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Abstract

The purpose of this paper is to study the variational inequality problem through a second-
order dynamical system. The dynamical system is a second-order dynamical system that
involves the asymptotic vanishing of damping and Hessian-damping terms. Our approach
primarily uses the asymptotic dynamics of the inertial system and the geometric charac-
teristics of the damping factors. The asymptotic vanishing damping is directly linked to
the method of the Nesterov accelerated gradient. The geometry of the Hessian damping
term is in this form d

dt
(y(t)−w(t)), where y(t) is the generated trajectories by our proposed

dynamical system, w(t) = PC(y(t)−Qy(t)) and Q is our operator which is strongly mono-
tone. The Hessian term assists with the neutralisation of the oscillation. This combination
forms a damping force that assists with controlling the convergence speed of dynamical sys-
tems, stabilizing the system, and mostly ensuring we have a controlled velocity over time.
As a main result, we establish the existence and uniqueness of the generated trajectories
using the Cauchy-Lipschitz theorem. We give two numerical non-Hilbert examples. We
construct a Lyapunov function to achieve weak convergence, assuming that the underlying
operator is Lipschitz continuous and monotone. By considering the strong monotonicity of
the operator, we establish exponential convergence. Furthermore, we given two numerical
examples to show the applicability of our results. Finally, we conduct numerical exper-
iments to show the performance of our dynamical system. The results presented in this
paper build upon and significantly enhance recent findings in the existing literature.

Keywords: Variational inequality; Dynamical system; Continuous forward-backward-
forward; Strongly monotone; Weak convergence; Exponential convergence
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Chapter 1

Introduction

1.1 Background of study of the variational inequality

problem

Throughout this dissertation, we assume that C be a nonempty, closed, and convex subset
of a real Hilbert space H endowed with the norm ∥ · ∥ and inner product ⟨·, ·⟩. We denote
by I the identity operator.

Let Q : H → H be an operator where C ⊆ H then the variational inequality problem
(VIP) for Q on C is to find y∗ ∈ C such that

⟨Qy∗, y − y∗⟩ ≥ 0, ∀y ∈ C. (1.1.1)

Let Ω denote the set of solutions to (1.1.1). The earliest VIP was the Signorini problem,
introduced by Signorini in 1959 [9, 52] and solved by Fichera in 1963 [42]. To address
regularity issues in partial differential equations, Stampacchia [66] expanded on the Lax-
Milgram theorem and referred to all such inequality-related problems as VIPs. VIP has
been used to solve many mathematical problems, such as equilibrium problems and opti-
mization problems; see, for example, [67, 40, 89, 78, 63, 91, 77, 43, 79, 80, 45, 58]. Moreover,
the VIP serves as a unified formulation of several important mathematical problems. For
example, when C = Rn, then we have that VIP(C,Q) becomes the problem of finding a
zero of the mapping Q. Many papers have focused extensively on solving the variational
inequality problem when Q is pseudo-monotone. For instance, [28, 92, 75, 105]. Moreover,
Phan Tu Vuong [100] specifically considers the case when Q is strongly pseudo-monotone
with other authors see [97, 59, 81, 55, 90].

The projected gradient method is the simplest algorithmic method for solving VIPs when
the operator Q(y(t)) is strongly (Pseudo) monotone or co-coercive. The method is given
as follows:

yn+1 = PC(yn − λQ(yn)) ∀n ≥ 0, (1.1.2)

where PC represents the projection operator onto the closed convex set, and λ is a positive
stepsize. We have that for y0 ∈ H the method will generate a sequence that converges
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to the solution set Ω. The method converges for the case when Q is a strongly pseudo-
monotone operator [25]. Despite the simplicity of this method, the strong monotonicity
requirement on Q(y(t) may preclude the method from many applications, e.g, in situations
where the underlying operator is (pseudo) monotone, not strongly (pseudo)monotone. To
overcome this limitation, Korpelevich [33] introduced the extragradient method, which is
defined as follows:

wn = PC (yn − λQ(yn)) ,

yn+1 = PC (yn − λQ(yn)) , ∀n ≥ 0.
(1.1.3)

This method involves two evaluations of Q and two computations of the projection PC at
each iteration. This makes (1.1.3) computationally expensive. The method requires two
projections at each iteration, which can be computationally expensive. To address this
issue, Tseng [98] improved Algorithm (1.1.3) by reducing the number of projections PC

from two to one. The equation is given as follows:
w(t) = PC

(
y(t)− λQ(y(t))

)
,

ẏ(t) + y(t)− w(t)− λ
[
Q(y(t))−Q(w(t))

]
= 0,

y(0) = y0,

(1.1.4)

where λ > 0 and x0 ∈ H. Here Q is the underlying operator that can be monotone or
pseudomonotone. Radu I Botand Erno Robert Csetnek [25] studied the system when the
operator is pseudomonotone and with the additional assumption that the function is weak
to weak sequentially continuous.

We now transition this algorithmic perspective into a dynamical system. One can in-
terpret the iterative scheme as a discrete approximation of a continuous-time dynamical
system. This perspective allows the behavior of solutions to be analyzed in terms of trajec-
tories. The other traditional approach for solving variational inequalities is the dynamical
system. Dynamical systems arise naturally in numerous applied and theoretical fields,
including mechanics, financial forecasting, environmental applications, neuroscience, and
brain modeling. In recent years, dynamical systems have been used to study the problems
of variational inequality and optimization problems [44, 37, 36, 22, 38, 31, 25, 6, 7]. The
continuous version of the gradient projection method is defined as follows:

ẏ(t) + y(t) = PC (y(t)− λQ(y(t))) , (1.1.5)

where y(t) is the state at time t, λ > 0 is the step size, Q(y(t)) is the monotone operator,
and PC(·) is the projection operator that maps a point onto the set C. This method is
useful for analysing how optimization algorithms behave over time in a continuous setting.
In the pursuit of solving monotone VIPs, various first-order dynamical and algorithms have
been proposed to see [88, 87, 61, 5, 20, 106, 2, 19, 46, 68, 70, 60, 106]. Additionally, there
exist second-order dynamical systems corresponding to the first order, to improve the
convergence rate; see [56, 23, 24, 57, 95, 3, 74, 101, 51]. The second-order method for the
projected gradient is defined as follows:

ÿ(t) + αẏ(t) + y(t)− PC(y(t)− ϵQ(y(t))) = 0 (1.1.6)

where ϵ > 0 and Q is the underlying operators used to study the system. The convergence
behavior of trajectories towards a solution of Q within the set C has been extensively
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analyzed and is well-known in the literature. Antipin [99] has proven the asymptotic and
exponential stability for trajectories generated by (2.7.5). The trajectories generated by
(2.7.5) converge faster than the first-order (2.6.1) counterparts for minimizing a smooth
convex function. Phan Tu Vuong [100] extended the projection method proposed by
Antipin [99] from solving optimization problems to variational inequality by replacing the
gradient operator with a strong pseudo-monotone operator. The equation is given by:{

ÿ(t) + α(t)ẏ(t) + β(t) [y(t)− PC (y(t)− λQy(t))] = 0,

y(0) = y0, ẏ(0) = y0.
(1.1.7)

However, the dynamical system given by (2.7.14) does not generate trajectories that con-
verge to Ω ⊂ H for solving the VIP (1.1.1) when Q is monotone. As we want the rapid
speed of convergence by introducing the acceleration term, we experience the challenge of
oscillation, which causes the delay in achieving convergence. In that case, we introduce the
Hessian-driven damping term to take care of that. In algorithms, damping helps regulate
the momentum that propels the iterates forward. With too little damping, the iterates
may overshoot, oscillate, or even diverge. With too much damping, the system will have
slow convergence. We will modify to incorporate Hessian damping to address the oscil-
lations. The method of Hessian damping is more effective than the standard damping.
There have been many papers studying the system attached to the Hessian-driven damp-
ing term, see [7, 16, 14]. The following method, called the dynamical inertial Newtonian
(DIN) method, introduces Hessian-based corrections to improve stability and convergence
rates. The method is given as follows:

ÿ(t) + αẏ(t) + β∇2Q(y(t))ẏ(t) +∇Q(y(t)) = 0, (1.1.8)

where, β > 0 governs the contribution of the Hessian ∇2Q(y(t) and β∇2Q(y(t))ẏ(t) serves
to neutralise oscillations, providing a smoother and faster convergence, similar to Nes-
terov’s accelerated gradient method.

In this dissertation, inspired by recent advances in second-order dynamical systems with
variable damping, we investigate a novel approach incorporating a Hessian damping factor.
Our contribution in this paper, is to propose the following system:

w(t) = PC(y(t)− λQ(y(t))
ÿ(t) + α(t)ẏ(t) + β d

dt
(y(t)− w(t)) + y(t) = w(t) + λ[Qy(t))−Q(w(t))]

y(0) = y0 ẏ(0) = ẏ0

(1.1.9)

where PC is the projection operator onto a closed convex set C, α(t) is an asymptotically
vanishing damping function, and Q is assumed to be a monotone or strongly monotone
operator with Lipschitz continuity. Our primary contribution is the analysis of a second-
order dynamical system associated with the forward-backward-forward method, achieved
by introducing an acceleration term to the system proposed in [25]. Additionally, we
incorporate a Hessian-driven factor to mitigate oscillations. We establish the existence
and uniqueness of trajectories by employing the Cauchy–Lipschitz–Picard theorem under
the assumption that the underlying operator is merely Lipschitz continuous. The second
contribution is to introduce the Hessian-driven factor term to neutralize the oscillation.
We will prove the existence and uniqueness of the trajectories using the Cauchy-Lipschitz
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Picard theorem for the case when the underlying operator is only Lipschitz continuous.
For the case when the underlying operator is monotone and Lipschitz continuous, we will
achieve weak convergence of our trajectories to the solution set Ω. Furthermore, we will get
the exponential convergence for the trajectories when the operator is Lipschitz continuous
and strongly monotone.

If ∇Q(y) is the gradient of a differentiable real-valued function Q : Rn → R ,then solving
the variational inequality problem (1.1.1) is the same as solving the optimization problem:

min
y∈C

Q(y). (1.1.10)

In particular, y is a solution to VI(C,Q) if and only if y has no feasible descent direction,
i.e., y satisfies the necessary optimality conditions for the problem.

1.2 Research motivation

The purpose of this research is to study variational inequality problems using second- order
dynamical systems. The analysis of this system (1.1.9) is motivated by the observation
that the inclusion of the acceleration term ÿ(t) often improves the convergence behavior
of the trajectories. The motivation for this study can be traced to the heavy ball method
of Polyak [84], where it was shown that the trajectories generated by the second-order dy-
namical systems converge faster than the first-order counterparts for minimizing a smooth
convex function.

Phan Tu Vuong [100] utilised the Antipin equation proposed by Antipin [99] and replaced
the gradient operator with a strongly pseudo-monotone operator. The equation is given
by, {

ÿ(t) + α(t)ẏ(t) = −β(t) [y(t)− PC (y(t)− λQy(t))] ,

y(0) = y0, ẏ(0) = y0.
(1.2.1)

where λ is the positive stepsize, α(t) is the asymptotic vanishing damping and Q is strongly
psuedomonotone. He obtained exponential convergence for (1.2.1), and the explicit dis-
cretization of (1.2.1) has been shown to converge linearly. However, the dynamical system
given by Phan Tu Vuong [100] does not produce trajectories that converge to Ω ⊆ Hif Q
is monotone.

Phan Tu Vuong [25] studied the first order forward-backward-forward method . He consid-
ered both the continuous and the discrete parts. For the continuous case, he achieved weak
convergence, while for the discrete case, he achieved linear convergence where the under-
lying operator was pseudo-monotone. Radu I. Bot and Michael Sedlmayer [27] extend the
work by developing a second-order dynamical system, specifically designed to approximate
the solution of monotone inclusion problems and provide an asymptotic analysis of its tra-
jectories. They have achieved weak convergence but for the case when the operator is a
pseudo-monotone. Their results will be improved by incorporating the Hessian damping
factor to solve the variational inequality problem.
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Bot and Csetnek [62] approach this optimization problem from a continuous perspective
using a second-order dynamical system that includes the asymptotic vanishing and Hessian
damping, and also a penalty term corresponding to the constrained function. Constructing
appropriate energy functionals, they proved weak convergence of the trajectories generated
by this differential equation to a minimizer of the optimization problem. Furthermore,
along the trajectories, they show the convergence of the objective function values. We will
move from the optimization problem to solving a problem in variational inequality using
a similar approach that includes the Hessian damping term.

1.3 Statement of problem

Problem Statement

Variational inequality problems (VIPs) are a class of mathematical problems that arise in
numerous fields, including optimization, economics, game theory, and fluid mechanics. A
variational inequality problem is defined as follows:

Given Q : H → H and C ⊆ H then find a vector y∗ ∈ C such that:

⟨Q(y∗), y − y∗⟩ ≥ 0, ∀y ∈ C. (1.3.1)

To address this problem, we propose to study the dynamical system (1.1.9) with a Hessian
damping factor that leverages the properties of the mapping Q, specifically its mono-
tonicity and Lipschitz continuity. The goal is to design a continuous-time trajectory that
evolves toward a solution of the variational inequality, leveraging the energy dissipation
inherent in second-order dynamics for faster convergence. We will use a dynamical system
(1.1.9) to solve equation (1.1.1).

The advantages of including the Hessian damping is that it uses information from the
Hessian matrix of Q to influence the system’s movement. Allows the system to adjust its
resistance based on the steepness in each direction. The approach can reduce oscillations
around the optimal point more effectively than standard damping. Provides a mechanism
for stabilizing the system as it approaches high-curvature regions near the solution.

1.4 Objectives

The main objectives of this dissertation are as follows:

1. We will review some known and useful methods and results on Variational Inequality
Problems (VIPs) and Optimization.

2. We will introduce and study dynamical system(1.1.9) to generate trajectories that
converge to the solution set Ω of (1.1.1).
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3. We will achieve the existence and uniqueness of the trajectories generated by (1.1.9)
when the Q is only Lipschitz continuous.

4. When Q is monotone and Lipschitz continuous, we will establish the weak conver-
gence of the trajectories to the solution set Ω.

5. We will analyze the stability of the system and get the explicit bounds on the con-
vergence rates.

6. Additionally, when we have that Q is strongly monotone and Lipschitz continuous,
we will get the exponential convergence for (1.1.9).

7. We will give numerical examples to show the performance of the dynamical system
(1.1.9).

1.5 Outline

The chapters in this dissertation are structured as follows:

The first chapter deals with the study of the background of variational inequalities. We
summarise earlier work on the methods to solve variational inequality problems that are
algorithmic and dynamical. We describe the aims and the problem statement for our
paper.

The second chapter deals with the literature review. We outline the foundational elements
of our study. We review essential definitions, concepts, theorems, lemmas, and proposi-
tions that serve as the building blocks for the subsequent results. Topics covered include
monotonicity, Lipschitz continuity, and fundamental properties of the dynamical systems
under consideration.

In the third chapter, we begin by noting that the underlying operator is only Lipschitz
continuous. Using the Cauchy-Lipschitz-Picard theorem, we establish the existence and
uniqueness of the trajectories generated by the dynamical system (3.1.1). Furthermore,
we demonstrate that the acceleration term of the dynamical system is absolutely contin-
uous, an essential property that ensures the integrability and smoothness of the system’s
evolution over time. We will also find the estimation of the third order.

In the fourth chapter, we modify the second-order forward-backward-forward dynamical
system by including the Hessian-driven term. We will use the monotonicity and Lips-
chitz continuity of the operator Q. We will perform the asymptotic analysis and, using
these properties, we prove the weak convergence of the proposed system under suitable
assumptions.

In the fifth chapter, we will focus on the exponential convergence properties of the systems
introduced in earlier chapters. We provide formal proof of exponential convergence under
specific assumptions about the operator Q and the parameters of the system. In this chap-
ter, we include a series of numerical experiments demonstrating the practical performance
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of the system. The experiments are presented with visualizations to emphasize the rate of
convergence and the influence of parameter choices.

In the last chapter, we conclude the study by summarising the key contributions and
insights derived from the research. We emphasize the novel aspects of our work, includ-
ing the development of modified dynamical systems and the analysis of their convergence
properties. Furthermore, we outline potential areas for future exploration, such as ex-
tending the systems to study the explicit discrete version of the system and generalizing
our system by replacing the projection operator PC with the resolvent operator to study
the Monotone inclusion problem. Also, the interesting part is studying the variational
inequality of the second kind.
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Chapter 2

Literature Review

This chapter introduces the fundamental terms and concepts essential for the rest of our
work. We also present key results and offer a comprehensive literature review of concepts
pertinent to our study.

2.1 Preliminaries

2.1.1 Some basic concepts

Vector space

We will begin by studying vector spaces, laying the fundamental concepts that will be
useful for our study. Once we have a solid understanding of vector spaces, we will include
additional properties like inner product and more to be able to take our study to Hilbert
space.

Definition 2.1.1. [72] A vector space over a field F is a nonempty set denoted by V
together with addition and scalar multiplication satisfying the following conditions:

(i) τ + µ = µ+ τ , for all µ, τ ∈ V;

(ii) τ + (µ+ z) = (τ + µ) + z, for all τ, µ, z ∈ V;

(iii) α× (β × τ) = (αβ)× τ , for all α, β ∈ F and τ ∈ V;

(iv) α× (τ + µ) = α× τ + α× µ, for all τ, µ ∈ V and α ∈ F;

(v) (v + θ)× τ = v × τ + θ × τ , for all θ, v ∈ F and τ ∈ V;

(vi) there exists 1 ∈ F such that 1× τ = τ , ∀τ ∈ V.

Definition 2.1.2. [32] Let Q : V → W be a function between two vector spaces where
addition and scalar multiplication are preserved.
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(i) Q(τ + µ) = Q(τ) +Q(µ) , for all τ, µ ∈ V

(ii) Q(βτ) = βQ(τ) , for all τ ∈ V

Definition 2.1.3. Arithmetic Mean-Geometric Mean (AM-GM) Inequality states that for
any nonnegative real numbers a1, a2, . . . , an then

a1 + a2 + · · ·+ an
n

≥ n
√
a1a2 · · · an. (2.1.1)

Lemma 2.1.4 (Young’s Inequality). Let x and y be two positive real numbers such that

1

x
+

1

y
= 1. (2.1.2)

Given that a and b are positive real number we will have the following,

ax

x
+

by

y
≥ ab. (2.1.3)

Equality holds if and only if ax = by

Proof. Using the (2.1.3) and let the weight be given by m1 =
1
x
and m2 =

1
y
. we have the

following equation.
m1a

x +m2b
y

m1 +m2

≥ ((ax)m1(by)m2)
1

m1+m2 . (2.1.4)

Having that the following equation hold,

1

x
+

1

y
= 1 =⇒ m1 +m2 = 1, (2.1.5)

substituting this into (3.2.4) it gives the following equation ,

ax

x
+

by

y
≥ (ax)

1
x (by)

1
y . (2.1.6)

Using the law of exponents then we have the following equation,

(ax)
1
x = a, (by)

1
y = b, (2.1.7)

When we substitute equation (2.1.7) into equation (2.1.6) then we get,

ax

x
+

by

y
≥ ab. (2.1.8)

This is true if and only if ax = by, therefore, Young’s inequality holds.

Definition 2.1.5. [32] A function Q : P → R defined on a set P is said to be bounded if
there exists a constant K > 0 such that

|Q(τ)| ≤ K for all τ ∈ P. (2.1.9)

Theorem 2.1.6. [76] Let (P, ρ) be a metric space that is complete. Suppose Q : P →
CB(P ) is a multivalued mapping that satisfies the contraction property. Then, Q has a
fixed point.
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2.1.2 Convex minimization problems

Definition 2.1.7 (Convex Set). [32] A subset C of a Hilbert space H is called convex if
it satisfies the condition:

λu+ (1− λ)v ∈ C, for all u, v ∈ C and λ ∈ [0, 1]. (2.1.10)

Remark 2.1.8. The entire space H and the empty set ∅ are convex.

Definition 2.1.9. [18] A function Q is convex if

Q(βa+ (1− β)b) ≤ βQ(a) + (1− β)Q(b) (2.1.11)

holds for all a, b ∈ H and for all β ∈ [0, 1].

Remark 2.1.10. -Q concave implies Q is convex.

Definition 2.1.11. [18] A function Q is strictly convex if

Q(βa+ (1− β)b) < βQ(a) + (1− β)Q(b) (2.1.12)

holds for all a, b ∈ H and for all β ∈ [0, 1].

