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ABSTRACT: The space of invariants for a single matrix is generated by traces containing at
most N matrices per trace. We extend this analysis to multi-matrix models at finite N. Using
the Molien-Weyl formula, we compute partition functions for various multi-matrix models at
different NV and interpret them through trace relations. This allows us to identify a complete
set of invariants, naturally divided into two distinct classes: primary and secondary. The full
invariant ring of the multi-matrix model is reconstructed via the Hironaka decomposition,
where primary invariants act freely, while secondary invariants satisfy quadratic relations.
Significantly, while traces with at most IV matrices are always present, we also find invariants
involving more than N matrices per trace. The primary invariants correspond to perturbative
degrees of freedom, whereas the secondary invariants emerge as non-trivial background
structures. The growth of secondary invariants aligns with expectations from black hole
entropy, suggesting deep structural connections to gravitational systems.
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1 Introduction

In this paper, we investigate the space of gauge-invariant operators in the matrix quantum

mechanics of d Hermitian matrices X%, with ¢ = 1,...,d, transforming under the adjoint

action of the unitary group:

X - Ut xey.

(1.1)

The gauge-invariant operators — which are the collective fields in a collective field theory

description [1, 2] — are polynomials in traces of words constructed from the matrices X¢.

Our goal is to determine the complete ring of such invariants (loop space) at finite N, and

to understand their algebraic structure.



This problem reduces to identifying the trace relations and determining a minimal,
independent generating set. These trace relations appear as constraints that commute with
the collective field theory Hamiltonian. The eigenstates of the free matrix model are given by
Schur polynomials [3] in the single-matrix case, and by restricted Schur polynomials [4, 5] in
the multi-matrix setting. In this basis, trace relations manifest as null states — states with
zero or negative energy eigenvalues. Thus, the complete set of trace relations is captured by
Schur or restricted Schur polynomials labeled by Young diagrams with more than N rows.
For further useful background and for other bases using Young diagram methods see [6-9].

To illustrate the problem in the simplest setting, consider a single matrix X. Since X
has only N independent eigenvalues, not all traces ¢, = Tr (X™) are independent. In fact,
the ring of gauge-invariant operators is generated by ¢, with n < N, while for n > N, ¢,
can be expressed as a polynomial in the lower-degree traces via trace relations [10]. This
finite truncation is a hallmark of finite-V effects. In this work, we extend this analysis
to multi-matrix models, providing a complete and constructive understanding of the ring
of invariants at finite V.

Finite-N effects have also played a central role in recent studies of black hole microstates,
particularly in the discovery of the fortuity mechanism [11-16]. These microstates are %—BPS
and fall into two classes: monotone and fortuitous. Monotone states remain BPS at all IV,
while fortuitous states lose their BPS nature above a critical N. In the latter case, BPS
saturation depends crucially on trace relations. For related work in the SYK model and
the D1-D5 system, see [17, 18].

Similarly one is interested in the role of finite-N effects for thermal properties [19, 20] of
multi-matrix models. In the case of O(IN) vector models [21] it was seen that they become
significant at temperatures T ~ v/N. The basic gauge-invariant operators — bilocals —
cease to be independent once their number exceeds N, necessitating a cutoff and leading
to modified entropy scaling S ~ NT?V.

We examine the appearance of trace relations (at finite, integer N) from three complemen-
tary perspectives in section 2. First, trace relations correspond to states annihilated by the
matrix Laplacian [3]. Second, invariant theory [22, 23] tells us that all relations follow from
antisymmetrizing N + 1 indices, each taking N values. Third, Procesi [22] has shown that
the full set of trace relations follows from the Cayley-Hamilton theorem. These perspectives
enable both explicit construction and enumeration of trace relations.

In section 3, we discuss the decomposition of finite-/N partition functions using the
Molien-Weyl formula. For N = 2, we analyze models with two, three, and four matrices; for
N = 3, we examine two- and three-matrix models. For N = 4 through 7, we restrict attention
to the two-matrix case due to increasing complexity. These partition functions take the form

1+, ciat

SRSy

(1.2)

This is the Hilbert series of the invariant ring Cy 4 of GL(NN) invariants, and it matches
the structure predicted by the Hironaka decomposition [24, 25]. The denominator encodes
primary invariants, while the numerator encodes secondary invariants. The number of primary
invariants equals the number of denominator factors and gives the Krull dimension of the



ring: (d — 1)N? + 1 [26]. The number of secondary invariants is the value of the numerator
at x = 1, minus one. Here, ¢ counts secondary invariants built from ¢ fields, and ¢J* counts
primary invariants built from j fields.

That our partition functions all take this Hironaka form is key to our analysis. The
Hochster-Roberts theorem [27] ensures that Cy 4 is Cohen-Macaulay, since GL(N) is a linearly
reductive group over a field of characteristic zero. Therefore, the ring admits a Hironaka
decomposition, i.e., it is a free module over a polynomial subalgebra.

From the form of Z(z) in (1.2), it follows that when constructing a gauge invariant
operator from the invariants, primary invariants may appear with arbitrary powers but
secondary invariants appear at most linearly. This constraint arises directly from the trace
relations. For low IV, one can explicitly match traces to primary and secondary generators,
and verify that all operators are polynomial functions of these generators. We carry this out
fully for N = 2 in the two- and three-matrix models, and for N = 3 in the two-matrix case.
Secondary invariants provide examples of quadratically reducible operators: their quadratic
products do not vanish but reduce to combinations of primary and secondary invariants,
at most linear in the secondary invariants.

The two- and three-matrix models at N = 2 are especially simple and admit a grading by
matrix type. In contrast, for the four-matrix model at N = 2, the graded partition function
includes negative terms in the numerator, indicating relations between the generators. These
correspond to constraints between the invariants, showing the ring is not freely generated
under the finer matrix-type grading. We have identified the full set of such constraints.
This does not invalidate the Hironaka decomposition; rather, it reflects the fact that this
decomposition does not respect the refined grading. As discussed in section 3.2.3, the
generators themselves cannot be consistently assigned a grading [28, 29].

Trace relations provide a solid foundation for interpreting the partition function. For
small IV, we validate this through explicit computation. These examples establish a clear
pattern that we extrapolate to larger N, where direct computation becomes impractical.
Relying on the partition function, we observe that the number of primary invariants remains

(d — 1)N? + 1, while the number of secondary invariants grows rapidly, as ~ etV ’

Throughout the paper, we make extensive use of tools from the study of graded rings,
especially Hilbert series and the Molien-Weyl formula [24, 30]. These methods are increas-
ingly relevant in quantum field theory for enumerating invariants. For related applications,
see [25, 31-45].

Further discussion and implications of our results are presented in section 4.

2 Trace relations

Trace relations play a central role in our analysis. In this section, we present three comple-
mentary perspectives on their origin: (1) as states annihilated by the matrix Laplacian, (2)
as consequences of antisymmetrizing N + 1 indices, each taking N values, and (3) as direct
consequences of the Cayley-Hamilton theorem. Each viewpoint offers valuable insight into
the structure and implications of the trace relations.



2.1 Matrix Laplacian

The Laplacian on a single N x N matrix is closely related to the Laplacian on U(N) [3]. Its
eigenfunctions are Schur polynomials, which correspond to characters of U(/V). For multiple
matrices, the eigenfunctions generalize to restricted Schur polynomials.

The matrix Laplacian is defined as

1 o 0 1L a9
H=—"Tr|——— | =—= . -, 2.1
2 <8M 8M> 2 jz::l OM oM (21)
Under the variable change U = '™ the Laplacian becomes
0 0 0
H=NT T 2.2
! (U8U> e <U8UU8U> (22)

with normal ordering to prevent derivatives acting within the trace. The eigenfunctions
are Schur polynomials [3]

Z Xr(0)Tr (cUS™), (2.3)

n! o€Sy

where R is a Young diagram with n boxes. The corresponding eigenvalue is'

Hxr(U) = (nN + 2X5)xr(U), (2.5)

where the symmetric group Casimir is

AR — Z 7’1’(7"1'2_ 1) _ Z Cj(Cj2_ 1)? (2.6)

i J

with r; and ¢; the row and column lengths of R. Table 1 shows examples.
For N = 2, x is both a zero eigenvalue and a null state. More generally, Schur

polynomials labeled by Young diagrams with more than N rows are null states. To define
the problem consistently, we first solve for general N and then restrict to finite V.

Schur polynomials with at most N rows form a basis for single-matrix invariants. Those
with more than N rows generate all trace relations.

This extends naturally to multi-matrix models. For two matrices X and Y, the Laplacian

becomes
0? 0?
2 Z oxXioxs | ovievi | 27)
ij=1 79 59X
!This result follows immediately from the identity
o .0 a
— “.. Jn J1. . gde .. gl .. gin

<U8UU8U) Uir - Ui ;1 Uip Uiy Ui U (2.4)

atb



A E

R

| 0 N
[ 1 [2N+2
H -1 | 2N -2
(I1| 3 |3N+6
Hj 0 3N
@ -3 |3N -6

Table 1. Young diagrams, Casimir values, and energy eigenvalues.

Changing variables to Uy = X and Uy = e, we find

H= Y (NTr ( 83 >+ Tr (UG%UQ;UG) ) (2.8)

a=X)Y

The eigenfunctions are restricted Schur polynomials [4, 5]

XR(rs)aB(UX’UY Z XR, rsaﬁ )Tr(O-U%nUgm% (29)

' O'GSn+m

XR,(r,s)ap(0) 18 a restricted character in the terminology of [47]. The character is a trace
over the matrix representing ¢ in irreducible representation R. The restricted character
restricts the trace to a representation (r,s) of the S,, x Sy, subgroup. After restricting to
the subgroup, f.sr copies of the (r,s) representation are obtained. Here f,sg is the usual
Littlewood-Richardson coefficient. The multiplicity index « specifies which copy is used for
the row index in the trace while g specifies which copy of the column index is used. The
Sn X Sy, group permutes indices of Uy with each other and, independently, Uy with each
other. A completely parallel argument to the one given above shows that

HXR,(r,s)aﬁ(UXv UY) = (TIN + 2>‘£ + 2)‘5)XR,(r,s)a5(UX7 UY) (210)

Trace relations correspond to eigenstates with vanishing or negative energy and again, these
eigenstates are actually null states. The restricted Schur polynomials XR’(rvs)QB(UX,Uy)
labelled with Young diagrams R with no more than N rows provide a basis for two matrix
wave functions, while the restricted Schur polynomials labelled by Young diagrams R with
more than N rows provide a complete set of trace relations for two matrices.

The Schur polynomials for a general multi-matrix model with d species of matrix X¢
are labelled by d + 1 Young diagrams, one diagram for each species and one which organizes
indices of all fields. These are eigenstates of the Hamiltonian

H= Y d<NTr < ag )+ Tr (UQ;UGU%?]CL) ) (2.11)

a:1727'“7



where U, = X", Trace relations again correspond to states with vanishing or negative
energy. Restricted Schur polynomials labelled with Young diagrams with no more than N
rows provide a basis for the multi-matrix wave functions, while those labelled by Young

diagrams with more than N rows provide a complete set of trace relations.

2.2 Invariant theory

An invariant is a polynomial function of tensors that remains unchanged under group
transformations. For matrices (X a); transforming under U(N) as X — UX?UT, we are
interested in two questions: what are the invariants, and what are the relations among
them [23, 24, 48].

First Fundamental Theorem. Any polynomial invariant can be expressed as a linear
combination of complete contractions of products of tensors.

Second Fundamental Theorem. All identities among invariants follow from antisym-
metrizing over N 4+ 1 indices in N dimensions.

The first theorem ensures our invariants are multi-trace operators. The second implies that
all trace relations come from Schur (or restricted Schur) polynomials labeled by diagrams with
more than N rows, since columns correspond to antisymmetrization. This connection allows
counting of independent gauge-invariant operators and trace relations (see appendix A.2).
Other bases for invariants labeled by Young diagrams also exist [7-9] and can be used for
this analysis.

Lastly, some identities apply to the matrices themselves, not just their traces. The
Amitsur-Levitzki theorem (see for example [48]) states that the ring of n x n matrices satisfies
a standard polynomial identity of degree 2n, which is the minimal such identity. Substituting
any 2n matrices into the standard alternating polynomial yields zero.

2.3 Cayley-Hamilton theorem

Procesi [22] proved that the ring of invariants of d N x N matrices is finitely generated
by traces of words of length < 2V — 1 (Theorem 3.4a), and that all relations among these
invariants follow from the Cayley-Hamilton theorem (Theorem 4.6).

This is extremely useful for identifying trace relations: they can always be expressed as

0= > sgn(a)(Al)::i(l)(AQ)jim...(AN_,_l)ZiV(J;VlH), (2.12)

ocESN+1

where each A; is a word in the matrices X?, and sgn(o) is the sign of the permutation. All
trace relations are consequences of this identity.

