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ABSTRACT

The notions of partial Lagrangians, partial Noether operators and partial Euler-Lagrange
equations are used in the construction of first integrals for ordinary differential equations
(ODEs) that need not be derivable from variational principles. We obtain a Noether-
like theorem that provides the first integral by means of a formula which has the same
structure as the Noether integral. However, the invariance condition for the determination
of the partial Noether operators is different as we have a partial Lagrangian and as a
result partial Euler-Lagrange equations. In order to investigate the effectiveness of the
partial Lagrangian approach, some models such as the oscillator systems both linear and
nonlinear, Emden and Ermakov-pinnery equations and the Hamiltonian system with two
degrees of freedom are considered in this work. We study a general linear system of
two second-order ODEs with variable coefficients. Note that, a Lagrangian exists for the
special case only but, in general, the system under consideration does not have a standard
Lagrangian. However, partial Lagrangians do exist for all such equations in the absence
of Lagrangians. Firstly, we classify all the Noether and partial Noether operators for the
case when the system admits a standard Lagrangian. We show that the first integrals
that result due to the partial Noether approach is the same as for the Noether approach.
First integrals are then constructed by the partial Noether approach for the general case
when there is in general no Lagrangian for the system of two second-order ODEs with
variable coefficients. We give an easy way of constructing first integrals for such systems
by utilization of a partial Noether’s theorem with the help of partial Noether operators

associated with a partial Lagrangian.

Furthermore, we classify all the potential functions for which we construct first integrals
for a system with two degrees of freedom. Moreover, the comparison of Lagrangian and
partial Lagrangian approaches for the two degrees of freedom Lagrangian system is also

given.

In addition, we extend the idea of a partial Lagrangian for the perturbed ordinary differ-

ential equations. Several examples are constructed to illustrate the definition of a partial



Lagrangian in the approximate situation. An approximate Noether-like theorem which
gives the approximate first integrals for the perturbed ordinary differential equations

without regard to a Lagrangian is deduced.

We study the approximate partial Noether operators for a system of two coupled
nonlinear oscillators and the approximate first integrals are obtained for both resonant
and non-resonant cases. Finally, we construct the approximate first integrals for a system
of two coupled van der Pol oscillators with linear diffusive coupling. Since the system
mentioned above does not satisfy a standard Lagrangian, the approximate first integrals
are still constructed by invoking an approximate Noether-like theorem with the help of
approximate partial Noether operators. This approach can give rise to further studies
in the construction of approximate first integrals for perturbed equations without a

variational principle.
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INTRODUCTION

The relationship between symmetries and conservation laws by means of a formula is
one of the great discoveries of the twentieth century. Amalie Emmy Noether, a great
German mathematician discovered a systematic way of constructing conservation laws
for differential equations with variational formulations. Now, we briefly mention how she
came to prove Noether’s theorem. David Hilbert invented the variational principle and
its utilization yields the field equations of general relativity. Then he was faced with the
problem of the failure of energy conservation. The correspondence between Hilbert and
Klein in 1918, regarding this issue provides evidence that Hilbert requested Noether to
resolve this problem. She proved two useful theorems (published in 1918) to solve the
problem of failure of energy conservation in general relativity. The physicists collectively
refer to these as Noether’s theorem which gives the relation between symmetries and

conservation laws.

The importance of Noether’s theorem in the calculus of variations and physics is that the
differential equations with variational structures are physical models and their variational

symmetries generate conservation laws.

Now, in particle mechanics, we pay attention to systems described by the Euler-Lagrange
equations of second-order. Infinitesimal transformations of variables (dependent and
dependent) in which the first-order variations are taken to be functionally dependent
on variables only but not on the velocity gives rise to first integrals for many systems
(see, e.g. Hill 1951, Lovelock and Rand 1975, Logan 1977 and Palmieri and Vitale
1970 amongst others). Also velocity dependent transformations have been considered

to account for the Kepler problem Laplace-Runge-Lenz vector (see, e.g. Mahomed and



Vawda 1996).

Noether’s theorem (see Noether 1918 and Bessel-Hagen 1921) provides explicit elegant
formulae for the construction of conservation laws for FEuler-Lagrange differential
equations once their Noether symmetries are known. In order to invoke this powerful
theorem, one requires a Lagrangian of the underlying differential equation system. Thus
a central problem in variational calculus is the determination of a Lagrangian so that
the differential equation system of interest is cast as an Euler-Lagrange system. This is
called the inverse problem in variational calculus and much work has been devoted in

this direction (see, e.g. Douglas 1941 and Anderson and Duchamp 1984).

Most of the equations that arise in applications do not admit standard Lagrangians, e.g.
scalar evolution equations. Likewise, for a simple system of two equations 3" = y? + 22,
2" = 0, no corresponding variational problem exists which can be verified by Douglas

(1941). However, one can still construct first integrals as we do here.

Notwithstanding, for ordinary differential equations of mechanics, application of the
Noether theorem have yielded numerous interesting results which are scattered in the
literature see, e.g. Levy-Leblond (1971), Lutzky (1978), Prince and Eliezer (1980),
Sarlet and Cantrijn (1981), Leach (1985), Mahomed, Kara and Leach (1993), Wafo and
Mahomed (1999) for a sample. There are other methods as well which provide first
integrals without making use of a Lagrangian. The most elementary method is the direct
method (Hietarinta 1986, Lewis and Leach 1982), which is oftenly used for constructing
the conserved quantities. There are some other methods (see Olver 1986, Sarlet and
Cantrijn 1981, Steudel 1962, Moyo and Leach 2005, Anco and Bluman 1998), in which
the equations can be expressed in the characteristic form. Ibragimov in 2007 provided
a method for constructing first integrals without making use of a Lagrangian. In 2006,
Anco and Kara wrote an algorithm for the construction of conservation laws. Recently,
a computer algebra programm has been developed for the construction of first integrals

without regard to a Lagrangian (see Wolf 2002).



Now the question is how one can construct first integrals in a systematic way without the
existence of Lagrangians. In 2006, Kara and Mahomed introduced the concept of partial
Lagrangians and partial Euler-Lagrange equations. A Noether-like theorem, known as
partial Noether theorem, was presented for partial differential equations which has the
same structure as the Noether theorem. Applications included several examples including
those for which Lagrangians exist. Conservation laws are constructed by utilization of a

partial Noether theorem in this approach.

In this work, we introduce the notions of partial Lagrangians and partial Euler-Lagrange
equations for ordinary differential equations and the idea is also extended for perturbed
ordinary differential equations. Approximate partial Noether theorem is deduced for
the perturbed ordinary differential equations which provides approximate first integrals

without a variational principle. Several examples are considered.

Detail Outline of Work

The detail outline of this work is as follows.

In Chapter 1, the basic operators and definitions and the notion of first integrals are
presented for ODEs. The concept of a partial Lagrangian is introduced for the exact
and perturbed ordinary differential equations. Noether-like theorems are obtained which
yield exact and approximate first integrals which need not be derivable from variational
principles. The alternative way of constructing first integrals for ODEs without regard

to a Lagrangian is established.

In Chapter 2, a Noether-like theorem which gives the first integrals for exact ordinary
differential equations corresponding to partial Euler-Lagrange equations associated with a
partial Lagrangian is invoked. The results are applied to the harmonic oscillator, modified

Emden and Ermakov-Pinney equation for which standard Lagrangians exist and also to



systems of two second-order equations for which we do not have standard Lagrangians.
Moreover, we show that if the partial Euler-Lagrange equations are free of derivatives then
the partial Noether operators and Noether symmetries are equivalent and the difference

arises in the guage terms due to Lagrangians being different for the respective approaches.

Chapters 3 and 4 are concerned with a general linear system of two second order ordinary
differential equations (ODEs) with variable coefficients. In Chapter 3 we invoke the
canonical form for a system of two second-order ODEs and construct the Noether and
partial Noether operators for the special case in which a Lagrangian exists for the system
under study. It is also shown that the first integrals that result due to the partial
Lagrangian approach is exactly the same as for the standard Lagrangian approach. In
Chapter 4 we report on the partial Noether operators for the general linear system of
two second-order ODEs for which a Lagrangian need not exist. The notion of partial
Lagrangians is used and it is shown how one can construct first integrals without a

variational principle for such systems.

Chapter 5 deals with first integrals for a system with two degrees of freedom. A
Lagrangian exists for the Hamiltonian systems with two degrees of freedom. However,
we show the effectiveness of a partial Lagrangian approach and a complete classification
of the potential functions is deduced for which first integrals are constructed. Finally, in
this chapter we give a comparison of the Lagrangian and partial Lagrangian approaches
for a Hamiltonian system with two degrees of freedom which was considered before
by Damianou and Sophocleus (2004). We give an alternative viewpoint to construct
potential functions by using the concept of a partial Lagrangian. Then the first integrals
are obtained by utilizing a partial Noether theorem corresponding to the partial Noether
operators associated with a partial Lagrangian. This work appears in Naeem and

Mahomed (2008a).

The results presented in Chapter 2, 3 and 4 have been published in Kara, Mahomed,
Naeem and Wafo Soh (2007), Nacem and Mahomed (2008b) and Naecem and Mahomed



(2008c).

In Chapter 6, we further investigate first integrals of nonlinear systems which are not
variational. Some examples from mechanics, nonlinear oscillations, nonlinear dynam-
ics are constructed and it is shown how the nonlinear systems for which no standard

Lagrangians exist can be reduced by finding first integrals via the partial Noether theorem.

Chapter 7 is the extension of the partial Noether theorem for perturbed ordinary
differential equations. An approximate Noether-like theorem is presented to construct
approximate first integrals without making use of a standard Lagrangian. Applications
include a system of two coupled nonlinear oscillators. It is shown how one can construct
approximate first integrals for perturbed equations without regard to a Lagrangian.
We also show that these approximate partial Noether operators are not in general

approximate symmetries of the system and they do not form an approximate Lie algebra.

In the last chapter (Chapter 8), we classify all the approximate partial Noether operators
for a system of two coupled van der Pol oscillator with linear diffusive coupling. All the
cases for coupling parameters that give partial Noether operators are discussed in detail.
Then we construct approximate first integrals by utilization of an approximate partial
Noether theorem corresponding to a partial Lagrangian. We show that in the absence
of Lagrangians, approximate first integrals still can be constructed by using the idea of
partial Lagrangians as partial Lagrangians do exist for all such type of equations in which
we do not have Lagrangians and they are very important in obtaining approximate first

integrals for perturbed ordinary differential equations.

In the conclusion we provide a summary of the results as well as point to further works.



Chapter 1

Preliminaries

The goal of this chapter is to present the basic operators, introduce the concepts
of Noether symmetries, partial Noether operators, Euler-Lagrange equations, partial
Euler-Lagrange equations and first integrals for ordinary differential equations (ODEs).
To understand the notions of Noether symmetries and first integrals for Euler-Lagrange
equations, there are many books on this topic but we mainly refer to the books by Olver
(1986), Bluman and Kumei (1989), Stephani (1989), CRC handbook edited by Ibragimov
(1994-1996) and some recent papers from the literature. The method of constructing
partial Noether operators and corresponding first integrals for ODEs is derived which
was considered in Kara and Mahomed (2006), for partial differential equations and Kara,
Mahomed, Nacem and Wafo Soh (2007) for ordinary differential equations. Then several
examples are constructed to clarify the idea of a partial Lagrangian for perturbed p-th
order system of equations which is easily adaptable from Kara and Mahomed (2006),
Kara, Mahomed, Naeem and Wafo Soh (2007) and Naeem and Mahomed (2008a). The
formula of the partial Noether’s theorem is extended to the case of perturbed ordinary
differential equations and the approximate partial Noether’s theorem is derived which is

given at the end of this chapter.

Here we present the basic operators needed in the sequel after introducing the necessary

notation.



Let x be the independent variable and v = (u!,...,u™) the dependent variable with

coordinates u®. The derivatives of u® with respect to x are

uy =uf = D, (u®), ud=Di(u"), s>2, a=1,.,m, (1.1)
where
0 0 0
D, = — 44 o . 1.2
Ox M ou” +U”6ug * (1.2)

is the total derivative operator with respect to z. Note that the summation convention
is adopted for repeated indices. The collection of first- and higher-order derivatives of
u® is denoted by wy, & > 1. All variables x, u, u), k > 1 are functionally independent
connected only by the differential relations (1.1). The universal space A (see, e.g.
Ibragimov 1983, Olver 1993) is utilised here. The reader is reminded that the space .4
is the wvector space of all differential functions of all finite orders and forms an algebra.
Apart from the total derivative operator (1.2), there are other operators properly defined
on A and the ones which we use are recalled below in Definitions 1.1 to 1.4. These are
known and can be found in the books by Ovsyannikov (1982), Ibragimov (1983), Bluman
and Kumei (1989), Olver (1993) (see also Kara and Mahomed 2006, Ibragimov Kara and

Mahomed 1998). However, here we write them for one independent variable z.

Definition 1.1. The Fuler operator, for each «, is

5 0 s 9 _
i +Z(_D”5) a=1,...,m. (1.3)

u oue’
s>

The Euler operator is also referred to as the Euler-Lagrange operator.

Definition 1.2. The Lie-Backlund or generalized operator is given by

0 0 0
X =& — @ _Z § i 1.4
5 ax + 77 aua + = CS au?7 ( )
where
¢ =D,(Cy) —uiDy(§), s>1,a=1,...,m, (1.5)



in which ¢(§ = n“.

One can write equation (1.5) in the characteristic form as

¢ = Dy(W) + &udy, (1.6)
in which W is the Lie characteristic function

W*=n*—¢uy, a=1,...,m. (1.7)

One may easily deduce that one can write the Lie-Bécklund operator (1.4) in the charac-

teristic form as

X =¢D, +Lva——~+§:zftva (1.8)

s>1

Definition 1.3. Lie-Bicklund operators X and X are equivalent if

X—-X=AD,, MeA. (1.9)

In particular, a Lie-Backlund operator of the form

f(:naaua—l—

(1.10)

is called a canonical or evolutionary representation of X.

Definition 1.4. The Noether operator associated with a Lie-Backlund operator X is

5
+) _Di(W*) (1.11)

s>1 6u5+1

N=¢+we

oug

where the Euler-Lagrange operators with respect to derivatives of u® are obtained from

(1.3) by replacing u® by the corresponding derivatives, e.g.,

D,) —1,....m. 1.12
(5ua 8u°‘+z 8u5+1 “ " (1.12)

s>1



Definition 1.5. The operator X in (1.4) is called a Noether symmetry generator corre-

sponding to a Lagrangian L € A if there exists a function B € A such that
X(L) + (D)L = Dy(B), (1.13)

where D, is the total derivative operator given in (1.2).

We next recall the main results of Kara, Mahomed, Nacem and Wafo Soh (2007).

1.1 Partial Noether operators and partial La-
grangians
Consider a kth-order ordinary differential equation system
Ea(:c, U, U1y, u(g),...,u(k)) =0, a=1,...,m. (1.14)

The following definition is well-known.

Definition 1.6. A first integral of system (1.14) is a differential function I € A, such
that

D, I=0 (1.15)

is satisfied for every solution of equations (1.14).

Note that when Definition 1.6 holds, (1.15) is called a local conservation law for
system (1.14). Moreover, D,I = Q*E, is referred to as the characteristic form of the
conservation law (1.15) and the function Q = (Q',..., Q™) the associated characteristic

of the conservation law (1.15) (see, e.g. Olver 1993).

We now assume that equations (1.14) can be written in the split form

E,=E°+E! =0, a=1,...,m. (1.16)



The definition of partial Lagrangians is as follows (Kara, Mahomed, Naeem and Wafo

Soh 2007).

Definition 1.7. If there exists a function L = L(z, u, u@y,..., up) € A, p < k
and nonzero functions f7 € A such that (1.16) can be written as 6L/6u® = fIE}
then, provided Eé # 0 for some (3, L is called a partial Lagrangian of equation (1.16).

Otherwise it is called a standard Lagrangian. The matrix (f?) is invertible.

Differential equations of the form

L
;u—a:(), a=1,...,m, (1.17)

are the usual Euler-Lagrange equations. We term differential equations of the form

L
;WfoEé, a=1,..., m, (1.18)

where Eé # 0, partial Fuler-Lagrange equations. These were referred to as Fuler-

Lagrange-type equations in Kara and Mahomed (2006).
We present the following examples to illustrate Definition 1.7.

1. The linear harmonic oscillator equation u” + u = 0 is written as the partial

Euler-Lagrange equation 6 L/du —u = 0 with respect to the partial Lagrangian L = u/?/2.

2. The linear homogeneous equation u” + a(z)u’ + b(z)u = 0 after introducing
the factor f = exp(/[ “a(z)dz can be written as the partial Euler-Lagrange equation

6L/éu — fbu = 0 with respect to the partial Lagrangian L = exp( [* a(z)dz)(u?/2).

The definition of partial Noether operator now follows (Kara, Mahomed, Naeem and

Wafo Soh 2007).

Definition 1.8. A Lie-Béacklund operator X of the form (1.4) is a partial Noether op-

erator corresponding to a partial Lagrangian L € A if there exists a function B € A,

10



B # NL+ C, C is a constant, such that
o OL

du

where W = (W ..., WW™), W € A, is the characteristic of X.

X(L) + LDy(€) = W D.(B), (1.19)

In Kara and Mahomed (2006), the partial Noether operator was called a Noether-type

operator.

If B is identically zero, the Lie-Backlund operator X is referred to as a strict partial

Noether operator.

If L is a Lagrangian, i.e. 6L/0u® = 0, then equation (1.19) becomes the usual determining

equation for Noether symmetries.

It can be seen from (1.19) that if X and Y are partial Noether operators, then so is a

linear combination of these. The partial Noether operators span a vector space.

Theorem 1.1. A Lie-Bécklund operator X of the form (1.4) is a partial Noether op-
erator of a partial Lagrangian L € A corresponding to a partial Fuler-Lagrange system
of the form (1.18) if and only if the characteristic W = (W' ... W™) W € A, of X is

also the characteristic of the conservation law D,I = 0, where
I=B-N(L), (1.20)

of the partial Euler-Lagrange equations (1.18).

Theorem 1.2. Let two Lie-Bécklund operators X and X be equivalent, i.e.
X = X +AD,, A € A Then X is a partial Noether operator if and only if X

1S.

Under what conditions is the partial Noether operator also a symmetry generator of the

partial Fuler-Lagrange equations? The following theorem gives the answer. Here we let

11



fBELY = G,

Theorem 1.3. If X of the form (1.4) is a partial Noether operator of a partial Lagrangian
L, then X is the Lie-Backlund symmetry operator of the corresponding partial Euler-
Lagrange equations dL/du® = G, if

XGo =ED,Go + (DEW ) gy (1.21)

where D, is the adjoint of the Fréchet derivative of G with G = (Gy,...,Gp).
We now look at the situation when the partial Noether operators form a Lie algebra.

Theorem 1.4. If X and Y are partial Noether operators in canonical form with respective

‘gauge’ terms B and C, then

(X, V]L = Dy(XC — VB)+ (Xv° — YX“);—L L yex - X”Y);—L 122
ue ue

We see from (1.22) that the commutator does not yield a partial Noether operator in

general. One has the following theorem on closure of the Lie algebra.

Theorem 1.5. If X and Y are partial Noether operators of an L for a scalar partial
Euler-Lagrange equation such that 0L/du is independent of derivatives ug, s > 1, then

[X,Y] is also a partial Noether operator of L.

The above theorems and definitions are also given in Kara and Mahomed (2006) and are
invoked here for systems of ODEs. However, apart from the change in terminology, we
restrict here to perturbed ordinary differential equations as well. We invoke the definition
of a partial Lagrangian, partial Euler-Lagrange equations, partial Noether’s theorem and
we extend to the case of approximate ordinary differential equations. We also show when
approximate partial Noether operators form an approximate Lie algebra. We proceed as

follows.

12



Consider a pth-order system of perturbed ordinary differential equations with a small

parameter €
Eo(z, u, uny, wg)y, ..., Up);€) = O(F™), a=1,....m, (1.23)

where x is the independent variable and u = (u!,u?,...,u™) the dependent variable. The
derivatives of u® with respect to x are defined in (1.1), where D, is the total derivative
operator with respect to x defined in (1.2). The summation convention is utilized
throughout for repeated indices. The collection of first derivative is denoted by wu (),

second and higher-order derivatives are denoted by u), u(s), .... as before.

Now we recall some basic definitions from Unal (2000), Baikov (1996), Kara, Mahomed
and Unal (1999), Johnpillai, Kara and Mahomed (2006), Johnpillai, Kara and Mahomed
(2008) and Naeem and Mahomed (2008d).

Definition 1.9. The kth-order (k > 1) approximate Lie-Bicklund symmetry operator

can be expressed as

x=Xo+eXi 4+ Xy, (1.24)
where
0 0 0
X, = & — a a e b =0.... k a 195
’ £b3x * "y ou® - S>Zl Cb,s 8”? + ) g ceey Yy fba U € A, ( )

in which A is the vector space of all differential functions of finite orders that form an

algebra.

The additional coefficient is defined by
G =DIWe) +&usyy, a=1,...m, b=0,.k j>1. (1.26)
In the above equation Wy is the Lie characteristic function given as

Wy =n —&us, b=0,....k; a=1,.,m. (1.27)

13



One can write the approximate Lie-Backlund operator (1.24) in the characteristic form

as
=¢D +W“i+ZDS(W“)i (1.28)
X =S ou® — v oue’ '
where
E=8+ei+-+€%, (1.29)
and
We =W+ W+ -+ W, a=1,....m. (1.30)

Definition 1.10. A differential function I € A is an approximate first integral of system

(1.23) if it satisfies
DI = O(Fh), (1.31)
for every solution of system (1.23).

In the next section, we extend the definition of a partial Lagrangian and the partial
Noether theorem obtained in Section 1.1 to the case of perturbed ordinary differential
equations. In Section 1.2, the definition of a partial Lagrangian is applied to simple

equations.

1.2 Approximate Partial Noether Operators and
Partial Lagrangians

We adapt the definition of a partial Lagrangian from Kara and Mahomed (2006),
Kara, Mahomed, Naeem and Wafo Soh (2007), Nacem and Mahomed (2008a) to the

approximate situation.

Definition 1.11. Suppose that equation (1.23) can be expressed as

E,=E’+¢E} +-- 4+ FEF

(e

a=1,...,m. (1.32)

14



Also that we have a differential function L = L(z, u, uq),..,uw) € A, r < p
and there exists non zero functions f? such that equation (1.32) can be expressed as
OL/6u® = &~ ffE’g or more generally 0L/6u® = F,. Then provided Ef are not all zero
(F, not all zero), L is said to be a partial Lagrangian of the system (1.32) otherwise it is

a standard Lagrangian. The matrix (f9) is invertible.

The differential equations of the form

SL/ou® =€ fIES, a=1,..m; k=1,..p (1.33)
or

OL/6u* =F,, a=1,..,m (1.34)

are termed approximate partial Fuler-Lagrange equations.

Remark. For the case of singular perturbations, one can introduce stretching
transformations as in Nayfeh (1979) to transform away the singular terms and to write

the system as in (1.32).
The following examples are constructed to illustrate Definition 1.11.

1. The equation

(v exp (z)) + ey exp (z) = 0, (1.35)

has a partial Lagrangian

1
L= §y’2 exp (z). (1.36)

The partial Euler-Lagrange equation of (1.35) is
oL
5. = ~Wexp (2)) = eyexp (), (1.37)
)

which in comparison with equation (1.33) yields f] = exp (z) and F] = y.
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Similarly the equation
y' +y +ey=0, (1.38)

satisfies a partial Lagrangian L = 1/2y"2 so that

oL

=y + ey 1.39
5 y' =y +ey (1.39)

The comparison of equation (1.34) and (1.39) results in F' = 3 + ey, which is upto first

order in e.

2. The linear system of two second-order equations
y' ey + 262 =0,

2t e +y=0, (1.40)
do not admit a Lagrangian. However, it possesses a partial Lagrangian

1 1
L = Eya + 52/2. (141)

The partial Euler-Lagrange equations with the help of equation (1.34) become

oL

— =y =) +2 = I,

oy

oL

g :€Z/+y:F2, (142)

3. The simple two dimensional system

y' +ey +e2=0,

7+ ez =0, (1.43)
or

(v exp (7)) + zexp (z) = 0,

7+ ez =0, (1.44)

16



has no Lagrangian (see Douglas 1941).

A partial Lagrangian of (1.43) or (1.44) is

1 1
L= 5@/’2 exp (z) + 52’2, (1.45)
so we have
oL
5 = *zexp (1),
oL
i 2. (1.46)

The system (1.46) in comparison with (1.33) straightforwardly yields f{E? = zexp (z)
and fZE3 = 0, which in turn results in f{ = exp (x), Ff =2, E; =0, E2 = zand E] = y/.

Definition 1.12. The approximate Lie-Biacklund operator y of the form (1.24) is said
to be an approximate partial Noether operator corresponding to a partial Lagrangian if

it can be calculated from

(L) + LD,(§) = Wﬂ% + D,(B), (1.47)

with respect to a suitable function defined as
B=DBy+eB,+ -+ €By,

and W = (W' ...W™), We € A, is the characteristic of x given in (1.30).

If B is identically zero, then the approximate generalized operator x is a strict approxi-

mate partial Noether operator associated with a partial Lagrangian L.

Definition 1.13. The approximate Noether operator associated with an approximate

Lie Backlund operator y is

O[6 S (6%
N=¢6+W 5ua+2Dx(W)

z s>1

J

o 7
5us+1

(1.48)
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where ¢ and W are given by (1.29) and (1.30) and the Euler-Lagrange operators with

respect to derivatives of u® are obtained from

a=1,---,m, k>1. (1.49)

6uk 8uk 0uk+s

s>1

The following theorem on approximate first integrals is easily adapted from Kara,

Mahomed, Naecem and Wafo (2007).

Theorem 1.6. If the approximate generalized operator y of the form (1.24) or (1.28)
is an approximate partial Noether operator associated with a partial Lagrangian L of a
partial Euler-Lagrange system (1.33) or (1.34), then the approximate first integrals can

be constructed from
I=B—N(L)+O(h), (1.50)

and the perturbed characteristic W = (W' ... W™) W* € A, of the perturbed
k-th order operator y is also the characteristic of the approximate conservation law

D,I = O(ek+1).