Definition 2.1.12. [96] Let Q : H → R and C ⊆ H. The constrained minimization
problem is given by:

minimize Q(y) with respect to y ∈ C. (2.1.13)

This means finding at least one local minimizer of the function Q on C, i.e., a point y ∈ C
such that

Q(y) ≤ Q(y′) for all y′ ∈ C \B(y, q)

for some q > 0, provided such a point exists.

If

Q(y) ≤ Q(y′) for all y′ ∈ C,

then y is called a global minimizer of the function Q on C.

Definition 2.1.13. [108] A continuous and convex function Q : W ⊂ H → R attains its
minimum at a point y ∈ H if and only if 0 ∈ ∂Q(y).

Definition 2.1.14. [86] A function Q : Rn → R is strongly convex on Rn if e > 0
exists and is called modulus of strong convexity such that for any a, u ∈ Rn, the following
inequality holds:

Q(u) ≥ Q(a) + ⟨∇Q(a), u− a⟩+ e

2
∥u− a∥2. (2.1.14)
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Theorem 2.1.15. [32] If C ⊆ H is convex, then both its closure C and its interior int(C)
are convex subsets of H.

Definition 2.1.16. [32] If C ⊆ H is a closed convex subset, then C is weakly closed.

Example 2.1.17. [18] Let φ : R → R be an increasing function, let β ∈ R, and define

w : R → R ∪ {+∞} by w(x) =

{∫ x

β
φ(t) dt if x ≥ β,

+∞ otherwise.

Then, w is convex. Furthermore, if φ is strictly increasing, then w is strictly convex.

Theorem 2.1.18. [32] Let C ⊆ H be a convex subset and let Q : H → R be a convex func-
tion. If y is a local minimizer of Q on C, then it is also a global minimizer. Furthermore,
if Q is strictly convex, then the minimizer is uniquely determined. If Q is continuous and
strongly convex and C is closed, then

Argminy∈CQ(y) ̸= ∅. (2.1.15)

2.1.3 Differentiability

Definition 2.1.19. [18] A scalar function Q : Rn → R it is differentiable at a point
z ∈ Rn if there exists a vector b ∈ Rn such that for every w ∈ Rn and ⟨w, z⟩ =

∑n
i=1wizi

is the standard dot product and ∥w∥ =
√
⟨w,w⟩ is the Euclidean norm in Rn, then the

following holds:
Q(w) = Q(z) + ⟨b, w − z⟩+ o(∥w − z∥). (2.1.16)

Example 2.1.20. [18]

∇Q(x) =

(
∂Q

∂x1

, . . . ,
∂Q

∂xn

)
. (2.1.17)

Definition 2.1.21. [18] A function Q is differentiable on a set Ω ⊂ Rn if it is differentiable
at all points of Ω. A function Q is differentiable if it is differentiable on the entire space
Rn.

Definition 2.1.22. [18] A vector function Q : Rn → Rp It is differentiable at a specific
point µ ∈ Rn ,if there exists a matrix A ∈ Rp×n such that for all τ ∈ Rn, the following
holds:

Q(τ) = Q(µ) +B(τ − µ) + o(∥τ − µ∥). (2.1.18)

The matrix A is called the Jacobian matrix of Q at τ , we get that ,

Q(µ) = Q(τ) +∇Q(τ)(µ− τ) + o(∥µ− τ∥). (2.1.19)

the Jacobian provides a linear approximation of the function at τ .

Definition 2.1.23. [32] An operator Q : H1 → H2 is differentiable at a point τ ∈ H1 if
there exists a bounded linear operator N ∈ L(H1, H2) such that

Q(τ + µ) = Q(τ) +Nh+ o(∥µ∥). (2.1.20)

The operator N is uniquely determined and is called a derivative of the operator Q given
by Q′τ at the point τ .
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Definition 2.1.24. [32] A function Q : H → R is Fréchet-differentiable, if it is differen-
tiable at τ ∈ H and there exists µ ∈ H such that

Q(τ + h) = Q(τ) + ⟨µ, h⟩+ o(∥h∥), (2.1.21)

where limh→0
o(∥h∥)
∥h∥ = 0. The element µ is a derivative of Q at τ and is denoted by Q′(τ).

Definition 2.1.25. [32] A function Q : H → R is Gâteaux-differentiable at a point y ∈ H
if it has directional derivatives Q′(y; s) for all s ∈ H and

Q′(y; s) = ⟨g, s⟩

holds for some g ∈ H. The element g is called a Gâteaux-differential of Q at y and is
denoted by Q′(y). The Gâteaux-differential of a Gâteaux-differentiable function is uniquely
determined.

Theorem 2.1.26. [86] If a function Q : H → R is Fréchet-differentiable at y ∈ H, then
it is Gâteaux-differentiable at y and

Q′(y) = DQ(y),where D is the derivative operator.

2.1.4 Strongly monotone operator

Definition 2.1.27. [73] Let Q : C → H be a mapping, where C ⊆ H, the mapping Q is
said to satisfy the following properties:

(i) L-Lipschitz if there exists L > 0 such that

∥Q(v)−Q(b)∥ ≤ L∥v − b∥, ∀v, b ∈ H;

If L = 1, then Q is called nonexpansive, and when we have L ∈ (0, 1), then Q is called a
contraction.

(ii) τ -strongly monotone, if there exists τ > 0 such that

⟨Q(v)−Q(b), v − b⟩ ≥ τ∥v − b∥2, ∀v, b ∈ H;

(iii) A mapping Q is said to be antimonotone on a set C ⊆ Rn if for all v, b ∈ C, it holds:

⟨Q(v)−Q(b), v − b⟩ ≤ 0.

(iv) η-inverse strongly monotone , if there exists η > 0 such that

⟨Q(v)−Q(b), v − b⟩ ≥ η∥Q(v)−Q(b)∥2, ∀v, b ∈ H;

if η = 1, then Q is called firmly nonexpansive.

(v) monotone, if
⟨Q(v)−Q(b), v − b⟩ ≥ 0, ∀v, b ∈ H;
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(vi) pseudo-monotone, if

⟨Q(v), b− v⟩ ≥ 0 ⇒ ⟨Q(b), b− v⟩ ≥ 0, ∀v, b ∈ H;

(vii) an operator Q is said to be strongly pseudomonotone with modulus y on Ω if there
exists y > 0 such that:

(Q(v))⊤(b− v) ≥ 0 =⇒ (Q(b))⊤(b− v) ≥ y∥v − b∥2, for all v, b ∈ Ω.

Remark 2.1.28. We get that strongly monotone implies monotone and pseudo-monotone.
Furthermore, strongly pseudo monotone implies pseudo monotone.

Theorem 2.1.29. Let Q be a continuous operator that is strongly monotone with mod-
ulus τ > 0 on a nonempty, closed, and convex set C. Then, the variational inequality
VI(Q,C) admits a unique solution, which coincides with the unique equilibrium point of
the dynamical system (5.1.1).

Example 2.1.30. [18] Let Q : H →]−∞,+∞] be a proper function. Then, the operator
∂Q is monotone.

Proof. Consider two points (w, u) and (a, v) in the graph of ∂Q, denoted as gra(∂Q). We
get the following inequalities that hold

⟨w − a, u⟩+Q(a) ≥ Q(w), and ⟨a− w, v⟩+Q(w) ≥ Q(a).

Summing these two inequalities, we obtain

⟨w − a, u− v⟩ ≥ 0. (2.1.22)

Thus ∂Q is a monotone operator.

2.2 Hilbert spaces

The notion of Hilbert spaces was introduced by David Hilbert (between 1862 and 1943) and
is an extension of the concept of Euclidean spaces to infinite-dimensional spaces.

2.2.1 Properties of the inner product

Definition 2.2.1. [72] Let H be a nonempty set. An inner product on H is a function
⟨·, ·⟩ defined on H×H with values in K = R or C such that the following conditions hold:

(i) ⟨τ, τ⟩ ≥ 0 for all τ ∈ H and ⟨τ, τ⟩ = 0 ⇔ τ = 0;

(ii) ⟨τ, µ⟩ = ⟨µ, τ⟩ for all τ, µ ∈ H (the bar denotes the complex conjugate);

(iii) ⟨ατ, µ⟩ = α⟨τ, µ⟩;
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(iv) ⟨λu+ µx, c⟩ = λ⟨u, c⟩+ µ⟨x, c⟩ for all x, u, c ∈ H and λ, µ ∈ K.

The pair (H, ⟨·, ·⟩) is called an inner product space. If K = R, then (ii) becomes ⟨a, b⟩ =
⟨b, a⟩. In this case, (H, ⟨·, ·⟩) is called a real inner product space.

Remark 2.2.2. A linear space Y with a norm defined on it, i.e., (Y, ∥ · ∥), is called a
normed linear space. If Y is a normed linear space, the norm ∥ ·∥ always induces a metric
d on Y given by d(a, c) = ∥a− c∥ for each a, c ∈ Y .

Definition 2.2.3. [32] An inner product space (H, ⟨·, ·⟩) is considered complete if every
Cauchy sequence in H converges to a limit within H.

We have that a complete inner product space is referred to as a Hilbert space.

Proposition 2.2.4. [72] (Cauchy-Schwarz Inequality) Let (H, ⟨·, ·⟩) be an inner product
space. For arbitrary τ, µ ∈ H,

|⟨τ, µ⟩|2 ≤ ⟨τ, τ⟩ · ⟨µ, µ⟩. (2.2.1)

Lemma 2.2.5. [72] The function ∥ · ∥ : H → [0,∞), defined by

∥τ∥ =
√
⟨τ, τ⟩, (2.2.2)

is a norm on H.

Remark 2.2.6. Following (2.2.1), the Cauchy-Schwarz inequality can generally be written
as

|⟨τ, µ⟩| ≤ ∥τ∥ · ∥µ∥, (2.2.3)

for arbitrary µ, τ ∈ H.

2.2.2 Properties of Hilbert spaces

Hilbert spaces have several important geometric properties due to their inner product struc-
ture. One such property is that the nearest point map in a real Hilbert space H onto a
closed convex set C is Lipschitz continuous with a constant of 1.

Definition 2.2.7. [32] The following inequality holds for all τ, µ ∈ H:

|∥τ∥ − ∥µ∥| ≤ ∥τ + µ∥ ≤ ∥τ∥+ ∥µ∥. (2.2.4)

Furthermore,

(i) ∥τ + µ∥ = ∥τ∥+ ∥µ∥

(ii) ∥τ − µ∥ = |∥τ∥ − ∥µ∥

Proposition 2.2.8. [32] Let H be a real Hilbert space. For each τ, µ ∈ H, we have

∥τ − µ∥2 = ∥τ∥2 + ∥µ∥2 − 2⟨τ, µ⟩, (2.2.5)

∥τ + µ∥2 ≤ ∥τ∥2 + 2⟨µ, τ + µ⟩. (2.2.6)
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Remark 2.2.9. It follows from Proposition (2.2.8)

∥τ + µ∥2 = ∥τ∥2 + ∥µ∥2 + 2⟨τ, µ⟩ ∀τ, µ ∈ H. (2.2.7)

Proposition 2.2.10. [18] For τ, µ, k, u ∈ H, we have

2⟨τ − µ, k − u⟩ = ∥τ − u∥2 + ∥µ− k∥2 − ∥τ − k∥2 − ∥µ− u∥2. (2.2.8)

Definition 2.2.11 (Parallelogram Law). [54] For all vectors τ, µ ∈ H, the following
identity holds

∥τ + µ∥2 + ∥τ − µ∥2 = 2(∥τ∥2 + ∥µ∥2). (2.2.9)

Theorem 2.2.12. [32] Let H be Hilbert space with an inner product ⟨·, ·⟩ defined by the
relation

⟨τ, µ⟩ = 1

2

(
∥τ∥2 + ∥µ∥2 − ∥τ − µ∥2

)
, (2.2.10)

if and only if the parallelogram law holds.

Lemma 2.2.13. [18] Let k, τ, µ ∈ H. Then the following hold:

(i)
∥k + µ∥2 = ∥k∥2 + 2⟨k, µ⟩+ ∥µ∥2.

(ii) Polarization Identity
4⟨µ, k⟩ = ∥µ+ k∥2 − ∥µ− k∥2.

(iii) Apollonius’s Identity

∥µ− k∥2 = 2∥τ − µ∥2 + 2∥τ − k∥2 − 4

∥∥∥∥τ − µ+ k

2

∥∥∥∥2 .
2.2.3 Example of Hilbert space

(i) The space Rn is a Hilbert space having the following inner product ,

⟨a, c⟩ = a1c1 + · · ·+ ancn =
n∑

i=1

aici,

where a = (a1, a2, . . . , an) and c = (c1, c2, . . . , cn) are elements of Rn.

(ii) The space L2(R) is the space of real-valued functions such that∫
R
|Q(x)|2 dx < ∞,

and it is a real Hilbert space, with an inner product

⟨Q,M⟩ =
∫
R
Q(x)M(x) dx.

with

∥Q∥ =

(∫ c

a

Q2(x) dx

) 1
2

,

where M and Q are real valued functions .
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(iii) This is an infinite-dimensional generalization of (ii). Let

ℓ2(H) = {(Q1, Q2, . . . ) : Qn ∈ H, ∀n ∈ N, and
∞∑
n=1

∥Qn∥2H < +∞}.

For Q = (Q1, Q2, . . . ) and M = (M1,M2, . . . ) in ℓ2(H), set

⟨Q,M⟩ℓ2(H) =
∞∑
n=1

⟨Qn,Mn⟩H .

2.2.4 Convergence in Hilbert space

Definition 2.2.14. [32] A sequence {yk}∞k=0 of elements of a Hilbert space H converges
weakly to y ∈ H if for any a ∈ H, the sequence {⟨a, yk⟩}∞k=0 converges to ⟨a, y⟩. We call

the point y a weak limit of the sequence {yk}∞k=0 and write yk
∗−→ y. If a subsequence

{ynk
}∞k=0 of {yk}∞k=0 converges weakly to y, then y is called a weak cluster point of the

sequence {yk}∞k=0. We say that {yk}∞k=0 converges (strongly) to y if limk→∞ yk = y = 0.
Weakly convergent sequences have the following properties:

(i) A weakly convergent sequence {yk}∞k=0 ⊆ H has exactly one weak limit.

(ii) A weakly convergent sequence {yk}∞k=0 ⊆ H is bounded.

(iii) A bounded sequence {yk}∞k=0 ⊆ H includes a weakly convergent subsequence.

(iv) If a sequence {yk}∞k=0 ⊆ H is bounded and has exactly one weak cluster point y ∈ H,

then yk
∗−→ y.

(v) If a sequence {yk}∞k=0 converges to y ∈ H, then it converges weakly to x ∈ H.

(vi) A weakly convergent sequence {yk}∞k=0 of a finite dimensional Hilbert space H is con-
vergent.

Theorem 2.2.15. Let β > 0. A point y ∈ C is a solution of the variational inequality
(1.1.1) if and only if y ∈ FixPC

(Id −Q).

Theorem 2.2.16. (Banach, 1922) Let B be a complete metric space and Q : B → B be a
contraction mapping. Then Q has a unique fixed point b ∈ B. Moreover, for any b0 ∈ B,
the sequence {Qkb0}∞k=0 converges to b at a geometric rate.

Lemma 2.2.17. [32] If yk ⇀ y ∈ H, then lim infk ∥yk∥ ≥ ∥y∥.

Proof. Let yk ⇀ y. y = 0 is the trival case . Now assume y ̸= 0. By the Cauchy–Schwarz
inequality, we have

lim inf
k

∥yk∥2 ≥ lim inf
k

⟨y, yk⟩ = ∥y∥2,

which implies lim infk ∥yk∥ ≥ ∥y∥.

16



Note that a sequence which is weakly convergent does not necessarily converge strongly.

Example 2.2.18. Let H = ℓ2 and yk = ek = (ek1, ek2, . . . ), where

eki =

{
1 if i = k,

0 if i ̸= k.

Then ∥yk∥ = 1, although the sequence {yk}∞k=0 does not contain a convergent subsequence
because

∥yk − yl∥ =
√
2, for all k ̸= l,

i.e., {yk}∞k=0 is not a Cauchy sequence. However, note that yk ⇀ 0.

Under additional assumptions, weak convergence implies strong convergence.

Lemma 2.2.19. [32] If yk ⇀ y ∈ H and ∥yk∥ → ∥y∥, then yk → y strongly.

Proof. Let

A Hilbert space has an important property, expressed in the following lemma.

Lemma 2.2.20. [32] If xk ⇀ y ∈ H, then for any y0 ∈ H, y0 ̸= y, the following inequality
holds:

lim inf
k

∥xk − y0∥ > lim inf
k

∥xk − y∥. (2.2.11)

Proof. Let xk ⇀ y and y0 ̸= y. Denote δ = ∥y− y0∥2. Since a weakly convergent sequence
is bounded, both lower limits in (2.2.11) are finite. The following give the properties of
the inner product

∥xk − y0∥2 = ∥xk − y + y − y0∥2 = ∥xk − y∥2 + ∥y − y0∥2 + 2⟨xk − y, y − y0⟩.

By assumption, ⟨xk − y, y − y0⟩ → 0, so

lim inf
k

∥xk − y0∥2 = lim inf
k

∥xk − y∥2 + δ > lim inf
k

∥xk − y∥2,

which implies
lim inf

k
∥xk − y0∥ > lim inf

k
∥xk − y∥.

Lemma 2.2.21. Let H be the Hilbert space and (yn)n∈N be a bounded sequence in the
space . Then (xn)n∈N possesses a weakly convergent subsequence.

Definition 2.2.22. [25] The minty type of the variational inequality problem (1.1.1) is
given below by finding y∗ ∈ C such that,

⟨Q(y, y − y∗⟩ ≥ 0 ∀y ∈ C (2.2.12)

Remark 2.2.23. For any λ > 0, y∗ is a solution of VI(Q,C)(1.1.1) if and only if y∗ =
PC(y

∗ − λQy∗).
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2.3 Lebesgue spaces

2.3.1 Properties of Lebesgue spaces

Definition 2.3.1. [102] For x ∈ H the space L2(C) consists of all measurable functions
Q : C → H such that ,

∥Q∥L2(C) =

(∫
C

|Q(x)|2 dx
)1/2

< ∞. (2.3.1)

Definition 2.3.2. Given p ∈ [1,∞) and x ∈ H, the space Lp(C) consists of all measurable
functions Q : C → H such that,

Lp(µ) = {Q : Q measurable, ∥Q∥p < ∞} , (2.3.2)

where

∥Q∥p =
(∫

|Q(x)|p dµ(x)
)1/p

. (2.3.3)

Definition 2.3.3. [102] The space L∞(C) consists of all measurable functions Q : C → H
such that

∥Q∥L∞(C) := ess supx∈C |Q(x)| < ∞, (2.3.4)

where ess sup denotes the essential supremum.

2.3.2 Properties of locally Lebesgue space

Definition 2.3.4. [102] The space L1
loc(Rn) consists of all locally integrable functions on

Rn. A function Q : Rn → R belongs to L1
loc(Rn) if Q is measurable and integrable over

every compact subset of Rn. this means

Q ∈ L1
loc(Rn) ⇐⇒

∫
K

|Q(x)| dx < ∞ for every compact set K ⊂ Rn. (2.3.5)

Definition 2.3.5. Let Ω ⊆ Rn be an open subset, and let 1 ≤ p < ∞. The locally
Lebesgue space Lp

loc(Ω) consists of measurable functions Q : Ω → R such that for every
compact subset K ⊂ Ω, ∫

K

|Q(x)|p dx < ∞.

Equivalently,
Lp
loc(Ω) = {Q : ∀K ⊂ Ω, K compact, Q ∈ Lp(K)}.
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2.3.3 Examples

Example 2.3.6. Let

g(x) =
1

|x|
(2.3.6)

for x ̸= 0.

While g /∈ L1(R) globally (it diverges near x = 0), for any compact set K ⊂ R \ {0}, the
integral: ∫

K

|g(x)| dx < ∞. (2.3.7)

Thus,
g ∈ L1

loc(R).

Example 2.3.7. Let
h(x) = e−x2

for x ∈ R. Then: ∫ ∞

−∞
|h(x)|2 dx =

∫ ∞

−∞
e−2x2

dx =

√
π

2
< ∞.

Hence,
h ∈ L2(R).

