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by Partner Luyanda NDLOVU

In various industrial and engineering applications, fins (extended surfaces) are frequently adopt-
ed to enhance the rate of heat dissipation between a system and its surroundings. The heat
transfer mechanism of a fin is to conduct heat from a heat source to the fin surface via conduc-
tion, and then dissipate heat to the surrounding fluid via convection, radiation, or simultaneous
convection-radiation. In order to improve the rate of heat transfer through finned surfaces, it
is necessary to understand a fin’s dynamic response to change in temperature. The study of
heat transfer though fins continues to be of scientific interest and recently, the study of moving
fins has attracted a lot of research interests. The study of heat transfer through fins is modeled
by differential equations. In search for solutions to differential equations arising in physics and
engineering, analytical methods are very useful as it is difficult if not impossible to find the
exact solutions. In recent years, the availability of faster processing equipment further means
that we are able to compute analytical solutions to highly nonlinear equations that are more
accurate in representing the physical phenomena. The modeling of heat transfer through fins
reduces the experimental costs and gives insight into various parameters influencing the heat
transfer process. In this thesis, the Variational Iteration Method (VIM) and the Differential
Transform Method (DTM) are used to solve the nonlinear boundary value problems describing
heat transfer in solid and porous fins undergoing convective-radiative heat dissipation. Valida-
tion of analytical solutions is also obtained by comparison with numerical solutions. The aim is
to derive mathematical models describing heat transfer though fins, analyze the impact of the
embedding thermo-physical parameters, compare the accuracy and computational efficiency of
these two modern day analytical methods. The study of porous fins is performed using Darcy’s
model to formulate the governing heat transfer equations. As far as we know, the transient
study of heat transfer through moving fins has not been performed anywhere in literature. Re-
lated work on finned heat transfer is modeled using steady state models with the assumption
that the transient response dies out quickly. Since a broad range of governing parameters are

investigated, the results could be useful in a number of industrial and engineering applications.
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Chapter 1

Introduction

In the study of heat transfer, fins are extended surfaces that are used to increase the surface
area for heat transfer between a heated body and a cooler ambient fluid. The amount of
conduction, convection and radiation of a heat source determines the amount of heat that it
transfers. The heat transfer from a heated body can be enhanced by increasing the temperature
gradient between its surface and the cooler environment, increasing the convection heat transfer
coefficient, or increasing the surface area of the heated body. Research shows that it is not
feasible or economically viable to increase the first two [1, 2]. Hence, adding a fin to a heated
body increases the surface area for heat transfer and it is found to be an economical solution to
heat transfer problems. The use of fins is seen in various engineering applications such as heat
exchangers, computer processors, space nuclear reactor power systems, oil carrying pipelines

and many more.

The fundamentals of heat transfer analysis from finned surfaces involves solving second-order
differential equations in various coordinate systems. The subject of extended surface heat trans-
fer is one where analytical methods have been very successful in providing design information
for a variety of geometries, some of which are very complex. The assumptions of constan-
t thermo-physical parameters and uniform heat transfer coefficient reduces the complexities of
the governing energy balance equations. These assumptions further allow closed form analytical
solutions for a number of cases. This heat transfer coefficient can be modeled, most simply, as
a constant, in which the governing second-order differential equation is easy to solve [3]. When
the more realistic definition of thermal properties as a function of temperature is employed, the
problem becomes nonlinear and is considerably more difficult to solve [4, 5]. This nonlinearity is
exaggerated when the solid-fluid interface encounters a phase change in the form of evaporation
or condensation. A brief review of published works that is of immediate relevance to this thesis

is presented next.
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1.1 Literature review

Mathematical models describing heat transfer in fins of different profiles have been studied
extensively in literature [6-24]. A detailed study of fin temperature distribution for various
embedding parameters is provided for a triangular fin [25], rectangular radial fin [26] and an
exponential fin [27]. Fins may be applied in a stationery system [28] or in motion as in the
case of an electric motor and bike engines [29]. In recent years, the study of moving fins has
drawn the attention of many researchers. Turkyilmazoglu [30] obtained exact formulas for
thermal features like the distribution of temperature as well as the efficiency of exponential
moving fins. An approximate analytical solution for convection-radiation from a continuously
moving fin with temperature-dependent thermal conductivity was developed by Aziz and Khani
[31]. They concluded that radiative cooling becomes more effective for stronger radiation and
consequently lowering the temperature in the fin. Ming et al. [32] numerically studied conjugate
heat transfer from a continuously moving flat plate by employing the cubic spline collocation.
The heat transfer of moving fins through a non-Newtonian fluid was first analytically studied
by Fox et al. [33]. Recently, Ma et al. [34], simulated a combined conductive, convective and

radiative heat transfer in irregular moving porous fins using analytical methods.

The use of porous fins as a passive method for heat transfer enhancement has attracted a lot of
research interests following the pioneer work of Kiwan and Al-Nimr [35-37]. The steady state
thermal analysis of natural convection and radiation in porous fins was analytically conducted
by Moradi et al. [38]. These authors analyzed both infinite and finite fins with rectangular
profile using Homotopy Analysis Method (HAM) to solve the governing equations. An analysis
of heat transfer in a porous fin with temperature-dependent thermal conductivity and internal
heat generation was conducted using spectral collocation by Sobamowo [39]. This author used
numerical solutions to investigate the effects of various parameters on the thermal performance
of the porous fin. The results showed that increasing the porosity parameter also increases the
rate of heat transfer from the base of the fin and consequently improve the efficiency of the fin.
Collocation Method (CM) and the Homotopy Perturbation Method (HPM) were presented by
Hoshyar et al. [40] to determine the temperature distribution in a porous fin with temperature-
dependent internal heat generation. Their results were validated by using the Runge-Kutta
fourth order method. They discovered that as the buoyancy effects become stronger, the local
temperature in the fin decreases. Following similar work undertaken by Hoshyar et al. [40],
Oguntala and Abd-Alhameed [41] applied the Haar Wavelet Collocation Method (HWCM) to

analyze the thermal performance of porous fins.

Theoretical studies in extended surface heat transfer are described by nonlinear boundary value
problems. In most cases, these problems do not have an exact solution associated with them.
As such, much attention has been devoted to the newly developed methods to construct ap-

proximate analytic solutions. The applicability of the Collocation Spectral Method (CSM) for
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solving nonlinear heat transfer problems was demonstrated in a convective-radiative fin with
temperature-dependent properties by Sun et al. [42]. Cuce and Cuce [43], studied the the
efficiency and effectiveness assessment of longitudinal porous fins using Homotopy Perturbation
Method (HPM). A modified Homotopy Analysis Method (HAM) was proposed by Motsa et
al. [44]. The newly developed Spectral Homotopy Analysis Method (SHAM) seeks to remove
some restrictive assumptions related to the implementation of standard HAM. The Optimal
Homotopy Analysis Method (OHAM) was first introduced by Esmaeilpour and Ganji [45] to
solve Jeffery-Hamel problem. In this thesis, the VIM and DTM are used to solve the non-
linear boundary value problems describing heat transfer in solid and porous fins undergoing

convective-radiative heat dissipation.

