

Alt,z) = —=w 2055y . (6.5.6)
7
B(t,z) = %W_2<3I;g:>(t) G (6.5.7)

Clto) = —Dg55) ) /;(xﬁdx*. (6.5.8)
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We first consider the streamlines plotted against x and z where —W (t) < o < W(t)
and 0 < z < h(t,z). The streamline pattern depends on time. We will choose ¢ = 1.
For a given value of 5* the streamlines are derived by solving the cubic equation
(6.5.1) where A(t,x), B(t,z) and C(t,z) are given by (6.5.6) to (6.5.8) and K (¢) is

given a range of values.

When pg* = 0, Models T and II reduce to the same model of spreading of a thin
film on a base without suction or blowing. The streamlines for f* =0 at t = 1 are

therefore the same as shown in Figure 5.20.

From (6.3.22) and (6.3.30) for v, it follows that near the moving contact lines,
x = W (t), the suction/injection of fluid is strongest and the magnitude tends to
infinity as x — £W (¢). Near the centre line the suction/injection of fluid is weakest

and the magnitude tends to zero as x — 0.

In Figure 6.8 the streamlines are plotted for negative values of S*, which describes
suction at the base, and for values in the range —0.8 < * < 0 for which the thin fluid
film approximation is valid. The values chosen are g* = —0.8, —0.6, —0.5 for which
W (t) — 0 as t — oo describing strong suction and f* = —0.2 for which W (t) — oo
as t — oo describing weak suction. The streamlines begin on the free surface. The
streamlines are perpendicular to the base since there is no slip of fluid at the base.
Near the moving contact lines the suction is strongest and the streamlines are less
curved because spreading due to gravity is weaker than suction. Near the centre
line the streamlines are most curved because the suction is weaker than spreading
by gravity. In Figure 6.8 we observe that an increase in the magnitude of suction

decreases the height of the surface profile.
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Figure 6.8: Suction at the base. Streamlines for a range of negative values of *

plotted against x at ¢t = 1.

In Figure 6.9 the streamlines are plotted for positive S* values which describes
the injection of fluid into the thin film. The magnitude of injection velocity v,
is increased by choosing * = 0.25, g* = 0.5, * = 1 and B* = 2. Since v, is
proportional to % and the gradient is zero at x = 0, it follows that v,(¢,0) = 0
which can clearly be seen in the plots of the streamlines. A dividing streamline
extends from the point (0,0) and divides the flow into two regions. In the upper
region the streamlines begin on the free surface and end on the free surface. The
upper region shows fluid descending due to the action of gravity which leads to
the spreading of the base. The fluid flow near the centre line is downwards (as
indicated by the arrows) but the flow is forced upwards as it approaches the free

surface because of the strong injection of fluid at the moving contact lines. The
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lower region describes the injection of fluid into the thin film as indicated by the
arrows pointing upward. In the lower region the streamlines begin at the base and
end on the free surface. In comparison with Model I, the thickness of the fluid layer
at the base increases approximately linearly from zero at the centre line, reaches a
maximum value then decreases rapidly to zero at the moving contact lines. We see
from Figure 6.9 that the magnitude of the spatial gradient of the dividing streamline
increases as 3%, and therefore v,, increases. In the next section we will determine

an approximate analytical solution for the dividing streamline.

In order to investigate how the streamlines evolve with time they are plotted in

Figure 6.9: Fluid injection at the base. Streamlines for a range of positive values of

£* plotted against x at t = 1.
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Figure 6.10 for g* = 1 at times t = 1 and ¢t = 10. As time increases the height of the
thin film decreases, even with fluid injection at the base, and the width of the base
increases. This agrees with the results of Section 6.3. Also, as time increases the
angle that the dividing streamline makes with the base decreases. We will derive

an approximate analytical solution for the dividing streamline in Section 6.6 and

investigate its evolution with time.

Figure 6.10: Streamlines for §* = 1 plotted against = for —W (t) < x < W(t) at
t=1and ¢ =10.

In Figures (6.8) to (6.10) the streamlines were plotted in the (z,z)-plane where
—W(t) <z <W(t) and 0 < z < h(t,0). The width of the base and the maximum
height of the fluid film depend on time and the streamline pattern evolves with time.

We now consider the streamlines in the (¢, 2*)-plane where

¢ = W) -1<(¢<1, (6.5.9)
o= ﬁ, 0<z2 <1 (6.5.10)

The cubic equation (6.5.1) expressed in terms of ¢ and z* is
A(4,0)2 + BH(1,Q)= 2 + C(1,C) = K(2), (6.5.11)
where

A*(t,¢) = A(t,¢)h3(t,0), (6.5.12)
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B*(t,{) = B(t,¢)h*t,0) (6.5.13)
and from (6.3.18) and (6.3.21),
h(t,0) = W77 (1). (6.5.14)

Thus using (6.5.6) and (6.5.7) for A(t,() and B(t, () we obtain

A, ¢) = —%WE’(;E%**)(t)ﬁ, (6.5.15)
BH(t¢) — %W“"(ifs‘?*)(t)ﬁ. (6.5.16)

The coefficients A*(¢, (), B*(t,¢) and C(t, () given by (6.5.5) depend explicitly on
time only through the same power of W (¢). The cubic equation (6.5.11) becomes

1 C *3 1 C *2 10 * ¢ C*Q * *
A e — — S — ——d(* = K7, 6.5.17
TR S e M e oo
where
5(2+ﬁ*>
K* = K(t)W"\2+557 ) (¢). (6.5.18)

Since the left hand side of (6.5.17) does not depend explicitly on time it follows that
K* does not depend on time. The results for A*(¢,(), B*(t,() and C(t,() and the
cubic equation for z*, (6.5.17), expressed in terms of W (t) are valid for g* = —1
with W (t) given by (6.3.27). The streamlines in the (¢, 2*)-plane are obtained by
giving K*, which is arbitrary because K (t) was arbitrary, a range of values. The
pattern of streamlines in the (¢, z*)-plane is independent of time since (6.5.17) does
not depend on time. It depends only on the parameter §* and gives a good way to

investigate the dependence of the solution on S*.

In Figure (6.11) the streamlines are plotted in the ((,z*)-plane for suction with
p* = —0.5 and for fluid injection f* = 1,10 and 50. As [§* increases and the
strength of the blowing increases we see that the angle that the dividing streamline

makes with the base at the central line increases.
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The origin on the base is a stagnation point of the flow because the fluid velocity
is zero from from the no slip boundary condition and since v, (¢,0) = 0. In Model
IT for a two-dimensional thin film the thin film approximation is satisfied provided

4 * % 10 - .
—% < 8" < oco. In the graphs all values of * lie in this range.

g0 s b os o 10f
(a) B* = —0.5
z*
0.
Al
0.4f
A A y
0
10 05 0.5 TR
(c) p* =20

Figure 6.11: Streamlines for a range of values of 5* plotted in the ({, z*)-plane where

(=x/W(t) (-1 <(<1)and z* =z/h(t,0) (0 < z* <1).

6.6 Approximate solution for the dividing stream-

line

We now derive an approximate solution for the dividing streamline. We will use

coordinates ((, z*). After the cubic equation has been solved approximately in these
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coordinates the solution can be expressed in the coordinates (z, z) if required.

Consider the cubic equation (6.5.17). The dividing streamline passes through the
point ¢ = 0,z* = 0. Thus in (6.5.17), K* = 0. The cubic equation for the dividing

streamline therefore is

2*3_3<1_€2)§Z*+EB*(1—§2>5 /< SIS 66.1)
3 ¢ 0 (1—¢2)8
We derive an approximate solution for the cubic equation (6.6.1).
Equation (6.6.1) is first transformed to the standard form [2]
s +3Hs* + G =0, (6.6.2)
as described in Section 5.4.3. Let
=5t (1-¢2)0 (6.6.3)
The cubic equation (6.6.1) becomes
s —3(1- CQ)% s —=2(1-¢)+ 95*(1 Sl s =0. (6.6.4)

35C o =g
Equation (6.6.4) is in the standard form (6.6.2) with
H(() = —(1-¢%)7, (6.6.5)

A [\ B € Y L A A
GO = —2(1-¢)+ 58 : /0(1—@)3' (6.6.6)

On the dividing streamline, 0 <| { |< 1. We now consider an expansion in powers

of (2. No assumption is placed on 3* and time t. The results should be a good
approximation for all positive values of 8* > 0 describing fluid injection and for all
time. For large §* the dividing streamline is closer to the z*-axis. The approximation
should therefore be better for large values of 5* because the maximum value of |(]

on the dividing streamline is smaller.
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The expansion of H(¢) in powers of ¢? is

2 1
}ﬂ0=—1—§@—§&+0@%} (6.6.7)
Consider next the expansion of G((). Using integration by parts twice we obtain
¢ C*2 dC* CB 4 CS 8 ¢ C*6 dC*
;= ;= — = = 6.6.8
o oot 30— Bu-gf #h a-ep 00
Thus
TN (D b N S 6
GO =-2(1 C)+-3B{3§ %(1_@)+Cﬂcﬁ, (6.6.9)
and therefore
G(() = -2 {1 - (1 + gﬂ) ¢+ 2% B¢+ O (46)} : (6.6.10)

The expansion of the cubic equation (6.6.4) in powers of ¢? is therefore
*3 2.5, 14 6Y | o*
s = 31—§C—§C +0O(¢%)] s
) * 2 4 * ~4 6
- 21 (1458 g-+ﬁﬁc+cxc):0, (6.6.11)

where from (6.6.3)
. . 1 1
z:s+1—§8—§&+cﬂ&y (6.6.12)

We will derive the solution correct to order (2. We find that this gives a sufficiently
accurate result. The solution to higher order in ¢? can be derived. We have expanded

H(¢) and G(¢) to order ¢* which could be used to calculate the solution to order
¢t

The discriminant, A, of the cubic equation (6.6.11) is

A:@+Mﬂ:—%ﬁ8+@@ﬂ. (6.6.13)
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(i) Zero order in ¢?

To zero order in (2,
A=0, H=-1#0, G=-2#0. (6.6.14)

The cubic equation has three real roots with two roots coincident, one root different

2]. Equation (6.6.11) reduces to
(s* +1)*(s* —2) =0 (6.6.15)

and therefore

s*=-1, s§"=-1, s =2 (6.6.16)

2*=0, =0, 2z*=3. (6.6.17)

Since we have imposed the condition (* = 0, the solution is the three points,
(0,0),(0,0) and (0,3) on the centre line. The zero order solution for the dividing

streamline is the point (0,0) at the base on the centre line.
(ii) Solution correct to first order in (2
Correct to first order in (2, equations (6.6.11), (6.6.7), (6.6.10) and (6.6.12) become

s 31— %cz + Q(c‘l)} 5 —2 {1 —(1+ gﬁ*)cz + Q(C‘*)] =0, (6.6.18)

HQ) = - [i-2ev0(). (6.6.19)
G() = -2 [1 - (1 + g 5*) ¢+0 (44)} : (6.6.20)

2= s 41— %g‘Q +O(¢h. (6.6.21)
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The discriminant, A, of the cubic equation (6.6.18) is given by (6.6.13). Since we
are considering 5* > 0 for blowing, A < 0 provided ¢ # 0. The cubic equation
(6.6.18) therefore has three real and distinct roots [2].

Since A < 0 we again use the trigonometric method described in Section 5.4.3. The

three roots of the cubic equation (6.6.18) are

st =2(—H)? cos (qs Q"Tﬁ) . n=012 (6.6.22)
where ¢ satisfies
cos 3¢ = —ﬁ =1- gﬂ*@ +O(¢Y). (6.6.23)
Thus from (6.6.21),
z = _1 — %@ +0O (44)- [1 4+ 2cos¢], (6.6.24)
Z = :1 — %42 +0O (44): {1 + 2 cos (¢ + %ﬂ)} , (6.6.25)
= :1 — %42 +0O (44): {1 + 2 cos (¢ + %)} . (6.6.26)

Consider now ¢. For ¢ = 0, cos 3¢ = 1 and therefore ¢ = 0 since 0 < ¢ < %. Hence
for first order in (2, ¢ will be small, We therefore let ¢ = & where § > 0 is small.
Then from (6.6.23)

cos (30) =1 — gﬁ* C+0O(¢h. (6.6.27)
Using the series expansion (5.4.161) for cosine gives
9 2 4 5 * -2 4
L-50 +Q(5):1—§BC+Q(§) (6.6.28)

and therefore since 0 < 6 < 7/3,

5= @ B¢+ O (¢7). (6.6.29)
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Consider first zj, given by (6.6.24) with ¢ = §. Now

cosd =1 — %52 +0O () =1- 85—15*g2 +0O(¢h. (6.6.30)
Thus
2= [1 - %CQ +0O (C“)} [3 - ;—(1)5*8 +0O (C“)] : (6.6.31)
and therefore
2 =3 {1 - % (1 + gﬁ) C+0 (c‘*)} . (6.6.32)

Consider next z} given by (6.6.25) with ¢ = §. From (5.4.172)

2m 1 .
Ccos (5 + ?> =3 (cosé + /3 sin 5) . (6.6.33)

Now cosd is given by (6.6.30)and using the series expansion for sind with § given

by (6.6.29) we obtain
V10

sind =6+ (5) = 562+ O/(¢?)- (6.6.34)
Thus
oS (5 + 2%) = —% 1+ @B%C - 8%5*(2 +0O (CB)] : (6.6.35)
Hence (6.6.25) becomes
d=|1- 3¢+ 0] [—@ﬁ*%c F B0 (@)] (6.6.36)
and therefore
2= _@ﬁ*ﬁ“ [1 — ‘g_i_og*%g +0 (g2)] , (6.6.37)

Finally, consider z} given by (6.6.26) with ¢ = §. From (5.4.177)

dm 1 .
cos ((5 + ?> =5 (— cos § + V/3sin (5) (6.6.38)
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and using (6.6.30) for cosd and (6.6.34) for sinJ we obtain

cos (5 + 4%) = % -1+ @ﬂ*% + %ﬁ*Cz +0O (Cg)] : (6.6.39)
Thus (6.6.26) becomes
g=[1_§@+cx&ﬂ[%?a%c+gﬂt%u3@ﬂ] (6.6.40
and hence
% = @B*%c [1 - ﬁ—i_oﬁ*%c +0O (cg)] : (6.6.41)

The solution z* = z§({) is not a dividing streamline because it does not go through
the point ¢ = 0,2* = 0. It passes through the point ( = 0,2* = 3 which lies on
the centre line outside the thin film. The root 23 is obtained from 2z} by replacing ¢
by —(. For ¢ > 0 we have zj < 0 and 25 > 0 while for ¢ < 0 we have 27 > 0 and

z5 < 0. The dividing streamline in the (¢, z*)-plane is therefore given by

¢>0 : =230, (6.6.42)
(<0 z=2(0). (6.6.43)

The equation of the dividing streamline correct to order (2 is

(>0 : 2= @ﬁ*%g 1+ \g—i_oﬁ*%c +0O (4“2)] : (6.6.44)

(<0 : z= —@ﬁ*%g [1 - \g—i_oﬁ*%g +0O (gQ)] . (6.6.45)

The equations of the dividing streamline in the (z, z)-plane, correct to order (z/W (t))?
is
V30

1 2 xXr
>0 : = —— (%2 W 2%55" (¢
x 2= B ¥ ()W(t

NE x?
1+EZBW@+O<WWQ

X

~—

: (6.6.46)

| I |
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<0 : z:—£ﬂ2W 2+5ﬁ*()Wx(t X
NE
11— —3* .6.4
[ 54 b W(t) ( (6.6.47)
where .
10 T 5%
W(t) = {1 + 9 (1+p87) t} (6.6.48)
and we have used
h(t,0) = W 2555 (1), (6.6.49)

Let 9 be the angle that the dividing streamline makes with the positive (-axis at
the origin ¢ = 0, z* = 0, in the ({, z*)-plane. Then

az; V30 1
= —[("2, 6.6.50
|, 0 B ( )

tand =

In Figure 6.11 the streamlines are plotted in the (¢, z*)-plane for 5* = 1,20, 50.
From (6.6.50) the corresponding values of ¥ = ¥(5*) are

9(1) = 31.3°, 9(20) = 69.8°, ¥(50) = 76.9°, (6.6.51)

which agrees well with the slope of the dividing streamlines at the origin in Figure

6.11.

Consider now the (z, z)-plane in which the angle ¥ depends on time. From (6.6.46),

0 V30 - .
tan® = 8—22 = S-gtw (55 (p). (6.6.52)
=0
Using (6.6.48) for W (t), (6.6.52) becomes
4458*
vV 1 1 _<10(1+ﬁ*)>
tand) = %ﬁ*z {1 + 50 (1+ %) t} : (6.6.53)

The angle ¥ decreases with time in the (x, z)-plane, consistent with Figure (6.10).
We now derive two asymptotic results for the time dependence of tan® in the (z, 2)-

plane.
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Consider first small values of time such that

9
t < m. (6.6.54)

Then, neglecting terms of order ((1+4 8%)t)%,

}_(%)

{1 4 1—90 (1+ 87t — exp {_é (4+58°) t] (6.6.55)

and therefore for small values of time satisfying (6.6.54) we have approximately,
30 1
tan ) = %B*% exp [—5 (44 55%) t} . (6.6.56)

Thus the gradient of the dividing streamline at the origin initially decreases expo-

nentially with time.

Consider next the asymptotic value of tan as 8* — oo at a fixed time ¢. Keeping
only the dominant term in an expansion for large *,

4

_ Lﬁi _
[1%—1—90(1+B*)t} ) (1—905*75) , (6.6.57)

and therefore for large g%,

=

/30 1<1o )‘5 ! (6.6.58)

tanﬂNTﬁ*i gﬁ*t = NS
Thus for large 5*, with increasing time the gradient at the origin of the dividing
streamline decreases like 1/+/¢. This is illustrated in Figure 6.12 where the dividing
streamline, given by (6.6.46) and (6.6.47), is plotted against = for * = 50 and a
range of values of time. In Figure 6.13, the angle ¥ given by (6.6.53) is plotted
against £* for a range of values of time. We see that as §* increases, 9 tends more

rapidly to the asymptotic value for large time, (6.6.58).



128 Chapter 6. Two-dimensional thin film:Model IT

z
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Figure 6.12: Dividing streamline, given by (6.6.46) and (6.6.47), plotted against x

for g* = 50 at time t = 5, t = 100, £ = 500 and ¢ = 1000.

Finally consider the point of intersection, P, of the dividing streamline with the

surface of the thin film z = h(t,z). Consider the ((,z*)-plane with ¢ > 0 and

denote the point of intersection by ((,, 2;). From (6.3.21) for h(t, x),

1
* 2\ 3
5=01-¢)°.
Using (6.6.44), the point of intersection satisfies

(1-¢) = @ﬁ*%cp [1 + “S—ij;_%*%cp +0()] -

We expand the left hand side and neglect terms of order Qg’. This gives

5 * 2 \/% *% _
(1+ﬁﬁ>Cp+Tﬂ Gp—3=0,

which is a quadratic equation for (.

If terms of order ¢} are neglected then (6.6.61) and (6.6.59) give

9 1 .
Gp=—=—7, =L

\/@ﬁ*é

(6.6.59)

(6.6.60)

(6.6.61)

(6.6.62)

We see that as 3* increases, (, decreases showing that the expansion in ¢, is more

accurate for large 5*. The combination ﬁ*%Cp occurs in expansions such as in (6.6.35)
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. e t=1

t=3

t=10
20 30 2

Figure 6.13: The angle ¥ in radians, given by (6.6.53), plotted against 8* for a range

of values of time. The asymptotic value of ¥ for large 5*, given by (6.6.58), is shown
by a dotted line (— — —).

and (6.6.39). These expansions exist even for large 5* because B*%Qp is order of

magnitude one. In the (z, z)-plane the point of intersection is

9 1 2
r, = ——7W(), z, = W 24567 (1), 6.6.63
b= 0w 0 (6.6.63)

where we used (6.6.49) for h(t,0) and W(t) is given by (6.6.48).