3 Decomposition

In this section the correspondence between loop space decomposition and decomposition of
the finite partition function is established. The main tool is the Molien-Weyl formula [49-51]
which computes the partition function for fixed values of N in various free matrix models. The
Molien-Weyl formula, whose derivation is reviewed in appendix A.3, is efficiently evaluated



using residue techniques. The resulting structure of the partition function is governed by the
fact that the space of gauge-invariant operators admits a Hironaka decomposition. Before
proceeding to explicit computations, we review this decomposition in the next subsection.
We then turn to the evaluation of partition functions. For N = 2, we analyze two-, three-,
and four-matrix models, while for N = 3, we consider two- and three-matrix models. For
N =4,5,6,7, our focus is on two-matrix models. The resulting partition functions have an
interpretation in terms of generators of two types: those that act freely (primary invariants)
and those that are quadratically reducible (secondary invariants). For N = 2 and N = 3,
we confirm this interpretation explicitly by utilizing trace relations.

3.1 Hironaka decomposition

The partition functions computed in this work take the form (1.2), as stated in the introduction.
This structure arises because the complete space of gauge-invariant operators admits a
Hironaka decomposition. This decomposition involves two distinct classes of invariants:

o Primary invariants {m;} are algebraically independent.

o Secondary invariants {s;} satisfy relations of the form

SESm = Z fgmsj, (3.1)
J

where the coefficients f,gm belong to the ring K[my,...,m;] generated by the primary
invariants, and we define sy = 1.

The full ring of gauge-invariant operators is then given by
ZSjK[ml,...,ml]. (3.2)
J

The Hilbert series encodes the graded count of these invariants. Thanks to the Hironaka
decomposition, the Hilbert series can be written immediately as a rational function. The
denominator encodes the primary invariants, while the numerator captures the secondary
invariants. We grade the counting by the number of matrices in the trace. The denominator is

dp

D(z) = (1 —a™), (3.3)

i=1

where dp is the number of primary invariants, and n; is the degree (number of matrices)
of the ith primary invariant. The numerator is

N(z) =1+ thj, (3.4)

where dg is the number of secondary invariants and ¢; is the degree of the jth secondary
invariant. We interpret the partition functions computed below as Hilbert series associated
with a Hironaka decomposition.



As a simple example, the gauge-invariant operators of the one-matrix model are generated
by the traces ¢, = Tr(X"™) for n = 1,2,...,N. These ¢, are algebraically independent,
forming the set of primary invariants, with no secondary invariants. The Hilbert series, which
coincides with the partition function of the free one-matrix model, is

1
A T e e e ¥ (3:5)

Importantly, the set of primary and secondary invariants does not, in general, coincide
with a minimal generating set for the ring. To illustrate this, consider a ring generated by a
set of algebraically independent invariants {m;} and a single element S satisfying

S3 4 ¢15% 4 o5 + c3 =0, (3.6)
with coefficients ¢; € K[my,...,m;]. This ring has [ 4+ 1 generators. Now define secondary
invariants

S1 = S, SS9 = SQ, (3.7)
with sg = 1. These satisfy
8% = 52’ (38)
§182 = —C182 — C281 — C3,
S% = 61(6182 + co81 + 63) — €282 — (3571, (3.10)

showing that any quadratic product of secondary invariants reduces to a combination of
S0, 51, S2. Thus, although the ring has [ + 1 generators, we have [ 4+ 2 primary and secondary
invariants (excluding sg).

More generally, if a generator S satisfies

SF 4SS g =0, (3.11)
with ¢; € K[mq,...,my], then S is replaced by k — 1 secondary invariants s; = 57, for
j=1,2,...,k — 1. These are all generated by s1, and the number of primary and secondary

invariants is always greater than or equal to the number of ring generators.

3.2 N=2

At N = 2, the analysis remains relatively tractable, allowing us to explore the two-, three-,
and four-matrix models in detail. The two-matrix model is particularly simple: its complete
set of gauge-invariant operators is freely generated by five primary invariants. Using trace
relations, we explicitly demonstrate that these five invariants are sufficient to generate the
entire ring of invariants.

The three-matrix model introduces a new feature. In addition to nine primary invariants,
it includes a single secondary invariant. We show, via trace relations, that this secondary
invariant cannot be constructed solely from the primary invariants. Furthermore, we derive a
constraint indicating that the square of the secondary invariant can be written as a polynomial



in both primary and secondary invariants, where the secondary invariant appears at most
linearly. This establishes that the secondary invariant is quadratically reducible.

The four-matrix model exhibits the richest structure. When the partition function is
graded by matrix species, it reveals the presence of constraints among the generators. A
detailed analysis using trace relations confirms this structure and reinforces the interpretation
of the partition function, revealing a nontrivial interplay between the generators. The presence
of constraints implies that the ring of invariants is not freely generated under the refined
matrix-type grading. Upon relaxing this grading to consider only the total degree, the
partition function admits a Hironaka decomposition. The construction of the associated
primary and secondary invariants is already known in the literature. From their explicit form,

it is evident that these invariants do not respect a grading by matrix species.

3.2.1 Two matrix model

Consider a free matrix model with two matrix species, X and Y. To compute the exact
finite- N partition function, we apply the Molien-Weyl formula (A.26). Both matrices are
assigned energy Ex = Fy = 1. Introducing chemical potentials p, and p, to keep track
of each matrix. In terms of the variables

x = e PP Ha y = e B2y, (3.12)

the Molien-Weyl formula (A.26) gives the partition function

-~ 1 1 t1(1—t1)
Z(x,y) = ((1 — (1= y)) o édtl A=)yttt =g 1)

where the integration contour C is the unit circle. For real chemical potentials and 3, we

have z < 1 and y < 1, so the integrand has poles inside the unit circle at t = x and t = y.
Evaluating the residues at these poles, we obtain

1
(1—2)(1=y)(1—2?)(1 —ay)(l —y?)

Expanding the partition function as a power series produces terms with non-negative powers

Z(J:?y) =

(3.14)

of x and y. The coefficient of each monomial x"y™

is an integer counting the number of
independent gauge-invariant operators constructed from n Xs and m Y's. Using Mathematica,
we have verified that the series expansion of (3.14) matches (A.5) exactly for all invariants
involving up to 30 matrices. Beyond this point, evaluating the counting formula (A.5)
becomes computationally expensive.

The partition function (3.14) suggests the complete space of gauge invariant operators is

freely generated by all single trace operators with < N = 2 matrices in the trace

my = Tr (X), mo = Tr (Y),
mg = Tr(X?), my=Tr(XY), ms=Tr(Y?), (3.15)

which are all primary invariants. The proposed generating set (3.15) and partition func-
tion (3.14) were independently obtained in [52] using graded ring theory techniques. There



are no algebraic relations between free generators. Since for N = 2 trace relations involve
traces of three or more matrices, the fact that our generators are free is manifest.
Invariants with more than two matrices per trace are generated from the primary
invariants (3.15) via trace relations. The complete set of trace relations follows from the
Cayley-Hamilton theorem, which for N = 2, take the form T5(A, B,C) = 0, where

T5(A,B,C) = Tr (A)Tr (B)Tr (C) — Tr (AB)Tr (C) — Tr (AC)Tr (B)
—Tr (A)Tr (BC) + Tr (ABC) + Tr (ACB), (3.16)

and A, B and C are any words constructed using X,Y as letters. Consider a single-trace
invariant composed of n 4+ m letters, n of which are X's and the remaining m Ys. When
m +n = 3, each choice of m and n leads to a single trace relation, matching the number of
possible gauge-invariant operators. For instance, choosing m = 2 and n = 1, we obtain

T(X,Y,Y) = Tr (X)Tr (Y)? — 2T (XY)Tr (V) — Tr (X)Tr (XY) + 2Tr (XY?) = 0,
which implies
2 1 2
Tr(XY*) = 3 (2m2m4 +mims — m1m2). (3.17)
Swapping X and Y gives
1
Tr(VX?) = 5 (2m1ma + mamg — mims). (3.18)

As m + n increases, the number of distinct gauge-invariant operators that can be constructed
increases. It is necessary to establish that a sufficient number of independent trace relations
exist to express all such operators in terms of the primary invariants. A useful illustrative
example is the case m = 2 = n. Two independent operators, Tr (X?Y?) and Tr (XY XY),
can be constructed. The trace relation T5(Y?2, X, X) = 0 gives

1
Tr (X%Y?) = 3 (m3m5 + 2mymamy + mims — mim3 — m%m5) (3.19)
Similarly, T5(XY, X,Y) = 0 after using (3.17), (3.18), and (3.19), implies
1
Tr (XYXY) = (m3ms + 2m3 — mams + mims — mim3). (3.20)

Crucially, the growth in the number of independent operators is matched by the emergence
of additional trace relations. To prove that this pattern holds in general, we now prove that
all gauge invariant operators can be expressed in terms of the primary invariants (3.15) using
trace relations. The proof proceeds by induction.

Assume all single-trace loops containing at most k matrices are determined by the
trace relations. We have already established this result for & < 4. Now, consider the
loop Tr (X™Y™) with ny +m; = k+ 1 for k > 4. At least one of n; or m; must be
greater than 1. Without loss of generality, assume n; > 1. The trace relation for A = X,
B =XM1l and C = Y™ is

2Ty (X™Y™) — Tr (X)Tr (X™ Y™ — Tr (X™)Tr (Y™)
—Tr (XY™)Tr (X™ 1) 4+ Tr (X)Tr (X" HTr (Y™) = 0. (3.21)

,10,



By the induction hypothesis, every term in this equation except the first contains at most k
matrices in the trace and is thus expressible in terms of the primary invariants (3.15). This
establishes that Tr (X™ Y1) can also be expressed in terms of these variables. The same
argument applies, with trivial changes, in the case where m; > 1.

Next, consider invariants Tr (X™ Y™ ... XY ™) with

ni+mi+---+ng+mg=~k+1. (3.22)

Refer to invariants, with ¢ alternating blocks of X#Y# as type-q invariants. The trace
relation obtained from A = X™ B =Y" and C = X"™2Y™2... X"y ™ ig

Tr (X™MY™ ... X"y ™Matmy) 4 Ty (X tn2zym2 ... xnaymatm)
—Tr (X™)Tr (X"2Yy™2... X"y ™atm) _ Ty (Y™ Ty (XM 2y ™2, X"y ™)
—Tr (X™Y™)Tr (X"2Y™2 ... X"y ™) 4 Ty (X™)Tr (Y™)Tr (X™2Y™2 ... X"y ™) = (),

Terms on the second and third lines contain at most k matrices in their traces and are, by
the induction hypothesis, expressible in terms of the primary invariants (3.15). The first
term on the first line is the desired type-q invariant, while the second term on the first
line is a type-(¢ — 1) invariant. Since we have already established that the type-1 invariant
Tr (X™Y ™) can be expressed in terms of the primary invariants, applying the above trace
relation proves that the type-2 invariant Tr (XY™ X"2Y™2) can also be expressed in terms
of these variables. This reasoning extends recursively, proving that all type-q invariants can
be determined in terms of the primary invariants.

Thus, assuming all single-trace invariants with at most k£ matrices can be expressed
in terms of the primary invariants (3.15) using trace relations, we have established that
all single-trace invariants with k£ + 1 matrices can also be expressed in these terms. This
completes the proof that, for N = 2, the complete space of gauge invariants can be written
in terms of the primary invariants.

3.2.2 Three matrix model

Consider a free matrix model with three species of matrices: X, Y, and Z. The partition
function is expressed in terms of the variables

= o P y = ¢ BBy 2 = e PBs—nz (3.23)

where the chemical potentials fi;, f,, and p. keep track of the three matrices. The Molien-
Weyl formula gives the graded partition function

_ 1+a2yz
Ll G T R s g ey ) TG g s 1 gy R

A new feature compared to the two-matrix model is the monomial xyz appearing with a

positive sign in the numerator. It corresponds to a secondary invariant. The coefficient
of z"y™ 2P in the power series expansion of this partition function, counts the number of
gauge invariants that can be constructed using n Xs, m Ys, and p Zs. Using Mathematica,
we have verified the series expansion of (3.24) perfectly matches (A.7) for all invariants
constructed using up to 30 matrices.

— 11 —



This partition function suggests that the complete set of gauge-invariant operators is
generated by the following nine primary invariants and a single secondary invariant

my = Tr(X), mg = Tr (Y), mg = Tr (Z2),
my = Tr (X?), ms = Tr (Y?), me = Tr (Z?),
m7 = Tr (XY), mg = Tr (Y Z), my = Tr (ZX), s=Tr(XYZ). (3.25)

The primary invariants are again given by the complete set of single trace operators with
< N = 2 matrices in the trace. The partition function (3.24) and the generators (3.25) were
independently derived in [53] using mathematical methods based on graded rings.

