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Abstract
Entropy generation is a fundamental concept in thermodynamics that measures the irreversibility of a process. Understanding
the principles of entropy generation is crucial for optimizing thermal management and improving the efficiency of any
thermal system. Its applications span awide range, including heat exchangers, turbomachinery, chemical reactors,microfluidic
devices, and many others. This study investigates the fluid flow and energy loss in the flow of three non-Newtonian fluids
in a microchannel. The dynamical model incorporates the rheological behaviour of the three distinct fluids without the need
for separate, independent mathematical models. These fluids Casson, Williamson, and Powell-Eyring are hybridized with
a nanoparticle ferrofluid. The homogenization process is achieved using the Tiwari-Das model. Due to the magnetic body
forces in the conservation of energy equation, the generation of entropy is taken into account from three sources: heat loss
due to heat transfer, heat loss due to magnetic flow, and heat loss due to viscous dissipation. The solutions of the model
equations are approximated using two solution techniques: the Adomian decomposition and deep neural network methods,
and the results are compared with Maplesoft’s fourth-order Runge–Kutta (RK4). The solutions of these three methodologies
serve as benchmarks for each other. The solutions obtained from each method agree, thus validating the accuracy of the
results. The study indicates that the Williamson fluid is the most sensitive to flow changes with varying Reynolds numbers.
Although increasing the Reynolds number reduces flow rates near the wall to zero for all fluids, there is a transition near the
upper region where higher Reynolds numbers enhance the flow rates of all fluids. Increasing the Brinkman number raises the
entropy generation rate for all fluids while inversely affecting the Bejan number across all fluids. Adding more nanoparticles
will impede fluid flow and enhance fluid heat transfer.
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Nomenclature
β Casson fluid parameter
η Similarity variable
� Williamson fluid parameter
λ1, λ2 Eyring-Powell fluid parameters
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μ Dynamic viscosity
� Temperature difference
ρ Density
σ Electrical conductivity
θ Normalized temperature
b, c Fluid constants
B0 Uniform magnetic flux density
Be Bejan number
Br Brinkman number
cp Specific heat capacity
Ec Eckert number
h Length of the channel
Ha Hartmann number
k Thermal conductivity
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Ns Dimensionless entropy generation number
P Axial pressure
Pe Péclét number
Re Reynolds number
SG Entropy generation
T Hybrid nanofluid temperature
T0 Ambient temperature
Th Wall temperature
u Velocity
V0 Uniform suction/injection velocity
We Weissenberg number
y Transversal coordinate
hn f Hybrid nanofluid

Introduction

Recently, there has been a significant increase in the use
and application of fluid-based substances and services. This
trend reflects the growing role of fluids in various industries
and technologies [1]. For example, COVID-19 vaccines were
administered to the human body in liquid form, a fluid-type
division. Silver is often applied as a fluid-like substance to
create essential components such as printed circuit boards
and touchscreens. Liquid metals are used in advanced tech-
nologies for improved heat dissipation [2]. It is, therefore, no
exaggeration to recognize the widespread and essential role
that fluids play in our daily lives. Researchers have focused
on studying the practical and theoretical importance of flu-
ids, including boundary layer flow and channel flow. Among
these practical studies, fluid flow in channels is significant
as it plays a key role in various engineering and industrial
applications.

Channel flow refers to fluid movement through a confined
space, such as a pipe, duct, or open channel like a riverbed
[3]. This type of flow is bounded by solid surfaces, such as
the walls of a pipe or the banks of a river. These boundaries
influence the flowcharacteristics such as velocity distribution
and pressure gradient. This flow type is common in engineer-
ing (combustion theory), environmental science, and various
industries, where understanding fluid behaviour is critical
for design and analysis. Ireka and Okoya [4] analyzed the
channel flowof a second-grade fluidwith power-law type vis-
cosity variations. The study concluded that an increase in the
spatial-dependent viscosity parameter results in an increased
flow rate characterized by a more positive flow. They noted
that the associated parabolic velocity profile is typical of
low-viscosity fluids. Chinyoka [5] investigated the effect of
viscoelasticity on a lubricant influenced by Arrhenius-type
chemical reaction and shear forces, using the finite differ-
ence method for analysis. The study’s finding showcased the
advantages of viscoelastic fluids in the lubrication processes
of thermally reactive lubricants, represented explicitly by the

non-Newtonian (Oldroyd-B liquid), compared to Newtonian
fluids. The analysis of Couette flow for an ionic fluid sub-
jected to the effect of Hall effect in a micro channel was
investigated by Das et al. [6]. The authors reported that a
higher Hall parameter significantly boosts the velocity com-
ponents.

Nazeer et al. [7] investigated the multi-dimensional flow
of a third-grade fluid in an inclined channel, accounting
for lubrication effects. The deterministic model proposed in
the study highlighted the significant role of magnetic fields.
According to the study, the flow in the steep channel was
driven by gravitational forces. The authors found that the
Hartmann number, the ratio of magnetic force to viscous
force, had a more pronounced impact on non-Newtonian
third-grade suspensions than Newtonian fluids. Das et al. [8]
discussed the aspects ofArrhenius dynamics andHall current
on an acceleratingCouette flowwith nanoparticles. The study
shows that thermal profile and heat transfer rate manifest a
diminishing pattern over widening Hall and rotation param-
eters. The change in thermal conductivity has a substantial
impact on heat transmission. Several studies have presented
significant findings regarding flow in a channel medium. The
following research studies have contributed to understanding
the behaviour of fluids under various conditions in a channel
flow problem, including the effects of different fluid prop-
erties, external forces, and boundary conditions. Each study
highlights specific factors such as fluid type (Newtonian or
non-Newtonian), flow configuration (steady or unsteady),
and influences like magnetic fields, heat transfer, chemical
reactions, or thermal criticality [8–13].

