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1 Introduction

Systems used in the production of goods and delivery of services constitute
the vast majority of most industry’s capital. These systems are subject to
deterioration with usage and age. System breakdowns can lead to massive
financial loss or dangerous situations especially in the case with systems
involved in military operation. Hence there is an urgent need to have
maintenance strategies in place to avoid such unwanted scenarios. Over the
last 50 years, many maintenance models (policies) have been developed to
meet the needs of various industries. In this research paper we will consider
three classical ones that form the basis of many maintenance policies and
also analyse some of the extensions made to them. Maintenance policies
based on the concept of general repair as defined below are also analysed.
We consider a system that can be subject to failure or breakdown at any
time. Maintenance on such a system can be done either after its failure,
known as corrective maintenance or during its operation to avoid or reduce
future failures, known as preventive maintenance. Corrective maintenance is
also known as repair or replacement (unplanned maintenance) since we are
dealing with a failed unit. Preventive maintenance is planned maintenance
carried out when the system is working properly in order to reduce the
likelihood of future failures. Furthermore corrective and preventive
maintenance can be classified into three categories: perfect, minimal and
imperfect. During a corrective maintenance the three options are : a perfect
repair implying that the failed unit is replaced by a new one, also known as
replacement and the system is said to be “as good as new” after
repair(Barlow and Hunter[1]); a minimal repair means that the system is

fixed so that it carries on functioning with the same failure rate value it had



immediately before failure and the system is said to be “as bad as old” after
repair (Barlow and Hunter[1]) and Shizuo[41]; Unfortunately, the two above
repairs are extreme responses to failure. However, the type of repair required
may be one which is in between a replacement and a minimal repair, where
the state of the system is restored to a level between new and prior to failure.
In other words the value of the failure rate is in between that of a new
system and one just before failure.
This leads to the concept of a general repair or simply imperfect repair.
Various maintenance models under general repairs have been proposed and
the ones that use the “Virtual Age” of the system are investigated here with
particular attention to the two Kijima types.
The three classical maintenance policies are:

(i)  Age-replacement policy

(i) Block replacement policy

(iii) Repair cost limit policy.
Under each of the above-mentioned policies, various classes exist as well
depending on whether maintenance falls into the perfect, minimal or
imperfect categories. Before giving a brief introduction to each policy, the
following assumptions are necessary: the lifetime distribution of a unit has
increasing failure rate (IFR) and the time taken to carry out either a
preventive or corrective maintenance is negligible.
The age-replacement policy was first introduced by Shizuo [41]. Under this
policy, a unit is replaced upon failure or at a specified ageT , whichever
comes first. T is fixed and is measured from the time of the last replacement.
If a failure occurs, the corrective maintenance actions can either be perfect,
minimal or imperfect repairs depending on the state of the unit and the cost

involved in implementing such repair. Similarly when maintenance is



planned at time7 , it can be either perfect, minimal or imperfect, also taken
into account the state of the system and cost factors, etc.... Various
extensions to this policy have been made. In this paper we considered the
following three modifications:

(i) Nakagawa ([37]) suggested that the unit is replaced at fixed time
T or when the number of failures reaches N (say), whichever comes first.
And any failure that occurs between planned maintenance is fixed by a
minimal repair.

(ii) The second extensions we consider are a combination of both the
age replacement policy and the “periodic replacement with minimal repair at
failure” policy. In such policy, two types of failures can occur at agez. A
Type I failure occurs with probability 1— p(f) and is removed by minimal
repair. And a Type II failure occurs with probability p(¢), and is fixed by a
replacement. The unit is replaced at the nth Type I failure or the first Type II
failure or at the planned ageT , whichever occurs first. As will be shown, if
p(t) =landn=oco, we get the original age replacement policy. The
“periodic replacement with minimal repair at failure” policy is introduced
below in section 3.2.1. So if p(¢)=0 andn =<, we will get such policy.

This second extensions (which we called Policy 6) is a mixture of the one by
Sheu et al ([40]) and Beichelt [9]

(iii) Wang and Pham ([46]) called their modification the mixed “age”
preventive maintenance model. They assume that after the first
(k —1) imperfect repairs, two types of failures can occur at time #: Type I
failure which is fixed by a minimal repair having probability of occurrence

1—p(t); and Type II failure which is fixed by a replacement having

probability of occurrence p(t). Hence after the first (k—1) imperfect



repairs the unit will be subject to a perfect maintenance at age T or at the
first Type II failure whichever occurs first.

The second classical maintenance policy is the block replacement policy
introduced by Barlow and Hunter ([1]). Under such policy a unit is replaced

at set timesk7T'(k =1,2,...), independent of failure history. And replacement

(perfect repairs) also takes place at failures. This policy is easy to apply
since only the calendar times since the last planned replacement need to be
recorded. But the drawback is that almost new items might be replaced at
planned replacement times. Barlow and Hunter ([1]) also introduce the
concept of “periodic replacement with minimal repair at failures”. They
called it ‘Policy II’. It’s similar to the block replacement policy except that
“at failure, minimal repair (as described earlier) is done. We look at three
modifications made to the above policies.

(1) Another modification to the block replacement policy is the one by
Tango [60]. In his model, preventive maintenance is done at times

kT (k =1,2,...) Within each preventive maintenance cycle of length7 , if a
unit fails at time less than 7 —s(0< s <T), it is replaced by a new one. And
if it fails after time 7 — s in the interval (0,7"), it is replaced by a used one.

Used units are assumed to have been collected during previous schedule
maintenance.

(i) Nakagawa ([38]) modified the “periodic replacement with
minimal repair at failure” policy by keeping track of the number of planned
maintenances done. If that number reaches N, then the unit is replaced by a
new one, otherwise no action is taken.

(iii) Wang and Pham ([46]) also modified the block replacement

policy to a general case. They suggested that at each failure a unit undergoes



an imperfect repair and the number of imperfect repairs performed is

recorded. Once(k —1)th imperfect repairs have been done, then as in the

original policy, preventive maintenance is carried out at times

kT (k =1,2,...) .Such preventive maintenance is perfect. They assume that
after the first (k —1)imperfect repairs, two types of failures can occur at

time?: Type I failure which is fixed by a minimal repair having probability

of occurrence p(¢); and Type II failure which is fixed by a replacement
having probability of occurrence 1— p().

The third classical maintenance policy is the repair cost limit policy
introduced by Gardent and Nonant ([22]) and Drinkwater and Hastings [19].
In such policy, the variable of interest is the cost of repair. Once a unit
failed, the cost of repair is determined and if it is less than a certain amount
called the repair cost limit, the unit undergoes a repair. Otherwise it is
replaced.

Beichelt ([5], [6], [7]) introduced other policies based on the repair
cost rate (instead on the cost of a single repair) to decide whether a unit need
to be replaced or repaired. His idea was to replace the unit once the repair
cost rate is at least a predetermined level else it is minimally repaired. The
repair cost rate function can either be linear or general as shown in section
6.1-6.3. In section 6.4 we look at a repair cost limit policy which is age
dependent. The repair cost limit policy can be incorporated with the other
classical policies. For example we will look at a policy where the first

(k—1)th failures of a unit is fixed by imperfect repairs, and any failures

after that will either be minimally fixed or replaced base on cost and the type

of failures.



We start with the necessary mathematical and statistical theory
required for this study in section 2. In section 3, the three main and first
classical maintenance policies are presented in details and the cost functions
are derived. In section 4 we look at the three mentioned extensions made to
the age replacement policy. In section 5 and 6, extensions made to the block
replacement and repair cost limit policies are studied respectively.
Maintenance policies under general repair (base on the virtual age) are
analysed in section 7. We looked at the models proposed by Kijima ([31],
[32]) and give two applications

And finally section 8 gives the conclusion. For convenience, the

policies are numbered as policy 1, 2, etc...



2. Theoretical Foundations

2.1 The Poisson Process (Beichelt [9], Feller [21], Ross [39])
A stochastic process {N(t),? =0} is called a counting process if N(¢)counts
the number of occurrences of an event in the interval (0,#] and satisfied the
following conditions:

(1) N(t)=0.

(i) N(z) is integer valued.

(ii1) If s <z, then N(s)< N(?).

(iv) The number of events which occur in the interval (s,#] is given by

N(t)— N(s) forany s,t with 0<s5<r1.

A counting process is said to have independent increments if the number of
events that occur in disjoint time intervals are independent. Hence the

number of events that have occurred by time ¢ must be independent of the

number of events occurring in the interval (7,7 + Az].

A counting process is said to have stationary increments if the distribution
of the number of events that occur in any time interval depends only on the
length of that interval of time. Hence the number of events in the interval

(s+h,t+h] has the same distribution as the number of events in the

interval (5,7 ].

Definition 2.1.1

The counting process{N(z),t =0} is said to be a homogeneous Poisson

process with rate A if:



10

1 NO)=0
(i) {N(¢),t =0} has independent increments
(iii) Its increments N(s,t) =N(t)— N(s), 0<s<t, have a Poisson

distribution with parameter A(t —s):

P(N(s,t)=1)= =

Or, alternatively, introducing the length 7 =¢ — s of the interval

P(N(s,s+T)=i) = (’17’;) e i=0,1..,

.

i!
We can also define the homogeneous Poisson process in terms of the

Landau order.

Definition 2.1.2

The counting process{N(¢), t=0} is said to be a homogeneous Poisson
process with rate A if:

1) N(0)=0

(i) {N(?),t=0} has independent increments

(iii) P(N(@+h)—N(t)=2)=0(h)

(iv) P(N@+h)-N@)=l)=Ah+o(h).
If the rate A at time?, is allowed to be a function of time i.e. A(¢), we obtain

the nonhomogeneous Poisson process.

Definition 2.1.3

The counting process{N(¢), t 20} is said to be a nonhomogeneous Poisson

process with rate function A(¢), £ >0, if:

10
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i NO=0
(i) {N(¢),t =0} has independent increments
(iiiy P(N(+h)—N()=2)=0(h)
(iv)y P(N@+h)—-N@)=D)=A@)h+o(h).
(Before going further, we need to point out that A(t) is also used in section

2.2 below to describe the ageing behaviour of a system. Hence its

interpretation will be different. Here A(¢) can be modelled as the arrival rate

of failures for a system which is repairable).

From definition 2.1.3, if we let
At)= L:ﬂ(s)ds, 2.1)

which is also known as the integrated failure rate, then for a

nonhomogeneous Poisson process, it can be shown that Vs, 20

~(AB)-A()) (A(r) - A(s))"
P(N(t)—N(s)=n)= €

2

n!

for n=0,1,...

With the nonhomogeneous Poisson process, we no longer need the
assumption of stationary increments which implies that events may be more
likely to occur at certain times than at other times.

We considered the following three important aspects of the
nonhomogeneous Poisson process:

(i)  the probability distribution of increments N(s,7).
Let p,(s,t)=P(N(s,t)=n); 0<s<t, n=0,1,..

Since {N(t),t >0} has independent increments, for /2 >0,

11
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po(s,t+h)=P(N(s,t+h)=0)
= P{0 events in(s,t) and 0 events in(t,t +h)}
= P(N(s,t)=0,N(,t+h)=0)
=P(N(s,t)=0).P(N(t,t+h)=0)
= po(s,)[1=A(t)h +o0(h)]
Hence,

Po(s,t+h)—po(s,t) o(h)
% =—At)po(s,1) + .

Letting i — 0 yields

p(g(sﬁf) :_/l(t)po('set)

which is a first order partial differential equation. Using the initial condition

N(@©0)=0 or p,(0,0)=1,

log py(s,t) = —j)L(u)du

Using (2.1), we obtain

Pl =g SRRl 2.2)

By induction, for n =1 (see proof below),

[A@®)—A(s)]" o~ (AD-AGs)).
n! ’

p,(s,t)= nx1 (2:3)

Hence N(s,t) is Poisson distributed with mean A(?) —A(s) i.e.
E(N(s,1)) = A@) = A(s)

= _r[ﬂ.(u)du 24)

12
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Proof of Equation (2.3):
For n>0
p,(s,t+h)=P(N(s,t+h)=n)
=P(N(s,t)=n,N(t,t+h)=0)
+ P(N(s,t)=n—-1,N(t,t+h)=1)
+ S P(N(s,0)=n—k,N(t,t+h) =k)
k=2
Using condition (iii) of definition 2.1.3,
S P(N(s,8) =n—k, N(t.t + ) =k) = o(h)
k=2
Hence by the assumption of independent increments,
p,(s,t+h)= P(N(s,t)=n)P(N(t,t +h)=0)
+ P(N(s,t)=n—1)P(N(t,t + h) =1)+o(h)
= p (80Pt )+ p, (s.8)p .1+ h)+o(h)
= p, (s, D)1= A@)h—o(h)—-o(h)]
+ p,_ (s, )[A@®)h +o(h)]+o(h)
=p,(5,0) = p, (s, ) A()h+ p,_(s,1)A(t)h

Therefore

P, (s,1+ h}: — P (5,0 _ —p, (5, DA+ p,_ (s,1)A(t)

Taking the limit as h — 0 gives

pl(s,t)==p,(s,)A@) + p,_ (s, A1)

(A()—A(s))

Multiplying both sides of the above equation by e will give

MO (5,0 + p, (5, )AD)] =X p (5,0 A)

d ks
where the left hand side is simply Z[e(A{r) ) P, (s,0)].
)

13
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For n=1

%[B(A“)_M”)pl(s,r)] — AOND (5 1A
_ (AO-A() = (AD-AS) (1)
= A1)

which is a differential equation. Therefore

) _
AO=A() P = _f/l(u)du +E
Noting that p;(0,0)=0,
t
p,(s,t) = [ Au)du ¢~ (AD-A(s))

= [-A(I) - A(S)]e_(A(f)—A(s))
-TO prove that

[A@®)—A(s)]" o~ (AO-ACs).
n! ’

n>1

p,(s,1)=
We assume that it is true for n =1. Then

4 [ AO-A) P, (5,1)] = eAO-AED g~ BO-AS) [A@®) - AT A0
dt (n—=D)!