2.4 Metric projection

2.4.1 Non-expansive operator

Definition 2.4.1. [48] Let C be a nonempty subset of H, and let Q : C → H. Then Q is

(i) firmly nonexpansive if

∀τ, µ ∈ C, ∥Qτ −Qµ∥2 + ∥(Id−Q)τ − (Id−Q)µ∥2 ≤ ∥τ − µ∥2; (2.4.1)

(ii) nonexpansive if it is Lipschitz continuous with having a comnstant that is equal to 1,

∀τ, µ ∈ C, ∥Qτ −Qµ∥ ≤ ∥τ − µ∥; (2.4.2)

(iii) quasinonexpansive if

∀τ ∈ C, ∀µ ∈ FixQ, ∥Qτ − µ∥ ≤ ∥τ − µ∥; (2.4.3)

(iv) strictly quasinonexpansive if

∀τ ∈ C \ FixQ,∀µ ∈ FixQ, ∥Qτ − µ∥ < ∥τ − µ∥. (2.4.4)

Proposition 2.4.2. Let C be a nonempty closed convex subset of H. Then the projector
PC is firmly nonexpansive.
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2.4.2 Existence and uniqueness

Theorem 2.4.3. [32] For C ⊆ H and any x ∈ H, then there exists a unique metric
projection PC(x) ∈ C.

Theorem 2.4.4. For C ⊂ H and any x ∈ H, then there exists a metric projection PCx
and it is uniquely determined.

Proposition 2.4.5. [32]. For C ⊆ H and let ΠC be the orthogonal projection onto C.
For all x, b ∈ H and all z ∈ C, the following hold: ∥ΠC(x)− ΠC(b)∥2 ≤ ∥x− b∥2 − ∥(x−
ΠC(x))− (b− ΠC(b))∥2;

Definition 2.4.6. For all a ∈ H and b ∈ C and PC : H → C represent the projection
operator , it holds

⟨a− PC(a), b− PC(a)⟩ ≤ 0. (2.4.5)

2.4.3 Characterization of the metric projection

Theorem 2.4.7 (Characterization Theorem). [32] Let y ∈ H, C ⊂ H be a convex subset,
and b ∈ C. Then the following statements are equivalent,

(i) y = PC(x),

(ii) ⟨y − b, c− b⟩ ≥ 0 for all c ∈ C.

Definition 2.4.8. For C ⊂ H then the metric projection onto C, also known as the
nearest point projection, is the mapping PC : H → C that assigns to each x ∈ H a unique
point PCx ∈ C such that

∥x− PCx∥ = min{∥x− a∥ : a ∈ C}. (2.4.6)

Lemma 2.4.9. Let τ, w, µ ∈ H. The following conditions are equivalent:

(i) ⟨τ − w, τ − w⟩ = 0,

(ii) ⟨τ − µ, τ − µ⟩ = ∥τ − µ∥2,

(iii) ∥τ − w∥2 = ∥τ − µ∥2 + ∥µ− w∥2,

(iv) ⟨τ − µ, τ − w⟩ = 0.

Lemma 2.4.10. For C ⊂ H and PC : H → H be a metric projection onto C. Then for
any x ∈ H, the following conditions are equivalent:

(i) y = PCx,

(ii) y ∈ C and x− y ∈ NC(y), where NC(y) denotes the normal cone to C at y.

Proposition 2.4.11. [34]. For C ⊆ H and Q : C → C be an inverse strongly monotone
operator. If x∗ is the solution set of the VIP (1.1.1), then for any µ > 0, we have that
G (PC(I − µQ)) = V IP (C,Q).
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Proof. Let µ > 0 and z ∈ C, then from the characterization of the metric projection, we
have that

w ∈ G(PC(I − µQ)) ⇐⇒ w = PC(I − µQ)w,

⇐⇒ ⟨w − (I − µQ)w, z − w⟩ ≥ 0,

⇐⇒ ⟨µQ(w), z − w⟩ ≥ 0,

⇐⇒ ⟨Q(w), z − w⟩ ≥ 0,

⇐⇒ w ∈ V IP (C,Q).

Hence, G (PK(I − µQ)) = V IP (C,Q).

2.4.4 Examples of metric projection

Example 2.4.12. We now present several examples of metric projections in Hilbert spaces,
highlighting their properties and applications.

1. Let C = {z ∈ H : ∥z − z0∥ ≤ ρ}, which represents a closed ball in H centered at z0 ∈ H
with radius ρ > 0. The metric projection PC : H → C assigns to each z ∈ H the closest
point in C. It is given explicitly by:

PCz =

{
z0 + ρ (z−z0)

∥z−z0∥ , if ∥z − z0∥ > ρ,

z, if ∥z − z0∥ ≤ ρ.

This means that if the point z lies outside the ball C, the projection PCz is the point on
the boundary of C in the direction of z. On the other hand, if z is already inside C, the
projection simply returns z itself.

2. Let C = {x ∈ H : ∥x∥ ≤ r} be a closed ball centered at the origin with radius r > 0. Then,
the metric projection onto C is:

PCx =

{
r x
∥x∥ , if ∥x∥ > r,

x, if ∥x∥ ≤ r.

This is another example of the metric projection onto a closed ball, where the projection
scales the vector x to ensure that its norm does not exceed r.

3. Suppose that H ̸= {0} and let α ∈]0, 1]. Let Q1 and Q2 be the soft and hard thresholders,
respectively, defined for every τ ∈ H by

Q1τ =

{(
1− 1

∥τ∥

)
τ, if ∥τ∥ > 1;

0, if ∥τ∥ ≤ 1.
(2.4.7)

and

Q2τ =

{
ατ, if ∥τ∥ > 1;

0, if ∥τ∥ ≤ 1.
(2.4.8)
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Then Q1 is firmly nonexpansive. Moreover, for α < 1, Q2 is quasinonexpansive but not
nonexpansive, and for α = 1, Q2 is not quasinonexpansive.

Finally, the operator Q3 defined for every τ ∈ H by

Q3τ =

{(
1− 2

∥τ∥

)
τ, if ∥τ∥ > 1;

−τ, if ∥τ∥ ≤ 1.
(2.4.9)

is nonexpansive but not firmly nonexpansive.

In Chapters 3 ,4 and 5 we will observe that the operator PC(I − λQ)y(t) plays a key role
in proving our main theorems.

Theorem 2.4.13. [32] Let G : D → D be a continuous mapping on a closed set D ⊂ Rn.
Then G has at least one fixed point.

2.5 Variational inequality problem

The following theorem helps us explore whether a unique solution exists for the general
variational inequality.

Theorem 2.5.1. [18] Let u and v be two distinct solutions to the variational inequality
(1.1.1). If the condition

⟨Q(u)−Q(v), u− v⟩ ≥ 0, (2.5.1)

is satisfied, where Q is the underlying operator then the solution to the variational inequal-
ity (1.1.1) in H is unique.

Proof. Let u, v ∈ H be two distinct solutions of the variational inequality (1.1.1), meaning:

⟨Q(u), z − u⟩ ≥ 0 for all z ∈ H,

⟨Q(v), w − v⟩ ≥ 0 for all w ∈ H.

Now, choose z = v and w = u. Adding these two inequalities gives:

⟨Q(u)−Q(v), u− v⟩ ≤ 0.

Since condition (2.5.1) holds, we conclude that it is impossible for u ̸= v. Thus, the
solution to the variational inequality is unique. The condition (2.5.1) defines a strictly
monotone mapping, ensuring the uniqueness of the solution.

2.5.1 Examples

Example 2.5.2. (a) Consider the following variational inequality problem (VIP), where
the function Q and the set C are defined as:

Q(y) =

22y1 − 2y2 + 6y3 − 4
2y2 − 2y1
2y3 + 6y1

 , C =

y ∈ R3

∣∣∣∣∣∣∣∣∣
y1 − y2 ≥ 1,

− 3y1 − y3 ≥ −4,

2y1 + 2y2 + y3 = 0,

l ≤ y ≤ h

 ,
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where l = (−6,−6,−6)T and h = (6, 6, 6)T . This VIP is linear, and after solving
the system, we find that the problem has a unique solution:

y∗ = (2, 1,−6)T (refer to [107]).

This example demonstrates how a linear VIP with specific constraints can be solved
to yield a unique solution.

(b) Consider a second VIP where the function Q and the set C are given by:

Q(y) =


3y1 − 1

y1 + 3y2 − 2
3y1 + 3y2
4y3 + 4y4

4y3 + 4y4 − 1
y4 − 3

 , C =

y ∈ Rn

∣∣∣∣∣∣∣
y1 + y2 = 1,

y3 + y4 ≥ 0,

l ≤ y ≤ h

 ,

where p = (0.2, 0, 0, 0.5)T and q = (8, 8, 8, 8)T . This variational inequality problem
is nonlinear, and solving the system leads to a unique solution:

y∗ = (1.5, 0, 0, 0.5)T (see [107]).

This example shows how a nonlinear VIP can also have a unique solution under
certain conditions, even with additional constraints like the equality y1 + y2 = 1 and
the inequality y3 + y4 ≥ 0.

2.5.2 Related problems

Minty Variational Inequality Problems

The Minty variational inequality problem was introduced and studied by Minty in 1967. In
his work, Minty explored the relationship between VIPs and MVIPs under the operator’s
assumptions of continuity and monotonicity Q.

For C ⊆ H and let Q : H → H be a nonlinear operator. The Minty Variational Inequality
Problem (MVIP) is the problem of finding y∗ ∈ C such that:

⟨Qy, y − y∗⟩ ≥ 0 ∀y ∈ C. (2.5.2)

We denote the solution set of the MVIP by MV IP (C,Q).

Remark 2.5.3. For any λ > 0, y∗ is a solution of VI(Q,C)(1.1.1) if and only if y∗ =
PC(y

∗ − λQy∗) .

Theorem 2.5.4. [71] Let H be a real Hilbert space and C a nonempty, closed, and convex
subset of H. Then, the problems MV IP (C,Q) and V IP (C,Q) are equivalent if and only
if the operator Q : H → H is monotone and continuous.
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2.5.3 Minimization

Since variational forms are often linked to minimization problems, we will first study their
connection to minimization. To understand the connection between minimization problems
and variational inequalities, we study the following theorem.

Theorem 2.5.5. Let C ⊂ Rd be a nonempty, closed, and convex set. Suppose Q ∈ C1(C)
and let y∗ ∈ C be the solution to the minimization problem

Q(y∗) = min
w∈C

Q(w). (2.5.3)

Then y∗ ∈ C is also a solution to the variational inequality: Find y∗ ∈ C, such that

(∇Q(y∗), w − y∗) ≥ 0 for all w ∈ C. (2.5.4)

To prove the reverse direction it requires us to use the concept of convexity which the proof
is provided in this book [86]. The following theorem shows that z is the minimiser by solving
(2.5.4).

Theorem 2.5.6. [32] Let Q ∈ C1(L) be convex and let z ∈ L satisfy the inequality (2.5.4).
Then z ∈ L solves the minimization problem (2.5.3).

Proof. Let z ∈ L be a solution to the inequality (2.5.4). Since Q is convex, we know by
definition that for any a ∈ L and k ∈ [0, 1], the following holds:

Q(ka+ (1− k)z) ≤ kQ(a) + (1− k)Q(z).

we get that,
Q(z + k(a− z)) ≤ Q(z) + k(Q(a)−Q(z)),

which implies

Q(a) ≥ Q(z) +
Q(z + k(a− z))−Q(z)

k
, for all k ∈ (0, 1].

Taking the limit as k → 0, we obtain

Q(a) ≥ Q(z) + (∇Q(z), a− z), (2.5.5)

Since z satisfies (2.5.4), it follows from (2.5.5) that

Q(a) ≥ Q(z) for all a ∈ L,

which shows that z is indeed the minimiser.
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2.6 First order Methods

The first-order method dynamical system forms the fundamental methods used to study
problems in many fields like optimization, equilibrium problems, and variational inequality.
The method simply incorporates only the velocity term to enhance convergence without the
acceleration which you will see later the importance of the acceleration term. We will
study the first-order method from the continuous and discrete case for some methods to
solve variational inequality and optimization problems. Most first-order methods have the
same convergence rate in both discrete and continuous cases, as demonstrated below in the
section .

2.6.1 Optimization

In this section, we will study the first-order methods in optimization. These methods,
including gradient descent and its accelerated variants like Nesterov’s method, are partic-
ularly effective for large-scale optimization in solving convex and non-convex problems.

Continuous Gradient Flow

We will use the continuous part to study the behavior of the trajectories. We will start with
the continuous gradient flow method, which forms the foundation for studying optimization
problems. The following differential equation governs the system:

ẏ(t) + λ∇Q(y(t)) = 0, (2.6.1)

where ∇Q(y(t)) is the gradient of the function Q. The parameter λ > 0 is the stepsize.
This framework is beneficial for studying the asymptotic behavior of optimization algo-
rithms in a continuous-time setting. As the limit of t → ∞ the trajectory y(t) converges
to a critical point of Q(y)(t). Specifically, the state y(t) converges to ȳ ∈ argminkQ, where
k is the domain of Q. Jorge Cortes [37] have normalised the gradient method to get the
convergence of the solution to the optimal solution in the finite time and further Fei Chen
and Wei Ren [35] consider it for the case of the convex optimization where they have the
assumption that the objective function is strong convexity and additional constructing a
discontinuous dynamics with equality constraints they have achieved infinite time conver-
gence to the optimal solution. More work has been done see [82]. Additionally, Kunal Garg
and Dimitra Panagou [44] studied the modification of the method to study minimisation -
maximum problems and also convex optimization for both constrained and unconstrained.
For the application of the method see [36]. The key takeaway is that appropriately selecting
λ, this approach ensures stability and convergence of the method to the solution set .

Remark 2.6.1. For the case of explicit discretization, we have the following method

yn+1 = yn − λ∇Q(yn). (2.6.2)

The method achieves weak convergence in the discrete case, similar to the continuous case.

25



Projected Gradient Method

The method is used mostly in constraint optimization problems. The method is the combi-
nation of the continuous gradient method with a projection step to ensure that the updated
state stays x(t) within the feasible region C. The following differential equation gives the
continuous-time formulation of the method,

ẏ(t) + y(t) = PC (y(t)− λ∇Q(y(t))) , (2.6.3)

where y(t) is the state at time t, λ > 0 is the step size, ∇Q(y(t)) is the gradient of
the objective function at chi(t), and PC(·) is the projection operator that maps a point
onto the set C. The existence of a solution on the finite time interval is guaranteed since
the projection operator is continuous. For the infinite case, we require that ∇Q(y(t)) is
Lipschitz continuous, which will ensure that the trajectories not only exist but are unique.
Furthermore, when ∇Q(y(t)) is locally Lipschitz, the trajectories converge weakly to the
constrained minimizer. If we let the projection operator be the unit matrix, we get (2.6.1),
which is considered above. Boris T Polyak [85] has studied the discrete projection method
and obtained convergence to the optimal solution. The convergence of (2.6.3) part has
been studied by Antipin [99]. Jerome Bolte [22] studied the extension of the method where
he included the Tykhonov term that is used to force the trajectories y(t) to reach the
equilibrium. The method is defined as follows:

ẏ(t) + y(t) = PC

[
y(t)− λ∇Q(y(t))− µ(t)y(t)

]
, (2.6.4)

y(0) = y0 ∈ C,

where µ : R+ → R+ satisfies
µ(t) → 0 as t → ∞,

and ∫ ∞

0

µ(t) dt = ∞.

This approach shows that the trajectories can be forced to converge strongly toward the
minimizer. The convergence speed of the method depends on the choice of the step size λ,
and in practice, an adaptive choice of λ can help improve the efficiency of the method.

Proximal Gradient Method

In the literature, they involve non-smooth terms that extend the gradient descent method
by the proximal operator. The continuous proximal method is defined as follows:

ẏ(t) + y(t) = proxλg (y(t)− λ∇Q(y(t))) , (2.6.5)

where y(t) is the state at time t, λ > 0 is the step size, ∇Q(y(t)) is the gradient of the
objective function at y(t), and proxλg is the proximal operator that maps a point onto the
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set C. The proximal operator proxλg is defined as:

proxλg(v) = argmin
y

(
g(y) +

1

2λ
∥y − v∥2

)
, (2.6.6)

which can be interpreted as a regularization step that modifies the update based on the
non-smooth function g(y). The method is a forward-backward method, where the first step
applies the gradient descent method to update the y(t) − λ∇Q(y(t)), and the second part
is to apply the proximal operator to the non-smooth term g(y). When g(y) = 0, then
the proximal operator is the identity and the method becomes (2.6.1). The study of the
proximal gradient method was first introduced by Moghaddam and Jovanovic [53] where
they have proven that the trajectories achieve exponential convergence. The idea was fur-
ther improved by Gokhale, Alexander and Bullo [47] where they introduce a new condition
that guarantees exponential convergence of the objective function to the optimal solution.
They also proved that the proximal Polyak- Lojasiewicz (PL) condition guarantees exponen-
tial convergence of the objective function to the optimal solution. Abbas and Attouch [1]
studied the case of the monotone inclusion problem, where they considered both the con-
tinuous and discrete parts. The key takeaway is that to achieve convergence the method
requires both Q(y) and g(y) to be convex and Q(y) to be smooth then the convergence to
the minimizer of the objective function is guaranteed. For the application of the method,
see [47, 53, 1].

2.6.2 Variational inequality

Projected Gradient Method

The method is used mostly to solve variational inequality problems. The method includes
the projection step to ensure that the updated state stays y(t) within the solution set Ω.The
following differential equation gives the continuous-time formulation of the method,

ẏ(t) + y(t) = PC (y(t)− λQ(y(t))) , (2.6.7)

where y(t) is the state at time t, λ > 0 is the step size, Q(y(t)) is the monotone op-
erator, and PC(·) is the projection operator that maps a point onto the set C. Youshen
Xia, Henry Leung [104] studied (2.6.7) when Q is monotone, he have demonstrated the
global convergence and global asymptotic stability of the trajectories. Cavazzuti and Pap-
palardo [31] studied the case when the underlying operator is µ strongly monotone, they
show that the dynamical system converges exponentially. Phan Tu Vuong [50] considers
the case when Q is strong pseudo-monotonicity and Lipschitz continuity assumptions, he
proves that the dynamical system has a unique equilibrium solution. Pham Duy Khanh
and Phan Tu Vuong [65] have studied the explicit discretisation of the method, which is
Korpelevich’s extragradient method for the case when the underlying operator is the strong
pseudomonotone, and they have obtained the linear convergence. The results obtained for
projection show that there is a connection between the algorithmic and dynamical system
approaches, which yield similar results.
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The projected method serves as a fundamental approach for solving variational inequalities.
As stated above, we will introduce Tseng’s method to improve convergence behavior by
combining projection steps with additional correction terms.

The continuous Tseng method, which includes the correction term, is given below:

Forward-Backward-Forward dynamical system

The forward-backward-forward dynamical system is described as:
w(t) = PC

(
y(t)− λQ(y(t))

)
,

ẏ(t) + y(t)− w(t)− λ
[
Q(y(t))−Q(w(t))

]
= 0,

y(0) = y0,

(2.6.8)

where λ > 0 and x0 ∈ H. Here Q is the underlying operator that can be monotone or
pseudomonotone. Radu I Botand Erno Robert Csetnek [25] studied the system when the
operator is pseudomonotone and with the additional assumption that the function is weak to
weak sequentially. Using those assumptions, they were able to prove the weak convergence
of the trajectories to the solution set of (1.1.1). In the case of explicit time discretization
of (2.6.8) they have also shown linear convergence. For the case when we replace the
projection operator with the resolvent operator, we get the more generalized problem of the
variational inequality problem which is the monotone inclusion problem where Radu Ioan
Bot and Erno Robert Csetnek [26] have proven not only the existence and uniqueness of the
trajectories but the weak convergence to the solution set of Monotone inclusion problem.

In our paper, we are interested in extending the first-order methods to the second-order
methods. We will study the methods of second-order dynamical systems to solve variational
inequalities problems and optimization problems. The methods provided below show that
including the acceleration term indeed improves the rate of convergence. We will also
show the rate of convergence. We will start with the method of Polyak, followed by the
subsequence methods of the second-order dynamical system.

2.7 Second order methods

In this section, we will study methods that include an acceleration term in their dynamical
system from a continuous perspective. We will compare their convergence rate with the
corresponding first-order method, highlighting the impact of the acceleration term methods.
The methods in this section have constant damping, asymptotic damping, and vanishing
damping. The damping force influences the convergence speed of dynamical systems and
ensures that the velocity is controlled over time, leading the trajectory to converge to a
steady-state solution, ideally close to the optimal point.
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2.7.1 Optimization

The heavy ball with friction method of Polyak

We will use the continuous part to study the behavior of the trajectories. Since the method
includes the acceleration term, it is used to accelerate convergence. We will begin with the
extension of the continuous gradient flow method, where Polyak [84] studied the second-
order version given below.