The approximation correct to order Cg is obtained by solving the quadratic equation

(6.6.61). The positive root of (6.6.61) can be expressed as

_ V3 2.\ _ VIO,
Qb_(1+%ﬁﬂ (1+5ﬁ3> 5 6]. (6.6.64)

and (6.6.59) expanded correct to order ¢ is
* 1 2
5=1-3¢ (6.6.65)

In the (z, z)-plane with x > 0 the point of intersection is

o= W), 2= <1 - % (mf@)) ) W (1), (6.6.66)
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In Figure 6.14 the approximate solutions for the dividing streamlines given by
(6.6.46) and (6.6.47) are plotted with the numerical solution of (6.6.1) for the di-
viding streamline at time ¢ = 5 for * = 5, * = 10, * = 15 and g* = 50. From
the graphs we see that the approximate solution is quite close to the numerical solu-
tion and as the value of 8* is increased the approximation moves even closer to the
numerical solution and is almost indistinguishable. From the graphs it is also clear

that as the magnitude of §* is increased, the gradient of the dividing streamline

h(t, x) h(t, x)
P : P
08l \ i ,
\ ’ \ 08, A
A\ A ‘\ L III
N\ 06} N 06]
0.4r 04l
2 2
_4 2 2 4 X 6 -4 -2 2 4 6 ¥
(a) B* =5
h(t, x)
),
\ 08 y
0.6+
0.4
0
5 5 X
(c) =15
Figure 6.14: Approximate solution for the dividing streamlines (— — —) given by

(6.6.46) and (6.6.47) plotted with the dividing streamline (—) derived from the
numerical solution of (6.6.1) for a range of f* at a fixed time ¢t = 5. The point of
intersection of the dividing streamline with the surface z = h(t, z) given by (6.6.66)
is depicted on the graphs by e.
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increases because the velocity of fluid injection at the base increases. The injection
velocity increases with x which forces the dividing streamline to moves towards the

centre line.

6.7 Conclusions

When the fluid velocity at the base is proportional to the spatial gradient of the
height a complete analytical solution can be derived. The fluid variables and the
streamlines could be fully analysed. The injection velocity is zero at the centre line
and infinite at the moving contact line. This resulted in the formation of a dividing
streamline which separated fluid descending due to gravity from fluid ascending due
to injection at the base. The properties of the dividing streamline could be analysed
by using an approximate solution. The thin film approximation is satisfied for the

whole range of blowing but only for weak to moderate suction.



Chapter 7

Axisymmetric liquid drop

7.1 Introduction

In this thesis we compare the spreading under gravity of a two-dimensional thin
fluid film with an axisymmetric liquid drop, undergoing suction or blowing at the
base. The spreading of an axisymmetric liquid drop with suction or blowing has
been considered by Mason and Momoniat [20]. These authors derived the group
invariant solution and analysed the evolution of the surface profile, the base radius,
the total volume and the normal fluid velocity at the base for Model I on which the
velocity at the bases is proportional to the height of the drop and for Model II in
which it is proportional to the spatial gradient of the height. They did not impose
the condition ~(0,0) = 1 on the initial dimensionless height which meant that the
initial velocity V4 was not determined or make a change of variable similar to that
described in Section 4.3.4 to simplify the parameters. They also did not analyse the
fluid velocity on the axis of symmetry in Model I or the streamlines in Model I and

IT.

In this chapter we will outline the derivation of the mathematical model, giving the

132
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equations for the fluid velocity necessary to analyse the fluid velocity inside the liquid
drop, and also derive the group invariant solution. We will impose the condition

h(0,0) = 1 and make a transformation of variables similar to that in Section 4.3.4.

In Chapter 8, Model I will be considered with emphasis on the analysis of the fluid
velocity on the axis of symmetry and investigation of the streamlines. In Chapter 9,
Model IT will be considered, with emphasis on the streamlines. In Chapters 8 and
9, the derivation of the other properties of the spreading of the liquid drop will be
summarised because they will be required in the comparison between the evolution

of the two-dimensional thin film and the axisymmetric liquid drop.

7.2 Mathematical model of the axisymmetric spread-

ing of a liquid drop with suction/injection

Consider the axisymmetric spreading of an incompressible liquid drop under gravity
on a fixed horizontal plane. At the horizontal plane there is suction of fluid from
the thin film or blowing of fluid into the thin film. The coordinates and the physical

quantities are shown in Figure 7.1

Figure 7.1: Spreading of an axisymmetric liquid drop of radius R(t) under gravity

with blowing (v, > 0) or suction (v, < 0) of fluid at the base.
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The equation of the free surface of the liquid drop is z = h(¢, 7). The body force per

unit mass is due to gravity and acts in the —z direction:

The dimensional thin film equations are given by equations (2.2.73)-(2.2.76) and
the components of the Cauchy stress tensor by (2.2.89). Using (7.2.1), equations
(2.2.73)-(2.2.76) become

dp 02,

dp

2 - P9 (7.2.3)
10 ov,

The components of the Cauchy stress are

Trr = =P, Too0 = =P, Tzz= —D, Tro = 07 Trz = Tz = 0. (725>

Consider now the boundary conditions.
z = 0: No slip boundary condition for a viscous fluid at a solid boundary

v (t,7,0) = 0. (7.2.6)

z = 0: A normal velocity is induced by the fluid injection/suction

v, (t,7,0) = v, (t,7), (7.2.7)
where if
v,(t,7) > 0 blowing/injection,
va(t,r) < 0 suction.
z = h(t,r):

p(ta T, O) = Do, (728)

where pg is the atmospheric pressure.
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z = h(t,r): No tangential stress on the free surface

T = ,u%(t, r,h) = 0. (7.2.9)

z = h(t,r): A fluid particle on a free surface remains on the free surface.

v, (t,r,h) = on + v (t, 7, h)%
r

2.1
Y (7.2.10)

We now write the equations and boundary conditions in dimensionless form. We

list the characteristic quantities .
Characteristic length in r-direction: Ry = R(0), initial radius of the liquid drop.

Characteristic length in z-direction: H = h(0,0), initial height of the liquid drop at

the center of the liquid drop.

Characteristic pressure:

pURy
P = 2 =PI H.
Characteristic velocity in the r-direction:
g H’

U —

14 R() .
Characteristic velocity in the z-direction:

HU
Ry
Characteristic time:
=

The characteristic velocity U was obtained by equating the two expressions for the

T

characteristic pressure P.

We define the following dimensionless variables:

— R B z
R—ﬁoa Z_Ea

Vy =
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_ RO Un %
Up = )
HU

t
Ta

Expressed in dimensionless form equations (3.2.5)-(3.2.7) become

1
T

9
or

The boundary conditions are:

z = 0:
z = 0:
z = h(t,7)
z = h(t,7)
Z = h(t7)

Initial conditions:

Since

it follows that

F_h P Tk
- Ha P = Pa Tik = P
o _ o,
or 0z’
Jp
— = -1
0z ’
WT)JF%@; = 0.
v.(t,7,0) =0,
v,(t,7,0) = 0,(F, t),
p(ﬂ 777 B) = Do,
- Hov, - - B
TZi(t,T, h) = T Q5 (t,7,h) =0,
oh  _ - 0Oh  _ -
5 + v.(t,7, h) i v,(t, 7, h)
- R(t)
) = 22
R() = oy
R(0) =1

The overhead bars will be suppressed in equations (7.2.12)-(7.2.21).

(7.2.11)

(7.2.12)
(7.2.13)

(7.2.14)

(7.2.20)

(7.2.21)

We now derive the partial differential equation for h(t,r). We first obtain an ex-

pression for v,(t,r, h). Integrate the continuity equation (7.2.14) with respect to z

from z =0 to z = h(t,r):

h(t,r) B
/0 E(Tvr(t,r, Z))dZ—I—T/O

R o, (t, 7, 2)

dz = 0.
52 z=0

(7.2.22)
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But from the formula for differentiation under the integral sign [10]

h(t,r) o h(t,r) Oh
/0 E(T v (t,r, 2))dz = P /0 rog(t,r,z)dz — ro.(t,r, h)a, (7.2.23)

and

0z
where the boundary condition (7.2.16) at z = 0 has been applied. Substituting

h(t,r)
/ Ou:(t,r2) ) v, (t, 7, h) — va(t,7), (7.2.24)
0

(7.2.23) and (7.2.24) into (7.2.22) and solving for v, (¢,r, h) gives

10 hit.r) oh
_ 1 on . 2.9
v,(t,r, h) 5 r /0 ve(t,r, 2)dz | +v.(t,r, h) 5 + v, (t, ) (7.2.25)

Substituting (7.2.25) into (7.2.19) we obtain

h(t,r)
% + 182 (r / v (t, 7, z)dz) = v, (t, 7). (7.2.26)
T or 0

We now need to obtain an expression for v,.(¢,r, z). From (7.2.13)
p(t,r,z) = —z+ N(t,r), (7.2.27)

where N(t,7) is an arbitrary function of integration. But imposing the boundary

condition (7.2.17) at z = h(t,r) gives
N(t,r) =po+ h(t,7), (7.2.28)

and therefore
p(t,r,z) =po+ h(t,r) — 2. (7.2.29)
Also from (7.2.12) and (7.2.29)

OPv,(t,r, 2) B Oh(t,r)

: 7.2.30
022 or ( )
Integrating with respect with z gives
v, (t,r, Oh(t,
ortirz) _ OMET) | gy . (7.2.31)

0z or
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where B(t,r) is the arbitrary function of integration and applying the boundary
condition (7.2.18) results in

B(t,r) = —h(t, ) 2L (7.2.32)
or
Thus
ov, Oh
E(t, r,z) = (z — h(t,r)) E(t’ r). (7.2.33)
and integrating again with respect to z gives
v (t,r, 2) = (%,22 — z h(t, 7“)> %(t, r)+ C(t,r), (7.2.34)
r

where C(t,7) is an arbitrary function of integration. Applying the no slip boundary
condition (7.2.15) results in C(t,r) = 0, hence

22 oh
= = - — 2.
ve(t, T, 2) (2 z h(t, 7")) B (t,7) (7.2.35)
and therefore o
h(t,r 1 h
/o v (t, 7, 2)dz = —ghgg—r. (7.2.36)

Finally substituting (7.2.36) into (7.2.26) we obtain

oh 19 [ ,0h
E — ga (Th a) —|—Un(t,r), (7237)

Equation (7.2.37) is a nonlinear diffusion equation, with a source or sink term, for

the height h(t,7) of the liquid drop.

7.3 Constraint equation

Since the fluid is incompressible the total volume of the liquid drop can change only

due to fluid leaking off at the base or being blown into the liquid drop at the base.

We first use dimensional variables. Now the element of volume at distance r from
the axis is

OV = h(t,r)2nrir, (7.3.1)
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and therefore the total volume of the liquid drop is

V(t)=2m /R(t) rh(t,r)dr. (7.3.2)

Let us now consider the rate of inflow into the liquid drop at the base. The element
of area at distance r from the axis is 6 A = 27r dr and therefore if 6V now denotes

the volume of fluid blown into the liquid drop through area A in time dt,

OV = 2mr or v, (t,r) dt. (7.3.3)
Thus
%
— = 27rv,(t, r)or, (7.3.4)
gt
hence “
R(t
a 27?/ ro(t,r)dr. (7.3.5)
dt 0

Equations (7.3.2) and (7.3.5) are made dimensionless using the dimensionless vari-
ables (7.2.11). The characteristic volume is 7 R2 H and the dimensionless total

volume is
V()
CTRH

Expressed in dimensionless variables, (7.3.2) is

V(1) (7.3.6)

— R® _
V(t) :27r/ 7 h(t,T)dr, (7.3.7)
0
and the balance law (7.3.5) becomes
i R(t)
ﬂ = 27r/ TU,(t,T)drT. (7.3.8)
dt 0
The overhead bars will be suppressed in (7.3.7) and (7.3.8).

7.4 Group invariant solution

Mason and Momoniat [20] have shown that

0 0 1 0
X=(aa+ct)=+cr—+ (2 —cg)h%,

4.1
ot or 3 (7.4.1)
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is the general form of the Lie point symmetry of the partial differential equation
(7.2.37) provided that v, (¢, r) satisfies the first order linear partial differential equa-
tion

ov,,

ov,, 2
(c1 4 ¢ t)ﬁ + BT =3 (c5 — 2¢2) Uy, (7.4.2)

where ¢1, ¢y and ¢z are constants. Equation (7.4.1) can be written as

X = Cle + CQXQ + 03X3, (743)
where
0 0 1.0 0 2 0
Xi=—, Xo=t——=-h—, Xg=r— +-——. 4.4
e Tl 3" T T3 (744)

There are only three Lie point symmetries compared with four for the spreading of

a two-dimensional thin film.

Now h = ®(¢,r) is a group invariant solution of the partial differential equation

(7.2.37) on condition that
X (h— ®(t,7)) o= 0, (7.45)

where X is given in (7.4.1). Expanding (7.4.5) gives the first order linear partial

differential equation

0P o 1
(c1 4 ¢ t)a + s =73 (2¢5 — c9) D. (7.4.6)

We consider the general case in which ¢y # 0,¢3 # 0 and 2c3 # ¢o. The differential
equations of the characteristic curves of (7.4.6) are

dt dr dd
— -3 4.
c1 + ot car 3 (2c3 —c2)®P (7.4.7)

The first pair of terms gives

S (7.4.8)

€3

(Cl + Cgt) 2

where a; is a constant. The first and third terms give

P
(c1 + eat) 325

= a9, (749)
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where as is a constant. The general solution is
a9 = F(al), (7410)
where F'is an arbitrary function. Since ® = h(t,r), the general solution is
332
h(t,r) = (c1 + cat)?\e2 2/ F (), (7.4.11)

where

f=— (7.4.12)

Consider now the first order linear partial differential equation (7.4.2) for v,(t,r).

We assume further that c3 # 2c¢;. The differential equations of the characteristic

curves are
dt d dv,,
_dr v (14.13)
crtct  c3r (3 —2¢)v,
The first pair of terms again gives
SEE— (7.4.14)
(01 + Cglf)a
where by is a constant and the first and last terms give
/UTL
g(cg,z) = by, (7.4.15)
(Cl + Cgt) 3\e2
where by is a constant. The general solution is
2(0_3_2>
U (t, 1) = (1 + eot)®\2 ) G(€), (7.4.16)
where G is an arbitrary function and as before
f=— " (7.4.17)
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7.4.1 Reduction of nonlinear diffusion equation to an ordi-

nary differential equation

We will reduce the nonlinear diffusion equation

oh 10 oh
or

on_ Y 30N
ot  3ror rh ) +on(t,r), (7.4.18)

to an ordinary differential equation using the group invariant solution (7.4.11),
(7.4.16) and (7.4.17). We work with £ and ¢ as variables and eliminate 7 in terms
of £ and ¢ by using (7.4.17). Also

ag_; %_ Cgf

oS 0 et (7.4.19)
Using (7.4.11) and (7.4.19) we obtain
%?:%un+@wﬂﬁg9(%%(%?—1)F@y—€%) (7.4.20)
and
5%%<N%%)=?ﬁ+@ﬁ;é%%(ﬁﬁ@%}- (7.4.21)
Substituting (7.4.20), (7.4.21) and (7.4.16) into (7.4.18) gives the ordinary differen-

tial equation

d dF dF
3 (5 F3d—£) +3c3 §2d—§ +(ca—2c3)EF+3EG(E) =0. (7.4.22)

The ordinary differential equation does not depend on the constant c;.

7.4.2 Boundary condition at the moving contact line

The spreading liquid drop has only one moving contact line at » = R(¢) unlike the
two-dimensional thin film which had two. Using (7.4.11) we write the boundary
condition

h(t,R(1) =0, t>0, (7.4.23)
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in terms of the similarity variable (7.4.17) as
F(A(t)) =0, (7.4.24)
where
R(t
(01 + Cgt) €2
Differentiating (7.4.24) with respect to ¢ gives
dFdA
—— =0. 7.4.26
dA dt ( )
But F(£) is not a constant function, thus 4% % 0. Hence
dA
=0 7.4.27
77 ( )
and therefore A(t) = Ay where Ay is a constant. Equation (7.4.25) gives
R(t) = Apcy? (1 + g15) : (7.4.28)
c

3

But R(0) = 1 because the characteristic length is the initial radius of the liquid

drop. Thus

and
<3

R(t):<1+2—j)02.

The boundary condition (7.4.24) becomes

_ 3
F(q”):O

and (7.4.17) for € can be written as

(7.4.29)

(7.4.30)

(7.4.31)

(7.4.32)
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The similarity variables for the two-dimensional thin film and the axisymmetric
liquid drop are given by (4.3.9) and (7.4.17):
Cq + C3X r

= —" E=——. (7.4.33)
(01 + Czlf)a (C1 + Czt)

oY

For the two-dimensional thin film there is the additional unknown, ¢4. The constant
cs can be removed by redefining ¢4, ¢; and ¢o. Thus for the thin film there are two
unknowns ¢, and W (t) , which needed boundary conditions at the two contact lines,
x = £W(t), to be determined while for the liquid drop there is only one unknown,

R(t), which needed a boundary condition at only the one contact line, r = R(t), to

be determined.

7.4.3 Balance law for fluid volume

The volume and rate-of-change of volume of the liquid drop are first written in
terms of the similarity variable £. The two expressions, (7.4.17) and (7.4.32), for £

are used. The total volume (7.3.7) becomes

BN ICY
V()= Vo (142 , (7.4.34)
1
where
_<&3
s(a-1) [a 2
Vo=2¢/\ ° / EF(E)dE. (7.4.35)
0
Using (7.4.16) for vy, (7.3.8) becomes
av HE s(es_1) [9
EZQCE(CQ ) (e1 4 a3 (3 2)/ cG(6) de. (7.4.36)
0

Differentiating (7.4.34) with respect to ¢ and using (7.4.36), we obtain

c

8 C3 1 o o Cl_%
S, (0—2—§> | eroae= [ coae (7.4.37)

Equation (7.4.37) is the balance law for fluid volume expressed in terms of the

similarity variable.
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7.4.4 Change of variables

In order to reduce the number of parameters in the problem consider the change of

variables
§=A¢,  F()=Bf(), G =DgQ), (7.4.38)

where A, B and D have still to be chosen. This change of variable was not considered
by Mason and Momoniat [20]. Substituting (7.4.38) into (7.4.22), the ordinary
differential equation becomes

1 B3 d aF\ d e 3 D -
e (crOm )+ cron+ (2 -8) 1o+ 2agco© =0 (1as

The boundary condition (7.4.31) now is

—0 (7.4.40)

and the balance law (7.4.37) becomes

c3 c
c

¢g(¢) dg. (7.4.41)

e
il

B8 [c; 1\ [ -
2o (8 _2 d¢ =
D302<62 8)/0 ¢f(¢)d¢ /0
We therefore choose from (7.4.39)
B3 D

=1 — =1 4.42

and from the boundary condition (7.4.40)

=1 (7.4.43)

This gives three equations for the three unknowns A, B, D. Hence

3 1 23 4 2¢3

A=¢,?, B=cie¢,'?, D=ciec . (7.4.44)

With this choice of A, B and D, the ordinary differential equation simplifies to
d

3L 43 L (2 c2 _
7 (cPOR) g @i+ (2-8) 300, ()

dg dg
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with boundary condition

F1) =0 (7.4.46)

and the balance law becomes

1 o 1 o
3 (3-2) [er@ac= [ a0 ac (r.4.47
The volume V() is given by (7.4.34), however the initial volume simplifies to
LS|
_o (%)’
V=2 () | eroac (7.4.48)

The equations for the height (7.4.11) and the leak-off velocity (7.4.16) become

ht,r) = (ﬁ)%(uﬁt)%(%_%) £(0), (7.4.49)

on(t, ) = (%)3 (1 + Z—jt)?)(% >g(g). (7.4.50)
where
¢ = th). (7.4.51)

There remains one condition to impose which is on the initial dimensionless height

at the centre of the liquid drop. The dimensionless height satisfies
h(0,0) = 1. (7.4.52)

This condition was not imposed by Mason and Momoniat [20]. With A(t,r) given

by (7.4.49), we obtain

z_il” _ f31(0)’ (7.4.53)

Now ¢y/c3 is either given or determined from the balance law and an assumption

relating f(¢) and ¢(¢). It therefore remains to determine cy/c;. We have

Co Cg C3 1
=" = . 7.4.54
cg ez af3(0) ( )
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where

a=2 (7.4.55)

Expressed in terms of the transformed variables and the parameter o the system of

equations takes the form :

d 30U a2 1_ -
Z(crob)+sg@ro)+ (5 -8)cr@+sca0 =0, (450
f(1) =0, (7.4.57)
1 1 1 1
s(3-2) [eroac= [ oo (7.4.5%)
R(t) = (1 + #@)) , (7.4.59)
ba-1)
Vit) = W (Hﬁ) : (7.4.60)
9 1
Vo = 5 | Q¢ (7.4.61)
tV
1 £\ 3@
v (t,r) = 7100) (1 + W) g(¢), (7.4.63)
where
(= th). (7.4.64)
The Lie point symmetry is given in (7.4.1) and when divided by ¢; gives
t 0 r 0 1 1 0
X = (1 + W) st Foyar TR0 (2 - 5) ha (7.4.65)

There remains an assumption that needs to made on ¢({) in order to close the system

of equations. We will consider the same two models for axisymmetric spreading as we
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did for two-dimensional spreading in order to compare the two flows under suction
and blowing. In Chapter 8 we will assume that v, (¢, ) is proportional to (¢, r) and
in Chapter 9 we will assume that v, (t,7) is proportional to the spatial gradient of

the height, Oh(t,r)/Or.

