INVERSE OPERATIONS ON TENSOR PRODUCTS OF MATRICES

Francesca van der Merwe

A dissertation submitted to the Faculty of Science, University of the Witwatersrand, Johan-
nesburg, in fulfilment of the requirements for the degree of Master of Science.

Johannesburg, 2022



Declaration

| declare that this dissertation is my own, unaided work. It is being submitted for the Degree
of Master of Science at the University of the Witwatersrand, Johannesburg. It has not been
submitted before for any degree or examination at any other University.

He

(Signature of candidate)

rd

23 September

day of 22 altWindhoek, Namibia

20




Abstract

A variety of products of matrices arise by considering different algebraic struc-
tures — for example, linear transformations (matrix multiplication), product
vector spaces which leads to entrywise products (known as the Hadamard or
Schur product) and bilinear transformations (tensor products).

Inverse operations of linear transformations have been extensively studied in
the literature, but inverse tensor products are less well known.

This dissertation considers these inverse operations from different perspectives,
by focusing on characterising such operations and examining certain desirable
properties. Primarily, by abiding to an algebraic perspective, quotients of
vector spaces of (ms) X (nt) matrices are considered by characterising linear
quotient functions. Requirements for such functions to satisfy desirable prop-
erties, in addition to linear properties, are considered. Additional quotients,
which do not appear in the literature, are derived. Multiplicative (monoidal)
quotients are also considered. These quotients only exist on restricted struc-
tures, and their limitations are briefly examined.

Lastly, by relaxing the requirement for a purely algebraic quotient and finite-
dimensional spaces, an analytic approach is considered by assessing a least
squares minimisation of objects on reproducing kernel Hilbert spaces. In this
method, Tikhonov regularisation is employed to ensure boundedness in ob-
taining inverse operations.
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Arbitrary field
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The semi-ring of non-negative real numbers

The set of positive real numbers

The field of complex numbers

Vector space of n-dimensional vectors over some field F

The i*" element in the standard basis for F”
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Vector space of m x n matrices over some field F, excluding
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The m X n zero matrix
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Inverse of a matrix M

Complex conjugate of a matrix M

Complex conjugate transpose of a matrix M, or adjoint of an
operator M

Transpose of a matrix M
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Tensor product or Kronecker product
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Shorthand notation denoting “implies”
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Chapter 1
Introduction

A tensor product ® : V. x W — V ® W of vector spaces V and W is a uni-
versal bilinear map of vector spaces to another vector space. An extensive
development of tensor products in multilinear algebra is presented by Merris
in [11], which is considered as a notable resource and reference for this re-
search. This tensor product mentioned above is characterised by the Universal
Factorisation Property, which is defined formally in [11]. The following defi-
nitions are due to Merris. For simplicity, we consider bilinearity to define the
tensor product below. The definitions and results are easily extended to the
multilinear (m-linear) case, either by appropriate definitions or by composing
tensor products. The definition of a bilinear function is provided in Chapter
2. In this dissertation, with the exception of Chapter 4, we will be considering

finite-dimensional vector spaces.

Definition 1. Let V and W be vector spaces. A vector space T and a bilinear
function

V:VxW—=T

are said to satisfy the Universal Factorisation Property if, for every vector

space U, and every bilinear function
f:VxW—=U
there exists a unique linear function h : 7" — U such that

f=hoV.
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Lemma 1. If (T1,¥,) and (Ty, Vs) satisfy the Universal Factorisation Prop-

erty, then Ty and T, are isomorphic.

Definition 2. Let U : V x W — T be a bilinear map. If (T, V) satisfies
the Universal Factorisation Property for V and W then the vector space T is

called the tensor product of V' and W, written

T'=VeW.

Definition 3. Let ¥ : V x W — T be a bilinear map with T'=V ® W the
tensor product of V' and W. Then each element of T is called a tensor. In

particular, the elements
vw:=VY(v,w), veViweW

are called decomposable tensors. The decomposable tensors in 7' generate
T.

So, given a vector space U, for every bilinear function f : V x W — U there
exists a unique linear function h : V ® W — U, as demonstrated by the fol-
lowing commutative diagram:

VxW-Y-VeoWw

lf/ (1.1)

U

The notation !h signifies that h is a unique function. This research project
aims to understand how inverse operations in terms of decomposable tensors
may be approached and established for tensor products; and to investigate the

mathematical properties of such operations.

An example of a tensor product on matrices is the Kronecker product [14],
which has also been extensively researched in various publications, including
[13]. The Kronecker product realises the tensor product for finite-dimensional
vector spaces (column vector spaces) and induces a Kronecker product A ® B
of two matrices A and B (i.e. linear transforms on finite-dimensional vector

spaces).
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1.1 The Kronecker Product as Realisation of

the Tensor Product

Since matrices represent linear transformations under some choice of basis, a
Kronecker product of matrices arises naturally from the Kronecker product of
vectors. To illustrate this assertion, consider the following definition for the
Kronecker product of vectors a € F™ and b € F”, where F* denotes the space

of k-dimensional vectors over some field F.

Definition 4. The Kronecker product of vectors a € F™ and b € F" is
defined in terms of decomposable tensors a ® b € F™ @ F" by:

~ albl -
CleQ
b
“ albn
(lgb
a®b=| | = |ab
: a/2b2
amb
_ambn_.

Here, F™ @ F" is identified with F™". The Kronecker product is bilinear and

it can be shown that (F™", ®) satisfies the Universal Factorisation Property.

Now, consider the linear function g : " x F" — FP x [F? defined as:
g(a,b) = (Aa, BD),

for all @ € F™ and b € F", where A is a p X m matrix and B a ¢ X n matrix.
By their actions on the standard bases, A and B may be considered as the
linear transformations A : F™ — FP and B : F* — F9. Furthermore, g can be
considered as the transformation given by A x B (the direct sum of matrices)
— and will be denoted by A x B in diagram (1.3) below.

Furthermore, consider the function & : F™ x F" — FP ® [F¢ defined as:

k(a,b) = (Aa) ® (Bb).
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It can be shown that k is a bilinear function. It is apt to introduce the definition
of the Kronecker product of matrices, as a simple extension of the Kronecker
product of vectors defined above. Let F™* denote the space of r X s matrices
over the field F, where r,;s € N.

Definition 5. The Kronecker product of matrix A € FP™ with the matrix
B € F¢" is defined as:

allB almB
A®B = :

amB ... ap,B

Given the definition of the Kronecker product of A and B above, we can

explicitly show that:

(A® B)(a®b) = (Aa) ® (Bb). (1.2)

Furthermore, we will define the linear function A ® B : F™ ® F* — FP ® F?
as the matrix transformation given by the matrix A ® B. Now, consider the
following diagram, expanded from diagram (1.1). The function ¥ induces, as
per Definition 1 above, the tensor product of two vector spaces V = F" and
W = F™. Similarly, we introduce a tensor product ¥, where the underlying

vector spaces will be clear from the context.

Fm x F? Yo Fm @ Fr

AxBl \ lA@B (13)

FP XFqTFp@)Fq

By considering this diagram together with properties of tensor products, we
can also show that equation (1.2) holds, where the function “A® B” is a unique
linear transformation from F"®F" to FP®F?. Furthermore, by this uniqueness,
and our choice of the Kronecker product to realise the tensor product, we must
have that this linear map is the Kronecker product of matrices A and B. To
further illustrate this reasoning, we consider the operator space analogue of
diagram (1.3). For all (a,b) in the bilinear dual space of FP™ x F%" there

exists a unique A’ such that
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Fpm x Fan Y, Fpm g Fan

(a’b)l A%BH(A@BZ)) (1.4)

FP x ¢

commutes. So, given that the tensor product of vectors is realised via the
Kronecker product, the Kronecker product of matrices becomes “the” product

of interest, and will therefore be considered in detail in the study.

1.2 Quotients of Tensor Products

To understand how inverse operations may be approached for tensor products
and established for such products from an algebraic perspective, a study on
quotients and how these may be defined for tensor products is of relevance. For
the purpose of introducing this study, it is therefore apt to introduce inverse

operations by discussing the notion of an equivalence relation and a pre-image.

Definition 6. Let Z be a set. An equivalence relation on Z is a subset
E C Z x Z, which satisfies the following properties. For all z,y € Z, we use
the symbol “xFEy” to denote that (z,y) € E.

1. xFx Vxe Z
2. xFy <— yEx Vzr,yeZ
3. xFy and yEFz — xEz Vx,y,z2€ 2

Definition 7. Let f : X — Y be a map between sets X and Y. The pre-
image of f is denoted f~! and defined as:

F'y)y={zeX : flz)=y}, yev.

Should f be invertible, the image of every subset Z C Y under the inverse map
is identified with (J,., f~'(2) in the obvious way, and indeed f~'(f(z)) = {2}
so that f~! o f may be taken as the identity in the usual way.

Definition 8. Let E be an equivalence relation on a set Z. An equivalence

class of E for an x € Z, denoted by [z]g, is defined as:

[z]p ={y € Z: 2By}

It can be shown that every function, by its pre-images, induces a partition
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{Z;,i € I} of Z; and that every partition induces an equivalence relation.
Definition 9. A quotient of a vector space V, is a partition {V;,i € I} of V
which is a vector space, with the same (set) operations as V, i.e.

Vi+Vi={a+b:aecV,beV,}

and:
aVi={aa:a eV}

Therefore, each partition defined as a quotient defines an equivalence class,

given by the pre-images of the function f : V — I, given by:

f(a) =14 if and only if a € V.

However, consider f~!(—1) in the case where f : R — R is defined as f(z) =
x?. Here, f~!(—1) is an empty set. We may approach the problem of assessing
the inverse of f at this point by considering the “closest” pre-image. So, we

consider the function f~(y) = {z € R : |y— f(2)| is a minimum}. For example,
f7(=1)={zeR:|-1— f(z)|is a minimum}
~ {0} =0,
i.e. {0} is identified with 0. On the other hand, we note that f~(1) = {—1,1}.

This is a high-level analogue to the approximation methods of defining the

Kronecker quotient by minimizing the Frobenius norm
|M —C®Dlp

for M € Foetd ¢ € F“* and D € F¢, a,b,c,d € N, where F =R or F = C
[16]. The Frobenius norm is given by:

1M ]| p = /tr(M*M),

where M* is the complex conjugate transpose of M.

This optimisation approach may be compared to a more algebraic considera-
tion, which emphasises quotients. The Kronecker quotient has first been con-
ceptualised by Leopardi in [9]. Hardy has expanded on this notion extensively

in [3]. For the purpose of introduction, we will focus on the right Kronecker
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quotient as defined by [3].

Definition 10. A right Kronecker quotient, denoted @, is an operation
@ : (FP™ @ Fe™) x FLr — FP™ gatisfying:

(A® B)© B = 4,

for A € FP™ and B € F2', where F&!" := F*™\{0%"}, with 09" the ¢ X n zero

nz

matrix.

A Kronecker quotient @ : V® W x W — V is an algebraic analogue of a
projection from V @ W to W. These projections are not unique, and have a
variety of algebraic qualities, which is the topic of the proposed study. A review
of this work will involve studying how properties of Kronecker products reflect
in Kronecker quotients; as well as understanding the various ways in which
such Kronecker quotients may also be defined, for example by approximation

— through optimisation problems [16] or by Tikhonov regularisation [12].

1.3 Properties of the Kronecker Product

As part of understanding inverse operations on tensor products, it is of rele-
vance to understand the key properties of Kronecker products; and in which
conditions these reflect naturally in their analogue quotients (if at all). The ba-
sic properties of Kronecker products are summarised here, in a similar manner

to how they have been set out in [13].
Associativity:
(A B)@C=A® (BC) VYAeF™" BelFri CecF.

Right-distributivity:
(A+B)@C=AC+B®C VYA BcFr CcF.

Left-distributivity:
AR(B+C)=AB+A®C VAcFr B C el

Scalar factorisation:
(@A) @ B=A® (aB)=a(A® B) YaecF, AcFri BecF”.

Transpose:
(A2 B)T = AT @ BT VA€ P B e Fre.
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Mixed product:
(A B)(C® D) =AC ® BD.

Complex conjugate:
AR B=A®B VYAecCri BeCr,

where M denotes the complex conjugate of the matrix M.

Determinant:
det(A® B) = det(B ® A) = [det(A)]"[det(B)|™ VA e F™™ B eF™",

Inverse:
(A B)"'= A"'® B™' V nonsingular matrices A € F™™ B € F™".