Non-Newtonian fluids have become increasingly preva-
lent in various industries due to their extensive applica-
tions across numerous industrial sectors. Non-Newtonian
fluid models such as the Casson, Williamson, and Powell-
Erying models have gained significant attention in research
because they effectively model the behaviour of many real-
world liquids. For instance, blood flow in the human body
can be mathematically represented using the Casson fluid
model [14, 15], and the Powell-Eyring fluid model can be
used to model the behaviour of polymer solutions, biological
fluids such as synovial fluid and coating materials [16, 17].
Similarly, the Williamson fluid model can mathematically
describe the dynamics of melted plastics and pulp suspen-
sions. This model is especially useful for fluids that exhibit
a substantial shear-thinning property, where the viscosity
decreases significantly with increased shear stress [9]. The
Williamson model captures this behaviour more effectively
than the simpler Newtonian model. Patil and Goudar [18]
investigated entropy generation and the influence of impul-
sive acceleration on the Eyring-Powell fluid in a rotating
spherical medium with convective assistive flow. The study
explored how the Eyring-Powell fluid responds to magnetic
effect and irreversibility in the heat transfer. The study’s
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results suggest that rotational effects significantly impede
the fluid flow, leading to a decrease in the fluid velocity as
the rotational speed increases. Kudenatti andNoor-E-Misbah
[19] analyzed the stability of the hydromagnetic flow of a
Casson fluid. The study reveals the emergence of instability
in the region close to thewall for specific values of theCasson
fluid and the magnetic force parameters. In this region, the
associated eigenfunction used to analyze the stability is anti-
symmetric with respect to the channel’s centre line. Qushairi
et al. [20] used the closed-form solution of the mathemat-
ical model to examine the parametric influence of various
thermophysical properties on the flow of a Casson fluid in a
vertically oriented channel.

The viscous and Joule dissipations effect, as well as the
influence of magnetohydrodynamics (MHD) on the flow
of a Williamson fluid in a microchannel, was studied by
Shashikumar et al. [21]. The authors performed an entropy
generation analysis, noting that the magnetic field property
tends to increase the Bejan number. The study also reported
that viscous dissipation leads to an increase in the fluid’s
temperature distribution. Further insights into the dynam-
ics of the Casson, Powell-Eyring, and Williamson fluids in
microchannels can be found in Shashikumar et al. [22] and
someof the references therein. In other related studies, Reddy
et al. [23] used the machine learning method to analyze the
impact of Coriolis force on the flow of dusty micropolar fluid
with the addition of nanoparticles over a stretching sheet. The
result reveals that dusty hybrid nanofluids exhibit a greater
influence than dusty fluids, and enhancing the vortex viscos-
ity andfluid-particle interaction parameters increases the heat
transfer rate. Das et al. [24] probed the impact of magnetic
field on a dusty Casson fluid due to ramped movement of a
thermally active plate. Ali et al. [25] used the neural network
to analyze the physical quantities derived in the modelling of
MHD tri-hybrid nanofluid streaming inside slanted rotating
micro-parallel plates subject to Hall currents.

Entropy generation, as a critical concept in thermody-
namics, quantifies the irreversibility of a thermal process
[26]. Understanding entropy generation is essential for opti-
mizing thermal management and enhancing efficiency in
microfluidic systems. The flow characteristics of fluids, par-
ticularly non-Newtonian fluids like Casson, Powell-Eyring,
and Williamson, can significantly influence the irreversibil-
ity rate, affecting the overall performance of microchannel
flow. Entropy generation inmicrochannel flow can arise from
the following sources: viscous dissipation, heat transfer, and
energy loss due to magnetic force [21]. As a fluid flows
through a microchannel, the shear stress experienced by the
fluid particles due to viscosity leads to energy loss in the
form of heat, contributing to entropy generation. In non-

Newtonian fluids, the nonlinear relationship between shear
stress and shear rate complicates the analysis of viscous dis-
sipation [27]. For example, in Casson fluids, the yield stress
must be exceeded for significant flow to occur, influencing
energy losses and the resulting entropy production.

Whenfluidflows through a channel, temperature gradients
can exist due to external heating or cooling. Heat transfer
between the fluid and the channel walls results in entropy
generation, particularly if the heat transfer is not uniform.
This effect is more pronounced in non-Newtonian fluids,
where the thermal properties can differ from those of New-
tonian fluids. For example, the temperature distribution in
Williamson fluids can vary significantly due to their shear-
thinning behaviour, impacting the overall entropy production
in the system. Ogunseye et al. [28] investigated the ther-
malmanagement mechanism in an Eyring-Powell nanofluids
flow over a stretching plate. The results indicate that reduc-
ing the nanoparticle volume fraction and the Eckert number,
a parameter which characterizes the flow’s thermal dissipa-
tion, decreased the entropy generation within the system.
Jakeer et al. [29] studied the degree of randomness in bio-
hybrid nanofluid using Fe3O4-CuO as a catalyst for blood
flow through an induced magnetic field on an expanding sur-
face.

Many deterministic models in fluid dynamics often lack
closed-form or analytical solutions. Developing techniques
or methods to solve these equations is crucial for facilitating
their physical interpretation. Several approaches have been
employed for this purpose, including semi-analytical tech-
niques [30, 31], numerical methods [32], and increasingly
popular are neural networks-based methods [33–35]. Each
of these methodologies offers unique advantages and pro-
vides insights into the complex behaviours of fluid systems
that are difficult to capture using analytical methods alone. In
this study, we employ the Adomian decomposition method
and a deep learning approach to analyze the dynamics of
the proposed model. The Adomian decomposition method
(ADM) is a semi-analytical approach to solving differential
equations, particularly useful for nonlinear problems [36].
This method involves decomposing the solution into a series
of functions, allowing for the systematic construction of an
approximate solution. One of themain advantages ofADM is
its ability to handle complex non-linearities without the need
for linearization, which is often required in some numeri-
cal methods [37]. Deep learning techniques have emerged
as powerful tools for solving deterministic models, espe-
cially in cases where traditional numerical methods may
struggle. Deep learning (DL) algorithms can learn the under-
lying physics of a problem and its associated conditions,
enabling them to approximate solutions to complex differen-
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tial equations. A key advantage of DL is its ability to handle
high-dimensional spaces and capture nonlinear relationships
effectively.