7.5 Conclusions

For the axisymmetric spreading of a liquid drop the nonlinear diffusion equation with
a source term admits three Lie point symmetries provided the fluid injection velocity
at the base satisfies a first order linear partial differential equation. This compares
with the four Lie point symmetries admitted by the nonlinear diffusion equation
for the spreading of a two-dimensional thin film. The group invariant solution
for the axisymmetric spreading of a liquid drop is given by equations (7.4.56) to
(7.4.65). There is only one moving contact line at » = R(t) where the height vanishes
compared with two contact lines for the two-dimensional spreading of a thin fluid
film. One further condition is required to complete the system of equations. The
models we will consider in Chapter 8 and 9 to complete the system will be the
same as in Chapters 5 and 6 in order to compare axisymmetric spreading with

two-dimensional spreading.



Chapter 8

Fluid injection velocity
proportional to the height of the
liquid drop

8.1 Introduction

In this chapter we make an assumption on g(¢) to close the system so as to enable
us to solve the ordinary differential equation (7.4.56). The simplest assumption is
to consider the normal fluid velocity v, (¢,r) at the base to be proportional to the
height of the liquid drop A(t,r). We will examine the velocity on the axis r = 0 and
once we have solved for h(t,r) and v,(t,r) we will calculate the streamlines within

the liquid drop.

149
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8.2 Relation between ¢(¢) and f({)

We consider the case
9(¢) = B f(¢), (8.2.1)

where 3 is a constant. We examine the physical significance of this assumption by
expressing ¢(¢) in terms of h(t,r) using (7.4.62) and substituting these expressions
into (8.2.1). This gives

Bhitr)
70) (14 77 )

Un(t, 1) = (8.2.2)

Thus v, (t, r) is proportional to h(t, 7). The fluid injection velocity v, (¢, ) is greatest
at the central region where h(t,r) is greatest and vanishes at the moving contact

line r = R(t). We find that f(0) is independent of 5. Consequently

>0 then wv,>0: blowing of fluid into the liquid drop, (8.2.3)
B =0 then wv,=0: no suction or injection, non-porous substrate, (8.2.4)

B <0 then v, <0: suction or leak-off of fluid into porous substrate. (8.2.5)

8.2.1 Flux boundary condition at ( =1

Consider first dimensional variables. There is no flux of fluid across the moving
contact line r = R(t). The volume of fluid which flows across the surface element of

height 0z at radius 7 in time 0t is

OV =2mrdzuv(t,r,z)0t, (8.2.6)

as illustrated in Figure 8.1. Hence the volume flux of fluid across the surface of

radius r at time ¢ is

h(t,r)
Qt,r) = 27r7"/ v (t, 7, 2) d 2. (8.2.7)
0
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r R(t) R() :

Figure 8.1: Volume V()

We make (8.2.7) dimensionless using the dimensionless variables (7.2.11). The char-

acteristic volume flux is m RyH U. Thus

h
Q(t,7) :27/ v,.(t,7,%) dZ. (8.2.8)
0
We suppress the overhead bars. Using (7.2.36), (8.2.8) becomes
2 ,0h
=—= —. 2.
Q(t,r) Srh B (8.2.9)

Expressed in terms of the similarity variable ¢ using (7.4.62) for h(t,r) we obtain

2 1 " 2(2a—1) df
Qt,r) = ~3710) (1 + af3(0)> gf3(g)d—<_. (8.2.10)

There is therefore no flux of fluid across the moving contact line, » = R(t), that is,
¢ =1, provided

f3(1)df—(1) =0. (8.2.11)

dg

8.3 Solution of the ordinary differential equation

To obtain o we consider the balance law (7.4.58) and using (8.2.1) we have

%(8—&—35) /01Cf<<>d<=0. (8:3.1)
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But since f(¢) >0 for 0 < (¢ < 1,

1
/O CH(Q) dC £0, (8.32)
thus
1
8—5—3520, (8.3.3)
and subsequently

Using this result for o we may solve the ordinary differential equation (7.4.56) for

f(©).

Substituting (8.3.4) into (7.4.56) reduces it to the integrable ordinary differential
equation
df

d (3, df d g
d—c<f(g)d<)+3d<(g f)=0. (8.3.5)

Equation (8.3.5) is exactly the same as the ordinary differential equation (5.3.4) for
the spreading of a two-dimensional thin film. The boundary conditions (4.3.70) and
(5.2.15) and (7.4.57) and (8.2.11) at ¢ = 1 are the same for both problems. (For the
two-dimensional thin film the boundary conditions can be applied at either { = —1

or ( = 1 since it is symmetrical about the centre line). The solution (5.3.6) is again

obtained: A
£(0) = (g) (1-¢?)7. (8.3.6)
Substituting (8.3.6) and « given by (8.3.4) into (7.4.59) to (7.4.64) gives
) =
R(t) = (1 + 5(8 —305) t> , (8.3.7)
9 5
V(i) = W (1 + 5(8 —30) t) , (8.3.8)
1 . 3
Vo = 2/0 C(1-¢%)° d¢ = T (8.3.9)
B—2

8—38

h(t,r) = (1 + 3(8 —35) t> (1- gQ)% : (8.3.10)
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2 2 2(3%55) 1
vp(t, 1) = 56 (1+§(8—36)t> (1-¢3)3, (8.3.11)
where
r
= — < (<1 3.12
(=g 0sC< (33.12)
The Lie point symmetry (7.4.65) when multiplied by % is
9 0 0 0

For the results (8.3.7)-(8.3.12), 3 # 3.

The limit § — % is obtained as in Section 5.3 by first considering R(t) and rewriting

(8.3.7) as

1 2 /(8
R(t) = —n(l1+-1|-- t)|. 8.3.14
0 exp[(g_ﬁ)n(+9(3 ) )] (8.3.14)
and by using (5.3.14) to expand In(1 + ¢€) for small e. We obtain
. 2t
lim R(t) = exp {—} . (8.3.15)
B35 9

As 8 — 3, (8.3.8), (8.3.10) and (8.3.11) tend to

V(t) = Vpexp [%} , (8.3.16)
h(t,r) = exp E—;] (1- g2)% : (8.3.17)
v (t,r) = ;—(75 exp [;l—;] (1- Cz)% : (8.3.18)

where Vj is given by (8.3.9) and ( is given by (8.3.12).

The dependence of R(t), V(t), h(t,0),v,(t,0) and the thin film ratio

e(t) = (8.3.19)

on f for —oo < f < oo is similar to the dependence of W (t),V(t), h(t,0),v,(t,0)
and €(t) on 8 for a two-dimensional thin film analysed in Chapter 5. Some of the

critical values of § are different, for example, exponential behaviour for a liquid drop
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occurs for f = % while it occurred for § = % for a two-dimensional thin film. Some

limits occur in the finite time

_ 3
2(6-75)
for a liquid drop while they occurred in the time ¢; defined by (5.3.21) for a two-

ty = (8.3.20)

dimensional thin film. The results for the axisymmetric spreading of a liquid drop
are summarised in Tables 8.1 to 8.5 and illustrated in Figures 8.2 to 8.6. Figures

8.2 to 8.5 are similar to Figures presented in [20] and are included for completeness.

We now comment briefly on some of the main deductions from Tables 8.1 to 8.5.
Since % > () for —oo < 8 < 0o the base always expands even when there is suction

for —oo < < 0. For the height

oh 2 2\
E(t’ r) = —g?“Rﬁ (t) (1 _ R2—(15)> (8.3.21)

and therefore % — —oo as r — R(t). In the vicinity of the moving contact line,

win

r = R(t), the thin film approximation breaks down. Blowing or suction did not
remove the singularity at r = R(t) or reduce the power of the singularity in the

spatial derivative which remains at —%. Also

2(28-5)

Oh 2 2 -39

—(t,0)==(—2)[1+=-(8—=30)t . 8.3.22

S0 =514 3530 (8322
For —oco < 8 < 2, %(t, 0) < 0 and therefore the maximum height of the liquid

drop decreases with time even when there is blowing at the base for 0 < g < 2.
For this range of § the blowing is weak and the decrease in height due to spreading
under gravity is greater than the increase in height due to blowing. We see that for
b > %, the fluid injection velocity v, (t,0) increases with time and eventually tends
to infinity. For g < B < %, U, (t,0) — oo in an infinite time and the blowing can be
considered as strong, while for % < f < 00, v,(t,0) — oo in the finite time t3 and
the blowing can be regarded as very strong. The thin film approximation is valid if

e(t) < 1 where €(t) is given by (8.3.19). From (8.3.7) and (8.3.10) for § # &,
B3

e(t) = (1 + 3(8 - 35)15) . (8.3.23)
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and from (8.3.15) and (8.3.17) for 3 = £,

(t) = exp [—%t} | (8.3.24)

For —oo < 8 < 3 the thin film approximation is valid for all ¢ > 0.

dR
g R(t) o
—00 < 3 < 2| R(t) — oo as t — oo algebraically | >0
B=3 R(t) — oo as t — oo exponentially | > 0
R(t) — 00 as t — t3
P <f <0 ; > 0
i )

Table 8.1: Behaviour of the radius of the liquid drop, R(t), for —oo < 8 < oc.

The radius R(t) is plotted against time, ¢, in Figure 8.2.

2.0
-5 B=35
1.8F
=8
B= 3
1.6
B=2.3
3 p=2
14 p=1.7
B=1.5
p=1
=0
1.2 p=-1
// p=-3
1.0 _ | | | | |
0.0 0.5 1.0 1.5 2.0 25 3.0

Figure 8.2: Radius R(t) given by (8.3.7) and (8.3.15) plotted against ¢ for a range

of values of .
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dv

B V() o

—00 < fB<0]| V(t) = 0ast— oo algebraically | <0
B = V(t) =V 0

0<B <2 | V(t) = o0 ast— oo algebraically | >0

g=23 V(t) = oo as t — oo exponentially | > 0

V(t) — o0 as t — t3
S << ; > (0
R =)

Table 8.2: Behaviour of the total volume of the liquid drop, V (¢), for —oo < 8 < oo.

The volume V' (t) is plotted against time, ¢, in Figure 8.3.

00 o5 10 15 20
t

Figure 8.3: Volume V' (¢) given by (8.3.8) and (8.3.16) plotted against time, ¢, for a

range of values of 3.
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9 ’
5 A(t,0) 2
—o00 < B <2 | h(t,0) = 0 ast — oo algebraically <0
B =2 h(t,0) =1 =0
2<f <% | h(t0) = oo ast— oo algebraically | >0
g=3 h(t,0) — oo as t — oo exponentially | > 0
h(t,0) — oo as t — t3
S <f <0 ; > 0
S =)

Table 8.3: Behaviour of the height of the liquid drop on the axis, h(t,0), for —oo <

p < oo.

In Figure 8.4, h(t,0) is plotted against time, t, for a range of values of £.

2.0 . - .
i B=3.5

1.5

1.0

h(t, 0)

0.5+

0.0
0

Figure 8.4: Height of the liquid drop, A(t,0), given by (8.3.10) and (8.3.17) with
¢ = 0, plotted against ¢ for a range of values of 5.
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5 Un(t, O) 8vn8(:,0)
_ 0 v,(t,0) <0 0
—oosf< vn(t,0) — 0 as t — oo algebraically ~
B = U, (t,0) =0 0
0 5 v, (t,0) >0 0
<h<3 v, (t,0) — 0 as t — oo algebraically <
B = % Un(t>0) = g 0
Up(t,0) >0
2<p<i 0) : >0
v, (t,0) — 0o as t — oo algebraically
U, (t,0) >0
L (:,0) L,
v, (t,0) — oo as t — oo exponentially
v, (t,0) >0
f<p<x U, (t,0) = 0 as t — t3 > 0
_ 3
=)

Table 8.4: Behaviour of the fluid injection velocity on the axis, v,(t,0), for —oo <

f < .

In Figure 8.5, v,(t,0) is plotted against time, ¢, for a range of values of .

3

Vi(t, 0)

Figure 8.5: Normal velocity v, (¢,0) given by (8.3.11) and (8.3.18) plotted against ¢

for a range of values of .
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__ h(t,0) e (t)

B e(t) = Ty i

—00 < < 2| €(t) = 0ast— oo algebraically | <0
p=2% €(t) — 0 as t — oo exponentially | <0

€(t) > 0ast —t3
S<f<3 ; <0
=)

p=3 e(t) =1 0
3< B <o €(t) = oo as t — t3 > 0

Table 8.5: Behaviour of the thin fluid film ratio on the axis of the liquid drop, €(t),

for —oo < f < 0.

In Figure 8.6, €(t) is plotted against time, ¢, for a range of values of 3.

€(t, 0)

Figure 8.6: Thin fluid film ratio, €(¢), given by (8.3.23) and (8.3.24), plotted against

t for a range of values of .
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The dependence of h(t,r) and v,(t,r) on g for 0 < r < R(t) is illustrated in Figure
8.7. The graphs in Figure 8.7(c) and (d) illustrate that for 0 < § < 2 the height
h(t,0) decreases with time even when there is injection of fluid. In Figure 8.7(e)
it can be seen that the height on the axis remains constant for all time for f = 2.
A distinguishing feature of this solution is that the base increases for all time even
when there is suction of the fluid for co < < 0 as depicted in Figures 8.7(a) and

8.7(b). A similar Figure was presented in [20].

ht, r) hit, r)

vn(t, r) Va(t, r)

(a) (b)

Figure 8.7: Graphs of h(t,r) given by (8.3.10) and the fluid velocity at the base,
vn(t,7), given by (8.3.11) plotted against r for a range of values of ¢ and for: (a)

B=-05,(b) g =—1.
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h(t, r) h(t, r)

(e) ()

Figure 8.7: Graphs of A(t,r) given by (8.3.10) and the fluid velocity at the base,

vn(t,7), given by (8.3.11) plotted against r for a range of values of ¢ and for: (c)
B=05(d)B=1(e) =2 (f) =4



162 Chapter 8. Axisymmetric liquid drop:Model I

8.4 Velocity on the axis r =0

We give the details in the derivation of v,(¢,0, z) to show how the limit » — 0 is
taken. We first express h(t,r) and v,(t,r), given by (8.3.10) and (8.3.11), in terms
of R(t) and then in terms of h(t,0). Thus

hit.r) = RP2(1) (1—¢?)* = h(t,0) (1 - ¢*)* (8.4.1)
where
h(t,0) = R°72(t), (8.4.2)
and
2B 4510 2\ % Qﬁh4 2\3
v(t,7) = - B ) (1-¢%)° = o R ( 3. (8.4.3)
To obtain v, (¢, 7, z) we integrate the continuity equatlon (7.2.14) from 0 to z. Thus
10 (%T t,r z)
t — o (tr) — == 8.4.4
wltire) =u(er) - 1o (v (20 gs), (8.4.4)
where v, (t,r,0) = v,(t,r). Substitute (7.2.35) for v,.(t,r, z) in (8.4.4) and integrating

with respect to z results in

v(t,r, 2) = P(t,r) 2° + Q(t,r) 2 + va(t, 1), (8.4.5)

where
Pltr) — —%% (rg—ff) | (8.4.6)
Qt,r) — %% (m%) | (8.4.7)

In order to obtain v,(t,0, z) we first evaluate P(¢,7) and Q(t,r) for r # 0 and then
take the limit » — 0. Now using (8.4.1) and (8.3.12) for (, gives

oh  2h(t,0) P2\
5= (- ww) 545

and

7 ()i () Vg (o) - e
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Thus substituting (8.4.9) into (8.4.6) results in

2 h(t,0) 2\~ 4 h(t,0) , r? N\~
””“ﬁm@(“ﬁmﬂ ‘ﬁmer‘m@>’ (8.4.10)

and letting r — 0 we obtain

win
wlot

P(t,0) = g’g’(g)).

(8.4.11)
Using (8.4.8) for 0h/Or and (8.4.1) gives

(8.4.12)

W=
[V

and substituting (8.4.12) into (8.4.7) yields

_212(1,0) P2\ 2R2(0) r2 O\~
A 0 G‘R%J T9R(10)" O‘R%Q - (B413)

IS

which when letting » — 0 results in

2 h%(t,0)
t,0) = —= — . 8.4.14
Lastly, putting r = 0 in (8.4.3) gives
2 h*(t,0)
L(t,0) =2 ) 8.4.15
nlt,0) = 3 B s (8.4.15)
and therefore letting » — 0 in (8.4.5) we obtain
2 h(ta O) 3 2 3
v,(,0,2) = N0 [2* = 3h(t,0)2° + BA*(t,0)] . (8.4.16)

The points on the axis » = 0 at which v,(t, 0, z) = 0 satisfy the cubic equation

23— 3h(t,0)2* + BR*(t,0) = 0. (8.4.17)

Consider now the dependence on [ of the velocity at the point of maximum height

of the drop, v,(¢,0,h). From (8.4.16)

'Uz(taoa h) =4 (ﬁ - 2)

(8.4.18)



164 Chapter 8. Axisymmetric liquid drop:Model I

and substituting (8.4.2) into (8.4.18) we obtain
2
v:(t,0,h) = 5 (8- 2) RHF=3)(p), (8.4.19)

Thus from (8.3.7) and (8.3.15), when

4(o-3)

i _2g_ o [ie 28 5) )
B # 5 v.(t,0,h) = 5 (B —2) l1 +3 (3 ﬁ) t] . (8.4.20)
B = % : v,(t,0,h) = %exp (%t) . (8.4.21)

For the axisymmetric drop v.(t,0,h) at 8 = £ is the same as (5.4.20) for the two-
dimensional thin film at § = 2. Equations (8.4.20) and (8.4.21) can be obtained by
differentiating (8.4.2) with respect to time t because

%(t, 0) =v.(t,0,h). (8.4.22)

The properties of v,(t,0,h) for —oo < f < oo are summarised in Table 8.6. The
properties of v,(t,0,h) can be determined with the help of Figure 8.8 in which the
exponent 4(5 — g)/S(% — f3) is plotted against f.