Trace:
tr(A® B) =tr(B® A) = tr(A) tr(B) VAeF™™ BeF".

A Kronecker quotient may be defined such that analogues of certain properties
follow naturally — while expressions for other properties might prove more
problematic. For example, the associativity property may lead naturally to

the following expression:
MoC)oB=Mo(BxC) YAcF"™ BecFM CeF

where M = AQ B® C.

The right-distributivity property may then follow in a similar manner:

(ARC)+(BC)|oC=(AC)oC+(BC)2oC YA, BeF C el

In Chapter 2, we will consider some of the fundamental properties in more de-
tail. In Chapter 3, we will consider the quotient analogues of these properties,
some already proposed in [3]; and consider how possible definitions and char-
acterisations of Kronecker quotients vary in order to satisfy certain properties.
For example, [3] provides a demonstration of how a Kronecker quotient satisfy-
ing an associativity property is generally irreconcilable with the trace property
(as defined and proposed in [3]). Certain properties, like the trace property,
may also impose restrictions on the underlying field. We will examine these

restrictions, and potential methods to circumvent them.
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1.4 Beyond Vector Spaces

These considerations of algebraic properties of the Kronecker quotient are not
to be constrained to the (graded) algebra of vector spaces. Section 3.5 and
3.6 consider other properties and associated Kronecker quotients which do
not appear in the literature. Appendix A provides a novel investigation into
quotients that provide tensor decompositions. Square matrices form a multi-
plicative monoid so, it is natural to consider monoid quotients as well. Monoid

quotients will be described and discussed in Section 3.6.

Finally, matrices over the real and complex fields form a Banach algebra.
Thus, quotients in Banach algebras and spaces will also be investigated in
Chapter 4. In addition to the algebraic perspective on- and considerations of
algebraic properties of the Kronecker quotient, the analytic approach to these
quotients are also of concern. In addition to the optimisation approach of
[16] mentioned above, Saitoh utilises the theories of reproducing kernels and
Tikhonov regularisation to obtain an inversion for A in the Kronecker product
A® B [12]. This approach is analytical of nature; and generalised for both the
Hadamard- and tensor product of matrices. Saitoh’s approach is within the
context of reproducing kernel Hilbert spaces, as is defined in [12]. Details on

these methods will be provided in Chapter 4.



Chapter 2

On Tensor Products and the

Kronecker Product

2.1 Tensor Products

In the introduction, we provided a definition of a tensor product, and described
the Universal Factorisation Property. Owing to this property, it is possible to
“factorise” — and thus study — any multilinear function of vector spaces in
terms of linear functions (which are thoroughly studied in literature) and a
more well-studied multilinear function with its resulting tensor product — as
also explained in [11], in which the latter pair is called a “Universal Pair”.
This will be of particular importance in Section 2.2, where we will motivate
the universality of the Kronecker product and we will use this product to realise
the tensor product of vectors and matrices. We will confine our discussion to

bilinear functions, as defined below.

Definition 11. Let V and W be vector spaces over some field F. A function
f:V xW — U is bilinear when:

flarvr + aovy, Brwy + Bows) = a1 1 f(v1, wr) + oq Baf(v1, wa)
+ a2 81 f (v, w1) + a2 fa f (Va, wo),

for all vy, v9 € V,wy,wy € W and aq, g, 81, B2 € F. Thus, f is linear in both
V and W.

It is important to note that, as mentioned in Chapter 1, the decomposable
tensors {v @ w : v € V,w € W} span the vector space V @ W. So, despite the

12
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fact that v®@w € V ® W, in general:
VoW £{vew:veV,we W},

This statement is, in part, motivated by the following theorem presented in
[11].

Theorem 1. Let {ey1,eva,...,evn} and {ewi1,ews,...,ewm} denote the

standard bases of vector spaces V- and W, respectively. Then the set:
{evi®ew,;:1=1,2,....n, j=1,2,...,m}

is the standard basis of V@ W. Therefore, the dimension of V@ W is nm.

As explained by Merris in [11], it is practical to define a linear (or bilinear)
transformation through its action on a basis, given that any linear- or bilinear
transformation is completely and uniquely described by its action on a basis
of the domain [11]. This concept is known as linear extension (or bilinear

extension) and is defined below.

Theorem 2. Let {e; :i=1,2,...,n} be a basis of the vector space V. Then,

for arbitrary scalars oy, i = 1,2,...,n, we have the (arbitrary) vector:

n
V= E Qpep.
p=1

As a result, there exists precisely one linear function f :V — U such that:
flv) = Z ap f(ep).
p=1

Similarly, we can have extensions for bilinear functions and multilinear func-

tions, as illustrated in the following theorem.

Theorem 3. Let {ey,; :i=1,2,...,n} and {ew,; : j = 1,2,...,m} be bases
of vector spaces V' and W, respectively, then for arbitrary scalars oy, i =
1,2,...,n and Bj, j = 1,2,...,m there exists precisely one bilinear function
g:V xW — U such that:

n m

g(v,w) = Z Z aiBig(ev,, ewy),

i=1 j=1
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where v = Z?:l aiey,; and w = 2211 Biew,;-

As mentioned previously, the bilinear case can be extended to the multilinear
case (i.e. for vector spaces Vi, Vs, ..., V, for any p € N) through composing
tensor products and an associativity argument (see Section 2.2). Relevant
definitions for this can be found in [11]. As an example, the dimension of
Vi®@Ve®---®YV, becomes [[}_, dim(V;).

Since decomposable tensors provide a clear algebraic model for inverse opera-
tions, we will focus on providing more depth and development around them.
A convenient interpretation may be achieved within the dual space. Imposing
additional structure on non-decomposable tensors will yield different inverse

operations.

In [11], Merris provides a fundamental understanding of decomposable tensors
through the viewpoint of dual spaces. An adapted and condensed demonstra-

tion is provided below.

Denote the set of bilinear functionals on V' x W by
MV, W):={f:VxW —=TF : fisa bilinear function}
and linear functionals on V' by

L(V):={g:V —F :gis alinear function}.

Furthermore, M (V,W) is a vector space under componentwise addition and

scalar multiplication, defined by:

(fl + fQ)(U,U}) = fl(v7w) + f2(vaw)

and

(af)(v7w) = af(v,w),

where a € F. Now, consider the dual space of M (V, W), denoted by:
Dy = {Opuw)y : M(V,W) = F : (v,w) € V x W},
and, for each (v,w) € V x W, define O, ) € Dy by:

®(U,w) (f) = f(U,U)),
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where f € M(V,W).

To show that O, is linear, consider the following, for f,g € M(V,W) and
a, B € F, then by definition:

Owuw)(af + Bg) = (af + Bg)(v,w)
= af(v,w) + Bg(v,w)
= a@(v,w) (f) + B@(v,w) (g)

As an analogue to Theorem 1, we have the following:

Theorem 4. The set:

E = {0 i=1,2,...,n, j=1,2,...,m}

eV,iew,j)
s a basis for Dy, the dual space of the bilinear functionals on V- x W.

Proof. Let Ey = {ey; :i=1,2,...,n} and Ew = {ew,; : j = 1,2,...,m}
be bases of vector spaces V and W respectively. Furthermore, let the sets
By :={by; :i=1,2,...,n} and By := {bw; : j = 1,2,...,m} be bases of
L(V) and L(W) respectively, dual to Ey and Eyy.

We may, therefore, define the elements of By and By, by:

bw(ew) = 5i,t and bW,j(GW,t) = jts (21)

and linear extension. The concept of linear extension will be explained briefly
forthwith. For every v € V and w € W, we may write, where «;, 5; € F,7 =
1,2,....n, 3 =1,2,...,m:

V= Qiey + ey + -+ Qpeyg,

and:

w = Brew + Baewsa + -+ Bmewim.

So, given linear extension, equation (2.1) defines by; € By as follows:

by,i(v) = byi(arevy + aseyo + -+ + aneyy)
= ayby(evy) + asbyi(eva) + - + anbyi(evn)

= Qy,
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and similarly, by; € Bw by by ;(w) = ;.

Now, consider the set of functionals:
By = {byibw;:i=1,2,...,n, j=1,2,...,m},
where we define, for v € V and w € W:

bv,ibmj(v,w> = Z)V’Z’(’U)bW,j(U)). (22)

By this definition it follows that by ;b ; is bilinear, so if v1, v, € V, wi, ws € W,
then:

by.ibw; (101 + vy, frwy + [aws)

= by, (101 + agva)byw,; (Brwr + fows)

= [anby,i(v1) + 2byi(v2)][Brbw,; (w1) + Babw,j(w2)]

= a1 81bv,ibw,j(v1, w1) + a1 B2byibw,; (v1, we) + o frby,ibw j(v2, wr)

+ Olgﬁgb\/,ibmj(vg, wg).

Hence, we have that by ;(v)bw;(w) € M(V.W), i =1,2,...,n, j=1,2,...,m.
Following from the results above, we have, for arbitrary v € V,w € W and
f e M(V,W):

n m

Z Z flevi, ew;)bvibw, (v, w)
i=1 j=1

n m

= Z Z flevisew)bvi(anevy + azeva + -+ + anevn)

i=1 j=1

X by j(Brew1 + Beewa + - + Bmewm)]

n m

= Z Z a3 f(evi, ew;)

i=1 j=1
= flageyy + azseva + - -+ + aneyn, frews + Poewa + - - + Bmewm)

= f(v,w).

From this equation, we may deduce that By, spans M (V,W). Furthermore,
consider the set By and let v,; € F,i = 1,2,...,n, j = 1,2,...,m be the
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scalars such that:
n m

Z Z Yi,jbv,ibw,; = 0, (2.3)

i=1 j=1
where o is the zero bilinear functional, defined by o(v,w) = 0 for all v € V

and w € W. Now, consider the sum of functionals in equation (2.3), evaluated
at (ey1,ew1) €V x W

n m
Z Z Vijbvibw,j(evi, ew) = oev, ew,)

i=1 j=1

= 711 =0,

since, by equation (2.2) and (2.1), by,bw,(evy, ew) = 0ipd;¢. Evaluating
equation (2.3) in a similar fashion for every (ey,, ew ), we have that v, = 0
forall i = 1,2,...,n and j = 1,2,...,m. Hence, the elements by by ;,1 =

1,2,...,n, 7=1,2,...,m are linearly independent.

Therefore, By, is a basis for M(V,W) and given that the set F is the dual
basis of By, it may be concluded that F is a basis for D). O

Now, define 6 : V. x W — Dy, by:
9(1), ’LU) = @(v,w)-

Furthermore, let the set E in Theorem 4 be the basis of Dj;. The function @ is
bilinear and acts as an embedding of the pair (v,w) € V x W into a function
space. To show that 0 is bilinear, let f € M(V, W) and consider the following

expression:

O(arvy + agvy, Brwy + Bawa)(f)

= @(a1v1+azvg,ﬁlw1+ﬂzwz)(f)

= f(a1v1 + apvy, 1w + Paws)

= a1 81 f (v, wr) + a1 B f(v1, w2) + By f(va, w1) + Bz f(v2, wo)

= 110 w1 ,u1) (f) + 1820 (01,102) (f) + 2810 (05,01) (f ) + 22820 (15 00 (f)

= a1510(v1, w1)(f) + a1 B20(v1, w2)(f) + a2510(v2, w1)(f) + a2B20(v2, w2)(f).

Thus, bilinearity of 6 follows from the bilinearity of f € M(V,W). Now, let S
be any vector space and define a bilinear function g : VxW — S. Furthermore,

define a linear function h, : Dy, — S by its action on the basis of D), (and
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linear extension):

hg(@(eV,iveW,j)) = g(e\/,ia 6W,j),

fori=1,2,...,n, =1,2,...,m. So, since g and h, o 6 both take prescribed
values for each basis element (ey,;, ew,;); we have that h, is unique and that
g = hgo 0 for all (v,w) € V x W. Additionally, from Theorem 4, we may
infer that the image of 0 spans all of Dy;. The pair (Dyy,6), therefore, sat-
isfies the Universal Factorisation Property — visualised through the following

commutative diagram:

(2.4)

The Universal Factorisation Property follows since, by construction, 6 is sur-
jective. In Chapter 1, this universality is suggested by Lemma 1. If we suppose
that D/, is another such vector space and ' : V- x W — D’ ; then there exists
unique linear transformations k : Dy — D}, and k' : D, — Dy;. Here, ¢ is

surjective (otherwise A is not unique). In this case, we have:

0=FKkol, 0 =koo
— Of=Fkokob

— K =k""

The last implication follows by surjectivity of #. Therefore, given that there
exists an invertible transformation between D), and D), we have that there

exists some isomorphism k : Dy, — D,.