Theorem 1.7. Let two approximate Lie-Backlund operators y and y be equivalent i.e.

X = X+AD,, A € A. Then y is an approximate partial Noether operator if and only if ¥ is.

Now the question is under what conditions is the approximate partial Noether
operator also an approximate symmetry generator of the approximate partial Euler-

Lagrange equations? The answer of this question is provided by the following theorem.

Theorem 1.8. Let us consider ng’g = H,. If the approximate operator x of the form
(1.24) or (1.28) is an approximate partial Noether operator of a Lagrangian L, then x
is the approximate Lie-Backlund symmetry operator of the corresponding approximate

partial Euler-Lagrange equations L /éu® = H,, if

H,=¢D Hy + (DyW)a, (1.51)
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where D3, is the adjoint of the Frechet derivative of H with H = (Hy,--- , Hp,).

Now we come to the situation when the approximate partial Noether operators form an

approximate Lie algebra.

Theorem 1.9. If y; and x> are approximate partial Noether operators in canonical form

corresponding to 'gauge’ terms B and C, then

_ _ L oL
X1, X2]L = Dy (x1C — x2B) + (xaxs — X_2X{f>% + (XoX1 — XiXe) =—- (1.52)

The commutator, in general, does not yield an approximate partial Noether operator

from equation (1.52). In order to see the closure of the Lie algebra, we present the

following theorem.

Theorem 1.10. If y; and x» are approximate partial Noether operators corresponding
to a partial Lagrangian L for a scalar partial Euler Lagrange equation such that §L/dy is
independent of derivatives wu;,l > 1, then [x1, x2] becomes a partial Noether operator of

L.
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Chapter 2

Partial Noether Operators and First
Integrals via Partial Lagrangians for

some Systems

A systematic way of constructing first integrals for ODEs without a variational principle
is investigated for some equations. Using the idea of a partial Lagrangian, a Noether-like
theorem (see Chapter 1) which gives the first integrals corresponding to partial Euler-
Lagrange equations is invoked. The formula which provides the first integrals is similar to
the Noether’s theorem but the invariance condition to determine partial Noether operators
is different as a consequence of a partial Lagrangian and partial Euler-Lagrange equations.
The reader is referred to the previous chapter. Applications given here include those
that admit a standard Lagrangian such as the harmonic oscillator, modified Emden and
Ermakov-Pinney equations and systems of two second-order equations that do not have

standard Lagrangians.

2.1 Introduction

The relationship between Noether symmetries and first integrals has been a subject of
rigorous investigation for Euler-Lagrange equations (see the works of Noether 1918 and

later works Olver 1986, Sarlet and Cantrijn 1981, Ibragimov et al 1998). The classical
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Noether’s theorem (1918) possesses the beauty in the elegant explicit formula for the
construction of the first integrals once the Noether symmetries are known. It establishes
a relationship between equivalence class of point symmetries and first integrals. In order
to use this powerful theorem one needs a Lagrangian to obtain the Noether symmetries
and to construct first integrals. There are equations that arise in applications which do

not admit Lagrangians, e.g.
y// — y2 + 227 Z// — O,

and

7

y' =y 2 =y

For information on the classification of Lagrangians, the interested reader is referred to
the paper Douglas (1941), in which the author has provided the complete solution to
the inverse problem for the system of two second-order ODEs (3-dimensional space).
The procedure relies on Riquier theory of systems of partial differential equations. The
classification is made of all curve families that are extremal and nonextremal and the
complete solution is obtained with respect to all the possible cases of the differential
system. Now the question is how to find first integrals in the absence of a Lagrangian
for such systems as mentioned above. There are other methods as well for obtaining first
integrals which do not make use or even assume existence of a Lagrangian. The most
elementary method is the so-called direct method. This approach, even when invoked
for a Hamiltonian system, has proved fruitful in a number of applications in mechanics
(see, e.g. Hietarinta 1986 and Lewis and Leach 1982). Indirect methods have also been
used (see, e.g. Hietarinta 1986, Leach 1987). There are yet other methods as well.
The first of these involves writing the conservation law in characteristic form and is
due to Steudel (1962) (see also Olver 1993, Sarlet and Cantrijn 1981, Moyo and Leach
2005). Here the characteristics are the multipliers of the system. In order to find the
first integrals one has to obtain the characteristics as well. The second of these uses
the variational derivative. In this approach one first calculates the characteristics and
then from these the first integrals. The work of Anco and Bluman (1998) uses the latter

approach and gives an algorithm for the determination of first integrals. There have been

21



many papers dealing with symmetries and first integrals. In Kara and Mahomed (2000),
the relationship between symmetries and first integrals, irrespective of the existence of a
Lagrangian of the system, is explored in a general setting. This approach though was

prevalent even earlier (see, e.g. Leach 1981) albeit in a particular context.

Here we utilise the powerful approach of the partial Noether theorem which also has an
explicit formula for the determination of first integrals (see Chapter 1) as the Noether

theorem. We consider many examples.

2.2 Applications

Ample examples are given starting with the simple harmonic oscillator, which is
considered a paradigm of mechanical systems, as well as the modified Emden and
Ermakov-Pinney equations. These equations admit standard Lagrangian formulations.
We show that they have partial Lagrangians too that result in first integrals. To show
that our method works in more general settings, we have included examples of equations
that do not have standard Lagrangians. However, these do admit partial Lagrangians and
lead to first integrals using our partial Noether operators. These equations are well-known
and our purpose is to provide an alternative and systematic way of constructing first
integrals for such systems. As is known, first integrals are useful, e.g. in stability analysis

of the system. We do not look at this aspect here.

Ezample 1 (Simple harmonic oscillator)

The equation
u+u=0 (2.1)

is familiar and its Lie point symmetry generators are well-known as well as the standard
Lagrangian picture has been considered in Lutzky (1978). Here, we take an alternative

view by considering its partial Lagrangian L = u?/2 so that (2.1) becomes

0L

(2.2)
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The partial Noether operators X = £0/0x +nd/0u corresponding to L satisfy (1.19), i.e.,

1
[nac + nuul - ulfz - U/2§u]ul + (fz + guul)éuﬂ =nu — ulgu + Bw + U/Bu' (23)

The usual separation by derivatives of u gives

u?: ¢ =a(x)
2 1 /
uts o= gau + b(x)

/

uw: ny,=—-&u+ B,
u?:  0=nu+ B,. (2.4)

System (2.4) yields
2 Ly Ly .
B = —ialu sin 2z — 5@2u cos 2x + §a0u + byucosx — byusinx,
. 1
& = a1 8in 2z + ay cos 2z + Zao,

n = u(ay cos 2x — ag sin 2z) + by sinx + by cos x. (2.5)

which are the same as found earlier in Lutzky (1978). The first integrals by Theorem 1.1

are
I, = %U'Q + %uQ, I, = —uu' cos 2z + %U/Q sin 2o — lu2 sin 2z,
I3 = v/ sin 2z + %u& cos 2x — %uQ cos2x, I = —u'sinx + ucosz,
Is = —u'cosx —usinz. (2.6)

So that the conservation law in each case is D,I = W(—u" — u) = 0 with respective
characteristic W. Here the partial Lagrangian gave all nontrivial conservation laws as
obtained in Lutzky (1978). The difference here lies in the forms of B and L which are

distinct from the ones used in the Noether approach.

Ezample 2 (Ermakov-Pinney equation)

The equation
u” = c/u®, c¢= constant, (2.7)
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is an example of the well-known Ermakov-Pinney equation. It has partial Lagrangian
L = u/2 and the partial Noether operator X = £9/dz + nd/0u by (1.19) satisfy (note
OL/ou = —u" = —c/u?)

Gl + (Do) gu” = W (—c/u) + DB, (2.8)
Equation (2.8) after usual expansion yields

(e + Y+ 5060+ ) = (7 = €) (—c/u*) + By + Bt 2:9)
Here we obtain

1
£=Ag+ Az + Ayz?, n= §A1u + Asxu,

1 1
B = §A2u2 + §cu_2(A0 + Az + Ay2®) + G (2.10)

that gives rise to the three-dimensional Noether algebra sl(2, R) which is isomorphic to

the Lie algebra. The first integrals are

1 1 1 1 1
I, = §u’2 + §cu_2, I, = §a:u’2 - §uu' + écu_Qx,
Lo S
I3 = ST U — zuu + U + ez (2.11)

Again the differences reside in B and L, they are not the same as for the usual Noether

approach.

Ezxample 3 (Modified Emden equation, see Leach (1985) for the Noether symmetries)
A particular example of the general modified Emden equation studied in Leach (1985) is

the following one

u” + “u' = 30’ (2.12)
T

Here we take L = 1u/? again (as in Example 2). So we have

oL _ —u’ = 2u' — 3u°.

ou x
The operator X = £0/0z+n0/0u is known as the partial Noether operator corresponding
to the partial Lagrangian as given above for the equation (2.12) if it holds

(e + MY + (€ + 6a)(1/207) = (€ Cuf = 30) + Bot Bl (213)
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The separation of equation (2.13) with respect to powers of u’ gives rise to

u £, =0
1 2
u” Ny + =6 = ——¢
2 T

2
u e =—n—3u’+ B,

Xz
0= -3u"n+ B,. (2.14)

The determining equations (2.14) give

1 1
E=Ar®, n= —§Aux2, B = —§x3u6. (2.15)

The partial Noether operator is
X = 25533 —ur®=— (2.16)
ox ou '
(note that it is not a Lie symmetry of the equation!) and the first integral is

1
I = 2% + 2%uu/ — §x3u6. (2.17)

The same integral (2.17) arises in the Noether approach of Leach (1985).

Ezample 4 (linear system)

The simple linear system of two second-order equations
y'+2 =0, 2'4+2=0, (2.18)

has no Lagrangian (see Douglas 1941 and Hojman 1981). However, it does have a partial

Lagrangian
1 1 1
L = 53./2 + 52/2 — 522. (219)

The partial Euler-Lagrange equations are

5L, 6L

oL _ . oL, 2.2
5 25 0 (2.20)

The partial Noether operators associated with (2.19)

0 0 0 0 0
X:£%+nl_+n2_+ 1~ 2 7

2.21
dy dz "oy oY (221)
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are obtained from (see Definition 1.8)
(0L
XL+ (D)L= W'+ D, B, (2.22)
)

which straightforwardly yields

5L
Gy + G2 =Pz 4+ (DL = Wl@ +D,B. (2.23)

The simple expansion of (2.23) gives
Mo+ 0y + 02—y (E+ &y + £ZZ’)} Yy + [773 +ny + 0l =2 (G + &Y + 62|

1 1 1
0+ (G &Y + & GY 527 = 52 = 0 =y O+ Be 4 By + B2 (2.24)

The separation in terms of derivatives gives the determining equations

gy =0, Sz =0, 77; - %Sxa 773 = %gm
mAn+E=0, n =B, n=n+B5B., (2.25)
n?z + %,2277,3 + B, =0.

The solution of system (2.25) results in
{=co, n'=—coz+ar+o,

n*=c+1+cysinz + ¢ycos, (2.26)

B =vyc + %coz2 + z(czcosx — ¢ysinz) — z(c1z + ¢3)

which in turn gives rise to the partial Noether operators

0 0 0 0
x-2_.,9 x _,2.9
' ox Z@y’ 2 $8y+0z’
0 .0 0
X3 = a—y, X, = smxa, X5 = cosa:a. (2.27)

Operators (2.27) do not form a Lie algebra as can easily be verified. Nor are the
operators, except for X3, generators of symmetry of system (1). This can be checked

from the Lie symmetry condition or by Theorem 1.3.
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The corresponding first integrals, using Theorem 1.1, are

1 1
11:z2+zy'—|—§y’2+§z'2, L=y—axz—ay — 7,

Is=z+vy, I,=zcosx—2sinx, Is=—zsinx — 2 cosuz. (2.28)

These integrals (2.28) easily provides the general solution of system (2.18). The integrals
I3, I, and I are in fact directly evident from the system (2.18) itself. The point here is
that our approach leads to that which is expected as well as more in an algorithmic way.

The characteristics in each case are also consequences of our method.

Ezample 5 (nonlinear system)

The nonlinear system
/" 2 2 "
y =y +z, 2 =0, (2.29)

admits no Lagrangian (see Douglas 1941). A partial Lagrangian of (2.29) is

L=-= Z 2.
5Y + % (2.30)
which has partial Euler-Lagrange equations
oL oL
S =0. (2.31)

The partial Noether operators (2.21) associated with (2.30) are calculated from (1.19).

The resulting equation is

1 1 oL
Gy + G (G + 6y + 620G+ 32%) = 0 =y O 5+ Bt By + B2 (232)

Simple expansion shows that
N+ +0,2 =y (& + &Y + &Z’)} Yy + {nﬁ +py e =2 G+ &Y + D) |
1 1
F(a+ &Y +62) Y2+ 527) = - =YW + 2°) + Bo + By + B.2'. (2.33)

2 2

The determining equations after separation in terms of derivatives are

éy =0, & =0, 77; = %gma 7]3 = %5:67

(2.34)
mAni=0, nl=~&W*+22)+B,, n2=B., n'(yY*+2*) =B,
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The solution of (2.34) is

£=0, n'=0, ”*=c+azr, B=az (2.35)
and corresponding first integrals are

L =—2, Ihb=z—u. (2.36)

These integrals again should be obvious from just looking at system (2.29). However, one
would not be sure if there are more. Now, since we know the solutions z” = 0 of (2.29),

we can substitute these into 3’ = y* + 22 of (2.29). This gives

"

y" =y*+ (20 + 212)%. (2.37)

A partial Lagrangian of (2.37) is

1 12 1 3
%z 2.38
Q?J 3y ( )

L =
so that 6L/dy = —(z9 + z12)%. The solution of condition (1.19) in this case results in
g = Co, n= 07 B = —Cozgy (239)

provided that z; = 0, i.e. for the autonomous equation (2.37). There is no partial Noether

operator for z; # 0. The corresponding first integral, for z; = 0, is

1, 1

SY° =3yt — Ay (2.40)

J=
3

Going back to the original system (2.29), we have obtained its configurational invariants
(see Sarlet, Leach and Cantrijn 1985 for a detailed discussion on these) given by (2.40)
and (2.36) in which we have set 2’ = 0. Note that the scalar equation (2.37) has no Lie

point symmetry for z; # 0.

2.3 Concluding remarks

We have shown how for various systems of ordinary differential equations which admit

partial Lagrangians, one can construct first integrals via partial Noether operators by
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means of a formula. These partial Noether operators are in general not symmetry genera-
tors of the underlying equations as we have seen. Moreover, the partial Noether operators
do not form a Lie algebra in general. We have applied our results to simple examples
where a Lagrangian exists as well as for differential equations which do not admit standard

Lagrangians but have partial Lagrangians.
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Chapter 3

Noether, Partial Noether Operators
and First Integrals for a Linear

System

We obtain Noether and partial Noether operators corresponding to a Lagrangian and a
partial Lagrangian for a system of two linear second-order ordinary differential equations
(ODEs) with variable coefficients. The canonical form for a system of two second-order or-
dinary differential equations is invoked and a special case of this system is studied for both
Noether and partial Noether operators. Then the first integrals with respect to Noether
and partial Noether operators are obtained for the linear system under consideration. We
show that the first integrals for both the Noether and partial Noether operators are the
same. This can give rise to further studies on systems from a partial Lagrangian view-
point as systems in general do not admit Lagrangians. This further aspect is presented

in Chapter 4 for a general linear system.

3.1 Introduction

The idea of a partial Lagrangian, partial Euler-Lagrange equations was already presented
in Chapter 2 in which we have deduced the partial Noether theorem for ODEs and we

showed how one can construct first integrals for equations without variational structures.
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First integrals are important both to reduce the order of the equations and from the
physical point of view (see, e.g. Goldstein 1950). Since a Lagrangian does not exist in
all the cases; for instance in xyz space for the system y” = y? + 22, 2" = y, the curve
family is non extremal (see Douglas 1941). However, there are methods, as mentioned
earlier, for obtaining first integrals which do not make use or even assume existence of
a Lagrangian. For such approaches the reader is referred to Hietarinta (1986), Lewis
and Leach (1982), Leach (1987), Steudel (1962), Olver (1996), Anco and Bluman (1998)
and Kara and Mahomed (2000), Kara and Mahomed (2006), Ibragimov (2006) amongst

others.

The purpose of this work is twofold: one is simply to add to the algebraic properties
obtained before in the works cited and find Noether symmetries corresponding to a La-
grangian of a system of two variable coefficient equations and secondly to obtain partial
Noether operators associated with what is termed a partial Lagrangian of the same system.
The reason being that a system of two equations need not have a Lagrangian formulation
(see Douglas 1941). So we wish to investigate whether the first integrals arising from a
Lagrangian formulation and that of a partial Lagrangian is the same for the system under
study. This can then give rise to further studies on first integrals of a more general system
of two second-order ODEs using the notion of partial Lagrangians as they in general do

not admit standard Lagrangians (see Chapter 4).

The outline of this chapter is as follows. Section 3.2 is related to canonical form of a
system of two second-order ODEs. In Sections 3.3 and 3.4 we discuss Noether and partial
Noether operators, respectively. First integrals corresponding to Noether and partial

Noether operators are given in Section 3.5.

3.2 Canonical form

For the algebraic classification of the general linear equation difficulties arise due to a huge
number of arbitrary elements. In general for a system of n second-order nonhomogeneous

linear ODEs, there are 2n®+n arbitrary elements. Since the invertible transformations do
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not affect the number of symmetries, one can obtain a system in simpler form (see Wafo
and Mahomed 2000) before performing group classification and in searching for Noether

symmetries.

The system of n second-order nonhomogeneous linear ODEs
x"=Ax'+ Bx+c (3.1)
can be mapped invertibly to one of the forms given below (see Wafo and Mahomed 2000)
y" = Ay, (3.2)

z” = Bz, (3.3)

where A, B, A, B are n x n matrices and x, y, z and c are vectors. Now we discuss the
above theorem for the case n = 2. In this case the number of arbitrary elements reduces

from 2 x 22 +2 =10 to 4.

Any system of two linear second-order ODEs maps invertibly to the linear system (Wafo
and Mahomed 2000)

y" = a(z)y + b(x)z, (3.4

2" =c(z)y —a(z)z.

Here we consider the special case b(x) = ¢(x) for which a Lagrangian exists. Moreover,
we wish to also construct partial Noether operators via a partial Lagrangian for the same
special case in order to compare. Note that in general (3.4) does not have a Lagrangian

(see Douglas 1941). The above system then reduces to

Yy =a(z)y + b(x)z

"

2" =b(x)y — a(x)z.
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3.3 Noether operators of (3.5)

The operator X given in (1.4) is called a Noether symmetry operator corresponding to

Lagrangian
1 1 1 1
L= Ey’Q + 52”2 + anQ - ECLZQ + byz, (3.6)

for a system of two linear second-order ordinary differential equations (3.5) if it satisfies

(1.13) with respect to some function B(x,u). The operator X satisfies the following

System

gy - Oa fz = Oa (37)
1 o 1 1 2

T/y - 553? - Oa n, — 5533 - 07 . + ny = 07 (38)
R I

N + §ay &y — 5‘12 &y +byz§y = By, (3.9)

1 1
772 + §ay2§z — Eaz)& + byz&, = B, (3.10)

1 1
(§a’y2 — §a’22 + by2)¢ + 0t (ay + b2) + n*(—az + by)

1 1
+§ay2§m — §a22§$ + byz&, = B,. (3.11)

The solution of (3.7)-(3.9) yields

§ = a(z), (3.12)
n' = %a’y + f(x, 2), (3.13)
0 = %o/z + (2, y), (3.14)
B: 4y =0, (3.15)
B= %a"?f + B + S(z, 2). (3.16)

The substitution of (3.12)-(3.16) in (3.9) and (3.10) gives
1 /1,2 ]' !.2 / 1 / ]' /
(éa R LE Vyz)a + (504 y+ B(z,2))(ay + bz) + (éa z+v(z,y))(—az + by)

1 1 1
+§ay20/ - 5@220/ + byza' = Z—La’”yQ + YBex + Sz, (3.17)
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]‘ Vi
— + v, = S..
2a z 4.

Equation (3.15) results in
B =—vz+ Al).

The differentiation of (3.19) with respect to y and then integration gives rise to
v = Ci(z)y + Ca(x).

The replacement of the value of v in (3.19) gives
f=—-Ci(x)z + Ax).

The substitution of 5 and v from (3.20) and (3.21) in (3.16) and (3.18) yields

1
B = 2"y’ +y(=Ci(2)z + A'(2)) + S(x, 2),

where

S = %lo/’z2 + Cy(x)z + Cs(x), Ci(x) = A;.

(3.18)

(3.19)

(3.20)

(3.21)

(3.22)

(3.23)

Equation (3.17) reduces to the following system by substituting the values of § and S

from (3.21) and (3.23)

1 1
Zo/” + éa'oz +ao’ + Ab =0,

2ba’ + Vo — 2aA; =0,
Cy(z) + aCy(z) = bA(x),

1

ZLO/N - éa’a —ad’ — A1b =0,
A" — aA(z) = bCy(x),
Ci(z) = 0.

Equation (3.29) implies that

Cs(x) = ¢.
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(3.27)
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The addition of (3.24) and (3.27) results in o/ = 0, which in turn results in
a = Ay + Asz + Ay’

The insertion of « in (3.24), (3.25) and (3.27) gives
%a/(Ag + Azz + Ay2®) + a(As + 24,7) + A1b =0,

20(As + 2A42) + V' (Ay + Asz + Ayz®) — 2aA, = 0.

The following cases arise.

Case I a, b are arbitrary.

In this case we find that
alz) =0,C(x) =0,
A(x) = aquy () + agua(x) + asus(z) + aguq(z),
Co(z) = aqv1(x) + agua(x) + azvs(z) + agvy(z).
For this case we get the symmetry generators in the general form as

0 0
Xi: i~ ) .:1,...,4,
U oy + v gy ?

where (u;, v;) are linearly independent solutions of our system (3.5) and

B = yA'(x) + 2C5(x).

Case 2: a = ag, b = by, ag and by are constants.

The substitution of a and b in (3.26), (3.28), (3.32) and (3.33) gives
ao(Ag + 2A4.I') + Albo = 0,

2b0(A3 + 21441‘) - 2@0141 = 0,
A — CL()A = bng(x),
C’g(ﬂ?) + aocz(l’) = boA(ﬂ?)
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(3.32)

(3.33)

(3.34)

(3.35)

(3.36)

(3.37)

(3.38)
(3.39)

(3.40)



The following subcases arise for Case 2.

Case 2.1: If ag # 0, by # 0, then from the above system we get
Al = O7A3 = 07A4 = 07

Colz) = As exp((a2 + b2)iz) + Agexp (—(a2 + b?)ix)
+A; cos (ao + b )49(: + Agsin (ag + 172)i

Ax) = [A5(\/CLO + b3 + ag) exp((aj + b2)i )

+Ag(y/a2 + B2 + ag) exp(— (a2 + BR)ix) + Az(—y/a2 + B + ag) cos (a2 + b2)3
+Ag(—/ag + B + ag) sin(a2 + b2)iz]. (3.41)

In each case the symmetries and B are given by setting one constant equal to one and

the others equal to zero.

0
Xi=—. B=
Y7 o 0,

1 1,0 1,0
Xz = g (y/ad + 0§ + ao) exp((ag + b)) 5+ exp((ag + Bo) )
Y 1 1
B = - (/ad + 8 + ao) (@ + 1) exp((af + ) ha)

+z(a0 + bg)i exp (ag + bg)%x,

1 1 .0
X, = 3o (y/a8 + B + ag) exp(—(a + ) )
0
)%7

B = 2 (a} + )5 (/ad + B + ao) exp(—(a + b))
0
—z(a + B) T exp(— (a3 + b)),

1 1 0 .0
Xy = bo( m+ao)cos(ao+62)4 a—+COS(a0+b2)4 =,

—Y 1. 1
B = 52 (=\Jad + B+ ao)(a + b)7 sin (af + ) b
—2(a§ + b3) 1 sin (af + b3) 1,

+ exp(—(ag + bg)ix
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1 1 1
X5:b0( \/ a2 + b + ag) sin (af + b3)1w §+51n(a0+b2)4 82

B = (af + B}) (—y/a} + b + ao) cos (af + i) i
0

+2z(ak + bg)% cos (ag + bg)ix. (3.42)

Case 2.2: If ag =0, by # 0, then from (3.37)-(3.40), we have
Alzo) A3:O7 A4:O7

Co(z) = Agexp(yV/box) + Ajg exp(—+/boz) + Aqq cos \/box

+A12 sin \/%l',
A(x) = Ag exp(\/%x) + Ajpexp( \/_x — Ay cos \/_x
— Ay sin /by (3.43)

Straightforward manipulations yield the operators

0
X = — B:
YT o 0,

Xo = eXp(\/%w)a% + eXp(\/b_om)ag

B = y+/by exp( \/b_x + 24/bg exp( \/b_x

X5 = exp( \/_x +exp \/_x

B = —y+/by exp( \/_x ) — 2v/bo exp( \/_x

0
X4 = —cos /by l'a—y + cos \/ by T
B = y\/b_osin \/b_ox — z\/%sin bo,

X5 = —sin/by x% + sin v/ by x%,

B = —y\/by cos /by x + 21/by cos /by x. (3.44)
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Case 2.3 ag # 0, by = 0.
System (3.37)-(3.40) becomes

A1:O, A3:O, A4:O,

A(x) = Az exp(v/aor) + Ars exp(—+/ao),
Cy(x) = Ayscos/agr + Ajgsin \/apz.
The generators are

0
X = E B =0, Xy =exp(y/ap )

0

Xs=exp(—\/a_ox)ay B = —y/ag exp(—+/aoz),

X4 = cos \/aomag, B = —z\/aysin \/agz,
z

X5 = sin \/ao$§, B = z\/ag cos(\/apr).
z

Case 2.4: a9 =0, by = 0.