ÿ(t) + αẏ(t) = −∇Q(y(t)) (2.7.1)

where, α > 0 is a fixed parameter. Alvarez [6] has proven that the trajectories converge to
the minimizer of Q. For the µ strongly convex case, we have the following :

ÿ(t) + 2
√
µẏ(t) = −∇Q(y(t)), (2.7.2)

where µ is a positive constant. Attouch and Csetnek [11] in their study have established
minimal assumptions on the damping potential Q to ensure the convergence of trajectories
and further improve the convergence rate from linear rate to exponential rate given below
by,

Q(y(t))− inf
H

Q = O

(
1

t

)
as t → +∞. (2.7.3)

to
Q(y(t))− inf

H
Q = O

(
e−

√
µt
)

as t → +∞. (2.7.4)

The value of Q(y(t)) does not generally decrease along the trajectories; rather, it is the
energy s(t) = 1

2
|ẏ(t)|2 +Q(y(t)) that decreases over time. Other authors studied [69].

Projection operator viscous damping

The second-order method for the equation (2.6.3) is given below :

ÿ(t) + αẏ(t) + y(t)− PC(y(t)− ϵ∇Q(y(t))) = 0 (2.7.5)

where ϵ > 0 and Q is the underlying operators used to study the system. The convergence
properties of trajectories toward a global minimizer of Q over the set C have been thoroughly
studied and are well known in the literature. Antipin [99] has proven the asymptotic and
exponential stability of the generated trajectories by dynamical system (2.7.5).

For the general case, when we replace the gradient operator by Q, which is a non-expansive
operator, we get,

ÿ(t) + αẏ(t) = (I −Q)y(t), (2.7.6)

where I is the identity operator. Attouch and Alvarez [8] studied the case when α2 > 2,
then the trajectories generated by (2.7.6) converge weakly to the element that is in the
fixed point set of Q. The presence of the α damping factor plays an important role in
convergence. α should not be larger since it will discard the impact of the acceleration
term, and αẏ(t) will dominate and lead to the first-order method. If we choose alpha to be
small, the system will keep on oscillating and lead to slow convergence. We require α to
depend on time such that it approaches zero but not too quickly. Below, we study a method
that addresses this issue by allowing α to be α(t).

29



Asymptotic vanishing damping

The study of dynamical systems with time-dependent damping coefficients is

ÿ(t) + α(t)ẏ(t) = −∇Q(y(t)), t ≥ t0, (2.7.7)

where α(t) represents a time-dependent damping coefficient and Q(y(t)) is a potential .
When a(t) = 1

t+1
, the resulting trajectories correspond to those of an averaged gradient

system. Alexandre and Engler [29] used the optimization property given by
∫ +∞
t0

α(t) dt =
+∞. In their paper, they have proven that this ensures that the objective function converges
toward its minimum. The property below assists in ensuring that the trajectories converge
towards the minimum value of the function.∫ ∞

0

e−
∫ t
0 α(s) dsdt < ∞. (2.7.8)

Alexandre and Engler [29] studied the stronger condition sufficient for convergence. Su,
Boyd, and Candés [94] considered α = β

t
, which will lead to the Nesterov accelerated

method given below.

Nesterov accelerated method

The Nesterov accelerated gradient method can be studied using continuous-time dynamics.
The modified system is expressed by the following equation:

ÿ(t) +
α

t
ẏ(t) +∇Q(y(t)) = 0, t > 0, (2.7.9)

where α > 0 is a parameter that influences the rate of damping. The term α
t
ẏ(t) represents

a time-varying damping coefficient. The parameter α assists in determining the system’s
convergence properties. Su-Boyd-Candès [49] studied it for the case when α = 3, the
system achieves an optimal convergence rate given below by,

O

(
1

t2

)
as t → +∞. (2.7.10)

Attouch-Chbani-Peypouquet-Redont [12] have studied the case when α > 3, the convergence
rate have improved to ,

o

(
1

t2

)
, as t → +∞. (2.7.11)

They have achieved the weak convergence of the trajectories generated by (2.7.9). Attouch,
Hedy and Chbani [13] studied the case when α ≤ 3, the system converges at the rate ,

O

(
1

t
2α
3

)
as t → +∞. (2.7.12)

Finally, the combination Polyak method (2.7.1) and Nesterov accelerated method (2.7.9)
gives the following equation,

ÿ(t) + (
α

t
+ µ)ẏ(t) +∇Q(y(t)) = 0, (2.7.13)

where µ is a viscous damping term. The combination of the methods improves the rate of
convergence.
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2.7.2 Variational inequality

Phan Tu Vuong [100] extended the projection method proposed by Antipin [99] from solving
optimization problems to variational inequality by replacing the gradient operator with a
strong pseudomonotone operator. The equation is given by{

ÿ(t) + α(t)ẏ(t) + β(t) [y(t)− PC (y(t)− λQy(t))] = 0,

y(0) = y0, ẏ(0) = y0.
(2.7.14)

However, the dynamical system given by (2.7.14) does not produce trajectories that con-
verge to C ⊆ H if Q is monotone. The result obtained for the second-order dynamical
system shows better convergence than the first-order dynamical system. The overall reason
is that the first-order methods rely solely on gradient information, which may result in slow
convergence, especially in ill-conditioned problems, and the second-order method relies on
constant damping, asymptotic damping, and more to improve convergence. Rapid speed
alone is not sufficient when solving variational inequality or optimization, we are required
to control our trajectories, which the next section will deal with. Before we move to the
methods using the Hessian damping term to manage the trajectories, here is an example
in mechanics that uses the dynamical system to model the behavior of objects.

We provide an example of Newton’s method applied to the spring problem.

Example 2.7.1. Newton’s second law states that the total force acting on an object is
equal to the product of its mass and acceleration. We have that x(t), ẋ(t), ẍ(t) represent
displacement, velocity and acceleration respectively and m is mass of the object, f(t) is
the external force, c2x(t) corresponds to the restoring force due to the compression of the
spring, and 2kẋ(t) denotes the damping force exerted by the absorber

mẍ(t) = f(t)− c2x(t)− 2kẋ(t) (2.7.15)

Rearranging the equation, we obtain:

mẍ(t) + 2kẋ(t) + c2x(t) = f(t) (2.7.16)
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Figure 1 - Spring system. In this system, we can study the force of the spring applied to
the wall and the object of mass m. Furthermore, we can also find the kinetic energy, which
is equal to the mechanical energy, since the potential energy is equal to zero.

We are going to extend our study to include the Hessian damping factor. The convergence
of the trajectories generated by (2.7.14) can be improved by including the Hessian damping
factor alongside the Tseng forward-backward forward, which includes the correction forward
step term. In algorithms, damping helps regulate the momentum that propels the iterates
forward. With too little damping, the iterates may overshoot, oscillate, or even diverge.
With too much damping, the system will have slow convergence. We will modify our system
to incorporate Hessian damping to address the oscillations. The Hessian method is more
effective than the standard damping method. Below, we study the well-known methods that
use the Hessian damping factor to neutralise oscillation.

2.8 Hessian damping

In this section, we will study methods that include a Hessian damping term in their dy-
namical system from a continuous perspective. We will compare their convergence rate
with the corresponding second-order method without the Hessian damping term, highlight-
ing the impact of the Hessian damping term. The Hessian damping + standard damping
influences the convergence speed of dynamical systems and ensures that the velocity is con-
trolled over time with less oscillation, leading the trajectory to converge to a steady-state
solution, ideally close to the optimal point.

2.8.1 Optimization

Heavy Ball with Friction (HBF)

Alvarez [6] studied the following equation.

ÿ(t) +Xẏ(t) +∇Q(y(t)) = 0, (2.8.1)

where X : H → H is a positive definite matrix called the anisotropic. This formula-
tion models physical systems with inertia and friction and has been extensively studied in
optimization. Replacing the anisotropic by a Hessian matrix, we study the second-order
dynamical inertial Newtonian system, which is a well-posed formulation of the continuous
Newton method.

Dynamical Inertial Newtonian (DIN)

The DIN method introduces Hessian-based corrections to improve stability and convergence
rates:

ÿ(t) + αẏ(t) + β∇2Q(y(t))ẏ(t) +∇Q(y(t)) = 0, (2.8.2)
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where, β > 0 governs the contribution of the Hessian ∇2Q(y(t) and β∇2Q(y(t))ẏ(t) serves
to neutralise oscillations, providing a smoother and faster convergence, similar to Nes-
terov’s accelerated gradient method. The method analysed by Alvarez, Attouch, Bolte, and
Redonte [7] showed that when Q is convex, then each trajectory of (2.8.2) weakly converges
to a minimiser of Q. Furthermore, the trajectories converge to the critical value of Q if Q
is real analytic. For the application of the method, see [96].

Remark 2.8.1. The above system can be written in its equivalent first-order method. The
system below represents the equivalence of (2.8.2).

ẏ(t) + β∇Q(y(t))−
(

1
β
− α

t

)
y(t) + 1

β
z(t) = 0,

ż(t)−
(

1
β
− α

t
+ αβ

t2

)
y(t) + 1

β
z(t) = 0,

(2.8.3)

where β is the relaxation factor, α is the viscous damping and Q is our operator . The
system has the same convergence as (2.8.2).

Dynamical Inertial Accelerated Variational Dynamics (DIN-AVD)

The DIN-AVD method combines inertial acceleration with Hessian-based corrections:

(DIN-AVD)α,β ÿ(t) +
α

t
ẏ(t) + β∇2Q(y(t))ẏ(t) +∇Q(y(t)) = 0, (2.8.4)

where α > 0 introduces time-dependent damping. This approach was studied by Attouch
[14] to solve a monotone inclusion problem, and he achieved weak convergence.

Dynamical system including three factors

The following dynamical system for the inertial gradient system includes three factors,
which are the Hessian-driven damping, the asymptotic vanishing term, and the time-
varying term. The system is given by the following differential equation,

ÿ(t) + α(t)ẏ(t) + β(t)∇2Q(y(t))ẏ(t) + b(t)∇Q(y(t)) = 0, (2.8.5)

where α(t) is the time-dependent asymptotic damping coefficient, β(t) is the scaling co-
efficient for the Hessian-driven damping, and b(t) is the coefficient associated with the
gradient term driving convergence.

Hedy Attouch [10] demonstrates that the proposed dynamics achieve exponential conver-
gence rates for function values under certain assumptions, even without requiring the strong
convexity of Q(y).

Our proposed method, which includes the Hessian damping factor, is presented below and
will be the focus of this paper. The method is define as follows:

w(t) = PC(y(t)− λQ(y(t))
ÿ(t) + α(t)ẏ(t) + β d

dt
(y(t)− w(t)) + y(t) = w(t) + λ[Qy(t))−Q(w(t))]

y(0) = y0 ẏ(0) = ẏ0

(2.8.6)
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where PC is the projection operator, and let α(t) be the asymptomatic vanishing damping
which is a Lebesgue measurable function, and Q can be a monotone or strongly monotone
operator and Lipschitz continuous.
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Chapter 3

Existence and Uniqueness of Strong
Global Solution

3.1 Introduction

In this chapter, we begin by assuming that the underlying operator is only Lipschitz continu-
ous. Using the Cauchy-Lipschitz-Picard theorem, we establish the existence and uniqueness
of the trajectories generated by the dynamical system (3.1.1). Furthermore, we demonstrate
that the acceleration term of the dynamical system is absolutely continuous, an essential
property that ensures the integrability and smoothness of the system’s evolution over time.
In addition to these foundational results, we derive an explicit estimate for the third-order
derivative of the dynamical system (3.1.1). This analysis assists in understanding the
stability and convergence properties of the system. Additionally, we close the chapter by
providing two examples. We are going to solve equation (1.1.1) using the proposed system,
which is:

w(t) = PC(y(t)− λQ(y(t)),
ÿ(t) + α(t)ẏ(t) + β d

dt
(y(t)− w(t)) + y(t) = w(t) + λ[Qy(t))−Q(w(t))]

y(0) = y0 ẏ(0) = ẏ0

(3.1.1)

where PC is the projection operator, and let α(t) be the asymptomatic vanishing damping,
which is a Lebesgue measurable function, and Q be Lipschitz continuous.

Let R : H → H be defined as,

Ry(t) = w(t) + λ [Q(y(t))−Q(w(t))] . (3.1.2)

Then we have (3.1.1) can be rewritten as follows.

ÿ(t) + α(t)ẏ(t) + β
d

dt
(y(t)− w(t)) + y(t)−Ry(t) = 0. (3.1.3)
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3.2 Preliminaries

We are going to present some lemmas and definitions required to establish this chapter’s
main results. We denote the strong and weak convergence of a sequence {yn} to a point
y ∈ H by yn → y and yn ⇀ y, respectively.

Definition 3.2.1. Let (Q, d) be a metric space with a distance function d. A mapping
Q : N → N is termed a contraction mapping if:

d(Q(τ), Q(µ)) ≤ βd(τ, µ) for all τ, µ ∈ N, where β ∈ [0, 1).

When β = 1, the mapping is called non-expansive.

Theorem 3.2.2. [18] Let N be a complete metric space, and let Q : N → N be a
contraction mapping. Then there is exactly one point p ∈ N such that Q(p) = p.

Lemma 3.2.3. [21]
Let y ∈ C1[a, b] and if R”[a, b] denotes the set of Riemann integrable functions on [a, b],
β ∈ R”[a, b], and

y′(t) ≤ β(t) · y(t), ∀t ∈ [a, b],

then
y(t) ≤ y(a) · e

∫ t
a β(s) ds, ∀t ∈ [a, b].

The natural generalization of the Gronwall inequality.

Lemma 3.2.4. [41] Let y ∈ C1[c, d], y, δ ∈ R”[c, d]. If

y′(t) ≤ y(t) + δ(t)y(t), ∀t ∈ [c, d],

then

y(t) ≤
(
y(c) +

∫ t

c

e−
∫ s
c δ(τ) dτy(s) ds

)
· e

∫ t
c δ(s) ds, ∀t ∈ [c, d].

Definition 3.2.5. [25] Let y : [t0,+∞) → Rn be a strong global solution of (3.2.5), if the
properties below are satisfied,

(i) y, ẏ : [t0,+∞) → Rn are locally absolutely continuous, which means that absolutely
continuous on each interval [t0, T ] where t0 < T < +∞;

(ii) {
w(t) = PC(y(t)− λQ(y(t))
ÿ(t) + α(t)ẏ(t) + β d

dt
(y(t)− w(t)) + y(t) = R(y(t))

for almost every t ≥ t0;

(iii) y(t0) = u0 and ẏ(t0) = v0.

Definition 3.2.6. A function y : [t0,+∞) → Rn is said to be absolutely continuous on
an interval [t0, T ] if there exists an integrable function x : [t0, T ] → Rn satisfying

y(t) = y(t0) +

∫ t

t0

x(s) ds for all t ∈ [t0, T ]. (3.2.1)
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Theorem 3.2.7 (Rademacher’s Theorem). Let Q : C → Rn where C is the subset of Rn

be a Lipschitz continuous function. Then, Q is differentiable almost everywhere in Rn.

Lemma 3.2.8 (Young’s Inequality). Let x and y be two positive real numbers such that

1

x
+

1

y
= 1. (3.2.2)

Then, for any positive real numbers a and b,

ax

x
+

by

y
≥ ab. (3.2.3)

Equality holds if and only if ax = by.

Proof. Using the (2.1.3) and let the weight be given by m1 =
1
x
and m2 =

1
y
. we have the

following equation.
m1a

x +m2b
y

m1 +m2

≥ ((ax)m1(by)m2)
1

m1+m2 . (3.2.4)

Having that,
1

x
+

1

y
= 1 =⇒ m1 +m2 = 1, (3.2.5)

substituting this into (3.2.4) it gives the following equation ,

ax

x
+

by

y
≥ (ax)

1
x (by)

1
y . (3.2.6)

Given that this equality holds,

(ax)
1
x = a, (by)

1
y = b, (3.2.7)

Therefore,
ax

x
+

by

y
≥ ab. (3.2.8)

This is true if and only if ax = by, therefore the Young’s inequality.

Lemma 3.2.9. [103] Let (τ1, τ2, . . . , τn) and (µ1, µ2, . . . , µn) be two sequences of real num-
bers. Then, (

n∑
i=1

τ 2i

)(
n∑

i=1

µ2
i

)
≥

(
n∑

i=1

τiµi

)2

, (3.2.9)

with equality if and only if the sequences (τ1, τ2, . . . , τn) and (µ1, µ2, . . . , µn) are propor-
tional, i.e., there exists a constant λ such that

τk = λµk for each k ∈ {1, 2, . . . , n}.

Definition 3.2.10. L1([0, b], H ×H)

L1([0, b], H ×H) =

{
Q : [0, b] → H ×H

∣∣∣∣ ∫ b

0

∥Q(t)∥H×H dt < ∞
}
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Theorem 3.2.11 (Cauchy Picard). [41]

Let C ⊂ H and let Q : H → H be a Lipschitz map, i.e., there is a constant L such that.

∥Q(u)−Q(v)∥ ≤ L∥u− v∥, ∀u, v ∈ H. (3.2.10)

Then, for any given u0 ∈ H, there exists a unique solution u ∈ C1([0,+∞), H) of the
problem: {

du(t)
dt

= Q(u(t)), ∀t ∈ (0,+∞),
u(0) = u0.

A function u(t) is a solution of the differential equation if and only if it satisfies the integral
equation:

u(t) = u0 +

∫ t

0

Q(s, u(s)) ds. (3.2.11)

This integral equation defines a mapping Φ as:

Φ(u)(t) = u0 +

∫ t

0

Q(s, u(s)) ds. (3.2.12)

Theorem 3.2.12. [41] Let Q : [0,+∞)×H → H be a map satisfying

∥Q(t, u)−Q(t, v)∥ ≤ L(t) · p(∥u− v∥), ∀t ∈ [0,+∞), u, v ∈ H, (3.2.13)

where L : [0,+∞) → [0,+∞) and p : (0,+∞) → [0,+∞) are continuous functions.
Assume there exist constants 0 ≤ a < +∞ such that

L(t) ≤ a, p(s) ≤ s,

and p(s) is an increasing function. Then, for any given u0 ∈ H, there exists a unique
solution u ∈ C1([0,+∞);H) for the problem

du(t)

dt
= Q(t, u(t)).

Definition 3.2.13. The space L1
loc(Rn) consists of all locally integrable functions on Rn.

A function Q : Rn → R belongs to L1
loc(Rn) if Q is measurable and integrable over every

compact subset of Rn. Formally, this means

Q ∈ L1
loc(Rn) ⇐⇒

∫
K

|Q(x)| dx < ∞ for every compact set K ⊂ Rn.

Lemma 3.2.14 (Banach Fixed-Point Theorem). Let R be a nonempty complete metric
space, and let Q : R → R be a strict contraction. That is, there exists a constant 0 < c < 1
such that

d(Q(τ), Q(µ)) ≤ c d(τ, µ), ∀τ, µ ∈ R. (3.2.14)

Then, there exists a unique point η ∈ R such that Q(η) = η.
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3.3 Existence and uniqueness of the trajectory

Proposition 3.3.1. Let Q : C → H Lipschitz continuous with constant L > 0. Then,

(i) Ry(t) is Lipschitz continuous with the following constant (1 + λL)2 + λL > 0.

(ii) (I−R)y(t) is Lipschitz continuous with the following constant (1+λL)2+(1+λL) > 0.

(iii) Ey(t) is Lipschitz continuous with the following constant (2 + λLE) > 0

Proof. Using the Cauchy-Schwarz inequality and the Lipschitz continuity of Q, we obtain
for all y1, y2 ∈ H and λ > 0,

∥Ry1(t)−Ry2(t)∥ = ∥w1(t) + λ[Q(y1(t))−Q(w1(t))]− (w2(t) + λ[Q(y2(t))−Q(w2(t))])∥
≤ ∥w1(t)− w2(t)∥+ λ∥Q(y1(t))−Q(y2(t))∥+ λ∥Q(w2(t))−Q(y1(t))∥
≤ ∥w1(t)− w2(t)∥+ λL∥y1(t)− y2(t)∥+ λL∥w2(t)− w1(t)∥
= (1 + λL)∥w1(t)− w2(t)∥+ λL∥y1(t)− y2(t)∥.

