T aADIE Of CONEENTS... et ee e e e e e e e e e e eeeeenn 1

S o) B T U] =SS 3
LiSt Of TADIES.....ooeeeeeeee e 4
(O3 o 1= N o 8 = S TSRS 6
I o o IV o o o N o SRR 6
1.0 IMOTIVALION ...ttt et ettt e e e e e e e e e e e e s s s e e e e e e e e eeeas 7
1.2 AIM OF the StUAY.....cooiiiiie e e e aaeeees 7
1.3 ODBJECHIVES ...ttt ettt e e e e e e e e e e e e as 8
1.4 ProjECE LAYOUL ..ottt e e e e 8
(O3 o 1= N o 8 = SRR 9
LiteratuUr @ REVIEW st 9
P20 R L= {1 011 I PR SRRR 9
2.2 Estimating animal abundancCe .............ceueeeeei i 10
2.1.1 Line transect SAMPIING ........coeeeeetmmmmmmmeeeeeeeinaaseeeeeeeeeeeeeeeeeeseeeeennnnnnne 10
2.1.2 Mark-recapture methods ...........coooieeiiieeiiiii e 17
2.1.3 Brief review of State Space Models of popatatibundance..................... 21
2.3 RESAMPIING ..eeeeeiiiiiiiiiei ettt e e e e e e e e e e e e e e e ene e e e araaaaa 22
2.3.1 Randomisation eXact tSTING ..........ueeemmmmrerruummiiiiieeeeeeeeeeeeeeeeeeereeenannns 23
2.3.2 CroSSs Validation ........cooeeiiiiiiiiiieeeeee e 24
2.3.3 JACKKNITE ... e ——————— 26
2.3.4 The bootstrap method ..........cccoovviiieiiii e 28
(O o 1= N o 1 A= S ST 51
/=N g o N o o B B0 o PR 51
3.1 Source and nature of the data............cooeeeiiiiiiiiiii 51
3.2 PropoSed MOUEL.........cooeiiiiiiiiiieeeeeee e s 51
3.2.1 AlGOTItNM B.d oo ——— 54
3.3 Bootstrap appliCation ...........ooeeiiiiiiiieeee e 56
3.4 Confidence INTEIVAIS ... 60
3.4.1 Standard confidence interval: ........ oo 60
3.4.2 Percentile confidence INTErvals: ...... oo eeeeeiieiiiiieieieeeeee 61
3.5 Monte Carlo SIMUIALION .............ooiiiii e e eee e 61
3.6 Jackknife appliCAtiON ...........ccoiiiiit e 62
3. 7 Software and PaCKage ........ooee oot 63
(O g TF= N o 1 A S S 64
White Rhino ReSUI TS e 64
4.1 Calculation Of NELIOSSES .......ccoiiiii oot e e 64
4.2 Model fitting algorithm 3.1.........oooiii e e 64
VA C I =] 11 =T o] o1 T SO RUPPPPRURPRRPN 67
4.3.1 200 RePICALIONS......cevvieriiiiie i ceeeeeeis e e ereee e 67
4.3.2 1000 ReEPHCALIONS. ......euuuuriiiiiii ittt e e e e e e e e e eeeeeeeeeeesennnneeees 71
4.4 Comparison of bootstrap estimates and thes&uiple estimates of the true.... 74
POPUIALION SIZES.....eiiiiiiiiiiiee ettt e e e e e e e e e e e eeeeeeeeeneneeesessennnnns 74
4.5 Monte Carlo SIMUIALIONS...........ciiiiiiieeerer e 75
4.5.1 Estimated coverage probability........cooo i 76



4.5.2 Average length of confidence interval.................ooovviiiiiiiiine e, 77

4.6 JACKKNITE ... ettt 79
4.6.1 Results obtained on removing each time paint...........cccoeeeiiiiiiiiiieinnns 80
4.6.2 Jackknife standard error for the sample ed@B..............ccovvvvvvviivnniinnnnn. 84
4.7 Comparison of the bootstrap and jackknife...............eceiiiiiinnd 58
4.7.1 Comparison of the bootstrap and jackknifereges ............ccccceeeeeeeeeeennn. 85
4.7.2 Comparison of the bootstrap and jackknifadded errors ........................ 86
(O3 g 1= N o 1 A= S TS 88
Black RNIiNO RESUITS. e 88
5.1 Calculation Of NEt LOSSES .....uuuuuuiiie ettt eeeeee e 88
5.2 Model fitting algorithm 3.1..........cco i e e 88
RGN =10 o] (=11 =T o] o] 1 0o FO USRS PPRURPRRPN 90
TR T M2 0[O I =T o] o= o] 1 U 90
5.3.2 1000 REPICALIONS......cciiiiiiiiiiiiiimemmmme ettt e e e e e e e eeee e 93
5.4 Comparison of bootstrap estimates and theséufiple model of the true......... 96
POPUIALION SIZES....ceieiiiiiiiiiiie et e e e e e e e e e e eebeeenneeeeees 96
5.5 Monte Carlo SIMUIALIONS ..........uuiiiiiieeeee e 98
5.5.1 Estimated coverage probability........ccccceeeooiiiiiiiiiiiiiiiiii e 98
5.5.2 Average length of confidence interval..cccce........coovvvvviiiiiciiiiiii e, 99
5.6 JACKKNITE ...t et 101
5.6.1 Results obtained on removing each time paint..........cccccevvveeiiieeennnn. 101
5.6.2 Jackknife standard error for the sample ed@m..............coooiiiiiiiiiiiinnnns 105
5.7 Comparison of the bootstrap and jackknife..............ooovvvviiiiiiiiiiiiiiieeeeee, 106
5.7.1 Comparison of the bootstrap and jackkniferesges .............ccccevvvvennn. 106
5.7.2 Comparison of the bootstrap and jackknifadded errors ............cccc...... 107
(O o Tr- I o N A= S ISR 108
Summary and RecommendatiONS . 108
6.1 White RRNINO ..o e 108
6.2 BIaCK RNINO ...t 109
5.3 DISCUSSION ..ttt ettt e e e e e e e e s eeen e e e e 109
A PP ENAI COS e et ns 120
Appendix A: DatasetsS USEd..........cooeiiiiiceemmmeuiiiiiaiaee e e e e e e e e e eeeeeaerennnnees 120
Appendix B: Matlab program for fitting the model.................cccoriiiriiniiininnns 121
Appendix C: Matlab program for bootstrap applicatia..............cccceeeeiiiienennnnn. 122
Appendix D: Matlab program for percentile confidenotervals.......................... 123
Appendix E: Matlab program for Monte Carlo Simubgiti...............ccceeeeeveeeeeeennn. 124
Appendix E: Matlab program for the jackknife ..ccce..oooovvvviiiiiiiiiiiiee 127
REFEINBNCES. ... s 111



List of Figures

Figure 2.1: Example of line transect sampling am@Asuirement ..........cccceeeeeeeeeeeeeeeneen. 13
Figure 4.1: Plot of the estimated true populatizesand the survey estimates at each of
the EIGNT SUIVEYS ... 66
Figure 4.2: Plot of the bootstrap estimates oftthe population sizes and the survey
estimates for each of the eight surveys for 2000&ONS.............ccoevveevvrvvinnnnnnnnn. 69
Figure 4.3: Standard confidence intervals for 288lications...............cccccvvvveveeennn L0
Figure 4.4: Percentile confidence intervals for 28flications ...............ccccevvvvvvvnnnnns 71
Figure 4.5: Plot of the bootstrap estimates oftthe population sizes and the survey
estimates for each of the eight surveys for 10@0aa&tions.............cccccevvvvvvvnnnnnnnn. 72
Figure 4.6: Standard confidence intervals for 1@ications ..............cccccoevvviiiinnnnns 37
Figure 4.7: Percentile confidence intervals for@@€plications ...............cccevvvvvvvrnnnne 4.7
Figure 5.1: Plot of the estimated true populatiaesand the survey estimates at each of
the EIGNT SUIVEYS ... e s 89
Figure 5.2: Plot of the bootstrap estimates oftthe population sizes and the survey
estimates for each of the seven surveys for 20@CeONS............ccoeeevvvevveeeeninnnns 91
Figure 5.3: Standard confidence intervals for 288lications.................ccccuvvvvveeennen. 93.
Figure 5.4: Percentile confidence intervals for 288lications ................cccevvvvvvvnnnns 93.
Figure 5.5: Plot of the bootstrap estimates oftthe population sizes and the survey
estimates for each of the eight surveys for 10@0aa&tions.............cccccevvvvvvvnnnnnnnn. 94
Figure 5.6: Standard confidence intervals for 1@ications ..............ccccoevviiiiinnnnns 6.9
Figure 5.7: Percentile confidence intervals for@@€plications .................ccevvvvvvvnnnne 6.9



List of Tables

Table 4.1: White rhino survey data, estimated pojgulation sizes and estimated survey

€ITOrS, 1973 10 1996 ... ..ottt e et e eeees 66
Table 4.2: Bootstrap estimates of the true poputagizes and the standard error of the
bootstrap estimates for 200 repliCations ..........euvveeeiiiiiiiiiee e 68
Table 4.3: Standard and percentile 95% confidemiezvals obtained at 200 replications
for each of the bootstrap eStMALES........ o eeeeeiiiiiiiiiii e 70
Table 4.4: Bootstrap estimates of the true poputagizes and the standard error of the
bootstrap estimates for 1000 repliCations .....ccccc..ooovvvvieiiiiiiiiieeee e eeeeeeeeeeeiieees 71
Table 4.5: Standard and percentile confidencevateobtained at 1000 replications for
each of the bootstrap eStimates .........ooveeeeeriiii e 73
Table 4.6: Comparison of bootstrap estimates forrgplications and the full sample
70T = PSRRI 74
Table 4.7: Comparison of bootstrap estimates f@OX@plications and the full sample
70T = TSRS 75
Table 4.8: Estimated coverage probabilities fordherey estimates and sample estimate
......................................................................................................................... 77
Table 4.9: Estimated average length of confidentarval, standard confidence interval
length and the percentile confidence length for BOOtstrap replications ............. 78
Table 4.10: Estimated average length of confidentezval, standard confidence interval
length and the percentile confidence length forQlB@otstrap replications ........... 79
Table 4.11: Estimated true population after remgytre 1973 survey estimate ............ 80
Table 4.12: Estimated true population after remgyire 1976 survey estimate ............ 80
Table 4.13: Estimated true population after remgitre 1982 survey estimate ............ 81
Table 4.14: Estimated true population after remgyire 1985 survey estimate ............ 81
Table 4.15: Estimated true population after remgytre 1986 survey estimate ............ 82
Table 4.16: Estimated true population after remgiire 1991 survey estimate ............ 82
Table 4.17: Estimated true population after remgitre 1994 survey estimate ............ 83
Table 4.18: Estimated true population after remgiire 1996 survey estimate ............ 83
Table 4.19: Estimated true population estimateg&mwh removed survey estimate........ 84
Table 4.20: Average jackknife estimates and stahdanrs ................ccoevviiiieeeeennnnnn. 5.8
Table 4.21: Comparison of the bootstrap and jadkkestimates..............ccceevvvvvvennnnnnnnn. 86
Table 4.22: Comparison of the bootstrap and jadkkstandard error................cceoeee. 87
Table 5.1: Black rhino survey data, estimated frojgulation sizes and estimated survey
errors, 1990 10 1996 .......ooiiiiiieee ettt eeee 89
Table 5.2: Bootstrap estimates of the true poputagizes and the standard error of the
bootstrap estimates for 200 repliCations ......c...euvveeiiiiiiiiie e 91
Table 5.3: Standard and percentile confidencevatebtained at 200 replications for
each of the bootstrap eStimates .........ooieeeeriiii e 92
Table 5.4: Bootstrap estimates of the true poputagizes and the standard error of the
bootstrap estimates for 1000 repliCations .....ccccc..oeevvvviiiiiiiiieeee e 94
Table 5.5: Standard and percentile confidencevaterobtained at 1000 replications for
each of the bootstrap eStimates .........ooeceeeeiiii e 95
Table 5.6: Comparison of bootstrap estimates forrgplications and the full sample
L0 T [ SRR 97



Table 5.7: Comparison of bootstrap estimates f@OX@plications and the full sample

Table 5.8: Estimated coverage probability ...

97

Table 5.9: Estimated average length of confidentarval, standard confidence interval

length and the percentile confidence length for @ications ........................... 100
Table 5.10: Estimated average length of confidentezval, standard confidence interval

length and the percentile confidence length forQL@&plications ......................... 100
Table 5.11: Estimated true population after remgitre 1990 survey estimate .......... 101
Table 5.12: Estimated true population after remgiire 1991 survey estimate .......... 102
Table 5.13: Estimated true population after remgitre 1992 survey estimate .......... 102
Table 5.14: Estimated true population after remgiire 1993 survey estimate .......... 103
Table 5.15: Estimated true population after remgitre 1994 survey estimate .......... 103
Table 5.16: Estimated true population after remgthe 1995 survey estimate ......... 104
Table 5.17: Estimated true population after remgitre 1996 survey estimate .......... 104
Table 5.18: True population estimates for €aCh.............cccoveiii i, 105
Table 5.19: Jackknife estimates and standard errors...........cccceeeveiviiiiciiiinnnnn. 106
Table 5.20: Comparison of the bootstrap and jadkkestimates.............ccccevvvveniinnnn. 106
Table 5.21: Comparison of the bootstrap and jadkkstandard error.......................... 107
Table 6.1: Data set for white rhino................coiiiiiii e e e, 110
Table 6.2: Data set for black rhino..............ooo i 110



Chapter 1

Introduction

Knowledge about the sizes of populations of diffésgecies in a game reserve is crucial
for implementing policy decisions such as the idtrction or removal of animals,
depending on the carrying capacity of the reseRedocation of animals and protection
of endangered species is influenced by the knowdedgpopulation sizes of the different
species. There are many methods that are usedaitiqar for estimating wildlife
population sizes. These methods include a censds nagthods based on various
sampling approaches. Aerial surveys are a praatmens of estimating the number of
large animals inhabiting an extensive area. Howegémates are often biased and have
large variances (Seber, 1982). They may be biasdéraounts of the true population
size because of tree cover, and the extent ofifsedan differ from one census to another
depending on conditions. Sampling methods have heed in recent times to estimate
the population sizes of the white and black rhimoseCeratotherium simum and
Diceros bicorni$ and other wildlife species in the Hluhluwe-Umfoidark in KwaZulu
Natal, South Africa. Sampling methods are generallgh cheaper than aerial surveys.

The Hluhluwe-Umfolozi Park is one of South Africaisajor game reserves, which is
particularly important for its population of whigad black rhinoceros. The rhinoceros is
a large primitive looking mammal that dates to Mhecene era. In recent decades rhinos
have been relentlessly hunted to the point of ektin. Since 1970 the world rhino
population has declined by 90%, with five speciesaining in the world today, all of
which are endangered. The white rhin@€eratotherium simujnname derives from the
Dutch word "wijd," meaning wide, a reference to wgle, square muzzle adapted for
grazing. The black, or hooked-lipped rhif@iceros bicorni$, along with all other rhino
species, is an odd-toed ungulate (three toes om feat). It has a thick, hairless, grey
hide.



The method used to conduct the survey for the wihitgo was based on observations
taken along line transects passing through diftesentions of the park, using a distance
based methodology to account for the decreasinectien rate with increasing distance
between the observer and the animal (Buckland et 1#93). In contrast, this
methodology is said to be inappropriate for thecklahino with its shy habits, and
instead a “mark-recapture” method (Seber, 1982jsexl to estimate its population size.
Between 1973 and 1996 eight surveys of the whiteoripopulation were undertaken
whereas seven surveys were conducted for the btaoi between 1990 and 1996.

1.1 Motivation

Estimates of living populations are required fornpgurposes in wildlife management
and they are essential in policy making for thetgution of species. Techniques for the
estimation of absolute abundance of wildlife pofiales have received a lot of attention
in recent years. Knowledge of the population sikzevitdlife helps in the protection of
endangered species. Significance of wildlife to ¢bantry has also stimulated research
on the population sizes of wildlife in recent yearbe sudden decrease in numbers of
white rhino between the 1994 and 1996 surveys uhldive-Umfolozi Park triggered
concern about the estimation of the populationssias there was no explanation for the
apparent sudden decrease. These factors and otlesoned above have been the
motivation for this research on the estimation @pylation sizes for the white and black

rhino in Hluhluwe-Umfolozi Park.

1.2 Aim of the study

This research aims to provide bootstrap intervéilmeges of wildlife population sizes
from multiple surveys. The estimates will be basadhe model proposed by Fatti et al.,
(2002). This model does not depend on the partiaukethod used in the surveys. The
method is applied separately to the white and btaghko populations in the Hluhluwe-

Umfolozi Park.



1.3 Objectives

The objectives of the research are:

1.

Using the bootstrap, to obtain improved estimafeh® true population size at each
of the surveys based on the model proposed by Eatil. (2002). Estimates are
obtained for each of the time points.

To obtain the bootstrap estimate of the naturaluahmate of increase in the
population also based on the Fatti et al. (2002)lehdor both the white and black
rhino.

To construct the confidence intervals for the bivafsestimates obtained in 1 and 2
above at each of the time points, using the peiteazdnfidence interval and standard
confidence interval methods for both the white atatk rhino. (See Chapter 2 for a
full description of the confidence interval methgds

To compare the confidence interval results obtaifredh the percentile and the
standard method.

To assess the coverage probability of the confideimtervals for the bootstrap
estimates in 3 above using a simulation study.

To obtain the Jackknife estimates and standardsebased on the model proposed by
Fatti et al. (2002).

To compare the bootstrap method with the jackkmié&hod.

1.4 Project layout

The layout of this report is as follows: Chapterahsists of the introduction, motivation,

aim and objectives of the research. Chapter 2 wevtbe literature relevant to the study.

In Chapter 3 the methods used to achieve the aithodajectives for the study are

discussed. Chapters 4 and 5 focus on the resul#sned and discussion of the results.

Conclusions and recommendations are given in Chépte



Chapter 2

Literature Review

This chapter gives a review of the literature imeal in the study of bootstrap interval
estimation of wildlife population sizes from mulgp surveys. The basic concepts
associated with the analysis of wildlife data amidne important definitions are also

reviewed.

2.1 Definitions

Definition 2.1 Confidence interval
A confidence interval for a parameter is a randarterval constructed from data in such

a way that the probability that the interval comtaithe true value of the parameter can

be specified.

Definition 2.2 Coverage probability
Coverage probability of a procedure for construgticonfidence intervals is the chance

that the procedure produces an interval that covkestrue parameter value.

Definition 2.3 Random sampling

Random sampling is the probabilistic selection ofsab-element from a larger
population, with the aim of approximating a repnesgive picture of the whole. It is a
way of obtaining information about a large group byamining a smaller, randomly
chosen selection (the sample) of group membetke lfampling is conducted correctly,

the results will be representative of the groumasghole.

Definition 2.4 Sample Estimate
Sample estimate from this study will refer to thineates of the true population obtained

from fitting the model.



Definition 2.5 Survey Estimate
Survey estimate from this study refers to the aséisnof the population of the white and

black rhino obtained from Hluhluwe Umfoloz Park aefhare indicated in Appendix A.

Definition 2.6 Bootstrap Estimate
Bootstrap estimate in this study refers to thenasties of the true population obtained

from implementing the bootstrap procedure.

2.2 Estimating animal abundance

This section describes and presents a literatuwieweon the methods that have been
specifically used for estimating the white and klalino population at the Hluhluwe-

Umfolozi Park.

2.1.1 Linetransect sampling

Line transect surveys are an efficient and widalgdumeans of estimating abundance of
wildlife populations. Buckland et al. (1993) progich comprehensive treatment of
convential line transect model theory and practigee transect sampling involves the
observation of individuals along transects locabeer the range of a populations of
interest. It is a specific type of distance sangphim which the sample consists of one or
more lines, which are traversed by observers oty fahicle or other means. Observers
count individuals detected from the line and meashie distance from each individual to
the line. The distance data are then used to @stidedection rates and thus to adjust the
count to obtain an estimate of the true densityll{@s et al., 2002). In line transect
sampling, the observer travels along the centreliiethe strip and records the
perpendicular distance of each detected animal (or group of animals) fibn line.
Borchers et al. (2002) contends that it is easieetord the detection radial distance
and angled from which x=r Sin . Line transect sampling is a useful method for
estimating the abundance of a wide range of ohj@uttuding the density of immobile

objects such as trees in a forest.
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A comprehensive overview of survey design and datarding requirements in the
context of line transect sampling is given by Backl et al. (1993). According to them,
line transect sampling can be used to derive upbiastimates of local site densities
provided the key assumptions are met.

Marques (2004) investigated the effect of error sneament on line transect estimates.
He also produced confidence intervals for the abed estimates using a bootstrap
variance estimate. He further presented a mulapiie error model and proposed a

simple way of correcting estimates based on knogéetf the error distribution.

Melville and Welsh (2001) considered an approacHirte transect sampling using a
separate calibration study to estimate the detedtioction. They presented a simulation
study, contrasting their results with the tradiibiBuckland’ estimator.