We may thus (in accordance with definitions and notations introduced in Chap-
ter 1) relabel our conventions above to the conventional notations for tensor

products and decomposable tensors:
Dy=VeoW

and

@(v,w) =V w.
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2.2 The Kronecker Product

The theory of Kronecker products has been developed in line with solving
matrix equations with respect to an unknown matrix X [13, 7], which include
some classical equations such as the Lyapunov equation (for given matrices A
and H):

XA+A'X=H,

and the Sylvester equation [8] (for given matrices A, B and C):
AX+XB=C.

For example, the matrix expression AX = B is equivalent to the expression
(I ® A)vec(X) = vec(B), where vec(-) is the vec operator [13], which is
discussed briefly in Section 2.3.

Given a fundamental understanding of the tensor product, we may further
our discussion of Kronecker products, as they pertain to the focus of this
work. Notations introduced throughout Chapter 1 —in particular the products
denoted by A ® B and a ® b — will continue to be relevant, unless explicitly

stated otherwise.

The Kronecker product A® B is considered a realisation of the tensor product
of vector spaces A and B. So, akin to how A and B are defined as matrices
and identified as linear transformations due to their actions on the standard
basis; A ® B is a realisation of a tensor product of linear transformations by

the choice of basis. In this case, F"* ® F"” becomes isomorphic to F™".

This characteristic — which is briefly introduced in Chapter 1 and illustrated
in diagram (1.4) — is established formally in [11], through a theorem equivalent

to the following.

Theorem 5. Let L(X,Y):={f: X =Y : f is linear} denote the space of

linear transformations on vector spaces X and Y. Then the space
LVeWSeT)
15 1tsomorphic to the tensor product

L(V,S)® L(W,T).
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Furthermore, {T4a @ Tg : Ty € L(V,S),Ts € L(W,T)} is the set of decompos-

able tensors.

Proof. Let Ty € L(V,S) and Ty € L(W,T). Now, consider the transformation
OV xW = S®T defined by ®(v,w) := T (v) ® To(w). Since P is bilinear,
there exists a unique linear transformation kp, n, € L(V @ W, S ® T) such
that ®(v,w) = kg, 7,(v ® w), which may be defined by kr, 1,(ev: ® ew;) =
Ti(ev,) ® Th(ew,;) and bilinear extension. Here, ey, and ey; denote basis

elements of V and W as in Section 2.1.

Now, let T'®T5 € L(V, S)® L(W,T) denote decomposable tensors and consider

the following diagram.

L(V,8) x L(W,T) —= L(V, S) @ L(W,T)

\> l!h (2.5)

LVeW,S®T)

Define VU, as indicated in the diagram above, by ¥ (71, T%) := kg, 1,. To show
that U is bilinear, consider the following, for arbitrary v € V,w € W and
T\, T) € L(V,S), To, Ty € L(W,T), \, X, i, ' € F:

U(NT, + NTY, pTo + p'Ty) (v @ w)
= bty uty ) (V ® W)
= [AT1(v) + NT{(v)] @ [uTa(w) + p'Ts(w)]
= M\u[T1(v) @ To(w)] + M [T1(v) @ Ty(w)] + N u[T] (v) @ To(w)]
+ N [T (v) ® Ty(w)]
= MAuU(Ty, Ty) + N U(Ty, Ty) + N pY(T], To) + N/ U(T], T)] (v @ w).

As a result, there exists a unique linear transformation:
h:L(V,S)®@ LW, T) - L(VeW,S®T),
such that h(Ty ® T3) = kg1, In order to show that h is a bijection, let

{s; 1 j=12,...,p} and {vp : k = 1,2,...,n} denote bases of S and V

respectively, and consider the following set:

{lsjove) 1 =1,2,...,p, k=1,2,... ,n}. (2.6)
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If we define each [s;, vy, for scalars a;,7 = 1,2,...,n, by:
(35, V] (@101 + oy + - - - + Uy 1= S5,

we have that [s;,v;] € L(V,S) and, moreover, that the set (2.6) is a basis of
L(V,S). Similarly, the set {[t;,w] :i=1,2,...,q, l =1,2,...,m} is a basis
of LW, T).

Now, consider the map h, as defined above:

i[85, 0k] @ [ts, wi] = K, o ton]»

where:
Kis; il ftswn] (06 © w1) = [8, 0k] (k) @ [ti, wi] (w)
=S5j X tz
Hence, we have that ki, v, ) {t,.w] = [5; ® ti, vx @ wy]. Note that, given Theorem
1, the set:

{[s;@t;, vp@w;] : 7 =1,2,...,p, k=1,2,...,n, 1 =1,2,...,¢, 1l =1,2,...,m}

is a basis of L(V@W,S®T).

Therefore, h is clearly bijective and we may conclude that:

L(\V,S)® LIW,T) 2 L(V oW, S ®T). 0

The Kronecker product is not a unique realisation of the tensor product of
vector spaces. However, it is generally the method of choice, partly due to
extensive literature available and its simple description — as will be investigated

in the next section.

Of more importance, however, is the universality principle demonstrated in the
previous section. There will always be an isomorphism between an alternative
choice of product (perhaps denoted by “A ®, B”) and A ® B; and, hence,

properties in A ® B carry over, by isomorphism, to properties in A ®, B.
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2.3 Properties of the Kronecker Product

The Kronecker product has many practical properties. Following the list of
properties provided in Chapter 1, a more detailed breakdown and consideration
of selected properties is of key importance in selecting properties desired for
an inverse operation, or quotient. These properties are well documented, with

concise summaries presented in (but not limited to) [13] and [7].

As stated by numerous sources, including van Loan in [15] and Laub through-
out [8], the Kronecker product A ® B manifests a number of structural prop-
erties common to both A and B; whether or not, for example, the components
and their product are nonsingular, orthogonal, positive definite or (upper or

lower) triangular.

Bilinearity (over vector spaces) is the defining property of the Kronecker prod-
uct. This fact necessitates the consideration of a vector space quotient, as
will be discussed in Chapter 3. Naturally, associativity of Kronecker products
is such an example. We reiterate this property, along with the other impor-
tant and useful properties of Kronecker products for convenience. Within each
property listing below, the matrices A, B, C, D and scalar « are defined as-
suming that the various operations involved (such as matrix multiplication
and addition) are defined.

KP Property 1. (A® B)T = AT @ BT.

KP Property 2. (A B)®C=A® (B ().

In [11], a proof is presented to show that the tensor products of vector spaces
V1, Va, V3 respects the isomorphism (V1 ®@V5)@V; = Vi ®(Vo®V3). Furthermore,
the Kronecker product is left and right distributive, and commutes with scalar

multiplication in the left (separately, right) arguments.
KP Property 3. A®(B+C) = AB+A®C, (A+B)®C =AxC+B®C.
KP Property 4. (¢A)® B =a(A® B).

KP Property 5. A® (aB) = a(A® B).

An interpretation of the matrices A and B as linear transformations emphasises
the product’s multiplicative property and the matrix inverse property (KP

Property 7) follows as a consequence (as demonstrated in [7]).
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KP Property 6. (A® B)(C® D)= AC® BD.
KP Property 7. (A B)"' =A@ B

KP Property 8. Let A be the eigenvalue of A corresponding to the eigenvector
x 4. Similarly, let p be the eigenvalue of B corresponding to the eigenvector z 5.

Then A\p is an eigenvalue of A ® B, corresponding to the eigenvector x4 ® xp.

Additionally, several algebraic properties are also of interest, which provide

the relation between tensor products and ordinary products.
KP Property 9. tr(A® B) =tr(B® A) = tr(A) tr(B).

KP Property 10. det(A ® B) = det(B ® A) = [det(A)]"[det(B)]™

The singular value decomposition of A ® B, as substantiated in [13], leads to

another useful property concerning the rank of this product.

KP Property 11. rank(A ® B) = rank(B ® A) = rank(A) rank(B).

The trace and determinant properties above may also be deduced from- and
understood in terms of the eigenvalue- property above. Let 0(A) and o(B) de-
note the set of all eigenvalues of matrices A € C"™™ and B € C™" respectively.

Then, for KP Property 9, we have:

r(A® B) = Z Z (An) = Z/\Zp—tr tr(B),

Aeo(A) peo(B) Aeo(A) peo(B

and for KP Property 10:

det(A@B)= [ [ J]

A€o (A) peo(B)
A€o (A) ueo(B)

= [det(A)]"[det(B)]™

As explained in [7], it is clear that A® B is in some relation with B ® A, since

these products commute by trace, determinant or rank; and both contain all
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permutations of the product of entries in A and B. It can be shown that:
A®B = P ;,(B® A)P,4, (2.7)

for A € F™" and B € F*!. The permutation matrices Py, € F¥™*™ and
P, € F"™" may be defined as follows:

T k

Pr,k = Z Z(€j7k (%9 62'77«)(@',,» (024 €j7k)T, (28)

i=1 j=1

where e; ,, denotes the ith element in the standard basis for F™. These matrices
are known as the “vec-permutation” matrices in [5]. In some sources, such as

[15], these are also known as “perfect shuffle” matrices.

Although not of specific interest to this dissertation, a brief outline of the
vec operator is appropriate as part of an introductory understanding of the
Kronecker product. The vec operator, commonly denoted vec(-), stacks con-
secutive columns of an m X n matrix A = [4, A, ... A,] vertically to form an
mn X 1 column vector:
A,
Ay
vec(A) = |
A4,
The vec operator has several uses, which include solving linear matrix equa-
tions, deriving Jacobian matrices and various applications within matrix dif-
ferentiation [4]. An important result in the study of vec operators and their
relation to the Kronecker product is the following, for A € F™" B € F"P and
C € FP4.
vec(ABC) = (CT @ A)vec(B). (2.9)

This result follows from the simpler relation, vec(ab?) = b ® a, for column
vectors a € F” and b € F™. In addition, Henderson and Searle extensively
characterize the “vec-permutation” matrix, denoted in [5] as P, , and expressed

by the following equation:
vec(A) = P, vec(AT), (2.10)

where A € F"™". Various formulations for P, , equivalent to (2.8), most of
which derive from (2.9) and (2.10), are discussed in [5].



Chapter 3

On The Kronecker Quotient

3.1 Properties for the Kronecker Quotient

Considering the list of key properties of Kronecker products in Section 2.2
above, it is useful to understand how these reflect in Kronecker quotients. In
[3], properties for Kronecker quotients, as they are defined in Section 1.2, are
proposed and studied. These properties are listed below as they will be con-
sidered throughout this chapter. Firstly, we recall the definition of Kronecker

quotient.

Definition 10. A right Kronecker quotient, denoted @, is an operation
satisfying:
(A B)o B= A,

for A € FP™ and B € FZ!', where F&!' := F%™\{0%"}, with 09" the ¢ X n zero

nz?

matrix.

Although properties are listed and discussed for the right Kronecker quotient
— the left Kronecker quotient analogues follow suit in a natural way. Within
each property listing, the matrices A, B, M, My, M, and scalar «, where A
and B are non-zero, are defined assuming that the operations involved are
defined. For example, in KQ Property 1 below, we must have M € Fmsnt
and B € F2! for some m,n,s,t € N. Additionally, we note that if the left
hand side of a Kronecker quotient is the correct form of Kronecker product,
these properties are actually identities. However, they do not hold in general,
but under certain restrictions. These restrictions will be described when the

properties are considered in detail.

25
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KQ Property 1. (M @ B)" = M" ¢ BT.

KQ Property 2. (M 0 A) o B=M 0 (B® A).

KQ Property 3. (M; +M,) 0 B= (M, @ B)+ (M, © B).
KQ Property 4. (aM)© B = o(M © B).

KQ Property 5. M @ (aB) = (M © B).

KQ Property 6. tr(M) = tr(B) tr(M © B).

rank (M)

KQ Property 7. rank(M @ B) = W
ran

KQ Property 8. (M; © A)(My @ B) = (M, M,) @ (AB).

KQ Property 9. det(M) = [det(B)|"[det(M @ B)J*.

3.2 Algebraic Perspectives

In Chapter 2, we summarised certain algebraic properties of the Kronecker
product. These properties are restricted to those which we may naturally deem
of most importance or interest. We are interested in defining an operation
@ : (FP™ @ Fo™) x F2? — FP™ which satisfies:

(A® B)© B = A.