The uniqueness of this study lies in its simultaneous analy-
sis of the flow and thermal behaviour of three non-Newtonian
fluids, the investigation of the flow dynamics of a hybrid
ferrofluid infused with nanoparticles, and the application of
both the Adomian and deep learning methods. Additionally,
it explores entropy generation in the heat transfer process.
To the best of the authors’ knowledge, no study has yet
reported the dynamical simulation of three complex fluids in
a microchannel with ferro-particles as additives while also
analyzing irreversibility in the system.

Mathematical formulation

This study considers the steady, fully developed incom-
pressible flow of a combined non-Newtonian fluid model,
specifically the Casson, Williamson, and Powell-Eyring
hybrid nanofluid (CWPEHF), within a microchannel. The
hybrid nanofluid is presumed to be in thermal equilibriumand
adheres to no-slip boundary conditions. The microchannel is
characterized by two parallel horizontal plates separated by
a distance, h, with the lower plate at y = 0 and the upper
plate at y = h (see Fig. 1). The flow is based on the following
assumptions:

• An external transverse and uniform magnetic field of
strength B0 is applied parallel to the flow direction,

• The flow is subjected to viscous dissipation and Joule
heating,

• And the magnetic Reynolds number and induced electric
field effects are negligible.

Under the assumptions mentioned above, the momentum
and heat balance equations for the CWPEHF are given as fol-

lows (see Shashikumar et al. [21, 22], Ogunseye and Sibanda
[38]):

ρhn f V0
du
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+
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where the subscript hn f denotes the hybrid nanofluid, β is
the Casson parameter, ρhn f is the density, V0 is the uniform
suction/injection velocity at the channel plates, u is the axial
velocity,μhn f is the dynamic viscosity, b and c are fluid con-
stants, � is Williamson fluid parameter, σhn f is the electrical
conductivity, T is the temperature, T0 is the ambient temper-
ature, (Cp)hn f is the heat capacitance, and khn f is thermal
conductivity. The relevant boundary conditions are

u = 0, T = T0, at y = 0, (3)

u = 0, T = Th, at y = h. (4)

In this study, we use the hybrid alumina-ferrofluids (HAF),
which is synthesized by adding Fe2O3 (25 wt%) and Al2O3

(75 wt%) into deionized water as a base fluid using the
two-step method [39]. The following empirical relations of

Fig. 1 Geometrical configuration of the microchannel flow of the hybrid alumina ferrofluid
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the dynamic viscosity, density, electrical conductivity, ther-
mal conductivity, and specific heat capacity of the HAF are
defined as follows:

μhn f

μ f
= 1(

1 − ϕFe2O3

)2.5 (
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)2.5 ,
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(5)

The thermophysical properties of water and the hybrid
nanoparticles are given in Table 1.

Wedefine the followingdimensionless variables to express
Eqs. 1 to 4 in a non-dimensional form [22]:

η = y

h
, f (η) = uhρ f

μ f
, θ(η) = T − T0

Th − T0
. (6)

Using Eq.6, Eqs. 1 to 4 become the following dimensionless
form:
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f h
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It is worth mentioning that from Eqs. 7 and 8, we have the
following cases of the non-Newtonian hybrid nanofluid:

1. IfWe = λ1 = 0, and β ∈ R
+\{0}, then the model repre-

sents the case of the flow of the Casson hybrid nanofluid.
2. If We = 0, λ1 �= 0 and β −→ ∞, then the problem

reduces to the case of the flow of the hybrid Eyring-
Powell nanofluid.

3. If β −→ ∞ and λ1 = 0,We �= 0, then the Williamson
hybrid nanofluid flow case is recovered.

The physical property of interest is the local Nusselt num-
ber Nu, which according to López et al. [42] is defined as
follows:

Nu = − hkhn f
2k f (T (y = 0) − Tb)

dT

dy

∣∣∣∣
y=0

, (11)
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Table 1 Thermo-physical properties of water and hybrid nanoparticles
around 25◦C

ρ Cp k σ

kg/m3 J/kgK W/mK S/m

Water 997.1 4179 0.613 0.05

Fe2O3 5180 670 9.7 0.74×106

Al2O3 3970 765 40 1×10−10

(Source: Aly and Pop [40] and Kumar et al. [41])

where Tb and T (y = 0), respectively, are the dimensional
expressions of the bulk and plate temperatures at y = 0. The
expression of the bulk temperature, Tb, can be written as

Tb =
∫ h
0 uTdy∫ h
0 udy

. (12)

Using Eqs. 6 and 12, the dimensionless form of Eq.11 is
given as

Nu = α4

2

(∫ 1
0 f θdη∫ 1
0 f dη

) dθ

dη

∣∣∣∣
η=0

. (13)

Entropy generation

Efficient energy management is essential in many thermody-
namic processes, mainly when heat loss is substantial. It is,
therefore, crucial to examine the system’s entropygeneration.
According to Bejan [43], the rate of local entropy formation
per unit volume in the nanofluid flow within the channel is
defined as the sum of all terms contributing to entropy gen-
eration in the flow. The local entropy generation rate for the
microchannel flow currently under study is defined as

SG = khn f
T 2
0

(
dT

dy

)2

︸ ︷︷ ︸
First term

+ 1
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[(
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)4
]

︸ ︷︷ ︸
Second term

+ σhn f B2
0

T0
u2
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Third term

. (14)

InEq.14, thefirst term represents heat entropygenerationdue
to heat transfer, the second term denotes entropy production
due to fluid frictional interaction, and the third term repre-
sents entropy generation due to magnetic flow. Using Eq.6,
we define the total entropy generation in the flow, which is
the ratio of the local entropy generation in the microchan-
nel flow and the characteristics rate of entropy generation, in
dimensionless form as