1.2 Variational Iteration Method (VIM)

The VIM was introduced by Ji-Huan He [46, 47] in 1999. This method is a modification of
the general Lagrange multiplier method and provides analytical solutions to linear, nonlinear,
initial and boundary value problems. The method applies a correctional function to the problem
which is constructed using a Lagrange multiplier. The initial approximation is determined by
the initial condition or one of the boundary conditions. The optimal Lagrange multiplier for the
problem is determined by applying the stationary condition to the correction functional and the
Lagrange multiplier is chosen based on the order of the problem at hand. The solution procedure
is iterative and is improved at each iteration using the previous solution. This generates an
infinite series solution which generally converges to the exact solution of the problem. Several
problems in fluid mechanics have been solved using the VIM such as, the Euler-Bernoulli beam
[48], the evolution equations [49], the gas dynamic equation [50], the KdV equation [51], the
Sawada-Kotera equations [52] and the Sturm-Liouville equations [53]. The advantages of the
VIM, are that the problem can be solved without any discretization or transformation and is

free from round-off errors.

1.3 Differential Transform Method (DTM)

The DTM was first introduced by Zhou [54] in 1986. It is an iterative technique initially
designed to solve linear and nonlinear problems in electric circuits. In 1999, Chen and Ho
[55], developed a two-dimensional DTM which can be used for solving differential and integral
equations. This method generates an analytical solution based on Taylor series expansions.
The DTM is based primarily on the Taylor series method, however, at higher orders the DTM
differs from the Taylor series method in the way the coefficients are computed. The Taylor

series method requires computing coefficients using the initial data and the differential equation,



Introduction 4

which requires more computational work, while the DTM iteratively obtains the Taylor series
equations. The principle behind the method is to apply a differential transform to the original
equation. Thereafter, the equation is simplified by applying certain theorems of the differential
transform theory [56]. Finally, an inverse differential transform is applied to the simplified
equation resulting in an iteration formula for the problem. Ayaz [57], showed that the DTM is
better equipped to solve highly nonlinear problems than the Taylor series method. The DTM
does not require linearization or discretization and can easily produce closed form solutions [55].
The DTM has been used to solve various problems in applied mathematics and physics, such
as systems of differential equations [58, 59|, the Schrédinger equation [60] and the Emden-type
equations [61]. The drawbacks of the DTM are the small convergence regions of the truncated
series solutions and does not exhibit periodic behaviour. Several improvements have been made
over the years by Odibat and Momani [62], who generalised the method in order to improve
convergence using the Caputo fractional derivative. Momani and Ertiirk [63] applied Laplace
transforms and Padé approximations to the DTM in order to study the periodic behaviour of the
solutions and improve the accuracy of the DTM solution in a larger region. The modifications

made above have provided more accurate series solutions when compared to other methods.

1.4 VIM versus DTM

An important advantage of the VIM over DTM is that the method provides successive approx-
imate solutions iteratively, while DTM generates components of the approximate solution and
require summation to provide the approximate solution. The ease of computing the correction
function in the VIM as compared to applying the differential transform theorems in the DTM
shows that the VIM is a simpler and more efficient method. The disadvantage of the VIM is
the limited convergence region of the truncated series solution [64]. Abassy et al. [65] showed,
for severely nonlinear problems, that VIM may produce unnecessary terms or unneeded com-
putations which may cause a divergence of the solution and increase computation time. These
limitations have been addressed by some authors and modified variational iteration methods
have been developed over time, such as using the Padé technique and Laplace transforms, to
eliminate unnecessary computations [66-68]. These modifications have made the VIM one of
the most useful methods in order to obtain analytical solutions to a variety of problems. The
application of the two methods described above can be found in a series of publications ded-
icated to this thesis in the next chapter. The computational efficiency of the two methods is
compared on the first paper, and depending on the problem at hand, one of the methods was

adopted to analyze heat transfer on the preceding publications.
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1.5 Thesis by Publication layout

Following the requirements for a degree of Doctor of Philosophy (PhD) by Publication, this

thesis is structured as follows;

e In Chapter 1, a brief overview of extended surface hear transfer is given. The theory
behind the need to model heat transfer in moving fins of various profiles is explained.
Discussions on applications of analytical methods to solve complex heat transfer problems

are given and related previous work is cited.

e In Chapter 2, a series of journal publications relating to the topic at hand are given. The
journal articles are presented in a logical manner, where the proceeding article builds from

the preceding article.
e In Chapter 3, an overarching conclusion summarizing the key findings and future work is

presented.

This thesis incorporates eleven publications in peer-reviewed journals that make a significant

contribution to knowledge within the field of extended surface heat transfer.



Chapter 2

Thesis Publications

In this thesis, thermal properties such as heat transfer coefficient and thermal conductivity are
considered to be temperature dependent. This assumption results in nonlinear deterministic
models that are difficult to solve exactly. Hence, approximate analytical solutions are sought
throughout this thesis. The effects of parameters, appearing in dimensionless models, on tem-
perature profile (or temperature distribution) in the fin are studied. The articles in this thesis

are linked together and follow in a logical manner to maintain the overall aims of this study.

Heat transfer through solid stationary longitudinal fins of various profiles is studied in Article
I. The applicability of VIM and DTM to heat transfer problems is analyzed, followed by the
convergence and accuracy analysis of the two analytical methods. Following the results of
Article I, steady state analysis of moving radial fins is performed using VIM in Article II. The
VIM is applied to generate approximate analytical solutions and the impact of the embedding
parameters on heat transfer is illustrated and explained. The transient response to change in
temperature on radial moving fins of rectangular and hyperbolic profiles is considered in Article
ITI. The analytical solutions are generated using the two-dimensional DTM and validated using
the inbuilt numerical solver in Maple. The effects of porous media on the rate of heat transfer
in moving porous fins undergoing natural convection and radiation heat transfer is analyzed in
Article IV. The study is performed using Darcy’s model to formulate the governing equations.
To investigate the impacts of convection, radiation, porosity and advection on heat transfer in
a single model, a study of transient heat transfer through a triangular moving porous fin is

performed in Article V.