Due to the reduction in dimension of the domain, such an operation is nec-
essarily a quotient. The choice of algebraic properties which may be required
(or desirable) impacts the way in which such a quotient could be defined and

characterised.

To illustrate this point, let V' and W be vector spaces. Owing to its definition
in Chapter 1, the tensor product V ® W is also a vector space. Now, suppose
L(V,X) and L(W,Y) are the vector spaces of linear operators on V' — X and
W — Y (vector space homomorphisms). So, for example, if V"= X = R" and
W =Y =R", then L(V,X) = R*" and L(W,Y) = R™™. (In this example
L(V,X) and L(W,Y) are endomorphisms — though they need not have this

restriction.)
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Therefore, we may similarly form the tensor product L(V, X) ® L(W,Y). In-

vestigating the quotient of this space allows for two main points of view.
1. As a vector space

We may define a quotient that reflects the distributive and scalar fac-
torisation properties KP Property 3 and 4 in Section 2.2, such as KQ
Property 3 and 4:

(My+ M) © B= (M, @ B)+ (M, B),
(aM) @ B =a(M @ B).

These are described as “linear Kronecker quotients” in [3] and will be

discussed in Section 3.3 below.
2. As a monoid

Alternatively, we may consider L(V, V') and L(W, W) as operations and
hence as monoids (under composition). So, we may define a multiplica-

tive quotient @ such that KQ Property 8 may be satisfied:

(M, @ A)(Mz @ B) = (M, M) @ (AB).

Monoids do not lend themselves to quotients with “neat” algebraic prop-
erties. Little attention is afforded to characterising this type of multi-

plicative quotient in [3], and will be considered briefly in Section 3.6.

3.3 The Kronecker Quotient as a Linear

Operator

As introduced above in Section 3.2, Kronecker quotients satisfying KQ Prop-
erty 3 and KQ Property 4, may be expressed as vector spaces (of linear opera-
tors). In [3], Hardy provides such a description for the left Kronecker quotient
in terms of linear operators. In this section, a similar operation - albeit with
focus on a right quotient will be defined and characterised. Left Kronecker

quotient analogues of the definitions below follow naturally.
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Definition 12. A linear (right) Kronecker quotient is a linear operation

defined, for a fixed but arbitrary B € F&! and m,n € N, by a linear map:
q(B,m,n): M — M @ B,

for all M e Fmsnt,

For given matrices M € F™$™ and B € F*', it is clear that a matrix A € F™"
does not necessarily exist such that M = A® B. Continuing in the spirit of an
algebraic view, we may express any matrix M € F™" in terms of the (left)

coset of ker(q(B,m,n)), as expressed in [3]:
M=A®B+RM, (31)

for some Ry, € ker(q(B,m,n)). Furthermore, in addition to the definition for
a quotient in Chapter 1, a quotient of the vector space F™*™ may further be

described as the set of cosets (quotient space):

{A® B +ker(¢(B,m,n)) : A® B € (F™" @ span{B})}.

So, dealing with the quotient of F™*™ involves dealing with a set of cosets
as described above. Let K := ker(q(B,m,n)) and let f : Fmsnt — Fmsnt /|

denote the canonical vector space homomorphism given by:
f(M):=A® B+ K,

for M € F™" as defined in (3.1). Consider the following diagram, which
illustrates the role of the operations ¢(B,m,n), for a B € F&!, m,n € N:

nz?

M=A®@B+Ry—— A0 B+K

|

A® B (3.2)

q(B,m,n) I

A=M®oBeFm™"

In the diagram, A® B € (F™"®span { B}) depicts the “representative matrix”
for the relevant coset of matrices M € F™™ such that M = A® B + Ry, for
some Ry, € K.

More generally, the description of the kernel of a vector space homomorphism
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lends itself to a description of the quotient in question. In [3], conditions for
such a linear Kronecker quotient to satisfy KQ Property 1, 2 and 5 (in addition
to KQ Property 3 and 4) has been derived in virtue of expression (3.1).

Theorem 6. Let © be a right Kronecker quotient satisfying KQ Property
3 and KQ Property 4, with the corresponding linear operator q(B,m,n) as
defined above. The following holds true, for all B € F3!, A € F™", C €

nz?

Frn M e Fment N e TP gnd o € F\{0}, where M = A® B + Ry and

Ry € ker(q(B,m,n)): *

1. (M @ B)Y = MT @ BT if and only if

Ry € ker(¢(B,m,n)) = R%, € ker(q(BT,n,m)).
2. M @ (aB) = (M @ B) if and only if

(0B, m,n)(M) = Lq(B,m, n)(M) if and only if

Ry € ker(q(B,m,n)) = Ry € ker(q(aB,m,n)).

3. (NoB)oC =N 0o (C® B) if and only if

¢(C'® B,p,r)(N) = q(C,p,r) © q(B, mp,nr)(N).

Proof.

1. Firstly, suppose that (M @ B)T = MT @ BT. Since M = A ® B + Ry,
and by the linearity of ¢(B,m,n) (for all B € F*', m,n € N) we have
the following:

(M @ B)' = [¢(B,m,n)(A® B+ Ry)|"
= [¢(B,m,n)(A® B)|"
= AT,

Furthermore:
M* @ B" = ¢(BT,n,m)(A” ® BT + R%))
— AT 4 (BT, n,m)(RL).

Therefore, we have that R, € ker(q(B*,n,m)). Now, conversely, sup-
pose that Ry, € ker(q(B,m,n)) implies R%, € ker(q(B*,n,m)) and con-
sider the following:
M* @ BT = (BT ,n,m)(A” ® BT + RY))
= A"

*The properties implied by the statements above are not only implied, but also if and
only if statements.
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= [¢(B,m,n)(A® B+ Ry)]"
= (M o B)".

2. Consider the following:
M @ (aB) = q(aB,m,n)(A® B+ Ry)

— g(aB,m,n) ((h) ® (aB)) + q(aB,m,n)(Ru)

«

1
= aA + q(aB,m,n)(Ry).

Given that L(M@B) = LA, we may conclude that M @(aB) = +(M@B)

if and only if
1
Q(QB7m7 n)<M) = aq(Bu m, n)(M)7

or, equivalently, if and only if

Ry € ker(q(aB,m,n)).

3. The proof for this property follows directly using Definition 12. O

For a B € F2! we have the following set of linear operators:

{q(B,m,n) : ™™ — F™" :m n € N}, (3.3)

where each of these operators are dependent on the order of the matrix they
operate on, without any clear relation between them. Little to no universal
statements can be made applicable to the entire scheme of operators — apart

from separate statements on individual operators.

It is desirable to impose (in addition to linearity properties) a property of
uniformity and consider a scheme of linear operators g(B, m, n), such that, for
A€ F™" and D € FsPt .

g(B,mp,nr)(A® D) =A® q(B,p,r)(D). (3.4)

Some examples of uniform quotients given by (B, m,n) are given in Section
3.4. Tt is clear that such linear operators are independent of the order of D

— as well as completely described by equation (3.4). Based on (3.3), such a
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scheme may simply be defined as:

{@(B,m,n) : F™" 5 ™" . m n €N,
g(B,m,n)(A® C) :=qg(B)(C)A VC € F*' A cF™"}, (3.5)

where q(B) :=q(B,1,1) for B € F&L.

The property specification for the set above relies on the fact that any M €
Fmsnt mon,s,t € N can be written as the sum of simple tensors. Other
schemes may also be defined — for example, a scheme that incorporates qualities

from operators across all m,n € N.

Definition 13. Let B € F5! and m,n € N be fixed but arbitrary. A uniform

linear (right) Kronecker quotient is a map g(B,m,n) : Fmsnt — Fmn
defined by, for all A € F™" and C € F*':

L (B, m,n)(A % C) = A@B)(C),
2. q(B)(B) =1,
and linear extension, where ¢(B) := ¢(B, 1,1).

The linearity and uniformity of these operators enables independence from
their left linear Kronecker quotient analogues, which may be defined, for A €
F™ and s,t € N, as:

qr(A, s, t) : Fmsnt — st

such that q.,(A, s,t)(C ® B) = q.(A)(C)B for all C € F™" and B € F*'.

For all M = C ® R® D where C € F™" R € FP" and D € F*', this (lack of)
interaction between the right and left operators may, therefore, be expressed

as the following composition:

q(B,p,7) o qr(A,ps,rt)(M)

q(B,p;r) [qr(A)(C)(R® D)
q.(A)(C) ¢(B)(D) R
qr(A,p,7) o g(B, mp,nr)(M).

In [3], by defining a partial Frobenius product:

© Fmsmt o FSE S B mon,s,t €N
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as an extension of the Frobenius inner product, Hardy characterizes uniform
Kronecker quotients, a class of the linear Kronecker quotients described above,
through a series of derivations. Definitions throughout [3] are based on a
left Kronecker quotient operation. This dissertation will focus on the right
Kronecker quotient — therefore, definitions and equations from [3] have been

adapted to reflect the right Kronecker quotients and operations in this paper.

Definition 14. The partial Frobenius product of M € F™*" and B € F*?,
the m x n matrix M ® B, is the bilinear, commutative operation defined

entrywise by:

s t

(M ©® Bl = Z Z[B]u,v[M](jfl)s+u,(k71)t+v>
u=1 v=1
forj=1,2,...,mand k =1,2,...n. Furthermore, we define BOM =M G®B

(equality is immediate if m =n = 1).

Lemma 2. The following identity holds for all C' € F** s € N:

Proof. Given Definition 14 with m =n =1 and s = ¢, we have that C' ©® I €
FLt >~ F. Applying Definition 14 yields:

S

Co [s = Z [[]U,U[C]u,v

u,v=1

= [Clua

= tr(C). O

Given the scheme defined in (3.5), let Ej";" denote the standard basis vector
of ™™ defined by [E;;"]x; = 6ix0;;. To further the discussions below, we will
introduce a different rendering of linear Kronecker quotients in the form of

matrices denoted R,(B) (originally termed the realisation of @ in [3]).

Definition 15. Let B € F*!

nz’

s,t € N be fixed but arbitrary. The quotient

realisation matrix for B is defined entrywise by:

[Ry(B))uw == a(B)(Eyy)-
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Lemma 3. For B € F5! and M € F"*"  and a linear Kronecker quotient
(B, m,n) conforming to the uniformity property given by (3.4), we have the
following identity:

qg(B,m,n)(M) =M ® R,(B).

Proof. Consider the following:

m n s t
Cj(B, m, n) (M) - 6<Ba m,n (Z Z Z Z (Z 1)S+U Jj—1t+v (EZTZJL ® Eii)))

i=1 j=1 u=1 v=1
t

= Z Z Z > IM]g-nesu-nio 4B, m,n)(E[" © EL)

11]1u1v1

= Z Z Z Z (i—1)s+u,(j—1)t+v Q(B)(Eziﬁ)) E:?"

zl]lulvl

- Z Z Z Z Ji-DstuG-1eto [Bq(B)luw Ei"

i=1 j=1 u=1 v=1

m n s t
- Z Z Z Z [Rq(B)]uw [M](ifl)s+u7(j71)t+v E:’;”
i=1 j=1 u=1 v=1

:ZZ [M ® Ry(B));,; E%"

— M ©R,(B). O

As discovered in [3], by characterising the matrices {R,(B), B € F2!}, condi-
tions for satisfying KQ Property 1, 2 and 5 and reveal some appealing prop-

erties.

Lemma 4. For all N € F™P™" A € F™" and B € F*¢:
No(A® B)=(NG®B) o A.
Proof. Let u = (u;—1)s+ug and v = (v;—1)t+wvy, whereuy € {1,2,... ,m},uy €
{1,2,...,s}and vy € {1,2,...,n},vy € {1,2,...,t}.
For alli € {1,2,...,p},7 € {1,2,...,r}, consider the following:

ms nt

[N @ A ® B Z Z A & B uv (i—1)ms+u,(j—1)nt+v

u=1 v=1
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m s n t
— Z Z Z Z [A® B(uy—1)stuz,(v1—1)t-+v2

ur=1u2=1v1=1v9=1
X [N](z 1)ms+(u1 1)s+ug,(j—1)nt+(vi —1)t+v2
- E : E : § E Ul ’Ul U27’U2
ur=1us=1v1=1v3=1

X [N]w Vmetus —1)s+us,[(i—1)n-+v1—1]t-+vs

- Z Z U1, ”1 N © B](l Dm+u,(j—1)n+v1

u1=1v1=1

=[(NoB)© A,

34

Theorem 7. Let © be a uniform Kronecker quotient (satisfying KQ Property
3, KQ Property 4 and (3.4)). For B € F5t, let R,(B) be the matriz as defined

nz’

in Definition 15. The following holds true, for all A € F™" C € Fu" M €

nz

Frsnt N e F™spmr - and o € F\{0}:
1. (M @ B)T' = M* @ BT if and only if R,(B") = [R,(B)]".