Fewster et al. (2005) later showed that the trawl@i ‘Buckland’ methods perform to

expectation when applied correctly.

Adaptive line transect sampling offers the potdnti improved population density

estimation efficiency over conventional line tractssampling when populations are
spatially clustered. In adaptive sampling survefpréfis increased when areas of high
animal density are located, thereby increasingniimaber of observations. Pollard et al.
(2002) mentioned that the adaptive line transectpdiag has a disadvantage in that the
survey effort required is not known in advance. yftleveloped an adaptive line transect

methodology which allows total effort to be fixetitlae design stage.

Hiby and Krishna (2001) argued that existing pathggame trails may be suitable as
transects for line transect sampling even thougly thill not usually run straight. They
say the use of existing paths carries the risk iaf Wwesulting from unrepresentative
sampling of available habitats, and this must bigglated against the increase in coverage

available.

11



Chen et al (2002) considered using sequential poges to determine the amount of
survey effort required in a line transect survepider to achieve a certain precision level
in estimating the abundance of a biological popoitatThe criterion used to derive the
stopping rules was the width of the confidencerirgkfor the animal abundance and the
stopping rules were developed based on the asyimmglistributions and the bootstrap.

According to Burnham et al., 1980, the basic pptes of line transect sampling are:

1. The objects to be sampled in an area are distdbuteaccordance with a
stochastic process with a constant density peranad.
2. A line of known length is randomly located and &esed. Objects detected on
either side of the line are recorded includingesith
a) perpendicular distance or
b) sighting distance and angle for each detected tbjec
Usually several randomly placed lines are used.|dkgy as the transect lines are
randomly located it is not necessary to assume tti@tobjects are randomly or even
independently distributed. The particular methocdudor the white rhino at the

Hluhluwe-Umfolozi Park was the sighting distance.

The mathematical foundation of line transect sangpivas developed by Burnham and
Anderson (1976), and further refined by Bucklan€82, 1985), Buckland et al. (1993),
Gates (1981), Gates et al. (1985), Johnson anddriget (1985), Pollock (1978), Pollock
and Kendell (1987), Quinn and Gallucci (1980), Qui(l985) and Quang (1990).
Drummer and McDonald (1987) using parametric modeld Quang (1991) using non-
parametric models extended line transect theoagctount for size biased sampling.

a) Sampling scheme and modelling approach
In line transect sampling, the locations of induats on either side of one or more
transects are recorded, and used as a basisifoagsg the effective area that is sampled

and hence the population density. We will assuraettie transects of specified length L

are located at random within the range of a poprabdf interest. Each transect is

12



traversed systematically, starting at one end efttAnsect line and proceeding along the

line at a constant pace. Locations of individuails described either as distance
perpendicular to the transect or radial distandeom the observer, along with the angle
6. of incidence to the transect. It is especiallypartant that all individuals located

directly on the transect line are observed androzb The figure below illustrates the

basic layout of a line transect sample.

Animal

Observe

Figure2.1: Example of linetransect sampling and measur ement

The arrow indicates the direction of travel,is the observer to object distance,s the
perpendicular distance to the transect line, lhesttansect length. On completion of the
field work, the distances of individuals from thrartsects are used to determine density.
Assuming complete observability, an estimate ofsitgns given by:
5=_N
2wl
where n is the number of animals observeld, is the transect length, and is the

estimated effective half width (Williams et al. Z2)0

13



b) Abundance estimation
To estimate density accurately it is necessaryntooduce a detection function that

expresses the probability of detecting an animah dsinction of distancex from a
transect line:

g(x) =P(animal is detectex)|.

The probability of detection is assumed to decreadedistance. For animals directly on

a transect line the probability of detection is :ogeéo) =1. We assume thal animals
within the transect area are distributed such thatare at a distancg from the transect
line; thus on averageng(x) of those animals are observed. The expected nuofber

observations over the whole width of the transethén given by:

E(n)= NP

1
—
Z

N is the total number of animals in the transechare

P, is an average detection probabillﬂ/.:J'( N, | N) g( ¥ d»
0

)-SR g

~ n. . .
and N =— is an unbiased estimate bif.

a

On assumption the animals are randomly located iggpect to transect position, the

It follows that:

average detection probability simplifies to:
P, =I g(x) dx w
0

This assumption is assured by the random positipoinransects in the study area. The

unbiased estimator for the actual density will tbergiven by:

14



but the effective strip width is given by:

w

w=wh =[g(% d

0
substituting in the expression for actual densiéyhave

n n

|j: =
2L(wR) 2LW

The relationship between strip width and deteditglibn be formalised in terms of the
probability density function of observed distand&® let x be the distance of animals

from transect line thus,

f (x) =90

j g(x) dx
0
In particular, the probability that an observedaaliis directly on the transect line is:
0
f(O):Wg() =— 1 :_}
W
jg(x)dx J' o ¥ dx
0 0
substituting in the expression of density we have:
5= n :nf(O) 5= n :nf(O)
2Lw 2L 2Lw 2L

Since f (0) must be estimated from the data, the density astinis more properly

nf (0)

2L

expressed ab =

If the samples are taken from an area of known sizéhen the abundance can be

estimated by:

15



In particular, if the sampling is stratified, easthatum having an are4, , then the

estimate of overall abundance is obtained as:
~ J ~
N=>AD

J:

c) Assumptions

Buckland et al(1993) states that to develop a statistical moaielifie transect sampling

it is necessary to make assumptions about randonplsey and field sampling.

Random sampling

Transect lines are assumed to be randomly posdiant respect to the distribution of
objects. This assumption is automatically met diwduals are randomly located over
their range, irrespective of placements of the seah lines. If individuals are not
randomly distributed, then the transect lines mhst randomly located over the

population range. For details of sampling desigresBuckland et a(1993).

Field sampling
There are three assumptions pertaining to fieldpsiaign which are critical to reliable
density estimation. These are:

1. Individuals directly on a transect line are certam be observed, thus the
probability of detection for individuals on a traasis one.

2. Objects are detected at their initial locations #mel locations of individuals are
not influenced by observation, thus individualsra@ move prior to detection in
response to sampling disturbance. If this assumptioes not hold then large
biases may occur in the resulting estimates. A8y, movement after initial
detection does not result in individuals being dedmmore than once.

3. Distances and angles are measured accuratelyntitireer measurement errors
nor rounding errors occur. This assumption can didymet by accurate field

methods and careful data recording.

16



Buckland et al. (1993) considers the three assum@ton field sampling to be essential
for reliable estimation of density from line transesurveys. In addition to these
assumptions, the statistical models for line trahsampling require assumptions about
the nature of the data collection and the undeglyiletection model. Of particular
importance is the assumption that individual sigii are independent events. Buckland
et al. (2001) suggest that this assumption carelseed if robust procedures of variance
estimation are adopted. More critical to estimadom assumptions about the shape of the
detectability function, especially on or near trensect line. Failure of any of the three
assumptions above can cause substantial bias. fibet ef violating the first two
assumptions and ways to deal with them, have demsubject of recent work (Laake,
1978; Buckland & Turnock, 1992; Quang & Becker, 19Borchers et al., 1998a,b). The
third assumption has received less emphasis.

2.1.2 Mark-recapture methods

This is sometimes known aapture-recapture samplingd.he method involves randomly

selecting organisms and marking them. The markfngdviduals is done in a variety of

ways. It is usually designed to satisfy the uniglemntification of the animals under study
in the environment in which they reside. The markstlviduals are then mixed back
with the rest of the animals. The animals are teampled again making note of the
number of marked animals ‘caught’ a second times Gbincept of ratio and proportion
based on the Hypergeometric distribution are thegduo estimate the total number of

objects.

Primarily, the objective of a mark-recapture methsdtio obtain an estimate of the
number of individuals in an animal populati@b(gndancg At the same time animals are
marked, other characteristics are usually measwedh as length, weight, sex and
general health condition, and this is true only wlhaimals are physically captured. As
for the black rhino, the animal was not physicalyptured. The marked black rhino are
those that are recognisable by the natural markomgghem for example, a visible cut on
the ear, a damaged horn or a particular pattenmatfral markings on the body. These

characteristics are then re-examined for each rdaridividual recaptured in subsequent
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samples. These data allow the investigator to estinmot just population size but

population health and constitution.
Stepsin carrying out the method:

« A set of randomly selected (captured) individualsmarked and then released
back into their original population (environment).

« These marked individuals are assumed to mix frely unmarked individuals in
the population.

« One or more follow up samples of randomly choselividuals are selected and
examined.

- The ratio of marked to unmarked individuals in gample is used to estimate

abundance.

The more follow-up samples taken, the better thignase of animal abundance. Mark-
recapture methods are one approach to animal aboadsstimation in a broader class of
change-in-ratio techniquesMark-recapture technigue makes certassumptions
Making assumptions is an essential step in allarebe Change-in-ratio technique is a
useful practical procedure for estimation of fistdavildlife population sizes. It requires
pre and post removal “type” ratios such as sizesdand that the number of removals
of each type be known. Change-in ratio methodsneséi population abundance based on
changes in the composition of populations befor ater interventions, such as hunter
harvest. They offer a cost-effective and efficialternative to population analysis
because the data can be obtained easily (SkalskMalispaugh, 2006). Despite a long
history of use and several quantitative advancespeumputational requirements have
limited the interest and opportunity to use mor@rnmative and precise change-in ratio
techniques.
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Assumptions made in mark-recapture sampling:

1. Assume that every organism in the population hasgual chance of being
captured. Thus, both individuals and follow up skspnust beandomsamples.

2. Assume that there is no change in the ratio betweaarked and unmarked
organisms during the interval between samplingss Tieans, for example, that
the marking technique does not make an organisne rikely to be eaten by a
predator. It is acceptable if some of the organigmihie population emigrate or
die, as long as there is no difference between edbakd unmarked animals.

3. Assume that the marked animals, when they are setedack into the wild,
distribute themselves randomly. If all the markedamisms were to remain near
the trap or place of observation (as was the cagethe black rhino), then they
might be more likely to be caught in the second @amThis would affect the
estimate, as the proportion of marked animalsvallarge.

4. Finally, assume that there is no increase in the sf the population between
samplings as a result of births or immigration amarked animals. This also

would change the ratio of marked to unmarked arsmal

Thus samplings must be random, and the time beta@eplings must be long enough to
allow for thorough mixing of marked animals, but 8o long as to allow for an increase
by immigration or reproduction. The estimation tbe mark-recapture method depends
on the nature of the data collected and the assongtA number of models are available
for the different situations. For details of thedets see Buckland et al. (1993), Borchers
et al. (2002), Williams et al. (2002).

Bell et al. (2003) developed a mark-recapture aggrao estimate population density
from continuous trapping data. The method incaafes flexibility to allow for sampling
difficulties encountered in real field experimeni$iey described a short-term mark-
recapture experiment, which was aimed at estimatiegsity of edible crabsCancer
pagurus).They further used bootstrapping to show that teadpaariation is much more
important than spatial variation as a componentngkrtainty in density estimates.
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Zwane and Van der Heijden (2003) also presentedhlgarithm for the parametric

bootstrap that can be used when there are consSnwowariates. The parametric
bootstrap was used for variance estimation for mackpture estimates.

Zwane and Van der Heijden (2004) further develoadtexible method for modelling

capture-recapture data with continuous covariathat tdescribe heterogeneous

catchability.

Link and Barker (2005) presented a hierarchicakmsion of the Cormack-Jolly-Seber

(CJS) (Cormack, 1964; Jolly, 1965; Seber, 1965) ehddr open population capture

recapture data. They modeled first the capturenohals and then the losses on capture.
The procedure was illustrated using mark recaptlata for the mothGonodontis

bidentata.

Harrington et al. (2001) conducted mark-releaseptaoe studies in Puerto Rico and
Thailand to determine whether estimated daily saviates between two different age
cohorts of the dengue vector Aedes aegypti (L.)ewkre same. Survivorship was
estimated with non-linear regression analysis ubogtstrapping to obtain estimates of

errors.

Minta and Mangel (1989) proposed a bootstrap estimaased upon the frequency of
resightings of marked individuals and the totahsiimggs of unmarked individuals (some
of which may be spotted more than once). A bogisfyeocedure was also used to
determine the variance and 95% confidence inteiMaleach population estimate. An
estimate of the population was obtained from thetstcap method. The Minta and
Mangel (1989) method was based on Monte Carlo sitiauml. The percentage values
associated with the population estimates repredetiite percentage of times that the
bootstrap procedure calculated a larger or smakdwe for the population. Variance
estimates were based on 1000 iterations of thestraptprocedure.
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2.1.3 Brief review of State Space Models of population abundance

Model choice is an important issue within any as&lyf wildlife populations, since the
different models represent different competing higpses for the underlying dynamics of
the system. Morgan et al. (2002) provide an integiratochastic analysis of separate data
sets relating to survival and reproduction. Th@jpraach centres on a state space model
for survey data, which is combined with a model fiwairk recapture data. The work is
illustrated by application to ring—recovery datahey also unify capture-recapture
methodology and Leslie matrix population modelling.

Newman (1998) also uses state-space modelling doribe the annual movements and
mortalities of Pacific coho salmor®ficorhynchus ksut¢hpopulations over time. The
Kalman filtering algorithm was used in this casee&iimate and predict parameters.
Animal survival and migration was approached at imeéividual animal level with
decomposition into the three components of initeadation, survival and movement.
Newman (1998) used stochastic models for both tiebservable fish movements and

their mortalities.

Besbeas et al. (2002) show how a state space rfardetnsus data in combination with
the usual multinomial based models for ring recgveiata provide estimates of
productivity not available from either type of dafdso Besbeas et al. (2005) describe an
approach, which centres on a state space modelbiandance data which is combined
with a capture-recapture model and probabilisticdeliing of fecundity data. Their
procedure provides a way of assessing animal popaldynamics and can be applied to

avian, fish and mammal populations.

Buckland et al. (2004) developed a unified framdwfmr jointly defining population

dynamics models and measurements taken on a piopuldhe framework was a state-
space model where the population processes werelleddy the state process and
measurements were based on the observation pradessnethod they developed was

fully flexible for allowing stochastic variation ithhe processes.
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Hosn (1999) investigated behavioural sequencesuwénjle brook trout $alvelinus
fontinalis) by time-lapse video recording in the laboratory thHen introduced a state
space model using the estimated time dependentbildies to capture the temporal

structure of the fish behaviour.

Other models, which have been used to analyse pteulinimal surveys, include the
stochastic diffusion model originally proposed byris et al. (1991). Some other
models for estimating animal abundancy are mentiond-atti et al. (2002). The model
proposed by Fatti et al. (2002) is much simplentirest of the models given above. The
motivation of the model was the principle of parsing, particularly in view of the

relatively small number of surveys which have bemmducted in the Hluhluwe-

Umfolozi Park. The model proposed by Fatti et &l02) does not distinguish between

estimation of juveniles and adults. A full desdoptof the model is given in Chapter 3.

2.3 Resampling

Resampling is a procedure in which inference itagon repeated sampling within the
same sample. Resampling is a revolutionary metlggdbecause it does not necessarily
require distributional assumptions about the ddtais a process for estimating
probabilities by conducting vast numbers of nunariexperiments. Resampling
techniques generally rely on the computer to geeetdata sets from the original data.
The techniques differ, however, as to how they gErethe datasets. Resampling
techniques allow us to base the analysis of a ssadsly on the design of that study,

rather than on a possible poorly fitting model.

Diaconis and Efron (1983) argued that resampliegdrresearchers from two limitations
of conventional statistics:

1. Assumption that the data conform to a normal distion.

2. The need to focus on statistical measures whosardtieal properties can be

analysed mathematically.
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Peterson (1991) defined resampling as an apprdathaiddresses a key problem in
statistics, that is, how to infer the ‘truth’ fromxsample of data that may be incomplete or
drawn from ill-defined population. According to Sim and Bruce (1991), resampling
prevents researchers from simply taking the fornfiotasome test without understanding

why they use the test.

The difference between resampling methods is ther@af the resamples. For example,
some are conducted with replacement while otherscanducted without replacement.

There are at least four major types of resamphng, these are:

* Randomisation exact testing
* Cross validation
» Jackknife

» Bootstrap.

2.3.1 Randomisation exact testing

This is also known as the permutation test. R.Aé1ig1935/1960), one of founders of
classical statistical testing, developed the tébe randomisation exact test is a test
procedure in which data are re-assigned so tha&txant p-value is calculated based on
the permuted data. It is normally treated as adfit approach to resampling because it
exhausts all possible outcomes. The lack of comguteFisher's early years required
him to automate such a laborious method and assaltrée lost interest in the
permutation method.

The randomisation procedure starts with the origdeia and draws samples without
replacement. These procedures systematically re¢stiaffle) the data many times and
calculate the appropriate test statistic on eadrdexing, then compare actual test
statistic against the randomisation distribution teét statistic. Since shuffling data
amounts to sampling without replacement, the issueeplacement is one distinction

between bootstrapping and randomisation.
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2.3.2 Cross validation

Cross validation involves using part of the avdegatbservations to fit the model and a
different part to test the fit of the model. Theds of cross validation is prediction rather
than on the model parameters. The original objecti’ cross validation was to verify
replicability of results. As with hypothesis tegfithe goal is to find out if the result is
replicable or just a matter of random chance. Cvadislation and bootstrapping are both
methods for estimating error based on resamplimgs<validation can also be used for
parameter estimation by choosing the parameterevatich minimises the prediction

error. This is a powerful method widely used irtistes.

Cross validation is classified into several categmrnamely simple cross validation,
double cross validation and multicross validatiSmple cross validation was proposed
by Kurtz (1948). Moiser (1951) developed doublessravalidation which was later

extended to multi-cross validation by Krus and &u(L982).

a) Simple cross validation
The method works by dividing the data set into gvoups one for training and the

other for testing. The parametgtsare estimated on the training data set, wherg the

coefficients are the standardized coefficients ioleth from fitting the model. Cross
validation prediction standard error is computeidgishe test sample.

b) Double cross validation

Models are generated on both sub-samples and titemindels are used to generate
cross validation standard errors. With double crad&lation we do cross validation
using "Sample A" as training sample and "Samplea8'testing sample, then repeat
cross validation using "Sample B" as training sanahd "Sample A" as testing
sample.

c) Multicross validation

This is an extension of double cross validatione phocedure involves repeating the
double cross validation procedures many times Ingomly selecting sub-samples
from the data.

d) K-fold cross validation
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This is one of the ways to improve the simple crad&lation method. The data set is
divided intok subsets, and the simple cross validation methaeégsatedk times.
Each time, one of thiesubsets is used as the test set and the lothsubsets are put
together to form a training set. The error variaacess alk trials is then computed.
The advantage of this method is that it matters hesv the data are divided. Every
data point is used in a test set exactly oncejsnded in a training s&tl times. The
disadvantage of this method is that the trainiggadhm has to be rerun from scratch
k times, which means it tak&gtimes as much computation to make an evaluation. A
variant of this method is to randomly divide thdadanto a test and training seks
different times. The advantage of doing this istthi@e researcher is able to
independently choose how large each test set ishendverage number of trials. For
small data sets it will be best to use ‘leave-ong-@ross validation wher& =n. The
general procedure of ‘leave-one-out’ cross valahais to hold out one observation
from the data set, to fit the model on the remgrobservations and evaluate that fit
on the item that was left out (Hubert & EngelenQ£20 The one observation left out
is used as the validation set with the remaindethefdata being the training set. A
prediction is made for that point left out and thesrage error is computed and used

to evaluate the model. This procedure is moretliegjackknife procedure.

The principal difference between cross validatiod ghe bootstrap is that the bootstrap

re-samples the available data with replacementredsecross validation does it without

replacement. Stone (1974, 1977) was the first W@ giearly stated accounts on cross

validation. According to Shtatland et al. (2003yd%s validation is not the ultimate

answer to model selection. It only works well irfeav situations, because it has bad

asymptotic properties. That is why we need addilidechniques such as the bootstrap”.

According to Efron (1983), bootstrapping seems twkwbetter than cross validation in

many cases.
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2.3.3 Jackknife

This tool is also known as the Quenouille-Tukey kBade and was invented by
Quenouille (1949) and later developed by Tukey 89%ukey (1958) attempted to use
the Jackknife to explore how a model is influendgdsubsets of observations when
outliers are present. Jackknife is a step beyoosiscvalidation. In the Jackknife the same
test is repeated by leaving one subject out eaad, tihus the technique is also known as
‘leave-one-out’; this is a special case of the kaile. The more general case of the
jackknife is the ‘leave-k-out’ where the test ipeated by leaving k subjects out each
time. This procedure is especially useful whendispersion of the distribution is wide
or extreme scores are present in the data setjatklenife was first introduced to reduce
bias by Quenouille (1949). The method was introduoceestimate bias and variance of a
statistic and to test whether the statistic hasspezified mean.