Article T assumes a power law variance of thermal conductivity with temperature. Articles
II, III and V assume a linear variance of thermal conductivity with temperature. In Article
VI, a logistic thermal conductivity calibration function is considered and compared to other
three traditional functions. The proposed function is found to result in lower dimensionless

temperatures inside the fin. A highly nonlinear model describing heat transfer in a radial

6



List of Publications 7

porous moving fin is analyzed in Article VII. The problem is solved numerically and analytically
by applying the numerical solver in MATLAB and the two-dimensional DTM respectively.
Following the work in Article VII, heat transfer in a rectangular moving fin with temperature
dependent surface emissivity is analyzed in Article VIII using the two-dimensional DTM. The
efficiency of porous moving fins is demonstrated in Article IX. The analysis is performed using
VIM to generate the analytical solutions which are further validated using the Runge-Kutta
fourth order method. The significance of a fin profile together with the convective-radiative
fin tip boundary condition are investigated in Article X. The impact of fin profile is further
investigated for seven different fin profiles in Article XI. The fin surface is assumed to be gray

with a constant emissivity to simplify the governing model.

Original copies of articles briefly described above are presented next and a detailed discussion

on their contribution is provided in the conclusions chapter.
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2.1 Journal Article I

P.L. Ndlovu and R.J. Moitsheki, Predicting the temperature distribution in longitudinal fins
of various profiles with power law thermal properties using the Variational Iteration Method,
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Predicting the Temperature Distribution in Longitudinal Fins of Various
Profiles with Power Law Thermal Properties Using the Variational
Iteration Method

Partner Luyanda Ndlovu!?* and Raseelo Joel Moitsheki':**

'School of Computer Science and Applied Mathematics, University of the Witwatersrand, Private
Bag 3, WITS 2050, Johannesburg, South Africa
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* corresponding author
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parameter.

Abstract. In this article, the variational iteration method (VIM) is used to analyze heat transfer in
longitudinal fins of various profiles with temperature dependent thermal conductivity and heat trans-
fer coefficient. In order to show the efficiency of the VIM, the results obtained using the VIM are
compared with the previously obtained results using the differential transform method (DTM) and Lie
group analysis of a fin problem with the rectangular profile. After establishing confidence in VIM,
heat transfer is analyzed to determine the temperature profiles in longitudinal fins of various pro-
files with power law thermal properties. The temperature distribution is compared between various
profiles. The effects of some physical parameters such as the thermo-geometric fin parameter and
thermal conductivity gradient on temperature distribution are illustrated.

Introduction

A finned surface has an enhanced mechanism of transferring heat between a primary surface and its
surrounding medium. In particular, fins are used in various industrial applications such as the cooling
of computer processors, air-cooled automobile engines, oil carrying pipe lines and many more. The
study of heat transfer though fins has been documented extensively in literature by Kraus ef al. [1].
The study of heat transfer in fins continues unabated. Exact solutions for special cases are obtained
for example in [2, 3].

The use of analytical methods to solve linear and nonlinear differential equations arising in heat
transfer has been accepted by many researchers. In recent years, different methods have been intro-
duced to provide semi-analytical solutions to heat equations. The Homotopy Perturbation Methods
have been studied and applied by many researchers [4, 5]. Perturbation Methods depend on small pa-
rameter values which are difficult to be find for real life non-linear problems. The Adomian Decomop-
sition Method (ADM) [6], Homotopy Analysis Method (HAM) [7], Differential Transform Method
(DTM) [8, 9] and the Variational Iteration Method (VIM) [10] have also been used to provide analyt-
ical solutions for these kinds of differential equations and in the determination of fin efficiency. The
VIM was introduced by He in 1999 [11, 12]. This method has been widely used by may researchers
literature due to its faster convergence and easy applicability.

A substantial amount of research work in the study of heat transfer through finned surfaces focuses
on the case where thermal conductivity depends linearly on temperature and constant heat transfer (see
e.g. [13]) and power-law temperature-dependent heat transfer coefficient (see e.g. [14]). Approximate
analytical solutions for heat transfer in convective straight fins with temperature dependent thermal
conductivity and constant heat transfer were constructed using VIM in [15]. The efficiency of steady
state heat transfer in longitudinal moving fins with trapezoidal profile is studied in [16].

All rights reserved. No part of contents of this paper may be reproduced or transmitted in any form or by any means without the written permission of Trans
Tech Publications, www.scientific.net. (#109468048-18/09/18,14:15:52)
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Prime Surface

Fin profile

Fin tip

Fig. 1: Schematic representation of longitudinal fin of an unspecified profile.

In this paper, the variational iteration method is used to solve the nonlinear boundary value problem
describing heat transfer through an extended surface where the thermal conductivity and heat transfer
coefficient are given by power law functions of temperature. The shortcomings of both analytical
methods are also noted and the VIM results are compared with the previously obtained results using
DTM. The VIM has no transformations, perturbations and decompositions which makes it easy to
apply to nonlinear equations arising in heat transfer.

This article is organized as follows; the mathematical background of the problem under consider-
ation is described in Section 2. A brief discussion on the fundamentals of the VIM will be provided in
Section 3. Approximate analytical solutions are constructed in Section 4 and Section 5. Lastly, some
discussions based on the results obtained are provided in Section 6.

Fin Problem Formulation

We consider a physical system consisting of a longitudinal one dimensional fin of cross-sectional area
A, as shown in Figure 1. The perimeter of the fin is denoted by P and its length by L. The fin is
attached to a fixed prime surface of temperature 7} and extends to an ambient fluid of temperature 7,.
Based on the one dimensional heat conduction, the energy balance equation is then given by [1],

ar

A (%F(X)Kmﬁ) PHTNT-T,).0< X <L M

where K and H are the non-uniform temperature dependent thermal conductivity and heat transfer
coefficients, respectively (see [1, 8]), 7" is the temperature distribution and X is the space variable,
F(X) is the fin fin profile. The length of the fin is measured from the tip to the prime surface as shown
in Figure 1. Since the fin tip is adiabatic, Eqn. (1) admits the following boundary conditions,

T(L) =T, and ar

| =0 Q)

X=0
Introducing the following dimensionless variables,

X , T-T, H .
L T,-T,  h ko Ak,
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where k, is the thermal conductivity at the ambient temperature and h,, is the heat transfer at the prime
surface, reduces Eqn. (1) to

d
dx

do
lf(x)k(e)d—] — M?*0h(0) =0, 0 <z < 1. 4)
X
In Eqn. (4) 0 is defined as the dimensionless temperature, = as the dimensionless space variable, k is
the dimensionless thermal conductivity, / is the dimensionless heat transfer coefficient and M is the
geometric fin parameter. The dimensionless boundary conditions then become,

0(1) = 1, at the prime surface (5)
and "
— = 0, at the fin tip. (6)
dr|,_,
We assume that the thermal conductivity and heat transfer coefficient are given by the power law
T-T,\"
H(T)=h 7
@ =ty(5=7) o)
T-T,\"
K(T) =k, 2, 8
0 =t 1) ®

where exponents n and m are real constants. The values of n may vary as between -6.6 and 5; however,
in most practical applications, it lies between -3 and 3 [17]. In dimensionless variables, we have
h(0) = 6™ and k(#) = 6™. The fin equation under consideration is then given by

a
dz

{f(x)@m%] — M =0,0<2<1. 9)