4t

4(8-3)

Figure 8.8: Plot of the exponent 3(3-5) against 3.
5

There are two competing effects in the evolution of h(t,0), the effect of blowing or

suction and the spreading effect due to gravity. For —oo < < 2 the maximum
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height of the liquid drop decreases even for blowing with 0 < 8 < 2. For 0 < g < 2
the effect of spreading due to gravity is stronger than the increase in height due to
blowing. For 8 = 2, the height of the drop remains constant so that the effects of
blowing and spreading exactly balance. From Table 8.3 we know that h(t,0) — oo
ast—>oofor2<ﬁ§oobutweseethatfor2<ﬁ<g, v,(t,0,h) — 0 as t — oo.
For % <pB< %, v,(t,0,h) — oo as t — oo and for g > % the blowing is very strong
because v,(t,0,h) — oo in the finite time ¢3. The thin fluid film approximation

ceases to be valid for 5 > 3. Plots of v,(t, 0, h) for a range of values of § is presented

in Figure 8.9

g v:(t,0, ) et
v,(t,0,h) <0
—oc0o< [ <2 <0
v,(t,0,h) — 0 as t — oo algebraically
=2 . (,0,h) = 0 0
v,(t,0,h) >0
2<p<3 >0
v,(t,0,h) — 0 as t — oo algebraically
ﬁ:% /Uz(tvoah):% %
v,(t,0,h) >0
b<p<t >0
v,(t,0,h) — 00 as t — oo algebraically
v,(t,0,h) >0
B=2% >0
v,(t,0,h) — o0 as t — oo exponentially
v,(t,0,h) >0
>0
§<B§oo v,(t,0,h) = 00 as t — t3
__ 3
=)

Table 8.6: Behaviour of the fluid velocity at the point of maximum height of the

liquid drop, v,(t,0,h) for —oo < 5 < 0.
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1.5

B=5 B=35
1.0+
= osl _8
; F=s _5
- L B 2
;ﬁ —— ~—f3=2.3 |
2 é 4 5

Figure 8.9: Velocity v,(¢,0, k), given by (8.4.20) and (8.4.21) , plotted against ¢ for

a range of values of 8

8.4.1 Roots of the cubic polynomial

From (8.4.17) the values of z for which v,(¢, z,0) = 0 satisfy the cubic equation
23 —3h(t,0)2* + BR*(t,0) = 0. (8.4.23)

When 8 = 0 the roots of (8.4.23) are z = 0,z = 0 and z = 3h(t,0) and from (8.4.16),

2h(t,0) ,
v,(t,2,0) = SR 2% (3h(t,0) — 2). (8.4.24)
Thus,
if 0<z<3h(t,0) then wv,(¢,0,2)<0. (8.4.25)

When 8 = 0, v,(t,0, z) is negative for 0 < z < h(t,0). There are no zeros on the

axis of symmetry r = 0 inside the liquid drop.
In order to investigate how the roots
z2=0, z=0, z=3h(t0), (8.4.26)

evolve for 8 # 0 we have to solve the cubic equation (8.4.23). Equation (8.4.23) can
be obtained from the cubic equation (5.4.39) by replacing S in (5.4.39) by %6 The
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perturbation solution in powers of § and the exact solution of (8.4.23) can therefore
be obtained from the corresponding solutions of (5.4.39) when expressed in terms
of h(t,0) by replacing 3 by 3. The expressions for h(t,0), however, are different
and h(t,0) for the axisymmetric liquid drop cannot be obtained from h(t,0) for the
two-dimensional thin film by replacing g by %5

We will use the results of Sections 5.4.2 and 5.4.3 to write down the solutions of the

cubic equation (8.4.23).

8.4.2 Perturbation solution of the cubic equation

Consider first blowing at the base for with § > 0. By replacing 8 by 34 in (5.4.67),
(5.4.68) and (5.4.58) we obtain for the three roots of (8.4.23):

;= [%@ + 11—8 B+0O (53)} h(t,0), (8.4.27)
2 = [—%5% + 1—18 B+0O (5)} h(t,0), (8.4.28)
z = 3 {1 — 2% B+ 0(52)} h(t,0). (8.4.29)

The root (8.4.29) was obtained from a regular perturbation expansion in powers of
{ while the roots (8.4.27) and (8.4.28) were obtained from a singular perturbation
expansion in powers of 3 2. The velocity component v,(t,0, z) therefore has a zero

on the axis of symmetry of the liquid drop at

1 1 1 3
= |—=0% + — 2 )| h(t,0). 8.4.30
2= |58t + 35+ 0 (57) | it (8.4.30)
Consider next suction at the base, 8 < 0. Let 8 = —|f|. By replacing |5] by 3|6] in
(5.4.82), (5.4.83) and (5.4.84) we obtain the three roots of (8.4.23):

1

Lo b+ 0 (1) o) (8.4.31)

w
|

el
s = |-l - 1o+ O (1) o), (8432
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2= 3 1—%|ﬁ|+©(62) h(t,0). (8.4.33)

The root (8.4.33) is the same as (8.4.29) obtained from the regular perturbation
expansion in powers of 5. The roots (8.4.31) and (8.4.32) were obtained from a
singular perturbation expansion in powers of |3 |%. There is one real root and two
complex conjugate roots. Since the real root does not lie in the range 0 < z < h(t,0)
there is no zero of v,(¢,0, z) on the axis of symmetry of the liquid drop for suction

at the base.

8.4.3 Exact solution of the cubic equation

Consider now the exact solution for the roots of the cubic equation
23— 3h(t,0)2* + BR3(t,0) = 0. (8.4.34)

We determine the nature of the roots of (8.4.34) by replacing 5 by %5 in the results
derived for the cubic equation (5.4.39) in Section 5.4.3. Two approaches were taken
in Section 5.4.3. The first approach was to use Descartes’ rule of signs and graphs.
The second approach was to use the discriminant, A, to determine the properties
of the roots. A summary of the properties of the roots of (8.4.34) using the first

approach is as follows.

e The range of interest is 0 < 8 < 2. For this range of 3, v,(¢,0, z) has a zero in
the range 0 < z < h(t,0). For f < 0 and 8 > 2 there are no zeros of v,(t, 0, 2)
in the range 0 < z < h(t,0).

e General properties
B <0: There exists two complex conjugate roots and one positive

real root greater than 3h(t,0).

B=0: There exist three real roots, two coincident.
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B>0: There always exists one negative root. For 0 < 3 < 4 there
exist three real roots, two coincident for 5 = 4. For § > 4

there is one real root and two complex conjugate roots.

e Special exact solutions

B=0: 2=0, z=0, z = 3h(t,0). (8.4.35)
B=2: z=(1-=+V3)ht0), z=~h(t0), z=(1-+V3)h(t0). (84.36)
B=4: z=—h(t,0), z=2h(t0), =z=2h(t0). (8.4.37)
B>4: P(2)|gss > P(2) |pes, (8.4.38)

where
P(z) = 2° — 3h(t,0)2* + Bh3(t,0). (8.4.39)

e Figures 5.12 and 8.10 to 8.15 illustrate the roots of P(z) = 0 for f = 0,
0<pB<2,6=2,2<p<4,=4,>4and <0.

e 0<fB<2

Figure 8.10: Plot of P(z) and its roots for § =1 and h(¢,0) = 1.
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Figure 8.11: Plot of P(z) and its roots for 5 = 2 and h(t¢,0) = 1.

e 2 < <4

Figure 8.12: Plot of P(z) and its roots for § =3 and h(¢,0) = 1.
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o =4

Figure 8.13: Plot of P(z) and its roots for § =4 and h(¢,0) = 1.

o (> 4:

Figure 8.14: Plot of P(z) and its roots for § =6 and h(¢,0) = 1.
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e 5 <0

Figure 8.15: Plot of P(z) and its roots for § = —2 and h(t,0) = 1.

Consider now the alternate approach. The cubic equation (8.4.34) is first trans-

formed to standard form

s +3Hs+G =0 (8.4.40)

and the nature of the roots is determined by the discriminant
A =G?+ 4H°. (8.4.41)

We again replace 8 by %B in the results of Section 5.4.3. The standard form of
(8.4.34) is

s* — 3h%(t,0)s — (2 — B)R*(t,0) = 0, (8.4.42)

where
z = s+ h(t,0). (8.4.43)

Thus
H=—h*t0), G=-22-pB)ht0) (8.4.44)

and the discriminant is

A = B(B8 —4)h°(t,0). (8.4.45)
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We summarise again the properties of the roots as determined by A [2].

(i) A <0: Three real and distinct roots.

(i) A=0, H# 0and G # 0: Three real roots, two coincident, one root different.
(iii) A=0, H=0and G =0: Three coincident real roots.

(iv) A >0: One real root, two complex conjugate roots.

A graph of A plotted against 3 is shown in Figure 8.16. The properties of the roots

of the cubic equation (8.4.34) are summarised in Table 8.7. They are obtained from

the results of Section 5.4.3 by replacing S by g

A
10
1 real root St 3 regl r9ots 1 real root
2 coincident
2 complex 2 complex
conjugate roots conjugate
roots
L ' B

-2 2 4 6 8

-5r Region of interest (0<8<2)

Three real distinct
roots

—10t

Figure 8.16: Graph of A given by (8.4.45) plotted against 3.

Consider now the solution for the real roots of the cubic equation (8.4.34) when
0 < B < 4. We are interested in the real root, —h(t,0) < s < 0, that satisfies
A <0and 0 < f < 2. It gives the root 0 < z < h(t,0). The trigonometric solution
described in Section 5.4 will be used. The results can be obtained from those of

Section 5.4 by replacing 3 by %6
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I} A HG Nature of roots Roots Figures
H<O0 1 real root
5<0 A>0 G<0 2 complex Figure 8.15
conjugate roots
s = —h(t,0)
3 real roots
s = —h(t,0)
H<O0 s = 2h(t,0)
B=0 A=0 2 roots coincident Figure 5.12
G <0 z2=0
z=0
1 root different
z = 3h(t,0)
H<O0 Figure 8.10
G<0(0<p<?2) 3 real distinct Figure 8.11
0<pf<4 |A<O
G=0(=2) roots Figure 8.12
G>002<p<4)
s = —2h(t,0)
3 real roots
s = h(t,0)
H<O0 s = h(t,0)
B=4 A=0 2 roots coincident Figure 8.13
G>0 z = —h(t,0)
z = 2h(t,0)
1 root different
z = 2h(t,0)
H<0 1 real root
4<pf<oo|A>0 G>0 2 complex Figure 8.14
conjugate roots

Table 8.7: Classification of the roots of the cubic equation (8.4.34) using the dis-

criminant A.

The roots of the cubic equation in standard form, (8.4.42), are

2
Sn :,0(:050:2(—H)%Cos <¢+%) , n=0,1,2, (8.4.46)
where
(—H)? = h(t,0) (8.4.47)
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is independent of § and ¢ is the smallest non-negative angle which satisfies

G 1
cos3p = ——— _ =1- 24, (8.4.48)
2(—H)? 2
where
0<¢< g (8.4.49)
Using (8.4.43) the roots of the cubic equation (8.4.34) are
2o = h(t,0)[1+2cosq], (8.4.50)
2
5 = h(t,0) {1 +2cos (gb + g)} , (8.4.51)
4m
zo = h(t,0) {1 + 2 cos (gb + 3)} . (8.4.52)

The exact solutions for the three roots for # = 0, f = 2 and § = 4 and the
perturbation solution for small values of 8 in the range 0 < § < 1 are listed in Table
8.8. We see from the expansion for small values of # that it is the root 2z, which
lies inside the liquid drop for 0 < 8 < 2 and therefore of physical interest. The
results for the expansion for small 5 agree with the perturbation solution (8.4.27)
to (8.4.29). The root zo = h(t,0) for 5 = 2 is the limiting case for the zero zy of the

velocity v,(t,0, z) inside the liquid drop. Since

Uz(ta 07 Z)|Z=h(t,0) = 07 (8453)
thus
ih(t 0)=0 (8.4.54)
dt Y - . -

Hence the height of the liquid drop at the top of the axis of symmetry remains
constant in time. The three roots for 5 = 4 lie outside the liquid drop and therefore
are not of physical interest. The solutions for f = 0, f = 2 and 8 = 4 obtained
from the general solution, (8.4.50) to (8.4.52), agree with the solutions (8.4.35) to
(8.4.37) obtained by factorising (8.4.34).
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6] [0, Roots 21, 29, 23
20 = 3h(t, 0)

= ]
0<B<1|o=381+0O (%) | 2= [—ﬂ—i+%+0(53>] h(t,0).
e [ﬁ—i+%+o (ﬁ%ﬂ (t,0).
h

B=2 =1 21 = —[V3—1] h(t,0)
2z = h(t,0)
2 = 2h(t,0)
B=4 p=1 7 = —h(t,0)
2o = 2h(t,0)

Table 8.8: Exact solution, (8.4.50) to (8.4.52), for the three roots of the cubic

equation (8.4.34) for a range of values if 5.

8.4.4 Layer at the base due to fluid injection

An estimate of the thickness of the fluid layer at the base of the liquid drop due to
injection of fluid is obtained from the zero, z, of v,(¢,0, z) on the axis of symmetry.

The exact solution (8.4.52) for z5 in the range 0 < 5 < 2 is

Z9 47
=142 — 8.4.55
h(t.0) + Cos(ng— 3), ( )
where
mw¢:1—§ og¢gg, (8.4.56)
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while the singular perturbation solution (8.4.27) for small 8 > 0 is

n B B g
TR AT (6) (8.4.57)

The exact and perturbation solutions for z,/h(t,0) on the axis of symmetry of the

liquid drop for values of § in the range 0 < § < 2 are given in Table 8.9. The results
can be obtained from Table 5.1 for a two-dimensional thin film by replacing 5 by
g. A perturbation expansion in 3 should normally be applicable only for 0 < g < 1
but we see that it is useful for 1 < § < 2 because of the numerical factor in the
expansion terms. These results of Table 8.9 will be useful and verified when plotting

the streamlines in the next section.

B | 1+42cos(¢p+ %) % Error % % + 1% Error %
0 0 0 0 0
0.2 0.2707 0.2582 4.62 0.2693 0.52
0.4 0.3916 0.3651 6.77 0.3873 1.10
0.6 0.4888 0.4472 8.51 0.4805 1.7
0.8 0.5743 0.5164 | 10.08 0.5608 2.35
1 0.6527 0.5774 | 11.54 0.6329 3.03
1.2 0.7265 0.6325 12.94 0.6992 3.76
1.4 0.7972 0.6831 14.31 0.7609 4.55
1.6 0.8659 0.7303 15.66 0.8192 5.39
1.8 0.9332 0.7746 17.00 0.8746 6.28
2 1 0.8165 18.35 0.9276 7.24

Table 8.9: The exact and perturbation solution for the zero of v,(¢,0,2) on

22
7 h(t,0)°

the axis of the liquid drop.
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8.5 Streamlines

As well as in the two-dimensional incompressible flow, in axisymmetric incompress-
ible flow the streamlines can be obtained from a stream function. In axisymmetric

incompressible flow the stream function 1 (t, r, z) satisfies (in dimensional variables)

1oy 1oy
Uy = ;&, V, = " or . (851)
The continuity equation
0 0
E (7” UT) + @ (7” UZ) = 0 (852)

is identically satisfied. The stream function is constant along a streamline in the

axisymmetric flow:

=, 0 1000y 10v0y
v z)w_vr8r+vzaz—r8z or ror 82—0' (853)

Graphs of the streamlines at any instant are therefore obtained by plotting
Y(t,rz) =k (8.5.4)

for a range of values of k. We make (8.5.1) dimensionless using

Y
V= . (8.5.5)

where 1)y is to be determined. Using the dimensionless variables defined in (7.2.11),

(8.5.1) becomes

v, = Yo la_zﬁ b, = — Yo 18_@ (8.5.6)
" RyHUr 0z 7 Ry HUT7T OF e
We choose
Yo=RoHU (8.5.7)
so that - ~
_ 10y L 10y
Uy = %g, V, = 77877 (858)

The overhead bars are suppressed.
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We now solve the system (8.5.8) for ¢(¢,r, z). The dimensionless velocity v, is given
by (7.2.35). To obtain v,(t,7,2) we integrate the continuity equation (8.5.2) with

respect to z from 0 to z:

ov(t,r,z) 1 [0 . .
/0 sz— 7’/0 e (ro.(t,r, 2%)) dz". (8.5.9)

Thus
(2 = walter) = o (v [ wler ) (8.5.10)
va(tyr, 2) = valt,7) = o (7 i ve(t,r, 2°) dz 5.
where v,(t,7,0) = v,(t,r). Substituting (7.2.35) for v,(¢,r, z) in (8.5.10) and inte-

grating with respect to z results in

3 L2
v, (t, 7, 2) = v, (t,r) — %(% {r% (% - %h)} . (8.5.11)

We solve the following two equations for the stream function, from (8.5.8),

o 22 oh
o o[ Oh (23 22

It is readily verified that the consistency requirement for the system (8.5.12) and
(8.5.13),

0?1 0%
= 8.5.14
Ordz  0z0r’ ( )
is satisfied. Firstly, we integrate (8.5.12) with respect z which gives
AR oh
W(t,r,z) = (E Y h) e +g(t,r), (8.5.15)

where ¢(t,r) is an arbitrary function of integration. In order to obtain g(t,r) sub-

stitute (8.5.15) into (8.5.13). This gives

dg(t,r)
or

= —rvn(t’ 'r), (8516)

and hence

g(t,r)=— /OT ro,(t,r*)dr* 4+ D(t), (8.5.17)
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where D(t) = ¢(t,0). If we substitute (8.5.17) for g(¢, ) into (8.5.15) then we obtain

V(t,r,2) = A(t,r) 2° + B(t,r) 22 + C(t,r) + D(t), (8.5.18)
where
r Oh
Alt = —— 5.1
() = T2, (55.19)
r  Oh
Ct,r) = —/ ro,(t,r*) drr, (8.5.21)
0
D(t) = arbitrary function of t. (8.5.22)

The streamlines in the (r, z)—plane at time ¢ are
W(t,r, z) = k(t), (8.5.23)

where k(t) is an arbitrary function of t. The streamlines at time ¢ are found by

solving the cubic equation
A(t,r) 2> + B(t,r) 2* + C(t,r) = K(t), (8.5.24)
where K(t) = k(t) — D(t) is an arbitrary function of ¢.

We calculate A, B and C' using the invariant solution (8.3.7) to (8.3.12). Using

(8.3.7), we can express h(t,r) and v, (t,7) in terms of R(t) as

h(t,r) = RF2(t) (1 —-g2)% , (8.5.25)
Un(t, 1) = g5@32@“%(1 —-g2)% . (8.5.26)

Differentiating (8.5.25) partially with respect to r we obtain
C2

1
A(t,¢) = —=R°(t)——, 8.5.27
(t. Q) 9 (%1—@P ( )
and
1 . 2
B(t, () = =R*P74(¢ - 8.5.28
(t, Q) 5 (%1—@P ( )
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Substituting (8.5.26) into (8.5.21) results in
28 450 ¢ o\ L
Clt.O)=——H 8 ’(t)/ ¢ (1—¢?)Fdcr, (8.5.29)
0
which can be integrated by letting 1 — ¢ = w to give
C(t,¢) = %34«3—2)(75) [(1 — () — 1] . (8.5.30)

We can express A, B and C in terms of ¢ and r using (8.3.12) as

Alt,r) = —%Rﬁ‘*(t) A (8.5.31)
(1~ %)

B(t,r) = %RM‘G(t) r - (8.5.32)
(1~ %)

C(t,r) = 1—6234(52)(75) [(1 — Rg(t)> L 1] . (8.5.33)

The solution of the cubic equation (8.5.24) will give z as a function of ¢ and r. The

streamlines are plotted against r for 0 < r < R(t) with 0 < 0 < 2.

As with the two-dimensional thin fluid film, the fluid flow inside the liquid drop will
be investigated by plotting the streamlines at ¢ = 1. They will be compared for
a range of values of § with the streamlines in Figure 8.17 for § = 0. When there
is no blowing or suction of fluid at the base the liquid drop spreads only by fluid
descending due to gravity. The streamlines begin and end on the free surface except

the streamline along the axis of symmetry, r = 0.