A jackknife estimator is a kind of non-parametratimator for a regression function. It is
a linear combination of kernel estimators with eli#int window widths. Jackknife
estimators have higher variance but less bias thankernel estimators. A jackknife
creates a series of statistics, usually a parametémate from a single data set, by
generating that statistic repeatedly on the datdes®ing one data value out each time.
This produces a mean estimate of the parametea atehdard deviation of the estimates
of the parameter. The jackknife is a method thiatned one to judge the uncertainties of
estimators derived from small samples without aggions about the underlying
probability distributions. For each of the samptpgnerated from the jackknife the
estimator under study can be calculated and thieapitity distribution of the estimator
obtained will allow a researcher to draw conclusiabout the estimator’s sensitivity to

individual observations.

The jackknife as applied in this research consista/o steps:
1. Forming systematic groups from the full sample égving out one observation at
atime.

2. Computing the estimate of variance for the paranadtaterest.
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The jackknife has been used both to estimate amdpensate for bias in statistical
estimates and to derive robust confidence interViagssesses the variability of a statistic
by examining the variation within the different kkaife estimates rather than through
the use of parametric assumptions. The jackknifgimarily used for making inferences
in cases of complex sampling and for identifyindlying data points. The jackknife is

also used for bias reduction and estimation ofdgtesherror of estimates. Given a data set

X = (X, %, %) and an estimatof =s(X). We wish to estimate the bias and standard
error of 8. The ith jackknife samplex is defined to be x with theth data point
removed, X =(X, %,..., X1, X.1,--X) for i=1,2,..n. Let é?(i) =s(of,) for i=1,2,..n

be theith jackknife replication of 6

The jackknife estimate of bias is then defined by:
Biasj = (n-1) (‘9@ - 9)
2%

Where 67@ ==L The jackknife estimate of standard error wiérbe defined by:
n

1
S€ack = [nTl > (4 ‘%)T
You and Chen (2003) proposed the jackknife estim&ip reducing bias in partially
linear regression models. They compared the jaé&lastimator to the semi- parametric
least squares estimator (SLSE). The simulatedtseshbwed that the confidence interval
estimation based on the jackknife estimator hadebe&toverage probability than that
based on the SLSE.
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Kezdi and Solon (2001) proposed a jackknife minimdistance estimator designed to
reduce the finite bias of the optimal minimum dis@ estimator. Their Monte Carlo
results indicated that their jackknife minimum diste estimator is a promising

alternative to existing minimum distance procedures

Biswal et al. (2001) used the jackknife to detemnthe reliability and the confidence
intervals of task activated functional MRI (fMRlammeters. In their research they
concluded that the jackknife resampling technigoie data analysis produced reliable
distributions and statistical parameters. It waswshthat the jackknife estimates were

stable even for small sample sizes.
Consideration on the jackknife

The major motivation for the jackknife estimateghat they reduce bias. The jackknife

can fail, however, if the statisti@ is not smooth (that is, small changes in dataeaus
large changes in the statistic). Some examplesoafsmooth statistics for which the
jackknife works badly are the median and quantiléackknife resampling has the
drawback that the sub-replicates are of a smalterthan the original data set which may
change the statistical properties of the samplesttits reason, the jackknife has largely
been replaced by the bootstrap. Best results ojatkknife are obtained with statistics
that are linear functions of the data. For hightyn#inear statistics the jackknife can be

inaccurate.

2.3.4 The bootstrap method

The term bootstrap is derived from the phamepull oneself up by one’s bootstraps”.
Davison and Hinkley (1997) suggest that the boapstrvas so called because “to use the
data to generate more data seems analogous tekaused by the fictional Baron
Munchausen, who when he found himself at the bottdéna lake got out by pulling
himself up by his bootstraps. Bootstrap is a compliased resampling method for
assigning measures of accuracy to statistical astign In statistics bootstrapping can be

defined as a method for estimating the samplingribigion of an estimator of a
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parameter (vector) by resampling with replacemeramf the original sample.
Bootstrapping is a process of randomly samplmgimes with replacement from the
original data points and the process is repeatedrge number of times, say B
independently. The process yields a standard eano confidence interval for the

unknown parameter (vector), which is a functionhaf original data.

The bootstrap technique was invented by Efron (12981, 1982) and further developed
by Efron and Tibshirani (1993). Efron (1981, 1982)eloped bootstrap with inferential
purposes. Bickel and Freedman (1981) formulatedditions for consistency of the

bootstrap. Work by Bickel and Freedman (1981) tesluh further extensions of Efron’s
methodology (bootstrap) to a broad range of stahdpplications, including regression
and stratified sampling. Efron’s bootstrap is a Mo@arlo simulation that requires no
distributional assumptions about the underlying yation from which the data are

drawn.

The bootstrap method is a computationally intensiagistical method that can require a
large number of iterations and hence usually reguihe use of the computer. Since the
early work of Efron other forms of the bootstrapglanethods of implementation have

emerged. Meeker and Escobar (1998) used bootstigppiestimate percentiles.

Boos (2003) gives his own opinion on bootstrappidg.contends that ‘the real reason

the bootstrap was so path-breaking and has remamedpular is that Efron described it

mainly in terms of creating a ‘bootstrap world, wdnéhe data analyst knows everything'.

He further described the bootstrap as a technigaiehas made a fundamental impact on
how we carry out statistical inference in problemithout analytical solutions.

Chatterjee and Bose (2005) introduced a generabsetstrap technique for estimators
obtained by solving estimating equations; someiapeases of this generalised bootstrap
were the classical bootstrap of Efron, the detefackknife and variations of the

Bayesian bootstrap. They established distributiarmadsistency of the method and an

asymptotic representation of the resampling vagaestimator was obtained.

29



Herwartz and Neumann (2004) analysed OLS basesl aé$sbng run relationships, weak
exogeneity and short run dynamics in conditionedrecorrection models. In their Monte
Carlo studies they revealed that in small samgieshbiootstrap outperforms first order
asymptotic approximations in terms of the empiricie even if the asymptotic

distribution of the test statistic does not depencdhuisance parameters.

Serneels and Espen (2005) showed that the booisteguccessful technique to obtain
confidence limits for estimates where it is theimadly impossible to establish an exact
expression for them. They applied the bootstraptriiinear partial least squares

regression and revealed that the bootstrap cordelenervals have a desirable coverage.

Bootstrapping (Efron & Tibshirani, 1993) is now emsively used for simulating samples
from a real data set, evaluating bias, estimatiagances, and constructing confidence

limits. Bootstrapping is also used for incorporgtmodel uncertainty into estimation.

Norris and Pollock (1996b) discuss a bootstrap @gugr for estimating the population
sizes in closed populations which takes into actthm fact that the model is unknown.

They also make some recommendations for open piqnsa

Carlson et al. (1998) developed a bootstrap tecieniépr quantifying estimation
precision, provide a procedure for determining dengize and present a method of
estimating short term mark survival. The method vegplied to sockeye salmon
(Oncorhynchus nerRasmolts. The bootstrap was also used to derivevénmnce and

confidence intervals for the estimates.

Reeves (2005) used both the parametric and nomngdia bootstrap to construct
prediction intervals for autoregressive conditiohateroskedasticity, and on comparing
the prediction intervals to traditional asymptgpiediction intervals they found that the

bootstrap leads to improved accuracy.
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Davison et al. (2003) stated that the bootstrap grasided both a powerful set of

solutions for practical statisticians and a riclurse of theoretical and methodological
problems for statistics since its introductionthie same article they explained that when
the data are independent but not identically distad, the key step in applying the
bootstrap is to identify exchangeable componentghich resampling can be applied and

suggested that residuals can often be these comisone

Beran (2003) gave three points that he considereck vorought about by bootstrap
procedures and he further developed the first taintp which are:

1. Bootstrap algorithms provide an effective and itiwei way to realise certain
programs in statistics. These include the constmabf (possibly simultaneous)
confidence sets, test and prediction regions issttal models for which exact or
asymptotic distribution theory is intractable.

2. Success of the bootstrap, in the sense of doingt whaxpected under a
probability model for data, is not universal, anddifications to Efron’s (1979)
definition of the bootstrap are needed to makeidlka work for estimators that

are not classically regular.

Lahiri (2003) suggested that ‘the bootstrap is plbp the most flexible and efficient
method of analysing survey data since it can bel tsesolve a variety of challenging
statistical problems (for example, variance estiomtimputation, small area estimation)
for complex surveys involving both smooth and nomesth statistics’. ‘Survey sampling
is a fascinating field and is constantly offeringgical problems that are theoretically
challenging’. The flexibility of the bootstrap aitd straightforward implementation in a
complex environment will certainly make the mettsoitable for handling new problems
in the field of survey sampling.
According to Politis (2003), the two main reasomsthe immense success and popularity
of the independent and identically distributed)(bdotstrap of Efron (1979) are:

1. The bootstrap was shown to give valid estimatedisifibution and standard error

in ‘difficult’ situations; a prime example is theegian of iid data for which the
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(delete 1) jackknife was known to fail and the apyotic distribution is quite
cumbersome.

2. In ‘easy’ cases where easy-to-construct alternatdigé&ibution estimators exist,
for example the regular sample mean with its nortage sample distribution,
the (studentized) bootstrap was shown to outpertbiwse alternatives, that is, to

possess ‘second order accuracy’.

The bootstrap was first introduced in an attempgit®@ some new perspective to an old
and established statistical procedure, the jackknilike jackknifing, which is mostly
concerned with calculating standard errors of sia of interest and for reducing bias,
the bootstrap has been set to achieve the mordiauoshgoal of estimating not only the
standard error but also the distribution of a sta&ti The bootstrap employs sampling with
replacement which is more accurate than samplintpowt replacement in terms of
simulating chance. The bootstrap method has tharddge of modelling the impacts of
the actual sample size (Fan & Wang, 1996) unlikesswvalidation and jackknife where
n in the sub-sample is smaller than that in theimaigsample. Bootstrapping can also be

used to obtain precision estimates for structuyabéion models or for regression trees.

The bootstrap procedures are widely used, partiguia cases where no analytical
methods exist for determining the sampling distidou of a statistic. The statistical
method of bootstrapping is based on the assumpiianthe statistical properties of a
sample should be similar to the statistical prapsrof the population from which the
sample was drawn. The larger the sample the mgmesentative it should be of the
population. Conversely, if the original sample wasge enough, it should also be
possible to take smaller samples from the largenpéa and expect that the smaller

samples also retain most of the statistical progedf the original population.

The bootstrap is often used to find:
1. Standard errors for estimators
2. Confidence intervals for unknown parameters

3. p values for test statistics under a null hypothesi
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The bootstrap is easy to implement and flexibke plinciple can be adapted to virtually
all the problems encountered in statistics; howelentstrap is a computer intensive
procedure and it is not a panacea. For exampldstrapping sparse or messy data does

not make it more informative or well behaved.

In this research expectation, variance and proibpabdalculated with respect to a

simulation distribution are written with an astkri¢ as,E.()), Var()and R(),

respectively, to show that they are obtained fradnoatstrap analog.

a) The bootstrap estimate of standard error

We let x ={x, %,,...,%,} be a single, homogeneous sample of data. The saahles
are thought of as the outcomes of independent dedtically distributed random
variables X,, X,,..., X, whose probability density function (PDF) aedmulative
distribution function (CDF) will be denoted by and F , respectively. The sample is to
be used to make inferences about a population cteaistic, generally denoted b§
using a statistic S whose value in the samplesisThe bootstrap method makes
inferences abou® = s(F) from 0= s( IA:), which is a characteristic of the sample. Focus

is made on the probability distribution o its bias, its standard error, its guantiles and

its confidence values.

In the bootstrapping method there are two situattordistinguish, the parametric and the
non-parametric. The parametric situation is whearghis a particular mathematical
model with adjustable constants or parameters fillgt determinef . The statistical

methods based on this model are parametric methtdlen there is no mathematical
model used, the statistical analysis is non-pammand uses only the fact that the

random variablesX; are independent and identically distributed. Evlethere is a

plausible parametric model, a non-parametric amalyan still be useful to assess the
robustness of conclusions drawn from a parametratyais (Davison & Hinkley, 1997).
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The empirical distribution plays an important ralenon-parametric analysis as it puts

equal probabilitiesn™ at each sample valxe. The empirical distribution function

(EDF) denoted byF is the estimate of (CDF).

The bootstrap estimate of standard errors requicegheoretical calculations and is

available no matter how mathematically complicatbd estimator & may be. The
method is based on the plug in principle. A plugestimator is one that uses the same
formula to compute an estimate from a sample thased to compute a parameter from

the population.

The bootstrap method depends on the notion of tstvap sample. A bootstrap sample is
defined to be a random sample of sife drawn from F say, X' ={X,%,....% },
F - {X,%,....x} (Efron & Tibshirani,1993), wher&' is a randomised or resampled
version of x. The bootstrap data pointg,,x,,...,X, are a random sample of size
Ndrawn with replacement fromx={x,x,,...,x}. Thus the bootstrap data set
{x/,%,....%} consists of members of the original data geg,x,,...,x,}, some

appearing zero times, some appearing once, soneaap@ twice and so on. For each

bootstrap data set there corresponds a bootstrap replicatio@ of
g = §x)

The quantitys(x*) is a result of applying the same functig(fj] to x" as applied tox . If

§x) is the sample meak then §x’) is the mean of the bootstrap dataxSet lz X .
i=1

The bootstrap estimate osﬁeF(@) defined by sqf(@* ) is called the ideal bootstrap
estimate of standard error éfand it is the standard error éffor the datasets of siZ@
randomly sampled fronk . A computational way of obtaining a good approiion to

the numerical value of;qf(@*) is by using the bootstrap algorithm which is dissat in

the next section.
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b) The bootstrap algorithm for estimating standard errors (Efron & Tibshirani, 1993)
1. Select B independent bootstrap samplésx ?,... X ®, each consisting ofi data
values drawn with replacement from

2. Evaluate the bootstrap replication correspondingach bootstrap sample:

= qx) b= 12..,B
3. Estimate the standard errmeF(é) by the sample standard deviation of the B

replications

=530 (-0 )}

b=

iy

where

=

D=527 0

The bootstrap algorithm works by drawing many irefegent bootstrap samples,

UTJ

evaluating the corresponding bootstrap replicatiamd estimating the standard error of
0 by the empirical standard deviation of the repiwas. The result is called the

bootstrap estimate of standard error denote@@y where B is the number of bootstrap

samples used. The algorithm given above is refeiweas the Monte Carlo Algorithm

(Efron, 1982). The ideal bootstrap estima@(@*) and its approximatio@es are called

non-parametric bootstrap estimates because theybased ofr. The parametric

bootstrap uses a different estimate of F.
¢) Thenumber of bootstrap replications B

Determining the number of replications is a cormgikc matter and depends on the
statistic of interest and the unknown bootstraptrithistion. In variance and bias
calculations the number of replications requiretess than when computing confidence

limits. The amount of computer time depends maorlyhow long it takes to evaluate
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each bootstrap replication. The time increasesatlgewith B. Time constraints may

dictate a small value of B /= §x) is a complicated function of. An approximate, but

guite satisfactory answer can be phrased in tefniseocoefficient of variation ok .
The increased variability as a result of stoppifigraB bootstrap replications, rather than

going on to infinity, is reflected in an increasmxkfficient of variation,

of )= f ] vE02]

where EQ)) is the parameter that measures how long tailedli$tribution ofd is. A is
zero for the normal distribution, it ranges fromfe2 the shortest tailed distribution to
arbitrarily large values when F is long tailed (fr& Tibshirani, 1993). The rule of
thumb, gathered by Efron and Tibshirani (1993) expentation is:

1. Even a small number of bootstrap replications, Bag5, is usually informative.

B=50 is often enough to give a good estimaimg(f@) :

2. Very seldom are more than B=200 replications nedde@stimating a standard

error. Much bigger values of B are required fortstrap confidence intervals.

According to Gould and Pitblado (2001), the keycduwoosing the right number of
replications is:
1. Choose a large but tolerable number of replicatioBbtain the bootstrap
estimates.
2. Change the random number seed. Obtain the bootsstapates again, using the
same number of replications.
3. Repeat step 2 and compare the results. Try a langaber and if the results are

similar enough, you probably have a large enoughbmar.
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Efron and Tibshirani (1993) suggest that for coerfice intervals we use bootstrap
replications of 1000. Davison and Hinkley (199&aateported that 1000 replications are
sufficient for many applications. In determining tévolutionary potential of a gene, Hall
and Malik (1998) also considered 1000 replicatianise the best.

d) The parametric bootstrap

The parametric bootstrap estimate of standard exmefined as:
Squar (9 )

where pra is an estimate of derived from a parametric model for the data.dadtof

r

sampling from the data, we drdBvsamples of siza from the parametric estimate of the
population prar. The parametric bootstrap is useful in problemenelsome knowledge

about the form of the underlying population is #afae, and for comparison with non-

parametric analysis.

The parametric bootstrap involves sampling fromnavkn distribution with estimated

CDF pra and the CDF is a member of some prescribed paranii@mily, whereas the

r
non-parametric bootstrap sampling is sampling atoan with replacement from the
known sample. The non-parametric bootstrap reliesansideration of the empirical
distribution generated by the random sample. Theparametric method is used more

often since it does not require information abdet inderlying distribution.

Performing bootstrapping with the “correct” paranwetmodel and performing non-
parametric bootstrap are asymptotically equival@avison & Hinkley, 1997). In
practice, the Empirical Distribution Function (EDptoduces results close to those of the
nearest parametric model. In situations where ebobtstrapping cycle incurs a
considerable computational cost, the non-paraméwitstrap can aid the choice of a
parametric model. For more details about the pat@néootstrap see Efron and
Tibshirani (1993) and Davison and Hinkley (1997).
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€) Bootstrapping in Regression M odels

Regression analysis is one of the most importadtfeegquently used types of statistical
analysis, in which we study the effects of explanatvariables or covariates on a
response variable. We consider a standard lingaession model:
Y=X[+¢

where X is an ( x k )matrix of exogenous variableg, is a k x 1) vector of regression
coefficients andY is an(nx1) vector of response variables.is an(n x 1) vector of
error terms, that is random fluctuations Yfabout its true expected values. For a
simple linear regression with one exogenous veagiald have:

Y =B+ Bix & j £..0,
The simplest analysis of the model is by Ordinaeast Squares method (OLS) and the

OLS estimates of3 are:

where x :Eij and 3, = y - B,
n<

In the regression context bootstrapping can beopedd in two ways: resampling the
pairs (regressor variables, response) that isymglsag the entire cases of the data or
resampling the observed errors/residuals. These effextively the non-parametric
approaches. The two types of non-parametric bamsing, which are resampling the
data and resampling the residuals, are asymptytieqlivalent, but Efron and Tibshirani
(1986) noted that the schemes can perform diffgrentsmall sample situations. The
problem with the former resampling method is thatghores the error structure of
regression model (Freedman 1981, 1984). The whald pf resampling is to mimic the
random component of the process. The classic reégremodel holds that the regressors
are fixed constants and that the response is difunef the fixed constants and a random

error term (Draper & Smith, 1981). The only randaspect of the process is the error
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term, &; and therefore it should be the quantity that ganepled in bootstrapping. Efron

and Tibshirani (1993) noted that bootstrapping9eress sensitive to assumptions than

bootstrapping residuals.

Efron (1982) prefers working with centred residualsegression context. He notes that
resampling the residuals may yield misleading tssiil a vastly over-parameterised

model is considered, in which case resampling #ta goints appears to give reasonable
answers (Efron, 1982). Hall (1992) applies a mar@gmatic viewpoint, arguing that

regression is inherently concerned with inferencetloe design points and thus the
residuals and not the pairs should be sampled. sBapping of regression models is
discussed at a deeper mathematical level by Freedb®81) and Bickel and Freedman

(1983). Efron (1991) discussed the estimation gfeesion percentiles.
f) Bayesian bootstrap

Bayesian bootstrap is a variation proposed by R(#®81) where different observations
in the sample may have different chances of beélgcted in the resample. When the
data are grouped or extreme observations are fgrigsthre sample or sampling units are
of unequal size, it is more appropriate to assigaqual probabilities of selection to each
observation in the original sample to get the rgdathobservations. The other use of the
Bayesian bootstrap was the imputation when datangsing rather than inference fér
per se. Rubin (1981) introduced this variation e tbootstrap with a Bayesian
justification. The Bayesian bootstrap was first @leped for simple random sampling

with replacement (with sample size n).

If the data consists of random samplex,,..., % , let the data vectox assume at most K
distinct values and led =(q, dz,...,q<) be a vector of these distinct values. Lt
counts how manyx equal tod;. Define the vector of probabilities :(al,az,...,aK)

by:
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Pr(x =d |a)=a,, da =

k
The probability of the observed data given the eslafa; is proportional to|_' ajfi Af
j:

the prior information regarding the is summarized in the prior density

ﬂ(al,az,...,ak) the joint posterior density af, given the data is proportional to

k
n(a,,a,,...ay) ”afi
-

and this induces a posterior density &rlf 77 is the Dirichlet density the prior and

posterior densities are respectively proportional t
k k
) ! I
j= I=

In practice with continuous data we hdye=1. The simplest version of the simulation
putsa; =-1, corresponding to an improper prior distributiofthwsupport ong, X,, ..., X ;

the G, are exponential.