Notice that equation (9) may be transformed into

d dw M?
@[ﬂx)ﬂ Tt
by change of variable w = ™!, Notice that the exact solutions exist for (i) rectangular profile in terms
of hyperbolic functions [2] and (ii) exponential profile in terms of Bessel functions [3]. Furthermore,

the concave parabolic profile results in an Euler equation, and the triangular and cubic profiles have
exact solution given in terms of Bessel functions.

w=0, n#* -1, (10)

He’s Variational Iteration Method

Eqn. (9) can be written as [10]
LO+ NO = g(x), (11)

where L and N are linear and nonlinear operators, respectively, and g(z) is the source inhomoge-
neous term. In his papers, [11, 12], He proposed the variational iteration method where a correctional
functional for Eqn. (11) can be written as

T

Bues() = (o) + [ MONLO) + Noa(t) — g(6)) (12)

where A is the general Lagrange multiplier, which can be be identified optimally via the variation
theory, and 6, is a restricted variation, which means 66,, = 0 [18]. The Lagrange multiplier can be
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a constant or a function depending on the order of the deferential equation under consideration. The
variational iteration method should be employed by following two essential steps. First we determine
the Lagrange multiplier by considering the following second order differential equation,

0"(x) + ab'(x) + bO(z) = g(z), 6(0) =«, 6'(0) =3, (13)

where a and b are constants. The VIM admits the use of a correctional function for this equation as

follows,

Oni1(z) = On(z) + /A(t)(%(t) + all, (1) + b0,(t) — g(t))dt. (14)
0
Taking the variation on both sides of Eqn. (14) with respect to the independent variable 6,, gives,

56, 5 ([, . N
WH =1+ E(/)\(t)(en(t) + ab), (t) + b0,(t) — g(t))dt), (15)
n n 0
or equivalently
80,11 (x) = 60, () + 5( / M) (00(t) + abl,(t) + bl (t) — g(t))dt), (16)
0
which gives
00p1(z) = 06, (x) + 5</A(t)(eg(t)dt), (17)
0
obtained upon using 66,, = 0 and 69; = 0. Evaluating the integral of Eqn. (17) by parts gives,
80n11 = 00, + N0, — N0, + 5//\”9ndt, (18)
0
or equivalently
50rs1 = (1 — N|ys)O + 6N, + 6 / NG, dt. (19)
0

The extreme condition of 6,,,1 requires that 46,,,; = 0. Equating both sides of Eqn. (19) to 0, yields
the following stationary conditions

1—N|j—s =0, (20)
M=z = 0, 21)
Ni—p = 0. (22)
This in turn gives
A=t—u. (23)

In general, for the n'* order ordinary differential equation, the Lagrange multiplier is given by,

_ (=) o1
A= (n_l)!(t—x) . (24)
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Having determined )\ and substituting its value into (12) gives the iteration formula

xT

s (1) = O(2) + / (t — 2)(01(8) + a, (1) + b0, (1) — g(t))dt, 25)

0

The iteration formula Eqn. (25), without restricted variation, should be used for the determination of
the successive approximations 60,,1(z), n > 0, of the solution §(x). Consequently, the solution is
given by

O(z) = lim 6,(x). (26)

n—oo

The Fin Temperature Distribution

To show that VIM has faster convergence over DTM, the results from the two series solutions are
benchmarked against the exact solution for the special case n = m [2] for a longitudinal rectangular
fin profile. For the case where n # m and other fin profiles, we construct the series solutions using
He’s VIM.

Heat transfer in fins of rectangular profile The exact solution for for Eqn. (9) was calculated
using Lie group analysis for a rectangular fin profile where n # m. The fin profile is rectangular when
f(z) = 1 on Eqn. (9). As a starting approximation for the VIM solution to Eqn. (9), 0y(x) is assumed
to be a constant [19]. Considering the case where m = n = 1, The first three iterations using the VIM
Solution are given below,

Oo(z) = c, (27)
M2c202
b1(a) =+ —5—, (28)
AM?*z?2  AEM?2x? SMAat AMAzt A MOS

Oa(2) = - — 29
27) =+ —3 5 T T 12 s 120 (29)
03(z) +362M2$2 3C3M2x2+c4M2$2+c3M4x4 1904M4x4+5c5M4x4 06M4$4+ (30)

3 2 2 2 4 24 8 8

The third iteration of the VIM gives higher-order powers of the independent variable. A series solution
of order O(14) was found to be close to the exact solution with a very small standard error [9]. The
DTM produced a polynomial solution agreeable to the exact solution at the 14" iteration. This is
computationally expensive. An alternative and less expensive approximate expression for temperature
distribution using VIM for the problem under consideration is then given by

0(z) = 05(x). (31)

In Eqn. (27), the constant c is the temperature at the fin tip and must lie in the interval [0, 1]. Since
c is assumed to be a constant as the initial guess, it automatically satisfies the derivative boundary
condition. As seen from succeeding equations (27)-(30), additional terms include x with the power of
two or more. This also satisfies the derivative boundary condition at x = 0. Due to this fact, to obtain
the value of ¢, we substitute the boundary condition (5) into (31) at the point x = 1. Similarly, the
recurrence relation of VIM Solution to (9) for m = n = 2 is given below,

3AM?2? 3¢5 M?2? +C7M21’2 +C5M4m4 307M4x4+5ch4x4 M MAx?
2 2 2 8 2 4 4
The constant ¢ may be obtained using the boundary condition at the fin base. The comparison of

the exact solutions, VIM solutions and DTM solutions are reflected in Figures 2 and 3 for different
values of n. The VIM solutions are closely aligned to exact solutions within the first five iterations.

0(x) = c+ +er (32)
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Fig. 5: Temperature distribution in a rectangular fin, (n, m) = (2,1).
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Fig. 6: Temperature distribution in a rectangular fin, (n, m) = (1, 2).

Having established reliance and confidence on VIM solutions, the case where thermal conductivity
and heat transfer coefficient are given by distinct exponents is considered. When n > 2, this indicates
that the fin is subject to nucleate boiling, and radiation into free space at zero absolute temperature.
Considering the two cases below and applying the correctional function to equation (9), the analytical
solutions lend themselves as given below;

Case (n,m) = (2,1)

3EM?2x?  3c*M?z?2 SM22?2 SMAz* 17 MA* 5" M2 AMAa?t
O(x) = c+ 5 T o ‘5 tT T T 1 +--- (33)

Case (n,m) = (1,2)

3AM2x?2 3c*M2z2 AM2*2?2 3 Mt TASMAxt 5T MAxt SMAat
W)=ttt g s s

The constant ¢ is obtained by solving the appropriate §(z) at the fin base boundary condition. The
analytical solutions in (33) and (34) are depicted in Figures 5 and 6, respectively.