In this case the operators and guage terms are

0 0
Xl——za—y—l—y&,B—O,
0 0 0 1
_ 2 Y -~ -~ _ 2 2
Xo=1x @x+xy8 +xzaz, B 2(y + 2°),
X3—$£+Q£+Za BZO,

or ' 20y 20z

0
Xs=—,B=0
4 833’ )
0 0
Xs=1—, B=y, Xe= —, B=0
5 Iay7 Y, 6 8y7 )
0 0
Xe=a2— B=z Xy=—, B=0.
7 xazv Z, 8 62’

Case 3 a = ap, b # constant.
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a_y7 B = y\/%eXP(\/%x)a
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The insertion of a and b in (3.26), (3.28), (3.32) and (3.33) yields

CLD(Ag + 2A4[L’) + Alb = O,

2(10141 = 2b(A3 + 21441’) + b,(AQ + Agl’ + A4CL’2),
AH - aoA = bOQ(JZ),
Cg + CLQCQ = bA((L’)

The following subcases arise for Case 3.

Case 3.1: If ag # 0 and b # constant, then

A1:O, AQZO, A3:O, A4:O,

For this case we get the same generators as in Case 1.

Case 3.2: ag = 0, b #constant.

In this case, we get

Ay =0, b=di(Ay + Asx + Ay2®) 2,
where d; is a constant and

a= Ay + Az + Ayz?,

A(x) = asuy (z) + agua(x) + azus(z) + asug(z),

Cs () = asvi () + agva(x) + azuz(z) + agvy(z).

The generators are

0 0 g
Xi = Oé(I)@ + Uzﬁ—y + ’UZ'&, 1= 1, ...,4,

1
B = §(y2 +2%) Ay +yA'(z) + 205 ().

Case 4: a # constant, b = by.
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The replacement of a and b in (3.26), (3.28), (3.32) and (3.33) gives

%QI(AQ + Agz + Ayx?) + a(As 4+ 2A42) + Ayby = 0, (3.52)
2bo(As + 2A4x) — 2aA; =0, (3.53)
A" — aA = byCy(x), (3.54)
Cy + aCy = by A(x). (3.55)

This case is similar to Case 3 and we have

Case 4.1: a # constant, by # 0.
Al = O, AQ == O, Ag = O, A4 = O, (356)
For this case we get exactly the same generators and B as given in Case 1.

Case 4.2: a # constant, b = 0.

In this case we have

A =0, a=dy(Ay + Azz + Ay2®) 2, (3.57)
where d, is a constant and

o = Ay + Asw + Ayz? (3.58)

The generators and B in this case are the same as we obtained in Case 3.2.

Case 5: a = \b, X =Constant.

For this case the results agree with those given in Case 3.2.

3.4 Partial Noether operators of (3.5)

The operator X in (1.4) is called a partial Noether operator corresponding to partial

Lagrangian
1 1
L= Ey’Q + 52’2, (3.59)
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for a system of two second-order ordinary differential equations given in (3.5) if there

exists a function B(z, u) such that it satisfies (1.19). The operator X satisfies the following

system
& =0,8 =0, (3.60)
My — %&c =0, 77 — %ﬁx =0, nt+n2 =0, (3.61)
m = (ay + b2)¢ + By, 02 = (by — az)& + B, (3.62)
n'(ay +bz) +n*(by — az) — B, = 0. (3.63)

The solution of (3.60)-(3.62) gives

§ = a(z),
n' = %O/y — Ci(x)z + A(x),

1
n = 50/2 + Ci(x)y + Co(x),

1 1 1
B = Zo/’y2 +y(—Cl(z)z + A'(x)) — (§ay2 +byz)a + ZO//ZQ

1
+Chz + §aa22 + Cs(x). (3.64)
The replacement of ', n* and B in (3.63) reduces to the following system

1 1
4_10/" + Qa’oz +ad’ + A1b=0,

2ba +b'a — 2aA, =0,

Cy(x) + aCy(z) = bA(z),
1

— A

4a éaa—aa—Alb:(),
A"(z) — aA(x) = bCq(x),
Cl(z) = 0. (3.65)

The above system is the same as we obtained in the case of Noether symmetries, only B

is different in some cases. For the partial Noether operators the following cases arise.

Case 1: a, b are arbitrary.
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In this case the partial Noether operators and guage terms B are the same as we obtained

in the case of Noether symmetries.

Case 2: a = ag, b = by.

We consider the following subcases for Case 2.

Case 2.1: ag # 0, by # 0.
In Case 2.1 all the partial Noether operators and B are identical to the Noether symmetries

except B in first equation of system (3.42) is different in this case which is given below

1 1
B = —(§a0y2 + boyz) + §a0z2. (3.66)

Case 2.2: ag =0, by # 0.
The partial Noether operators and B for this case are also same as Noether symmetries.

The difference occurs in one guage term given as
B = —byyz. (3.67)

Case 2.3 ag # 0, by = 0.
This case is similar to the Noether symmetries in Section 3 except B in the first equation

of (3.46) is different which is given below

1
B = §a0(—y2 + 22). (3.68)

Case 2.4: a9 =0, by = 0.

The results for this case agree with those found in the case of Noether symmetries.

Case 3 a = ap, b # constant.

The following are the subcases of Case 3.

Case 3.1: ag # 0, b # constant.

All the operators and B in this case are similar to the case of Noether symmetries.
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Case 3.2: ag = 0, b # constant.
All the operators and B in this case are identical to the case of Noether symmetries. The

difference resides in one guage term which is given below
1
B = 5(@/2 + 22 Ay + y A (7) — byza + Cy(x)2. (3.69)

Case 4: a # constant, b = by.
In each of the subcases of Case 4 we get the same results as given for the Noether

symmetries.

Case 5. a = \b, A\ =constant.

We get the same operators as constructed in Noether symmetries.
The interpretation of the results of all cases are given below.

Noether symmetries:

Case 1: In this case we have four dimensional Lie algebra.

Case 2.1: The Lie algebra is five-dimensional.

Case 2.2: In this case we also obtain a five-dimensional Lie algebra.

Case 2.3 The Lie algebra for this case is five-dimensional too.

Case 2.4: The Lie algebra is eight-dimensional.

Case 3 and Case 4: In Case 3 and Case 4 we obtain four dimensional Lie algebras.

Case 5: We deduce four dimensional Lie algebra.

These are subalgebras of the Lie algebras for the corresponding cases considered in Wafo

and Mahomed (2000).

Partial Noether operators:

For partial Noether operators obtained herein we get the same results as for the Noether
symmetry generators. In fact, the algebras for both cases are isomorphic. The reason

for this is that §L/éy and 6L/0z are independent of derivatives. However, the Bs are
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different for both cases due to the Lagrangian being different for the respective approaches.

3.5 First integrals

If X in (1.4) is a Noether symmetry generator corresponding to a Lagrangian given in
(3.6), then I given by (1.20) is a first integral of the system of two linear second-order
ODEs (3.5) associated with X. The first integrals for each case are given below.

Case 1: a, b are arbitrary.

The first integrals for this case can be expressed in the general form as
I = yA'(z) + 2C5(x) —wy —vi2, i =1,..4, (3.70)
where A(z) and Cy(z) are given in (3.34).

Case 2: a = ag, b = by.

We consider the following subcases for Case 2.

Case 2.1: ag # 0, by # 0.

The first integrals for Case 2.1 are given below

1 1 1 1
I = 59/2 + 52’/2 + §a022 - 50092 — boyz,

I, = exp((a2 + b3>ix>%< 24 02)3 (y/ag + 0 + ao) + (a2 + 0R)3 2

Iy = exp(—(af + B}) ) [~ (0 + B)¥ (1 ab + 8 + o)
0
1 y’
—(ag +bg)iz — b—(\/ag + b2 + ag) — 7],
0
Iy = —bg(ag + 02) 7 sin (a2 + b2)iz(—/a2 + b2 + ag)
0
/
—2(a2 + b2)4 sin (a2 + b2) iz — [g— cos (a2 + BR)iz(—1\/ a2 + b2 + ao)
0
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+2 cos (ag + bg)ix],

go(aoerz)i 0s (a2 + b2)iz(—y/a2 + b2 + ap)

/ 1
2(a) + B7) cos (af +8) o — [ sin (a + B) P (—yfaf 4 05 + ao)

0

I5 =

+2 sin(a? + 02)ia].

Case 2.2: ag =0, by # 0.

For this case we get the following integrals

1 1
I = 5?/2 + 52/2 — boyz,

I, = exp(v/box)[yv/bo + V/boz — ¢ — 7.
Iy = exp(—/boz) [~y \/bo — V/boz — 3/ — 7,
I, = y\/b_osin \/%a: — z\/%sin \/%x + 9/ cos \/%a: — 2 cos \/%x,

Is = —y\/bo cos \/box + 2/by cos /box + 3 sin \/box — 2’ sin \/boz.

Case 2.3 ag # 0, by = 0.

First integrals for this case are given as

1 1 1 1
Il = —§a0y2 + 5@022 + §y/2 -+ 52/2,

Iy = yy/ag exp(y/aox) — y' exp(y/aox),

Iy = —y\/ag exp(—/aor) — y' exp(—+/aox),
I, = —z/ag sin(y/apx) — ' cos(v/apz),

Is = 2y/ag cos(y/apx) — 2’ sin(+/agz).

Case 2.4: ag =0, by = 0.
We find that

[1 = y/Z - yzla
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1 22
L=5(y" +2) + 5" +27) —alyy + 22,
x 1
Iy =S (y* +27%) — S (yy + 22)),
2 2
1
Iy = 5(?/2 +2%), =y —ay,
Ig=—y, [ =z—u, Iy =2 (3.74)

Case 3: a = ag, b #constant.

We consider the following subcases.

Case 3.1: ag # 0, b # constant.

In this case we can write the first integrals as in Case 1.

Case 3.2: ag = 0, b # constant.

First integrals for this case can be written in general form

1 1 1
I = §(y2 + 22) Ay + yA'(z) + 2Ch(z) + éy'Qa + 5,2’204 — byza

—uy — v, i =1,..4. (3.75)

Case 4: a #constant, b = by.

The first integrals for this case are similar to Case 3.

Now if X in (1.4) is a partial Noether operator corresponding to the partial Lagrangian as
given in (3.59) then [ in (1.20) is a first integral for the system of two linear second-order
ODEs (3.5) associated with X. The first integrals for partial Noether operators are the

same as for the Noether symmetries in each case.

3.6 Concluding remarks

We have studied Noether and partial Noether operators corresponding to a Lagrangian

and partial Lagrangian of a system of two variable coefficient second-order equations.
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This contributes to the algebraic study of systems which is growing as mentioned in the
Introduction. Also this study points to new ways of obtaining first integrals for a system.
A Lagrangian need not exist for a given system of ODEs. However, partial Lagrangians
may exist and are just as useful in finding the first integrals of the underlying system as
demonstrated here via linear equations. Thus if a Lagrangian does not exist even in the
simplest types of equations such as linear ones, we can still construct first integrals via
partial Noether operators corresponding to a partial Lagrangian of the system. We have
seen that the first integrals for the Noether and the partial Noether operators are the same
for the linear system of two equations with variable coefficients considered here. These
form a four five and eight dimensional subalgebras of the Lie algebra of point symmetries

of the linear system as obtained in Wafo Soh and Mahomed (2000).
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Chapter 4

First Integrals For a General Linear
System of Two Second-Order ODEs

Via a Partial Lagrangian

The partial Noether operators and first integrals of a general system of two linear
second-order ordinary differential equations (ODEs) with variable coefficients are studied
by means of a partial Lagrangian. The canonical form for the general system of two
second-order ordinary differential equations is invoked (see also Chapter 3) and all cases
of this system are discussed with respect to partial Noether operators. We also refer
to the results for the special case b(x) = c(z) of the system which was considered in
the previous chapter using a Lagrangian and a partial Lagrangian. The first integrals
are obtained explicitly by exploiting a Noether-like theorem with the help of partial
Noether operators (see Chapter 1). Physical applications to conservative and oscillators

mechanical systems are given.

4.1 Introduction

Systems of two second-order ODEs in general arise in relativity, classical mechanics, non-

linear oscillations, quantum and fluid mechanics etc. Some important works have been
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done relating to a system of two second-order ODEs. The Lie point symmetries of a
system of two second-order ODEs with constant coefficients were obtained by Gorringe
and Leach (1988). The variable coefficient case of this system was later done by Wafo
and Mahomed (2000). The point symmetry properties of a Lagrangian system with two
degrees of freedom were considered by Sen (1987). The symmetries of the Hamiltonian
system with two degrees of freedom were also studied by Damianou and Sophocleous
(1999). Damianou and Sophocleous obtained the Noether point symmetries for a three
degrees of freedom Lagrangian system and the results for one and two degrees of freedom
were also reviewed in their paper. A similar approach is adapted in this work for the clas-
sification of partial Noether operators. The difference is that they have considered the
nonlinear system whereas we are dealing with a general linear system of two second-order
ODEs with variable coefficients but using a different approach. In the previous chapter we
showed that the first integrals corresponding to Noether and partial Noether operators for
a linear system of two second-order ODEs with variable coefficients are the same (see also
Naeem and Mahomed 2008b). The difference arises in the guage terms only. The alge-
braic criteria for linearization via point transformations for a system of two second-order
ODEs was considered in Wafo and Mahomed (2001). The canonical forms for a system of
two second-order ODEs were attempted by Wafo and Mahomed (2001). Moreover Fels in
(1995), considered the equivalence problem for a system of two second-order ODEs. The
linearizability criteria for a system of two second-order quadratically semi-linear ODEs

using invertible transformations were investigated by Mahomed and Qadir (2007).

The objective of this chapter is to construct the partial Noether operators and first
integrals of a general linear system of two variable coefficient equations that in general do
not admit a standard Lagrangian. Since partial Lagrangians do exist for the equations
in the absence of a standard Lagrangian, we use an alternative way to construct the first
integrals. We find the partial Noether operators and then first integrals by utilizing the
partial Noether’s theorem of Chapter 1.

The outline of the work is as follows. Section 4.2 is related to partial Noether operators of

a general linear system of two second-order ODEs that in general has no Lagrangian. The
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first integrals corresponding to partial Noether operators are given in Section 4.3. Herein,
even in the cases for which the linear system does not have a Lagrangian we obtain first

integrals.

4.2 Partial Noether operators

In this section, we derive the partial Noether operators for a general linear system of two
second-order ODEs (3.4) for which a standard Lagrangian does not exists. Several cases

for arbitrary functions a(x), b(z) and ¢(x) are discussed in detail.

Now, the operator X given in (1.4) is a partial Noether operator corresponding to a partial

Lagrangian
1 1
L == /2 =2 4.1
59"+ 57 (4.1)

with 6L /oy = —(a(x)y + b(x)z) and 0L/dz = a(x)z — c(x)y of (3.4) if it satisfies (1.19)
which splits as

& =0, & =0, (4.2)
1 1 2 1 1 2

Ty = 5& =0, 1z = 5& =0, .+, =0, (4.3)

1, = (ay +b2)€ + By, (4.4

s = (cy — az)é + B, (4.5
n'(ay + bz) + n*(cy — az) — B, = 0. (4.6)

From equations (4.2) and (4.3), we conclude that

5 = Oé(l“), (47)
n' = %o/y — Ci(z)z + A(z), (4.8)
P = 50’z + Ci(aly + Cal). (49)

The replacement of &, n' and n* from equations (4.7)-(4.9) into equations in (4.4) and
(4.5) gives

Ci(r) = 5(c ~ ba, (4.10)
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1 1
B = 2"y’ = Ci(o)yz + yA'(x) — (Gay’ + byz)a + S(x, 2), (4.11)

where
1 "2 ! 1 2
S(z,z) = il + Cy(z)z + Jara + Cs(x). (4.12)

Equation (4.6) with the help of (4.7 - 4.9) and (4.11 - 4.12) reduces to

1 1
(50/?/ — Ci(z)z + A(x))(ay + bz) + (50/2 + Ci(z)y + Cao())(cy — az)
O/H 2 2 " " " ! Z2 / /
—T(y +2%) + CY(2)yz — CY (2)z — yA"(z) — Cy(x) — E(CL a+ ad’)
CL/ 2 / a 2 /
+(§y +b'yz)a + (éy +byz)a’ = 0. (4.13)

The insertion of C(x) from equation (4.10) into equation (4.13) and then separation with

respect to powers of y and z yields the following system

1 1 1

Z_LO/H + ad + §a’a + 51)/ (c —b)adz +bA;, =0, (4.14)
1 / / 1 / /

§ba+ba +§ca+ca —a [ (¢c—bladr —2aA; =0, (4.15)
Cy(x) + aCy(z) = bA(x), (4.16)
1 1 1

ZLO/N —aa — §a'oz — 56/ (¢ = b)adr — cA; =0, (4.17)
A"(z) — aA(x) = cCq(x), (4.18)

where A; is a constant.

From equation (4.19), we find that
Cs(z) = co. (4.20)

In order to solve the system (4.14 - 4.18) and (4.10), the following cases need to be

considered.
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Case 1.1: b+c # 0.

In this case we easily find that
a(x) =0, Ci(x) =0,

A(z) = aquy (x) + agus(x) + azus(x) + aguq (),

Co(x) = v () + agva(x) + azvs(T) + agvy(x). (4.21)

The operators for this case can be written in the general form as

0 0
Xi: A i .:17"‘a4a
U oy + v B 7

where (u;,v;) are linearly independent solutions of the adjoint of the system (3.4) and

B = yA'(z) + 2C5(x).

Case 1.2: b+c=0.

The subcases of Case 1.2 are:

Case 1.2.1: a # 0.

In this case we get the similar results as in Case 1.1.
Case 1.2.2: a = 0.

For this case we express the solution of the system (4.14)-(4.18) and (4.10) in the general

form as

4
a(x) = Z Biw; (), [; constants
i=1

1 4
Cofa) = = el (@),
=1

8
Ax) = Z a;u; (), a; constants
i=5
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Cy(z) = Z a;vi(z).

The operators and the guage terms are

a / Z n a z / y n a -

) g .
Xj = Uja—y + Uj$7 ] = 5, ...,8,

where w; represent the independent solutions of the resulting system of (4.14), (4.15) and

(4.17) which are solutions of the linear system
/

; C
Oé(w) —a"= 020z — 0’
C

o 1 "
B 4ca
and (u;,v;) are the independent solutions of the adjoint of the system (3.4) with

Cl (iL‘)

_ 1 2 2\ .1 / / ay2 aZ2 !
B = Z(y + 29" + y(—2C(z) + A'(x)) — (7 - + byz)a + 2C5(x).

Case 1.3: a = x + s, s constant.

For this case we obtain similar results as in Case 1.1.

Case 2: a = ag, b = by, ¢ = g, ag, by and ¢y are constants.

Equations (4.14 - 4.18) become

1 1
Z_LO/// + CLOO/ + 5[)0 / (CO — bo)adl’ + boAl - 07

boa + coc — ag / (co — bo)adzr — 2apA; = 0,
Cg(ﬂ?) -+ ang(x) = boA(I),
1

1
Z_lam — apad — 500 / (CO — bo)adx —cyA; =0,

A"(x) — agA(x) = ¢oCao(x). (4.22)
After some simple calculations, the following subcases arise.
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Case 2.1: ag # 0, by # 0 and ¢ # 0.
Whence the following subcases of Case 2.1 should be looked at.

Case 2.1.1: by — ¢y # 0.
The straightforward but lengthy calculations lead to

1"

a  — (bg—co)*a =0,

coa + by + (b — co)a = 0,

coc + by + (b — co)a = 0,

Cy(x) + agCs(z) = byA(x),

A'(z) — agA(x) = coCy(z). (4.23)
The solution of system (4.23) gives rise to

a(z) =0, Ci(x) =0,

Colz) = Asexp((a? + boco)iz) + As exp(—(al + boco) i)

+Ay cos((ag + boco)ix) + As sin((ag + boco)i:v),

1 1
Az) = b—O[Ag(\/ag + boco + ag) exp((ag + boco) 1)

+As(y/ a2 + boco + ag) exp(—(a2 + b()C())%JT)

+A4(—1/ a2 + boco + ag) cos((ag + boco) i)

+As(—1/ a2 + boco + ao) sin((a2 + boco) ). (4.24)

The partial Noether operators and B in each case are constructed by choice of constant

equal to one and the remaining constants equal to zero.

]_ 1 a 1 a
X1 = —(1/a2 + boco + ag) exp((ag + boco)ix)— + exp((ag + boco)ix) —,
bg 8y 375

B = b—img + boco) T (1/ a2 + boco + ao) exp((a? + boco) i)
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+z(a(2) + boco)i exp((ag + boco)ix),

1 .0 10
Xy = b —(1/ a3 + boco + ag) exp(— (ag + bgco)1$)a—y + exp(—(a% + boco)ix)a,

B = ;y (ao + bgco)i (\/ad + boco + ap) exp(—(a% + bgco)ix)
0

—z(ao + boco)i exp(—(ag + boco)ix),

1 0 0
X3 = —(—y/a + boco + ag) cos (ao + boco)i — 4+ cos (ao + boco)% T—,
bo dy 0z

B = ;y(ao + boCo)i(—\/CLO + boco + ap) sin (a + boco)i
0

—2(ag + boCo)i sin (ag + boco)ix,
1 9 5
Xa= 1=(=y/ag +boco + ao) sin (a2 + boco) 1 55+ sin (a2 + boco) iz T
0

B = by (ao + boco)i(—\/ao + boco + ag) cos (ao + boco)i
0

+2z(ag + Doco) 7 Cos (ag + boco) i . (4.25)

Case 2.1.2: by — co = 0.

For this case, the results are given in the previous Chapter 3.

Case 2.2: a9 =0, by # 0, ¢y # 0.

The subcases of Case 2.2 are:

Case 2.2.1: by — ¢y # 0.
We find that

a(z) =0, Ci(z) =0, Co(z) = Agexp((boco)iz) + Az exp(—(boco) i)

+Ag cos (boco)ix + Ag sin (boco)ix
Az) = /2 ; [Ag exp((boco)iz) + A7 exp(—(boco)iz) — Ag cos (boco)iz
0

— Ag sin (boco) ] (4.26)
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The operators are

N, N,
X, =, /% exp((boco)m)a—y + eXp((boCO)”)&,
b= b_yo(bOCO)i exp((boco) 1) + 2(boco) T exp((boco) 1),
C 1 1,0
Xo = /5= exp(—(boco) 17) 5~ + exp(—(boco) Tw) -,
bo 0z
b= _b%(boCo)‘31 eXp(—(boco)iﬁ) - Z(bOCO)i eXP(_(bOCO)ix)ﬂ
X = =/ 2 cos((Boco) ) 2+ cos((bocy) )
3= Bo 0c0)" %) 5 00 gy
B = L boco) sin (boco) 2 — =(boco) sim (boco)
0
co . 1,0 . 1,0
X4 =— b—Zsm((boco)m)a—y + sm((boco)“w)%,
B = _bg(boco)% CcOos (bOCO)%fL‘ + z(boco)% Cos (boCo)iZL’. (427)
0

Case 2.2.2: by — cog = 0.

In this case, the results are also given in Chapter 3.

Case 2.3: lf ag # 0, by = 0, ¢y # 0, the system (4.14 - 4.18) becomes
a” — cg/adx =0,

cod — apco / adr = 0,
Cy(x) + agCs(z) = 0,

A"(x) — agA(x) = ¢Ch(x). (4.28)

The routine calculations show that
a(x) =0, Ci(x) =0, Cy(x) = A cos/agr + Ajq sin/agz,
¢ & .
A(z) = A exp(y/agzr)+Ass exp(—\/%x)—ﬁfllo cos(\/%a:)—ﬁfln sin(y/aoz). (4.29)
0 0
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The operators for this case are given below

X =—— cos(\/_a:)— + cos(\/_x)

2&0

ysin(y/apr) — z4/agsin(y/apx),

2\/_
Xy =—— sm(\/_a:)— + sm(\/_x)
B = y cos(v/aox) + zv/ag cos(y/apz),

o
X3 = exp(\/%x)ﬁ, B = y\/ag exp(\/apr),

Xy = exp(— \/_-r) B = —y\/ag exp(—/age).

Case 2.4: ag # 0, by # 0, ¢y = 0.
For this case, the system (4.14 - 4.18) reduces to

'"—bg/admzo,

boa!' + aghy / adr =0,
Cg(ﬂ?) + aocg(.’lf) = b0A<$),
A"(z) — agA(z) = 0.

The simple but lengthy manipulations result in

a(x) =0, Ci(x) =0,

. b
Cy(x) = Ayg cos(v/apr) + Ajzsin(y/aox) + iAM exp(y/aox)
0

+b—A15exp< Vagr),
A(x) = Agexp(yVaor) + Ais exp(—v/apx).

The partial Noether operators are

X, = exp(\/_:c) + b— eXp(\/_:c)
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B = y\/agexp(y/apz) + 2

anexpw@—m,
Xo = exp(— \/_:L*)——l—Qb—e p(— \/_a:)

= —yy/apexp(—v/apz) — 2

bo
exp(—+v/ao),
N
X3 = cos \/%xaﬁ, B = —z\/ag sin(y/apx),
2
X, =sin \/a_ox%, B = z \/ag cos(\/apx). (4.33)

Note that if ag is negative in Cases 2.3 - 2.4, then one has trigonometric hyperbolic

functions.

Case 2.5: a9 =0, by =0, ¢g = 0.

For this case the results were derived in Chapter 3.

Case 3: a = ag, b = by, ¢ # constant.

Equations (4.14 - 4.18) and (4.10) yield

4110/” + apa’ + %bo / (¢ — bg)adx + bgA; = 0, (4.34)
boo! + %c’oz +ca — ag / (¢ — bo)adr — 2agA; = 0, (4.35)
Cy () + agCs(z) = boA(x), (4.36)
4110/” e %c/ (¢ —bo)adr — cA; =0, (4.37)
A"(x) — agA(x) = cCq(x), (4.38)
Cl(z) = %(c — by)a. (4.39)

The following subcases arise.