Rubin (1981) showed that the Bayesian bootstrapgahare is equivalent to assuming

that the prior distribution ofr is the (improper) distribution:
K
Pra)= ﬂ a’l where) a, =

The posterior distribution ofr , is, by Bayes Theorem, proportional to its prior

distribution multiplied by the likelihood, and tgout to be:
K
Pr(a |x)O H ax*
where then, are the number ok equal tod, for i =1,2,...n :an =n, andZak =1

According to Rubin (1987), Bayesian bootstrap samplis selected by a two-step

procedure as follows:
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Stepl: Draw uniform random numbers between O aaddllet their ordered values be

a,a,,.... 8.y, also leta, =0 anda, =1.

Step 2: Draw each of the values inX™ :(>§b, PA. >gb) by drawing fromx, x,,..., X,
with probabilities (a - &,), (a,— &),...,(I= g_,), that is independently times, draw a

uniform numberu and selectx if a_ <u<g

Heckelei and Mittelhammer (2002) presented a BayesBootstrap Multivariate
Regression (BBMR) procedure that allows robust Beye posterior analysis of
traditional multivariate regression models. Theioe Carlo study they performed
provided evidence on the accuracy and robustnestheofapproach in representing
posterior distributions even under the applicabbhighly non-linear mappings.

Lo (1987) showed that the Bayesian bootstrap hassdme desirable large sample

properties as Efron's bootstrap.

Kim and Lee (2003) proposed two Bayesian bootstsepnsions, the binomial and the
Poisson forms for proportional hazards models. Tiewtion that the advantage of the
proposed Bayesian bootstrap procedures over thedasth Bayesian analysis is
conceptual and computational simplicity.

Horowitz (2004) conducted a Monte Carlo study t@leate the Bayesian bootstrap
performance when estimating the population meam. &insidered different sampling
distributions and concluded that the Bayesian ntetherforms best for symmetric

sampling distributions.

The Bayesian bootstrap was not used in this relsearc
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g) Confidenceintervals

Confidence intervals are important for assessirgg uhcertainty of parameter values.
Confidence regions all focus on the same targgtepties. The first is that a confidence

region with specified coverage probabiligyshould be a se€, (y) of parameter values
which depends only upon the dataand which satisfies

P{o0C, (y)} =y
where y, the confidence coefficient or coverage probagilis the relative frequency
with which the confidence region would include ower the true parameter valdein
repetitions of the process that produced the datdhe second important property of a
confidence region is its shape. The general priaag that any parameter value inside

C, should be more likely than all values outstle A 100(1- 2Zr )% confidence interval

will be defined by limitsé, and &, _, such that for any ,
Pr(6’<éa) =a and Pr(6’>671_a) =a

Standard bootstrap confidence limits are basedherassumption that the estima®iis

normally distributed with mea and variances”, where the variance is obtained by

maximum likelihood estimation. A more direct appioa for constructing a

100(1- )% confidence interval is to use the upper and Iovgelvalues of the bootstrap

distribution of 4.

Chernick (1999) described different methods for starcting bootstrap confidence
intervals. These included the standard, perceatil bootstrap-t, accelerated percentile,
bias corrected and the iterated bootstrap. DiCiecid Efron (1996) provided a useful
survey of many such intervals. The focus was toraw@ by an order of magnitude upon
the accuracy of standard intervals in a way thiata routine application even to very

complicated problems.
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Singh (1981) and Davison et al. (2003) realised tha bootstrap could deliver higher
order accuracy for confidence intervals, equivatenEdgeworth correction of classical
normal intervals, but less painful and less liatdeerrors and hence more reliable in

practice.
1. Standard confidence interval

The bootstrap standard confidence interval is bytfa easiest method to implement. It is
also known as the normal approximation bootstragfidence interval. The interval is

based on the asymptotic result:

z =ﬂ: N(0,1)
5§

The confidence interval is therefore given by:

6-z,s¢, 6+ 2, s
{ 2 ? 3 %

Where sg, is the standard deviation of the bootstrap es@nedtd and z, is the %-

N

guantileof the standard normal distribution. According tivpdé and Tibshirani (1993),
this method is only an approximation in most praide though a very useful one in an

large variety of situations. The interval can bedigrhen asymptotic normality is valid.

As mentioned earlier expectation, variance and vty calculated with respect to a

simulation distribution are written with an ast&ri¥ as, E.([), Var()and R(),
respectively, to show that they are obtained froboaistrap analog.

2. Percentile bootstrap confidenceinterval

We letf be an estimator of andr™ be its bootstrap analog based xnX,,...,% and

define
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Keoor(X) = R(r'sx)
The bootstrap percentile method (Efron 1981a) gives following lower confidence

_ a
— 1
r(lower) =K BOOT (Ej

The name percentile comes from the fact that,; (%)is a percentile of the bootstrap

bound forr

distribution. Thus the 4a percentile confidence interval is defined by%mand 1—%

{Kgéo{%j , K‘;om(l—%ﬂ

(%) is obtained by arranging in ascending order theaBes ofr, , b=12,...,.B

percentile oKy

K g
. a . - i a .

and considering theB(EJ value of r, , and similarly forKBOOT(l—EJ we consider

-3

If B(%) is not an integer the following procedure by Efesrd Tibshirani (1993) can be

used.

Assumear < 05, Ietk:[(B+1)%}, the largest intege?(B+1)%. Then we define the

empirical % and 1—%quantiles by the K largest and B+1-k ") largest values of
Z (b), respectively, wher&  (b) is computed for each bootstrap sample and isgye
* > (b) = F
z (b):r(*#.
se (B
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If the bootstrap distribution of” is roughly normal, then the standard normal and
percentile intervals will nearly agree, since bg tentral limit theorem as - o the

bootstrap histogram will become normal shaped.

Polansky (1999) showed that bootstrap confidendenials constructed using the
percentile methods have bounds on their finite $ampverage probabilities. It is said
that the bounds are valid even for methods thaasyeptotically second order accurate.

Martinez and Martinez (2002) and Efron and Tibighir(1993) maintained that this
technique has the benefit of being more stable thanbootstrap-t and it also enjoys

better theoretical coverage properties.

Chernick (1999) pointed out that “in the case oaBrmamples the percentile method does

not work well. The standard bootstrap percentiterwals are first order accurate (error

1
goes to zero at a rate of ?), thus the probability that a one sided interval withminal

A
level 1-a contains@ is 1—a+0(n Zj, which means that the error getting exactly

desired% probability is an order of magnitude greater thhat of the bootstrap-t

intervals which are second order accurate.

It is generally recommended that the number of &toap replications should be equal to

or greater than 1000 for the method to producerateuesults.

To obtain the percentile confidence intervals thoWing steps are used:
1. Given a random sample,=(x,,...,x, ), calculated.
2. Sample with replacement from the original samplgeb
X = (%5, %").
3. Calculate the same statistic using the samplesim 2tto get the bootstrap

replicate, 8.
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Repeat steps 2 through 3, B times whBr21000.

Order thed™® from smallest to largest.

CalculateB[& and B{1-a).

N oo o b

The lower endpoint of the interval is given by theotstrap replicate that
is in the BLdr -th position of ordered®, and the upper endpoint is given
by the bootstrap replicate that is in tBéQl—a) -th position of the same
ordered list. Alternatively using quantile notatidine lower endpoint is

the estimated quantil§, and the upper endpoint is the estimated quantile

4., » Where the estimates are taken from the bootstlrates.

3. Other types of confidenceintervals

One of the commonly used confidence intervals éshihotstrap-t method. The bootstrap-
t confidence intervals are second order accurater(goes to zero at a rate of 1/n) thus

the probability that a one sided interval with noali level a contains @ is

l-a+ O(n‘l), which makes it a popular choice in practice. Bfamd Tibishirani (1993)

warned that the method can give erratic resultsamdbe heavily influenced by a few
outlying points. Polansky (2000) investigated twmethods for stabilising the endpoints
of bootstrap-t intervals in the case of small sasplMartinez and Martinez (2002)
pointed out that the bootstrap-t interval has gooderage probabilities but does not

perform well in practice.

The bootstrap-t method (Efron, 1982) is based given studentized “pivot”:

wheref is an estimator of and &” is a variance estimator far. If the distributionG,

of O, is unknown, then it is estimated by the bootsestimatorG,,,; defined by
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Ggoor(¥) = E{D*t = X}

AK ~

* r AK A K A A .
where [0, =——— andf and o are bootstrap analogs 6f and o, respectively. The

resulting bootstrap-t confidence interval fgris:
[ =6Gtor(1-0a) , F =G so(a)]

If B(a)is not an integer, we use the convention giveméngercentile method.

The bootstrap-t confidence interval requires thaeregion of & for each survey estimate

as well asd . With the white and black rhino data sets we ary able to obtaind”,

hence it is impossible in this research to consthe bootstrap-t confidence intervals.

For detailed discussions of the bootstrap-t comiide intervals and other types of
confidence intervals, see Davison and Hinkley (39€&fron and Tibshirani (1993) and
Shao and Tu (1995).

Besides the standard, percentile and bootstrapfidamce interval, there are other types
of confidence intervals used in bootstrapping. Ehie€lude accelerated percentile bias
corrected and the iterated bootstrap, but thedenatilbe discussed in this report.

h) Monte Carlo ssimulation evaluation of the bootstrap

Monte Carlo simulation is a method of evaluatingsgantive hypotheses and statistical
estimators by developing a computer algorithm tmusate a population, drawing
multiple samples from pseudo random samples anlliayag estimates obtained from
these samples. Both bootstrap and Monte Carlo aiounl are based on repetitive
sampling and direct examination of the results. bigedifference between the methods,
however, is that bootstrapping uses the origindlainsample as the population from
which to resample, while Monte Carlo simulatiom&sed on setting up a data generation
process (with known values of the parameters)hét sense Monte Carlo simulation is
very similar to the parametric bootstrap except thdh the parametric bootstrap the
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parameters are obtained from the data. Monte Csirfmilations may be adversely
affected by the random number generators, seed$ fosethese generators and the
number of random drawings or correlations betwasmulgtions. These problems also
affect the bootstrap method. When repeated for nsaeparios, the average solution will
give an approximate answer to the problem. Theracguof the Monte Carlo simulation

is proportional to the square root of the numbesaginarios used.

Monte Carlo simulation is advantageous becauseat‘brute force’ approach, that is, it
is able to solve problems for which no other solusi exist. This means it is a computer
intensive procedure and should be avoided if simgidutions are possible. The method
is useful for obtaining numerical solutions to gesbs which are too complicated to

solve analytically.

In 1946, Ulam invented the Monte Carlo method. Heented the Monte Carlo

simulation while pondering the probabilities of wing a card game of solitaire. The
Monte Carlo method as it is understood today en@asgs any technique of statistical
sampling employed to approximate solutions to qtetite problems. Later in 1946

Ulam described the idea to John von Neumann andégan to plan actual calculations.
Working with John von Neumann and Nicholas MetraggolUlam developed an

algorithm for computer implementations and alsolexqa means of transforming non
random problems into random forms that would ftetidi their solution via statistical

sampling. This work transformed statistical sangplirom a mathematical curiosity to a
formal methodology applicable to a wide varietypsbblems. It was Metropolis who

named the new methodology after the casinos of M@&@wurlo. Ulam and Metropolis

published the first paper on the Monte Carlo metinotR49 (Metropolis & Ulam 1949).

According to Beran (2003) Monte Carlo algorithmsr fapproximating bootstrap
distributions offered a remarkably intuitive way testimate complex sampling
distributions that depend on unknown parametersfuttber explained that the Monte
Carlo technique reflected the growing role of altjons and computational experiments

in statistics.
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Let FA; be an estimated model using da&€g ..., X, . In the case where&,,..., X, are i.i.d
from a distributionF , FA; = F, an estimator of . If F is the empirical distribution then
{X;,b,...,x’;]b} is a simple random sample frofiX,,..., X,} . The bootstrap bias, variance,

and distribution estimators are, respectively,

Baoor = E[D n()q,...,)(m,h)} 2.1
Vaoor = Var [D (% ,...,x*m,ﬁn)} 2.2

and
Heoor(X) = R{D n( X1*,,---: )(*m!,l\:)n)g >} 2.3

where{ xlxm} is a sample fromf’n, O, (LD, is an appropriately defined functional

and E., var and B are conditional expectation, variance and proiigiprespectively,

for given X,,..., X, . In generalm is not necessarily the sameras

To apply the Monte Carlo method for computing tbetstrap estimators in equations

2.1, 2.2 and 2.3, the researcher begins with argéoe of B independent samples

{X;b,...,x;b} , b=1,...,B from the estimated modé} , then calculate
o= Dn(x;b,...,x*nb : IE;) for b=1,...,B, and approximat®(®. ., v . and H{J, by

respectively,

where the indicator function
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1{O

b x} ! if0° <x istru
"o 0 otherwise

i) Limitations of the bootstrap

As with any statistical method, the bootstrap haslimitations. It is contended that
“unless certain basic ideas are understood itlitoal easy to produce a solution to the
wrong problem or a bad solution to the right prafsleBeran (2003) emphasised that
“success of the bootstrap is not universal. Modtfan to Efron’s definition of the

bootstrap is needed to make the idea work for mogescedures that are not classically
regular”. Ghosh et al. (1984) gave helpful insigatel comments on limitations of the

bootstrap.

Meeker and Escobar (1998) contend that “justifarafior the bootstrap is based on large
sample theory. Even with large samples, howevergtican be difficulties in the tails of

the sample”. The sample size plays a key roleerattturacy of the bootstrap methods.

When might the bootstrap fail?

The bootstrap may fail when thereare

a) incomplete data (survival data, missing data)
b) dependent data (for example correlated time series)

c) dirty Data (data which include outliers).

j) Errorsin resampling methods

The error in resampling methods is generally a doatlon of statistical error and
simulation error. Statistical error is a resulttbé difference between the underlying

distribution F and the empirical distribution F.élmagnitude of this error depends on

the choice oft(F). The use of rough statisti¢§F ), such as sample quantiles and the

median can make resampling approach behave wildllg.simulation error is a result of

the use of empirical (Bootstrap) properties t(fF) rather than exact properties.

Simulation error decreases by increasing the numladrthe bootstrap replications.
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Chapter 3

Methodology

This section describes the methods used to antigsdata for the study. The method is
based on a simple State Space model, which proadeamework for estimating and
predicting animal abundance given partial or inéxatormation. Bootstrap interval
estimation was carried out and these confidencenials were assessed using Monte

Carlo simulations. The source and nature of dagakso discussed.

3.1 Source and nature of the data

The data used in the research was obtained froin &atl. (2002). The data were
obtained from surveys conducted at Hluhluwe-UmfolBark. Eight surveys were
conducted for the white rhino population in they®&ar period between 1973 and 1996.
The method used to estimate the sizes of the ptigudafor the white rhino was based on
observations taken along line transects passingudfir different sections of the Park,
using a distance based methodology to accounthirdecreasing detection rate, with
increasing distance between the observer and theah(Buckland et al., 1993). For the
black rhino seven surveys were conducted from 1890996. In contrast to the white
rhino the method was said to be inappropriate Hertilack rhino with its shy habits and

instead a ‘mark-recapture’ method (Seber, 1982)ugas to estimate its population size.

3.2 Proposed model

To combine the data from the eight surveys, whieleaconducted in the 24 year period
between 1973 and 1996, a model is required whidhtake into account the various
known and unknown factors that have affected timorpopulation over this time period.

A simple discrete time state space model was us#us research.
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The model was proposed by Fatti et al. (2002) andescribes the dynamics of the
population over time across successive surveys. iibdel was developed because it
takes into account the various known and unknowtofa which have affected the rhino
population over this time period. The factors whatfected the rhino population over the
period, are:

Known factors

1) Number of animals relocated and introduced from smdhe Park at different
times between surveys.

2) Number of mortalities in the Park.

Unknown Factors
1) Natural rate of increase in the population.

2) Error in each of the surveys.

The model consists of two components:
1. Deterministic process
This component describes the change in the (unkpdme population from one
survey to the next, taking into account the spéciatural rate of increase as well as
the relocations, introductions and mortalities, ethoccurred in between.
2. Simple stochastic error model
The second component describes the relationshipelet the survey estimates and
the corresponding true population sizes.

The same notation as used in Fatti et al., (20G2) wsed:

Yy, = population estimate at survey

MU, = true population size at surveyunknown )

l, = nett losse¢ removals + mortalities introductijons betwsurveyt ant+1 (assumed known
r = natural annual rate of increase in the populatexcjuding mortalitiesynknown )

§ = number of years between survey drd 1

n = the total number of surveys over the period .
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Assuming that the losses occur uniformly over timéveen successive surveys and that
the natural rate of increase is constant over the whole period, in the deteistim
process the true population size at the time ofesut +1 is related to that at survay

by the following formula:

s
Uiy = L4E™ —jl—téx dx
0 S

'S _
e _It(e 1}
rs;

The formula takes into account the natural growththe population and the losses

3.1

(including the growth which would have accrued frirase animals had they not died or
been removed). We assume that the estinyatat surveyt is an unbiased estimator of
the true population size but that there is an umknorandom observation error. The
model for the estimate at survéyakes the following simple form:

Ve = H HE
where &, is a random error term which has zero expectgBorce y, is unbiased) and
varianceo?.
Therefore at survey+1:

yt+1 = ﬂt+1 + £t+1

s _
=u e - I‘[erst 1J+£t+1 3.2
% -1
_(yt _‘E‘t)ersl - L( rs J+£t+l

The relationship between the error at surieyl and that at the previous survey is

therefore given by:

e™ -1
£t+1:yt+1_(yt_£t)é5[+l( r% J 33

To fit the model the following algorithm was spéedf by Fatti et al. (2002):
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3.2.1 Algorithm 3.1

1. Start att =1. Assign initial values t&, andr .

2. Now generate the error terngs,...,&, successively from equation 3.3:

e -1
‘SZZYZ_(yl_El)éSl-I_l{ j

rs,

ez -1
‘93=3/3._(Y2_£2)é3Z + lz( rs, J

gt -1
‘gn = yn _(yn—l - ‘gn—l) ésn?l + L—l[ rs J 34
n-1

3. Estimate ¢, and r via least squares, that is, find those valuessofand r that

n
minimize Zsf using a nonlinear minimisation procedure. Anreate of the
t=1

standard error of the survey estimatess:

. 1 &,
g=_|—)» €& 3.5
n—ZtZ;‘ ‘

taking into account the loss in degrees@dédiom because of the estimation of

two parameters, andr .

4. Finally, given the estimate&, and f, successively compute the estimated true

population size at each survey:

A

=Y, &
H,=Y,—&,
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e e -1
Mo = Uy €57 = |yl — 3.6
rSn—l

In addition to the obvious utility of the populatiestimates/, the estimated annual

growth rate in the populatiort,, is also of scientific interest. According to Fadt al.
(2002), the least squares solution was shown iadansitive over a wide range of initial

values forg, andr . The initial valuese, =0 andr =01 have been found to yield quick

convergence.

The program used in Matlab (http://www.mathworksagaroducts/matlab/) for fitting

the model using algorithm 3.1 is shown in AppenBixFor minimisation purposes the

n
function Zef was written as follows:
t=1

and each of the error terms was written as a fanaf y, &, |, ands:

rsl_l
52=Y2_(Y1_51)é31+|1(e j

rs,
. e -1 d2 -1
ret e" -1 ; €2 -1) €2 -1
RIS L PR ES PSS
and so on.
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a) Assumptions of the proposed model

1. The losses occur uniformly over time between sugeessurveys and that the
natural rate of increase is constant over the whole period.

2. The estimatey, at surveyt, is an unbiased estimator of the true populatine, s
but there is an unknown, random observation esyor,

3. The random error termg, has zero expectation singe is unbiased and variance
o’. Thatis&, ~G(0,0°) where G([J] denotes some distribution, possibly normal.

4. The change in the population size from one sureethé next is deterministic
(effectively assume that the randomness in thisgs® is much smaller than that

of the observation process and that it can be snédun the latter).

Note that the assumption of constant error variamceldoes not hold for distance based
sampling estimates, as this variance is a funafdhe true population density (Buckland
et al., 1993). However, unless the variation ofggbpulation density is considerable, this
assumption should be acceptable within the gemealracy of the approach (Fatti et al.,
2002).

3.3 Bootstrap application

Fatti et al. (2002) proposed the jackknife method dbtaining standard errors for the
estimated population sizes at each survey, buthé dpirit of the modern methods
described as “computer intensive” by Diaconis aricbri (1983), researchers use the
bootstrap method. Mooney and Duval (1993) suggethatl jackknife is of largely

historical interest today. Through simulations Famd Wang (1996) found that the
bootstrap technique provides less biased and numsistent results than the jackknife
method does, though the jackknife method is ssiéiful in Exploratory Data Analysis for
assessing how each sub-sample affects the modmhgés and Stone (1984) raised

guestions about the value of the jackknife.
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As explained earlier, expectation, variance andaipdity calculated with respect to a

simulation distribution are written with an ast&ri¥ as, E.(), Var()and R(),

respectively, to show that they are obtained fronoaistrap analog.

The estimates of the true population size at eddheosurveys and the estimate of the
natural annual rate of increase in the populati@abtained using algorithm 3.1. The
following steps are carried out to obtain the bwafs estimates and their confidence
intervals.