Heat transfer in fins of convex parabolic profile The fin profile if convex parabolic when
f(z) = y/x. The DTM could not construct the solution to the convex parabolic fin profile without the
use of an alternative substitution, (see [8, 9]). Here, we show the direct construction of the solution
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Fig. 7: Temperature distribution in a convex parabolic fin, M = 0.7.
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Fig. 8: Temperature distribution in a concave parabolic fin, M = 0.7.

using the variational iteration method. Following a similar methodology used in the construction of
the analytical solution for the rectangular fin profile, the analytical solution for the convex parabolic
profile is given below and the solution is also depicted in Figure 7.

32M?x? 663 M22%?2  AM2d SMAat 643C4M4x9/2+23c5M4x5 4C6M4ZL‘11/2+

o] o
() = et — 5 3 1 945 50 55

(35;

Heat transfer in fins of concave parabolic profile The fin profile if concave parabolic when
f(z) = x2. The analytical solution for the concave parabolic profile is given below and the solution
is also depicted in Figure 8.

3M?*x?  3A3M2xt N A Mt N AM?225  22¢* MAab N 174 MOS8 P M8
2 4 4 6 45 360

O(x) = c+
(36)

Heat transfer in fins of triangular profile The fin profile if triangular when f(z) = z. The
analytical solution for the concave parabolic profile is given below and the solution is also depicted
in Figure 9.

0(r) = ot 3¢ M?2? 302051 A Mgt N AMAat 3t MAad N 13¢® M*2® N 17¢* MO2®
2 ct——mF—c x —
YT 1 1 5 36 360

+0e (37)
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Fig. 10: Temperature distribution in a cubic fin, M = 0.7.

Heat transfer in fins of cubic profile The fin profile if cubic when f(z) = z3. The analytical

solution for the concave parabolic profile is given below and the solution is also depicted in Figure
10.

32 M3 a2 N M4t 33 M3 b N 17¢*MS26 2964 M4 N AM328 N 11c® MB28
2 4 5 360 70 8 3360

(38)

Aggregated fin profiles In Figure 11, we compare the solutions generated by VIM for various fin
profiles. We note that the rectangular fin profile retains more heat. The cubic profile dissipate heat to
the ambient fluid better when compared to other profiles. It turns out that the fins of curved profiles
perform better than those of a rectangular profile.
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Fin Efficiency and Heat Flux

Fin efficiency The heat transfer rate from a fin is given by Newton’s second law of cooling,

L
Q= / PH(T)(T — T,)dx. (39)

Fin efficiency is defined as the ratio of the fin heat transfer rate to the rate that would be if the entire
fin were at the base temperature and is given by (see e.g. [1])

Q [} PH(T)(T - T,)dX

_ = 40
" Qe PhL(Ty —T,) (40)
In dimensionless variables we have
1
n= /Q"Hda:. (41)
0

The fin efficiency for different values of n in depicted in Figure 12.
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Heat Flux The fin base heat flux is given by the Fourier’s law

dTr
=AK(T)—. 42
@ (T) o (42)
The total heat flux of the fin is given by [1]
i)
= , 43
7 AHTYT, - T,) )
Introducing the dimensionless variable as described in § , implies
1 k(9) do
= ——=— 44
"= Bin0) dz’ (44)
: : . L, :
where the dimensionless parameter Bi = is the Biot number. Eqn. (44) becomes
1 do
= —0""—. 45
1= Bi dz (45)

Not surprisingly, heat flux in one dimensional fins is higher given values Bi < 1. The heat flux in
Eqn. (45) is plotted in Figure 13 and Figure 14 .

Discussion

We have observed an alignment between the analytical solutions generated by the VIM and the exact
solutions obtained by Moitsheki ez al. [2]. The results of the benchmark analysis are depicted in Figures
2 and 3. This confirms that the VIM converges faster and can provide accurate results with minimum
computational effort. For all the cases of n considered in the analytics of the rectangular profile, we
also see an alignment between the two semi-analytical methods of solutions. In this paper, we have
shown that the VIM converges faster when compared to DTM. However, for problems where the
number of iterations can be computed as high as as 13 without running short of memory in computer
simulations, the DTM outperforms the VIM interms of accuracy.

In the Figure 3, we observe that the fin temperature increases with the increasing values of n. Also,
in Figures 5, 7, 8, 9 and 10, we see that the fin temperature increases with the decreasing values of the
thermo-geometric fin parameter across fins of different profiles. Furthermore, it appears that the fin
with rectangular profile performs least in transferring the heat from the base, since the temperature in



414 Computational Analysis of Heat Transfer in Fluids and Solids

25

20

151

10

Fig. 14: Base heat flux in a longitudinal rectangular fin, B: = 0.01, M = 1.70.

such a fin is much higher than that of other fin profiles. In other words, heat dissipation to the fluid
surrounding the extended surface is much faster in longitudinal fins of cubic and concave parabolic
profiles. This comparison of fin performance of under different profiles is shown in Figure 11. It also
turned out that fins of concave parabolic profile loose heat much faster, followed by triangular and
convex parabolic fins. In Figure 12, the fin efficiency decreases with increasing thermo-geometric fin
parameter. Also, fin efficiency increases with decreasing values of n. Figures 13 and 14 depict the heat
flux at the fin base. The amount of heat energy dissipated from the fin base is of immense interest in
engineering [20]. The fin temperature is higher when n —m > 0, that is, when heat transfer coefficient
is higher than the thermal conductivity. The heat flux also increases with the decreasing values of the
the power n. It is easy to show that the thermo-geometric fin parameter is directly proportional to the
aspect ratio (extension factor) with square root of the Biot number being the proportionality constant.
As such shorter fins are more efficient than longer ones. Else, the increased Biot number results in less
efficient fin whenever the space is confined, that is where the length of the fin cannot be increased.