_A@-A@"
(n—1)!

A1)

Therefore solving the above differential equation by the method of

substitution (lettingu =[A(¢) —A(s)]) and using the fundamental theorem

of calculus,

(AO-AGT -

n!

PR

p,(s,t)=

Using the condition p, (0,0)=0

14
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:[A(f)—A(S)J e~ (AO-AG). >

p,(s,t) n>1
n!

which completes the proof.

(i) The probability density of the time of occurrence 7, of the

nth Poisson event.

Let 7, be the time of occurrence of the first Poisson event with distribution
function F,l (t) = P(T; <t) and density function le (¢). Then

po(0,5) = P(T; >1)

=1- FT1 ()
From (2.2),
4
—Ii(u)du
i) =g =g ©
Therefore
t t
—[ Au)du —[A(u)du
FTl t)=1-e?© and le =At)e ® , 120 (2.:3)

The distribution function of 7, is
FI}? #)=PT,<t)
= P(N(t)=n)
= Z@e‘“‘) s =0, (2.6)
i=n l

And the density is

15
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AN

—— AR)e™®:t>0,n=12,... 2.7)
n— u

an ()=

(iii) the joint probability density of (13,75,...,T,);n=1,2,...
Conditioning on the first Poisson event at time7, =¢;, the distribution
function of 7, is

Fp, (1, |1) = P(T, <1, |7, =1)
which is the probability that one or more poison events occurs in the
interval (f),f,]. Using (2.3), we get

Fp, (4, |1) =1-po(,,1,)

= T AR)=A0)]

And the corresponding density is

fry 63 18) = Ala)e NNV o< <,
Recall that the joint probability density of two random variables X and Y is
given by

fxy ()= fy (y | 2) fx ().
Hence the joint probability density of (7,7, )1is

M) fr (&) for 4, < zz}

0 otherwise

f(fptz):{

By induction, the joint density of (1},75,...,T,) is

A )A). A, ) fr, (8,) for 05, <1, <..< I"}(z .

0 otherwise

f(tl’IZ""’tn) Z{

16
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Definition 2.1.3

The stochastic process { X (#),7=0} is said to be a compound Poisson

process if it can be represented by
N()

X(@)= le Y, 120 (2.9)
where{N(t), t >0} is a Poisson process with rate A, and {Y,, i=1,2,...} isa
family of independent and identically distributed random variables with a
common distribution. The process { N(¢), t 20} and the sequence {Y,, i=1}
are assumed to be independent; in other words the value of the Y;'s does not
depend on the arrival of the events which N (¢) is counting. If N(¢)=0 in
(2.9) then X (¢) = z where z is the initial value of X (¢) at £ =0. The mean
value of X ()is obtained by the method of moment generating function

(m.g.f) as follows:

: MX(I) (S) = E(esX(r))
- i E@*P|N@)=n)P(N(t) =n)
n=0

(Ar)"

= i E(es(Yl+...+Yn) IN(I) = n)e—/:uf !
n.

n=0

Following the assumption of independence of {N(¢),7=0} and the

sequence {Y, i=1}, and the independence of the ¥, 's , we get

S g S (Hhe _ar (AD)"
MXU)(S) - Z E(e M +Y”))€ At ( n?
n=0 :

= i (E(esYl ))n e—/h‘ (lt)n
n=0 n!

The m.g.fof the Y, 's is

17
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M, (s)=E(").

Hence
n i (At
My (0)= 0ty o) 20
- e—/?,t +My(s)e—/1? (’i’r) o (M ( ))2 —At (;{‘2}“) &
Aty My (s)
_ A My (9)-D)
Differentiating M x () (8) with respect to 5 yields
d d M (s
My (5) =AMy (5)}e¥Mr &Y,
Evaluating at s =0 gives
E(X(2))=At(E(Y)) (2.10)

Alternatively we can make use of Wald identity to obtain the expected value

of the compound Poisson process as follows:

N(t)
E(2. Y,)=EX)E(N®)

=1

=E(Y;)At
2.2 Concepts based on the Aging behaviour of a system (Barlow
and Proschan [3])
The lifetime of a system is the time span from its starting up time point
(birth)to its failure (death), where ‘failure’ is assumed to be an
instantaneous event. In the engineering context, a failure of a system need

not be equivalent to the end of its useful life. If X is a lifetime with

18
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distribution function F(.), then F(x) is called failure probability and
F(x)=1-F(x) is called survival probability with regard to the interval
[0,x], because F(x) and F(x) are the respective probabilities that the

system does or does not fail in [0, x].

Residual Lifetime

Let F,(x)be the distribution function of the residual lifetime X, of a

system, which has already worked for ¢ time units without failing:

F.(x)=P(X, <x)
=P(X —t£x| X >0
_P(X—-t<xnX >1)
- P(X >1)
_P(<X<t+x)
 P(X >1)
_F(t+x)—-F()

- F@®

x20,120. (2.11)

The corresponding conditional survival probability F,(x)=1—F,(x) is

given by
_F(@+x)

= =201 =0 (2:12)
F()

F(x)
We can also define the mean residual lifetime by

m (t)=E(X —t| X >1) :Tﬁ,u)dx (2.13)
0

19
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Thus F(x) is said to have a decreasing (not strictly) mean residual lifetime
(DMRL) if m, (¢) is decreasing in ¢ or if

m, (t,) <m,(t,) for 0<t <t,
Definition 2.2.1
A system is aging (rejuvenating) in the intervallt;,2,],¢, <t,, if for an
arbitrary but fixed x, the conditional failure probability F,(x)is increasing
(decreasing) for increasing £,f; <t <t,. |

Another approach to the aging concept is the failure rate of the system.

Consider the conditional failure probability F,(Af)in [t,t+ Af] relative to

the length At of this interval. This is the conditional failure probability per

unit time or the failure probability rate, given by

iE(Ar):F(HN)_-F(I)._l _
At At F(t)
Hence
; 1 f@)
_F A — 5
lim 2 %= Fe

This limit is called the failure rate or hazard function and is denoted as A(%):

)

A —. i
(1) Fo) (2.14)

provided f(z) exists and F(z)>0. As mentioned earlier in section 2.1,
A(t)is interpreted differently here. It is the rate at which the system is

detoriating because of wear and tear. Hence its tendency to fail. We assumed
that the system die at failure.

Integrating both sides of (2.14) yields

20



Tﬁ.(r)dt =—log F(x)
0

Therefore
—]E/l(r)dr
F(x)=e© x>0
—]’czl(r)dr
and F(x)=1-¢© x=>0.

Using (2.1), we can write F(x), F(x), F,(x), and F; (x) as follows:

F(x)=e™™® x>0

F(x)=1—-"™ x>0 (2.15)
E(x)=1—g hea-50) x20,t20

F )= g R0 x>0,t>0

Another useful way of describing the aging property of a system is using
(2:15):
A system ages in the intervallt,?,],7, <t,, if its failure rate A(f)is

increasing in this interval.

2.2.1. Classes of Probability Distributions (Barlow and Proschan [3])
IFR (DFR) distribution: F(x) is an increasing (decreasing) failure rate

distribution, written as IFR (DFR) if F,(x) in (2.15) is increasing
(decreasing) in t=>0, for each x=0. Similarly if F;(x)in (2.15) is
decreasing (increasing) in # >0, then F(x) is an increasing (decreasing)

failure rate distribution, for each x =0.

21
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If the density of F(x) exists, then we can also say that F'(x) is an IFR
(DFR) if the failure rate A(¢) is increasing (decreasing) in ¢ > 0, for each
x=>0. We can also note that F(x) is IFR iff A(¢) is convex. A(f) can only

be convex if A(t) is increasing.

NBU(NWU) distribution: If the conditional survival probability Ft(x) of a
system of age ¢ is less(greater) than the corresponding survival probability

of a new system f(x), we say that F(x) is a New Better Than Used(New

Worse Than Used) distribution, written as NBUNWU) . Alternatively
F(x)is a NBU (NWU) distribution if

F(t+x)<(2) FOF(x) Vt=0,x>0.

NBUE (NWUE): The mean lifetime of a new system is given by

= F(x)dx

o — ]

and the conditional mean residual lifetime of a used system at time ?¢ is

‘l (=]
- F d .
(1) F(f)}[ (x)dx

Therefore, F(x) is a New Better Than Used in Expectation (New Worst

Than Used in Expectation), written as NBUE (NWUE) if
L Fwdx <@ F@) V=0,
My

For further details on this topic see [3], [15].



2.3 Renewal Theory (Cox [16])
Definition 2.3.1 An ordinary renewal process is a sequence of independent,

nonnegative, and identically distributed random variables X, X,,.... X is
the time between the (n—1)th and the nth renewal and X, =0. The time .

of the n threnewal is
§. =Y X, | (2.16)
i=1 X

As an application to replacement models, consider a repairable system
which upon failure, is either repaired or replaced. We assume that
maintenance takes negligiblé amount of time. In this context, the time of
failures or repairs are the independent, nonnegative, and identically

distributed random variables X |, X,,.... And the time to the 7 thfailure or
repair is S, as defined in (2.16).

When the system is put into operation at time =0, X, is the residual
lifetime of a new system. And X,, X5,... will be residual lifetime of the
system after renewal. Hence the distribution of X, will be different from the
assumed common distribution of X, , X5,...... Hence the following definition

follows:

Definition 2.3.2. A delayed renewal process {X,X,,...} is a sequence of

independent, nonnegative random variables such that X, is distributed as
F@)=P(X,<t)

and X,,X5,... are commonly distributed with distribution function

F(t)=P(X <t).

23
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The number of events by time ¢ is denoted by N(¢) , which is the counting
process and is called the renewal process. More specifically, N(f) is the
maximum 7 for which S, <t provided N(#)=0 if X =r. Iie.
N(t)=max{n;S, <t}. To obtain the distribution function of N(t), we note
that N(¢) 2n iff S, <t,hence
an #)=P(S,<t)=P(N(t)=zn). (2.17)
Therefore by independence of the X;'s and using the method of
convolution, |
Py O=F*F V@) for n=12,.. . (2.18)

- From (2.17) and (2.18) we see that
P(N(®)=n)=P(X,+ X, +..+ X, =t and X+ X2+...+Xm_l>f)

n—

- FS” @) —=F; () for n=0,1,..... (2.19)

b fl'!'i
2.3.1 The Renewal Funcrion
Definition 2.3.3 The renewal function is the expected number of renewals

in[0, #]. We denote the renewal function of an ordinary renewal process
by H (¢), and that of a delayed renewal process by H,(¢) . Using (2.17) and
(2.18),

H(t)=E(N(@))

=3 P(N(t) 2 n) (2.20)

n=1

n—1

and similarly
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H ()= Y. F*F ™). @.21)
n=1

The integral equations of the renewal functions is obtained by noting that

Fiitlp) = ? F"(t—x) dF(x) and H,(t)= i F*F ™)
0 n=0

Hence

oo t : .
H\(1)=F0+Y [F*F " @-xdF(x)
n=l 0

=E@+] S R F (- x) dF (x)
on=1
From (2.21),
H, ()= F )+ | HiG —x)dF(x) 2229
- .

Similar argument leads to

H(t)=F(1) +iH(: — x)dF (x). (2.23)
0

Equation (2.22) and (2.23) are known as the Fundamental Renewal equation
of a delayed and ordinary renewal process respectively. Upon differentiating

H,(#) and H(t), the corresponding renewal densities h (¢)and h(t)is

obtained provided the densities of X, and X exists.

.
h(0)=—H,(t)

= fi)+ [ b (¢ —x) f (x)dx (2.24)
0
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and
h(t) = f(r)+ih(r—x)f(x)dx (2.25)
:
Alternatively we can differentiate (2.20),
WO == H @)= 00

where h(t)dt is the probability of a renewal occurring in [7,7 + dt].

One easy way to solve for the above integral equations is to obtain their

corresponding Laplace-Stieltjes transform
H(s)=[e*dH (x).
0

Hence taking the transform in (2.22) and (2.23) we get
H,(s)=F,(s)+ H,(s)F,(s) and H(s) = F(s)+ H(s)F(s)

so that
H,(s) B 1) B H(s)= _Fs) (2.26)
1-£,(s) 1-F(s)
or equivalently
Fi(s)= L) N F(s)= il (2.27)
1+ H,(s) 1+ H(s)

Therefore we obtain H (t)or H,(t) by knowing either F(¢) or F(¢)
respectively and vice-versa. We can note that the total number of renewals
as t —> oo is oo, i.e.

Iim N () =o. (2.28)

{—oo
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And also of importance is the rate at which N(¢)goes to infinity, which is

proved below for an ordinary renewal process. We assume that

E(X)=E(X,)= u and is finite.

Theorem 2.1
P(lim NG = 1 ) =1 (2.29)
1= U
Proof:
Since
Sppy SES Syma
then

SN(:)< 4 <SN(r)+1
N@) N@) N@)

SN (1)
N(t)

where is the average of the first N(f)interarrival times of the

renewals. Hence by the law of large numbers,

SN(:)
11m
N(n)—= N (1)

Consequently from (2.28),

S
lim —22L =
= N (1)

u.

SN+
N(1)

S+ [ N@)+1
N(@)+1 N(t)

And then

We note that can be written as
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S
i SN @O+ _
= N(1)
Finally by the Sandwich theorem,
N@) 1

lim
t—e0  f ‘L[
Some other important results that we need are given below and the proofs
can be found in most textbook on probability theory.