Case 3.1: ag # 0, by # 0, ¢ # constant.
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Subtracting equation (4.34) from equation (4.37) and then using equation (4.39), we arrive

at

—2ap0’

b 0. 4.40
b(]—i-C, O+C7é ( )

Cl (i[)) =

The substitution of C(z) from above equation into equation (4.35) and then the solution

of resulting equation yields
a(z) = Ag( 4 4a2 + 2boe + B2) V4. (4.41)

Equations (4.34 - 4.37) with the replacement of C(z) and «(z) from equations (4.40) and
(4.41) give

a(x) =0, Ci(x) = 0.
The solution of equations (4.36) and (4.38) can be expressed as
A(x) = aquq (z) + agug(x) + asus(x) + agug(x),

Cy(x) = v () + agua(x) + asgvs(z) + ayvy(x), (4.42)

where (u;, v;) are linearly independent solution of the adjoint of the system (3.4).

The operators and guage terms for this case are the same as we obtained in Case 1.1.

Case 3.2: a9 =0, by # 0, ¢ # constant.
The system (4.14)-(4.18) reduces to

CE/” -+ 2b0 / (C — bo)adﬂf + 4b0A1 = 0,

2bg’ + o + 2ca’ = 0,

03 (x) = boA(x),

" — 20/ (¢ —bo)adr — 4cA; =0,

A"(x) = cCy(x). (4.43)

In this case we get the same operators as given in Case 1.1.
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Case 3.3 ag # 0, by = 0, ¢ # constant.
In this case the system (4.14 - 4.18) is

"

o + daga’ = 0,

da+ 2ca’ — 2ay / cadxr — 4agA, = 0,

Cy () + apCs(z) = 0,

o — 4aga — 2c/cada: —4cA; =0,

A'(z) — apA(x) = cCy(x). (4.44)
From above system, we find that

a(x) =0, Ci(x) =0,

A(z) = arexp(y/aox) + asexp(—+/aox) + asui(x) + agus(z),
Co(x) = a5 cos \J/apr + ag siny/apx. (4.45)

Straightforward calculations reveal that the guage term B with the help of above values

18

B = yA'(z) + 2C5(x). (4.46)

The operators are

X, = ul(x)2 + cos G0I§7 B = yu}(z) — z\/ag sin \/ao,
2

dy
0 , 0 ,
X, = ug(a:)a— + sin ar -, B = yuiy(x) + z+/ag cos \/apz,
Y 2

0
X3 = exp( aox)a—y, B = y+/ag exp(y/apx),

9,
Xy = exp(— aom)a—y, B = —y+/ag exp(—/aox), (4.47)

where u;, ¢ = 1,2, are linearly independent solutions of the system (4.18). If ap < 0 in

Case 3.3, then one gets exponential functions of (4.16).
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Case 3.4: ag =0, by = 0, ¢ # constant.

In this case, we have
o =0, da+2ca =0,
Ci(x) =0, A"(x) = cCy(x),

c/c&dm +cA; =0.

We deduce from the system (4.48) that
a(z) =0, Cy(z) =0,
A(l’) = a1 + o127 + QgUq (l’) + O[loug(x),

CQ(JI) = (g + Q10.

In this case the guage term becomes
B = yA'(x) + 2C5(x).

Routine calculations yield the following operators

o 0

Xlzul(x>a_y+&7 B:yull(‘r)v
o 0 ,
Xy = Uz(I)a—y tro B = yuy(z) + =,
0 0
3 8y7 Oa 4 x@y? Y,

where wu;, ¢ = 1,2, represent linearly independent solutions of (4.18) given by

w= [ [ewisds, w= [ [acta)dod.

Case 4: a = ag, b # constant, ¢ = ¢g.

The replacement of a, b and ¢ in equations (4.14 - 4.18) and (4.10) yields

1 1
Z_10/// + CZoO/ + 5b/‘ (CO — b)adx +bA; = 0,

1
Eb’a +ba + cpa — ag / (co — b)adz — 2agA; = 0,
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Cy(x) + agCs(z) = bA(z), (4.54)

}10/// — aoOé/ — %Co / (Co — b)Oédl’ — C(]Al = 0, (455)

A'(z) — agA(z) = coCs(x), (4.56)
1

Ci(x) = 5(00 —b)a. (4.57)

At this point the following subcases arise.

Case 4.1: ag # 0, b # constant, ¢y # 0.

In this case we get the similar operators as given in Case 1.1.

Case 4.2: ag =0, b # constant, ¢y # 0.
One may easily deduce that the system (4.52 - 4.57) with the replacement of above values

takes the following form

1 1
4_1&/” + éb/ (CO — b)Oédﬂ? + bAl = 0,

1
éb'a +ba/ + cpa =0,

Cy(x) = bA(z),

1 n 1
19 — 3% / (co — b)adx — cgA; = 0,
A'(z) = cCa(x),
1
Ci(z) = 5(00 —b)a. (4.58)

For this case we also obtain the same operators as given in Case 1.1.
Case 4.3 If ag # 0, b # constant, ¢y = 0, then system (4.52 - 4.57) becomes

1 1
ZO/” + aga — §b/bad:c +bA; =0,

1
§b’a + b’ + ag / badx — 2a9A; = 0,
Cy(x) + agCs(z) = bA(x),
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—o/”—aoo/ =0,

4
A"(z) — agA(x) =0,
Cl(z) = —%ba. (4.59)

The solution of the system (4.59) straightforwardly yields
alz) =0, Ci(x) =0
A(z) = ajzexp(vaor) + agg exp(—+/apx),

Co(x) = a5 cos y/apx + aygsiny/agx + a13v1 () + a1409(2),
B = yA'(z) + 2C4(x), (4.60)

v; are the particular solutions of (4.16). If ay < 0, then one obtains trigonometric solutions

of (4.18) and exponential solutions of (4.16).

For this case the operators are

X = expl(v/aaz) - + (e} 3, B = y/amexp(vae) + 2} (z).

X = expl(— e+ va(a) - B = —yy/amexp(— ) + (o)

X5 = Cos(\/a_ox)g, B = —z\/agsin/apz,
Xy = sin(\/a_ox)%, B = z\/ag cos \/apx. (4.61)

Case 4.4: ag =0, b # constant, ¢y = 0.

In this case

%b/badm —bA, =0,

1
§b’a +ba' =0, CJ(x)=>bA(x),
1 n 0 A/l( _ 0
Za =0, x) =0,
, 1
Ci(x) = —§boz. (4.62)
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System (4.62) returns
a(z) =0, Ci(z) =0,

A(I) = 17 -+ 18,
Co(x) = ang + anox + aq7vi(x) + angva(x),

v; are the particular solutions of (4.16).

The operators for this case can be expressed as

0 0 ,
X1 = oy +U1($)Ea B = zvy(),
0 0 ,
X, = xa—y + vg(x)a, B =y + zv)(x),
0 0
X3—£,B—O,X4—[E£,B—Z,

Case 5. a # constant, b = by, ¢ = ¢y, by and ¢y are constants.

Equations (4.14 - 4.18) and (4.10) with the help of Case 5 reduce to

1 1 1
o’ +ad + Zd o+ 5bo / (CO - bo)Oédﬂf +boA; =0,

4 2

boa + coo! — a/ (co — bp)adx — 2aA; =0,

Cy(x) + aCy(x) = byA(x),

1 1 1
o™ —add — Zd'o — —Cp / (CO — bo)adx — oA =0,

4 2 2
A"(z) — aA(x) = ¢gCs(x),
Ci(z) = %(CO — by)a.

At this point the following subcases are considered.

Case 5.1: a # constant, by # 0, ¢y # 0.

The subcases of Case 5.1 are:
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Case 5.1.1: by + co # 0.
Case 5.1.2: by + ¢y = 0.

For Cases 5.1.1 and 5.1.2, we get the same operators as given in Case 1.1.

Case 5.2: a # constant, by = 0, ¢y # 0.
In this case the system (4.65 - 4.70) results in

1 1
—a" + aol + —aloz,

4 2
cod —a / coadr — 2aA; = 0,

Cy(z) + aCy(x) =0,

1 1 1
Z_lal// —aol — Ea,a — §cg/adl‘ — COAl = 0>
A'(z) — aA(x) = ¢oCa(x),
, 1
C’1<x> = 5000(.

Case 5.3 a # constant, by # 0, ¢y = 0.
Using the values of a, by and ¢ in the system (4.65 - 4.70), we obtain

1 1 1
_a///+aal+_a/a__

1 5 Zbg/adx + boAl = 0,

by’ + aby / adr — 2aA; =0,

CY(z) + aCy(z) = by A(x),

1 1

Z_10/// — a0 — 5@/()[7

A"(x) —aA(z) =0,
, 1

Cl<£L') = _EbOOé-
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Case 5.4: a # constant, by =0, ¢y = 0.
For this case, we have

1 1
4_10/" +ad’ + éa’a =0,

—2CLA1 = O,

Cy(x) + aCy(z) = 0,
1 1,

_a//l_aa/__a

4 2
A"(z) —aA(x) =0,

a =0,

Cl(x) = 0. (4.73)

For Cases 5.2 - 5.4, we also obtain the similar operators as given in Case 1.1.

Case 6: If a, b and c¢ are relating to each other and a # 0, b # 0, ¢ # 0.

The following subcases need to be considered.

Case 6.1: a = M\b, b= A, A\, Ay are constants.

Case 6.2: a = \b, c is arbitrary, A =constant.

Case 6.3: a = X¢, b is arbitrary, A\ =constant.

Case 6.4: b= \c, a is arbitrary, A =constant.

For Cases 6.1-6.4 we obtain similar results as in Case 1.1.

The interpretation of the results of all the cases above are as follows:

Partial Noether operators:

Case 1.1: We find a four dimensional Lie algebra in this case.

Case 1.2.1: We have a four dimensional algebra.
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Case 1.2.2: We deduce an eight dimensional algebra which is distinct from the algebra of
Case 2.5.

Case 1.3: The Lie algebra for this case is four dimensional.

Case 2.1.1: The Lie algebra is four dimensional.

Case 2.1.2: In this case we get a five dimensional Lie algebra.

Case 2.2.1: For this case the Lie algebra is four dimensional.

Case 2.2.2: We have a five dimensional Lie algebra.

Case 2.3 and Case 2.4: In Case 2.3 and Case 2.4, we obtain a four dimensional Lie
algebra.

Case 2.5: The Lie algebra is eight dimensional.

Case 3.1, Case 3.2, Case 3.2 and Case 3.4: The Lie algebra for each of the Cases 3.1-3.4
is four dimensional too.

Case 4.1, Case 4.2, Case 4.2 and Case 4.4: We also obtain a four dimensional Lie algebra
in Cases 4.1-4.4.

Case 5: In all the subcases of Case 5, we get a four dimensional Lie algebra.

Case 6.1, Case 6.2, Case 6.3 and Case 6.4: The Lie algebra for each of the Cases 6.1-6.4

is four dimensional.

These form subalgebras of the Lie algebras of the linear system studied in Wafo and
Mahomed (2000). Since §L/éy = —(a(z)y + b(x)z) and 0L/dz = a(x)z — ¢(x)y, which
means these are independent of derivatives, the partial Noether operators are symmetry
generators (see Chapter 1 and Kara, Mahomed, Naeem and Wafo Soh 2007) of the
Euler-Lagrange equations. Note that in general if the partial Euler-Lagrange equations
are free of derivatives then the partial Noether operators become symmetry generators

of the equations and the Lie algebras for both are isomorphic.

As the system under consideration does not in general have a standard Lagrangian, the
partial Lagrangian approach is very useful in constructing first integrals for such equations.
Partial Lagrangians do exist for equations in the absence of standard Lagrangians.

In the next section we derive the first integrals for each of the Cases 1-7.
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4.3 First integrals

In this section, we construct the first integrals of system (3.4) corresponding to the

partial Noether operators obtained in Section 4.2. All the cases are discussed explicitly.

Now, if the operator X in (1.4) is a partial Noether operator corresponding to a partial
Lagrangian L given in (4.1) of the general linear system of two second-order ODEs (3.4),
then the first integrals can be found from the formula (1.20).

The first integrals for each case are given below.

Case 1: a, b, c are arbitrary.

At this point following case should be investigated.

Case 1.1: b+ ¢ # 0.

In this case the first integrals can be written in the general form as
I = yA'(z) + 2C5(x) —wy — vz, i =1,..4,

where A(z) and Cy(x) are given in equation (4.21).

Case 1.2: b+c=0.

The subcases of Case 1.2 are

Case 1.2.1: a # 0.

For this case we obtain the similar results as in Case 1.1.

Case 1.2.2: a = 0.

The first integrals for this case can be expressed in the general form as

1 2 2\, I 2 Z " ay2 aZZ 1 2 2

1 1
~l =i+ syl = L,
C
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I; = yu; T zv} —uy —v;2, j=5,..8.

Case 2: a = ag, b= by, ¢ = cy.

The following subcases should be considered for Case 2.

Case 2.1: ag # 0, by # 0, ¢o # 0.

At this point we consider the following subcases of Case 2.1:

Case 2.1.1: by — co # 0.
We find that

h:wm«%+%%ﬁ@%ﬂ%+wmﬂdﬁ+%%+mﬁ+4%+%%

0

/
_by_o(‘/ 3—}— bOCO + ao) — Z/],

Iy = —exp(—(af + boco) F) - (@ + boco) ¥ (/a3 + boco + a0) + 2(af + boco)

0
y/
+b_(‘/ 2+ boco + ag) + 2],
0

I3 = id (ag + boco)i(—\/ag + boco+ap) sin (a3 + bgco)ix—z(ag + boco)% sin (a2 + boco)ix

o
b
) (—1/ a2 + boco+ag) cos (a2 + boco) i x+2(a2 + boco) cos (a2 + boco) i
/

/
_[y (—1/ a2 + boco + ag) cos (ai + boco) iz + 2 cos (ag + boco) 1],
[4 = 2(&3 + boCo)
0
—[g—(—\ Ja2 + boco + ag) sin (a2 + boco)iz + 2 sin (a2 + boco) 1]
0

PN

=

=

Case 2.1.2: by — cy = 0.
The first integrals for Case 2.1.2 are given in Chapter 3.

Case 2.2: a9 =0, by # 0, co # 0.

The following subcases arise.
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Case 2.2.1: by — ¢y # 0.

Simple calculations yield the following integrals

1 3 1 e /
1 = exp((boco) ) [ (boco)E + 2(boco) — o/ 37 = 21

I = — exp( (bo(;o)ix)[%(boco)i + 2(boco) + o/ z—z +7),
I3 = i}(boco)?1 si n(boco)%x — z(boco)% sm(bocg)ix

+y \/biocos(bocg)ix —z cos(boco)ix,

I, = —;J—O(boco)Z COS(b()C())i.T + z(boco)i COS(b()Co)i.T

@\
%
() o

wn
o
]
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o

(@)
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Case 2.2.2: by — cog = 0.

For this case, the results are also given in Chapter 3.
Case 2.3 ag # 0, by =0, ¢o # 0.
We find that

I = ysm\/_x—z\/_sm\/_x—l——y cos y/apr — 2’ cos \/apx,

N

I =— 2\/_ycos\/_x—|—z\/_cos\/_x+—ysm\/_x—zsm\/_a:
Is = yv/ao exp(v/aor) — y' exp(y/aoz),

I = —yy/a@ exp(—/agr) — o exp(—/agw).

Case 2.4: ag # 0, by #0, cg = 0.
The first integrals are

I = exp(y/aoz)|

I, = — exp(—+/aox)[y/ao + Nk +y' + =7,



I3 = —zy/ag sin y/agx — 2’ cos \/apx,
Iy = 2z /ag cos \Jagx — 2’ sin \/ag.

Note that if ap is negative in Cases 2.3 - 2.4, then one replaces ”sin” and "cos” by

trigonometric hyperbolic functions.

Case 2.5: ag =0, bg =0, ¢y =0.
We have reported the results for this case in Chapter 3.

Case 3: a = ag, b = by, ¢ # constant.

The following cases arise.

Case 3.1: ag # 0, by # 0, ¢ # constant.

The results of this case agree with those given in Case 1.1.

Case 3.2: a9 =0, by # 0, ¢ # constant.

The first integrals in this case are similar to Case 1.1.

Case 3.3 ag # 0, by = 0, ¢ # constant.
We find the following integrals

I = yuy(z) — y'ui(z) — 2y/ag sin J/agx — 2’ cos \/apx,
Iy = yuy(z) — y'ua(x) + 2+/ag cos \/agr — 2’ sin y/agx,
I3 = y\/ag exp(v/aox) — ' exp(y/aoz),

Iy = —y/ag exp(—+/apx) — y' exp(—+/aox).

Case 3.4: ag =0, by =0, ¢ # constant.
We find that

Iy = yui(z) — y'ua(z) — 2,
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I = yub(z) — y'us(z) + 2 — 2/,

Is = _yla Iy =y — xy'.

Case 4: a = ag, b # constant, ¢ = ¢g.

The following subcases of Case 4 are considered.

Case 4.1: ag # 0, b # constant, ¢y # 0.
Case 4.2: ag = 0, b # constant, ¢y # 0.

For Cases 4.1 and 4.2, the results are similar as in Case 1.1.

Case 4.3 ag # 0, b # constant, ¢y = 0.

The simple calculations yield
I = yy/ag exp(yaox) — ¢ exp(yaor) + zvi(z) — 2'vi (),

Iy = —yy/ag exp(—+/aox) — y' exp(—+/aox) + zvy(z) — 2'va(x),
I3 = —z /ag sin \/agx — 2’ cos \/apx,
Iy = 2z /ag cos \J/agx — 2’ sin \/agz.

Case 4.4: ag =0, b # constant, ¢y = 0.
For this case the first integrals are
I = zvi(x) — 2'v(x) — o,

I = zvi(x) — 2'va(x) +y — 29/,

Iy=—7% I3 =2—22.

Case 5. a # constant, b = by, ¢ = ¢y, by and ¢y are constants.
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The following subcases arise.

Case 5.1: a # constant, by # 0, ¢y # 0.
The subcases of Case 5.1:

Case 5.1.1: by + ¢y # 0.
Case 5.1.2: bg+ co = 0.

For Cases 5.1.1 and 5.1.2, we get the same first integrals as given in Case 1.1.

Case 5.2: a # constant, by = 0, ¢y # 0.
Case 5.3 a # constant, by # 0, ¢y = 0.
Case 5.4: a # constant, by = 0, ¢y = 0.

For Cases (5.2 - 5.4), we also obtain the similar first integrals as given in Case 1.1.

Case 6: If a, b and c are relating to each other and a # 0, b # 0, ¢ # 0.

At this point the following subcases arise.

Case 6.1: a = \b, b= Ayc, A1, A9 are constants.
Case 6.2: a = \b, c is arbitrary.
Case 6.3: a = Xc¢, b is arbitrary, A =constant.

Case 6.4: b= )¢, a is arbitrary, A\ =constant.

For Cases 6.1-6.4 we get the same integrals as in Case 1.1.

Applications to physical systems

We consider some examples of physical systems of two linear nonhomogeneous second-
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order ODEs including ones that do not admit standard Lagrangians. We utilise transfor-
mations that reduce systems of two linear second-order ODEs into canonical form (3.3).
Then any system of two linear second-order ODEs can be mapped to the linear system

(3.4) (see Wafo and Mahomed 2000).

We employ the linear change of variables (Wafo and Mahomed 2001)

y=Mz+y", M=[mx), (4.74)

T

where y* = (y,2)" is a particular solution of (3.1) and m; = (my;)", i,j = 1,2 are

two linearly independent solutions of 2y’ — Ay = 0. Under (4.74) the system (3.1) is
transformed to the canonical form (3.3) in which B = M~Y(AM'+ BM — M").

1. In the first example we consider the conservative system with two degrees of freedom

(see Vujanovic 1981)
y" =3y — 2z,

2= —y+2z. (4.75)
It can be easily seen that the system (4.75) is in canonical form (3.3).

Applying the change of variables (see Wafo and Mahomed 2000)

7= v/o(), 2= /ola), 7= [ o s (4.76)
where ¢ satisfies
o — g¢ o, (4.77)

which results in

) 5
¢ = c1exp (\/;x) + coexp (—\/;x), ¢; = constants, (4.78)

we find that the system (4.75) becomes

4
y' = %y — 29"z,
4
= ¢ty — %z (4.79)
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Note that the system (4.79) belongs to the Case 6.1 and we construct four first integrals
as listed in the Table. In Vujanovic (1981) three first integrals were reported.

2. The time-dependent oscillator system (note that z is taken as the time here)
y' +wiz)y =0,

2"+ wi(z)z =0, (4.80)

where w; (z) and wy(x) are the frequencies, is investigated. We are interested in finding the
canonical form of system (4.80). Simple inspection shows that system (4.80) associated
with equation (3.1) is already in canonical form (3.3). The system (4.80) will be reduced

to the following form under the change of variables as in (4.76)

y' = —v(x)y,

2 = v(r)z, (4.81)
where

/(2) = (W) — () (1.52)

in which ¢ is the solution of the one dimensional time-dependent oscillator

2 2
" w1 + Wy

o'+ 2o =0. (4.83)

At this point we consider the following assumptions.

2.1. If w; = wy (resonant case), then system (4.81) transforms to
=0,

=0, (4.84)

which corresponds to the Case 2.5 and we have computed eight first integrals for this

cases given in the Table.
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2.2. If wy # wy (non-resonant case) then system (4.81) falls into Case 5.4 which results

in four integrals as mentioned in the Table.

3. A linearly damped vibrating system with two degrees of freedom can be governed by

the equations of motion (Vujanovic 1986)

1 2 / !
Yy = —wy—any —apc,

2= -2 — any — an?, (4.85)
in which w?, Q2 and a;; are constant parameters.

Perform the linear change of variables (4.74) and for sake of simplicity we choose a;; =

—4, a0 = —6, as1 = —4, age = —2. Simple manipulations show that

v [ &P (—x) 3exp(4x)

—exp (—x) 2exp (4x)

is the solution of 2y’ — Ay = 0 and the system (4.85) takes the form given in (3.3). One

can easily check that

B 202 - 202 +1 $(w?+ Q%) exp (5z)
w4+ Q) exp(—bz)  2w?— 202+ 16

The resulting system can also be expressed as

y" = ay +b(2)z,

2" =c(x)y + dz, (4.86)
where
2
a=-w— §Q2 +1, b(z) = 9(u)2 + Q%) exp (5z),
) 5 5
L2, o2 3 2 242
c(z) = g(w + Q%) exp (—bz), d= s EQ + 16. (4.87)

The system (4.86) reduces to the following by use of the transformations (4.76)

Y

y'=a(@)y+4()

Y
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2" =~(Z)y — a(T)Z, (4.88)

exp(2V/7x) B d*a — d) o Y
7 0T T g P=be) v=9ela). (4.89)

In (4.89) ¢ satisfies

T =

a+d
2

¢” ¢ = 0. (4.90)

If we choose w = 1, Q = 2, then from (4.90) ¢ = c3exp (V/7z) + csexp (—v/7x) or we can
select ¢ = exp (—/7x) for c3 = 0 and ¢4 = 1. The equation (4.89) finally results in

5-4/7 —(5+4V7)
M= [2\/_93] S (4.91)

a=-8 [2\/7:7;] 7= [N?:z}

The system (4.86) in comparison with Case 1.1 gives four first integrals. In Vujanovic

(1986), the case w = € was considered but only two integrals were reported.

4.4 Conclusion

The first integrals for the general linear system of two second-order ODEs with variable
coefficients are derived by using the partial Lagrangian approach. In general the under-
lying system of two equations does not have a Lagrangian which can be verified from
Douglas (1941). In this chapter we have provided the complete classification of partial
Noether operators of the general linear system of two second-order ODEs and all the
first integrals are constructed with the help of partial Noether operators via a partial
Lagrangian. The results for the special case b(z) = ¢(x) of this system was considered in
Chapter 3. The main system is self adjoint in this special case and a Lagrangian exists.
This was also reviewed. These equations model important physical phenomena in dynam-
ics such as oscillator and are thus important. These form four, five and eight-dimensional
subalgebras of the Lie algebras of the linear system of two second-order ODEs studied in
Wafo and Mahomed (2000). This study provides a new way to construct first integrals
for equations for which we do not have Lagrangians as partial Lagrangians do exist for

such equations in the absence of standard Lagrangians.
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Chapter 5

Partial Noether Operators and First
Integrals for a System with Two

Degrees of Freedom

We construct all partial Noether operators corresponding to a partial Lagrangian for a
system with two degrees of freedom. Then all the first integrals are obtained explicitly
by utilizing the Noether-like theorem with the help of the partial Noether operators (see
Chapter 1). We show how the first integrals can be constructed for the system without
the need of a variational principle although the Lagrangian L = y2/2 + 22/2 — v(y, 2)
does exist for the system. Our objective is twofold: one is to see the effectiveness of the
partial Noether approach for a nonlinear system and the other to determine all the first
integrals of the system under study which have not been reported before. Thus, we deduce
a complete classification of the potentials v(y, z) for which first integrals exist. This can
give rise to further studies on systems which are not Hamiltonian via partial Noether

operators and the construction of first integrals from a partial Lagrangian viewpoint.

5.1 Introduction

The notion of partial Noether operators and partial Lagrangians are important in the

construction of first integrals for ordinary differential equations that in general do not
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admit a Lagrangian. Most of the equations that arise in applications do not have a
Lagrangian. So the problem is how one can construct first integrals for equations without
a variational principle. The objective of this chapter is to classify all the partial Noether
operators and to construct all first integrals for a nonlinear system with two degrees
of freedom which is Hamiltonian in order to see the effectiveness of using the partial
Noether approach. Moreover, we obtain all the first integrals of the Hamiltonian system
under consideration. These have not been obtained before in Damianou and Sophocleus

(2004).

Hamiltonian systems frequently arise in classical mechanics, in non-linear oscillations
and non-linear dynamics (see Barenblatt 1983, Goldstein 1950 and Nayfeh 1979).
In classical mechanics Hamiltonian systems appear as physical systems. There are
some important papers dealing with Hamiltonian systems. The point symmetries of
a Hamiltonian system for two degrees of freedom were obtained by Damianou and
Sophocleous (1999). The point symmetry properties of a Lagrangian system for two
degrees of freedom were also considered by Sen (1987). Symmetry group classification of
a three dimensional Hamiltonian system was investigated by Damianou and Sophocleous
(2000). Classification of Noether symmetries for Lagrangian systems with three degrees
of freedom were also attempted by Damianou and Sophocleous (2004). Herein, the two

degrees of freedom system Noether symmetries are reported.