Conclusion

In this study, we have successfully applied He’s VIM to highly nonlinear problems arising in heat
transfer through longitudinal fins of various profiles. We have studied the effects of the parameters
appearing in the model on the temperature distribution in a longitudinal rectangular fin. It was stated in
[8, 9] that the DTM stuggles to find solutions for fin profiles given by fractional exponents. The VIM
has been able to provide approximate analytical solutions across these fin profiles. A comparison to
the models exact solution obtained in [2], shows that the VIM has faster convergence when compared
to the DTM. However, as the number of approximations increases beyond 13, we observe that the
DTM provides more accurate solutions when compared to the VIM.
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ARTICLE INFO ABSTRACT
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In this article, a model describing heat transfer through radial moving fins of hyperbolic and rectangular profiles
is studied. The thermal conductivity and heat transfer coefficient are assumed to be given by linear and power
law functions of temperature respectively. The temperature distribution along the fin is given by a closed-form
solution obtained by applying the Variational Iteration Method (VIM). The impact of the embedding parameters
on temperature distribution is illustrated and explained. The approximate analytical solutions are validated
using numerical results obtained by applying the Runge-Kutta fourth order method. A good agreement is ob-

served between the analytical and numerical solutions. The results further show that the rate of heat transfer to
the ambient fluid increases with an increase in the horizontal flow field induced by the moving fin.

1. Introduction

Extended surfaces (also known as fins) are used to enhance heat
dissipation from a hot body to its convective, radiative, or convective-
radiative fluid. In particular, fins are used in various industrial appli-
cations such as oil carrying pipelines, space nuclear reactor power
systems and many more. A well-documented review of heat transfer
through extended surfaces is given by Kraus et al. [1], Kern and Kraus
[2]. Furthermore, a detailed study on fin temperature distribution for
various embedding parameters is provided for a triangular fin [3],
rectangular radial fin [4], an exponential fin [5] and a trapezoidal fin
cross section [6]. Fins may be applied in a stationery system [7] or in
motion as in case of electric motor and bike engines [8]. In recent years,
the use of fins for heat enhancement and cooling of electronic devices
has become popular [9,10]. The search for solutions to models de-
scribing heat transfer through fins also continues unabated. The heat
transport from a moving fin has attracted the attention of many re-
searchers. This phenomenon is an important problem that occurs in a
number of industrial applications such extrusion, hot rolling, casting
and many more. The speed of the moving fin is related to its application
[11], where velocity of the fin can be very low such as in crystal growth
or higher as in optical fiber drawing. Several studies have been per-
formed on heat transfer through moving fins. The effect of temperature-
dependent thermal conductivity of the moving fin and radiation effect

have been studied by Aziz and Khani [12]. Ming et al. [13] studied
conjugate heat transfer from a continuous moving flat plate numerically
by employing the cubic spline collocation. Investigation of mixed
convection heat transfer along a continuously moving heated vertical
plate with suction and blowing was conducted by Al-Sanea [14].

Many scientific problems and physical phenomena are modeled by
nonlinear ordinary or partial differential equations. In most cases, these
problems do not have an exact solution associated with them. As such,
much attention has been devoted to the newly developed methods to
construct approximate analytic solutions of nonlinear equations. Radial
fins have been investigated numerically [15], analytically [16] and
symmetrically [17]. The solutions derived were found to be useful in
studying the thermal parameters influencing heat transfer though ex-
tended surfaces. In addition, mathematical models describing heat
transfer in fins of different profiles have been studied extensively
[18,19]. The applicability of the Collocation Spectral Method (CSM) for
solving nonlinear heat transfer problems was demonstrated in a con-
vective-radiative fin with temperature-dependent properties by Sun
et al. [20].

A Modified Homotopy Analysis Method (HAM) was proposed by
Motsa et al. [21]. The newly developed Spectral Homotopy Analysis
Method (SHAM) seeks to remove some restrictive assumptions related
to the implementation of standard HAM. The Optimal Homotopy
Analysis Method (OHAM) was first introduced by Esmaeilpour and
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Nomenclature

specific heat (J/kg-K)

heat transfer coefficient at the fin base (W/m?K)
thermal conductivity at ambient temperature (W/m-K)
velocity of the fin (m/s)

dimensionless fin radius

cross-sectional area (m?)

fin length (m)

ambient temperature (K)

fin perimeter (m)

linear VIM operator

heat transfer coefficient (W/m?-K)

thermal conductivity (W/m-K)

temperature (K)

fin radius (m)

;UHNEE\Q"U;]N}#stn

M thermo-geometric fin parameter
T Iy inner and outer radii (m)
F(R) fin profile

Ty fin base temperature (K)

Pe Peclet number

Vs nonlinear VIM operator

Greek symbols

S base fin width (m)

p density (kg/m?)

6 dimensionless temperature

B thermal conductivity gradient
a thermal diffusivity (m?/s)

A Lagrange multiplier

Ganji [22] to solve Jeffery-Hamel problem. Ganji and Dongonchi [23]
obtained approximate analytical expressions for temperature distribu-
tion in a longitudinal fin with temperature dependent thermal proper-
ties and internal heat generation using the Differential Transform
Method (DTM). The VIM was applied to study the temperature dis-
tribution in fins of various profiles [24]. The solutions were validated
using the exact solutions obtained by employing symmetry analysis.
The VIM was introduced by He in 1999 [25,26] and has been widely
used by many researchers.

In this paper, the VIM is applied to determine approximate analy-
tical solutions to the boundary value problems describing heat transfer
in radial moving fins. The mathematical modeling of the problem under
consideration is described in § 2. A brief discussion on the fundamentals
of the VIM is be provided in § 3. In § 4 we provide the approximate
analytical solutions for temperature distribution and the benchmark
analysis. The fin efficiency and heat flux are given in § 5 The results are
discussed in § 6 and the concluding remarks are provided in § 7.

2. Fin problem formulation

We consider a radial one-dimensional moving fin of cross-sectional
area A, while it moves horizontally with a constant velocity U as de-
picted in Fig. 1. The fin is attached to a base surface of temperature T
and extends into a fluid of temperature T,. The perimeter of the fin is
denoted by P and its by L =, — . We may assume, without loss of
generality, that at the tip of the fin, r, = 0. The fin thickness at the prime
surface is given by &, and its profile is given by F(R). The fluid sur-
rounding the moving fin is heated by the convective fin and induces a
horizontal flow field (advection). We assume that the initial transient
heat transfer, which occurs when the material is exposed to the ambient
temperature, dies out quickly and the heat transfer takes place under
steady state conditions. This assumption has been made in several
studies [27,28]. The energy balance equation for a radial moving fin is
then given by an ordinary differential equation (ODE),

o | REF®K (D | = LHT(T = 1)

9 d
- 2F(R)peUS =0, <R, @D

where K and H are the non-uniform thermal conductivity and heat
transfer coefficient, respectively, p is the density of the material, c is the
specific heat capacity, T is the temperature distribution and R is the
space variable. Assuming that the fin tip is adiabatic (insulated) and the
base temperature is kept constant, then the boundary conditions are
given by Ref. [1],

T(t,n) =T, and ar =0,
dR |-, (2.2)

where 7, and r; are the radii of the fin base and fin tip. Introducing the
following dimensionless variables,

r=" 6=1"% ()= %F@R). k=K

’ Tp— Ty

_H 2 _ P2 ke _u
h = w = T Lo and Pe = - (2.3)
reduces equation (2.1) to
L k@9 | - M@0 - f(Pe = 0,
0<r<1, (2.4)
and equation (2.4) admits the following boundary conditions,
6(1) =1, (2.5)
LA )
dr r=0 (26)