The understand why the secondary invariant s is needed, consider the single-trace loops
containing three matrices. If all three matrices belong to the same species, there is a single
gauge-invariant operator, determined by a single trace relation. For instance, Tr (X3) is fixed
by the trace relation obtained from A = B = C' = X. Similarly, if the three matrices belong
to only two species, there is again a single gauge-invariant operator determined by a single
trace relation, e.g., the expression for Tr (X2Y") follows by choosing A = B= X and C =Y.
When all three matrix species appear, there are two independent single-trace operators,
Tr (XY Z) and Tr (X ZY'), but still only one trace relation. We choose to retain Tr (XY Z)
as an independent variable and express Tr (X ZY') in terms of it using the trace relation.
Alternatively, we could have kept Tr (X ZY) and solved for Tr (XY Z). This demonstrates
the necessity of introducing the secondary invariant.

Secondary invariants are quadratically reducible. Thus they obey a relation which
expresses s> as a polynomial in the primary and secondary invariants, with the secondary
invariant s appearing at most linearly. The relevant constraint, which is easily verified
numerically, is:

2 L 5 9 o 1 4 L,
s 4+ s (mimams — mymg — mamg — m3m7) + 1m1m2m3 — §m1m2m3m8 — Zm1m5m6
mimi 1 5 1 5 1 1 1,

5 — §m1m2m3m9 — §m1m2m3m7 + §m1m2m6m7 + §m1m3m5m9 — Zm2m4m6
m3m3 n 1 1, n m3m2  mgmszme  mamZ  msm3  mem?
—_— —MoMmamni4imeg — — MMy — — —

2 2 43 2 2 2 2 2

+mrmgmg = 0. (3.26)

To complete our discussion, we now prove that all gauge-invariant operators can be
expressed in terms of the invariants (3.25) using trace relations. Our proof proceeds by
induction.

Assume that all single-trace operators containing at most k matrices can be written in
terms of the invariants (3.25). Consider a typical operator of the form

¢ = Tr(XMY™zriXn2ym2zpz... Xnay e zPa), (3.27)
with

n1+m1+p1++nq+mq+pq:k+1 (328>
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Suppose at least one of the integers {ni, m1,p1,...,ng, My, py} is greater than 1. Without loss
of generality, assume p; > 1. The trace relation obtained by setting A = Z, B = ZP»~! and

C=Xmymzpz... Xnay™azPa Xy ™
yields

201 — Tr (Z)Tr (ZP71C) — Tr (2P~ YT (ZC)
—Tr (ZP))Tr (C) + Tr (ZPHTr (Z)Tr (C) = 0. (3.29)

By the induction hypothesis, all terms in this equation except for ¢; contain at most k
matrices in the trace and can thus be expressed in terms of the variables (3.25). This
establishes that ¢; is also determined by these variables.

To complete the proof, we must consider operators in which no matrix is raised to a
power greater than 1. One such family is given by

b1 = Tr (XY 2)F). (3.30)

For k =1, this is simply the secondary invariant s, so there is nothing to prove. For k > 1,
choosing A = XY, B = Z, and C = (XY Z)*~! leads to the trace relation

bt + Tr (XY(XY 21 2Z) = Tr (XY)Tx (2(XY 2)")

~Tr (Z)Tr (XY (XY 2)F1) = Tr (XY 2)Tr (XY 2)F1)
+Tr (Z2)Tr (XY)Tr (XY Z)F1) = 0. (3.31)
The second term on the left-hand side is a typical operator, while the remaining terms
contain at most k£ matrices in the trace and are therefore, by the induction hypothesis,
expressible in terms of (3.25). Consequently, the atypical operator ¢,1 can also be expressed

in terms of these variables.

A completely analogous argument applies to the following atypical operators:
Gar = Tr (XV)F), dus =Tr (X2)F),  us =Tx ((V2)"). (3.32)
Finally, the same reasoning extends to the most general atypical operator:
b = Tr (XY Z)"(XY)N(XZ)™ (Y Z)" (XY Z)F2...). (3.33)

By partitioning the sequence of matrices being traced into three factors, A, B, and C,
where A and B are chosen such that Tr (ABC) corresponds to the atypical operator and
Tr (ACB) is a typical operator, we can apply the same trace relations to show that ¢, is
also determined by (3.25).

This completes the proof that in the three-matrix model at N = 2, the complete space
of gauge-invariant operators can be written in terms of the variables (3.25).
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3.2.3 Four matrix model

To study the four-matrix model constructed using matrices W, X, Y and Z, introduce
the variables

w = e PELIHw x = e PP2Ha y = e PBs—1y, z = e BPa—Hz (3.34)

The graded partition function is

1
R () T R [ [ e )
% (1—zy)(1— xw)(lli(;u,;)x(lyizijy)(l —wz)(1 —yz)’ (3.35)
where
P(w,z,y,2) = 1 +wzy + wrz + wyz + xyz — w ryz — war’yz
—wzy?z — wryz? — wie?y?22. (3.36)

This is the most general partition function obtained so far. Each factor in the denominator
corresponds to a primary invariant, giving a total of 14 such invariants. The monomials in
the numerator with positive coefficients represent secondary invariants, of which there are
four. Terms with negative coefficients signal the presence of relations among the invariants,
indicating that the full ring of gauge-invariant operators is not freely generated. These
negative terms correct for the overcounting that results from treating all generators as
independent. To validate the result (3.35), we have confirmed that its series expansion agrees
with (A.5) for all gauge-invariant operators built from up to 30 matrices.

The Hilbert series is a rational function for a broad class of rings, and as in our example,
negative terms in the numerator reflect the presence of constraints among the generators. In
more general settings, an additional feature may arise: the existence of constraints among
the constraints themselves. These higher-order relations are known as syzygies. Their
presence implies that imposing only the primary constraints leads to an undercounting of
gauge-invariant operators [49]. To compensate, additional higher-degree terms with positive
coefficients must be included in the numerator of the partition function. These syzygies can
themselves satisfy further relations, called higher syzygies, which introduce new terms in the
numerator, this time with negative coefficients. This hierarchical structure of relations can
continue through multiple levels, with each successive syzygy layer modifying the numerator
alternately with positive and negative contributions. The fact that this sequence of corrections
eventually terminates is guaranteed by Hilbert’s Syzygy Theorem [54].

From the graded partition function we read of the following primary and secondary

invariants
my = Tr (W), my = Tr (X), ms = Tr (Y), my = Tr (Z2),
ms = Tr (W?), me = Tr (X?), my = Tr (Y?), mg = Tr (2?),
my = Tr (WX), mio = Tr (WY), my1 = Tr (W2Z2), mi2 = Tr (XY),
miz = Tr (X Z2), mig = Tr (Y Z), s1=Tr(WXY), so=Tr(WXZ),
s3=Tr(WYX), sqg =Tr(XYZ). (3.37)
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We can confirm the validity of the proposed invariants through an algebraic analysis based
on trace relations. To understand the necessity of introducing the four secondary invariants,
consider single-trace operators built from three matrices. When all three matrices are of
the same species, or drawn from only two species, there exists a unique gauge-invariant
operator determined by a single trace relation. However, when the three matrices are of
different species, two independent gauge-invariant operators can be constructed. For example,
both Tr (WXY') and Tr (WY X) are valid gauge-invariant operators. The trace relation
To(W, X,Y) = 0 ensures that one of these can be written in terms of the other, leaving one
undetermined. This undetermined operator must be included as a secondary invariant. As
discussed earlier, there is some flexibility in choosing which of the two to treat as a secondary
invariant and which to eliminate using the trace relations. To establish that these additional
invariants are indeed secondary, we must identify constraints that express the product of
two such secondary invariants in terms of polynomials involving primary and secondary
invariants, with at most linear dependence on the secondary invariants. By numerically
searching for combinations of invariants that sum to zero, we find ten such relations, which
are summarized in appendix B.1.

The negative terms in the numerator of (3.35) reflect constraints among the invari-
ants (3.37). The grading of each negative term specifies which matrices participate in a given
constraint. For example, the term —w?xyz indicates a constraint involving two Ws, an X, a
Y and a Z. A numerical search confirms the existence of such a nontrivial relation:

1 1 1 1 1 1

2 2
—§m1m13m3 + §m184 + §m1m10m13 — §m1m11m12 + §m1m11m2m3 — §m1m14mg
1 1 1 1
—§m1m233 + §m1m3m4m9 + §m1’m332 - §m1m431 — M10S2 — M11M3mg + Mi151

1 1 1 1
—|—§m12m4m5 + 5 msMmsms + oMM M — SMaMgMams — MsS4 + mgs3 = 0.

(3.38)

We have verified that there is a constraint for each negative term in the numerator of (3.35).
The complete set of constraints are recorded in appendix B.2. This confirms the interpretation
of the partition function (3.35) and verifies our set of invariants (3.37).

Our partition function does not initially appear in the expected form (1.2) associated
with a Hironaka decomposition. To proceed, switch off the chemical potentials for each
matrix species by setting * = w = y = z, which defines a simplified grading. With this
grading, the partition function becomes

Z() 1+ 22 4+423 + 24 + 26
€T fry
(I —2)4(1 —22)® 7

(3.39)

which clearly exhibits the Hironaka form. This confirms that the Hironaka decomposition
does not respect a grading by individual matrix species. Instead, it is compatible only with
the total-degree grading.

Fortunately, the complete set of primary and secondary invariants for this ring has
been constructed in [28, 29], allowing us to verify this conclusion explicitly. The primary

,15,



invariants are

my = Tr (W), :Tr(X), ms =Tr (Y), my = Tr (Z2),
:Tr(WQ), = Tr(X?), my = Tr (Y?), mg = Tr (Z?),
=Tr(WX), mpo=Tc(WY), mpu=Tr(WZ)+Tr(XY),

mip = Tr (XZ), s =Tr(YZ).

Note that there are (d — 1)N? + 1 = 13 primary invariants, matching the Krull dimension of
the ring. This confirms that they are algebraically independent, with no relations among
them. By contrast, the fully graded partition function featured 14 generators, implying the
existence of relations - as we confirmed earlier.

The secondary invariants are given by

51 =Tr(WZ), 5o =Tr (WXY), s3=Tr(WXZ), sy =Tr(WYX),
s5 = Tr (XY Z), s¢ = Tr (WZ)?, sy =Tr (WZ)>.

This result is particularly revealing: the invariant m;; = Tr (W Z) + Tr (XY') is not homoge-
neous under the matrix-species grading. This is precisely why the Hironaka decomposition
fails to align with that grading.

This observation offers an important lesson: to verify a Hironaka decomposition, one
should always consider the simply graded partition function (graded by total degree), rather
than attempting to preserve matrix-species grading. In fact, [57] proves that no bigraded
system of primary invariants exists for the rings Co 5 and Cs 6, implying that their Hironaka
decompositions also do not respect a matrix-species grading.

33 N=3

The analysis at N = 3 is considerably more intricate than at N = 2. Owing to the increased
complexity, we limit our study to the two- and three-matrix models. For the two-matrix
model, the bigraded partition function shows that the full set of gauge-invariant operators is
freely generated, with both primary and secondary invariants contributing to the spectrum.

In contrast, the bigraded partition function for the three-matrix model does not exhibit
the Hironaka form. This motivates a computation of the simply graded partition function,
which does take the expected Hironaka form. This result proves that no trigraded system
of primary invariants exists for the ring Cs 3.

3.3.1 Two matrix model

The graded partition function is given by

1 +x3y3
(1I-2)1 -y —-22)1 —zy)(1 —y2)(1 —23)(1 — 22y)(1 — 2y?)(1 — y*)(1 — 22y?)’
(3.40)

Z(x) =

We have verified that the series expansion of (3.40) is in complete agreement with (A.5) for
all invariants constructed using up to 30 matrices.
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The result (3.40) implies that the ring is freely generated and that the complete set of
primary invariants are those given in (3.15) along with

me = Tr (X?), my = Tr (X?Y), mg = Tr (XY?), mg = Tr (Y?),
mio = Tr (X2Y?), (3.41)

and there is a single secondary invariant,
s = Tr(XYX?Y?). (3.42)

Notice that primary invariants with more than N matrices in the trace have appeared for the
first time. The partition function (3.40) and this set of generators agree with the results of [53].

We can again verify these results algebraically using the trace relations. For N = 3, the
trace relations take the form T3(A, B, C, D) = 0 for any words A, B, C, and D, where the
explicit expression for T5(A, B,C, D) is given in appendix C.1.