Noether’s theorem (see Noether 1918) provides the relationship between symmetries and
the conserved quantities for Euler-Lagrange differential equations once their Noether
symmetries are known and is indeed a powerful method to construct conservation laws
as mentioned earlier. However, we remind the reader that there are some direct methods
(see e.g. Anco and Bluman 1998, Hietarinta 1986, Lewis and Leach 1982, Olver 1986,
Sarlet and Cantrijn 1981 and Steudel 1962) as well. In Kara and Mahomed (2006), Kara,
Mahomed, Naeem and Wafo (2007), a Noether-like theorem is invoked, which gives the
first integrals for the differential equations without the use of a Lagrangian. This was

reviewed in Chapter 1. We showed that the first integrals corresponding to the Noether
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and partial Noether operators of a variable coefficient linear system of two equations are
the same (see Chapter 3 and also Nacem and Mahomed 2008b). The difference occurs in

the guage terms.

In this chapter, we obtain all the partial Noether operators and first integrals for the two
dimensional system that has been studied before via a standard Lagrangian in Damianou
and Sophocleous (2004). The previous works Damianou and Sophocleous (2004) did
not present the first integrals for the Lagrangian system of two degrees of freedom
L = 1y? + 32” — v(y,z). Here we take an alternative viewpoint. We first obtain the
partial Noether operators and then construct the corresponding first integrals of such a
system. This, hopefully, will give rise to further studies in the classification of the partial
Noether operators for more general systems of two, three and four degrees of freedom

and the construction of first integrals from a partial Lagrangian viewpoint.

Suppose that a particle is moving in the (y, z) plane with potential v(y, z). The Hamilto-

nian in two dimensions is given by

1

1
H(py, pa, x,y) = 519? + 51?3 +o(y, 2), (5.1)

where p; = 0L/0y' =y, po = OL/0z' = 2.

In Newton’s form one has

y'+v, =0,
! (5.2)
2" +wv, =0,
corresponding to the Lagrangian
1 /2 1 2
L= Y + 57 v(y, 2). (5.3)

The Hamiltonian (5.1) is the total energy of the system and (5.2) is in terms of the force
laws. The Lagrangian (5.3) is the natural Lagrangian which is in terms of the kinetic and

potential energies of the system.
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5.2 Partial Noether operators of (5.2)

A partial Lagrangian for system (5.2) satisfying partial Euler-Lagrange equations L /dy =
vy, and 0L/0z = v,, is
1 1
L= -y?+ 2" 5.4
Y57 (5.4)

In order to construct the partial Noether operators, we invoke (1.4) upto first-order deriva-

tives
X=g o4 b ot G (5.5)
where
G = Do(n") —y'Da(€), = Dul(if) —2'Da(€), (5.6)
D$:%+y’§y+y”%+---. (5.7)

The partial Noether operator determining equation is (see Chapter 1, Section 1.1)

X(L)+ LD, (&) = W! (;—5 + W? ‘;—f + D,.(B) , (5.8)

where B = B(x,y, z) is the guage term. The partial Noether operators corresponding to

the partial Lagrangian (5.4) satisfies
e +my + 022 =y (& + &y + 2N + (2 + iy + 02

1 1
_Zl(ga: + gyy, + gzzl]y/ + (ga: + fyy/ + 522,)(59/2 + 52,2) = (771 - ylg)vy

+(n* — Z'€)v. + B, + By + B.7. (5.9)

After separation, the following occurs

& =0, & =0, (5.10)
ni—%éxz(), ni—%é}c:O, 1, + 1, =0, (5.11)
My = —&vy + By, (5.12)
= —&v. + B, (5.13)
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n'v, + n*v, + B, = 0. (5.14)

From equations (5.10) and (5.11), we find that

§ = a(z), (5.15)
n' = %o/y — C(x)z + S(x), (5.16)
n = %o/z + C(z)y + F(z). (5.17)

The substitution of these expressions into (5.12) and (5.13) results in

B = ia”yz — C'(x)yz + yS'(z) + a(zx)v + T(x, 2), (5.18)
where
1
T = 1—10/’22 + F'(z)z + U(x), C(z) = A. (5.19)

The replacement of n', n* and B in (5.14) leads to the following equation
1 / 1 /
(§a y— Az + S(x))v, + (§a 2+ Ay + F(2))v,

1
—1—4—10/"((7;2 +22) + yS"(z) + o/ (x)v + F"(z)z + U'(x) = 0. (5.20)

First of all if v is arbitrary, then we get the translation in z partial Noether operator

with B = v and obvious integral which is the Hamiltonian itself.
The differentiation of (5.20) with respect to z yields

1 1 1
(50"y + @), + (50" + F@)s + 30" (7 + 2

+yS"(x) + " (x)v + F"(x)2 + U"(x) = 0. (5.21)

In order to solve (5.21), two cases arise, viz. &” # 0 and o’ = 0.
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Case 1: o # 0.

The division of equation (5.21) by «” and then differentiation with respect to = gives

S/ F/ 1 O/l/ S/// Fl//
(J)lvy + (J)lvz + Z(J)/(?f +22) + (=) y+ (=) 2+ (

U//

a//

) =0. (5.22)

Oé” a//

In equation (5.22) v satisfies the first order partial differential equation of the following

form
My + Aav, + A3(y® + 2%) + My + Asz + Ag = 0. (5.23)

For Case 1 (when o # 0), there are three subcases:

Case 1.1: A\ #0, Ay # 0.
Case 1.2: A\ #0, Xy = 0.
Case 1.3: .1 =0, Xy £ 0.

For Case 2 (when o” = 0), we obtain
S'(x)v, + F'(x)v, + yS" (x) + F"(2)z + U"(x) = 0. (5.24)
or

Alvy + )\QUZ + >\3y + )\42 + )\5 =0. (525)

In order to solve (5.25) the following three subcases are considered.

Case 2.1: A\ #0, Xy # 0.
Case 2.2: A\ #0, XAy = 0.
Case 2.3: A\ =0, Ay # 0.

We provide details of the calculations for all the subcases of Case 1 and Case 2.

Case 1.1: \; #0, \ga # 0.
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The following subcases arise.

Case 1.1.1: A#0, S(x) #0, F(z)#0, U(x) #0.
The equation (5.23) gives
A2 )\323 B A2z A Asgyz? B Agz3 A\ 2? B Ay z _ 522

v=—

3/\3 Ao )\g 3Xa 2)\5 Ao 29

A
—)\—62’ —+ f()\gy — )\12), (526)

2

where
A2
Aoy — Az =¢ory = )\L )\i (5.27)
2 2

The substitution of v (in terms of y from (5.27)) in equation (5.21) and then separation
with respect to powers of z gives

adMAy AN AN AN L " \?

A3 =0, — — "+ -5 = 2
Y N N o T e 0 (5.28)
O/)\l ’ /\4 a’gzﬁ Oé/ A/\l )\4@5 )\6 ,
A5 Ao "Moo A a'M¢ X
——(— — — — F = 2
S+ P+ SR 18w - 5 - e @ =0 (629
o'¢ / Ag Mo X ,
— A — 4+ F —— —— =
(G + St (9) + (5 + F)(-55 = 52 = M (@)
"n 2
FO L0 + 0/ (9) + U'(a) = . (5.30)
405 Ao
Routine but lengthy calculations lead to
A6
b= 2% 4 f(9). (5.31)
A2
where
f(@) =dy+ ds¢ and ¢ = Aoy — A\q 2. (5.32)
In this case we find that \y =0, A5 = 0 and
a = dl + dQ.CE + dgﬂ?z, (533)

84



_3d5)\2 dgl’Q + d3$3 A)\6$2 i A)\1d5l'2

S(x) = 5 ( 5 i )+ e 5 T dex + dr, (5.34)
o) = ds (A/\2 N A)\_>2\2> 2, ;)_;\z(dgf ds;:?’) N A);))\\%ﬁﬁ

—;—:[—gd5A2(d2;2 + dS; ) + A;;f + AMQ‘Z”Q] + dgz + do, (5.35)
U(x) = —d5>\2[—gd5>\2(ng 3+ dif) + Ag ;:3 + AAlg%’”g dﬁf

+d7z] + (L +A dg,)[céE’ (AXg + ’4;22)1-3 g—iz(@f + di—f)

R R

+AA16de3) + dg; 4 dox] — dy(dox + d3z?) + dyo. (5.36)

The partial Noether operators and B in each case are given by different choice of

constants equal to one and the other constants equal to zero.

X, =(— +2>\—)i:c2)§y+yaa B—2/\—)Z:cy,
0 A
X2_8_x’ __)\_22’
M= ag+ ha e G g Bm et gt
X4=x2%+xy§y (:cz—i-;\—)i:cg);,
B:%(gf—}—z)—i—;—)\Q z+2)\—)ix22+4);\22 3
X5—x§ B =y,
foesd B0
X7—x§ B—z—zl)f\;f,
Xs—xaa B=- A;_gex (5.37)
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Case 1.1.2: A=0, S(x) =0, F(z) =0.
Equations (5.21) with the substitution of A =0, S(z) =0 and F(x) = 0 reduce to

o/)\l)\4 (l/,)\g, 1 " Oém)\%
= — — — = 5.38
)\3 O, )\% )\2 + 4Oé + 4)\% 0, ( )
"'\ —4a'\y =0, (5.39)
/ / a///¢2 / !/
ad'of(d) + e +ad' f(¢) +U'(x) = 0. (5.40)
2

The solution of equations (5.38)-(5.40) and with the help of (5.15)-(5.19), results in the

equations

S+ )+ /), (5.41)

A4 A A
§=dipexp (24/— N x) + dyzexp (— 2\ /22 ) dyy )\1 (5.42)
77 l /y = d12 eXp \/ — 4/ d13 eXp \ / (5.43)
2 )\1 )\1 /\1 /\1 v
1 I\ /A IA /)\
LE——_ 2l ex Ay s ex 24 ] 5.44
n 2 [ 12 p /\1 " 13 p )\1 ( )

Ay A
B = —4d12exp(2 —493) —d13eXp( = ) (?J +Z)
)\1 )\1

)\4 /\ )\1 )\ 1 4
+ {dlg exXp (2@ / )\—11’) +d13 exp (—2 >\1 ) d114A41 (— 2—/\1(y +z )+Ef<§)> (545)

It can be easily verified that the above equations yield the following partial Noether

operators and

)\1 z
4)\43/2 f(;)?

A O L,
MY p_=z _
1\, 0z s +20)

- (0 Mo o
Xy = exp (2 )xlx)(ax—'— A @y+ )\1 02)’
. )\4 )\ 1 z
B = 2/ 30) | 02 + )+ 7C)],

A
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_ )\4 a )\4 8 A4

X =exp(=24/50 )(3x_\/)\ Yoy _\/)\ )
_ A4 A z

B = exp (-2 )\—lx)[2>\1( — ;]

Case 1.1.8: A =0, F(x) = 325(x).

A2
A1
In this case, we obtain

)\4 1%
v= - (Y + )+ ————,
(2 — 52y)?

20
A A A
§=a(r) =disexp (24/ 20) + digexp (=24 ) ) — d14 !
A1 A1 4N,
1
n' = §a’y + S(r) = l s exp ( \/ )\1 -/t N d16 exp ( ,/ ]
[ A4 I\,
+d17 exXp ( ) + +d18 exp ( )
M A
1 A2 D) / N\
772 = 5 zZ + " S( ) |: d15 exp d16 eXp 24 / >\1 ‘|
+ <d17 exp \/ ) + digexp (— 1/)\—55))’
1
A A I\
B = " d15 exp (2 )\;1 x)+ /\—jdlﬁ exp (—2 /\_‘llm)] (y? + 22)
PRV [d” exp () 3,4~ hs exp (= A—ffﬁ)} + [dIB exp (2y/3+0)

)\4 A1 A1 AL, o 2 v
dig — du—- | - 5 — ).
n ey 144AJ < R+ (= 22y

+(y

+di5 exp (—2

(5.46)

(5.47)

(5.48)

(5.49)

(5.50)

Setting of each constant equal to one and the remaining one to zero yield the partial

Noether operators which are summarized in the table at the end of Section 5.3.

Case 1.1.4: A#0, S(z) #0, F(x) #0, U(z) = 0.

The replacement of the above values of U = 0 as well as keeping others nonzero in equation

(5.21), after some simple calculations, gives

U:_2_/\1(y +2%),
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A A A
¢ = afx) = dypexp (2 ,/A ) 4 doy exp (— 2,/ ! ) o+ ! (5.53)
1
1—10/ — Az + S(z) = \/ d ex @/ \/ 22 oy ex \/
n =9 Yy = 20 €xP ( )\1 " 21 €xp ( )\1
A4
—Az—l—dggexp(\/)\ x) + dagexp (— \/—) (5.54)
1
1 A A A A
n2__az+)\j5() {\/ —dsg exp ( “)\j \/)jdglexp \/)\j }
A4
+Ay + dasexp (\ ) + das exp (—1 / x), (5.55)
)\1 )\1

M ) A ) ) )
B = [AldaoeXp( A—jﬂf)+A—jdaleXp(—2 A—jm)](y%z?)jty,/r‘l‘[dmexp( A_jx)

A A I\ \ \
_d23 exXp (_ )\_;lx):| +z )\—411 |:d24 exp ( )\_lefﬂ)—dgg) exp (— )\—jﬁ):| + |:d20 exp (2 )\—leaj)
A A A9 o
D AR A O I A . |
+day exp ( >\1x) dig 4)\4] ( By (y* + 2% (5.56)

Equations (5.53)-(5.56) provide the operators and guage terms which are presented in
the table.

Case 1.2: \1 #0, XAy = 0.
At this point, the following cases should be considered.

Case 1.2.1: A#0, S(x) #0, F(z) #0, U(x) #0.
Equation (5.23) implies that

o= bl 4420 + 2 I+ £(2), (5.57)

Insertion of v from (5.57) into equation (5.21) and then separation with powers of y gives

rise to
o )\40/ A)\5
A3 =0, — — — =0 5.58
3 } 4 )\1 + )\1 ) ( )
)\4 )\5 2)\50(’2 3)\60/ A)\4Z
S"(z) — 228 S P(z) — - Af'(z) =0 5.59
(@) = T2 (a) = 2P () = 55 = S 4 S5 A () 0, (559)
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+-a"2? + F'(x)z + U'(z) = 0. (5.60)
After some simple calculations the equations (5.58)-(5.60) yield

A
)\—x), (5.61)

1

As =0, a(r) =ds + dyexp(24/ %x) + ds exp(—2
1

A4 Ay Aoy Ay
S(z)=d +d + 24/
(8) = docxply £10) + drexp(—y [ a) + A exp(2y/ Tho)
Aed A Ady X\
— 50 exp(—24) Zra) + (5.62)

A1

4
F([L’) = dg eXp(1 / Egﬁ —+ dg exp<_‘ / &I‘) _ /ﬁdld4 exp(2 ,&I‘)
A A XA
+1 /_1d1d5 exp(—2y /A_‘*x) + 6_, (5.63)
1
)\4 )\1 )\4 )\6d4 )\4
(24/ =

() = Sy Redoewply 3200 = T exp(y 3 + G5t ety 340

Aeds A4 Adi M A A4 A A4
oy —di[y) s exp(y ) “La) — | Srdg exp(—y | 2
+ 3y exp( )\lx) + N ] 1] N s exp( )\lx) N 9 exp( )\lx)
dids A4 dids Ay A4 AlXg
_ 9240 9, /2% 246
VRV Wi A vk e Vi wid Ay vt

A /A
—do[dy exp(2 >\—4m) + ds exp(—2 )\—4x)] + dyp. (5.64)
1 1

From equations (5.64) it follows that the system (5.2) admits eight operators for Case

1.2.1. The operators and guage terms for this case are listed in the table in Section 5.3.

Case 1.2.2. A#0, S(x) =0, F(z)=0.

In this case

N H
,U__2)\1(y +Z )+y2+227 (565)
s by A
¢ =alz) = dmexp(z,/A ) + dig exp (—2 A“) d14 ! (5.66)
1

1 )\4 )\4 >\4 )\4
n' = —ay = {@/ —dy5exp ( ”)\_1x \/ Aldlﬁ exp (—24/— N } (5.67)



1 A A A A
2 / 4 4 4 4
— = |y 2 /2oy — /2 —o, /24 .
= Ga [ N dig exp ( " x) N dy3 exp ( " SL‘):| z, (5.68)
Y g g A4 2, .2
B= {/\ldwexp(%/)\lx)—i-Aldlﬁexp( 2”/\1@}@ + 27)
[\ [\ A1 Moo o H

+|:d15 €xXp (2 )\—IZE)—f—le exp (—2 A—lx)—d144—>\4] (-2—>\1(y +z )+y2 —|—Z2 . (569)

The partial Noether operators computed for Case 1.2.2 when A # 0, S(z) =0, F(z) =0

are presented in Section 5.3.

Case 1.3 A\ =0, Xy # 0.

From equation (5.23), we obtain

1 3 s 22
v = ——[)\3(y22+z—)+)\4yz+ 5%
Ao 3

+ 2] + F(y). (5.70)

Equation (5.21) with the help of v splits into the following

o s AN

Yo Y _ 71
3 07 4 )\2 + A2 07 (5 7 )
A5 A4 200"y 3Xgadd  Adsy
F'(z) — 2 F(x) — — — = — —Af'(y) = 72
(1) = 2F(@) - 1) - MUY SN A g =0, )
o'y Ay A
(=5 + S@)f'(y) + (Ay + F(a)) (= 5= = ) + o' f(y)
2 Ay Ao
1
+Za”’y2 + F'(z)y +U'(x) = 0. (5.73)
The solution of equations (5.71)-(5.73) can be written as
A5 As
A =0, a(x) =ds + dyexp(2 )\—x) + ds exp(—2 )\—x), (5.74)
2 2
As As Agda As
F(z) =dsex —T) +drexp(—y/ +—) + ———=exp(24/ 7
(7) = ds exp(y [ Ta) + drexp(—y [ Tx) + —p==exp(2y/ 7a)
)\6d5 /\5 Ad1>\2
— exp(—24/ —x) — 5.75
o (=2 30 - (5.75)

S(z) = ds exp( \/ )\_zx) +dy eXP(—\/ )\_Zf) — 1/ )\_led4 exp(2y / )\—Zx)
5
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>\2 )\5 )\GA
v/ Zdyds exp(—24 [ Zx) — 22 5.76
/3, D exp(=2/ ) =~ (5.76)

A5 As Aeda As
224 — d ——exp(2y/—
U(x) = \/ Gexp\/)&x \/)\5 7 exp( “)\2 + 2)\56 )\2x)
)\6d5 )\5 Adl/\g )\2 )\5 /\2 )\5
— 2 =x) — —di[\/—d \/ %) —/~d —/—
—1—2)\5 exp(— )\290) ™ x| 1] . s exp( )\295) N 9 exp( )\295)

—d1d4)\2 exp(2 ﬁx} — didsAy exp(—2 ﬁx) — %x]
2)\5 P )\2 2)\5 P )\2 >\5

Y )
—d2(d4exp(2,/A ) + ds exp(— 2,/A—5x)) + dio. (5.77)
2 2

Routine calculations show that system (5.2) also admits eight operators for Case 1.3

which are given in the next section.

and

Case 2: If o =0, then

a(x) = dy + dax.

(5.78)
From equation (5.21), we have
S'(z)v, + F'(x)v, + yS" (x) + F"(x)z + U"(x) = 0. (5.79)
or
MUy 4+ A0, + A3y + Mz + A5 = 0. (5.80)

Whence the following cases should be considered.

Case 2.1: \; #0, Xy # 0.

The subcases of Case 2.1:
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Case 2.1.1: A#0, S(x) #0, F(z) #0, U(x) # 0.

In this case

1 AMA322 My2?
v = —>\—2[/\3yz - 12;2 + 42 + )\52] + f()\zy - /\12’), (5~81)
where
A
Ay —ANz=¢ory= —12+£. (5.82)
Ao Ao

The replacement of v in terms of y from equation (5.81) in equation (5.79) and separation

with respect to z to yield

AXods — AN Ay — dodi A3 — doda)y = 0, (5.83)
dao\q , A3, dop dy AN X3¢ A5
, AN A A, da ) da ) y
FAS0) — AL 4 P(a)) + 28 (a) - B8 B gy (5.84)
)\2 )\2 /\2 /\2 )\2
da / Ag A3p A5 /
— A —(=—+F =2+
(G2 + S@af () = (52 + PG + 2+ WS ©)
+)\£S”(x) +dof () + U'(z) = 0. (5.85)
2
The equations (5.83)-(5.85) give the solution
A
v =2+ f(9), (5.86)
2
where
f(@) = ds + du, (5.87)
and
A3 =0, \y =0, f(¢) = dsp + da, (5.88)
. A)\ldgl'Q A)\5332 3d2d3)\2&32
S({lf) = 9 2)\2 — 1 + d5ZL‘ -+ d6, (589)
A\ AXs  3dadshg, o 3day s
Flz)=——(A — A
(.T) 2)\2< d3)\1 + )\2 9 )SL’ -+ ( dg)\g + 2/\2
AM A Ads\? 22
+E00 4 BT e+ dy, (5.90)
A3 Ay 2

92



AXhids — AXs  dadsA
Uw) = —dshal (== + 5> = =)'+

d5fL’2

—f- dﬁl‘]

A AN ANDs  dadshr 3da)s
Y )~ - Ads)
TG TBIET ~ T T v b ST
ANy AdN 2P dya?
120 DO T L T ] — dydy + do. (5.91)

Simple manipulations give the following operators and guage terms for Case 2.1.1.

X =(—2+ 2)\—)1:102)% y%, = izxy,
0 A
Xy = a9 B= _A_iZ7
X x({%—kg%—i—(g—i—i—ii 2)%, B:;—)ixz—i-%x‘g,
Xy = x%, B =y,
X5 = %, B =0,
Xﬁ—x%, B:z+2)\—)\52x2,
X; = %, B = ;—zx (5.92)

Case 2.1.22 A#0, dy =0, S(z) =0, F(z) =0.
The partial Noether operators for this case are constructed by using equations (5.79)-

(5.80) together with (5.15)-(5.19) and after some simple but lengthy calculations, we find

that
U'(z) - Y 2 2
v = arcsin ———— + + 29, 5.93
A /y2 +22 f(y ) ( )
E=dy, nt=—Az, 0’ = Ay, B=dw+U(x). (5.94)

The choice of constants give the following operators

0 0
X1 = —Z—+y_

B = .
S+ B=U@), (595)
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arcsin Y + f(y* + 22). (5.96)

8.ZU’ A /y2_|_22

Case 2.1.3: A#0, dy #0, S(z) =0, F(z) =0.
We now substitute A # 0, dy # 0, S(z) = 0 and F(x) = 0 in equations (5.79) and
(5.80) and we work out for &, n',n? and the guage terms B. The solution of the resulting

equations computed for this case with the utilization of (5.15)-(5.19) are as follows

v = o ZQf((yQ + %)% exp (—dy arctan g), (5.97)
1 o 2 _ o

E=dy+dox, = S Az, n° = 54 + Ay, (5.98)

B = (dy + dyx) m]‘((g2 + 22)4 exp (—dy arctan 5)) + U(x). (5.99)

We take the constant one by one equal to one and the remaining one zero to construct
the partial Noether operators and the guage terms. The table in Section 5.3 shows the

results for this case.

Case 2.1.4: A=0, dy =0, F(z) = ;\\—fS(x)
Equations (5.79)-(5.80) and (5.15)-(5.19) collectively yield

A
v = —ﬁ(gf + 22) + f(Aay — Ai2), (5.100)
1

E=dy, nt=9() =0 exp(\/i:jx) + ¢ exp(—\/i:i’x), (5.101)
0 = F(r) = i—j {01 exp(\/i:jx) + ¢ exp(—\/i:jx)] : (5.102)

A A A -
B=y /\—i’ {01 exp 4 / /\—j:c)—CQ exp —4/ )\—jx)} +d; [Kf(yz—l—f)%—f()\gy—)\lz) . (5.103)

The operators and guage terms constructed in this case are given in the next section.

Case 2.2: A\ #0, Ay = 0.
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The following cases need to be considered for the classification of potential functions.

Case 2.2.1: If A#0, A3 =0, then

_i[)\B.ZJQ
A 2

v = + Myz + Asy] + f(2). (5.104)

The insertion of v into equation (5.79) and then splitting with respect to powers of z

yields
doXs + ANy = 0, (5.105)
17 )\3 )\4 , 2d2)\42’ 3d2>\5 A/\gZ
- — - — — — = 1
S"(z) N S(x) N Fur) + Af'(2) N o + " 0, (5.106)
)\42 )\5 dQZ ’ " !
(Az — S(x))(—)\ + )\—) - (7 + F(2)f(2) +dof(z) + F"(x)z+ U'(x) = 0. (5.107)
1 1

The solution of system of equations (5.105)-(5.107) can be expressed as

sy

A =0, =0, 0= =T+ f(2), (5.108)
where

f(2) = dsz + du, (5.109)
and

S(x) = —Adg’xQ + ?’djji’xz + dsz + dg, (5.110)

F(z) = _AQAASTQ - 3d213x2 + drx + ds, (5.111)

Uls) = ;—j[dﬁfg - Adg“”g + dz”z © dgr] — dudyz + do

—dy[— Ag;fg - d“ﬁf‘rg + d7; i dy]. (5.112)

The operators are listed in the table in Section 5.3.
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Case 2.2.2: A#0, A3 #0.

We find that
A3 A5
__8 _ 11
v 2/\1(3/ + 2%) )\ly+h1z+h2, (5.113)
Ads\ A3 A
S(x) = = + dig exp(y/ %) + diy exp(— [ o), (5.114)

AXs A3 A
F(x) = )\_+d12exp(\/>\ 7) + dig exp(—y/ - 2x), (5.115)
3
)\5 )\1 )\1 Adg)\ll‘
=2 11
U(x) " {\/ )\3(110 exp ( \/ — 4/ )\36111 exp ( —\/ )\3 (5.116)
™ ™ //\ ™
- — — . 11
ds [ )\36112 exp ( )\3)37 )\30513 exp (— )\3)37—1— } (5.117)

Now, from above equations one can easily find the operators as mentioned in the table.