Theorem 2.2(Elementary renewal theorem)

The elementary renewal theorem states that the average renewal rate

1
converge to — with probability 1, provided E(X,) is finite i.e.
U

P(lim 240 = % )=1 (2.30)

t—co I

Theorem 2.3(Fundamental (Key) renewal theorem

If F(¢) is not lattice, and if g(7) is Riemann integrable on [0,o=], then

lim | g (¢ —x)dH (x) = L [ g(x)dx (2.31)
1= Ho

F(t)dt

where u=

O — g

Theorem 2.4(Blackwell’s renewal theorem)

If F(¢) is not lattice, then

lim H,(t + h)— H,(t) = h VY h>0 (2.32)
t—o0 ﬂ

i.e. the expected number of renewals in an interval of length A is

approximately —
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2.4 Stochastic Ordering for Non-negative Random Variables.
(Stoyan [44])

Definition 2.4.1

The random variable X, with distribution function F', is said to be
stochastically smaller than the random variable Y with distribution function

G (written as X%Y) if

F@t)>G(@) Vtell (2.33)
Or if

F)<G@). Vitell (2.34)

We assume that the density functions of the two above variables exist.

Please note that the letter d underneath the less than or equal to sign refer to -

the stochastic ordering of random variables involved. It refers to the absolute

sizes of those variables.

Moreover if X %Y then

Ef(X)<E(f(Y)) (2.35)
for all increasing function f provided the expected values exist.
Stochastic order deal with the absolute sizes of the random variables to be

compared. Also of importance is the variability aspect among random

variables which leads to the following definition:

Definition 2.4.2
Let X and Y be random variables with finite means .Then we say that X

is less than Y in convex order (written as X <Y) if

C

Ef(X)<SE(f(Y)) (2.36)
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for all real convex functions f, provided the expected values exist.
Similarly if

Ef (X)<Ef(Y) (2.37)
for all increasing convex functions f, we say that X is less than Y in

increasing convex order (writtenas X <Y)
ic

Some other useful results that we need are mentioned below but for more
detail explanation and applications see [9], [14], [33], and [44]
(1) Let X and Y be random variables with finite expectations.

1 If X %Ythen E(X)<E().

Proof

E(X)=[P(X >t)dt

F(t)dt

EY) =TP(Y >1)dt
0

G(t)dt

o —§

Since X §Y, from (2.34) F@)<G()
Therefore

F()d: < [G@)dt

O — ]
o — §

Hence

E(X)<E(X)
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(i) If X%Yand E(X)=E({X)then X and Y have the same

distribution.
Proof

E(X) =Tﬁ(r)dr EY)= Té(r)dr
0 0

Since E(X)=E(Y)
= F@)=G() Vt

Hence

F)=G(@) Vt
(i) If X SIY then f(X )? f(Y)for all increasing functions f .
Proof

If f isincreasing, then it is 1-1 and hence have an inverse f ! which
is also 1-1.
Letf(X)=aand f(Y)=b
Then
X=f"a) and Y=f"'(b)
Since X ?Y

=T @< f®)
Thus

asb = f(X)SfX)

(iv) X <Y iff X<Y and E(X)=E(Y)
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Proof

Let f be an arbitrary convex function and assume that there exist an
« such that
x> f(x)+ ax is increasing.
Taking expectation with respect to X and ¥ we get
E(f(X)+aE(X)SE(fY)+aEY)
Since E(X)=E(Y), we obtained
Ef (X)<Ef(Y)
WV IfX %Y then F %G, where F' and G are the distribution

function of X and Y respectively.
Proof

Similar to the proof of (iv), let f be an arbitrary convex function and

assume that there exist an « such that

x— f(x)+ox.

If X <Y, then Ef(X)<Ef(Y)

Hence
E(f(X)+aEX)<E(fY)+aEY)
provided that E(X ) <E(Y) for the inequality to holds.

C

Therefore

TF(t)dr < TG(r)dr
0 )

implying that F <G
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3. Classical Maintenance Policies

3.1 Policy 1: Age Replacement policy (Barlow and Proschan [2])

Under the age replacement policy a unit is replaced upon failure or at a
specified time T hours after installation, whichever comes first. T is
assumed to be constant i.e. non random and the unit has an increasing failure
rate over its age. Hence this policy is suitable when the replacement cost due
to failure is higher than the cost of a planned replacement. Let F be the

failure distribution function of the unit with density function f and assume
that the time taken to replace the unit is negligible. The survival probability
of the unit for nT <t <(n+1)T is denoted by
R,t.T)=[P(X >T)I"[P(X >t—nT]
= [F(DY F@t—nT) (3.1).

From (3.1), we can see that if ¢ is before the first planned replacement at
time 7, R,(t,T)=P(X >t) and n=0. And if ¢ is between the first and

second planned replacement then the probability that the unit lifetime
exceeds 7 is the probability that it survives until the first replacement (n =1)

and the interval (T,¢), etc...When F is IFR as define in section 2.2.1, for all
T=0,

R,(t,T)=F () (3.2)
meaning that under age replacement policy, the survival probability is
higher. And also for all 7} <T,,

R,@.T)=zR,(t,T,) (3:3).
Therefore the survival probability of the unit increases when the planned

replacement time is reduced.
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The mean time to failure (MTTF) of a unit under no age replacement is

given by
p=[tf ()t
0
Integrating by parts we get

u=[tF®]; - [ F(t)dt
0
=[tF(t)—tly + T F()dt
0

= T (1— F(2))dt (3.4)
0

Under the age replacement policy, the mean time between replacements is

given by

T oo
E(X)=[tf (t)dt + [ Tf (t)dt
0 T
T
=TF(T)-[F(t)dt +T(1- F(T))
0

.
=[(A-F@))dr (3.5)
0

We note that the mean time between replacement is less than 7 .
And if we let T — oo in (3.5) we obtain the MTTF without replacement.
For the mean time to failure (MTTF) under age replacement we first define

Y},Y,,...,to be the times between failures (unplanned replacement) and

Y=NT+Z, for i=1,2,...
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where N, is a random variable accounting for the number of intervals of

length T'and Z;is the time elapsed since the last planned replacement and

the current failure. So the mean time to failure under the age replacement

policy is given by

E(Y,)=TE(N;)+E(Z;)
To obtain E(N;) and E(Z;) we need the distribution function of N;and
Z..So

P(N,=n)=(-F@)'F(T) n=0,1,...

Hence the expected number of replacement without failures is

E(N,)=Y nP(N, =n)

n=0

=3 n[l- FO F(T)

n=0
=FT)+[1 —F(T)]F(T)+ 2[1 -—F(T)]2 FT )+

_1-F(T)

P (3.6)
And
P(Z, <t)=P(X =st|X=T) lsrsT
_ F(1)
F(T)
Hence
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T
E(Z)=[(- F(t)\)dr
0 ¥z

F(T
Therefore the expected time between failures (unplanned replacement) is

1-FT),, 1T
EY,)= F(T)~
(r)=T( F) )+F(T)£( (T)—F(t))dr

1 T y .
=——- | (A= F(@))dt
F(T)g( (1))

T
[-F(@)dt
0

T FT) R G-1

Using (3.6), we can see that for 7 <7,, under the age replacement policy

that

n Ib) y
JA=F@)dr [1-F()dt
0

p - . (3.8).
F(T)) F(1;)

implying that the average time to failure increases when the planned
replacement time decreases.

The mean number of replacement in an interval (0,¢ ) denoted by E(N (1))

is simply ¢ divided by the mean time between replacement which is

E(N,,(8) = —— (3.9)

[ -F(@)dt

0

The obvious question is the financial implication of such policy. Let ¢; be

the cost of a preventive maintenance at time 7" and ¢, be the cost incurred at
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failure for a perfect repair, where ¢, <c,. Also denote N L (f) and N i (z) be

the number of preventive maintenances and number of perfect repairs in

(0,1) respectively. Hence the expected cost during (0,#) is given by
C(T)=c,E(N, (1) +c,E(N; (1)) (3.10)
We seek to minimise the average cost per unit time which is

L ; .
lim@ il ££’\f;_<ﬂ>_ - E(N: ),

Using (3.6) and (3.9), we get

i CO) _ 6F D)+, F(T)

t—o0

- (3.11)
[A—F@))d:
0

To obtain the optimum replacement interval, we need the value T =17, that

minimise (3.11). By differentiating (3.11) with respect to T and setting the

equation equal to zero we get

fa) L= ~ - G
F(T)g - R (3.12)
From (2.14) we obtain |
T .
AT F(tydt - F(T) =— (.13)
0 &6

Using the assumption of IFR, there exists a unique solution 7" =7 provided

that that the failure rate is strictly increasing to infinity and is continuous.

And the optimum cost rate is
If the right hand side of equation (3.11) tends to infinity as 7 tends to zero,

then it is decreasing and hence 7, =oo.Therefore the optimum age
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replacement policy will be to replace at failure only. Berg [10] proves that
the policy itself is the optimal decision rule among other policies.

3.2 Policy 2: Block Replacement policy (Barlow and Proschan[2])
Under the block replacement policy, the unit undergoes preventive
maintenance (planned replacement) at times k7 (k =1,2,...) irrespective of
its age. If the unit failed, then it is correctively maintained (unplanned
replacement). Similar to the age replacement policy, we need to obtain the

expected number of failures in (0,7 ) denoted as Ny(z), where the subscript

stands for block.

Theorem 3.2.1
P(lim NB(I)=E(NB(T)))=1 (3.15)
t—e  f T
Proof

Consider an interval of length 7 and let the number of failures in that
particular interval ((i —1)7',iT) for i =1,2,..., be denoted by N (T). The
counting process N (T')is independent and identically distributed random
variables according to the poison process. Using theorem (2.1), for
i=1,2,...and k=0,1,...

k. Ng/(T) o Ng () 2 L Ng(h)

2 > (3.16)
At ot H eyt
k k+1

When t—> oo, means that the number of intervals of length 7 goes to
infinity as well i.e. kK —oo. By the strong law of large numbers and the

sandwich theorem,
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im ¥ V@ Na @t N+ ..

k—eo 1 kT(kH) T
k
_ E(N,(T)
r
Hence
t—ee i

We can also note that over an infinite time span, that the number of failures

per unit time is simply the expected number of failures per unit interval.
Or

L ENG (1) _ E(N5 ()

1—>o0 t T

(3.18)

Barlow and Proschan ([2]) show that the number of replacements under the
block replacement policy is stochastically larger than the number of

replacements under the age replacement policy i.e.

P(Nj()>n)= P(N(t)2n) for n=0,1,.... (3.19)

where the superscript stands for replacement. On the other hand, with IFR,
the number of failures under the block policy is less than the number of

failures under the age policy. Therefore by theorem 3.2.1,

e VB 5 jp PN )

t—»oo t t—yoo g

(3.20)

For the block replacement policy,
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s EWNp@) _ ENp@®) 1

t—yeo t T T

(3.21)

And for the age replacement policy, by the elementary renewal theorem

(2.2)

s EVG@) _ i 1
ot [a-F@at
0
Hence from (3.20)
E(Ng@) 1 1
T T %
[a-F@)dt
0
= EWNg(T)== L -1 (3.22)
[A=F@)dt

0
Equation (3.22) provides a lower bound for the expected number of failures
under the block replacement policy. To obtain an upper bound, Barlow and
Proshan [2] showed that for a system with IFR, the number of failures under
the block replacement policy is stochastically less than the number of
failures under the age replacement policy i.e.

P(Ny(t)=n)<P(N,(t)=n) forn=0,1,.... (3.23)

Thus for an infinite time span,

oy EQVG@) . E(N, (@)

t—>oo t t—>o0 t

(3.24)
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From (3.7)
- E(N:(r)) ___FD

1}(1 - F(t)dt
0

Therefore from (3.18) and the above equation,

E(Ny(T) . F(D)

= - (325)
[A-F@)d:
0
Hence
E(Ng(T)) < = ) (3.26)
[A-F(t)dt

0
Combining (3.22) and (3.26) we get bounds for the expected number of
failures in (0,7):

i -1 2 ENg(M)) = 5 TH(T)

T
[A-F@)d: [A-F(@)adt
0 0

(5. 27).

Similar to the age replacement policy cost factors are important. Again let ¢
and ¢, be the cost of a preventive and a corrective maintenance respectively.

We know from (3.17) that over a long period of time, the expected number
of failures with planned maintenance scheduled at time k7T'(k =1,2,...) is
E(Ng(T))
T
policy is given by

. Hence the expected cost per unit time for a block replacement
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¢+, E(Ng(T))

C(T)= T

(3.28)

The optimum interval 7 =7, that minimise (3.28) is obtained by

differentiating (3.28) with respect to 7" and setting the equation equal to zero
giving
_at c, E(Ng(T))

C, % E(N(T))

T (3.29)

Substituting (3.29) into (3.28) we get the minimum expected cost per unit

time which is

d
Coin o) =€, EE(NB (Ty)) (3.30)
0

More comparison between the age and block replacement policies is done by
Berg [11].

3.2.1 Policy 3: Periodic replacement with minimal repair at
failure.

This policy is similar to the block replacement policy such that preventive

maintenance is carried out at specified times k7' (k =1,2,...). But when the
system failed, a minimal repair is carried out. Under such repair, the system
carries on functioning with the same failure rate value it had prior to failure.
And the system is said to be “as bad as old”. This policy was introduced by
Barlow and Hunter ([1]) and they refer to it as “Policy II”. As before the
expected cost during (0,7) is given by

C(t) = E(N{ (1)) + s E(N5(2))

where ¢, and ¢, are the cost of a preventive maintenance (replacement) and

minimal repair respectively. And Nj (#) and N;(f) is the number of
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planned replacement and minimal repairs in (0,7) respectively. The average

cost per unit time 1s

lim@ = lim[c, E(N; (1)) re, E(N;(1))

t—ee t—yeo A 3

] (3.31)

Using (3.21),

e ZOL D, B, 1

To obtain E(N5(?)), we note firstly that the counting process N;(f) follows

a nonhomogeneous poison process. In section 2.1, we obtained the
probability distribution of the increments of such a random variable (see
equation 2.3). And we also obtained its expected value in terms of the
integrated failure rate (see equation (2.4)).