Step 1

The data, which were used in this research, was tiependent, thus resampling was
carried out in such a way that the dependencetateicould be captured. The resamples
could be generated by fitting the parameters amagube residuals in the resampling.
Freedman (1981) explained why centering is necgssdren resampling from the
residuals. It was also noted by Efron (1979) tlesitering the residuals was required, that
is F should have mean zero, otherwise the bootstrapfailayn the first step residuals
are formed:
E =Y, — [ t= 1,.n 3.7

The centred residuals are then obtained by:

>

™|

I

£ =—
l_

3.8

-

Slo

(Shao & Tu, 1995) where p=2 is the number of estchgtarameters and is the mean

of & for t=1,...,n.

Step 2

Take a bootstrap sample of the centred residuat®oraly and with replacement from

ELES, €
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This was done by drawing uniform random integers weétllacement fronuU (1,n). We
let these random integers big,U,,... U, . The bootstrap sample of residuals is tloeecf
denoted by:

E,Eyr e,
where

£ =€y 1=12.n

are the bootstrap sample of residuals, wi%[; denotes thé&J, -th order statistic of
ELES, . LEL.

Step 3

Form the bootstrap sample of observations by:

yl = 11'11+£1

. Sy _ .
Vi = f1€% —l(efS[ 1j+£t+l for t= 1,2,..n- 3.9

Step 4

Obtain the bootstrap estimatesrog:,, 44,...,1,, from the bootstrap sample of observation
Y., ¥,....,Y, using algorithm 3.1. The bootstrap estimafes, i, ,4,...,4, from the b™
bootstrap sample are then denoted by:

Fy + Hys o+ o -
Step 5

Repeat the steps 2 to 4 a large number of tBnd3etermining the required number of
replications is a complicated matter and dependdgarrinstance, the statistic of interest
and the unknown bootstrap distribution. Davison anakldy (1997) reported that 1000

replications are sufficient for many applications.
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To repeat steps 2 to 4 in Matlab (http://www.mathwads/products/matlab/) we used

matrices. The centred residuals in step 1 were predén a matrix ohxBdimension.

The column of the centred residuals was repeate@®3>fimes to yield axxB matrix of
centred residuals. For each column we obtained dstvap sample of residuals as

indicated in step 2 and produced @B matrix of the bootstrap samples:

£ € £ £
11 12 13 B
e £ € £
21 22 23 B
£ =
ij
g £ & .. &
L nl n2 n3 nB _InxB

Steps 3 and 4 were then carried out on each of tbellBnns. The resulting matrix was

an (n+1) x Bmatrix of individual bootstrap estimates. Each oamhuin the matrix in turn

produced the average bootstrap estimate of, 14,...,1,:
Ak 1 B *
fo==>r
e B; 0
Ak 1 B *
Mg =EZﬂlb
b=1
0 3.10

0]
0]

Ak 1 B *
Mg = EZ My,
b=1

The estimated variances of the estimates were diyen
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B-1ta
0 3.11
H
H
Va'rB (:unB) zﬁg(ﬂnb_[lnB)z

The Matlab (http://www.mathworks.com/products/miatjaprogram that was used to

obtain bootstrap estimates and variances of th@a®s is shown in Appendix C.

3.4 Confidenceintervals

The confidence intervals for the true growth ratd &ue population size at each survey
were derived using the percentile and standard edetifhe procedure described in
Chapter 2 on confidence intervals was followed. Tésults obtained from the two

methods were compared to discover which methodsgive best confidence intervals for
the data.

3.4.1 Standard confidence interval:

For the bootstrap estimates of true population giezeconfidence intervals are obtained

using the formula below:

[ﬁs‘zag%,ﬁs’f %[5»%} F 1.
2

2

and, for the bootstrap estimate of annual rate@kase in population:

{r 2 Ge, G ZH%}

2

Where éeﬂ,B Is the estimated standard error of the bootststimates of true population

size whileSe. is the estimated standard error of the bootstséimate of the annual rate

of increase.
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3.4.2 Percentile confidenceintervals:

Following the procedure in Chapter 2, the percemtdnfidence intervals are given by:

4 (a) - a
|:KBéOT (Ej' K BlOOT(l_ _ZH
where Kr;}m(%j is obtained by arranging in ascending order theaBes ofr, and

f,, b=12,...B and considering theB% value of r,and of Z, i=1,..n,

respectively. Similarly folK ;o (1—%) we considerB Eﬁl—%) as described above.

The Matlab fttp://www.mathworks.com/products/matlaiprogram, which was used to

derive the confidence intervals, is given in Apprid.

To assess the coverage probabilities for the denfie intervals, Monte Carlo

simulation, which is described below, was used.

3.5 Monte Carlo ssmulation

In order to assess the coverage probability of dbgved confidence intervals, the

following procedure was used:

Generate 1000 series from original estimated masiébllows:

Y, = i tE

o et -1
yt+1:MerSt_t( fSt j+£t+1 t= 1,.n - 3.12

61



wherer is the estimate of natural annual rate of incrémske population obtained from

fitting the model to the original survey data apdis the estimate of the true population

size at surveyt, also obtained from fitting the model. This wasiaged by generating

randomly n random numberss; i =12,...n from the normal distribution with mean

zero and variancé”, where g” is the variance of the estimated error terms wiials
obtained from fitting the model (see equation 3.3he normal distribution is assumed
because the residuals obtained from fitting the ehtml the Rhino data were reasonably

normal.

For each of the 1000 series of data the bootswafidence intervals for, g, t,,....1d,,
were calculated using the equations above. Thevailees ofr, i, 4,,... .14, were taken

to be the estimates obtained from fitting the madehe original survey data. Using the
true values coverage probabilities were estimatath fespective proportions of the 1000
confidence intervals, which cover the true paranseMe also find the average length of

the confidence interval of any parameter by:

l 1000
—— > length
1000; gt
where length is the length of the confidence interval of thsrgmeter from tha th

simulation. These average confidence interval lengtere used to assess the confidence
intervals. The shorter the confidence interval thare exact it is, thus shorter average
lengths are preferred for the confidence intervalee Monte Carlo simulation involves
computing 1000 samples for each of the 1000 simdlatamples. The Matlab

(http://www.mathworks.com/products/matlalprogram for the Monte Carlo simulation

studies are given in Appendix E.

3.6 Jackknife application

When applying the jackknife to the data for botk thhite and black rhino, one of the
surveys was decreased from the sample and the madditted on the remaining survey

estimates. This model was used to estimate theimergarue population sizes. This was
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repeated over all surveys resulting im estimateg,,, i =1,...n, ofy,. We do not

estimate/ when the corresponding survey estimate has beseaked from the sample.

Using the theory of the jackknife method, the stadderror of the population estimate
1, was then estimated by (Efron 1982):

\/( jzn:(/”’tm fo)

i=1

where [z, , is the average of thg, ), i =1,...n. This is a slightly conservative estimate

of the standard error, since it refers to a situawhere there have beer-1(not n)
surveys (Fatti et al. 2002). The net losses folytha removed (yedr) were added to the

net losses for yedr+1.

The Matlab fttp://www.mathworks.com/products/matlafprogram for the jackknife is

given in Appendix F.

3. 7 Softwar e and package

In this research the main package used for analyassMatlab littp://www.Mathworks

.com/products/matlab/). Microsoft Excel wWw.office.microsoft.com/en-us/excel/

FX100487621033.aspx) was also used for some céltmsa graphs and other analyses.
The “R” modules BOOT and BOOTSTRAP (www.r-projecg) and SPLUS
(http://www.insightful.com/products/addons.asmodules on bootstrapping are other

packages that could be used for analysis, but natresed in this research.
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Chapter 4

White Rhino Results

4.1 Calculation of net losses

Since the mortalities and relocations were recordeda calendar year basis, but the
survey always took place shortly after the middighe year, the net losses had to be
interpolated in order to correspond to the samerwals as the surveys. The following

formula was used for interpolation (equation 4.1).

We define the total losses between surveandt+1 (which ares years apart) by, .

Let the net losses measured on a calendar yeas basiveen survey$ and t+1 be

denoted by, then the corresponding net losses interpolatedeaniddle of the year are

given by:

| =w, | o~ 4.1
2% 2$+l

These net losses for the white rhino are shownppefdix Al.

4.2 Moddl fitting algorithm 3.1

Algorithm 3.1, described in Chapter 3 for fittinget model, was implemented in Matlab
(http://www.mathworks.com/products/matipband this provided the estimated true

population sizes and error terms at each of theeysr(raw data in Appendix Al). These
are shown in Table 4.1 and are displayed in Fidutetogether with the original survey

estimates.

The estimated true population shows that the whiteo population in the park has

changed over the 24 year period over which theeysrwere conducted. According to
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Fatti et al. (2002) the apparent steep decline éetvthe 1973 and 1982 surveys can be
partially explained by the high numbers of relogasi of rhinos (and other species) to
other parks because management needed to redakangttevels during the drought that
affected the park over much of this period. Afté82 there was a steady growth in the
white rhino population over most of the subsequmartod up until 1994, which can be
attributed to the recovery of the population aftee drought. There was no specific
reason for the sudden decrease in numbers betweet994 and 1996 surveys. The
survey estimate for 1996 was not associated wighldhgest estimated error; instead it
was the 1994 figure that was furthest from thenestied true population size. The 1982

error was almost as large.

Fatti et al. (2002) consider the 1982 figure totbe low; the model gives a far more
gradual decline in the numbers than suggested éyotlginal survey estimates. The
model estimates show a slight increase in numbetkgden the 1994 and 1996 surveys in
contrast with the sudden decrease in the survaynatsts. The natural annual growth rate
in the populationy , was estimated to be 0.078 or 7.8% which, accgrthnFatti et al.

(2002), falls well within the range of 6% to 8% whiwas considered to be realistic by
the scientist at the park. Using step 3 of the rdlgm, the standard deviation of the

survey errors was estimated to be:
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Table 4.1: Whiterhino survey data, estimated true population sizesand estimated survey errors,

1973 t0 1996
Year | Survey | Mortalities | Relocations| Net Losses| Estimated trueEstimated
Estimate population sizes error
1973 2230 48 452 513 1930 300
1976 1629 128 1025 1138 1860 -231
1982 1199 106 380 424 1520 -321
1985 1530 14 24 60 1443 87
1986 1502 108 297 438 1498 5
1991 1748 101 341 430 1676 72
1994 1982 56 190 246 1634 348
1996 1364 1643 -279
f=0.078

Figure 4.1 superimposes the graph of the estimatedpopulation sizes on that of the

survey estimates at each of the eight surveys.gféugh of the estimated true population

sizes obtained from the model was considered tmde realistic by the scientists than

that obtained from the original survey estimategt{fet al. 2002).

2500 -
2000 -
1500 4
1000 +
500 -

e N

~=

1973

1976 1982 1985 1986

| —®— Observed —A— Fitted |

1991 1994

1996

Figure4.1: Plot of the estimated true population sizes and the survey estimates at each of the eight

surveys
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4.3 Bootstrapping

The bootstrap technique was implemented accordinghé procedure described in
Chapter 3. The following sections show the estisafethe true population sizes, which
were obtained from 200 and 1000 replications, respady.

4.3.1 200 Replications

The results from 200 replications of the bootstegghnique are shown in table 4.2 below.
These include the bootstrap estimates of the topelption sizes at each survey and their
standard errors. As before, the results show tiewthite rhino population has changed
over the 24 year period. The survey estimates 9821and 1994 are associated with the
largest errors (differences between the estimatguailption and survey estimates). The
large positive error associated with the 1994 sums&timate accounts for the apparent
decrease in numbers in the 1996 survey estimate.dlfference between the survey
estimate and bootstrap estimate for 1986 was vetlsThe bootstrap estimate of the
natural annual growth rate in the population wd¥9.or 7.9%, which was almost the
same value as that obtained on fitting the moda 7.9% lies well within the expected 6
to 8%, which boosts confidence in the results oleifrom bootstrapping. The standard

error of the bootstrap estimate of the natural ahiguowth rate in the population was

estimated to b@e;oo =0.01017, or approximately 1%.

The 1996 survey estimate showed the largest stdredesr. The 1973 and 1994 survey
estimates also had large standard errors. Thevediasmall standard error for the natural

annual growth rate in the population suggeststthatwas an accurate estimate.
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Table 4.2: Bootstrap estimates of the true population sizes and the standard error of the bootstrap
estimates for 200 replications

Year | Survey Bootstrap estimates of| sandard errobly,,, | Difference between
estimate true population sizes population and survey
estimates

1973 2230 1929 161 201
1976 1629 1859 142 -230
1982 1199 1518 107 -319
1985 1530 1441 96 89
1986 1502 1496 94 6
1991 1748 1679 108 69
1994 1982 1642 151 340
1996 1364 1657 194 -293

f,,, =0.079 and Sk;, =0.0101z

Figure 4.2 gives the graph of the bootstrap es@mat the true population sizes together

with the corresponding survey estimate. From 198%5et is estimated to be a steady

growth rate in the white rhino population. As witte graph of the sample estimates the

graph for the bootstrap estimates appears morsstieahan that of the original survey

estimates.
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Figure 4.2: Plot of the bootstrap estimates of the true population sizes and the survey estimates for
each of the eight surveysfor 200 replications

a) 95% Confidenceintervalsfor 200 replications

The 95% confidence intervals for each of the boapséstimates were obtained using the
standard and percentile confidence intervals aadshown in Table 4.3. The confidence
intervals obtained using both methods are not naikarent from each other. Note that
for both confidence intervals the survey estim&ed982 and 1994 do not lie within the
confidence intervals obtained. The 1982 surveyrest (1199) falls below the lower
limit of the standard confidence interval as wellad the percentile confidence interval.
In contrast, the survey estimate for 1994 lies abihe upper limit of both confidence
intervals. The confidence interval results sugdkat the sudden decrease in numbers
between the 1994 and 1996 surveys was largelyudt tbe 1994 survey estimate being
too high. Both confidence intervals for the boatptrestimate of the natural annual

growth rate in the population include the expectdd of between 6% and 8%.
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Table 4.3: Standard and percentile 95% confidence intervals obtained at 200 replicationsfor each of
the bootstrap estimates

Year Bootstrap estimate] 95% Standard 95% Percentile

confidence intervals | confidence intervals

£ [0.058 ; 0.098 [0.060 ; 0.098]

1973 7L 00 [1613 ; 2245] [1639 ; 2265]
1976 7 200 [1580 ; 2138] [1595 ; 2148
1982 7 200 [1308 ; 1728] [1313;1729]
1985 s 200 [1252 ; 1630] [1256 ; 1634]
1986 £E 200 [1311 ; 1681] [1316 ; 1686]
1991 £ 200 [1467 ; 1891] [1460 ; 1892]
1994 7 00 [1347 ;1937] [1345 ; 1925]
1996 7 200 [1278 ; 2036] [1287 ; 2028]

Figures 4.3 and 4.4 show the confidence intenal$hfe bootstrap estimates based on
200 replications. These figures illustrate the that the 1982 and 1994 survey estimates

do not fall in the corresponding confidence intéraage.
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Figure 4.3: Standard confidenceintervalsfor 200 replications
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Figure 4.4: Percentile confidenceintervalsfor 200 replications

4.3.2 1000 Replications

The bootstrap estimate of the natural annual groath in the population was estimated
to be 0.078 or 7.8%, which lies well within the egped 6 to 8% range, and which is the

same value as that obtained from fitting the madehe original sample. Increasing the

number of bootstrap replications has not made multdnge to the estimates. The

standard errors of the estimates from 200 and t€@lications do not differ much.

Table 4.4: Bootstrap estimates of the true population sizes and the standard error of the bootstrap
estimates for 1000 replications

Year Survey Bootstrap estimates of true| Standard error Difference between population and
estimate | population sizes Qezf,mo survey estimates

1973 2230 1935 163 295
1976 1629 1865 144 -236
1982 1199 1522 109 -323
1985 1530 1444 98 86
1986 1502 1498 96 4

1991 1748 1679 107 69
1994 1982 1639 146 343
1996 1364 1653 188 -289

0, = 0.078 and s&;,, = 0.0103¢
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Figure 4.5 superimposes the graph of the bootgistimates of the true population sizes
on that of survey estimates obtained using 1000cegmns. As with the 200 replication
results a much smoother curve was obtained fronbdlaéstrap estimates compared with

the original survey estimates.
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Figure 4.5: Plot of the bootstrap estimates of the true population sizes and the survey estimates for
each of the eight surveysfor 1000 replications

a) 95% Confidenceintervalsfor 1000 replications

The results of the standard and percentile confidentervals, given in Table 4.5 are
again not very different nor do they differ muclorfr those obtained from the 200
bootstrap replications. The 1982 survey estimatainadell below both confidence
intervals and the 1994 survey estimate fell abagecorresponding intervals. The
confidence interval results again give supporhfinding that the apparent decrease in
numbers between the 1994 and 1996 survey estimatgdargely caused by the 1994
survey error. As before, the confidence intervalstfie natural annual growth rate in the

population include the scientists’ expected groxatie of 6% to 8%.
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Table 4.5: Standard and percentile confidence intervals obtained at 1000 replicationsfor each of the
bootstrap estimates

Year Bootstrap estimate 95% Standard confider@®% Percentile

intervals confidence intervals

oo [0.059 ; 0.099 [0.060 ; 0.098]

1973 £ 1000 [1616 ; 2254] [1633 ; 2279]
1976 22 1000 [1583 ; 2147] [1591 ; 2167]
1982 7 1000 [1308 ; 1736] [1312 ; 1746]
1985 1000 [1252 ; 1636] [1261 ; 1639]
1986 L 100 [1310 ; 1686] [1319 ; 1686]
1991 100 [1469 ; 1889] [1472 ;1882]
1994 7L 1000 [1352 ; 1926] [1357 ; 1915]
1996 7 1000 [1285 ; 2021] [1289 ; 2013]

Figures 4.6 and 4.7 for the standard and percectitdidence intervals show a similar

picture to that from 200 bootstrap replications.
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Figured.6: Standard confidence intervalsfor 1000 replications
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Figure 4.7: Percentile confidence intervalsfor 1000 replications

4.4 Comparison of bootstrap estimates and the full sample estimates of the true

population sizes

a) 200 Replicationsvs. full sample model

Table 4.6 compares the results of fitting the madehe original survey data which used
the bootstrap (200 replications). The estimatescirse. The largest difference (-14)
occurs at the 1996 survey. The bootstrap and &umipde estimates of the natural annual

growth rate are almost identical.
Table 4.6: Comparison of bootstrap estimatesfor 200 replications and the full sample model

Year Survey Sample Bootstrap estimates of true Difference between sample estimates and
estim estimates population sizes (B=200) bootstrap estimates
ate
1973 2230 1930 1929 1
1976 1629 1860 1859 1
1982 1199 1520 1518 2
1985 1530 1443 1441 2
1986 1502 1498 1496 2
1991 1748 1676 1679 -3
1994 1982 1634 1642 -8
1996 1364 1643 1657 -14
f =0.078and f,,,= 0.079
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b) 1000 Replications vs. full sample model

The estimates are again close, with largest difieeg-10) and again occurring at 1996

survey. The two estimates of the natural annualtiroate are the same (see Table 4.7).

There was little difference between the resultthhef200 and 1000 bootstrap replications.

Table 4.7: Comparison of bootstrap estimates for 1000 replications and the full sample model

2S

Year Survey | Sample Bootstrap estimates of true Difference between sample
estimate | estimates | population sizes (B=1000) estimates and bootstrap estimate
1973 2230 1930 1935 -5
1976 1629 1860 1865 -5
1982 1199 1520 1522 -2
1985 1530 1443 1444 -1
1986 1502 1498 1498 0
1991 1748 1676 1679 -3
1994 1982 1634 1639 -5
1996 1364 1643 1653 -10

f=0.078and t,,,= 0.078

45 Monte Carlo ssmulations

Using the procedure described in Chapter 3, onastined Monte Carlo simulations were

run and the estimated coverage probabilities am@vshin Table 4.8. The sample

estimates were used as the true population valwethése simulations, and the results

are shown in Table 4.8.
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4.5.1 Estimated cover age probability

a) Coverage probability of the survey estimates

The estimated coverage probabilities are very lgrgestly 100%) for most of the

estimates except for the 1982 and 1994 survey atdsn These estimates were
previously shown to lie outside both the standard percentile confidence intervals.
This is supported by the Monte Carlo simulatiordgtsince the coverage probabilities of

these two estimates are very low.