A/\527
A3

Case 2.3: If Ay =0, Ay # 0, then from (5.80), we have

1 Ay2?
v = —)\—2[>\3y2 +

After replacing the value of v in equation (5.79) and splitting with respect to powers of

+ Asz] + f(y). (5.118)

z, we get
A)\3 - dg)\4 = 0, (5119)
1 )\4 /\3 , 2d2)\3y 3d2/\5 A)\4y
F'(z)— 22F(2) - 22 Af'(y) — - - = 12
(@)= 5 F@) = 25@) - Af(y) - 52 - SR S —g. (a20)
)‘3y )‘5 dZy / " / _
—(Ay+ F@) (7 4+ 30) + (57 + 5@ ) + dof () + 5 (@)y + U'(w) = 0. (5.121)

The solution of equations (5.119)-(5.121) is given by

)\3 = 07 )\4 - Oa f(y) = dSy + d4a (5122)
A 2 2
S(a) = 20 3BT g, (5.123)
2 4
Adsz®  3dyga?
Flz) = 2007 30T e, (5.124)
2 A
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s dodsz®  Adsx®  dsz?
Ulz) = A_z[ 24;’2 g’ + 52 + dgz] — dydgz + dy
A)\5$3 d2d31'3 d7l’2
—ds] N i + 5 + dgx]. (5.125)

The operators and the guage terms are given at the end of next section. Note that in all

the subcases of Cases 1 and 2, \;s, e;s, fis, g, h;s and k;s are constants.

Comparison of Lagrangian and partial Lagrangian approaches

In 2004, Damianou and Sophocleous obtained the Noether point symmetries for a two
degrees of freedom Lagrangian system and the results for one degree of freedom system
were also reviewed in their paper. They did not provide the complete classification for
the Noether symmetries as all the higher dimensional symmetry cases are missing for
the two-dimensional Lagrangian system. Moreover, the first integrals corresponding to

Noether symmetries for the system under study were also not given in their paper.

In this chapter we have provided the complete classification for the partial Noether oper-
ators and the first integrals are constructed by means of a partial Lagrangian approach
with the help of partial Noether operators for a system with two degrees of freedom. For
partial Noether operators obtained herein we have recovered all the cases as given in the
case of Noether symmetries and we have found some new results summarized in the table
that have not been obtained in the earlier work (see Damianou and Sophocleous 2004).
The system of determining equations obtained for partial Noether operators are similar
to the case of Noether symmetries (see Damianou and Sophocleous 2004). The reason
being that 0L/dy and 0L/dz are independent of derivatives and the algebras for both
cases are isomorphic. We give an alternative viewpoint to construct potential functions
using the notion of a partial Lagrangian. In fact, a Lagrangian exists for the system under
consideration but we wanted to see the effectiveness of a partial Lagrangian approach.
We used a similar classification criteria for partial Noether operators as Damianou and

Sophocleus in (2004) have performed for the case of Noether symmetries. Then the first
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integrals are obtained by utilizing the partial Noether’s theorem with the help of partial

Noether operators via a partial Lagrangian.

Damianou and Sophocleous in (2004) could also have provided the complete classification
for a two degrees of freedom Lagrangian system and the first integrals could have been

constructed by using the classical Noether’s theorem but they did not do so.

The partial Noether operators and B in each case are given in the Table (Section 5.3) by

choosing each constant equal to one and the rest equal to zero.

5.3 First integrals

In this section we are concerned with the first integrals of system (5.2) via a partial

Noether approach. All the cases for the potential function v are discussed briefly.

Now, if X in (1.4) is a partial Noether operator corresponding to the partial Lagrangian
(5.4) for the system (5.2), then a first integral of (5.2) associated with X is constructed
from the formula (1.20).

For each case, the first integrals are given in the following table. Precisely, the partial

Noether operators and the first integrals of the two cases that arise are listed in the table.
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Partial Operators X; Guage Terms B First Integrals I;
Case 1.1.1 (A #0, S(x) #0, F(z) #0, U(x) #0)
Xy =(—2+ 2’\7‘;:&2)6% B = :\\—2333/, L =yz—y2 + i—;"xy
+y 5 52,
Xy = a%, = —i—gz, I, = —:\\—‘;z+%(y'2+z’2),
X3:x%~l—%aﬁy B = QAT‘;$2+%$3, I = ;‘Tf;:cz—l—%x?’—%ﬁz’

z 36 .2\ O
+(5 + 55

— 20 9
Xi=z m—l—xyay

+(zz + ;Tﬁgxs)%,

+2(y? + 2%) — 5 (yy' + 22'),

_ 10,2 2 _1/.2 2 A6 .2
B=3(y*+ 2% Iy =5(y" +2°) + 55 2%2
Qe 2, 4 N o4 I VI
oIzt s +8)\§x gL 2

FZ (Y2 + 22) — a(yy + 22),

X5:xa%, B =y, Is=y—xy,
XG—a%: B =0, Ie = -y,
X =af, B=z+ 37 I = 2 —x2' + ¢ a?,
Xg—%. B = i—;’x IgI—Zl—Fi—SI.
Case 1.1.2 (A=0, S(z)=0, F(z) =0)
X1 == B =4y’ +2°) Li=32+2%) - 5225 f(2)

X3 =exp(—2 i—‘llx)x
2 - Rwg + 22

_4>i;1y2 (5)7 _8)\714@/2_’_2/2>7
B = exp (24 /;\—‘:x)x I, =exp (2 i—‘ix)x
(P + 20 + 5 ), [ (v +2°) + 5 (2

32+ 27%) — 3wy + 22)],

B =exp (-2 g\\—jx)x I3 =exp (=2 ’\—‘llx)x
(P +2%) + L (2] [ +2%) + B f(2)

+3(y? + 2%) + i—‘f(yy’ + z2)].
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Case 1.1.3 (A#0, F(z) = i—fS(az))
X _27148%’ B = é<y2 +2%) L= %(Zﬁ +2%) 4/\4(;—11;%)2
e B+
Xz = exp (2y/527) % B = exp (24/4t)x Iy = exp (24 /3a) %
s + /3y T2l | B2+ 2%+ (Z_%y)Q], [ (0" + 2%) + v
2+ 22) — By + 22)
Xy = exp (—24/3t2) ¥ B =exp (-2 :\\—‘llx)x I = exp —(2y/342) ¥
- sl | B k| B
+3(? +27%) + /5ty + 22,
Xy =exp( )\_Allx)x b= ;\_TGXP( ) 3 Iy = exp (y/34z) X
2+ 328 [y + 222] [/ R+ 22) -y — 2]
X5 = exp (= /5tw) % B:_\/izfeXP(_ )% Iy = —exp (—y/4t2) %
5y + 3252 [y +322]. [ty +322) + o/ + 322,
Case 1.1.4 (A =0, S(x) £0, F(z)#0, U(z) = 0)
Xi=—don B =3y +2%), L=35"+2%) — & (" +27),
X = exp (24/54) % B = exp (24/3tw) % Iy = exp (24 /3a) %
[ /3 wE + 28], [ (y? + 2%)], (AL (2 + 22) + 1y + 22)
_\/:\\:f(yy’ + 22')],
Xz =exp(=2y/312)x | B=exp(=2y/312)x I = exp (—2,/ 340) %
& = 3 + 2R B0+ ), B+ ) + 362+ 2)
+\/§zj(yy’ +22')],
Xo=ep(\JR)g | B=yy/iep (/i) I = exp (y/322) x
/3y =],
X5 = exp (= /A\_fx)a%a B=—y %GXP( i—‘fﬁ), I5I—exp(—\/%)x
/32y + v/,
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ngexp(\/%)%, B:z\/izllexp( i—‘llx), I6:exp(\/%)><
[/ 522 = 21,
X7 =exp(— i—;‘x)%, B = —z\/i?exp( i—;‘x), I; = —exp(— i—;‘x)x
/22 + )
ng—za%+y%. B =0. Is = zy —yz'.
Case 1.2.1 (A#0, S(z) #0, F(x)#0, U(z) #0)
X1:—Za+(y+ ) B =0, L=y2z—yz — )‘6z'
Xo =55 B ==+ I = =55 (" +2%) = 3ty
—3%y, +3(y7 +27),
X3 = exp(2 M9v)>< B = exp(2 i—jx)x I3 = exp(2 Ma:)><
[a%+(\fy+fk4)a B0 +22) + 3o B0 +2%) + Yo
/222 e, tomi + L(y? 4 2?)
My +22) — Ay,
Xy = exp(—2 :\\—‘llx)x B = exp(—2 :\\—‘llx)x Iy = exp(—2 %a:)x
(5 — ( §—3y+\/§—fk4)a% [ (0" +2%) + 3y [ (0 +2%) + 3y
2z2], o] +% + 1y 4 27
/2y + 22) + Ay,
X5 = exp(\/izjx)% B = exp(\/izl*w)[\/i?y I5 = exp(y/§t2) %

\/)\1)\4

/3y +

Yy,

Is = —exp(—4/ :\\—‘lla:)x

\
\/ ,\fy‘l'

Iy = —exp(—

[\/izllz—i—z’].

\/)\1)\4

vl
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Case 1.2.2 (A#0, S(x) =0, F(z)=0)
Xi=—aon B=3'+2) | h=30"+2) - mite
—W+ 27, —aL W2+ 2",
Xy = exp(24/ta) x B = exp(2 A—lx)x I = exp(2 i—‘l‘x)x
[ + /2w + 23], | [ty + 2°) + i), [ (v + 2°) + b
+3(y% +27%) - \/¥ (yy' +22)],
X3 = exp(—2 :\\—‘lla:)x B = exp(—2 i—;‘x)x I3 = exp(—2 i—‘llx)x
2 — B2+ 22 | B0+ )+ sl B+ 2) + s
+5(U7 +27) + 3wy + 22)],
X4——z%+y% B =0. Iy =zy —yz.
Case 1.3 (A1 =0, A2 #0)
Xlz—(z—l—/\—g)a%—l—y% B =0, L =y'z—yz +A5y,
Xo =47, B =32y +2%) I = =32 (y* +2%)
—3¢z, -2z 45y + 27),
X3 = exp(2 ’\—zx)x B = exp(2 /\—Zx)x I3 = exp(2 ’\—Zx)x
(2 + /s 35 (v +2°) + 522 [ (v +2°) + 522
+(\/§:gz + )2, s, tomi + L(y? 4 2?)
—\/iiz(yy’ +22') = e,
Xy = exp(—2 :\\—Z:E)x B = exp(—2 £$)>< Iy = exp(—2 ﬁﬁ)x
3 — /25 35 (y° +2%) + 322 (35 (v° +2%) + 322
—(\/%z—i- ) o +%}, +%+l(g/’2+z )
+\/7 (yy' + 22") + o2,
X5 = exp(\/%x)%, B = exp(\/)T”x)x I5 = exp( —x)x
[\/’\»5z+\//\2—/\] [\/’\T‘z—i-m—z]
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Xe = exp(— %x)aaz, B = —exp(— :\\JQx)x Is = —exp(— %x)x
/3 + ) /32 + i + 7
X7 = exp( i—zx)a%, B = izyexp( i—zx), I; = exp(\/iizx)[ i—zy — /],
Xg = exp(—\/iizx) 8y. B=— i—zy exp(—\/iizw). Iy = —exp(— :\\—gm)x
/32y + /1.
Case 2.1.1 (A #0, S(x)#0, F(z) #0, U(z) #0)
Xlz(—z+2)‘752x2)% B = :\\gxy, L =y'z—yz + 2y
+Y5es 557’y
Xy =2, B= -4z, Iy = =352+ 5y + 27),
Xg*x%+%a% B:;Tixz—i—%x?’, 13:2)\75’2.TZ+@$3
+(E+ ) 2, S 4+ L(y? + 27
sy + 22),
Xy =g, B =y, Iy=y—ay,
X5 = §’y, B =0, Is = —y,
Xo =1z, B:z+;‘752x2 I6:z—xz’+2’\752x2
X7:%. Bzi—ix. I7:—z’—|—:\\—2x.
Case 2.1.2 (A#0,dy =0, S(x) =0, F(z) =0)
Xlz—za%—i-y%, B =U(x), L =U(z)+ zy — y?,
nga—é;. B =w. ]2:v+%(y’2+z’2).
Case 2.1.3 (A#0, dy #0, S(z) =0, F(x) =0)
X1 =g B=uv, Ii=v+5(y%+27),
Xzzx%+%%+§%, B = av, I =azv+ £(y? + 2
—5(yy' +22),
ng—za%—i-y%. B =0. Is=zy —y2.
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Case 2.1.4 (A =0, do

=0, F(z) = 325(x))

X, =2, B =, L =v+3y?+27),
Xy = exp(\/gx)x B=,/3 exp(\/)‘?x)x I, = exp(\/gx)x
(2+22), (y+ 222), R+ -y - )
X3 = exp(— )‘—i’x)x B = \/i?’exp( \/:\\:;’x)x I3 = —exp(—\/;\»—fx)x
(3 +328). (v +322) R+ +y +2.
Case 2.2.1 (M #0, Ay =0, \3=0)
X = —Za% + (y — 2):\51 )aaz, B = —i—?xz, L =yz—yz — )‘5xz
+2>\T5.T 2,
Xo=2, = —32y, I =—2% y+—(y’ + 2?),
X3:x%+(2+%x2)gy B:;‘Tslxy—i-j:\%x : I3 = 2A1xy+ /\gx j:\\foy’
+z2, +5 (Y +2%) — 3 (yy + 22),
Xy=zg, B=y+ 317, Ii=y—ay + 5
X5:8%, B:’A\—ix, I = A593—y,
XG:x%, B =z, I¢ =z — x2,
X, =2 B= I =—2.
Case 2.2.2 (A #0, A2 =0, A3 #0)
Xl——za%—l—(y—i- ) B =0, I:—yz+yz+’\5'
Xo =4, B=—32(y"+2°) =3y, | L= 3507 +2%) — &y

X3 = eXp(Q / i—il')aﬁy, B = eXp( /)‘31.)(3/ /i_i» 13 = exp(‘ /i_i’x)(y /i_?

_|_§<y/2 _|_ 2/2)’

A
+\/)\1)\ ) +,/)\15)\3 _y,),
X4 = eXp( //\:ix)%, B =— exp(— i—?l')(y i—? _[4 = — exp(— i_?x)(y i_if
A
+—752= F)\1>\ ) + /7/\5)\3 +yl>,
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X5 = eXp(\/ %LE’)%,

&x)—.

X¢ = exp(— 2wy,

B==z iil exp(4 /%x),

B = —z,/i—i’exp(— :\\—fx)

+(5 + %ﬁ)%,

X4 :I%7
X5 = (’%«7
X6 _33%,
X7 = %

B:z—i-Q’\ngxQ,
Bzi—zx,
B =y,
B =0.

Case 2.3 (A1 =0, A2 #0)
X = (—z—i—%xz)%—l—y%, B = i—ny, L :y’z—yz’+;\—zxy
_;\sz2y/7
X, =2, B=—%z I = =32+ 5y +27),
X3:xa%+%a% B = 2’\%1:2—1-%903, I = 2’\4/\’2:62—1—%1:3—%#2’

+2(y” + 2%) — 5(yy + 22),

Iy =2 —z2 + 2522,

2X2

Is = i—zx -2,

Is=y—uzy,
I7 = —y/.

5.4 Conclusion

We have studied the partial Noether operators corresponding to a partial Lagrangian for

a Hamiltonian system with two degrees of freedom. This problem was studied before

via Noether symmetries in Damianou and Sophocleous (2004) wherein the authors did

not provide the first integrals. In this work we have obtained both the partial Noether

operators and the corresponding first integrals. We investigated the effectiveness of the

partial Lagrangian approach which has provided all the first integrals. This study provides

an alternative way to construct first integrals for nonlinear equations for which we do not

need a Lagrangian. The previous work (Damianou and Sophocleous 2004), does not give

the complete classification for the Hamiltonian system considered. In this chapter we

have given the complete classification for the underlying system via a partial Lagrangian

approach and we have obtained more general results that were not discussed in Damianou

and Sophocleous (2004). This approach can give rise to further studies to classify nonlinear
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systems which are not variational and to derive first integrals from a partial Lagrangian

viewpoint.
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Chapter 6

First Integrals of Nonlinear Systems

which are not Variational

The partial Noether operators and first integrals for systems of two second-order ODEs
which are not variational are derived with the help of the partial Noether approach. We
show how the nonlinear systems can be reduced via first integrals without making use of
standard Lagrangians. Furthermore, it is shown that partial Lagrangians do exist for all
such type of equations which do not admit standard Lagrangians and are significant in

constructing first integrals.

6.1 Introduction

There has been great interest in studying the system of two second-order ODEs, especially
for first integrals, which are important due to physical point of view and reduction as
well. The system of two second-order ordinary differential equations (ODEs) frequently
arise in nonlinear oscillations, nonlinear dynamics, relativity, fluid mechanics etc. These
models, in general, describe different mechanical systems of practical importance (see

e.g. Dimentberg and Bratus 2000, Dimentberg and Bratus 2002).

Our purpose is twofold: one is how first integrals can be constructed for the nonlinear

ODEs which are not variational; secondly we want to investigate the effectiveness of the
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partial Lagrangian approach for nonlinear systems of two second-order ODEs for which
standard Lagrangians do not exist. We have obtained first integrals for scalar ODEs and
some systems in Chapter 2. There only Example 5 was nonlinear Here we look at further

systems. In Chapter 2 the emphasis was comparative.

6.2 Partial Noether operators for nonlinear systems

In this section we find the partial Noether operators of various nonlinear systems of two
second-order ODEs corresponding to partial Lagrangians via a partial Noether approach.
These systems under consideration do not admit standard Lagrangians. We construct
the partial Lagrangian and then partial Noether operators by invoking formula (1.19) for

two dependent variables y and z and one independent variable x.

1. In the first example we consider the free oscillations of a two degrees of freedom

gyroscopic system with quadratic nonlinearities (see Nayfeh 1981)
" /
Y42 42y = 2yz,

2=y + 2z =y (6.1)

The system (6.1) satisfies the partial Euler-Lagrange equations §L/dy = 2/ + 2y — 2yz
and L/6z = —y' + 2z — y* has a partial Lagrangian

1

Now, the partial Noether operator X of system (6.1) corresponding to the partial La-
grangian (6.2) satisfies

a4y + 20t =y G+ Y&+ 20y + [y + 2l — 2 (& + Y&+ 7E)] Y

/ / y/2 212 1 / /
HE + Y& +26) |5+ 5| =~y [+ 2y — 2yz]
+(n* =28 [~y + 22— y*] + B, + B, + #'B.. (6.3)
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The equation (6.3) splits into the following by comparing the coefficients of powers of 3/

and 2/
& =0, & =0, (6.4)
1, — %fx =0, 7 — %fx =0, n, +1; =0, (6.5)
m = —2y(1 = 2)6 —1* + By, (6.6)
m=-02z-y)¢+n' + B, (6.7)
n'(2y — 2yz) +1*(22 — y*) + B, = 0. (6.8)

From equations (6.4)-(6.5), it is concluded that

¢ =a(z), nt = %o/y — 204 (x) + C3(x), (6.9)
N = 1O/Z +yCh(x) + Co(x). (6.10)

2
Equations (6.6) and (6.7) with the substitution of &, n' and n? from (6.9)-(6.10) give

Cy(z) = % +b, (6.11)

1 1
B = Za"(gf + 22) + yCi(x) + 2Ch(z) + 1(21) + 5a)(y* + 2%)
+yCy(x) — 205(1) — ay®z + Cy(x). (6.12)

Inserting &, ', n?, C1(z) and B from (6.9)-(6.12) into (6.6) and after lengthy calculations
it is found that

a=—2b, Cy(x) =0, C3(x) =0. (6.13)
Thus equations (6.9)-(6.12) finally yield
Ci(x) =0, §=—2b, 0" =0, ° =0,

B = —2b(y* + %) + 2byz. (6.14)

Choosing b = 1, we find that the partial Noether operator and guage term of system (6.1)
is

0
X = —25-, B = —2(y* + 2%) + 2%z (6.15)
T
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2. In the second example we study the nonlinear mechanical system of two second-order

ODEs

y/y// _ 22 o 21’y3,

"

2= 2wz —yy) — 32y (6.16)

A partial Lagrangian for system (6.16) satisfying the partial Euler-Lagrange equations
0L/oy = —2* + 2xy® and L /02 = =222 + 2yy’ + 3a%y?y' is

(6.17)

y/3 2/2
L=2-+2.
6 2

The partial Noether operator X corresponding to the partial Lagrangian for the system
(6.16) are calculated from the formula (1.19) with respect to some function B(z,y, z).

The partial Noether operator determining equation is

(e +y'ny + 2 — Y G+ Y&+ )Y+ [y + 2 — 2 (G + Y + 7)) 2

y/3 Z/Q
He/g + 20 | L+ 2] = 0 -y [ + 20y
+(n? = 2'€) [—2xz2" + 2yy' + 32%y*y'| + B, + y' B, + 2/ B.. (6.18)

We split equation (6.18) with respect to derivatives of y and z and after simplification we

obtain
533 = O? gy = 07 éz = 07 (619)
ny, =0, n? = 2xz¢, (6.20)
s 41y = =296 — 32?7, (6.21)
n = (2% = 20y°)E + (2y + 32°y*)* + By, 1) = —2x20° + B, (6.22)
n'(=2* + 22y*) + B, = 0. (6.23)

After some simple calculations, the equations (6.19)-(6.20) give rise to

§=b, (6.24)
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n' =B, 2), (6.25)
n® = x2%by +(z,y). (6.26)
The substitution of n' and n? from (6.25)-(6.26) into (6.21) results in

Bz, z) = zC(z) + Ca(x), (6.27)

Y(z,y) = —y*by — 2%y*by — yCi(x) + Cs(x), (6.28)

Equations (6.24)-(6.26) together with (6.27)-(6.28) yield

§=b, (6.29)
n' = 20y (x) + Cy(x), (6.30)
n® = 12y — y?by — 2%y*by — yCy(x) + Cs(). (6.31)

The simple manipulation shows that the solution of (6.22) with the help of (6.29)-(6.32)

can be expressed as

2 3
by =0, B=yCy(x) — (y* + 2°y*)C3(x) + §y3b2 + Z—l:c2y4bg + S(x, 2), (6.32)
where
S(x, 2) = 2C4(z) + 22*(—boy + C3(x)) + T(z). (6.33)

Equation (6.23) after replacing the values of £, !, n* and B from equations (6.29)-(6.33)

reduces to
Ci(x) =by =0, Cy(x) = b3, C3(x) =bs, T(x) = by. (6.34)
Hence
£=0,n' =bs, n* =, (6.35)
B = —(y* + 2%y*)bs + 22%bs. (6.36)

Setting the constant by = 1 gives the following operator and guage term for system (6.16)

x=2, 2

— B =12 — 1% — 255 6.37
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3. We consider the nonlinear mechanical system with two degrees of freedom
y' =42z + 2wy + 2z,
2" =32%y%y + 222 + 27 (6.38)

A partial Lagrangian for system (6.38) is

1
L:—/2 _/2 )
S+ 52, (6.39)

so that system of partial Euler-Lagrange equations can be written as

oL oL
— = A’y = 2xy® — 22, — = 3%y — 227 — 2t (6.40)
oy 0z

The partial Noether operator X corresponding to a partial Lagrangian for the system
(6.38) can be determined from (1.19) with respect to some function B(z,y,z). The

partial Noether operator determining equation is

ey, + 2 =Y (&t Y+ )] Y Iy, 2 = 2 (G e+ )]

y/2 2/2
+(& + Y& + 2'E) {7 + 7] = (n' —y'&) [-42®z — 2zy° — 22]
+(n? = 2'€) [-32°y*y — 222" — 2" + B, + y'B, + 2'B.. (6.41)

The usual separation of equation (6.41) with respect to derivatives of y and z results in

& =0, & =0, (6.42)
B - 56 =0, 1 36 = (2r + oY) (6.43)
s + 1, = 3%y, (6.44)
m = (42”2 + 22y° + 22)€ — 32°y*n® + B, (6.45)
;= =2z +2")n* + B., (6.46)
n'(42°z 4 2xy° + 22) — B, = 0. (6.47)

The solution of equations (6.42)-(6.43) is of the following form
§ = alz), (6.48)
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1
771 = 5&/3/ + ﬁ(ﬂf, 2)7 (649)

1
= 50/2 + (222 + 2'2)a + y(z, y). (6.50)

Equation (6.43) with the substitution of n' and n? from (6.49)-(6.50) reduces to
B = 201(x) + Cy(x), v = —yCy(z) + v*y*a + C3(x). (6.51)

Hence equations (6.48)-(6.50) become

£ = a(o), (6.52)
1

nt = §a'y + 204 (x) + Cy(z), (6.53)

= %O/z + 2wz +2'2)a — yCi(2) + 2y o + Cs(a). (6.54)

The insertion of (6.52)-(6.54) into (6.45)-(6.46) results in

1 1
B = Zo/’y2 + y2C(z) + yCh(z) — (4o’yz + Exy‘l + 2y2)«

1 3 1
+x2y3(§o/z + 2zza + vtza + O(x)) — szy‘lC’l () + §x4y6a + S(z, 2), (6.55)

where
1 "2 2 2./ 3,2 1 4.2 1 /
S(:p,z)zzaz + 2o+ 2 +2xzoz+§xzoz + 2C5(x)

1
+(2x + 2*) | /2 + x2%a + 51'4,2204 + 2C3(z) | + T(x). (6.56)

Finally equation (6.47) with the substitution of £, n', n* and B from (6.52)-(6.56) gives

a=0, Ci(z) =0, Cy(x) = bs, C3(x) = bs. (6.57)
Hence

£=0, 0 =bs, n* =, (6.58)

B =2’y + (22 + 2")z. (6.59)
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6.3 First integrals

In this section we construct first integrals of the nonlinear systems of two second-order
ODE:s of Section 6.2 which are not variational. We use the partial Noether theorem with
the help of partial Noether operators constructed in the previous section with the help
of the partial Lagrangians. We restrict the formula of first integrals for two dependent

variables y and z.

oL

5L
I=B— |¢éL+ (' — y’g)@ + (n? = 2¢) 5

The first integrals computed for the systems under study by using the above formula are

summarized below.