Ns = T0h2SG
k f (Th − T0)2

= α4
(
θ ′)2

+ Br

�

[(
α1

(
1 + 1

β
+ Wef ′

)
+ λ1 − 1

3
λ1λ2

(
f ′)2)

(
f ′)2 + α3Ha2 f 2

]
, (15)

where � is the temperature difference. The Bejan number
determines the relative effects of the heat transfer irreversibil-
ity and irreversibility due to the combined effects of viscous
dissipation and magnetic field in the entropy generation.
Hence, the expression for the Bejan number, Be, is given
by [43]

Be = Nh

Nh + N f
= 1

1 + M
, (16)

where

Nh = α5
(
θ ′)2 , N f = Br

�

[(
α1

(
1 + 1

β
+ Wef ′

)

+λ1 − 1

3
λ1λ2

(
f ′)2) (

f ′)2 + α3Ha2 f 2
]

. (17)

Here, Nh denotes the heat transfer irreversibility, N f is
the irreversibility due to the combined effects of viscous
dissipation and magnetic field, and M = N f /Nh is the irre-
versibility ratio.

Deep neural networks approximation of the
model solution

In this section, we implemented the classical deep neural net-
works (DNN) framework following the description of Raissi
et al. [44] to find the approximate solution of the bound-
ary value problem described by Eqs. 7 to 10. The solutions,
f (η) and θ(η), are approximated by fully connected feed-
forward deep neural networks. The deep neural networks

framework takes the independent variable, η, as input and
produces the approximate solution, [fNN (η), θNN (η)], of the
model as outputs. Consider the deep neural network archi-
tecture composed of n + 1 layers, beginning with an input
layer and ending with an output layer, as in Fig. 2. The input
layer, denoted by y0 = η, represents the initial input vector
fed into the network. This input is then sequentially propa-
gated through the hidden layers, where each hidden layer’s
output y j is computed as

y j = φ(w j y j−1 + b j ), j = 1, . . . , n − 1, (18)
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Fig. 2 Schematic diagram of a fully connected deep neural network architecture

where φ(·) is the nonlinear sigmoidal activation function
applied element-wise, w j represents the trainable weight
matrix, and b j denotes the trainable bias vector at layer j .
Finally, in the output layer, the network produces yn by apply-
ing a linear transformation as

yn = wn yn−1 + bn = [fNN (η), θNN (η)], (19)

where fNN (η) and θNN (η) are the network’s outputs, repre-
senting distinct functions of the input vector η tailored to the
microchannel flow problem at hand. The parameters of the
network, namely the weights and biases, are trained by min-
imizing the composite loss function presented in the form

L(η;w, b) = Lη + L0 + Lh, (20)

where

Lη = 1

Nη

Nη∑
i=1

[∣∣∣∣N f [fNN
(
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)]
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2
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(
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)
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(
ηi

)]
∣∣∣∣
2
]

, (21a)
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∣∣∣∣fNN

(
η1
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2

+
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(
η1

) ∣∣∣∣
2

, (21b)
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∣∣∣∣fNN

(
ηNη

) ∣∣∣∣
2

+
∣∣∣∣θNN

(
ηNη

)
− 1
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2

. (21c)

Here, Lη penalizes the residuals of the equations, and L0

and Lh penalize the residuals of the boundary conditions;
Nη represents the number of input data points; N f and Nθ

are the nonlinear differential operator defined as

N f [ f (η)] =
(
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β
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)
+ λ1

)
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′′ − α5Peθ

′

+Br

[(
α1

(
1 + 1

β
+ Wef ′

)
+ λ1 − 1

3
λ1λ2

(
f ′)2 ) (

f ′)2

+ α3Ha2 f 2
]
. (23)

The weights and biases in each hidden layer are updated
by solving the unconstrained optimization problem, that is,
minimizing the loss function (20), using the limited-memory
Broyden–Fletcher–Goldfarb–Shanno (L-BFGS) algorithm.
The L–BFGS algorithm is a quasi-Newton method that
approximates the inverse of the Hessian matrix, the second-
order derivative of the loss function, to efficiently guide
the search of the neural network model parameters. Unlike
the conventional BFGS algorithm, the L-BFGS uses a
limited memory representation, making it particularly fea-
sible for the optimization of large-scale problems [45].
Suppose the weights and biases of the neural network
framework are defined together as a parameter vector
V = [w1, b1, . . . , w j−1, b j−1, w j , b j , . . . , wn, bn]T, then
the update rule for the parameter vector is given by

Vk+1 = Vk − αkHk∇L(η;Vk), (24)
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where Vk is the parameter vector at the k-th iteration, αk is
the step-size at the k-iteration obtained through line search,
H is the approximation of the inverse Hessian matrix, and
∇L(η;V) is the gradient vector of the loss function (20),
which is the partial derivatives of the loss functionL(η;w, b)
with respect to the weights and biases,

∇L(η;w, b) =
[

∂L
∂w1

,
∂L
∂b1

, . . . ,
∂L

∂w j−1
,

∂L
∂b j−1

,
∂L
∂w j

,

∂L
∂b j

, . . . ,
∂L
∂wn

,
∂L
∂bn

]T
, (25)

computed using backpropagation. Instead of using the full
Hessian matrix, the L-BFGS algorithm maintains a his-
tory of m gradient updates (∇L(η;V i+1) − ∇L(η;V i )) and
parameter differences (V i+1 − V i ) to construct a low-rank
approximation of the inverse Hessian. The update for Hk is
calculated using the following recursive formula:

Hk+1 = (Bk)THkBk + Ak(Vk+1 − Vk)(Vk+1 − Vk)T,

(26)

where

Ak = 1

(∇L(η;Vk+1) − ∇L(η;Vk))T(Vk+1 − Vk)
, (27)

Bk = I − Ak(∇L(η;Vk+1) − ∇L(η;Vk))(Vk+1 − Vk)T,

(28)

and H0 is the initial approximation of the inverse Hessian
matrix. At each iterative level, a line search is done to deter-
mine the optimal step-size αk so that there is a sufficient
decrease in the loss function and αk satisfies the Wolfe con-
dition:

L(η;Vk+1) ≤ L(η;Vk) + c1α
k(∇L(η;Vk))TPk,

− (∇L(η;Vk+1))TPk ≤ −c2(∇L(η;Vk)TPk,

}

(29)

where Pk = −Hk∇L(η;Vk) is the search direction and
0 < c1 < c2 < 1. The algorithm iteratively updates the
weights and biases until a stopping criterion is met or a pre-
defined number of iterations is reached. The deep learning
technique described herein is implemented using the Julia
programming language [46]. The pseudocode for the algo-
rithm is provided in Algorithm 1.