Note that, strictly speaking, the coverage proli#sl refer to the true population sizes
(whose values have been assumed) and not to theysastimates. It is nevertheless
interesting to compute them for the survey estigjads it shows the large errors in the
1982 and 1994 values.

b) Coverage Probability of the sample estimates
The estimated coverage probabilities are 100% fbrthee sample estimates. The

estimated coverage probabilities also suggestth@bootstrap confidence intervals are

conservative, as the coverage probabilities shioal85% not 100%.
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Table 4.8: Estimated coverage probabilitiesfor the survey estimates and sample estimate

Year Estimate Coverage probability
Survey estimate as true population Sample estiastaie population
Standard ClI Percentile CI Standard C| Percentile CI
r 100% 100% 100% 100%

1973 U 96% 97% 100% 100%
1976 A 98% 99.5% 100% 100%
1982 Uy 4% 0.5% 100% 100%
1985 U, 97% 100% 100% 100%
1986 Us 100% 100% 100% 100%
1991 Us 100% 100% 100% 100%
1994 U 10% 12% 100% 100%
1996 Uy 100% 100% 100% 100%

4.5.2 Average length of confidenceinterval

The average lengths of the confidence intervalewemputed over the 1000 simulation
runs and the results are shown in the Table 4.94at@ for the 200 and 1000 bootstrap

replications, respectively.

a) Averagelength of the Monte Carlo confidenceintervalsvs. the bootstrap

confidenceinterval length

The average lengths of the Monte Carlo confidentervals were large compared with

those of the standard and percentile confideneguals, which had similar lengths. The

intervals for the 1996 survey estimates were timgdst, followed by those for 1973. In

all cases the bootstrap confidence intervals wkogtad than the corresponding Monte

Carlo confidence intervals. There was not muchedifice between the Monte Carlo

confidence intervals. The standard and the peteectinfidence intervals were similar in

all cases.
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The fact that the Monte Carlo intervals are lonten the corresponding standard and

percentile confidence intervals may be the reashw their coverage probabilities were

high.

Table 4.9: Estimated aver age length of confidence interval, standard confidenceinterval length and
the per centile confidence length for 200 bootstrap replications

Year Estimate | Monte Carlo confidence interval Bootstrap confidenderval length
Standard ClI Percentile CI Standard ClI Percentile ClI
r 0.046 0.044 0.040 0.038
1973 U 733 725 632 626
1976 U, 642 640 556 553
1982 Uy 491 484 420 416
1985 U, 449 447 378 378
1986 Us 440 439 370 370
1991 Us 489 493 424 432
1994 i 676 667 590 580
1996 Uy 854 844 758 741
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Table 4.10: Estimated average length of confidenceinterval, standard confidence interval length and
the per centile confidence length for 1000 bootstrap replications

Year Estimate Monte Carlo Confidence Interval Bootstrap confidehaterval Length
Standard CI Percentile CI Standard ClI Percentile CI
r 0.046 0.044 0.041 0.039
1973 U 733 725 638 646
1976 U, 642 640 564 576
1982 Uy 491 484 428 434
1985 U, 449 447 384 378
1986 Us 440 439 376 367
1991 Us 489 493 420 410
1994 i 676 667 574 558
1996 Uy 854 844 736 724

4.6 Jackknife

The jackknife was also implemented, as discusséchapter 3, and the results obtained
after removing each survey are shown in sectioril4Bhe net losses were recalculated
when a survey estimate was removed, for examplenwine 1973 survey estimate was
removed, the net loss for 1973 was removed, artddhd976 remained the same (1138)
as before. When the 1976 survey estimate was reinove net loss between 1973 and
1982 was 513+1138=1651 and so on, until the 198Ggwas removed and the net loss
between 1991 and 1994 was 430. For each removeeéystire recalculated net losses are

shown.

79




4.6.1 Results obtained on removing each time point

a) i =1: Remove 1973 survey estimate

Table 4.11: Estimated true population after removing the 1973 survey estimate

Year Survey estimat¢  Net losses True populatiamest | Estimated error
1976 1629 1138 1731 -102
1982 1199 424 1424 -225
1985 1530 60 1365 165
1986 1502 438 1426 77
1991 1748 430 1656 92
1994 1982 246 1659 323
1996 1364 1706 -342

f =0.087

b) i =2: Remove 1976 survey estimate

Table 4.12: Estimated true population after removing the 1976 survey estimate

Year Survey estimat¢  Net losses True populatiamest | Estimated error
1973 2230 1651 2033 197
1982 1199 424 1581 -381
1985 1530 60 1492 38
1986 1502 438 1542 -40
1991 1748 430 1691 57
1994 1982 246 1622 360
1996 1364 1612 -248

f =0.073
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c) i =3: Remove 1982 survey estimate

Table 4.13: Estimated true population after removing the 1982 survey estimate

Year Survey estimat¢  Net losses True populatiamest | Estimated error
1973 2230 513 2018 212
1976 1629 1662 1955 -326
1985 1530 60 1478 52
1986 1502 438 1531 -29
1991 1748 430 1701 47
1994 1982 246 1651 331
1996 1364 1655 -291

f =0.076

d) i =4: Remove 1985 survey estimate

Table 4.14: Estimated true population after removing the 1985 survey estimate

Year Survey estimateé Net losses True populatiamast | Estimated error
1973 2230 513 1913 317
1976 1629 1138 1843 -214
1982 1199 484 1501 -302
1986 1502 438 1487 15
1991 1748 430 1667 81
1994 1982 246 1626 356
1996 1364 1637 -273

f =0.079

81



€) i =5: Remove 1986 survey estimate

Table 4.15; Estimated true population after removing the 1986 survey estimate

Year Survey estimaté Net losses True populatiamast | Estimated error
1973 2230 513 1928 303
1976 1629 1138 1859 -230
1982 1199 424 1520 -321
1985 1530 498 1445 85
1991 1748 430 1675 74
1994 1982 246 1633 349
1996 1364 1643 -279

f =0.078

f) i =6: Remove 1991 survey estimate

Table 4.16: Estimated true population after removing the 1991 survey estimate

Year Survey estimat¢  Net losses True populatiamest | Estimated error
1973 2230 513 1851 380
1976 1629 1138 1804 -175
1982 1199 424 1522 -323
1985 1530 60 1482 48
1986 1502 868 1551 -48
1994 1982 246 1821 161
1996 1364 1422 -58

f =0.085
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0) i =7: Remove 1994 survey estimate

Table 4.17: Estimated true population after removing the 1994 survey estimate

Year Survey estimaté Net losses True populatiamast | Estimated error
1973 2230 513 1964 267
1976 1629 1138 1880 -251
1982 1199 424 1502 -303
1985 1530 60 1402 128
1986 1502 438 1448 55
1991 1748 676 1568 180
1996 1364 1455 91

f=0.074

h) i =8: Remove 1996 survey estimate

Table 4.18: Estimated true population after removing the 1996 survey estimate

Year Survey estimat¢  Net losses True populatiamest | Estimated error
1973 2230 513 1842 388
1976 1629 1138 1796 -167
1982 1199 424 1513 -314
1985 1530 60 1471 59
1986 1502 438 1540 -38
1991 1748 430 1815 -66
1994 1982 1855 127

f =0.085
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4.6.2 Jackknife standard error for the sample estimates

Table 4.19: Estimated true population estimates for each removed survey estimate

i iy | HFeiy | Hao Hag) Fsiy | Heiy | HFry | Heo {0

1 1731 1424 1365 1426 1656 1659 1706 0.08

2 2033 1581 1492 1542 1691 162P 161p 0.07

3 2018 | 1955 1478 1531 1701 1651 1655 0.076

4 1913 | 1843 1501 1487 1667| 1626 1637 0.079

5 1928 | 1859 1520 1445 1675 | 1633 1643 0.078

6 1851 | 1804 1522 1482 155] 1821 1422 0.085

7 1964 | 1880 1502 1402 1448 15¢ 1455 0.074

8 1842 | 1796 1513 1471 1540 1815 18 0.085
Averages 1936 | 1838 1509 1448 1504 1682 1695 1590 0.0¢

The jackknife standard errors for each of the syastimates were obtained using the

formula given earliers;, = \/(nT—l)z (£t —,th(m)z .

i=1

Table 4.20 below gives the results of each surgéynate.

The 1982 survey had the smallest jackknife standamt and the 1996 survey had the
largest. The jackknife standard error for the redtgrowth rate in population was small,

approximately 1%.

The jackknife results were not much different frome model estimates. There was a
large difference between the 1994 surveys (61)thrd1996 surveys (53). The 1976
surveys also differed with a notable differenc@df The rest of the surveys did not have
large differences.
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Table 4.20: Averagejackknife estimates and standard errors

Year Model Average jackknife | Difference between the survey estimatdackknife standard
estimate estimate and average jackknife estimate error
0.080 0.013
1973 1930 1936 -6 170
1976 1860 1838 22 161
1982 1520 1509 11 105
1985 1443 1448 -5 108
1986 1498 1504 -6 114
1991 1676 1682 -6 166
1994 1634 1695 -61 224
1996 1643 1590 53 244

4.7 Comparison of the bootstrap and jackknife

4.7.1 Comparison of the bootstrap and jackknife estimates

There was not much difference between most of tustrap estimates and the jackknife

estimates, apart from those corresponding to 82 Ehd 1996 surveys. The bootstrap

estimates are much closer to the original samptenates than are the jackknife

estimates.
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Table 4.21: Comparison of the bootstrap and jackknife estimates

Year Bootstrap estimate Average jackknife| Difference between the survey estimate
200 1000 estimate and average jackknife estimate
Replications| Replications 200 Replication 1000 Replications

0.079 0.078 0.080 -0.001 -0.002

1973 1929 1935 1936 -7 -1

1976 1859 1865 1838 21 27

1982 1518 1522 1509 9 13

1985 1441 1444 1448 -7 -4

1986 1496 1498 1504 -8 -6

1991 1679 1679 1682 -3 -3

1994 1642 1639 1695 -53 -56

1996 1657 1653 1590 67 63

4.7.2 Comparison of the bootstrap and jackknife standard errors

From Table 4.22 it is clear that the bootstrap qrenkd better than the jackknife as the
standard errors are less than those obtained bjath&nife. The results support what
most authors, Diaconis and Efron (1983), Frangaks&tone (1984), Mooney and Duval
(1993), Fan and Wang (1996) have concluded: tleabtwotstrap performs better than the
jackknife. The bootstrap and jackknife methods bskiowed that the 1996 survey
estimate had the largest standard error. The sshadtandard error for the bootstrap
method was in the 1986 survey, while with the jatk method, the 1982 estimate had
the smallest error. For the natural annual growate of increase the jackknife standard

error was only slightly larger than for the bocagtr
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Table 4.22: Comparison of the bootstrap and jackknife standard error

Year Bootstrap standard errors Bootstrap standard errors  Jackknife
for 200 replications for 1000 replications standard error
0.010 0.010 0.013
1973 161 163 170
1976 142 144 161
1982 107 109 105
1985 96 98 108
1986 94 96 114
1991 108 107 166
1994 151 146 224
1996 194 188 244
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Chapter 5

Black Rhino Results

5.1 Calculation of Net L osses

For the black rhino the net losses were not intaetpd since the data was collected in
consecutive seven year periods. The total losses used as the net losses (raw data in
Appendix A2).

5.2 Moddl fitting algorithm 3.1

Fitting the model with algorithm 3.1 to the sevamrvey estimates gives the results
shown in Table 5.1 which are also displayed in Fagh.1, together with the original

survey estimates.

The results showed a steady growth over all seeansyfrom 1990 to 1996. The survey
estimate for 1993 showed the largest estimated amd is identified by the model as

being too high. The 1990 survey estimate showeaéxelargest error.

The estimated growth rate obtained from the fittealdel is 8.6% which according to
Fatti et al. (2002) was slightly higher than wHha¢ scientists were expecting. As with
the white rhino the expected natural annual grawté in the population was 6% to 8%.
Using step 3 of the algorithm, the standard dewmmtof the survey estimates was

estimated to be:
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The estimated error for the black rhino populatias much lower than that for the white

rhino and this may be because the survey estinfiateése White Rhino were taken over

a 24 year period, whereas the black rhino surveynates were taken over seven

consecutive years. The different methods use@$tmating the population abundance

may also have contributed to the error.

Table 23: Black rhino survey data, estimated true population sizes and estimated survey errors, 1990

to 1996
Year Survey Mortalities | Relocations| Total losses Estimated true| Estimated
estimate population sizes | error

1990 337 10 8 18 358 -21
1991 367 13 9 22 372 -5
1992 385 19 6 25 382 3
1993 429 16 9 25 391 38
1994 405 6 15 21 400 5
1995 409 14 6 20 414 -5
1996 416 431 -15

Figure 5.1 displayghe estimated true black rhino population size sopgsosed on

corresponding survey estimates for each of thersgears from 1990 to 1996. A much

smoother curve is obtained from the model thartfersurvey estimates.
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Figure5.1: Plot of the estimated true population sizes and the survey estimates at each of the eight

surveys
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5.3 Bootstrapping

As with the white rhino the bootstrap technique \apgplied to the black rhino survey
estimates and the tables below show the bootsstmates of true population sizes for

200 and 1000 replications, respectively.

5.3.1 200 Replications

The results from running 200 bootstrap replicatioosfirmed the steady growth rate in
the black rhino population. As was the case with riodel fitted directly to the survey
estimates, the survey for 1993 value had the lamyesr. The bootstrap estimate of the
natural annual growth rate in the population wdsreged to be 0.087 or 8.7%, which is
almost the same as that obtained from fitting tredeh to the survey estimates. The

standard error of the bootstrap estimate of theaurahtannual growth rate in the

population was estimated to l%;oo =0.011, which is similar to that for the white rhino,

and shows that the natural annual growth rate wel ssuggesting a good estimate for

the natural annual growth rate is estimated pricise

The 1993 population estimate had the lowest standeor, despite having the largest
estimated error. The standard errors for the guegémates are small.

Note that the bootstrap population estimates dralalost identical to those obtained
directly from the survey estimates.
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Table 24: Bootstrap estimates of the true population sizes and the standard error of the bootstrap
estimates for 200 replications

Year Survey | Bootstrap estimates of| Standard error Difference between
estimate | true population sizes @@?,m survey estimates

1990 337 358 13 -21
1991 367 371 11 -4
1992 385 382 3

1993 429 390 39
1994 405 399 8 6

1995 409 413 10 -4
1996 416 429 14 -13

f =0.087 and Se;,, =0.011

Figure 5.2 gives the graph of the bootstrap esamaif the true population sizes

compared with that of survey estimates obtainedgu&00 replications. As previously,

the 1993 survey estimate is shown to be too high.
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Figure5.2: Plot of the bootstrap estimates of the true population sizes and the survey estimates for
each of the seven surveysfor 200 replications
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a) Confidenceintervals

The confidence intervals for the bootstrap estisiatere obtained using the standard and

percentile confidence intervals and are shown ibld&.3. It can be seen that the

confidence intervals obtained using both methods similar. Note also that both

confidence intervals do not contain the 1993 theesuestimate. This estimate (429) was

considered to be too high as it was well above upper limit of both confidence

intervals. Both confidence intervals for the bowigt estimate of the natural annual

growth rate included the expected range of 6% to 8%

Table 5.3: Standard and per centile confidence intervals obtained at 200 replications for each of the
bootstrap estimates

Year Bootstrap estimate| 95 % Standard confidence95% Percentile confidence
intervals intervals
£ [0.064 ; 0.108] [0.065 ; 0.103
1990 7L 00 [332; 384 [337 ;388
1991 £ 200 [349 ;393 [354 ;397
1992 7 200 [364 ; 400! [368 ; 402
1993 £ 200 [374 ; 406] [377 ; 408]
1994 ££ 200 [383; 415] [386 ; 419]
1995 £ 200 [393; 433] [397 ; 440]
1996 7 200 [401 ; 457 [407 ; 466

Figures 5.3 and 5.4 show the confidence intervaigte bootstrap estimates based on

200 replications. From the confidence intervalsvaioit can be seen that the 1993

survey estimate is not included in the confidemterval range

92




500 -

400 - W

300 -

200

100 -

1990 1991 1992 1993 1994 1995 1996

—@— Observed —e— Fitted

Figure5.3: Standard confidenceintervalsfor 200 replications
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Figure5.4: Percentile confidenceintervalsfor 200 replications

5.3.2 1000 Replications

The bootstrap estimate of the natural annual groatih in the population was estimated
to be 0.086 or 8.6% which is the same value obtlfrem fitting the model directly to
the survey data. The estimated standard error efnttural annual growth rate was

estimated to be@e;m:o.om, which was similar to that for the 200 bootstrap

replications.

The 1993 survey estimate showed the smallest sthmateor although it has the largest

estimated error.
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Table 5.4: Bootstrap estimates of the true population sizes and the standard error of the bootstrap

estimates for 1000 replications

Year Survey Bootstrap estimates of| Standard error | Difference between
estimate true population sizes @e}im survey estimates

1990 337 358 13 -21
1991 367 371 11 -4
1992 385 382 9 3

1993 429 390 7 39
1994 405 400 9 5

1995 409 414 10 -5
1996 416 431 14 -15

f =0.086 and se;,, =0.0102

Figure 5.7 superimposes the graph of the bootgisimates of the true population sizes

on that of survey estimates obtained using 100lcegmns. As before, a smoother curve

was obtained from the bootstrap estimates than thenoriginal survey estimates.
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Figure5.7: Plot of the bootstrap estimates of the true population sizes and the survey estimates for
each of the eight surveysfor 1000 replications
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a) Confidenceintervals

The results of the standard and percentile confientervals are again similar. The

1993 survey estimate is higher than the upper lohiboth confidence intervals. Both

confidence intervals for the bootstrap estimat¢hef natural annual growth rate include
the expected growth rate by the scientist at thk pB6% to 8%.

Table 5.5: Standard and percentile confidence intervals obtained at 1000 replications for each of the
bootstrap estimates

Year Bootstrap estimatel 95% Standard confidence 95% Percentile confidence
intervals intervals
oo [0.066 ; 0.106] [0.068 ; 0.106
1990 £ 1000 [333; 383] [336 ; 385]
1991 £ 1000 [350 ; 392] [353; 395]
1992 £ 1000 [365 ; 399] [367 ; 402]
1993 ;1000 [376 ; 404] [377 ; 407]
1994 £ 1000 [385 ; 415 [386 ; 418
1995 £ 1000 [394 ; 434] [397 ; 440]
1996 £5 1000 [403 ; 459] [407 ; 466]

Figures 5.5 and 5.6 below for the standard andepéite confidence intervals show that

the 1993 survey estimates were not included ireitenated confidence interval range,

which indicates that the survey estimate may bedoia
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Figure5.5: Standard confidence intervalsfor 1000 replications
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Figure5.6: Percentile confidence intervalsfor 1000 replications

5.4 Comparison of bootstrap estimates and the full sample model of thetrue

population sizes

a) 200 Bootstrap replicationsvs. full sample model

The results from bootstrapping are almost identioathose obtained from fitting the
model directly to the survey data. The largesteddhce occurs for the 1996 estimates
(2), which is not large.
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Table 5.6: Comparison of bootstrap estimates for 200 replications and the full sample model

Year Survey Sample Bootstrap estimates of true Difference between sample
estimate | estimates | population sizes (B=200) | estimates and bootstrap estimate
1990 337 358 358 0
1991 367 372 371 1
1992 385 382 382 0
1993 429 391 390 1
1994 405 400 399 1
1995 409 414 413 1
1996 416 431 429 2

f =0.086and f,,= 0.08°

b) 1000 replications vs. full sample model

As with 200 bootstrap replications, the resultsrfrbootstrapping are almost identical to

those obtained from fitting the model directly e tsurvey data.

Table5.7: Comparison of bootstrap estimates for 1000 replications and the full sample model

Year Survey Sample Bootstrap estimates of trueDifference between sample
estimate | estimates | population sizes (B=1000) estimates and bootstrap estimate
1990 337 358 358 0
1991 367 372 371 1
1992 385 382 382 0
1993 429 391 390 1
1994 405 400 400 0
1995 409 414 414 0
1996 416 431 431 0
f =0.086and t,,, = 0.08€
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5.5 Monte Carlo Simulations

Using the procedure in ChapterNpnte Carlo simulations were run and the estimated

coverage probabilities obtained are shown below.