The dimensionless variable M is the thermo-geometric fin para-
meter, 0 is the dimensionless temperature, r is the dimensionless space
variable, k is the dimensionless thermal conductivity, k, is the thermal
conductivity of the fin at ambient temperature, h, is the heat transfer

D
¥./

U —
|y
S
r
—
N

Fig. 1. Schematic representation of a radial fin with arbitrary profile f (r).
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coefficient at the fin base, Pe is the Peclet number which represent the
dimensionless speed of the moving fin, a is the thermal diffusivity of the
fin. For most industrial application, the heat transfer coefficient maybe
given as a power law [29],

n
H(T) = hy| L= e )
T, — T,

(2.7)

where n and h;, are constants. The constant n may vary between —6.6
and 5. However, in most practical applications it lies between —3 and 3
[29]. The exponent n represents laminar film boiling or condensation
when n = —1/4, laminar natural convection when n = 1/4, turbulent
natural convection when n = 1/3, nucleate boiling when n = 2, radia-
tion when n = 3 and n = 0 implies a constant heat transfer coefficient.
In dimensionless variables we have h(6) = 6". Also, for many en-
gineering applications, the thermal conductivity may depend linearly
on temperature, that is

K(T) = ka[1 + ¥ (T — T)]. (2.8)

The dimensionless thermal conductivity is given by the linear
function of temperature is k(6) =1 + 6, where the thermal con-
ductivity gradient is 8 = y(T — T,). As such the governing equation is
given by

LA (0 + )22 | - M2+t — F(n)Pel = o,
0<r<i. 2.9

For a radial moving fin with rectangular profile, f(r) =1 and
f(r) = n/r for the hyperbolic profile. We apply the VIM to construct the
approximate analytical solutions to (2.9), subject to boundary condi-
tions (2.5) and (2.6).

3. He's variational iteration method

To illustrate the basic idea of the method we consider the following
nonlinear equation:

SO+ A48 =g(r), (3.1)

where . and ./ are linear and nonlinear operators, respectively, and
g(r) is the source inhomogeneous term [30]. In his papers [25,26], He
proposed the variational iteration method where a correctional func-
tional for equation (3.1) can be written as

Om+1(r) = 6w (r) + f/l(t)(é”@m(t) + A () — g ()
0 (3.2)

where A is the general Lagrange multiplier, which can be identified
optimally via the variation theory, and §,, is a restricted variation,
which means 68,, = 0 [31]. The Lagrange multiplier can be a constant
or a function depending on the order of the deferential equation under
consideration. In general, for the m* order ordinary differential equa-
tion, the Lagrange multiplier is given by,

_ G _ ym—1
SmopET O 3.3)

Equation (3.2) can be re-written as follows:

(1) = 60 + [ St = PS80 + B (©) = 8 0)
/ .
(3.4)

The iteration formula equation (3.4), without restricted variation,
should be used for the determination of the successive approximations
Om+1(r), m >0, of the solution 6(r). Consequently, the solution is
given by

o(r) = r}ll_I}’éo O (7). (3.5)

International Journal of Thermal Sciences 145 (2019) 106015

4. The fin temperature distribution

In this section, we apply the VIM to derive the approximate analy-
tical solution for a hyperbolic profile and the results for a rectangular
profile are graphically presented. As a starting approximation for the
VIM solution to equation (2.9), 6,(r) is assumed to be a constant
[32,33]. The fin is of hyperbolic profile when f (r) = 1/r. The first two
iterations using the VIM solution given n = 2 are as follows,

6o(r) = a, 4.1

— 1 5023
6,(r)=a+ 6aMr, 4.2)

1 1 1
6,(r) = a — —a*(=1 + aB)M?r® + —a*M?Per* + —a®(6 — 5aB)M*r®
L (r) 6 ( B) Y 360 ( B)

1 TAf649 INT8,12

Tt MT T gt (4.3)
The third iteration of the VIM gives higher-order powers of the in-
dependent variable. A series solution of order O(14) was found to be
close to the exact solution with a very small standard error using the
differential transformation and variational iteration [24]. An approx-
imate expression for temperature distribution for the problem under

consideration is then given by

0(r) = 65(r). 4.9

The approximate solutions (4.1)-(4.3) all satisfy the derivative
boundary condition assigned at the fin tip. To obtain the value of the
constant a, we substitute the boundary condition (2.5) into (4.4) at the
point x = 1. Similarly, the recurrence relation of VIM Solution to (2.9)
is given below

1 1 1
6(r) =a— =d*(-1 + ap)M*3 + —a*M?Per* + ——a’(6 — 5aB)M*r®
(r) 5 ( B) oY) 360 ( B)

1 TAf649 On 18412
+867aMr + 28512aMr + - (4.5)
A benchmark analysis of the VIM solutions and the numerical so-
lution (Runge-Kutta fourth order method) is depicted in Fig. 2. It is
observed that the VIM solutions are closely aligned to numerical solu-

tions within the first five iterations.
For all analytical results depicted in the Figures in this article, the
following values of parameters are used unless stated otherwise as in-

dicated in the graphs below.

n=2 f=1,M=0.75 Pe=3. (4.6)

1 ) 4
Rectangular Profile: VIM
098k Hyperbolic Profile: VIM ]
) Rectangular Profile: NS
'3 Hyperbolic Profile: NS

4
0.96 - 4

092t Py ¢ / 1
“ s
. o |
0980000000 yd
e
os8t_,_ . _— 8
0.86 t t t t t t t t t
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Fig. 2. Temperature distribution along the radial fin for varying fin profiles,
n=2,8=1,M=0.75. Pe = 3.
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Fig. 3. Temperature distribution along the radial fin for varying M.

5. Fin efficiency and heat flux
5.1. Fin efficiency

The heat transfer rate from a fin is given by Newton’s second law of
cooling,

L
Q= f PH(T)(T - T,)dR.
0 (5.1)

Fin efficiency is defined as the ratio of the fin heat transfer rate to
the rate that would be if the entire fin were at the base temperature and
is given by (see e.g. Ref. [1])

L
S PH(T)(T — T,)dR
0
PnL(T, - T,) (5.2)

n_ =
Qideal

In dimensionless variables we have

1
n= fﬁ”“dr.
0

(5.3)
The fin efficiency is depicted in Fig. 7.
5.2. Heat flux
The fin base heat flux is given by the Fourier’s law
dT
= AK(T)—.
% = AK D o (5.4)

The total heat flux of the fin is given by Ref. [1].