In Figure 8.18 the streamlines are plotted for g = —0.5, § = —1.2 and § = —1.5
describing suction at the base with increasing magnitude. The streamlines begin on
the free surface. Away from the axis of symmetry, which is a streamline, they end
on the free surface but if they start sufficiently close to the axis of symmetry they
end on the base 0 < r < R(t) and are perpendicular to the base due to the no-slip
boundary condition. As the magnitude of the suction increases streamlines which

start further from the axis of symmetry end on the base.
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1 0.5 0.5 1

Figure 8.17: Streamlines for § = 0, plotted against r for 0 < r < R(t) at t = 1.

(b) f = —1.2 () f=—15

Figure 8.18: Streamlines for a range of negative values of 3 plotted against r for

0<r<R(t)att=1.
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In Figure 8.19 the streamlines are plotted for § = 0.2, 8 = 0.6, 8 = 0.8, 8 = 1.2,
f = 1.6 and § = 2 which describes fluid injection at the base with increasing
magnitude. There is a dividing streamline which intersects the axis of symmetry,
which is a streamline, at the point (0, z2) where 29 is given exactly by (8.4.52) and
approximately by (8.4.27). This point on the axis of symmetry is a stagnation point
at which the fluid velocity is zero. The dividing streamline separates the flow into
two regions. In the upper region the streamlines begin and end on the free surface
and show that the flow descends and spreads due to gravity. It appears as if the base
on which the spreading occurs has been raised by a distance zo due to blowing. In
the lower region the streamlines start at the base, leaving it at right angles because
there is no slip, spread out due to gravity and end on the free surface. The maximum
thickness of the fluid layer at the base is z, which is approximately proportional to
I5; 2 for small B. As the strength of the blowing increases we see from Figure (8.19)
that the fraction of the liquid drop occupied by the lower region increases until § = 2
for which there are no longer two regions. The lower region completely fills the liquid
drop for sufficiently strong blowing with 3 > 2. The e indicates the stagnation point
on the axis of symmetry at which the fluid velocity is zero and is the exact solution

given in (8.4.52). In Table 8.9 numerical values of z5/h(t,0) are presented.

Consider next the evolution of the streamlines with time. In Figure 8.20 the stream-
lines are plotted for § = 0.8 at times ¢t = 1 and ¢ = 10. Even although there is blow-
ing at the base the maximum height of the liquid drop A(t,0) and the maximum
thickness of the fluid layer at the base, z5, decreases in time due to spreading of the

drop under gravity.
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() =16 (f) p=2

Figure 8.19: Streamlines for a range of positive values of g plotted against r for

0<r<R(t)att=1.
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(a)t=1

0.5 1

(b) t =10

Figure 8.20: Streamlines for 5 = 0.8 plotted against r for o < r < R(t) at t = 1 and

t = 10.

In Figures (8.17) to (8.20) the streamlines were plotted in the (r,z)-plane. The

base radius and the height of the liquid drop depend on time. Consider now the

streamlines in the (¢, z*)-plane where

The cubic equation (8.5.24); expressed in terms of ¢ and z*, is

A*(t, Q)2 + B (¢, ()™ + C(t,¢) = k(1)

where

A, C) = At OR%(t,0),
B*(t,¢) = B(t,¢)h*(t,0).
But by (8.3.7) and (8.3.10),
h(t,0) = RP72(t)

and hence using (8.5.27) and (8.5.28) we obtain

. 1 ¢?
A*(t,¢) = —§R4B S(t)m

9

(8.5.34)

(8.5.35)

(8.5.36)

(8.5.37)
(8.5.38)

(8.5.39)

(8.5.40)
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* _ 1 B— €2
B*(t,() = §R4 8(t)m~

Unlike for the two-dimensional thin film the integral in the third coefficient C' could
be evaluated and C(t,r) is given by (8.5.33). The coefficients A*(¢,r), B*(t,r)

(8.5.41)

and C(t,r) depend explicitly on time through the same factor R**~%(t). The cubic
equation (8.5.24) takes the form

CQ * 1 CQ * ﬁ % _ *
wmz‘”%mz“ﬁ[”(“@)}—f“ (8.542)
where
. K@)
K* = 7}%45—8(75)’ (8.5.43)

The parameter K* is independent of time because the left hand side of (8.5.42) does
not depend on time explicitly. Also K* is an arbitrary constant since K (t) was an
arbitrary function. The streamlines in the ((, 2*)-plane are plotted by giving k*()
a range of values. Since (8.5.42) does not depend explicitly on time, the streamline
pattern in the (¢, z*)-plane is independent of time. It depends only on the parameter
S. From (8.4.55) or Table 8.9 and (8.4.57) the point of intersection of the dividing

streamline with the axis of symmetry, which is also a streamline, is

4
Z;:h(izO) = 1—|—2COS(¢+§),
: B !
%+1—8+O<B ). (8.5.44)

This point is a stagnation point of the flow. The streamlines in the ((, 2*)-plane are
plotted in Figure 8.21 for § ranging from 0.2 to 2 and for 0 < ( < 1land 0 < 2* < 1.
The values of 25 on the axis of symmetry agree with Table 8.9. Figure 8.21 can be

compared with Figure 8.19 plotted in the (r, z)-plane at time ¢ = 1.

For model I for an axisymmetric liquid drop the thin film approximation is satisfied
for —oo < 8 < 3. All the values of 5 used in the graphs in this chapter lie in this

range.
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(&) 3= 16 () B =2

Figure 8.21: Streamlines for a range of positive values of 8 (0 < 5 < 2) plotted in
the ¢, z*)-plane where ( = r/R(t) (0 < ¢ < 1) and z* = z/h(t,0) (0 < z* < 1).
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8.6 Conclusions

The results derived in this Chapter for an axisymmetric liquid drop compare directly
with those derived in Chapter 5 for a two-dimensional thin film. Some of the results
could be derived from those of Chapter 5 by replacing £ by g The results were
displayed in the form of Tables to make the comparison easier. The base radius
always spreads to infinity even when there is suction at the base. When there is
fluid injection a layer of fluid forms at the base provided the blowing is not too
strong. The thin fluid film approximation is satisfied for the whole range of suction

but only for weak to moderate blowing.



Chapter 9

Fluid velocity at the base
proportional to the spatial

gradient of the height of the liquid

drop

9.1 Introduction

In Chapter 8 a relation between ¢(¢) and f(() was assumed in order to close the
system of equations and also solve the ordinary differential equation (7.4.56) ana-
lytically. In this chapter we consider another relation between g¢(¢) and f(¢) for
which the differential equation (7.4.56) can be solved analytically. For this relation,
v, (t, ) is proportional to the spatial gradient of h(t, 7). The velocity on the axis of
symmetry r = 0 will be determined and the streamlines will be plotted within the
liquid drop. We will compare the results obtained in this chapter with the results
of Chapters 6 and 8.

189
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9.2 Relation between ¢({) and %CO

We consider the relation

9(¢) = —BC#T%), —00 < 8 < 00, (9.2.1)

where (3 is a constant. We can determine the physical significance of (9.2.1) by first
differentiating (7.4.62) for h(t,r) with respect to r to obtain

df £ \3e o
—=f0) |14+ ——= — 9.2.2
=0 () 922
and then by substituting (9.2.2) into (7.4.63) for v, (t,r). This gives
oh
7/' =
v (t, 1) = — Or g : (9.2.3)
3 t
70 (1+ =7w)
Thus v, (t,r) is proportional to %ﬁjr) and vy, (t,r) = 0 at r = 0 because both r =0
and % = 0 and it will be small in the neighbourhood of r = 0 because % will be
small in that range.
We cannot determine further properties of v, (¢, 7) at this stage because % for

0 <r < R(t) will only be known once the problem has been solved. Also we find
later that f(0) depends on § which compares with the solution in Chapter 8 where
f(0) is independent of 5.

9.3 Solution of the ordinary differential equation

In order to determine v we consider the balance law (7.4.58) and substitute (9.2.1)

PN AT A P A b
o [[efac—g(s-2) [croa (93.1)

which gives
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But integrating the left hand side by parts and using the boundary condition f(1) =

(8 _ é - 6ﬁ> /Olg £(C) d¢ =0, (9.3.2)

Hence since the integral in (9.3.2) is non-zero,

0 we obtain

1

4
““au-sp 7%

Using (9.3.3) for a we now solve the ordinary differential equation (7.4.56) for f(().

(9.3.3)

The boundary conditions are at ( = 1 and are the no fluid flux condition (8.2.11)
and the zero height condition (7.4.46). Substituting (9.3.1) and (9.3.3) into (7.4.56)

results in an integrable ordinary differential equation

5 df B _
@ (gf d€>+3(1 B)dc’ (¢ f)=0. (9.3.4)

Unlike the case g(¢) = B f({), the ordinary differential equation (9.3.4) depends
on . Integrating (9.3.4) once with respect to ¢ and applying boundary conditions
(7.4.46) and (8.2.11) results in a variable separable ordinary differential equation,

e J;— 3(1— B) ¢, (9.3.5)

which can be integrated subject to the boundary condition, f(1) = 0, to give

f(Q) = @(1 - ﬁ)) -t (9:3.6)

Hence )
9 3
0= (30-9)" (937
The solutions (9.3.6) and (6.3.9) for an axisymmetric liquid drop and a two-dimensional
thin film are the same even although the differential equations (9.3.4) and (6.3.7) are
different. This is because the boundary conditions are the same and both differen-
tial equations reduce to (9.3.5) after one integration. Unlike the case g(¢) = 3 f((),
both f(¢) and f(0) depend on 3. In order to determine the physical significance of
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f first consider v, (¢, ) which is given by (7.4.63). Substituting (9.2.1) for g(¢) into
(7.4.63) with f(¢) given by (9.3.6) and « by (9.3.3) we obtain

(45-5)
43 ( 4(4—36)1&) 1-38 ¢?
v(t,r) = =——5 |1+ ——F— —, 9.3.8
(t.7) 27(1 - p) 9(1 —p) (1—¢2)s ( )
We define a new parameter S* by
B
g = ——. 9.3.9
-9 (9:3:9)
The factor i is to normalise the critical value to f* = —1. Then v, (¢,7) has the
same sign as #* which makes physical interpretation easier:
B*>0 then wv,>0: Dblowing of fluid into liquid drop, (9.3.10)
B* <0 then wv,<0: suction of fluid out of liquid drop. (9.3.11)
Also from (9.3.9),
45*
= — 3.12
and by substituting (9.3.12) into (9.3.3) and (9.3.7) we obtain
1+4p*
= = _ 9.3.13
30+ 5 031
0 ) :
= (=—0——F—F= | . 9.3.14

Substituting (9.3.13) and (9.3.14) into (7.4.59) to (7.4.63)and (9.3.8), where f(() is
given by (9.3.6), we obtain

1448
R(t) — ( D049 t) e (9.3.15)
Vi) = > (1 + 196(1 +ﬁ*)t>w, (9.3.16)
h(t,r) = ( — (14 5% t)mw*) (1- g2)% , (9.3.17)
16,0, 16, e S
v(t,r) = 2—75 ( 9 — (14 ")t ) 1_ap (9.3.18)
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where
r
= — 0<¢<1. 9.3.19
= 0=¢s (9.3.19)
The Lie point symmetry (7.4.65), when multiplied by %, is
9 . o 1 o0 0
X_(Z+4(1+B)t)§+§(1+ﬂ)rﬁ_h%' (9.3.20)

Equations (9.3.15) to (9.3.18) are valid for g* # —1. We now consider the limit
as f* — —1. We first obtain R(¢) for f* = —1 and then express V(¢), h(t,r) and
v, (t,7) in terms of R(t) to obtain these quantities in the limit 5* = —1. Equation
(9.3.15) for R(t) can be written as

1+ 4p5* 16

R(t) = ———In(1+—(1 0t |- 9.3.21
0= [y (14 S 1)) (9.3.21)

Using the expansion (6.3.25) for In(1 + ¢), (9.3.21) becomes

R(t) = exp {81(%42:) (%(1 + ﬁ*)t) +0O 1+ ﬁ*)} as (" — -1, (9.3.22)
and therefore
2t
ﬁ}eril (t) = exp {—g} . (9.3.23)
Thus in the limit g* = —1,
V() = ZR(t)% - % exp (-%) , (9.3.24)
h(t,r) = R(t)ﬁ (1- QZ)% = exp (—%) (1- C2)% , (9.3.25)
16 a(s)
L) = —p*R(t) ks ,
on(t,7) 575 1Y) o)

_ 16w (_ﬁ) (Qiz (9.3.26)
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The way that R(t), V(t), h(t,0), v,(t,¢) and the thin fluid film ratio €(¢) defined
by (8.3.19) depend on f* for —oo < f* < oo is similar to the way W(t), V(¢),
h(t,0), v,(t,¢) and €(t) depend on S* for a two-dimensional thin film which was

investigated in Chapter 6. The critical value of §* at which exponential behaviour

occurs is §* = —1 in both cases. For a liquid drop some limits occur after the finite
time
ty = 9 > 0 (9.3.27)
Y16 (1 + ) -

compared with the finite time ¢, given by (6.3.31) for a two-dimensional thin film.
The properties of the axisymmetric spreading of a liquid drop are summarised in

Tables 9.1 to 9.5 and presented in Figures (9.1) to (9.5).

We now comment briefly on the main conclusions from Tables 9.1 to 9.5. Since

dR

o > 0 for —i < pB* < o0, the base expands even when there is suction for —i <

B* < 0. For the height of the drop

oh 2 r

E(t’r) = _gR_W(t)r (1 — R2—(t)) . (9.3.28)

In the vicinity of the moving contact line the thin fluid film approximation breaks
down because §%(t,7) — —oco as 7 — R(t). Suction and blowing did not remove the
singularity in the spatial derivative at the moving contact line r = R(t) or reduce

the power of the singularity from —2. Also

oh AT 16 ()
(1.0 = [1+§(1+5 )t] (9.3.29)

which is negative for all values, —oo < f* < oo. The maximum height of the drop
decreases with time even when there is blowing at the base for 0 < * < oco. The
decrease in height due to spreading under gravity is greater than the increase in
height due to blowing. For —oo < g* < —% the suction can be considered as strong

because v, (t,() — —oco in the finite time t4,. For g* = —% the suction velocity is
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constant while for —% < f* < —1 the suction is still moderate in strength with
the suction velocity tending to zero and the suction process being completed in the

finite time t4. The thin fluid film approximation will be valid if

(t) = hg(’g) <1 (9.3.30)
From (9.3.15) and (9.3.17) for §* # —1,
ht.0) _ (1 T (1+89) t)m : (9.3.31)
R 9
while from (9.3.23) and (9.3.25) for f* = —1,
hg(’g) — exp {%} | (9.3.32)

For —% < p* < oo the thin fluid film approximation is valid for all ¢ > 0 if it is
satisfied initially. It holds for suction at the base with —% < pB* < 0. The suction
is strong at the rim and weak at the centre of the drop. For sufficiently strong
suction (5* < —%) the radius of the drop decreases too rapidly for the thin fluid
film approximation to be valid. The thin film approximation is valid for all blowing
(0 < pB* < 00). Since the blowing at the rim is strong the radius R(¢) increases

faster than h(t,0).
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3 R(t) @
R(t) — 0 ast — ty

—00 < f8* < —1 <0
g = ——9
4 16(1+5*)

B* = —1 R(t) — 0 as t — oo exponentially | < 0

-1 < p*< —i R(t) — 0 as t — oo algebraically | < 0

pr=—1 R(t) = Ry, Ry = constant 0

—1 < fB*<oo | R(t) = oo as t — oo algebraically | > 0

Table 9.1: Behaviour of the radius of the liquid drop, R(t), for —oo < f* < oo.

A plot of R(t) against time, ¢ is presented in Figure 9.1.

20—

150

Figure 9.1: Radius R(t) given by (9.3.15) and (9.3.23) plotted against ¢ for a range

of values of *.
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B V(t) o
V(t)—>0ast —ty
—o0o < B* < —1 <0
t = — T
p* = -1 V(t) = 0 as t — oo exponentially | < 0
—1<8<0 V(t) = 0 as t — oo algebraically | <0
B =0 V(t)=Vo =1} 0
0< f*< o0 V(t) = oo as t — oo algebraically | > 0

Table 9.2: Behaviour of the total volume of the liquid drop, V (¢), for —oco < 8* < occ.

A plot of V(t) against time, t, is presented in Figure 9.2.

2.0 — T T T
[ B‘:E) B‘:z ﬁ":‘]
15]
B =05
N 1.0
=0
0.5:
i =-05
0_07 "= =_1-5‘ ; . . I . . . . 1 ‘__‘1 . .
0.0 0.5 1.0 1.5 2.0

Figure 9.2: Volume V (¢) given by (9.3.16) and (9.3.24) plotted against ¢ for a range

of values of §*.
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* Oh(t,
8 (t,0) o
h(t,0) > 0ast—ty

—oo0 < fB* < —1 <0
ty = ——2
16(1+8*)

pr=-1 h(t,0) — 0 as t — oo exponentially | < 0

—1<p*<oo | h(t,0) = 0 as t — oo algebraically | <0

Table 9.3: Behaviour of the height of the liquid drop on the axis, h(¢,0), for —oo <

p* < oo.

Graphs of h(t,0) are plotted against time for a range of 5* in Figure 9.3.

1.2

]
—
o

® ww R

Figure 9.3: Height of the liquid drop at the centre, h(t,0), given by (9.3.17) and

(9.3.25) plotted against ¢ for a range of values of §*.
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* Ovn, 5
8 on(t, €) S
n(t,¢) <0
—o0 < fB* < % U (t, () = —o0 as t — 1y <0
_ 9
f = " reaeay
4 m 217 (1-¢»)3
v, (t,0) <0
—3 < pr<—1 un(t,¢) = 0 as t — >0
_ 9
ty = T 16(1+8%)
v, (t,0) <0
B* = —1 > 0
vn(t, () = 0 as t — oo exponentially
un(t,¢) <0
-1 <p*<0 > 0
Un(t, () — 0 as t — oo algebraically
/=0 vn(t,¢) =0 0
vn(t,¢) >0
0<p*<o0 <0

vn(t, () — 0 as t — oo algebraically

Table 9.4: Behaviour of the fluid injection velocity on the axis, v,(t,(), at a fixed

value of ( (0 < ¢ < 1) for —oo < * < 0.
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Since v,(t,() = 0 when ¢ = 0 for all g*, graphs of v, (¢, () are plotted against time

for a range of 5* at ( = 0.5 in Figure 9.4.

b7

Va(t, 0.5)

Figure 9.4: Fluid injection velocity at the base, v,(t, () given by (9.3.18) and (9.3.26)
plotted against ¢t at ( = 0.5 for a range of values of 5* .

B e(t) = Ty %
€(t) > o0 ast — 1y
0o < 6* < —1 > ()
l4 = —Tgrepn
B =—1 €(t) — oo as t — oo exponentially | > 0

—1< <=2 | €(t) = 0o as t — oo algebraically | >0

B* = —% e(t) =1 0

_% < p*<oo | €(t)—0ast— oo algebraically | >0

Table 9.5: Behaviour of the thin fluid film ratio on the axis of the liquid drop, €(t),

for —oo < * < o0.
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Graphs of € are plotted against time for a range of 5* in Figure 9.5.

2.5 ; —
g =-8 B =-1
20f~T—p =-3 B'=-09 ]
B=-15
__15
o
-
' 3
Yoo B =-=
4
05} B =-04 ]
B =0
. B =1
00lP =5 F=3 ‘ ‘
0 2 4 6 8 10
t

Figure 9.5: Thin fluid film ratio on the axis of the liquid drop, €(t), given by (9.3.31)
and (9.3.32) plotted against ¢ for a range of values of 5*.