5.5.1 Estimated cover age probability

The coverage probabilities were estimated usingtineey estimates and considering the

sample estimates to be true population valuesrasts are shown in Table 5.8.

a) Coverage probability using survey estimates astrue population

The estimated coverage probabilities are also agith the white rhino. For the 1993
estimate the coverage probability was small fohbmtnfidence intervals. The results
support the fact that the 1993 estimate is too.high

b) Coverage probability using sample estimates as true population

The estimated coverage probabilities are 100% lotha sample estimates for both
confidence intervals. The results of the Monte €aimulation show that the sample
estimates obtained from the model are more realisin the original survey estimates.
The estimated coverage probabilities also undetpnfact that the survey estimate for
1993 was biased.
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Table 5.8: Estimated coverage probability

I

Year Estimate Coverage probability
Survey estimate as true population Sample estiagtaie populatior
Standard ClI Percentile CI Standard Cl Percentile C
r 96% 98% 100% 100%

1990 U 99% 96.5% 100% 100%
1991 A 97% 100% 100% 100%
1992 Uy 100% 100% 100% 100%
1993 U, 11% 13% 100% 100%
1994 Us 100% 100% 100% 100%
1995 A 98% 100% 100% 100%
1996 y7a 100% 100% 100% 100%

5.5.2 Average length of confidenceinterval

Using the same formula as the white rhino tablé §jires the results for the average

length of the confidence intervals.

a) Average length of confidence interval vs. confidence interval length

The results for both 200 and 1000 bootstrap refptina (see Table 5.9 for 200 and Table

5.10 for 1000) showed that the average length lier donfidence intervals is almost

identical to the confidence interval length of thndard and percentile confidence

intervals. The 1996 survey estimates showed thgesaraverage length of confidence

interval. The 1990 survey estimates also have langgage length of the confidence

intervals. The percentile confidence intervals sierter for most of the estimates. The

results for Monte Carlo confidence intervals arenadt the same as the bootstrap

confidence intervals.
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Table 5.9: Estimated average length of confidence interval, standard confidenceinterval length and
the per centile confidence length for 200 replications

Year Estimate Monte Carlo confidence interval Bootstrap confideinterval length
Standard ClI Percentile CI Standard Cl Percentile ClI
r 0.045 0.040 0.044 0.03781

1990 U 53 52 52 51
1991 A 46 44 44 43
1992 Uy 37 36 36 34
1993 U, 38 32 42 31
1994 Us 35 34 32 33
1995 s 42 44 40 43
1996 U, 61 60 56 59

Table 5.10: Estimated average length of confidenceinterval, standard confidence interval length and
the per centile confidence length for 1000 replications

Year Estimate Monte Carlo confidence interval Bootstrap confideimnterval length
Standard ClI Percentile ClI Standard Cl Percentile ClI
r 0.045 0.040 0.040 0.038
1990 U 53 52 50 49
1991 U, 46 44 42 42
1992 Uy 37 36 34 35
1993 U, 38 32 28 30
1994 n 35 34 30 32
1995 s 42 44 40 43
1996 Uy 61 60 56 59
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5.6 Jackknife

Following the procedure described in Chapter thitee jackknife was implemented. As
with the white rhino, the net losses were recatedlawhen a survey estimate was
removed. When the survey estimate for 1990 was vethohe net loss for 1990 was
removed and that for 1991 remained the same. Adtapving 1991, the net loss between
1990 and 1992 was recalculated as 18+22=40. Tdadcrdated net losses at each stage

are shown in section 5.5.1.

5.6.1 Results obtained on removing each time point
a) i =1: Remove 1990 survey estimate

Table5.11: Estimated true population after removing the 1990 survey estimate

Year Survey estimate Net losses True populatiamest | Estimated error
1991 367 22 383 -16
1992 385 25 391 -6
1993 429 25 397 32
1994 405 21 402 3
1995 409 20 413 -4
1996 416 425 -9

r=0.077
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b) i =2: Remove 1991 survey estimate

Table 5.12; Estimated true population after removing the 1991 survey estimate

Year Survey estimate Net losses True populatiameass Estimated error
1990 337 40 360 -23
1992 385 25 384 -15
1993 429 25 392 37
1994 405 21 401 4
1995 409 20 414 -5
1996 416 430 -4

f =0.085

c) i =3: Remove 1992 survey estimate

Table 5.13: Estimated true population after removing the 1992 survey estimate

Year Survey estimate Net losses True populatiamest | Estimated error
1990 337 18 357 -20
1991 367 47 371 -4
1993 429 25 390 39
1994 405 21 400 5
1995 409 20 414 -5
1996 416 431 -15

f =0.087
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d) i =4: Remove 1993 survey estimate

Table 5.14: Estimated true population after removing the 1993 survey estimate

Year Survey estimate Net losses True populatiamest | Estimated errof
1990 337 18 351 -4
1991 367 22 365 2
1992 385 50 376 9
1994 405 21 394 11
1995 409 20 409 0
1996 416 426 -10
f =0.089

e) i =5: Remove 1994 survey estimate

Table 5.15: Estimated true population after removing the 1994 survey estimate

Year Survey estimate Net losses True populatiamest | Estimated errof
1990 337 18 358 -21
1991 367 22 371 -4
1992 385 25 382 3
1993 429 46 390 39
1995 409 20 413 -4
1996 416 429 -13

f =0.086
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f) i =6: Remove 1995 survey estimate

Table5.16: Estimated true population after removing the 1995 survey estimate

Year Survey estimate Net losses True populatiamest | Estimated error
1990 337 18 358 -21
1991 367 22 372 -5
1992 385 25 383 2
1993 429 25 392 37
1994 405 41 402 3
1996 416 434 -18
f =0.088
0) i =7: Remove 1996 survey estimate
Table5.17: Estimated true population after removing the 1996 survey estimate
Year Survey estimate Net losses True populatiamest | Estimated error
1990 337 18 353 -16
1991 367 22 369 -2
1992 385 25 383 2
1993 429 25 394 35
1994 405 21 407 -2
1995 409 426 -17
f =0.095
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5.6.2 Jackknife standard error for the sample estimates

Table 5.18: True population estimates for each

Fagy | Hagy Ha) Ha) Hsi) Heiy | Ha i)

1 383 391 397 402 413 425 0.077

2 360 384 392 401 414 430 0.085

3 357 371 390 400 414 430 0.087

4 351 365 376 394 409 426 0.089

5 358 371 382 390 413 429 0.086

6 358 372 383 392 402 434 0.088

7 353 369 383 394 407 426 0.095
J7e 356 371 383 393 401 415 429 ry =0.087

The largest error (difference between the survéiynese and average jackknife estimate)

occurs in the 1993 survey estimate. The jackknsieneate also showed that the 1993

survey estimate was too high.

Table 5.19 below gives the results of each surgtiynate. Most of the survey estimates

had small standard error. The 1991 survey estimatkthe largest standard error. The

1993 survey estimate had the smallest standard thiwagh it had the largest estimated

error. The standard error for the natural annualvgin rate in population was small.
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Table 5.19: Jackknife estimates and standard errors

Year Survey Average jackknife| Difference between the survey Jackknife standard
estimate estimate estimate and jackknife estimat error
0.087 0.012
1990 337 356 -19 7
1991 367 371 -4 12
1992 385 383 2 10
1993 429 393 36 6
1994 405 401 4 9
1995 409 415 -6 12
1996 416 429 -13 7

5.7 Comparison of the bootstrap and jackknife

5.7.1 Comparison of the bootstrap and jackknife estimates

The bootstrap estimates are almost identical to jaélegknife estimates. The largest

difference occurred in the 1993 survey (-3) forhbddnlike with the white rhino, the

jackknife estimates are as close to the model astsras the bootstrap.

Table 5.20: Comparison of the bootstrap and jackknife estimates

Year Bootstrap estimate Average jackknife| Difference between the survey estimate
200 1000 estimate and average jackknife estimate
Replications| Replications 200 Replication 1000 Replications
0.087 0.086 0.087 0 -0.001
1990 358 358 356 2 -1
1991 371 371 371 0 0
1992 382 382 383 -1 -1
1993 390 390 393 -3 -3
1994 399 400 401 -2 -1
1995 413 414 415 -2 -1
1996 429 431 429 0 2
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5.7.2 Comparison of the bootstrap and jackknife standard errors

Most of the bootstrap standard errors are smdiln the jackknife standard errors. The
jackknife standard errors are smaller than the dicayi standard errors for the 1990 and
1996 surveys. For black rhino it can be concludeat the bootstrap and jackknife
produced similar results. The smallest standarar éor both methods was in 1993. The
1993 survey estimate showed the largest estimated i@ both the bootstrap and the

jackknife.

Table 5.21: Comparison of the bootstrap and jackknife standard error

Year Bootstrap standard errors Bootstrap standard errors  Jackknife
for 200 replications for 1000 replications standard error

0.01115 0.01017 0.012

1990 13 13 7

1991 11 11 12

1992 9 9 10

1993 8 7 6

1994 8 9 9

1995 10 10 12

1996 14 14 7
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Chapter 6

Summary and Recommendations

6.1 White Rhino

The apparent sudden decline in numbers of the whit® population between 1994 and
1996, which triggered the study by Fatti et al.020) can be explained by the largest
observed error associated with the 1994 surveynasti This estimate was shown to be
far too high, while the 1996 survey estimate wasomewhat smaller under-estimate.
Under-estimation by the 1982 survey was underpinmedhe confidence interval that

had a lower limit well above the survey estimatée Tconclusion that the sudden
decrease in numbers between the 1994 and 1996ysuwas a result of survey error,

particularly in 1994, was also underpinned by theficlence interval results.

The graphs of the estimated true population sizes time was much smoother than that
of the original survey estimates, and accordingFaiti et al. (2002), these were
considered to be more realistic by the scientighatpark. The bootstrap standard error
for the estimated natural annual growth rate waallsrauggesting that this is a good

estimate.

Increasing the number of bootstrap replications Hittte effect on the bootstrap

estimates, their standard errors as well as om twogifidence intervals. There was also
little difference between bootstrap estimates drel driginal sample estimates, which
boosted confidence in the bootstrap results. That®Garlo study suggests that the 1982
and 1994 survey estimates are biased. The jacklestenates also supported the
conclusion that the 1982 and 1994 survey estima&e biased. The jackknife standard
error for the natural annual growth rate was snilfle bootstrap method performed

better than the jackknife although the resultsriishow much difference.
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6.2 Black Rhino

The apparent decline in numbers between the 1983884 survey can be explained by
the largest positive error being associated wighltB93 survey estimate. The fact that the
1993 survey estimate lay above the confidence viatefor the true population size
confirms the likelihood that this estimate was baspwards. The graph of the estimated
true population sizes is smoother than that ofottiginal survey estimates. The standard
error for the natural annual growth rate was snaglin suggesting that it is a fairly

accurate estimate.

As with the white rhino, there was little differenbetween the results of 200 and 1000
bootstrap replications. Increasing the numberoait&trap replications had little effect on
the bootstrap estimates, their standard errorgiedisas on their confidence intervals. The

Monte Carlo study confirmed that the 1993 survdiyrege was probably biased.

The results for the jackknife standard errors aspport the conclusion that the 1993
survey estimate was probably biased. The jacklgtdadard error for the natural annual

growth rate was small.

6.3 Discussion

The results of the standard confidence intervats the percentile confidence intervals
are similar. They show the same pattern in bothvthge and black rhino population.
The use of percentile method is recommended inrdssarch as it does not involve the

normal distribution.

The variability of the distance based methods, twhiere used for the white rhino
population, was larger than that for the black ohimhich used the mark recapture
method. The variability of the distance method rhaypartly because of the fact that the
white rhino survey estimates were obtained ovedaar period, whereas those for
black rhino were obtained over seven consecutiegsye
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The model for combining survey estimates over tim@mbined with the bootstrap
technique described in this research could, alsapipéed to the population sizes of other

species in the park such as buffalo, giraffe, kwdldebeest and impala.

According to Fatti et al. (2002) the use of the elom estimate population sizes has
generally been accepted by the scientist at thie, plaough the assumptions underlying

the model may in some cases not be strictly valid.

The research showed that the bootstrap method gefslun this context, worked well
and gave good results. The bootstrap clearly shawadthe 1994 white rhino survey
was likely to be more biased than the 1996 survide bootstrap estimates were
consistent with the confidence interval results, veasll as with the Monte Carlo
simulations. The standard errors also confirmededhesults. Although the 1994 survey
did not have the largest standard error, it wdklatge enough for this study to conclude

that the 1994 survey was likely to be more biabed the 1996 survey.

From this research the bootstrap performance proodae reliable than the jackknife
although the results of the two methods were ndteréint. From this study we
recommend the bootstrap method over the jackkiife jackknife procedure has the
drawback that the sub replicates are of a smailter than the original data set, which
may change the statistical properties of the sanfdeording to Fan and Wang (1996)

the bootstrap method has the advantage of retaihengctual sample size.
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Appendices

Appendix A: Datasets used

Al: White Rhino

Table 6.1: Data set for whiterhino

S

Year Survey estimate  MortalitiesRelocations|  Total losses Net losse
1973 2230 48 452 500 513
1976 1629 128 1025 1153 1138
1982 1199 106 380 486 424
1985 1530 14 24 38 60
1986 1502 108 297 405 438
1991 1748 101 341 442 430
1994 1982 56 190 246 246
1996 1364
A2: Black Rhino
Table 6.2: Data set for black rhino
Year Survey estimaté Mortalities Relocations Thiakes
1990 337 10 8 18
1991 367 13 9 22
1992 385 19 6 25
1993 429 16 9 25
1994 405 6 15 21
1995 409 14 6 20
1996 416
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Appendix B: Matlab program for fitting the model

function f = objf(x,y,s,l) % r is the portofolio returns , need to load them.

y1=y(1);y2=y(2);y3=y(3);y4=y(4);y5=y(5);y6=y(6);y7=y(7);y8=y(8);
s1=s(1);s2=5(2);s3=5(3);s4=5s(4);s5=s(5);s6=s(6);s7=s(7);
11=1(1);12=1(2);13=1(3);14=1(4);I15=1(5);16=1(6);17=I(7);

z2=y2 - (y1-x(1))*exp(x(2)*s1) + I11*((exp(x(2)*s1)-1)/(x(2)*s1));

z3=y3 - (y1-x(1))*exp(x(2)*(s1+s2)) + I1*((exp(x(2)*s1)-1)/(x(2)*s1))*exp(x(2)*(s2)) +
12*((exp(x(2)*s2)-1)/(x(2)*s2));

z4= y4 - (y1-x(1))*exp(x(2)*(s1+s2+s3)) + 11*((exp(x(2)*s1)-1)/(x(2)*s1))*exp(x(2)*(s2+s3)) +
[2*((exp(x(2)*s2)-1)/(x(2)*s2))*exp(x(2)*s3) + 13*((exp(x(2)*s3)-1)/(x(2)*s3));

z5=y5 - (y1-x(1))*exp(x(2)*(s1+s2+s3+s4)) + [1*¥((exp(x(2)*s1)-1)/(x(2)*s1))*exp(x(2)*(s2+s3+5s4))
+ 12*((exp(x(2)*s2)-1)/(x(2)*s2))*exp(x(2)*(s3+s4)) + I3*((exp(x(2)*s3)-1)/(x(2)*s3))*exp(x(2)*s4)
+ 14*((exp(x(2)*s4)-1)/(x(2)*s4));

z6=y6 - (y1-x(1))*exp(x(2)*(sl+s2+s3+s4+s5)) + I1*((exp(x(2)*s1)-
1)/(x(2)*s1))*exp(x(2)*(s2+s3+s4+s5)) + 12*¥((exp(x(2)*s2)-1)/(x(2)*s2))*exp(x(2)*(s3+s4+s5)) +
I3*((exp(x(2)*s3)-1)/(x(2)*s3))*exp(x(2)*(s4+s5)) + 14*((exp(x(2)*s4)-1)/(x(2)*s4))*exp(x(2)*s5) +
I5*((exp(x(2)*s5)-1)/(x(2)*s5));

z7=y7 - (y1-x(1))*exp(x(2)*(s1+s2+s3+s4+s5+s6)) + I1*((exp(x(2)*s1)-
1)/(x(2)*s1))*exp(x(2)*(s2+s3+s4+s5+s6)) + [2*((exp(x(2)*s2)-
1)/(x(2)*s2))*exp(x(2)*(s3+s4+s5+s6)) + I3*((exp(x(2)*s3)-1)/(x(2)*s3))*exp(x(2)*(s4+s5+s6)) +
14*((exp(x(2)*s4)-1)/(x(2)*s4))*exp(x(2)*(s5+s6)) + I5*((exp(x(2)*s5)-1)/(x(2)*s5))*exp(x(2)*s6) +
16*((exp(x(2)*s6)-1)/(x(2)*s6));

z8=y8 - (y1-x(1))*exp(x(2)*(s1+s2+s3+s4+s5+s6+s7)) + [1*((exp(x(2)*s1)-
1)/(x(2)*s1))*exp(x(2)*(s2+s3+s4+55+s6+s7)) + 12*((exp(x(2)*s2)-
1)/(x(2)*s2))*exp(x(2)*(s3+s4+s5+s6+s7)) + 13*((exp(x(2)*s3)-
1)/(x(2)*s3))*exp(x(2)*(s4+s5+s6+s7)) + 14*((exp(x(2)*s4)-1)/(x(2)*s4))*exp(x(2)*(s5+s6+s7)) +
I5*((exp(x(2)*s5)-1)/(x(2)*s5))*exp(x(2)*(s6+s7)) + 16*((exp(x(2)*s6)-1)/(x(2)*s6))*exp(x(2)*s7) +
17*((exp(x(2)*s7)-1)/(x(2)*s7));

f= x(1)N2 42272 + 2372 + 2472 + 2572 + 2672 + z71N2 + z812;
%0 %0 % % % % % % % % % % %
% Minimisation Procedure

% % % % % %% % % %% % %

x0=[0,0.1];
x=fminsearch(@objfjack,x0,[],y,s,l); epsilonhat(1)=x(1); rhat=x(2);
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Appendix C: Matlab program for bootstrap application

% ALGORITHM 3.1
%1

format short g;
clear; B=100;

y=[2230 1629 1199 1530 1502 1748 1982 1364];
n=8;

s=[3 6 315 3 2];

I=[513 1138 424 60 438 430 246];

x0=[0,0.17;
x=fminsearch(@objf2,x0,[]1,y,s,);

epsilonhat(1)=x(1);

%2
for t=1:n-1
epsilonhat(t+1)=y(t+1)-(y(t)-epsilonhat(t))*exp(x(2)*s(t))+I(t)*((exp(x(2)*s(t))-1)/(x(2)*s(t)));
end

%3

%4
muhat(1)=y(1)-epsilonhat(1);
fori=2:n
muhat(i)=muhat(i-1)*exp(x(2)*s(i-1))-1(i-1)*((exp(x(2)*s(i-1))-1)/(x(2)*s(i-1)));
end
muhat;

%0 %0 %o %o %0 %0 %0 %o %o %0 %o %o %o %0 %o %o %o %0 %o %o %o %0 %o %o %o %o %o %o %o %0 %o %o %o %o %o %o %o %0 %o %0 % % %
%BOOTSTRAP METHOD
%0 %0 %o %o %0 %0 %o %o %o %0 %o %o %o %0 %o %o %o %0 %o %o %o %0 %o %o %o %0 %o %o %o %0 %o %o %o %o %o %o %o %o %o %o %0 %0 % %o %o

% STEP 1
eps_hat_t=y-muhat;
eps_hat_t_boot=repmat(eps_hat_t',1,B);

% center residuals

eps_prime_t_boot=(eps_hat_t_boot-mean(eps_hat_t)*ones(8,B))/sqrt(0.75);

% STEP 2

random_boot = ceil(8*rand(8,B));
eps_star_U_boot=eps_prime_t_boot(random_boot);

% STEP 3
y_star_boot(1,1:B)=muhat(1)+eps_star_U_boot(1,:);

y_star_boot(2:8,1:B)=repmat(muhat(1:7)".*exp(x(2)*s')-I".*((exp(x(2)*s')-
1)./(x(2)*s")),1,B)+eps_star_U_boot(2:8,:);

% STEP 4

fori=1:B
x(i,1:2)=fminsearch(@objf2,x0,[],y_star_boot(1:8,i),s,l);
end
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epstar=x(:,1); rstar=x(:,2);
Y=y_star_boot;

mu_star(1,1:B)=Y(1,1:B)-epstar’;

fori=2:n
mu_star(i,1:B)=mu_star(i-1,1:B).*exp(rstar'*s(i-1))-I(i-1)*((exp(rstar'*s(i-1))-1)./(rstar'*s(i-1)));

end

result=[r_star_B mu_star_B]

%0 % % % % %0 %0 %0 %o %o %0 %o %o %o %o %o %o %o %o %o %o % % Y%
% BOOTSTRAP VARIANCE ESTIMATE

% % % % %0 % % %0 %0 % %0 %0 %0 %0 %0 %0 %o %o %0 % % % Yo

r_star_B=mean(rstar);
mu_star_B=mean(mu_star');
var_rstar_B=var(rstar);
var_mustar_B=var(mu_star');

Appendix D: Matlab program for percentile confidence intervals

Percentile Confidence Intervals

alpha=0.05;

rstar_sort=sort(rstar);

Lower_95_r=rstar_sort((alpha/2)*B), Upper_95_r=rstar_sort((1-(alpha/2))*B),

mustar_sort=sort((mu_star"));
Lower_95_mu=mustar_sort((alpha/2)*B,:);