Hence using (2.4) we obtained
t
E(N; (1)) = [A(s)ds
0

= A7)
Therefore from (3.17),

o EQ@) _ AW

t—yc0 g T

Thus the average cost per unit interval of length T for such policy is then

¢+ A(T)

cCT)= (3.32)
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Differentiation of (3.32), and setting the resulting equation to be zero will

give the optimum interval 7; that will minimise C(T') i.e. the following

inequality should be satisfied
T,A(T,) - A(T,) ==L (3.33)
3
and substituting ¢; from (3.33) into (3.32) gives the minimum average cost

per unit interval of length T, which is

C... () = c;A(T}) (3.34)

3.3 Policy 4: Repair cost limit policy

The repair cost limit policy introduced by Drinkwater and Hastings ([19])
was solely based on the age of the system. They defined the repair cost limit
as the amount of money that can be spent on the repair of a unit. If the repair
needed costs above the estimated repair cost limit, the unit is replaced, else
the necessary repair in undertaken.

We define the initial cost of the unit by ¢, . The total cost of the unit at time

t is denoted by C(z). C(¢) consists of the initial cost ¢, and the cost of

repair(s) up to time #. Thus the average cost per unit time is

" c

average (I) -

(3.35)
To obtain the repair cost limit equation at time ¢, we define the following
quantities:

c(t) = Cost of repair at time ¢

Cy () = Expected total cost of future repair(s)

R(t) = expected residual lifetime of the unit.
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L = Total average cost per unit time of the unit.

Upon failure, the unit is repaired if

c(t) ;(:;- (1) <L (3.36)
where the left hand side of (3.36) represents the expected future total cost
per unit time. If the unit is replaced at failure, then the expected future total
cost per unit time is L. Therefore the repair cost limit equation is obtained

when

c(r)—i-cf (1) .

3.37
RO (3.37)
Hence the repair cost limit at time ¢ is
c(t)=LR(t)—c,(1) (3.38)

In this original policy, two methods were used to obtain the optimum repair
cost limits. The first one was a simulation done in the form of successive
approximation to obtain a set of repair limits by using equation (3.38). And
the second one was by mathematical derivation of the average cost equation,
which was then minimised to obtain the minimal repair limit. The second
method was done by observing the frequency of the number of repairs in a
given time interval and also the cost of repairs. It was found that the number
of repairs follows a poison distribution and that the cost of repairs follows a
log-normal distribution closely, or might even be modelled by the negative
exponential distribution. Hence the derivation was done. After studying the
various extensions to the age replacement and block replacement policies,
we will be in a better position to consider a detailed analysis of this policy

because of the different types of failures that can occur to the unit. Some
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failures are minor whereas others can cause complete system breakdown.

Consequently different types of repairs can be done.
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4. Extensions to the Age replacement Policy

4.1. Policy S: The unit is replaced at fixed time 7 or when the number
of failures reaches N >1, whichever comes first, and any failure(s)
between planned replacements is fixed by minimal repair.

We used same notation as in section 2.3 on renewal theory. The counting
process {N(t):t>0}represents the number of failures in(0,z). Since
failures are removed by minimal repairs, the value of the failure rate remains
the same and the unit is said to be “as bad as old”. We assume that the unit
wears out due to its age (continuous deteriorations) and due to failures
(because it has been used a number of times say N ). Hence this policy is a
combination of continuous and discrete replacements. Replacement can
occur either at ageT , which implies that the number of failures did not reach
N and {N(T)=n; n=0,1,2,...,N —1}, or before T meaning that the unit
has already failed N times. When failures occurs due to age, the integrated

failure rate 1s
1
A1) = [ A(s)ds
0

And when failure occurs due to the number of times the unit has been used,

the cumulative failure rate up to the nthbreakdown is given by
n
A, = Zl/lj ; (4.1)
J‘:

A(t) represents the expected number of failures due to age in the interval
(0,¢], whereas A, is the expected number of failures due to the number of

times the unit has been used until the nthtime. Using the method of
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convolution and renewal theory (see equation 2.17, 2.18, 2.19), the

probability that the number of failures is equal to n is
P(N®)=n)=F"@t)-F ™) n=0,1,... (4.2)

where F'(t) is the distribution function of the time between the (n—1)st

and nthfailure of the unit due to the number of uses.

With possible replacement at time S, or7 , the expected time to replacement

1s simply
p—t T #
TE Y &)+ [of ™ (0)dt
0

Integrating the above by parts, we get

[a-F™@)dr (4.3)
0

Equation 4.3 and 3.5 are basically the same.

If replacement takes place atS,,, the expected number of failures is the sum

of the expected number of failures due to age and due to the number of uses.

Using equation (2.23)
T * T *
E(N®) = [A@)dF™ &)+ [ AydF™ (1) (4.4)
0 0
And if replacement takes place at scheduled time7 , then N(Z)<N-1.
Using (2.20) and (4.2),
el *n *n+1
E(NT) = 2 [AM)+AIF “(T)-F " (I) 4.5)
n=0

Hence the expected number of failures before replacement is
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Vi o T i
[A@AF™ @)+ [ AydF™ (1)
0 0

N-1 < o
+ S AT+ A F™(T)- F"(T)) (4.6)
n=0

Note that in the above equation

Ail(F*” (L~ F Ty =1-F" ()
n=0

= F(T)

and

T
[ AydEN (@)= &y F(T)
0

N *
=31 F™(T)
n=l

Integrating by parts, equation (4.6) becomes

T
[A®A-F™ @0)dt + % A F"(T) (4.7)
0 n=l

Let the cost for a planned preventive maintenance be ¢, at time 7 or when

the number of failures reaches N (N = 1) and the cost of a minimal repair be

¢, . Then the expected cost per unit time is given by

T
¢+ [A@A-F " (1))dr + %)LHF*” (T)}
C(T)= g —

- (4.8)
[a-F™ @))dt
0

To obtain the optimum expected cost per unit time we need that particular

value of T and N that will minimise equation 4.8. Partial differentiation of
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(4.8) with respect to 7' and setting the derivative to be zero will give the

optimal interval that minimise (4.8). Let

T
UT)=c; +c,{[AO)A-F™ @))dt + %ﬂnF*” (T)}
0 n=1

T
and V(T)=[(1-F"@t)dt
0

Then

2 ymy=c —a-{}/l(:)(l—F*N ()dt} +c %A 9 pry
oT AoT s ~LF

n=l
and by the fundamental theorem of calculus

a *N
—V()=1-F (T
cradl (7)

Using the quotient rule,

0
ﬁC(T)—

(T T
[a-F™" (t))dr{czﬂ(T)+czj(1—F*N(r>)dr+c2‘i/1nf*” (T)}-
0 0

n=1

T * . N’ #* ES
(e +e{[AOA-F N @)dt + Y A, F"(T)HA-F ™ (T))
0 n=1

T
(fa-F™ @)dr)*
0

Setting the above equation to zero, we get
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T # N #
o [A-FN@)ydty A, £ (T)
n=l

J L e
—C{T)=[(1-F dtc, A(T 0 -
g i ( (O)dte, AT + Ty ¢
T
—¢, [AW)A-F™ (0))dt - c, i AF"(T)
0 n=l1
=0
T ES N ES )
7 [A=F™@)dty A, (T)
1-F™N (0))dtA(T) +2 =
36_245( () dAT) + —F Ty I
.
- [AOA-F™ (1))dt - i AF(T)
0 n=l1
f B o B ]
. [a=F™N@)dtY A, f"(T)
1- F™N @)atA(T) +2 i
:><£( (0)dtA(T) + ) G 49)

T
- [A®A-F™ @))dt - % A, F™(T)
L 0 n=l

Thus the value of T' =7, that satisfies (4.9), gives the optimal expected cost

per unit time given that N =0 is fixed.
To obtain the value of N that minimise (4.8), Nakagawa [37], uses the fact
that for a fix value of 7',
the average cost per unit time when the number of failures is N +1 >
the average cost per unit time when the number of failures is N
and
the average cost per unit time when the number of failures is N <
the average cost per unit time when the number of failures is N —1

Using the above inequalities and (4.8) he showed that
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T
[a-F™@)dt
0

0

1
7 {jﬂ(r)[lf*""(r)—F*N“(r)ldr+/1NHF*N“(T)}
J(F™N @) -F ™ @)ar
0

T
~[ADA-F™ @))dt - % AF™(T) > f—l (4.10)
0 n=1 2
and
.
[a-F @yar .
0 { [ADIF™ @) - F™" " ()1dt + Ay F N (T)}
0

T
[(FN@&)-F " @)dt
0 .

i3 i
~[A@)A~F™ (1))dt — SAF™T) < & 4.11)
) N

‘n=l C2
Thus the value of N =N, that satisfies (4.10) and (4.11) will give the

optimal expected cost per unit time given that 7 is fixed.

4.2 Policy 6: The unit can incur one of two types of failures at time ¢:
Type I failure which occurs with probability 1— p(¢) and is fixed by a
minimal repair and Type II failure which occurs with probability p(7)
and is fixed by a replacement. The unit is replaced at either the
nthType 1 failure or the first Type II failure or at planned age
T whichever occur first.

(Note that most of the theory needed to describe policy 6 comes from
Beichelt ([9], page 136-140 and [4])

52



53

For this policy, we are dealing with a generalised nonhomogeneous poison

process {N(t);t >0} with failure rate A(¢) and two types of events, Type I
failure, and Type II failure which occurs independently of each other with
respective probabilities of 1— p(¢) and p(?). Thus N(z) can be represented
as

N@)=N,(t)+ N, () 4.12)
where {N,(¢);t =20} and {N,(¢);t =20} are independent nonhomogeneous
poison process with respective failure rate (1— p(2))A(f) and p()A(), and

counts the number of Type I and Type II failure respectively. Let Y be the
time to the first occurrence of a Type II failure with distribution function
G(t) = P(Y, <t) and survival function G(t). Beichelt [9] showed that

t
—j plu)Au)du
0

G(@t) = P(N,(t)=0)=e , 120 (4.13)

Conditioning on the number of Type II failures, we can obtain the

probability that the number of Type I failures is exactly k i.e.

t
—[(=p)A(u)du
0

(J A= pu)Aw)du)*
Ok!

e

P(N,(t)=k|Y =1)= (4.14)

for k=0

If we take T =oo, let X, be the time to the first replacement due to either a

Type II failure or we reach the nth Type I failure. Then the survival

distribution function of X, is

Fy, @)= P(X, >1)
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n—1

= Y P(N,(t)=0,N,(z) =k)
k=0

n-1 __
= > G(t)P(N,(1) =k) 4.15)
k=0

Let L be the random length of a replacement cycle i.e. the time between any
two successive replacements.

For this policy, with planned replacement at age 7,

X, when X, <T
L= (4.16)
T when X, >T
Therefore the expected value of L is
. "
E(L) = |tdFy (1) +TFy, (T)
0
T —
=] Fy, (ndt
0
n-1T _
=Y [G@P(N,¢) = k)d: (from 4.15) (4.17)
k=00

The next step is to find the expected number of minimal repairs in a
replacement cycle i.e. E(N(T)). Let S,,S,,..., be arrival time of the first,

second, minimal repairs respectively.

n—1
E(Nl(T))=E[Z P(Y > S, )I[DJ-_I(S,C )] (4.18)
k=1
where
1 if S§,€l0,T]
I —
[O’T]'(Sk) [0 otherwise }

Equation (4.18) makes sense because the Type II failure must occur after the

k th minimal repair to obtain the expected value of N,(T’).

54



55

And E(Io (S,) = P(S, €[0,T])
Thus

n—1T

E(N(T)) =Y. [P(Y >1)P(S, €[0,T])

k=10

We note that
P(S, <T)=P(N|(T)=k)
Using (4.14), and after some algebra,

n-17T _
E(N(T) =Y, [G@PN,@) =k —D{A~ pt)At)dr (4.19)
k=10

Let ¢,c,, and c¢; be the cost of, a planned replacement at time T,
replacement at the n th failure and minimal repair respectively.

Therefore the total expected cost per unit time 1s

n—17T

e3>, [GOPN,(t) =k =1D)(A— p(1)A@t)dt + ¢, Fx (T)+ ¢, Fx, (T)
C(T) - k=10

”f G(t)P(N,(t) = k)dt
k=0

O —

(4.20)

If n =<0 in (4.20), we obtain the policy considered by Beichelt [4].

And if n=90, p(¢t)=1, and ¢; =0 then we get the original age replacement
policy.

And finally if n =90, p(¢) =0, we get Policy 3.

What we need next is the value of 7 and n that will minimise (4.20).
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In the case that n = oo, the expected cost per unit time becomes

T — p—
¢; | G(@OA~ p()A@)dt + ¢, Fy (T)+c,Fy (T)
CcT)y=—2 . (4.21)
[G(@)ar
0

Letting p(t)= p at time #, Beichelt [5], showed that there is an optimal

interval T' =T, that will minimise (4.21) and it is a solution to the equation

T
pAT)[G)dt—G(T) = P4 4.22)
0 (c;—¢ —¢3)p+¢;

Beichelt [4] also proved that there exists a unique T, if A(¢) is strictly
increasing to infinity and ¢, —¢; >¢;(1+ p)/ p.
Sheu et al [40], gives detailed mathematical literature on how to minimise

(4.20) with respect to both n and 7' under various assumptions and showed

that a unique n, and 7, exists. They assumed that the cost of a minimal

repair at failure is a function of a random part and a deterministic part.