All loops involving at most three matrices are included among the primary invariants.
To justify the inclusion of the invariant with four matrices in the trace, note that there
are six single trace operators that can be constructed using four matrices. There are only
five independent trace relations among them. As explained in appendix C.1, the operator
Tr (X2Y?) is not determined by the trace relations.? This justifies its inclusion as an additional
invariant. It is natural to include it as a primary invariant since there are (d — 1)N2? +1 = 10
primary invariants. Further, the above five trace relations exhaust all relations that can
be formed with four matrices in the trace, so that the primary invariants are algebraically
independent.

Among the six independent single-trace invariants that can be formed with five matrices,
all can be expressed in terms of the primary invariants (3.41) using the trace relations. The
explicit expressions are provided in appendix C.1. Similarly, among the fourteen independent
single-trace operators with six matrices, thirteen can be determined in terms of the primary
invariants, leaving one undetermined operator: s = Tr (XY X2Y?). This operator must
be included as an additional invariant. It is a secondary invariant due to the existence of
the quadratic relation:

s 4 p1(mq)s1 + pa(m;) =0, (3.43)

where p1(m;) and pa(m;) are polynomials in the primary invariants and are recorded in
appendix C.2.

As the number of matrices increases, the number of trace relations grows. This growth
parallels the increase in gauge-invariant operators with arbitrary trace structures, which
outpaces the growth of single-trace operators. Consequently, while some number of secondary
invariants may initially be necessary, when there are a sufficiently large number of matrices
in the trace, the trace relations are always abundant enough to completely determine the
complete set of gauge invariant operators.

2There is again some freedom: we could choose Tr (XY XY) as a primary invariant, in which case the trace
relations determine Tr (X?Y?).
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3.3.2 Three matrix model

The graded partition function is a lengthy expression, which we do not explicitly quote here.
The numerator is a polynomial with both positive and negative terms, and there are 22
factors in the denominator. This is not of the Hironaka form (1.2). Setting the chemical
potentials for the three species of matrices equal, we obtain the partition function, graded
only by degree, given by

Pn=3 p=3(7)

2(@) = A3 = 22)(1 — 25 (1 = 21" (3:44)

where the numerator takes the form

Pn—sn=3(x) = 1+ 32% + 72* + 92° 4+ 162° 4 1827 + 252% + 302 + 34210 4 302
+252'% + 182" + 162 + 92'° 4 7210 + 3217 4 2. (3.45)

The series expansion of (3.44) is in complete agreement with (A.5) for all invariants constructed
using up to 30 matrices. This partition function confirms the presence of 19 = (d — 1)N? + 1
primary invariants, matching the Krull dimension as it must. There are 251 secondary
invariants. We have not attempted to explicitly construct these invariants.

34 N=4toN=7

For N > 3, the partition functions are lengthy expressions. In this section, we simply evaluate
the partition function, graded by degree. One could take the extra step of a detailed algebraic
study with input from the trace relations. This becomes prohibitively tedious beyond a
certain point. For example, at N = 4, there are 63 secondary invariants. In principle, the
trace relations could be used to confirm that the trace relations do not determine these
gauge-invariant operators. Furthermore, the trace relations could also be used to verify the
2016 relations which would verify that these invariants are quadratically reducible. However,
such a verification is impractical due to its sheer complexity.

Our objective in this section is to evaluate the two-matrix partition function to determine
the number of primary and secondary invariants as a function of N.

341 N =14
From the Molien-Weyl formula (A.26) we find the partition function

Pn—y p—o(x
Z(x) = (1—2)2(1— m2)31(\71 i]\;3)24((1)_ 24)6(1 — 26)2 (3.46)

where

Pn—gp—2(x) =1+ 22 + 225 + 227 + 428 + 42° + 4210 + 4™ + 2212 4 4213 4 42
+4z15 4 4210 4+ 2217 4 2218 4 2219 4 224 (3.47)
We have verified that the series expansion of (3.40) is in complete agreement with (A.5) for
all invariants constructed using up to 30 matrices. This partition function was first obtained

in [56]. The partition function suggests that the space of gauge invariants admits a Hironaka
decomposition with a total of 17 primary and 63 secondary invariants.
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342 N =5
The Molien-Weyl formula (A.26) gives the blind partition function

= Pn—5 p=2(7)
Z(x) = =22 (1= 2P (129 (1— 21 (1= 25)° (1 — 25)’ (3.48)

where

Pr—s n=2(7) = 1+ 2254 2204 827+ 1328 + 1627 + 25210 + 282! + 462'2 4 582'3 + 8521
+132210 4+ 172216 + 232217 + 282218 + 346210 4 404220 + 4442 + 51827
+5702% 4 63322 + 68427 + 711270 + 74427 4+ 7112 4 6842 + 6332
+57023" 4 518232 + 444233 + 404231 + 34623° 4 282236 4- 232037 + 1722
+1322%° 4 85210 + 5824 + 46242 + 28213 + 2524 + 16215 + 13246
+8247 4 228 4 2219 4 254, (3.49)

The series expansion of (3.48) is in complete agreement with (A.5) for all invariants constructed
using up to 30 matrices. This partition function was first obtained in [57]. When comparing
formulae for parition functions, common factors in the numerator and denominator may
need to be cancelled before two formulas manifestly agree. For example, the denominator
of the partition function given in [57] is:

(1—2%)51 — 2331 — 2H5(1 — )8, (3.50)

There are 26 factors, which agrees with (3.48). However, interpreting the above expression
literally would suggest there are 6 primary invariants of length 2, 8 of length 3, 6 of length 4,
and 6 of length 5. This is inconsistent, as there are only 2 independent single trace operators
of length 2 and 4 independent single trace operators of length 8. Cancelling common factors
between numerator and denominator in our result reduces it to that of [57]. The partition
function (3.48) implies that the space of gauge invariants admits a Hironaka decomposition
with a total of 26 primary invariants and 15,423 secondary invariants.

A new effect, that first appears for N = 5 and continues for all higher N, is that not all
single trace operators with < N = 5 matrices in the trace are included as primary invariants.
The second term in the numerator makes it clear that two loops of length 5 are included as
secondary invariants. We comment further on this behaviour in section 3.5.2.

343 N =6
For N = 6 the Molien-Weyl formula (A.26) yields the partition function

Prn—¢v=2(7)

Z= (1—2)2(1 —22)3(1 — 23)*(1 — 2*)6(1 — 2°)7(1 — 26)9(1 — 28)6

(3.51)

where

Py_gm=2(z) =1+ 2° + 52° + 1227 + 162® + 3227 + 532'0 + 772" + 1432'? + 228"
+3922 + 6452 + 1073210 + 1707217 + 27072 + 42362 + 64312%° + 97412%!
+1448722% + 21227223 + 307992%* + 4406722 + 62207220 + 86643227 + 119251228

,19,



+1617592% 4 21660620 4 28661523 + 37396423 + 482231233 + 614103234
+77251023° 4 959988x3¢ 4+ 1178996237 + 1430764238 + 171547123 4 2033523210
42381900z + 2757697212 + 3156544213 + 357137024 4 39948075 + 4418149216
1483156127 + 52239442 + 5585650217 4 590627820 + 61748652° + 638515027
465290682 + 66019862°* + 660198625° + 65290682°¢ + 63851502°7 + 61748652
+59062782% + 5585650250 + 52239442%1 + 4831561252 + 44181492% + 3994807254
4357137025 + 3156544250 + 27576972°7 + 23819002%% + 2033523297 4 171547127°
+1430764z™ + 117899627 + 959988z + 772510z + 614103z° + 482231z7°
+373964277 + 28661527 + 216606270 + 16175920 4 11925128 + 86643252 4 62207253
444067254 4 3079925 + 21227256 + 14487287 4+ 974128 + 643125 + 42362 4 27072
+17072% +10732% + 6452% + 39229 + 228290 + 143297 4 7729 + 53299 + 324100
+162'0 4+ 122192 4 52103 4 2104 4 5109 (3.52)

We have checked that the series expansion of (3.51) is in complete agreement with (A.5) for
all invariants constructed using up to 30 matrices. This partition function was first obtained
in [57]. The partition function proves that the space of gauge invariants is generated with
a total of 37 primary invariants and 312,606,719 secondary invariants.

344 N =7
Using the Molien-Weyl formula (A.26) we find the partition function

7 = (3.53)

Py—7=2(x)
(1 _ 33)2(1 _ x2)3(1 _ x3)4(1 _ x4)6(1 _ x5)8(1 _ x6)11(1 _ x7)8(1 _ x8)5(1 _ x10)2(1 _ 3312)

where Pn—7 p=2(2) is a polynomial of degree 180, given in appendix D. Again, we have
verified that the series expansion of (3.53) is in complete agreement with (A.5) for all invariants
constructed using up to 30 matrices. This partition function was first obtained in [58]. The
partition function proves that the space of gauge invariants is generated using 50 primary
invariants and a staggering 21,739,438,196,735 secondary invariants.

Prn—7 m=2(x) starts as 1+ 325 + .- so that there are no longer any secondary invariants
of length 5. This is a general trend: as we increase N low lying states that were represented
as secondary invariants now appear as primary invariants.

3.5 General N

In this section, we argue that the results obtained above already point to several general
patterns. Specifically, the partition functions we have evaluated exhibit temperature inversion
symmetry. They all involve a total of (d — 1)N? 4 1 primary invariants and a number of
secondary invariants that appears to grow as ~ eV * 4+ ... where c is a constant and - - -
are terms that are sub leading at large N.
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3.5.1 Temperature inversion symmetry

The numerators of our partition functions exhibit a palindromic structure. A palindromic
polynomial is one whose coefficients are symmetric, meaning they remain unchanged when
read forward and backward. More concretely, a polynomial

P(x) =ag+ a1z + asx® + -+ apa” (3.54)
is palindromic if
ap = Gy, forall k=0,1,...,n. (3.55)

For example, the polynomial z# + 323 + 522 4+ 3z + 1 is palindromic. The palindromic
nature of our partition functions was originally established in [53] using the properties of
the Molien-Weyl partition function. Specifically, Proposition 2.3 in [53] proves this result
for the graded partition function relevant to any number of matrix species and any N. See
also [58]. In the case of two N x N matrices, the relevant relation is

Zn(1/z1,1/22) = (=D)N Yarz2)N Zy (21, 22). (3.56)

The key idea behind this proof is intuitive. The Molien-Weyl partition function involves
an integral over the unit circle in the complex plane. The transformation x; — 1/x; and
x2 — 1/x9 exchanges the poles inside and outside the unit circle. By Cauchy’s integration
theorem, the sum of all residues must vanish, implying that the sum of residues from poles
outside the unit circle is, up to a sign, equal to that from poles inside.

For the degree graded partition function, obtained by setting x1 = x9 = x, this reduces to

Zn(1/z) = (~1)N 122V’ Z (). (3.57)
We can transform this relation into an exact symmetry by defining
In(z) = 2™ Zn (). (3.58)
The new function satisfies
Zn(1/z) = (DN Zn(2), (3.59)

demonstrating that, up to a phase, Zn (x) is invariant under the transformation x — 1/z.

This property has a natural physical interpretation. In the free theory, each matrix
contributes N? oscillators, each with a ground state energy of %.3 Consequently, the total
ground state energy contribution from two matrices is given by

)

e PEIN?5 _ o=BN? _ N (3.60)

which precisely accounts for the transformation factor that converts Zy(z) into Zy(z). Thus,
the palindromic nature of the partition function emerges as a direct consequence of the
r — 1/ symmetry of the free partition function. Since 2 = ™, the transformation z — 1/z
corresponds to 8 — —f, which is a temperature reflection, T' — —7T'. This symmetry is a
known feature of finite-temperature path integrals in quantum field theory [55].

3In our partition function calculations, we assume an energy gap of E = 1 between levels, leading to a
ground state energy of % See section 3.2.1.

— 21 —



3.5.2 Number of primary invariants

The partition functions discussed above are all of the Hironaka form which demonstrates
that the complete set of gauge invariants is freely generated using a set of primary and
secondary invariants. Denoting the number of primary invariants by M, the multi matrix
models discussed above obey the relation

M = (d—1)N? +1, (3.61)

for all N.

All single-trace operators involving at most N matrices must be included among the
generating invariants. This is because these operators can’t be written in terms of others:
trace relations only begin to appear when the number of matrices in the trace reaches N + 1.
As a result, all single traces with < N matrices are algebraically independent.

The length L of a single-trace operator refers to the number of matrices appearing in the
trace. To estimate how the number of such operators grows with L, we follow the approach
of [59]. In a matrix model with d matrix species, a single-trace operator of length L is
constructed by tracing a product of L matrices, each chosen from the d available species.
A naive estimate of the number of such products is d”.