Adomian decompositionmethod for
approximating themodel solution

This section focuses on applying the Adomian decomposi-
tion method (ADM) to solve the nonlinear boundary value

Algorithm 1 Pseudocode for the deep neural network train-
ing with L-BFGS algorithm.
Require: Input vector data η, initial parameter vector V , loss function

L(η;V), maximum iterations max_iters, tolerance tol
Ensure: Optimized parameter vector V∗
1: Initialize V ← random_init(), k ← 0
2: function ForwardPass(η,V)
3: for each layer j = 1, . . . , n do
4: Compute pre-activation: y j = w j y j−1 + b j
5: Apply activation: y j = φ(y j )
6: if j == n then
7: Compute: yn = wn yn−1 + bn
8: end if
9: end for
10: return yn
11: end function
12: function LossFunction(V)
13: [fNN (η), θNN (η)] ← ForwardPass(η,V)

14: Compute loss: L(η;V) = Eq.20
15: return L(η;V)

16: end function
17: function Gradient(V)
18: Compute ∇L(η;V) using backpropagation
19: return ∇L(η;V)

20: end function
21: function LineSearch(V,Pk )
22: Find step size αk that satisfies Wolfe conditions Eq. 29
23: return αk

24: end function
25: while k < max_iters do
26: Compute current loss: Lcurrent = LossFunction(V)

27: Compute gradient: Gradient(V)

28: if ‖Lcurrent‖ < tol then
29: break
30: end if
31: Approximate inverse Hessian Hk using the L-BFGS algorithm
32: Compute search direction: Pk = −Hk∇L(η;V)

33: Perform line search: αk = LineSearch(V,Pk)

34: Update parameters: V ← V − αkHk∇L(η;V)

35: Increment iteration: k ← k + 1
36: end while
37: return Optimized parameter vector V∗

problems in Eqs. 7 to 10. Due to the nonlinearity involved,
the choice of method is suitable for constructing a semi-
analytical solution. The ADM was introduced in Adomian
[47] where the method was used to solve nonlinear oscil-
latory systems in physics, the Duffing equation, boundary
value problems with closed irregular contours or surfaces,
and other deterministic differential equations. Consider the
general equation:

ϕ[u(y)] = g(y), (30)

where ϕ represents a general non-linear ordinary (or par-
tial) differential operator involving both linear and non-linear
terms. The linear terms are decomposed into the form L+ R,
where L is usually taken as the highest order derivative,
which is assumed to be easily invertible, and R is the linear
differential operator of order less than L . Therefore, Eq. 30
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can be expressed as

Lu + Ru + Nu = g(y), (31)

where Nu represents the non-linear terms of ϕ[u]. Applying
the inverse operator, L−1, to both sides of Eq.31 gives

u = L−1g − L−1(Ru + Nu). (32)

If L is a fourth-order operator, then L−1 is a 4-fold integral.
Now, solving Eq.32, we have

u =
3∑
j=0

α j
y

j ! + L−1g − L−1(Ru + Nu
)
, (33)

where α j ( j = 1..3) are constants of integration and can be
determined from the given boundary conditions. The stan-
dard Adomian decomposition method defines the solution u
by the infinite series

u =
∞∑
n=0

un, (34)

and the non-linear term by the infinite series

Nu =
∞∑
n=0

An, (35)

where An are theAdomian polynomials determined formally
from the relation;

An = 1

n!

[
dn

dλn
N

( ∞∑
i=0

λi ui

)]

λ=0

, i = 0, 1, 2, . . . (36)

The un are determined from the recursive algorithm

u0 =
3∑
j=0

α j
y

j ! + L−1g,

un+1 = −L−1(Ru + Nu) n ≥ 0,

(37)

where u0 is the zeroth component. For numerical computa-
tion, the truncated series solution is obtained as

Sn(y) =
n−1∑
k=0

uk, (38)

where Sn denotes the n−term approximation of u(y).

The solutions of f (η) and θ(η) are solved independently
since the system of differential equations is loosely cou-
pled. Using the standard methodology for ADM as discussed
above (see Wazwaz [36], Duan and Rach [37], Adesanya et
al. [48]). Equation7 can be written in operator form as

L f = 1(
α1

(
1 + 1

β

)
+ λ1

) [
λ1λ2

(
f ′)2 f ′′ − α1Wef ′ f ′′

+α2Ref
′ + α3Ha2 f − P

]
, (39)

where L = d2

dη2
is a second differential operator, with inverse

operator L−1 =
∫ η

0

∫ η

0
(·) dτdτ . Applying L−1 to both

sides of Eq.39 and imposing the condition f (0) = 0 yields

f = a1η − Pη2

2
(
α1

(
1 + 1

β

)
+ λ1

)

+ 1(
α1

(
1 + 1

β

)
+ λ1

) L−1 [λ1λ2G1( f ) − α1WeG2( f )

+α2Ref
′ + α3Ha2 f

]
, (40)

where a1 = f ′(0) is determined by using the boundary con-
dition at η = 1, and G1( f ) = (

f ′)2 f ′′ and G2( f ) = f ′ f ′′
are the nonlinear terms. In terms of ADM, f (η) is assumed
to be a series solution of the form

f (η) =
∞∑
n=0

fn(η), (41)

and the nonlinear terms are decomposed as series

G1( f ) =
∞∑
n=0

An, and G2( f ) =
∞∑
n=0

Bn, (42)

where An and Bn are Adomian’s polynomials. The Adomian
polynomials are determined from the relation;

Dn = 1

n!