In Figure 9.6, h(t,r) and v, (t,r) are plotted against r for ranges of values of 5* and
time. Similar graphs were presented in [20]. The height always decreases with time
even for values of #* for which there is blowing, 5* > 0. For suction with g* < —1
the thin film disappears by the base tending to a point in the finite time t4 given
by (9.3.27). The suction/blowing velocity v, (t,r) is stronger at the rim of the thin

film and weaker near the centre of the thin film and v,(t,0) = 0.
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h(t, r) h(t, r)

vn(t, r)

Valt, r) Valt, r)

t=0

-15 -10 -05 0.5 1.0 1.5

Figure 9.6: Graphs of h(t,r) given by (9.3.17) and (9.3.25) and the fluid velocity at
the base, v,(t,r) given (9.3.18) and (9.3.26) against r for a range of values of ¢ and
for:(a) g* = —0.5, (b) f* = —0.25, (c¢) p* = 0.5, (d) f* = 1. The thin fluid film

approximation is valid for —0.75 < * < oo if satisfied initially.
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9.4 Velocity on the axis of symmetry

The fluid velocity on the axis of symmetry is given by (8.4.5) at r = 0 as
v.(t,0,2) = P(t,0) 2° + Q(t,0) 2> + v,(t, 0), (9.4.1)

where from (8.4.11), (8.4.14) and (9.3.18),

P(t,0) — %’g’(g), (9.4.2)
Q(t,0) = —%hR(f(’t(;), (9.4.3)
on(t,0) = 0. (9.4.4)
Hence
va(t,0, 2) = gfg’(g) 22— 3h(t,0)]. (9.4.5)

The points on the axis » = 0 at which v,(t, 0, z) = 0 satisfy the cubic equation
2* (z — 3 h(t,0)) = 0. (9.4.6)
Thus v,(t,0,z) =0 when 2 =0,z =0,z = 3h(¢,0). From (9.4.5)
v,(t,0,2) <0 for 0< z<h(t0). (9.4.7)

There are no zeros of v,(t,0, z) inside the liquid drop although there is a double zero
of v,(t,0, z) on the base z = 0. There is therefore no dividing streamline (between
descending and ascending fluid) through a point on the axis of symmetry inside the
liquid drop. It will be verified in the next section where the streamlines are plotted
for a range of values of 5* that, as for the corresponding two-dimensional model in

Chapter 6, there is a dividing streamline through the origin, r =0, z = 0.

Consider now the properties of v,(¢,0,z) at the point of maximum height of the

drop, z = h(t,0). From (9.4.5)

va(t,0,B) = —= (9.4.8)
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and using (9.3.15) and (9.3.17) for f* # —1 and (9.3.23) and (9.3.25) for g* = —1

we obtain
4T 16 -+(55%)

BT w(h0h(10) = —5 [1 g0t ﬁ*)t] , (9.4.9)
dv. 16 ) 16 G
CEWOM0) = o (5+46") L4+ (L4 B (9.4.10)

4 —4

g =—1: v,(t,0,Rh(t,0)) = —g &P (?t> : (9.4.11)
duv, 16 4
dz (1,0,h(t,0) = o exp (?t) , (9.4.12)

The properties of v,(¢,0, h(t,0)) for —oo < f* < oo are presented in Table 9.6 and
illustrated in Figure 9.7 where v,(¢,0,h(t,0)) is plotted against time for a range
of values of 5*. The results are in agreement with Table 9.4 for v,(¢,() where
0 < ¢ < 1. Since v,(t,0,h(t,0)) < 0 for —oo < §* < oo the height of the liquid drop
decreases with time even for blowing for which 0 < * < co. For —oo < g* < —Z
the suction is very strong and v,(¢,0, h(t,0)) — —oo in the finite time t4 while for
—2 < % < —1 the suction is weaker and v.(¢,0, h(t,0)) — 0 in the finite time ¢,.
In both cases R(t) — 0 and the liquid drop tends to a point in the finite time ¢4
(Table 9.1). For —1 < f* < oo the velocity v,(¢,0, h(t,0)) tends to zero as t — oo

for both suction, —1 < * < 0 and blowing, 0 < * < oo.
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s dv. (t,0,h(¢,0))
B v.(t,0,h) B T —
v,(t,0,h(t,0)) = —co as t — 14
—o0 < f* < =3 <0
_ 9
f = "0
pgr=-2 v.(t,0,h(t,0)) = —35 0
v,(t,0,h(t,0)) = 0 ast — t4
-2 <pr<—1 >0
_ 9
l = "t
g*=-—1 v,(t,0,h(t,0)) — 0 as t — oo exponentially >0
—1<p*<o0 | v,(t,0,h(t,0)) — 0 as t — oo algebraically >0

Table 9.6: Behaviour of the fluid velocity on the axis of symmetry at the point of

maximum height, v,(¢,0, h(t,0)) for —oo < 5 < o0.

Figure 9.7: Velocity v,(¢,0, h(t,0)) given by (9.4.9) for §* # —1 and by (9.4.11) for

£* = —1 plotted against time t for a range of values of 5*.
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9.5 Streamlines

Consider now the streamlines inside the liquid drop. The streamlines are obtained

by solving the cubic equation (8.5.24)
A(t,r)2* + B(t,r)2* + C(t,r) = K(t), (9.5.1)

where K (t) is an arbitrary function of ¢ and from (8.5.19) to (8.5.21),

_rah r  Oh

- B = —— h— = — . 5.2
c o (t,r) h—, C(t,r) /0 ro,(t,r)dr. (9.5.2)

A(t,r) 55,

We express A(t,r), B(t,r) and C(t,r) in terms of the invariant solution (9.3.15) to
(9.3.19). We first write h and v, in terms of R(t) as

ht,r) = ROGe(t) (1- ()7, (9.5.3)
1 _o( 54" 2
waltr) = ogrr(EE) (n— (9.5.4)
27 (1—¢2)3
and therefore
1 ¢?
A(t,{) = —=R™F (t) ———, (9.5.5)
9 (1- ¢}
1 B 2
B(t,¢) = SR () — (9.5.6)
’ (1-¢)s
20% - 1 1
C(t,¢) = f RT7 (1) [g (1-¢2)7 (3+¢%) - 1} . (9.5.7)
By using (9.3.19) these results may be expressed in terms of 7 instead of ( as
1 (1428 2
Alt,r) = -5 R 4(1142*)@) r ) (9.5.8)
r2 3
(1 #w)

34+48*

Blt,r) — %R_2<W>(t) , (9.5.9)

C(t,r) = ;5* R (1) [ (1 _ Rg;))% (3+ Rgzt)) - 1] . (9.5.10)
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We first consider the streamlines plotted against r and z where 0 < r < R(t),
0 <0 <2mand 0 <z < h(t,r). The streamlines depend on time. They will be
plotted at ¢ = 1. The streamlines are obtained by solving the cubic equation (9.5.1)
with A(t,r), B(t,r) and C(t,r) given by (9.5.8), (9.5.9) and (9.5.10), for a range of
values of K (t).

For 8* = 0 there is no suction or fluid injection and v, = 0. The streamlines are the

same as in Figure 8.17.

From (9.3.18) for v,, we see that near the rim of the liquid drop the suction/blowing
is strongest and the magnitude is infinite at the rim, » = R(¢). Near the axis of
symmetry the suction/blowing is weakest and the magnitude vanishes on the axis

of symmetry.

In Figure 9.8 the streamlines are plotted for g* = —0.15, g* — 0.25, * = —0.5
and f* = —0.7. The streamlines start on the free surface and end at the base.
They are perpendicular to the base because of the no slip boundary condition at the
base. Near the rim the suction is strongest and the streamlines are steeper and less
curved since spreading due to gravity is much weaker than suction. Near the axis
of symmetry the suction is weakest and the streamlines are most curved because

spreading due to gravity is much stronger than suction.

In Figure 9.9 the streamlines are plotted for positive values of * which describe
the injection of fluid into the liquid drop. The magnitude of the blowing velocity
is steadily increased by choosing /* = 0.25, * = 0.5, * = 1. The thin fluid film
approximation is valid for all positive values of 5*. A dividing streamline extends
from the origin (0, 0) and separates the flow into two regions. In the upper region the
streamlines begin on the free surface and end on the free surface. The fluid descends
due to gravity and spreads due to blowing at the base. In the lower region the fluid
spreads due to injection of fluid into the liquid drop at the base. The streamlines

begin at the base and again they are perpendicular to the base because of the no
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(c) B* = —0.5 ) p* = 0.7

Figure 9.8: Streamlines for a range of negative 5* plotted against r at ¢ = 1.

slip boundary condition. They end on the free surface. We see that as $* increases
and therefore as the magnitude of the injection velocity increases, the angle that
the dividing streamline makes with the base increases. The slope of the dividing
streamline illustrates clearly the increase in the strength of the fluid injection from
the centre of the base to its rim. In the next section we will derive an approximate

analytical solution for the dividing streamline.

In Figure 9.10 the streamlines are plotted for f* = 1 at times ¢ = 1 and ¢t = 10
in order to investigate how they evolve with time. The height of the liquid drop
decreases, even although there is fluid injection at the base, and the base radius
increases, in agreement with the results of Tables 9.1 and 9.3. We also see that as

time increases the angle that the dividing streamline makes with the base decreases.
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z
0/61
4
)
0.2

1.3 1 0.5 0.5 1 1.3r
(a) B =" 0.25
V4 V4
1 0.5 ‘ 0.5 1 r 15 r
(b) B*=0.5 (c) B* =

Figure 9.9: Streamlines for a range of positive * plotted against r at ¢t = 1.

This will be examined further in the next section using an approximate analytical

solution for the dividing streamline.

In Figures 9.8 to 9.10 the streamlines were plotted in the (r, z)-plane where 0 < r <
R(t) and 0 < z < h(t,0). The streamline pattern evolves with time. As in Chapter

8 we now consider the streamlines in the (¢, z*)-plane where

¢ = , 0<(<, (9.5.11)

7 = 0< 2" <1. (9.5.12)

Expressed in terms of ¢ and z* the cubic equation (9.5.1) is

A*(t, Q)2 + B*(t, ()2 + C(t,¢) = K(¢), (9.5.13)
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3 25 2 15 1 05 ] 05 1 156 2 25 3
(b) t =10

Figure 9.10: Streamlines plotted for * = 1 against r at ¢ =1 and t = 10.

where

A*(t,¢) = A(t,Q)h*(¢,0), (9.5.14)
B*(t,{) = B(t,¢)h*t,0) (9.5.15)

and from (9.3.15) and (9.3.17),
h(t,0) = R~ 104 (1). (9.5.16)

Hence, using (9.5.5) and (9.5.6), we find

A 0) = —tpE e — (9.5.17)
| 9 1)} B

B (t,() = L g (t)<72 (9.5.18)
R (1-¢) h

The functions A*(¢,(), B*(t,¢) and C(t, () defined by (9.5.7) depend explicitly on
time through the same factor R (t). Equation (9.5.13) becomes the cubic equa-

tion for z*,
1 2 1 2 2 1 1
——4722*3 + —4712*2 —p1-<(B4+¢) (1-¢3)?| =K%, (95.19)
9(1_<2)§ 3(1_<2)§ 3 3
where

K* = K()R™ 77 (1) (9.5.20)
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Since the left hand side of (9.5.19) does not depend on time ¢, K* does not depend
on t. The expressions for A*(¢,(), B*(t,¢), C(t,¢) and (9.5.19), expressed in terms
of R(t), remain valid for 5* = —1 with R(¢) given in (9.3.23). Since K (¢) is arbitrary,
K* is also arbitrary and the streamlines in the (¢, 2*)-plane are plotted by giving the
constant K* a range of values. The streamline pattern in the ((, 2*)-plane depends
only on the parameter 5* and is independent of time since (9.5.19) does not depend

on time.

In Figure 9.11 the streamlines are plotted in the (¢, z*)-plane for 5* = —0.5, 0.5, 20, 50.
Figure 9.11 clearly shows that as 8* increases the angle that the dividing streamline

makes with the base at the centre increases.

In the graphs of the streamlines the centre of the base is a stagnation point of the
flow because of the no slip boundary condition and v,(¢,0) = 0. For Model II
for an axisymmetric liquid drop the thin film approximation is satisfied provided

—0.75 < f* < 0. In all the graphs the values of $* chosen lie in this range.
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"1.0 { -1.0 -0.5 ‘ 0.5 1.0 ;
(d) B* = 50

Figure 9.11: Streamlines for a range of values of 5* plotted in the ({, z*)-plane where

¢(=r/R(t) (0<¢<1)and z* = z/h(t,0) (0 < z* < 1).

9.6 Approximate solution for the dividing stream-

line

We derive an approximate solution of the cubic equation (9.5.19) for the special
case of the dividing streamline. The approach is the same as in Section 6.6 for the

spreading of a two-dimensional thin film.

Since the dividing streamline passes through the origin, ( = 0 and z* = 0, it follows
that K* = 0in (9.5.19). The cubic equation for the dividing streamline therefore is

65"
(2

23 (1- ()0 2y (1_<2)%_§(3+g2)(1_¢2) —0,  (96.1)
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In order to obtain the approximate solution of (9.6.1), we first transform it to stan-

dard form

s +3Hs* + G =0, (9.6.2)

by letting
1
=5+ (1-¢%)°. (9.6.3)

The cubic equation (9.6.1) becomes

31— —20-)+ P {(1_@)5_1(3“@) (1_&)] 0.

¢ 3
(9.6.4)
Comparison of (9.6.4) with the standard form (9.6.2) gives
HEQ) = —(1-¢%)°, (9.6.5)
G = —2(1-¢) + 6% {(1 — )0 - % (B+¢*) (11— 42)] . (9.6.6)

On the dividing streamline 0 < ¢ < 1. We make an expansion in powers of (>
which occurs naturally in the cubic equation. No assumption is made on £* or on
time ¢ and the approximation should be valid for all * > 0 and all time. Since the
angle between the dividing streamline and the z*-axis decreases as $* increases the
maximum value of zeta on the dividing streamline decreases as §* increases. The

approximation will therefore be more accurate as 5* increases.
The expansion of H(¢) and G(¢) in powers of (? is
2.5 14 6
H(C) = —|1-3C =3¢ +0 (¢, (9.6.7)
2 * 2 4 * 4 6
GO = —2|1- (1438 §+2—7ﬁc+o(c) : (9.6.8)
From (9.6.2) the expansion of the cubic equation in powers of (2 is therefore
%3 2.5 14 6Y | o
s — 31—§C—§C +0O (¢ s

2 * 2 4 * _
_ 2[1—(1+§ﬁ)§ +2—75 C4+Q(C6)}_O. (9.6.9)
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Also from (9.6.3)
F=s"4+1— %8 — %& +0(¢%). (9.6.10)

As with the spreading of a two-dimensional thin film, we will derive the solution for
the dividing streamline correct to order ¢2. We find that this solution is sufficiently
accurate. We have expanded H(¢) and G(¢) to order ¢* which would have allowed

the solution to be calculated to order ¢* if required.

The discriminant, A, of the cubic equation (9.6.9) is

16
A=G*+4H® = —35*8 +0O(¢Y). (9.6.11)
(i) Zero order in ¢?
To zero order in (2,
A = 0, H=-1+#0, G=-2+#0, (9.6.12)
2 = s+ 1L (9.6.13)

As in Section 6.6 for the two-dimensional thin film, the cubic equation has three real

roots with two roots coincident and one root different. Equation (9.6.9) becomes
(s* +1)*(s* —=2) =0 (9.6.14)

and therefore

¢ =0, 2 =0, 2" =3. (9.6.15)

The solution to zero order in ¢? is the three points (0, 0), (0, 0) and (0, 3). The solu-
tion for the dividing streamline is therefore the point (0,0) on the axis of symmetry

at the base.
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(i) Solution correct to first order in (?

Correct to first order in (2, the cubic equation (9.6.9) is

s 31— %@ -0 (g‘*)} s —2 [1 — (1 + gﬁ*) ¢+0 (64)] =0. (9.6.16)

3
and
H() = — {1 — %@ +0O (g4)] : (9.6.17)
G() = -2 {1 — (1 + %B) ¢+0 (gﬂ : (9.6.18)
o= st 1— %@ +0O(¢Y. (9.6.19)

The discriminant, A, of (9.6.16) is given by (9.6.11). Since 8* > 0 it follows that
A < 0 for ¢ # 0. The cubic equation (9.6.16) therefore has three real and distinct
roots for ¢ # 0 [2].

Since A < 0 the trigonometric method of solutions described in Section 5.4.3 is

again used. The three distinct roots of the cubic equation (9.6.16) are

st =2 (—H)? cos <¢ + Q"Tﬁ) . n=0,1,2, (9.6.20)
where ¢ satisfies
2
cos3p— —— 12810 (¢ (9.6.21)
2(—H)2 3

and therefore from (9.6.19),

Consider first ¢ given by (9.6.21). For ¢ = 0, cos 3¢ = 1 and therefore ¢ = 0 since
0 < ¢ < Z. For the solution to order ¢% we therefore let ¢ = 6§ where § > 0 is small.
From (9.6.21),

cos30 =1 — %ﬁ*@ +O(¢Y (9.6.23)
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and expanding using (5.4.161) gives

-+ 0() =1-28¢+0(c). (9.6.24)
Thus
f B2+ 0O (¢%). (9.6.25)
Consider first z§ given by (9.6.22) with n = 0 and ¢ = §. We have
cosd=1— %52 +O () =1- 2375*8 +0O(¢Y). (9.6.26)
and hence
3
3[5 C+0O(¢Y). (9.6.27)
Thus
4
- [1 - —g +0O (¢t )} [3 - 58 +0 (C‘*)} (9.6.28)
and therefore
2 =3 {1 — % (1 + %B*) ¢*+0 (44)} : (9.6.29)
Consider next 27 given by (9.6.22) with n =1 and ¢ = §. From (5.4.172)
cos (5 + 2%) = —% (cosé +V/3sin 5) . (9.6.30)
Now
: _ 3\ _ i *3 3
SIH5—5+O(5)—\/ﬁﬁ ¢+0O (¢ (9.6.31)
and using (9.6.26) for cos§ we obtain
cos ((5 + 2%) = —% {1 + %ﬁ*%c — %B*CQ +0O (C3)} . (9.6.32)
Thus from (9.6.22)
— _ 1 2 4 _g *% 3 * 2 3
—[1 HSRTell )H 2o+ 28O )} (9.6.33)

and therefore

2 = —%ﬁ*% [1 - %ﬁ*éc +0O (Cz)} . (9.6.34)
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Lastly z3 is given by (9.6.22) with n = 2 and ¢ = §. From (5.4.177)

cos (5 + 4%) = % [— cos d + v/3sin 5] , (9.6.35)

and by using (9.6.26) and (9.6.31) for cosd and sind we obtain

4m 1 2 .1 2
0+ — | =z |-1+-58" — B*¢? 1. 6.

Cos<+3) 2{ + 30 §+27ﬁ§+o(§)} (9.6.36)
Hence from (9.6.22)

* 1 2 4 2 x1 2 * ~2 3

5= 1=3C+0O(0)| 387+ F5C+0O(C) (9.6.37)
which gives

2 . 1 .
2 = 38" {1 +5872¢+0 (g“?)} : (9.6.38)

The solution z* = z§({) is not a dividing streamline, It does not pass through

the origin ¢ = 0,2* = 0. It passes through the point ¢ = 0,2* = 3 on the axis
of symmetry and lies outside the liquid drop. The solution z* = zj({) does pass
through the origin but it is negative and lies outside the liquid drop for 0 < ¢ < 943 “3.
It is therefore not a dividing streamline. The solution z* = z3({) passes through the
origin ( = 0, z* = 0 and is positive. The equation of the dividing streamline in the

(¢, z*)-plane correct to order (? therefore is

2 1
(>0: 2= 55*%4’ [1 + 55*% +0O (g2)} : (9.6.39)
The equation of the dividing streamline in the (r, z)-plane, correct to order (r/R(t))?,

18

. 2 .1 — i r 1 AT r o\’
where .
16 S
R(t) = (1 + n (1487 t) (9.6.41)

and we have used

h(t,0) = R (1). (9.6.42)
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Consider now the angle ¢ that the dividing streamline makes with the (-axis at the

centre of the base ( = 0, 2* = 0 in the (¢, 2*) plane. From (9.6.38)

822 2
tand = —— = -f*2.
ey 3

The streamlines are plotted in the ({, z*)-plane in Figure 9.11 for g* = 0.5,20 and

=

(9.6.43)

50. Equation (9.6.43) gives for the angle J(3) that the dividing streamline makes
with the base

9¥(0.5) = 25.2°, ¥(20) = 71.4°, ¥(50) = 78°, (9.6.44)
which agrees well with Figure 9.11 .