(3.3.1)

Since w1(t) = PC(y1(t)− λQ(y1(t))) and w2(t) = PC(y2(t)− λQ(y2(t))),

∥w1(t)− w2(t)∥ = ∥PC(y1(t)− λQ(y1(t)))− PC(y2(t)− λQ(y2(t)))∥
≤ ∥(y1(t)− λQ(y1(t)))− (y2(t)− λQ(y2(t)))∥
≤ ∥y1(t)− y2(t)∥+ λ∥Q(y1(t))−Q(y2(t))∥
≤ (1 + λL)∥y1(t)− y2(t)∥.

(3.3.2)

Putting (3.3.2) into (3.3.1) , we obtain the following equation ,

∥Ry1(t)−Ry2(t)∥ ≤ (1 + λL)2∥y1(t)− y2(t)∥+ λL∥y1(t)− y2(t)∥
=
(
(1 + λL)2 + λL

)
∥y1(t)− y2(t)∥.

(3.3.3)

This shows that Ry(t) is Lipschitz continuous with constant (1 + λL)2 + λL.
(ii) Using (i) we have that for (I −R)y(t) = y(t)− w(t) + λ(Qy(t)−Qw(t)),

∥(I −R)y1(t)− (I −R)y2(t)∥ ≤
(
1 + (1 + λL)2 + λL

)
∥y1(t)− y2(t)∥. (3.3.4)

This shows that (I −R)y(t) is Lipschitz continuous with constant (1 + λL)2 + (1 + λL).

(iii) For all y ∈ H, if given that E : H → H by

Ey(t) = y(t)− PC(y(t)− λQy(t)), (3.3.5)

where PC is the projection operator and λ is a scalar.
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∥Ey(t)− Eỹ(t)∥ = ∥y(t)− PC(y(t)− λQy(t))− ỹ(t) + PC(ỹ(t)− λQỹ(t))∥
≤ ∥y(t)− ỹ(t)∥+ ∥PC(y(t)− λQy(t))− PC(ỹ(t)− λQỹ(t))∥
≤ ∥y(t)− ỹ(t)∥+ ∥y(t)− λQy(t)− ỹ(t) + λQỹ(t)∥
≤ 2∥y(t)− ỹ(t)∥+ λ∥Qy(t)−Qỹ(t)∥
≤ (2 + λL)∥y(t)− ỹ(t)∥.

(3.3.6)

Using Rademacher’s theorem see (3.2.7), we conclude that the operator E is differentiable
almost everywhere in H. Furthermore, if E is continuously differentiable, this implies that
d
dt
(Ey(t)) = By(t) is continuous. Let By(t) be continuously differentiable such that By(t)

is Lipschitz continuous with constant LB.
The following Lemma converts the second-order dynamical system into an equivalent first-
order system.

Lemma 3.3.2. Given a second-order dynamical system of the form (4.1.1), it can be
reformulated as a first-order dynamical system within the product space H ×H. Let

Y : R≥0 → H ×H, Y (t) = (y(t), ẏ(t))

and
G : R≥0 ×H ×H → H ×H,

then the product space equations are given by,{
Ẏ (t) = G(t, Y (t)),

Y (0) = (u0, v0),
(3.3.7)

where, G(t, u, v) = (v,−α(t)v−(I−R)u−β d
dt
(u(t)−τ(t))) and τ(t) = PC(u(t)−λQ(u(t)).

Proof. Let,
u(t) = y(t), v(t) = ẏ(t),

u̇(t) = ẏ(t) = v(t),

˙v(t) = ÿ(t) = −α(t)ẏ(t)− (I −R)y(t)− β
d

dt
(u(t)− τ(t)).

We have that ,
Y (t) = (y(t), ẏ(t)) = (u, v).

We have the following equation given by,

Ẏ (t) = (ẏ(t), ÿ(t)) = (u̇, v̇) = (v,−α(t)v(t)− (I −R)u(t)− βv(t) + βτ̇(t))

where τ̇(t) = PC(v(t)− Q̇(u(t)v(t)). Then

Ẏ (t) = G(t, (u, v)) = G(t, Y (t))
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and Y (0) = (u0, v0) where we have that the function G is,

G(t, u, v) = (v,−α(t)v(t)− (I −R)u(t)− βv(t) + βτ̇(t)) .

Lemma 3.3.3. For all starting points u0, v0 ∈ H, we endow H×H with the scalar product

X = {a(t) ∈ L1 ([0,+∞);H ×H) |∥a(t)∥ < +∞} .

⟨(a, y), (a′, y′)⟩H×H = ⟨a, a′⟩+ ⟨y, y′⟩
and the corresponding norm

∥(a, y)∥H×H =
√

∥a∥2 + ∥y∥2.

Then,

(i) We show that the Lipschitz constant of G(t, ·, ·) is locally integrable.

(ii) We show that ∀u, v ∈ H,∀b > 0 then G(·, u, v) ∈ L1([0, b], H ×H).

(iii) We show that, for every Y ∈ X, Φ(Y (t)) also belongs to X

Proof. (i) Let y(t) be a function satisfying the relations

(I −R)y(t) = Ay(t) and By(t) =
d

dt
(Ey(t)),

where A and B are Lipschitz continuous operators. Then, for any u, u′, v, v′ ∈ H, the
following result holds. Then we get the following:

∥G(t, u, v)−G(t, u′, v′)∥H×H ≤

√
(∥α(t)(v′ − v)∥+ ∥Au′ − Au∥+ β∥Bu−Bu′∥)2

+ ∥v − v′∥2

≤

√√√√(
∥α(t)∥∥v′ − v∥)2 + ∥A(u′ − u)∥+ β∥B(u− u′)∥

)2
+ ∥v − v′∥2

≤

√√√√(
∥α(t)∥∥v − v′∥)2 + LA∥u− u′∥+ βLB∥u− u′∥

)2
+ ∥v − v′∥2

=

√√√√(
∥α(t)∥∥v − v′∥)2 + (LA + βLB)∥u− u′∥

)2
+ ∥v − v′∥2

≤ (1 + ∥α(t)∥)∥v − v′∥+ (LA + βLB)∥u− u′∥, ∀t ≥ 0.
(3.3.8)

Hence, the Lipschitz constant for G is

L(t)G = 1 +
√
2α(t) + 2(LA + βLB). (3.3.9)
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Considering that α ∈ L1
loc([0,+∞)), it follows that the Lipschitz constant of G(t, ·, ·) is

integrable over any bounded interval, ensuring that the function behaves in a controlled
manner within such intervals.

(ii) We now demonstrate that the function G is in the space L1([0, b], H ×H) that is

G(·, u, v) ∈ L1([0, b], H ×H).

∀u, v ∈ H,∀b > 0.
By applying the norm property outlined earlier, we can derive the following result,∫ b

0

∥G(t, u, v)∥H×H dt =

∫ b

0

√
∥v∥2 + ∥α(t)v + A(u) +B(u)∥2 dt

≤
∫ b

0

√
(1 + ∥2α2(t))∥v∥2 + (2∥Au+Bu∥)2 dt

≤
∫ b

0

√
(1 + ∥2α2(t))∥v∥2 + (4∥Au∥2 + 4∥Bu∥)2 dt

< ∞.

(3.3.10)

Given the condition ∥u(t)∥ < ∞, which ensures that u(t) remains bounded over the interval
[0, b] and the assumption that α is locally integrable, it follows that the ∥G(t, u, v)∥H×H <
∞.

(iii) Let Φ(t) be given by

Φ(Y )(t) = Y0 +

∫ t

0

G(s, y(s)) ds (3.3.11)

When we apply the norm to both sides of equation (3.3.11), we obtain the following
equation:

∥Φ(Y )(t)∥ = ∥Y0∥+
∫ t

0

∥G(t, u, v)∥H×H dt (3.3.12)

Since in (3.3.10) we have that ,∫ b

0

∥G(t, u, v)∥H×H dt < ∞ (3.3.13)

and ∥Y0∥ is a constant.

Therefore,
∥Φ(Y (t))∥ < ∞, (3.3.14)

we have that ∥Φ(Y (t))∥ belongs to the space X.

We are now ready to present the key result of this section. This outcome builds on the
previously established theoretical framework and assumptions, integrating essential lemmas
and intermediate findings.
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3.4 Main results

Theorem 3.4.1. For all starting points u0, v0 ∈ H with norm ∥ · ∥). Let Φ : [0,+∞) ×
H ×H → H ×H be a map satisfying

∥Φ((t, u, u′)− Φ(t, v, v′)∥H×H ≤ L(t)Φ∥(u, u′)− (v, v′)∥H×H , (3.4.1)

where L(t) : R≥0 → R≥0 is a continuous function with

L(t)Φ < k,

where k is an integer. Then, for any given u0, v0 ∈ H, there exists a unique strong global
solution of the dynamical system

{
dY (t)
dt

= G(t, u(t)), ∀t ∈ (0,+∞),
Y (0) = (u0, v0).

(3.4.2)

Proof. Using (3.3.11)

∥Φ(t, u, v)− Φ(t, u′, v′)∥H×H ≤

√
(∥α(t)(v′ − v)∥+ ∥Au′ − Au∥+ β∥Bu−Bu′∥)2

+ ∥v − v′∥2

≤

√√√√(
∥α(t)∥∥v′ − v∥)2 + ∥A(u′ − u)∥+ β∥B(u− u′)∥

)2
+ ∥v − v′∥2

≤

√√√√(
∥α(t)∥∥v − v′∥)2 + LA∥u− u′∥+ βLB∥u− u′∥

)2
+ ∥v − v′∥2

=

√√√√(
∥α(t)∥∥v − v′∥)2 + (LA + βLB)∥u− u′∥

)2
+ ∥v − v′∥2

≤ (1 + ∥α(t)∥)∥v − v′∥+ (LA + βLB)∥u− u′∥, ∀t ≥ 0.
(3.4.3)

Hence we have L(t)Φ = (1+
√
2α(t)+2LA+2βLB). Since L(t)Φ is locally integral, we get

that there exists k such that k > L(t)Φ, the function L(t)Φ is bounded.

∥Φ(t, u, u′)− Φ(t, v, v′)∥H×H ≤ LΦ(t)

k
∥(u, u′)− (v, v′)∥X , ∀u, v ∈ H. (3.4.4)

Then we have that Φ is a contraction on the product space H × H, the Contraction
mapping theorem guarantees the existence of a fixed point u∗ ∈ H such that,

Φ(Y ∗) = Y ∗. (3.4.5)

That means that Y ∗ satisfies the equation (3.3.7) . Therefore, there exists at least one
solution to the differential equation on [0,+∞).
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We will use Gronwall’s inequality (3.2.3) for the uniqueness. Let Y1, Y2 be two solutions
of (3.3.7), then

∥Y1(t)− Y2(t)∥ ≤
∫ t

0

∥G(s, Y1(s))−G(s, Y2(s))∥ ds. (3.4.6)

Using the Lipschitz condition on G, we get

∥Y1(t)− Y2(t)∥ ≤
∫ t

0

L(s)G(∥Y1(s)− Y2(s)∥) ds. (3.4.7)

By Gronwall’s inequality, we have

∥Y1(t)− Y2(t)∥ ≤ 0.

Hence, for any t ∈ [0,+∞), we have Y1(t) = Y2(t).

The Cauchy-Lipschitz-Picard Theorem ensures that a strong global solution to the first-
order dynamical system (3.3.7) exists and is unique.

This shows that we have achieved the existence and uniqueness of the strong global solu-
tion for the generated trajectories in a Hilbert space under the assumption that Q is just
only Lipschitz continuous. Moreover we show that ÿ(t) is locally absolutely continuous on
[t0,+∞). The following proposition addresses the issue.

Proposition 3.4.2. For the starting points u0, v0 ∈ H, let y be the unique strong global
solution of the dynamical system. Then ÿ(t) is locally absolutely continuous on [t0,+∞).

Proof. Given that Y (t) := (y(t), ẏ(t)) is absolutely continuous on [t0, T ] and T > 0 is fixed,
we endow the product space H × H with the 1-norm (∥ · ∥). For arbitrary s, t ∈ [t0, T ],
we have

∥Ẏ (s)− Ẏ (t)∥ = ∥G(s, y(s))−G(t, y(t))∥
= ∥(ẏ(s)− ẏ(t), α(t)ẏ(t)− α(t)ẏ(s)− Ay(t) + Ay(s) + βBy(s)− βBy(t)∥

≤ ∥ẏ(s)− ẏ(t)∥+ ∥α(t)ẏ(s)− α(t)ẏ(t)∥+ ∥Ay(s)− Ay(t)∥+ ∥βBy(s)− βBy(t)∥
≤ ∥ẏ(s)− ẏ(t)∥+ α(t)∥ẏ(s)− ẏ(t)∥+ LA∥y(s)− y(t)∥+ βLB∥y(s)− y(t)∥

≤ L1∥ẏ(s)− ẏ(t)∥+ LA∥y(s)− y(t)∥+ βLB∥y(s)− y(t)∥,
The Lipschitz continuous is given by

LY ≤ L1 + LA + βLB

where L1 = 1 + α(t).

For any finite collection of the Ik = (ak, bk) ⊂ [t0, T ] and let ϵ > 0 on the interval [t0, T ]
then there exists η > 0 such that

Ik ∩ Ij = ∅ and
∑
k

|bk − ak| < η.
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Since ẏ(t), α(t), and y(·) are absolutely continuous we have that ,∑
k

| α
bk

− α

ak
| < ϵ

3L1

, and
∑
k

∥y(bk)− y(ak)∥ <
ϵ

3LA

.

∑
k

∥ẏ(bk)− ẏ(ak)∥ <
ϵ

3LB

This implies that we have,∑
k

∥Ẏ (ak)− Ẏ (bk)∥ <
ϵ

3L1

+
ϵ

3LB

+
ϵ

3LA

< ϵ.

Therefore, Ẏ (y(t)) = (ẏ(t), ÿ(t)) is absolutely continuous on [t0, T ], which implies that ÿ(t)
is also absolutely continuous on [t0, T ].

The third-order derivative of the dynamical system (3.1.1) in terms of its first- and second-
order derivatives is given by the following results.

Lemma 3.4.3. For the starting points u0, v0 ∈ H, let y(t) be the unique strong global
solution of (5.1.1). Then, for almost every t ∈ [t0,+∞),

∥ ...y (t)∥ ≤ α(t))∥ÿ(t)∥+ (LA + βLB)∥ẏ(t)∥. (3.4.8)

Proof. Let t ∈ [t0,+∞) be such that Ẏ (t) = G(t, Y (t)). For almost every t > 0, we have:

∥Ẏ (t+ 1)− Ẏ (t)∥ = ∥G(s, y(t+ 1))−G(t, y(t))∥

= ∥(ẏ(t+ 1)− ẏ(t), α(t)ẏ(t)− α(t)ẏ(t+ 1)− Ay(t) + Ay(s) + βBy(s)− βBy(t)∥

≤ ∥ẏ(t+ 1)− ẏ(t)∥+ ∥α(t)ẏ(s)− α(t)ẏ(t)∥+ ∥Ay(s)− Ay(t)∥+ ∥βBy(t+ 1)− βBy(t)∥

≤ ∥ẏ(t+ 1)− ẏ(t)∥+ α(t)∥ẏ(t+ 1)− ẏ(t)∥+ LA∥y(t+ 1)− y(t)∥+ βLB∥y(t+ 1)− y(t)∥.

This implies that,∥∥∥∥∥ Ẏ (t+ 1)− Ẏ (t)

h

∥∥∥∥∥ ≤

∥∥∥∥∥1 + α(t)

∥∥∥∥∥
∥∥∥∥∥ ẏ(t+ 1)− ẏ(t)

h

∥∥∥∥∥+ LA

∥∥∥∥∥y(t+ 1)− y(t)

h

∥∥∥∥∥ (3.4.9)

+ βLB

∥∥∥∥∥y(t+ 1)− y(t)

h

∥∥∥∥∥. (3.4.10)

Taking the limit of both sides, we obtain

lim
h→0

∥∥∥∥∥ Ẏ (t+ 1)− Ẏ (t)

h

∥∥∥∥∥ ≤ lim
h→0

(∥∥∥∥∥1 + α(t)

∥∥∥∥∥
∥∥∥∥∥ ẏ(t+ 1)− ẏ(t)

h

∥∥∥∥∥
+ (LA + βLB)

∥∥∥∥∥y(t+ 1)− y(t)

h

∥∥∥∥∥
)
. (3.4.11)
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Hence,
∥Ÿ (t)∥ ≤ (1 + α(t))∥ÿ(t)∥+ (LA + βLB)∥ẏ(t)). (3.4.12)

We have that,
Ÿ (t) = (ÿ(t),

...
y (t)),

and using the norm-1 we get that,

∥Ÿ (t)∥ = ∥ ...y (t)∥+ ∥ÿ(t)∥, (3.4.13)

Putting (3.4.12) into (3.4.13) we get,

∥ ...y (t)∥+ ∥ÿ(t)∥ ≤ (1 + α(t))∥ÿ(t)∥+ (LA + βLB)∥ẏ(t)∥. (3.4.14)

Simplifying further we get,

∥ ...y (t)∥ ≤ α(t))∥ÿ(t)∥+ (LA + βLB)∥ẏ(t)∥. (3.4.15)

Example 3.4.4. To solve the Ordinary differential equation for the existence of the strong
global solution.

ẏ = Q(t, y) = 2ty (3.4.16)

with initial condition
y(0) = 1

using Picard iteration, we proceed with the following steps,

Initial Guess
y0(t) = 1

First Iteration

y1(t) = 1 +

∫ t

0

2sy0(s) ds = 1 +

∫ t

0

2s · 1 ds = 1 + t2

Second Iteration

y2(t) = 1 +

∫ t

0

2sy1(s) ds = 1 +

∫ t

0

2s(1 + s2) ds

y2(t) = 1 +

∫ t

0

(2s+ 2s3) ds = 1 + t2 +
t4

2

Third Iteration

y3(t) = 1 +

∫ t

0

2sy2(s) ds = 1 +

∫ t

0

2s

(
1 + s2 +

s4

2

)
ds

y3(t) = 1 +

∫ t

0

(2s+ 2s3 + s5) ds = 1 + t2 +
t4

2
+

t6

6
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General Formula

yn(t) = 1 + t2 +
t4

2
+

t6

6
+ · · · = et

2

Using the fixed point theorem shows that the sequence of the Picard iteration converges
to the solution of the initial value problem and that implies that the solution exists. The
Gronwall inequality guarantees the uniqueness of the solution.

Example 3.4.5. Consider the differential equation

ẏ(t) = 1 + y(t)2, (3.4.17)

with the initial condition y(t0) = y0 = 0 at t0 = 0. The exact solution is given by
y(t) = tan(t). Using Picard iteration, we start with φ0(t) = 0 and define the iterative
sequence:

φk+1(t) =

∫ t

0

(
1 + (φk(s))

2
)
ds, (3.4.18)

which converges as φn(t) → y(t).

The first few iterations are as follows:

φ1(t) =

∫ t

0

(
1 + 02

)
ds = t,

φ2(t) =

∫ t

0

(
1 + s2

)
ds = t+

t3

3
,

φ3(t) =

∫ t

0

(
1 +

(
s+

s3

3

)2
)

ds = t+
t3

3
+

2t5

15
+

t7

63
.

Thus, the functions φn(t) compute the terms of the Taylor series expansion of the known
solution y(t) = tan(t).

Therefore, the Picard iteration converges to a local solution only for |t| < π
2

and is not
valid for all t ∈ R since tan(t) has poles at t = ±π

2
, where it is not Lipschitz continuous.

Using the Gronwall inequality, we get the uniqueness of the solution.
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Chapter 4

Weak Convergence

4.1 Introduction

In this chapter, we analyze a dynamical system involving the projection operator. We aim
to establish the Lipschitz continuity of a certain mapping derived from the system. We
will perform the asymptotic analysis of the trajectories generated by (4.1.1) and outline the
key assumptions required for convergence analysis. We further constructed the Lyapunov
function to analyse the trajectories. We will use the monotonicity and Lipschitz continuity
of the operator Q. This helps us to establish weak convergence of the system. We are going
to solve equation (1.1.1) using the proposed system, which is:


w(t) = PC(y(t)− λQ(y(t))
ÿ(t) + α(t)ẏ(t) + β d

dt
(y(t)− w(t)) + y(t) = w(t) + λ[Q(y(t))−Q(w(t))]

y(0) = y0 ẏ(0) = ẏ0.
(4.1.1)

where PC is the projection operator, and let α(t) be the asymptomatic vanishing damping
which is the Lebesgue measurable function, and Q is monotone operator and Lipschitz
continuous.
Let R : H → H be defined as,

Ry(t) = w(t) + λ [Q(y(t))−Q(w(t))] , (4.1.2)

Then, the system can be rewritten as follows.