[
dn

dλn
N

( ∞∑
i=0

λi ui

)]

λ=0

, i = 0, 1, 2, . . . (43)

The first few terms of An and Bn are defined below:

A0 = (
f ′
0

)2
f ′′
0 , A1 = (

f ′
0

)2
f ′′
1 + 2 f ′

0 f
′
1 f

′′
0 ,

A2 = (
f ′
0

)2
f ′′
2 + 2 f ′

0 f
′
1 f

′′
1 + 2 f ′

0 f
′
2 f

′′
0 + (

f ′
1

)2
f ′′
0 , . . . ,
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B0 = f ′
0 f

′′
0 , B1 = f ′

0 f
′′
1 + f ′

1 f
′′
0 ,

B2 = f ′
0 f

′′
2 + f ′

1 f
′′
1 + f ′

2 f
′′
0 , . . . .

Substituting Eqs. 41 and 42 into Eq.40 yields

∞∑
n=0

fn(η) = a1η − Pη2

2
(
α1

(
1 + 1

β

)
+ λ1

)

+ 1(
α1

(
1 + 1

β

)
+ λ1

) L−1
[
λ1λ2

∞∑
n=0

An − α1We
∞∑
n=0

Bn

+ α2Re
∞∑
n=0

f ′
n + α3Ha2

∞∑
n=0

fn

]
.

(44)

The recursive relations for the semi-analytical solution of
Eq.7, which is obtained from Eq.44, are given by

f0(η) = a1η − Pη2

2
(
α1

(
1 + 1

β

)
+ λ1

) + 1(
α1

(
1 + 1

β

)) ,

fn+1(η) = 1(
α1

(
1 + 1

β

)
+ λ1

) L−1 [λ1λ2An − WeBn

+α2Ref
′
n + α3Ha2 fn

]
, n ≥ 0.

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭
(45)

The partial sum

f (η) =
n∑

k=0

fk(η). (46)

Fig. 3 Flow chart of the Adomian decomposition method
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is the approximate solution. In a similarmanner, the recursive
relation for the semi-analytical solution of Eq.8 is given as

θ0(η) = a2 + ηγ

α4
(a2 − 1) − Br

α4
L−1

[(
α1

(
1 + 1

β
+ Wef ′

)
+ λ1 − 1

3
λ1λ2

(
f ′)2 ) (

f ′)2 + α3Ha2 f 2
]

,

θn+1(η) = α5

α4
PeL−1θ ′

n, n ≥ 0,

⎫⎪⎪⎬
⎪⎪⎭

(47)

where a2 = θ ′(0) is determined at using the boundary con-
dition at η = 1. The partial sum of the approximate solution
is given by

θ(η) =
n∑

k=0

θk(η). (48)

Remark 1 For easy computation of the iterative procedure,

the Adomian algorithm is coded on a symbolic Maple-18
package for the evaluation of the tedious integrals. See Fig. 3
for the flow chart of the method.

Results and discussion

In this section, we provide an analysis of the result of the
mathematical model presented in Eqs. 7 and 8 with the asso-

Fig. 4 Effect of varying the Reynolds number Re of the hybrid nanofluids: a velocity profiles, b entropy generation rate, c Bejan number
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ciated boundary conditions in Eqs. 9 and 10. It is important to
highlight that, unless stated otherwise, the default values for
the dimensionless parameters used throughout the analysis
are as follows: Reynolds number, Re = 1.0, Hartmann num-
ber Ha = 2.0, Weissenberg number, We = 0.5, Brinkman
number, Br = 10.0, Eyring-Powell fluid parameter, λ2 =
0.5, pressure gradient constant P = 1.0, and Péclét number,
Pe = 2.0. Where need be, we choose the Casson parameter,
β = 1.0, fluid parameter, λ1 = 0.1, and the nanoparticles
volume fractions, ϕFe2O3 = ϕAl2O3 = 0.05. These parame-
ters characterize the behaviour of the system and are essential
to understanding the dynamics described by the dynamical
model. Figure4 illustrates the effect of the Reynolds num-
ber on the velocity profiles, entropy generation rates, and
the Bejan number. The Reynolds number impacts the veloc-

ity profile and Bejan number of the hybrid nanofluids. The
velocity profile f (η) represents the fluid velocity distribution
across the channel height (η). The velocity is typically zero at
both walls due to the no-slip condition and reaches its maxi-
mum around the channel centre. The parabolic profile shows
the balance between viscous forces near the walls and iner-
tial forces in the channel core. The Casson fluid (solid line)
exhibits the steepest velocity profile, suggesting stronger
inertia and higher flow velocities in the channel centre than
other fluids. This is due to the lower internal resistance of
the Casson hybrid nanofluid, allowing it to respond more
rapidly to inertial forces. Eyring-Powell and Williamson flu-
ids (long-dash and dotted lines, respectively) show broader
profiles, indicating a more significant influence of viscous
forces. These fluids experience greater internal resistance to