Consider next the (r, z)-plane and on how 9 depends on time. From (9.6.40)

2 1 (3+ap*
fany = % = SHR (55 (p). (9.6.45)
r=0
which becomes on using (9.6.41) for R(?),
2 16 -3 (%55)
tand = gﬁ*% [1 iy (1+757) t} (9.6.46)

Hence ¥ decreases steadily with time in the (7, z)-plane which agrees with Figure

9.11. We now derive two asymptotic results for 9 in the (r, z)-plane.

Consider first small values of time satisfying

9
t < m . (9.6.47)

Then if terms of order ((14 8*)t)* are neglected

1410 ]é<‘°’1*+“£**)

1+ n (14+p87)t = exp [—% (3+45%) t} (9.6.48)

and therefore for small values of time

tan ) = %B*% exp [—; (3+45%) t} . (9.6.49)
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Hence the gradient of the dividing streamline at the centre of the base initially
decreases approximately exponentially with time.

Consider now the asymptotic behaviour of tan ¢ as 8* — oo at a fixed time ¢. For
large B*
16 (W) r16, 0\
{1 +—(143%) t} ~ (35*t> (9.6.50)

and therefore from (9.6.46) for large 5%,

2 /16 N\ 1
tand ~ =83 [ =g ) = —. 9.6.51
“ 3ﬁ2 (95 ) 23 ( )

For large values of * the gradient of the streamline at the origin decreases as

1/4/t, as with (6.6.58) for the spreading of a two-dimensional thin film, although

the constant factor is different. The dominant term in the expansion for large

p* is independent of f*. In Figure 9.12 the approximate solution (9.6.40) for the
dividing streamline is plotted against r for a range of values of time. In Figure 9.13
the approximate solution (9.6.40) and the asymptotic solution (9.6.51) for ¢ are

compared. The approximate solution for large $* more rapidly as time ¢ increases.
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Figure 9.12: Dividing streamline, given by (9.6.10), plotted against r for §* = 50 at

time ¢ = 5, ¢ = 100, ¢ = 500 and ¢ = 1000.
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20 30 40ﬂ*
Figure 9.13: The angle ¥ in radians, given by (9.6.45), plotted against 5* for t = 1,3

and t = 10. The asymptotic value of ¢ for large §*, given by (9.6.51), is plotted as
a dotted line (— — —).

Consider now the point of intersection, P, of the dividing streamline with the sur-
face of the liquid drop, z = h(t,r).Consider the (¢, z*)-plane and let the point of

intersection be ((p, ;). From (9.3.17),

—(1-¢)7. (9.6.52)

Using (9.6.38) the point of intersection satisfies

(-t =36 14556+ 0 (). (9653)

Expanding the left hand side and neglecting terms of order Qg’ gives a quadratic

equation for (p:

(1 + gﬁ*) 2+ 232G, —3=0. (9.6.54)

If terms of order ¢? are neglected then from (9.6.54) and (9.6.52),

3

=, 2 =1 (9.6.55)
2B*2

Cp

Thus (, decreases as [* increases showing that neglecting powers of ¢, becomes

more accurate as the blowing becomes stronger. The point of intersection in the
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(r, z)-plane is

Tp

R(t),  z,= R i (1) (9.6.56)

= 35*%

where (9.6.42) was used for h(t,0) and R(t) is given by (9.6.41).

Consider next the solution correct to order Cg. The positive root of the quadratic

equation (9.6.54) is

i | | .
and from (9.6.52) expanded to order (2,
* ]‘ 2
5=1-3C (9.6.58)

The point of the intersection in the (7, z)-plane is

=GR, 2= [1 - % (%) R (1), (9.6.59)

In Figure 9.14 the approximate solution for the dividing streamline (9.6.40) is com-
pared to the numerical solution of (9.6.1) for a range of values of §* at ¢t = 5. We
see that the approximate solution slightly underestimates the numerical solution but
the approximation improves as [* increases. Also, as [* increases the gradient of
the dividing streamline increases due to the increase in the strength of the blowing.
The fluid injection velocity, v, is zero at r = 0 but increases steadily as r increases
which causes the height of the dividing streamline above the base to increase from

the centre as r increases.
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h(t, )
p_ 1 P
0.8
0.6
4
0t
10 5 T 20 10 10 20 "
(d) B* =50
Figure 9.14: Approximate solution for the dividing streamline (— — —) given by

(9.6.40) plotted with the streamline (—) derived from the numerical solution of
(9.6.1) for a range of 8* at a fixed time ¢ = 5. The point of intersection of the
dividing streamline with the surface, P, given by the approximate solution (9.6.40)

is indicated by the dot

9.7 Conclusions

The results derived in this Chapter for the spreading of an axisymmetric liquid drop
compare directly with those obtained in Chapter 6 for a two-dimensional thin film.
As in Chapter 8 the results were displayed in Tables to make the comparison easier.
The height of the liquid drop at the centre always decreases to zero even when
there is blowing at the base. The angle that the dividing streamline makes with the
base as the strength of the blowing tends to infinity tends to a definite limit which
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depends only on time. The thin film approximation is satisfied for the whole range

of blowing but only for weak to moderate suction.



Chapter 10

Comparison of a two-dimensional

thin film with a liquid drop and of
Model I and Model 11

10.1 Introduction

In this chapter we compare the properties of the spreading of a two-dimensional
thin film with the spreading of an axisymmetric liquid drop. We first consider the
general properties before an assumption on the relation between the normal velocity
at the base and the surface profile is made. We next consider a two-dimensional
thin film and compare Model I with Model IT and then an axisymmetric liquid drop
and compare Model 1T with Model II. Finally we compare Models I and II for a

two-dimensional thin film with Models I and II for an axisymmetric liquid drop.

224
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10.2 Comparison of a two-dimensional thin film
with an axisymmetric liquid drop: general
results

We first compare the general properties of the spreading of a two-dimensional thin

film and an axisymmetric liquid drop before an assumption about the leak-off ve-

locity is made. The results therefore apply for both Model I and Model II.

The governing equations and the general form of the group invariant solution for
a two-dimensional thin film and an axisymmteric liquid drop are summarised in

Table 10.1.

Table 10.1: Comparison between the equations for the two-dimensional thin film

and the axisymmetric liquid drop in dimensionless form.

Two-dimensional thin film Axisymmetric liquid drop
Mathematical Formulation
2L () v (t) 2o L8 () 4 utr)
h(t,£W(t)) =0 h(t,R(t)) =0
W) =1 R(0) =1
QIW(t x)dx QWfR(tTUntT dr
V(t) =2 fOW“’ h(t, z) dx V(t) =2r [* rn(t,r) dr
h(0,0) =1 h(0,0) =1
Continued on next page
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Table 10.1 — continued from previous page

Two-dimensional thin film

Axisymmetric liquid drop

Lie Point Symmetries

X, =2

ad
o X, =t —1p2

(Cl —|—Cgt)aaitn + (C4+C333') 88%

= %(03 — 2¢9) vy,

_ t 0 r 0
X =1+ o) & + Fo

+3f%(0) (2 - é) h%

0 —4+0 _1p 0

Xl_&v X2_tat 3hah
le] 21 0
X3:TE+—h%

(Cl—FCQt)%L:‘i‘(Cg'F)aL:
2
= 2(c3 — 2¢2)vy
o] r 0
X = (1+af3()>5+f3(0)5

+3f%(0) (2 - é) ha%

Group Invariant Solution

(L) 434 CH+(E-5) 10

+39(¢) =0
wit)= (1+ o)
V(t) = ( O))gaé

=ty Jo 1(©) d¢

h(ta T) = f(O) (1 =+ afS(o)) ’ f(C)

%(a 2)
vn(t,r):f() (1+af3()> g(C)

4 (CPOL) +34(C1(0)
+(5=8)CF(Q)+3¢g(¢) =0
RO = (1+ )
V= (14 )

= 725 J, CF(¢) d¢,
2(o-3)

1
3
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10.2.1 Mathematical formulation

A nonlinear diffusion equation with a sink/source term describes both problems.
The normal velocity at the base, v, describes suction/blowing at the base. When
v, > 0 it describes blowing and when v,, < 0 it describes suction for both Model 1
and Model II for the axisymmetric liquid drop and the two-dimensional thin film.
For the two-dimensional thin film the nonlinear diffusion equation does not depend
explicitly on the spatial coordinate x while for the axisymmetric liquid drop the

nonlinear diffusion equation depends on the spatial coordinate 7.

In the two-dimensional thin film the boundary condition h = 0 is applied at the
ends © = +W(t), while for the axisymmetric liquid drop it is applied at the rim,
r = R(t). In the two-dimensional thin film the characteristic volume per unit length
was chosen to be defined in terms of its characteristic length WyH and for the

axisymmetric liquid drop the characteristic volume was 7 R2 H.

10.2.2 Lie point symmetries

The symmetry generators X7, X5 and X3 have the same form for both problems. The
main difference is that for the two-dimensional thin film there is an extra generator
X, = 8% because the nonlinear diffusion equation for the two dimensional flow does
not contain x explicitly. However we find that X} is not required to generate a group

invariant solution because it determines only the choice of origin for z.
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10.2.3 Group invariant solution

A linear combination of the Lie point symmetries X, Xs and X3 generated the
group invariant solution for both problems. For the two-dimensional thin film the

similarity variable ¢ where

¢ = —1<¢<1, (10.2.1)

(=——, 0<(<L (10.2.2)
A difference in the two problems is the range of definition of (.

By considering the volume and its rate of change with time we were able to derive a
balance law for the fluid volume. A difference between the two problems is that the
axisymmetric problem has the factor (é — 8) appearing in the ordinary equation and
the balance law while the two-dimensional problem has the factor (é — 5) appearing
in these equations. The form of the equations is however the same for both problems
except that for the axisymmetric problem the similarity variable { occurs in the
ordinary differential equation, balance law and volume V; while it is absent in the
two-dimensional problem. In one term of the axisymmetric differential equation
¢? occurs while only ¢ occurs in the two-dimensional differential equation. The
difference can be traced to the element of area. For the two-dimensional problem it
is dx dy while for the axisymmetric problem it is r drdf. For both the axisymmetric
liquid drop and the two-dimensional thin film an assumption had to be made on
g(¢), in the normal velocity at the base, to close the system of equations and solve
for f(¢). Because two different assumptions were made on g(¢) for both problems,
we will compare Model I and Model II for the two-dimensional thin film and for the
axisymmetric liquid drop. We will then compare the results for the two-dimensional

thin film with those for the liquid drop.
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10.3 Comparison of Model I and Model 11

In this section we first compare Model I with Model II for a two-dimensional thin

film and then for an axisymmetric liquid drop.

10.3.1 Two-dimensional thin film

The results for Model I and Model II for the two-dimensional thin film are presented
in Table 10.2. In Model I the assumption that is made is that the velocity v,(t, )
is proportional to the height h(t,z) and in Model II that the velocity v, (¢, z) is
proportional to the spatial gradient of the height. Thus in Model I the velocity is
greatest in the central region where h(t,x) is greatest and vanishes at the moving
contact lines x = W (t) whereas in Model II the velocity v,(t,z) = 0 at x = 0
because both z = 0 and % = 0 and it is small in the neighbourhood of x = 0
oh

because ' is small in that region. The magnitude of the normal velocity at the

base |v,(t, )| increases rapidly as x — £W (¢) and |v,(t, )| — oo as © — £W(1).

Using the balance law for fluid volume for Model I and Model II, the unknown
constant « in the group invariant solution was determined in terms of the propor-
tionality constant 5. The value for a was the same in both models. In both models
the choice of ¢g(() was made so that the coefficient of f({) in the ordinary differen-
tial equation would vanish, making the ordinary differential equation integrable. In
Model II the ordinary differential equation and its solution depended on (8 because
[ appeared in the coefficient of d%(g f) while in Model I the ordinary differential

equation and its solution were independent of 5. In Model I, 8 > 0 signified injec-
tion of fluid into the thin film and S < 0 signified suction of fluid out of the thin

film. We wanted the same interpretation for 5 in Model IT which meant that 3 was
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(1) +3EEn=0

FQ = (2)° (1= ¢

Model 1 Model 11
Solution to the ODE
9(¢) = B£(0) 9(¢) = =B ¢
e B3 a =g, B#3

L(rg)+30-8£CH=0

FO) = (20— 8) (1-¢)b

Specific Solution

_ 3
=

_ 1
W (t) = (1 + 2E30¢ (5‘93‘3”) T

s
V(t) =V, (1 + 2(5;35”)‘*< ’

1

Vo=2 fi (1—¢?)? d¢=1.68262

=g .
At o) = (14 2522 77 (1 - ¢

2(2 8-3)

wn(t,2) = 3 (14 292) T (1 - )3

_ 9
ty = T 10(1+8%)
24+58*
W(t) = (14 21+ pr)t) oo+

V() = Vo (14201 + 5 0

V=2 [y ¢ (1= dc =1

_—1 =
h(t,x) = (1+ 29(1 + g*)) 7T (1 — (2)3
(6458")
10 o= 10 4\ " sag5 ¢
’U’n(t7x) =27 (1 -+ ?(1 +ﬁ )t) 5(1+57) m

Validity of the thin film approximation

—c0< <2

B* < oo

01!%
IN

Table 10.2: Comparison of Model I and Model II for the two-dimensional thin film
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rescaled by defining
s

1-58)

2
b == (10.3.1)
5
In Model I the exponential solution for all the quantities occurred when 3 = % which

is in the blowing range while in Model II the exponential solution occurred when

£* = —1 which is in the suction range.

We first compare the half-width of the base W (t). In Model I the base always
expands to infinity even for 5 < 0 which describes suction whereas in Model II, the
base does not always spread to infinity. In Model II, W (¢) — oo only for 5* > —0.4.
For g* = —0.4, W (t) remains constant and for 5* < —0.4 the half-width of the base
tends to zero. In Model I, W (t) — oo in a finite time for 3 > 2 whereas in Model

I, W(t) — 0 in a finite time for g* < —1.

When considering the volume V (¢), in both models the volume remains constant for
both g =0 and * = 0 as there is no suction or injection of fluid. For both models
in the suction range the volume decreases to zero. In Model I it takes an infinite
time for the thin film to disappear as the base always spreads whereas in Model I1
for f* < —1 the volume tends to zero in a finite time because the base tends to zero
in a finite time. For both models in the blowing range the volume always increases
to infinity. In Model I for § > % the volume tends to infinity in a finite time while

in Model II it always takes an infinite time.

The height of the thin film in Model I decreases to zero for * < 1, so there is a
small range of blowing, 0 < #* < 1, for which the height decreases and this decrease
to zero is in an infinite time. In Model II the height decreases to zero for all values
of f*, —oo < * < o0o. The decrease in the height due to spreading by gravity is
stronger than the increase in the height due to blowing. In Model I the height tends
to infinity in a finite time for 5 > g whereas in Model II the height tends to zero in
a finite time for §* < —1. In Model I the height remains constant for 5 = 1 whereas

in Model II there is no value of 5* for which the height remains constant. There
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is a small range, % < B < 2, in Model I for which the thin fluid approximation is
satisfied even although the height h(¢,0) tends to infinity. In this range h(t,0) tends
to infinity in a finite time but the half-width of the base tends to infinity faster than

the height such that the thin fluid film approximation remains valid.

Lastly consider the normal velocity at the base, v,(t,x), and the thin fluid film
approximation ratio, h(t,0)/W(t). When = 0 and p* = 0, v,(¢t,z) = 0 for both
models and thus there is no suction or injection of fluid. In Model I the blowing at
the center is stronger than at the edges. This causes the height h(¢,0) to increase
faster than the base spreads. The thin film approximation is therefore valid only for
weak to moderate blowing. The suction is stronger at the center than at the edges.
This causes the height h(t,0) to decrease rapidly which ensures that the thin film
approximation remains valid for all values of suction. In comparison for Model 11
the blowing at the edges is much stronger than at the center. This causes the base to
expand faster than the height increases and the thin film approximation is valid for
all of blowing. The suction at the edges is stronger than at the center. This causes
the base to decrease more rapidly than the height h(¢,0). The thin film approxima-
tion is therefore valid only for weak to moderate suction. Consequently Model I is

a better for studying suction and Model II is a better for studying injection.

A distinguishing difference between the two models is that all the quantities in
Model I tend to infinity in a finite time for § > % and all the quantities in Model II
tend to zero in a finite time for f* < —1. From the range for which the thin film
approximation is valid we see that Model I is valid for all of suction and a small
range of blowing which includes part of the range in which quantities tend to infinity
in a finite time and Model II is valid for all of blowing and a small range of suction
which does not include the range in which quantities tend to zero in a finite time.
In Model I the base increases for all time even when there is suction of fluid and in

Model II the height decrease for all time even when there is blowing.
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Streamlines

In both Model I and Model I1, for the blowing range, 0 < 8 < oo there is a dividing
streamline that divides the flow into two regions. The upper region consists of fluid
descending due to gravity and the spreading of the base and the lower region consists
of fluid rising due to injection of fluid at the base. In Model I the dividing streamline
extends approximately horizontally from the point on the centre line at which the

fluid velocity is zero, given approximately by

2 = [(%) : B + %B +0 (53)] h(t,0), (10.3.2)

obtained by solving the cubic equation (5.4.39),
23— 3h(t,0)2% + 28 h*(t,0) = 0, (10.3.3)

In Model II the dividing streamline also starts on the centre line but at the origin
on the base. In Model I the dividing streamline is approximately horizontal because
the fluid injection velocity at the base is proportional to the height and therefore
decreases only slowly as the distance from the centre line increases. In Model 11
the dividing streamlines make an angle with the base because the fluid injection
velocity is proportional to the spatial gradient of the surface of the thin film and
increases strongly in magnitude from zero to a non-zero value as distance from the
centre line increases. In Model II we were able to derive an approximate analytical
solution for the dividing streamlines by expanding in powers of z/W(t) because
0 <z/W(t) <1and —1 < z/W(t) < 0 due to the angle it makes with the base.
Increasing the injection velocity of fluid at the base meant that in Model I the
dividing streamline extended further into the thin film for 0 < # < 1 until the lower
region filled the whole film for 5 > 1. For Model II the gradient of the dividing

streamline increased as * increased.
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In Model II the dividing streamline for the two-dimensional flow is given by

\/% *5 72+§B* x \/@ *3 ad v 2
o= -t WW@P‘%Zwaﬁ{%KW@)”’“%@

for z < 0 and for z > 0

V30
9

BV zres t)

V30 .1 @ z \
1+gﬁmw®+o<gwg>r<mw>

2+58*
:| 10(1458%)

W(t)

W(t) = {1 + 1—90 (1+ ")t (10.3.6)

The angle ¥ that the dividing streamline for x > 0 makes with the x-axis at the

origin is given by

fany = @ﬁ*;w(;‘iéé*) () (10.3.7)

and for the limit /* — oo at fixed time ¢, we obtain

1

10.3.2 Axisymmetric liquid drop

The results for Model I and Model II for the axisymmetric liquid drop are presented
in Table 10.3. As for the two-dimensional thin film, in Model I the assumption
that was made is that the velocity v, (t,r) is proportional to the height h(t,r) and
in Model II that the velocity v, (t,r) is proportional to the spatial gradient of the
height. The results for Model I for the axisymmetric liquid drop are qualitatively
the same as those for the two-dimensional thin film. Thus in Model I the velocity
v, (t,7) is greatest in the central region where h(t,7) is greatest and vanishes at the
moving contact line r = R(t) whereas in Model II v,(¢,0) = 0 and v,(¢,r) is small
in the neighbourhood of r = 0 because % was small in that region. The magnitude

of the normal velocity at the base |v,(t,r)| increases rapidly as r increases and

|un(t, )] = 00 as r — R(t).
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The unknown constant « in the group invariant solution was determined in terms of
the proportionality constant 3 by using the balance law for fluid volume. The value
for a was different in the two Models. However in Model II the ordinary differential
equation and its solution were the same as for the two-dimensional thin film. As for
the two-dimensional thin film, in Model I, 5 > 0 signified injection of fluid into the
thin film at the base and [ < 0 signified suction of fluid out of the thin film at the
base. In order to give the same interpretation for 5 in Model II, 8 was rescaled by

defining
s

)

(10.3.9)

In Model I the exponential solution for all the quantities occurred when 8 = % which
is in the blowing range while in Model II the exponential solution occurred when

£* = —1 which is in the suction range.