2. M @ (aB) = (M @ B) if and only if Ry(aB) = L R,(B).

3. (N0B)®C = N (C®B) if and only if R,(C ® B) = Ry(C) ® Ry(B).

Proof.

1. From Lemma 3, we have:

[M @ B]" = [M® R,(B)"

n s t

) [Ro(B)uw [M]-1)su -1y B3
i=1

=1 u=1 v=1
s

J
n

= _]:1 u=1 v=

=M"©[R(B)]",

and:
M o BT = M" © R,(B").

T

m t
=SSN S URUB) o IMT e tyeroi—vysra B
=1 1

So, if we suppose that [M @ B]" = MT @ BT, since M is arbitrary we

must have that R,(BT) = [R,(B)]", and vice versa.
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2. From the bilinearity of ®, we have:
Y oB)= Lo r,B)
a o« e
1
=M —R,(B) | .
o (srm)

So, if we suppose that 2(M @ B) = M @ (aB), we must have that:

1
M~ (Ry(B) = M Ry(aB),
if and only if

1
—(R,(B)) = Ry(B)
3. Given Lemma 4, the proof for this identity follows straightforwardly:

(N@B)©C = (N6 R,(B)) ® R,(C)
= N ® (R,(C) ® R,(B)). 0

Another result of interest provided in [3] involves basis expansion, and is a

generalisation of [9, Lemma 7.5].

Theorem 8. Let { By, Ba, ..., By} be a basis for Fs*. For all M € F™$™ m. n €
N, the following holds:

st st
M =) " q(B;,mn)(M)®B;=>» (Mo B;)® B
i=1 i=1
if and only if:
q(Br)(Bp) = Orp-

The proof for the theorem above is provided in Appendix A. In [3], Hardy has
considered the case of ¢(-) and {Bi, Bs,..., By} appropriate to this theory.
It could prove useful to consider whether, given a quotient operation g(-),
such a basis exists and if so, to describe the necessary conditions. An initial
investigation is provided in Appendix A.2. On the other hand, given that
(A® B;) @ B; = A, we have that ' (A® B;) @ B; = st A, and hence:

A:i(A@BQ@ (éB)

=1
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Theorem 9. Let g(X) be a uniform linear Kronecker quotient given X €
st If there exists a basis {Bi, Ba, ..., By} for F' such that q(B,)(By) =
Oprs Dok € {1,2,...,st} then the matriz:

q(B1)(Cst) q(B2)(Cst) -+ @(Bst—1)(Cst) q(Bst)(Cst)

is invertible for every other basis {C},Cs, ..., Cq}.

The proof and derivation of the matrix €2 of Theorem 9 above is provided in
Appendix A.

Uniform linear Kronecker quotients lay down the basis for deriving a general-

isation of Leopardi’s approach to describing a Kronecker quotient in [9].

3.4 Examples of Uniform Linear Kronecker

Quotients

In Section 3.3, a definition for the uniform linear Kronecker quotient is pro-
vided, by requiring:
a(B)(B) = 1. (3.6)

So, given the scalar-valued function ¢(B) : F*' — F and equation (3.6),
along with the axiom of uniformity in Definition 13, we are able to gener-
ate ¢(B,m,n), m,n € N such that g(B, m,n) is well-defined and describes a
quotient (for arbitrary B € Ff).

Lemma 5. Let g(B, m,n) be a uniform linear Kronecker quotient with B € Fs!
and m,n € N. The following properties hold for all m > 1, n > 1, M,N €

Fmsnt and o € TF:
1. 4(

2. ¢(B,m,n)(aM) = «a q(B,m,n)(M),

3. q(BY,n,m)(M") = [q(B,m,n)(M)]",

4 al

if and only if these properties hold for q(B) (thus for g(B,m,n), where m =



CHAPTER 3. ON THE KRONECKER QUOTIENT 37

n=1).

Proof. Since we have that M € Fms™ = Fm"@[F5! we may express this general
tensor as: .
M=) Aw®C, (3.7)
i=1
where C; € F5' i € {1,2,...,mn}. The vectors A; € F™" i€ {1,2,...,mn}

are linearly independent. So, given the linearity and uniformity of G(B,m,n)

we have that:

Q(vavn)(M) = ZAi Q(B)(Cz) (3'8)

1. We note that, by definition, g(B,m,n) is linear, so for 1 and 2 we
need only prove that g(B) is indeed linear. Let the general tensors
M, N € F™™ he expressed in similar fashion to identity (3.8). Given

the bilinearity of the tensor product, we have:

mn

q¢(B,m,n)(M + N) = q(B,m,n) (Z(Az ® C;) + i(AZ ® DZ)>

=1

=q(B,m,n) (% A;®(C; + DZ)>

i=1
mn

=Y A4:a(B)(Ci + Dy),

i=1
and:

mn

(j(B, mvn)(M + N) = Q(B>m’ n) (Z(Az ® Cz) + Z(Az ® Dz))

i=1 i=1

= q(B,m,n) (A;®Cy)+ Y _q(B,m,n) (4 D)

=1 =1

_ Z A; (B, m,n)(Cy) + Z A; (B, m,n)(D;)

— ZAZ» (G(B,m,n)(C;) + q(B,m,n)(D;)).

It follows straightforwardly that ¢(B) is distributive.

2. The proof of this scalar multiplication property follows similarly from

identity (3.8) and reasoning similar to the proof of 1.
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Given that ¢(B) satisfies 1 and 2 by construction, we implicitly use the
linearity of g(B,m,n) in the proof of 3 and 4.

3. Given KP Property 1, we have that:

MT = f:[A,- ® G| = injAZ’ @ Cr.
i=1 1=1

Since ¢(B) maps to a scalar value, we may assert the following:
[a(B,m,n)(M)]" = g(B",n,m)(M7"),

if and only if:
> AT aB)(C) =) Al a(B")(C]),
i=1 i=1

if and only if:
a(B)(C;) = a(B")(C)),

on account of the linear independence of the vectors AT i € {1,2,...,mn}.

The statement follows since Cj is arbitrary.

4. Owing to identity (3.8) it follows that:

é d(B,m,n)(M) = q(aB,m,n)(M),

if and only if:

mn 1 mn
Z A [EQ(BXCO} = Z A q(aB)(Ci),
i=1 i=1
if and only if:
L _
~q(B)(C) = a(aB)(C).
The statement follows since C; is arbitrary. O

Define:

nz(B) :={(i,j) € {1,2,...,s} x {1,2,...,t} : [B];; # 0},

where B € F&!. 1t is straightforward to show that such an operator g(-) exists.
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For example, the operator g j)(B), (i,7) € nz(B) defined, for all C' € F** as:

G5 (B)(C) = ([Big) ™" [Cliy, (3.9)

satisfies linearity and (3.6). However, this quotient operation — with its re-
liance on a specific (7, j), in particular — might impose restrictions on desirable

properties set out in Section 3.1. For example:
G (B")(CT) = [Ga.»(B)(C)]" if and only if [C];; = [C];,,

for all C' € F*' and (i,j) € nz(B). In this case, an averaging method may be
more suitable. A weighted average uniform Kronecker quotient is developed
and introduced in [3] by defining the transformation Wy, : F&! — Fs! for
s,t € N such that, for all B € F5L:

Y. WuB)i,;=1

(4,7)€nz(B)

So, we define, for all C' € F$!:

W(B)(C) = Y Wer(B)luw([Bluw) ' [Cluws
(B)

(u,v)€nz
and extended for all M € F™*" and m,n € N:

m n

qu(B,m,n)(M) ::ZZ Z (Wt (B) o ([Bluw) ™ M Ei"

=1 j=1 | (u,v)€nz(B)

where R, € F*' denotes the (k,I)" block of a m x n block matrix R €
]Fm,n ® Fsﬂf'

Showing that g,(B,m,n) is a quotient operation, by way of satisfying the
axioms in Definition 13, is straightforward. For all A € F™" and C' € F*! we

have:

G.(B,m,n)(A@ Oy = Y Waa(B)luw([Bluw) AR C, Ju

(u,v)Enz(B)

= Z [Ws,t(B)]u,v([B]um)_l[A]i7j [C]Uﬂ)

(u,v)Enz(B)

= [A]i; 4.(B)(C),
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therefore g, (B, m,n)(A®C) = Aq,(B)(C). Furthermore, given the definitions
for g,(B) and W, above, it is clear that ¢,(B)(B) = 1.

It is worth noting that this generic weighted average quotient does not im-
pose a restriction on the underlying field. However, certain quotients may be

restricted to certain fields. For example, [3] defines the transformation:

1-— 5[]3]7““0

L ._
Wt = T1(B)]

where FF is a field with characteristic zero, such that:
_ 1 _
6(B)C) = s DL ([1Blus) ™[Ol

(u,v)€nz(B)

The operation above, g, 1, is equivalent to the Kronecker quotient defined by

Leopardi in [9].

The restriction to fields with characteristic zero in the example above limits
the calculations to the most general of fields. Should the weighted average
uniform Kronecker quotient exist for certain finite fields, fields with a small
number of elements will have fewer weight transformation W possibilities (as
opposed to larger fields). An extreme example of this is to consider the Galois
field of order two, GF(2).

In [16], as introduced in Chapter 1, van Loan and Pitsianis defines a Kronecker
quotient by way of determining the “nearest Kronecker product”. This ap-
proach determines a right quotient, given (where F =R or F = C) M € Fmsnt
and C € F*! by seeking the A € F™" which minimises:

|M —A® Cllr.

A weighted average Kronecker quotient counterpart of this optimisation-based
approach may be constructed by the operation defined by, for B € F%! and all

C € Fst: il
qr(B)(C) := kRIS

An alternative representation of this operation is given by [3]:

1M]17;

m,n,F

qr(B,m,n)(M) = 1Bl
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where || - HEWF : Fmsnt — T g the linear (in A) map which obeys:

IA® Dl = AllDllr,

for all A € F™" and D € F*!. Alternatively, another example is given by
defining;:
[Bluw

Wk .=
*IBIIE

where F = C or F =R [3].

3.5 Restricted Properties for the Kronecker
Quotient

Requiring a Kronecker quotient to satisfy certain properties, such as KQ Prop-
erty 6 and 7, may result in constructing a trivial and restrictive quotient. Fur-
thermore, the domain considered for these properties is necessarily restricted.
In [3], Hardy examines the limitations of a trace property for the uniform lin-
ear Kronecker quotient — resulting in the following theorem. In this case, the

concept of realisation matrices and the partial Frobenius product prove useful.

Theorem 10. Let B € F%% be an arbitrary matriz with tr(B) # 0. The fol-
lowing property (KQ Property 6) holds for all M € F™*™s:

tr(M) = trlg(B,m, m)(M)] tr(B),

if and only if:

Proof. Suppose that:
tr(M) = tr[g(B, m,m)(M)] tr(B),

and T M = C ® D for some C € F™™ tr(C) # 0 and D € F**. The equality
above holds if either tr(B) = tr(M) = 0 or, given KP Property 9, Lemma 4

and the commutativity of ©:

tr(C) tr(D) = tr[g(B, m,m)(M)] tr(B)

fIn the case where M is a general tensor, this proof extends naturally, given that trace
and the partial Frobenius product are linear and bilinear operations respectively.
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tr[M © R,(B)] tr(B)
tr[(C ® D) ® Ry(B)] tr(B)
=tr[C © (D © Ry(B))] tr(B)
= (D © Ry(B)) tr(C) tx(B),

where the last equality follows since D ® R,(B) € F. This result implies that,
for all D € [F**:
tr(D) = (D ® R,(B)) tr(B).

Since, by Lemma 2, we have that D ® I; = tr(D), we may conclude (for
arbitrary D € F*°):

1
Do - I —DoR(B
O am T PO RB)

= Rq(B) - !

tr(B)

I.

1
Now, suppose that R,(B) = mls. Let:
r

st
M:ZC,Q@DZ».