Upper_95 mu=mustar_sort((1-(alpha/2))*B,:);
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Appendix E: Matlab program for Monte Carlo simulation

format short g;clear;
% DECLARING VARIABLES
y=[2230 1629 1199 1530 1502 1748 1982 1364];n=8; s=[36 3 1 5 3 2];I=[500 1153 486 38 405 442
246];
% ALGORITHM 3.1
x0=[0,0.1]; % step 1
x=fminsearch(@objf2,x0,[],y,s,!); epsilonhat(1)=x(1); rhat=x(2); % step 2 and 3
% step 4
for t=1:n-1
epsilonhat(t+1)=y(t+1)-(y(t)-epsilonhat(t))*exp(x(2)*s(t))+I(t)*((exp(x(2)*s(t))-1)/(x(2)*s(t)));
end
muhat(1)=y(1)-epsilonhat(1);
for i=2:n
muhat(i)=muhat(i-1)*exp(x(2)*s(i-1))-1(i-1)*((exp(x(2)*s(i-1))-1)/(x(2)*s(i-1)));
end
% end of Algorithm 3.1
% % % %0 %0 %0 % %0 %o %o %o %o %o %o %o %o %o %o %o %o %o %o %o %o %o %o %o % % % % %
% MONTE CARLO SIMULATION
% Generating y
sigmahat=sqrt(sum(epsilonhat.”~2)/(n-2)); M=1000; % M is the number of series to be generated
epsilon_MC=sigmahat*randn(n,M);
y_MC(1,1:M)=muhat(1)+epsilon_MC(1,1:M);
y_MC(2:n,1:M)=repmat(muhat(1:n-1)".*exp(rhat*s")-I'.*((exp(rhat*s')-
1)./(rhat*s")),1,M)+epsilon_MC(2:n,1:M);
%0 %0 %0 %o %0 %o %0 %o %o %o %o %o %o %0 %o %o %o %o %o %o %o %o %o %o %o %o %o %o %o %o %o %o %o %o %o %o %o %o %o %o %0 % Yo
%Bootstrap procedure
%0 %0 %0 %0 %0 %o %o %o %0 %o %o %o %0 %o %o %o %0 %o %0 %o %o %o %o %o %0 %o %o %o %o %o %o %o %o %o %o %o %o %o %o %o %o %0 % % Y%

B=1000; % Number of bootstrap replications
p=2;

% STEP 1
y_MC_boot=repmat(y_MC,1,B);muhat_MC_boot=repmat(muhat’,1,B*M);eps_hat_t_MC_boot=y_MC_boot
-muhat_MC_boot;
eps_prime_t_MC_boot=(eps_hat_t_MC_boot-repmat(mean(eps_hat_t_MC_boot),n,1))/sqrt(1-p/n); %
center residuals

% STEP 2

random_MC_boot = ceil(8*rand(8,B*M)); % generating uniform random numbers
eps_star_U_MC_boot=eps_prime_t_MC_boot(random_MC_boot); % randomizing eps_prime_t_MC_boot

% STEP 3

y_star_MC_boot(1,1:B*M)=muhat(1)+eps_star_U_MC_boot(1,:);
y_star_MC_boot(2:n,1:B*M)=repmat(muhat(1:7)".*exp(x(2)*s")-I".*((exp(x(2)*s')-
1)./(x(2)*s")),1,B*M)+eps_star_U_MC_boot(2:8,:);

% STEP 4

% Minimization procedure

for i=1:B*M
X_MC_boot(i,1:2)=fminsearch(@obijf2,x0,[],y_star_MC_boot(1:n,i),s,l);
end

epstar_MC_boot=x_MC_boot(:,1); rstar_MC_boot=x_MC_boot(:,2);
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mu_star_MC_boot(1,1:B*M)=y_star_MC_boot(1,1:B*M)-epstar_MC_boot';
fori=2:n
mu_star_MC_boot(i,1:B*M)=mu_star_MC_boot(i-1,1:B*M).*exp(rstar_MC_boot'*s(i-1))-I(i-
1)*((exp(rstar_MC_boot'*s(i-1))-1)./(rstar_MC_boot'*s(i-1)));
end

% % %% %o % %0 % Yo % %o %o %o % %o % Yo %o %o %o Yo %o Yo % Yo %o %o %o %o % Yo % Y% % % %
% Confidence Intervals
alpha=0.05;

% C.I. forr
R=rstar_MC_boot';
fori=1:B
R1(i,:)=R(M*(i-1)+1:M*i);
end
R1_sort=sort(R1);
Lower_r_MC=R1_sort((alpha/2)*B,:); Upper_r_MC=R1_sort((1-(alpha/2))*B,:);

% C.I. for mus
U=mu_star_MC_boot;
U1l=U(1,:); U2=U(2,:); U3=U(3,:); U4=U(4,:); U5=U(5,:); U=U(6,:); U7=U(7,:); U88=U(8,:);

for i=1:B
U1l_MC(i,:)=U1(M*(i-1)+1:M*i);
end

fori=1:B
U2_MC(i,:)=U2(M*(i-1)+1:M*i);

end

for i=1:B
U3_MC(i,:)=U3(M*(i-1)+1:M*i);

end

for i=1:B
U4_MC(i,:)=U4(M*(i-1)+1:M*i);

end

for i=1:B
U5_MC(i,:)=U5(M*(i-1)+1:M*i);

end

for i=1:B
U6_MC(i,:)=U6(M*(i-1)+1:M*i);

end

for i=1:B
U7_MC(i,:)=U7(M*(i-1)+1:M*i);

end

for i=1:B
U8_MC(i,:)=U8(M*(i-1)+1:M*i);

end

U1l_sort=sort(U1_MC); U2_sort=sort(U2_MC);U3_sort=sort(U3_MC);U4_sort=sort(U4_MC);
U5_sort=sort(U5_MC);U6_sort=sort(U6_MC);U7_sort=sort(U7_MC);U8_sort=sort(U8_MC);
Lower_U1_MC=U1_sort((alpha/2)*B,:); Upper_U1_MC=U1_sort((1-(alpha/2))*B,:);
Lower_U2_MC=U2_sort((alpha/2)*B,:); Upper_U2_MC=U2_sort((1-(alpha/2))*B,:);
Lower_U3_MC=U3_sort((alpha/2)*B,:); Upper_U3_MC=U3_sort((1-(alpha/2))*B,:);
Lower_U4_MC=U4_sort((alpha/2)*B,:); Upper_U4_MC=U4_sort((1-(alpha/2))*B,:);
Lower_U5_MC=US5_sort((alpha/2)*B,:); Upper_U5_MC=U5_sort((1-(alpha/2))*B,:);
Lower_U6_MC=U6_sort((alpha/2)*B,:); Upper_U6_MC=U6_sort((1-(alpha/2))*B,:);
Lower_U7_MC=U7_sort((alpha/2)*B,:); Upper_U7_MC=U7_sort((1-(alpha/2))*B,:);
Lower_U8_MC=U8_sort((alpha/2)*B,:); Upper_U8_MC=U8_sort((1-(alpha/2))*B,:);

% % % %0 %0 %0 % %0 %o %o %0 %o %o %o %o %o %o %o %o %o %o %o %o %o %o %o %o %o %o %o %0 %0 %0 %0 % %o
% COVERAGE PROBABILITIES

true_r=0.07;
fori=1:M
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count_r(i)= ((Lower_r_MC(i) <=true_r) & (Upper_r_MC(i)>=true_r));
end

true_mul=y(1);true_mu2=y(2);true_mu3=y(3);true_mud=y(4);
true_mub5=y(5);true_mub=y(6);true_mu7=y(7);true_mu8=y(8);

for i=1:M

count_mu1l(i)= ((Lower_U1_MC(i) <=true_mul) & (Upper_U1l_MC(i)>=true_mul));
end

fori=1:M

count_mu2(i)= ((Lower_U2_MC(i) <=true_mu2) & (Upper_U2_MC(i)>=true_mu?2));
end

fori=1:M

count_mu3(i)= ((Lower_U3_MC(i) <=true_mu3) & (Upper_U3_MC(i)>=true_mu3));
end

fori=1:M

count_mu4(i)= ((Lower_U4_MC(i) <=true_mu4) & (Upper_U4_MC(i)>=true_mu4));
end

fori=1:M

count_mu5(i)= ((Lower_U5_MC(i) <=true_mu5) & (Upper_U5_MC(i)>=true_mu5));
end

fori=1:M

count_mu6(i)= ((Lower_U6_MC(i) <=true_mu6) & (Upper_U6_MC(i)>=true_mu6));
end

fori=1:M

count_mu7(i)= ((Lower_U7_MC(i) <=true_mu7) & (Upper_U7_MC(i)>=true_mu?7));
end

for i=1:M

count_mu8(i)= ((Lower_U8_MC(i) <=true_mu8) & (Upper_U8_MC(i)>=true_mu8));
end

cp_r=100*sum(count_r)/M,

cp_mul=100*sum(count_mul)/M,
cp_mu2=100*sum(count_mu2)/M,
cp_mu3=100*sum(count_mu3)/M,
cp_mu4=100*sum(count_mu4)/M,
cp_mu5=100*sum(count_mub5)/M,
cp_mu6=100*sum(count_mu6)/M,
cp_mu7=100*sum(count_mu7)/M,
cp_mu8=100*sum(count_mu8)/M,

%0 %0 %o %o %0 %0 %0 %o %o %0 %o %o %o %0 %0 %o %o %0 %o %o %o %o %o %o %o %o %o %o %o %o %o %o %o %0 %o %o %o %0 %o %o %o %0 %o %o %o %0 %o %0 %0 Yo

% Average length of Confidence Intervals

%0 %0 %o %0 %0 %0 %0 %o %o %0 %o %o %o %0 %o %o %o %o %o %o %o %o %o %o %o %o %o %o %o %o %o %o %o %0 %o %o %o %0 %o %o %o %0 %o %o %o %0 %o %0 %0 Yo

lengthr=Upper_r_MC-Lower_r_MC;

length1=Upper_U1_MC-Lower_U1_MC;
length2=Upper_U2_MC-Lower_U2_MC;
length3=Upper_U3_MC-Lower_U3_MC;
length4=Upper_U4_MC-Lower_U4_MC;
length5=Upper_U5_MC-Lower_U5_MC;
length6=Upper_U6_MC-Lower_U6_MC;
length7=Upper_U7_MC-Lower_U7_MC;
length8=Upper_U8_MC-Lower_U8_MC;

meanr=mean(lengthr)

meanl=mean(lengthl)
mean2=mean(length2)
mean3=mean(length3)
mean4=mean(length4)
mean5=mean(length5)
mean6=mean(length6)
mean7=mean(length?7)
mean8=mean(length8)
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Appendix E: Matlab program for the jackknife

format short g;clear;
y=[2230 1629 1199 1530 1502 1748 1982 1364];

%%% 1=1%%%%
% DECLARING VARIABLES
y1=[1629 1199 1530 1502 1748 1982 1364];n=7; s1=[6 3 15 3 2];11=[1651 424 60 438 430 246];

% ALGORITHM 3.1
x0=[0,0.1]; % step 1
x1=fminsearch(@objfjack,x0,[],y1,s1,I1); epsilonhat1(1)=x1(1); rhatl=x1(2); % step 2 and 3

% step 4

for t=1:n-1
epsilonhat1(t+1)=y1(t+1)-(y1(t)-epsilonhatl(t))*exp(x1(2)*s1(t))+I1(t)*((exp(x1(2)*s1i(t))-

1)/(j(xl(2)*sl(t)));

en

muhat1(1)=y1(1)-epsilonhat1(1);

fori=2:n
muhatl(i)=muhatl(i-1)*exp(x1(2)*s1(i-1))-11(i-1)*((exp(x1(2)*s1(i-1))-1)/(x1(2)*s1(i-1)));

end

% end of Algorithm 3.1

%muhat_1=[y(1)-x1(1) muhatl]’;

% sigmahat_jack=sqgrt(((n-1)/n)*sum((muhat-mean(muhat)).”2));

%%%% 1=2 %% % % % % % % % %o % % % % %o %o % %o %o % % % %o % % % % %
% % % %0 %0 %0 %0 %0 %o %0 %o %o %o %o %o %o %o %o %o %o %o %o %o %o %o %o %o %o %o %o %o %o %o %0 %o %o %o %o % %o Yo

% DECLARING VARIABLES
y2=[2230 1199 1530 1502 1748 1982 1364];n=7; s2=[9 3 1 5 3 2];12=[513 1562 60 438 430 246];

% ALGORITHM 3.1
x0=[0,0.1]; % step 1
x2=fminsearch(@objfjack,x0,[],y2,s2,12); epsilonhat2(1)=x2(1); rhat2=x2(2); % step 2 and 3

% step 4

for t=1:n-1
epsilonhat2(t+1)=y2(t+1)-(y2(t)-epsilonhat2(t))*exp(x2(2)*s2(t))+I12(t)*((exp(x2(2)*s2(t))-

1)/(j(x2(2)*52(t)));

en

muhat2(1)=y2(1)-epsilonhat2(1);

for i=2:n
muhat2(i)=muhat2(i-1)*exp(x2(2)*s2(i-1))-12(i-1)*((exp(x2(2)*s2(i-1))-1)/(x2(2)*s2(i-1)));

end

% end of Algorithm 3.1

%muhat_2=[muhat2(1) y(2)-epsilonhat2(2) muhat2(2:7)]";

%%%%% I=3 % %% % % % % % %% % % %o % % % % % % % % % % %

% % % % %0 %0 %0 %o %o %o %o %o %o %o %o %o %o %o %o %o %o %o %o %o %o %o %o %0 %o %o %o %o %o %o %0 %0 %0 % %o

% DECLARING VARIABLES

y3=[2230 1629 1530 1502 1748 1982 1364];n=7; s3=[39 1 5 3 2];13=[513 1138 484 438 430 246];
% ALGORITHM 3.1

x0=[0,0.1]; % step 1
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x3=fminsearch(@objfjack,x0,[],y3,s3,13); epsilonhat3(1)=x3(1); rhat3=x3(2); % step 2 and 3
% step 4
for t=1:n-1

epsilonhat3(t+1)=y3(t+1)-(y3(t)-epsilonhat3(t))*exp(x3(2)*s3(t))+I3(t)*((exp(x3(2)*s3(t))-
1)/(x3(2)*s3(1)));
end
muhat3(1)=y3(1)-epsilonhat3(1);
for i=2:n

muhat3(i)=muhat3(i-1)*exp(x3(2)*s3(i-1))-13(i-1) *((exp(x3(2)*s3(i-1))-1)/(x3(2)*s3(i-1)));

end
% end of Algorithm 3.1

%muhat_3=[muhat3(1:2) y(3)-epsilonhat3(3) muhat3(3:7)]';

%% %%%% 1=4
%0 %0 % %0 %0 % %o %o %o %o % %o %o %0 %o %o %o %o %o %o Yo %o %o %o %o %o %o %o %o Yo %o %o %o %o %o %o %o %o Yo %o %o % % % Yo
% DECLARING VARIABLES
y4=[2230 1629 1199 1502 1748 1982 1364];n=7; s4=[3 6 4 5 3 2];14=[513 1138 424 498 430 246];
% ALGORITHM 3.1
x0=[0,0.1]; % step 1
x4=fminsearch(@objfjack,x0,[],y4,s4,14); epsilonhat4(1)=x4(1); rhat4=x4(2); % step 2 and 3
% step 4
for t=1:n-1

epsilonhat4(t+1)=y4(t+1)-(y4(t)-epsilonhat4(t))*exp(x4(2)*s4(t))+14(t)*((exp(x4(2)*s4(t))-
1)/(x4(2)*s4(t)));
end
muhat4(1)=y4(1)-epsilonhat4(1);
for i=2:n

muhat4(i)=muhat4(i-1)*exp(x4(2)*s4(i-1))-14(i-1) *((exp(x4(2)*s4(i-1))-1)/(x4(2)*s4(i-1)));

end
% end of Algorithm 3.1

%muhat_4=[muhat4(1:3) y(4)-epsilonhat4(4) muhat4(4:7)]';

%%%%%%%% 1=5

%0 %0 %0 %0 %0 %o %0 %o %0 %o %o %o %0 %o %o %o %o %o %0 %o %o %o %o %o %o %o %0 %o %o %o %o %o %o %o %o %o %o %o %o %o %o %o %0 %o %o %o %o %0 % Yo

% DECLARING VARIABLES

y5=[2230 1629 1199 1530 1748 1982 1364];n=7; s5=[3 6 3 6 3 2];15=[513 1138 424 60 868 246];

% ALGORITHM 3.1

x0=[0,0.1]; % step 1

x5=fminsearch(@objfjack,x0,[],y5,s5,I5); epsilonhat5(1)=x5(1); rhat5=x5(2); % step 2 and 3

% step 4

for t=1:n-1
epsilonhat5(t+1)=y5(t+1)-(y5(t)-epsilonhat5(t))*exp(x5(2)*s5(t))+I5(t)*((exp(x5(2)*s5(t))-

1)/(x5(2)*s5(t)));

end

muhat5(1)=y5(1)-epsilonhat5(1);

for i=2:n

muhat5(i)=muhat5(i-1)*exp(x5(2)*s5(i-1))-15(i-1)*((exp(x5(2)*s5(i-1))-1)/(x5(2)*s5(i-1)));
end
% end of Algorithm 3.1

%muhat_5=[muhat5(1:4) y(5)-epsilonhat5(5) muhat5(5:7)]';

%% %%%%%%% I=6

%0 %0 %0 %0 %0 %o %0 %o %0 %o %0 %o %0 %o %o %o %0 %o %0 %o %o %o %o %o %o %o %0 %o %o %o %o %o %o %o %o %o %o %o %o %o %o %o %o %o %o %o %o %0 % %o

% DECLARING VARIABLES

y6=[2230 1629 1199 1530 1502 1982 1364];n=7; s6=[3 6 3 1 8 2];16=[513 1138 424 60 438 676];

% ALGORITHM 3.1

x0=[0,0.1]; % step 1

x6=fminsearch(@objfjack,x0,[],y6,s6,16); epsilonhat6(1)=x6(1); rhat6=x6(2); % step 2 and 3

% step 4

for t=1:n-1
epsilonhat6(t+1)=y6(t+1)-(y6(t)-epsilonhat6(t))*exp(x6(2)*s6(t))+I6(t)*((exp(x6(2)*s6(t))-

1)/(x6(2)*s6(t)));
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end

muhat6(1)=y6(1)-epsilonhat6(1);

for i=2:n
muhat6(i)=muhat6(i-1)*exp(x6(2)*s6(i-1))-16(i-1)*((exp(x6(2)*s6(i-1))-1)/(x6(2)*s6(i-1)));

end

% end of Algorithm 3.1

%muhat_6=[muhat6(1:5) y(6)-epsilonhat6(6) muhat6(6:7)]';

%% %% %% %% 1=7

%0 % % %0 %0 %0 % %0 %o %o %o %o %o %o %0 %o %o %o %o %o %o %o %o %o %o %o %o %o %o %o %o %o %o %o %o %o %o %o %o %o Yo %o %o %o %o %o %0 % % Y%

% DECLARING VARIABLES

y7=[2230 1629 1199 1530 1502 1748 1364];n=7; s7=[3 6 31 5 5];17=[513 1138 424 60 438 676];

% ALGORITHM 3.1

x0=[0,0.1]; % step 1

x7=fminsearch(@objfjack,x0,[],y7,s7,17); epsilonhat7(1)=x7(1); rhat7=x7(2); % step 2 and 3

% step 4

for t=1:n-1
epsilonhat7(t+1)=y7(t+1)-(y7(t)-epsilonhat7(t))*exp(x7(2)*s7(t))+17(t)*((exp(x7(2)*s7(t))-

1)/(j(x7(2)*s7(t)));

en

muhat7(1)=y7(1)-epsilonhat7(1);

for i=2:n
muhat7(i)=muhat7(i-1)*exp(x7(2)*s7(i-1))-17(i-1)*((exp(x7(2)*s7(i-1))-1)/(x7(2)*s7(i-1)));

end

% end of Algorithm 3.1

%muhat_7=[muhat7(1:6) y(7)-epsilonhat7(7) muhat7(7)]";

% %% %% %% I=8

% % % %0 %0 %0 %0 %0 %o %o %o %o %o %o %o %o %o Yo %o %o %o %o %o %o %o %o %o %o %o %o %o %o %o %o %o %o %o %o %o %o %o %o %o %o %o %o % Y%

% DECLARING VARIABLES

y8=[2230 1629 1199 1530 1502 1748 1982];n=7; s8=[3 6 3 1 5 3];18=[513 1138 424 60 438 430];

% ALGORITHM 3.1

x0=[0,0.1]; % step 1

x8=fminsearch(@objfjack,x0,[],y8,s8,18); epsilonhat8(1)=x8(1); rhat8=x8(2); % step 2 and 3

% step 4

for t=1:n-1
epsilonhat8(t+1)=y8(t+1)-(y8(t)-epsilonhat8(t))*exp(x8(2)*s8(t))+I18(t)*((exp(x8(2)*s8(t))-

1)/(x8(2)*s8(1)));

end

muhat8(1)=y8(1)-epsilonhat8(1);

muhat8(1)=y8(1)-epsilonhat8(1);

for i=2:n

muhat8(i)=muhat8(i-1)*exp(x8(2)*s8(i-1))-18(i-1)*((exp(x8(2)*s8(i-1))-1)/(x8(2)*s8(i-1)));
end
% end of Algorithm 3.1

%muhat_8=[muhat8(1:7) y(8)-epsilonhat8(8)]';
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% Calculation of Jackknife Standard Error

%0 %0 %0 %0 %0 %o %0 %o %0 %o %o %o %o %o %o %o %o %o %0 %o %o %o %0 %o %o %o %o %o %o %o %o %o %0 %o %o %o %0 %0 %0 % %o
n=7;

MM=[muhat_1 muhat_2 muhat_3 muhat_4 muhat_5 muhat_6 muhat_7 muhat_8];
sigmahat_jack=sqrt(((n-1)/n1)*sum((MM-mean(MM))."2));
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