1
0.99 b
0.98
0.97
0.96

> 0.95.
0.94

0.93

0.92

0.91

0.9 . . . . . . . . .
0 0.1 02 03 04 05 06 07 08 0.9 1

Fig. 4. Temperature distribution along the radial fin for varying f.
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Fig. 5. Temperature distribution along the radial fin for varying n.

a4

1= A HM T - 1) (5.5)

Introducing the dimensionless variable as described in § 1, implies

_1k@©)ds

" Bih(6)dr’ (5.6)

where the dimensionless parameter Bi = Z—L is the Biot number. Not
a
surprisingly, heat flux in one dimensional fins is higher given values

Bi < 1. The heat flux in equation (5.6) is plotted in Fig. 9.

6. Discussion

This section discuses the impact of the embedding parameters on
the temperature distribution in radial moving fins of hyperbolic and
rectangular profiles. The governing equations were solved analytically
using He’s VIM and validated numerically using Runge-Kutta fourth
order method. Fig. 2 shows that approximate analytical solutions are in
good agreement with the numerical results. We also observe that the
rectangular fin profile is more efficient in dissipating heat that the
hyperbolic profile.

Fig. 3 shows that the fin temperature decreases with the increasing
values of the thermo-geometric fin parameter M. For M = 0, this in-
dicates the absence of convection while M = 1 indicates that convection
and conduction are at equal rates. Note that the thermo-geometric fin
parameter M = (Bi)!/2E, where E = L/§ is the aspect ratio or the ex-
tension factor. Evidently, small values of M correspond to the relatively
short and thick fins of high conductivity and high values of M corre-
spond to longer and thin fins of poor conductivity [34]. A fin is an
excellent dissipater at small values of M. As M increases the convective
heat loss increases and the temperature profile becomes steeper re-
flecting high base heat flow rates [35].

In Fig. 4 we observe that the temperature in the fin increases with
the increasing values of the thermal conductivity gradient . Note that
B = 0 implies that the thermal conductivity is a constant given by k,.
The curves with 8 = 0, correspond to the fin material whose thermal
conductivity increases as temperature increases from T, to T;, [35]. In
Fig. 5 we observe that the temperature distribution of the fin is an in-
creasing function of exponent n. Fig. 6 illustrates the effect of the Peclet
number on the temperature distribution in the fin. As Pe increases, (fin
moves faster), the temperature inside the fin decreases rapidly due to
increased advective effect on the surface of the fin. We also observe that
for Pe = 0, which represents a stationery fin, the cooling of the fin takes
more time as shown by higher temperatures when compared to a
moving fin. The fin efficiency is shown in Figs. 7 and 8. In Fig. 7, we
note that the fin efficiency decreases with increasing values of the
thermo-geometric fin parameter and with decreasing values of the ex-
ponent of the heat transfer coefficient. Fig. 8 further shows that the fin
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Fig. 6. Temperature distribution along the radial fin for varying Pe.
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Fig. 8. Fin efficiency of a longitudinal radial moving fin, M = 0.75.

temperature gradually diminishes with the increasing values of the
Peclet number. The amount of heat energy dissipated from the fin base
is of immense interest in engineering [36]. From the heat flux graph,
Fig. 9, we note that the parameter q increases with M for all the values
of the exponent n considered.

7. Concluding remarks
In this study, we have successfully performed thermal analysis of

radial moving fins. The resulting differential equations were solved
using He’s VIM and the analytical solutions were benchmarked against
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Fig. 9. Heat flux in a longitudinal radial fin.

the numerical solutions. The impact of the thermo-physical parameters
was illustrated and explained. The radiation heat transfer was assumed
to occur at high temperatures as described by the exponent of heat
transfer coefficient. We have also shown that analytical solutions are
important in describing the thermo-physical properties of heat transfer
equations. The explicit solutions provide an easy way of evaluating fin
base thermal conductance and fin efficiency, which would be difficult
using numerical schemes. Furthermore, we have incorporated the ad-
vection term on the radial fin model, which is a result of the continuous
fin movement. An increase in the speed of the moving induces a hor-
izontal flow field which in turn increases heat dissipation from the
moving fin. We observe that the temperature inside the decreases with
the increasing values of the Peclet number and the thermo-geometric
fin parameter. Where cooling is required, higher values of Peclet
number and thermo-geometric parameter will be desirable.
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Abstract

In this article, thermal analysis of radial moving fins of hyperbolic and rectangular profiles is performed. A time-dependent
nonlinear differential equation modeling heat transfer in a radial moving fin is considered. The thermal conductivity and
heat transfer coefficient are modeled as linear and power-law functions of temperature, respectively. The analytical
solutions are generated using the differential transform method which is an analytical solution technique that can be applied
to various types of differential equations. The accuracy of the analytical solutions is validated by benchmarking against the
numerical solutions obtained by applying the inbuilt numerical solver in Maple (pdsolve). A good agreement is observed
between the analytical and numerical solutions. The effects of embedding parameters on the dimensionless temperature and
heat transfer rate are analyzed. The results show that the fin rapidly dissipates heat to the surrounding fluid with an increase
in the speed of the moving fin, that is, an increase in the values of the Peclet number. The results also show that the heat
transfer through a rectangular fin is more efficient when compared to a fin of hyperbolic profile.

Keywords Moving fin - Differential transform method - Thermal conductivity - Heat transfer - Fin tip temperature

List of symbols F(R) Fin profile
c Specific heat J kg~ ! K) T, Ambient temperature (K)
H Heat transfer coefficient (W m~2 K) Ty Fin base temperature (K)
Iy Heat transfer coefficient at the fin base (Wm 2K) P Fin perimeter (m)
K Thermal conductivity (W m~! K) Pe Peclet number . .
ke Thermal conductivity at ambient temperature b(1,x) Transformed analytical function
(Wm-' K) ¢(t,x) Original analytical function
t Time (s) . |
T Temperature (K) Greek symbols
U Velocity of the fin (m s~ o Boltzmann constant (W m~2K*)
R Fin radius (m) 0, Base fin width (m)
- Dimensionless fin radius p Thermal conductivity gradient
- -3
M Thermo-geometric fin parameter p D.ens1ty'(kg m .)
Ac Cross-sectional area (m?) T Dlmensmn.less .tlfne -
T, It Inner and outer radii, respectively (m) o« Thermal diffusivity (m~s™")
L Fin length (m) 0  Dimensionless temperature
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An increasing number of engineering applications are
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concerned with energy transportation by requiring a rapid
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Private Bag 3, Wits 2050, South Africa movement of heat away from a heat source. Fins are
2 Standard Bank of South Africa. 30 Baker Street. Rosebank extensively used in various industrial applications such as
Johannesburg 2196, South Africa refrigeration, air conditioning, heat exchanger, oil carrying
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