ÿ(t) + a(t)ẏ(t) + β
d

dt
(y(t)− w(t)) + y(t)−Ry(t) = 0. (4.1.3)

4.2 Preliminaries

We are going to present some lemmas and definitions required to establish this chapter’s
main results. We denote the strong and weak convergence of a sequence {yn} to a point
y ∈ H by yn → y and yn ⇀ y, respectively.
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The Minty variational inequality problem was introduced and studied by Minty in 1967. In
his work, Minty explored the relationship between VIPs and MVIPs under the operator’s
assumptions of continuity and monotonicity Q.

Lemma 4.2.1. [64] Given that Q : H → H is a Lipschitz continuous and monotone
operator. Then we have that y∗ is a solution of (1.1.1) if and only if y∗ is a solution of
the following problem: find y∗ ∈ C such that

⟨Qy, y − y∗⟩ ≥ 0, ∀y ∈ C. (4.2.1)

Lemma 4.2.2. [26] Let h : R≥0 → R be locally absolutely continuous and bounded below,
and assume that there exists φ ∈ L1([0,+∞)) such that for almost every s ∈ [0,+∞),

d

ds
h(s) ≤ φ(s). (4.2.2)

Then, lims→+∞ h(s) ∈ R exists.

Definition 4.2.3. Let L2([0,+∞);H) denote the space of square-integrable functions from
the interval [0,+∞) to a Hilbert space H. This means that a function Q : [0,+∞) → H
belongs to L2([0,+∞);H) if ∫ +∞

0

∥Q(t)∥2H dt < ∞.

Here, ∥ · ∥H denotes the norm in the Hilbert space H.

Lemma 4.2.4. [26] Suppose that Q : [0,+∞) → [0,+∞) is locally absolutely contin-
uous and Q ∈ Lp([0,+∞)), 1 ≤ p < ∞, and that there exists G : [0,+∞) → R,
G ∈ Lr([0,+∞)), 1 ≤ r ≤ ∞, such that for almost every t ∈ [0,+∞),

d

dt
Q(t) ≤ G(t) (4.2.3)

then limt→+∞ Q(t) = 0 .

Lemma 4.2.5 (Opial Lemma). Let C ⊆ H be a nonempty set, and let y : [0,+∞) → H
be a given map. Suppose that

(i) for each y∗ ∈ C, limt→+∞ ∥y(t)− y∗∥ exists;

(ii) every weak sequential cluster point of the map y lies in C.

Then there exists y∗ ∈ C such that y(t) converges weakly to y∗ as t → +∞.

Lemma 4.2.6. Suppose that Q : [0,+∞) → R is locally absolutely continuous and bounded
from below, and that G ∈ L1([0,+∞)) such that for almost every t ∈ [0,+∞),

d

dt
Q(t) ≤ G(t). (4.2.4)

Then, there exists limt→+∞ Q(t) ∈ R.
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Proposition 4.2.7. Let Q : C → H be monotone and Lipschitz continuous with constant
L > 0. Then for all y∗ ∈ C and all y(t) ∈ H, it holds that

⟨(I −R)y(t), y(t)− y∗⟩ ≥ 1− λL

(1 + λL)2
∥(I −R)y(t)∥2. (4.2.5)

Proof. Let y∗ ∈ Ω, and by the characterization of the projection PC , we get,

⟨w(t)− y(t) + λQ(w(t)), y∗ − w(t)⟩ ≥ 0. (4.2.6)

Since w(t) ∈ C, we obtain from Lemma(4.2.1) that

λ⟨Q(w(t)), w(t)− y∗⟩ ≥ 0. (4.2.7)

Adding (4.2.6) and (4.2.7) gives,

⟨y(t)− λQ(y(t))− w(t) + λQ(w(t)), w(t)− y∗⟩ ≥ 0. (4.2.8)

This implies that,

⟨y(t)− w(t)− λ(Qy(t)−Qw(t), y(t)− y∗⟩ ≥ ⟨y(t)−Rx(t), y(t)− w(t)⟩.

Additionally, using the L Lipschitz continuity of Q, we obtain

(1− λL)∥y(t)− w(t)∥ ≤ ∥(I −R)y(t)∥
= ∥y(t)− w(t)− λ(Qy(t)−Qw(t))∥
≤ (1 + λL)∥y(t)− w(t)∥

(4.2.9)

This implies that

⟨(I −R)y(t), y(t)− y∗⟩ ≥ ⟨y(t)− w(t)− λ(Q(y(t))−Q(w(t)), y(t)− w(t)⟩
= ∥y(t)− w(t)∥2 − λ⟨Qy(t)−Qw(t), y(t)− w(t)⟩
≥ ∥y(t)− w(t)∥2 − λ∥Qy(t)−Qw(t)∥∥y(t)− w(t)∥
≥ (1− λL)∥y(t)− w(t)∥2

≥ 1− λL

(1 + λL)2
∥(I −R)y(t)∥2.

(4.2.10)

Assumption 4.2.1. Let our asymptotic vanishing damping α : R+
0 → R+

0 be locally
absolutely continuous. If there exists ν > 0 , β > 0 and K > 0 such that for almost every
t ∈ R+

0 it holds
α̇(t) ≤ 0,

and

(α(t) + β)2 ≥ (1 + ν)(1 + λL)2

(1− λL)
, (4.2.11)

and ∫ T

0

(
β
d

dt
⟨y(t)− y∗, w(t)⟩+ 2κβ∥ẇ(t)∥∥ÿ + c(t)ẏ(t)∥

)
dt < K (4.2.12)

where c(t) = α(t) + β . Since β is a constant, we have that c(t) is locally absolutely
continuous.
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4.3 Asymptotic and convergence analysis

This section aims to establish the weak convergence of the trajectories generated by (5.1.1)
to elements of Ω. Our analysis will focus on the asymptotic behavior of these trajectories.

Proposition 4.3.1. Let Q : C → H be monotone, Lipschitz continuous, and Frechet
differentiable. Additionally, we assume that ∥ẏ(t)∥2 and ∥ÿ(t)∥2 belong to L2 space and
trajectories are bounded . Let Q(0) = 0 and c(t) = (α(t)+β) where α(t) is the asymptotic
damping term and β is a positive constant. Then we have the following estimates given
below by,

(i)

∫ ∞

0

∥ẏ(t)∥ ∥ẇ(t)∥ dt < ∞,

(ii)

∫ ∞

0

∥ÿ(t)∥ ∥ẇ(t)∥ dt < ∞,

(iii)

∫ ∞

0

∥ẏ(t)∥ ∥w(t)∥ dt < ∞.

Proof. From the definition of w(t), we have

w(t) = PC

(
y(t)− λQ(y(t))

)
. (4.3.1)

Taking the derivative of w(t) with respect to t using the chain rule we obtain,

∥ẇ(t)∥ = ∥PC

(
ẏ(t)− λV̇ (y(t))

)
∥

≤ ∥ẏ(t)− λV̇ (y(t))∥
≤ ∥ẏ(t)∥+ λ∥V̇ (y(t))∥,

(4.3.2)

where V̇ (y(t)) = Q̇(y(t))ẏ(t). Since Q is Fréchet differentiable and Lipschitz continuous,
we get the following equation:

∥V̇ (y(t))∥ ≤ L∥ẏ(t)∥. (4.3.3)

Substituting (4.3.3) into (4.3.2) we have,

∥ẇ(t)∥ ≤ (1 + λL)∥ẏ(t)∥. (4.3.4)

Multiplying through by ∥ẋ(t)∥, we obtain

∥ẏ(t)∥∥ẇ(t)∥ ≤ (1 + λL)∥ẏ(t)∥2. (4.3.5)

Integrating both sides, we obtain∫ ∞

0

∥ẏ(t)∥∥ẇ(t)∥ dt ≤
∫ ∞

0

(1 + λL)∥ẏ(t)∥2dt < ∞. (4.3.6)
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(ii) Multiplying (4.3.4) by ∥ẍ(t)∥, we obtain

∥ÿ(t)∥∥ẇ(t)∥ ≤ (1 + λL)∥ÿ(t)∥ẏ(t)∥. (4.3.7)

Integrating both sides, we obtain∫ ∞

0

∥ÿ(t)∥∥ẇ(t)∥ dt ≤ (1 + λL)

∫ ∞

0

∥ÿ(t)∥∥ẏ(t)∥ dt

≤ (1 + λL)

(∫ ∞

0

∥ÿ(t)∥2 dt
) 1

2
(∫ ∞

0

∥ẏ(t)∥2 dt
) 1

2

< ∞.

(4.3.8)

(iii) From the definition of y(t), we have

w(t) = ∥PC(y(t))− λQ(y(t))∥ (4.3.9)

From the property of PC , we obtain

∥w(t)∥ ≤ ∥y(t)∥+ λ∥Q(y(t))∥. (4.3.10)

Using the Lipschitz continuity of Q and the fact that Q(0) = 0 ,we obtain

∥Q(y(t))∥ ≤ L∥y(t)∥. (4.3.11)

This shows that the operator Q is bounded. from (4.3.11) and (4.3.10), we obtain

∥w(t)∥ ≤ ∥y(t)∥+ λL∥y(t)∥. (4.3.12)

Multiplying (4.3.12) by ∥ẋ(t)∥, we obtain

∥w(t)∥∥ẏ(t)∥ ≤ ∥ẏ(t)∥∥y(t)∥+ λL∥y(t)∥∥ẏ(t)∥. (4.3.13)

Taking the integral from 0 to T and using the fact that ∥y(t)∥2 is bounded, we obtain∫ ∞

0

∥w(t)∥∥ẏ(t)∥dt ≤
∫ ∞

0

(1 + λL)∥y(t)∥∥ẏ(t)∥dt < ∞, (4.3.14)

Therefore, we obtain ∫ ∞

0

∥w(t)∥∥ẏ(t)∥dt < ∞. (4.3.15)

This completes the proof for the asymptotic and convergence analysis of the generated
trajectories by the second-order dynamical system (5.1.1). We will use these results to
establish our main results.
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4.4 Main results

We are now ready to present the key result of this section. This outcome builds on
the previously established theoretical framework and assumptions, integrating essential
lemmas and intermediate findings.

Theorem 4.4.1. Let Q : C → H be a monotone and Lipschitz continuous function with
constant L > 0, and let α : [0,+∞) → (0,+∞) be a function that satisfies the conditions
of Assumption (4.2.1) . Let y : [0,+∞) → H be the unique solution to the second-order
dynamical system given by (4.1.1) and κ = 1−λL

(1+λL)2
> 0 . The following results hold:

(i) The trajectory y(t) is bounded, and ẏ(t), ÿ(t), (I −R)y(t) ∈ L2([0,+∞);H).

(ii) limt→+∞ ẏ(t) = limt→+∞ ÿ(t) = limt→+∞(I −R)y(t) = 0.

(iii) As t → +∞, the trajectory y(t) weakly converges to an element of Ω.

Proof. Let y∗ ∈ C be arbitrary. Let s(t) = 1
2
∥y(t)− y∗∥2 represent the Lyapunov function

for all t ∈ [0,+∞). Let κ and c(t) be defined as in Assumption (4.2.1). Taking the first
and second derivatives of the Lyapunov function and using the chain rule, we obtain

ṡ(t) = ⟨y(t)− y∗, ẏ(t)⟩, and (4.4.1)

s̈(t) = ∥ẏ(t)∥2 + ⟨y(t)− y∗, ÿ(t)⟩. (4.4.2)

Now we are in the position to write our trajectories y(t) in terms of the Lyapunov function.
Adding c(t)ṡ(t) on both sides of the equation (4.4.2) and using (4.2.10), we obtain

s̈(t) + c(t)ṡ(t) = ∥ẏ(t)∥2 + ⟨y(t)− y∗, ÿ(t) + (c(t))ẏ(t)⟩
= ∥ẏ(t)∥2 − ⟨y(t)− y∗, (I −R)y(t)− βẇ(t)⟩
= ∥ẏ(t)∥2 − ⟨y(t)− y∗, (I −R)y(t)⟩+ β⟨ẇ(t), y(t)− y∗⟩
≤ ∥ẏ(t)∥2 − κ∥(I −R)y(t)∥2 + ⟨βẇ(t), y(t)− y∗⟩.

(4.4.3)

Note that

β ⟨ẇ(t), y(t)− y∗⟩ = β
d

dt
⟨y(t)− y∗, w(t)⟩ − β ⟨ẏ(t), w(t)⟩ . (4.4.4)

Substituting equation (4.4.4) into (4.4.3) and considering equation (4.1.3), we obtain

s̈(t) + c(t)ṡ(t) + β ⟨ẏ(t), w(t)⟩+ κ∥ÿ(t) + c(t)ẏ(t)− βẇ(t)∥2

≤ ∥ẏ(t)∥2 + β
d

dt
⟨y(t)− y∗, w(t)⟩ .

(4.4.5)

Simplifying the fourth term in (4.4.5), we obtain

s̈(t) + c(t)ṡ(t) + β⟨ẏ(t), w(t)⟩+ κ∥ÿ(t) + c(t)ẏ(t)∥2 − 2κβ∥ẇ(t)∥(∥ÿ + c(t)ẏ(t)∥

+κβ2∥ẇ(t)∥2 ≤ ∥ẏ(t)∥2 + β
d

dt
⟨y(t)− y∗, w(t)⟩ .

(4.4.6)
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Simplifying further, we obtain

s̈(t) + c(t)ṡ(t) + β⟨ẏ(t), w(t)⟩+ κ∥ÿ(t)∥2 + κc(t)
d

dt
∥ẏ(t)∥2 + κc(t)2∥ẏ(t)∥2

− 2κβ∥ẇ(t)∥(∥ÿ + c(t)ẏ(t)∥+ κβ2∥ẇ(t)∥2

≤ ∥ẏ(t)∥2 + β
d

dt
⟨y(t)− y∗, w(t)⟩ .

(4.4.7)

Rearranging, we obtain,

s̈(t) + c(t)ṡ(t) + β⟨ẏ(t), w(t)⟩+ κ∥ÿ(t)∥2 + κc(t)
d

dt
∥ẏ(t)∥2

− 2κβ∥ẇ(t)∥∥ÿ + c(t)ẏ(t)∥+ κβ2∥ẇ(t)∥2 + (κc(t)2 − 1)∥ẏ(t)∥2

≤ β
d

dt
⟨y(t)− y∗, w(t)⟩ .

(4.4.8)

Recall that

c(t)
d

dt
∥ẏ(t)∥2 = d

dt

(
c(t)∥ẏ(t)∥2

)
− ċ(t)∥ẏ(t)∥2 ≥ d

dt

(
c(t)∥ẏ(t)∥2

)
. (4.4.9)

c(t)ṡ(t) =
d

dt
(c(t)s(t))− ċ(t)s(t)

≥ d

dt
(c(t)s(t)) .

(4.4.10)

Combining these identities and (4.4.8), we obtain

s̈(t) +
d

dt
c(t)s(t) + β⟨ẏ(t), w(t)⟩+ κ∥ÿ(t)∥2 + κ

d

dt
c(t)∥ẏ(t)∥2

− 2κβ∥ẇ(t)∥∥ÿ + c(t)ẏ(t)∥+ κβ2∥ẇ(t)∥2 + (κc(t)2 − 1)∥ẏ(t)∥2

≤ β
d

dt
⟨y(t)− y∗, w(t)⟩

(4.4.11)

Simplifying further, we obtain

s̈(t) +
d

dt
c(t)s(t) + β⟨ẏ(t), w(t)⟩+ κ∥ÿ(t)∥2 + κ

d

dt
c(t)∥ẏ(t)∥2

− 2κβ∥ẇ(t)∥∥ÿ + c(t)ẏ(t)∥+ κβ2∥ẇ(t)∥2 + (κc(t)2 − 1)∥ẏ(t)∥2

≤ β
d

dt
⟨y(t)− y∗, w(t)⟩

(4.4.12)

Using Assumption 4.2.1 , we obtain

(κc(t)2 − 1)∥ẏ(t)∥2 = κv∥ẏ(t)∥2. (4.4.13)

Substituting (4.4.13) into (4.4.12) , we obtain

s̈(t) +
d

dt
c(t)s(t) + β⟨ẏ(t), w(t)⟩+ κ∥ÿ(t)∥2 + κ

d

dt
c(t)∥ẏ(t)∥2

− 2κβ∥ẇ(t)∥∥ÿ + c(t)ẏ(t)∥+ κβ2∥ẇ(t)∥2 + κv∥ẏ(t)∥2

≤ β
d

dt
⟨y(t)− y∗, w(t)⟩

(4.4.14)
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Integrating both sides from 0 to T, we obtain∫ T

0

(
s̈(t) +

d

dt

(
c(t)s(t)

)
+ β⟨ẏ(t), y(t)⟩+ κ∥ÿ(t)∥2 + κ

d

dt

(
c(t)∥ẏ(t)∥2

)
+ κβ2∥ẏ(t)∥2 + κv∥ẏ(t)∥2

)
dt

≤
∫ T

0

(
β
d

dt
⟨y(t)− y∗, y(t)⟩+ 2κβ∥ẇ(t)∥∥ÿ + c(t)ẏ(t)∥

)
dt.

(4.4.15)

Since β⟨ẏ(t), y(t)⟩,κ∥ÿ(t)∥2,κβ2∥ẏ(t)∥2 and κv∥ẏ(t)∥2 are positive terms then we have,

ṡ(t) + c(t)s(t) + κc(t)∥ẏ(t)∥2 ≤ K ∀t ∈ [0,+∞). (4.4.16)

We get that the above function is locally absolutely continuous. This yields the following,

ṡ(t) + µs(t) ≤ K ∀t ∈ [0,+∞). (4.4.17)

Here we have that µ represents the positive lower bound of our damping function c(t).
Since our relaxation function is a constant equal to one, our positive upper bound is equal
to 1.

Multiplying both sides of (4.4.17) by eµt, we obtain

eµt [ṡ(t) + µ(t)s(t)] ≤ Keµt. (4.4.18)

Now, integrating both sides from 0 to T , we obtain∫ T

0

d

dt

[
eµts(t)

]
dt ≤

∫ T

0

Keµt dt. (4.4.19)

Which implies that

eµT s(T )− s(0) ≤ K

µ

(
eµT − 1

)
(4.4.20)

This further implies that

s(T ) ≤ s(0)e−µT +
K

µ

(
1− e−µT

)
(4.4.21)

Then, s(t) is bounded. Since s(t) = 1
2
∥y(t)− y∗∥2 we have that the trajectory y(t) is also

bounded.

Using equation(4.4.16), it follows that:

ṡ(t) + κµ∥ẏ(t)∥2 ≤ K. (4.4.22)

Therefore,
⟨y(t)− y∗, ẏ(t)⟩+ κµ∥ẏ(t)∥2 ≤ K. (4.4.23)
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Hence, we obtain that ṡ(t) is bounded.

⟨y(t)− y∗, ẏ(t)⟩ ≤ K. (4.4.24)

Since y(t) is bounded, it follows that ẏ is also bounded.

Integrating the (4.4.14), we obtain that there exists a real number K ∈ R such that for
every t ∈ [0,+∞):

ṡ(t) + c(t)s(t) + κc(t)∥ẏ(t)∥2 + κv

∫ t

0

∥ẏ(s)∥2 ds+ κ

∫ t

0

∥ÿ(s)∥2 ds ≤ K. (4.4.25)

Thus, it follows that ẏ, ÿ ∈ L2([0,+∞);H). Moreover, from (4.1.3) and Assumption 4.2.1,
we conclude that (I −R)y(t) ∈ L2([0,+∞);H).

(ii) Calling on the Cauchy-Schwarz and Young inequality, we obtain

d

dt

(
1

2
∥ẏ(t)∥2

)
= ⟨ẏ(t), ÿ(t)⟩ ≤ 1

2
∥ẏ(t)∥2 + 1

2
∥ÿ(t)∥2. (4.4.26)

Using Lemma 4.2.2 and (i) we get that limt→+∞ ẏ(t) = 0.

using again Cauchy-Schwarz and Young inequality, we obtain

d

dt

(
1

2
∥(I −R)(y(t))∥2

)
= ⟨(I −R)(y(t)),

d

dt
((I −R)(y(t)))⟩

≤ 1

2
∥(I −R)(y(t))∥2 + ((1 + λL)2 + (1 + λL))2

2
∥ẏ(t)∥2.