However, this overcounts due to the cyclic symmetry of the trace. For example, the words
XYY, YXY and YY X are distinct as sequences but yield the same trace: Tr (XYY) =
Tr(YXY) = Tr(YYX). A more refined approximation for the number of distinct single-
trace operators of length L, denoted Nyy(L), is

Nop(L) =~ (3.62)

dL
T
This estimate, while useful, undercounts the true number of operators because it neglects
additional symmetries within certain traces. For instance, the trace Tr (X2?Y X?2Y') corre-
sponds to only three distinct words - X XY X XY, XY XXY X, and YXXY XX - due to its
internal symmetries. Thus, although N, (L) captures the leading behavior, it systematically
underestimates the actual count of single-trace operators.

To assess the accuracy of this estimate, we compare it to the exact count obtained via
Pélya counting, as reviewed in appendix A.1. This comparison is illustrated in figure 1, where
we focus on the case N = 2, since in this instance, the difference between the exact count
and the approximate count is the most pronounced.

These numerical results confirm that No,(L) is an excellent approximation for the
number of single-trace operators of length L. In particular, the number of such operators
grows exponentially with L. For a modest value of IV, the total number of single trace
operators of length N which scales as ~ e!V, vastly exceeds the number of primary invariants
(= (d —1)N? 4 1). Thus, although all single-trace operators with < N matrices are included
as generating invariants, only a small fraction are actually primary invariants.

To build some intuition, consider a two matrix model at N = 20. Pdlya counting predicts
the total number of single-trace operators with < N matrices is 111,321. The number of
primary invariants is given by

M = N? +1 =401. (3.63)
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Figure 1. Comparison of approximate vs exact counting for V = 2. The exact counting curve lies
slightly above the approximate counting curve.

Thus at most only 0.36% of the invariants with length < N are included as primary invariants
and at least 99.64% are included as secondary invariants. This demonstrates that extracting
the primary invariants from the full set of gauge-invariant loops becomes increasingly selective
as N grows. This is in stark contrast to a naive cut off, motivated by the one matrix example,
that would retain traces with length < IV as an independent set of finite N generators.

3.5.3 High temperature limit

The multi matrix model partition functions we have computed all take the form of a polynomial
divided by a denominator:

Z(x) = H,(lj\i(ili) _ (3.64)
with
> mi=(d—1)N*+1. (3.65)

Since z = e~ ?, the high-temperature limit 3 — 0 corresponds to z — 1. The polynomial
N (z) appearing in the numerator is a sum of positive terms, so it tends smoothly to a
constant. Additionally, in this limit, we have

l—a2"=1-o)(1+z+2> 4+ +2") = n(l —2). (3.66)

Consequently, in the  — 1 limit, the partition function simplifies to

kn
Z(x) = (1 — z)[d-1N*+1 (3.67)
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where ky is an z-independent constant that depends on N. Rewriting in terms of 3, we
use (1 — x) = [ to obtain

: ~ ky d—1)N2+1
Th—Igo Z(6) = (1 — z)(d=DN?+1 = kyTY : (3.68)

Making the reasonable assumption that the higher power of = in the numerator of (3.64)
scales as N2, we should scale T' at least as N2 at large N. The free energy is then given by

F = ~TlogZ = ~Tlogky — ((d = 1)N? 4 1) Tlog T. (3.69)
The entropy S follows from
OF
=27 (3.70)
which yields
S =loghy + ((d=1)N?+1) + ((d = 1)N?+1) log . (3.71)

Thus, the entropy exhibits a characteristic growth as N2. This is in perfect harmony with
the analysis of [60].

3.5.4 The spectrum of secondary invariants

Our two matrix model partition functions (3.64) take the form of a polynomial divided by a
denominator, with a total of N2 4 1 factors in the denominator. The numerator is a sum of
positive powers of x, starting with 1 and with a final term that also has coefficient 1:

N(z) =1+ -+ 2%, (3.72)

From the data in table 2, it is evident that K and ), n;m; are not independent quantities.
The relationship between them is captured by the equation

K =Y nim; —2N° (3.73)

derived using the temperature inversion symmetry discussed above.

The two-matrix model partition functions evaluated above allow a count of the number
of primary and secondary invariants, as a function of N. This counting is summarized in
table 3 below. The number of primary invariants is N2 + 1, as already noted. The growth in
the number of secondary invariants is clearly much more rapid than a power.

aN?*=BN and fitting to match the log of the number of

Making the ansatz Nsecondary = €
secondary invariants, we find the result given in figure 2 below. The plot uses the values

a = 1.1 and g = 3.3. These results clearly suggest that
NSecondary = eclN2_02N (374)

where we could determine c¢; and co more precisely with more data points. These two terms
in the exponent are presumably the first in an infinite series that would include negative
powers of N and powers of log N.

We have already seen that the denominator of the partition function dictates the high-
temperature behaviour (z — 1). However, the extremely rapid growth in the number of
secondary invariants in the numerator suggests that, away from the high-temperature limit,
these terms play a crucial role.
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N Zl n;m; K Zz n;mg; — 2N2
1 2 0 0

2 8 0 0

3 24 6 6

4 56 24 24

) 104 54 54

6 181 109 109

7 278 180 180

Table 2. Data extracted from the d = 2 matrix partition functions.

N | Primary Invariants | Secondary Invariants
2 5

3 10 1

4 17 63

5 26 15,423

6 37 312,606,719

7 50 21,739,438,196,735

Table 3. Growth in the number of invariants as N increases.
30
25

20

15

10

Figure 2. The orange curve is 1.1N? —3.3N while the blue curve is the log of the number of secondary
invariants.
4 Discussion

We have studied the structure of the space of gauge-invariant operators in a d-matrix model
at finite V. For a single matrix, this space is the ring generated by single traces containing no
more than N matrices per trace. One might naturally conjecture that a similar result holds for
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multi-matrix models, with all single traces of length < N forming a generating set. However,
our results go significantly beyond and completely revise this naive expectation. As such they
lead to substantial modifications of the commonly used stringy exclusion principle [61].

In summary the decompostion of Hilbert space goes as follows: at finite N we have
identified a complete set of generating invariants, which fall into two distinct categories:
primary and secondary invariants. Primary invariants are algebraically independent and
generate the ring freely, while secondary invariants satisfy quadratic relations. Importantly,
although all single-trace operators with < N matrices appear among the generators, the
generating set also includes invariants involving traces of more than N matrices. Equally
importantly, in no sense do traces of matrices with < N matrices represents a complete set.

We have focused on free multi-matrix models, but we expect our results to extend
naturally to interacting theories. Trace relations are purely kinematical constraints on gauge-
invariant quantities and remain valid, unchanged, in the presence of interactions. As our
algebraic analysis demonstrates, the interpretation of the partition functions depends solely on
these trace relations. This includes key structural questions: whether a given set of invariants
generates the full space of gauge-invariant operators, whether an invariant is quadratically
reducible and what constraints exist among the invariants. Therefore, much of the structure
of the gauge-invariant operator space at finite IV is largely insensitive to interactions.

At infinite N, there are no constraints among single-trace invariants, and the full space
of gauge-invariant operators is freely generated by them,defining the extended collective
field theory. All single-trace operators become primary invariants. As seen in our analysis,
increasing N promotes certain secondary invariants to primary status. In the N — oo limit,
all finite-length single-trace operators are primary, and the space of gauge-invariant operators
is freely generated by their combinations.

As we have shown the growth in the number of secondary invariants ,at large N mirrors
the expected scaling of black hole entropy. When generating the full space of gauge-invariant
operators, primary invariants act freely — they can appear with arbitrary multiplicity

— naturally giving rise to a Fock space structure. As such, they are best interpreted as
perturbative degrees of freedom.

In contrast, each secondary invariant can appear only once and only linearly, resembling
the behavior of a fixed background. In this sense, secondary invariants play the role of

non-perturbative backgrounds that can be populated by perturbative excitations.?

This then suggests a compelling interpretation: secondary invariants may correspond
to black hole microstates. Furthermore, the promotion of secondary to primary invariants
as IV increases can be viewed as a purely bosonic analogue of the fortuity mechanism.
A natural framework to formalize these ideas is provided by the collective field theory
representation [1, 2]. This connection, along with a more physical interpretation of our
results, is explored further in [62].

4From this perspective, the Hironaka decomposition resembles the decomposition of a Fock space into a
direct sum of superselection sectors.
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A Counting formulas

In this appendix we collect the counting formulas used in this paper, together with relevant
background and references to the original literature.
A.1 Counting single traces

Our primary invariants are single trace operators. For this reason, it is useful to be able
to count the number of single trace operators constructed using a given number of X, Y
fields. This counting is easily performed using Polya theory — see [63]. For two matrices
we define the single letter partition function

Zi=x+y (A.1)

and the single trace partition function
7 _ pld) , d vz A9
(wy) =2 > =2y’ (A.2)
n n|d

The sum is over all positive integers n, and at each n there is a second sum over d which
runs over the divisors of n, i.e. all the integers that can be divided into n without remainder.
©(d) is the Euler totient function. Euler’s totient function counts the positive integers up to
a given integer n that are relatively prime to n. Two integers a and b are relatively prime
if the only positive integer that divides both of them is 1. ¢(9) = 6 because 1,2,4,5,7,8
are all relatively prime to 9, while ¢(12) = 4 because 1,5,7,11 are relatively prime to 12.
The result for the single trace partition function is:

F(z,y) =
(z +y)
+ (x2 +xy + yQ)
+ (23 + 2y + 2y + y3)

ot 4+ 23y + 222 + 2 + y4)

28+ x5y + 3x4y2 + 4x3y3 + 3:r2y4 + xy5 + y6>

(

(

(x5+x4y+2x3y2+2x2y3+my4+y5>

(
($7+x6y+3x5y2+5$4y3+5x3y4+3$2y5+my6+y7)
(

28 + 2Ty + 425y% + 7253 + 102tyt 4+ 723y + 4%y + ay” + y8)
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+ (:1:9 + 28y 4+ 427y + 102093 + 1425y* + 142ty® + 10235 + 422" + 20® + y9>

+ (:1:10 + 2% + 52892 + 122793 + 22289 + 26259 4 22245 + 122397 4 5228

Ty +y10>

+ (xll + :rloy + 5acgy2 + 15:1383/3 + 30x7y4 + 42:663/5 =+ 42:1653/6 + 303U4y7 + 15:L'3y8
+522y° + 2y'® + y“)

+ (x12 + :clly + 6x10y2 + 193093/3 + 43x8y4 + 66x7y5 + 803:63/6 + 66:1:53/7 + 43x4y8
+19x3y9 + 6x2y10 + xy” + y12)

+ (:1:13 + 212y + 62 y? + 222103 + 55x9y4 +9928y° + 132x7y6 + 132356y7 + 992°8

Jr55564y9jLQZILJ.yloijsggzyn+9Ey12+y13) +..

A.2 Counting using Schur and restricted Schur polynomials

The Schur polynomials xg(Z) are a complete set of operators built out of a single N x N
matrix field Z. Thus, to count all operators we simply need to count all Schur polynomials.
At finite NV only operators xr(Z) labeled by Young diagrams R with no more than N rows
are non-zero and are counted. The trace relations are the statement that xr(Z) = 0 for any
Young diagram R with more than N rows. Each such equation gives an independent trace
relation and together they give the complete set of trace relations. The partition function
counting the complete set of operators is

Z(x)=Y > alf (A.3)
n=0 Rkn
I(R)<N

where |R| is the number of boxes in R which is also the number of fields in the Schur
polynomial, R - n means that R is a partition of n, i.e. a Young diagram with n boxes
and [(R) < N means the number of rows in R is less than or equal to N. Expanding Z(z)
in a power series the coefficient of ™ counts how many gauge invariant operators can be
constructed using m Z fields. Most of these are multi-trace operators. The number of
independent trace relations N7, ps generated using M > N fields is given by

Nrepr =Y (A-4)
RFM

I(R)>N

The restricted Schur polynomials X g (, 5)a3(X,Y) are a complete set of operators built
out of two N x N matrices X,Y [4, 5]. for an operator constructed with n X fields and m Y
fields, R is a Young diagram with n 4+ m boxes, r is a Young diagram with n boxes and s is a
Young diagram with m boxes. «, 8 are multiplicity labels distinguishing different copies of
(r,s) that arise after restricting the S, 1, representation R to the representation (r,s) of the
subgroup S, X Sp,. a, each run from 1 to f,.sg where f,;g is the Littlewood-Richardson
coefficient counting how many times U(N) representation R appears in the tensor product
of r and s. At finite N only operators labelled by Young diagrams R with no more than N
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rows are non-zero and should be counted. We do not need to impose this restriction on r
and s — it is automatic that if R has no more than N rows then any representation (r,s)
obtained from R by restricting to a subgroup will only produce r’s and s’s with no more
than N rows. The trace relations are the statement that y R,(r,s)aﬁ(X ,Y') =0 for any Young
diagram R with more than N rows. Each such equation gives an independent trace relation
and together they give the complete set of trace relations. Thus, the partition function
counting the complete set of operators is