1=1

Then we have:

and:

trlg(B,m, n)(M)] = tr(M © R,(B))

= tr(M © Iy)

1 B st
= tr(B)tr (ZC ®D> o I,

=1

st

Li=1
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Consequently, tr(M) = tr[g(B, m,n)(M)] tr(B). O

Given Theorem 10 above, we may define a Kronecker quotient ¢'" (B, m,n)(M) :
Frmsms _y Frm given B € FS:

¢"(B,m,n)(M) = (M © )

given Lemma 4 and the commutativity and bilinearity of ®. The quotient
operation ¢'" (B, m,n)(M) satisfies KQ Property 3, 4 (linearity) and 6, together
with the uniformity identity in (3.4). Demanding that KQ Property 6 holds,
restricts R,(B) (and g(B,m,n)) to a relatively simplistic form, unlikely to
yield additional significant properties. For example, such a quotient cannot

satisfy this property in conjunction with associativity (KQ Property 2) [3].

Corollary. Let B € F2$, tr(B) # 0 and C € Fj™, tr(C) # 0 be arbitrary
matrices and G(X, m, m) : F"P"P — F"™™ q yniform linear Kronecker quotient
associated with a matriz X € FPP. If KQ Property 2 holds for g(X,m,m), that
18:

7(C,p,p) © 4(B,mp, mp)(N) = q(C' ® B, p,p)(N), (3.10)
for all N € F™msP™sP - then K Property 6:

tr(N) = tr[g(C' ® B, p,p)(N)] tr(C ® B),
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does not hold for all N € Fmspmsp,

Proof. As a counter-example, consider the matrix Ef’f expressed by two dif-
ferent vector combinations (where e;,, denotes the i™™ element in the standard
basis for F"):

Ei’f = Ef% ® E1212 =€14Q 6{4-
Suppose equation (3.10) holds. Theorem 7 yields:

Eff & Eff =e14® 61T,4
— Ry(E} @ E}Y) = Ry(era®ely)
= Ry(E}}) ® Ry(ET}) = Ryle14) ® Rylel ).

Additionally, suppose the trace property as expressed above holds. Then:

1

Ry(E{Y @ EYY) = ————
S [mED)]

1y.
However, since Ry(A) € F™" for A € F™", Ry(e14) ® Ry(ef ) has a rank of 1,
whereas rank(Rq(Eff ® Eff)) = rank(/;) = 4. So we can conclude that:

1

1.
(222

Ry(e14) ® Rq(e{A) #

Therefore, the trace and associativity properties cannot hold simultaneously
for all N € F™sP™P m_ s p € N. O]

Inasmuch as the rank of a matrix does not interact with many algebraic proper-
ties and has no sum-respecting structure, KQ Property 7 is another restrictive
property. We may, nevertheless, construct a generic Kronecker quotient oper-

ation, satisfying KQ Property 7.

Proposition. Let B € F&! be fived but arbitrary and P € F** and Q € F**
any two invertible matrices. The quotient operation g, po(B,m,n) : Fgmn, —
F™" where r in q. stands for rank, defined for all M € Fp pp, := {X € Frent .
rank(B) | rank(X)}:

A if M=A®B

QT,P,Q(B,m7TL)(M) = p [p 0Pt—r
087p7p OS*p,tfp

]Q if M# A® B YA € Fn,
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rank (M)

—_— 11 :
rank(B) satisfies

where p =
@r.po(B,m,n)(A® B) = A,
forall A€ F™", A® B € Fppp, and:

rank(M) = rank(q, po(B, m,n)(M)) rank(B).

Naturally, ¢, po(B, m, n) as defined above do not satisfy linearity or uniformity

properties as focused on in this chapter.

Similarly, matrix eigenvalues do not behave algebraically in a number of ways,
and an alternative approach to defining a Kronecker quotient may be more
apt. Given M € F™*™ and B € F2? with eigenvalues f;, i € {1,2,...,p} and
wi, 7 € {1,2,...,r} respectively, such a quotient operation might, intuitively,
be expected to yield a matrix with eigenvalues 5—; Consequently, a restriction
on the number of eigenvalues for both M and B arises, as detailed in the
proposition below. In particular, since M @ B cannot have more than m

eigenvalues, a bound exists on the number of unique ratios 2:.

115
Proposition. For arbitrary diagonalisable matrices B € F7 and M € F™o™s,
let B, 1€ {1,2,...,p} and p;, j € {1,2,...,7} be non-zero eigenvalues for M
and B (respectively), where p,r € N such that:

'{& cie{1,2,...,p},j € {172,_,,,70}}‘ =

ey

with associated eigenspaces e (5;) and ep(p;). If there exists a quotient @ :
F™ — ™ such that the set:

EM,B ‘= {Zz Omes Tz € 5M<ﬂi)7xj c €B(Mj), 1€ {1,2,...,p},j < {1,2,...,T}},

forms a basis for F™ and % =+ % implies that z; Omsxj and 2z Dpsxp is linearly
J
independent. Then we may define the vector M @y B : F™ — F™ by its action
on the basis ey p:
B
(M @1 B)(zi @ms ;) = —(2i Oms ;).

127

The definition of @; imposes a significant restriction on the dimension of €,/ p.
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A second constraint that follows is that % = fj—J for linearly dependent pairs
i J

{zi ®ms Xi, zj ®ms ZL‘]‘}.

3.6 On Multiplicative Quotients

As discussed in Section 3.2, as opposed to the vector space perspective, the
Kronecker quotient of a tensor product space may also be considered through

a multiplicative lens by defining a quotient © that satisfies KQ Property 8:
(M@B)(N@oD)=(MN)o (BD),

for all square matrices M, N € F™™" and B, D € F™™ m,n € N. Such a

requirement leads to considering the matrices above as elements of a monoid.

Definition 16. A monoid (5,x*) is a set S that is closed under a binary

operation * : S x S — S such that the following axioms are satisfied:

1. The binary operation is associative, i.e. :

(axb)xc=ax(bxc) Va,bceSb.

2. There exists an identity element I € S such that:

Ixa=ax]=a Va€clb.

Clearly, monoids afford much less structure than vector spaces. In the sense
of describing a quotient of L(V, V) ® L(W, W), the best attempt to a quotient
might be in finding a monoid homomorphism. As a starting point, we will
confine the investigation of a multiplicative Kronecker quotient to the following

subgroup (and a submonoid of the monoid of (mn) x (mn) matrices):
GL;, ,(F) :={X ®Y : X € GL,(F),Y € GL,(F)}, (3.11)

of the general linear group GL,,, (F), which consists of (mn) x (mn) invertible
matrices over F. As discussed in Section 3.3, defining a quotient function for
every m,n € N requires the investigation of an infinite set of quotients, similar
to the set described in equation (3.3). Therefore, keeping to a “uniform”
quotient, similar to the property in equation (3.4), in this section is vital for

simplicity.
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Definition 17. A uniform multiplicative (right) Kronecker quotient is

an operation:

©* : GL;, ,(F) x GLy(F) — GL,(F),

defined such that:

1. Bo* B =1,

2. (M@*B)(INo*C)=(MN)o* (BC),

3. (aM)©* B=a (M o> B),

4. (A®C)o* B=A(C0* B),
holds for all M, N € GLg, ,(F), B,C' € GL,(F), A € GL,,,(F) and o € F.
Now, let Aj, A2 € GL,,(F) and Cy,Cy, By, By € GL,(F), and consider the
following expressions:

[(Ay ® C1) @ By] [(A2 ® C3) @™ By] = A1 Ay [(C1 @ By)] [(C2 @™ By)],

and:

[(A; ® C1) @° By [(A2 ® Cy) @ By] = [(A; @ C1)(As ® Cy)] ©* (B1By)
= [(A14;) ® (C1Cy)] @ (B1By)]
= AlAg[(C’ng) @X (BlBQ)]

Hence, uniformity demands the resulting multiplicative identity:

(C1 @ By) (Cy @ By) = (C1Cs) @* (B1Bs).

For the remainder of this chapter, we consider uniform multiplicative quotients
as described in Definition 17. Generally, an examination of multiplicative
functions of matrices, necessitates examination of the determinant. In [1],
Djokovi¢ demonstrates that the characterisation of any multiplicative map on

matrices is that it factors through the determinant function. ¥

Theorem 11. Let det(-) denote the Dieudonné determinant and K be a divi-
sion ring, not of characteristic 2, with K* its multiplicative group and [K*, K*|

its commutator subgroup. Furthermore, let ¢ : GLyp, (K) — GL,,(K), m,n €

fDjokovic’s result in Theorem 11 also holds for fields of characteristic 2. See the closing
comments of [1] for details.
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N be a homomorphism satisfying:
¢(AB) = ¢(A)¢(B),

for all A, B € GL,,,,,(K). Then a homomorphism py : K*/[K*, K*] — GL,,(K)
exists such that:

$(A) = py o det(A),
for all A € GL,,,(K).
The proof of this theorem may be found in [1]. Let B € GL,(F), C € GL,,(F)
and M € GL,,,(F). Suppose that M = C' ® I,, and consider the following:

M @* B = (Ip, @ B)(M o™ 1,)
= (I;mn @ B)C.

Furthermore:
M @* B =C(In, @ B).

So, (Imn @* B) is in the center of GL,,(F) and can therefore be expressed as

a non-zero scalar multiple of I,,, [2, pp. 150].

Proposition. Let B € GL,(F) and @* be a uniform multiplicative Kronecker
quotient. The following holds:

1
Imn ®>< B) = _Im7
( ) 3

where € F is some non-zero scalar.

With this taken into consideration, ©®* satisfies the definition for a Kronecker
quotient together with Property 8, provided that the quotient M ©* I,, exists
for all M € GL;, ,,(F).

Given Theorem 11 and the proposition above, we have the following (in our
case, F*/[F*, F*| = F*):
M@*B=(Mao* L)@ B)

— pr [det(M)] (%Jm) ,

where det (in the above equation) denotes the Dieudonné determinant (the

usual determinant since we are working over the field IF) and § some non-zero
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scalar. Here, p;, : GL,,(F)/SL,,(F) — GL,,(F) is a group homomorphism,
where SL,,(F) is the special linear group consisting of all m x m matrices over
F with a determinant equal to one. We note that GL,,(IF)/ SL,,(IF) = F*.

So, since we require (A ® B) @* B = A for all A € GL,,(F) and B € GL,(F)

we may deduce the following:

5
- B®XIn:ﬁ7

(A® B)o* B = (11m) ABo* 1)) = A

and, for all D ® C' € GL}, ,, (F):

(D& C)0* B=1D,

=

where the scalars 5,y € F* are defined by %]m = (Iyn @* B) and %Im =
(I @7 C).

However, consider the matrix X ® I,,, X € SL,,(F) \ {/,,}. Since py, is a

homomorphism, we have:

(X ®1I,) 0" I, = pp,[det(X @ I,,)]
= pr, [(det(X))" (det(1,))™]
= pr,(1)
—I,
7 X,
which contradicts Definition 10. Consequently, defining such a multiplicative

quotient such that it is well-defined on the entire group GL;, ,(F) is not viable

and will require identifying an appropriate structure.



Chapter 4
On Quotients in Banach Spaces

The previous chapter focused on quotients of finite-dimensional vector spaces.
Both finite and infinite-dimensional vector spaces are considered in this chap-
ter. Infinite-dimensional vector spaces are usually studied in the setting of

functional analysis and Banach spaces.

Definition 18. A vector space F' (over F = R or C) equipped with a norm
| - |l : F — Rsp, with respect to which it is complete (i.e. every Cauchy
sequence in F' converges to a value in F) is called a Banach space, i.e. it

obeys the axioms:
L ||z >0 VzeF
2. [z =0 <= =0 Ve eF
3. [l +yll < lall + lyll Va.ye F
4. ||laz|| = |al||z|| Vx € F and o € F.

5. If f: N — F'is a Cauchy-convergent sequence, i.e. for all € > 0 there
exists N € N such that:

vman Z N7 ||f(m) - f(n)H <¢,
then there exists [ € F such that, for all €, there exists N € N such that:

Vn =N, [[f(n) =] <e

Definition 19. A vector space H (over F = R or C), equipped with a scalar-
valued inner product (-,-) : H x H — F, is a called a Hilbert space if it is

20



CHAPTER 4. ON QUOTIENTS IN BANACH SPACES 51

complete with respect to the norm defined by (for all f € H):

1f e = V[, f)-

Hilbert spaces are examples of Banach spaces.

Algebraically, quotients of Banach spaces are induced by kernels of bounded
linear maps. An analytical approach may be considered by relaxing the re-
quirement that a quotient is algebraic. In [12] (which serves as the main source
for this chapter’s research), Saitoh considers such an approach within Hilbert

spaces (with discrete bases, i.e. separable Hilbert spaces).