4.3 Policy 7: The unit undergoes (k —1)th imperfect repairs. After

that, two types of failures are possible at time 7. Type I failure occurs

with probability 1— p(#) and is removed by a minimal repair, and a
Type II failure occurs with probability p(z)and is fixed by a
replacement. After the (k —1)th imperfect repairs, the unit is replaced

at planned age 7' or at the first occurrence of Type II failure, whichever
occur first. This policy is due to Wang and Phang [46] and they called it

the “mixed age pm model”.
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We need to point out that the unit is new at time# =(0. And hence we don’t
expect any major breakdown at the beginning of its life. Thus the repairs
done are called imperfect in the sense that the operating time of the unit
decreases by a fraction after each of those repairs. And the value of the
failure rate is somewhere between the one when it is new and when it
undergoes a minimal repair. Therefore the first (k —1) repairs are imperfect.
Any repairs done afterwards are either minimal (due to Type I failure) or
perfect (due to Type II failure). After a replacement, the time is set to zero
and once again (k —1)imperfect repairs are done.

Policy 7 involves a geometric process and hence we need to define such
process as given by Yeh Lam [48]

Definition 4.3.1

Given a sequence of non-negative random variables {X,;n=12,...}. If

they are independent and the distribution function of X, is given by -

F(@ 'ty for n=12,.., where ais a positive constant, then
{X :n=1,2,...} is called a geometric process.

n?

If a>1, then we have a decreasing geometric process, i.e. X, <X,. If
d

0 <a <1 then we have an increasing geometric process, i.e. X, <X, and
d

if a=1 it’s simply a renewal process. Suppose that E(X,)=¢ and

Var(X,) = o, then for n=2,3,...

0_2

22D

E(X,) =ni_I and Var(X,)=
a

Under this policy, the imperfect repair is in between a perfect repair and a

minimal repair. After such repair, the unit is said to be between “as good as
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new’’ and “as bad as old” (Barlow and Hunter [1]). We assume that minimal
repair takes negligible amount of time but now the replacement time is taken

to be a random variable Rwith E(R)=r . The expected lifetime of a new
unit is 4, and the expected time of the first repair of a new unit is £, . Let
X, be the time between the(k —1)sfand the kth repairs with distribution
function Fy . (#) and survival functionF. Xg (1), assuming that the
corresponding densities exists and the failure rate beingA, (f). After an
imperfect repair, the lifetime decreases by a factor of a (0<a<1), thus
giving us the following renewal process:{ak_lX »k=12,...}. Then
{X,;k=12,...} is an increasing geometric process. Imperfect maintenance
times are independent random variables {Z, ;k =1,2,...} and increases by a
factor of b (b>1) after each maintenance. Thus{bk*lzn, k=l2..} 188
decreasing geometric process. We assume that the renewal
processes{ak“le k=1,2,...} and {bk_le;k =1,2,...} are independent.
Both processes form a geometric progression:

For the lifetimes: Woau a’y ...ak_z,ul

For the imperfect maintenance times: 4, bi, b*u, ..b* 7w,

Note that

Fi, 0= P () A0 = A, EXp) == 2
E(Z) =ty E(X) = 4, E(Za:%

For convenience, we will write = as @' * and = as b’
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Of obvious interest is the counting process {N,, (¢); =20} for the number of
minimal repairs in(0,7). This counting process is studied extensively in
policy 6 and Beichelt ([4], [9]). Hence most of the required theory here
comes from the above-mentioned references. As in policy 6, ¥ denotes the
time of the first Type II failure with survival distribution given by

t
_ -—j p(u) Ay (u)du
G@{)=e ¢

1
—al™k | p(u)il(al_ku)du
= 2 0 (4.23)

The expected length of a replacement cycle is

© ket _pk-ly T
pil—a )+#2(_1 & )+jG(r)dr+r (4.24)
0

= =

The first term on the right of (4.24) is the expected lifetimes of the unit until

the ((k —1)thimperfect repairs. The second term is the expected imperfect

maintenance times. The third term is the expected time of a first Type II
failure since the last imperfect maintenance. And finally the last term is the
expected duration of a replacement. The first two terms are obtained by

taking expectation of the sum of the first (k—1)thterms of the two

respective geometric progressions above.
To obtain the expected number of minimal repairs in the

interval (0, min(¢,Y)), Beichelt ([9], Pg 140, Eq 3.69-3.72) showed that

I &
E(N,, 0)|Y <1) —%i(f} p) A, (u)dudG(y)

-k ry

) ?;(:)J [ Pa)A (@ u)dudG(y) (4.25)
00
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and

E(N,,®)|Y 21) = | p(u) A, (w)du
0

= a'™* j p(u)A, (a *u)du (4.26)
0

Therefore the unconditional mean value of N, ()is

E(N,()=E(N,®)|Y <t)G(#)+ E(N,,()|Y = HG(t)
=a™* jé(u)/l,(al"‘u)du -G(1) (4.27)
0

Let ¢),c,,c5,¢4,and ¢ be the following cost respectively: planned

replacement, replacement due to Type II failure, minimal repair, fixed cost

involved for an imperfect repair, and the variable costs at the nthimperfect

nn—1)

repair which is

@ (B=Ld;.uli—1);

Therefore the total expected cost per unit time is given by
CT)=

k(k 1)

¢, (k—1)+c5( )+¢,G(T)+c,G(T)+

T
cg{a“ﬂ@(u)ﬂl (@ uw)du —G(T)} (26)
0

_ k-1 _ k1N T _
H#il—d )Jr‘uz(1 b )+jG(t)dr+r
l-a 1-b 0

The optimal value of T =T, and k =k, that minimise (4.28) is obtained by

approximation method.
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S. Extensions to the Block Replacement policy

5.1 Policy 8: A unit is replaced at planned maintenance times. Within
each renewal cycle of lengthT , if the unit fail before reaching a certain
age, T —s( 0<s<T), it is replaced by a new one. Else if it fails after
ageT — s, it is replaced by a used one.

This policy is due to Tango [45].

With regard to the original block replacement policy, where a failed unit is
always replaced, policy 8 considers using either a new unit or a used one at
failure. And this aspect makes it more economical. In such policy the
renewal cycle is of length 7" and it is split into two time interval: the first
one of length 7 —s (0< s <T) and the second one of lengths. The idea is
that if a unit fail in the first interval i.e. in[(k —1)T,kT —s], it is replaced by

a new one and if it fails in the second interval[kT — s,kT’], it is replaced by a

used one. Since we are dealing with used units, we assume that they come
from previous planned replacement and that they did not fail in a renewal

cycle of length T . Thus having different distribution compare to new ones.
Therefore let F; (x)(IFT (x)) represents the conditional failure (survival)
probability of a used unit. And for a new one the failure (survival)
probability is F (x)(F (x)) . In this policy, of importance to the cost function

are: the number of replacements (new unit) due to failure in the interval

[(k—=1)T,kT —s], the number of replacement (used unit) due to failure in
the interval [kT —s,kT], and the number of replacement at schedule times
kT . And we denote them by N,(f), N,(¢), and N;(z) respectively for the
interval (0,7).
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The total expected cost in (0,¢) is given by
C(t)=cE(N,())+c,E(N,(2)) + ;s E(N5(2)) (5.1)
where ¢, ¢,, and ¢; are: cost of replacement with a new unit at failure, cost

of replacement with a used unit at failure, cost of planned replacement
respectively.

And it is known that from the renewal reward process (Ross [39], Theorem
3.6.1, Pg 133) and equation (3.18) in section 3, that the expected cost per
unit time is

imCO_ ¢ im EOOD) | i EXLO) | EWLE)

t—oo t—>o0 t t—>co A t—yo0 I

_ Expected cost over the renewal cycle of length T
I

(5.2)

A
The number of planned replacement made in (0,7) is exactlyF. Therefore

i Z&:0) _1

t—yoo ! T

We note that replacement at failure can only take place in an interval of

e t
length T —s, which means that lmm

t—>oo I

is the same as:( expected

number of replacement in an interval of length T —s)/ T

i EN®) _ EWN, (T —5))
t—>e0 t T

Replacement at failure with a used unit takes place in the interval [T —s,7].

Suppose that the first failure in this interval occurs at age x, then the
conditional expected number of replacement by used unit in that interval is

1+ E(N,(T —x)).
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Recall that for all random variables X and Y (Ross [53], pg 20-21),
E(X)=E[E(X|Y)]
=[E[X |Y = yldF (y)
= [[] xf (x| y)dx]dF (y)
=[] xdF (x| ))dF (y)
Therefore the unconditional expected number of replacements by used items
in the interval of length T is
E(N,(T))= T (+ E(N,(T —x)))dF (x) +
o T-s T

| | A+ EWN,(T —x)))dF (x—u)dE(N,(u))

0 T-s5

(5.3)

Using renewal theory from section 2.4, and the distribution of the lifetimes

of new and used units, then
H @) =EWN, @)=Y F"(x)
n=1
and

H,(t)=E(N,(t) = 3. F,™ (x)

n=1

Hence equation (5.3) can be written as

T
H,(T)= [ (14 H,(T —x)))dF (x)+
o T-s T B4

[ [ A+ Hy(T —x))dF (x—u)dH,(y)

0 T—s
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Therefore the expected cost per unit time is

¢,H,(T)+c,H,(T) + ¢
T

An alternative way to obtain the expected number of replacement by used

cT)=

(5.5)

units was also considered by Tango [45]. He suggested viewing the arrivals
of the replacement as a delayed renewal process. At time of first failure in
the interval[T —s,T], at agex, the unit had distribution function F(x),
because it was a new unit that either started operation in the first interval or
one that did not fail sinces =0. After age x, replacement is carried out with

used units; hence their lifetime distributions ( F;-(x)) will be different. For

more details see Tango [45].

To obtain the optimal value of 7" and s that will minimise C(7") it is

necessary to use appropriate computer software. But Tango [45], gave upper

bound for C(T).

5.2 Policy 9: Preventive maintenances are carried out at scheduled
times k7T (k =1,2,..., N). The unit is replaced with a new one at the Nth

preventive maintenance. Any failure is removed by a minimal repair.
(This policy is due to Nakagawa [38])

Policy 9 is a modification of policy 3(periodic replacement with minimal
repair at failure) where replacement takes place at the time NT instead at

times7,2T,.... , as in policy 3. In each of the intervals[(k —1)T,kT], for
k=1,2,...N the failure rate is A, (¢#) ((k—1)T <t<kT). In section 3.2.1,

we obtained the expected number of minimal repairs in (0,f), in terms of

both the failure rate and the integrated failure rate. In our case here, we take
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t to be in the interval (0, NT') . And also the length of a renewal/replacement
cycle is NT . We denote the number of minimal repairs in (0,7) by N;(z).

For 0<t<T,
E[N;(®)]= Eﬂq(r)dr
If T <t <2T , then
E[N;(t)] = E&(r)dr +iﬂz(s)ds

Hence the expected number of minimal repairs in a replacement cycle i.e. in

the time interval (o, NT)is simply

T 2T NT
E[N;(ND)]=[A@®dt+ [ A,O)de+...+ [ Ay@)dt (5.6)
0 ' (N-DT
N T
= [ A (0)dr (5.7)
k=10

We also know from the original block replacement policy that the number of
4
replacement (N,(?)) in (0,7) here is exactlyﬁ. Therefore using the

renewal reward process, the expected cost per unit time (C(7)) is simply
the expected cost in a replacement cycle divided by the length of the
replacement cycle. As before the cost of: a preventive maintenance,
replacement and minimal repair are ¢;,c,, and c¢; respectively. In a
replacement cycle we only have one replacement and (N —1) preventive

maintenances. Thus we get

T
cl(N—1)+c3§j/1k(:)d:+c2

C(T) = §%° (5.8)
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T
Or in terms of the integrated failure rate, A, (') = Iﬂk (t)dt equation (5.8)
0

becomes

cl(N—1)+c3§Ak(T)+c2

C(T) = il 5.9
T) NT 5.9)

The optimum value of T =7, and N = N, that minimise (5.8) or (5.9) is
easily derived by firstly setting the derivative of C(T")with respect to T

equal to zero. Using the quotient rule and the fundamental theorem of

calculus we get

N N
eIl Y. 3T )~ Y K (T)] =N —1)+o, (5.10)
k=1 k=1
The optimum 7|, should satisfy
Gl —1)+¢;

L

N N
k=1 k=1

Nakagawa [36] proved that 7, is unique. And he also showed that a unique
Nexists by assuming that the failure rate increases after each preventive
maintenance ie. A, ()>A () for k=12,..,N. He also gave the

equations that should be satisfied by N, for the expected cost per unit time

to be minimal. For more details, see [38].