) =33 S Y ey (A5)

n=0m=0 RFn rknskm
I(R)SN
Expanding Z(x,y) in a power series the coefficient of 2™y™ counts how many gauge invariant
operators can be constructed using n X and m Y fields. Most are multi-trace operators.
The number of independent trace relations Nt ., generated using n X and m Y fields
(m +mn > N for a non-zero number) is given by

NTT,n,m = Z Z Z (frsR)2 (AG)

RF-m4n rbn skm
I(R)>N
For a model that involves ¢ matrices there is a natural generalization of the 2 matrix
discussion. In this case the restricted Schur polynomials are X g (. ... ry)ag(X1, "+, Xq). For
an operator constructed with n; X; fields R is a Young diagram with >, n; boxes and r; is a
Young diagram with n; boxes. «, 8 are multiplicity labels which each run from 1 to fy ry..r,r
where fr r,...r,g is the number of times U(N) representation R appears in the tensor product
of r1 ®ro ® -+~ ®@ry. At finite N only operators labelled by Young diagrams R with no more
than IV rows are non-zero and should be counted. The trace relations are the statement that
the restricted Schur polynomial vanishes for any Young diagram R with more than N rows.
Each such equation gives an independent trace relation and together they give the complete
set of trace relations. Thus, the partition function counting the complete set of operators is

ACIPRRRE 7! Z Z Yo > > (frmenr QHQC (A7)

n1=0 ng=0 R}—E n; rikna rq-ng
I(R)<N

and the number of independent trace relations generated using n; X; fields (35, n; > N
for a non-zero number) is given by

NTr,n1,n2,-~~,nq = Z Z o Z (fr1r2-~~qu)2 (A8>

RFZi n; riFn1 rqng
I(R)>N

A.3 Molien-Weyl partition functions

As we explained in the last subsection we can count the total number of gauge invariant
operators. Practically we are limited to about 30 operators in the trace. For a reasonable
value of NV this can already take about a day to run on a laptop. In this subsection we will
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explain how to compute the same quantity using the Molien-Weyl formula. The Molien-Weyl
formula was used for counting in [64]. The benefit of the Molien-Weyl formula is that we
can compute the exact partition function rather simply.

We count all gauge invariant composite operators constructed from bosonic fields with
energies F; and in the adjoint of gauge group U(N). The exact partition function is [19, 20]

o0 o0
= Y@y e () (A.9)
n1=0 no=0
where = e /7 = ¢7# and #(n1,ng,...) is the number of singlets in the tensor product

adJ ® SymadJ
number of Slnglets can be written as an integral over U(N) of the product of the characters of

sym” ®---. We must take the symmetric product because our fields are bosons. The

the representations being tensored. Denote the Haar measure by DU. After rewriting we have
Z(B) = /U oU] ] Z 2" X gy, (U) (A.10)
[ n;=
It is simple to establish the character formula
oo oo 1
> " Xoymy (U) = exp 3, —a""x(U™) (A.11)
n= m=1

which holds for any representation R. For us R is the adjoint representation, and we have

2(p) = /U DU Hexpz B (U™ (A12)

The adjoint characters are Xqq4;(U) = TrUTrUT. In the fundamental of U(N), the group
elements are N x N matrices. Let ¢; denote the N eigenvalues of U. We have |¢;| = 1.
In terms of these eigenvalues

N m
Xagj(U™) = TrU™TYUT™ = Z (aﬂ) (A.13)
k,r=1 €k

Using this in (A.12) we find

Z(ﬁ):/ [DU] H Hexpz (k>m

kr=1 1
/ ;
k'r 1H2(1_'rE1%)
1
= L= 2B Ju PV . . (A14)
Hi(l_lﬁEl)N /U(N) 1<I<:1<1<N I1:(1 —OEEl%;)(l —xEZ%)
To obtain the second line we did the sum over m using —log(1 —x) = >_77_; --2™. To obtain

the last line, split the product into parts with k = r, k < r and k > r. Only eigenvalues
appear in the integrand. Performing the angular integrations, the problem reduces to an
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integral over the eigenvalues of the U(N) group element U, i.e. we have an integral localized
on the unit circle |g;| = 1

de;
DU — I AA A.15
/ U(N) [ I= N'(2mi)N 2m 7{ H ( )
where we have introduced the Vandermonde determinants

A= H —€k) Z sgn(o) 62(1)5}7(2) . -55(&1) A= H(sr_l —e 1), (A.16)

k<r oceSN k<r

The partition function reduces to

Z(z) = (Zn=1(x) N' 27” %H de;j —LAA H

1<k<r<N e

1

(A.17)

where

M fir =11 (1 - xE;) (1 - wE?) (A.18)

7

ZN:1 (Jj) =

To simplify this formula, use the symmetry under permutation of the ¢;. The measure
HN de] , AA and [], frr(z) are invariant under permutation of ;. By permuting each

term by 0_1 in the sum appearing in the Vandermonde determinants (A.16) we obtain

AA = Nlgleg - eN'A=NIT] (1 - ) (A.19)
k<r

so that the partition function reduces to

Z(z) = EN=10) j{H dj (1 - ) ! (A.20)
27” € 1<k;<r<N i

Next, perform the change of variables €; = ¢;---t; so that

II (u:x‘gr) (1 igf’“> = I (xat,)@xatl) (A.21)

1<k<r<N €k Er 2<k<r<N

and
I1 (1 - 5’“) - I -t (A.22)
=
1<k<r<N 2<k<r<N

where t, . = tptg41---t-. The Jacobian for the transformation is

Oei N—1,N-2 1 40 A
J=det || =ty Py iy =] A.23
[8@-] 1 2 N-1 15 ( )
The partition function is now (we have relabeled ty — ty_1, tnN—1 — tn—2,... ta — t1

and t1 — tN)

Z(x) = fv) 7{ H L= b (A.24)

j=1 t 1<k<r<N 1 i
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and

1 > . —
L= 2F) Jer = H(l — 2Pty ) (1 — xEltk;) (A.25)

In=1(w) = L1 —

7

tn occurs once in the integrand as 1/ty. Integrating over ¢y then gives the final formula

(Zn=1(2))N dt; dty_1 L —tg,
2(x) = Z2=1)) f{ 7?{ 11 (A.26)
(2mi) =1 t1 ltn—al=1 tN—1 1<k<r<N-1 e

This is the formula we use to get the exact partition function. We only pick up residues
inside the unit circle. Chemical potentials can again be included to get the graded partition
function which keeps track of which species of field appears in the operator. Obviously this
formula can be used for any number of matrices in the matrix model.

B Four matrix model at N = 2

In this appendix we summarize some of the details that support the discussion of section 3.2.3.

B.1 Quadratic relations for four matrix model at N = 2

In this subsection, we summarize the 10 relations that demonstrate the secondary invariants
of the four-matrix model at N = 2 are quadratically reducible. Specifically, these relations
express any quadratic combination of the secondary invariants in terms of the complete set
of invariants, but with at most a linear dependence in secondary invariants. Four secondary
invariants give rise to 10 independent quadratic terms. The corresponding relations are

given below.

2
2 migms 1 L 5 L 5 L 5 5
81 = miomasy + 72 — §m12m2m3m5 + 1m2m5m7 + 1m3m5m6 — §m3m9 + msmgsy
L 5 5 L 5 L 5 5 o9 1 4 1 2
f§m1m12 + §m1m12m2m3 — 1m1m2m3 + 1m1m6m7 + §m1m10m2m3 + mimi281
1 9 1 1

1
2 2 2
—mimeomssi + imlQOgmg — migMmiaMmg — §m1m2m7mg — §m10m2 + §m7m9

1 1
—§m1m10m3m6 - §m5m6m7 + Em%()mﬁ (B.l)

1 1 1 1 1
2 2 2 2 2 9
85 = my11masa + §m13m5 — §m13m2m4m5 + 1m2m5m8 + 1m4m5m6 — §m4m9 + mymgSo

L 5 5 2 L 5 5 o 1 4 2
—§m1m13 + §m1m13m2m4 — Zm1m2m4 + Zmlmggmg + §m1m11m2m4 + m1mi3Sa

1 1 1
2 2 .2 2
—mi1mizmg + §m1m2m4m9 — M1Momy4Ss — §m1m2m8m9 — §m11m2 + §m11m6

1 1 1,
— 5Ly — 5 M5 + SMsmy (B.2)
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1

1 1 1
2 2 2 2 2 2
S3 = M10M4S3 — §m11m3 + §m11m7 + miimsss + §m14m5 - §m14m3m4m5 + —m3zmsmsg
I 5 5 L L 5 9 o9 1 4 1 2
—§m1m14 + §m1m14m3m4 - Zm1m3m4 + Zm1m7mg + §m1m10m3m4 + m1mi1483
L 2 1 I 5 5 1 2
+2m1m11m3m4 — 2m1m10m3m8 — M1M3M483 — 2m10m4 + 2m10m8 — M10M11M14
1
—§m1m11m4m7 + Zmim5m7 — 5m5m7m8 (B.3)
2 1 I 5 9 o9 1 4 1 5
S4 = Mi14M2Sy — §m14m3m4m6 — Zm2m3m4 + ZQO?mS — M2M3M4S4 + —M3MeMsg
L2 2 1 2 1 2 1
—2m12m4 + 2m12m8 — mi2mi3miq + 2m12m2m3m4 - 2m12m2m3m8 + M12mysy
2 o, 1 o 1 2 1 5 5
—§m13m3 + §m13m7 + §m13m2m3m4 - §m13m2m4m7 + mizmgsy — §m14m2
1 1 1 memyms
+=miyme + Smismimamy + smimems — ——— (B.4)
2 2 4 2
25189 =

1

2 2 2 2
—mimiami3 + mq1m12M21mMy + mqmmi13mmains + mimiqame — B

1
—im%m3m4m6 — M1mi2Mymg + 2m1miaSe — M1Mi4MoMg + m1m§83 + Mmi1maomsmymyg

m%m§m3m4 — m%m234

2
—2m1m2m382 — M1MmegS3 + mimgs4 — M19M11My + miomi1Mme — M10M131M9 + 277110771282
—Mmi1Mmi2Mmg + M11M2M3Mg + M12M13M5 — M12M2M4M5 — M13M2M3M5 — M14M5Me
1 1
2 2 2
+migmg + §m2m3m4m5 + MmaomsS4 — MaMyS3 + —M3MgMsMe — M3M4MG + M3MYS2

2
+mamgsi (B.5)

28183 =

1 1
2 2 2 2 2 2 2
mimiamiq + Miymi3ms — mimi3mys — §m1m2m3m4 + §m1m2m4m7 — m{MigMioMmy

2 2 2
—MmM1Mm3Ss4 — M1MmM10M14mM2 + m1Mmi1o1mo2Mmsanmay + mimiops4 — m1m382 + mimmrSg — mwmlg
+migmi1mi2 — Mi1oM11M2M3 + M1eM14Mg + M19M2S3 — M10M3M4M9 + M101M352

2 2
+Mmi1oMm481 + M11m3zmg — M11M7ymMg — M12M14Ms5 — M13M3Ms5 + Mi3Mmsmy

1 1
—|—§m2m§m4m5 — 5Mamamsmy + mgmsSy (B.6)

25184 =

2 2
mM1Mi2M14Me — M1MIoM4 + MIM12MaM3My + M1M1254 + M1M13M2M3 — M1M13MM7

1 1 1 1
2 2 2 2
+§m1m2m4m7 — §m1m2m3m4 — 2mimomsS4 — §m1m3m4m6 + §m1m4m6m7

2 2
—M10M12M13 — M10M14My + M10M14Me + 2M10M2s4 + M11 My — M11M12M2M3
2
+m11m3m6 — M11MeMMy — MNN121M14Mg — TN121M9S3 — 11121314719 + HIARIUET Y
2 2 2 2
+mi2m4s1 — mi3mzmg + MmomgSs + mizmrmg + Mamzmamg — MaM3zSo — MaM4MrMy

+momySe — m3megSs + 2msmgSy (B.7)
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28283 =

1 1 1 1 1
2 2 2 2 2 2
§m1m12m8 — mimi3zmi4 + §m1ml4m2m4 — §m1m2m3m4 + §m1m454 + —m1mi1gM13M4

2
1 5 1 3 3
+§m1m10m2m4 — §m1m10m2m8 — §m1m11m12m4 + §m1m11m2m3m4 + mimi3ss

) 1 1
—§m1ml4m4mg + mi1mi1489 — §m1m2m453 + mimsmymg — §m1m3m432 — §m1m3mgm9

2 2 2 2
—§m1m431 — M10M11M13 — M1pMyMg + MMMy + MMz — Mi1M2M3 — M11M14My9

2
+mi11MmaS3 — M11M3MaMmg + M11M3S2 + M11M4S1 + Mi2Myms — Mi2Msmsg + M13Mi14Ms5

1
—§m2m3mim5 + §m2m3m5m8 — MymsS4 + 2mymgSs (B.8)
289584 =

1 , 1
—mimiamizmy + §m1m12m2m4 + §m1m12m2m8 — M1M13M14M2 + M1M13M2M3MY
—|—§m1m14m2m4+ §m1m14m4m6 - §m1m2m3m4 — M1MoM4S4 — §m1m3m6m8 — M1oMi3