Let H be a Hilbert space and consider any h € H. Given a reproducing kernel
Hilbert space Hg (with reproducing kernel K) and a bounded linear operator
L : Hy — H, Saitoh aims to find f € Hg which attains the infimum:

inf — . 4.1
inf LS = Bl (4.1

Generally speaking, the desired quotient is described by the object closest to
h in the equation above. A least squares minimisation is utilised — which,
as shown below, is connected to obtaining a (Moore-Penrose) pseudoinverse

matrix [6].

Definition 20. Let A € F™" where F = R or C. The Moore-Penrose

matrix inverse, AT € F™™ is a matrix unique to A which satisfies:
1. AATA = A,
2. ATAAT = AT,
3. (AAT)* = AAT,
4. (ATA)* = ATA.
The criteria above are called the Moore-Penrose conditions.

Now, if given an z € C™ and M € C™™ ™ we define a’ € C™ such that:
min [Ma —z|| = |[Ma’ -z, (4.2)
acCm

then we have that [6, pp. 5-19]:

a =Mz +r, (4.3)
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where r € ker(M), and:
M*Ma' = M*zx. (4.4)

To serve as an example within the context of this research, a finite-dimensional
analogue of Saitoh’s method within C™, will be explored. Let M,, denote a
linear transformation defined by, for all a € C™ and (fixed but arbitrary)
be C™:

M, a—~a®b.

We will use a matrix representation by defining the matrix M such that Mz =
M,,(z) for all z € C™. Similarly, the notation f(e;) := e} f will apply to all
feC” meN.

In order to determine a suitable pseudoinverse, Saitoh applies the concept
of reproducing kernels and positive definite Hermitian matrices. Moreover,
Tikhonov regularisation is incorporated in this method to ensure that the

infimum in (4.1) remains bounded.

Definition 21. Let F(E) = {f : E — C} denote the set of functions with
domain E and codomain C, with E a non-empty set. A reproducing kernel
Hilbert space on F is a Hilbert space Hx C F(E) endowed with a function
K : Ex E — Hg, called the reproducing kernel, that satisfies the reproducing
property:

f(p) = (f, Kp),

for all p € E and f € Hg, where K,(x) := K(z,p). Here, (f, K,) is the inner
product of f and K, : F — Hg in Hg.

An illustrative example of such a reproducing kernel Hilbert space is the
complex-valued vector space, C"™. We may consider every f € C™ as act-
ing like functions on the standard basis E := {e; : i = 1,...,m} and defined
by the values [f]; = f(e;). So, in this setting, every f may be described as an

inner product operation, and is related to the dual space of E.

We consider an example which shows that every non-singular Hermitian matrix
may be associated with a reproducing kernel Hilbert space. Let A denote a
positive definite Hermitian matrix, and define the following inner product, for
all f,g € C™

(f,gba =g A7f. (4.5)

Since A is positive definite, it has a unique positive definite square root Az,
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Furthermore, since <A%ei, A%ej> =0;,; fori,j =1,2,...,m, the set:
A

{EZ = A%Bi,i: 1,2,...,771}

is an orthonormal basis for the inner product space (C™, (-,-)4). Now, let K
denote the reproducing kernel function as defined in Definition 21. By the

reproducing kernel property, the j** coordinate of E; can be described as:

[E%]] = <Ei7Kej>A = S;Ez

Since {E; : i = 1,2,...,m} forms a basis for C™, we may write K, as K. =
Yo @i E;. Consider the following:

K(em e(I) = <Ke 7Kep>A

= <Z ai,qua Z Oéj’pEj>
A

Moreover, since:

and:

(Bi, Ke;)a = € B

we have that a;; = [A%]j,i. But (A%)* = A2, 50 a;; = [A%]m‘-
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The reproducing kernel function, K, therefore, evaluates to the following:

K(ep, eq) = Z Qi,qQip

i=1

Given the expression for K above, we may verify that (C™, (-,+,)4) is a repro-

ducing kernel Hilbert space:

(f Ke)a=[K AT f

= > A K (eg en)

= > UHA AL
= > (Al
=/

Now, let K and K, denote the reproducing kernel functions for (C™, (-, ) 4,)
and (C™, (-,-)4,) respectively. The reproducing kernel functions K; and Ko
induce a tensor product Hilbert space Hyx, ® Hg, with reproducing kernel
K:C"xC"xC"™xC™— C, given by:

K(ei, e, ex, €)= Ki(e;, ;) Ka(ex, er).

Saitoh [12] considers a “diagonal restriction” on the tensor product space C" ®
C™, which is also a reproducing kernel space on {(e;,e;), i,j = 1,2,...m},

with the reproducing kernel:

K(e; €4, e, ¢€;) == Ki(e;, e5) Ka(ei, e))
= [Au]ij [A2]i
= (e Are;) (€5 Aze;)
= (e ®e;)" (A1 ® As)(e; ® ¢j),
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equipped with the inner product (-,-)g := (,")a,04,, defined analogously to
the inner product in (4.5). Furthermore, [12] provides the following expression,
for any z e C" @ C™ = C™™ :

m

2 = > BijlB1i ® By, (4.6)

i,7=1

where (3;; € C, i,j = 1,2,...,m are some scalars, and:
1
{Ep,i = [AZ%]GM’L:LQ,,WL}, p:1’2

the orthonormal bases for (C™, (-,-)4,) and (C™, (-, ) 4,) respectively. For the
general case (such as infinite-dimensional spaces), convergence criteria is given
as ZZ:J B;.;]? < oo. The diagonal restriction produces the space of Hadamard
products, whereas the tensor product reproducing kernel produces the space
generated by Kronecker products. In the following, M* : Hg — H, de-
notes the adjoint of M : H4 — Hp i.e. the operator satisfying (Mx,y>HB =
(z, M*y)y, for all z,y in the relevant Hilbert space.

Keeping in mind the fundamental results in equations (4.3) and (4.4) above,

Saitoh derives the following requirement on any potential solution.

Theorem 12. Given any x € C™ and bounded linear operator M : C™ —
C™™, there exists ' € C™ in the reproducing kernel Hilbert space (C™, (-, ) )
such that equation (4.2) is satisfied, if and only if:

Mz € C™(Ky),

where C™(K ) is the reproducing kernel Hilbert space endowed with the kernel
defined by:
Ku(ep,eq) = (M*MK, ,M*MK.,,) , .

Furthermore, the unique a), € C™ that minimises the norm in (4.2) can be

expressed as:
]y = (M2, M"MK,,) , .

Saitoh gives a more general setting for Theorem 12 where boundedness is re-
quired, but in settings where boundedness may not be assumed, an additional
term is required to ensure that solutions are bounded. Thus, Saitoh applies

Tikhonov regularisation, an analytical method which, instead, seeks to min-
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1mise:
Mlall? + [|Ma — z|]*. (4.7)

Through introducing some factor A € R, Saitoh constructs the reproducing

kernel Hilbert space (C™, (-, -)a,), with inner product:

<fa g)A,)\ = >‘<f7 g>A + <Mf7 Mg>A1®Aza

and the accompanying reproducing kernel function :

Ky(ep, eq) = [()\[m + M*M)" K (e, eq)} )

Given the construction above, a statement on minimising the adjusted norm

equation in (4.7) follows.

Lemma 6. The unique vector a, , € C™ that minimises the equation in (4.7)

satisfies the following expressions:

[a;:,)\]k - <I‘, MK)\('? 6k)>A1®A27

and:
K(ek, Gk)

[0 Ikl </ — 5l

Finally, the solutions for the minimisation of equation (4.7) are attained in
[12] by introducing scalars dy, ., u,u',v =1,2,...,m, dependent on A, which

satisfy the following basis expansion:

MK)\ Z Z du u’,vEl,u X El,u’ & <E2,vep)a

u,u’=1 v=1

where the orthonormal basis vectors are defined in equation (4.6). By intro-
ducing additional schemes of constants {D, . : v,u, v’ = 1,2,...,m} and

{Cluw), (et = w0 ug,ul, = 1,2, ..., m} determined by:
= Z Dv,u,u’(eu X 6u’)7
u,u'=1
and defined by:
C(u,u/),(u*,u/*) = Z Dv,u,u’Dv,u*,u’*a
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Saitoh [12] presents the set of equations:

)\du,u/,v + Z du*,u;,vc(u,u’),(u*,u;) = Dv,u,u/- (48)

u,u’=1

In the finite case, the scalars d, ./, may be derived. In the general case, a
convergence criteria is provided and required to hold. The following result,
regarding an inversion a ® b — a in terms of seeking a vector that minimises
(4.7), is derived.

Theorem 13. Let M,, : C™ — C™" be a linear transformation, defined by
My, :a—a®b for all a € C™, given a fired b € C™. Given a scalar A € C,

the element which minimises the expression (4.7), is given by:

m
a;7A = Z du,u’,v [x]v Ev7

w,u’ v

where {E;, i =1,2,...,m} is an orthonormal basis for the space C™, with in-
ner product (-, -) 4 defined in (4.5). The constants, dy v, u, v, v =1,2,...,m,

are determined by the set of equations in (4.8).

By the deductions and theorem above, a generalised inverse may be obtained
in both the finite- and infinite-dimensional cases, albeit with the requirement
of setting a Lagrange multiplier, and solving the series of equations given by

(4.8) (subject to convergence criteria).



Chapter 5
Conclusion

This research initialised its aim of characterising inverse operations of Kro-
necker products with an introduction to the fundamentals and construction
of tensor products (of vector spaces), and consequently Kronecker products.
The Kronecker quotient operation, @, ,s¢ @ F™ x FSt — F™" is defined

generally; together with proposed properties.

With foremost focus on finite-dimensional vector spaces and KQ Property 3
and 4, a linear (right) Kronecker Quotient operation ¢(B,s,t)(M) : M +—
M © B (given an arbitrary B € F%') is defined and presented in terms of
quotient space cosets, the canonical vector space homomorphism kernel and
representative matrices. In this algebraic spirit, conditions on ¢(B,s,t) to

(additionally) satisfy KQ Properties 1, 2 and 5 is investigated in Theorem 6.

Describing quotients in terms of @y, s+ (for every m,n, s, t € N) suffers exces-
sive generality and lacks a coherent theory. In order to unite the scheme
of linear Kronecker quotients across multiple dimensions, the uniform lin-
ear Kronecker quotient ¢(B) : F®' — T is adopted and defined such that
q(B,s,t) (A C)=AgB)(C) for all A € F™" and C € F*'.

As a dimension-reducing transformation, the Frobenius inner product, ©, is de-
scribed. This leads to characterising a matrix R, (B), whereby g(B, m,n)(M) =
M ® R,(B). Conditions on KQ Properties 2, 1, and 5 are revisited, leading to
a significant result — associativity holds for @ if and only if R,(-) preserves the

tensor product structurally, which may warrant further research.

Additionally, a potential “basis expansion” for a matrix M € F™" is de-

scribed in Theorem 8 and a consequent investigation into the existence of an

o8
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“orthogonal” basis { By, Ba, ..., By, : ¢(B;)(B;) = 0, ;}. Following investigation,
such a basis may not always exist, and requires the invertibility of a specific
matrix, defined in Theorem 9. Further investigation, perhaps a procedure to

obtain such a basis, could be of interest.

As expected, linear properties — which are natural in the vector space setting —
allow for a flexible linear operator. In addition, the uniform linear Kronecker
quotient also facilitates useful examples of Kronecker quotients. Examples ex-
plored in this research either follow weighted average transformation methods
(some as generalisation of existing methods in [9] and [3]); or utilise the partial
Frobenius norm, defined in [3]. These examples, however, impose restrictions
on the fields underlying to FF = R or C, or fields of characteristic 0. Further
investigation into defining such examples applicable to finite fields could prove

practical.

Nonetheless, characterising a Kronecker quotient with multiplicative proper-
ties, for example KQ Property 8, has been investigated. A multiplicative
quotient, @, limited to operating on the submonoid GL;, ,(F) € GLp, (F), is
defined in (3.11). Given Theorem 11, such a quotient operation must be fac-
tored through the determinant. Consequently, it is shown that a multiplicative
and well-defined quotient on the monoid of (mn) x (mn) matrices is not viable.
Identifying an appropriate structure for such a quotient might be requisite for

further research.