The first integral for the two degrees of freedom gyroscopic system (6.1) is
[ — _2(y2 + 22) + 2y22 _ y/2 o 2/2-

For the mechanical system (6.16), the first integral is

1
2 %P pga? - Sy

I =—y 5

and for the system (6.38), we have the first integral
I=a%2+ Qe +aYz—y — 2.

These first integrals can be used to reduce the order of the systems. Also they can

effectively be utilized for stability analysis.

6.4 Concluding remarks

The partial Noether operators corresponding to partial Lagrangians of systems of two
nonlinear second-order ODEs have been constructed. We have computed the first inte-
grals associated with the partial Noether operators by utilization of the partial Noether’s

theorem. Since no variational problem exists for the equations under study one can utilize
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a partial Lagrangian approach which we have shown here to be effective for the systems of
two second-order ODEs. The first integrals still can be constructed by using a Noether-like

theorem.
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Chapter 7

Approximate Partial Noether
Operators and First Integrals for

Coupled Nonlinear Oscillators

We study the construction of approximate first integrals of approximate partial Euler-
Lagrange equations via approximate partial Noether operators corresponding to a partial
Lagrangian of a coupled nonlinear oscillator system. An approximate Noether-like
theorem (see Chapter 1) which gives the approximate first integrals for the perturbed
equations without regard to a standard Lagrangian is invoked. These approximate partial
Noether operators, in general, do not form an approximate Lie algebra. The approximate
first integrals are obtained for both the resonant and non-resonant cases with the help
of approximate partial Noether operators associated with a partial Lagrangian. This
approach can give rise to further studies in the construction of approximate first integrals

for perturbed equations without a variational principle.

7.1 Introduction

The relationship between approximate symmetries and first integrals has been of great

interest for differential equations with a small parameter. One can construct approxi-
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mate first integrals for approximate Euler-Lagrange equations by utilizing an approximate
Noether’s theorem (see Unal 2000, Baikov, Gazizov and Ibragimov 1996, Johnpillai and
Kara 2001, Johnpillai, Kara and Mahomed 2006), once their approximate Noether sym-
metries are known. To invoke this powerful theorem one requires a Lagrangian to obtain
the approximate Noether symmetries and to construct the approximate first integrals.
There are perturbed differential equations that arise in applications which do not admit
a Lagrangian such as for the system of two coupled van der Pol oscillators with linear

diffusive coupling
y' ey’ =)y +y= Az —y) + B(z' —y),

(-1 + 2= Ay —2)+ By — 2, (7.1)

where A and B are constants and € is a small parameter, the curve family is non-extremal.
We refer to the interesting paper Douglas (1941) for the classification of Lagrangians. No-
tice that a Lagrangian does not, in general, exist for such systems under consideration. So
the question arises here is how to construct first integrals for perturbed equations with-
out a variational principle. The approximate first integrals with the help of approximate
Noether symmetries associated with a Lagrangian were studied in Baikov, Gazizov and
Tbragimov (1996). In 1999, Kara, Mahomed and Unal deduced a relationship between
the approximate Lie-Backlund symmetries and approximate conserved vectors for the
perturbed equations that do not admit a Lagrangian. The idea to construct an approx-
imate Lagrangian for the perturbed equation by utilizing the Lie-Backlund symmetries
and approximate conserved vectors were given by Johnpillai and Kara (2001), Johnpillai,
Kara and Mahomed (2006). Recently, Kara and Mahomed (2006) and Kara, Mahomed,
Naeem and Wafo (2007) found a relationship between operators and first integrals for
unperturbed equations without regard to a Lagrangian. The notion of partial Lagrangian

was introduced in their paper. This was reviewed in Chapter 1.

The objective of this chapter is to construct approximate first integrals of a nonlinear
oscillator system via approximate partial Noether operators that are not in general the
approximate symmetry generators of the given system of equations. We give an alternative

viewpoint as to how the first integrals can be constructed for the perturbed equations
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without making use of a Lagrangian. Firstly we obtain approximate partial Noether
operators corresponding to a partial Lagrangian and then obtain the approximate first
integrals for such a system by utilizing the approximate Noether-like theorem of Chapter 1.
Such a system is said to be a partial Euler-Lagrange system. This work follows naturally
from our previous work (see Kara, Mahomed, Naeem and Wafo 2007). The reader is also

referred to Chapter 1 and Kara and Mahomed (2006).

The outline of the chapter is as follows. Section 7.2 gives the approximate partial Noether
operators associated with a partial Lagrangian of a system of two weakly coupled nonlinear
oscillators. In Section 7.3 we obtain approximate first integrals of the system of two weakly
coupled non-linear oscillators that have been studied before via a field theory approach
in Kovacic (2006). The previous work Kovacic (2006) did not obtain approximate partial
Noether operators. The approach of Kovacic (2006) was quite different. Moreover we
construct new approximate first integrals for both resonant and non-resonant cases. The

concluding remarks are summarized in Section 7.4.

7.2 Application to nonlinear oscillators

We consider the system of two weakly coupled nonlinear oscillators

Y’ = —wly + eca; 22,

(7.2)

" 2
2 = —w;5z + 2eayz,

where wy, we, € (¢ < 1) and o are positive constants and prime represents the derivative
with respect to x. The model in (7.2) arises in stellar structures and it describes the
behavior of stellar orbits in a glaxy. The coordinate y represents the radial displacement
of the orbit from a star to a reference circular orbit and the coordinate z shows the
direction from the galactic plane. Note that the system (7.2) was studied before via

a field theory approach in Kovacic (2006). Both cases w; = wy and wy # wy are considered.

The system (7.2) has the partial Lagrangian

1 1 1 1
L= Ey’Q + 52'2 - iwny — 5@%22. (7.3)
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Thus the approximate partial Euler-Lagrange equations are

Z_j = —ea1 2%, (;—5 = —2eayz. (7.4)
We derive the approximate partial Noether operators for the system of two weakly cou-
pled nonlinear oscillators (7.2) by using the approximate Noether-like theorem obtained
in Chapter 1. The approximate partial Noether operator corresponding to a partial La-

grangian (7.3) of system (7.2) satisfies

oL

(Xo+ €X1)L+ Dy(& + €))L = [ng — oy + e(n] — fly,)]@

, 0L
+ng — &2’ + et — §12))5— + Da(Bo + €B). (7.5)

The equation (7.5) results the following systems corresponding to zeroth and first order

approximations of € respectively.
XoL + D, (&)L = D, (By), (7.6)

XL+ Dp(&)L = —an2*(ng — &oy') — 200yz(n5 — &2') + Da(By). (7.7)

The utilization of total derivative operator from (1.2) and X, from equation (1.25) into

(7.6) and (7.7) results in
162 + 10y¥" + 107" — ¥ (o + Eoyty’ + E0:2") ] ¥/

+ [M6e + 1oy + 1022 — 7' (Cox + Eoyy + &0:2")] &'

1
—W%Wé - wgzng + (oz + Eoyy’ + &022") 5(?/2 + 27 — W%?f - WSZQ)

= By, + B(]yy/ + BOZZ/, (78)

(e + iy + .2 = (Go + Sy + 61227 ] ¥

+ [t + iy + e — 2 (e + Gy + 6122 2

1
—wiyny — wizn; + (Eiz + Eyy + £127) 5(?/2 + 2% — wiy? — wiZ?)
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= —an2’(ny — &oy') — 201yz (15 — €02') + Buz + By’ + Bi.2'.

(7.9)

The separation of (7.8) and (7.9) with respect to the powers of derivatives of y and z yield

the following system.

Zeroth-order approximation.:

£Oy = 07 602 = 07

1
_5093 = 07 néz + 77(2]y = 07

1
n(l)y - _5036 = 07 77(2)z - 92

2
T}(l)x = B0y7 7]395 - BOZ7

1
wly + w2 )§0x:_BOx'

g+

First-order approrimation:

fly = 07 glz = 07

1
_glz = Oa 77%2 + 77%;; = 07

1
n%y - _flx = 07 77%2 - 9

2
n%x = O51"7”250 + Bly7 77%1 = 20‘1?/250 + BlZ?

1 1
wiyny + wizn; + (§w1y + 2w2 )&, = a2’y + 200 yzn; —

From equations (7.10)-(7.12), we find that

50 = O{(._'E),
1 1 /
Ny = §a y+ Ci(z)z + Co(x),
1 /
n = 50z = Ci(@)y + Cs(2),
1
By = 0"y + Ci(e)y + S, 2),
where
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(7.10)
(7.11)
(7.12)

(7.13)

(7.14)
(7.15)
(7.16)

(7.17)

(7.18)

(7.19)



The insertion of these values in equation (7.13) gives

" + 4wia =0, (7.20)
o + dwia =0, (7.21)
folwi —w3) =0, (7.22)
CY(x) + wiCy(z) =0, (7.23)
CY(x) + w3Cs(z) =0, (7.24)
T'(z) = 0. (7.25)

The equation (7.25) yields
T(z) = f. (7.26)

In order to solve equations (7.20)-(7.24), the following cases are considered.

Case 1: wy # wy (non-resonant).

In this case we have
a(z) = fs, Cao(z) = frcoswiz + fssinwz,

C3(x) = facoswax + f3sinwsx.

Hence the partial Noether operators and guage terms B for the unperturbed equation in

this case are

0
XO2 = cOSwWeT—, By = wsezsinwsz,

0z

X3 = sinwyxr—, By = —wyz COS Wol
0 8 ) 0 )
z
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0
Xal = coswiT—, By = wysinw;z,

dy

Xg’ = sinwlxa—y, By = —wy coswy .

Case 2: w; = wy (resonant).

From equations (7.20)-(7.24), we obtain
a(x) = fo+ frcos2wix + fysin2wiz, Cy(x) = ficoswiz + f5sinwx,

C3(x) = facoswix + fysinw;x.

The partial Noether operators and the corresponding guage terms are

0

7B0:07

0
XO2 = coswiT—, By = wizsinwsz,

0z

Xg’ =sinwxr—, By = —wzcoswsr,
0z
Xal = COSW1$8—, By = wysinw z,
Y

Xé’ =sinwir—, By = —wiycoswi,

Ay
X8 = cos 2wy — — wyysin 2wy T— — w2 sin 2wy T —,
0 1 o 1Y 1 8y 1 1 92
By = wi(y® + 2%) cos 2w
- . 0 0
Xy = sin 2w T — + w1y oS 2w T=— + w12 €os 2wy T

ox dy

By = wi(y® + 2°) sin 2wy .

&7

The determining equations (7.14)-(7.17) in the non-resonant case (Case 1) reduce to
wiyng +wiznt — [l +myy 02—y (6o + ) + €2l

1
_[niﬂ + n%yy/ + n%zz/ - Z/(élx + élyy/ + 5122/)]2/ + (&1e + glyyl + 5122')(_53/2

1 1
_§Z,2 - §w%y2 + 5wy ) = [ficoswiz + fssinwiz — fey'](r2?)
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+[f2 coswar + f3sinwer — f52'](201y2) + By + Biyy' + Bi.7'.

Equating the coefficients in above equation with respect to derivatives of various mono-

mials of x and y yield the following system

fly = 07 élz = 07 (727)
1 1 2 1 1 2

My = 581 = 0, 1 = 58 = 0, m. +5, =0, (7.28)

T/ix = a122f6 + Blyu 77%3: = 2041y2’f6 + B1Z7 (729)

1 1 )
w%yn% + w;znf + (éwny + 5@1}322)&96 = (fycoswiz + f5sin wlx)alz2

+2a1yz( fo coswax + f3sinwsx) + Big. (7.30)

Equations (7.27)-(7.29) after some simple manipulations lead to

& = o), (7.31)

0 = %o/(x)y + Ci(@)z + Cala), (7.32)

1} = 30'(0)z = Cila)y + Cio), (7.33)

By = 1a"y? + Cyfa)y — onyfo + S, 2), (7.34)
where

S(r,2) = J0"2 + Ciw)z + Tw), Cula) = g (7.35)

The equation (7.30) with the substitution of above values gives rise to

" + dwid =0, (7.36)
" + 4wia’ — day (fycoswiw + fysinwx) = 0, (7.37)
go(wi — wj) — 201 (fa coswar + fasinwyr) = 0, (7.38)
Cy(x) + wiCy(z) = 0, (7.39)
CY(x) + w3Cs(z) =0, (7.40)
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T'(z) =0. (7.41)
The solution of equations (7.36)-(7.40) with the aid of (7.31)-(7.35), lead to the system

f2=0, f5=0, f1=0, fs =0,

&1 =01, 77% = (4 COSW1T + g5 Sin w1,

77% = (g COS Wa + g7 SIN Wa T,

By = (—w1g4 8in w1 2+Ww1 g5 €08 w1 )Y+ (—wags SN wa+wagr cos wex) 2 —a1yz> fe+gs. (7.42)

Hence the approximate partial Noether operators in the non-resonant case for system

(7.2):

0
X1 =—, B =0, Xy =coswiz—, By = —wysinw;z,
ox dy
X3 =sinwiz—, By =wycoswix, X4 = coswsT—, By = —wszsinwsz,
dy 0z
X5 = sian:L’a—, Bi = wezcoswsz, Xg =0, B; = —a1y22. (7.43)
z

The system (7.14)-(7.17) in the resonant case (w; = wq) become

&1y =0, &2 =0, (7.44)
My~ 56 =0, .~ 26 =0, nl, 48, =0, (7.45)
M, = a12°(fs + frcos2wiw + fysin 2w x) + By, (7.46)
ne. = 200yz(fe + frcos 2wir + fysin2wir) + By, (7.47)
—Wiym — wizi; + (%Wf@f - %wfzz)fu = —o 2% (—wi frsin 201 + Wy f5 cos 2w )y

+frcoswix + fssinwix + foz — 20qy2((—wy frsin 2wy + wy fg cos 2w x)z

+focoswix + fysinwiz — foy) + Bis. (7.48)

The solution of equations (7.44)-(7.47) are as follows

&1 = a(x), (7.49)
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1 /
m = 504 (z)y + C1(7)z + Cy(x),

1
ni = 50 (2)2 = Ci(2)y + Cs(a),
1
B, = Za”?f + Ch(z)y — aqy2®(fs + frcos 2wit + fgsin 2wit + S(x, 2),

where

S(x,z) = %10/’22 + Ci(x)z + T (x), Ci(x) = hy.

(7.50)
(7.51)

(7.52)

(7.53)

Routine but lengthy calculations show that after replacement of values from equations

(7.49)-(7.53) in equation (7.48) yield the following results

"+ dwia =0, (7.54)

" + 4wia’ — 4oy (fycoswir + fssinwx) = 0, (7.55)

awi (— frsin 2wy + fg cos2wix) = 0, (7.56)

ho(wi — w3) — 20 (fa coswiw + fysinwyz) = 0, (7.57)

C3(x) + wiCy(z) = 0, (7.58)

CY () + wiCs(z) = 0, (7.59)

T'(x) = 0. (7.60)
From equations (7.54)-(7.59) together with the help of (7.49)-(7.53), we obtain

f2=0, f5=0, fs=0, f5=0, fr=0, fs=0,

&1 = hy + hg cos 2wz + hgsin 2wz,

n = (—wihy sin 2wz + w1 hs cos 2w )y + hoz

+hy coswix + hssinwyx,

77 = (—wihy sin 2w 2 + wyhs cos 2w x)z — hoy

+hg coswix + hysinw;x,

By = —(w?hy cos 2wz + wihgsin 2w 7) (y? + 2%) + (—wihy sinw @ + wihs coswix)y
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+(—wihgsinwix + wihy cosw1 )z — aqy2” f + hs. (7.61)

In this case we find that the approximate partial Noether operators for system (7.2) are

0 0 0
Xi=z2——y—, B1=0, Xo=—, B =0
1 Zay y@g? 1 ) 2 ax7 1 )

X3 = cos2wir— — wyysin 2w r— — wyzsin 2w r—,
3 1 or 1Y 1 By 1 1 92
By = —wi(y* + 2°) cos 2wz,

Xy = sin 2w xr— + w1y €os 2w T— + Wy 2 CoS 2w T—,
ox dy 0z

By = =W (y* + 2°) sin 2wy

X5 = coswlxa—y, By = —wysinwix, X¢ = sinwlxa—y, By = wyycosw,

X7 = cos wlxa, B; = —wizsinwiz, Xg = sinwlxg, B = wjzcoswz,

Xg = O, Bl = —alyZQ. (762)

7.3 First integrals

The first integrals for the approximate partial Noether operators for the system (7.2)
corresponding to the partial Lagrangian (7.3) are (by (1.50))

I=B— L+ (' =&Y )y + (n* = &) | + O(€%), (7.63)

where we have used OL/0y' =y and 0L/0z" = 2z’ which hold for all the cases. The first

integrals for both cases computed with the help of (7.63) are summarized below.
Case 1: wy # wy (non-resonant).
The first integrals are

I = %(y’2 + 2?2+ Wiyt +wiz?), I = e(—wiysinwir — ¢ coswi ),

I3 = e(wiycoswiz — y' sinwyx), Iy = €(—wyzsinwax — 2’ cosws),

1
Is = €(woz coswox — 2’ sinwax), Ig = 5(3/2 + 2% + wiy® 4+ wiz?) — eaqy®.
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Case 2: w; = wy (resonant).

In this case we find that
L =elys —y'2), I, = %(y’2 + 2% + Wiy + wi?),

1
Iy = e(—wi(y® + 2°) cos 2w + 5 cos 201z (y? + 2 + wiy® + wiz®)
+wi (yy' + 22') sin 2wy ),

1
Iy = e(—w?(y* + 2%) sin 2wy + 5 sin 2w (y? + 2% + wiy? + wiz?)
—wi(yy' + 22") cos 2w ),
I5s = e(—wyysinwir — ¢ coswiz), Is = e(wiy coswiz — y sinw;x),
I = e(—wyzsinwix — 2’ coswiz), Ig = €(wizcoswir — 2’ sinw;x),

1
Iy = §(y’2 + 2% + Wiy 4+ wiZ?) — eaqy2®.

Note that the first integrals obtained herein, Is (non-resonant case) and Iy (resonant
case) are stable. All other first integrals for resonant and non-resonant cases of the

system under study are unstable-they are just e multipliers.

Comparison of the field theory method and partial Lagrangian

approaches

In 2006, Kovacic obtained the conservation laws of two coupled nonlinear oscillators for
both the resonant and non-resonant cases via a field theory approach. Kovacic (2006)
looked at higher perturbations in € which is not appropriate as the given system is first
order in €. Moreover, he constructed the third integral for a non-resonant case which he

compared with other results obtained in Contopoulos (1960) and Hori (1967).

In this work we have constructed all the first integrals for both the resonant and
non-resonant cases upto first order in € for a system of two coupled nonlinear oscillators

which is also perturbed upto first order in e. We have obtained fifteen first integrals
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for both resonant and non-resonant cases in which two of them are stable as in Kovacic
(2006). All the other first integrals obtained herein corresponding to the resonant and
non-resonant cases are unstable (trivial). The reason to take first order approximation
in € is that the given system of two equations include first order approximations only.

Therefore it is not useful to construct first integrals upto order €.

We have provided an easier way to construct approximate first integrals for the perturbed

equations than given in Kovacic (2006).

7.4 Concluding remarks

In this chapter we have shown how one can construct approximate first integrals for per-
turbed nonlinear ordinary differential equations via approximate partial Noether operators
associated with a partial Lagrangian. These approximate partial Noether operators, in
general, do not form an approximate Lie algebra. Notice that the system of two equations
(under consideration) does not have a Lagrangian. In this work we have showed how first
integrals can be constructed without making use of a Lagrangian. We have applied our
results to a system of two coupled non-linear oscillators that has been studied before via
a field theory approach in Kovacic (2006). These equations model important physical
phenomena in nonlinear oscillations (see e.g. Nayfeh 1979) and in nonlinear dynamics
etc. We have constructed approximate partial Noether operators corresponding to a par-
tial Lagrangian and also obtained new approximate first integrals for both resonant and
non-resonant cases of the system of two coupled nonlinear oscillators. This study can
give rise to new ways of constructing approximate first integrals for perturbed systems of
nonlinear equations for which we do not have Lagrangians. Partial Lagrangians do exist
for such equations in the absence of standard Lagrangians and are useful to construct

approximate first integrals.
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Chapter 8

Approximate First Integrals for a
System of Two Coupled van der Pol
Oscillators with Linear Diffusive

Coupling

The approximate partial Noether operators for a system of two coupled van der Pol
oscillators with linear diffusive coupling are presented via a partial Lagrangian approach.
The underlying system of two equations, in general, do not admit a standard Lagrangian.
However, the approximate first integrals are constructed by utilization of the partial
Noether’s theorem with the help of approximate partial Noether operators associated
with a partial Lagrangian (see Chapter 1). These approximate partial Noether operators
are not approximate symmetries of the system and they do not form an approximate Lie
algebra. Moreover, we show how approximate first integrals can be constructed for the
perturbed equations without making use of standard Lagrangians. This is our second

application (see also Chapter 7).
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8.1 Introduction

In this chapter, we will study the system of two coupled van der Pol oscillators with linear

diffusive coupling (proposed by Rand and Holmes in 1980)
y' ey’ =1y +y=Alz—y) + B —y),

(22— 1) +2=Ay—2)+ Bl -7, (8.1)

where A and B are coupling parameters that gives the strength of the interaction and y
and z are dependent variables which model the state of the oscillators and prime denotes
the differentiation with respect to x. The study of coupled van der Pol oscillators have
been of great interest due to their extensive range of applications in particular in biological
sciences. It gives the state of two neighboring cells or group of cells each of which is able
to oscillate itself. The system of two equations under study also frequently appear in
nonlinear oscillations, nonlinear dynamics, engineering, mathematical physics etc. The
main goal of study the system (8.1) is to find the approximate partial Noether operators
and the corresponding approximate first integrals which are important to see the physical
phenomena and reduction of the system as well for the solution space. Secondly we
show how one can obtain approximate first integrals for perturbed equations without a

variational principle.

The approximate first integrals for perturbed equations which have Lagrangians can be
constructed by using the classical Noether’s theorem. For various equations it is difficult
to find the standard Lagrangian and most of the equations that arise in applications do
not have Lagrangians e.g scalar evolution equations. Similarly, for the system of two
weekly coupled nonlinear oscillators (7.1) where wq, wq, € and «; are positive constant
and prime denotes the differentiation with respect to x, no variational problem exists.
Likewise, for the simple systems as illustrated in previous chapters, the curve family is
also non-extremal. For an account of this theory of the inverse problem, we refer to
Douglas (1941). In the absence of a Lagrangian, there are some approaches mentioned in

the previous chapters that work without a variational principle.
We give an easy way to construct approximate partial Noether operators and approximate
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first integrals without making use of a Lagrangian. The theory of the approximate par-
tial Noether operators and approximate conservation laws for differential equations with
a small parameter has been recently introduced by the Johnpillai, Kara and Mahomed
(2007) (see also Naeem and Mahomed 2008d for ODEs). The reader is also referred to
Chapter 1. This approach works with the notion of a partial Lagrangian. The alternative
way to construct approximate first integrals is as follows. We first compute the approx-
imate partial Noether operators and then approximate first integrals are constructed by
utilization of the approximate Noether-like theorem with the help of approximate partial
Noether operators associated with a partial Lagrangian. Such a system is known as an

approximate partial Euler-Lagrange system.

8.2 Partial Noether’s approach

In this section we derive the approximate partial Noether operators for zeroth and first
order of approximations of € for the system of two coupled Van der Pol oscillators (8.1)

via a partial Lagrangian.

8.2.1 Partial Noether operators for coupled van der Pol duffing

oscillators

Now, the approximate generalized operator X in (1.24) is said to be approximate partial

Noether operators corresponding to a partial Lagrangian

1 1 A+1
L25y12+§zl2_< ;_ )(y2+22)7 (82)

for system (8.1) satisfying partial Euler-Lagrange equations 6 L/dy = e(y?> — 1)y’ — B(2' —
y') — Az and §L/6z = €(2* — 1)z — B(y — 2') — Ay, if it satisfies zeroth and first approx-

imation equations of €, respectively

XoL + (Do) = () — &0t/) [ A B - y'ﬂ

+(mp — &%) { — Ay - B(y - Z’)l + D, fo, (8.3)
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X1L+ (D&)L = (ny — &) (y° — 1)y + (5 — &2')(2* — 1)2

+(n —&y')| — Az — B(¢' — y’)} + (1} — &12) [ —Ay—B(y' —2)| + Do f1. (8.4)

Expansion of total derivative operators and ¢!, ¢* and then separation with respect to

powers of 3/ and z’ yield the following systems
Y

€Oy - 07 &)z - 07 (85)
1 1
n(l)y - 5502? = _B§07 77(2)2 - 550:13 - _B€07 T]éz + n(Z)y = 2B§07 (86)
6w = By — By + Az + foy, 15, = —Bng + B + Ayéo + fo-, (8.7)
A+1
mo(A+ 1)y +mg(A+1)z + %(ﬁ + 2%)0e — Azng — Ayng — foo = 0. (8.8)

§1y =0, &2 =0, (8.9)
1 1
U%y—flz = —(y*—1)& — B&, Tlfz—gflm = —(2*—=1)&— B&, i, +ni, = 2B&;, (8.10)
1 _ 2 1 1 2 2 2 2 1 2
M = (?/ —1)770+B771_B771 +AZ§1+f1ya My = (Z —1)770—B771+B771+Ay§0+f12, (8'11)
A+1
A+ 1)y +ni(A+1)z+ %(?f + 2%)&1e — Azl — Ayni — fio = 0. (8.12)

Solving equations (8.5-8.7), we obtain

& = a(x), (8.13)
1 o
m = (5 — Bajy + 2E(x) + F(z), (8.14)
/
= (% — Ba)z — yE(x) + 2Bya + H(x), (8.15)
a" y2 y2 o
fo= (7 — Bo/); +yzE +yF — BE(E — Ba) — ByzE — ByF — Ayza
o y2
—I—Byz(; — Ba) — BEE + B*ay* + BHy + K(z, 2), (8.16)
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where FE, I, H and K are arbitrary functions of x and

2 355, B, / B,
K(a:,z)zzoz —ZBzoz + 57 E+Hz+BFz—|—7ozz — BHz+ M(x). (8.17)

The replacement of (8.13)-(8.17) in (8.8) and then comparing the coefficients of powers
of y and z lead to

Ba' — B*a— E'+ BE =0, (8.18)
" 3 3 B

O‘T — SBa + (A4 1)a' + SB%/ — Ba = 3ABa— S E'+ AE =0, (8.19)
a//l 3 2./ B

B

Eo// —2Ad’ — B*d' + 4ABa +2Ba + E" — BE' =0, (8.21)
F"—BF' +BH'+ (A+1)F — AH =0, (8.22)
H" + BF' — BH'+ (A+1)H — AF = 0. (8.23)

To derive the partial Noether operators we work out for the coefficients &, n' and n?
respectively. In order to proceed with equations (8.18-8.23), two cases arise, viz. B = 0

and B # 0.