1 1
2 2
+migmizmeomyg — §m10m2m8 - §m10m4m6 + migmems + Mmi11Mmi2M13 — M11M12M2MyY

1 1
2
—M11M13M2M3 — M11M14Me + 5m11m2m3m4 + mi1mesy + §m11m3m4m6 + m12mySa

—M12MgMyg + M13M14Mg — M13M3M4My + M13M3S2 — M14M2M4MY + M14M252
1 1
2

+§m2m3m4m9 — Mom3mySs + §m2m3m8m9 + mymgSy + M1m1384 (B.9)

25354 =
1
2 2
mM1mi2Mi14My — §m1m12m3m8 + mimizmamy — M1M13Mamys — MMM + M1M1454

1 1 3
2 2 2
+§m1m14m2m3m4 - §m1m2m3m4 + §m1m2m4m7 + §m1m2m7m8 - §m1m3m484

1 1
2 2
—Mmi1oMm12My + M1pM12Mg — M10M13Mi4 — §m10m13m3m4 + §m10m2m3m4

1 1
2
_§m10m2m3m8 + 2m1omass — Mmi1miamig + §m11m12m3m4 — M11M13M3 + M11M13M7

2 2
+§m11m2m3m4 — M11M2MyM7 + M11M3S4 + M13M3S3 + M7Mg + M14M2S3

1 1 1
—§m14m3m4m9 — M14MyS1 — §m2m3m433 - §m§m432 + §m§m8m9 + ngmisl

+mamrSo — Mrmgmyg (B.lO)

B.2 Constraints between generators of the ring

The numerator of the partition function features four negative terms, which as we have
discussed in section 3.2.3 correspond to constraints. The grading of each monomial specifies
which matrices appear. Every term in the constraint corresponding to the monomial w”z™yP 24
is constructed using n W’s, m X’s, p Y’s and q Z’s.
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The constraint corresponding to the monomial xz?wyz is given by

1 1 1 1 1 1
2
- §m1m12m2m4 - §m1m14m6 + §m1m284 + §m1m3m4m6 - §m10m13m2 + §m10m2m4

1
- §m10m4m6 + §m11m12m2 - §m11m3m6 + miagmygmg — Mmi2S2 + mi381 + §m14m2m9

1 1 1 1
- §m353 — 5Mamsmamy + 5M2masz — 5Mamys + mgs3 — mgsy =0 (B.11)

The constraint corresponding to the monomial zwy?z is given by

1 1 9 mimizmy 1
— mimiomi4 + §m1m12m3m4 - §m1m13m3 +# +§m1m14m2m3 - §m1m2m4m7
1 1 1 1 1
+ 57711771384 + §m10m13m3 — M1084 — imnmmms + §m11m2m7 + mios3 — §m14m3m9
1 1, 1
+ mig81 — 5M2m3s3 + 5M3s2 — 5M3Mys1 + 5 Mamymg — Mm7s2 = 0 (B.12)

The constraint corresponding to the monomial zwyz? is given by

m1mi2ms mimass  miomizmg 1 9

———————— — —Mm1MmigMmaomy + —mimomsms + - + —myomamy
2 2 2 2 2 2

mipMams  M11M12M4 1 M14M4My

— 5 5 + miimigms — §m11m2m3m4 — Mm1184 + M1383 + — 5
2
maommayss ms3n4s9o ma3meginmg mysi

—M1482 — 5 5 — 5 - 5 +mgs; =0 (B13)

The constraint corresponding to the monomial z?w?y?z? is given by

1 1 1 1
2 2 2 2 2
§m1m12m13m14 — §m1m12m14m2m4 — §m1m13m14m2m3 — §m1m14m6

1 1
2 2 2 2
+ —mimismaomamy + §m1m14m284 + —Mmimi4mamyeme — M1M121M1482

4 4

1 1 1
2 2 2
+ —mimiamgmymg — Zm1m13m3m4m9 + Zm1m13m4m7m9 + —mimigmamyg

4 2
1 9 1 1 1
- §m1m14m253 - 1m1m14m2m3m4m9 + mimigmomsss + §m1m14m633 - §m1m14m984
1 9 1 1 5 1
— Zm1m2m4m7m9 + Zm1m3m4m954 + §m10m11m14m2 — §m10m11m14m6
1
+ §m10m13m14m9 + Zm10m13m3m4m9 — M1pMmi14M2S2 — §m10m4m984
1
+ §m11m12m14m9 - Zm11m12m3m4m9 - §m11m14m2m3m9 + Zm11m2m4m7m9
1 1 1 1 5 1 45 5
+ §m12m14m2m4m5 + §m12m4m983 + §m13m14m2m3m5 + §m14m5m6 - §m14m9
1 1 1 1

2 2
— —M14MoM3Mm4ms — §m14m2m554 + §m14m2m933 - Zm14m3m4m5m6 + Zm14m3m4m9

4
1 4 1 2 1 5 2
— §m14m3m952 + M148182 — 1m2m3m4m983 + Zm3m4m982 - 1m3m4m981 + 1m4m7m9
1 1
- §m4m7m952 - §m12m13m14m5 =0 (B.14)
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C Two matrix model at N = 3

In this appendix we provide details used in the algebraic analysis of section 3.3.1. The trace
relations quoted in the next subsection are used to prove that extra generators must be
introduced: after the trace relations are used, there are still some invariants that are not
determined. The relations of section C.2 establish that these generators are quadratically
reducible, i.e. they are secondary invariants.

C.1 Trace relations

The trace relations take the form T3(A, B,C, D) = 0 for any words A, B, C, and D, where
T5(A,B,C, D) is given by

T3(A,B,C,D) =
Tr (A)Tx (B)Tr (C)T (D)
—Tr(AB)Tr (C)Tr (D) — Tr (AC)Tr (B)Tr (D) — Tr (AD)Tr (B)Tr (C)
— Tr(A)Tr (BC)Tr (D) — Tr (A)Tr (BD)Tr (C) — Tr (A)Tr (B)Tr (CD)
+ Tr (AB)Tr (CD) 4+ Tr (AC)Tr (BD) + Tr (AD)Tr (BC)
Tr (ABC)Tr (D) + Tr (ACB)Tr (D) + Tr (ABD)Tx (C) + Tr (ADB)Tr (C)
+ Tr (ACD)Tr (B) 4+ Tr (ADC)Tr (B) + Tr (A)Tr (BCD) + Tr (A)Tr (BDC)
—Tr (ABCD) —Tr (ABDC) — Tr (ACBD)
~ Tr(ACDB) — Tr (ADBC) — Tr (ADCB). (C.1)

Degree 4. There are six single trace operators that can be constructed using four matrices.
There are only five independent trace relations among them. Using the trace relations, we find

Tr(X?) = é (—6m%m3 +mf + 8mymeg + 3m§) ,
Tr(Y?) = é (—6m%m5 + ma + 8mamg + 3m§) ,
Tr (X3Y) = é (’I’)’L?THQ - Sm%m4 — 3mimams + 6mims + 2momeg + 3m3m4) ,
Tr (XY3) = % (mlmg’ — 3mimams + 2mimg — 3mgm4 + 6moms + 3m4m5> ,
Tr (XYXY) = % (m%m2 — m%m5 — 4dmymamy + dmimg — 4myo — m%mg + 4dmomy
+msms + 2mi) . (C.2)

The operator Tr (X2Y2) is not determined by these trace relations, so it must be included
in the set of generating invariants.

Degree 5. There are eight invariants that are not included among the generating invariants.
Using the trace relations, we can express them all in terms of the primary invariants.

1
Tr (X5) = 5 (—5m?m3 + 5mimg + mS + 5m3m6)

1
Tr (Y5) =5 (—5m§m5 + 5m%m9 + mg + 5m5m9)
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1
Tr (X4Y) = 6( — Bm%mgmg + m‘llmg — 2m?m4 + 3m%m7 + 2mimaomg

+3msmy + 2m4m6>
1
Tr(XY?) = 6( — 3mym3ms + mim3 + 2mymamg — 2mi3myg + 3mams
+2m4m9 + 3m5m8)
3v-2y_ L[ 3 2
Tr(X°Y*) = 6 (mlmg, — 3mimg + 6mimig — 3mymsms + 3msmsg + 2m5m6)
2y-3\ _ 1 3 2
Tr(X°Y?) = 6 (6m10m2 + myma — 3mamy — 3mamams + 2ms3mg + 3m5m7)
1
Tr(X2Y XY) = 5 (2m1m2 6mimamy — 2mims + 6mimg — 6mymyg — 3mymams
+6mimomy + 3mimsms + m%mg; + 6myamy — m5m6)
Tr (XYQXY) g (2m1m2 3m1m2m5 + mlmg — 6m1m2m4 + 6mimamsg — 6migmo
—2m§m3 + Gm%my + 3mamsms — m3mg + 6m4m8) (C.3)

Degree 6. There are eight invariants that are not included among the generating invariants.
Even after using trace relations, we find a single invariant that is not determined. Thus,
one more invariant must be added to the generating set.

1
Tr (X% = 3 ( Imim?i — 3mimg + dm¥me +mb + 12mymame + 3m3 + 4m6)

1
Tr(Y%) = 0 ( Imim2 — 3myms + 4m3mg + mS + 12mamsme + 3m3 + 4m9)
1
Tr (X5Y) =13 (—Qm:fﬂ’Lng + Qm%mgmg; + m?mg — Gm%m3m4 — m%m4 + 2m?m7
—3m1m2m§ + 6mimsmy + dmymgame+2momsmeg + 3m§m4—|— 4m6m7)

Tr(XY5) = —6mym3ms + 6mimams + 6mymamg + 3mim3 — 2myms

24 (
—9m1m2m5 dmimaomg + 6mimsmg — 18m2m4m5 — 3m2m4 + 4m2m4
+6mimg — 6m2ms + 12mamamo + 18mamsms + 9mam? — 4mamg
2 2 5
—6msmg + 12m8m9)
1
Tr (X4Y2) = 6 (Sm%mlo - Sm%mgmg, + m‘llmg) - Qm?mg + 2m1m5m6

+3migms + 2m6m8>

1
Tr(X3Y XY) = T3 (m%mQ 6mim3 — mims + 2mimg + 2mim3me — 12mymamamy
+6mimsms + 12mimymy — 2mimsme — 12migms — 3mam?
23

+12momsmy + 3m§m5 + 6m3m?1 + 4m6m8)
1
Tr (X2Y X?Y) = 3 ( 12m2myg — 6m3mams + 3mima — Smimaomy + 12mimamy

+6m1m3m5 — 3m1m5 + Smlmg + 12migms + 3m2m3 — 12momsgmy

+8momymeg — 3m§m5 — 8megmsg + 12m%)
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1
Tr (X2Y4) =5 (3m10m% + 3migms — 3m%m3m5 + m%mg — 2mgm7
+2momszmyg + 2m7m9)

1
Tr(XY3XY) = 3 (m%mg + 2m2maomg — 3mims — 12mymomyms + 12mymsms

—12mygms — mgmg — 6m§mi + 2m§m7 — 2maomsmg + 12momymsg

+6momsmy + 3m3m§ + 6mim5 + 4m7m9)

1
Tr(XY2XY?) = T (—Gm%m%mg, + 3mimg + 3m%m§ — 8mym3my + 12mymams
+8mimymg — 12mimsmsg — 12m10m% + 12mqgms + 6m%m3m5

—3m§m3 + 8m§m7 — 3m3m§ — 8mrmg + 12m§)
1

Tr (X3Y3) = 3 (3m%m%m4 +m3 (—mg’) + 3mimams — 6mimams — 3mimams
+12mimiome + 3m1m§m3 — 6m1m%m7 — 9mimamsms + 6mimsms

—3m%m3m4 + 6momsmsg + 3mgmgms + 4m6m9>
1

Tr (X?Y?XY) = g( — 3Tr (X2Y XY?) — 3mIm3my + mim3 — m3Imams + 3m2mams
—3mimigms — mlm%mg + 3m1m§m7 + mimsamg

+3migmy + momsmeg — megmg + 3m7m8>

1

Tr(XYXYXY)= 3 (9m%m%m4 +m3m3 — 3mimams — ImImams + 2m3mg
—3m1m§m3 + 9mimaomsms — 36m1m2m?1 — 6mymsmg + 36mimyms
—36migmy — 9m§m3m4 + 2m§m6 + 36momgmy — 6momsmsg

+9msmyms + 12m§ + 4m6mg) (C.4)
Thus, the operator Tr (X2Y XY?) is not determined by the trace relations and so must be
included as an extra invariant in our generating set. In the next subsection we prove that
this invariant is quadratically reducible.
C.2 Coefficients of the secondary invariant relation

The additional generator introduced above satisfies the quadratic relation
s 4 p1(mq)s1 + pa(m;) =0, (C.5)

demonstrating that it is quadratically reducible. While the explicit expressions for the
coefficients in this relation are too complicated to provide direct insight, we include them here
for completeness. The existence of this constraint is crucial for establishing our interpretation
of the partition function. Moreover, given the constraint, its validity can be easily verified.