Further properties for a Kronecker quotient are also considered. A uniform lin-
ear Kronecker quotient which satisfies KQ Property 6 is constructable. How-
ever, such a quotient is restricted to a relatively simplistic form and does not
satisfy KQ Property 2 simultaneously. Similarly, a Kronecker quotient @ satis-
fying KQ Property 7, as defined in Section 3.5, does not hold up with linearity
or uniformity. Considering a quotient satisfying matrix spectra properties may
be defined by way of a vector “M @; B” by its action on a particular basis. As
might be expected, restrictions are imposed on the basis of F™ and eigenvalues

of the matrices involved.

In Chapter 4, in order to characterise a quotient suitable to both finite- and
infinite-dimensional vector spaces, the study of such a quotient is taken to the
setting of Banach spaces. To this end, the approach in [12] is examined, which
seeks an a € Hy to minimise ||Ma — x|/ g,, given a bounded linear operator M
and © € Hy, where H; and H, are considered as reproducing kernel Hilbert

spaces. This approach is analytical, in the sense that the expression above is
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not required to be zero, i.e. the quotient is not required to be algebraic. More-
over, to ensure that this infimum remains bounded, Tikhonov regularisation
is applied. The outcome of this method, however, relies upon setting a factor
A € Ry — and certain constants, dependent on A, which are determined by an
infinite (or finite) set of equations in (4.8). In addition, this approach applies
to infinite-dimensional spaces with discrete bases. An approach applicable to

spaces with continuous bases may be considered for potential research.

Further potential directions of research, not mentioned above, include the fol-
lowing;:
1. Characterising a Kronecker quotient for a “symmetric” Kronecker prod-

uct, as defined and described in [13].

2. Investigating a Kronecker quotient, uniform or non-uniform, which satis-
fies KQ Property 6 together with 2 — or combinations of other properties

as explored in Section 3.5.

3. Quotients of alternative matrix products — for example Tracy-Singh prod-
ucts and Khatri-Rao products [10].

4. Kronecker quotients for matrices over rings. Many results in the research

above generalise immediately to unital commutative rings.

5. Possible inversions of Kronecker sums. For A € F™™ and B € F™", the

Kronecker sum may be defined as in [13]:
A®B:=(A® 1L, + (I, ® B).

Future research might, for example, benefit from characterising an oper-
ation © : Fmmmn — M defined such that (A @ B) © B = A.



Appendix A
Proof and Bases for Theorem 8

Theorem 8. Let { By, Bs, ..., By} be a basis for FSt. For all M € F™$™ m.n €
N, the following holds:

st
M = Z (Bim,n)(M)®B; =Y (M®B;)® B,

=1

if and only if:
q(Bk)(Bp) = -

A.1 Theorem Proof

Proof. Since the general tensor M is in Fm$nt =~ Fmn @ Tt we have the
following expression, by the bilinearity of the tensor product and given the

basis B := {By, By, ..., By}:

st

M= A;® By, (A1)

where A, € F™" ke {1,2,...,st}.

Now, suppose that q(B;)(B;) = d;,, for all B;, B, € B. Given the expression
for M above, and the linearity of G(B;, m,n), we have that:

G(Bi,m,n)(M) = g(B;,m,n (ZA ®B>

61



APPENDIX A. PROOF AND BASES FOR THEOREM 8 62

=" A; q(B:)(B;) (A2)

Jj=1

which implies that M = 33" | G(By, m,n)(M) ® By.

To prove the converse case, suppose that M = 35" | G(Bg, m,n)(M) ® B, for
all M € F™s™ Now, suppose we choose an M such that:

M:Aj®Bj,

where A; # 0™". Consider the following:
st
M= ch(Bi, m,n)(M) ® B

—Z (Bi,m,n)(A; ® B;j) ® B;
= Z(@(Bz')(Bj)Aj) ® B;.

Since the set {Bj, Bs, ..., By} is linearly independent, we may assert the fol-

lowing;:

4@ B =S B)(B)A) © B,

— A; =q¢(B;)(Bj)A4; and ¢q(B;)(Bj)A; =0™" when i#j
= (Bk)(B)) = - =

A.2 Necessary Conditions for a Basis with Prop-
erty Cj(Bz)(Bj) = 5@',]’ to Exist

Note that it may be shown that, by construction, there exists a unique quo-

tient q(-) defined by q@(B;)(Bx) = S, j,k € {1,2,...,st} for every basis

{Bi,...,Bs}.

Lemma 7. There exists a basis { By, B, ..., Bg¢} € F5' such that §(B;)(By) =
0 for all j < k.
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Proof. Let B; € F*! and define the subset [’ C F*:

F:={M eF>": M +# 0% M ¢ span{B;}} = F*"\ span{ B, }.

Now, suppose that q(B;)(B) # 0 for all B € F. There exists a C' € F*! such

1
that C := —————C', where C € F. So, we have that, since C, By — C € F":
q(B1)(Ch)

q(B1)(B1) — q(B1)(C) =0
# q(B1) (B, — O),

which contradicts the linearity of the operator ¢(B). So, for any C € F, there

1
exists a By — —————(C; € F such that:
AT (e
1(B))(B L) =0
q\ b1 1 6(31)(01) 1 .

We may, therefore, define By € F' as:
By = q(B1)(Ch) By — Ch,
such that g(B;)(Bs) = 0. Similarly, if we define Bs by:
By := q(B1)(C2) By + 4(B2)(C2) B2 — Cs,

where Cy # 0%, Cy ¢ span{ By, By}, we have that q(B;)(Bs) = q(B)(Bs3) = 0.

Continuing in this fashion, given Cy_; # 0, Cy_1 ¢ span{By, Ba, ..., By_1},
there exists By, k € {2,..., st} defined as:

N

By =S (@(B)(Co1)B:) — Cin, (A1)

i=1

such that g(B,)(Bx) = 0,n < k.

Lastly, since every Cy_1 ¢ span{Bj, Bs, ..., By_1}, we have that every By ¢
span{ By, By, ..., Br_1}. Therefore, the set {B; : i € {1,2,...,st}} is linearly
independent — and subsequently, given that there are st elements in this set,
a basis of F*. O

Let ¢ : F' — {q(-) : F¥' — F : q(-) is linear} denote a uniform Kronecker
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quotient (as defined in Section 3.3). For all A € F* A # 0!, we have that
G(A)(A) = 1. For s =t = 1, the basis { B} trivially satisfies the requirement

with no further proof required.

Since the method above only proves that ¢(B,)(Bx) = 0 for n < k, another
perspective to solving the question is necessary. Suppose st = 2. Let By € F5!
and F' C F*! define the subset:

F:={MeF*: M #0%, M ¢ span{B; }}.

Now, suppose that q(B;)(B) # 0 for all B € F. There exists a D € F*! such

1
that D := ————D; where D, € F. So, since B; — D € F, we have that:
q(B1)(D1) ' 1

q(B1)(B1) — q(B1)(D) =0
# q(B1)(B1 — D),

which contradicts the linearity of the operator G(By). So, for any D; € F', there

1
exists a By — ——————D; € F' such that
LB (D)
i(B,)(B L py=o
g\ b1 1 6(31)(171) 1 .

Hence, we can define By € F as:
By = q(B1)(D1)B, — Dy,

such that q(B1)(B2) = 0. Similarly, we may define B, := ¢(Bs)(D2)Bs —
Dy, Dy ¢ span{ By} such that ¢(By)(B;) = 0.
So, for st = 2, we wish to solve the following system of equations:

By
By

(B)(C1) B = €
(B2)(C3)Ba — Cs,

(I
QK

The requirement (axiom in Definition 13) ¢(B;)(B;) = 1, ¢ = 1,2 and
4(B;)(B;) =0, i # j, results in the constraint:

q(B1)(C3) = q(B2)(C) = —1. (A.3)
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In addition to defining C ¢ span{B;} and C), ¢ span{Bs} above, demanding
that By # 05" and By # 0°' requires O] ¢ span{ B} and C}, ¢ span{B}.

Hence, {C],C}} is a basis where C ¢ span{B;},C] ¢ span{By} and C) ¢
span{ B }, CY), ¢ span{ By}, which may be written in the form, given any lin-
early independent vectors C, Cy € FSE -

C! = aCy + bCh,
Oé = CCl + dCQ

where a, b, c,d € F. Now, define the following:

ay := q(B1)(Cy) and as := q(B1)(Cy), (A1)

From the system of equations in (A.2), we have the corresponding matrix

_ab
e d

In order for solutions to B; and Bj to exist, we have two constraints. We

representation:

By
By

Gy
Cy

acy + bos -1

(A.5)
-1 Cﬁl + dﬁQ

require the matrix on the left-hand side to be invertible, thus:

(acy 4 bag)(efBy + dfBa) # 1,
and for g(By)(Bk) =1, k € {1,2} to hold within (A.2):
afPi + bPs = cay + dag = —1.
Expressed in matrix form, we require:
ey w
c d| |aa [ -1y

where the scalars x, y satisfy xy # 1. Thus, the rightmost matrix is invertible,

and since {C1,Cy} and {C7,C4} are linearly independent sets, the leftmost

matrix is also invertible.

To satisfy the restraints above and, as a result, to obtain a solution for (A.2)
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we require the matrix:

a 51] (A.7)

(&%) 52

to be invertible. Given (A.5) and (A.6), we obtain a general system:

-1

B,
By

Ch
Cy

i 51

%) 52

Therefore, given that the system of equations above is independent of the
choice of C; and Cs, we may assert that we can choose arbitrary C; and Cs to
satisfy (A.2) if and only if a By and Bs exist such that the matrix in (A.7) is
invertible (that is, a8y — a5y # 0).

Higher-dimensional case

Now, suppose st = n, n > 1. The following derivation will follow suit from the

two-dimensional case.

Theorem 9. Let §(X) be a uniform linear Kronecker quotient given X €
st If there exists a basis {Bi, Ba, ..., By} for F' such that q(B,)(By) =
Sk, D,k € {1,2,..., st} then the matriz:

g(B1)(C1) @(B2)(Ch) -+ @(Ba-1)(C1) @(Bs)(Ch)
Q. 1(B1)(C2)  q(B2)(Cy) q(Bsi—1)(C2)  4(Bgt)(Ca)
4(B1)(Cst) q(B2)(Cst) -+ q(Bs—1)(Cst) q(Bst)(Cist)

is invertible for every other basis {Cy,Cs, ..., Cq}.
Proof. Let n = st and assume that {B;, Bs, ..., B,} obeys ¢(B;)(B;) = 6 ;.
Consider the system of equations for By, Bs, ..., B,, where:

n

Bi= > a(B)(Chyy )B;— Chiy s,

j=157

and ¢(B;)(C},,_;) = —1. We note that such C7,C%,. .., C), exist, for example
by taking C),,,_, = —B; + Bj, j #i.

Given any linearly independent set of vectors (so, any basis) in F*!,
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{C1,Cy,...,C,} where Cy,...,C, ¢ span{B;}, j = 1,2,...,n, the appropri-
ate basis {C],C%,...,Cl} may be expressed as:

r_ E :
Ci = am-(]j,
=1
where a;; € F.

Now, define the scalars v;; = q(B;)(Cj), i,j € {1,2,...,n}. Additionally,

define the matrices A := [a; ;] and Q := [v;;]7
Since > 7 aij,; = [AQik, we may now express the system of equations
above by:
B, = Z [Z Anyr-ikVik | Bi — Cryri = Z [AQni1-i5 Bj = Crya s
j=1j#i Lk=1 =1,
and in matrix form:
4 B
C! B
A '2 _A .2 7
Chp B,
where
[AQ11 [AQ]12 AQ 1 -1
[AQa1 [AQa2 -+ -1 [AQs .,
A= . : . .
—1 [Amnﬁ .. ce [AQ}nm

For solutions to exist, we require that A be invertible, i.e. that det(A) # 0. A
second constraint is that §(B;)(B;) =1, i € {1,2,...,n}, which translates to:

q(Bi)(C:H-l—i) = [AQ]py1i = —1.

Given that:
AQ = A,

to satisfy system (A.2), we ultimately require € to be invertible (since A is
invertible). O



APPENDIX A. PROOF AND BASES FOR THEOREM 8 68

If Q is invertible, we obtain the expression:

By Ch
0 By _ C"2
Bn CTL

Here, Q = Q(C1,Cs,...,C,) depends on Cy,Cy,...,C,. The construction
of the system of equations above is independent of the choice of C;, i €
{1,2,...,n}. Therefore, if there exists a basis {Bj, Bs,..., B,} as described

in Theorem 9, this system of equations is satisfied by any choice of basis

{C1,Cs,...,CL}.
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