5.3 Policy 10: The unit undergoes (k —1)th imperfect repairs. After
the (k—1)th imperfect repairs, perfect preventive maintenance is

carried out at times k7T (k =1,2,...), and two types of failures can occur
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at time 7: Type I failure which is fixed by a minimal repair having
probability of occurrence p(7); and Type II failure which is fixed by a
replacement having probability of occurrence 1- p(z). This policy is
due to Wang and Phang[46] and they called it the “Periodic pm model
2,

This policy is very similar to policy 7 except that after the
(k —1thimperfect repairs, the original block replacement policy starts
operating with two possible types of failures during a renewal cycle
L (which is the time between two successive replacements at timesk7 . The

following quantities used in policy 7 have the same meaning in our present
policy: 4, i, a,b, Xy, Z;, Fy, (), Fx, ®), 4, {N,),t20}, Y,

Gl i By Gy Byl B

Therefore
E(N,, (z)|Y<r)_a—)”p(uu (w)dudG(y)
al—k ry i
= G(r)ggp(u)/ll(a u)dudG(y) (5.12)
and
E(N,,®)|Y 21) = [ p(u) A, (w)du
0

= aH‘j p(u)A (a" ™ u)du (5.13)
0

When ¢ is within a renewal cycle (¢t <T'), the unconditional mean value of

N_(t)is

m
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E(N,(®)=E(N,®)|Y <t)G@)+E(N,#)|Y = HG() +
-r[ N, (t—u)dG(u)
0

(5.14)
Using equation (4.25)-(4.27) we get

E(N, (1) = a-‘4‘°j(';(u)/71 (@ *uydu —G@) +
0 (5.15)

m

[N, (t ~0)dGu)
0

“The expected number of replacements due to a Type II failure (E(N, (2))) is
obtained from Yeh Lam [48], [49].
We assume that minimal repairs takes negligible amount of time but

replacement at planned times k7T is a random variable Tp with £ (Tp) =g

The expected length of a renewal cycle is

A-a") (1=
1-a 1-b

Therefore the expected cost per unit time is

cC(T)=

E(L)=%

+T +1, (5.16)

k(k—-1)

¢y (k=1)+¢5( )+ ¢, E(N, () +¢,

1—f<T =~ 1—-k . (5.17)
esfa ™ [Gw)A (@ u)du—G(T) + [ N,, (t —u)dG (u)}
0 0

M(l_ak—l) N ‘Ltz(l_bk_l)
1—4 1=b

+T+rp
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To obtain the optimal value of T'=7, and k =ky(for the number of

imperfect repairs), Wang and Pham [46] suggests the maximisation of the

unit’s availability by numerical methods which will give the value 7;, and

k, that will minimise (5.17).
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6. Various Repair cost limit policies.

Repair cost limit policies are policies base on either the cost of a repair or
the cost rate. Once a unit failed, the cost of repair is determined and if this
figure exceeds a predetermined level, known as the repair cost limit, the unit
is replaced else it repaired. As mentioned in the introductory section, there
are policies that do not depend solely on the cost of a single repair as done
by Drinkwater and Hastings [19], [24], and in policy 4. Instead, Beichelt [5],
introduced policies where the decision to replace a unit depends on the
whole history of the repair process. And he used the repair cost rate to
decide on a replacement. All policies below dealt with an infinite time span.
They involve either the repair cost rate or simply the repair cost as decision

variable.

6.1 Policy 11: A unit is replaced when the repair cost rate is at least a
predetermined level C;,. The repair cost rate function is assumed to be

linear
As we have seen in the previous policies, the expected cost per unit time in

@)

t
C@)

And this can be obtained by using the renewal reward process, lim ——=.
t—yeo [

(0,2) is given by the total expected cost in (0,#) divided by?, i.e.

For our policy, let C(f) be total cost of repair in(0,7), and thus giving a

cw

repair cost rate R(?)= and that for 0<# <1, <t, R(f;)<R(t,);

meaning that over time, as the unit ages, the cost of repair increases, hence

the repair cost rate. The time between the (i —1)th and the ith replacement
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is denoted by X, where the X,'s are i.i.d random variables. Obviously we

will have replacement cycles of length X;. And a replacement takes place
when R(X,;)=C,.

1]
At the nth replacement, when the time is S, =) X, , the total cost per unit

i=1

(S,)

h

. If the

time is simply: the total cost in (0, S,) divided by S, which is

cost of a replacement is ¢, then the total cost in (0,S,) is just the cost of

the n replacements plus the cost of operating the unit during each

replacement cycle of length X, . The total cost is thus
ne, +[C(X))+...+C(X,)]
where
C(X,) =Cost of operating the unit during (0, X;)
= X, X cost rate during (0, X;)
= X, %Gy
assuming that the cost rate is constant in the interval (0, X,). Therefore the

cost rate in (0,S,) is

. _C(Sn)_ncl+§XfC0
(S,)= S S (6.1)

Using the renewal reward process, the long run expected cost per unit time is
given by
(S,

n

R(S.,)=lim

n—yoo
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expected costina replacement cycle

B expected length of the replacement cycle

Let the L = length of a replacement cycle

Then
+
R(S.)= ¢ +LC,
E(L)
= +C, (6.2
E(L) )
Beichelt [5] assumes that the repair cost rate is a linear function of time with
linear equation
R(t)= B, + Bt (6.3)

where 0 < 4, < C,(which is the intercept) and /3, being the positive slope,

is the rate of change of R(¢)and is random.
RCt) 4
-

(o]

L

Y : - \
fQ\?P\O\Ccf meril Cime
Note from the graph above that R(L) = C,. The slope of the line is

_G-p
/81_ OL 0
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_ o
Hence L=C0—ﬁ0. And E(L)zo—ﬁo. Substituting E(L) into (6.2),

) E(B)
we get
R(S.) =ﬁ+co
0~ o
E(f)
_ aE(B)+Cy(Cy - By) (6.4)
CU _/80

Therefore the value of C,; that minimize the expected cost per unit time is
obtained by setting derivative of (6.4) with respect to C, equal to zero,
giving

Co =+ E(B) + 5, ' (6.5)

When equality holds in (6.4), a replacement should take place. Thus the

minimum expected cost per unit time is

CGEB) IO EB) + Bl E(B)]
g )=
JaEB)

= 2.Jo,E(B) + 5, (6.6)

In this policy one key assumption was that the repair cost rate function is

R

min (

linear. But this doesn’t necessarily have to be the case as shown in policy 12
below, which was introduced by Beichelt [6].

The same notation used here applied to policy 12.

6.2 Policy 12: A unit is replaced when the repair cost rate is at least a
predetermined level C, with a general repair cost rate function. At

failure the unit is replaced.
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€

We saw in policy 11 that R(S_)=
policy (5..) EL)

+C, and that R(z)= 3, + [;t. But

now we assume that

R(t)=5,+ B f () (6.7)
with E(f,) being finite. And also [, and /3, doesn’t represent the intercept
or slope of a line respectively. And for 0<1t, <t, <t, f(t,)< f(z,), and

f(0)=0. The graph below depicts what the repair cost rate function might
look like.

: —
o R"‘?\C‘&men% Eime -

From the graph, R(L)=C, and

1 C—
L= #2205 (6.8)
b
Using (6.2),
R(S, )= (6.9)

c
f—](C(; _/80)+C0
E(B)
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If the function f(¢) =t, then we get policy 11. Beichelt [6] proved that the

decision to replace the unit base on the repair cost rate is more economical

than using its age.

6.3 Policy 13: A unit is replaced if the repair cost at failure time ¢ is
greater than c,(¢) . Else the unit is minimally repaired.

Under this policy, two types of failure can occur. Type I (Type II) failure
which is removed by minimal repair (perfect repair) having probability of
occurrence 1— p(2)(p(z)) respectively. The lengthL, between two

successive replacements (due to a Type II failure) is the replacement cycle.

In policy 6, Beichelt ([4], [9]) showed that the survival function of L was

t
—I p(u)A(u)du
0

G@t)=e , 120
The repair cost C, at time #is a random variable with distribution function
given by

R.(x)=P(C, <x)
What needs to be done now is to associate the events Type 1 and Type 1l

failures with the repair cost limit ¢, (#). A Type II failure means replacement

of the unit, which is the same as the repair cost being greater than ¢, (7).

Thus
P(Type Il failure) = p(t)

= P(C, >c,(2))
=1-R,(c; ()= R,(c,(2)) (6.10)

Similarly,
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P(Type I failure) =1- p(t)= R (c,(?)) (6.11)
Therefore the repair cost limit ¢,(#) can be embedded into the survival

function of L giving

- _} R, (co(u))A(u)du
G(t)=e 0 120 61

The expected length of a replacement cycle is obtained by substituting
T =0 in equation (4.17) of policy 6. Thus

E(L)= Té(r)dr
0

t (6.13)
—[ Ry (co () A(u)du

=Te 0 dt
0

Hence the expected cost per unit time is either obtained by either using the
renewal reward process, since we have E(L) or simply substituting 7 =oo

and n =oc into equation (4.21) and get

¢; [ GO(A~ p(O)A@)dt +¢
0

C(e0) = =
[G@)d:
0

4
oo =] Ry (co(u))A(u)du
cs|e® R (co())A@)dt + ¢
S t (6.14)

o —] Ry(cq(u)A(u)du
je 0 dt
0

The best approach to obtain the optimal value of ¢,(¢) that will minimise

(6.14), is to consider a unit with a specific lifetime distribution and the same
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for the repair cost variable. Typical lifetime distribution is the Weibull and
for the repair cost variable a normal or negative exponential distribution will

do.

6.4. Policy 14: An age dependent repair cost limit policy

For this policy, we used the same notation as in policy 13. At failure time ¢,
the cost of repair is estimated and if C, <c,(f), the unit is minimally
repaired else it is replaced. We assume that the optimal repair cost is less
than or equal to a replacement cost and that the repair cost is stochastically
increasing.

If the unit is repaired at time ¢ then the conditional “survival” probability of

the replacement cycle is

P(L>t+u|L>t)

_ P(L>t+u)

- P(L>1)

_G(t+uw)

G()
Thus the mean remaining length of the replacement cycle is
E(L—t|L>n=] 2L g,
o G
= [ (6.15)

: G@)

The probability of a failure occurring in the remaining length of the

replacement cycle is

i _((”)) A(u)du (6.16)

jGr

t

T
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The expected repair cost in the remaining length of the replacement cycle
due to a failure is

cp(u)
[ P(C,<s)ds
0

co (u)
= [ R,(s)ds (6.17)
0

The expected remaining cost is then

Y al eo(u)
% ! %((‘:)) A(u)du Og R, (s)ds

From the renewal reward process, the expected cost per unit time is then

given by
oo eou)
6 ¥ %(“);L(u)du j R, (5)ds
: ) (6.18)
G(r)
In this case a repair takes place if
co cg(u)
C,+| %_(i)/l(u)du [ R,(s)ds
G <C (6.19)
J- G(u)
G(r)

where ¢ is the minimum expected cost per unit time. Hence the equilibrium

optimal repair cost limits equation at time ¢ (when C, = ¢, (#)) should satisfy

G(u) W °f‘G(u) a

et =¢ j ) du j R, (s)ds (6.20)

t

Substituting # =0 in (6.20) will give the value of c .
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Differentiation of (6.20) with respect to ¢ leads to the optimal solution, and
it should satisfy

€0(2)

ico(z)=/1(r) [ R(s)ds—c (6.21)
dt 0

6.5. Policy 15: The unit undergoes (k —1)th imperfect repairs. After
that, two types of failures are possible at timer. Type I failure occurs
with probability 1— p(¢#) and is removed by a minimal repair, and a
Type II failure occurs with probability p(f)and is fixed by a
replacement. After the (k —1)th imperfect repairs, the unit is replaced
at the first occurrence of Type II failure, or when the repair
costC, > ¢, (¥), whichever occur first.

This policy is a combination of Policies 7 and 13 except that the unit is not
replaced based on its age but rather on cost or complete system breakdown.
The meaning of imperfect repair in this policy i1s exactly the same as in

Policy 7.The same notations are used here as in the above-mentioned

policies. Recall that

§
_ —Jﬁu(co(u)))..(u)du
G@)=e© , 120

Hence the expected length of the replacement cycle in terms of the cost

function is

k-1 k-1 co
E(L) =M(IIL)+;JZ%+_[@U)¢&+:*
0

—a 1—
- (6.22)
k-l k-l e —[Ry(co)AGu)du
:ﬂlw M_F Ie 0 dt-l-?‘

19
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And the expected cost in a replacement cycle is

k(k —
k=1 +ics( ( 1)) +¢,G(t) +
u_ L. (623)
¢ —JRS(Co(S)})L(.s)ds —_[ Ry, (co(u))A(u)du
cs{al_kje 0 A@ *uwydu—1-e © )}
0
Therefore the expected cost per unit time is
} _
k-1 _pk-1y e —|Ry(co(u)A(u)du
1(1 a ~-2-+ﬂ2w+je° dt+r
1—a 1-b 0
cy(k—1)+cq & (kz_ Dy + c,G(t) +
u t
¢t | Rg(co(s)A(s)ds ~[ Ry (co(u))Au)du
cy{a e © A@ *uwydu—1-e © )}
0
(6.24)

Therefore the optimal value of ¢y(#) that will minimize (6.24) can be

obtained by appropriate computer software.
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7. Maintenance Policies under General

repairs, using the virtual age of the system.

The Virtual Age concept was first introduced by Kijima et al [32]. Guo et al
[23] give the following description of what it stands for: “...Three cars of
the same make which started operation at the same time, say, on January I,
1998, by 31" December, end of year 2000, two car’s mileage meter both
indicated 100 000 km, and the third car only recorded 7500 km. It is obvious
three cars have the same chronological age, 2 years. But the third car with
7500 km mileage record will be more reliable than the first two cars with
100 000 km mileage record. Even for cars with same records, different
driving behavior and road conditions may cause the same mileage cars to
have different performance in the future. In order to recognize such an
intrinsic character of a system, just like the bio clock of human beings,
researchers named it a virtual age...” In Kijima Model I, the maintenance
measure fixes the damages that the system incurred during one operating
cycle. In his second model (named Model II), the maintenance measure fixes
the damages incurred prior to the previous failure and during the operating
period leading to the current one. Before describing the models, the
explanation below follows closely to the one given by Kijima [31].

On failure a general repair © is carried out instantaneously and the amount

of time between the (n—1)th failure and the nth failure isX,. X,
depends on the virtual age Vn~—1 after the (n—1)th repair.

Let© = (6, 6,,...) be a sequence of repairs .The degree of repair upon the
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nth failure is denoted by 6,, where 6, is a random variable and 0< 6, <1.