3,3
(m;) = 2, 2 mimy 1 3 2 1 3 2
p1(m;) = mimsomy — 3 + 3m1m2m5 — mimamg + mimioms + 3m1m2m3 —mimaymsy
mi1msaimg m2Mmsme meing C
—f — miomy — 3 3 — mgrms ( ~6)
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pa(m;) =
5mSm$  m3m$ m%m? )
216 144 216 144

1
—|—36m2m4m5m1 + gm%mgm? 19 36
1 1 19 1 1
—Emlgmém‘f - @mgmg’m% + 144m§mim‘11 16mﬁm52,m1 + 6

1 5
2,4 2,4 6 4
24 MEMEMY — 5 M3MgMy — 777 MyMgmy

5 4 1 2 4

m%mgmgm%

4 1 5 1 5 5
m2m5m1 + 8m2m4m5m1 8mzm4m1

—mgmgmgm?

36

m5mgm? m4m5m9m? —

4
m10m5m1

2

mzmgmgml + sm3

T8 24m2m8m1 by

! mlom%m5m‘f > m§m4m5m‘11 > m§m3m5m1 + = !
12 24 144 9

3

1
4 4 2 4
—6m2m4mgm1 — ——MaMm4msmgmy + —=MaMmymomy +

12 18 18
—imgmgn”Lg)mgm‘l1 + L 77”L§m7mgm‘11 + i771477”@7719771‘11 + 1m%mim‘;’ o
36 18 12 9 12

1

2.3 3 3 1 5 3 2 3
memgmy —+ 6m10m2m4m1 + %m2m3m4m1 + §m10m2m4m5m1

3

—l—gm2m4m2m3 + =

3 8T 97
L 3 3 L 3 Loy 1 3 1 4 3
+§m2m3m4m5m1 18m5m6m1 + 18m2m5m6m1 + 6m4m5m7m1 — 6m2m4m7m1

L2 3 1 2 3 } 2.2 3 } 2 3 1 2 3

—2m2m4m5m7m1 + 6m10m2m8m1 — 2m2m4m8m1 + 6m3m5m8m1 + 6m4m5m8m1

1 1 2 1

—m10m5m8m‘f — §m§m3m5mgmi{’ + 6m§m7m8m:{’ + §m2m5m7m8m? — §mim9m§

1 9 1
m2m3m4m9m1 + 6m3m4m5m9m1 5—m§m6m9m§’ + Emgmg,mgmgm?

2 3 2 1 o

18

*mzm:),mgmgm? —

3

1 ) 1 1 1
2,2 2 4 2,2 2,2, 2 2 2,2 2 2,2
+-—migomomymj + 24m2m3m4m1 8m2m3m5m1 + §m3m4m5m1 — §m10m3m5m1

4
1 3 1 1
4,2, 2 2,2 2,2 2 2,2 2,2
momsmy — 5momgmy + 7 M2MsmEm — S MaMmsmgmy

— §m2m4m7m9m§ +

o, 1 o 2,2
§m5m7m1 + Zm2m5m7m1 +

1 2,2
—§m2m7m8m1 +

o

4 5, 3 o 2 4 5 4 2 2
miomemamy + zmwmg,ml 13 —MyMm3msmy

m§m4m5 mgm%

1
2 2 9
oMMy — 12

8
1 2 2 1 2 2 2 3 2 2 )
—Zm10m4m5m1 — §m2m3m4m5m1 + Zm10m2m3m5m1 18

1 3 2 1 5 4 2 , 1 2 2 2 1 4 2
+6m10m2m7m1 — §m2m4m7m1 + §m2m3m5m7m1 — migmamsmymy — §m2m3m5m7m1

3 1 1
2 3 2 2 4 2
—§m10m2m4m8m1 — §m2m3m4mgm1 + mamgmamsmgmyi + —18m2m6m8m1

1 1 1
2 2 2 2 2 2 2 2 2
+§m5m6m8m1 + momymememi — §m4m5m7m8m1 + 6m2m3m4m9m1 + §m2m7mgm1

1
2 2 2 2 2 2
—émlomgmgmgml — 6m2m3m5m9m1 + §m2m4m6mgm1 — §m4m5m6m9m1

1 1 1

2 2 2 2 2

+§m4m7mgm1 — 6m10m7m9m1 — §m3m4m8m9m1 18m2m6m8m9m1

3 2 2 2

2 2 3 2 2 2 2 2

+§m2m3m4m5m1 + §m2m4m7m1 + §m2m6m8m1 — §m5m6m8m1 — §m3m6m9m1

L 5 o 2 2 3 5 3
+§m2m3m4m1 + migmamgmy + §m10m2m3m4m1 12m2m3m4m5m1
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1 1 1
3 4.2 2
—§m10m2m3m4m5m1 + —mamzmem1 + ——=Mamimemi — 6m10m5m6m1

12 18

1 2 2 1 2 1 2,2 1 4
—6m2m3m5m6m1 — 6m10m2m5m6m1 + 6m2m4m5m6m1 — 36m2m3m5m6m1

1 2 3 2
—1m3m4m5m7m1 — §m10m2m4m7m1 — 12m2m3m4m7m1 + 2m10m4m5m7m1
+m%m3m4m5m7m1 36m2m6m7m1 — 12m2m§m6m7m1 + §m§m5m6m7m1

2 1 4,2 1 2,2 1 2, 2 1 2
1 3 1

—mlomgmgmgml + fm%m§m5mgm1 + §m10m3m5m8m1 — §m§m4m6m8m1

2

1 2 3
+§m2m4m5m6m8m1 + 2m10m2m7m8m1 + gm%mgmﬂngml — §m2m3m5m7mgm1
2 1 5}
—§m4m7m9m1 + §m10m3m4m9m1 12m3m4m5m9m1 — §m2m4m6m9m1
1 1 5 1
+§m10m2m6m9m1 + 18m2m3m6m9m1 + 18m2m3m5m6m9m1 + 3m2m3m4m7m9m1
7T 5 1 1 2
18m2m6m7m9m1 + 6m5m6m7m9m1 — 12m2m3m8m9m1 + 3

6,3 3

mgoms = Meng 4.2 I 4 9 o 1 2 2
+ - —MyMam —migMmaomsm,
144 3 6 16 237y 2 4

5 MaMmemgmommsi

1
+§m3m7m8m9m1 + mzlao +

2.2 2

1 1
2 4
migm3am? — + —m3m2mé — —mamsm

+—= m2m§m5+2

16 24
2 9 1 2, 2 4 1 I o L o o9 o
+§m10m2m7 + §m3m5m7 + 24m2m3m7 §m10m5m7 - Zm2m3m5m7 — §m2m3m8

1 2, 1 5 g 2 9, 1 2
—imlomgmg + §m3m5m8 — §m2m4m6m8 + §m2m3m7m8 +

2,2
megm, 3
769 9 + fmfomgmg

Ly 3 1 2. 2 L o5 o5 o 1 2 5 o
—MoM3Ms — —M19MyM3Ms + —Mmymazmyms + —MmigM3myms — —Mjymszms

48 2 8 4 4

L 3 3 1 2 L 5 1 3
—§m2m4m6 12m2m3m4m5m6 36m2m3m4m6 + 3m10m2m4m5m6 + 6m2m3m4m5m6

1 5 1 3 2 2 2 2,2 3

1 5 5 3 1 1 4 1 5
+6m2m3m5m7 + §m10m2m3m5m7 + 12m4m5m6m7 + 12m2m4m6m7 — §m2m4m5m6m7

L 3 5 1 1 2 1 2 L 9 4
+6m2m3m4mg + §m10m2m3m4m8 — Zm2m3m4m5m8 — émloQOﬁmg + §m2m4m6mg

—émgmgm@-mg — gmim5m6m8 + §m10m5m6mg + migmygmoyms — §m§m3m4m7mg

1 I 3 3 m§m9 1 2 I 3 5 2 2
+§m2m5m6m7mg — 1—8m2m3m9 + T — 6m10m2m3m9 + 27m2m6m9 9m2m5m6m9
2 1 1 2 2

2 2
—§m2m3m7m9 + —m2m§m5mg + §mim6mg — §m10m4m6m9 — §m2m3m4m6m9

12

1 1 1 1
2,2 2 2
+-mgmamsmemg + -mymamymg — 6m3m4m7m9 + —migmsmymg — 6m3m5m7m9

6 3 2
2 1 1 2 m3m3
+§m2m4m6m7m9 + 12m37n4m8m9 + 6m2m3m6m8m9 - §m6m7m8m9 T3
mimd_ mim} _ mimg o
16 72 72 '
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D Partition function for two matrices and N =7

The partition function, graded by degree, for the two matrix model, at N = 7 is given by
Prn—7 v=2(x)
(1—:5)2(1—1‘2)3(1—:123)4(1—:E4)6(1—x5)8(1—$6)11(1—a}7)8(1—m8)5(1—x10)2(1—m12)
(D.1)

7 =

where the numerator is the following polynomial, of highest degree 180:
Prn=7m=2(z) =

1+ 325 + 1227 + 2228 + 442° + 7320 4+ 1202 + 21122 + 36023 + 6702 4 1216215
4223526 + 3984217 + 706821 4 122402 + 2100022° + 35632221 4 59903222 + 99884223
+16523522* 4+ 270868x2° + 44010022° + 708380227 + 1129523228 4 178366822 + 279074323°
+4325256231 + 6642998232 + 1010992023 + 15249397234 4 2279745223% + 3378364213
+49627540237 + 72273392238 + 104352164239 4 1493911632%° + 212071868z
1298546313212 + 41681532023 + 5771851312 4 7927911762 + 10802093622*°
+1460138296247 + 1958163820z8 + 260556714424 + 34402018612°° + 45073619402°!
+58606506012°2 + 7562779132z + 96862502532 + 12313865320x°° + 155389799052:°°
+194654453922°7 + 242071211822°% + 2988695697657 + 3663546983920 + 4458866172851
+538852598452%2 + 646633141962%3 + 7705611300725 + 9118752938855 4 1071668058565
+125082960364257 4 1449989549882 + 1669458262922% + 1909169949862
+216863094628x 7" + 2446874554832 72 + 2742426739962 4 3053284046617
+33769072357627° + 3710231314602 + 4049694996402 + 4391288399132 "®
+4730620307002 ™ 4 5063003512672 + 5383555699005 + 5687314228702
+59693602640425% 4 6224948895135 4 6449639308125 + 663942209186256
+6790836169402%" 4 6901072916282 + 6968061693162°° + 6990533777502:%°
+6968061693162°1 4 690107291628x%% + 6790836169402 + 6639422091862
6449639308122 4 6224948895132 + 5969360264042°7 + 5687314228702
4538355569900 + 50630035126721°0 + 4730620307002 + 4391288399132192
+40496949964021%3 + 3710231314602 4 33769072357621%° + 3053284046612
+27424267399621°7 + 24468745548321%% 4 2168630946282 + 1909169949862:110
+166945826292x 1 4 1449989549882 12 4 1250829603642 13 + 1071668058562 14
+911875293882 1% 4- 7705611300726 4 6466331419627 + 538852598452 118
1445886617282 + 3663546983922 + 2988695697621 4- 2420712118222
+1946544539221%3 4 1553897990522 + 123138653202'2° + 9686250253226
+75627791322%7 4 5860650601212 + 45073619402%° + 3440201861230 + 2605567144213
+1958163820x13? 4 1460138296233 + 108020936223 + 79279117623 + 5771851312136
+416815320237 + 2985463132138 + 2120718682 + 1493911632140 + 10435216424
+722733922:112 4 496275402113 4 33783642214 4 227974522115 4 152493972116
+101099202M7 + 66429982148 + 43252562147 4 2790743250 + 1783668x% + 11295232172
+70838021% + 4401002%* + 2708682%° + 16523521°¢ + 998842157 4 5990321°% + 3563221%°
4210002150 4+ 12240216 + 70682152 4 39842103 + 2235216* + 121621%° 4 6702156 4 3602167
+2112%8 + 120219 4+ 732170 4+ 442171 4 222172 4 122173 4 32174 4 2180 (D.2)
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