Fig. 5 Effect of increasing the Hartmann number, Ha, on the hybrid nanofluids: a velocity profiles, b entropy generation rate, c Bejan number
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deformation, which smoothens the velocity gradient across
the channel height. The Bejan number (Be) characterizes the
dominance of heat transfer irreversibility over fluid friction
irreversibility in the channel. A high Bejan number indicates
that heat transfer is the dominant source of entropygeneration
in the channel region, while a lower Bejan number suggests
that frictional losses (due to the fluid’s viscosity) are more
significant. The Bejan number peaks near the centre of the
channel, implying that heat transfer irreversibility is most
dominant where the velocity is highest and friction is lower.
The Bejan number is lower near the walls, where viscous
effects dominate, indicating more entropy generation from
fluid friction. The Casson hybrid nanofluid shows a higher
Bejan number in the channel’s central region than the Eyring-
Powell and the Williamson fluids. The Eyring-Powell and

the Williamson fluids exhibit lower Bejan numbers across
the channel, indicating a greater proportion of entropy gen-
eration from fluid friction. This suggests that heat transfer
irreversibility is more significant for the Casson fluid, poten-
tially due to better thermal conductivity or reduced frictional
losses. Different fluid models (Casson, Eyring-Powell, and
Williamson) react differently to changes in Reynolds num-
ber, indicating that the choice of the non-Newtonian fluid
model plays a significant role in determining the efficiency
and irreversibility of the system. Figure5 shows the effect
of the Hartmann number (magnetic parameter) on the fluid’s
velocity profiles, entropy generation rate, and Bejan number.
As the Hartmann number increases, it suppresses the fluid
flow, which is consistent with expectations. This is because
the Hartmann parameter represents a resistive force that hin-

Fig. 6 Effect of varying the Brinkman number, Br , on the hybrid nanofluids: a temperature profiles, b entropy generation rate, c Bejan number
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ders the fluid flowwithin the microchannel. The highest flow
rate is observed near the centre of the channel. The entropy
generation rate (Ns) quantifies the irreversibility within the
system. Higher values indicate greater entropy production,
often due to viscous effects, heat transfer, or both. Mini-
mizing entropy generation is desirable for efficient thermal
management. The trends show that as Ha increases, there is
a general decrease in entropy generation for all the types
of fluids, especially near the channel walls (η = 0) and
(η = 1); the Casson fluid exhibits moderate entropy gen-
eration compared to the Eyring-Powell and the Williamson
fluids. Increasing the Hartmann number leads to an increase
in the Bejan number in the regions close to the lower and
upper plates. The Hartmann number represents the influence

of the Lorentz force, a resistive electromagnetic force, on
fluidmotion. This suppression enhances the temperature gra-
dient in regions near the lower and upper plates because the
convective heat transfer is reduced, making conductive heat
transfermore dominant. Therefore, near the plates, where the
temperature gradients are steeper, theBejan number rises due
to the reduced convective flow and enhanced dominance of
conduction under a stronger magnetic field.

Figure6 represents the influence of the Brinkman number
(Br ) on the system. The Brinkman number is the product
of the Prandtl number (Pr ) and the Eckert number (Ec).
Physically, it characterizes the relationship between viscous
dissipation and conductive heat transfer within the fluid. An
increase in Br typically signifies that viscous heating effects

Fig. 7 Effect of varying the nanoparticle volume fraction for Alumia (ϕAl2O3 ) on the hybrid nanofluids: a velocity profiles, b temperature profiles,
c entropy generation rate, d Bejan number
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Fig. 8 Effect of Reynolds number on the Nusselt number

become more dominant than heat conduction, leading to
notable changes in the fluid’s thermal and flow behaviour. A
higher Brinkman number indicates slower heat conduction
from viscous dissipation, resulting in a greater temperature
increase, graphically supported by Fig. 6a. It is observed that
the Williamson fluid exhibits the highest thermal sensitivity,
while the Casson fluid shows the lowest thermal sensitiv-
ity in response to variations in the Brinkman number (Br ).
In Fig. 6c, as Br increases, the proportion of irreversibility
attributed to viscous effects rises. Since Be is the ratio of heat
transfer irreversibility to total irreversibility, a higher contri-

bution from viscous dissipation will reduce the fraction that
comes from heat transfer. Thus, Be decreases because vis-
cous dissipation dominates the total entropy generation more
than thermal effects. Higher Br values suggest better ther-
mal management to offset the effects of increased viscous
heating. This might involve improving heat dissipation (e.g.,
through enhanced heat exchangers or cooling techniques)
or reducing viscous effects by altering the fluid’s proper-
ties (e.g., optimizing flow conditions). When Br increases,
the system experiences enhanced viscous dissipation. This
means more mechanical energy is being converted into ther-
mal energy through internal friction of the fluid particles,
leading to higher entropy production rates, as seen in Fig. 6b.
The Casson fluid has the lowest entropy generation rate as
we increase the Brinkman parameter, with the Williamson
fluid having the highest rate of disorder.

Figure7 shows the significance of nanoparticle volume
fraction in the dynamical system. Increasing the nanoparti-
cle volume fraction reduces the velocity of all the fluids. This
is because a higher concentration of nanoparticles causes
clogging, which hinders the fluid’s ability to flow smoothly.
However, this also increases the temperature profile due to
increased internal friction between the fluid particles. Fig-
ure7a and b gives the graphical representations of the effect
of volume fractions on the velocity and temperature profiles
of the fluids. It is observed that adding more nanoparti-
cles to the fluid impedes the flow velocity and increases
the temperature of the fluids across the microchannel. The
physical implication is that as more nanoparticles are added
to the fluid, they clog the fluid flow ability and make it
more resistant to motion. However, introducing additional
nanoparticles enhances heat transfer within the fluid and
its surrounding medium, thereby increasing the temperature
profile of the fluid. Increasing the volume fraction for Alu-

Table 2 Comparison of the DNN results for velocity with the ADM and RK4 results for Casson hybrid nanofluid, Eyring-Powell hybrid nanofluids,
and Williamson hybrid nanofluid when Re = P = 1.0, Ha = Pe = 2.0, Br = 10.0, and ϕFe2O3 = ϕAl2O3 = 0.05

Casson hybrid nanofluid Eyring–Powell hybrid nanofluid Williamson hybrid nanofluid
(β = 1.0,We = λ1 = 0) (β −→ ∞,We = 0, λ1 = 0.1, λ2 = 1.0) (β −→ ∞,We = 0.2, λ1 = 0)

η RK4 ADM DNN ADM RK4 DNN ADM RK4 DNN

0.0 0.000000 0.000000 0.000000 0.000000 0.000000 0.000000 0.000000 0.000000 0.000000