Using equation (2.11) and (2.12) the distribution of X, is given by

Fx+y)—F(y)
F == P S = = .
2(2) (X, <x|V_ =) =FG) (7.1)
with survival function denoted by Fy (x) :M. (7.2)
F(y)

Using the results from section 2.2, equations (7.1) and (7.2) can also be
written as

F,(x)=1-¢ A20) 0 y>0,x>0. (7.3)

fal — o~ (A(y+x)-A(y))

F (x)=¢ = y20,x2>0. (7.4)

Hence F(x) is said to be IFR (Increasing Failure Rate) if 1*:},(36) is
decreasing in y=0 for anyx > 0, or if F,(x) is increasing in y=0 for
any x = 0. This can easily be seen from the fact that if A(y+x)—A(y) is
increasing then F ,(x) is increasing too. Hence Fy (x) is decreasing. Thus

F(x) is IFR iff A(f)is convex. A(t)can only be convex if A(t) is
increasing.

Let Zy (y=0) be the life time of a system whose virtual age is y . It can be

shown that the survival function of Z, is PTy(x) and thatX, = Z,, . In
i

other words the probability that the system fails after the nth repair is equal

to the probability that the system fails given that the virtual age is V,_; .Also
of importance is the time to the nth failure, S, = i X, (n=20). So far we
k=1

have two processes: {X,;n=1;} which is the failure process and
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{S,;n=0} which represents the real age process. The other relevant one
isN(t)=max{n=0; S, <t}, which is the repair counting process.
Section 7.1 gives detail descriptions of Model I and as for Model II, see

Kijima [31] for the results of the monotonicity properties. They are derived

in similar manner as the first Model.

7.1 Kijima Model I (Kijima [31])
The Virtual age after the nth repair is:

V,=V_+6,X,. (7.5)

n—1
Upon failure , the virtual age changes which determines the updated failure
rate. Before the nthrepair, the virtual age is

VoSV +X | (7.6)

The nthrepair can reset the failure rate as far back as the virtual age at the

start of the last operating cycle and it decreases its accumulated age.
Therefore the “degree of repair” applied at the nthrepair only fixes the
damages that the system incurred during X,,. If 6, =0V n>1,weget V, =
0 which is a replacement and if §,=1V n >1, we get V, =V, + X, which
is a minimal repair. If 8, <1 then the system is rejuvenated by the repair
since V, <S,. Let the degree of repair at the (n+1)th failure be 6,,, =6

n+l

(0 <0< 1). Then using (7.1) and (7.5), we can obtain the survival function of
the virtual age process {Vn;n > 0} for the system after the (n +1)th repair as

follows:
Vol =PV, »2)
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= P(V,+6X,, >X)
=P(V,+0X,,, > x|V, >x)P(V, >x)+
P(V,+6X,, >x|V,<x)P(V, <x)

= P(V,>x)+P(V, +0X,,, >xNV, <x)

= P(V, > x)+[P(V, +0X,,, >xV, <x|V, = y)dV,(»)
0

=V, 0+ [P(y+0X,,.1 > 0)aV, ()
0

= 7,00+ IP(X Gt >x%9y)dvn(y) (7.7)
Hence
~ . Fo+=
Vi@ =V,00+] F(y)g av,(y). x=0. (1.8)

For all n= 1, the density function of V, (x) exist and let v,,(x) :5Vn(x).

; F(y+x;y)-F(y) )
V. ()= £ V.(y) (7.9)
= F(y) g

Therefore differentiating (7.9) gives the probability density function of the

virtual age process after the (n +1)th repair
d
Vi+l (x) = _Vn+l (JC)
dx
x —
F(y+ 73’) ~F(y)

d X
= — = d
E £ ) v, (¥)dy
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d —¥
© dx -6 J
J 70) v, (y)dy
. fOo+=2)
1 0
S e d ,
8 TFyy M

n=1. (7.10)

At the (n+1)th failure the degree of repair applied is € given that the

virtual age of the system after the nth repair is y.Hence we can define the

conditional survival probability of the system after the (n+1)th repair in the

interval (0, %) by

g2 (y)=1

~

y>x
8=0,y<x

Using (7.7) and (7.11), we can see that for y > x

P(X . .y St

|y>x) 1

Thus V,,,(x) can be written as

n+1(x) IP(Xn+l s

= [(»av, (),
0

)dV’(y)
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Equation (7.12) represents the probability that the (n + 1)th operating period

is greater than x%oy, with the degree of the (7 +1)th repair being 6, given

that the virtual age of the system after the nthrepair is in the interval

(y,y+dy). Or it’s simply the survival probability of the system after the
.. . " o
Athrepair in the interval (0, ?) 3

For any repair®, the virtual age process {Vn@,n >0} is a Markov process

and using (7.9), (7.11) and (7.12) the transition probability is given by

PV, < x| V.2 = y) = [ (=g (3)dV, ()
0

1
= [a-gf()d0,,,0). (7.13)

0
Equation (7.13) is the conditional probability that the system fails in the
interval (0, x%oy) after the nth repair, with the degree of the

(n+1Dthrepair®,,, € (0,1).

Define the expected value of the virtual age of the system after the
(n+Dthrepair in the interval (x,o°)given that the virtual age after the

nthrepair is yas

Gl () = [ PV, >u)du

s fs
=| P(X_ .,>—)du
| ( n+l 9 )

=["F &2

y

)du
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= [ &l (y)du (7.14)
Gf (y) is also the expected value of X, ., in the interval (E{;—,m) given

that the system doesn’t fail in the interval (0, %) :

Then from (7.12),
[V @) du= [ [ g2(y)av, (y)du
x x 0
= [GZ(»dV,(»), x>0 (7.15)
0 g

Gf (y) can be simplified by using (2.13), (7.11) and the change of variable

technique as follows

G (=] &2 (y)du y<x
o-:v_ u__'y
= [F( 5 Ydu y<x (7.16)
=6 | F,(wdu y<x (7.17)
(x—y)/ 6
For y>x
Y yu-— = ji—
G (=] F,(*—D)du + [F,(*—)du
A > 7 8
y m.._._
= [du + O F,(x)dx
x 0
=y—x + m_(y) y>x (7.18)
Thus
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. Z F (w)du, y<x
Gi(y) = (x_i)m ' (7.19)

y—%+ 6m.(y), y>x
Therefore for y > x, the expected value of the Virtual age of the system
after the (n+1)th repair is simply y —x+60(E(X,,,) in the (0,0))
according to (7.5).
The process {S,;n=0}is a nonhomogeneous Poison process but doesn’t
possess the markovian property, which makes the computation of the
E(S f ) for the cost function difficult. Hence bounds are obtained for the
expected values of S, and N(¢) =max{n=0;S, <t}, which is the repair

counting process. Therefore monotonicity properties of the different
stochastic processes needed to compute the cost function are obtained in the

following sections as described by Kijima [31].

7.1.1. Monotonicity Properties of { V:J } with respect to the repair©® .
Lemma 1

(i) g2(y) is increasing in both y>0 and 0 < 0 < 1

(i1) If m_(y) is convex iny, then Gf( y) is increasing and convex in y =0
and in 0 < @ <1. (m,(y) is defined as in equation 2.13 except here we
conditioned on the virtual age y).

Proof.

For part (1): We just need to show that the first derivative of gf( y) w.r.t

y =0
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.
B gy - S o)
dy °* dy F(y)

F(y){—a—ue)f(w%)}+{F<y+%%’)f(y)}
B (F(y))*

0-1 xX—y
{(—(—)f(y+ )}
= F X—Y g _ (o4
o et e

(7.20)

where A(y) = PAG)]

F(y)
The L.H.S of equation (7.20) is greater than or equal to zero implying that

gf(y) is increasing in 'y > 0.

Similarly, the first derivative of gf (y) wr.t @ is

_ d — o
F(Y)EF(}"“T)

(F(y)

d . @ ~
de(gx(y))—

7 X=Y XY
F(y)f(y:r 7 X P )
(F(y)*

For 0 < @ <1, the above equation is greater than or equal to zero.

For the proof of the part (ii), we first check whether Gf (y) is increasing in

y=0 and 0 < @ <1 and then check for convexity.

By definition Gf (»)= _Eo gf(y)du
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d - d . |
—(G7 ()= [ —(gd(y)du 20 (from part (i))
dy x dy

Hence G (y) is increasingin y>0and 0 < a <1.
To check for convexity, we need to show separately that the second
derivative of Gf( y) wrt y and w.rt a is greater than or equal to zero

respectively.

So for y < x, from (7.16) and (7.17).

B P eny= [L4F

dy(Gx(y)>-£d F, ()}
;j’dr””;)}
vdy  F(y)

; F(y){—(l—ue)f(w%)} {F(y+%)f(y)}
= + iU

g (F(y))’ (F(y))°

m{—(l—lfﬁ)f(y+u;y)} W{F(w”—;}ww}

=_[ — du+f — du
% F(y) p F(y)
Hence
F(y+7)
d 9 (1 1/6)% u y 2]
—(G = du+ A — d
dy( (Y= 7o) {f( )du (y)J T
s xX—y - u—
_(1_9) QF(})"E“?—) mF(}H‘T)
= — + AN |——=
2] F(y) »  FQ)
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=(1-0)F, )wl(y)G‘%y)

=(1-89)g? (y)+/1(y>Gf () y<x (7.21)

Using similar reasoning, for y > x
d
d—y(Gf’ () = 1-0+04(y)m (). (7.22)

If we differentiate (7.21) and (7.22) once more, we will see that

2
d—(Gg(y))ZOfor y<xand y>x.
dy> "

Hence Gf(y) is convex in y.

To prove the convexity of Gf (y) wr.t. @, we need to show that the second

derivative w.r.t € >0 (for y <x).

s u—y
d © 4 F(y+ )

2 Gl - 1 (o4
G(Gx(y)) {dgl F(y) ydu

I T (u—y) d u-—
F(y)I = gg ot g o

u—y
=G )j( 5 G +—)du

1

(y

z f{y+z)dz (letting z=u y)

-t
| ey 8

g

Using integration by parts and the change of variable techniques,

9



d 1 X—Y. = xX—-y. 7
. - = Fy+—= d
5 (G )= 7o) 5 W= J}, (y+2)dz
6
| Fora,
o F(y) xy F(y)
1]
Using (7.12) and (7.16), we obtain
LGy = |2 )= | F,(u)du
a6 iy

g

1 _
= —g((x—y)gf(y)w“(?f(y)) (y=x).

dz
dt9 Gy ()= T@(gx(ﬁ) 20

For y > x, from (7.19)

2

LGN =m,(3) and dd92 -0

Hence Gf (y) is convex in & which completes the proof.

Lemma 2
If Fe DMRL = F eIFR.
Proof.

Note that F'€ DMRL implies that m, (y)is decreasing in y or

92
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d
d_y(mx(y)) =0.

Ti{—ﬁ(_y”)}dxso
ody L F(y)

WF(y>§F(y+x)—F(y+x)dd—_F(y)

£ (F(y))°

f T-F()f(y+x)+F(y+x)f(y)
0 (F(y)?

<0

J~ y+x) °J?F(y+x){ <0

/l(y)mx(y)—ISO

1

A(y) <
() —_

In Lemma 1(ii), for m_(y) to be convex,

d2

— 0
i 5 (m,(y)) 2

(7.24)

Differentiating the L.H.S of the inequality in (7.24) by the product rule and

d
substituting e (m,(y)) =A(y)m_(y)—1 in the resulting equation, will give
Y

us

2
d (m )=

mx(.y)diyzuy)+/1(y)[/1(y)mx(y>—1]

(m, ()

which should be greater than or equal zero. Hence A(y) must be increasing

in y, which implies that F € IFR.
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The following theorems is from Kijima [31] and is based on two sequences
of repairs A= (Al’AQ"") and B :(BI’BZ’"')

Theorem 7.1.

) A<B = ijvf Vn>1.

(i) If m_(y) isconvexthen A <B = VA< V? wvn>1.

Proof.
Part (i):
For n=1,V” =AX, and V° =B,X,
If A<B =V <Vf
For n=2,V,')=AX,+A,X, and V.’ =B X, + B, X,.
If A <B fori=12=V, <V}
Assume that V* <V,? fork=n+1
Then Vntj-l . Vnﬂ + An%—i—lX:-f—l and ‘/ffi-.l a VnB + ‘47?+1Xf+1

A A B B -
But An+an+I< A?1+1Xn+1 sice A jB

Hence V* <}VHB Vnz=1
[

For part (i1):
From (7.13),

| 5
Va0 =[[g2(y) dv,(y) dA,, (a) and
00

_ 1x
V2 x)=[[g(y) av,(y) dB,,,(b)
00

From Lemma 1, since G, (y) and Gi’ (y) are convex implies that
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g+ (y) and gi (y) are convex too. Hence for A <

C

VA (x)>VE (x) V=l

Theorem 7.2.
() If A<B and F € DMRL then ESH=E(S?) Vn>1.
(ii) If theorem7.1(i) holds and E(A,) = E(B,) = p then
ESH<E(SP) vn>1.

Proof.
Part (1):

E(Xn):jE(Xn IVn—l :y) an—l(y)
0 N

Il

O — 3

F,(x) dxdV,_,(y)

S8 Oo—}

m_(y) dV,_,(y)

. d
If F € DMRL, then d—mx(y) <0 ie m, (y) is decreasing in y. And hence
32

from theorem 1, V.| EV;{] Vnz1 for AjB :
Thus VA (=VE (). (7.25)

E(X2)=[m,(y) dVL,(y) and
0

E(X2)=[m(y) aVZ,(»).
0
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Consequently from (7.25),

E(XH>EX?F) vn=1
Hence
ESH=EX+.+EXHZESEH=EX)+..+E(X}D).

For part (ii):

ESH=EX"+..+EXD)
= pE(S}) = p3> E(X{)
k=1
= p(E(X)+..+ E(X"))
=BV

Since A<B = VA<V’ then

EVH<EWV?P)
= pE(S2)< pE(ST)
= E(S;)< E(S;)

Theorem 7.3.
Let A, =A and B, =B with AjB Vn=1. If Fe€IFR then

NA@®) < NB@).
Proof .