(4.4.27)

Using Lemma 4.2.2 we get that , limt→+∞(I −R)(y(t)) = 0, Using (4.1.3) we get that ,

lim
t→∞

(
ÿ + α(t)ẏ(t) + β

d

dt
(y(t)− w(t))

)
= lim

t→∞
(R− I)y(t) = 0. (4.4.28)

From Assumption 4.2.1, we get that limt→+∞ ÿ(t) = 0.

(iii) From (4.4.16) , we obtain

∫ T

0

c(t)s(t) dt ≤ KT − s(T ) + s(0)− κ

∫ T

0

c(t)∥ẏ(t)∥2 dt. (4.4.29)

Since s(t) is bounded and ẏ(t) is in L2([0,∞);H), as T → ∞, the integral∫ T

0

c(t)s(t) dt

converges to some finite limit. By the properties of absolutely continuous functions, this
implies that

lim
t→∞

c(t)s(t)
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exists. Using Assumption 4.2.1,(i) and (ii) , the limit limt→+∞ c(t)s(t) exists and is a finite
real number.

Since limt→+∞ c(t) ∈ (0,∞) and limt→+∞ c(t)s(t) exists, we get that limt→+∞ s(t) also
exists. This implies that limt→+∞ ∥y(t)− y∗∥ exist and is a real number by Opial Lemma.

Let ŷ be a weak sequential cluster point of y(t). This means that there exists a subsequence
(tn)n∈N with tn → ∞ as n → ∞, and the sequence (y(tn))n∈N converges weakly to ŷ.
Consequently, the sequence (w(tn))n≥0 also converges weakly to the same limit ŷ.

According to (5.1.1), we obtain

w(tn) = PC(y(tn)− λQy(tn)).

Since Q is monotone, we obtain

0 ≤ ⟨w(tn)− y(tn) + λQy(tn), y − w(tn)⟩ ,∀y ∈ C

= ⟨w(tn)− y(tn), y − w(tn)⟩+ λ⟨Qy(tn), y − w(tn)⟩ ,

= ⟨w(tn)− y(tn), y − w(tn)⟩+ λ⟨Qy(tn), y(tn)− w(tn)⟩+ λ⟨Qy(tn), y − y(tn)⟩,
≤ ⟨w(tn)− y(tn), y − w(tn)⟩+ λ⟨Qy(tn), y(tn)− w(tn)⟩+ λ⟨Qy, y − y(tn)⟩.

Now, passing to the limit as tn → ∞, we obtain

⟨Qŷ, y − ŷ⟩ ≥ 0 ∀y ∈ C.

This shows that ŷ satisfies the VIP, i.e.,

ŷ ∈ Ω.

Therefore, it follows from the Opial lemma that y(t) converges weakly to an element of
Ω. This shows that we have achieved weak convergence for the generated trajectories in a
Hilbert space under the assumption that Q is monotone and Lipschitz continuous.
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Chapter 5

Exponential Convergence

5.1 Introduction

In this chapter, we prove the exponential convergence of the system’s trajectories to the
unique solution of the variational inequality. We will show the error bounds of the trajec-
tories to the solution. The proposed method is efficient and it is reliable to use in practice.
We will provide numerical examples that show the effectiveness of our proposed method.
We are going to solve equation (1.1.1) using the proposed system, which is:


w(t) = PC(y(t)− λQ(y(t))
ÿ(t) + α(t)ẏ(t) + β d

dt
(y(t)− w(t)) + y(t) = w(t) + λ[Q(y(t))−Q(w(t))]

y(0) = y0 ẏ(0) = ẏ0,
(5.1.1)

where PC is the projection operator, and let α(t) be the asymptomatic vanishing damping
which is the Lebesgue measurable function, and Q is strongly monotone operator and
Lipschitz continuous.

5.2 Preliminaries

We are going to present some lemmas and definitions required to establish this chapter’s
main results. We denote the strong and weak convergence of a sequence {yn} to a point
y ∈ H by yn → y and yn ⇀ y, respectively.

Definition 5.2.1. [83] A point ỹ∗ is an equilibrium point for the system (5.1.1) if h(ỹ∗) =
0. Moreover, the equilibrium point ỹ∗ is characterized as follows:

(a) The equilibrium point of (5.1.1), ỹ∗, is stable if, for any ϵ > 0, there exists δ′ > 0
such that for every initial condition y0 ∈ V (ỹ∗, δ′), the solution ỹ(t) of the dynamical
system with ỹ(0) = y0 exists and stays within V (ỹ∗, ϵ) for all t > 0, where V (ỹ∗, r)
denotes the open ball with center ỹ∗ and radius r;
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(b) ỹ∗ is asymptotically stable if there exists δ′ > 0 such that for every solution ỹ(t) with
ỹ(0) ∈ V (ỹ∗, δ′), we have

lim
t→+∞

ỹ(t) = ỹ∗;

(c) ỹ∗ is exponentially stable if there exist δ′ > 0, ν > 0, and ζ > 0 such that for every
solution ỹ(t) with ỹ(0) ∈ B(ỹ∗, δ′), we have

∥ỹ(t)− ỹ∗∥ ≤ ν∥ỹ(0)− ỹ∗∥e−ζt ∀t ≥ 0;

(d) ỹ∗ is globally exponentially stable if the condition in (c) holds for all solutions ỹ(t)
of the system.

We build upon the work of Phan Tu Vuong [100], where the author considered the case
where the operator Q is strongly pseudo-monotone. In contrast, our study focuses on the
scenario where the underlying operator Q is strongly monotone.

Proposition 5.2.2. [83] Let Q be strongly monotone with modulus ρ and Lipschitz con-
tinuous with constant L. Then ρ ≤ L.

Proof. Using the Cauchy–Schwarz inequality we get that,

ρ∥a1 − a2∥2 ≤ (Q(a1)−Q(a2))(a1 − a2)

≤ ∥Q(a1)−Q(a2)∥∥a1 − a2∥
≤ L∥a1 − a2∥2,

(5.2.1)

for all a1, a2 ∈ H, which implies that ρ ≤ L.

Theorem 5.2.3. [32] If Q : H → H is a strongly monotone and L Lipschitz continuous
operator, then the variational inequality (1.1.1) has a unique solution y∗ ∈ C.

5.2.1 Convergence Analysis

We present the convergence analysis of trajectories generated by our proposed method
(5.1.1). We start with the following proposition which establishes the boundedness of the
trajectories {x(t)} generated by (5.1.1).

Proposition 5.2.4. [100] Let Q : C → H be ρ-strongly monotone and L-Lipschitz con-
tinuous. Assume that y∗ is the unique solution to the VIP (1.1.1). For any λ > 0 and
y(t) ∈ H, and w(t) .

w(t) = PC(y(t)− λQ(y(t))). (5.2.2)

Then, the following holds:

⟨(I −R)y(t), y(t)− y(t)∗⟩ ≥
(
1− λL2

ρ
− ρλ

)
∥(I −R)y(t)∥2. (5.2.3)
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∥y(t)− y∗∥ ≤ 1 + λρ+ λL

λρ
∥y(t)− w(t)∥. (5.2.4)

Proof. Given that w(t) = PC(y(t)− λQy(t) where w(t) ∈ C and y∗ is the unique solution
of (1.1.1) we have ,

⟨y(t)− λQy(t)− w(t), y∗ − w(t)⟩ ≤ 0 ∀y∗ ∈ C. (5.2.5)

Using Lipschitz continuity of Q, we obtain the following.

⟨y(t)− w(t), w(t)− y∗⟩ ≥ λ⟨Q(y(t)), w(t)− y∗⟩
= λ⟨Qy(t)−Qw(t), w(t)− y∗⟩+ λ⟨Q(w(t))

−Q(y∗), w(t)− y∗⟩+ λ⟨Q(y∗), w(t)− y∗⟩.
(5.2.6)

Since x∗ is the unique solution of (1.1.1) and y(t) ∈ C, we have,

⟨Qy∗, w(t)− y∗⟩ ≥ 0. (5.2.7)

From the ρ- strongly monotonicity of Q, we have

⟨Q(w(t))−Q(y∗), w(t)− y∗⟩ ≥ ρ∥w(t)− y∗∥2. (5.2.8)

From (5.2.6), (5.2.7) and (5.2.8), we have

⟨y(t)− w(t), w(t)− y∗⟩ ≥ λρ∥w(t)− y∗∥2 − λL∥y(t)− w(t)∥∥w(t)− y∗∥. (5.2.9)

Hence, from (5.2.9), we have

⟨(I −R)y(t), y(t)− y∗⟩ = ⟨y(t)− w(t)− λ(Qy(t)−Q(w(t)), y(t)− w(t) + w(t)− y∗⟩
= ⟨y(t)− w(t), y(t)− w(t)⟩+ ⟨y(t)− w(t), w(t)− y∗⟩
− λ⟨Q(y(t)−Q(w(t)), y(t)− w(t)⟩
− λ⟨Qy(t)−Qw(t), w(t)− y∗⟩
= ∥y(t)− w(t)∥2 + ⟨y(t)− w(t), w(t)− y∗⟩
− λ⟨Q(y(t)−Q(w(t)), y(t)− w(t)⟩
− λ⟨Qy(t)−Qw(t), w(t)− y∗⟩
≥ ∥y(t)− w(t)∥2 + λρ∥w(t)− y∗∥2

− λL∥y(t)− w(t)∥∥w(t)− y∗∥ − λρ∥y(t)− w(t)∥2

− λL∥y(t)− w(t)∥∥w(t)− y∗∥
= (1− λρ)∥y(t)− w(t)∥2 − 2λL∥y(t)− w(t)∥∥w(t)− y∗∥
+ λρ∥w(t)− y∗∥2.

(5.2.10)

Consider the term
−2λL∥y(t)− w(t)∥∥w(t)− y∗∥, (5.2.11)
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which can be rewritten as

−2λL∥y(t)− w(t)∥∥w(t)− y∗∥ = −L
2√
2

√
λ∥y(t)− w(t)∥

√
λ
√
2∥w(t)− y∗∥. (5.2.12)

Using the Young inequalities we have the following equation,

ab ≤ a2

2
+

b2

2
. (5.2.13)

From (5.2.12) let

a =
2√
2ρ

√
λL∥y(t)− w(t)∥,

b =
√

2ρλ∥w(t)− y∗∥.
(5.2.14)

Then, using (5.2.14), we obtain

−2λL∥y(t)− w(t)∥∥w(t)− y∗∥ ≥ −λL2∥y(t)− w(t)∥2

ρ
− 2ρλ∥w(t)− y∗∥2

2
. (5.2.15)

Substituting (5.2.15) into (5.2.10), we obtain,

⟨(I −R)y(t), y(t)− y∗⟩ ≥
(
1− λρ− λL2

ρ

)
∥y(t)− w(t)∥2. (5.2.16)

(ii) Using (5.2.9) , we obtain

λρ∥w(t)− y∗∥2 ≤ ∥y(t)− w(t)∥∥w(t)− y∗∥+ λL∥y(t)− w(t)∥∥w(t)− y∗∥
≤ (1 + λL) ∥y(t)− w(t)∥∥w(t)− y∗∥.

Simplifying further, we have

∥w(t)− y∗∥ ≤ 1 + λL

λρ
∥y(t)− w(t)∥. (5.2.17)

Using triangular inequality, we have

∥y(t)− y∗∥ ≤ ∥y(t)− w(t)∥+ ∥w(t)− y∗∥. (5.2.18)

Putting (5.2.18) into (5.2.17), we obtain

∥y(t)− y∗∥ ≤ 1 + λρ+ λL

λρ
∥y(t)− w(t)∥. (5.2.19)

This concludes the proof of the error bounds for the trajectories generated by the second-
order dynamical system (5.1.1). The following remark comes from Phan Tu Vuong [100],
where we obtain a similar consequence but for a different range of step sizes.
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Remark 5.2.5. [100] The term ∥x(t)−y(t)∥ in (5.2.4), provides an upper bound on the er-
ror in the distance from any vector y ∈ H to the unique solution y∗ of the VIP (1.1.1). Ad-
ditionally, as a direct consequence of inequality (5.2.3), and by using the Cauchy-Schwarz

inequality, we deduce that if λ ∈
(
0, ρ

ρ2+L2

)
, then ∥y(t) − w(t)∥ also serves as a lower

bound for the distance between any vector y ∈ H and the unique solution y∗ of (1.1.1).

We are now ready to present the key result of this section. This outcome builds on the
previously established theoretical framework and assumptions, integrating essential lemmas
and intermediate findings. The proof of exponential convergence will follow a similar
structure provided by Phan Tu Vuong [100] with additional properties. We will start with
the following key assumptions.

Assumption 5.2.1. Let α(t) : [0,+∞) → [0,+∞) be a locally absolutely continuous
function that fulfills, for every t ∈ [0,+∞), where the trajectories ∥y(t)∥ are bounded and

µ,K, n ≥ 0, κ∗ = 1 − λρ − λL2

ρ
, k2

1 = λ2ρ2

(1+λρ+λL)2
and c(t) = α(t) + β then we have the

following condition,

(i) 0 < µ ≤ c(t),

(ii) ċ(t) ≤ 0,

(iii) κ∗c(t)2 − κ∗c(t)− 1 ≥ 0,

(iv) (1− c(t) + k2
1) ≥ 0,

(v)
∫ T

0

(
β d

dt
⟨y(t)− y∗, w(t)⟩+ 2κβ∥ẇ(t)∥∥ÿ(t) + c(t)ẏ(t)∥+ ∥y(t)∥2

)
dt ≤ K.

Theorem 5.2.6. [100] Let C be a nonempty, closed, and convex subset of a real Hilbert
space H. Let Q be a mapping that is ρ-strongly monotone and L-Lipschitz continuous on
C, and α(t) : [0,+∞) → [0,+∞) be a locally absolutely continuous function that satisfies
Assumption (5.2.1). Assume that y∗ is the unique solution to the VIP (1.1.1), and let λ
satisfy the following condition:

0 < λ <
ρ

ρ2 + L2
. (5.2.20)

Then, the trajectories y(t) generated by the dynamical system (5.1.1) are bounded and
converge exponentially to y∗ as t → ∞. That is, there exist positive constants τ and η
such that

∥y(t)− y∗∥ ≤ τ∥y(0)− y∗∥e−ηt, ∀t ≥ 0. (5.2.21)

Proof. Let y∗ ∈ C be arbitrary. Let s(t) = 1
2
∥y(t)− y∗∥2 represent the Lyapunov function

for all t ∈ [0,+∞). Let κ∗ , k2
1 and c(t) be defined as in Assumption(5.2.1). Taking

the first and second derivatives of the Lyapunov function and applying the chain rule, we
obtain

ṡ(t) = ⟨y(t)− y∗, ẏ(t)⟩, and (5.2.22)

s̈(t) = ∥ẏ(t)∥2 + ⟨y(t)− y∗, ÿ(t)⟩. (5.2.23)

Now we are in the position to write our trajectories y(t) in terms of the Lyapunov function.
Adding c(t)ṡ(t) on both sides of (5.2.23) , we obtain
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s̈(t) + (c(t))ṡ(t) = ∥ẏ(t)∥2 + ⟨y(t)− y∗, ÿ(t) + (c(t)ẏ(t)⟩
= ∥ẏ(t)∥2 − ⟨y(t)− y∗, (I −R)y(t)− βẇ(t)⟩
= ∥ẏ(t)∥2 − ⟨y(t)− y∗, (I −R)y(t)⟩+ β⟨ẇ(t), y(t)− y∗⟩
≤ ∥ẏ(t)∥2 − κ∗∥(I −R)y(t)∥2 + ⟨βẇ(t), y(t)− y∗⟩.

(5.2.24)

Where we have that,

β⟨ẇ(t), y(t)− y∗⟩ = β
d

dt
⟨y(t)− y∗, w(t)⟩ − β⟨ẏ(t), w(t)⟩. (5.2.25)

Putting equation (5.2.25) into (5.2.24) and considering equation (4.1.3) we get,

s̈(t) + c(t)ṡ(t) + β ⟨ẏ(t), w(t)⟩+ κ∗∥ÿ(t) + c(t)ẋ(t)− βẇ(t)∥2

≤ ∥ẏ(t)∥2 + β
d

dt
⟨y(t)− y∗, w(t)⟩

(5.2.26)

Simplifying the fourth term, we obtain

s̈(t) + c(t)ṡ(t) + β⟨ẏ(t), w(t)⟩+ κ∗∥ÿ(t) + c(t)ẏ(t)∥2 − 2κ∗β∥ẇ(t)∥(∥ÿ + c(t)ẏ(t)∥
+ κ∗β2∥ẇ(t)∥2

≤ ∥ẏ(t)∥2 + β
d

dt
⟨y(t)− y∗, w(t)⟩

(5.2.27)

equivalently,

s̈(t) + c(t)ṡ(t) + β⟨ẏ(t), w(t)⟩+ κ∗∥ÿ(t)∥2 + κ∗c(t)
d

dt
∥ẏ(t)∥2 + κ∗c(t)2∥ẏ(t)∥2

− 2κ∗β∥ẇ(t)∥(∥ÿ + c(t)ẏ(t)∥+ κ∗β2∥ẇ(t)∥2

≤ ∥ẏ(t)∥2 + β
d

dt
⟨y(t)− y∗, w(t)⟩ .

(5.2.28)

Rearranging we obtain,

s̈(t) + c(t)ṡ(t) + β⟨ẏ(t), w(t)⟩+ κ∗∥ÿ(t)∥2 + κ∗c(t)
d

dt
∥ẏ(t)∥2

− 2κ∗β∥ẇ(t)∥∥ÿ(t) + c(t)ẏ(t)∥+ κ∗β2∥ẇ(t)∥2 + (κ∗c(t)2 − 1)∥ẏ(t)∥2

≤ β
d

dt
⟨y(t)− y∗, w(t)⟩ .

(5.2.29)

Multiplying both sides of (5.2.29) by et > 0 ,we obtain

ets̈(t) + etc(t)ṡ(t) + etβ⟨ẏ(t), w(t)⟩+ etκ∗∥ÿ(t)∥2 + etκ∗c(t)
d

dt
∥ẏ(t)∥2

− et2κ∗β∥ẇ(t)∥∥ÿ(t) + c(t)ẏ(t)∥+ etκ∗β2∥ẇ(t)∥2

+ et(κ∗c(t)2 − 1)∥ẏ(t)∥2

≤ etβ
d

dt
⟨y(t)− y∗, w(t)⟩ .

(5.2.30)
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Let the following terms be rewritten as follows

c(t)
d

dt
∥ẏ(t)∥2 = d

dt

(
c(t)∥ẏ(t)∥2

)
− ẏ(t)∥ẏ(t)∥2 ≥ d

dt

(
c(t)∥ẏ(t)∥2

)
. (5.2.31)

ets̈(t) =
d

dt

(
etṡ(t)

)
− etṡ(t) (5.2.32)

etṡ(t) =
d

dt

(
ets(t)

)
− ets(t) (5.2.33)

et ˙c(t) =
d

dt
(etc(t)− etc(t). (5.2.34)

Putting (5.2.31), (5.2.32) and (5.2.33) into (5.2.30), we obtain

d

dt
etṡ(t)− d

dt
ets(t) + ets(t) + c(t)

d

dt
(ets(t))− c(t)ets(t) + etβ⟨ẏ(t), w(t)⟩

+ etκ∗∥ÿ(t)∥2 + etκ∗ d

dt
c(t)∥ẏ(t)∥2

− et2κ∗β∥ẇ(t)∥∥ÿ + c(t)ẏ(t)∥
+ etκ∗β2∥ẇ(t)∥2 + et(κ∗c(t)2 − 1)∥ẏ(t)∥2

≤ etβ
d

dt
⟨y(t)− y∗, w(t)⟩

(5.2.35)

Simplifying, we obtain

d

dt
etṡ(t)− d

dt
ets(t) + ets(t) + c(t)

d

dt
(ets(t))− c(t)ets(t) + etβ⟨ẏ(t), w(t)⟩

+ etκ∗∥ÿ(t)∥2 + etκ∗ d

dt
c(t)∥ẏ(t)∥2

− et2κ∗β∥ẇ(t)∥∥ÿ + c(t)ẏ(t)∥
+ etκ∗β2∥ẇ(t)∥2 + et(κ∗c(t)2 − 1)∥ẏ(t)∥2

≤ etβ
d

dt
⟨y(t)− y∗, w(t)⟩ .