0.1 0.014371 0.014371 0.014374 0.022976 0.022976 0.022976 0.023872 0.023872 0.023871

0.2 0.025749 0.025749 0.025751 0.041373 0.041373 0.041374 0.043135 0.043135 0.043134

0.3 0.034144 0.034144 0.034146 0.055249 0.055249 0.055249 0.057826 0.057826 0.057825

0.4 0.039520 0.039520 0.039522 0.064540 0.064540 0.064540 0.067851 0.067850 0.067850

0.5 0.041797 0.041797 0.041798 0.069045 0.069045 0.069045 0.072959 0.072959 0.072959

0.6 0.040842 0.040842 0.040843 0.068404 0.068404 0.068405 0.072715 0.072715 0.072716

0.7 0.036468 0.036468 0.036468 0.062076 0.062076 0.062077 0.066455 0.066455 0.066455

0.8 0.028426 0.028426 0.028426 0.049301 0.049301 0.049302 0.053223 0.053222 0.053223

0.9 0.016401 0.016401 0.016401 0.029058 0.029058 0.029058 0.031684 0.031684 0.031684

1.0 0.000000 0.000000 0.000000 0.000000 0.000000 0.000000 0.000000 0.000000 0.000000
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Table 3 Comparison of the DNN results of the Nusselt number with the RK4 and ADM values for each case of the fluid model for different
Reynolds numbers when Ha = 2, P = 1, Pe = 2 and Br = 10

Casson hybrid nanofluid Eyring-Powell hybrid nanofluid Williamson hybrid nanofluid
Re ADM RK4 DNN ADM RK4 DNN ADM RK4 DNN

0.50 0.76483 0.76483 0.76495 0.82170 0.82170 0.82192 0.82840 0.82840 0.82834

1.00 0.75052 0.75052 0.75029 0.79034 0.79036 0.79045 0.79386 0.79386 0.79393

2.00 0.72276 0.72276 0.72279 0.73238 0.73235 0.73248 0.73018 0.73063 0.73074

mina on the hybrid nanofluid results in increases in the rate
of entropy generation and the Bejan number for all the flu-
ids (Casson, Williamson, and Eyring-Powell), as depicted
by Fig. 7c and d. The plot in Fig. 8 shows the variation of the
Nusselt number (Nu) with respect to the Hartmann number
(Ha), which represents the magnetic field strength, for three
different non-Newtonian hybrid nanofluids (Casson, Eyring-
Powell, and Williamson) at various values of the Reynolds
numbers (Re = 1.0, 2.0, 3.0). As the Hartmann number
increases, the Nusselt number decreases for all fluid mod-
els, indicating that a stronger magnetic field suppresses heat
transfer. This behaviour is typical in magnetohydrodynamic
(MHD) flows, where the Lorentz force generated by themag-
netic field acts to slow down the flow and reduce convective
heat transfer. The Casson hybrid nanofluid shows the most
favourable heat transfer characteristics,while theWilliamson
hybrid nanofluid exhibits the least.

Tables 2 and 3 give the approximate solutions obtained
using the three methods as various parameters are varied. A
good level of consistency in solutions obtained is observed.
In Table 2, the velocity profile f (η) results from the RK4,
Adomian decomposition, and deep neural network methods
match up to four decimal places for all values of η presented
in the table. Table 3 serves two purposes: it validates the
accuracy of the solution methodologies and also presents
the Nusselt number values for each fluid as a function of
varying Reynolds numbers. It is revealed that the Casson
hybrid nanofluid has the least Nusselt number.

Conclusion

This study provided a detailed analysis of the dynamics of
three complex fluids flow: Casson, Williamson, and Eyring-
Powellwithin amicrochannel. Under varying fluid parameter
conditions, the behaviour of a specific complex fluid can be
accurately modelled and simulated. This unified approach
simplified the deterministic model while accurately captur-
ing the dynamics of each fluid. The investigation focused
explicitly on the entropy generation and the influence of a
magnetic field,which is incorporated into themomentumand
energy conservation equations, allowing for a comprehensive
understanding of the fluids’ behaviour under magnetohy-

drodynamic conditions. Two distinct nanoparticles were
introduced into the fluid to enhance thermal conductivity
and improve heat transfer performance. The fluid model is
described within a deterministic framework. Both the deep
neural network and Adomian decomposition methods are
used for parametric analysis. These two methods were com-
pared with the fourth-order Runge–Kutta (RK4) method to
validate their accuracy. The results agreed up to an error of
10−6, as shown in Table 2. The key findings from this study
are as follows:

• Increasing the Hartmann number reduces flow velocity,
with the Casson fluid exhibiting the lowest flow rate
and the Williamson fluid showing the highest. The flow
remains symmetric about the mid-line of the microchan-
nel.

• As the Brinkman number increases, the entropy gener-
ation rate rises for all fluids, whereas the Bejan number
decreases correspondingly for each fluid.

• The nanoparticle volume fraction hinders the fluid flow
for all fluids, yet it enhances the thermal distribution pro-
files and increases the entropy generation rate and the
Bejan number. This suggests that while nanoparticles
hinder fluid movement, they can significantly improve
heat transfer efficiency and overall thermal management
within the system.

• As the fluid flow becomes faster (higher Re), both the
thermal transport efficiency (as represented by Nu) and
the effect of the magnetic field (as indicated by Ha)
reduce.

• As the Reynolds number increases by 300% from 0.50,
the fluid heat transfer ratio decreases by 5.50% for the
Casson hybrid nanofluid, 10.87% for the Eyring-Powell
hybrid nanofluid, and 11.86% for the Williamson hybrid
nanofluid.

The current model is limited, as only a few thermophysical
properties are considered in the dynamical system. How-
ever, it can serve as a foundation for future research. Future
research will (i) investigate the onset of instability in these
hydromagnetic flows, (ii) explore the flowproblems in differ-
ent geometrical configurations, and (iii) examine the impact
of non-constant thermophysical properties.
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