Case 1. B=0.
The simple calculations reveal that the following subcases arise when we solve equations

(8.18-8.23) for B = 0.

Case 1.1: A=0, B=0.
If A =0, B =0, then equations (8.18-8.23) after lengthy but simple calculations yield

the following results

a(x) = dy + d3 cos 2x + dysin 2z, (8.24)
E(x)=dy, F(x)=dscosx+ dgsinz, (8.25)
H(z) = dycosx + dgsinz, (8.26)
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where dy, - - - , dg are constants.

Equations (8.13)-(8.17) together with (8.24)-(8.26) give rise to
& = dy + d3 cos 2x + dy sin 2z,

77(1) = y(—dssin 2z + d4 cos 2x) + dyz + ds cos T + dg sin z,

ne = z(—dzsin 2z + dy cos 2x) — dyy + d7 cos x + dgsin x,

(8.27)

(8.28)

(8.29)

fo = (—ds cos 2x—dy sin 2x)(y*+22) +y(—ds sin 2+dg cos 2)+2(—dy sin w+dg cos ). (8.30)

Case 1.2. A#0, B=0.

The substitution of B = 0 and keep A # 0 as it is in equations (8.18-8.23) and after some

straightforward exploitations, two subcases arise:

Case 1.2.1: A+1#0, B=0.
Case 1.2.2. A+1=0, B=0.

Case 1.2.1: A+1#0, B=0.
We obtain

50 = Oé(.]f) = d107

/

1
0= %y +2B(x) + F(x) = S(dn cosa + dpsina)

—dyzcos [(V2A + 1)z] — dygsin [(V2A + 1)z,

/

1
77(2) = %Z — yE(l’) + H(l’) = §(d11 Ccos T + d12 sinx)

+dizcos [(V2A + 1)zx] + digsin [(V2A + 1)x],
fo=y %(—du sinx + dya cosx) + V2A + 1dizsin [(V2A + 1)x]

1
—V2A+ ldyycos [(V2A + 1)x]} — dyAyz + = {5(—d11 sinx + dy2 cos x)

—V2A + 1dyzsin [(V2A + 1)x] + V2A + 1dy4 cos [(V2A + 1)1:]} :
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Case 1.2.2. A+1=0, B=0.
The utilization of the solution of equations (8.18-8.23) together with (8.13)-(8.17) yield

the following results

o = a(z) = dis + dis, (8.35)

/

1
77(1) — %y +z2E(x) + F(z) = §(d17 cos x + dyg sin x)

—dyg exp (x) — da0) exp (—x), (8.36)
/
1
m = %z —yE(x)+ H(x) = §(d17 cos T + dgsin )
+dig exp (x) + d(20) exp (—x), (8.37)

1 )
fo=vy [5(—d17 sinx + dyg cosx) — dig exp(z) + dag exp(—x)] — (di5 + di6) Ayz

1
+z [5(—d17 sinx + dyg cos x) + dyg exp(x) — dag exp(—x)] : (8.38)

Case 2: B # 0.
There are two subcases for the solution of equations (8.18-8.23) when B # 0.

Case 2.1: If A+ B?*/2, B # 0, then equations (8.18-8.23) combine with (8.13)-(8.17) to
yield

50 = Oé(ﬂf) = 0, E(QT) = d21 = O, (839)

1
77(1) = (% - Ba)y + ZE(-T) + F(-T) = E(dQQCOSQT + d23 sina:)

—day exp [(B — m>x] — dys exp {(B + m)x} , (8.40)

n = (% — Ba)z —yE(x) + H(z) = %(dgg cos « + dag sin )
+doy exp [(B —VB?—-2A— l)x} + dy5 exp [(B + VB2 —-2A— 1)x] : (8.41)
fo= y{— (B—+VB?—2A — 1)dy exp [(B —VB?—2A— 1)x] + %(—dm sin
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+doz cosz) — (B + VB2 — 2A — 1)dys exp {(B + \/m)m”

+2 B(-d22 sinz + dys cos ) + (B — VB2 — 2A — 1)dyy exp [(B — VB2 24— 1)z
+(B+VB?2 —2A — 1)dys exp [(B + \/m)x” +B(z—y) B(dm oS T+ dg3 sin )

—day exp {(B - mm} — das exp {(B + mnﬂ

+B(y — 2) B(dm cos T + dag sin ) + day exp {(B — VB2 24— 1)z

+dys exp [(B + M)xu : (8.42)

Case 2.2: A= B?/2, B#0.
Using A = B?/2 and B # 0 in equations (8.18-8.23), we deduce that

& =a(x) =0, E(zr)=dyexp(Bz), (8.43)
n = (%I — Ba)y + zE(x) + F(x) = dysz exp (Bz) + %(dw cos T + dag sin x)

— (d29 sin z + dsg cos 93) exp (Bzx), (8.44)
m = (%/ — Ba)z — yE(x) + H(x) = —dogy exp (Bx) + %(dw cos x + dog sin x)

+ <d29 sin & + dsg cos a:) exp (Bx), (8.45)

1
fo=vy [5(—d27 sin + dag cos &) — (dag cos x — dgg sinz) exp (Bx)
: 1 :
— B(dag sin x 4 dgg cos ) exp (Bx)} + 2z [5(—d27 sin & + dag cos x)
+(dag cos  — dgg sinz) exp (Bx) + B(dag sin x + dsg cos x) exp (Bx)}
1 . .
+B(z—vy) [§(d27 cos T + dag sin x) — (dag sin x + dsq cos x) exp(Bx)
1
+B(y — 2) [§(d27 cos x + dog sin ) + (dag sin x + dzg cos ) exp(Bx)}

B
+E(22 — 4?)dyg exp(Br). (8.46)
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In order to construct the partial Noether operators for the first order approximation of €

for system (8.1), we solve equations (8.9-8.12) with the help of the cases considered above.

Omne can easily construct the solution of determining equations (8.9-8.12) for the case

when A=0, B=0 as

di=0, dy=0, dy=0, dy=0, ds=0, dsg=0, dy =0, dg=0, (8.47)
or

f=0, m5=0, n3=0, fo=0 (8.48)
and

&1 = g2 + g3 cos 2x + g4 sin 2z, (8.49)

1 (—gssin 2z + g4 cos 2x)y + g1z + gs cos T + ggsinz, (8.50)

77 (—g3sin 22 + g4 cos 27)2 — g1y + gr cos T + ggsin (8.51)

fi = (Y*+27)(—gs cos 2z — gy sin 22 ) +y(—gs sin 1+ g6 cos ¥)+2z(—gy sin z+gg cos ). (8.52)

The approximate partial Noether operators are constructed by setting the constants one
by one equal to one and the remaining constants to zero. In this case the approximate

partial Noether operators are

0 0 0
X3 =€ [cos 235% — g sin Qxa—y — zsin 295%] , f= —e(y2 + 22) cos 2z,

3} 0 3}
X4 = €|sin2r=— +ycos2x— + zcos2x— |, f = —e(y®+ 2%)sin2z,
ox dy 0z

X5 = €cosr—, [ = —eysinx, xg =e€sinr—, f = —eycosxz,

dy dy
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0
X7 =€cosr—, [ = —ezsinx, Xg=esine—, f=czcosuz.

0z 0z

(8.53)

In order to solve equations (8.9-8.12) for first order approximation of ¢ and with the help

of Case 1.2.1, two subcases arise:

Case 1.2.1.1: A# —1/2, B=0.

In this case, we have

or

and

le = 0; dll - 07 d12 = O’ d13 = 07 d14 = 07

=0, =0, n5=0, fo=0

§1 = 9o,
1

77% = §(g10 cosx + gi1sinx) — giacos [(V2A + 1)z] — gizsin [(V2A + 1)z,
1

77% = §(g10 cosx + gi1sinx) + gz cos [(V2A + 1)z| + gz sin [(V2A + 1)z],

1
fi= 5(—910 sinx + g11 cos ) + g1V 2A + 1sin [(V2A + 1)x]
1
—g13V2A + Lcos [(V2A + 1)56] Yy — goAyz + [5(—910 sinz + g11 cos x)

—g12V2A + 1sin [(V2A + 1)z] + g13V2A + 1 cos [(V2A + 1)1‘] z.

For this case the approximate partial Noether operators are

X1 = e%, f=—cAyz,
€ 0 0 .

X2 icosx(a—ij&), f=—=(y+2)sinz,
€ . 0 0

Xg—ismx(a—y—i-&), f==(y+2z)cosuz,
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X4 = €cos V2A + lx(—g + ﬁ), f=eV2A+ 1sinV2A + 1z(y — 2),

oy 0z
: g 0
X5 = €sin vV2A + M(_G_y + &), f=—eV2A+ 1cosV2A + 1a(y — 2).

Case 1.2.1.2. A=—-1/2, B=0.
To derive the approximate partial Noether operators for system (8.1) corresponding to

Case 1.2.1.2, we solve (8.9-8.12) and with the aid of (8.31-8.33) result in

§0=0, 1y =—dis, 15 =1ds, fo=0 (8.60)
and
§1 = G4, (8.61)
1 :
= 5(915 CoS T + g168INT) — g17 — G187, (8.62)
1 :
n = 5(915 COST + g6 SN T) + gi7 + G187, (8.63)
1 : Y 914
fi= 5(—915 sinx + g1 cos ) — gig|y + (3 —y)diz + TZUZ

1 . 53
+ 5(—915 sinz + g1 cosx) + 15| 2 + d13(§ —2).

Simple calculations result in

xl—E%, fz%yz,
X2=§cosa:(a%+%), f=—§(y+z)sinx,
stgsmx(%—i-%), fzg(y—l—z)cosx,
X4——€(@%+%)7 f=0,

o= ey = o), f= =Sy 2)

o= gt g fo eGP =)y
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Now, for the next case when A+ 1 = 0, B = 0, the equations (8.9-8.12) jointly with

equations (8.35-8.38) after some lengthy manipulations give rise to

d15 = 07 dlﬁ = 07 d17 = 07 dlS = 07 d19 = 07 d20 = 07 (864)
or
=0, n=0, n5=0, fo=0 (8.65)
and
§1 = Gy, (8.66)
1 1 .
= 5(920 COS T + go1 8iN ) — gog exp () — gogexp (—x), (8.67)
1 .
= 5(920 COST + g1 SN T) + gag €xp () + gaz exp (—1), (8.68)

1 .
fi= 5(—920 SIN T + ga1 COST) — gaz €XP (T) — gaz exp (—2) |y + Groy2

1
+ {5(—5120 Sin & + g91 COS ) + gog exp () + go3 €Xp (—:v)] z. (8.69)

The operators are

0
Xr%gnf—W%
€ 0 0 € )
X2_§Cosx(8_y+$>’ f——§(y+z)smx,
€ . 0 0 €
X3_§smx(a—y+£), f—§(y—|—z)cosx,
—e- 2 Dyexp (), f=—ely+2)exp(a)
X4 = € ay 82 p ) - ey p )
— -2 D yexp(—a), f=—ely+2)exp(—2)

Next we construct the approximate partial Noether operators for first order approxima-

tion of € when B # 0. The utilization of the solution of equations (8.9-8.12) together
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with (8.39-8.41) when A # B?/2 and B # 0 result in two subcases:

Case 2.1.1: A# —1/2, B #0.

In this case or

=0, =0, 5=0, fo=0 (8.70)
and

§&1 =0, (8.71)

N = %cosx—l—%sinx—ggﬁexp(B—\/—1—2A+B2)

—gyrexp (B +V—1—2A+ B?), (8.72)

nf:%cosx—l—%sinx—i—g%exp(B—\/—l—2A+B2)

+gyrexp (B +vV—1—2A + B2), (8.73)

fi= |:—(B—\/—1—2A+BQ)QQ6QXP(B—\/_1_2A+B2)_%Sinx

—l—%cosx— <B+\/—1—2A+BQ)gQ7eXp(B—{—\/_1_2A+Bz):|y+

{(B— V—1—2A+ B?)gyexp (B —vV—1—2A+ B2?) — %sinx

—{—%COSI—F(B—}-\/—l—2A+B2)9276XP<B+\/—1—2A+B2)}Z

+2B(y — 2) {g% exp (B—V—1—2A+ B?) + gyrexp (B+V—-1—2A4+ BQ)] . (8.74)

From the above equations we conclude that

€ 0 0 € .
X1 = geosa(g+ 7). f =5yt 2)sing,
€ . 0 0 €
X2—§Slnx(a—y+£), f—i(erZ)COSfL’,
= (—3+§) xp (B —V—1—2A + B?)

f=¢e|(~y+2)(B—vV—-1-2A+B2)+2B(y—2)| exp(B —V—1—2A+ B?),
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0

0
Y4 =€(—= + =)exp(B+V—-1—-2A + B2),

dy 0z

f=¢el(~y+2)(B+V—-1—-2A+ B2)+2B(y—=z)| exp (B +V—1—-2A+ B?). (8.75)

Case 2.1.2. A= —1/2, B #0.

The substitution of A = —1/2, A # B?/2, B # 0 in equations (8.9-8.12) and solution

together with equations (8.39-8.42) gives

§o=0, ny=—doa, m5=-do, fo=2duB(y—2)

and

51 = 07
1 1 . g31
= —<928 COS T + (a9 SIN x) — g30 — —= €Xp (2B:1c)7
2 2B
1 g31

n7 = ~(gog COST + gogsinx) + gsg + == exp (2Bx),

2 2B
1
2

. ]' :
= {_(_928 Sin T + gag COST) — g31 €XP (231')] Y+ {5(_928 Sinx + gag COS T)

—(@31 €Xp (ZBx)} 2+ 2B(y — 2) |:ggo + %

The partial Noether operators are

€ 0 0

exp (sz)] + (

X1 = 50081‘(— + &), f= —%(y + z)sinz,

dy

2’3

€ . 0 0 €
X2258mx(8_y+$)’ f—é(y—l—z)cosx,
0 0
=t ), f= 2By -2,
€ 0 0
4= 5P Bt ), §=0,
0 0

w|<,

=—— 4+ —, f=2B(y-
o= =t g [ 2By =)+ o
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—y+2).

z
y————y+2>dg4

(8.76)

(8.77)

(8.78)

(8.79)



Routine but lengthy manipulations yield that the solution of the system (8.9-8.12) with
(8.43-8.46) and A = B?/2, B#0 is

50207 7][1):07 773207 fOZO (880)

and

1 ) .
77% = gspzexp (Bx) + 5(933 coS T + gag sinx) — (g5 cos x + gsg sinx) exp (Bzx),
1 . .
nf = —gsyexp (Bx) + §(g33 CoST + gag sinx) + (g5 cos T + gsg sinx) exp (Bx),

1 . )
fi=yvy 5(—933 sinx + gs4 cos ) — (—gss sinx + gsg cos x) exp (Bx)

1
—B(g35 cos x + g3 sin ) exp (Bx)} +z {5(—g33 sin & + gs4 cOS T)

+(—gsssinx + g cos ) exp (Bx) + B(gss cos x + gse sinx) exp (Bx)

B

—9325(3/2 - z2) exp (Bx) 4+ 2B(y — z)(g35 cos x + g3 sinx) exp (Bx).

In this case, we find the following operators

0 0 _€eB,,
X1 = 6<Za_y yg)exp (Bx), f= 5 (y~ — 27) exp (Bz),
0 0. .
X2 = e(—a—y + 5) sin x exp (Bz),

f=c¢ [(—y + 2)(cosx + Bsinz)exp (Bx) + 2B(y — 2) sin z exp (Bx)} :

0 0
Y3 = 6(_a_y + a) cos x exp (Bx),

f=e¢ [(y — z)(sinx — Beosz)exp (Bx) + 2B(y — z) cos x exp (Ba:)} :

= S cos (2%—3)
XM=5 x@y 02"

J =5 (y+2)sinz,
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f= g(y—Fz)cos:v.

8.2.2 First integrals

The first integrals for a system of coupled Van der Pol oscillators (8.1) with the help of
approximate partial Noether operators corresponding to the partial Lagrangian (8.2) are
determined from the formula given in (1.50). Equation (1.50) for two dependent variables

y and z can be written as
[=B—[L+ (' = &)y + (1" = &)2] + O(e). (8.81)

Here, we have used 0L/0y" = v’ and 0L/0z = 2’ which hold for all cases. The first

integrals calculated for each case are summarized below.

Case 1.1: A=0, B=0.
The partial Lagrangian in (8.2) for A = 0 reduces to

1 1 1
[ — 22212 .2 8.82
P (), (3.:82)

The invocation of the approximate partial Noether operators and guage terms for this

case with the use of equation (8.81), we give the following first integrals:
I =e(~y'z +y2),

12 — (y2+z2+y’2+z'2),

DO ™

1
I3 = 6(5 cos 2z (y? + 2% —y? — 23 + (yy' + 22) sin 23:),

1
Iy = €(§ sin 2z(y? + 2% —y?* — 2%) — (yy' + 22) cos 2x>,

Is = e(—ysinx — ¢ cosz), Is=e(ycosz —y sinx),
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It = e(—zsinx — 2’ cosx), Iy =e(zcosx — 2 sinx). (8.83)

Case 1.2.1: A+1#0, B=0.

At this point we need to consider two subcases.

Case 1.2.1.1: A# —1/2, B =0.

The first integrals for this case are
A+1

y/2 +Z/2) + T+<y2 +22)),
1 1,

L=¢|l — §(y+z)smx— i(y +2')coszx |,

o

I, = (\/ 2A+ 1(y — 2)sin (V2A+ 1)z + (y' — 2) cos (V2A + 1)93),

1
(y + z)cosz — E(y +z)sinx>,

N —

Is = e(— V2A+1(y — z) cos (V2A+ D)z + (v — 2') sin (V24 + l)x)

Case 1.2.1.2. A=—-1/2, B=0.

Simple manipulations lead to the following integrals

1 1
I = 6(5 {yz + 5(3/2 +2%) +y* + 2'2] >, (8.84)

—_

1
I, =¢ —(y—i—z)81nx—§(y —l—z)cosx),

[\

(-
I, = E;(yan) cosz — (1 +z)sinx),

y’—z’), [5:e(z—y+x(y/—z’)>,

1
IG:y’—z'—ke{g(y?’—zg’)—y%—z}.

Case 1.2.2. A+1=0, B=0.

Straightforward calculations result in
1
_[1 = e(yz —|— §(y/2 + Zl2>>, (885)
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)_l

1
I, =¢ —(y+ 2) 51nx—§(y —|—z)cosx),

2
1

(-
.@:(%y+zww—§@+zhm0,

([ y+z+y —z]exp( ))
|

Iy =¢ (y—2+y —Z]exp( ))

These are the first integrals for the case when B = 0. Next we use the formula given in

(8.81) and construct the first integrals for the case when B # 0.
The following cases should be considered when B # 0.

Case 2: B # 0.

The following subcases arise:

Case 2.1: A+# B?/2, B #0.

The subcases of Case 2.1 are:

Case 2.1.1: A# —1/2, B #0.
We find that

1 1
I, = e(— §(y+z)sinx— §(y'+z’) COSZL’),

1 1
I = e(§(y + z)cosx — §(y' + 2') sinx),

Iy = e({—(y—z)(B—\/—l —2A+ BQ)+2B(y—z)+y'—z’} exp (B —vV—-1—-2A+ B?)),

I, = e([—(y—z)(B—i—\/—l —2A+ BQ)—I—QB(y—z)ﬂLy/—z'} exp(B+vV—-1-2A4+ BQ)).
Case 2.1.2:. A= —1/2, B #0.
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For this case, the approximate first integrals are

1 1
I = e(— §(y—|—z)sina:— §(y’+z') cosx),

1 1
I, = e(§(y + z)cosx — §(y' + 2 sinx),

1
I3 = e(ZB(y —2)+y — z'), I, = E(ﬁ exp (2Bx)(y' — z’)),

1
[5:23(y—z)+y'—z’+{§(y3—z3)—y—i—z].

Case 2.2. A= B?/2, B#0.
Equation (8.81) with the help of approximate partial Noether operators for Case 2.2

results in

[ B
yz —y'z+ 5(22 — QQ)} exp (Bx)) ,

(—y + z)(cosz + Bsinz) + 2B(y — z)sinz + (y — 2') sin x} exp (Bx)),

1
(y+ z)sinz — 5(@/ +2') cosx),

DN | —

(
(
I, = 6( (v = 2)(sin e = Beosa) +2B(y — 2) cos + (y — 2') cos :13} exp (B:v)),
(
(

1 1
§(y + z) cosx — E(y' + 2') sinx).

8.3 Concluding remarks

The approximate partial Noether operators corresponding to a partial Lagrangian of a
system of two coupled van der Pol oscillators were constructed by using the partial La-
grangian approach. The approximate first integrals were computed by invoking the partial
Noether’s theorem corresponding to partial Noether operators via a partial Lagrangian

for the system under consideration. These oscillators in general describe the important
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physical phenomena in nonlinear dynamics, nonlinear oscillations etc. Out of all the first
integrals obtained here, two were stable and the rest unstable. Moreover, we have shown
how one can construct approximate first integrals without a variational principle. We
provided an elegant way of constructing approximate first integrals by using the notion of
a partial Lagrangian which exist for such type of equations in the absence of standard La-
grangians. This is a second application of the partial Lagrangian approach to perturbed

ordinary differential equations. The first approach was given in the previous chapter.
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CONCLUSIONS

A systematic way of constructing first integrals for exact ordinary differential equations
that need not be derivable from variational principles is presented in this work. These
results were extended to perturbed ordinary differential equations and it was shown how
approximate first integrals can be computed for non variational problems without regard
to Lagrangians. There are approaches that provide first integrals for such type of equations
without consideration of standard Lagrangians but we gave an elegant alternative way of
constructing first integrals by means of a formula. The concepts of a partial Lagrangian
and partial Euler-Lagrange equations were introduced for ordinary differential equations.
We deduced a Noether-like theorem which gives the first integrals for ordinary differential
equations with the help of partial Noether operators. The formula which provides the
partial Noether operator was similar to that of the Noether operator but the invariance
condition was different due to partial Lagrangians and resulting partial Kuler-Lagrange

equations.

We illustrated our approach for system of ordinary differential equations with or without
standard Lagrangians. It was shown that partial Noether operators do not form Lie alge-
bra in general as they are not symmetry generators of the system under consideration. We
presented the theorem when the partial Euler-Lagrange equations are free of derivatives.
In this situation the partial Noether operators become symmetry generators and also form
a Lie algebra. The canonical form for systems of two second-order ODEs had been invoked
and it was shown that the general linear second-order system converted into one of the
canonical forms mentioned in Chapter 3. We constructed the partial Noether operators
for a linear system of two second-order ODEs with variable coefficients which do not have
Lagrangian formulation. Then the first integrals were computed by the partial Noether
theorem associated with the partial Lagrangian. The case for which a Lagrangian existed
for the linear system was also discussed. We derived the Noether and partial Noether
operators for this special case and it was found that they were identical due to indepen-

dence of derivatives in the associated partial Euler-Lagrange equations. The difference
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occurred in the guage terms as the Lagrangians were different for the Noether and partial
Noether approaches and the algebras in this special case were isomorphic. Finally the

first integrals resulting from both approaches were determined. They were the same.

We provided the complete classification for potential functions of a Hamiltonian system
with two degrees of freedom. This problem was considered before via the Noether ap-
proach where the authors could not give the complete classification. The Lagrangian
exists for the system under study but we wanted to know the effectiveness of the partial
Noether approach which has provided all the first integrals. Then the idea was imple-
mented to systems of nonlinear second-order ODEs which were non-variational and it
was shown how the order could be reduced for such type of systems by constructing first

integrals without regard to Lagrangians.

We extended the partial Noether theorem to the case of the approximate situation. An
approximate partial Noether theorem was deduced for which it was shown how the ap-
proximate first integrals could be constructed for perturbed ordinary differential equations
for which we have no Lagrangian formulation. Ample examples to illustrate the under-
standing of partial Lagrangians for the perturbed ordinary differential equations were also
presented. We constructed the partial Noether operators for coupled nonlinear oscilla-
tors. Then first integrals for both resonant and non-resonant cases of coupled oscillators
were computed by the approximate partial Noether theorem with the use of approximate
partial Noether operators and partial Lagrangian. In the last application we considered
two coupled van der pol oscillators with linear diffusive coupling. The approximate first
integrals of this system were derived via the approximate partial Noether theorem and all

the cases for the coupling parameters were discussed in detail.

In this work, we have shown the effectiveness of be partial Lagrangian approach for
exact and perturbed ordinary differential equations for which we do not have standard
Lagrangians. We showed that partial Lagrangians do exist for all such type of exact and
perturbed ordinary differential equations and are very important in constructing exact

and approximate first integrals.

150



We conclude by mentioning some further works. It would be of interest to apply the
partial Noether approach to scalar higher-order ODEs as well as to second-order systems
of three or more equations. Perturbed ODEs also need further investigation using this

approach.
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