(5.2.36)

We have,

et
d

dt

(
c(t)∥ẏ(t)∥2

)
=

d

dt

(
etc(t)∥ẏ(t)∥2

)
− etc(t)∥ẏ(t)∥2. (5.2.37)

Putting (5.2.37) into (5.2.36), we obtain

d

dt
etṡ(t) + (c(t)− 1)

d

dt
ets(t) + (1− c(t))ets(t) + etβ⟨ẏ(t), w(t)⟩+ etκ∗∥ÿ(t)∥2

+ κ∗ d

dt
etc(t)∥ẏ(t)∥2 − κ∗etc(t)∥ẏ(t)∥2 + etκ∗β2∥ẇ(t)∥2 + et(κ∗c(t)2 − 1)∥ẏ(t)∥2

≤ etβ
d

dt
⟨y(t)− y∗, w(t)⟩+ et2κ∗β∥ẇ(t)∥∥ÿ(t) + c(t)ẏ(t)∥.

(5.2.38)
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Simplifying, we obtain

d

dt
etṡ(t) + (c(t)− 1)

d

dt
ets(t) + (1− c(t))ets(t) + etβ⟨ẏ(t), w(t)⟩+ etκ∗∥ÿ(t)∥2

+ κ∗ d

dt
etc(t)∥ẏ(t)∥2 + etκ∗β2∥ẇ(t)∥2 + et(κ∗c(t)2 − κ∗c(t)− 1)∥ẏ(t)∥2

+ et∥y(t)− w(t)∥2

≤ etβ
d

dt
⟨y(t)− w∗, w(t)⟩+ et2κ∗β∥ẇ(t)∥∥ÿ(t) + c(t)ẏ(t)∥+ et∥y(t)∥2.

(5.2.39)

When we use (5.2.4) then, we obtain

(c(t)− 1)
d

dt
ets(t) =

d

dt
((c(t)− 1)ets(t)− ċ(t)ets(t).

k2
1∥y(t)− y∗∥2 ≤ ∥y(t)− w(t)∥2.

k2
1s(t) ≤ ∥y(t)− w(t)∥2. (5.2.40)

Applying Assumption (5.2.1) and putting inequality (5.2.40) into (5.2.39) then, we obtain

d

dt
etṡ(t) +

d

dt
(c(t)− 1)ets(t) + (1− c(t) + k2

1)e
ts(t) + etβ⟨ẏ(t), w(t)⟩+ etκ∗∥ÿ(t)∥2

+ κ∗ d

dt
etc(t)∥ẏ(t)∥2 + et(κ∗c(t)2 − κ∗c(t)− 1)∥ẏ(t)∥2 + etκ∗β2∥ẇ(t)∥2

≤ etβ
d

dt
⟨y(t)− y∗, w(t)⟩+ et2κ∗β∥ẇ(t)∥∥ÿ(t) + c(t)ẏ(t)∥+ et∥y(t)∥2.

(5.2.41)

We have that this terms (1 − c(t) + k2
1)e

ts(t) , etβ⟨ẏ(t), w(t)⟩ , etκ∗∥ÿ(t)∥2 , et(κ∗c(t)2 −
κ∗c(t) − 1)∥ẏ(t)∥2 and etκ∗β2∥ẇ(t)∥2) are positive terms therefore integrating both sides
of inequality (5.2.42), then we get the following inequality,∫ T

0

(
d

dt
etṡ(t) +

d

dt
(c(t)− 1)ets(t) + κ∗ d

dt
etc(t)∥ẏ(t)∥2

≤
∫ T

0

(etβ
d

dt
⟨y(t)− y∗, w(t)⟩+ et2κ∗β∥ẇ(t)∥∥ÿ(t) + c(t)ẏ(t)∥+ et∥y(t)∥2).

From Assumption (5.2.1) ,we have

etṡ(t) + c(t)ets(t) + κ∗etc(t)∥ẏ(t)∥2 ≤ K. (5.2.42)

Since c(t)∥ẏ(t)∥ ≥ 0 and the above function is locally absolutely continuous, we obtain

etṡ(t) + et(c(t)s(t)) ≤ K. (5.2.43)

Multiplying (5.2.43) by e−t, wehaveṡ(t) + (µs(t)) ≤ Ke−t.(5.2.44) Here, µ represents the
positive lower bound of our damping function c(t). Since our relaxation function is a
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constant equal to one, our positive upper bound is equal to 1.
Integrating this differential inequality and multiplying by eµt, we get the following,

eµtṡ(t) + eµt(µs(t)) ≤ Ke(µ−1)t. (5.2.45)

This implies,
d

dt

(
e(µ)ts(t)

)
≤ Ke(µ−1)t. (5.2.46)

Integrating both sides, we have the solutions for different cases of µ given below,

s(t) ≤


e−µts(0) + K

1−µ

(
e−t − e−µt

)
, if 0 < µ < 1,

e−µts(0) + K
µ−1

(
e(µ−1)t − 1

)
, if µ > 1,

e−µts(0) +Kte−µt, if µ = 1.

(5.2.47)

This implies that y(t) converges exponentially to y∗. This shows that we have achieved ex-
ponential convergence for the generated trajectories in a Hilbert space under the assumption
that Q is strongly monotone and Lipschitz continuous. To demonstrate the effectiveness of
our proposed method, we present the following example, accompanied by relevant graphs.

5.3 Numerical solution

In this section, we provide several examples to demonstrate the effectiveness of the theo-
retical results discussed earlier.

Example 5.3.1. Let C = {y ∈ Rn | ∥y∥ ≤ 5}. Let our underlying operator Q : Ω → Rn

be defined as,
Qy(t) = Ay(t). (5.3.1)

Let A =

(
2 0
0 2

)
, where A is a positive definite matrix. Then, the operator Q is defined

as:

Q(y) =

(
2y1 + 1
2y2 + 1

)
. (5.3.2)

We are going to prove the strong monotonicity of our operator Q. for any x, y ∈ C:

(Q(x)−Q(y))T (x− y) =

(
2(x1 − y1)
2(x2 − y2)

)T (
x1 − y1
x2 − y2

)
. (5.3.3)

Simplifying further by applying the dot product we get the following equation,

(Q(x)−Q(y))T (x− y) = 2((x1 − y1)
2 + (x2 − y2)

2) ≥ 2∥x− y∥2. (5.3.4)

This implies that Q is strongly monotone with ρ = 2.

Now we show that Q is Lipschitz Continuity for any x, y ∈ Ω:

∥Q(x)−Q(y)∥ = ∥A(x− y)∥ ≤ ∥A∥∥x− y∥ = 2∥x− y∥, (5.3.5)

where ∥A∥ = 2. This shows that Q is Lipschitz continuous with the constant L = 2.
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All computations were conducted on a personal computer with an Intel(R) Core(TM) i5-
2600 CPU running at 2.30 GHz and 8.00 GB of RAM. The simulations consistently
demonstrate that the trajectory of the dynamical systems (5.1.1) converges globally and
exponentially to the unique solution y∗ of the problem. For instance, Figures 1, 2,3, and 4
present results for example 1 across various dimensional spaces with different initial points
and parameters.

Figure 1 illustrates the trajectories produced by the dynamical system described in equation
(5.1.1), with parameters set to n = 3, α(t) = (1− β2

t
), and λ = 1. The system starts with

the initial condition (4, 2,−3)T . This system’s convergence is significantly faster than the
case without the Hessian damping term.
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Figure 2 illustrates the trajectories produced by the dynamical system described in equation
(5.1.1), with parameters set to n = 3, α(t) = (1− β2

t
), and λ = 1. The system starts with

the initial condition (−2,−1, 1)T . This system’s convergence is significantly faster than
the case without the Hessian damping term.

Figure 3 illustrates the trajectories produced by the dynamical system described in equation
(5.1.1), with parameters set to n = 5, α(t) = (1− β2

t
), and λ = 1. The system starts with

the initial condition (−2,−1, 1, 3, 5)T . This system’s convergence is significantly faster
than the case without the Hessian damping term.
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Figure 4 illustrates the trajectories produced by the dynamical system described in equation
(5.1.1), with parameters set to n = 5, α(t) = (1− β2

t
), and λ = 1. The system starts with

the initial condition (−4,−3, 2, 3, 4)T . This system’s convergence is significantly faster
than the case without the Hessian damping term.

5.3.1 Example

The simulation involves solving two dynamical systems one governed by a classical second-
order differential equation with a time-dependent damping term α(t), and another enhanced
by an additional inertial correction parameterized by β. Both models simulate the behavior
of a projected dynamical system with a constraint-enforcing projection operator PC, and a
nonlinear feedback through a logistic function Q(x).

Example 5.3.2. Let C = {y ∈ Rn | ∥y∥ ≤ 5}. Let our underlying operator Q : Ω → Rn

be defined as,
Qy(t) = y(t)− sin(x(t)). (5.3.6)

Figure 5 illustrates the trajectories produced by the dynamical system described in equation
(5.1.1), with parameters set to n = 1, α(t) = (x(t) + 0.5 sin(t)), β = 10, and λ = 0.1.
The system starts with the initial condition (0.1)T . The convergence of this system is
significantly faster compared to the case without the Hessian damping term.
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Figure 6 illustrates the trajectories produced by the dynamical system described in equation
(5.1.1), with parameters set to n = 1, α(t) = (x(t) + 0.5 sin(t)), β = 1, and λ = 0.1.
The system starts with the initial condition (0.1)T . The convergence of this system is
significantly faster compared to the case without the Hessian damping term.

Figure 7 illustrates the trajectories produced by the dynamical system described in equation
(5.1.1), with parameters set to n = 1, α(t) = (x(t) + 0.5 sin(t)), β = 1

2
, and λ = 0.1.

The system starts with the initial condition (0.1)T . The convergence of this system is
significantly faster compared to the case without the Hessian damping term.
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Figure 8 illustrates the trajectories produced by the dynamical system described in equation
(5.1.1), with parameters set to n = 1, α(t) = (x(t) + 0.5 sin(t)), β = 5, and λ = 0.1.
The system starts with the initial condition (0.1)T . The convergence of this system is
significantly faster compared to the case without the Hessian damping term.

5.3.2 Example

Example 5.3.3. Let C = {y ∈ Rn | ∥y∥ ≤ 5}. Let our underlying operator Q : Ω → Rn

be defined as,

Qy(t) =
1

1 + e−x(t)
. (5.3.7)

The function Q(x), known as the sigmoid or logistic function, appears in both dynamical
systems as part of the feedback mechanism. In the context of this simulation, the sigmoid
function contributes to shaping the system’s nonlinear response by compressing input values
into a bounded range [0, 1].

In our simulation, the use of the sigmoid function serves a dual role:

(a) It models a saturating response to changes in the state variable, akin to neuron
activation.

(b) It offers a machine-learning-inspired feedback control in the optimization dynamics,
representing a soft-threshold or probabilistic transition in the adjustment of the state.
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Figure 10 illustrates the trajectories produced by the dynamical system described in equation
(5.1.1), with parameters set to n = 1, α(t) = (x(t) + 0.3e−0.5t), β = 1, and λ = 0.1.
The system starts with the initial condition (0.1)T . The convergence of this system is
significantly faster compared to the case without the Hessian damping term.

Figure 11 illustrates the trajectories produced by the dynamical system described in equation
(5.1.1), with parameters set to n = 1, α(t) = (x(t) + 0.3e−0.5t), β = 1, and λ = 0.1.
The system starts with the initial condition (0.1)T . The convergence of this system is
significantly faster compared to the case without the Hessian damping term.
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Figure 12 illustrates the trajectories produced by the dynamical system described in equation
(5.1.1), with parameters set to n = 1, α(t) = (x(t) + 0.3e−0.5t), β = 1, and λ = 0.1.
The system starts with the initial condition (0.1)T . The convergence of this system is
significantly faster compared to the case without the Hessian damping term.

Figure 13 illustrates the trajectories produced by the dynamical system described in equation
(5.1.1), with parameters set to n = 1, α(t) = (x(t) + 0.3e−0.5t), β = 1, and λ = 0.1.
The system starts with the initial condition (0.1)T . The convergence of this system is
significantly faster compared to the case without the Hessian damping term.
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Chapter 6

Conclusion, Contribution to
Knowledge and Future Research

6.1 Conclusion

This dissertation studied one of the first second-order dynamical forward backward forward
systems that combine asymptotic vanishing damping and Hessian damping to solve the fast
convergence for variational inequality problems. We studied the asymptotic analysis of the
trajectories generated by the dynamical system. First, we provided a brief background on
the key ideas and reviewed important previous work in this area. Then, we built a foun-
dation for our study by explaining key theorems and concepts. In chapters 3, 4, and 5,
we presented our main results, which extend the results in the literature. In chapter 3,
we showed the existence and uniqueness of strong global convergence in Hilbert space for
(3.1.1). In Chapter 4, we achieved weak convergence for the case where the underlying
operator was Lipschitz continuous and monotone. Our results extended earlier findings
of Bot, Radu I, and Sedlmayer [27]. In chapter 5, we showed that when the operator is
strongly monotone and Lipschitz continuous, the system converges exponentially. The tra-
jectories generated by this system (5.1.1) have minimal oscillation. We provided numerical
examples and graphs highlighting how well this method performs. The rate of convergence
has improved after adding the Hessian damping term. Overall, this dissertation provides
clear work for understanding and using second-order dynamical systems to solve variational
inequality problems in Hilbert space. Our results improve on previous research.

6.2 Contribution to knowledge

Our results expand on and improve some recent studies in the literature, especially those
that motivated our work, by making the following contributions to the field of variational
inequalities and optimizations.

1. The author in [25] studied the first-order system of (4.1.1) in continuous and discrete
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cases to solve a variational inequality problem. We have extended the first-order method to
the second-order method to solve a variational inequality problem. The results we obtain
in Chapters 4 and 5 converge much faster than the results the author provided .

2. Phan Tu Vuong [100] utilised the Antipin equation proposed by Antipin [99] and replaced
the gradient operator with a strongly pseudo-monotone operator. He obtained exponential
convergence for (1.2.1), and the explicit discretisation of (1.2.1) has been shown to con-
verge linearly. However, the dynamical system given by Phan Tu Vuong [100] does not
produce trajectories that converge to the solution of the variational inequality problem if Q
is monotone. We modified the system by adding the Tseng forward backward forward term,
and we were able to achieve weak convergence and exponential convergence in chapters 4
and 5 for the case where the operator Q is monotone and strongly monotone.

3. Radu I. Bot and Michael Sedlmayer [27] extend the work by developing a second-order
dynamical system, specifically designed to approximate the solution of monotone inclusion
problems and provide an asymptotic analysis of its trajectories. They have achieved weak
convergence, but for the case when the operator is a pseudo-monotone. In this dissertation,
their results have been improved by incorporating the Hessian damping factor to solve the
variational inequality problem. In our results, we not only achieved weak convergence but
also extended the results to have exponential convergence for the generated trajectories to
solve the variational inequality problem (1.1.1).

The following paper is submitted for potential publication.
Tumelo Ranoto and Chinedu Izuchukwu, Second-order differential equation with Hessian-
driven damping for variational inequality problem. Submitted to Computational Optimiza-
tion and Applications.

6.3 Future research

First, in the future, we will study the discrete version of the second-order dynamical system
(4.1.1). This approach will allow us to check the results obtained in the discrete and
continuous parts. It is shown that the explicit discretisation by [25] leads to the Tseng
[98] forward-backward-forward algorithm having the relaxation parameters, and they have
proven linear convergence for the case when the underlying operator Q is pseudo-monotone.
The Nesterov discretisation of our dynamical system (5.1.1) is:

(∀k ≥ 1)


zk = yk + τk(yk − yk−1)

wk = PC(I − λkQ)zk

yk+1 = (1− ρk)zk + β(wk − wk−1) + ρk(wk − λk(Qyk −Qzk)),

(6.3.1)

where y0, y1 ∈ H are starting points, (λk)k≥1, (ρk)k≥1 and (τk)k≥1 are sequences of positive
numbers . For the case when τk = 0. We get the following explicit equation.
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The explicit case is given by the following equation,

(∀k ≥ 1)


zk = yk

wk = PC(I − λkQ)zk

yk+1 = (1− ρk)zk + β(wk − wk−1) + ρk(wk − λk(Qyk −Qzk)),

(6.3.2)

where y0, y1 ∈ H are starting points, (λk)k≥1 and (ρk)k≥1 are sequences of positive numbers
.The explicit discretisation leads to the relaxed forward-backward forward with Hessian-
driven term.

The implicit case is given below by the following equation,

(∀k ≥ 1)


zk = yk+1

wk = PC(I − λkQ)zk

yk+1 = (1− ρk)zk + β(wk − wk−1) + ρk(wk − λk(Qyk −Qzk)),

(6.3.3)

where y0, y1 ∈ H are starting points, (λk)k≥1 and (ρk)k≥1 are sequences of positive num-
bers. We will study the behavior of the sequence generated in these different cases, hoping
to achieve convergence similar to the result obtained in the continuous case.

Secondly, the results obtained in this paper may be extended to solve the variational in-
equalities of the second kind. That is extending the results obtained in [39, 17, 93]. The
problem is formulated as follows finding y, v ∈ H such that

⟨Q(y), v − y⟩+G(v)−G(y) ≥ 0, ∀v ∈ H, (6.3.4)

where G : H 7→ R is the given functional and Q : H 7→ H can be monotone , strong
monotone and more. More interesting, we can extend them to solve the strong monotone
for the strong mixed variational inequality problem given by considering the problem of
finding y ∈ H such that

⟨Q(y), v − y⟩+Q(v)−Q(y) ≥ µ∥v − y∥2, ∀v ∈ H, (6.3.5)

where µ > 0 . The problem is called a strongly mixed variational inequality. It has
been shown that the minimum of the sum of a differentiable convex function and a non-
differentiable strongly convex function can be characterized by strongly mixed variational
inequalities.

We would like to generalize our result to study the monotone inclusion problem. We will
replace the projection operator PC with the resolvent operator JτQ. First, we will define
the resolvent operator .

Definition 6.3.1. Let Q : H → 2H be a set-valued operator, and let τ ∈ R++ (i.e., τ is a
positive real number). The resolvent of Q is defined as

JQy(t) = (y(t) + τQy(t))−1 (6.3.6)

and the Yosida approximation of Q with parameter τ is given by the following equation ,

Qy(t) =
1

τ

(
y(t)− JτQy(t)

)
. (6.3.7)
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The equation is given below. See similar work done by Attouch and László [15].

Find y∗ ∈ H such that 0 ∈ Qy∗ +Gy∗, (6.3.8)

where y∗ is the solution to the problem, our system will be extended to the following system:
w(t) = JλG(I − λQ)y(t)
ÿ(t) + α(t)ẏ(t) + β d

dt
(y(t)− w(t)) + y(t) = w(t) + λ[Q(y(t))−Q(w(t))]

y(0) = y0 ẏ(0) = ẏ0,
(6.3.9)

where JλG is the resolvent operator, and α(t) : [0,+∞) → [0,+∞) is a Lebesgue measurable
function.
See similar work done by Attouch and László [15]. When we have that G = 0, the problem
will lead to a monotone inclusion problem given by the following equation:

find y ∈ H such that 0 ∈ Q(y), (6.3.10)

where Q(y) is a maximally monotone operator in H. For the case where we have that
Qy = 0 the problem was studied by [30, 4]. The problem is formulate to find y ∈ H such
that,

G(y) = 0. (6.3.11)

where G(y) is the cocoercive operator .

Finally, if ∇Q is the gradient of Q and it is Lipschitz continuous, then we will study the
following convex optimization problem,

min
x∈H

(Q(y) +G(y)) , (6.3.12)

where the function Q : H → R∪{+∞} is a function that is, lower semicontinuous, proper,
and convex, and we have that G : H → R is a convex function with the additional property
that is Fréchet derivative. This problem can be reformulated to monotone inclusion, that
is, finding y ∈ H such that the sum of the subdifferential of Q and the gradient of G at y.

0 ∈ (∂Q+∇G) (y). (6.3.13)

where we have that ∂Q represents the subdifferential of Q .

In summary, in the future, we will consider problems in optimization, variational inequal-
ities of the first and second kind, and monotone inclusion problems to see the applicability
of our second-order dynamical system in different fields.
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