Recall that N*(f) = max{n >1;5" <1}.

Therefore the proof is similar to show that S > Sf Vn=1.

96



97

For =l Sf=8° =X

Assume that Sf ?Sf.For A =A,V*=AS?, then

n+l (JC) P(Sn+1 = .?C)
A

= ‘P(‘P"‘*_"'l < x)

p(-ntl Vo <x|V* =ay)dV/(y)

i +X,‘:‘H_x|VA—ay)dV (y)

"
"

Here A=a and S'=y, hence V*=ay
So

n+1('x) _[P(Xn+l X y[VA _ay)d (y)

1x
=[[P(X} Sx—y|V =ay)dS.(y)dA(a)
00

Using (7.1) we can see that

F(x—y+ay)—F(ay)

P(X2, <x— =Ep)= —
( n+l yl y) F(ay)
Therefore
F xX—y+a
F(ay)

= 8. (ay)
Hence using (7.26)
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- Les
Sin (@) =[[ g& (ay)dS; (y)dA(a) (7.27)
00

From Theorem 7.1, g, (ay) is increasing in y for 0< a <1 but

decreasing in a since FeIFR. AsA<B Vn=1, implies
d

that S () 257 (%)

7.1.2 An approximation for E (S:Ia )

In most maintenance policies, it is important to know the expected number

of failures in a given time interval in order to minimise cost over long period

of time. Hence for a general degree of repair ® , we need to find E(S f)) or
E(N®(t)). The minimal repair ®7 =(1,1,...) provides a lower bound for
E(S:)) and the imperfect repair ®' =([,1,,...) gives the corresponding

upper bound .For any repair © , the survival function of X, is given by

X, (x)=[F,(xav,,(»
0
and we showed that from the proof of theorem 7.2(i) that

E(X;))=[m (»dV,2,(y). (7.28)
0

We can either use bounds to approximate the value of E(Sf) for various
repair © .Or alternatively the density function of Vn@ can be obtained

recursively from (7.11).Then the expected value of X f is obtained from
(7.28) such that E(S2) = E(X?) which is more difficult. Hence Kijima
k=1

derived a recursion formula for the upper bound as follows:
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Define the following indicator function

7 1 if the (n—1)th failure occursin[0,]
N®O=-1700 otherwise

where N (¢) is the nonhomogeneous Poisson process with failure rate A(¢) .

Under a minimal repair, ®" =(1,1,--) and

M
w=EX)

- E([1

dt)
M
o N9 =0

M )dt -
N (=0

= JE(T
0
© o
= [P(N®" (r)=0)dt
0
Similarly

1 = [ PN (1) =Dds
0

And
4, =EX")
oo oM (7.29)
=[P(N® ()=n-Ddt Vnxl
0
Recall from definition (2.1.2) that
—(A@+s)-A®) (A +5)-A@)"
P(N(t+s)-N(t)=n)= € , Vn>=0

Hence
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:(_1@?6_{[\(0) (A@)" 't Yn=1 (7.30)
=249

My
Under an imperfect repair, ®' =(I;,1,,---)and at failure the system can
either undergoes a minimal repair with probability p where I, =1 or is
replaced with probability 1— p where/, =(0. Assuming that the system was

already is use before failure, and went through (m —1) minimal repairs
(say), then the expected real age at the nthrepair (depending on whether it

receives a minimal repair or not) is defined as
1 I
¢0'y _ ©
E(S, )=K" (m,n)

1 v |
=u + (A-p)K® (mn-1) + pK® (m+Ln-1) (730
m p '

and K, is the expected lifetime of the system.

7.2 Kijima Model II (Kijima [31])
The virtual age after the nthrepair is

V,=6,(V,., +X,) (7.32)
The “degree of repair” applied fixes the damages that the system incurred

before the (n—1)th repair and during X,,. If 6, =0V n>1, weget V, =0
which is a replacement and if §,=1 V n 21, we get V, :VM_1 + X, , which
is a minimal repair. Before the nthrepair the virtual age isV, =V, _, +X,,.
As mentioned earlier, detail description of model II can be found in Kijima

[38]. For this second model, bounds are also used to estimate E(S ,? ) and he

showed that the following formula is used for the upper bound
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of of = n-1
EES, )-ES,)=0-p)2p" m+p" 4, (7.33)
k=1
When the system fails, a general repair © =(6,,6,,...)of Kijima type I or
M
type II is applied. We assumed that E(6,) = p Vn=1. Hence E (S}? ) and

o
E(S,? ) are used to estimate the lower and upper bounds for E(O®,)

respectively. If the difference between the lower and upper bounds is small,
a minimal repair is more appropriate to the system. For numerical examples
see Kijima [31].

7.3 Applications of Kijima Models for General Repair

Example 1:

The following policy is due to Jiang, Makis and Jardine [26]. The type of
repair that the unit undergoes at failure is a Kijima Type I general repair.
The core part of the policy is mentioned since its detailed description used a
measure theoretical approach and is quite advanced. The policy is given in

terms of a theorem by Jiang et al [26].

Firstly let us define the notation used just like in [26].

¢, =Optimal average cost.

¢; =Cost of planned replacement.

¢, =Cost due to failure alone.

C(v) = Random repair cost in terms of the virtual age with distribution

function G, (c) and that V v, <v,, C(v)) Sz C(v,).

Olv,C(v)] =Random degree of repair which is a function,0 < g[v,C(v)]<1.

And Vv, <v,, 0<p<],
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0,G, (p)] < 6,,G,) (p)].

(v,x) =State of the unit where vthe virtual age after last repair is, and xis
the length the unit has been working since last repair. Therefore at the nth
failure, the state is (v,x,C(V, )) where(v,x) =(V,_;,X,).

R(v) = R,(v,0)=Residual value of the repaired unit in state (v,0).

R,y (v, x) =Residual value of the unit in state (v, x) .

R, (v,x,C(V, )) = Residual value of the failed unit before repair, given that
the repair costis C(V, ).

R (v,x,C(V)) =Residual value of the unit after repair.

R, (v, x) =Mean residual value of the failed unit in state (v, x)

Policy 16(Jiang et al, [26])
“The optimal policy exists, and is a combination of a generalized repair
cost limit policy for failure replacement and an age based policy for

preventive replacement, i.e. the optimal replacement time i;is

determined by

s if C(V; )2 R} (V,1, X,.C(V, )|

h n?

ty=|S,,+(@T V. _)-V ) if noreplacement took place at
or before S, _, and
Sn—l + (T(Vnul) - Vn.—l) < Su

(7.34)
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The repair cost limit is given by

R (v,x,C(V.") = E(Rv+6(v+x,C(V, Hx))
where

R(1) :%Tﬁ(u){co —Au)(c, — R, (t,u—1))} du
and

R,(v,x) = E(R; (v,x,C(V, "))

R =ERW+60(+x,CV Hx)-Cv, ' )*
Also

T(v) =v+min(x: R,(v,x) =0}

=min{t 2v:cy, < A()(c, — R, (v,t —Vv))}

where

Ry,(v,x)= -I?% j F(u)[co —Au)(c, — Ry (v,u —v))]" du

vt+x

And
R(0)=c;, R(T)=0 when T =min{t:c, <A(t)c,}
Thus according to policy 16,
Replace the unit at virtual age 7(v) whenR,(v,T (v)—v)=0.

At failure, replace the unit when C(V, ) > Rfr V,..X,,CV. ).

Jiang et al [26] showed various modifications to this policy based on the
different general degree of repairs.

Example 2

Kahle and Love [27] used data from the British Columbia Hydro-Electric

Power Generation System for one turbine unit to find a suitable maintenance
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policy that best fit the collected information. Based on their observation,
corrective maintenance is of three forms: a minimal repair, minor repair or a
major repair. Preventive maintenance is either a minor or a major repair. The
minor or major repairs are of the Kijima type I or II models and affect the
failure rate which is dependent on the virtual age of the unit. Thus if a repair
at the nth failure is of Kijima type I, then the failure rate immediately after,

will have the same value as the failure rate immediately after the (n—1)th
repair i.e. when the virtual age is V, _;. And if it is of Kijima type II, then the

failure rate immediately after is directly proportional to the virtual age. They
suggested two degrees of repair for the three possible maintenance actions

(corrective or preventive) as follows:

At the nth failure the degree of repair is 6,,0,, .

Thus if it’s a minimal repair then 6, =1 and 6,, =1

For a minor repair, &, =6, and 6,, =1 (0<6 <1)

For a major repair, 6, =6, and 6,, =6, (0<6,<1)
Thus starting at £ =0, V; =0 and the failure rate during the first operating
cycle is given by ﬂxl (t) = A(t) . Then the unit stops operating due to failure

or preventive maintenance and undergoes a repair which consequently
affects the failure rate and the virtual age. Hence after the first repair the
failure rate during the second operating cycle changes to

Ay, () =A@ =S, +V})
where

V|, =6,,6,,X, if the repair was of Kijima type I or II

After the second repair we have the following
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Ay, @) =AE =S, +V,)
and

V,=V,+6,,0,,X, if the repair was of Kijima type I
or V,=6,0,(V,+X,) if the repair was of Kijima type ILI.

Hence after the nth repair, the failure rate and the virtual age is given by
ﬂxn ) =A¢-S,,+V,_) (7.35)
V,=V,.,+6,6,,X, if the repair was of Kijima type I (7.36)

V,=6,6,,(V,_,+X,) if the repair was of Kijima type II (7.37)

A Weibull distribution was used to model the lifetime distribution of the

turbine unit. And the the method of maximum likelihood was used to
estimate the 2 parameters of the distribution and the two degrees of repair 6,
and@,. Kahle and love [27] tried 7 different maintenance policies and
obtained estimates (for each policy) for the 2 parameters of the Weibull
distribution and for 6, and &, . Consequently they tried to find the policy that

best fit the data collected. When the time to carry out repairs is taken into
account, it was found that the failure rate follows one close to an exponential
distribution. They also assumed that each repair (minor or major) has its own

degree of repair given by

6, =1-®(og(r,)—2.4) (7.38)
where

0, = degree of repair at the nth corrective/preventive maintenance.

r, = time taken to repair the unit after the nth operating cycle.

@ = distribution function of the standard normal distribution
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and the value 2.4 is the mean value of the log repair times.

The models used to fit their data showed that the failure rate is constant.
Hence they concluded that the turbine unit undergoes either a minor or a
major repair base on its current state such that the failure process fits an
exponential model.

Kahle [28] further analyse the data collected from the British Columbia
Hydro-Electric Power Generation System and derived an optimal
maintenance policy that leads to a constant failure rate. The policy is optimal

if repairs during preventive maintenance lead to constant failure intensity.
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8. Conclusions.

Many more maintenance policies have been studied over the years and we
have presented some of those that fall under the age, block and cost limit
categories for a single unit system. Other categories of maintenance policies
are: sequential policies, failure limit policies, repair time limit policies, just
to mention a few. Also there are policies that dealt with multi-units system
which are more complicated. As we have seen in this survey, the main aim
for any policy is to minimise cost in the long run. The age replacement
policies considered here involves either minimal repairs, imperfect repairs or
both and we made the assumptions that certain type of repairs(preventive or
corrective) takes negligible amount of time and that the unit has an IFR
lifetime distribution. But in reality, some of the assumptions we made here
might not be appropriate. Jhang [25] present another policy in which many
more realistic factors are taken into account like delivery times of a unit,
inspection time, cost due to ordering, shortages etc.... Another variation of
the age replacement policy is by Block [12], [13], where the assumption of
IFR distribution is relaxed and weaker assumptions are made. See Barlow
[3] for detail literature of the weaker assumptions. The original block
replacement policy is known to be wasteful and hence the modifications
made to it are more economical as we saw in policy 8 where used units were
kept and used at failure if required. Minimal repair at failure strategies has
been used extensively in this study. For more on minimal repair policies see
Beichelt [8], Feldman [20], and Nakagawa [35], [36]. Policies involving
geometric processes can be look upon as more realistic than others, because
we would normally expect the lifetime of a unit to decrease after a repair and

maintenance costs to increase as the unit ages. For more on those types of
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policies refer to Stanley [43], Yeh Lam [47]-[50] and Zang [51]. The repair
cost limit policies considered are very flexible in the sense that repair cost
limit can be “mixed” with the other two classical categories of policies. We
did not use the markov decision process approach because of its complexity
and the high number of states involve. Kapur [29] modified the repair cost
limit policy by taking into consideration the number of repairs and the cost
of a repair as the two main variables to decide on the type of repair. In Kapur
[30], they presented a repair cost limit policies base on age, type of failures,
cost of minimal repairs, and they use the markov decision process method.
Dagpunar [18] presented a new approach to repair cost limit policy similar
to the ones by Beichelt. Maintenance policies with a general degree of repair
are very common nowadays. We analysed the Kijima models which involves
the virtual age process of the unit. Various modifications have been made to
the two models. Stadje and Zuckerman [42] suggested a repair action that is
pased on Model I and does two things: Firstly it restores the system into
operation with the same virtual age prior to failure and secondly it reduces.
the virtual age by d (say) units. Further work in the generalisation of Model 1
was done by Makis and Jardine [34], where the repair process was
formulated as a semi-Markov decision process in a two dimensional state
space involving the number of failures and the real age of the
system.

The extensions/generalisations of Model II have also been modelled.
Dagpunar [17] suggested the idea of a deterministic repair function for the
degree of repair. Apart from system restoration, the virtual age is not
restricted to the most recent operating cycle. Policies involving general

repair is a whole research topic on its own. Guo [23] gave a survey on the
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different categories of general repairs and also mentioned the limitation of

the policies base on virtual age.
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