We first compare the base radius R(t). In Model I the base radius always expands
to infinity even for values of § < 0 which describes suction whereas in Model I,
R(t) — oo only for g* > —0.25. In Model II, R(t) remains constant for 5* = —0.25
and R(t) — 0 as t — oo for f* < —0.25. In Model I, R(t) — oo in a finite time for
B > £ whereas in Model II, R(t) — 0 in a finite time for 5 < —1. As for the two-
dimensional thin film the volume V(¢) in both models remains constant for g = 0
and * = 0 because there is no suction or injection of fluid at the base. The evolution
of the volume V' (¢) in both models is the same as that for the two-dimensional thin

film and has been described above.

The height of the thin film A(t,0) in Model I decreases to zero for f* < 2 and
therefore there is a small range of blowing, 0 < [* < 2, for which the height
decreases and this decrease to zero is in an infinite time. In Model II the height
decreases to zero for all values of 5*, —oo < * < co. In Model I the height tends
to infinity in a finite time for % < [ < oo whereas in Model II the height tends to

zero in a finite time for —oo < * < —1. In Model I the height remains constant for
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Model 1 Model I1

Solution to the ODE

9(¢) =B 1(C) 9(¢) = —p¢ LY
o=y 87 o=k B4
H(PQOL)+34@E = E(crg)+30-machH=0
d¢ >) d¢ d¢ d¢ d¢ dg A\
FO =) a-¢)p FO = (G -p)F 1-¢)}

Specific Solution

b= s = ~Toss
B ] 1+48*
Vi(t) =V (1 + M) =37 V(t)=3(1+ %1+t
Vo=2 [y ¢ (1-¢?) d¢ =13 Vo=2 [ ¢(1=¢?) d¢ =13
8[3—;32/3 1 _ 1 1
Btr) = (14 25227 (- )5 () = (14 (14 8)0) 70 (1 - )
2( 2255 1 _ (5+48%) .
vp(t,r) = % <1 + M) (5555) (1=¢%)3 | va(t,r) = 2p6° (1+ 1+ B*)t) 10T (174;)%

Validity of the thin film approximation

oo
IA

—o0< <3 — b* < o0

Table 10.3: Comparison of Model I and Model II for the axisymmetric liquid drop.
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B = 2. There is a small range 2 < * < 3 for which the thin fluid approximation
is valid although the height h(¢,0) tends to infinity. Both the height and the base
radius tends to infinity for this range of * but the thin fluid film approximation
remains valid because the base radius tends to infinity faster than the height. For
the subrange % < fB* < 3 both the height and base radius tend to infinity in a finite

time.

Consider next the normal velocity at the base, v,(t,r), and the thin fluid film ap-
proximation ratio, h(t,0)/R(t) for both models. The velocity is zero when 5 = 0
and §* = 0 and thus there is no suction or injection of fluid. In Model I the blowing
at the center is stronger than at the rim. This causes the height h(t,0) to increase
faster than the base spreads. The thin film approximation is therefor valid only for
weak to moderate blowing. The suction is stronger at the center than at the rim.
This causes the height h(t,0) to decrease rapidly which ensures that the thin film
approximation remains valid for all values of suction. In comparison, for Model II
the blowing at the rim is much stronger than at the center. This causes the base to
expand faster than the height increases and the thin film approximation is valid for
all of blowing. The suction at the rim is stronger than at the center. This causes the
base radius to decrease more rapidly than the height A(t,0) decreases. The thin film
approximation is therefore valid only for weak to moderate suction. Consequently
Model I is a better for investigating suction and Model I1 is a better for investigating

injection.

A distinguishing difference between the two models is that all the quantities in Model

I tend to infinity in a finite time for % < B < oo and all the quantities in Model
IT tend to zero in a finite time for —oo < * < —1. From the range for which the
thin film approximation is valid we see that Model I is valid for all of suction and
a small range of blowing which includes the exponential solution and part of the
range in which quantities tend to infinity in a finite time and Model II is valid for

all of blowing and a small range of suction which does not include the exponential
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solution or a part of the range in which quantities tend to zero in a finite time. In
Model I the base increases for all time even when there is suction of fluid and in

Model II the height decrease for all time even when there is blowing.

Streamlines

In both Model I and Model II, for blowing, there is a dividing streamline that divides
the flow into two regions. The upper region shows the descent of fluid caused by
gravity and the spreading of the base and the lower region shows the rising of
fluid due to the injection of fluid into the liquid drop at the base. In Model I the
dividing streamline extends approximately horizontally from the point on the axis

of symmetry at which the velocity is zero which is given by

7% + 1% +0O (ﬁ)] h(t,0), (10.3.10)

derived by solving the cubic equation

9 =

23— 3h(t,0)2* + Bh*(t,0) = 0. (10.3.11)

In Model IT the dividing streamline starts on the axis of symmetry at the base. It
is approximately a straight line and generates a cone of revolution about the axis of
symmetry. In Model I the dividing streamline is almost horizontal because the fluid
injection velocity at the base is proportional to the height which decreases slowly
from the axis to the rim. In Model II the dividing streamline meets the base at an
angle because the fluid injection velocity is proportional to the spatial gradient of
the surface which increases in magnitude from the centre of the base. In Model I we
were able to derive an approximate analytical solution for the dividing streamline by
expanding in powers of r/R(t) which satisfies 0 < r/R(t) < 1 because the dividing
streamline does not extend to the rim r = R(t). Increasing the magnitude of the
injection velocity of fluid at the base meant that in Model I the dividing streamline

extended further into the thin film for 0 < 8 < 2 until for g > 2 the lower region
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filled the whole liquid drop. For Model II the gradient of the dividing streamline

increased as [8* increased.

In Model II the dividing streamline for the axisymmetric liquid drop is

2 12 r 1 «2 T r )
2= SR (t)m L+58 %*O«RT)) )] (10.3.12)
where
16 8?%2:)
R(t) = l1 g (18 t] . (10.3.13)

The angle ¢ that the dividing streamline makes with the r-axis at the origin is

3+48*

2 1 _
tand = Z5°HR (55 (p). (10.3.14)

and for the limit §* — oo at fixed time ¢, we obtain

1
tan ¥ ~ . 10.3.15
o3 ( )

10.4 Comparison of Models I and II for a two-
dimensional thin film with Models I and 11

for an axisymmetric liquid drop

We first compare W (t), R(t), V(t) and h(t,0). The solutions for W (t), R(t), V(t)
and h(t,0) depend on the parameters 5 and * which have to be prescribed. We
choose 5 and * by specifying v,, and therefore the blowing or suction at the base.

The results are presented in Table 10.4.



Table 10.4: Comparison of Models I and II for a two-dimensional thin film and an axisymmetric liquid drop

Model Up, B or 3* | W(t) or R(t) V(t) h(t, 0) };g(’g)) or h}(zt(’t(;)

A. No suction or blowing at the base

Two-dimensional

. 0 0 1+ 243 Voo || [+
ode
Two-dimensional | 1 p
Vodel 11 0 0 [1+ 245 Vo [1+87s | [+ 245
ode
Axisymmetric 1 1 3
0 0 1+ 1045 Vo [T+ 25475 | [14 ©¢5
Model I ’ ’ ’
ode
Axisymmetric L 1 .3
0 0 [1+ 10¢]5 Vo (143643 | [14 5
Model 11 ’ ! !
ode

B. Normal velocity at the base constant in time

Two-dimensional

L1 —¢2)s 3 [1+ 142 Vo[l + 143 | 141t [1+ 147!

Model 1 3 2 9 9 9 9
Two-dimensional L . [ ) B [ , p ) [ ) 1
-3 ? -8 1—2¢ Vo[l — 2t 1—2¢ 1— 2¢]-

Model II (1-¢%3 ; ’ ’ ’ ’

Continued on next page
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Model on Bor B |[W(t)or R(t) | V(t) | h(t,0) |40 or 10
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We first consider v,, = 0 which describes an impermeable base with no blowing or
suction. Then § = * = 0 and the thin fluid film approximation is satisfied for all
four cases. We see that W (t) expands more rapidly than R(¢) and that h(¢,0) for a

thin film descends more slowly for a two-dimensional film than for a liquid drop.

Suppose next that v, does not depend explicitly on time. Then S and (* are
determined by setting to zero the power of the time dependent factors in v, in
Tables 10.2 and 10.3. The thin film approximation is satisfied for Model I in both
cases but not for Model II. For Model I, W (t) and R(t) are the same and h(¢,0) is
the same for a thin fluid film and a liquid drop.

From Tables 10.2 and 10.3, for the thin film approximation to be satisfied in each

case, # and 8* must be in the following ranges:

two-dimensional thin film Model I —oc0o < <2
Model 11 —% < B* < o0

axisymmetric liquid drop Model I —oco < <3
Model II —3 < g* < o0

When the power of the time dependent factor in v, is —2 it is found from Tables
10.2 and 10.3 that § = 2,8* = —%, =3 and f* = —% which are the finite limits
of the ranges for the thin film approximation to be valid. We see from Table 10.1
that for Model 1, W (t) and h(t,0) are the same for a two-dimensional thin film and
a liquid drop while for Model II the exponents are the same although the factor of

t is different. The liquid drop contracts faster than the thin film.

Consider now a comparison of the cubic equation for the streamlines for a two-
dimensional thin film and an axisymmetric liquid drop. Consider first Model I. For
the two-dimensional thin film the cubic equation for the streamlines in the ((, 2*)-

plane, given by (5.5.34) can be written as

P(2",¢) = K7, (10.4.1)
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where

-

WIH

* __1 C *3 1 _ = _ §
P(z",() = 97(1_@)%2 + = 7(1_@ 5/ (1 . (10.4.2)

For the axisymmetric liquid drop the cubic equation for the streamlines is given by

(8.5.42) and can be written as

Q") = K, (10.4.3)

N 3,1 ¢ o Blro o o
Q(=",¢) = 9(1_€2)§z3+37(1_§2)§22 12§[1 (1=, (049

The first two terms in (10.4.2) and (10.4.4) are the same. Consider the third term

and expand in powers of (. From (10.4.2),

—B/ (1-¢ dC——ﬁ{C——Cg 5C5+O(C7)} (10.4.5)
and from (10.4.4),
1 4 1 1
gc[1—(1—g2)3]zg{g—6g3—2—7¢5+o(¢7)] (10.4.6)
Thus
sy 16 el ¢ e 2,0, 1s 1
P Q) 9(1—C2)323+3(1—C2)§22 95[§ 9C3 45§5+O(C7)}
(10.4.7)
and
sy 1 6 sl 6 e By, las 1
Q=" () = 9(1_@)§z3+3(1_@)§z2 g{c ¢ 27<5+O(<7)]-

(10.4.8)

We see that by rescaling § by 28 in (10.4.8) the coefficients of ¢ in (10.4.8) and
(10.4.7) are the same with small differences in the coefficients of ¢ and (5. We
see that the cubic equation (8.4.17) for the zeros of v,(t,0, z) for axisymmetric flow

could be obtained from the cubic equation (5.4.16) for the two-dimensional flow by
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rescaling 8 by 283. However, a significant difference in the streamlines is the factor

¢ in (10.4.3) which does not occur in (10.4.1).

Consider next Model II. For the two-dimensional thin film the cubic equation for

the streamlines, (6.5.17), can be written as (10.4.1) where

PG ()= s & e — D (1049
O S F b g 0

For the axisymmetric liquid drop the cubic equation for the streamlines (9.5.19) can

Wi

be written as (10.4.3) where

L ¢
9(1—¢2)3

C *2

*3 1
20— -
-y

8 {1—%(3+c2) (1-¢)
(10.4.10)

Again the first two terms in P(z*,() and Q(z*,() are the same. We expand the

2 .1
Q(Z*af):— 3 *Z

third term in powers of ¢. From (10.4.9),

10, (¢ ¢*d¢ 10
o s

. 2
> a —C2)% = gﬁ {c3+gg‘5+o (C7)} (10.4.11)

and from (10.4.10),

2.1 ll Llereyo- @)ﬂ _ %5* [@ + g<5 +O (gﬂ L (104.12)

3" ¢ 3
Thus
* __1 g *3 1 g *Z_E * | ~3 25 7
P(z*,() 9(1_@)%2 +37(1_C2)%z G [g +=C +0O(¢ )} (10.4.13)
and
e S SO S S-S D B v
Q" () = 9(1—62)§23+3(1—<2>%22 5 [<3+9<5+O(<)]

(10.4.14)

We see that by rescaling 5* in (10.4.14) by %ﬁ* the coefficients of ¢? in (10.4.13) and
(10.4.14) are the same and there is a small difference in the coefficients of ¢°. The

factor ¢ in (10.4.3) is a significant difference between the two sets of streamlines.
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However, since K* = 0 for the dividing streamlines the factor ( does not contribute

to the dividing streamlines.

We next compare the limiting angle ¢ that the dividing streamline makes with the
base as 8* — oo in Model II. We denote this limiting angle by ¢; and ¥, for a
two-dimensional thin film and a liquid drop, respectively. Then from (10.3.8) and
(10.3.15)

1 1
tanty = — tany = — (10.4.15)
3t2 2t2
and therefore
tan 2
WU 2 1155, (10.4.16)
tandy /3

The angle that the dividing streamline makes with the base as §* — oo in a two-

dimensional thin film is therefore greater than in a liquid drop.

A stagnation point in the flow exists in the streamline pattern for both Model I and
Model II. In Model I the stagnation point is the point of intersection of the dividing
streamline with the centre line in a two-dimensional thin film and with the axis of
symmetry in a liquid drop. The distance of the stagnation point above the base
is given by (10.3.2) for a two-dimensional thin film and by (10.3.10) for a liquid
drop. In Model II the stagnation point is on the base at the point where the centre
line or axis of symmetry meets the base. It is therefore at the same point for a

two-dimensional thin film and axisymmetric liquid drop.

10.5 Conclusions

The properties of Model I and II for a two-dimensional thin film and an axisymmetric
liquid drop are qualitatively similar. There are some quantitative differences, for
example, in the range of values of the parameters. The angle that the dividing

streamline makes with the base as the strength of the blowing tends to infinity is
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different. Models I and II complement each other. The thin film approximation
is satisfied in Model I for the whole range of suction and a small range of blowing
while in Model II it is satisfied for the whole range of blowing and a small range of

suction.
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Conclusions

The aim of this dissertation was to investigate the properties of the spreading of
a thin fluid film under gravity with suction or blowing of fluid at the base. The
approach was to analyse the streamlines of the flow inside the thin film in order to

understand the effect of the suction or blowing on the thin film and on the spreading.

Two closely related problems were considered and their solutions compared. The
first problem was the spreading of a two-dimensional thin film. A nonlinear diffusion
equation for the height of the thin film was derived using the thin film approximation.
This approximation enabled us to derive the solution analytically. The nonlinear
diffusion equation contained the normal fluid velocity at the base, v, in the form of
a source term. The velocity v, was not prescribed, other than the requirement that
it satisfies the balance law for fluid volume and any conditions for the problem to
have an invariant solution. This was in order to investigate the properties of suction
and blowing for as general as possible forms of v,,. The Lie point symmetries of the
nonlinear diffusion equation were derived and a condition on v, for the Lie point
symmetries to exist was obtained. The general form for the group invariant solution
for h and v, was derived. The balance law for fluid volume was imposed on the

solution. However one more assumption had to be made in order to close the model.

247
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In Model I the assumption was made that the normal velocity, v,,, is proportional to
the height and in Model II the assumption was that v,, is proportional to the spatial
gradient of the height.

The second problem was on the spreading of an axisymmetric liquid drop. All the
details were given of the solutions and of the analysis of the two solutions so that

the two problems could be compared.

While a lot of the literature is concerned with how the surface profile evolves with
time, by investigating the streamlines numerically we were able to see what happens
within the two-dimensional thin film and the liquid drop. This applied especially to
fluid injection for which the depth of penetration of the injected fluid and its effect
on the fluid flow inside the thin film could be investigated.

The streamlines, showed in the blowing ranges for Model I and Model I1, the presence
of a dividing streamline. Since the two models are quite general we can expect the
existence of a dividing streamline in other models for fluid injection at the base.
In Model I we were able to determine the dividing streamline, which goes through
the axis of symmetry, by determining exactly the stagnation point on the axis of
symmetry at which the fluid velocity vanishes. In Model II the dividing streamline
starts at the origin which is also a stagnation point for both the two-dimensional
and axisymmetric flows. We were able to derive an approximate solution for the
dividing streamline which compared favourably with the numerical solution. The
form that the dividing streamline takes in Model I, for both the two-dimensional thin
film and axisymmetric liquid drop, is almost horizontal near the centre line and axis
but dips down near the free surface. It generates an approximately plane surface.
In Model IT the dividing streamline is approximately a straight line which extends
from the origin on the base to a point on the surface. For the two-dimensional thin
film the two dividing streamlines generate an approximate V-shape surface which

extends along the length of the thin film while for the axisymmetric liquid drop
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the dividing streamline generates the surface of a cone about the axis of symmetry.
The shape and orientation of the dividing streamline depends strongly on the fluid
injection velocity at the base, v,, and on how the velocity depends on distance from
the centre line or axis of symmetry. For both the two-dimensional and axisymmetric
liquid drop the streamlines did not form vortices, in comparison with spreading of
a liquid drop with slip [19]. The dividing streamline separated the fluid flow into
two regions, a lower region at the base consisting of rising fluid and an upper region
consisting mainly descending fluid. We can expect that this structure will occur in
other models of fluid injection. In Model I the two regions with a dividing streamline
existed for 0 < 8 < 1 for a two dimensional thin film and for 0 < # < 2 for an
axisymmetric liquid drop. For larger values of S the lower region filled the whole
of the thin film. In Model II the two regions with a dividing streamline existed for
all values of £* in the range 0 < * < oo as shown by the asymptotic results as
p* — oo in (10.3.8) and (10.3.15). The asymptotic results also show that as time ¢
increases the upper region occupies a larger fraction of the thin film and as t — oo

it will occupy the whole of the thin film.

A distinguishing feature of Model I is that the base half-width and radius increased
for all time and for all values of 5 (—oo < 8 < o0) even when there was suction
of fluid. In Model II the height decreased for all time and for all values of g*

(—o0 < 8* < 00) even when there is blowing of fluid.

Plotting the streamlines was very useful. It identified that there were dividing
streamlines which where then investigated and their approximate solutions derived.
The graphs of the streamlines for suction did not show any unexpected features.

The streamline pattern for blowing was much richer than for suction.

Further work can be done and extensions considered. The spreading of a thin film
with leak-off into a porous substrate could be made more specified by assuming

Darcy flow in the substrate. Surface tension was neglected in the two problems
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considered. The analysis of the streamlines inside a thin fluid film with suction
or fluid injection at the base and taking into account the effects of surface tension
could be considered. It can be expected that less analytical progress would be
made and that more numerical work would be required. The streamlines in an
axisymmetric liquid drop spreading with slip at the base were investigated by Mason
and Chung [19]. The effect of suction or blowing with slip on the streamlines could

be investigated.
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